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Abstract

In this thesis, we aim to achieve substantial knowledge on the space of human

body shapes from a statistical analysis of digital anthropometry data. Exploring

the unknown geometry of the shape space enables us to have an access to vari-

ous arbitrary human body shapes, on which we are going to develop an accurate

and anthropometrically reliable parametric human modeler for the computer-

aided design (CAD) systems. Although there have been a number of similar

approaches in various computer graphics and geometry modeling literatures,

most of them rely upon a linear regression model of the statistical distribution,

which is inaccurate and may thus generate anthropometrically implausible re-

sults, instead of an accurate nonlinear model, which better describes precise

statistical distribution. This is because, in most of computer graphics appli-

cations, visual fidelity and computational efficiency are considered to be the

most important virtue in contrast to CAD applications where anthropometri-

cal reliability counts much more instead. Therefore, in pursuing an accurate

and reliable modeler for the CAD systems, we are going to establish a firm

theoretical basis by developing mathematical tools for describing body shapes

and for formulating their operations, so that the space of human body shapes

can be analyzed in more accurate and mathematically rigorous manner. Espe-

cially, we will devote serious attention to the nonlinearity of the shape space,

so that the original structure of it is not damaged or distorted by careless lin-
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earization. This, compared to the previous methods which erroneously assume

the shape space as a Euclidean vector space, guarantees notably better anthro-

pometric fidelity and reliability of the results. On this basis, we are going to

estimate the unknown shape space, which is a curved manifold embedded in

a multidimensional space, from a sufficient number of shape samples, without

any excessive simplification/linearization or indirect assumptions. This will give

us a parametric representation of the shape manifold, through which we can

explore various arbitrary body shapes. The results are guaranteed to have high

anthropometrical reliability as well as visual fidelity, since the manifold is pre-

cisely estimated from the prior knowledge acquired from the statistical data.

In addition, for better intuitiveness and convenience of usage, the shape mani-

fold will further be reparameterized by several familiar body size variables such

as gender, age, stature, weight, waist circumference etc. so that the resultant

body shape can be modeled from these familiar values. Lastly, by coordinat-

ing all these together, we will finally implement a parametric human modeling

framework for the CAD systems, so that a human body shape model derived

from the accurate statistical shape space model can benefit product design pro-

cesses. The research discussed in this thesis is first in literature to seriously

tackle the nonlinearity problem of the shape space in a systematic way, and

consequently, the proposed method exceeds other previous ones in its accuracy

and reliability. Furthermore, the research is meaningful in that it provides a

technological basis for human-centered product design. Moreover, in the wider

sense, it has a profound significance for geometry modeling and shape analysis

areas in that the general framework of the method can also be applied to any
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other objects instead of human body, and hence provides a substantial amount

of theoretical foundations.

Keywords: Human-centered product design, Digital human model, Parametric

human modeling, Nonlinear statistical shape analysis, Shape space

Student Number: 2009-20685
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Chapter 1

Introduction

What would be the most important factor for product design? There could be

a variety of answers including precision, functionality, design for manufacturing

(DFM), cost reduction, aesthetic value, environmental effect, etc. From among

these, however, what that counts the most would probably be the humans. All

of the ones who use products, who are benefited from products, and who are

involved in the manufacturing process of products are the humans. Eventually,

every product in this world can be said to be produced for the convenience and

better quality of life of human users, and is developed for the pursuit of the

satisfaction of the humans.

Especially in these days, as various needs for the human-centered products

explosively grow, introducing the “human factors” to the design process has

become excessively important and influential in determining the product qual-

ity. Such a concept of the human factor not only includes the needs or favors
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of the users merely on the product’s functionality and performance, but covers

every substantial influence to them during the entire product life cycle as well.

Therefore, in this broadened viewpoint, considering the comfort of usage, un-

conscious physical interaction between the product and the human user, fit of

the wearable products, fatigues of the human workers during the manufacturing

process, etc. is crucial for better quality.

However, it has not been so long since comprehensive understanding on this

essence was achieved. It was not until around late 90’s ∼ early 2000’s that the

manufacturers seriously focused on this matter. In this period of time, they

gradually became to realize that the humans are the ones who purchase, use,

and evaluate the products, which drove significant paradigm changes in product

design after then. Accordingly, each of the studies related to the human factors

such as ergonomics, biomechanics, aesthetic engineering and so on became to

settle down as a firm individual area of study of its own as well. In the middle

of this trend, careful consideration on the humans became an indispensable

ingredient for the product design, and the human factors were introduced in

design procedure.

At the same time, in the field of computer-aided design (CAD), the startling

progress of the modern computer technology enabled the complex modeling and

analysis of the products. Based on such an advance, people started to endeavor

various efforts to consider the human user as a part of the system and to let

the human models to participate in the decision of design parameters of the

product from the very beginning of the design process. Although not matured

yet, this sort of efforts has been promoting the importance of the human factors
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in CAD system and the phenomenon is being accelerated even more so far.

At the tip of this trend, the research presented in this thesis deals with a

modeling methodology of the digital humans, which is crucial for the realization

of the human-centered product design. As the very pith of the human-centered

CAD is to consider the humans with the product model simultaneously in the

virtual space, accurate and thus reliable modeling of the human body is the

fundamental technology that should be achieved first. Especially, from among

the constituents of the digital human model technology, modeling the external

human body shape with reasonable accuracy and visual fidelity is one of the

most important parts for the entire technology. This is not only because the

external body shape distinctively characterizes the features and properties of

one’s body, but also because it is an element of the digital human model that

directly contacts and interacts with the product model.

Therefore, to deal with such an important issue, we are going to discover

several mathematical foundations and their implementations for the realization

of an accurate, visually realistic, and easily achievable digital human modeler

for CAD systems. Starting from an idea that the human body shapes follow a

certain underlying trend of shape variation in general, we are going to extract

unique characteristics that human body shapes commonly possess. These char-

acteristics are then going to be used as an empirical ground for the modeling of

human body shapes and will provide implicative shape parameters that could

be used as modeling parameters of the parametric human modeler.

Here, in this chapter, as an introduction for the discussion, we will take a

brief look at the backgrounds of the research first, which will then be followed
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by a clarification of the problems that we have to tackle throughout the thesis.

Moreover, by taking a look at some expected applications, we will further justify

the necessity of the research. Lastly, a brief overview of the entire research will

be presented as a summary.

1.1 Background and Importance

For the last decade, a notion of human-centered/customer-tailored product de-

sign has increasingly gained attention of a field of computer-aided design. Such

a notion reflects a modern trend of the times that the product users free them-

selves from a concept of passive consumer and expend their influences to all

over the product design and manufacturing processes. Anticipating such de-

mands, there have been numerous efforts in the field of computer-aided design

that struggle to integrate digital human models into the CAD system and to

use them for design of products.

However, to realize such an abstract notion, it is of the highest priority to de-

velop a modeling technology of the human body. Various shapes of human body

cannot be represented merely by a single generic model because each individual

has all different appearance, nutritional status, musculoskeletal development,

etc. Hence, it is needed a technology that is able to model a human body model

according to the designer’s selective body size inputs. Especially for an external

body shape, as it is extremely difficult to manually create a visually plausible

and anthropometrically realistic model, an automatic modeler that is based on

actual body shape measurement data is necessary.
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Research on the human body shape modeling methodology was first started

in computer graphics society, rather than computer-aided design area in fact.

Approaches in this field focus mainly on the visual fidelity and reality of the

body shape model, as they are directed to the applications such as animations,

movies, games and so on. However, having weights highly on the visual aesthet-

ics rather than anthropometric reality, the methods in this category usually

show anthropometrically unrealistic results, and are thus not appropriate for

the CAD systems, where the accuracy and reality weighs more than visual

aestheticism.

In the area of CAD, from early to mid 2000’s, which though is quite behind

compared to computer graphics society, technological interests on the human

body shape modeling has been raised. From that period of time, the area pre-

sented several approaches that are lean more to anthropometrical reality rather

than visual aesthetics, especially, including some leading efforts in garment

CAD area, where the need for an anthropometrically realistic human body

shape model is comparatively straightforward. Moreover, the recent explosive

increase of computing power improved human modeling technology in CAD

area even further. After since the popularization of the use of massive graphical

data in polygonal mesh format as a convincing alternative of the conventional

parametric surfaces such as NURBS, CAD systems became to start employing

more detailed human models in polygonal mesh forms, which has much higher

resolution and delicateness comparatively to parametric surfaces.

In the middle of this trend, some researchers have devoted their efforts

in developing a better human body shape modeling technology by utilizing
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digital anthropometry data (Seo and Magnenat-Thalmann, 2003; Seo, 2004;

Magnenat-Thalmann and Seo, 2004; Magnenat-Thalmann, Seo, and Cordier,

2004; Wang, 2005; Chu, Tsai, Wang, and Kwok, 2010; Baek and Lee, 2012).

They proposed several methodologies of a similar kind, which generates a human

model that corresponds to body size constraints based on some prior knowledge

obtained from the statistical analysis result on the digital anthropometry data.

In their framework, underlying trends of statistical shape distribution and the

correlation with body sizing parameters such as height, chest/waist girth, arm

length, etc., are investigated and utilized for the modeling, so that anyone can

simply model the human body shape by entering merely the body size values.

Since the methods of this kind are based on actual anthropometry data, modeled

results show high level of reality, especially in their body sizes.

However, although they established some theoretical bases for the effective

and realistic modeling of human body shape, they are yet limited in some

senses that 1) unrealistic models could be resulted due to the fact that the inter-

shape operations are defined näıvely as simple linear operations between spatial

coordinates, 2) the nonlinearity of shape distribution is looked over, and 3) the

mathematical representation might not be unique even for an identical body

shape and accordingly, the statistical analysis result can be changed. Therefore,

our main focus of this thesis should be to tackle the abovementioned problems

in a mathematically rigorous manner.
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1.2 Problem Statement

Then, what are the desirable properties of a human body shape model for the

CAD systems? In this research, following four aspects based on our intuition

are proposed as an answer for the question:

Generality

A digital human model used in CAD systems should represent the general

body shape of a group of people where it belongs. Mostly in product design

processes, it is desirable to induce a design that generally fits to overall

body shape populations. In this reason, a designer would wish to have a

human model that fulfills such a need of generality, and hence, a human

modeler should be able to bring up with a human model that represents

best the general majority of populations of a group while preserving given

input conditions.

Individuality

In addition, contrary to the previous one, it should be capable of individual-

ize modeled results according to specific and individual body sizing param-

eters. Especially, when the number of parameters increases, the resultant

model should be adopted to those additional inputs so that the shape be-

comes more specified and individualized than the previous state. This is for,

in contrast to the generality case, the fulfillment of the needs caused during

the design of individually-tailored products or the analysis for particular

body shapes.
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Reality

In the meantime, underneath those aforementioned properties, there should

be a firm foundation for the reality of human models. Anthropometrically

unrealistic modelers cannot be used at all for the CAD systems even though

it has other superior properties, since accuracy and reliability of dimensions

have priority over every other property. Therefore, models should be derived

from sufficient number of observations on actual data, and should thus pos-

sess authenticity.

Affordability

Lastly, procedures for generating a human model should not accompany

complex modeling operations or tedious tasks. Although the importance of

digital human models in CAD system is getting bigger, this does not mean,

however, that the digital human models are of the main focus in the CAD

modeling task. In other words, digital human models are the supportive

elements for the design of products, and therefore, modeling of them should

be done in brief and convenient manner. In addition, to enable the designers

to try various conditions of body shapes for the elaboration of a design,

human models should be able to be generated rapidly without any special

efforts.

Therefore, the ultimate goal of this research is to develop a modeling method-

ology for human body shapes, which satisfies the above listed requirements. As

a stepping stone to achieve so, we aim (1) to develop a theoretical foundation

for the analysis of shape statistics, (2) to define operations between the shape
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models, (3) to formulate a shape descriptor that is invariant to the shape repre-

sentation, and (4) to parameterize the human body shape space with a careful

consideration of nonlinear geometry. On this firm theoretical background, ac-

curate and reliable modeling of a human body shape will be possible. More

detailed explanations on these goals are listed in the following subsections.

1.2.1 Definition of the algebraic operations under the shape

space

The most important preliminary for the statistics based shape modeling meth-

ods is to define the algebraic operations between shapes. Since the statistics

based modeling methods produce a result as an algebraic combination of exem-

plar models, if the algebraic operations are improperly defined, the resultant

shape will inevitably bear some significant errors.

In defining such operations, it is important to aware that the solution space,

i.e. a space where the shapes are distributed, is not a simple, flat Euclidean

space but a Riemannian manifold having nonlinear structure. Therefore, an or-

dinary linear algebraic operation between shapes would trivially bring up with

a result lying outside of the solution space, and hence, the resultant model

would no more be plausible. This can be understood more clearly from the

Figure 1.1. The figure conceptually illustrates the interpolation of two distinct

points (shape models) p and q lying on a Riemannian shape manifold. As

shown in the figure, conventional Euclidean sense of algebraic operations (i.e.

an ordinary vector space operations) will clearly bring up with a point m′ on

a straight line connecting these two points. However, in fact, a correct interpo-
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Figure 1.1: Interpolation operation under a non-Euclidean setting. In Euclidean

perspective, an interpolation between the points p and q is determined to be

a point m
′
on a straight line connecting those points, which however exists

outside of the original manifold M. Considering the geometry of the manifold,

a desirable result would rather be a point m lying on the shortest geodesic

curve g.

lation considering the geometry of the shape space would rather be a point m

on the shortest geodesic curve connecting the points.

Technically speaking, if such a “closure” of operations does not hold, then

the shape modeling would result an unrealistic shape model that conflicts our

natural intuition. For instance, let us assume we are given two different body

shapes—one with 180cm of height and 85kg of weight, and the other with

170cm and 65kg, and let us suppose we are to compute an average shape of
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these two models. The very natural solution that agrees with our intuition

would be the shape with 175cm height and 75kg weight. In addition, for another

example, if we are to compute an average of two models having exactly the same

shape, but this time, with different orientations and postures. In this case, the

solution posses the same body shape with the original ones, but in orientation

and posture that is exactly in the middle of those two. However, conventional

vector space operations, which are commonly used in existing parametric body

shape modeling approaches (Seo and Magnenat-Thalmann, 2003; Wang, 2005;

Baek and Lee, 2012), would not meet our intuition as explained in these two

examples. Instead, they will cause some dimensional distortion in body sizes,

which is the main cause of the error, which disturbs the usage in CAD systems.

At the same time, the addition operation, especially, should be commutative.

Although some existing research such as Alexa, Cohen-Or, and Levin (2000)

solved the abovementioned closure problem somehow, they failed in satisfying

the commutative law. That is, if we are given two shapes being interpolated,

say A and B, then the “forward” and “backward” interpolations of those two,

namely C1 = (1−t)A+tB and C2 = tB+(1−t)A must be the same (C1 = C2).

However, methods like Alexa, Cohen-Or, and Levin (2000) show different results

in these two cases, and hence, do not fulfill the commutativity requirement.

Therefore, our definition of the algebraic operations for shape models must

satisfy the aforementioned two requirements, namely closure and commutativ-

ity. As far as our knowledge1, there is no previous research that dealt with such

1But it is pretty sure that there have been no such a research at all, since there are no
many parametric shape modeling literatures published up to now, and we could have hardly
missed one of them.
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a problem in parametric shape modeling research. Hence, we are going to se-

riously take this matter in this research, and a rigorous theoretical foundation

will be established in this thesis, so that, at last, the shapes can be synthesized

much more accurately. A discussion on this issue in full scale will be presented

later in Chapter 4.

1.2.2 Definition of the shape space and the shape descriptor

Another important issue that has to be tackled is to define a shape descrip-

tor and its corresponding shape space. Without proper definition of the shape

descriptor and the shape space, accurate analysis of the shape statistics is im-

possible. Therefore, correctly formulating them is the key to successful shape

analysis.

A shape descriptor is a multidimensional variable that represents a specific

shape. Therefore, it can be regarded as a vector quantity lying in a vector

space basically. However, an arbitrary value picked from elsewhere in the vector

space cannot be said to be an actual shape of a specific object of our interest,

since there are certain but unknown “trends” of the shape represented by a

(possibly) nonlinear manifold embedded in the vector space. Therefore, only

the points lying on such submanifold of the vector space should be considered

as valid shapes, and the submanifold should thus be the shape space. Further,

the shape space should not necessarily be a flat Euclidean space. Instead, it is

more possible to be a curved non-Euclidean space.

From these ideas, we are going to assume that the shape space is a nonlinear

submanifold of a vector space. More specifically, the shape space is assumed to
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be a Riemannian manifold, which is a smooth, differentiable manifold equipped

with a proper Riemannian metric. The reason for such an assumption is sup-

ported from the fact that the shapes in the shape space compose a continuous

and gradually varying distribution (hence, differentiable). Simultaneously, it is

quite obvious from our intuition that there should be a proper symmetric and

positive definite metric that measures the difference between two arbitrary body

shapes. Lastly, our previous discussion in the preceding subsection—infeasibility

of the vector space algebra for the shape operation further verifies curvedness

of the manifold.

Given this assumption, we are now confronted with a question that, what

would be the desirable properties of shape descriptors for accurate modeling of

the shape space. In this research, we propose the necessary properties for the

intuitive and reasonable shape descriptors as follows:

1. A shape descriptor should be invariant to isometric deformations.

In our ordinary life, we perceive a shape unchanged regardless of its view-

ing direction, our distance from the object, and its spatial location. For

example, when a car passes by us, although the image projected onto our

retinal plane keep changing as it goes by, we do not say that the shape

of the car is changing. In addition, for an articular object, although the

object changes its posture, we still perceive its shape being identical. For

instance, we do not perceive a person’s body shape has changed, when

the person changed his posture.

Mathematically speaking, such changes in orientation, position and pos-
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ture is said to be isometric deformations, a deformation that preserves

geodesic distances on the surface. Therefore, our intuition clearly tells us

that a shape descriptor should adhere to a consistent value even after the

shape experience such an isometric change.

2. The distance between two shape descriptors should be defined based on

their geometric similarity.

As aforementioned, linearization of the shape space and the shape de-

scriptors as in previous works is a main cause of the dimensionality error.

This, in some sense, is due to the maldefinition of the distance metric. In

other words, as they simply presume the shape space as a vector space,

the distance between shapes is also defined as an ordinary Euclidean vec-

tor norm of the difference vector connecting those shapes, which however

does not exactly reflect the dissimilarity of the shapes. Recall our previ-

ous discussion that the shape space is a curved Riemannian space, rather

than a flat Euclidean space.

To resolve such a problem, it is necessary to design a shape descriptor

properly in Riemannian perspective such that the distance between them

continuously and proportionally depends on the geometric dissimilarity.

Here, for the proper definition, we should consider the dissimilarity be-

tween shape models not simply as a concept of spatial distance, but as a

concept of geometric disparity. As mentioned above, isometric deforma-

tion does not affect our perception process in distinguishing the different

shape. Therefore, measuring how much the shapes are apart from the
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isometry could be a reasonable choice that fits our intuition. In doing so,

it is desirable in addition that the definition of the distance does not in-

clude any complex calculations, such that it does not complicate the later

statistical shape analysis procedure too much.

3. A shape descriptor should be independent to the parametric representation

of a shape.

In most applications, shape information is obtained at the very first begin-

ning as a form of point clouds, which is a set of discrete points scattered in

a three-dimensional space. Then, the information is processed to a certain

form of surface parameterization, such as polygonal mesh or parametric

surface (e.g. NURBS). Here, during this process, although the source of

the shape data is the same, the resultant models could hugely vary in their

parameterization, according to the way they are processed and treated.

Current shape descriptors used in the existing parametric shape modeling

methods are not independent to such a variation due to different param-

eterizations. In fact, Figure 1.2 cropped from Baxter, Barla, and Anjyo

(2008) clearly illustrates the problem caused from this matter. The figure

shows three different results of shape interpolation. The original key-frame

models that are being interpolated (i.e. models at the top row and the

bottom row) have an identical shape in every case, but with different mesh

parameterizations. Although it is natural for interpolation results to have

an identical shape regardless of the parameterization, actual results shown

in the figure have all different geometry.
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Figure 1.2: Parameterization dependence of the shape interpolation. (Original
image courtesy: Baxter, Barla, and Anjyo (2008))

Of course, we may admit that, since a different parameterization causes a

different discretization of a continuous surface, the difference of the results

could be different unavoidably. However, the existing methods used for the

parametric shape modeling applications show too much difference in their

results according to the mesh parameterization. Therefore, it is necessary

to have a shape descriptor that is independent to a parameterization of a

surface.

Therefore, in this research, we are going to devote significant amount of

our efforts in defining a shape descriptor that satisfies the requirements listed

above. A detailed discussion on this issue will be presented in Chapter 5.
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1.2.3 Nonlinear Parameterization of the Shape Space

After the shape descriptor, the shape space, and the shape space algebra are

properly defined, we are then going to move on to a nonlinear statistical shape

analysis. In this process, estimation of the unknown shape space geometry based

on the statistical observations of shapes will be focused. Specifically, by describ-

ing the high dimensional shape space geometry with fewer parameters, we are

going to derive some sort of coordinates that allow us to traverse complex non-

linear geometry of the shape space.

In estimating the geometry of the shape space, other existing methods have

employed a linear statistical model. They presumed the shape space as a kind of

linear vector space, and represented the space with a flat Euclidean structure.

However, as aforementioned, since the space is not a simple vector space but a

curved Riemannian space, parameterization of such a space should not be done

by the linear basis vectors.

In consideration of this issue, Fletcher, Lu, and Joshi (2003); Fletcher, Lu,

Pizer, and Joshi (2004) performed principal geodesic analysis on a statistics of

shapes of human hippocampi. By capturing the dominant tendencies of shape

distribution as a form of geodesic curves, which then become nonlinear or-

thogonal bases of the shape space, they modeled the shape distribution more

accurately within the Riemannian perspective.

On the other hand, in the field of machine learning, an issue of nonlinear

manifold learning has gained a lot of attention since its introduction in 2000.

Assuming the nonlinearity of the space, the method estimates an unknown man-
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ifold where statistical data are lying on, from sufficiently sampled observations.

Based on these backgrounds, we are going to present a method for mathe-

matically modeling the space of human body shapes as a nonlinear manifold and

estimating it through the observations on the statistical samples. A discussion

on this issue will be presented in Chapter 6.

1.2.4 Parametric Modeling of a Human Body Shape

Provided that the nonlinear statistical analysis of the human body shape is

completed as proposed in the preceding subsections, parametric modeling of a

human body shape is possible on this statistical basis. The goal to be achieved

in this stage is simple. Given some body sizes that the user assigned, the goal

is to find the optimal configuration of shape space parameters that satisfies the

given conditions. Then, since we are already aware of the parametric represen-

tation of the shape space through the nonlinear statistical analysis, a model

corresponding to those parameters can easily be obtained.

Such modeling framework can more be beneficial if it is possible to generate

a resultant model merely using partial information of the body sizes. That is,

rather than to force the user to fill out all the information that is needed to

generate a model, it is more preferable to let them to enter several selective

information they know and to generate a model only with those values. More-

over, when some additional information arrives, it would be nice to have the

system update the resultant model accordingly. Through such multiresolutional

modeling capacity, our system could become more practical in use.

Here, for determination of a shape from partial information, it is desirable
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to seek for the minimum norm solution that minimizes the distance from the

statistical average. Through this scheme, a model that fully satisfies the given

constraints but, simultaneously, has a body shape as general as possible will be

generated. Hence, it will provide us a result that has individuality as well as

generality at the same time.

1.3 Organization of the Thesis

This thesis is organized as follows. Firstly in chapter 2, existing human modeling

methods are categorized according to their approach and carefully reviewed to

figure out current limitations of the field and to grab a general idea of the

research direction. Then in chapter 3, a whole-body scan database to be used

for our research is selected, and the data inside are preprocessed to a form that

statistical analysis is possible. Especially for raw scan data, the topologies of

polygonal meshes are all different, and they should be treated to be identical

before conducting a statistical analysis. Therefore, in chapter 3, a compatible

mesh generation process that produces identical topology for every data will be

discussed significantly.

After then, in chapters 4∼7, mathematical tools and theoretical backgrounds

for an implementation of the parametric human modeler will be developed.

In chapter 4, it will be discussed a mathematical formulation for the morph-

ing, or the interpolation, between different shapes, which is necessary for the

statistically-based shape modeling methods where resultant models are gener-

ated by synthesizing given sample data. Although a näıve vector space formu-

lation that defines the shape interpolation as a linear blending of corresponding
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vertex coordinates is accepted for the most of parametric human modeling

methods, it actually is highly erroneous formulation and thus returns implau-

sible and unreliable results. This is because, the shape space is not simply a

Euclidean vector space but more complicatedly a curved manifold, and hence,

for the interpolation of shapes, a special consideration of the geometry of such

manifold is necessary. Therefore, in chapter 4, a novel method for the interpo-

lation of shapes is proposed, which will finally be proved to be practical and

effective.

In addition, in chapter 5, a discussion on the shape descriptor that pre-

cisely describes individual shapes will be presented. Existing formulations have

a problem that the shape representation could be changed according to the po-

sition, orientation and posture of a model although the original shape remains

intact. It is true that it can be compensated by initial alignment of rigid motion

and posture, there must remain some unavoidable errors caused by such repre-

sentation change. To tackle this problem, a new shape descriptor that is able to

describe a given body shape invariant to its position, orientation and posture

is developed in chapter 5. To achieve so, we are going to borrow some concepts

and mathematical backgrounds from spectral graph theory, which gives us a

different vantage point to the problem from previous perspectives.

On this basis, in chapter 6, a proper representation of the shape space will

be derived from the observations on the sample data. As briefly mentioned pre-

viously, the shape space is a curved manifold embedded in a multidimensional

space. Therefore, existing shape space representation based on a linear regres-

sion model is not enough for precisely describing the geometry of the shape
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space. Therefore, from our observations on sample data described in a way

which chapter 5 presents, a precise mathematical representation of the nonlin-

ear shape manifold is estimated. In doing so, the shape space is parameterized

by the variables called shape parameters, which enables us to explore every pos-

sible shape in the shape space by simply tuning the parameter values. Through

this, it is possible to access various arbitrary body shapes, and the resultant

shapes guarantees high visual fidelity as well as anthropometric reliability as

they are ensured to be lied on the shape manifold that is derived from the

statistical observation.

Then, in chapter 7, it is followed a method for reparameterizing the existing

shape space parameterization by meaningful body sizing parameters. Actually

the shape parameters discussed in chapter 6 are merely a set of mathematical

variables only for the representation of the shape space, and does not have any

meaningful physical and geometrical interpretation. In this reason, the shape

parameters are additionally reparameterized by familiar body sizing parameters

such as stature, age, weight, waist circumference, etc., so that the user can model

a body shape intuitively by tuning these values. This is done by empirically

defining a reparameterization map from the shape parameters to the body sizing

parameters, and consequently, the entire shape manifold is parameterized by

body sizing parameters finally.

On these theoretical foundations, implementation of the parametric human

modeler for CAD systems is explained and the performance of it is discussed in

chapter 8. The thesis is concluded in chapter 9 by summarizing and reviewing

the outcomes of the research.

21



Chapter 2

Related Works

Tremendous efforts have been devoted for the modeling of human body shapes

in last decades. Various kinds of body shape modeling methodologies have been

presented since its introduction in 80’s, and the attempts have been continued

up to now pursuing for a better methodology that results more accurate and

delicate human models.

Technically speaking, existing approaches for the human modeling could

be categorized to 1) direct modeling (generative) methods, 2) reconstructive

methods, and 3) example(statistics)-based method. In what follows, we are

going to see the details for each category.

2.1 Direct Modeling/Generative Methods

Generative methods include techniques that manually or semi-automatically

generate human models based on some common knowledge on the anthropome-
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try and the other additional information. Most of the human modeling methods

in early stage are classified into this category, which, in general, pursuits com-

prehensive modeling of skeletal structures, muscles, fat, and internal organs

together with external skin model. This is because, modeling methods in this

category mainly aim for the computer animation of human characters or the

physical simulation of a human body through finite element/volume analysis

(FEM/FVM). Therefore, the methods mean to derive an external skin surface

geometry from its internal anatomical structure. In addition, by letting the

external surface be influenced by the deformation of internal structure (e.g.

muscle bulging), the methods seek for the visual realism during animation and

simulation.

Several examples of human modelers for CAD systems in early stage are

well presented in a survey paper of Dooley (1982). As listed in the survey, the

methods of this period generate a generic model based on some analytical and

numerical data on anthropometry, which is then individualized according to

some input body sizes through rigid scaling of each body segment. Although

poor in their modeling quality compared to the other state-of-art methods in

these days, these methods are meaningful in a sense that they opened new

possibilities for the CAD systems and that they showed how digital human

models could be beneficial in a product design process.

In the meantime, in the field of computer graphics and animation, which has

been devoting the most vigorous efforts to the issue of human modeling so far,

there have been various approaches for the generative modeling of animatable

human models. At the very beginning of these efforts, Magnenat-Thalmann and
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Thalmann (1987) accomplished success in generating synthetic actors, which

are virtual actors for computer animation films, using their generative model-

ing system called “human factory system”. To achieve so, they constructed a

basic skeletal structure for a human model, and mapped a skin surface upon it

so that the model can be animated through skeletal movement.1 Later, Nedel

and Thalmann (1998, 2000) similarly generated an animatable human model by

first modeling the skeletal structure of it, and then by adding the muscle layer

and the skin layer in order. Here, the muscles have their own shape deforma-

tion profile with respect to the joint angle change, and the skin layer deforms

according to the deformation of muscles, which enables realistic animation of

the human movement.

Such multi-layered human modeling methods then became to include much

more detailed geometry of internal structures, including muscles, bones, or-

gans, fat, and even some soft tissues. For example, Wilhelms and Van Gelder

(1997) employed the multi-layered approach to accomplish the anatomically-

based modeling of an animal model. In achieving so, they embodied the internal

structure with more detailed resolution and utilized anatomical and physiologi-

cal knowledge to improve the reality. Lately, studies like Teran, Sifakis, Blemker,

Ng-Thow-Hing, Lau, and Fedkiw (2005); Larboulette, Cani, and Arnaldi (2005)

were also devoted for such a way of generative modeling method.

However, since this kind of methods are focused more on the functional

structure of a resultant model instead of the external body shape, unnecessary

1They produced a short film titled “Rendez-vous à Montréal” (Figure 2.1) with virtual
revivals of Marilyn Munrow and Humphrey Bogart generated through their method, which
shows incredible modeling quality for that period of time.
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Figure 2.1: Synthetic actors Marilyn Munroe and Humphrey Bogart generated
through the human factory system (Magnenat-Thalmann and Thalmann, 1987)

internal structures are considered as well, which results a significant drop in

modeling efficiency. Further, even though a lot of efforts are contributed to

model the realistic skin models, the results in fact are not very aesthetically

pleasing. This is due to the difficulties in modeling the internal structure and

its relation with external skin deformation accurately. Moreover, since user’s

subjective opinion can intervene into the modeling process, the methods also

lack anthropometrical reliability.
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2.2 Reconstructive Methods

Reconstructive methods are the series of modeling technologies that reconstruct

the body shape model from partial information on body shape geometry. In

general, methods in this kind model the body shape from the silhouettes and

feature points extracted from the single or multiple number of photographs.

By actually referencing the graphical information appeared in images, this type

of methods overcome the aforementioned lack of visual fidelity of generative

methods.

For example, Hilton, Beresford, Gentils, Smith, and Sun (1999) proposed a

method for efficiently constructing a full body model by utilizing photographs

taken from the front, back, left, and right side of a person. They extracted

silhouettes of a body shape through image segmentation, and found feature

points based on them. Then by comparing the silhouette of a generic model

in polygonal mesh form and the silhouettes of the target acquired from the

image processing, they fit the generic model to the target shape, which in result

is a reconstruction of 3D body shape model from the 2D shape information.

Similarly, Lee, Gu, and Magnenat-Thalmann (2000) also reconstructed a full

body model with silhouette information obtained from three orthogonal images.

Also, Wang, Wang, Chang, and Yuen (2003) generated a human model for the

garment CAD system using two photographs of a human body in two orthogonal

views.

Such reconstructive methods exceed the generative methods in that they

can model the human body shape with much lesser manual labors, and that the
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Figure 2.2: Image-based reconstruction methods. (a) Hilton, Beresford, Gentils,
Smith, and Sun (1999); (b) Lee, Gu, and Magnenat-Thalmann (2000); (c) Wang,
Wang, Chang, and Yuen (2003).

resultant models have better reality and visual fidelity since they are based on

the actual photographs of the subject’s body shape. However, they are still not

of satisfactory as inherent noise of image processing produces erroneous results,

and the sensitivity to external environments such as background and lighting
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makes them less robust. Specifically, as they need multiple photographs that

are simultaneously taken from strictly orthogonal views, it is not so convenient

for ordinary users to generate human models, and thus the methods might be

impractical.

2.3 Example-based Methods

Meanwhile, after since late 90’s, example-based methods, which are the meth-

ods that generate human models by synthesizing exemplar shape models in a

database, have become the most common choice in human modeling, supported

by enormous beneficial influences from evolutionary advances in 3D scanning

technology. Methods in this category synthesize sample models obtained accu-

rately from whole-body scanners, to produce desired human model. Since the

methods are based on accurate and delicate samples, they show great anthro-

pometrical reality and visual fidelity.

The early foundation of these methods can be found from the work of Blanz

and Vetter (1999). In this revolutionary work, they constructed a 3D human

face scan database and conducted compatible parameterization of the data by

ensuring consistent mesh topology. Then by performing a principal component

analysis (PCA) on this compatible database, they extracted principal modes of

face shape variation. Then, as an arbitrary face shape can be expressed as a

linear combination of those principal modes, one can model the face simply by

tuning the weight values involved in the linear combination.

Another important research of this category can be found from Allen, Cur-

less, and Popović (2003). Inspired a lot from Blanz and Vetter (1999), they
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Figure 2.3: Synthesis of intermediate models from different individuals (Allen,
Curless, and Popović, 2003).

performed PCA on the whole body scan database obtained from Civilian Amer-

ican and European Surface Anthropometry Resource (CAESAR). Here, for the

compatible parameterization of the models, they proposed a novel template

model based parameterization method to overcome a difficulty that previous

compatible parameterizations can hardly be applied to complex shapes such as

human body. The method deforms the template model to each target model in

the database so that the resultant model has the same shape with the target

but preserves the original topology of the template.

Those two studies are so much meaningful in that they provided a funda-

mental framework for the example-based modeling from 3D scan data. This, in

fact, affected many later research such as Anguelov, Srinivasan, Koller, Thrun,

Rodgers, and Davis (2005); Park and Hodgins (2006); Ben Azouz, Rioux, Shu,

and Lepage (2006); Allen, Curless, Popović, and Hertzmann (2006); Xi, Lee, and

Shu (2007); Zhou, Fu, Liu, Cohen-Or, and Han (2010), and keeps its influence

to the relevant area even so far.

In the meantime, Seo established a concept of parametric human modeling

and presented an overall framework for such a concept (Seo and Magnenat-
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Thalmann, 2003; Seo, 2004). She was first to introduce a concept of parametric

modeling to human modeling research area. In those papers, she proposed a

statistics based method for deriving a shape model according to the body size

inputs. In achieving so, PCA on a 3D body shape statistics was performed and a

generic representation of an arbitrary shape was established as a weighted sum

of the principal modes, similarly to Allen, Curless, and Popović (2003). However,

not satisfied on this, she further improved the method by correlating the body

sizes with those principal modes and letting those body sizes as modeling inputs.

Compared to other works that merely use weight values of the principal modes

as shape tuning parameters, this research has a significant meaning that it

mapped body sizes to the shape parameters so that intuitive modeling of the

body shape is possible.

Similar idea can also be found from Wang (2005). In this research, a para-

metric mannequin for garment CAD systems is developed from the statistics of

human body shape. They established several feature points on the body surface,

and defined parametric surface patches connecting those points. Then, by per-

forming principal component analysis, they derived shape tuning parameters,

which ease efforts required for the modeling of a virtual mannequin. Our recent

study (Baek and Lee, 2012) also shares the same idea with Seo and Magnenat-

Thalmann (2003); Seo (2004). However, in this framework, number of body size

constraints used for the modeling can freely be changed by user, which allows

better modeling capability. Further, by clustering the original statistics and

then performing PCA per each cluster, modeling quality was greatly improved.

It is common sense of the relevant fields that such example based model-
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Figure 2.4: Parametric human modeling methods. (a) Seo (2004); (b) Wang
(2005); (c) Baek and Lee (2012).

ing methods surpass the other aforementioned methods—generative methods

and reconstructive methods—in almost every aspect, including visual fidelity,

anthropometrical reality, ease/convenience of modeling process, and efficiency.

Most of all, since the solution space is limited to the space spanned by statisti-
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cal sample data, resultant models are anthropometrically reliable and feasible,

which makes the methods of this kind outshine the others.

However, despite of such merits, the methods still have some limitations

yet. One of those limitations is due to unconscious linearization of the nonlin-

ear shape space. In fact, every method discussed in this subsection subliminally

presumes the Gaussian distribution of the human body shape statistics in Eu-

clidean space, and applies PCA, which assumes linear, Gaussian distribution,

to the data. However, the assumption is actually not true. Instead, the shape

distribution is nonlinear and it should be considered in nonlinear shape space

with Riemannian perspective. There have been a number of studies that actu-

ally proved the nonlinearity of statistical shape distribution from experimental

results (Fletcher, Lu, and Joshi, 2003; Fletcher, Lu, Pizer, and Joshi, 2004;

Styner, Gerig, Lieberman, Jones, and Weinberger, 2003; Freifeld and Black,

2012).

Especially, for example-based modeling methods, resultant models are gen-

erated from the synthesis (or interpolation) of the example shapes, and during

this procedure, existing methods näıvely compute algebraic interpolation of the

vertex coordinate values. However, such a näıve interpolation is not invariant

to rotations, translations and posture changes, and induces metric distortion to

the result as many shape interpolation research point out (Alexa, Cohen-Or,

and Levin, 2000; Alexa, 2003; Lipman, Sorkine, Levin, and Cohen-Or, 2005;

Xu, Zhang, Wang, and Bao, 2006; Baxter, Barla, and Anjyo, 2008; Liu, Yan,

and Martin, 2011). This might not be a big problem for computer graphics

applications where the visual aesthetics is weighed more than anthropometrical
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reality. However, for CAD applications where the accuracy becomes much more

important, this is quite critical matter and must be resolved somehow.

2.4 Conclusion

Throughout this chapter, we have briefly taken a look on the previous human

body shape modeling methods for each category. From our discussion, it could

be known that example-based modeling methods from among three different

categories of methods are better than the other kinds of methods in almost every

aspect including reality of result, anthropometrical reliability, visual aesthetics,

convenience/ease of modeling and efficiency. Consequently, we could also see

that the example-based method would be the best option for implementing the

parametric human modeler.

In the meantime, we could also realize that the existing example-based meth-

ods suffer from an error caused by inappropriate linearization of the shape space.

Moreover, especially during the shape synthesis, which is the most important

operation involved in example-based modeling methods, existing methods could

generate a metric distortion of a resultant model. This is because the existing

methods merely conduct an algebraic interpolation of the coordinate values

of vertices, without any serious consideration of the nonlinearity of the shape

space. These facts imply that, although beneficial, example-based modeling

methods still have some limitation yet, and that it could further be improved

by adopting the nonlinear mathematical model of the shape space and the

metric-preserving interpolation techniques.

Therefore, in the remainder of this thesis, we are going to present and dis-
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cuss several theoretical foundations that can be utilized for an example-based

parametric human modeler. Although our formulation will share an essential

idea and motivation of the example-based methods, we will however devote

great amount of our efforts to preserve original nonlinear properties of the

shape space. Through such a nonlinear approach, we could, at last, achieve an

advanced human modeler that has much higher accuracy and anthropometric

reliability than the other existing modelers.
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Chapter 3

Database Preparation

In order to conduct an accurate statistical analysis on the human body shape

distribution, multiple numbers of samples, each of which well describes the body

shape of a corresponding individual, is imperative. Only with fine and accurate

data, the space of human body shape can be approximated reasonably and their

statistical distribution in such a space can be analyzed precisely. Therefore, on

the way to the accurate nonlinear analysis of the human body shape distribution

and its embedded space, we have to face with a necessity for a human body

shape database that is appropriately sampled from the various groups and types

of the people, and describes each individual delicately.

In several previous research, (either physically or virtually) tape-measured

body sizes or manually palpated marker points were used for the statistical

analysis (e.g. Nagamine and Suzuki (1964); Norgan (1994a,b); Yajnik, Fall,

Coyaji, Hirve, Rao, Barker, Joglekar, and Kellingray (2003); Cordier, Lee, Seo,
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and Magnenat-Thalmann (2001); Wang (2005); Baek and Lee (2010)). How-

ever, such ways of data collection unavoidably include bias because subjective

opinions of observers could be unconsciously involved in selecting the measure-

ment items. Further, as they relies on the discrete samples of a shape, instead

of a full, entire shape data, a number of important underlying properties of the

body shape could be overlooked without being noticed.

Fortunately, recent advances of the 3d scanning and reverse engineering

technology resolves such a problem by providing the whole body scan data,

which are optically-sampled spatial points on a human body surface. After

since its first introduction, the whole body 3d scan data have become the most

commonly-used anthropometric reference in various applications including dig-

ital anthropometry, garment design, ergonomics, design of wearable products,

and body shape analysis. Among these applications, most importantly, the sta-

tistical shape analysis might be said to be the one that takes the largest advan-

tage from such data, as the consideration of entire shape is now affordable.

However, there is no free lunch; Since such scan data are obtained as an

unordered form of a set of x, y, and z coordinate values of the sampled points,

or namely, the point clouds, further processing is required to generate complete

and meaningful shape information. Moreover, the one-to-one correspondences

between the points as well as the total number of points are, of course, all

different between each other. It makes statistical analysis inapplicable directly

on the raw data. Therefore, before to conduct an analysis, we need to guarantee

the correspondences between the data first, so that the data are compatible and

thus statistically analyzable.
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Therefore, in this chapter, we are going to survey several available whole-

body scan databases, and to choose a suitable one from among them. Then,

by reproducing them to have consistent and compatible mesh topology, we are

going to prepare for the later analysis procedures.

3.1 Whole-body Scan Database

Recent advances in 3D measurement technology and an explosive increase on

the demand of human-centered/customer-oriented product design ignited a

global trend of national anthropometry database construction projects. Many

countries, mainly through the government driven projects, have been collecting

various types of tape measures and the 3D whole body scans of individuals.

Japan, for example, through the government driven project called Size Japan

(2004∼2006), had collected 200 tape measures and 3D whole body scans of

10,000 subjects sampled from among their citizens in age 0∼79. Similarly, the

United States, the United Kingdom, and France had also collected the data of

their citizens during their nation-wide anthropometry research projects named

Size USA, Size UK, and Size France, respectively. Korea, as well, has a history of

nation-wide anthropometry survey since its first start in 1979. They conducted

the anthropometry survey every 5∼6 year term until 1997 under the name of

The National Standard Physique Survey1. Further, after the revolutionary in-

troduction of 3D scanners in Korea, the survey project changed its name to

Size Korea, which has been continued until now, constructing a national digital

anthropometry database of approximately 10,000 citizens.

1제1-4차 국민표준체위조사사업(1979, 1986, 1992, 1997)
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As well as government driven nation-wide survey projects, several interna-

tional digital anthropometry survey projects have also been conducted. The

most successful project was the Civilian American and European Surface An-

thropometry Resource Project, also known as CAESAR project. The project

had collected 64 tape measures and 3D scanned whole body shape data of 4,400

individuals (2,400 U.S. & Canadian residents, 2,000 European civilians) aged

18∼65, living in the United States, the Netherland, and Italy. The database is

commercially available in two editions, namely, the north American edition and

the European edition, each data of which includes 1D measurement data (tape

measures), 3D landmark data, and whole body scan data.

Although the method proposed throughout this thesis does not loss any

generality regardless of a database being used, we will limit our discussion to

the CAESAR north American database, which is currently available to the

author. However, it should be noted that our discussion will not include any

exclusive information that are available only for the CAESAR database (e.g.,

confidence value of the scan data), and will focus on the generally available

information that could also be achievable from the other databases, such as 3D

landmarks, 1D tape measures, and the scan data.

In the CAESAR database, subjects are well distributed within a wide spec-

trum. Each of the data is recorded with spatial locations of 74 physical land-

marks (see Table 3.1 and Figure 3.1), 99 tape-measured body size values (see

Table 3.2), 3D whole body scan data, and auxiliary demographic survey data.

In addition, the whole-body scan data are given as unprocessed raw scan data

having 150,000∼250,000 vertices, with per-vertex color information. During the
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scanning, the subjects worn latex hair-caps, skin-tight pants and sports bras for

female subjects, and were scanned in a standard standing position. Other de-

tailed information for the CAESAR database should be referred to (Robinette,

Blackwell, Hoeferlin, Fleming, Kelly, Burnsides, Boehmer, Brill, and Daanen,

2002).

Table 3.1: List of 3D landmarks in CAESAR database (Courtesy of Robinette,
Blackwell, Hoeferlin, Fleming, Kelly, Burnsides, Boehmer, Brill, and Daanen
(2002)).

No. CAESAR name ISO name

Z1 SELLION Nasion; Sellion
Z2 INFRAORBITALE, RIGHT
Z3 INFRAORBITALE, LEFT
Z4 SUPRAMENTON
Z5 TRAGION, RIGHT Tragion
Z6 GONION, RIGHT
Z7 TRAGION, LEFT Tragion
Z8 GONION, LEFT
Z9 NUCHALE
Z10 CLAVICALE, RIGHT
Z11 SUPRASTERNALE
Z12 CLAVICALE, LEFT
Z13 THELION/BUSTPOINT, RIGHT
Z14 THELION/BUSTPOINT, LEFT
Z15 SUBSTERNALE
Z16 TENTH RIB, RIGHT
Z17 ILIAC SPINE, ANTERIOR, SUPERIOR; RIGHT
Z18 TENTH RIB, LEFT
Z19 ILIAC SPINE, ANTERIOR, SUPERIOR; LEFT
Z20 ILIOCRISTALE, RIGHT
Z21 TROCHANTERION, RIGHT
Z22 ILIOCRISTALE, LEFT
Z23 TROCHANTERION, LEFT
Z24 CERVICALE Cervicale
Z25 TENTH RIB, MIDSPINE
Z26 ILIAC SPINE, POSTERIOR, SUPERIOR; RIGHT
Z27 ILIAC SPINE, POSTERIOR, SUPERIOR; LEFT
Z28 WAIST, PREFERRED, POSTERIOR
Z29 ACROMION, RIGHT Acromion
Z30 AXILLA POINT, ANTERIOR; RIGHT
Z31 RADIAL STYLOID, RIGHT

... continued on next page
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Table 3.1 – continued from previous page
NO. CAESAR name ISO name

Z32 AXILLA POINT, POSTERIOR; RIGHT
Z33 OLECRANON, RIGHT
Z34 HUMERAL EPICONDYLE, LATERAL; RIGHT
Z35 HUMERAL EPICONDYLE, MEDIAL; RIGHT
Z36 RADIALE, RIGHT
Z37 METACARPAL-PHALANGEAL II, RIGHT
Z38 DACTYLION, RIGHT
Z39 ULNAR STYLOID, RIGHT
Z40 METACARPAL-PHALANGEAL V, RIGHT
Z41 ACROMION, LEFT Acromion
Z42 AXILLA POINT, ANTERIOR; LEFT
Z43 RADIAL STYLOID, LEFT
Z44 AXILLA POINT, POSTERIOR; LEFT
Z45 OLECRANON, LEFT
Z46 HUMERAL EPICONDYLE, LATERAL; LEFT
Z47 HUMERAL EPICONDYLE, MEDIAL; LEFT
Z48 RADIALE, LEFT
Z49 METACARPAL-PHALANGEAL II, LEFT
Z50 DACTYLION, LEFT
Z51 ULNAR STYLOID, LEFT
Z52 METACARPAL-PHALANGEAL V, LEFT
Z53 KNEE CREASE, RIGHT
Z54 FEMORAL EPICONDYLE, LATERAL; RIGHT
Z55 FEMORAL EPICONDYLE, MEDIAL; RIGHT
Z56 METATARSAL-PHALANGEAL V, RIGHT
Z57 MALLEOLUS, LATERAL; RIGHT
Z58 MALLEOLUS, MEDIAL; RIGHT
Z59 SPHYRION, RIGHT
Z60 METATARSAL-PHALANGEAL I, RIGHT
Z61 CALCANEUS, POSTERIOR; RIGHT
Z62 DIGIT II, RIGHT
Z63 KNEE CREASE, LEFT
Z64 FEMORAL EPICONDYLE, LATERAL; LEFT
Z65 FEMORAL EPICONDYLE, MEDIAL; LEFT
Z66 METATARSAL-PHALANGEAL V, LEFT
Z67 MALLEOLUS, LATERAL; LEFT
Z68 MALLEOLUS, MEDIAL; LEFT
Z69 SPHYRION, LEFT
Z70 METATARSAL-PHALANGEAL I, LEFT
Z71 CALCANEUS, POSTERIOR; LEFT
Z72 DIGIT II, LEFT
Z73 CROTCH (Calculated Point only)
Z74 BUTT BLOCK
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Figure 3.1: Visual index of the 3D landmarks (Courtesy of Robinette, Blackwell,
Hoeferlin, Fleming, Kelly, Burnsides, Boehmer, Brill, and Daanen (2002)).
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Table 3.2: List of 1D measurements in CAESAR database (Courtesy of Robi-
nette, Blackwell, Hoeferlin, Fleming, Kelly, Burnsides, Boehmer, Brill, and Daa-
nen (2002)).

No. CAESAR name ISO name

1 ACROMIAL HEIGHT, SITTING Shoulder Height,
Sitting

2 ANKLE CIRCUMFERENCE
3 ARM LENGTH (SHOULDER-ELBOW)
4 ARM LENGTH (SHOULDER-WRIST)
5 ARM LENGTH (SPINE-WRIST)
6 ARMSCYE CIRCUMFERENCE. (SCYE CIRCUMFER-

ENCE OVER ACROMION)
7 BIZYGOMATIC BREADTH
8 BUST/CHEST CIRCUMFERENCE Chest Circumfer-

ence
9 BUST/CHEST CIRCUMFERENCE UNDER BUST
10 BUTTOCK-KNEE LENGTH, RIGHT Buttock-Knee

Length
11 CHEST GIRTH (CHEST CIRCUMFERENCE AT SCYE)
12 CROTCH HEIGHT
13 ELBOW HEIGHT, SITTING, RIGHT Elbow Height, Sit-

ting
14 EYE HEIGHT, SITTING, RIGHT Eye Height, Sit-

ting
15 FACE LENGTH (MENTON-SELLION LENGTH) Face Length

(Nasion- Menton)
16 FOOT LENGTH, RIGHT Foot Length
17 HAND CIRCUMFERENCE, RIGHT
18 HAND LENGTH, RIGHT Hand Length
19 HEAD BREADTH
20 HEAD CIRCUMFERENCE
21 HEAD LENGTH
22 HIP BREADTH, SITTING
23 HIP CIRCUMFERENCE, MAXIMUM
24 HIP CIRCUMFERENCE, MAXIMUM, HEIGHT
25 KNEE HEIGHT, SITTING, RIGHT Knee Height
26 NECK BASE CIRCUMFERENCE
27 SHOULDER BREADTH (BIDELTOID) Shoulder (Bidel-

toid) Breadth
28 SITTING HEIGHT Sitting Height

(Erect)
29 STATURE Body Height
30 SUBSCAPULAR SKINFOLD, RIGHT
31 THIGH CIRCUMFERENCE, MAXIMUM, RIGHT
32 THIGH CIRCUMFERENCE, MAXIMUM, SITTING,

RIGHT
33 THUMB TIP REACH, RIGHT

... continued on next page
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Table 3.2 – continued from previous page
No. CAESAR name ISO name

34 TOTAL CROTCH LENGTH
35 TRICEPS SKINFOLD
36 VERTICAL TRUNK CIRCUMFERENCE, RIGHT
37 WAIST CIRCUMFERENCE, PREFERRED
38 WAIST FRONT LENGTH
39 WAIST HEIGHT, PREFERRED
40 WEIGHT (MASS)
41 ACROMIAL HEIGHT, STANDING, LEFT Shoulder Height
42 ACROMIAL HEIGHT, STANDING, RIGHT Shoulder Height
43 ACROMION-RADIALE LENGTH, LEFT Shoulder-Elbow

Length
44 ACROMION-RADIALE LENGTH, RIGHT Shoulder-Elbow

Length
45 ARM INSEAM, LEFT
46 ARM INSEAM, RIGHT
47 AXILLA HEIGHT, LEFT
48 AXILLA HEIGHT, RIGHT
49 BIACROMIAL BREADTH Shoulder (Biacro-

mial) Breadth
50 BI-CRISTALE BREADTH
51 BI-SPINOUS BREADTH
52 BIGONIAL BREADTH
53 BITRAGION BREADTH
54 BI-TROCHANTERIC BREADTH, STANDING
55 BUSTPOINT-BUSTPOINT BREADTH
56 CERVICALE HEIGHT
57 CHEST HEIGHT
58 ELBOW HEIGHT, STANDING, LEFT Elbow Height
59 ELBOW HEIGHT, STANDING, RIGHT Elbow Height
60 FOOT BREADTH, LEFT Foot Breadth
61 FOOT BREADTH, RIGHT Foot Breadth
62 INFRAORBITALE HEIGHT, STANDING, LEFT
63 INFRAORBITALE HEIGHT, STANDING, RIGHT
64 INTER-PUPILLARY DISTANCE
65 INTERSCYE DISTANCE
66 KNEE HEIGHT, STANDING, LEFT
67 KNEE HEIGHT, STANDING, RIGHT
68 MALLEOLUS HEIGHT, LATERAL, LEFT
69 MALLEOLUS HEIGHT, LATERAL, RIGHT
70 MALLEOLUS HEIGHT, MEDIAL, LEFT
71 MALLEOLUS HEIGHT, MEDIAL, RIGHT
72 NECK HEIGHT
73 RADIALE-STYLION LENGTH, LEFT
74 RADIALE-STYLION LENGTH, RIGHT
75 SELLION-SUPRAMENTON LENGTH
76 SLEEVE OUTSEAM LENGTH, LEFT
77 SLEEVE OUTSEAM LENGTH, RIGHT

... continued on next page
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Table 3.2 – continued from previous page
No. CAESAR name ISO name

78 SPHYRION HEIGHT, LEFT
79 SPHYRION HEIGHT, RIGHT
80 SUPRASTERNALE HEIGHT
81 TROCHANTER HEIGHT, LEFT
82 TROCHANTER HEIGHT, RIGHT
83 WAIST BACK (CERVICALE TO WAIST) LENGTH
84 ACROMIAL HEIGHT, SITTING (COMFORTABLE),

LEFT
85 ACROMIAL HEIGHT, SITTING (COMFORTABLE),

RIGHT
86 BI-LATERAL FEMORAL EPICONDYLE BREADTH, SIT-

TING (COMFORTABLE)
87 BI-LATERAL HUMERAL EPICONDYLE BREADTH,

SITTING (COMFORTABLE)
88 BI-TROCHANTERIC BREADTH, SITTING (COMFORT-

ABLE)
89 BUTTOCK TO TROCHANTER LENGTH (COMFORT-

ABLE)
90 ELBOW HEIGHT, SITTING (COMFORTABLE), LEFT
91 ELBOW HEIGHT, SITTING (COMFORTABLE), RIGHT
92 FEMORAL EPICONDYLE, LATERAL, LEFT TO

MALLEOLUS, LATERAL (COMFORTABLE), LEFT
93 FEMORAL EPICONDYLE, LATERAL, RIGHT TO

MALLEOLUS, LATERAL (COMFORTABLE), RIGHT
94 INFRAORBITALE HEIGHT, SITTING (COMFORT-

ABLE), LEFT
95 INFRAORBITALE HEIGHT, SITTING (COMFORT-

ABLE), RIGHT
96 TROCHANTER TO FEMORAL EPICONDYLE, LAT-

ERAL (COMFORTABLE), LEFT
97 TROCHANTER TO FEMORAL EPICONDYLE, LAT-

ERAL (COMFORTABLE), RIGHT
98 TROCHANTER TO SEATED SURFACE (COMFORT-

ABLE), LEFT
99 TROCHANTER TO SEATED SURFACE (COMFORT-

ABLE), RIGHT

3.2 Compatible Mesh Generation

Due to the inherent properties, a whole body scan data necessarily have nu-

merous holes and artifacts (Figure 3.2), which must be filled and healed before

the process. However, manually refining them is a highly time-consuming and

44



Figure 3.2: Holes and artifacts in raw scan data.

Figure 3.3: Incompatibility of the raw scan data.

tedious task. Considering that, generally, thousands of data should be processed

for the statistical shape analysis, doing such is not very attractive.

Moreover, most importantly, the mesh compatibility is not guaranteed in

raw scan data (Figure 3.3), which makes direct application of the statistical

shape analysis impossible. Therefore, we, at the same time, have to treat them

properly to have a compatible mesh structure.

Arguably the best choice to achieve both—filling holes and guaranteeing the
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mesh compatibility—at the same time would be to utilize the template model

fitting methods (Allen, Curless, and Popović, 2003; Baek and Lee, 2012; Yeh,

Lin, Sorkine, and Lee, 2011). Mathematically speaking, methods of this type

try to find a deformation map from the template mesh to a target mesh that

best fits the geometry of the target mesh while preserving the original topology

(or edge connectivity) of the template mesh, so that the resultant deforma-

tion has exactly the same shape with the target while the original topology

remains intact. Using this type of method, adding additional constraints for

further specifying the correspondences is possible, and hence one-to-one cor-

respondences between those points can be specially treated. Most of all, the

beauty of such type of methods that is distinguished from the other compat-

ible reparameterization techniques is in that the tedious and time-consuming

mesh refinements are not necessary. Since the resultant model preserves original

topology of the template mesh, it naturally fills the hole without any additional

consideration.

Keeping these observations in mind, in this section, we reparameterize the

database using the template model fitting scheme. The method deforms a tem-

plate model to fit a target model, so that the shapes are nonrigidly-registered

together.

As a preparation for the process, a model was selected from the database.

Then we manually filled the holes, healed the abnormalities in triangularization,

smoothened the details and regularized the facets, so that we could have a

generic template model that is to be used for the reparameterization in the

following subsections. As a result, we obtained a template model comprised of
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Figure 3.4: Template model used for the fitting process.

30,350 facets bounded by 15,177 vertices as shown in Figure 3.4. In addition,

landmarks are also placed virtually in the same way with the CAESAR data.

3.2.1 Initial Alignment

As a first step to register the template to a target, we initially align them

through rigid body registration. Denoting the landmarks of each model bym
(M)
i

andm
(T )
i respectively, the alignment problem could be formulated as a following

optimization problem as like the typical rigid registration problem:

min
R,t

∑
i

∥∥∥Rm
(T )
i + t−m

(M)
i

∥∥∥2 , (3.1)

that is, to find an optimal rigid rotation R and an optimal translation t that

transform the target model to the template model so that the difference between

corresponding markers are minimized. Note here that, what being transformed
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is the target model, rather than the template. This is because we want to have

all of our target models in the same orientation. 2

It is known from Nadas (1978) that a global solution that minimizes Equa-

tion 3.1 can be expressed explicitly. In fact, the optimal values, namely R∗ and

t∗, are achieved simply as

R∗ =
(
MTM

)−1/2
MT , (3.2)

and

t∗ = c(M) −R∗c(T ) (3.3)

where M =
∑

im
(T )
i

(
m

(M)
i

)T
, and c(M) and c(T ) are the centroids. The

square root is the symmetric and positive definite square root which can be

computed by diagonalization (see e.g. Horn and Johnson (1990)). Here, the

global minimizer is uniquely determined if MTM is nonsingular and has no

repeated eigenvalues (Park and Martin, 1994).

Lastly, in addition to the rigid registration, the template is further rescaled

for better convergence in later step. To achieve so, we minimize:

min
s

∑
i

∥∥∥sm∗(M)
i −m∗(T )

i

∥∥∥2 , (3.4)

where m∗(T )
i and m∗(M)

i are the marker positions of the rigidly registered mod-

els. In solving this problem, we have from the first order condition that

∂

∂s

∑
i

∥∥∥sm∗(M)
i −m∗(T )

i

∥∥∥2
=2

∑
i

{
s
(
m∗(M)

i

)T
m∗(M)

i −
(
m∗(M)

i

)T
m∗(T )

i

}
= 0.

(3.5)

2Actually, this however, must not necessarily be guaranteed since our shape analysis
method is invariant to the orientations of the scan data as we are going to see later; but
synchronizing the orientations of models is beneficial in many perspectives.
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Therefore, the global minimum is achieved at

s =

∑
i

(
m∗(M)

i

)T
m∗(T )

i∑
i

(
m∗(M)

i

)T
m∗(M)

i

. (3.6)

3.2.2 Rough Registration

After the initial alignment, the template mesh experiences a rough registration

procedure where it is roughly deformed to fit a target model. Here, the rough

registration might be regarded as a sort of initialization for the fine registration

which will follow in later stage. This, however, does not mean that the rough

registration is a minor preprocess for the fine registration. Rather, the rough

registration is crucial and should be conducted carefully, in order to reach to

the global minimum in the entire deformable registration problem. In general,

the deformable registration problem is a highly complex optimization problem

with numerous local minima, and hence the solution can easily get stuck in it.

A well-conducted rough registration could greatly reduce the possibility that

the solution gets stuck in the local minima.

Furthermore, in case of the rough registration, the amount of a deformation

produced throughout the process is much larger, compared to the fine registra-

tion. If poorly treated, this generally causes severe surface distortion and the

irregularity of mesh. Hence, undesirable flaws and artifacts could be generated

during the process and could even be succeeded to the final registration process.

Consequently, the entire registration process might thus fail.

Therefore, before to design the rough registration process, it is worthwhile

to set up some goals carefully. First, the deformation induced during the rough

49



registration should preserve rigidity as much as possible. In other words, the

deformed mesh should maintain original shape by minimizing distortions so

that the resultant deformation does not lose the original shape much. Secondly,

regularity of the mesh should be promoted during the process, so that facets of

the resultant model are regular/equilateral. Lastly, surface disparity between

the target and the template should be minimized as much as possible in this

stage, so that, in the later stage, only a minor correction of local details is

enough.

As a first step, we first define a mathematical deformation model. To do so,

we exploit a concept of embedded deformation (Sumner, Schmid, and Pauly,

2007; Li, Sumner, and Pauly, 2008). An embedded deformation is a technique

used for the deformation of a large mesh. The method indirectly induces the de-

formation of an entire mesh from that of a coarsely simplified mesh, or namely,

an embedded graph. Such way of formulating the deformation significantly in-

creases the efficiency of the computation, as it only requires the computation of

the deformation of the simplified embedded graph. Further, most importantly,

since it naturally weighs more on the global shape deformation rather than the

local deformations, the method preserves local geometry well, which is one of

the desirable aspects for the rough registration process.

To build an embedded graph, the template mesh is decimated to have a

reduced resolution (Figure 3.5(a)). Here, for the decimation of the mesh, any of

the state-of-the-art method can be applied (e.g. Schroeder, Zarge, and Lorensen

(1992); Kobbelt, Campagna, and peter Seidel (1998); Floater, Hormann, and

Reimers (2002)). However, the decimation should not be too severe, since exces-
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Figure 3.5: Embedded graph for the rough registration. (a) Decimated template;
(b) Volumetric embedded graph generated through constrained Delaunay tetra-
hedralization.

sively simplified embedded graph tend to result more rigid and stiff deformation

behavior. After some trials, it was found out that an embedded graph having

about 800∼1,000 vertices was appropriate for the rough registration of the hu-

man models.

In addition, to prevent the template mesh from being squashed to flat, and

to promote the rigidity of the entire volume, the decimated mesh is further

tetrahedralized to a volumetric mesh (Figure 3.5(b)). Here, as the decimated

mesh is a piecewise linear boundary of the volume, the constrained Delaunay

tetrahedralization method would be a reasonable choice for this. Further, as
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internal tetrahedrons are not needed to be too dense, the Delaunay refinement

algorithm (such as Shewchuk (2002)) can be additionally applied to generate

so called “quality mesh”, which has better resolution around the boundary and

coarse resolution at core. There are many mesh generation libraries freely avail-

able that provide such functionalities. For example, TetGen (Si, 2005) library

provides both the constrained Delaunay tetrahedralization and the quality mesh

refinement functionalities, and hence can be exploited for the embedded graph

generation.

After an embedded graph is generated, a mathematical deformation model

is defined based on it. Given an embedded graph G = {V,K} in R3, where

V is a set of graph nodes gi and K is an abstract graph structure containing

connectivity information such that (i, j) ∈ K if nodes i and j are connected by

an edge, an embedded deformation of a point x ∈ R3 with respect to the graph

G is defined as follows:

x′ =
n∑

j=1

wj(x) {Aj(x− gj) + gj + tj} (3.7)

where 3× 3 matrix Aj and a 3-dimensional vector tj specifies the affine trans-

formation of a node j, and a scalar weight value wj(x) implies the relative

importance of the node j on the transformation of x. Such a definition of the

embedded deformation is a commonly used framework in many other applica-

tions such as Sumner, Schmid, and Pauly (2007); Li, Sumner, and Pauly (2008).

Here, in determination of the weight value, it is preferable to limit the

influence of each node only to its nearby volume in order to increase local

controllability. Further, if so, it is inefficient to travel all of the nodes including
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the ones having less or no influence to the point, in computing the summation

in Equation 3.7. In this sense, we limit the number of nodes that contribute

to the deformation of a given point. To achieve so, we select k-nearest nodes

Nk(x) to the point x and let only for them to have an influence on it:

wj(x) =

 η exp
(
−c∥x−gj∥2

d2max

)
if j ∈ Nk(x)

0 otherwise.
(3.8)

where dmax is the distance to the k-th nearest node, η is a normalization factor

that normalizes
∑

j wj to one and c is a local controllability coefficient. In our

experiment, values around k = 10 and c = 5 was found to be suitable for the

deformation of a human body shape.

Then, based upon this deformation model, the following four energy terms

are defined:

Data error is an error term measuring the surface disparity between the

template and the target models. It is defined as the sum of the squared distances

between the corresponding pairs:

Edata =
∑
i

ci

∥∥∥∥∥∥pi −
∑

j∈Nk(i)

wj(xi) {Aj(xi − gj) + gj + tj}

∥∥∥∥∥∥
2

2

(3.9)

where ∥·∥2 denotes the L2 norm. The point pi is the corresponding pair of xi

with the confidence value ci.

Marker error is an error between the corresponding marker points. It en-

sures that the template markers are registered to their corresponding locations
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on target surface:

Edata =
∑
i

∥∥∥∥∥∥m(T )
i −

∑
j∈Nk(i)

wj(m
(M)
i )

{
Aj

(
m

(M)
i − gj

)
+ gj + tj

}∥∥∥∥∥∥
2

2
(3.10)

Smoothness error is a term that amounts the difference between the

transformations of neighboring nodes. It guides the resultant deformation field

to smoothly vary:

Esmooth =
∑

(i,j)∈K

∥Ai −Aj∥2F + ∥ti − tj∥22 (3.11)

where ∥·∥F denotes the matrix Frobenius norm.

Rigidity error is a term constraining the nodes as rigid as possible, so that

no severe distortion of the original shape occurs. It measures the orthogonality

of the affine transformations:

Erigid =
∑
i

∥∥AT
i Ai − I

∥∥2
F
+
∥∥AiA

T
i − I

∥∥2
F

(3.12)

For better understanding of these error terms, effects of the error terms

are illustrated in Figure 3.6. As shown in the figure, the marker error and the

data error move the corresponding point toward its target location. Then, the

smoothness error drags the nearby points along the moved point. In addition,

the rigidity error contributes to promote the rigid behavior of the graph.

During the computation of deformation, the corresponding pairs involved

in the data error term are determined as follows:
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Figure 3.6: Graphical illustration of the error terms participating in the rough
registration. (a) Original configuration, (b) Only with a data/marker error, (c)
Smoothness error added, (d) Smoothness + rigidity error.

1. For each vertex on the template, find k-nearest points on a target mesh.

2. Among these k-nearest points, exclude the points that are lying farther

than dthres or whose vertex normals are apart more than θthres from that

of the current vertex.

3. Compute the weighted average of the remaining points with weight values

determined by the local surface variations at these points, and Set it as

a corresponding pair.

The pair determination process can be assisted by several nearest neighbor

search algorithms, such as k-D tree (Bentley, 1975) and approximate nearest

neighbor search (Arya, Mount, Netanyahu, Silverman, and Wu, 1998), in de-

termining the k-nearest points. In the mean time, the threshold values dthres

and θthres are determined from empirical observation. In our experience, values
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around 10 ∼ 20 cm and 15◦ ∼ 30◦ were found to be the reasonable choice. (In

this study, we use 20 cm and 30◦ to cover extreme cases better.) Lately, the

local surface variation that is used for the computation of the weighted average

is a measure how much the point is salient from its surrounding surface. It can

be determined from the eigenvalue computation of the local covariance matrix

as in Pauly, Gross, and Kobbelt (2002); Pauly, Keiser, and Gross (2003).

In addition, since points around some frequently occlusive areas, including

hands, ears, crotch and armpits, in raw scan data generally show poor quality.

Hence, such points should be less weighed so that their contribution in registra-

tion process is less than the others. This is considered through the confidence

value ci in data error term; the greater the value is, the stronger the attrac-

tion from its corresponding pair; in contrast, with smaller values, a point will

be dragged by its nearby points due to the smoothness and the rigidity error

terms and hence will keep its original local geometry.

The confidence values, which lies within the range [0, 1], can either be manu-

ally assigned or be determined from the scanner’s property as described in Turk

and Levoy (1994) 3. In case the manual assignment of the values is needed, one

can “paint” the template, around the points where the occlusion occurs, with

a smooth geometric brush having values between 0 and 1.

Finally, the objective function for the rough registration is defined as a

weighted sum of the energy terms:

Erough = aEdata + bEmarker + cEsmooth + dErigid (3.13)

3In CAESAR data, such confidence values are recorded with the geometry data.

56



where the unknowns are the affine transformations Ai and the translations ti

of the graph nodes.

One reasonable choice for solving this problem efficiently is to use Newton-

like solvers such as L-BFGS-B (Zhu, Byrd, Lu, and Nocedal, 1997), a quasi-

Newtonian solver of limited memory usage. For the acceleration of the algo-

rithm, one can define the analytic derivatives in the solver, instead of using

numerical derivatives, which can be derived easily.

Algorithm 3.1 Rough registration

1: initialize
2: E(0) ←∞, E(1) ← 0, k ← 0

3: For all i, A
(0)
i ← I, t

(0)
i ← 0

4: cnt← 1, ϵ← 10−5

5:

6: Start
7: if cnt = 1 then
8: a← 0, b← 10, c← 1, d← 1
9: else

10: a← 1, b← 10, c← 10, d← 10, ϵ← 10ϵ
11: end if
12: while |Ek+1 − Ek| ≥ ϵEk+1 do
13: update corresponding pairs
14: E(k+1), A(k+1), t(k+1) ← lbfgsb(A(k), t(k), a, b, c, d)
15: end while
16: cnt← cnt + 1
17: if cnt ≤ 2 then
18: go to 7
19: end if
20: End

Upon this formulation, we propose an energy minimization heuristic for

the rough registration as in Algorithm 3.1: First, set a = 0, b = 10, c =

1, d = 1 so that the marker error term dominates the minimization process.
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Figure 3.7: Converged results per each iteration step of the rough fitting process.
(a) The template model; (b) After the first iteration step; (c) After the second
iteration step; (d) The target model.

In this configuration, the shape will be deformed preliminarily to ensure the

marker correspondences. Repeat the optimization process until there is no more

improvement of the solution (|Ek+1 − Ek| ≥ 10−5Ek+1). Additionally, set a = 1,

b = 10, c = 10, d = 10, so that now the data error term contributes, but within

large influences of rigidity and smoothness terms. In this setting, the template

model is further deformed closer to the target surface. With these modified

tuning parameters repeat again the optimization process with a termination
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criterion |Ek+1 − Ek| ≥ 10−4Ek+1.

Figure 3.7 displays the converged results of one extreme case per each itera-

tion step. As in the figure, the first iteration step mainly aligns the posture and

the overall marker positions, and the second iteration step fills ups the surface

a little bit closer to the target surface.

3.2.3 Fine Registration

If the rough registration stage was for a bulk fitting of the global shape, the fine

registration stage is for the fitting of local details. To do so, we now discard the

embedded graph used for the rough registration, and redefine the deformation

in a vertex-wise manner as follows:

x
′
i = Tix (3.14)

where T ∈ Aff (3) is a 4×4 affine transformation matrix. That is, each point in

the template model experiences the deformation according to the affine trans-

formation defined on it. Based upon this deformation model, we define the

following error terms:

Data error:

Edata =
∑
i

ci ∥(pi − Tixi) · ni∥22 (3.15)

Marker error:

Emarker =
∑
i

∥∥∥m(T )
i − Tim(M)

i

∥∥∥2
2

(3.16)
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Smoothness error:

Esmooth =
∑
i

∑
j∈N (i)

∥Ti −Tj∥2F (3.17)

Regularization error:

Ereg =
∑
i

∥∥∥∥∥∥Tixi −
1

|N (i)|
∑

j∈N (i)

Tjxj

∥∥∥∥∥∥
2

F

(3.18)

Based on these error terms, the overall error for the fine registration is

defined as follows:

Efine = aEdata + bEmarker + cEsmooth + dEreg (3.19)

Definitions and meanings of data, marker, and smoothness errors are very

similar to our previous definitions for the rough registration process. However,

it should be noted that, in this case, the normal vector ni of the target surface

at point pi is involved in the definition of data error term. The participation

of the normal vector ni converts the error metric from point-to-point distance

to point-to-plane distance. In other words, the template point does not move

closer to the target point recklessly any more, but it is now allowed to freely

move in a plane once it is approached to the target. This, in combination with

the smoothness and regularization error, resolves the defective distortions and

shrinkages of the mesh.

On the other hand, the regularization error guides each facet closer to a equi-

lateral triangle. This term has an effect of moderating the irregularity (including

flip-overs, entanglements, and spikes) caused by extreme data and marker er-

rors. Specifically, as aforementioned, since the vertices are not affected much
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anymore by data error term once they approach close enough to the target

surface in certain level, the regularization error exerts greater influences to the

vertices near convergence so that the vertices slide toward the better regularity.

Based on this mathematical formulation, we propose a heuristic for the fine

registration as shown in Algorithm 3.2: First, set a = 1, b = 10, c = 10, d = 10

to ensure matching of the corresponding marker points and to let data error

term to contribute slightly, and perform the iteration until convergence. Then,

tune the values to a = 10, b = 1, c = 3, d = 3 and perform the iteration

again, so that now the data error term could contribute seriously and hence

precise fitting occur. Lastly, set a = 10, b = 1, c = 1, d = 2 and perform the

last iteration so that the template is finally fitted to the target with reasonable

regularity.

Figure 3.8 displays the converged results of each fine fitting procedure. The

fitting procedure is ensued from the rough fitting result in Figure 3.7. As in the

figure, the model is finally fitted to the target model, and the surface disparity

is almost zero everywhere.

3.2.4 Detail Engraving

Although the fine registration process fits the template model to a target model

with reasonable precision, delicate details are still disregarded since the smooth-

ness and the regularization error terms “blurs” those details. Therefore, we im-

prove the result by conducting the detail engraving step. In this stage, each of

the vertices is projected to the target surface if there is a crossing within 2cm

along both sides of the vertex normal direction. Then other remaining unpro-
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Algorithm 3.2 Fine registration

1: initialize
2: E(0) ←∞, E(1) ← 0, k ← 0

3: For all i, T
(0)
i ← I

4: cnt← 1, ϵ← 10−2

5:

6: Start
7: if cnt = 1 then
8: set a← 1, b← 10, c← 10, d← 10
9: else if cnt = 2 then

10: set a← 10, b← 1, c← 3, d← 3
11: else
12: set a← 10, b← 1, c← 1, d← 2
13: ϵ← 0.1ϵ
14: end if
15: while |Ek+1 − Ek| ≥ ϵEk+1 do
16: update corresponding pairs
17: E(k+1), T(k+1) ← lbfgsb(T(k), a, b, c, d)
18: end while
19: cnt← cnt + 1
20: if cnt ≤ 3 then
21: go to 7
22: end if
23: End

62



Figure 3.8: Converged results per each iteration step of the rough fitting process.
(a) Rough registration result in Figure 3.7; (b) After the first iteration step;
(c) After the second iteration step; (d) After the third iteration step; (e) The
target model.

jected vertices are dragged toward the target surface by the intimate vertices.

This can be achieved by recomposing the energy equation using the smoothness,

marker and regularization error term that we have seen in the fine registration

stage, and solve it subject to the hard constraints that fix the projected vertices

at where they are projected.

This procedure improves the result much more delicate, so that the dimmed

features become more clear and vivid as shown in Figure 3.9.
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Figure 3.9: Improvement of the solution by detail engraving. (Left) Fine fitting
result; (Right) After detail engraving. Note the improvements in details.

3.3 Discussion

In this chapter, we surveyed existing whole-body scan databases that can be

used for the statistical analysis of the human body shape, and discussed a

preprocessing technique that produces statistically analyzable data forms from

the scan database. For the preprocessing, we prepared a template model and

conformed it to each target model in the database so that the resultant model

preserves the original topology of the template model but is fitted to the target

shape. By this mean, we could guarantee the consistent topology of the shape

data, and could thus have a compatible shape database.

The results obtained from such preprocessing procedure exceed the result of

our previous work (Baek and Lee, 2012) in the quality of details and the mesh

regularity. This is because our new formulation of the deformation in rough reg-

istration stage is much more precise and delicate than the previous one, which

produces better initial solution for the fine registration. Consequently, from the
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better initial solution, the artifacts and distortions caused during the fine regis-

tration stage are noticeably reduced. Further, introduction of the regularization

term also improves the mesh quality of the solution so that each fact gets as

closer as possible to the equilateral triangle.
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Chapter 4

Isometric Shape Morphing

Shape interpolation is a technique for generating in-between shapes from key-

frame models. The technique is necessary for the example-based modeling as it

provides a tool for generating a new intended shape by synthesizing exemplar

models in a database.

A näıve approach for the shape interpolation is to linearly interpolate the

coordinate values of the vertices in correspondence. This could become the most

widely-used approach in example-based modeling as the implementation of it

is easy and direct. However, the method has a crucial defect: it is not invariant

to translation, rotation and posture change. That is, even though what being

interpolated are models having an identical shape, the results will be all different

according to positions, orientations and postures of the key-frame models. This

obviously conflicts our intuition.

Most of the previous works try to overcome this matter by aligning positions,
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orientations and (sometimes) postures of the models before to interpolate. How-

ever, despite of such efforts, there still remains a problem of shape distortion

obviously, which generates inaccurate and implausible result. Evident clues for

this can be found from many other shape interpolation research, such as Figure

12 of Lipman, Sorkine, Levin, and Cohen-Or (2005) and also from a preview of

our approach illustrated in Figure 4.1 as well. Further, as postures are modi-

fied during such a preprocessing by artificially formulated skeletal deformation

techniques, unnatural skin deformation is unavoidable.

In this reason, excluding positions, orientations, and postures from the shape

interpolation procedure becomes an important issue. Mathematically speaking,

the rigid-body transformation as well as the non-rigid skin deformation caused

by the posture change are considered together as an isometry. The isometry,

or a distance-preserving mapping is a congruent projection between the metric

spaces, which preserves the distances between the elements. In other words,

when we are given two metric spaces, namely M1 and M2, and their corre-

sponding metrics dM1 and dM2 respectively, a mapping f : M1 → M2 is an

isometry if for any x, y ∈M1 the following equality holds true:

dM1 (x, y) = dM2 (f (x) , f (y)) (4.1)

Obviously, an identical transformation (i.e., transformation to itself, or no

transformation), a rigid transformation, and a reflection to a mirror plane (or

a point, a line, etc.) are trivial examples of isometry since they preserves the

distances between the elements. Moreover, an articulated movement of linked

rigid segments is an isometry as well, in a sense that they are just a set of
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rigid transformations. Further, in a weak sense, an articulated movement of

non-rigid segments, e.g. skin deformations around the joint areas during the

body posture change or wrinkles casued from the facial expression change, can

also be considered as an isometry.

Therefore, in order to conduct statistical shape analysis in better accuracy,

it is desirable to consider shapes invariant to the isometry. However, in the field

of statistical shape analysis, proper consideration on the isometry-invariance

has never been achieved up to time. On the contrary, previous works tend to

pass over possible errors caused from the metric differences between exemplar

models. For example, Wang (2005); Baek and Lee (2012); Baek, Wang, Song,

Lee, Lee, and Koo (2013), failed to notice the influence of isometry, and they

merely performed the rigid alignment to reduce the error caused by position

and orientation differences, which however is not enough to fix the essential

problem. Although several approaches such as Seo and Magnenat-Thalmann

(2003) additionally aligned the postures beforehand to solve the problem, they

are still opened to another possibility of error mainly caused from the unnat-

ural skeletal deformations, and hence, the method cannot be the fundamental

solution.

More serious discussions on this issue can be found from a few of the com-

puter graphics literatures. In a strong belief that an interpolation that best

preserves local rigidity of each key-frame model generates the most plausible

result, they formulate the interpolation problem with a careful consideration of

the preservation of local rigidity (Alexa, Cohen-Or, and Levin, 2000; Sorkine

and Alexa, 2007; Xu, Zhang, Wang, and Bao, 2006; Baxter, Barla, and Anjyo,
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2008). However, although preservation of the local rigidity seems to generate

a plausible result that looks natural to the naked eye, there still remain some

distortions and unnatural deformations. This is well indicated in Figure 2 of

Kilian, Mitra, and Pottmann (2007). As like Kilian et al. (2007) points out,

what should be considered more is preservation of local distances, instead of

the local rigidity.

In addition, those techniques including Kilian, Mitra, and Pottmann (2007)

as well, are mainly based on nonlinear formulation of optimization problem,

which is computationally expensive. Especially for Kilian et al. (2007), although

they started from correct understanding of the essential problem, their formula-

tion is not so practical since it is too rigorous that the computation is extremely

complicated and time-consuming. This is because they represent a shape us-

ing a vector consist of the coordinate values of vertices and compute nonlinear

interpolation in a space to which such a vector belongs. Instead, it is more

preferable to represent the shape only with its intrinsic geometries that are not

affected by isometry, compute linear interpolation in its corresponding space,

and then reconstruct extrinsic information from the result.

Differential coordinates such as Alexa (2003); Lipman, Sorkine, Cohen-Or,

Levin, Rössl, and Seidel (2004); Lipman, Sorkine, Levin, and Cohen-Or (2005);

Sheffer and Kraevoy (2004); Wang, Liu, and Tong (2012) share this same idea of

transferring the vertex coordinates to the space where the linear interpolation

is valid. Each of them defined a new coordinate system based on the local dif-

ferences between the vertex positions, normals, and other differential geometry

features, and computed the linear interpolation in the new coordinate system.

69



Figure 4.1: Comparison between the isometry-invariant interpolation and the
simple linear interpolation. Yellow-colored models are the keyframe models and
the blue ones are the resultant inbetweens. First row shows the simple linear
interpolation of vertex coordinates, while second row shows the most isomet-
ric shape interpolation obtained through the proposed coordinate system, the
isometry-invariant intrinsic coordinates. Note the shrinkages and distortions
occured in the first row whereas the original shape is preserved in the second
row.

Then, by reconstructing the vertex coordinates from those new coordinate val-

ues, they had succeeded to generate interpolation results that preserve local

rigidity as much as they could. Although they are yet far from the essential

issue of isometry-invariance, their approaches are still valuable in a sense that

they provide a hint for the framework of mapping the extrinsic geometry to

the intrinsic coordinates, linearly interpolating them, and reconstructing the

extrinsic geometry from the interpolated intrinsic geometry.

In this chapter, we propose a novel coordinate system that is invariant un-

der isometry. The main idea of our approach is to build an invertible mapping

between the extrinsic geometry and our novel coordinate system that is defined

from the intrinsic geometry. In this new coordinate system, which we named

isometry-invariant intrinsic coordinates (IIC), isometry-invariant shape inter-
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polation can easily be computed as a simple linear interpolation. In this setup,

one can generate nonlinear in-betweens without any nonlinear computation (see

e.g., Figure 4.1).

4.1 Isometry-invariant Intrinsic Coordinates (IIC)

The fundamental theorem of surfaces states that two surfaces have an iden-

tial shape if their first and second fundamental forms are identical functions

(Terzopoulos, Platt, Barr, and Fleischer, 1987). Since the first and second fun-

damental forms imply local metric property and the curvature of a surface

separately, the fundamental theorem of surfaces provides us a proposition that

a surface could be completely described by its local lengths and curvatures.

For the discrete surfaces having a graph structure, e.g., triangular meshes, this

idea can further be developed to a theory that a discrete surface having a

graph structure can be completely determined by its edge lengths (which are

equivalent to local lengths) and relative rotations between adjacent facets (≡

curvatures), which we are going to carefully verify and prove throughout this

section.

4.1.1 Definition

Let G = {V,K} be a triangular mesh, where V is a set of NV points, i.e., V ={
vi ∈ R3|i = 1, . . . , NV

}
, and K is an abstract simplicial complex containing the

connectivity structure. Three different types of elements, namely, vertices {i},

edges {i, j} and faces {i, j, k} comprise the abstract structure K. Here, it should

be noted that every tuple in K is an ordered collection, that is, {i, j} ≠ {j, i},
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Figure 4.2: Definition of the isometry-invariant intrinsic coordinates (IIC) for
an edge {i, j}. Note that the basis vectors of the local coordinate frames are
denoted as red, green and blue arrows, in an â, b̂, n̂ order.

{i, j, k} ≠ {i, k, j} and so on.

Before to define the IIC, let us first compose a local coordinate frame{
â, b̂, n̂

}
for each facet. The local frame is determined in a way such that

n̂ is the unit normal vector of a corresponding facet, â is a unit vector parallel

to the first edge of the facet, and the remaining basis vector b̂ is naturally

determined from the right-hand rule.

In this configuration, as shown in Figure 4.2, let us consider two facets, say

{r, j, i} and {j, l, i} in K, that share the same edge {i, j} ∈ K. In addition, let

us denote the local coordinate frames of these facets as R and L accordingly.

Further, let L′ be a rotated version of L along with an axis êij =
vj−vi

∥vj−vi∥ , so

that the normal directions of R and L′ are the same. Then, from the geometry,

relative orientations between the facets {r, j, i} and {j, l, i} can be fully deter-

mined only by two scalar values θ and φ, where θ is defined to be an angle from

L′ to L along the axis êij and φ be an angle from R to L′ along with an axis

parallel to the normal direction of R. Here, it should be noted that −π ≤ θ < π
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and 0 ≤ φ < 2π.

Based on this notion, the IIC is defined per each edge {i, j} ∈ K as follows:

xk =

[
lk θk φk

]T
(4.2)

where lk is the length of the k-th edge, and θk and φk are the angles between

the facets defined as above. Then, finally, a triangular mesh G is represented as

an ordered collection of the IICs:

x =

[
xT
1 . . . xT

NE

]T
(4.3)

where NE is the number of edges in graph G.

4.1.2 Reconstruction of the Extrinsic Geometry

While the construction of IIC from the extrinsic vertex coordinates was triv-

ial from the definition, its inverse is not quite simple. In fact, the reconstruc-

tion problem is equivalent to that of solving for the optimal vertex positions

that satisfy given abstract connectivity structure with its already-known edge

lengths and the relative angles between the adjacent facets. Here, including the

length terms and the angle terms in the reconstruction process inevitably in-

volves nonlinearity, since it entails the terms with square-roots and trigonomet-

ric function. Hence, a brute-force approach to solve this problem will require an

absurdly complicated calculations and time-consuming iterative computations,

which easily get stuck at local minima.

Actually, some of the relevant research that uses the edge lengths and the

relative angles for a shape representation (e.g., Sumner, Zwicker, Gotsman,

and Popović (2005); Fröhlich and Botsch (2011)), naively define a nonlinear
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energy equation measuring the changes in edge lengths and in dihedral angles

between the adjacent facets, and minimize it through an iterative optimization

method such as a Gauss-Newton method. However, as like we have just pointed

out above, such a way of finding the solution takes too much time, and more

significantly, it is opened to a high possibility of getting stuck in local minima.

Another kind of relevant research, such as Wuhrer (2009); Wuhrer, Bose,

Shu, O’Rourke, and Brunton (2011), solve the problem by directly evaluating

the vertex positions of one facet from the triangle geometry induced from the

corresponding edge lengths, and then by propagatively reconstructing the other

facets from that facet. However, as one might have already predicted, such a

propagative reconstruction method is not able to reconstruct the surface seam-

lessly, since each of the propagation path returns conflicting vertex positions. In

this reason, the method results a defective result having a lots of disfigurements

and artifacts as like the one displayed in Figure 4.10.

To resolve the aforementioned problems, we propose a novel method for re-

constructing the original vertex coordinates from given edge length and relative

angle information in IIC. The distinguishable aspect of our formulation is that

nonlinear terms are not involved at all during the solution finding process and

hence the algorithm is highly efficient. In addition, despite of the linearity of

our formulation, the result shows reasonable accuracy.

Our algorithm first reconstructs the global orientations of the local frames

that were once used for the definition of IIC before. Then, based upon the

reconstructed orientations of the local frames, it is computed that the global

arrangement of the vertices that satisfies the edge length and orientation in-
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formation immanent in IIC. In addition, when it is necessary, an optional op-

timization process modifies the solution to improve it to meet the edge length

constraint better, and so that the result is as-isometry-as-possible. What follow

are the details of such reconstruction process:

As a first step, global orientations of the local frames are computed. To do

so, let us recall two facets {r, j, i} and {j, l, i} in K that share an edge i, j ∈ K,

and their corresponding local frames R and L that were once used for the

definition of IIC previously in Figure 4.2. From the definitions of θ and φ, we

are already aware that the basis vectors of each local frame fulfill the following

relationship: [
âL b̂L n̂L

]
= eθij [êij ]eφij [n̂R]

[
âR b̂R n̂R

]
, (4.4)

where the notation [ŵ] in exponential terms denotes a 3 × 3 skew-symmetric

matrix, which is an element of the Lie algebra so(3) of the rotation group SO(3).

That is,

[ŵ] =


0 −ŵz ŵy

ŵz 0 −ŵx

−ŵy ŵx 0

 .
Therefore, the matrix exponential, eθ[ŵ] is a rotation matrix equivalent to a

rotation over an angle θ around an axis ŵ = [ŵx, ŵy, ŵz]
T , ∥ŵ∥ = 1 (See

e.g. Park and Ravani (1997) for the detail). In addition, here, for brevity, we

henceforth denote the basis matrices for the local frames

[
âL b̂L n̂L

]
and[

âR b̂R n̂R

]
as [L] and [R] respectively.

Clearly, to solve for the unknown basis matrices [L] and [R], we have to
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know beforehand the rotation axes, i.e. êij and n̂R. At this time, since what we

are interested in is a relative rotation between the local frames, not the absolute

orientations, the basis vectors of the local frame R can be set, for convenience,

to be (1, 0, 0), (0, 1, 0), (0, 0, 1) respectively w.l.o.g. Then, as we are already

aware of the edge lengths from the IIC, we can reconstruct the triangle {r, j, i}

relatively to R, which provides relative representation of the edge vector êij

and the normal vector n̂R with respect to R.

Therefore, our problem now is to find the basis vectors for each frame that

best preserve the relationship in Equation 4.4 with the adjacent frames. This

gives rise to a following least-squares problem:

min
â,b̂,n̂

∑
∀{i,j}∈K

∥∥∥[L]ij − eθij [êij ]eφij [n̂R]ij [R]ij

∥∥∥2
F

(4.5)

where ∥·∥ is a matrix Frobenius norm.

One important issue that should be discussed here is that the least-squares

problem defined as above is not of full rank. Rather, the rank of the problem

is actually 3NF − 3, where NF is the number of facets in graph G. That is, in

other words, solving the problem will result the trivial solution—â, b̂, n̂ are zero

everywhere, unless some constraints are imposed to at least one local frame.

This is because an information for the absolute global orientation of the

mesh is missing, since we are only aware of the relative orientations between

the adjacent facets. Therefore, as one can easily imagine, there can be infinitely

many solutions that satisfy such relative orientations, since the entire group of

the local frames can freely rotate together globally.

Therefore, to solve the problem, we have to impose orientation constraints to
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at least one local frame. Here, the constraints could be either hard constraints or

soft constraints, or both, according to the application. Imposing the constraints

to a linear least-squares problem is quite simple from linear algebra and we do

not discuss here.

Further, another important fact we have to confront is the orthonormality

of the basis matrices. The least-squares problem defined above does not en-

sure the orthonormality condition in fact. However, including the orhonormal-

ity condition to the least-squares problem complicates the matter all at once,

to a nonlinear least-squares problem and hence it cannot be directly solved.

Fortunately, the solution of the above linear least-squares problem stay near

orthonormal since the coefficients involved in the energy equation are orthonor-

mal (Lipman, Sorkine, Levin, and Cohen-Or, 2005; Wang, Liu, and Tong, 2012).

Provided this, we can therefore satisfy the orthonormality condition by simply

computing the orthogonal projection of the solution to the nearest rotation.

This can be done by decomposing each basis matrix to the orthonormal factor

and the remainders, through well-known orthogonal decomposition techniques

such as singular value decomposition (SVD) and QR decomposition. At the

same time, one can also orthonormalize the frames simply by normalizing and

fixing the normal component n̂ first, and then by performing the Gram-Schmidt

process to orthogonalize the other basis vectors.

After finishing the reconstruction of the local frame orientations, position of

each vertex is reconstructed based on them. From the edge lengths that could be

known from IIC, we have following relationships for each facet that are induced
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Figure 4.3: Notations for a triangle i = {i1, i2, i3}; A position of each vertex is
denoted by vij while its corresponding interior angle is denoted as θij ; A length
of an edge connecting the vertices ij and ik is denoted as lijk .

from the triangle geometry:

vi1 − vi2 = −li12 âi

vi2 − vi3 = li23 cos θi2 âi − li23 sin θi2b̂i

vi3 − vi1 = li31 cos θi1 âi + li31 sin θi1b̂i,

(4.6)

where the notations are the same with those illustrated in Figure 4.3.

Consequently, such relationships give rise to another linear least-squares

problem that seeks an optimal global arrangement of the vertices that best

preserves the local relationships. Here, similar to Equation 4.5, the rank of the

system is not a full rank. Therefore, in this case as well, at least one vertex

have to be constrained to some position. Similarily to the previous case, the

constraint can be either hard or soft, or both of them, according to its applica-

tion.

Unfortunately, the solution of the problem unavoidably accompanies a slight

difference with the actual edge length information included in IIC, since angle
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terms in IIC may conflict with the length terms. Of course for cases in which

IIC is directly induced from a given model, so that the length information and

the angle information does not conflict each other, reconstruction could be pre-

cise and only numerical error, which is negligible, will occur. However, for cases

in which IIC is resulted from other operation, such as shape interpolation and

deformation, consistency of the values may not be guaranteed. Especially if

the inconsistency is large due to huge shape and posture differences of mod-

els involving in the shape operation, the resultant model may bear undeniable

errors. Moreover, for the extreme constraints, such a reconstruction error be-

comes larger. Therefore, when the error is significant, an optional edge length

modification process could be conducted to treat them.

The edge length modification process is done through the following heuris-

tic. Firstly, update the local frames based on the current solution. Then solve

for the local frame orientations again, but this time, the updated local frame

orientations intervene in the problem as soft constraints. Finally, rewrite the

local relationships between the vertices of each facet as in Equation 4.6 with

respect to the recalculated local frames, and solve for the global arrangement

of vertices. Repeat the process until one of the following termination criteria is

satisfied:

e(k) =
1

NE

∑
{i,j}∈K

(lij − ∥vi − vj∥) ≤ ϵ

∣∣∣e(k+1) − e(k)
∣∣∣ ≤ ϵ,

(4.7)

where ϵ is a small number enough to be set between 0.01% and 0.1%.

In our experiment, the above heuristic has never diverged, and in fact, con-
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verged well within 5∼10 iterations. This is because the energy equation formu-

lated from Equation 4.6 in fact includes an error between the edge lengths in IIC

and actual edge lengths implicitly. Therefore, by repeating the iteration, each

triangle is modified toward a shape whose edge lengths are close to the length

terms in IIC. Similarly, the repeated reconstruction of the local frames that is

conducted between the edge length modifications also has an effect of minimiz-

ing the error between the angle terms in IIC and the actual angle. Therefore, the

entire iteration process further minimizes error between the intrinsic geometry

information included in IIC and the actual geometry of a resultant model.

4.2 Implementation

Implementation of the IIC is in fact very simple. Since the computation is done

through traversing along the edges and their adjacent facets, it is advantageous

to exploit the half-edge data structure (for details, see geometry modeling texts,

e.g., Chapter 5.3 of Lee (1999)). Using the half-edge data structure, adjacent

facets of an edge are easily reachable by accessing the corresponding half-edges

of that edge.

In addition, since every component of IIC is defined element-wise, without

any single reference to distinct elements, the computation of component values

is effectively parallelizable. Essentially, since the construction of IIC can be done

by simply traversing the edges, the computational complexity relies only on the

number of edges NE and hence the complexity is O(NE). Therefore, merely by

a serial implementation, efficient computation is already guaranteed. However,

it can be further improved by parallelizing the process, which, especially for
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large meshes, provides a huge increase in computation speed.

Meanwhile, in calculating the matrix exponential used for the computation

of local frame reconstruction, one can employ Rodrigues’ rotation formula (See

Gallier and Xu (2002); Park and Ravani (1997)) for efficiency. The formula en-

ables us to compute the matrix exponential as a summation of a skew-symmetric

matrix and its square, and the efficient computation is thus possible.

On the other hand, one can think of a use of the unit quaternion for the

same calculation. This way of calculating the rotation is in fact more preferable

computationally than the former method. This is because there are only four

numbers involved in the representation and calculation of the rotation in unit

quaternion framework, while, in contrast, redundantly nine numbers are used

in the matrix computation. Therefore, we recommend using unit quaternion for

the computation of exponential map in local coordinate reconstruction process.

Another important issue that we have to address here is the sparsity of

the matrices. The linear systems being solved in the reconstruction processes

are highly sparse since the nonzero values are placed only at where the graph

elements are adjacent to each other. Therefore, the system can be efficiently

solved by exploiting a large sparse linear solver. For this, direct solvers are

arguably the best options. Although iterative solvers are the most common

choice in many other applications, their inherent sensitivity to the initial value

and slow convergence rate make them in fact less attractive than direct solvers.

More specifically, as we are dealing with least-squares problems, in which

the pseudo-inverse computations are involved, sparse Cholesky decomposition

can be used, which is considerably more efficient than any other direct sparse
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matrix decomposition methods. In this research, out of several available sparse

Cholesky solvers, the CHOLMOD (Chen, Davis, Hager, and Rajamanickam,

2008) package was found to be the most satisfactory, since it has been well

maintained until recently and its performance has also been verified in many

other practical applications.

Furthermore, since the topology of a mesh is not changed during the itera-

tive edge length modification process, a pattern of nonzero values also remains

unchanged. Here, using the fact that the sparse direct Cholesky solvers compute

the Cholesky decomposition by sequentially conducting a symbolic decompo-

sition of the nonzero pattern first and then a numerical decomposition of the

numerical values, we can further improve the performance of the modification

process. That is, since the nonzero pattern of the matrix remains consistent,

the symbolic decomposition of the nonzero pattern should not necessarily be

computed for every stage of iteration. Instead, it can be computed only once at

the very beginning of the iteration, and the result can be repeatedly reused for

the numerical decomposition in each step.

The last implementation issue needed to be discussed here is about the

orthonormalization of the local frames. For the orthonormalization, there are

several choices—SVD, QR decomposition, and the Gram-Schmidt process, as

like we have briefly mentioned earlier. Orthonormalization using SVD can be

done quite simply by setting the decomposed diagonal singular value matrix to

identity and re-composing the matrix again (similar to what have been done in

Alexa, Cohen-Or, and Levin (2000); Baxter, Barla, and Anjyo (2008)). Using

QR decomposition is even simpler; the orthogonal part Q of the decomposition
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is simply set as the nearest orthonormal matrix. Lastly, orthonormalization

through the Gram-Schmidt process is done by first normalizing and fixing the

normal component n̂ and then altering â by the cross product of current b̂ and

the fixed n̂. The remaining basis b̂ is then updated based on newly calculated

â and n̂.

All these three techniques provide reliable orthonormalizations of a local

frame. In our experiment, results were almost the same with each other and

the difference was insignificant (Remind that the solutions are already almost

orthonormal from the beginning). In this aspect, it is more recommendable to

use QR decomposition or the Gram-Schmidt process since they require lesser

computation than SVD.

4.3 Most Isometric Interpolation and Deformation of
Shapes Using IIC

In preceding sections, we discussed the definition of our new coordinate system

named IIC and the conversion between the vertex coordinates and the IIC. In

this section, based on this foundation, we are going to see how this can be used

for the shape interpolation and deformation problem.

4.3.1 Shape Interpolation

For the discussion of the shape interpolation using IIC, let us assume that we

are given n key-frame models M1, . . . ,Mn for the interpolation. What is to

be done in shape interpolation problem is to generate a model by blending the

key-frame models with weight values w1, . . . , wn (0 < wi < 1,
∑

iwi = 1).

Apprently, since the length terms in IIC are (positive) real numbers, simple
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Figure 4.4: Interpolation of angles in consideration of their periodic interval.
For the given angle values illustrated as black dots, their linear interpolation
within a periodic range [0, 2π], 0 = 2π is obtained at the green point, whereas
simple linear interpolation without any consideration of the periodic interval is
obtained at the red point.

linear interpolation is applicable. As we are going to see later, such linear in-

terpolation generates the most isometric interpolation of the key-frame models.

The angle terms, as well, can be linearly interpolated, but this time, additional

consideration on their interval should be devoted. That is, since the angle terms

are periodic within the range −π ≤ θ < π or 0 ≤ φ < 2π, in other words, 0 = 2π

or −π = π, interpolation of them should consider the periodicity carefully (See

Figure 4.4).

In dealing with the periodic interval of angle terms, we use a technique

that can blend multiple angles simultaneously. First, among from the n angles

being blended, choose one angle and set it as a reference angle. Then, subtract

the reference angle from every angle term. Here, if the result is larger than π

then subtract the value again from 2π. In contrast, if the value is smaller than

−π then add 2π to the value. Then, by computing the linear interpolation of

those resultant values and then adding back the reference angle, we can achieve

84



Figure 4.5: Interpolation between different poses. Two armadillo models in dif-
ferent postures are interpolated using (a) IIC and (b) vertex coordinate inter-
polation.

an interpolation of multiple values that considers the periodic interval of the

values.

Figure 4.1 shows the interpolation results using IIC and simple vertex coor-

dinates in comparison. The keyframe models (yellow) obtained from MPI scan

database (Hasler, Stoll, Sunkel, Rosenhahn, and Seidel, 2009) are interpolated

in both ways to generate the inbetween models (blue). The first three keyframe

models from left are of the same individual but in different postures, and the

last model is the different individual of different gender. In this figure, it can

be easily observed that the natural posture changes between the models in IIC

results, whereas unnatural shrinkage and distortion is observed in the simple

vertex coordinate interpolation. It should be noted that such distortions (al-

though exaggerated here) are the main causes of the error in many other shape

synthesis or example-based modeling methods.
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Figure 4.6: Disentanglement of twisted and bent wrench model. The first row
(a) shows the most isometric shape interpolation obtained using IIC, while the
second row (b) shows the simple vertex coordinate interpolation. Observe the
natural untwisting and unbending of the models in (a).

The same property becomes more clear from Figure 4.5. For the case of IIC

interpolation, it can be observed that the length of right arm is preserved and

consequently that the hand trajectory forms a smooth curve. In contrast, for

the vertex coordinate interpolation case, hand trajectory is a straight line and

the arm length varies along the trajectory. The same phenomena can be found

not only at right arm but also at other limbs, ear, nose, etc.

Similarily Figure 4.6 shows another comparitive results between IIC and

simple vertex coordinate interpolation. In this figure, we can again observe

natural untwisting and unbending of the model in IIC result, while not in

vertex coordinate interpolation. Note the preservation of head shape and the

ring shape at both ends in IIC results.
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Figure 4.7: A stanford bunny and a horse model on the left sides are most-
isometrically deformed to the models on the right sides, through the IIC for-
mulation. Orange colored areas denote handles for interactive shape editing.

4.3.2 Shape Deformation

Another beneficial application of IIC is to shape deformation/editing. The goal

here is to find the optimal deformation that maximizes isometricity while sat-

isfying the user inputs. One direct and simple method for achieving this with

IIC is to plug in the constraints during the reconstruction process. In other

words, by substituting the orientational and positional constraints into the two

least squares problems, respectively, and then by solving these, we can have

the model deformed according to the constraints. Here, as we have already

mentioned, the constraints can either be soft or hard constraints, or even both.

Figure 4.7 shows the results of such shape editing. The original models

on the left side are modified to the models on the right side by interactively

dragging the handles (orange-colored area in small rectangles). The handles are

manipulated in terms of their location and orientation. As shown in the figure,

a natural deformation was achieved.

87



4.4 Verification

The first property we are going to inspect for the verification of the performance

of IIC is that the shape interpolation using IIC is in fact the most isometric

interpolation. Here, we define the most isometric interpolation of two given key-

frame models as a smooth, continuous embedding from one key-frame model

to another with respect to an interpolation parameter t ∈ [0, 1] that minimizes

the local length differences from the both key-frame models. In other words, it

is an embedding that minimizes the following energy equation:

NE∑
i=1

∫ 1

0

∣∣∣l(t)i − l
(0)
i

∣∣∣+ ∣∣∣l(t)i − l
(1)
i

∣∣∣ dt, (4.8)

where l
(t)
i denotes the edge length of i-th edge. Here, the problem should be

considered as a variational problem with fixed boundary, since it is subject to

the boundary conditions l
(t)
i |t=0 = l

(0)
i and l

(t)
i |t=1 = l

(1)
i for all i.

From Euler-Lagrange equation, we have a following condition for the optimal

solution

l
(t)
i − l

(0)
i − t(l

(1)
i − l

(0)
i ) = 0, (4.9)

which eventually is equivalent to the linear interpolation of edge lengths, a

scheme that is used for the interpolation of IIC.

Another property we are to look at is that the shape interpolation using

IIC is not affected by the mesh parameterization. This becomes clear from

Figure 4.8, which displays the results of interpolating the same shapes having

different mesh parameterizations. As shown in the figure, interpolation results

are consistent regardless of the mesh parameterization if what being interpo-
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Figure 4.8: Shape interpolation result of the same shapes having different pa-
rameterizations.

lated have an identical shape.

In the meantime, we found from conducting several comparative study that

IIC exceeds other relevant methods known presently in both formulation and

performance. First of all, compare to differential coordinates (Alexa, 2003;

Lipman, Sorkine, Cohen-Or, Levin, Rössl, and Seidel, 2004; Lipman, Sorkine,

Levin, and Cohen-Or, 2005), which represents relative orientations between ad-

jacent elements in vector space, our method is more rigorous in considering

them. Further, since our method employs two angle terms derived from the

geometric constraints between the adjacent facet to describe the relative orien-

tation, it is more intuitive and concise to handle the values compare to other

methods that use rotation matrix or direction vectors (Wuhrer, 2009; Wuhrer,

Bose, Shu, O’Rourke, and Brunton, 2011; Wang, Liu, and Tong, 2012). Lastly,

since the reconstruction process of our method is based on the linear least-
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Figure 4.9: Comparison of the interpolation results with Lipman, Sorkine, Levin,
and Cohen-Or (2005). (a) Interpolation results generated from our implementa-
tion of Lipman, Sorkine, Levin, and Cohen-Or (2005) are displayed in the first
row. Note the dimensional distortion that resulted asymmetry between both
legs; (b) Interpolation results generated from IIC.

squares problem, it outperforms the other nonlinear approaches that are based

on the näıve nonlinear energy formulation (Sumner, Zwicker, Gotsman, and

Popović, 2005; Fröhlich and Botsch, 2011).

Especially for Lipman, Sorkine, Levin, and Cohen-Or (2005), which is con-

sidered to be state-of-the-art in this field, since they are lack of consideration

of isometry, and simply forces local details to be preserved by maximizing the

local rigidity, the resultant interpolation has conspicuous distortion in dimen-

sion. Figure 4.9, which displays the results produced from our implementation

of Lipman, Sorkine, Levin, and Cohen-Or (2005), is a clear evidence for this
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Figure 4.10: Comparison of the interpolation results with Wuhrer (2009). Two
key-frame models in (a) are blended by both Wuhrer (2009) and our method
and displayed respectively in (b) and (c). Note the artifacts generated around
red-circled area in (b), whereas no such artifacts in (c). (Original image of
(a),(b): courtesy of Wuhrer (2009))

fact. However, in contrast, the results generated from IIC, there is no such

a distortion since it ensures the most isometric interpolation to the original

key-frame models.

In addition, for Wuhrer (2009); Wuhrer, Bose, Shu, O’Rourke, and Brunton

(2011), which has similar foundation to our research, it is unavoidable to have

artifacts in resultant shape. Although considered the isometry in their formu-

lation and attemped to find the most isometric interpolation, they failed to

reconstruct the shape seamlessly. By employing the propagative reconstruction

process, they leaved room for defective features such as irregularly lacerated

surface and crinkled mesh. This is because the reconstruction results from dif-

ferent propagation paths conflict to each other. Figure 4.10 shows the images
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clipped from the original publication of Wuhrer. As shown in the figure, result

of the method contains a lot of artifacts, whereas our method does not.

4.5 Discussion

Throughout this chapter, we proposed a new coordinate system that is invariant

to isometry named isometry-invariant intrinsic coordinate. Our coordinate sys-

tem defines the coordinate values per each facet with an edge length, a dihedral

angle, and a torsional angle between the adjacent facets. Since the isometry

does not affect the edge lengths, the corresponding coordinate values are in-

variant under rigid rotation, translation and posture change. Especially, linear

interpolation of the newly defined coordinate values not only is valid but also

directly results the most isometric interpolation of the key-frame models. This

is much more beneficial than the other isometric interpolation methods that are

based on an ordinary vertex coordinate system, since it is much more intuitive

in formulation and also efficient in computation.

Most important feature of IIC is that it represents the entire shape of a

surface with its local distances and relative angles. Here, since the lengths and

the angles connote, respectively, the distance metric and the curvature of the

surface, they have a direct link to the first and second fundamental forms of

the surface. Therefore, from the fundamental theorem of surfaces, it is inferable

that IIC has enough information for the reconstruction of the surface, which in

fact proved to be true.

Compared to other research that is based on the same foundation, such a for-

mulation is advantageous since it enables valid interpolation without any nonlin-
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ear operation. Several existing research encounters to the limitation that the in-

terpolation operation is not valid, since they represent the discrete fundamental

forms in vector space and conducts their operation in that space (Alexa, 2003;

Lipman, Sorkine, Cohen-Or, Levin, Rössl, and Seidel, 2004; Lipman, Sorkine,

Levin, and Cohen-Or, 2005). On the other hands, some other research suffer

from computational complexity, since they represent the relative orientations

with the rotation matrix (Wuhrer, 2009; Wuhrer, Bose, Shu, O’Rourke, and

Brunton, 2011; Wang, Liu, and Tong, 2012). However, our method overcomes

these matters by taking the angle terms into consideration and computes the

valid interpolation of them.

In addition, our method exceeds the other methods that are focused more on

the local rigidity than isometry (Alexa, Cohen-Or, and Levin, 2000; Sorkine and

Alexa, 2007; Xu, Zhang, Wang, and Bao, 2006; Alexa, 2003; Lipman, Sorkine,

Cohen-Or, Levin, Rössl, and Seidel, 2004; Lipman, Sorkine, Levin, and Cohen-

Or, 2005; Sheffer and Kraevoy, 2004; Wang, Liu, and Tong, 2012), in that

our method minimizes the dimensional distortion of the shape. This is already

shown from the previous research of Kilian, Mitra, and Pottmann (2007) and

also from the preceding section.

Further, our method is superior even to the other research that is focused on

isometry, in an aspect that it is computationally more efficient with reasonable

accuracy. Although significant similarity in its formulation can also be found

from other research such as Wuhrer (2009); Wuhrer, Bose, Shu, O’Rourke, and

Brunton (2011); Fröhlich and Botsch (2011); Sumner, Zwicker, Gotsman, and

Popović (2005), our method simplifies the reconstruction process from non-
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linear optimization problem to linear least-squares problem so that efficient

reconstruction is possible. Therefore, implementation and computation of the

reconstruction process is much simpler and faster than the existing methods.

Such aspects become highly important later, in implementing the example-

based shape modeling. Especially, most-isometric interpolation property dra-

matically improves the accuracy of the shape modeling compared to the exist-

ing shape modeling methods which employ simple vertex interpolation. This is

possible due to the fact that our method minimizes the dimensional distortion

by realizing the most-isometric interpolation of the shapes.

94



Chapter 5

Spectral Shape Descriptor

We have seen from previous chapter that the isometric-invariant intrinsic coor-

dinates were capable of describing the shape invariant to the isometric defor-

mations including translation, rotation, and posture change using its intrinsic

geometry such as edge lengths, relative angles between adjacent facets, and

that the extrinsic reconstruction of the vertex coordinates from such intrinsic

coordinate system was available. Further, we could also see that simple linear

interpolation of such coordinate values in fact induced the most isometric in-

terpolation and thus the natural shape interpolation without any distortion or

shrinkage was achievable with this new coordinate system.

If we look only at these aspects, it is seemed that the IIC has the enough

capability of describing a given shape and that it provides the natural interpola-

tion functionality, and hence it can be directly applicable to the shape analysis

and the example based shape modeling applications. However, the IIC is in fact
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insufficient to be used for the shape analysis directly. The reasons are as follows:

1. First of all, dimension of IIC is basically too large. The IIC describes the

entire mesh with its per-edge coordinate values that consist of one length

term and two angle terms. Hence, total 3× (number of edges)-dimensions

are required to describe a single model. This amounts several tens of

thousands in general, or in worst cases, several millions. This however is

too much redundant. Rather, it would be preferable to describe the shape

with much lower dimensions, say less than 1,000, for each human model.

2. Secondly, although the interpolation of the shape could be done using IIC

without affected by how mesh is parameterized, the IIC itself is sensitively

affected by the mesh parameterization. Even for the same shape, there

can be different parameterizations. Consequently, it is possible to have

two meshes having the same shape but with different edge lengths and

relative angles. Therefore, it is easy to imagine two IICs describing the

identical shape, which is a crucial defect for the statistical shape analysis.

3. Lastly, difference in IIC does not directly imply the shape disparity. In

other words, even though there exist some noticeable differences between

the IICs, we cannot be assured that the corresponding shapes are that

much different. This can also be understood from 2. Since there could be

two different parameterizations even for the same shape, undesirable dif-

ference between the IICs can exist. From same reasoning, we can analogize

that difference in IIC does not directly mean the disparity of the shapes,

which also is an undesirable aspect for the statistical shape analysis.
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Therefore it seems to be clear that we are faced with a necessity to have

a shape descriptor that solves the aforementioned problems and represents the

shape more robustly. Especially, the shape descriptor should not only be in-

variant to isometry but also be independent to the mesh parameterization. In

addition, it should have enough discrimination power of the shapes and a dis-

tance metric that is continuously proportional to the shape difference.

5.1 Background

Finding the shape descriptor that satisfies the aforementioned properties—

isometry-invariance, parameterization-independence, reasonable discrimination

power, continuous dependence on shape deformation—has been one of the most

actively studied topics in computer graphics for the last decade, with various

possible applications such as shape retrieval, shape clustering, and statistical

shape analysis. Notably, from among many other studies, spectral graph theory

provided a firm mathematical foundation for the study of shape descriptors.

The spectral graph theory is a study that involves the use of eigenvalues,

eigenvectors, or eigenspace projections derived from appropriately defined mesh

operators to carry out desired tasks (Lévy and Zhang, 2010). Early work in this

area can be traced back to Kac’s motivational work, “Can one hear the shape

of a drum?”1 (Kac, 1966). In his paper, the question whether eigenvalues of

the Helmholtz equation defined on a planar domain determine the shape of the

domain is carefully examined. After a few decades, researchers in computational

geometry society became to realize that 3D geometries can also be described

1The phrasing of the title is originally due to a late mathematician Lipman Bers.
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by its own spectrum.

However, due to a deficiency of computing power, the method, which uti-

lizes the eigendecomposition of the large sparse matrices, failed to gain atten-

tion from the field successfully for a while. However, soon in late 90’s, after

experiencing the exponential growth of computing power, the spectral method

became to attract the attention again gradually. Finally, over the past ten years

or more, the computational geometry applications that employ the spectrum of

various mesh operators have been extended increasingly.

Fundamental principle of the spectral graph theory is simple. Similar to

what is done for the analysis of a vibration through the principal modes in

acoustics and mechanical vibration, spectral graph theory computes the prin-

cipal modes of a shape for a given graph geometry, and conducts an analysis of

the shape using those principal modes.

During this, one may choose or define a differential operator for the graph so

that intended properties of the given geometry are extracted to the eigendecom-

position of the graph operator. The most common choice for such a differential

graph operator is a discrete Laplace-Beltrami operator. The Laplace-Beltrami

operator is a Laplace operator generalized on a Riemannian surface, which can

also be geometrically interpreted as a curvature normal—a vector in normal

direction of a surface having magnitude equal to the curvature. Here, since the

surface normal and the curvature are related to the first and second order local

differential geometry, it is easy to infer that geometry information enough to

describe entire surface geometry is included in the Laplace-Beltrami operator.

In fact, Laplace-Beltrami spectrum has many desirable properties. It is in-
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variant to isometry, can be set to be scaling-invariant, continuously changes

along shape deformation, can be computed by reasonable efforts, compresses

the shape to intended dimensions, and provides intuitive geometric or physi-

cal interpretation of the meaning (Reuter, Wolter, and Peinecke, 2006). In this

reason, the Laplace-Beltrami spectrum is utilized in various applications, espe-

cially including shape retrieval/matching (Reuter, Wolter, and Peinecke, 2005;

Ovsjanikov, Bronstein, Bronstein, and Guibas, 2009; Bronstein and Kokkinos,

2010), shape segmentation (Reuter, Biasotti, Giorgi, Patanè, and Spagnuolo,

2009a; Fang, Sun, Kim, and Ramani, 2011) posture-invariant correspondence

matching (Mateus, Horaud, Knossow, Cuzzolin, and Boyer, 2008; Dubrovina

and Kimmel, 2010) and statistical shape analysis (Niethammer, Reuter, Wolter,

Bouix, Peinecke, Koo, and Shenton, 2007; Reuter, Wolter, Shenton, and Ni-

ethammer, 2009b; Shi, Morra, Thompson, and Toga, 2009).2

Although beneficial, the Laplace-Beltrami spectrum also has a limitation.

That is, the Laplace-Beltrami spectrum is not linearly proportional to the grad-

ual metric change of a surface. For example, let us assume that we are given two

different shapes A and B and their most isometric interpolation C with ratio

(1−t) : t. Then, if we let LA, LB and LC be the spectrums of the shape A, B and

C respectively, it is desirable to have an equality that (1− t)LA+ tLB = LC for

the intuitive formulation of the statistically-based shape modeling. The Laplace-

Beltrami spectrum, however, although it continuously changes along the shape

deformation, does not fulfill such a linear proportionality to the metric change.

2Although called in many different names, such as Laplace-Beltrami spectrum, shape-DNA,
heat-kernel signatures (HKS), global point signatures (GPS), etc., they are essentially the same
in an aspect they are based on the eigendecomposition of the Laplace-Beltrami operator.

99



This is a crucial defect of the Laplace-Beltrami spectrum that it cannot be used

for our research.

Therefore, in this chapter, we are going to reformulate the Laplace-Beltrami

spectrum to have an advanced spectral shape descriptor that is more specified

to the statistical shape analysis. To do so, we first clarify the desirable properties

similar to what has been done in Reuter, Wolter, and Peinecke (2006) and then

define the graph operator in consideration of these properties. Furthermore,

through the numerical verification, we are going to prove whether our new

formulation satisfies those properties and performs better than the conventional

Laplace-Beltrami spectrum for our purpose.

5.2 Requirements

There are several requirements for the shape descriptor that should be satisfied

for the successful statistical shape analysis. Basically, as a shape descriptor,

it should have a proper characterization of a shape, preferably with a few di-

mensions. Consequently, it should have a reasonable discrimination power and

continuous dependency to the shape change, so that separating the different

shapes and measuring the shape disparity are possible. In addition, it should be

invariant to isometry and parameterization so that statistical analysis without

regarding the position, orientation, posture and parameterization is enabled.

Moreover, most importantly, it should be linearly proportional to the metric

change of the shape, for the accurate statistical shape analysis and parametric

modeling. What follows are the detailed explanations of such requirements:
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1. Isometry-invariance (Reuter, Wolter, and Peinecke, 2006)

A shape descriptor should be invariant under isometry. In other words,

a shape descriptor of a model should remain consistent after the model

experience the translation, rotation, and posture change.

2. Parametrization independence

At the same time, a shape descriptor should be independent to the param-

eterization of the shape. As there can be a lot of different parameterization

even for the same shape, a shape descriptor should consistently describe

the shape without affected by the parameterization.

3. Linear proportionality to the most isometric deformation

Another important property of a shape descriptor is that it should contin-

uously vary with respect to the gradual change of the shape. Especially,

along with the most isometric deformation of the model, it should linearly

grow or diminish. This is because we measure the difference between the

shapes with the metric distortion between them. Further, since we com-

pute the blending of two models as the most isometric interpolation, the

shape descriptor should be linearly proportional to such change so that

algebraic (linear) interpolation of the shape descriptor is exactly the same

with the shape descriptor of the interpolated model.

4. Dimension Reduction (Reuter, Wolter, and Peinecke, 2006)

Since scan data are huge in their data dimension, the statistical compu-

tation of them in general includes massive crunch of numbers. Therefore,

it is preferable to have a shape descriptor that represents the shape with
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minimal numbers, so that the data dimensions of the analysis stay not

too big.

5. Efficiency (Reuter, Wolter, and Peinecke, 2006)

Not too much time should be required for the computation of shape de-

scriptors. It should be affordable with reasonable computational loads.

6. Depictiveness (“Physicality” in Reuter, Wolter, and Peinecke (2006))

Intuitive geometric and physical interpretation should be available from

the meaning of the shape descriptor.

We use above properties as a yardstick for the evaluation of our new shape

descriptor. Further, since these requirements are partially from a well-proved

discussion of Reuter, Wolter, and Peinecke (2006), it could be a nice standard

for the comparison of our method with the conventional Laplace-Beltrami spec-

trum.

5.3 Metric Dependent Spectral Descriptor

A Hilbert space is a space equipped with an inner product that defines the

norm of an element. A Hilbert space is a complete metric space, i.e. a metric

space where there is no “hole” inside so that every Cauchy sequence converges

to an element of that space. At the same time, it is an inner product space, i.e.

a space together with an inner product, where concepts of distances and angles

are given. Therefore, in other words, if a space is equipped with a norm defined

on it and if a sequence of functions f1, f2, . . . such that limi,j→∞ ∥fi − fj∥ = 0

converges in that space, then the space is a complete metric space. Further, as
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a specific case, if a norm of such a space is defined as ∥f∥ = ⟨f, f⟩
1
2 , then the

space is a Hilbert space. Here, an inner product of functions f and g are defined

to be ⟨f, g⟩ =
∫
Ω f(x)g(x)dx, which leads the norm to be the L2 norm.

Importance of the Hilbert space comes from the fact that, in such a space,

there always exist orthonormal bases of a function, and hence a function can be

represented or approximated by a combination of these bases and the projec-

tions on them. In other words, if a function f is defined in a Hilbert space, then

its orthonormal basis functions Φi, (i = 1, 2, . . .) always exist. Consequently,

the function f can be represented or approximated by f =
∑

i ⟨f,Φi⟩Φi. Here,

since the bases are orthonormal, i.e. ∥Φi∥ = 1 and ⟨Φi,Φj⟩ = 0 for every possi-

ble i, j (i ̸= j), the projection ⟨f,Φi⟩ serve as a kind of coordinate values with

respect to a set of coordinate axes (=orthonormal bases).

Based on this knowledge, computing the shape spectrum can be interpreted

as process of finding the orthonormal bases and the “coordinate values” for

a function defined on a given Hilbert space. Especially here, the coordinate

values represents the characteristics of a function f , we call it a spectrum, or a

fingerprint.

In the meantime, for such an orthonormal decomposition of a function to

have an intuitive physical and geometric meaning, it is necessary to model the

problem with an appropriate formulation. Here, one interesting choice is to

consider a surface as an instant state of membrane vibration. This actually is

a basic assumption that the spectral graph theory adheres.

The very beginning of such idea traces back to a physicist Ernst Chladni’s

book “Discoveries Concerning the Theories of Music” in 1787. In his experiment,
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Figure 5.1: Chladni’s vibrating plate experiment.

he spread sand over a metal plate, and generated various kinds of vibration with

a bow to visualize the acoustic vibration. After observing the patterns formed by

sand on the vibrating plate, he was amazed to see that sand forms surprisingly

particular patterns as like in Figure 5.1, and reported the result in his book.

In fact, as one may have been already aware of, such phenomena can be

explained by the stationary wave of a membrane, a term borrowed from the

acoustics and the mechanical vibration theory. That is, when the membrane

vibrates, certain areas stay still during the vibration, and sand accumulates to

those areas. This behavior can be modeled through the Helmholtz equation as

follows:

∆f = λf, (5.1)

where ∆ denotes the Laplace-Beltrami operator, which is defined for a C2 con-

tinous real-valued function f defined on a Riemannian manifoldM as follows:

∆f := div(gradf), (5.2)

where grad and div denotes the gradient and the divergence on the manifold
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M respectively.

Here, if the manifoldM is a Riemannian submanifold of Rn+k, the Laplace-

Beltrami operator is calculated from the local parameterization Ψ : Rn → Rn+k

of the manifoldM that,

∆f =
1

D

∑
i,j=1,...,n

∂i(g
ijD∂jf). (5.3)

Here, gij is an (i, j)-th element of G−1, where G is the metric tensor whose

elements are defined by gij := ⟨∂iΨ, ∂jΨ⟩, and D denotes the determinant of G.

Here, since ∆(cf) = c∆f , ∀c ∈ R holds for every possible f , the Laplace-

Beltrami operator is linear. Further, since ⟨∆f, g⟩ = ⟨f,∆g⟩ for arbitraty func-

tions f , g defined in a Hilbert space, it can be said that the Laplace-Beltrami

operator is with Hermitian symmetry. Therefore, from the inherent property of

Hermitian operators, the Laplace-Beltrami operator has orthogonal eigenfunc-

tions3 and real-valued corresponding eigenvalues.

Therefore, we can see that to find the orthonormal basis functions of the

membrane vibration is equivalent to solve the Helmholtz equation in Equa-

tion 5.1 for the eigenfunctions Φ and the eigenvalues λ. Here, the eigenvaules λ

are the coordinate values for these orthonormal axes, and hence defined to be

the spectrum of a given vibration.

In continuous case, eigenvalues of the Laplace-Beltrami operator satisfies

all the requirements we have listed previously. First of all, it is clear from

the definition that the Laplace-Beltrami spectrum is invariant under isometry,

3If we assume that two eigenfunctions Φ1 and Φ2 and their corresponding eigenvalues λ1

and λ2 of the Laplace-Beltrami operator ∆ are given, we know from Hermitian symmetry
that ⟨∆Φ1,Φ2⟩ = ⟨Φ1,∆Φ2⟩. Consequently, since ∆Φ1 = λ1Φ1 and ∆Φ2 = λ2Φ2, we have
λ1 ⟨Φ1,Φ2⟩ = λ2 ⟨Φ1,Φ2⟩. But as λ1 ̸= λ2, ⟨Φ1,Φ2⟩ = 0 and hence Φ1 and Φ2 are orthogonal.
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since the operator does not changes unless the metric tensor G in Equation 5.3

remains still. Therefore the eigenfunctions and the eigenvalues of the Laplace-

Beltrami operator are not affected by isometry. Further, since the Laplace-

Beltrami operator is linearly dependent to the elements of metric tensor, we can

also be convinced that the Laplace-Beltrami operator depends continuously and

linearly proportional to the most isometric deformation. The other remaining

requirements can also be easily shown from the proofs done by Reuter, Wolter,

and Peinecke (2006).

However, the problem originates from its discretization. In fact, for a discrete

version of the Laplace-Beltrami operator for a triangular mesh, the following

discretization (Meyer, Desbrun, Schröder, Barr, et al., 2002) is used as a de

facto standard, from among the other variety of formulations such as Pinkall,

Juni, and Polthier (1993); Desbrun (2004); Xu (2004).

∆f(xi) =
1

Ai

∑
j∈N (i)

cotαij + cotβij
2

(f(xj)− f(xi)) , (5.4)

where Ai is the Voronoi area occupied by xi, αij and βij are two angles opposite

to the edge, and N (i) are 1-ring neighbors of the vertex xi.

The so-called Laplace-Beltrami spectrum is a set of eigenvalues of such dis-

crete Laplace-Beltrami operator with the cotangent weight. However, as already

known, such way of formulation is not the discretization of the Laplace-Beltrami

operator but a discrete linear operator that approximates the Laplace-Beltrami

operator, and hence, they do not keep all the properties of their continuous

counterparts (Lévy, 2006).

In this reason, the conventional Laplace-Beltrami spectrum and its varia-
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tions inherently bear the error caused from the discretization, and hence they

do not satisfy all the properties of their continuous counterpart. Especially, the

property of the linear proportionality to the most isometric deformation, which

is the most critical requirement of our research, is not fulfilled and thus cannot

be used.

Therefore, we newly define a linear operator that is similar to the Laplace-

Beltrami operator but focuses more on the local length preservation, and com-

pute the spectrum of it. To achieve so, let us assume that we are given a discrete

surface represented by a triangular mesh G = (V,K) where V is a set of vertices

and K is an abstract graph structure as like we already defined once in the

previous chapter. Then a function defined on a surface is approximated as a

discrete scalar or vector field f = [f1, · · · , fNV ]
T , each of which defined on a

vertex of the graph.

Since the Laplace-Beltrami operator is a special case of more general Laplace-

deRham operator, it can be written as

∆f = δdf, (5.5)

where d is a metric-free derivative and δ is a discrete codifferential operator,

i.e. the adjoint operator which satisfies ⟨df, α⟩ = ⟨f, δα⟩ where α is a 1-form.

Using this property, the Laplace-Beltrami operator can be written as

⟨∆f, g⟩ = ⟨δdf, g⟩ = ⟨df,dg⟩ . (5.6)

Note that d takes 0-forms to 1-forms, whereas δ takes 1-forms to 0-forms. In

a discrete case, we evaluate 0-forms with function values at vertices and 1-forms

107



with function value differences at edges. Therefore the metric-free derivative d

of a function f at an edge eij is evalutated as,

(df)(eij) = f(vj)− f(vi), (5.7)

which is independent to the metric. However, unlike to d, when it comes to the

adjoint operator δ, it cannot be evaluated without the metric, which promotes

the intervention of edge lengths denoted by |eij | into its evaluation. That is, the

adjoint operator δ is evaluated as

(δα)(eij) =
lij(α)

|eij |2
(5.8)

where lij(·) is a discrete function defined per each edge.

Therefore, from Equation 5.6, we have

(∆f)(vi) = ⟨∆f, 1i⟩ =
∑
j

lij
|eij |2

(f(vj)− f(vi)) (5.9)

where 1i is the Dirac’s delta function defined on the discrete mesh, which has a

unit value at vertex i and zero at all other vertices. In this formulation, definition

of lij decides overall properties of the operator. For example, if lij is set to

be |eij |2/deg(i) where deg(i) denotes the number of outgoing edges from the

vertex i, then Equation 5.9 becomes equivalent to the definition of combinatorial

Laplacian Zhang (2004). Similarly, if lij is set to be |eij |2(cotαij + cotβij)/2A,

then it is equivalent to cotangent weight formulation (Equation 5.4).

In our formulation, to capture the metric change during the deformation

more carefully, lij is set to be |eij |/deg(i) so that the operator is directly depen-

dent on the metric of a surface. In this discrete setting, the Helmholtz equation
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in Equation 5.1 is equivalent to the following generalized eigenvalue problem:

Lf = λM f (5.10)

where

f := [f(vi)]
NV
i=1,

L(i, j) :=


1/|eij | (i, j) is an edge∑
k L(i, k) i = j

0 otherwise,

M(i, j) :=

 deg(i) i = j

0 otherwise.

Here, it is known that the solutions of the Helmnholtz equation has following

property (Reuter, Wolter, and Peinecke, 2006; Dubrovina and Kimmel, 2010;

Lévy and Zhang, 2010):

0 ≤ λ1 ≤ λ2 ≤ · · · ≤ ∞

The eigenfunction correspond to the first eigenvalue λ1 is a constant function.

Therefore, in case of a closed manifold, the first eigenvalue λ1 is always equal

to zero, because in this case, the constant functions are non-trivial solutions of

the Helmholtz equation (Reuter, Wolter, and Peinecke, 2006). Hence, the first

eigenvalue is ignorable for our definition of the spectrum. Further, for the better

shape identification performance, it is worthwhile to normalize the spectrum by

dividing each value by the second eigenvalue.

Therefore, discarding the first and second eigenvalues, which are always

zero and one (after normalization) respectively, we take next k eigenvalues and
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define our new shape descriptor by arranging them in a vector form as follows:

Λ :=
1

λ2
[λ3, · · · , λk+2]

T , (5.11)

which we named metric dependent signature (MDS) for the discrimination from

the conventional Laplace-Beltrami spectrum.

For the numerical computation of the generalized eigenvalue problem in

Equation 5.10, it is recommended to use iterative Krylov methods, since the

problem is large and sparse. The methods are implemented in several numer-

ical software libraries that are freely available, such as ARPACK (Lehoucq,

Maschhoff, Sorensen, and Chao, 1996) and SLEPc (Hernandez, Roman, and

Vidal, 2005). Such solvers in general can be set, in option, to find the small-

est k eigenvalues or the largest k eigenvalues. Generally, iterative solvers show

lesser accuracy for small eigenvalues and hence accompany comparatively large

numerical errors. Therefore, it is recommended to invert the problem in Equa-

tion 5.10, to solve it for the largest eigenvalues, and then to reinvert the solutions

back to have the smallest eigenvalues:

M f =
1

λ
Lf (5.12)

5.4 Verification

First of all, as like conventional Laplace-Beltrami spectrum, our MDS formu-

lation is invariant to the isometry. This is because our definition of MDS is

essentially based on the local derivative on a surface, which is not affected by

isometry but depends only on the Riemannian structure, and the coefficients
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Figure 5.2: MDS spectrums of an identical shape with different parameteriza-
tions.

are basically derived from the edge lengths. Therefore, it implies that our first

requirement, isometry-invariance, is fulfilled.

Furthermore, the MDS is independent of mesh parameterization and de-

scribes a given shape consistently, unless the shape is not identical. This propo-

sition can be made clear from the experiment result displayed in Figure 5.2.

In the figure, four identical models with different mesh parameterization are

displayed with their MDS spectrum. Although the parameterizations are all

different, it can be easily noticed that the MDS spectrum are almost identical;

slight errors between them might be produced from different discretization of
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the original surface.

The most important aspect we are now going to look at is the linear pro-

portionality of the MDS spectrum to the metric change of a surface. As afore-

mentioned, it is a crucial qualification of a shape descriptor for the statistical

analysis of the shape. To observe this, we first prepared the most-isometric de-

formation sequence generated by interpolating the two key-frame models using

IIC (see Chapter 4). Then, both the conventional Laplace-Beltrami spectrum

and the MDS spectrum are computed and plotted in Figure 5.3. As one can

be noticed, spectrums of the in-between models gradually vary and are evenly

spaced in the MDS result, whereas the graphs are a bit entangled in conven-

tional Laplace-Beltrami spectrum plot.

For better clarification of such a property, we additionally compared the

spectrums of interpolated models with the algebraic interpolation of the spec-

trums of key-frame models as shown in Figure 5.4. Provided that we are given

two shapes A and B with their spectrums ΛA and ΛB respectively, and the

most-isometric interpolation C of A and B with ratio (1 − t) : t, (0 ≤ t ≤ 1),

to bring about the linear proportionality property, it is necessary to satisfy the

equality that (1 − t)ΛA + tΛB = ΛC when we let ΛC denote the spectrum of

the interpolated shape C.

In other words, the algebraic interpolation of the spectrums has to be the

same with the spectrum of the interpolated shape. When we look at the re-

sults in Figure 5.4, we can realize that there is a noticeable gap between

the algebraic interpolation and the actual spectrum in conventional Laplace-

Beltrami spectrum, whereas there is comparatively small disparity between
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Figure 5.3: Verification of the linear proportionality of MDS. (a) The most iso-
metric interpolation generated from the technique discussed in Chapter 4; (b)
Conventioal Laplace-Beltrami spectrum; (c) MDS spectrum. In (b),(c), horizon-
tal axis denotes the eigenvalue order and vertical axis denotes the magnitude
of the eigenvalue. Models are color-coded as in (a).

them in MDS spectrum. Quantitatively, Laplace-Beltrami spectrum showed

±(0.7190±0.6195)% of errors in average, while MDS spectrum showed±(0.2641

±0.2702)% in average. Such a tendency could also be observed from the other

trials conducted with different key-frame models.

From this fact, we can be convinced that MDS spectrum will show much

more accuracy than the Laplace-Beltrami spectrum in statistical shape analysis
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Figure 5.4: Linear proportionality error. The spectrums in Figure 5.3 are com-
pared with the ground truth (algebraic interpolation of the spectrums of key-
frame models). Vertical axis denotes the error in percentage (%). (a) Conven-
tional Laplace-Beltrami spectrum; (b) MDS spectrum.

and parametric shape modeling based on it, and hence, the use of MDS spec-

trum rather than the commonly-used Laplace-Beltrami spectrum is justified.

Moreover, our formulation also exceeded the conventional Laplace-Beltrami

spectrum in shape discrimination power. Figure 5.5 shows the multidimensional

scaling (Kruskal, 1964) result of the spectrums of angel models (AN1, AN2,

AN3) with all different parameterizations, human models (S7P27, S8P0, S8P7,

S1P0) with different postures and shapes, and deformed versions of the ar-

madillo model (AL1, AL2, AL3). Although the models are topologically similar

(all are composed of head, torso, two arms and legs), they are clearly of the

different categories, and hence, they should be gathered in the plot with the

other models in the same category. As shown in Figure 5.5(b), the conventional
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Figure 5.5: Comparison of the discrimination powers of the conventional
Laplace-Beltrami spectrum and the MDS spectrum. (a) Models used for the
multidimensional scaling; (b) result using the Laplace-Beltrami spectrum; (c)
result using the MDS spectrum.

Laplace-Beltrami spectrum does not clearly discriminates the models and thus

the points in the same category are spreaded in a wide area. In contrast, if

we look at Figure 5.5(c), the MDS spectrum seems to clearly discriminate the

shapes in different categories, and hence the points in each category are col-

lected together well.

In the meantime, by observing the shape of eigenfunctions, we can be con-

vinced that each eigenvalue of the MDS spectrum has its own geometrical in-

terpretation. Figure 5.6 in fact shows the shape of several eigenfunctions of the
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Figure 5.6: Eigenfunctions for the human body shapes. Each eigenfunction
shows its own geometric characteristic consistnetly, even for the different shapes.
Note the similar patterns of eigenfunctions.

human body model. As shown in the figure, each eigenfunction has an inherent

geometric characteristic, and shows such characteristic consistently regardless

of the shape.

In addition, as we have seen from above, a function f defined on a Hilbert

space can be represented by the linear combination of the orthonormal basis

functions. Here, by selecting the first several basis that has larger influence than

the others, one can approximate the original function. In other words,

f ≈
k∑

i=1

λiΦi. (5.13)

Figure 5.7 shows the results of approximating the original shape based on this.

As one can be noticed from the figure, the shape gets more detail as the number
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Figure 5.7: Spectral reconstruction from the first several eigenfunctions.

of eigenvalues k gets larger.

Examining the errors of such reconstructions with varying k is valuable in

determining the appropriate dimension of the MDS spectrum. Figure 5.8 shows

the result of such an examination. In the figure, errors between the reconstructed

model and the original model displayed in Figure 5.7 are plotted with respect

to k. As shown in the figure, the reconstruction error stiffly declines at the

begining, but the rate of decrease gets much slower after k = 50 ∼ 100. Further,

the decrease rate gets even slower after k = 400 and stagnates at a level around

3 5mm.
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Figure 5.8: Reconstruction error with varying k. The red-boxed area in the left
figure is enlarged for the better visualization in the right figure.

After carefully observing the reconstruction result and the error plot, and

considering the trade-offs between the computational time and the data quality,

we could conclude that k = 500 is the most appropriate choice for the human

models.

5.5 Discussion

In this chapter, we have investigated the spectral shape descriptors, especially

the most commonly used Laplace-Beltrami spectrum, and their notable proper-

ties. In addition, based on this investigation, we defined a novel shape descriptor,

which we call metric dependent spectrum. Although our formulation of MDS

has a lot in common with that of the conventional Laplace-Beltrami spectrum,

it focuses more attention on the statistical shape analysis, so that, as a result,

we could obtain some distinguishing properties such as linear proportionality to
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the metric change and better discrimination power than the Laplace-Beltrami

spectrum. Further, despite of this, the MDS spectrum shared all other desirable

properties of the Laplace-Beltrami spectrum, including isometry-invariance,

parameterization-independence, dimension reduction, efficiency, and depictive-

ness.

The most important property of the MDS spectrum is, undoubtedly, linear

proportionality to the metric change. This in fact is the main reason why the

Laplace-Beltrami spectrum, in spite of its other useful properties, cannot be

used for our research.

Actually, not only the Laplace-Beltrami spectrum but also the other general

spectral shape descriptors have enough features for the statistical shape analy-

sis. Therefore, as we are going to see later, the spectral descriptors have huge

advantages compare to the other shape descriptors in conducting the statistical

shape analysis.

However, the reason why the spectral shape descriptors are not preferred

in statistics based modeling research in spite of all that advantages is that the

reconstruction of the extrinsic information is too heavy and the shape inter-

polation is not invariant to isometry. For the spectral descriptors, since the

values are determined by the eigenvalues of a differential operator, eigenfunc-

tions are necessary for the reconstruction of extrinsic information. However,

since each eigenfunction has a dimension equals to the number of vertices, total

k× number of vertices numerical values are to be stored for each model, which

is extremely inefficient. Furthermore, be that as it may, shape interpolation of

the spectral values does not generate the nonlinear isometry-invariant interpo-

119



lation, but a simple linear interpolation of the vertex coordinates. Therefore,

the spectral descriptors are not so preferable in statistics based modeling ap-

plications.

However, our formulation of the MDS spectrum, together with the IIC, can

resolve such a problem. That is, since the MDS spectrum is linearly proportional

to the most isometric interpolation, and the interpolation of IIC actually gen-

erates the most isometric interpolation, they can be compatibly used together,

complementing each other. This will be accomplished in the later chapters.
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Chapter 6

Nonlinear Parametrization of the
Shape Space

The shape space is a nonlinear manifold. This conjecture can hardly be proved

in mathematically rigorous way, but our intuition from the empirical knowl-

edge convinces us that the shape variation has a nonlinear distribution in high

possibility. A number of results from the nonlinear shape analysis research sup-

ports this intuition (Fletcher, Lu, Pizer, and Joshi, 2004; Fletcher, Lu, and

Joshi, 2003; Rohlf, 1999; Styner, Gerig, Lieberman, Jones, and Weinberger,

2003; Joshi, Pizer, Fletcher, Yushkevich, Thall, and Marron, 2002).

However, it is almost impossible to estimate the nonlinear shape manifold

analytically. Although one might propose a mathematical model from his/her

own hypothesis, as like what have been done in several papers such as Freifeld

and Black (2012), it can be hardly found a clear evidence that can verify the

hypothesis.
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This however does not mean that it is impossible to estimate the nonlinear

shape manifold at all. Although it cannot be directly estimated from analytical

derivation or from some hypothetical models, it can be approximated through

a sufficient number of observations. That is, if we are given enough observation

data sampled from the shape manifold, an approximated structure of such a

manifold can be estimated from those observations.

In this belief, we present, in this chapter, a method for the nonlinear math-

ematical modeling of the shape space based on the statistical shape data. To

achieve so, we first define our problem within the Riemannian perspective,

which opens an extensive scope for the geometry of curved spaces. Within that

framework, we approximate the nonlinear structure of the shape manifold us-

ing piecewise linear tangent spaces. Finally, the nonlinear and generally high

dimensional shape manifold is parameterized by a fewer dimensional space, so

that the parametric evaluation of an arbitrary shape becomes possible.

6.1 Estimating the Shape Manifold

6.1.1 Problem Definition

As aforementioned, the shape space can be regarded as a nonlinear m-manifold

in the Euclidean n-space. Here, in seeking brevity, we henceforth denote the

Euclidean n-space Rn where the shapes are described within as themeasurement

space, and the m-manifold S where the shapes are actually lying in as the shape

space or the shape manifold. Further, it is assumed that the shape space is a

smooth, differentiable manifold, so that the calculus can be defined on it.

Generally, the measurement space has much larger dimension than the shape

122



Figure 6.1: Graphical illustration of concepts of the measurement space, the
shape manifold, the parameter space, and their corresponding elements and
the mappings between them.

space, i.e. n≫ m. Further, the m-manifold S, or the shape space, is embedded

in the measurement space Rn and can be represented by a function

f : Φ→ Rn

where Φ ⊂ Rm is a compact subspace of R. Here, for the brevity, we henceforth

denote the domain Φ as the parameter space and the elements in that space as

the shape parameters (or the parameters, for short). The concepts and notations

for the shape manifold and the parameter space, and their elements are well

described in Figure 6.1.

In addition to our previous assumption that the shape manifold is differen-

tiable, it is reasonable to assume that the function f is a diffeomorphism. In
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other words, the function f is assumed to be a structure-preserving bijective

map between the differentiable manifolds, such that the function itself and its

inverse are both differentiable. The reason for this assumption will become ob-

vious throughout discussions in what follows. Merely here, it should be noted

that such assumption does not disobey any aspect of our intuition on the shape

manifolds.

Provided the above definitions and basic assumptions, our goal now is, there-

fore, to find the unknown embedding f that maps a shape parameter to its cor-

responding shape that is lying on the shape manifold S and represented in the

measurement space R at the same time. To do so, the function f is estimated

from a set of shape data xi ∈ Rn, i = 1, . . . , N discretely sampled with some

noise from the shape manifold in the measurement space:

xi = f(si) + ϵi (6.1)

where si ∈ Φ ⊂ Rm is a m-dimensional parameter vector corresponding to a

given shape xi, and ϵi ∈ Rn is an accompanied noise during the sampling.

There are some clear evidences of the advantages of finding such a function

f found from many previous parametric modeling research, such as Seo and

Magnenat-Thalmann (2003); Wang (2005); Baek and Lee (2012); Baek, Wang,

Song, Lee, Lee, and Koo (2013); Tsai, Anthony Yezzi, Wells, Tempany, Tucker,

Fan, Grimson, and Willsky (2003), although where the linearity of the function

f is assumed (e.g. PCA). Moreover, the accuracy of the parametric modeling

can further be enhanced by adopting the nonlinear parameterization technique

such as what we are going to do in what follows.
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6.1.2 Piecewise Linear Approximation of the Shape Manifold

Unfortunately, the function f cannot be found explicitly. Instead, it should

be estimated indirectly from the sampled data. Further, since exact nonlinear

structure of the shape space is both hard to obtain and impractical in usage, it

is more reasonable to approximate the space with the sufficient number of piece-

wise linear functions. In this perspective, let us consider the Taylor expansion

of the function f at a given parameter s̄:

f(s) = f(s̄) + Jf (s̄) · (s− s̄) + o (∥s− s̄∥) , (6.2)

where Jf (s̄) ∈ Rn×m is the Jacobian matrix of f at s̄ and o (∥s− s̄∥) is the

higher order terms. For the parameters within an open ball B(s̄, ϵ) centered

at s̄ with some small radius ϵ, the linear mapping described by the Jacobian

matrix Jf (s̄) is the optimal linear approximation of f near the parameter s̄.

That is,

f(s) ≈ f(s̄) + Jf (s̄) · (s− s̄), ∀s ∈ B(s̄, ϵ). (6.3)

Hence, it can be interpreted that the local linear tangent space Ts̄S of the

shape manifold S at s̄, which is spanned by the column vectors of the Jacobian

matrix Jf (s̄), provides the best approximation to the unknown function f .

Therefore, if the first order term Jf (s̄) ·(s− s̄) can be expressed as a product

of some orthonormal basis matrix Q(s̄) ∈ Rn×m and some local coordinate vec-

tor τ , the best local linear approximation for the function f around s̄ becomes

f(s)− f(s̄) ≈ Q(s̄) · τ, (6.4)

and the local coordinate τ satisfies a relationship with the parameter vectors
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such that s − s̄ = J−1
f (s̄)Q(s̄) · τ ≡ P (s̄) · τ , where P (s̄) is some local affine

transformation defined at s̄. Here, from our previous assumption that the func-

tion f is a diffeomorphism, the inverse matrix of the Jacobian always exists and

hence the local transformation P (s̄).

In the meantime, if we consider the sample data xi and its k-nearest neigh-

bors xNi(j), j = 1, . . . , k including itself and if we are given that the data are

sufficiently sampled that the k-nearest neighbors are included in the small open

ball centered at xi, we have from the above observations that

xNi(j) − xi ≈ f(sNi(j))− f(si) ≈ Q(si) · τi, i = 1, . . . , N, j = 1, . . . , k. (6.5)

Consequently, if we let Xi =
[
xNi(1), · · · , xNi(k)

]
− eTk ⊗ xi where ek is a

k-dimensional vector filled with 1, and a⊗ b denotes a Kronecker product of a

and b, we have the same equation in a matrix form:

Xi = QiTi + ξi (6.6)

where Qi is an abbreviation for Q(si) and Ti =
[
τNi(1), · · · , τNi(k)

]
, and ξi is an

error term.

Therefore, our problem is now changed to that of computing the optimal

orthonormal bases Qi and the coordinates Ti that minimizes the error:

min
Q,T

N∑
i=1

∥Xi −QiTi∥2F , s.t. QT
i Qi = I, (6.7)

where ∥ · ∥F is a matrix Frobenius norm.

This problem is equivalent to finding the nearest orthogonal matrix to the

matrix Xi, i.e. the optimal rank m approximation (recall that Qi has m column
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vectors) to Xi. Therefore, the optimal solution can easily be computed by the

singular value decomposition (SVD) of Xi:

Xi =
SV D

UiΣiV
T
i (6.8)

where Qi is determined to be a matrix containing the m column vectors of the

left singular matrix Ui corresponding to them largest singular values of Xi (i.e.,

m largest diagonal components of Σi). Consequently, the optimal coordinates

Ti is then determined to be the corresponding components of ΣiV
T
i .

Now, since we have the orthonormal bases and the local coordinates of the

local linear tangent space from the above derivation, we can compute the global

parameters si corresponding to the data xi by stitching the local piecewise linear

spaces and reconstructing the global manifold. To do so, recall the relation

between the shape parameters and the local coordinates stating that

sNi(j) − si = P · τNi(j), i = 1, . . . , N, j = 1, . . . , k, (6.9)

and also in a matrix form,

Si = PiTi + Ei (6.10)

where Si =
[
sNi(1), · · · , sNi(k)

]
− eTk ⊗ si and Ei is an error term. Here the

term Ei is added because Ti is an approximation (nearest orthonormal) in the

tangent space. Therefore, to preserve the local geometry of the manifold as much

as possible, we desire to find the optimal shape parameters Si and the optimal

local affine transformation Pi that minimizes the sum of the local reconstruction

errors:

min
S,P

N∑
i=1

∥Si − PiTi∥2F . (6.11)
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If we are given some fixed shape parameters Si, then the transformations

Pi is uniquely determined by

Pi = SiT
+
i (6.12)

which consequently leads to

Ei = Si − SiT+
i Ti = S(I − T+

i Ti), (6.13)

where T+
i is the Moore-Penrose pseudoinverse of Ti. Therefore, minimizing the

overall reconstruction error above is equivalent to minimizing the following:

min
S

N∑
i=1

∥∥Si(I − T+
i Ti)

∥∥2
F

(6.14)

Here, it should be noted that now in this formulation, only being considered

is S, and P is not of our consideration anymore and hence the problem become

much simpler than the original one. Actually, this form of minimization problem

is of frequently found in many graphics applications, regarding the spectrum

of discrete linear operators (such as discrete Laplace-Beltrami operator or the

one discussed in Chapter 5), including the spectral compression of the data

with minimal loss (Karni and Gotsman, 2000, 2001; Ben-Chen and Gotsman,

2005) and the spectral shape descriptors (Rustamov, 2007; Lévy, 2006; Xu,

2004; Bronstein and Kokkinos, 2010; Reuter, Wolter, and Peinecke, 2005, 2006).

Therefore, it is worthwhile to borrow the formulations generally used in spectral

graph theory, which further simplifies our problem to the eigenvalue problem

of the following matrix:

AAT ≡ LMMTLT , (6.15)
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where L ∈ RN×kN and M ∈ RkN×kN are determined by

L := [L1, · · · , LN ]− IN ⊗ eTk

M := diag(I − T+
i Ti),

(6.16)

where Li ∈ RN×k is defined as Li (Ni(:), :) = Ik, with a colon denoting an entire

row or column.

As well-known from the spectral graph theory, the eigenvalues of AAT ,

rearranged in an ascent order, satisfies the following property:

0 = λ1 ≤ λ2 ≤ · · · ≤ λN . (6.17)

Here, it should be noted that the smallest eigenvalue λ1 is always zero, and its

corresponding eigenvector is a constant vector such that every entry has the

same value. Hence the corresponding solution to the first eigenvector is trivial.

Therefore, the optimal parameters S = [s1, · · · , sN ] are given by the 2nd to

(m+ 1)-th eigenvectors of AAT .

6.2 Reconstruction from the Parameter Space

In the previous section, it is presented how we can estimate the shape parame-

ters si corresponding to the input measurements xi by approximating the shape

manifold with piecewise linear tangent spaces. Now we are to develop a method

for reconstructing a shape data x in the measurement space, when an arbitrary

parameter s ∈ Φ is given.

Actually, reconstruction from the parameter space to the shape manifold

is quite clear from the formulations we take in the previous section. As a first

step to reconstruct the data, we find a local tangent space to which the given
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parameter s belongs. This can be achieved by finding the nearest parameter in

the dataset S. Then the local space approximated by the orthogonal bases Qi of

the nearest parameter si is the space where the given parameter s is involved.

Then, the coordinate value for s is given by

τ = P−1
i (s− si). (6.18)

Lastly, the global data is computed based on our previous observation,

x = f(s) ≈ f(si) +Qiτ (6.19)

Therefore, the shape data x = f(s) corresponding to the given parameter s can

be represented as a linear mapping:

x = xi +QiP
−1
i (s− si). (6.20)

Here, since QiP
−1
i can be pre-computed per each data in the learning stage,

computational cost for the reconstruction is not severe. Only that cost is the

computation of the nearest neighbor to s, which can, however, be resolved as

well by employing the neighborhood search methods such as k-D tree search

(Bentley, 1975) or approximated nearest neighbors (Arya, Mount, Netanyahu,

Silverman, and Wu, 1998).

6.3 Implementation and Result

For the high dimensional problems, direct implementation of the method is not

possible. To be more specific, some of the matrix computations we have just

discussed are not actually affordable in practice due to the physical limitations

of computer hardware. Considering that the study of shapes in general involves
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enormous amounts of floating-point operations, the problem must be avoided

somehow by carefully reformulating it.

The most significant problem in our former formulation is the computation

of the optimal orthonormal bases Qi. In our previous formulation, the matrix

was derived from the SVD of the matrix Xi. However, in case when the di-

mension n is too large, the computation is not possible since it is required the

storage for a n×n matrix, which is too massive to be allocated on the memory.

One feasible practical trick for avoiding such problem is to perform the

eigenvalue decomposition of the matrix XT
i Xi whose dimension is only k × k.

As well known, the right-singular vectors of any matrix M , are identical to the

eigenvectors of MTM , and their corresponding singular values are the square-

roots of the eigenvalues of MTM . Therefore, rather than to perform the SVD

of Xi, it is preferable to perform eigendecomposition to first obtain the optimal

local coordinates Ti. Then, the orthonormal basis Qi can be derived from the

Ti, provided an observation that

Xi = QiTi, (6.21)

or consequently,

Qi = XiT
+
i . (6.22)

After the local space matrices are computed, the global reconstruction ma-

trix AAT should be constructed and solved for the eigenvectors. Fortunately,

the matrices L and M composing the matrix A is highly sparse clearly from its

definition. Hence, even though their dimension is quite high, there are only a

few non-zero values involved in the computation. Therefore, the matrices can be
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handled efficiently through the sparse matrix storage. In practice, the matrices L

andM are first initialized in the sparse storage. Then, for each cell, the local ma-

trices are computed and the matrices L and M are updated accordingly. Then

lastly, the matrix AAT is constructed and solved for the eigenvalues and the

eigenvectors. Here, since we are only concerned about a few smallest eigenvalues,

iterative solvers such as a Lanczos algorithm (Grimes, Lewis, and Simon, 1994)

are much more efficient than the direct solvers (one can take an advantage of

employing the existing software library such as ARPACK/ARPACK++). Here,

since iterative solvers do not converges well when the corresponding eigenval-

ues are small, it is more desirable to solve a generalized eigenvalue problem

Iv = 1
λAA

T v for the m-largest eigenvalues, rather than the original standard

eigenvalue problem.

As a conclusion, we have algorithms for estimating the shape manifold and

for reconstructing the shape data from an arbitrary parameter as shown in

Algorithms 6.1 and 6.2 separately.

It should be noted that the matrix Fi in Algorithm 6.2 can be pre-computed

for every elements for the efficient reconstruction.

In the meantime, our method was tested for the verification through the

dimensionality reduction problem and compared with the other state-of-the-art

methods as shown in Figure 6.2. As one can be noticed from the figure, our

method was capable of estimating the true underlying nonlinear structure and

was able to properly parameterize the manifold. In general, in an aspect of

manifold parameterization, ISOMAP, LTSA, and our method was seemed to

be the best choice, since they were able to “unroll” the manifold appropriately
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Algorithm 6.1 Manifold Parameterization

Inputs:
- Sampled shape data X = [x1, · · · , xN ]
- Target parameter space dimension m
- Number of neighbors used for local approximation k

Outputs:
- Shape parameters si corresponding to the shape data xi

Start
initialize

Construct a distance matrix D such that D(i, j) = ∥xi − xj∥2
Find k-nearest neighbors by sorting the rows of the distance matrix
Allocate sparse matrices A, L, and M .

for each data i = 1, . . . , N do
Xi ←

[
xNi(1), · · · , xNi(k)

]
− eTk ⊗ xi

compute the eigenvalue Σ2
i and the eigenvector Vi of X

T
i Xi

select m largest eigenvalues and their corresponding eigenvectors
Ti ← ΣiV

T
i

compute Mi ← Ik − T+
i Ti and update the sparse matrix M

compute Li by Li (Ni(:), :)← Ik and update the sparse matrix L
end for
A← LM
compute form+1 largest eigenvalues λi=1,...,(m+1) and their corresponding

eigenvectors vi=1,...,(m+1) of AA
T

S ← [v2, · · · , vm+1]
return S

End
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Algorithm 6.2 Shape Reconstruction

Inputs:
- Shape parameter s

Outputs:
- Resultant shape data x corresponding to the input parameter s

Start
find the nearest neighbor si to s from among the parameter set S
Fi ← XiT

+
i

(
SiT

+
i

)−1

x← xi + Fi(s− si)
return x

End

while preserving the original structure. Further, in the aspect of computational

time, LTSA and our method was superior to the ISOMAP which took 23.993145

seconds in average for the problem in Figure 6.2, while LTSA and our method

took in average 0.248412 seconds and 0.267016 seconds separately.
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Figure 6.2: Experiment on the “Swiss-roll” data in comparison with the other
state-of-the-art methods. From the left top, (a) the original manifold, (b) noisy
samples taken from the manifold, (c) result of our method, (d) ISOMAP (Tenen-
baum et al., 2000), (e) LLE (Roweis and Saul, 2000), (f) LE (Belkin and Niyogi,
2003), (g) LTSA (Zhang and Zha, 2002), (f) diffusion map (Coifman and Lafon,
2006), (h) PCA, (i) kernel-PCA (Schölkopf et al., 1998). In this experiment, we
set N = 800, k = 8, m = 2.
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Chapter 7

Reparameterization of the shape
space using body sizing
parameters

In previous chapters, we have figured out a nonlinear structure of the shape

space based on the sample observations and parameterized the space in a lower-

dimensional parameter space. Such parameters give us an access for the shape

space and allow us, from a parametric representation of the shape space geom-

etry, to traverse the shape space with much lower dimensional parameters. In

this way, an arbitrary model lying in the shape space can be fully described

by using those parameters and the user can model a desired shape by tuning

the parameters. The result obtained from this modeling framework guarantees

both anthropometric reality and high visual fidelity, since it is based on the

statistical observations and estimation of the shape space.

However, the problem is that, as the geometrical and physical interpretation
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of the shape parameters is not so intuitive, it is difficult to model a desired shape

directly from our intuition. Therefore, we are now confronted with a necessity of

some further reparameterization of the shape space with some appropriate input

parameters having clear and intuitive interpretation. A very natural choice for

such parameters is to use several anthropometrical body measures—such as

height, chest girth, shoulder breadth, etc.—and demographic data—gender, age,

weight, race, etc.—since they are commonly used for many human-centered

design applications in practice, and, at the same time, have highly intuitive

and direct interpretation of their meanings.

Therefore, in this chapter, we are going to define a relationship between the

shape space parameters and new body size parameters. Based on this relation-

ship, we then are going to reparameterize the shape space by altering the shape

parameters with those new body size parameters.

7.1 Mapping between the shape space parameters and
the body sizing parameters

To reparameterize the shape manifold, which has already been parameterized

with shape parameters, with body size parameters, it is necessary to define

a function that maps the body size parameters to the shape parameters. In

other words, our goal here is to find a mapping ψ from a vector of body size

parameters u to the shape parameter s:

s = ψ(u) (7.1)

Here, for brevity, we name the function ψ in this equation as a reparameteriza-

tion function.
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In finding such a function, we have no choice but to use discrete function

values and to indirectly derive the function by estimating the intermediate

values, since the only givens are the discrete sample shape parameters si and

their corresponding body sizes ui. A natural choice for solving this problem is to

use radial basis function (RBF) interpolation method (Turk and O’brien, 2002;

Carr, Beatson, Cherrie, Mitchell, Fright, McCallum, and Evans, 2001; Morse,

Yoo, Rheingans, Chen, and Subramanian, 2005; Du Toit, 2008).

The RBF method is a method for estimating an original function with sev-

eral numbers of basis functions each of which is centered at the sampled point.

Here, a radial basis function is defined to be a circularly symmetric real-valued

function that depends only on the distance from a center point (an RBF cen-

ter). The RBF method estimates a given function ψ as a weighted sum of the

radial basis functions:

s = ψ(u) = p(u) +
k∑

i=1

wiΦ (∥u− ui∥) , (7.2)

where Φ(·) is some radial basis function, wi is a real-valued weight correspond

to it, k is the number of samples used for the estimation of ψ, and p(·) is a low

degree polynomial. In general, it is common to use a constant or 1st/2nd order

polynomial for p(·). In our research, since we have not much information on the

geometry of the shape manifold, we let p(u), for the generality, as a constant

function p(u) = s̄ where s̄ is a mean of sample shape parameters si.

In the meantime, the unknowns to be determined in Equation 7.2 are Φ(·)

and wi. Firstly, Φ is generally selected from the following radial basis functions

that are commonly used in practice:

138



• Gaussian:

Φ (r) = e
−r2

σ2

• Multiquadric:

Φ (r) =
√
r2 + σ2

• Inverse multiquadric:

Φ (r) =
1√

r2 + σ2

• Inverse quadratic:

Φ (r) =
1

r2 + σ2

• Thin-plate:

Φ (r) =
r2

σ2
log

( r
σ

)
• Polyharmonic (3rd-order):

Φ (r) =
( r
σ

)3

where r is nonnegative. Here, the constant σ determines the shape of the ba-

sis function, and thus determines overall estimation performance of the RBF

interpolation. Therefore, a careful consideration is needed. The discussion on

this topic however, will not be addressed right now since it may disturb our

main discussion on the reconstruction function. We leave the details for the

later section.

Once we are determined with the basis function Φ, our task now is to find

wi in Equation 7.2. Since it is known from the discrete samples that si = f(ui),
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Figure 7.1: Different types of radial basis functions.

the following equation holds for every sample:

si = s̄+
k∑

j=1

wjΦ (∥ui − uj∥) , (7.3)

which consequently in matrix form:
Φ11 · · · Φ1k

...
. . .

...

Φk1 · · · Φkk



w1

...

wk

 =


s1 − s̄

...

sk − s̄

 (7.4)

if we let Φij := Φ (∥ui − uj∥). Here, obviously, the matrix [Φij ], which we will

call RBF matrix, is symmetric. Further, according to the choice of radial basis

function Φ and its coefficient σ, the matrix is conditionally positive definite

(Du Toit, 2008; Morse, Yoo, Rheingans, Chen, and Subramanian, 2005). In
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addition, specifically for the data sampled from real-world observations, it is

known from many previous works (e.g. Carr, Beatson, Cherrie, Mitchell, Fright,

McCallum, and Evans (2001); Morse, Yoo, Rheingans, Chen, and Subramanian

(2005); Turk and O’brien (2002)) that the RBF matrix [Φij ] is almost always

positive definite without not may exceptions. Therefore, the RBF matrix [Φij ]

is not singular, and hence the weight value wi can be uniquely determined.

7.2 Piecewise reparameterization of the shape space

In practicing the RBF method for the reparameterization of the shape space,

it is important to notice the instability of the reparameterization function ψ as

the number of data k increases. This is because the RBF matrix [Φij ] gets closer

to singularity as its dimension grows (Fornberg and Wright, 2004). Actually, we

could see, as shown in Figure 7.2, that the condition number of the RBF matrix

soars up as the number of data increases, which results serious ill-conditioning

of the problem in Equation 7.4. Considering that the condition number is a

measure of how much the solution of the linear system would be inaccurate,1

such a result implies that the reparameterization function ψ will get erroneous

as the number of data k grows.

Therefore, to prevent such a problem, and to promote accuracy and sta-

bility of reparameterization, we recommend to define the reparameterization

function ψ in a piecewise manner. That is, it is more preferable to define the

reparameterization per each local tangent space of a shape space (recall the

1This does not have any connection with the effect of round-off error during the computa-
tion process. The condition number is an inherent property of a matrix, and is irrelevant to
the precision of the floating number or the computer algorithm.
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Figure 7.2: Increase of condition number of the RBF matrix. Note logarithmic
scale for the vertical-axis.

concept of the local tangent space from Chapter 6), rather than to define it for

an entire shape space. In other words, a reparameterization function for a given

body size parameter u is defined as

ψi(u) = si +

k∑
j=1

wNi(j)Φ
(∥∥u− uNi(j)

∥∥) , (7.5)

where the subscripts Ni(j) follows the same notion with Equations 6.5 and 6.9.2

Here the index i of the local space is determined by finding the closest sample

2One may curious to know why the polynomial function in this equation is altered by
si, a shape parameter of sample i, instead of the average s̄i of the elements comprising the
local space as like our original definition from the previous section. The reason is simple. It
is to set all the weight values to zero, for the exactly same model with sample i, so that the
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body size ui to the given body size u.

The local space information is already available from the original parame-

terization of the shape space (see Chapter 6). Therefore, the way to find the

local space and its corresponding elements accordingly to the given body sizes

is direct and obvious.

7.3 Design of the Reparameterization Function

As already discussed previously, significant care is needed in selecting the basis

function Φ and tuning the coefficient σ in RBF kernels, since these are the

factors determining the overall estimation performance of the RBF method. In

fact, in many previous studies that use RBF method, importance of the selection

of the basis function and the coefficient is rather overlooked, and the process

is described in a hand shaking way accompanied with some magic numbers.

However, since they could affect overall accuracy and numerical stability, they

must be carefully selected on a reliable experimental basis.

7.3.1 Evaluation of the Estimation Performance

For the evaluation of the estimation performance of the RBF method, we pro-

pose leave-one-out cross validation (LOOCV) error as our measures to help us

determining the basis function and the coefficient.

Firstly, a leave-one-out cross validation is a statistical model validation

method for evaluating how the result of a statistical approximation general-

izes a given individual dataset. The LOOCV method attempts to evaluate the

resultant reparameterization is more intuitive. In other words, it is to have a direct equality
ψi(u = ui) = si.
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accuracy of an approximation by separating the dataset into two parts—one is

used for the construction of an approximation, and the other is used for the

evaluation of an error. The method uses k− 1 samples from among the dataset

for an approximation, and then examines an error of the approximation us-

ing the remaining data sample. Such a procedure is repeated for every data

in the set, and the estimation error is evaluated from the results. This can be

mathematically summarized as a following sum of the approximation errors:

ELOOCV(Φ, σ) =
k∑

i=1

∥∥∥ψ(i)(ui)–si

∥∥∥2 (7.6)

where ψ(i) is an RBF interpolation constructed from the other k − 1 samples

excluding i-th sample.

Here, the problem is that we should solve linear systems n times for the

computation of error in Equation 7.6, which is highly inefficient. Fortunately,

an effective way for avoiding those number crunching computations can be

found from Rippa (1999):

ψi(ui)− si =
wi

Qi
, (7.7)

where Qi is an i-th diagonal element of the inverse of the RBF matrix [Φij ]. In

this equation, it should be noted that once the RBF matrix is computed, no

further complicated inverse matrix computation is needed.

7.3.2 Experimental Configuration of the Kernel

In order to find out the optimal configuration of the basis functions that maxi-

mizes estimation performance of the reparameterization function, we examined

the LOOCV errors by varying the tuning coefficient for the different RBF ker-

nels. In doing so, we observed for a given local space dataset how the errors
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Figure 7.3: Leave-one-out cross validation (LOOCV) results for various types of
kernel functions. The same evaluation procedure is applied to several different
local space data sets.

change with respect to the tuning coefficient values ranged from 10−2 to 105.

Then, the process was repeated for every local space dataset, and several se-

lected examples are displayed in Figure 7.3 with different colors.

In the figure, it is interesting to see that, in every case, each kernel has

clearly divisible low-error zones and high-error zones. Specifically, we could see

that the magnitude of the error severely fluctuates in high-error zones, which

can be explained by the ill-conditioning of the RBF matrix.3 In addition, except

for the thin-plate and polyharmonic kernels, we could also observe that each

kernel has certain zones consistently stable regardless of the data used.

At the same time, when compared by the average of minimum errors, the

Gaussian kernel showed the best performance, whose average minimum er-

ror was 1.559, and followed by inverse multiquadric (1.564), inverse quadratic

(1.571), and multiquadric (1.772). In addition, a range that each function shows

3This result is also supported by Fornberg and Wright (2004)
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the highest stability and the lowest error was found to be 10 ∼ 300 for Gaussian,

5 ∼ 120 for multiquadric, 10 ∼ 150 for inverse multiquadric, and 20 ∼ 200 for

inverse quadratic. From among them, a kernel which showed the most stability

and the least fluctuation of the optimal σ was Gaussian, and the most reliable

coefficient value for it was found to be about 150, which we concluded as the

best setting for the body shape space reparameterization.

7.4 Discussion

In this chapter, we have discussed a body size reparameterization of a given

parameterization of the shape manifold. In doing so, we introduced a reparam-

eterization function that maps body size parameters to the original shape space

parameters. Then, to obtain an implicit representation of the reparameteriza-

tion function, we employed the RBF method, which was shown to be capable

of estimating the unknown function from the given information—shape param-

eters and body sizes for the sample data. In addition, to reduce the estimation

error by finding optimal configuration of the RBF kernels, we performed the

leave-one-out cross validation. As a result, we could find the optimal setting of

the RBF kernel for the reparameterization of the space of human body shape

with body size parameters.

Throughout this, we are, at last, equipped with all the necessary mathemat-

ical foundations for the modeling of a body shape from given body size param-

eters. Now, we are going to see, in the next chapter, how the multi-resolution

parametric human modeler is finally implemented.
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Chapter 8

Implementation of the Parametric
Human Modeler

Until now, we have developed a novel approach for the metric preserving inter-

polation between the multiple data, defined a shape descriptor that describes

the shape robustly without any dependency with mesh topology, and learned

how to perform nonlinear statistical shape analysis based on them. Further, we

have also reparameterized the shape space with intuitive body size parameters

and constructed a theoretical foundation for generating a body shape model

from a given set of input body sizes. On this basis, in this chapter, we are going

to see the actual implementation of the multi-resolution human body modeling

system, and the results obtained from such an implementation.
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8.1 General Framework

The parametric human modeler that we propose is realized based on the follow-

ing pipeline. Firstly, in offline, 3D whole body scan data of various subjects and

their corresponding body size measurements are collected. The scan data are

then preprocessed through compatible mesh parameterization (Chapter 3) to

have themselves in a statistically processable form. After that, the data is used

for the nonlinear parameterization, from which we extract a parametric repre-

sentation and the corresponding shape parameters as discussed in Chapter 6.

Here, during the parameterization, metric dependent spectrums (Chapter 5) of

the shapes are used as shape descriptors, so that the result is robust to external

geometric variants such as different mesh parameterizations and isometric de-

formations. Finally, by conducting the reparameterization of the original shape

space parameterization with respect to the body sizes, we obtain a mathemati-

cal representation of the shape space as a function of body sizes, which enables

us to have much more intuitive modeling inputs.

Then, in online process, whenever body size inputs arrive, a new model is

generated accordingly to the given set of body sizes based on the parameteri-

zation of the shape space. During this procedure, the new model is obtained as

a weighted nonlinear blending of sample shape models, which are the elements

comprising the local space of the shape manifold. Therefore, in doing so, the

most isometric interpolation technique using the isometry-invariant intrinsic

coordinates (Chapter 4) is utilized.

Such a procedure is graphically summarized in Figure 8.1.
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Figure 8.1: Parametric modeling framework for the human body shape.
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8.2 User Interface

For the implementation of the parametric modeler, we allowed the system to

take the body size items listed in Table as an input.

Table 8.1: Body size items available in our modeler.

No. Name Unit

1 Gender

2 Age years

3 Ankle Circumference mm

4 Spine-to-Shoulder mm

5 Spine-to-Elbow mm

6 Arm Length (Spine to Wrist) mm

7 Arm Length (Shoulder to Wrist) mm

8 Arm Length (Shoulder to Elbow) mm

9 Armscye Circumference (Scye Circ Over Acromion) mm

10 Bizygomatic Breadth mm

11 Chest Circumference mm

12 Chest Girth at Scye (Chest Circumference at Scye) mm

13 Crotch Height mm

14 Face Length mm

15 Foot Length mm

16 Head Breadth mm

17 Head Circumference mm

... continued on next page

150



Table 8.1 – continued from previous page

No. Name Unit

18 Head Length mm

19 Hip Circumference, Maximum mm

20 Knee Height mm

21 Neck Base Circumference mm

22 Shoulder Breadth mm

23 Stature mm

24 Thigh Circumference mm

25 Thumb Tip Reach mm

26 Vertical Trunk Circumference mm

27 Waist Front Length mm

28 Weight kg

In this table, each input item should not necessarily be filled out, and the

number and the type of inputs can be freely selected by the user. When the

inputs are given, the system finds a local space of the shape manifold according

to the user-selected body sizes. Then, the system determines the other uncon-

strained values from the average body sizes of the current local space, and fills

out the set of body sizes. The parametric modeler module takes these values as

an input, and returns the result accordingly.

After the modeling is done, the computed results are imported in a stan-

dard polygonal mesh format, such as STL, PLY, OBJ and OFF. These are the

data formats containing the vertex coordinates and the facet connectivity of a
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polygonal mesh, and most of the commonly-used geometric modelers including

SolidWorks, CATIA, Rhino, 3Ds Max, and Maya, supports such data format.

8.3 Result

To test our method, several models are generated from the body sizes listed

in Table 8.2. The body sizes in the table are randomly generated and selected

ones. The rendered results are displayed in Figure 8.2. It should be noted that

the models have fine visual fidelity and reality.

In our experiment conducted on a personal computer having an Intel i7

3.07GHz CPU and 6.00GB RAM, computation of such results mainly took

around 1.8452 seconds in average. Approximately 73% of computation time

was consumed for the shape synthesis process, i.e. reconstruction from IIC to

the vertex coordinate, and the remainder was occupied by sample data loading

(21%), shape estimation from body sizes (4%), and the other minor processes.
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Figure 8.2: Modeling result from the input sizes listed in Table 8.2.
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Table 8.2: Body size inputs used for generating the models in Figure 8.2.

(a) (b) (c) (d) (e) (f) (g) (h)

Gender Male Male Male Male Female Female Female Female
Age (years) 23 63 44 62 18
Ankle Circumference (mm) 278 248 242 231
Spine-to-Shoulder (mm) 237 214 199 182
Spine-to-Elbow (mm) 563 552 525 478
Arm Length (Spine to Wrist) (mm) 893 856 787 728
Arm Length (Shoulder to Wrist) (mm) 653
Arm Length (Shoulder to Elbow) (mm) 354 338 326
Armscye Circumference (mm) 407 379 429 338 337
Bizygomatic Breadth (mm) 136 139 136 142 128 135
Chest Circumference (mm) 1052 994 884 981 953 866 776
Chest Girth at Scye (mm) 920 766
Crotch Height (mm) 842 829 809 698 798 710
Face Length (mm) 125 116 110
Foot Length (mm) 277 265 248
Head Breadth (mm) 160 152 153 139 151 144 145
Head Circumference (mm) 585 580 541 538 553 563 564
Head Length (mm) 199 205 186 186 192
Hip Circumference, Maximum (mm) 1019 941 1146 941
Knee Height (mm) 570 502 515 481
Neck Base Circumference (mm) 480 450 443 440 413 423
Shoulder Breadth (mm) 536 425 415 411
Stature (mm) 1866 1750 1634 1701 1705 1597
Thigh Circumference (mm) 610 604 519 655 572 544 539
Thumb Tip Reach (mm) 842 766.6 744.6 774.3 756 678.3
Vertical Trunk Circumference (mm) 1630 1651 1495
Waist Front Length (mm) 469 407 457 378 290 360 413
Weight (kg) 91.61 78 77.78 76.87 68.03 51.47
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Chapter 9

Conclusion

In this chapter, we conclude our research by summarizing our discussions. Fur-

ther, we reemphasize the contributions of our work to the relevant fields, and

compare them with the other existing research. Lastly, we inspect the current

limitations of our research and propose some future works to solve them.

9.1 Summary of Research

Throughout this research, it was developed a parametric human modeler based

on an accurate nonlinear analysis of the human body shapes, and the relevant

technologies necessary for the realization of such as modeler. To achieve so, a

whole-body scan database was processed to a statistically processable form by

reorganizing the mesh connectivity structure of each scan data to a consistent

configuration. This was done by conforming a template mesh model to each tar-

get model in the database, so that the resultant conformations had an identical
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topology but with all different shapes.

To such compatible data, it was defined a novel coordinate system that

uses isometry-invariant intrinsic geometry of a mesh model to describe entire

geometry of the model. The coordinate system was beneficial as it provided

a technical basis for implementing the nonlinear interpolation of shapes that

minimizes the metric distortion. Specifically, since linear interpolation of such

coordinate values was found to be equivalent to the most isometric deformation

of shapes, complex nonlinear computations were not needed at all. From this,

we could be able to interpolate body shape models without any distortion of

body sizes.

Meanwhile, for the nonlinear statistical analysis on the space of human body

shape, a method for finding the nonlinear parameterization of the shape space

was presented with an assumption that the shape space is possibly nonlinear

Riemannian manifold. The method enabled us to traverse the shape manifold,

by deriving a mapping between the shape space which is a submanifold of a

higher dimensional observation space and a lower dimensional parameter space.

Further, it was made more progress by reparameterizing the shape space

and its lower dimensional parameter space by the body size parameters, which

dramatically enhances intuitiveness of the modeling parameters. Through such

a reparameterization, a theoretical foundation that enables the calculation of a

point on the shape space, which is a statistically reliable shape, corresponding

to a given body size value was established.

In the meantime, in order to prevent the result of the statistical shape

analysis being affected by the other external factors than the shape, a new
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shape descriptor was proposed. Based on the spectral theory of the meshes, the

shape descriptor showed many desirable properties such as isometry-invariance

and parameterization independence, which promotes more accurate statistical

analysis result. Especially, algebraic operations between such shape descriptors

was found out to be compatible with the nonlinear shape interpolation induced

from the aforementioned intrinsic coordinates. In other words, an algebraic

interpolation of shape descriptors and a shape descriptors computed from an

interpolation result of corresponding shapes were identical, which enables free

conversion between the shape descriptor and the intrinsic coordinate.

9.2 Contributions

First of all, our research overcomes the limitations of previous works that the

methods are congested in an erroneous linear statistical shape analysis frame-

work. In fact, parametric human modeling research after Seo and Magnenat-

Thalmann (2003); Seo (2004) has been failed to show distinguishable break-

through, and retarded in a typical PCA-based shape synthesis technique. How-

ever, instead of using the erroneous linear approach, our method made a step

forward to more accurate and mathematically rigorous nonlinear statistical

shape analysis framework. Specifically, our work is first to estimate the precise

geometry of the space of human body shape, and to parameterize the space.

Such a precise estimation of the shape space opens a new possibility for the

digital anthropometry research.

Further, significance of the research can also be found from the fact that, the

general framework of our method can be applied not only to the human body
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shape, but also to any arbitrary shape distributions. In fact, there also are sev-

eral attempts to realize statistics-based parametric shape modeling for the other

variety of shapes instead of human body (e.g., Shen, Herskovits, and Davatzikos

(2001); Kurazume, Nakamura, Okada, Sato, Sugano, Koyama, Iwashita, and

Hasegawa (2009); Baek, Wang, Song, Lee, Lee, and Koo (2013)), which can

also be benefited from our modeling framework.

On the other hand, core fundamental technologies used for the realization of

our nonlinear statistics-based modeling framework—isometry-invariant intrin-

sic coordinates, metric dependent spectrum, parameterization of the nonlinear

manifold—also have enough academic values by themselves.

Firstly, for the isometry-invariant intrinsic coordinates, as we have also men-

tioned previously, it is valuable that our method enables a natural nonlinear

interpolation of shapes only by a simple linear interpolation of the coordinate

values of IIC. Compared to the other methods that are based on the vertex co-

ordinates and compute complex nonlinear computation, it is highly attractive

aspect of our method. Further, whereas the other methods are focused more on

the local rigidity preservation, our method weighs more on metric preserving,

which brings up with more realistic and convincing results.

In addition, the metric dependent spectrum, as well, has its own value in

that it gets over the limitations of the other spectral shape descriptors that

they are not linearly proportional to the metric change. From this, now we

are able to define the dissimilarity between shapes based on an amount of

metric distortion, which in fact is an indispensable property for the accuracy

of statistical shape analysis. Moreover, the MDS is compatible with the IIC, so
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that the both can be used for the statistical shape analysis in complementary

cooperation. That is, as MDS can robustly describe a shape regardless of the

mesh parameterization, whereas IIC is sensitive to it, MDS can be utilized

for the representation of a shape instead of IIC. On the contrary, as IIC can

easily produce interpolated shape, whereas reconstruction of the geometry from

MDS is rather impossible, IIC can be used for the shape synthesis. In this way,

the both can be complementarily used for the statistical shape analysis and

parametric shape modeling.

Lastly, although the method for nonlinear learning and parameterization

of shape manifold proposed in this research is turned out to be similar to

LTSA, it still has some desirable properties that LTSA does not have, as we

have already discussed previously. The estimation result of a manifold obtained

through LTSA showed poor performance in reconstructing the original data,

as it offsets the local tangent plane to the average point of intimate points.

However, in contrast, our method can conduct exact reconstruction of the orig-

inal data, as the local tangent plane passes through the sample data. Although

one may argue that LTSA would show better result in overall estimation error

since it locates local planes at the average of intimate points, the incapabil-

ity of reconstruction of the original data is definitely not a desirable property

in statistics-based modeling perspective. Therefore, our method could be more

beneficial for such applications.
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Bruno Lévy and Hao Richard Zhang. Spectral mesh processing. In ACM

SIGGRAPH 2010 Courses, page 8, 2010.

Hao Li, Robert W Sumner, and Mark Pauly. Global correspondence optimiza-

tion for non-rigid registration of depth scans. Computer graphics forum, 27

(5):1421–1430, 2008.

Y. Lipman, O. Sorkine, D. Cohen-Or, D. Levin, C. Rössl, and H. P. Seidel.
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초록

본 학위논문에서는 디지털 인체측량 데이터에 대한 통계 해석을 통하여 인체

형상 공간에 대한 본질적인 이해를 달성하고자 한다. 특히 인체 형상 공간에

대한 미지의 구조를 탐구함으로써 다양한 인체 형상을 결정짓는 변수들을 밝

혀내고, 이를 바탕으로 컴퓨터이용설계 (CAD) 시스템에서 유용하게 사용될

수 있는 정확하고 인체측량학적으로 신뢰 가능한 파라메트릭 인체 모델러를

개발하는 것을 목표로 한다. 이와 관련하여 컴퓨터 그래픽스 및 기하 모델링

분야에서 다수의 연구들이 논의된 바 있으나, 이들 대부분은 통계 분포에 대한

정교한 비선형 모델 대신 부정확하고 신뢰도가 낮은 선형 회귀 모델을 사용하

고 있으며, 이 때문에 결과물의 인체측량학적 사실성이 떨어진다. 이는 사실,

치수의 신뢰도보다는 시각적 완성도나 계산속도 등에 더 높은 비중을 두는 컴

퓨터 그래픽스 분야의 자연적 특성 때문이며, 이로 인해 CAD 시스템을 위한

인체 모델러를 구현하는 데에는 적합하지 않다. 이러한 문제에 대해 우리는

먼저 인체 형상을 기술하고 형상 간의 연산을 정의하기 위한 수학적 도구들을

개발함으로써, 형상 공간을 보다 정교하고 엄밀한 방법으로 해석할 수 있도록

하며, 이로써 구현하고자 하는 인체 모델러의 이론적 토대를 마련한다. 특히,

형상 공간의 비선형성에 대해 보다 신중히 고려함으로써, 부주의한 선형화로

인한 형상 공간의 왜곡·손상이 발생하지 않도록 하는 것에 주의를 기울인다.

이를 통해 형상 공간이 유클리드 벡터 공간이라는 잘못된 가정에 근거한 기존

연구들에 비하여 훨씬 더 높은 수준의 인체측량학적 사실성과 신뢰성을 유도

하게된다.이를토대로우리는형상공간을다차원공간안에존재하는휘어진
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다양체로 상정하고, 충분한 수의 표본 데이터로부터 무리한 선형화/단순화 혹

은 비직관적 가정 없이 미지의 형상 다양체를 추정해내도록 한다. 이를 통해

얻어진 결과는 형상 다양체에 대한 매개변수식으로 주어지게 되며, 이를 통

하여 임의의 다양한 인체 형상들을 표현해낼 수 있게 된다. 이러한 방식으로

얻어진 결과물들은 통계 데이터로부터 얻은 경험적 지식에 근거하고 있기 때

문에 높은 인체측량학적 신뢰성뿐만 아니라 시각적 사실성을 보장한다. 또한

이에 덧붙여, 보다 나은 직관성과 사용상의 편의성을 위하여 주어진 매개변

수식을 우리가 흔히 사용하는 성별, 연령, 신장, 체중, 허리둘레 등의 신체치

수들로 재매개화 함으로써, 단순히 이들 치수를 입력하는 것만으로도 원하는

인체 형상이 만들어질 수 있도록 한다. 마지막으로 이들 이론 및 기술을 모두

종합하여 CAD 시스템을 위한 파라메트릭 인체 모델링 프레임웍을 구현함으

로써 정확한 형상 공간 모델로부터 얻어진 인체 형상 지오메트리가 제품 설계

과정에 도움을 줄 수 있도록 하는 것을 최종적인 목표로 한다. 이러한 연구는

형상 공간의 비선형성 문제에 대해 체계적이고 신중하게 접근한 최초의 연구

로서의 의미를 가지며, 이에 따라 본 연구에서 제시한 방법론은 다른 선형적인

접근 방식들에 비해 정확도나 신뢰도 면에서 훨씬 우수하다. 또한 본 연구는

인간 중심적 제품설계를 달성하기 위한 이론적인 배경을 제공한다는 협의적

의의뿐만 아니라, 인체 형상 외에도 다양한 형상들에 대해 귀납적인 일반화가

가능하여 기하모델링 및 형상 해석 분야에 중대한 이론적 토대를 제공한다는

광의적 의의도 가지고 있다.

주요어: 인간 중심적 제품 설계, 디지털 인체 모델, 파라메트릭 인체 형상 모델

링, 비선형 형상 통계 해석, 형상 공간

학번: 2009-20685
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제가 지금까지 이렇게 훌륭한 학교, 훌륭한 교수님들 밑에서 공부할 수 있었습

니다. 선생님께서는 제 인생의 가장 큰 전환점을 마련해주신 분이셨습니다.

마지막으로 벌써 6년이라는 긴 세월동안 제 곁에서 함께해준 민정이와, 한

식구처럼저를대해준가족분들에게도감사의인사를드립니다.홀로상경해서

생활하는 동안, 저를 외롭지 않게 항상 챙겨주신 덕분에 따뜻한 사랑 속에서

힘든 일, 좋은 일 모두 겪어낼 수 있었습니다. 특히, 특유의 쾌활한 성격으로

항상 저를 웃게 해준 민정이에게 고맙고, 사랑한다는 말을 전하고 싶습니다.

다 쓰고 난 뿌듯함만큼이나 하고자 했던 말들을 다 하지 못한 아쉬움도 많

이 남는 논문인데, 감사의 글마저도 저의 진솔한 마음을 제대로 전달하지 못한

것 같아 아쉽습니다. 행여 제 마음이 왜곡되거나 충분히 전달되지 않을까 우

려스러워서 본문보다도 더 많은 공을 들여 퇴고했음에도 불구하고, 여전히 걱

정스럽기만 합니다. 특히, 감사한 분들이 너무나도 많으나 일일이 다 언급하지

못해 죄송할 따름입니다. 모쪼록 이 글에서 다 언급하지는 못했지만 항상 저를

지켜봐주시고응원해주시는모든분들께도진심어린감사의말씀을드리는바

입니다. 앞으로도 여러분들의 기대를 저버리지 않도록 항상 최선을 다하도록

하겠습니다. 아울러 본 논문을 읽어주신 모든 분들께도 감사드립니다. 부족한

논문이지만 도움이 되었으면 하는 바람입니다. 감사합니다.
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