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ABSTRACT 
 

Dispersion Engineering in Elastic Guided Waves  

by Phononic Crystals and Metamaterials 

 

Pyung Sik Ma 

School of Mechanical and Aerospace Engineering 

The Graduate School 

Seoul National University 

 

This dissertation presents manipulation of elastic guided waves by artificial 

structured materials: phononic crystals and metamaterials. Recently, due to their 

ability to control waves, artificial materials for electromagnetic waves have been 

extensively studied, leading to interesting results such as sub-diffraction lenses and 

cloaking devices. This study demonstrates that phononic crystals and elastic 

metamaterials can provide the promising functionalities in elastic guided waves. 

The main focus of this investigation is on tailoring multiple guided modes in an 

elastic waveguide. In a waveguide, multiple guided waves exhibit complex behavior 

which causes problematic issues in practical applications; an inputted wave is 

distorted due to an excitation of multiple modes and their strongly dispersive nature. 

Here, a method to control the dispersion relations of multiple guided modes by 

phononic crystals and elastic metamaterials is developed.  

In this thesis, dispersion relations of guided waves are engineered in frequency and 

wavenumber domains. The main contributions are to separate multiple guided 
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modes, to suppress an undesired mode, and to reduce group velocity dispersion. 

Multiple shear-horizontal waves in a plate are separated by engineered phononic 

crystal plates. The dispersion relation of each guided mode is manipulated in the 

wavenumber domain to obtain different propagation directions. Also, the excitation 

of undesired wave modes is suppressed by opening the forbidden band gap of 

phononic crystals over a target frequency range. A wave distortion due to the 

dispersion effect is prevented by employing phononic crystals and anisotropic 

metamaterials; the dispersion relation in the frequency domain is tailored to exhibit 

a constant group velocity. Realization of phononic crystals and elastic metamaterials 

is a challenging task to achieve the desired wave properties for multiple wave 

modes. Here, systematic engineering methods including size, shape, and topology 

optimization methods are proposed to obtain proper structures. The lattice 

parameters of phononic crystals and a topology of a unit structure in anisotropic 

metamaterials can be designed through the suggested methods. To confirm wave 

properties in the engineered waveguides, numerical simulations and ultrasonic wave 

experiments are conducted. In experiments, ultrasonic transducers are properly 

designed to selectively excite a target wave mode and adjust its beam pattern in an 

elastic waveguide. Through this research, it is demonstrated that phononic crystals 

and elastic metamaterials can be effectively exploited to engineer wave properties in 

elastic waveguides. 

 

Keywords: Ultrasonic guided waves, Dispersion relation, Phononic crystals,  

Elastic metamaterials, and Optimization method 

Student Number: 2010-30187 
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CHAPTER 1 

INTRODUCTION 

 

 

1.1 Introductory remarks 

 

In recent decades, phononic crystals [1-5] and acoustic metamaterials [6-10] have 

been intensively studied because of their ability to control phonons (mechanical 

vibrations). These artificial structures exhibit abnormal wave properties which 

cannot found in nature over a wide range of scales and frequencies: from seismic 

waves (Hz) [11, 12] to heat conduction (THz) [13, 14]. As these abnormal 

properties arise from their unit structures, one can tailor the wave properties by 

changing unit structures in subwavelength scale compared to conventional 

approaches which modify configuration of materials in the atomic or molecular 

level. From this fact, phononic crystals and acoustic metamaterials have been 

focused on by researchers in many areas of science and technology. In this thesis, 

artificial structures are applied to control ultrasonic waves in elastic waveguides. 

Controlling guided waves is challenging because they exhibit complex behavior in 

propagation: an elastic waveguide can support an infinite number of wave modes 

which cause problematic issues in practical application such as non-destructive 

evaluation; an inputted elastic wave is distorted due to multiple wave mode 

excitations and dispersion effect [15, 16]. Recently, it has been demonstrated that 

the phononic crystal and elastic metamaterials exhibit a forbidden band gap and 
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negative refraction for guided waves [17-19]. In spite of their fruitful wave 

phenomena, however, a little effort is paid to apply these artificial structures to 

resolve practical issues in ultrasonic guided waves. In this thesis, we present that 

phononic crystals and elastic metamaterials can be effectively employed to control 

the elastic waves in a waveguide. In particular, the main focus is on multiple wave 

modes in an elastic waveguide. We exploit extraordinary wave phenomena of 

phononic crystals and metamaterials to control multiple guided modes. Since their 

wave properties arise from an interaction between waves and their artificial 

structures, the systematic engineering methods including size, shape, and topology 

optimization methods are proposed for the unit structures of phononic crystals and 

elastic metamaterials. 

 

Before presenting detailed investigations of this study, the extraordinary wave 

propagation in the artificial structures will be discussed. Phononic crystals and 

acoustic metamaterial have been investigated with successful demonstration of 

photonic crystals and electromagnetic metamaterials. Although the detailed physics 

of acoustic or elastic waves are different from that of electromagnetic waves, they 

share the same physical origin of the extraordinary wave properties in artificial 

structures. Photonic crystals and electromagnetic metamaterials were independently 

studied in the beginning. A dominant mechanism, which is attributed to their 

abnormal wave properties, was different: multiple scattering for photonic crystals 

and resonance for electromagnetic metamaterials. But, nowadays, these two 

research subjects, photonic crystals and electromagnetic metamaterials, are studied 

in the same category; they are considered as artificial structures which are proposed 

to control material properties. In the followings, the origin of artificial structures for 
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electromagnetic waves and their applications are discussed. After then, 

investigations of phononic crystals and metamaterials for acoustic and elastic waves 

will be addressed. 

 

1.2 Photonic crystals and electromagnetic metamaterials 

 

The first photonic crystals are proposed independently by John and Yablonovitch in 

1987; John found the forbidden band gap of photonic crystals while studying 

localization of light in a disordered medium [20] and Yablonovitch utilized photonic 

crystal to suppress the spontaneous light emission of lasers for a better efficiency 

[21]. They reported that electromagnetic waves cannot propagate through a periodic 

structure of photonic crystals like electrons in semiconductors. Based on the 

background of solid-state physics for electrons, the Bloch theorem was applied to 

Maxwell’s equation for photonic crystals and band structures of photons in periodic 

dielectric materials can be analyzed in 1990 [22, 23]. In photonic crystals, reflected 

waves from periodic inclusions interfere constructively at the specific wavelength, 

resulting the forbidden band gap which suppresses light propagating through 

photonic crystals. Since the band gap for light was introduced, photonic crystals 

have been extensively studied to control electromagnetic waves. It was presented 

that electromagnetic waves are confined along a line-defect or localized a point-

defect in photonic crystals [24, 25]. The photonic crystal-based circuits were 

proposed in hope of replacing the silicon-based devices.[26] The waveguiding effect 

of photonic crystals was utilized for photonic crystal lasers [27, 28], slow light [29], 

and enhancement of nonlinear effect [30]. 
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Besides the localization of light in defects of photonic crystals, abnormal light 

propagation through photonic crystals was studied. At band edges of the photonic 

band gap, extraordinary light propagation was observed. In 1998, Kosaka reported 

that inputted lights of 12  onto Si and SiO2 photonic crystals are refracted from 

90  to 90 . They called these unusual wave propagation superprism phenomena 

in [31]. They also showed that photonic crystals can manipulate the diffraction 

properties of light [32]. Depending on the incident angle of light, light was 

broadened over photonic crystals or collimated with a constant beam width. At the 

band edge, the band gap of photonic crystals is partially developed for the particular 

directions not fully for all directions; this is called the partial band gap where the 

Bragg scattering condition is fulfilled for some particular directions. At this 

situation, despite there are no external waveguides in photonic crystals, light are 

confined in some directions of photonic crystals, leading to the anisotropic wave 

propagation in photonic crystals as shown in the superprism and the self-collimating 

phenomena. In this thesis, the anisotropic behavior of waves in periodic medium 

will be applied to elastic guided waves and details of investigation will fully 

discussed in Chapter 3. 

 

Next, Let us discuss about electromagnetic metamaterials. In 2000, Pendry 

proposed that lens made of negative index materials can defeat the sub-diffraction 

limit [33]. Although negative value of material property seems counter-intuitive, it 

was proved that electromagnetic waves can propagate in the negative index material 

without violating physical principles by Veselago in 1968 [34]. After then, the 

negative index material were realized by split-ring resonators in microwave 

frequencies [35, 36], pairs of metal nanorods [37], and fishnet structures in optical 
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frequencies [38]. Because this type of metamaterials exploited resonances to obtain 

negative refractive index for electromagnetic waves, they have inherent drawbacks: 

material loss and narrow bandwidth. To overcome these limitations, another type of 

metamaterial, anisotropic metamaterials, was proposed. In 2006 and 2007, 

anisotropic metamaterial lens were suggested for far-field sub-diffraction imaging 

[39, 40]. It composed of alternating layers of different materials, whose properties 

exhibits an extremely large anisotropy. Besides, photonic crystals have been 

investigated as alternatives of negative index metamaterials. The negative refraction 

of electromagnetic waves was demonstrated in photonic crystals [41, 42]. From the 

negative index due to the Bragg scattering, photonic crystal-based flat-lens were 

suggested for sub-wavelength imaging by excitation of surface modes [43, 44]. 

  

1.3 Phononic crystals and acoustic metamaterials  

 

With advances in electromagnetic metamaterials for controlling light in microwave 

and optical frequencies, manipulation of acoustic and elastic waves by phononic 

crystals and acoustic metamaterials has been also investigated. From the analogy to 

photonic crystals, the band gap for acoustic and elastic waves in periodic medium 

was theoretically predicted by Sigalas in 1992 [1]. To demonstrate the band gap of 

phononic crystals, transmission experiments were carried out in an aluminum plate 

having array of mercury cylinder [2] and in periodic steel cylinders in an epoxy 

resin [3]. It was experimentally observed that elastic waves cannot propagate 

through phononic crystals at the forbidden gap predicted from band structures. 

Negative refractions of acoustic and elastic waves in phononic crystals were also 

demonstrated; Sukhovich reported that acoustic waves were refracted at a negative 
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angle in two-dimensional phononic crystals made of steel rods in water [4]. In 2010, 

Morvan showed the negative refraction of elastic waves in prism-shape phononic 

crystals consisting of square arrays of holes in aluminum matrix [5]. By employing 

negative refraction of phononic crystals, wave focusing and sub-diffraction imaging 

were demonstrated. It was observed that a sound beam in ultrasonic regime can be 

focused into a focal spot that is close to the diffraction limit by phononic crystals 

[45]; subwavelength imaging can be also achieved by phononic crystals in 2009 

[46]. In their phononic crystal lens, evanescent components of the waves, which 

contains the high-resolution information, can be propagated by the so-called bound 

slab mode of the phononic crystals. 

  

On the other hand, acoustic metamaterials that differ from phononic crystals in the 

mechanisms have been widely proposed. In 2000, due to the resonance of unit 

structures, a material consisting of a hard material coated by soft material was 

proven to exhibit the negative material properties [6]. At the resonant frequency, an 

inputted wave is localized within microstructures of the materials, then, the 

forbidden band gap can be formed. This type of acoustic metamaterial was 

theoretically analyzed by Li in 2004. According to their explanation, the Mie 

resonance of the structures attributed to negative density and negative bulk modulus 

of the resonant metamaterials [7]. And double negativity, negative density and bulk 

modulus, makes negative refraction property. As another type of a resonant 

mechanism, the Helmholtz resonator was considered for negative modulus [8, 9] 

and arrays of membranes and holes, for the double negativity [10, 47].  

 

To overcome the narrow operating bandwidth of the resonant-metamaterials, 
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broadband acoustic metamaterials have been proposed. First, the subwavelength 

imaging were demonstrate with anisotropic metamaterials consisting of alternating 

layers for acoustic [48] and elastic waves [49]. The anisotropy of acoustic 

metamaterial was applied to bend elastic waves for cloaking devices in thin plates 

[50]. In 2012, demonstration of an elastic cloaking was achieved in a thin polymer 

plate for 200 to 400 Hz [51]. Next, acoustic metamaterials made of a winding 

channel, the so-called space-coiling metamaterials, was proposed in 2012 [52]. It 

allows us to make not only a high-index materials but also negative index materials 

due to the Bragg scattering. Recently, its effective property of negative and zero 

indexes was experimentally observed by two different groups [53, 54]. Lastly, 

pentamode metamaterials were also realized by elastic metamaterials in 2012. To 

mimic anisotropic metafluids by an elastic medium, in 1995, Milton proposed 

theoretically configurations of pentamode metamaterial to exhibit the required 

stiffness tensor [55]; it can be fabricated more recently [56]. 

 

1.4 Motivation and research objectives 

 

The main concern of this thesis is to control ultrasonic waves in an elastic 

waveguide. For about 50 years, guided waves have been investigated for a non-

destructive evaluation of pipes and plates and developed into commercial products; 

see Refs. [16, 57] and references therein. The main advantage of a use of guided 

waves in the inspection is that a large area of test structures can be evaluated by a 

single transducer, which is attributed to the fact that the guided waves can propagate 

over a long distance through the waveguide. The same fact, however, causes 

difficulties in evaluation procedures; guided waves are likely to be distorted after 



8 

 

propagating through a waveguide due to excitations of multiple modes and their 

dispersive nature. Since scattered waves contain information about defects in a test 

structure, numerous efforts were made to overcome the distortion of the guided 

waves. To avoid multiple wave excitations, undesired waves were mechanically 

filtered with a comb transducer [58] or phased array of transducers [59]. The 

dispersion effect of the guided waves was compensated by a numerical processing 

technique [60]. Also, signals measured at different points are numerically 

synthesized to obtain a clear signal of a desired wave mode [61]. 

 

To make guided waves be more effective in the non-destructive evaluation, the 

ability to control their complex behavior is essential. In this regard, phononic 

crystals and acoustic metamaterials can be a good candidate; they allow us to 

manipulate the wave propagation by exploiting their extraordinary properties. For 

example, a selective wave excitation can be realized by the phononic band gap and 

multiple guided modes can be measured separately by the anisotropic properties of 

phononic crystals. However, although there have been many studies to show 

abnormal wave phenomena of phononic crystals and elastic metamaterials for 

ultrasonic guided waves [17-19], the work concerning problematic issues in 

practical applications of guided elastic wave have not been proposed so far.  

 

In this thesis, we employ phononic crystals and elasitc metamaterials to resolve the 

wave distortion due to multiple wave excitation and group velocity dispersion in a 

waveguide. Detailed objectives of this study are summarized as follows: 
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1. To apply phononic crystals and acoustic metamaterials for resolving practical 

issues in non-destructive evaluaion: 

Phononic crystals and acoustic metamaterials provide the extraordinary phenomena, 

resulting from an interaction between waves and their unit structures. Among the 

numerous mechanisms, the band gap from the Bragg scattering and a highly 

anisotropic property are considered for ultrasonic guided waves. By exploiting these 

properties, an undesired wave mode is prevented from propagating by opening the 

band gap or spatially separated by using anisotropic wave property. Also, the 

dispersion effect of a desired wave mode can be reduced by manipulating group 

velocities over a target frequency bandwidth.  

 

2. To develop systematic engineering methods to tailor phononic crystals and 

acoustic metamaterials 

Although it was investigated how the abnormal wave properties can be achieved by 

phononic crystals and anisotropic metamaterials, however, realization of 

microstructures satisfying multiple requirements at a single frequency is challenging 

problem. To systematically design structures of phononic crystals and acoustic 

metamaterials, we employ the engineering optimization methods. The design 

formulations are proposed to engineer size and shape of phononic crystals and 

topology of a unit cell in non-resonant elastic metamaterials. 

 

3. To experimentally verify wave propagation in the engineered waveguide  

In this thesis, an effectiveness of the engineered structure is confirmed by ultrasonic 

experiments. As mentioned above, there are considerably many wave modes to be 

considered in a waveguide. Moreover, wave properties of phononic crystals are 
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sensitive to the frequency and propagating direction. In this regard, a selective 

excitation and measurement of guided waves are crucial for successful 

demonstration. Here, we will experimentally demonstrate the engineered structures 

by using magnetostrictive transducers which are capable of tuning excited wave 

modes and beam patterns. 

 

1.5 Outline of this thesis 

 

The main effort of this thesis is to manipulate the dispersion relation of elastic 

guided waves by employing artificial structured materials including phononic 

crystals and elastic metamaterials. By carefully tailoring structural parameters of 

their unit structures, the dispersion relation can be engineered. In this sense, we call 

design process of artificial structures dispersion engineering throughout this thesis. 

This thesis is divided into two parts: dispersion engineering by phononic crystals 

(Chapters 3 and 4) and by elastic metamaterials (Chapter 5). Depending on the scale 

of the unit structure, phononic crystals are comparable to the operating wavelength 

while elastic metamaterials are composed of sub-wavelength unit structures, the 

proper engineering method will be investigated in each chapter. In particular, the 

main focus is on the wavenumber domain of the dispersion relation in Chapter 3 

and the frequency domain in Chapter 4.  

 

In Chapter 2, the fundamental physics of elastic wave propagation in a periodic 

medium are given before we discuss the dispersion engineering by the structured 

materials. Since we consider phononic crystals and elastic metamaterials which are 

made of periodic structures, a clear understanding of wave propagation in that 
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medium is crucial. In this chapter, the fundamental concepts including the Bloch’s 

theorem, the Christoffel equation, the dispersion relation and the slowness curve 

will be discussed. Also, we present numerical schemes to calculate the dispersion 

relation of a periodic elastic medium. Detailed derivations for the plane wave 

expansion and the finite element method will be given for an infinite case and a 

waveguide case with numerical examples. 

 

In Chapter 3, the guided waves in a waveguide are spatially separated by using a 

phononic crystal plate. To do this, propagation directions of multiple waves are 

properly tailored to separate them into each wave mode. To investigate an effect of 

phononic crystals on the propagation direction, the dispersion relation in the 

wavenumber domain is studied. Also, a design method to make an elastic wave 

propagate along a given direction is proposed for two-dimensional phononic 

crystals. From an investigation of a two-dimensional case, we can obtain proper 

lattice parameters for the mode separation in a waveguide case. It will be presented 

that the shear-horizontal guided waves in an aluminum plate are successfully 

separated by the phononic crystal plate. Also, results of an experimental 

demonstration will be given. 

 

In Chapter 4, the dispersion relation in the frequency domain is engineered to 

suppress an undesired wave and to minimize the dispersion effect of a target wave 

mode in a waveguide. The phononic crystal structure is tailored to have a constant 

group velocity for a target mode, while to open the forbidden band gap for an 

undesired mode. In order to find a proper phononic crystal structure, size 

optimization method is proposed. Detailed optimization procedure and an 
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engineered dispersion relation will be presented. For demonstration, numerical 

simulations and ultrasonic experiments are carried out in the engineered phononic 

crystal waveguide. 

 

In Chapter 5, the group velocity dispersion of a guided wave is aimed to be 

suppressed by elastic anisotropic metamaterials. Compared to phononic crystals 

whose periodicity comparable to wavelength in Chapter 4, metamaterials allow us 

to tailor the dispersion relation of an elastic waveguide in the subwavelength-scale. 

The main challenge in this approach is to realize anisotropic metamaterials which 

exhibit a desired material property. In this chapter, to design microstructure of 

elastic metamaterials, we employ topology optimization method. The 

microstructures of anisotropic metamaterials which is designed through a proposed 

optimization method will be presented. Also, we will show results of numerical 

study for wave propagation in the waveguide consisting of the realized anisotropic 

metamaterial. 

 

 

 

 

 

 

 

 

 

 



13 

 

 

CHAPTER 2 

ANALYSIS OF ELASTIC WAVE PROPAGATION  

IN PERIODIC MEDIUM 

 

 

2.1 Elastic wave propagation in a homogeneous infinite medium 

 

In this section, fundamental wave properties and governing equations will be given 

for understanding wave propagation in an elastic medium. For an infinite elastic 

medium, the wave equations are given by 

2

2t



 


u
σ                         (2.1) 

where , , and u σ  represent density, displacement, and stress, respectively [15]. 

In general, wave solutions to (2.1) have the following form as a function of time t 

and space x : 

( )( , ) j tt e  kx
u x u                       (2.2) 

where u  is an amplitude of displacement, k  is the wavenumber,   is the 

angular frequency. This solutions is called plane waves, which propagate along the 

direction ˆ ˆ ˆ
x x zk k k  k x y z  where x̂ , ŷ , ẑ  are the unit vectors in rectangular 

Cartesian coordinates. In the region of linear deformation, the stress is expressed as 

a linear function of all the components of strain ε  as follows: 

σ ε                            (2.3) 
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where  is elastic stiffness constants; this equation is called the constitutive 

relation of an elastic medium. The strain ε  is defined by the gradient of 

displacement u  as follows: 

.





u
ε

x
                           (2.4) 

One can deduce the wave equations in terms of material properties and 

displacement fields by substituting (2.3) and (2.4) into (2.1). From the symmetries 

of the strain and stiffness constants, the equations of motion can be briefly 

expressed in the abbreviated subscript notation as in (2.5).  

2

i iK KL Lj ju u   , , , ,i j x y z                (2.5) 

For the plane wave of the given wavenumber k , operators 
iK , Lj  and the 

elastic stiffness constant 
KL

 in the right-hand side of (2.5) is given by  

0 0 0

0 0 0

0 0 0

x z y

iK y z x

z y x

jk jk jk

jk jk jk

jk jk jk

 
 

   
 
 

 ,            (2.6) 

0 0

0 0

0 0

0

0

0

x

y

z

Lj

z y

z x

y x

jk

jk

jk

jk jk

jk jk

jk jk

 
 
 
 

   
 
 
 
  

,                     (2.7) 

and 
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11 12 13 14 15 16

21 22 23 24 25 26

31 32 33 34 35 36

41 42 43 44 45 46

51 52 53 54 55 56

61 62 63 64 65 66

KL

c c c c c c

c c c c c c

c c c c c c

c c c c c c

c c c c c c

c c c c c c

 
 
 
 

  
 
 
 
  

.                 (2.8) 

 

The equation (2.5) is referred as the Christoffel equation in the literature [15]. By 

solving this equation, one can obtain the angular frequencies   as the eigenvalues 

for the given wavenumber k  of the plane wave. For a three-dimensional elastic 

medium, there are three wave solutions corresponding to two quasi-transverse 

modes and one quasi-longitudinal mode at the particular wavenumber k . As an 

example, the dispersion relation of in-plane wave modes for Gallium arsenide 

(GaAs) is calculated by using (2.5). Because the material property of GaAs has a 

cubic symmetry, the wave equations (2.1) can be decomposed into two subsets for 

in-plane wave modes and out-of-plane wave, respectively. As shown in Figure 

2.1(a), two straight lines indicate the dispersion relation for the in-plane wave 

modes: quasi-longitudinal and quasi-transverse mode. Also, x- and y-displacement 

distributions of wave modes denoted by Points A and B are presented in Figure 

2.1(b) and (c), respectively; one can check their dominant wave motions depending 

on wave mode. 

 

From dispersion relations, the phase velocity and the group velocity can be 

calculated. As a simple case, let us consider an wave packet which contains two 

one-dimensional waves having slightly different k  and   as follows: 
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 cos( ) cos ( ) ( )

2cos cos .
2 2 2 2

kx t k k x t

k kx t
k x t

   

   


    

      
          

      

         (2.9) 

From the right hand side of (2.9), the phase velocity pV  and the group velocity 

gV  are defined by 

/ 2

/ 2
pV

k k k

  




 


                    (2.10) 

and 

.gV
k k

 




 


                      (2.11) 

This equation can be extended for a three-dimensional wave as follows: 

ˆ ˆ ˆ.g

x y zk k k

    
  
  

V x y z                  (2.12) 

In a lossless medium, the group velocity gV  is identical to the energy velocity 
eV , 

which have to be normal to the slowness curve; see Ref. [15] for a detailed proof. 

The slowness curve is a diagram that represents the inverse of the phase velocity, 

1 pV k  . It can be drawn by wavenumbers k  of different propagating 

directions at the given frequency  . In Figure 2.2, the slowness curve of GaAs is 

presented as an example. The directions of the phase and group velocity of a 

particular point on the quasi-transverse wave mode are denoted by the dashed and 

solid black arrows. One can check that directions of the phase velocity and the 

group velocity are not identical due to the anisotropy of GaAs.  
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2.2 Elastic wave propagation in two-dimensional periodic medium 

 

When elastic waves propagate through a periodically modulated medium, it has 

been proved [62] that the wave has the following form: 

( )( , ) j tt e  kx
u x u                      (2.13) 

where u  is a periodic function having the same periodicity as the medium. This 

periodic wave form is called a Bloch wave named after Felix Bloch who had proved 

the theorem describing electrons in a crystal. Based on the Bloch theorem, various 

analysis schemes have been developed for electromagnetic, acoustic, and elastic 

waves in a periodic medium. In this section, two analysis schemes, the plane wave 

expansion method [1, 63, 64] and the finite element method [65, 66], are introduced 

for design formulations in the following chapter. In the Plane Wave Expansion 

method (PWE), the periodic Bloch function u  is expanded by its Fourier 

components which are treated as plane waves. Because one can access an each 

component of the particular plane wave, it is easy to grasp the physical insight of 

wave propagation in a periodic medium. Since the PWE is based on the Fourier 

transform, an inclusion of the periodic medium is restricted to a particular phase and 

the limited shape [67]. In this regard, the Finite Element Method (FEM) can be 

infinitely extended to various structures; this fact is an advantage to design periodic 

structures in a variety of situations.  

 

In the following subsection, detailed derivations of the plane wave expansion 

method (Subsection 2.2.1) and the finite element method (Subsection 2.2.2) will be 

presented with numerical examples for two-dimensional phononic crystals. 
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2.2.1 Plane wave expansion method 

 

In this subsection, the detailed formulation of the plane wave expansion method is 

addressed [1, 63, 64]. In a periodic elastic medium, a material property  , can be 

expanded in a sum of infinite plane waves:  

( ) je   Gx

G

G

x                      (2.14) 

where G
 is a Fourier component of  , G  is reciprocal lattice vectors of the 

medium. If lattice vectors that describe a periodicity of the medium are d , the 

reciprocal lattice vectors G  are given by  

2 3
1

1 2 3

3 1
2

2 3 1

1 2
3

3 1 2

2
( )

2
( )

2 .
( )










 




 




 

d d
G

d d d

d d
G

d d d

d d
G

d d d

                   (2.15) 

Since the Bloch function of a field variable   have the same periodicity with the 

medium, it can be also expanded by Fourier series as follows:  

{ ( ) }( ) j te   

  k G x

k G

G

x                  (2.16) 

where 
k G

 is a Fourier component of  , k  is the wavenumber, and   is the 

angular frequency. The material properties (density and elastic stiffness constant) 

and the field variable (displacement, strain, stress) in the wave equations and the 

constitutive equation can be expanded by (2.14) and (2.16), then (2.1) becomes 
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'

'

'

'

( )2

'

( ) ( )2

'

( )

L.H.S. of (2.1)

( )

R.H.S. of (2.1) ( ( ) ) .

i i i i i i

i i i i i

i i i i

jG x j t G x k x

i

j G G x j t k x

i

jG x j t k x

j j ij

e u e

u e e

j k G e e







 

 









  

  

 

 

 

  

 





G k G

G k G

k G

G G

G G

G

      (2.17) 

By multiplying je
*G x  and integrating both sides over a primitive unit cell of a 

periodic medium, (2.17) can be written as 

* *

2 ( ) .i j j iju j k G  
 

  k GG G k G
G

               (2.18) 

The constitutive equation (2.3) can be expanded into infinite plane waves and be 

expressed as 

'

'

'

'

( )

( )

'

( ) ( )

'

L.H.S. of (2.3)

R.H.S. of (2.3) ( )

( ( ) ) .

i i i i

i i i i i i

i i i i i

j t G x K x

ij

jG x j t G r k x

ijkl l l k

j G G x j t k x

l l ijkl

e

e j k G u e

j k G e e












 

  

  



  

  



 



k G

G k G

G

G

G G

G G

C    (2.19) 

After integration over a unit cell, it becomes 

* *
( ) .ij l l ijkl k

G

j k G u
 

   k Gk G G G

              (2.20) 

Substituting stress components of (2.20) into (2.18) yields 

* * ' '
'

2 '( ) ( ) .
K Gi j j l l ijkl ku k G k G u 
  

   
G G G G k G

G G

      (2.21) 

To obtain the dispersion relation numerically, the Fourier expansion are truncated 

with N plane waves. In this case, (2.21) can be expressed in the following matrix 

form: 

2

i ij i MU Γ C Γ U                      (2.22) 

with  
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1

1

,

N

N

 

 





 
 

  
 
 

0 G G

0G G

I I

M

I I

                  (2.23) 

1

1

,

N

N

ijkl ijkl

ij

ijkl ijkl





 
 

  
 
 

0 G G

0G G

C                 (2.24) 

and 

1 0

.

0

i

N

 
 

  
  

k G

Γ

k G

                  (2.25) 

One can find the frequency   at the given wavenumber k  ( ( ) k formulation) 

or the wavenumber k  at the given frequency   ( ( )k formulation) with (2-22)-

(2.25). As an example, the numerical results for a two-dimensional phononic crystal 

will be presented in Subsection 2.2.3. 

 

2.2.2 Finite element method 

 

In this subsection, the detailed formulation of the finite element method is addressed 

for a periodic elastic medium [65, 66]. By the finite element method, an analysis 

domain is discretized into finite elements in which the fields are interpolated using 

the shape functions. Then, the global field is expressed as a function of nodal values 

of finite elements. The weak form of the elastic wave equations are given by 

2

2

.

dV dV
t

dV

  



 




  



  
  

  

 



u
u u σ

u
u

x x

             (2.26) 



21 

 

Applying the divergence theorem yields 

2

2
.dV dS dV

t


  

  

  
 

    
u u u

u uσn
x x

        (2.27) 

The first term on the right side of (2.27) equals to zero because there is no external 

force. The displacement fields ( )u x  and the strain ( )ε x  in an element are 

interpolated with the shape function ( )N x  as follows: 

( ) ( ) eu x N x U                         (2.28) 

( ) ( )
( ) ( )e e

 
  

 

u x N x
ε x U B x U

x x
               (2.29) 

where 
eU  is the nodal displacements of an element. Substituting (2.28) and (2.29) 

into (2.27) yields 

2

e e e e M U K U                       (2.30) 

where 
eM  and 

eK  are the element mass matrix and element stiffness matrix,  

T

e e dV


 M N N                      (2.31) 

.T

e e dV


 K B B                      (2.32) 

The global mass and stiffness matrices of the primitive unit cell of a periodic 

medium can be assembled with element matrices derived in (2.31) and (2.32). After 

the assembly of the global matrices, the Bloch theorem (2.13) has to be applied to 

obtain the dispersion relation of the periodic medium. To do this, the periodic 

boundary conditions that describe a phase shift between two boundaries of the unit 

cell are applied. For example, if there are two points apart from d  on the boundary, 

then the phase of the second point is shifted 
jkde  compared to the first point. By 

applying these periodic boundary conditions with different wavenumbers, one can 

calculate the dispersion relation of a periodic medium. 



22 

 

There is an alternative formulation of the finite element method, which begins with 

the Bloch theorem. Before interpolating the displacement in the weak form of 

elastic wave equations (2.27), it can be assumed that the displacement fields have 

the form in the Bloch theorem. Then, (2.27) becomes 

*

2 * dV j j dV


  
 

    
      

    
 

u u
u u ku ku

x x
      (2.33) 

where u  is the Bloch function and the superscript * denotes the Hermitian 

operator, and 
( )j te kx

 is omitted on both sides. After the displacements of the 

Bloch function is interpolated with the shape function, then, (2.33) can be written as  

2

e e e e M U K U                       (2.34) 

where eK  are the element stiffness of the following form  

*( ) ( ) .e ej j dV


  K B kN B kN              (2.35) 

In this case, equations are expressed for the Bloch function so that it is not needed 

to employ the explicit phase shift between the boundaries. This fact has an 

advantage to analysis the dispersion relation at the given frequency at which the 

wavenumber component is unknown; see Ref. [68] for detailed derivation of the 

analysis at the given frequency. 

 

2.2.3 Numerical examples 

 

Up to now, detailed derivation of the PWE and the FEM were given. In this 

subsection, they are applied to calculate the dispersion relation of a two-

dimensional phononic crystal. Phononic crystals are an artificial material which is 

composed of inclusions regularly distributed in a matrix. As an example, the 
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phononic crystals consisting of circular epoxy inclusions arranged with the 

rectangular and the triangular lattices in the aluminum matrix are considered; see 

Figure 2.3(a) and (b) for configurations of square-lattice and triangular-lattice 

phononic crystals, respectively. The lattice parameter is 
1 2 5mmd d   and the 

diameter of circular inclusion is 2.5mm. In a formulation by the plane wave 

expansion method, 441 plane waves are used for the expansion of the displacements. 

In the finite element method, the unit cell of the considered phononic crystal is 

discretized by 10000 finite elements.  

 

Numerical results of the dispersion relation of the considered square-lattice 

phononic crystals are presented in Figure 2.4. The angular frequency is calculated 

along the two directions of wavenumber:   and  , where  ,  , and 

  are the symmetric points of the 1
st
 (irreducible) Brillouin zone of the 

rectangular phononic crystals; see the Brillouin zone shown in the right panel of 

Figure 2.3(a). In Figure 2.4, Black dots are presented the result by the plane wave 

expansion while red dots, by the finite element method. In phononic crystals, waves 

are scattered by the periodic inclusions, leading to destructive or constructive 

interferences depending on the wavelength. Due to the wave scattering, there are 

multiple propagating modes in the phononic crystal while two kinds of wave modes, 

the quasi-longitudinal and the quasi-transverse modes, only exist in a homogeneous 

elastic medium. Between branches of propagating modes, it is shown that the band 

gap of a quasi-transverse wave is opened as denoted by the gray shading in Figure 

2.4. At this frequency range ( 220.6 319.7kHzf  ), elastic wave of the quasi-

transverse mode cannot propagate through the phononic crystals. Also, one can find 

that the dispersion relation is the symmetric in the wavenumber domain as be 
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proved by the Bloch theorem. Its irreducible unit in the wavenumber domain is 

called 1
st
 Brillouin zone which is represented by the shading in the right panel of 

Figure 2.3. 

 

In Figure 2.5, the Equi-Frequency Contours (EFC’s) at different frequencies are 

given for phononic crystals arranged in the rectangular and the triangular lattices, 

respectively. In each panel of Figure 2.5, the outer contour represents the EFC of the 

quasi-transverse wave mode and the inner contour, the quasi-longitudinal mode. 

The EFC is a diagram of the wavenumbers that satisfy the wave equations at the 

given frequency. It is similar to the slowness curve of a homogeneous medium that 

is discussed in Section 2.1. From the Christoffel equations of a homogeneous 

medium, the wavenumber is always proportional to the frequency so that the shape 

of EFC is always the same regardless of the frequency. But the EFC’s of the 

phononic crystal shown in Figure 2.5 exhibit different shapes depending on the 

frequency: At 100 kHz, EFC’s of the quasi-longitudinal and the quasi-transverse 

modes are almost circular. As the frequency increased, they become a non-circular 

shape. In EFC’s 250 kHz, the quasi-transverse wave cannot propagate in   

direction while propagates with the zero-diffraction in some directions. This finding 

can be interpreted as an anisotropy induced by the phononic crystals. As mentioned 

earlier, the effect of the phononic crystals on the wave scattering is different 

depending on the periodicity of the inclusions; compare EFC’s of two different 

lattice type shown in Figure 2.5.  
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2.3 Elastic wave propagation in a waveguide 

 

Here, wave propagation in a periodic waveguide will be discussed. In previous 

sections of Chapter 2, elastic waves in an infinite medium were addressed. Unlike 

the infinite medium in which there is no boundary to be considered, elastic waves in 

a waveguide are confined within free boundaries; successive reflections from free 

boundaries lead to develop the guided modes in a waveguide. In this section, after 

the dispersion relation of an elastic waveguide is briefly addressed, analysis 

schemes of the dispersion relation for a periodic waveguide will be introduced. 

 

2.3.1 Elastic wave propagation in a homogeneous waveguide 

 

When elastic waves propagate along a waveguide, such as pipes and plates, the 

longitudinal and the transverse wave modes are coupled due to reflections at free 

boundaries. By applying the transverse resonance condition to the reflection 

coefficient of each wave mode at the free boundary, the dispersion relation of the 

guided waves can be derived [15]. The dispersion relation for the symmetric and the 

antisymmetric wave modes in an isotropic waveguide are given by 

 

2

2
2 2

tan 2 4

tan 2

yT x yL yT

yL
yT x

k h k k k

k h k k
 


                  (2.36) 

and 

 
2

2 2

2

tan 2

tan 2 4

yT xyT

yL x yL yT

k kk h

k h k k k


                    (2.37) 

where yLk , yTk  is the y components of wavenumber for the longitudinal and the 
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transverse wave modes, xk  is the wavenumber in the propagating direction, h  is 

the thickness of the waveguide [15, 16]. The relations between the wavenumbers are 

2

2 2

yL x

L

k k
V

 
  
 

                      (2.38) 

and 

2

2 2

yT x

T

k k
V

 
  
 

                      (2.39) 

where 
LV , 

TV  are the phase velocities of the longitudinal and the transverse waves 

in an infinite isotropic medium. The dispersion relations of the waveguides can be 

analyzed by searching the 
xk   pair which satisfies (2.36) – (2.39). 

 

As an example, the dispersion relation of an aluminum plate of 30 mm in thickness 

is analyzed numerically. As shown in Figure 2.6(a), an aluminum plate supports 

infinite wave modes. Their modal distributions of displacements are given in Figure 

2.6(b). Note that wave modes at the fixed wavenumber of 400 rad/m  are evaluated. 

It is found that wave modes of higher branches have more nodal points in the 

thickness direction. Moreover, their wave properties exhibit complex behavior 

compared to those for the bulk wave; see the dispersion relations of an infinite 

medium given in Figure 2.1(a). For example, the group velocity of the guided wave 

mode is different depending on the frequency, leading to the dispersion of a wave 

packet. The dispersive nature of guided waves causes difficulties in their practical 

applications: multiple wave mode excitations and the group velocity dispersion. As 

the objective of this research is to overcome the problematic issues by employing 

periodic structures into waveguides, analysis schemes for the dispersion relation of 
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a periodic waveguides will be discussed in the following subsection. 

 

2.3.2 Elastic wave propagation in a periodic waveguide 

 

For an infinitely periodic medium, the plane wave expansion method and the finite 

element method were discussed in Section 2.2. In analysis of the dispersion relation 

of a periodic waveguides, the main idea to deal with the periodicity in a medium is 

the same: to expansion the Bloch function by the Fourier transform in the plane 

wave expansion method; to apply the periodic boundary condition in the finite 

element method [69-71]. The difference in the case of periodic waveguides is the 

traction free boundaries. In this subsection, it is introduced how the free boundaries 

are considered in the plane wave expansion method and the finite element method.  

 

As an example, consider a waveguide in which the square inclusions are 

periodically arranged in the x direction shown in Figure 2.7(a). This periodic 

waveguide has the free boundaries at 2y h   while it is infinitely long in the z 

direction. To analysis the dispersion relation by the plane wave expansion method, 

the supercell in which waveguide are stacked in the y direction can be considered as 

shown in Figure 2.7(b). To mimic the free boundaries of the original waveguides, a 

Low Impedance Material (LIM) layer is inserted between the periodic waveguides 

[70, 71]. Because an impedance difference is quite big enough to confine elastic 

waves in the periodic waveguides, one can use the PWE method for an infinitely 

periodic medium to a finite periodic waveguide system. In the case for the periodic 

waveguides, additional efforts are needed in calculation of the Fourier components 

of the unit cell of the waveguide supercell which is represented in Figure 2.7(b).  
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Next, the analysis procedure by the FEM for the periodic waveguide is quite the 

same with the case for the infinite periodic medium. As mentioned in Subsection 

2.2.2, a unit cell of the periodic medium is discretized by the finite element. Then, 

based on the Bloch theorem, the periodic boundary conditions are applied to 

boundaries of a unit cell. In the case of the periodic waveguide, it is enough to 

replace the periodic boundary condition at the free boundaries by the traction free 

boundary condition. It is the same when the formulation for the Bloch function in 

(2.34) is used. By using the finite element method, the dispersion relation of a 30 

mm thick aluminum waveguide in which square epoxy inclusions arranged 

periodically ( 6mmxd  ) is analyzed. The calculated dispersion relation is given in 

Figure 2.8. As for an infinite periodic medium, it is shown that the band gap for the 

fundamental guided mode is opened and the small partial band gaps are also opened 

due to the mode coupling between wave modes. Detailed analysis of the dispersion 

relation for a periodic waveguide will be discussed in the following chapters. 
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Figure 2.1 (a) Dispersion curves of quasi-longitudinal and quasi-transverse waves 

in an infinite Gallium arsenide. The distributions of x- and y-displacements of 

eigenmodes at (b) Point A and (c) Point B in Figure 2.1(a). 
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Figure 2.2 (a) Slowness curves of quasi-longitudinal and quasi-transverse waves in 

an infinite Gallium arsenide. The directions of phase velocity is denoted by dashed 

line while the group velocity, by solid line. 
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Figure 2.3 Schematics of phononic crystals (left) and the corresponding irreducible 

Brillouin zone (right) for (a) square lattice and (b) triangular lattice. 
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Figure 2.4 Dispersion relation of the phononic crystal consisting of epoxy 

inclusions with square lattice in aluminum matrix. Black dots represent the results 

by the plane wave expansion while red dots, by the finite element method. 
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Figure 2.5 The equi-frequency contours (EFC’s) at different frequencies for (a) the 

square-lattice and (b) the triangular-lattice phononic crystals 
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Figure 2.6 (b) The dispersion relations of elastic guided waves in a homogeneous 

waveguide of 30 mm in the width. (b) The distributions of the x- and y-displacement 

components of eigenmodes at 400 rad mxk  .  
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Figure 2.7 (a) Schematic of phononic crystal plate consisting the periodic 

inclusions in the middle of the plate. (b) Schematic of the supercell of phononic 

crystal plate. Between the phononic crystal plates, the low-impedance material 

(LIM) layers are used to suppress the transmission. 
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Figure 2.8 (a) Dispersion relation of the phononic crystal plate which is made of 

epoxy inclusions in an aluminum plate. 
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CHAPTER 3 

DISPERSION ENGINEERING IN WAVENUMBER 

DOMAIN BY PHONONIC CRYSTALS 

 

 

3.1 Overview 

 

In the ultrasonic non-destructive evaluation by guided waves, multi-mode excitation 

should be resolved to improve the resolution of an evaluation. But, above the cutoff 

frequency, the other wave modes which have a longer wavelength are inevitably 

excited. These long-wavelength wave modes are undesired in the evaluation process 

and should be removed for a better resolution. From this motivation, multiple wave 

modes in a waveguide are aimed to separate by employing phononic crystals in this 

chapter. Here, the anisotropic property of phononic crystals is investigated to 

separate a multi-modal wave in a waveguide. As mentioned in Chapter 1, the 

photonic and phononic crystals exhibit strongly anisotropic properties at edges of 

the band gap; it has been demonstrated that waves are refracted at an extremely 

large angle, the superprism effect [31], or propagate maintaining their waveform 

unchanged, the self-collimation phenomena [32]. These anisotropic properties of 

phononic crystals are strongly dependent on the frequency and the wavenumber. 

Furthermore, elastic waves in a waveguide exhibit the complex behavior compared 

to in a bulk medium.  
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In earlier researches on wave separation of electromagnetic waves, the 

extraordinary wave phenomena of photonic crystals have been exploited: the band 

gap phenomenon [72-74], waveguide effect [75], and refractive property [32, 76, 

77]. For acoustic waves, a little effort has been paid to separate the waves by 

phononic crystals. In 2004, acoustic waves of different frequencies were separated 

by employing waveguide effect of phononic crystals [78] and no investigation has 

been made for the separation of elastic waves. In the situation where the mode 

separation cannot be achieved by the alternative way, such as the frequency filtering 

or the signal processing, phononic crystals can be effectively applied to separate 

multi-modal waves. Here, we present that the anisotropic characteristics of 

phononic crystals [4, 45, 79, 80] can be used for complete mode separation. In the 

non-destructive evaluation by guided waves, the main efforts were devoted to single 

mode excitation and measurement by enhancing a target mode [58, 59] or 

suppressing an undesired mode [61]. For example, If only one mode is to be 

selected, a meander-like type transducer with the lines spaced by a target 

wavelength may be considered [81]. Compared to the presenting techniques, the 

proposed approach by phononic crystals can provide the possibility of multiple 

mode measurement, leading to the advance in non-destructive evaluation 

application. 

 

In this study, the propagation direction was tailored to have a different value 

depending on a mode. Multiple wave modes, which are incident onto the same 

position of the phononic crystal, propagate along different propagating directions, 

then, they can be separated at the exit side of phononic crystals. For clear separation, 

the propagation directions are as different as possible and the spatial dispersion 
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effect should be considered. To control these wave properties, we focus on the 

dispersion relation in the wavenumber domain of phononic crystals. The aims of 

this chapter are (1) to manipulate the dispersion relation in the wavenumber domain 

by an optimization method for two-dimensional phononic crystals; (2) to select 

lattice parameters of a phononic crystal plate for mode separation of guided waves; 

(3) to confirm the mode separation in phononic crystal plate by numerical analysis 

and ultrasonic experiments. 

 

Before investigating the mode separation for a waveguide, the dispersion relation of 

two-dimensional phononic crystals is investigated in the wavenumber domain as a 

simplified problem. Since wave properties of a transverse wave mode in a bulk 

elastic medium is identical to a fundamental shear-horizontal (SH) guided mode in a 

plate, the effect of phononic crystals on the spatial dispersion can be understood 

from this two-dimensional study. In particular, the self-collimating phononic crystal 

is focused as a preliminary study. Phononic crystal structures which allows the wave 

to propagate without diffraction broadening [32] are designed by employing an 

optimization method. We formulate the shape optimization by using the plane wave 

expansion method and select the periodicity of a lattice and the filling factor of 

circular air holes so that an elastic wave can propagate along a predetermined 

direction without the spatial dispersion. 

 

In Section 3.3, a necessary requirement for mode separation of guided waves, the 

fundamental SH and the second order SH1 wave modes in a waveguide, is 

discussed. Then, the lattice parameters of a phononic crystal plate are determined 

based on the results of the two-dimensional case. By a selected phononic crystal 
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plate, the dispersion relation in the wavenumber domain at the target frequency, 

EFC, is analyzed; a direction of the group velocity and a degree of the spatial 

dispersion for each wave mode are examined. Finally, an effectiveness of the 

phononic crystal plate for the mode separation of SH waves is demonstrated by a 

numerical harmonic analysis and ultrasonic experiments. 
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3.2 Dispersion engineering of two-dimensional phononic crystals 

 

In this section, the dispersion engineering for self-collimated waves in a two-

dimensional phononic crystal is carried out by a numerical optimization. As be 

discussed earlier, where the dispersion relation of phononic crystals have the flat 

EFC’s, elastic waves can propagate without the dispersion. At the flat region of 

EFC’s, the group velocities are almost collinear and the self-collimation effect is 

observed. As shown Figure 2.5, the region where the self-collimation is observed 

depends on the frequency and the structure of phononic crystals. In this situation, it 

is important to select the proper phononic crystal to have a desired propagation 

direction at the given frequency. Here, a gradient-based shape optimization method 

is formulated by the plane wave expansion method to determine a lattice parameter 

and a filling factor of phononic crystal. After the design formulation by plane wave 

expansion method is given, the self-collimating phononic crystals are designed to 

have the prescribed propagation direction at the given frequency. 

 

3.2.1 Design formulation for self-collimating phononic crystals  

 

Here, a shape optimization method for self-collimating phononic crystals is 

formulated. The objective of an optimization problem is to exhibit the self-

collimation effect for elastic waves in phononic crystals. The dispersion relation in 

the wavenumber domain is manipulated by tailoring the phononic crystal structures. 

To this end, we propose the shape optimization method to design the lattice 

parameters of phononic crystals. We consider two-dimensional phononic crystal 

consisting of air holes arranged with a parallelogram lattice. As design variables, the 
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lattice parameters of phononic crystals are considered; see a diagram of a phononic 

crystal shown in Figure 3.1(a). The objective function is defined by the square norm 

of differences in the group velocities as follows: 

ref
,

min
i f

 
d

 , in yk                     (3.1) 

where   is the direction of a group velocity at the particular yk , ref  is the 

predetermined propagation direction,  denotes the square norm, and yk  is 

the target wavenumber range. The design variables are as follows: the periods id  

of lattice vectors, the direction   of a lattice vector 2d  (the direction of 1d  is 

fixed at ŷ ), and the filling fraction f of inclusion. By minimizing the objective 

function in (3.1), the EFC of the parallelogram lattice can have the self-collimation 

region in the target wavenumber range yk  at the given frequency. 

 

Since the direction of a group velocity,  , is normal to its EFC at the particular 

frequency, ( )k   formulation is helpful to reduce the numerical cost in the 

dispersion analysis compared to ( )k  formulation [82, 83]. When the plane wave 

expansion method is applied in calculation of EFC’s, ( )k  formulation of 

dispersion analysis is expressed by matrix form as follows: 

   2 k k

i i ij i i   G G
MU Γ Γ C Γ Γ U                (3.2) 
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and ˆ ˆ ˆ
x x zl l l  l x y z   is a unit vector of k . Then, (3.2) becomes the polynomial 

eigenvalue problem for a wavenumber k as follows: 

 

 2 0.

k k k k

i ij i i ij i i ij i

i ij i 

 

  

G G

G G

Γ C Γ U Γ C Γ Γ C Γ U

Γ C Γ M U
            (3.5) 

By solving (3.5) at the given frequency  , EFC’s of phononic crystals can be 

analyzed. And the direction of a group velocity is obtained by numerical derivation 

of calculated EFC’s.  

 

The dispersion engineering in (3.1), the design variables (lattice vectors, filling 

factor of inclusion) are updated by the Method of Moving Asymptotes (MMA) [84], 

the gradient-based optimizer, until convergence criteria is satisfied. We present an 

iteration history of an optimization example in Figure 3.2(a): As the proposed 

dispersion engineering is progressed, the objective function is minimized; phononic 

crystals of different iteration numbers and corresponding EFC’s are also presented 

in Figure 3.2 (b) and (c), respectively. At an initial stage, phononic crystal has a 

circular shape of EFC’s that is the same with those of an isotropic medium. But, as 

the optimization is progressed, the self-collimation effect appears in its EFC. In the 

following subsection, detailed information of various numerical examples will be 

presented.  

 

 



44 

 

3.2.2 Design examples  

 

In this subsection, the formulated optimization method in (3.1) is applied to design 

the self-collimating phononic crystals to have different propagation direction. The 

structure of phononic crystals is engineered to exhibit the desired wave properties: 

the self-collimation effect and the predetermined direction of wave propagation. In 

this study, the transverse wave mode in a bulk aluminum is considered at the target 

frequency of 300 kHz. The following material properties of aluminum are used: 

density 
32631.4kg m  , Young’s modulus E = 67.78 GPa , Poisson’s ratio 

0.33  . The phononic crystal is designed to propagate along the prescribed 

direction *

ref 10  , 20 , 30 , and 40 , respectively. The target wavenumber 

region of 156.7 347.4rad myk   is controlled. The design variables, the periods 

of lattice, the angle of parallelogram lattice, and a filling factor of air holes, are 

constrained as follows: 1 20 ,  d d , 0 90  , and 0 1.0f  , 

respectively. The wavelength   of the transverse wave mode in a bulk aluminum 

is 10.37mm  at 300 kHz. Initial values of the design variables are 1 2, 10d d , 

90  , and 0.01f  , respectively. From these values, they are so optimized to 

achieve the desired characteristics in the wavenumber domain. 

 

Figure 3.3 shows results of the dispersion engineering by the proposed optimization 

method. Designed phononic crystals and their EFC’s at 300 kHz are given for

*

ref 10  , 20 , 30 , and 40 , respectively. Depending on the given propagation 

direction 
*

ref , phononic crystals are designed through optimization procedures. The 
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converged value of design variables for self-collimating phononic crystals are 

summarized in Table 3.1. Note that the phononic crystals are presented in a region 

on 2 , 2x y    . The EFC’s have the flat portion in the target wavenumber 

domain denoted by the gray shading; the direction of group velocity, which is 

normal to EFC, is almost the same with the target values, 
*

ref . In Figure 3.4, we 

present the propagation direction as a function of an inputted angle of the transverse 

mode from a bulk aluminum. Note that the target wavenumber range corresponds to 

the incident angle of 15 35  . As can be aniticipated from EFC’s, the 

propagation direction is constant for designed phononic crystals compared with a 

bulk aluminum. From this profile where the propagation directions are almost 

constant in yk , it is expected that the spatial dispersion of the elastic medium is 

successfully suppressed by the engineered phononic crystal. 

 

To demonstrate this dispersion engineering, numerical harmonic analysis is 

conducted. The phononic crystal slabs of 100mm( 10 )  are constructed into an 

aluminum with the design periodic structure. Around the analysis domain, the 

Perfectly Match Layer (PML) is made to suppress the edge reflection. The 

transverse wave is excited at a source located the left side of the phononic crystal 

slab with an incident angle of 25 . Figure 3.5 shows the distribution of shear stress 

x y    calculated by time-harmonic analysis for phononic crystal slabs of 
*

ref 10  , 

20 , 30 , and 40 , respectively. Note that the coordinate for an evaluation of the 

shear stress x y    is rotated by 25 degrees. In each panel of Figure 3.5, inputted 

waves are refracted depend on the constructed phononic crystal structures shown in 
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Figure 3.3. And it is presented that the refracted wave propagates without spatial 

dispersion in the phononic crystals region. The interfaces between a bulk aluminum 

and the designed phononic crystal are remarked by black dashed lines.  

 

In summary of this section, the dispersion relation of the elastic waves is controlled 

in the wavenumber domain by the properly designed phononic crystals. To find the 

lattice parameter of a phononic crystal which exhibits the desired wave properties, 

the optimization method is proposed. The shape optimization problem is formulated 

to make the phononic crystal have the self-collimation effect at the given frequency 

and the wavenumber range. Through the optimization problem, phononic crystal 

structures having different propagation directions can be obtained. The self-

collimation in the engineered phononic crystal is confirmed by the numerical 

simulation.  
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3.3 Mode separation of guided waves in a phononic crystal plate 

 

In this section, the ability of phononic crystals to manipulate the dispersion relation 

in the wavenumber domain is employed for the mode separation in an elastic 

waveguide. Above the first cutoff frequency of a waveguide, fcutoff , high-frequency 

pulses generated from a transducer inevitably excite multiple wave modes having 

both large and short wavenumbers. To achieve high-resolution elastic wave based 

imaging or damage detection, one should use wave pulses of short wavelengths (i.e., 

large wavenumbers). Here, we apply phononic crystals in which the propagation 

direction of elastic waves can be controlled. The main challenge of this study is that 

the propagation directions of multiple wave modes are engineered at a single 

frequency. To examine the situation in which the mode separation is applied, let us 

consider a thin homogeneous aluminum plate as shown in Figure 3.6(a). When the 

center frequency of a wave pulse is higher than the cutoff frequency of 311 kHz, 

two wave modes corresponding to the circled points in the dispersion relation of 

Figure 3.6(b) are simultaneously excited. This fact is confirmed by ultrasonic 

experiments. In Figure 3.6(c), we measured the elastic wave signal at Point A in 

Figure 3.6(a), which shows the multiple guided modes are simultaneously excited at 

357 kHz. 

 

Here, the anisotropic wave property of phononic crystal is applied to make guided 

waves propagate in different directions. Figure 3.7(a) shows a schematic of this 

mode separation in waveguide. When a phononic crystal plate is inserted in a 

homogeneous plate, the propagation directions of two wave modes are manipulated 

and they can be separated. This can be confirmed by the experimentally measured 
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wave signal at A  in Figure 3.7(b); the fundamental shear-horizontal (SH) wave 

only appears in the signal. In the following section, we present the related numerical 

analysis and experimental demonstration as well as the findings from this study. 

 

3.3.1 Selection of phononic crystal plates for mode separation 

 

The objective of this work is to separate two shear waves, SH0 and SH1 wave 

modes, in a homogeneous plate. To this end, the dispersion relations of guided SH 

waves are controlled to have different propagation directions by phononic crystal 

plate. As discussed in Section 3.2, we can manipulate the propagation direction of 

elastic waves by tailoring the unit structures of phononic crystals. Before the lattice 

parameter of phononic crystal plate is selected, it is helpful to review the 

dependency of the dispersion relation in the wavenumber domain on the frequency. 

At the low frequency when the wavelength is smaller than the periodicity of a 

phononic crystal, the dispersion relation of phononic crystal is almost the same as 

that of homogeneous medium. In other words, the effect of the phononic crystal on 

wave propagation is homogenized at the low frequency regime. As the frequency 

increased, the wavelength becomes comparable to the periodicity. Then, the 

destructive interference occurs in some directions; this leads to the partial band gaps 

in which waves cannot propagates; see EFC’s at 250 kHz in Figure 2.5. At this 

frequency, the wave propagated without the spatial dispersion as in the waveguide, 

which is called the self-collimation. In the Section 3.2, we tailored the periodicity of 

the phononic crystal, leading to change in the direction where the partial band gap is 

opened.  
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For mode separation, the propagation directions of two SH waves should be as 

different as possible; in addition, the spatial dispersion effect should be minimized. 

From the previous studies, the formation of the partial band gap exhibits different 

behaviors depending on the branch of dispersion curves [41, 85]. Based on this 

condition, here, the lattice parameters of phononic crystal plate is so selected that 

the different branches are excited depending on the wave mode at the target 

frequency: the second branch (folded branch) for SH0 wave mode and the first 

branch for SH1 wave mode. In an aluminum plate of 5 mm, the wavelengths of SH0 

wave and SH1 wave modes at 357 kHz are 8.71 mm and 17.78 mm, respectively. 

By considering these wavelengths, a lattice parameter a of the triangular phononic 

crystal and a diameter d of air holes are selected as 8mma  and 2mmd  , 

respectively. In the following subsection, the dispersion relation of the selected 

phononic crystal is examined for the mode separation. 

 

3.3.2 Analysis of dispersion relations of phononic crystal plate 

 

For mode separation of guided SH waves, the phononic crystal plate consists of the 

air-filled holes of triangular-lattice in a 5 mm thick aluminum plate (density 

32631.4kg m  , Young’s modulus 67.78GPaE  , and Poisson’s ratio = 0.33 ) 

is selected in this study. The phononic crystal plate has air holes of 2mmd   with 

a lattice parameter of 8mma  . Figure 3.8(a) shows the dispersion relation of the 

phononic crystal plate for a wave vector along symmetry directions of the 

irreducible and extended Brillouin zone [80, 86]. The dispersion curve was 

calculated by using the FEM. Because there are many coupled wave modes in 
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dispersion curves of a phononic crystal, it is difficult to select the wave modes that 

have shear dominant motions resembling the homogeneous plate. Note that 

displacements of two SH wave modes in the homogeneous plate are given in Figure 

3.6(b). When SH guided elastic waves propagating in the x direction are considered, 

the dominant displacement component is yu  (the displacement in the y direction). 

From the band folding of phononic crystals and the displacement field distributions 

of mode shapes [18, 87, 88], the wave mode exhibits the dominant motions in the y 

direction can found. They are denoted by Point A ( 777.3rad mxk  ) and B 

( 411.9rad mxk  ) in the dispersion curves. And their displacement field 

distributions of a unit cell of the phononic crystal are plotted in Figure 3.8(b). From 

the similarities between the displacement mode shapes of the homogeneous plate 

and those of the phononic crystal plate, it can be found that the incident SH0 and 

SH1 modes from the homogeneous plate can excite the selected modes of the wave 

in the phononic crystal located at Points A and B in Figure 3.8(a).  

 

Next, directions of the group velocity and their spatial dispersion are examined for 

the selected modes in a phononic crystal plate. To do this, the EFC’s for the SH0 

and SH1 wave modes at the frequency of 357 kHz are analyzed. When the wave is 

incident upon the phononic crystal plate with an oblique angle, the refracted wave 

which has the same tangential component of the wavenumber, yk  in this situation, 

with an incident homogeneous medium is excited due to conservation of momentum 

[45, 80, 86]. Since the geometry of the EFC for the SH0 wave is quite different 

compared to that for the SH1 wave, the refraction angles of the two wave modes are 

correspondingly different; it is expected that the successful mode separation can be 
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achieved by the selected phononic crystal plate. 

 

To separate the incident waves through the phononic crystal plate, the refraction 

angles should be as different as possible. To this end, one should consider possible 

incident angles using the EFC’s of the homogeneous and phononic crystal plates 

shown in Figure 3.9(a). We evaluate the angles of refraction ( r ) for the incident 

SH0 and SH1 mode waves of the uniform plate by using the EFC of the PC plate in 

the first (irreducible) Brillouin zone and that in the second zone, respectively. The 

refraction angles of refracted waves for varying angles of incidence, i , are 

presented in Figure 3.9(b). As shown in the profiles of the refraction angles, the 

difference between the refraction angle (
0

r ) for the incident SH0 wave and the 

refraction angle (
1

r ) for the incident SH1 wave is increased as i  is increased. 

Instead, the spatial dispersion effect, which is related to the changes in the direction 

of the group velocity, becomes stronger at the large angle of incidence. From the 

consideration of the difference in the refraction angle and the spatial dispersion 

effect, we select an angle of incidence equal to 8.00  for which the refraction 

angles are 
0 21.43r   and 

1 0.67r    for SH0 and SH1 wave, respectively. 

 

3.3.3 Numerical and experimental demonstration of mode 

separation 

 

Here, the mode separation in the phononic crystal plate is demonstrated. To do this, 

the guided wave propagation in the phononic crystal plate is studied by numerical 
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harmonic simulations and ultrasonic experiments.  

 

Let us discuss about numerical demonstration. We constructed the phononic crystal 

plate which has 20 air holes in the x (or ΓK ) direction, and 10 air holes in the y 

direction in the middle of a homogeneous aluminum plate. Then, the SH wave are 

generated by the source which is placed 50 mm away from the origin of the 

coordinate system and 8  aligned from the normal to the interface. For a clear 

demonstration, the selective shear source is used to generate an each wave mode, 

SH0 and SH1 wave, respectively. Figure 3.10 shows the results of the harmonic 

analysis by three-dimensional finite element method. Amplitudes of the shear stress 

are plotted in Figure 3.10 (a) and (b) for incident SH0 and SH1 wave mode, 

respectively. For incident SH0 mode, guided wave is refracted with a large positive 

angle and exits the phononic crystal plate at a large y value. On the contrary, the 

refracted SH1 wave propagates along the same direction with the incident wave 

maintain its waveform. From the results of the numerical simulations, it is shown 

that the refraction angle strongly depends on the wave mode of incidence as 

expected by the dispersion relation.  

 

Next, ultrasonic experiments are conducted as shown in Figure 3.11(a) for mode 

separation of guided waves. The phononic crystal having a air holes arrange in 

triangular lattice are fabricated in an aluminum plate: 20 air holes in the x (or ΓK ) 

direction, and 15 air holes in the y direction. For shear wave generation in a plate, 

we employed the Planar Solenoid Array-type Orientation-Adjustable Patch type 

Magnetostrictive Transducer (PSA-OPMT) [19, 49], shown in Figure 3.11(b). PSA-

OPMT consists of a rectangular magnetostrictive patch, permanent magnets, and a 
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Planar Solenoid Array (PSA). The patch is subjected to both the static bias field by 

the magnets and the dynamic field induced by a current flowing into the PSA. To 

generate guided SH waves, the applied dynamic magnetic field should be 

perpendicular to the static magnetic field [89]. If PSA is employed in composing a 

magnetostrictive patch transducer, one can adjust the distance between planar 

solenoids to improve the directivity and wavelength tuning of the generated guided 

wave. In this mode separation experiment, the distance between planar solenoids is 

adjusted to be half the sum of the wave wavelengths of the two modes in order to 

generate the two wave modes of equal power. For a wave measurement, we design a 

magnetostrictive transducer using a single-line meander coil shown in the lower 

panel of Figure 3.11(b). 

 

A Gaussian wave pulse of 357 kHz was inputted to the PSA-OPMT, resulting both 

the SH0 and SH1 waves were generated in the PC plate. After propagating through 

the phononic crystals, the guided SH0 and SH1 wave modes exit to the 

homogeneous aluminum plate. The shear wave is measured along line 1 1  and 

2 2 , respectively. The inputted Gaussian pulse was amplified by a RAM-5000 

power amplifier (Ritex Inc., Warwich, RI) and measured signals, by SR560 low-

noise pre-amplifier (Stanford Research Systems, Sunnyvale, CA). Measurements 

are made at 25 points for each measurement line. Figure 3.12 shows the 

spatiotemporal distributions of the squared magnitudes of the 357 kHz components 

of the processed signals. As shown in Figure 3.12, experimental results show that 

guided SH waves are separated by the phononic crystal plate. This is confirmed by 

calculating the group velocities of peaks: The calculated group velocities of each 

peak in Figure 3.12 were 2847.72 m/s and 1411.83 m/s respectively. From the 
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theoretical dispersion relation of an aluminum plate with thickness of 5 mm, the 

group velocities of SH0 and SH1 wave modes are equal to 3111.73 m/s and 1524.72 

m/s at 357 kHz respectively. Despite the discrepancy in group velocities, it is shown 

that the faster peak for the larger y value corresponds to the SH0 wave mode; the 

other peak is the SH1 wave mode. Also, the experimental traveling times ( ex ) from 

the transmitter to the line 1 1  are compared with the theoretical values ( th ):

104.60 sth   and 96.23 sex   for the SH0 mode and 160.77 sth   and 

164.83 sex   for the SH1 mode, which are in good agreement. Finally, the 

experimental separation distance between two SH waves, 7.79a, is also agreed well 

with the estimated distance, 8.09a. (a: the triangular lattice parameter)  

 

For weak peaks follows the SH0 and SH1 wave mode marked by circles in Figure 

3.12, the following anlaysis is made. It is shown that the peaks A and C can be 

attributed to reflections between the phononic crystal slab. It appears about 150 s  

later than the SH0 waves and this time delay agrees with the predicted time 

146.7 s , which is calculated with the size of the PC slab equal to 20a and the wave 

propagating speed of the SH0 mode in the PC plate equal to 2181.3 m/s. The peaks 

B and D are the waves reflected from the side edge of a homogeneous plate since 

the wave measured along 2 2  was measured at the earlier time than that along 

1 1  with the relatively strong magnitude.  
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3.4 Concluding remarks 

 

In this chapter, the dispersion engineering in the wavenumber domain was studied. 

To manipulate the propagation direction of elastic waves for the self-collimation in 

two-dimensional phononic crystals, the lattice parameters of phononic crystal are 

engineered through the proposed dispersion engineering method. Based on results 

of the dispersion engineering in two-dimensional case, the proper lattice parameters 

of phononic crystals can be selected for mode separation of multiple wave modes in 

an elastic waveguide. The phononic crystal plate was determined by considering the 

propagation direction and the spatial dispersion effect. The ability of phononic 

crystals to control the propagation direction of multiple guided modes was 

confirmed by numerical simulations and ultrasonic experiments. The investigation 

presented in this chapter was published in the international journal in 2011 [90]. 
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Table 3.1 The lattice parameters of designed phononic crystals for different self-

collimation angle 
*

ref . 

*

ref  (degrees) 1d  (mm) 2d  (mm)  (degrees) r  (mm) 

10 2.314 1.927 21.293 0.283 

20 2.134 1.892 24.506 0.273 

30 3.373 3.891 80.583 0.680 

40 1.315 3.643 90.000 0.399 
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Figure 3.1 (a) Schematic of a two-dimensional phononic crystal consisting of air 

holes arranged with a parallelogram lattice in an aluminum matrix. (b) Equi-

Frequency Contour (EFC) at the target frequency in the irreducible Brilluin zone. 

Solid line denotes EFC of the phononic crystal and dashed line, of the homogeneous 

medium. In dispersion engineering for the self-collimation effect, a direction of 

group velocity which is normal to EFC’s is considered. 
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Figure 3.2 (a) Iteration history of the objective function in dispersion engineering. 

(b) Schematics of parallelogram phononic crystals for iteration number of 1, 5, 10, 

30, and 60. (c) The corresponding EFC’s at the target frequency. Solid red lines 

denote the EFC for the transverse wave mode.  

 

 

 

 



59 

 

 

 

 

 

 

 

 

Figure 3.3 The engineered phononic crystals and the corresponding EFC’s for (a) 

the given propagation direction 
*

ref  of 10 , (b) 20 , (c) 30 , and (d) 40 . 
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Figure 3.4 The variations of the propagation direction in the engineered phononic 

crystals as a function of incident angle from a homogeneous medium. 
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Figure 3.5 The distributions of a shear stress calculated by harmonic simulations of 

300 kHz. The transverse wave is inputted to the different phononic crystal structures 

of (a) 
*

ref 10  , (b) 20 , (c) 30 , and (d) 40 , respectively. 
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Figure 3.6 (a) Illustration of a guided-wave experiment in an isotropic homogenous 

uniform plate. A Garbor pulse (a modulated Gaussian pulse) centered at 357 kHz is 

inputted from the transducer. (b) The dispersion relation of the shear-horizontal 

guided wave in an aluminum plate of 5mm in thickness. The distributions of the y-

displacements along the plate thickness direction are also shown. (c) The measured 

signal at Point A showing that two wave modes corresponding to two circles in the 

dispersion curves are generated upon the single-frequency excitation. 
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Figure 3.7 (a) Illustration of the same experiment as in Figure 3.6 on an aluminum 

plate of 5 mm in thickness with a PC inserted in the middle. (b) The measured 

signal at Point A  upon the same pulse input as used in the experiment for Figure 

3.6, showing the propagation of a single mode. The inserted PC serves to separate 

two propagating modes. 
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Figure 3.8 (a) Dispersion relation of the aluminum phononic crystal plate of 5 mm 

in thickness with air holes. It is plotted mainly on the irreducible and extended 

Brillouin zone of the triangular lattice. (b) The distribution of the y-displacement 

component of the eigenmode at Point A and B in Figure 3.8(a). (the wave is 

assumed to propagate in the x direction) 

 

 

 

 

 

 



65 

 

 

 

 

 

Figure 3.9 (a) EFC’s for the SH0 (red) and SH1 mode (blue) in the first and second 

Brillouin zone of the triangular phononic crystal palte where the pentagon enclosed 

by the black lines represents the first irreducible Brillouin zone. The dotted circles 

represent the EFC’s of the uniform plate, where the red and blue lines correspond to 

the SH0 and SH1 mode, respectively. (b) The variations of the refraction angles in 

the phononic crystal for incident SH0 (red) and SH1 (blue) waves from the uniform 

plate.  
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Figure 3.10 Results of numerical wave simulations for (a) incident SH0 and (b) 

incident SH1 waves, respectively. The in-plane SH wave is refracted in the 

phononic crystal plate depending on the incident wave mode. 
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Figure 3.11 (a) Photo of the experimental setup for the mode separation of a single-

frequency bi-modal SH wave into two modes by using a phononic crystal plate. (b) 

Illustration of the Planar Solenoid Array-type Orientation-Adjustable Patch type 

Magnetostrictive Transducer (PSA-OPMT) for transmitter (upper) and a 

magnetostrictive patch transducer having a single-line meander for receiver (lower). 
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Figure 3.12 The spatiotemporal distributions of the squared magnitudes of the 357 

kHz frequency component of the signals measured (a) along the 1 1  and (b) 

2 2  lines. 
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CHAPTER 4 

DISPERSION ENGINEERING IN FREQUENCY DOMAIN 

BY PHONONINC CRYSTALS 

 

 

4.1 Overview 

 

In the preceding chapter, we employed phononic crystals to spatially separate 

multiple wave modes in an elastic waveguide. The dispersion relation in the 

wavenumber domain was focused on and the propagation direction was 

manipulated by phononic crystals. In this chapter, we use phononic crystals to 

suppress an excitation of an undesired wave mode and the group velocity dispersion 

of a target guided mode. In particular, the forbidden band gap and dispersion 

engineering in the frequency domain are investigated. As a target application in this 

chapter, an ultrasonic waveguide transducer [91-96] is considered; see schemataic 

of waveguide transducer in Figure 4.1(a). This type of transducer has been 

developed to evaluate a test structure where the active transducer element, 

piezoelectric or magnetostrictive materials, cannot be directly installed. For 

example, when a temperature of a test structure is higher than the Curie temperature, 

the poling direction of piezoelectric material is broken. For this reason, the 

transducers consist of piezoelectric materials cannot work at high temperature 

environments. Also, the structure under the opaque fluids cannot be evaluated with 

the typical transducers. In this situation, the waveguide has been used as the buffer. 
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As mentioned earlier, however, multi-mode waves are inevitable generated in a 

waveguide and they are distorted by the dispersive nature as shown in Figure 4.1(c). 

To overcome the signal distortion through a waveguide, we aim to tailor the 

dispersion relation of a waveguide by employing phononic crystals in this chapter. 

 

As we use the band gap phenomena and dispersion tailoring of the phononic 

crystals, earlier works applying photonic or phononic crystals to the problems 

similar to the present one is reviewed. First, it was reported that the forbidden band 

gap for the guided Lamb waves can be opened by the periodic structures in a 

waveguide. In Refs. [97-99], the acoustic waveguides have been investigated to 

study the effect of the periodic free boundaries on band gap phenomena. Also, it 

was presented that the band gap of guided waves were affected by the scatterers in 

waveguides [100-102]. Next, regarding the dispersion tailoring, the guided mode in 

a line-defect of photonic/phononic crystals was also tailored in Refs. [88, 103, 104, 

105]. As mentioned in Chapter 1, electromagnetic waves can confined within a line-

defect of the photonic band gap, which shows the strong dispersive behavior. To 

reduce the dispersion effect of this type of guided mode, inclusions nearby the line-

defect was tailored [103-105]. As a result of the change in the structure, the band 

structures of the waveguide modes in photonic band gap have been adjusted, 

leading to suppression of the dispersion effect. Based on these earlier researches, we 

propose waveguide transducers that have phononic crystals in the middle of the 

waveguide and present the engineering method for unit structure of phononic 

crystals. 

 

The objectives of this chapter are different for each wave mode: (1) to minimize the 



71 

 

transmission of an undesired wave mode and (2) to suppress the dispersion effect of 

a target wave mode. To achieve this, the dispersion relation of a target wave mode is 

adjusted to minimize its dispersion effect, while an undesired wave mode is 

suppressed by opening the band gap of a phononic crystal. To find the proper 

phononic crystal structures satisfying the design objectives, we employ a size 

optimization method which is formulated by the dispersion relation in the frequency 

domain. Through the proposed optimization method, phononic crystals which 

satisfy multiple objectives can be realized and a validity of the proposed waveguide 

structure is confirmed by time-transient numerical simulation and ultrasonic 

experiments. 

 

In Section 4.2, we will discuss about the group velocity dispersion in a 

homogeneous elastic waveguide. We experimentally measure transmitted signals at 

different frequencies. By analyzing the signals with the dispersion relation, the 

wave distortion issues in a waveguide can be clarified. Then, an effect of two-

dimensional phononic crystal on the dispersion effect is also studied. It will be 

presented that the group velocity dispersion is clearly appeared as the frequency 

approaches the band gap of phononic crystals. Because we apply the phononic 

crystal to a waveguide, these preliminary studies are helpful to understand 

propagation behavior in phononic crystals. Next, in Section 4.3, we design the 

phononic crystal waveguide to resolve the wave distortion in a waveguide. A size 

optimization method for sizes of inclusions and the periodicity of phononic crystal 

structures is proposed. After detailed design procedure is described, the validity of 

the designed phononic crystal structure is confirmed by the numerical analysis. 

Finally, results of ultrasonic experiments in a proposed waveguide will be discussed. 
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4.2 Group velocity dispersion in an elastic waveguide  

 

To give a motivation of this study, the signal distortion of a guided wave will be 

described with results of ultrasonic experiments in a waveguide. We show measured 

signals of different frequencies and analyze them by using the dispersion relation. It 

is shown that the guided wave is distorted due to the multi-mode generation and the 

group velocity dispersion. The distortion of the guided wave is a main issue in this 

study, which is suppressed by employing phononic crystals. For this reason, the 

wave propagation in two-dimensional phononic crystal is also investigated to show 

the effect of its periodic structure on the group velocity dispersion. Phononic 

crystals of different structures are considered and their dispersion relations in the 

wavenumber and the frequency domains will be investigated. Then, we present the 

elastic waves are broadened in time and space depending on the structure of a 

phononic crystal. 

 

4.2.1 Group velocity dispersion of ultrasonic waves in a waveguide 

 

To show the distortion of the guided waves, we conduct ultrasonic experiments in 

an aluminum strip of 40 mm in thickness. The pitch-catch experiments using two 

magnetostrictive patch transducers are carried out. Figure 4.2(a) shows the 

dispersion curves for in-plane wave modes of the aluminum strip. Among the 

various guided wave modes, the wave modes having a dominant motion in the y 

direction are considered in this experiment; the wave modes of interest are denoted 

by Mode A and B in Figure 4.2(a). Note that detailed information of the wave 

modes is given in Section 4.3.  



73 

 

In Figure 4.2(b), the measured signals are given for the different frequencies: the 

center frequencies of an inputted Gaussian pulse are 100, 150, 200, and 300 kHz, 

respectively. In each signal, wave pulses are identified by comparing its traveling 

time from the transmitter with theoretical values. For example, at 150 kHz, the 

group velocity of Mode A and B are 2899.97 and 2498.85  m/s calculated from the 

dispersion curve. As the distance between the transmitter and receiver is 800 mm, 

the corresponding traveling times are 275.87  and 320.15 s  for Mode A and B, 

respectively. The experimental values of a traveling time are 286.5  and 350.9 s , 

which is obtained by the Hilbert transform of the measured signal. As can be seen in 

Figure 4.2(b), at 150 and 200 kHz, two wave modes are simultaneously excited and 

Mode B is broadened due to the group velocity dispersion at 150 kHz. Since the 

group velocity is defined as the gradient of frequency with respect to the 

wavenumber, this fact can be checked by the dispersion curve of Mode B; a slope of 

the dispersion curve of Mode B is changed as the frequency is changed, while that 

of Mode A is almost linear over the frequency band of interest.  

 

To avoid this distortion, many studies are focused on the frequency ranges where a 

single non-dispersive wave can be excited; when a pulse is excited at low or high 

frequency range, the wave distortion can be avoided because the dispersion curves 

approache that of the bulk waves at these frequency ranges [93, 95]. In these 

frequencies, the wavelengths are considerably long or short compared to the 

thickness of waveguide. However, depending on the thickness of a waveguide, there 

are the additional issues in the ultrasonic waveguide transducer application. First, 

the waveguides having a wide thickness require longer buffer length to satisfy the 

necessary temperature level [95]. It restricts the overall size of the waveguide 
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transducers in the situation where the compact waveguide transducers are needed. 

Inversely, though the waveguides having an extremely small thickness exhibit the 

dispersion-free propagation, they cannot support the sufficient power to test 

structures with only one waveguide [93]. Here, we employ the phononic crystal to 

overcome the wave distortion in the waveguides. In the following subsection, the an 

effect of phononic crystals on the group velocity dispersion is discussed by 

considering elastic waves in two-dimensional phononic crystals.  

 

4.2.2 Dispersion effect in two-dimensional phononic crystals 

 

In Section 3.2, we discussed that wave in phononic crystals can propagate without 

the dispersion in space, which is called the self-collimation effect. To analyze and 

manipulate this phenomenon, the dispersion relation in the wavenumber domain, 

EFC, is considered. In this subsection, we address the dispersion relation in the 

frequency domain and discuss the group velocity dispersion of two-dimensional 

phononic crystals. We consider a homogeneous medium and three different 

phononic crystals as shown in Figure 4.3(a). The phononic crystals consist of air 

holes arranged with a rectangular lattice in an aluminum: a lattice parameter and a 

diameter of air holes are 1.813mm  and 0.895mm  for PC1; 2.305mm  and 

1.334mm  for PC2; 2.918mm  and 1.783mm  for PC3, respectively. The   

direction of the rectangular lattice is aligned along the x direction.  

 

Figure 4.3(b) show the dispersion relation in the frequency domain for the quasi-

transverse wave mode. The dispersion curve of a homogeneous aluminum, 
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presented by solid black line, is straight line, which means the group velocity is 

constant regardless of the frequency. For phononic crystals, as the lattice parameter 

and the diameter of air holes are increased ( PC1 PC3 ), the band gap frequency is 

decreased; this leads to the strong dispersion effect at the target frequency of 300 

kHz. One can find that the curvature of dispersion curve of PC3 has the maximum 

value. On the contrary, PC3 exhibits the smallest spatial dispersion as can be seen in 

an EFC of Figure 4.3(c). This fact can be checked by the refraction angles shown in 

Figure 4.3(d).  

 

To show propagation behavior of elastic waves in phononic crystals, we conduct 

time-transient analysis with phononic crystal samples of 15  in the x direction and 

10  in the y direction ( 10.37mm  : the wavelength of transverse wave at 300 

kHz). A 2 -wide shear source is located apart from the left side of the phononic 

crystal sample. The Gaussian pulse 2 2exp( / 2 )cos(2 )ct f t   as a function of time 

t was inputted to the source, where   of 1.0 and cf  of 300 kHz are used as the 

standard deviation of the Gaussian pulse and the center frequency, respectively. The 

spatiotemporal distributions of y displacements measured along the exit side of 

phononic crystal samples are presented in Figure 4.3(a). The inputted Gaussian 

wave pulse undergoes the dispersion in time and space as propagates through the 

phononic crystal structure. As the lattice parameter and the diameter of air holes are 

increased ( PC1 PC3 ), the spatial dispersion is reduced while the temporal 

dispersion is increased; see Figure 4.4(b) and (c) for their dispersion relation in the 

frequency and the wavenumber domains. From these results, it is shown that 

phononic crystals can affect the dispersion of elastic waves in time as well as in 
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space. In the following section, phononic crystal structures are applied to 

manipulate the dispersion in time domain for the waveguide transducer application. 
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4.3 Dispersion engineering for ultrasonic waveguide transducer 

 

In this section, we present the dispersion engineering of the waveguide by 

employing phononic crystals. For the ultrasonic waveguide transducer application 

shown in Figure 4.1(a), the single-mode dispersion-free wave excitation would be 

preferred for their practical uses. As mentioned earlier, however, multi-mode waves 

are inevitable generated and they are distorted by their dispersive nature. This fact 

can be seen in Figure 4.1(c) which presents time signals inputted to the elastic 

waveguide and measured after propagating through the waveguide; the inputted 

Gaussian pulse is separated into multiple wave modes and broadened because of the 

group velocity dispersion. The goal of this section is to solve two issues in the 

elastic wave propagation through ultrasonic waveguide transducers: (1) multiple 

wave mode excitations, (2) group velocity dispersion. To this end, the dispersion 

relation of phononic crystal waveguide is tailored to open the band gap of an 

undesired wave mode and to minimize a difference in group velocities of a desired 

wave mode in a target frequency range.  

 

We suggest a size optimization method to design the phononic crystal structures in a 

waveguide transducer. By properly tuning the phononic crystal unit, the periodicity 

of the unit, a number of inclusions, and their sizes, we can realize the desired 

phononic crystal waveguide. The effectiveness of phononic crystals in elastic 

waveguides was confirmed by numerical time-transient analysis and ultrasonic 

experiments with the magnetostrictive patch transducers. It is shown that the 

transmission of an unwanted mode was successfully suppressed and also a target 

mode propagates with relatively small dispersion effect in the engineered phononic 
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crystal based waveguide. 

 

4.3.1 Design of phononic crystal-based waveguide structures 

 

The chosen waveguide is an aluminum strip (density 32631.4kg m  , Young’s 

modulus 67.78GPaE  , and Poisson’s ratio 0.33  ) having a rectangular profile 

in the y-z plane, the width in the y-direction is 30 mm and the thickness in the z-

direction is 3.15 mm (the wave propagation direction is the x-direction). The 

dispersion curves of the considered waveguide are plotted in Figure 4.1(b). Among 

various guided wave modes, the shear dominant wave modes are focused in this 

work; the fundamental and second order shear dominant wave modes are 

highlighted. In the dispersion curve, gray solid lines represent the results by the 

three-dimensional waveguide while dashed lines, by the two-dimensional 

waveguide with the plane-stress condition. They are agreed well with each other 

because the thickness in the z-direction is relatively thin. When the center frequency 

of the excitation pulse cf  is 200 kHz, two wave modes of interest are 

simultaneously excited as shown in the right panel of Figure 4.1(c). Each peak is 

identified with its traveling time, dispersive nature; the first arrived peak 

corresponds to the fundamental shear dominant wave mode while the following 

peak, to the second order shear dominant mode. The second order shear dominant 

mode is preferred for ultrasonic waveguide transducers application [106] since most 

shear energy is concentrated on the center of the waveguides; see the mode shapes 

of these wave modes in the inset of Figure 4.1(b). The second order shear dominant 

mode is considered as a target mode that is adjusted to minimize its dispersion 
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effect. On the contrary, the fundamental shear dominant mode is suppressed as an 

unwanted mode by opening the band gap of the phononic crystal. 

 

The phononic crystal to be considered in this study is presented in Figure 4.5(a). In 

the waveguide unit, the circular air holes are equally placed in the y-direction, and 

this unit is arranged in the x-direction with a lattice parameter xp . A number of air 

holes N is varied from 2 to 10 in this study. For each N, the air holes are 

symmetrically distributed about the plane of 0y   to consider the symmetries of 

the wave modes of interest. To find the waveguide unit exhibiting the desired band 

structure, diameters id  of air holes, and the periodicity xp  in the x-direction, are 

carefully tuned with an optimization procedure. The optimization problem is 

formulated with an objective function and constraints that are defined with the 

dispersion relation of the phononic crystal based waveguides. First, to reduce the 

transmission of the unwanted mode, the band gap of the phononic crystal based 

waveguide is so tuned that can be larger than the target frequency range, f . To do 

this, the 1
st
 and 3

rd
 frequencies at the edge of the first Brillouin zone, 

1

Xf  and 
3

Xf , 

are constrained to move out of the target frequency range denoted by the gray 

shading in Figure 4.5(b). Second, to minimize the dispersion effect of the target 

mode, the square norm of the group velocity dispersion parameter,  , in the 

target frequency range is considered as the objective function to be minimized; see 

Refs. [103-105] for use of   in dispersion engineering. The group velocity 

dispersion parameter 
2 2

xk     is the second derivative of the wavenumber 

xk  with respect to the angular frequency  . Note that the curvature of the 
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dispersion curve β was evaluated at every 1 kHz for a frequency range f . A 

square norm of β values was minimized to reduce dispersion effect. The shape 

optimization problem of phononic crystal waveguide can be summarized by 

,

1 3

min

subject to , ,

i xd p

X Xf f f f



 
                   (4.1) 

where f  and f  are the lower and upper bound of f . As the dispersion 

parameter   is minimized, one can make the band structure flat in the target 

frequency range resulting the group velocities are almost constant, i.e. non-

dispersive. 

 

Figure 4.5(b) shows the band structure of the nominal phononic crystal based 

waveguide. The dispersion curve is calculated by using finite element analysis 

software COMSOL multiphysics. The shading in the frequency range from 175 to 

225 kHz is represented the target frequency range, f , which is considered with 

the spectral width of the Gaussian pulse which is centered at 200 kHz and has 

21.459 s  as the time spread. The phononic crystal based waveguide units having 

different numbers N of air holes, from 2 to 10, are designed in this work. Depending 

on N in the waveguide unit, the periodicity in the y-direction, yp , and an allowable 

diameter of air holes are determined. Figure 4.6(a) shows the designed phononic 

crystal based waveguide units. Their group velocity dispersion parameters   of 

the target mode and frequencies at the edge of the first Brillouin zone are presented 

in Figure 4.6(b) and (c), respectively. Phononic crystal based waveguide units for 

7N   exhibit the considerably reduced the dispersion effect of the target mode and 
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a sufficient frequency range of the band gap compared with the target frequency 

range. The periodicities and diameters for the designed phononic crystal waveguide 

for different numbers of inclusions are summarized in Table 4.1. 

 

4.3.2 Numerical analysis of phononic crystal-based waveguides 

 

For demonstration, the waveguide unit of 8N   is selected by considering the 

performance in terms of   and 
3 1

X Xf f  among the designed waveguides. 

Figure 4.7 shows the dispersion curves of the selected waveguide unit of 8N  . It 

is shown that the value of   is converged to 0.186 from its initial value of 1.0, 

that for a homogeneous waveguide, and the frequencies at the edge of the first 

Brillouin zone are 170.61 kHz and 225.09 kHz corresponding to the 1
st
 and 3

rd
 wave 

modes. Note that the frequencies for the nominal phononic crystal waveguide were 

1

X 177.76kHzf   and 
3

X 191.45kHzf   as shown in Figure 4.5(b).  

 

Before numerical and experimental demonstrations are carried out, we examine 

mode shapes of the target wave mode in the phononic crystal waveguide. First, the 

modal distributions calculated by a two-dimensional model are compared with those 

by a three-dimensional model for the target mode and the undesired wave mode. 

Figure 4.8(a) shows the dispersion curves of elastic waves were calculated by a 

three-dimensional waveguide (3.15-mm thick, black) and by a two-dimensional 

waveguide (plane-stress condition, yellow). As shown in Figure 4.8(a), the 

dispersion curves by a two-dimensional waveguide with plane-stress condition 

agreed well with those by a three-dimensional waveguide. Also, the mode shapes 



82 

 

for the wave modes of interest, denoted by Points A and B in dispersion curves, 

were plotted in Figure 4.8(b) and (c), respectively. It is found that the displacement 

fields of the two dimensional waveguide in x-y plane have the same distribution 

with those of the three-dimensional waveguide and the displacement fields along 

the z direction were almost constant. And their mode shapes have similar 

distributions with the homogeneous waveguide which is depicted in the inset of 

Figure 4.1(b). This is why the target mode and the undesired wave mode are 

presented by blue and red circles in Figure 4.7. Also, it is checked that the wave 

mode between the undesired mode and the target mode are not the shear-dominant 

wave mode. 

 

In addition, the mode shapes of higher branches are examined. Figure 4.9 shows the 

modal distributions at kx = 400, 450, and 500 (rad/m). Since the branches at a high 

frequency are coupled with the folded branches above the first band gap, it is hard 

to characterize these wave modes. This fact can be confirmed by the modal 

distributions shown in Figure 4.9. Compared with the fundamental branch of the 

undesired wave mode (at the 1
st
 frequency), its folded branch cannot be clearly 

found due to mode coupling at higher frequencies.  

 

4.3.3 Demonstration of wave propagations in the engineered 

waveguide 

 

For demonstrations, the elastic wave propagation in the engineered phononic crystal 

based waveguide is investigated by the full wave simulation and ultrasonic 

experiments. A schematic of the demonstration model is presented in Figure 4.10(a) 
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with the photography of the fabricated waveguide in Figure 4.10(b). The 123 

engineered phononic crystal based waveguide unit ( 8N   case) are constructed 

over 750 mm in the x direction and a 15-mm-wide source generates the in-plane 

shear dominant wave. The modulated Gaussian pulse of the form 

2 2exp( / 2 )cos(2 )ct f t  , where   is standard deviation of the Gaussian pulse 

and cf  is the center frequency of 200 kHz, was inputted to the source lines. In 

order to enhance the target wave mode the shear source consists of five elements 

with half wavelength spacing. In numerical simulations, a two-dimensional finite 

element model with the plane-stress condition is used and time-transient analysis is 

carried out in COMSOL multiphysics. The selected maximum element size and 

time step in the simulations are 0.879 mm and 0.2 s , respectively, which satisfy 

the convergence criterion. In ultrasonic experiments, the patch-type magnetostric- 

tive transducer [19, 49, 81] is employed to generate and detect the in-plane shear 

waves in the phononic crystal based waveguide. To delay the waves reflected at the 

left side, a buffer of sufficient length was made on the left side of a phononic 

crystal-based waveguide. We can focus on the transmitted waves in the numerical 

and experimental simulations. 

 

Figure 4.11(a) show results of the time-transient analysis (the y-displacement fields 

in the engineered phononic crystal based waveguides). It is demonstrated that the 

wave distortion, transmission of the unwanted mode and the wave broadening due 

to the dispersion effect, are successfully suppressed in the engineered phononic 

crystal based waveguide. For comparison, the wave propagation in a homogeneous 

waveguide with the same excitation conditions as the phononic crystal-based 
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waveguide is examined. As shown in Figure 4.11(b), one can find the input signal 

undergoes the distortion as propagating through the homogeneous waveguide. 

Figure 4.11(c) shows the y displacement distributions at initial time steps. After the 

shear wave is generated by the source, wave pulses propagate in two opposite 

directions along the waveguide. One can find that the target wave mode propagating 

in positive x direction is transmitted to the phononic crystal waveguide while the 

undesired wave mode is totally reflected at the interface of the phononic crystal.  

 

Next, ultrasonic experiments are conducted with the fabricated waveguide shown in 

Figure. 4.10(b). In experiments, before the Gaussian pulse is inputted to the 

transmitter, the pulse was amplified by a AG-1017L power amplifier (T&C Power 

Conversion Inc. Rochester, NY). The measured signal is also amplified by a SR 560 

low-noise pre-amplifier (Stanford Research Systems, Sunnyvale, CA). The signals 

measured at the exit side of phononic crystal, 785.18mmx   are given in the 

upper panel of Figure 4.12(a). It is shown that the inputted shear wave is mainly 

transmitted through a single wave mode with the minimized dispersion effect. In the 

lower panel of Figure 4.12(a), the signal in a homogeneous waveguide is given. It 

shows that the target wave mode is broadened and the undesired wave is 

simultaneously generated. To identify the wave mode, the traveling time,  , from 

the source to the measurement point were compared with the numerical results 

shown in Figure 4.12(b), the spatiotemporal distributions of y-displacements 

calculated in numerical simulations. They are in good agreement; 396.40 snum   

and 383.14 sex   are numerical, and experimental values of traveling time, 

respectively. Also, the temporal Full Width at Half Maximum (FWHM) of the target 
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wave pulse is calculated to compare the dispersion effect; FWHM is 22.20 s  for 

the engineered phononic crystal based waveguide as indicated with arrows in the 

upper panel of Figure 4.12(b) while, 52.00 s  in the homogeneous waveguide (the 

lower panel of Figure 4.12(b)). 

 

The minor signals for the phononic crystal waveguide shown in the Figure 4.12(a) 

can be explained by excitations of the other wave modes. At the excitation 

frequency of 200 kHz, there are six wave modes in the dispersion relation shown in 

Figure 4.7. In consideration of their group velocities, the wave modes at 

162.91xk   and 169.85rad mxk   may arrive after the target wave mode. The 

group velocities and traveling times which are calculated from the dispersion curves 

are summarized in Table 4.2. It is expected to reduce the excitation of these wave 

modes in future works. 
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4.4 Concluding remarks 

 

Up to now, we presented that phononic crystals can be employed to manipulate the 

elastic waves in waveguides for ultrasonic waveguide transducer applications. To 

overcome multiple mode excitations and the wave broadening due to the group 

velocity dispersion, the dispersion relation in the frequency domain is tailored by 

employing phononic crystals. By properly tuning the phononic crystal unit, 

inclusion sizes and the periodicity of the unit, we can realize the phononic crystal 

waveguide that exhibits the desired wave properties. The effectiveness of phononic 

crystals in elastic waveguides was confirmed by numerical time-transient analysis 

and ultrasonic experiments with the magnetostrictive patch transducers. In the 

engineered phononic crystal-based waveguide, it was shown that the transmission of 

the unwanted mode was successfully suppressed and also the dispersion effect of 

the target mode was considerably reduced. Although the temperature gradient of the 

waveguide transducers was not considered in this work, the effect of the 

temperature on the dispersion relation of phononic crystal based waveguides [107, 

108] can be further investigated to reflect realistic evaluation situations in the near 

future. The investigation presented in this chapter was published in the international 

journal in 2013 [109]. 
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Table 4.1 The periodicities and diameters of the designed phononic crystal 

waveguide for different number N of inclusions. (Unit: mm) 

N px  py  d1  d2  d3  d4  d5  

2 6.391 14.700 1.675 N/A  N/A  N/A  N/A  

3 6.168 9.600 1.644 2.784 N/A  N/A  N/A  

4 6.040 7.100 1.860 2.444 N/A  N/A  N/A  

5 5.917 5.700 2.060 2.750 2.037 N/A  N/A  

6 5.677 4.700 2.081 2.816 2.230 N/A  N/A  

7 5.968 4.000 1.554 2.226 2.496 1.679 N/A  

8 6.053 3.500 1.529 1.572 2.446 1.744 N/A  

9 5.958 3.100 1.397 1.268 2.351 1.839 1.238 

10 5.119 2.800 2.035 1.681 2.359 1.523 0.025 

 

 

 

Table 4.2 The group velocity gv  and traveling time 
th  from the source of the 

different guided modes at 200 kHz. (Highlight: the target wave mode) 

kx (rad/m) 162.91 169.85 260.12 265.09 305.05 436.69 

(m s)gv  1727.01 1909.17 3067.62 4171.68 2191.81 1989.92 

( s)th   454.65 411.22 255.96 188.22 358.23 394.58 
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Figure 4.1 (a) Illustration of an ultrasonic waveguide transducer used to inspect 

high-temperature structures. (b) The dispersion relations of the elastic guided waves 

in a homogeneous waveguide of 30 mm in the width. The distributions of the y-

displacement components of eigenmodes are also shown in the inset. (c) The input 

signal of a Gaussian pulse centered at 200 kHz (left panel) and measured signal of 

after propagating through the waveguide (right panel). 
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Figure 4.2 (a) Dispersion relation of an aluminum waveguide of 40 mm in the 

width. The fundamental and second order shear-dominant waves are denoted by 

Modes A and B, respectively. A dashed line represents a dispersion curve of shear-

dominant waves in an infinite aluminum. (b) The measured signals in a waveguide 

which is excited with Gabor pulses centered at 100, 150, 200, and 300 kHz, 

respectively. 
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Figure 4.3 (a) Schematics of considered phononoic crystals having different lattice 

parameters. (b) The dispersion curves, (c) EFC’s at 300 kHz, and (d) the refraction 

angle profile for phononic crystals. 
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Figure 4.4 (a) The spatiotemporal distributions of the y displacement that calculated 

by numerical time-transient analysis in a homogeneous medium and three different 

phononic crystals. (b) The corresponding time signals measured at 0 mmy  .  
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Figure 4.5 (a) Illustration of a considered phononic crystal based waveguide. The 

inclusion sizes id  and a periodicity xp  of the phononic crystal based waveguide 

unit are engineered through the design procedures. (b) The dispersion curves of a 

nominal phononic crystal waveguide in the first Brillouin zone. The shading denotes 

the considered frequency range at which the phononic crystal-based waveguide 

transducer operates. 
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Figure 4.6 (a) The designed phononic crystal waveguide units having different 

number of inclusions in the y direction. (b) The square norms of group velocity 

dispersion parameters in the target frequency range. (c) The 1
st
 and 3

rd
 frequencies 

at the edge of the first Brillouin zone corresponding to the designed waveguide units. 
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Figure 4.7 The dispersion curve in the first Brillouin zone of the unit structure of 

the optimally-engineered phononic crystal waveguide structure ( 8N  ). 
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Figure 4.8 (a) Dispersion relations of the phononic crystal waveguide calculated by 

two- (yellow) and three-dimenaional (black) units. (b) The modal distributions of 

displacements at Points A and B in Fig. 4.9(a). 
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Figure 4.9 The distributions of the x- and y-displacement components of the 

eigenmodes of different branches at (a) 400xk  , (b) 450, (c) 500rad m , 

respectively. 
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Figure 4.10 (a) Schematic of the engineered phononic crystal waveguide in 

numerical study. The green arrows represent the shear wave source. (b) Photo of the 

fabricated phononic crystal waveguide. 
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Figure 4.11 The y-displacement fields at different time steps in numerical 

simulations (a) in the engineered phononic crystal based waveguide and (b) in a 

homogeneous waveguide. (c) The y-displacement fields at initial time steps in the 

phononic crystal waveguide. 
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Figure 4.12 (a) The time signals measured experimentally in the engineered 

phononic crystal based waveguide (upper panel) and in a homogeneous waveguide 

(lower panel), respectively. (b) The spatiotemporal distributions of the y-

displacement that calculated by numerical time-transient analysis.  
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CHAPTER 5 

DISPERSION ENGINEERING  

BY ANISOTROPIC METAMATERIALS 

 

 

5.1 Overview 

 

The objective of this chapter is to tailor the dispersion relation of a waveguide by 

employing an elastic anisotropic metamaterial. Compared to the dispersion 

engineering by phononic crystals, a use of elastic metamaterials brings two 

dominant benefits: (1) the subwavelength scale and (2) the broadband frequency 

range. Based on these advantages, ultra-thin lenses are realized by electromagnetic 

[110, 111] and acoustic metamaterials [112, 113]. Also, the operating frequency 

range of acoustic cloaking devices can be widened by employing the subwavelength 

metamaterials [114, 115]. In this chapter, our focus is on the group velocity 

dispersion of elastic guided waves. We will present that the subwavelength-sized 

elastic metamaterial can achieve the dispersion engineering of an elastic waveguide. 

The purpose of the dispersion engineering is the same with Chapter 4, however, a 

region where the metamaterial layer is occupied is reduced by a factor of 3 and the 

target frequency range is doubled compared to the phononic crystals. To suppress 

the dispersion effect of the target guided mode, elastic metamaterials are designed 

through the following two phases. At the first design phase, we search a proper 

material property itself by proposed optimization methods. In this phase, general 
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anisotropic material is considered with some constraints which are related to its 

realization. Then, at the second design phase, the microstructure of anisotropic 

metamaterials is designed to have the same wave properties with the material 

determined at the first design phase.  

 

In earlier studies, the main efforts are devoted to calculate effective material 

properties of acoustic metamaterials of the given structure. Its inverse process, a 

realization of the structure for the prescribed effective property, is not extensively 

investigated so far. The simplest approach is to find the structures by interpolating 

from the pre-calculated structures. By doing so, the phononic crystal-based devices 

which is made of multiple phononic crystal structures can be constructed to bend or 

focus acoustic waves [116-118]. For acoustic metamaterials, arrays of cylindrical 

inclusions exhibiting an anisotropic mass density in the long wavelength limit [119] 

was used to realize a transformation-based lens [120]. However, a realization for 

anisotropic metamaterial which is required to suppress the dispersion effect of 

elastic guided waves has not been investigated.  

 

In this chapter, we propose the design method for the elastic anisotropic 

metamaterials by employing topology optimization method. In this method, the 

material distribution of a design domain is considered as a design variable so that 

one can obtain a proper material distribution without in the relatively broad solution 

space. Previously, the topology optimization method has been applied to maximize 

the band gap frequency of phononic and photonic crystals [121-124]. Recently, this 

method has been extended to design the resonant metamaterials for electromagnetic 

and acoustic waves [125-127]. For the broadband metamaterials which is focused 
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on in this chapter, there is a study for inverse design of an isotropic acoustic 

metamaterial [128]. In Ref. [128], they used the topology optimization method to 

reduce the frequency dependence and a difference in the impedance for the 

metamaterial lens. In the case of this chapter, the anisotropic elastic material is 

required to minimize the dispersion effect of the guided waves; the wave properties 

are different along the propagating direction and there are two elastic wave modes, 

quasi-longitudinal and quasi-transverse waves, to be considered. In this regard, the 

inverse design of the anisotropic elastic metamaterials is challenging. 

 

In the following section, the dispersion effect of the target guided mode is 

suppressed by the anisotropic metamaterial. As mentioned above, we employ the 

optimization method to determine the material properties of metamaterial layers. It 

will be shown that the group velocity dispersion is effectively reduced depending on 

the strength of anisotropy. Next, we will discuss the topology design of anisotropic 

metamaterials; detailed formulation will be given with design examples. Finally, 

numerical demonstrations are carried out for the realized metamaterial-based 

waveguide.  
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5.2 Dispersion engineering by anisotropic metamaterials 

5.2.1 Design formulation of metamaterial-based waveguide  

 

The aim of study is to suppress the group velocity dispersion in a waveguide by an 

anisotropic metamaterial. As a target mode to be engineered, the 2
nd

 order shear 

dominant wave in a waveguide is considered. Figure 5.1(a) shows the proposed 

waveguide which anisotropic metamaterial layers are attached on edge of a 

homogeneous waveguide. In Figure 5.1(b), the dispersion relation is presented when 

the metamaterial layers have the same material properties with the host material. 

Note that we assume the plane-strain condition along the out-of-plane direction for 

an infinite waveguide. The group velocity dispersion appears for the target mode as 

in Chapter 4; see the broadened output pulse of target mode in Figure 4.1(c). To 

reduce the dispersion effect, the phononic crystal was applied to tailor the 

dispersion relation of a waveguide in Chapter 4. At this time, the subwavelength-

scaled metamaterial layers are manipulated to suppress the group velocity 

dispersion. Here, we apply that the metamaterial layers which have the arbitrary 

anisotropic elastic constants [129] as follows. 

11 12 12

12 11 12

12 12 11

44

44

44

0 0 0

0 0 0

0 0 0
( ) ( )

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

T

MM

c c c

c c c

c c c

c

c

c

 

 
 
 
 

  
 
 
 
  

T T ,          (5.1) 

where ( )T  is the transformation matrix for the rotation by an angle   about the 

out of plane direction, the superscript T denotes transpose operator. The 

transformation matrix ( )T  is given by 
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The material property has the cubic symmetry whose stiffness constants 
11c , 

12c , 

44c  are defined as follows: 
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c c c


                          (5.3) 

where 
MME  is Young’s modulus, v  is Poisson’s ratio, and   is anisotropy factor. 

The rotation angle   of the cubic material is called the symmetry direction in this 

study. Since the stiffness constants of the metamaterial are characterized by 
MME , 

 ,  , these parameters are considered as design variables in the dispersion 

engineering of a waveguide problem. Also, the density of the metamaterial layer 

MM  is assumed to be changed. 

 

To manipulate the dispersion relation of a waveguide, we try to change the material 

properties of metamaterial: ( , , )MM MME    and 
MM . As mentioned earlier, the 

guided waves are originated from the successive reflection of the elastic waves at 

the traction free boundaries of waveguide. At the free boundary, the quasi-

longitudinal and the quasi-transverse waves are reflected and these waves are 
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developed to the guided waves. Based on this mechanism, we can manipulate the 

dispersion relation of the guided waves by the phononic crystals in which have the 

wavelength-scaled scatterers. Here, we use the anisotropic metamaterial to achieve 

the similar dispersion tailoring. When the anisotropic metamaterial layers are 

inserted to the waveguide, they scatter the waves at the interface between the 

metamaterial and host material and at the free boundaries. Since these wave 

scatterings are different depending on the material properties, we can control the 

dispersion relation of the guided waves by tailoring material properties of the 

metamaterial layers. 

 

The objective of this study is to minimize the group velocity dispersion of the 2
nd

 

order shear dominant wave mode in a waveguide. To find the material properties of 

metamaterial for this objective, the optimization method is applied. As in Chapter 4, 

the following objective function is defined: 

, , ,
min in

subject to

0 ,

,

0 ,

0 .

MME

MM

MM

f

E E

  


  

 

 



 

 

 

 

                        (5.4) 

where 
2 2

xk     is the group velocity parameter [103-105], f  is the target 

frequency range, the parameter with the superbar (underbar) is the upper (lower) 

bound of the parameter. For the metamaterial-based waveguide of specific 

( , , )MM MME    and 
MM , the dispersion relation is calculated by using FEM. 

Although the waveguide is not periodic in the propagating direction, a thin unit cell 
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of the waveguide is considered to apply the formulation of FEM in the dispersion 

analysis. By this artificial periodicity, there are the folded branches in the dispersion 

relation of a waveguide. Here, the thickness of a unit cell in the x direction is 

sufficiently thin, so that we can focus on the frequency range below where the 

folded branch appears. To calculate the wavenumber k along the unit vector 

ˆ ˆ ˆ
x x zl l l  l x y z  at a specific frequency  , the element stiffness matrix in (2.35) 

becomes 

2

e e e ek k  k P Q R                      (5.5) 

where  

*( ) ( )e ej j dV


 P lN lN                     (5.6) 

 *( ) ( )e e ej j dV


 Q B lN lN B               (5.7) 

.e e dV


R B B                       (5.8) 

Substituting (5.5) into (2.34), it gives 

2 2( ) 0.e e e e e e ek k    P U Q U R M U               (5.9) 

Depending on the material properties of the element, the element matrices in (5.9) 

can be obtained. The polynomial eigenvalue solver can be used to calculate the 

wavenumbers k’s for different frequencies. It contains the real wavenumber 

(propagating) as well as the complex value wavenumber (evanescent). By choosing 

real wavenumbers, one can obtain the dispersion relation of a metamaterial-based 

waveguide. 

 

The objective function of the optimization procedure is defined as a square norm of 

the group velocity dispersion parameter  . To calculate the   which is defined 
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by the second order derivative of the wavenumber, the numerical derivative is used 

in this study. Then, the sensitivity of the design variables can be obtained from the 

first derivative of a wavenumber k  with respect to the particular material property, 

say  . By applying the adjoint variable method [130], the derivative of a 

wavenumber is given by 
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   (5.10) 

The matrices with subscript g are the global system matrices. The derivatives of the 

global matrices with respect to the material property can be assembled by using 

(5.1)-(5.3).  

 

5.2.2 Design of metamaterial-based waveguide  

 

In this subsection, we discuss results of the proposed optimization method in (5.4). 

The aluminum waveguide having metamaterial layers of 5 mm is considered as 

shown in Figure 5.1. Two metamaterial layers share the material properties of 

metamaterial (
MME ,  , 

MM ) except for  . Since the target wave mode is 

symmetric about the 0y   plane as shown in the inset of Figure 4.1(b), the 

symmetry angle   of the upper layer is set to  . By the gradient-based 

optimization method, these variables are updated to minimize the square norm of 

the dispersion parameter   over the target frequency range of 150 250kHzf  . 

In the optimization procedure, the design variables ( , , ,MM MME    ) are updated 

from initial values until a convergence criteria is satisfied. We use the material 



108 

 

properties of aluminum as initial values of the metamaterial layer to have the same 

material properties with the host materials.  

 

Prior to conducting the optimization, the bound for the design variables should be 

determined. The bounded values of the metamaterial depend on a constituent 

material of a microstructure and an operating frequency of metamaterials. Recently 

the range of the material properties are expanded to the near zero density or even to 

negative density and stiffness constants by employing metamaterials. In most cases, 

however, these extreme material properties are come from the resonant mechanism 

so that they exhibit the strong frequency dependency. Since we focus on a wave 

propagation in the relatively broad frequency range, the material whose properties 

are constant in the target frequency range is needed. In this regard, the non-resonant 

metamaterial which exhibits the broadband properties is considered in this study. 

Although the material properties of this type of metamaterial are not extreme as the 

resonant metamaterials, a use of the non-resonant metamaterial is sufficient for the 

case of this study. The detailed results of the realization of the non-resonant elastic 

metamaterial are given in Section 5.3. 

 

In this section, the aluminum in which the air-filled inclusions are arranged 

periodically is considered as the elastic anisotropic metamaterial. For this 

configuration, Young’s modulus and density are reduced by the air-filled inclusions 

so that the upper bounds of their material properties are set to those for the 

aluminum: 67.78GPaE  , 32631.4kg m  . And the symmetry angle   is 

constrained to have the value between 0 and 2  because stiffness constants of the 

metamaterial have the cubic symmetry as (5.1).  
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As an example, the optimization for the upper bound of the anisotropy factor,  , of 

4.0 is examined. In Figure 5.2(a), we present the iteration history of the objective 

function which is decreased as the optimization progressed. Since the objective 

function can be understood by the curvature of the dispersion curve of the target 

wave mode, the dispersion curve become straight as the objective function is 

minimized. This fact can be checked in the dispersion curves shown in Figure 5.2(b). 

The dispersion relations of the metamaterial-based waveguide in the progress of the 

optimization are given for iteration numbers of 1, 11, 51, and 109, respectively. The 

corresponding slowness curve of the anisotropic metamaterial are presented for the 

same iteration number in Figure 5.2(c). The converged values of the design 

variables are as follows: 32631.4kg m ,MM  28.45GPa,MME  36.58 ,  4.0  . 

With this metamaterials, the objective function is 0.2023 from its intial value of 1.0. 

The optimization results for the different upper bound values of the anisotropy 

factor,  , are also presented in Figure 5.3. Note that converged values of the design 

variables for different upper bound   are summarized in Table 5.1. The 

corresponding dispersion curve and the slowness curves for the metamaterial are 

given in Figure 5.3 (a) and (b), respectively. It is shown that the the anisotropy 

factor are converged to their upper bounds and the metamaterial-based waveguide 

has the smaller objective function value as   is increased. 

 

To demonstrate the effect of the anisotropic metamaterial on the group velocity 

dispersion in a waveguide, a time-transient simulation is conducted by the 

commercial finite element software COMSOL multiphysics. The analysis domain is 

given in Figure 5.4(a) for metamaterial-based waveguide. The aluminum waveguide 
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of 400 mm in the x direction is covered by the anisotropic metamaterial layers of 

5 mm  in thickness. For the metamaterials, the material properties of the case for 

4.0   are used. To generate a target wave mode in the waveguide, the y 

displacement of 15-mm source is excited. The Gaussian pulse of 200 kHz in the 

form of 2 2exp( / 2 )cos(2 )ct f t   is inputted to the source. Figure 5.4(a) shows the 

snapshots of numerical simulations in the metamaterial-based waveguide; the shear 

energy density ( 2y xyu  , the superscript * denotes the complex conjugate) is 

focused on. For the comparison, we conduct the same simulation for the 

homogeneous aluminum waveguide of 30 mm in thickness as shown in Figure 

5.4(b). Among two wave pulses in a homogeneous waveguide, a slow pulse 

corresponds to the target wave mode. It is shown that the target wave mode 

propagates non-dispersively in the metamaterial-based waveguide compared with 

that in the homogenous waveguide. The group velocities of a homogeneous 

waveguide and are summarized in Table 5.2; one can find that a difference in group 

velocities of the target wave range is sufficiently reduced.  

 

In this section, we show that the anisotropic elastic metamaterial can be employed 

to tailor the dispersion relation of a waveguide. In particular, the group velocity 

dispersion is suppressed by the metamaterial layers attached on the edge of the 

waveguide. On the other hand, there is another issue in the use of the anisotropic 

elastic metamaterial: realization of the anisotropic metamaterial. In the following 

section, we suggest the formulation to make the anisotropic metamaterial exhibit the 

desired wave characteristics. 
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5.3 Realization of anisotropic metamaterial by topology optimization  

 

In the preceding section, the anisotropic material properties are designed to suppress 

the dispersion effect in a waveguide. But it is hard to find the material which 

exhibits the required properties in nature. Now, we realize the elastic metamaterial 

by designing the microstructure to have the desired wave properties. In a realization 

of anisotropic metamaterials, the following conditions should be satisfied: (1) the 

wave properties of realized metamaterials are as similar as possible with the 

required metamaterial; (2) these properties are constant at least over the target 

frequency range of 150 250kHzf  ; (3) the properties can be exhibit in the 

subwavelength scale. As shown in Chapter 3, we can obtain the anisotropic wave 

properties by applying the phononic crystals. However, since their properties are 

strongly dependent on the frequency, the subwavelength-scale metamaterials are 

considered for broadband anisotropic properties in this study.  

 

Here, we considered the periodic structures whose lattice parameter a is quite small 

compared with the wavelength   ( 10a  ). Then, to find the metamaterial 

which satisfy Conditions (1)-(3), the topology of inclusions in a unit structure is 

designed by optimization procedures. Through this process, we can obtain the 

material whose wave properties are the same with the required material. In the 

following subsection, we discuss detailed design process and show a validity of the 

designed metamaterial for the dispersion engineering. 
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5.3.1 Formulation of topology design for anisotropic metamaterials 

 

To design the microstructure of the metamaterial, we employ the topology 

optimization method. In the topology optimization method, the design domain is 

divided into a number of subdomains, then it is determined whether or not there is a 

material in each subdomain. By choosing a different combination of a material 

status in subdomain, it is possible to produce an infinite number of designs. For 

example, if a material exist in a subdomain or not (void), there are 2N
 design 

cases for the total domain consist of N subdomains. Based on the broad solution 

space of this method, it is possible to find the optimal design in earlier works [131].  

 

In Chapter 4, we designed the unit cell which contains the traction free boundaries 

of a waveguide. Here, on the contrary, a unit cell of an infinite metamaterial 

medium is considered as a design domain. The effects of traction free boundaries 

and the interfaces between the metamaterial layer and a host material on the wave 

scattering are already reflected the design process in Section 5.2. Therefore, it is 

sufficient to find the proper unit cell satisfying Condition (1)-(3) as a bulk property 

in this process. We consider an aluminum-based metamaterial in which a void of 

arbitrary topology is formed. A unit cell of the metamaterial is arranged with the 

rectangular lattice a and the material distribution in a unit cell is designed by the 

topology optimization method. In general, a parameter 
i  is introduced to express 

whether the material exist or not in i
th
 subdomain; for example, the subdomain is 

filled with aluminum when 1i  , or with nothing when 0i  . For the 

intermediate value of  , we apply Solid Isotropic Material with Penalization 
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approach (SIMP) to interpolate the material properties [131]. This model assumes 

that the material for 0 1   have the intermediate property between the 

aluminum and void as follows:  

 

 

3 3( ) 1 ,

( ) 1

Al LIM

Al LIM

E E E  

     

  

  
,                 (5.11) 

where, E  and   represent Young’s modulus and density, the material properties 

with subscript Al is for aluminum, and those with subscript LIM is for the low 

impedance material. The chosen material properties are as follows: 

67.78GPaAlE   and 32631.4 kg mAl   for aluminum, 10MPaLIME   and 

30.001 kg mLIM   for the low impedance material, respectively. Note that the low 

impedance material is used to prevent the singularity. For the intermediate density, 

the element stiffness and mass matrices in (5.6)-(5.8) and (2.31) can be obtained 

depending on its ‘density’   as follows:  

 3 * 3 *( ) ( ) 1 ( ) ( )e Al LIMj j dV j j dV 
 

   P lN lN lN lN ,    (5.12) 
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 3 31e Al LIMdV dV 
 

   R B B B B ,          (5.14) 

  1 T

e Al LIM dV  


   M N N               (5.15) 

where  and   denote the stiffness constants and density, respectively. Then, 

the assembled global matrix is solved by the wavenumber k along a unit vector of 

ˆ ˆ ˆ
x x zk k k  k x y z .  
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To find the structure of unit cell, we employ the gradient-based optimization scheme 

for  ’s. Figure 5.5(a) shows a schematic of the topology optimization problem 

dealt in this section. The parameters  ’s are considered as the design variable in 

the topology optimization problem and updated by the optimizer. To find the unit 

cell of anisotropic metamaterial which has the same properties with the required 

material, the following objective and constraint functions are defined: 

min (1 )
i

i i

i


                          (5.16) 
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with  

   1 1ql ql ql

p pe V V  , 

   1 1qt qt qt

p pe V V  .                    (5.18) 

where 
qle  and 

qte  are differences between the slownesses of the required 

material  1 pV and a metamaterial in the design process  1 pV  for the quasi-

longitudinal and the quasi-transverse wave modes. First, the objective function 

measures a degree of the convergence for  ’s. As the parameter   was 

introduced for the intermediate status in design process, it should be converged to 

‘real’ material (aluminum or void). To do this, the objective function is minimized, 

leading to the clear material unit cell which consists of aluminum or void. Next, in 

(5.17), the difference in slownesses between the required material and the designed 

unit cell is constrained to have the small value. In Figure 5.5(b), the slowness curves 

for the required material are given by black lines, while those for the designed 
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metamaterial, by red (the quasi-longitudinal) and blue (the quasi-transverse) lines. 

By decreasing differences in the slowness curves, 
qle  and 

qte , we can design the 

microstructure of metamaterial which have desired wave properties as the required 

materieal. To have a constant property over the target frequency range, we evaluate 

the slowness curve at the lower and upper bound of the target frequency range, 

150f   and 250kHzf  , respectively. At these frequencies, the constraint 

functions of (5.17) are defined. Lastly, the lattice parameter a of a unit cell is set to 

be relatively smaller than the wavelength  , 15.6 mm for the transverse wave at 

200 kHz.  

 

To evaluate the 
qle  and 

qte  in constraint functions of (5.17), the slownesses for 

the required material and the metamaterial are calculated. From its definition, the 

slowness is the wavenumber k divided by angular frequency  . In this study, we 

evaluated the wavenumbers for the selected direction from 2  to 2 , which 

is contains the minimum and maximum slowness of the required material. Although 

a sufficient number of evaluation points may assure a good performance of designed 

metamaterial, the numerical cost is also linearly increased with the evaluation points. 

Here, we evaluate the wavenumber along eight different directions.  

 

For the specific direction of wavenumber, the sensitivity of the objective function is 

given as follows: 

(1 )

(1 2 ).

i i

i

j

j

 




 
  
 

 



                 (5.19) 
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Also, the sensitivity of the constraint function can be obtained by using (5.10). In 

the topology optimization, the sensitivity of global matrices with respect to the 

‘density’ of i
th
 element ( i ) depends on its element matrices. Therefore, (5.10) 

becomes 

2 2e e e e
e e e e e e e e

i i i i i

k
k k 

    

    
     

     

P Q R M
U U U U U U U U  

 
.

2 g g g g g gk U P U U Q U
     (5.20) 

 

Note that the matrices and vector in a numerator are for the i
th
 element of 

i . Up to 

now, we suggest the design formulation for anisotropic metamaterials by the 

topology optimization method; the objective, constraint functions, and their 

sensitivity are given. In the following section, microstructures of the anisotropic 

metamaterial are designed by the proposed formulation. 

 

5.3.2 Design examples of elastic metamaterial 

 

In the topology design of anisotropic metamaterial, the objectives are (1) to have the 

same slowness curves with the required material in the target frequency range of 

f  and (2) to be converged to two distinct materials, aluminum or void in this 

study. To do this, the objective and constraint functions are defined as (5.16) and 

(5.17). In Section 5.2, we determine the material properties( , , ,MM MME    ) to 

suppress the dispersion effect of the target wave mode in a waveguide. Depending 

on the upper bound of anisotropy factor  , different material properties were 

obtained; their slowness curves are given in the lower panel of Figure 5.3. When the 
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  is increased, it is shown that the dispersion effect of metmaterial-based 

waveguide is decreased as shown in the upper panel of Figure 5.3. We call these 

material target materials in this section. The stiffness constants ( , , )MM MME    

and density  
MM  of the target materials are as follows: 

for the case of 2.0  , 

3

36.298 19.952 24.038 0 0 0.026

19.952 36.298 24.038 0 0 0.026

24.038 24.038 32.212 0 0 0
GPa,

0 0 0 8.173 0 0

0 0 0 0 8.173 0

0.026 0.026 0 0 0 4.087

2631.4kg m ;

MM

MM

 
 


 
 

  
 
 
 

  



, (5.21) 

for the case of 3.0  , 

3

40.984 23.519 29.272 0 0 1.092

23.519 40.984 29.272 0 0 1.092

29.272 29.272 35.232 0 0 0
GPa,

0 0 0 8.939 0 0

0 0 0 0 8.939 0

1.092 1.092 0 0 0 3.187

2631.4kg m ;

MM

MM

 
 


 
 

  
 
 
 

  



, (5.22) 

for the case of 4.0  , 

3

49.506 29.459 36.808 0 0 2.224

29.459 49.506 36.808 0 0 2.224

36.808 36.808 42.157 0 0 0
GPa,

0 0 0 10.697 0 0

0 0 0 0 10.697 0

2.224 2.224 0 0 0 3.347

2631.4kg m ;

MM

MM

 
 


 
 

  
 
 
 

  



, (5.23) 
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for the case of 5.0  , 

3

57.567 34.885 43.755 0 0 3.001

34.885 57.567 43.755 0 0 3.001

43.755 43.755 48.697 0 0 0
GPa,

0 0 0 12.356 0 0

0 0 0 0 12.356 0

3.001 3.001 0 0 0 3.486

2631.4kg m .

MM

MM

 
 


 
 

  
 
 
 

  



, (5.24) 

 

Let us give results of the topology design for the case of 4.0  . As mentioned 

earlier, the elastic metamaterial having a rectangular lattice is considered. The unit 

cell of the metamaterial is discretized by 2500 finite elements. As an initial topology, 

we consider a unit cell of 0.5   except for 4 void elements at the center of a unit 

cell. From the initial topology, the ‘density’ of each element is updated by a 

gradient-based optimization schemes until the convergence criteria is satisfied. In 

Figure 5.6(a), iteration histories of the topology and the slowness curves are 

presented for a  1.0 mm. As optimization proceeds, the slowness curves of the 

designed metamaterial (red: the quasi-longitudinal, blue: the quasi-transverse mode) 

are closed to those of the target material for that case of 4.0  . The slowness 

curves at 150 kHz are represented by dotted line, while that at 250 kHz, solid line, 

respectively. They are agreed well with the target contours at the last step of an 

optimization procedure. To confirm that the designed metamaterial exhibit the 

constant properties in the target frequency range, the dispersion relation of the 

metamaterial structure is calculated in the frequency domain; it is shown that the its 

dispersion curves are linear and no resonance gap appears in f . Also, the 



119 

 

objective function, convergence of the density  , is reduced to 0.044 from its 

initial value of 1.00 as shown in Figure 5.6(b). This fact can be checked with the 

topology changes in the optimization procedure shown in the upper part of Figure 

5.6(a): from an initial topology in which most elements have the density   of 0.5 

to a final topology in which there are two material phases of aluminum (black) and 

void (white region). Note that the converged topology has the symmetry even 

though no additional constraint on the densities is used.  

 

Also, an effect of the lattice parameter a of the metamaterial unit on results of the 

proposed topology optimization is checked. We carry out the same topology 

optimization as in Figure 5.6 but for the different values of a in this time. Figure 

5.7(a) and (b) show converged values of the differences in the slowness curves and 

the topologies at the final stage for some lattice parameters. It is shown that the 

cases of 2.0mma   have almost the same topology in their unit cells but the 

optimization cases of larger a values than 2.0 mm did not converged to the clear 

topology. This fact is confirmed by comparing the EFC’s of the target materials at 

250 kHz and the corresponding 1
st
 Brillouin zones of the different sizes of 

metamaterial unit. Due to the periodicity of the metamaterials, dispersion relation in 

the 1
st
 Brillouin zone is repeated in the wavenumber domain. As shown in Figure 

5.7(c), the cases of 2.0mma  have the smaller irreducible Brillouin zone 

compared with the target EFC’s; the metamaterial units of large a values cannot 

have the required EFC’s for the target frequency range. From this reason, a lattice 

parameter of 1 mm is used for the metamaterial design. 
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We also design anisotropic metamaterials for the cases of different   values. 

Depending on the target material of each case, different topology is obtained. 

Designed metamaterial units after thresholding and corresponding slowness curves 

are presented in Figure 5.8. As the   is increased, the discrepancies in slowness 

curves are increased. Although the metamaterial-based waveguide of 5.0   

outperforms that of the smaller , the metamaterial which exhibit the same material 

properties cannot be found by the chosen configuration (void in an aluminum 

matrix). On the contrary, for 2.0  , 3.0, and 4.0, we can realize anisotropic 

metamaterials by tailor the unit structures thorugh the topology optimization. In the 

following subsection, the designed microstructure is actually inserted into a 

waveguide and its effect on the dispersion relation of guided waves is investigated.  

 

5.3.3 Numerical analysis of metamaterial-based waveguide  

 

Here, the performance of the designed metamaterial is confirmed by numerical 

demonstration. To do this, we inserted the engineered microstructure in a waveguide, 

then the dispersion analysis of the realized metamaterial-based waveguide is 

conducted. The lower metamaterial layer of 5 mm is filled with five unit cells of the 

metamaterial structure of 4.0   in Figure 5.8(c). The upper layer is constructed 

of the same structure but flipped about 0y   plane as shown in the inset of Figure 

5.9(a). To obtain the dispersion relation in the frequency domain, the finite element 

software COMSOL is used. The periodic boundary conditions are applied between 

boundaries of a waveguide unit as explained in Chapter 2. We calculate the 

frequency of the Bloch waves in the realized metamaterila-based waveguide for 
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different number of wavenumber 
xk .  

 

Figure 5.9(a) shows the dispersion curves for the realized waveguide- it has the 

similar curves compared with that for the target waveguide in Figure 5.9(b). 

Although there are discrepancies near the cut off frequency of higher branches, the 

lower order branches including the target wave mode show a close correspondence 

to those of the target waveguide. To compare their dispersion curves quantitatively, 

the group velocities of the target wave mode are evaluated as shown in Figure 5.10. 

The miminum and maximum group velocities for the realized waveguide are 

2607.00 and 2773.16 m/s, while they are 2513.92 and 2687.42 m/s for the target 

waveguide over 150 250kHzf  . Compared with the difference in the group 

velocity of a homogeneous waveguide, which has no metamaterial layers, it is 

expected that the dispersion effect is sufficiently reduced by the realized 

metamaterial waveguide. 

 

Next, the modal distributions of the realized metamaterial waveguide are compared 

with those of a waveguide having target material layers. Figure 5.11 shows modal 

distribution of x and y displacements which are obtained along the thickness 

direction (the y direction) at 200 kHz. Note that the modal displacements are 

normalized by maximum value of each wavenumber. In Figure 5.11(a), the mode 

shapes of the realized waveguide are given. They are agreed with those of the target 

waveguide shown in Figure 5.11(b). In particular, the yu  field for the realized 

waveguide is almost constant distribution in a region of the host material, 

10 10mmy   , as for a target waveguide. From these mode shapes, it is shown 
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that the designed microstructures of metamaterial have the same effective properties 

with the target material. It confirms the fact that the anisotropic elastic metamaterial 

can be realized by matching their slowness curves. 
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5.4 Concluding remarks 

 

In this chapter, the dispersion engineering by the anisotropic metamaterial was 

presented. In particular, the group velocity dispersion was considered to be 

overcome by using elastic metamaterials. To do this, two design phase were 

suggested for designing metamaterial-based waveguide. First, we searched for the 

material property itself to suppress the dispersion effect in a waveguide. The 

material anisotropy factor and its symmetry direction were determined by the 

proposed optimization method. Second, the microstructure of metamaterial unit was 

designed to have the same wave properties with those of the target material. We 

employed the topology optimization method to realize the anisotropic metamaterial. 

Through this process, the metamaterial can be obtained and it was demonstrated that 

the realized anisotropic metamaterials can prevent the group velocity effect of a 

guided wave. Finally, we expect that the proposed method for anisotropic 

metamaterials can provide opportunities to improve various wave control system. 
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Table 5.1 Material properties of the anisotropic metamaterials, Young’s modulus 

MME , anisotropy factor  , symmetry direction  , density 
MM , for different 

upper bound values of the anisotropy factor  . 

  (GPa)MME  (a.u.)  (degrees)  3(kg m )MM  

2.0 21.89 2.0 45.47 2631.4  

3.0 23.73 3.0 39.52 2631.4 

4.0 28.42 4.0 36.59 2631.4 

5.0 32.86 5.0 35.64 2631.4 

 

 

 

 

Table 5.2 The group velocities of the target wave mode at different frequencies in 

the metamaterial-based waveguide and in the homogeneous waveguide. 

frequency (kHz) Metamaterial-based (m/s) Homogeneous (m/s) 

150 2513.92 2171.59 

175 2637.65 2285.65 

200 2686.41 2503.29 

225 2667.60 2666.71 

250 2596.26 2781.01 
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Figure 5.1 (a) Schematics of the metamaterial-based waveguide. The material 

properties of anisotropic metamaterial layers of 5 mm are adjusted through the 

proposed optimization. (b) The dispersion curves of the metamaterial-based 

waveguide. The shading denotes the target frequency range to be considered. 
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Figure 5.2 (a) Iteration history of the objective function in the proposed dispersion 

engineering. (b) The dispersion relation of the metamaterial-based waveguide for 

iteration numbers of 1, 11, 51, and 109. (c) The corresponding slowness curves of 

anisotropic metamaterials at 200 kHz, respectively. 
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Figure 5.3 Dispersion curves of the engineered metamaterial-based waveguide and 

the slowness curves of the anisotropic metamaterial (a) for the upper bound of 

anisotropy factor 2.0  , (b) 3.0, (c) 4.0, and (d) 5.0, respectively. 
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Figure 5.4 Schematic of the waveguide model in time-transient simulations. 

Snapshots of distribution of shear-energy density (a) in the metamaterial-based 

waveguide and (b) in a homogeneous waveguide. 
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Figure 5.5 (a) Illustration of the proposed topology optimization for anisotropic 

metamaterials in dispersion engineering of a waveguide. (b) Slowness curves of the 

target material (black) and the metamaterial in design process (red and blue) 

Differences in slowness curves, 
qle  and 

qte , are minimized to realize the 

anisotropic elastic metamaterial.  
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Figure 5.6 (a) Topologies of a metamaterial unit and the corresponding slowness 

curves for intermediate stages. (b) Iteration history of the objective function in the 

topology optimization for anisotropic metamaterials. 
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Figure 5.7 (a) The square norms of the difference in slowness curves e as a function 

of lattice parameter a of metamaterial unit. (b) Topologies of different unit sizes at 

the last iteration stage. (c) EFC’s of the target material at 250 kHz (black) and the 

irreducible Brillouin zones of the different sizes of metamaterial units for a = 1.0 

(red), 2.0 (blue), and 3.0 mm (green), respectively. 
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Figure 5.8 The microstructures of realized anisotropic metamaterial and the 

corresponding slowness curves (a) for the upper bound of anisotropy factor 2.0  , 

(b) 3.0, (c) 4.0, and (d) 5.0, respectively. 
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Figure 5.9 Dispersion curves of the metamaterial-based waveguide consisting of (a) 

the realized elastic metamaterial and (b) the target material. 
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Figure 5.10 The group velocity profiles of the target guided mode. The profile 

marked by square represents that for the realized metamaterial waveguide and that 

marked by circle, the target waveguide, respectively. 

 

 

 

 

 

 



135 

 

 

 

 

 

 

 

 

Figure 5.11 The distributions of the x- and y-displacement components of the 

eigenmodes at 200 kHz for (a) the realized metamaterial-based waveguide and (b) 

the target waveguide. 
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CHAPTER 6 

CONCLUSIONS 

 

 

In this study, phononic crystals and elastic metamaterials are engineered to tailor the 

dispersion relation of an elastic waveguide. The main focus is on multiple guided 

modes which exhibit a strongly dispersive behavior. To achieve the control of wave 

modes in an elastic waveguide, we employ the extraordinary phenomena of 

phononic crystals and elastic metamaterials including the band gap, the self-

collimation phenomena, and the dispersion tailoring. Since these abnormal 

phenomena are attributed to the unit structure of phononic crystals and elastic 

metamaterials, we engineer their structure to exhibit the desired wave properties for 

multiple guided waves and demonstrate performances of designed structures by 

numerical simulation and ultrasonic experiment in each research topic. 

 

Throughout this investigation, it was shown that guided wave modes can be 

spatially separated by exploiting anisotropic characteristics of phononic crystals. 

Also, we presented that the undesired wave mode can be removed by opening the 

band gap. And the group velocity dispersion of the target guided mode was 

successfully suppressed by anisotropic elastic metamaterials. In doing so, the 

systematic approach was employed to find the proper unit structures. Since multiple 

wave modes are involved in an elastic waveguide, it is essential to find the unit 

structures which satisfy multiple requirements for each guided mode. In this study, 
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the lattice parameters of phononic crystals such as a periodicity and a filling factor 

of inclusions or the topology of elastic metamaterial were obtained through the 

proposed optimization methods. The size optimization method was suggested to 

design the phononic crystal-based waveguide transducer and the shape optimization 

method was formulated for the self-collimating phononic crystals. The topology 

optimization method was also applied to realize anisotropic elastic metamaterials.  

 

Also, we experimentally studied the guided wave propagation in the engineered 

phononic crystals. Although the strong dispersive nature and complexity of guided 

waves make it difficult to demonstrate the guided wave propagation by experiments, 

here, guided modes of interest were excited selectively and its beam pattern can be 

controlled by adjusting transducers. The shear-horizontal modes in an aluminum 

plate can be measured separately at the exit side of phononic crystals. And we can 

demonstrate the suppression of the wave distortion in the tailored phononic crystal 

by ultrasonic experiments. In experimental demonstration, the fundamental wave 

phenomena including the refraction at an interface of phononic crystals and the 

dispersion effect in space and time were also investigated for elastic guided waves. 

 

The dispersion engineering presented in this study can provide evidence of the 

possibility of a multiple mode control for guided waves. An excitation of long-

wavelength wave mode should be avoided to achieve the high-resolution inspection 

by guided elastic waves; separate measurements of multiple scattered waves from a 

defect allow us to know precise information about the defect, its shape and size. The 

approaches presented in this thesis show an effectiveness of phononic crystals and 

elastic metamaterials to attain these promising functionalities. Finally, we expect 
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that extraordinary wave devices based on phononic crystals and elastic 

metamaterials can be realized by the proposed engineering methods. 
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국문 초록 

 

포노닉 크리스털과 메타물질을 이용한  

탄성 유도 초음파의 분산 특성 엔지니어링 

 

마 평 식 

서울대학교 대학원 

기계항공공학부 

 

본 연구에서는 포노닉 크리스털(phononic crystals)과 메타물질(metamaterials)

과 같은 인공적인 구조로 이루어진 물질을 이용한 탄성 유도 초음파(elastic 

guided waves)의 조절을 다룬다. 인공 물질을 이용하여 파동의 성질을 조절하는 

연구는 최근 전자기파에 대하여 광범위하게 연구되고 있으며, 그 결과 회절한계

(sub-diffraction limit) 이하의 고해상도 렌즈나 클로킹(cloaking) 장치와 같은 흥

미로운 결과들이 도출되고 있다. 본 연구는 탄성 유도 초음파 영역에 포노닉 크

리스털과 메타물질을 적용하여 다양한 전파 특성을 갖는 것을 보이고자 한다. 

특히 유도 초음파의 다양한 모드에 초점을 맞추어 연구를 진행하였다. 실제로 

도파체(waveguide)에 입사된 입력 신호는 다양한 모드가 함께 가진 되거나, 각 

모드의 분산 특성으로 인하여 왜곡되게 된다. 이로 인하여 유도 초음파를 이용

한 도파체의 결함 탐상과 같은 실제적인 적용에 있어 많은 문제들을 야기한다. 

본 연구에서는 포노닉 크리스털과 탄성 메타물질을 이용하여 유도 초음파 모드

의 분산 특성(dispersion relation)의 조절 기법을 개발하였다. 

본 연구에서 유도 초음파의 분산 특성 엔지니어링(dispersion engineering)은 

주파수(frequency)와 파수(wavenumber) 영역에서 수행하였다. 주요 내용으로 서

로 다른 유도 초음파 모드를 공간적으로 분리하거나 원치 않는 모드의 전파를 
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방지하고, 원하는 모드의 분산으로 인한 왜곡을 최소화하는데 중점을 두어 연구

를 수행하였다. 포노닉 크리스털 평판을 이용한 전단 초음파 분리에서는 각 모

드가 서로 다른 전파 방향을 갖도록 파수 영역의 분산 특성을 조절하였으며, 원

치 않는 모드의 전파를 방지하기 위해 포노닉 크리스털 밴드갭(band gap)이 원

하는 주파수 대역에서 형성되도록 조절하였다. 또한 포노닉 크리스털과 이방성

(anisotropic) 메타물질을 적절히 설계하여 원하는 모드가 일정한 주파수 대역에

서 군속도(group velocity)가 일정한 값을 갖도록 함으로써 신호의 왜곡을 최소화

하였다. 이렇게 유도 초음파 모드가 각기 원하는 전파 특성을 갖도록 하는 것은 

도전적인 과정으로, 본 연구에서는 포노닉 크리스털과 탄성 메타물질을 설계하

기 위한 다양한 최적화 기법을 제안하였다. 포노닉 크리스털의 다양한 격자 변

수들이나 탄성 메타물질의 단위 구조 위상(topology)에 대하여 제시된 설계 기법

을 이용하여 설계를 수행하었으며, 이를 통해 얻어진 도파체 내부 유도 초음파 

모드들의 파동 특성을 검증하고자 수치 해석과 초음파 실험을 수행하였다. 특히 

실험적 검증에 있어 특정 모드를 선택적으로 가진하고 방사 패턴을 조절하기 위

하여 초음파 트랜스듀서 또한 적절히 설계하였다. 본 연구를 통하여 포노닉 크

리스털과 메타물질을 적절히 설계하여 이용할 경우 탄성 도파체 내부의 유도 초

음파 특성을 효과적으로 조절할 수 있는 것을 검증하였다. 

 

주제어: 유도 초음파, 분산 특성, 포노닉 크리스털, 탄성 메타 물질, 최적화 기법 

학 번: 2010-30187 
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