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ABSTRACT

Concentric Tube Robots: Stability Analysis, Optimal

Design, and Shape Sensing

by

Junhyoung Ha

Department of Mechanical and Aerospace Engineering

Seoul National University

Minimally invasive surgery can involve navigating inside small cavities or reaching

around sensitive tissues. Robotic instruments based on concentric tube technology

are well suited to these tasks since they are slender and can be designed to take on

shapes of high and varying curvature along their length. One limitation of these

robots, however, is that elastic instabilities can arise when manipulating the robots

by rotating or translating the bases of the tubes. As the tubes rotate and translate

with respect to each other, elastic potential energy associated with tube bending

and twisting can accumulate; if a configuration is not locally elastically stable,
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then a dangerous snapping motion may occur as energy is suddenly released.

To enhance the elastic stability of the concentric tube robots, this paper presents

two researches: i) optimal design of tube pair, ii) local stability test to avoid un-

stable configurations. While prior work has considered tubes of piecewise-constant

pre-curvature, the first research in this paper proposes varying tube pre-curvature

as a function of arc length as a means to enhance stability. Stability conditions for

a planar tube pair are derived and used to define an optimal design problem. This

framework enables solving for pre-curvature functions that achieve a desired tip

orientation range while maximizing stability and respecting bending strain limits.

Analytical and numerical examples of the approach are provided. The second re-

search provide a local stability condition and test to determine if a configuration

is a stable equilibrium or not. This condition applies to arbitrary robot designs

with any external loads. The local stability test based on this condition is vali-

dated by comparison with known stability results, and its utility is demonstrated

by application to stable path planning.

Though those two researches address the elastic instability issue of concen-

tric tube robots, they both are based on the theoretical kinematics of the robots.

Robot control requires the rapid computation of this kinematics, which involves

solving complex mechanics-based models. Furthermore, shape computation based

on kinematic input variables can be inaccurate due to parameter errors and model

simplification. An alternate approach is to compute the shape in real time from

a set of sensors positioned along the length the robot that provide measurements

of local curvature, e.g., optical fiber Bragg gratings. In this point of view, the

third research in this paper proposes a general framework for selecting the num-

ber and placement of such sensors with respect to arc length so as to compute

the forward kinematic solution accurately and quickly. The approach is based on
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defining numerically efficient shape reconstruction models parameterized by sensor

number and location. Optimization techniques are used to solve for the sensor lo-

cations that minimize shape and tip error between a reconstruction model and a

mechanics-based model. As a specific example, several reconstruction models are

proposed and compared for concentric tube robots. These results indicate that the

choice of reconstruction model as well as sensor placement can have a substantial

effect on shape accuracy.

Keywords: Concentric tube robot, continuum robot, elastic stability, shape sens-

ing.

Student Number: 2008-22898
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1
Introduction

Concentric tube robots are a type of continuum robot that are comprised of nested

combinations of pre-curved superelastic tubes [1, 2, 3]. The shape of these robots is

determined by the bending and torsional elastic interaction of the tubes. They are

lightweight and slender, and can assume complex-shaped curves simply by rotating

and translating the concentric tubes relative to each other (see Figure 1.1). Since

they can be designed to possess sufficient stiffness to both steer through tissue

and manipulate tools in body cavities, they are well suited to minimally invasive

surgery [4, 5, 6, 7]. For these reasons, concentric tube robots have been regarded

with great promise as a surgical device.

Despite many advantages of the robots, the use of the robots in surgical ap-

plications is currently very limited because of a couple of practical issues. For in-

stance, the concentric tube robot shows a unique and dangerous behavior at cer-

tain configurations with high elastic potential energy. At these high-energy con-

figurations, the torsional elastic energy can be suddenly released through rapid

untwisting of one or more tubes [1, 2]. This motion is very dangerous and can
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2 Introduction

Figure 1.1: Concentric tube robot consisting of four tubes.

damage surrounding tissues or organs when it happens during a surgery. Several

approaches have been taken to address this problem. For example, robot design

can be constrained to be globally stable, i.e., not exhibit an instability anywhere in

their workspace [1, 2]. Assuming each tube is uniformly pre-curved, i.e., tubes with

constant pre-curvature are used, a global stability condition for the robot with

only two tube is presented as a design constraint in those papers. When arbitrary

number and shape of tubes are used, alternately, a stable path planning approach

is presented in [8] to avoid passing through unstable configurations. However, the

stability condition in [1, 2] does not take account of non-constant pre-curvatures,

and they do not consider any external loads in their stability analyses. In fact,

a tube pair stably designed based on [1, 2] can be unstable and show the rapid

untwisting motion if certain destabilizing external loads are applied. The stable

motion planning approach in [8] also assumes no external load, and the presented

condition for predicting unstable configurations is somewhat ad hoc and not math-

ematically rigorous.

Another issue is the computational heaviness and the accuracy of the theoreti-

cal kinematics of the concentric tube robot. The kinematics of the concentric tube

robot involves solving a set of differential equations with split boundary conditions.

Solving this boundary value problem (BVP) requires very heavy computation, and
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is hard to solve real-time. Moreover, the shape computed by the theoretical kine-

matics may not be accurate since it does not take account of some minor tube in-

teractions or material properties, such as frictions, clearances between tubes, and

large tube deformations out of linear strain-stress region. Though it is a natural

way in many engineering problems to simplify the model and predict the behavior

of the system based on the simplified model, a small discordance between the kine-

matics and the real robot could be sensitive as a surgical robot especially when

predicting the rapid untwisting motion.

To address those issues and limitations, this thesis presents the following three

researches:

i) Optimizing pre-curvature of the dominant tube pair to enhance the elastic

stability and to design a globally stable tube pair.

ii) Deriving local stability condition to determine whether given configuration of

concentric tube robot is stable or not. The condition can be used in real-time

control, motion planning, on-line safety checking or design optimization.

iii) Fast and accurate shape sensing method for continuum robots using optical

fibers with fiber Bragg gratings (FBGs).

The first and the second researches are presented to address the elastic instability,

and the third research is presented as a solution of the heavy computation and

the inaccuracy of the robot kinematics. Each research includes several numerical

and/or hardware experiments to verify the mathematical results.



4 Introduction

1.1 Contributions of This Thesis

1.1.1 Achieving Elastic Stability Through Precurvature Optimization

Minimally invasive surgery can involve navigating inside small cavities or reach-

ing around sensitive tissues. Robotic instruments based on concentric tube tech-

nology are well suited to these tasks since they are slender and can be designed

to take on shapes of high and varying curvature along their length. One limita-

tion of these robots, however, is that elastic instabilities can arise when rotating

one pre-curved tube inside another. This instability have been a constraint in de-

signing pre-curvature of concentric-tube robot. For example, two tubes of equal

pre-curvature and Poisson’s ratio ν = 0.3, are reported to be globally stable for

maximum tip orientation angles that are less than 79◦. Two possible approaches

to enhancing stability are (i) to vary the tube properties so as to modify Poisson’s

ratio, or (ii) to consider pre-curvatures that vary with the arc length. This work

takes the latter approach and its contribution is to prove that, by employing tubes

with pre-curvatures that vary with arc length, stability constraints on tube length

and tip orientation angle can be eliminated. While prior work has considered tubes

of constant or piecewise constant pre-curvature, this work proposes varying tube

pre-curvature as a function of arc length as a means to enhance stability. The

contributions of this work are summarized as follows:

• stability conditions for a planar tube pair are derived and used to define an

optimal design problem,

• this framework enables solving for pre-curvature functions that achieve a de-

sired tip orientation range while maximizing stability and respecting bending

strain limits.
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Elastic Stability of Concentric Tube Robots Subject to External Loads

The first research presents a way to design a tube pair which is globally stable for

any configuration. When it comes to three or more tubes, however, it is very hard

to design a tube set that guarantees the elastic stability for any configuration.

Even for the tube pair case, moreover, it is still very difficult to take account of

external loads in the tube pair design problem. In most cases, unfortunately, the

robot has more than two tubes to get enough manipulability, and there could be

many types of external loads by the interaction with the environment of the op-

erating space. These facts lead us to use an unstable concentric-tube robot in real

world. It is thus very important to make sure that the operating motion or desired

configuration is stable.

In the absence of any external load, the elastic stability of given configuration

of concentric-tube robot can be measured by checking whether the second varia-

tion of the elastic potential energy stored in the tubes are positive definite, i.e.,

positive for any non-zero variation of the robot configuration:

δ2J > 0 (1.1.1)

where J is the potential energy stored in the tubes. This condition is also available

in the presence of conservative external loads. When it comes to non-conservative

external loads, however, the condition is no longer available since the potential

energy J is defined with the non-conservative loads. Fortunately, the condition

(1.1.1) can be generalized through an intuitive physical interpretation. It can be

easily shown that the condition (1.1.1) reduces to a condition for the Jacobian

matrix of the tube kinematics. Since the Jacobian matrix is also available even in

the presence of non-conservative external loads, a general local stability condition

can be also derived regardless of whether the external loads are conservative or
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not. The contributions of this work are summarized as follows:

• an energy-based local stability condition is derived in the presence of con-

servative external loads only,

• a Jacobian matrix-based local stability condition is derived for the non-conservative

external loads.

1.1.2 Optimizing Curvature Sensor Placement for Fast, Accurate Shape

Sensing of Continuum Robots

As opposed to rigid body robots whose shapes are represented by finite dimen-

sional joint variables, the shape representation of a continuum robot consists of

infinite dimensional shape variables such as curvatures or centerline position along

the arc length of the robot. When a continuum robot has its own mechanics, those

shape variables can be computed through a mechanics-based kinematics based on

finite number of control variables. In other words, the mechanics-based kinematics

expands the finite control variables to infinite dimensional shape variables that are

given as functions of arc length. This procedure generally involves solving differen-

tial equations over the arc length interval, where the control variables are used in

the differential equations or in the boundary conditions. Depending on the com-

plexity of the kinematics or the choice of the precision in solving the differential

equations, the shape computation of the continuum robot may not be real-time

solvable. In the case of concentric tube robot, for instance, the kinematics of the

robot consists of multi-dimensional nonlinear differential equations with boundary

conditions given separately at both of the proximal and distal ends. When the

robot are subject to external loads, moreover, the complexity of the kinematics

equations increases, and it becomes more difficult to compute the shape of the
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robot real-time.

Leaving the computational heaviness aside, the mechanics-based kinematics could

be inaccurate because of model simplifications. When it comes to a rigid body

robot, the rigidness assumption for the comprising links is quite reasonable, and

the resulting kinematics is quite accurate. On the contrary to this, the mechanics

of a continuum robot is relatively complex, and the mechanics-based kinematics is

usually derived under many simplifying assumptions. For example, the kinematics

of the concentric tube robot ignores frictions between tubes, and nonlinearity in

the compliance of the material. As a result, the kinematics of a continuum robot

may not be as much accurate as those of rigid body robots.

If computing the kinematics of continuum robots is heavy and inaccurate, one

can alternately consider measuring the shape, not computing it. In this point of

view, this research proposes a shape sensing approach using optical fibers with

fiber Bragg gratings (FBGs) as local shape sensors. As shown in Figure 1.2, FBG

sensors measure local curvatures of a curve at finite number of points.

The contributions of this work are as follows:

• as the procedure of the shape computation based on the sensor measure-

ments, a shape reconstruction algorithm associated with various basis func-

tions is presented,

• and an optimization technique to determine where to place the sensors is

proposed.

1.2 Organization

This thesis is organized as follows.
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T(s)
z
^
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^

y
^

Curvature sensors

Backbone centerline

Fiber Bragg gratings

Figure 1.2: Fiber Bragg Gratings used as curvature sensors along the length of a

continuum robot.

Chapter 2 proposes a way to achieve elastic stability through pre-curvature op-

timization. It provides a concise statement of the mechanics-based model for the

tubes. And subsequently it presents a necessary and sufficient condition for evalu-

ating the stability of a tube pair with non-constant pre-curvatures based on solving

a linear ODE with specified boundary conditions. The approach is demonstrated

analytically for two example pre-curvature functions. Then it is followed by for-

mulations of the pre-curvatures optimization as an optimal design problem. Both

analytical and numerical examples are provided, and several hardware experiments

are provided at the end of the chapter.

In Chapter 3, after deriving the energy-based kinematics of concentric-tube

robot in the presence of conservative external loads, a variational approach for

deriving the local stability condition is presented subsequently. Then the gener-

alization of the condition to the presence of non-conservative external loads are
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derived based on the Jacobian matrix-based physical interpretation of the condi-

tion for conservative loads. To validate and demonstrate the new conditions, we

presents numerical experiments including several examples with different types of

external loads.

Chapter 4 presents a procedure for shape computation of continuum robots

using finite number of local curvature measurements by FBG sensors. This proce-

dure is called “reconstruction” since it involves reconstructing the curvature func-

tion over the entire length of robot based on the finite number of local curvatures

measurements. The presented reconstruction method is associated with choosing

basis functions. Several choices of the basis function are also given in this chapter.

Finally, in order to increase the reconstruction accuracy with a limited number of

sensors, an optimization technique to determine the sensor placements is proposed.

In Chapter 5 conclusion of this thesis is provided as a summary and an eval-

uation of the results over the thesis. This chapter is comprised of separated con-

clusions for each of Chapter 2,3 and 4.
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2
Achieving Elastic Stability Through

Precurvature Optimization

2.1 Introduction

A well-known limitation of concentric tube robots is that instabilities can arise in

which torsional elastic energy is suddenly released through rapid untwisting of one

or more tubes [1, 2]. Several approaches have been taken to address this issue. For

example, robots designs can be constrained to be globally stable, i.e., not exhibit

an instability anywhere in their workspace. Alternately, path planning can be used

to avoid passing through unstable configurations[8].

Nevertheless, elastic instability imposes significant constraints on robot and

workspace design. An important example, shown in Figure 2.1, is comprised of a

pair of tubes of equal stiffness and with pre-curvatures that are independent of arc

length. By rotating these tubes at their base, the combined curvature varies from

the maximum pre-curvature value to zero. The latter configuration corresponds to

11
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a base rotation angle of π and is stable, for constant tube pre-curvatures, if and

only if the following condition first derived in [9], [1] is met.

L
√

(1 + ν)||û1||||û2|| =
√
β1β2(1 + ν) < π/2 (2.1.1)

In this equation, L is the tube length, ν is the Poisson’s ratio of the tubes, and ûi

and βi are the pre-curvature and central angle of the i-th tube, respectively. When

this condition is not met, base rotations produce a snapping rotational motion as

the tube pair is straightened.

Viewed from different design perspectives, this stability condition places bounds

on either the tube length L, the pre-curvatures, ûi, or the central angles, βi. In

particular, two tubes of equal pre-curvature and Poisson’s ratio ν = 0.3, are glob-

ally stable for maximum tip orientation angles, β1 = β2, that are less than 79◦.

There are many clinical applications, however, for which it is desirable for tip ori-

entations to vary smoothly between ±90◦ or even a wider range. Consequently,

the development of techniques to increase the stability of concentric tube robots

is important to expanding their clinical utility.

Based on (2.1.1), two possible approaches to enhancing stability are (i) to vary

the tube properties so as to modify Poisson’s ratio, or (ii) to consider pre-curvatures

that vary with the arc length. This paper takes the latter approach and its contri-

bution is to prove that, by employing tubes with pre-curvatures that vary with arc

length, stability constraints on tube length, L, and tip orientation angle, β, can

be eliminated. Furthermore, maximum curvature is bounded only by mechanical

properties.

The remainder of the paper is organized as follows. The next section provides

a concise statement of the mechanics-based model for the tubes. The subsequent

section presents a necessary and sufficient condition for evaluating the stability of
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Figure 2.1: Effect of torsional twisting when two curved tubes are combined. Tube

coordinate frames are denoted by Fi(s). The relative z-axis twist angle between

frames α(s) varies from a maximum α(0) at the base to a minimum α(L) at the

tip. The central angles βi = θtip,i are proportional to the pre-curvature and to the

tube length L.
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a tube pair with non-constant pre-curvatures based on solving a linear ODE with

specified boundary conditions. The approach is demonstrated analytically for two

example pre-curvature functions. The subsequent section formulates the selection

of pre-curvatures as an optimal design problem and provides both analytical and

numerical examples. Conclusions are presented in the final section.

2.2 Kinematics of General Concentric-Tube Robot

Consider a concentric-tube robot with n-tubes. For each tube, material coordi-

nate frame for each cross section is defined by aligning z-axis tangent to tube’s

centerline. Each tube is assumed to have varying stiffness Kj(s) ∈ R3×3 and pre-

curvature ûj(s) ∈ R3 along arc-length s ∈ [0, Lj ], of which the z-components

kjz(s) ∈ R and ûjz(s) ∈ R are differentiable. Assume that there is no external

loading applied on the tubes. Then the net moment on every cross section equals

to zero. This is given by
n∑
j=1

Rz(αj)mj = 0 (2.2.2)

mj = Kj(uj − ûj) ∈ R3. (2.2.3)

where mj is the moment applied on j-th tube expressed in its own material coor-

dinate frame. Rz(α) is a 3× 3 rotation matrix of the form

Rz(α) =


cosα − sinα 0

sinα cosα 0

0 0 1


and αj is relative rotation angle between the material coordinate frame of the first

tube and the frame of j-th tube, i.e.,

α̇j(s) = ujz − u1z (2.2.4)
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where uj is three-component of curvature vector of j-th tube expressed in tube’s

material coordinate frame. Note that x and y component of uj satisfy following

frame alignment equation

uj = Rz(αi)R
T
z (αj)ui.

Focusing on the x and y components of the net moment, Equation (2.2.2) and

(2.2.3) is combined to∑
j

Rz(αj)KjRz(αi)R
T
z (αj)ui

∣∣
x,y

=
∑
j

Rz(αj)Kj ûj |x,y . (2.2.5)

Since the cross section of each tube is circular, Kj can be defined as following

diagonal matrix

Kj(s) =


kjx(s) 0 0

0 kjx(s) 0

0 0 kjz(s)


of which the x, y components are the same. Since the multiplication of Rz and Kj

is invariant to order, Equation (2.2.5) reduces to

ui|x,y =

∑
j

Kj

−1

RTz (αi)
∑
j

Rz(αj)Kj ûj

∣∣∣∣∣∣
x,y

. (2.2.6)

Now an ODE for z-components of ui will be derived. From the equilibrium equa-

tion of the special Cosserat rod model, the bending moment mi ∈ R3 and shear

force ni ∈ R3 on the cross section of i-th tube satisfy

ṁi = −[ui]mi − [vi]ni (2.2.7)

where vi = [ 0 0 1 ]T . [·] denotes skew-symmetric representation

[v] =


0 −v3 v2

v3 0 −v1

−v2 v1 0

 . (2.2.8)
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Substituting (2.2.3) into (2.2.7) results in

Ki(u̇i − ˙̂u)i + K̇i(ui − ûi) = −[ui]Ki(ui − ûi)− [vi]ni. (2.2.9)

The z-component of Equation (2.2.9) provides an ODE for uiz given by

u̇iz = ˙̂uiz +
kix
kiz

(uixûiy − uiyûix) +
k̇iz
kiz

(ûiz − uiz). (2.2.10)

Equation (2.2.4), (2.2.6) and (2.2.10) give us the kinematic model of general

concentric-tube robot. Since no external load is applied, the torsional bending mo-

ments is zero at the tip of each tube. This yields a boundary condition

uiz(Li) = ûiz(Li)

where Li is determined by insertion length of i-th tube.

2.3 Kinematics of Planar Tube Pair

In this section, the kinematic equations are presented for the planar tube pair.

Without loss of generality, the planar pre-curvature can be defined as

ûi =


0

ûiy(s)

0

 , i = 1, 2.

Let us define α as the relative rotation between the first and the second tubes, i.e.,

α = α2. For a tube pair with above pre-curvature, the kinematic equations (2.2.6)

and (2.2.10) reduce respectively to

u1x = − k2x

k1x + k2x
û2y sinα (2.3.11)

u̇1z =
k1x

k1z
u1xû1y −

k̇1z

k1z
u1z. (2.3.12)
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Substituting (2.3.11) into (2.3.12) yields

u̇1z = − k1xk2x

k1z(k1x + k2x)
û1yû2y sinα− k̇1z

k1z
u1z. (2.3.13)

By Equation (2.2.4) and k1zu1z + k2zu2z = 0 which is the z-component of Equa-

tion (2.2.2), α̇ is given by

α̇ = u2z − u1z

= −k1z + k2z

k2z
u1z (2.3.14)

and combining (2.3.13) and (2.3.14) yields the following ODE

α̈ =
k1xk2x(k1z + k2z)

k1zk2z(k1x + k2x)
û1yû2y sinα

+

(
k̇1z + k̇2z

k1z + k2z
− k̇1z

k1z
− k̇2z

k2z

)
α̇

(2.3.15)

with the boundary condition

α̇(L) = 0.

In practice, Assuming homogeneous material used for tubes, the bending and

tortional stiffnesses become constant and Equation (2.3.15) reduces to

α̈ =
k1xk2x(k1z + k2z)

k1zk2z(k1x + k2x)
û1y(s)û2y(s) sinα (2.3.16)

with the same boundary condition

α̇(L) = 0. (2.3.17)

2.4 Stability Condition for Planar Tube Pairs

2.4.1 Ignoring Straight Transmission Length Inside Collar

Since the differential equation (2.3.16) is second-order, there should be an addi-

tional boundary condition besides (2.3.17) in order to obtain a unique solution.
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Generally, a base rotation α0 can be given as the boundary condition. In this case,

however, it becomes a two-point boundary value problem for which multiple so-

lutions can exist. n the other hand, if a rotation at the distal end of the robot

αL is given as the boundary condition, it becomes a backward initial value prob-

lem for which a unique solution exists. Let α(s, αL) denote the solution to (2.3.16)

given the boundary conditions (2.3.17) and

α(L) = αL. (2.4.18)

Note that our study is focused on solutions for αL ∈ [0, π] rather than αL ∈ [0, 2π].

The remaining αL ∈ [π, 2π] provide symmetric solutions to those for αL ∈ [0, π].

As stated in [1], a stable tube pair features a curve in which α0 increases mono-

tonically with αL, or equivalently,

∂α

∂αL
(0, αL) > 0 for αL ∈ [0, π]. (2.4.19)

A result on the stability of tube pairs can be derived from the following propo-

sition, whose proof can be found in the Appendix 2.7.

Proposition 2.1. Let α(s, αL) denotes the solution to (2.3.16)-(2.4.18). If û1y(s), û2y(s) ≥

0, the condition
∂α

∂αL
(0, αL) > 0 for αL ∈ [0, π]

is equivalent to
∂α

∂αL
(s, π) > 0 for s ∈ [0, L]. (2.4.20)
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Note that the inequalities û1y(s), û2y(s) ≥ 0 are conditions for unloaded shapes

of tubes not to ripple. A physical interpretation of this proposition is possible by

noting that α(s) = π is the solution to (2.3.16)-(2.4.18) when αL = π, for which

the tube centerlines are straight. Imagine a small configuration change correspond-

ing to a small negative variation of αL at this configuration as depicted in Fig-

ure 2.2: if the rotational displacement is always negative along the arc length, then

from the proposition the tube pair is stable. The same explanation is possible with

a positive variation and corresponding positive rotation along the arc length. We

just choose the negative sign here in order to bound our scope within αL ∈ [0, π].

More precisely, consider the linear differential equation

d2

ds2

∂α

∂αL
(s, π) = −k1xk2x(k1z + k2z)

k1zk2z(k1x + k2x)
û1y(s)û2y(s)

∂α

∂αL
(s, π) (2.4.21)

with boundary conditions

∂α

∂αL
(L, π) = 1,

d

ds

∂α

∂αL
(L, π) = 0. (2.4.22)

These equations are obtained by differentiating (2.3.16)-(2.4.18) with respect to

αL at α(s) = π. If the solution to (2.4.21)-(2.4.22) is always positive over s ∈

[0, L], the tube pair is stable. This allows us to determine the stability of the given

tube pair by examining the solution of the linear differential equation for a set

of specific boundary conditions, instead of solving (2.3.16) subject to the general

boundary conditions (2.3.17) and (2.4.18) for αL ∈ [0, π].

2.4.2 Considering Straight Transmission Length Inside Collar

In practice every tube has a finite length of collar in order for the user to hold

and rotate the tube. In the case of tube pair, there is an additional elastic part
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Figure 2.2: Configurations of stable (left) and unstable (right) tubes slightly varied

from straight configurations. Tubes are assumed to have constant pre-curvature.

Stable tubes generate consistent direction of relative rotation along arc length

while unstable tubes does not. Half of each tube is not visualized to see the inner

rotation.

of the inner tube inside the collar of the outer tube, that is not taken into ac-

count in the stability condition of the previous section. Since the elastic stability

of concentric-tube robot is caused by the sudden release of elastic potential en-

ergy, the additional potential energy stored in this section has negative effect on

the elastic stability. Numerical plots of the base versus tip rotations in the cases

with and without considering the collar length are given in Figure 2.3. As shown

in this figure, a stable curve can become unstable when the elastic part of the

inner tube inside the collar is taken into account. This means that the stability

condition (2.4.19) is no longer applicable when the transmission length of the inner
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tube inside the collar length is considered.
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Figure 2.3: base versus tip rotation with and without collar.

Let lc denote the collar length of outer tube and α(−lc, αL) denote the actual

base rotation given the tip rotation αL. Then the following inequality

∂α

∂αL
(−lc, αL) > 0

should satisfy for αL ∈ [0, π] in order for a tube pair to be stable. Assuming that

collar is stiff enough not to twist, it satisfies

α(−lc, αL) = α(0, αL) + u1z(0)lc. (2.4.23)

Note that the twist rate of the inner tube inside the collar of the outer tube is the

constant value, u1z(0), and u1z(0)lc is the corresponding twist angle. Substituting
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Equation (2.3.14) into (2.4.23) and differentiating it with respect to αL yields

∂α

∂αL
(−lc, αL) =

∂α

∂αL
(0, αL)− k2zlc

k1z + k2z

d

ds

∂α

∂αL
(0, αL). (2.4.24)

Since (2.4.24) should be also positive for a stable tube pair, we have an additional

condition besides (2.4.19) for ∂α
∂αL

(−lc, αL) to be positive. By Proposition 2.3 in

Appendix and using the fact that d
ds

∂α
∂αL

(0, αL) is obtained by backward integra-

tion of Equation (2.4.21) with the initial value in (2.4.22), it is easily shown to

satisfy

min
αL∈[0,π]

∂α

∂αL
(0, αL) =

∂α

∂αL
(0, π)

max
αL∈[0,π]

d

ds

∂α

∂αL
(0, αL) =

d

ds

∂α

∂αL
(0, π).

We can find the additional stability condition by setting the minimum value of

Equation (2.4.24) to be possitive, which is given by

∂α

∂αL
(0, π)− k2zlc

k1z + k2z

d

ds

∂α

∂αL
(0, π) > 0. (2.4.25)

2.5 Evaluating Stability for Specific Pre-curvature Functions

To both validate and demonstrate the applicability of our stability results, we now

consider three examples in which the pre-curvature is prescribed analytically. In

the first example, we show that for the constant pre-curvature case, our stabil-

ity result reduces to the previously published result given by (2.1.1). The second

example considers pre-curvatures of the form ûy = b
s+a with {a, b} ∈ R+.
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2.5.1 Constant Pre-curvature

If ûy1 and ûy2 are a constant function, there exists an analytic solution to (2.4.21)

given by
∂α

∂αL
(s, π) = cos (c1(L− s))

where

c1 =

√
k1xk2x(k1z + k2z)

k1zk2z(k1x + k2x)
û1yû2y. (2.5.26)

The stability conditions (2.4.20) and (2.4.25) reduce to

c1L <
π
2

cos (c1L)− c1c2 sin (c1L) > 0

where

c2 =
k2zlc

k1z + k2z
. (2.5.27)

Since cos(c1L) in the second inequality is positive by the first inequality, they re-

duce again to

c1L <
π

2
(2.5.28)

c1L < tan−1 1

c1c2
. (2.5.29)

Note that (2.5.28) is the same result reported in [1], and (2.5.29) converges to

(2.5.28) as lc → 0, i.e., c2 → 0.

2.5.2 Partially Constant Pre-curvature

One of the most famous shape of tube for concentric-tube robot is described in

Figure 2.4. Each tube in the figure has straight section at the base and curved
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Figure 2.4: Tube with partially constant pre-curvature only at tip.

section at the tip. The pre-curvature functions are given by

û1y(s) =

 0, if s < l1

û1, if s ≥ l1
(2.5.30)

û2y(s) =

 0, if s < l2

û2, if s ≥ l2
(2.5.31)

where li is the length of straight section of i-th tube. We remark that L is not the

total insertion length, which is defined in Figure 2.4. Defining l̄ by l̄ = max(l1, l2),

the analytic solution to (2.4.21) is given by

∂α

∂αL
(s, π) =

 cos (c1L) + c1(s− l̄) sin (c1L) , if s < l̄

cos
(
c1(L+ l̄ − s)

)
, if s ≥ l̄.
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with the same c1 in (2.5.26). Then the stability conditions (2.4.20) and (2.4.25)

reduce to

c1L < tan−1 1

c1 l̄
(2.5.32)

c1L < tan−1 1

c1(l̄ + c2)
(2.5.33)

where c2 is defined in (2.5.27). Again, (2.5.33) converges to (2.5.32) as lc → 0.

Note that the conditions for the constant pre-curvature are a particular case of

these conditions when l̄ = 0.

2.5.3 Pre-curvature Function, ûy =
b

s+a

Assume that ûy(s) = b
s+a with positive scalars a ∈ R+ and b ∈ R+. The analytic

solution to (2.4.21) is given by

∂α

∂αL
(s, π) =


− c2

c1

(
s+a
L+a

)c3
+ c3

c1

(
s+a
L+a

)c2
if c0 <

1
4√

s+a
L+a

(
1− 1

2 ln s+a
L+a

)
if c0 = 1

4

− c0
c5

√
s+a
L+a sin

(
c5 ln s+a

L+a − c6
)

if c0 >
1
4

(2.5.34)

where

c0 = kx

kz
b2, c1 =

√
1− 4c0, c2 = 1

2 −
√

1
4 − c0

c3 = 1
2 +

√
1
4 − c0, c4 =

√
1
4 + c0, c5 =

√
c0 − 1

4

c6 = tan−1 2c3.

When c0 ≤ 1
4 , it is easily shown that ∂α

∂αL
(s, π) > 0 for s ∈ [0, L]; In other words,

it can be verified that the tube pair is stable simply by checking ∂α
∂αL

(0, π) > 0 and

d
ds

∂α
∂αL

(s, π) ≥ 0. This implies that any pre-curvature with (a, b) satisfying c0 ≤ 1
4

can be used for a stable tube pair. Since c0 is invariant to a, the choice of a is

unbounded in R+. Defining the central angle θtip swept out by the initial curvature
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of the tubes as

θtip =

∫ L

0
ûyds = b ln

L+ a

a
,

an arbitrarily large θtip can be achieved by selecting a to be a very small posi-

tive scalar. From a theoretical perspective, this result is quite meaningful, since

the swept angle θtip is bounded by the inequality (2.5.28) for the constant pre-

curvature case. A more detailed discussion is presented in Section 2.6.

On the other hand, when c0 >
1
4 , the following inequality must hold in order

to satisfy ∂α
∂αL

(s) > 0:√
c0 −

1

4
ln
s+ a

L+ a
− tan−1 2

√
c0 −

1

4
> −π.

Noting that the left side attains a minimum at s = 0, the inequality reduces to

a

L
>

exp
π − tan−1 2

√
c0 − 1

4√
c0 − 1

4

− 1

−1

. (2.5.35)

In practice it is hard to achieve c0 ≤ 1
4 due to the yield strain of the material

used for tubes, which is also discussed in more detail in Section 2.6. The inequal-

ity (2.5.35) should in practice be regarded as a general stability condition for the

pre-curvature ûy = b
s+a .

The stability condition (2.5.35) can be validated by plotting α0 versus αL curves

for various (a, b) pairs. The curves are depicted in Figure 2.5. To plot each curve in

the figure, αL is discretized into 21 values between 0 and 2π and given as bound-

ary conditions for the general kinematic equations (2.2.4), (2.2.6) and (2.2.10). If

a pair (a, b) satisfies the stability condition (2.5.35), the curve is monotonically

increasing as expected. Similarly, for a pair (a, b) on the boundary of the inequal-

ity (2.5.35), the curve is still increasing, but possesses an infinitely steep slope at

(α0, αL) = (π, π). Otherwise, the slope is negative over some parts of the curve.
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Figure 2.5: α0 versus αL curves for various (a, b) pairs.

2.6 Formulation as an Optimal Design Problem

In this section we formulate the selection of pre-curvatures as an optimal design

problem. Since the balanced tube pair is generally comprised of tubes with equal

stiffness and pre-curvature, it is assumed in this section that the tubes have the

same pre-curvature function û(s) and the same bending and torsional stiffnesses

kx and kz. These assumptions simplifies the optimal design problem to be solvable.

First of all, it is necessary to discuss the definition of the optimal design for

a tube pair. Given a desired value of θtip, a tube pair is stable if and only if the

solution to (2.3.16)-(2.4.18), α(s, αL), satisfies the inequality

∂α

∂αL
(0, αL) > 0 for αL ∈ [0, π]. (2.6.36)
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If there exist multiple pre-curvature function candidates that satisfy (2.6.36), it is

desirable to choose the most stable solution. Note that ∂α
∂αL

(0, αL) is the inverse

slope of α0 versus αL curve. If this value is excessively small (but still positive)

for some value of αL ∈ [0, π], even a small base rotation can cause the tube pair

to snap very quckly. An optimal pre-curvature can therefore be defined as one

that maximizes the minimum value of ∂α
∂αL

(0, αL) over αL ∈ [0, π]. The resulting

optimal design problem is formulated as follows.

max
ûy(s)

(
min
αL

∂α

∂αL
(0, αL)

)
subject to the constraints ∫ L

0
ûy(s)ds = θtip

∂α

∂αL
(0, αL) > 0.

If ∂α
∂αL

(0, αL) > 0, then it satisfies

min
αL

∂α

∂αL
(s, αL) =

∂α

∂αL
(s, π) (2.6.37)

for any s ∈ [0, L]; this is proven in Proposition 2.3, which is used in the proof

of Proposition 2.1 given in the appendix. Using (2.6.37) and Proposition 2.1 to

respectively reformulate the cost function and the last constraint, the optimization

reduces equivalently to

max
ûy(s)

∂α

∂αL
(0, π) (2.6.38)

subject to the modified constraints∫ L

0
ûy(s)ds = θtip

∂α

∂αL
(s, π) > 0.
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In practice, a high pre-curvature causes yielding problems, especially when the

tubes are straightened. One possible pre-curvature function that does not cause

yielding is given by

ûy(s) <
2ε̄

d(ε̄+ 1)

where ε̄ and d are the yield strain and outer diameter of the tube, respectively.

To include this feature in the optimization, one can add the constraint

ûy(s) ≤ ûmax (2.6.39)

to the optimization, with ûmax chosen to satisfy ûmax <
2ε̄

d(ε̄+1) .

2.6.1 Numerical Solution of the Optimal Design Problem

As an alternative to specifying a pre-curvature function a priori, numerical tech-

niques can be used to generate solutions. A simple way to solve the problem de-

fined above is to recast it in the form of an optimal control problem and to employ,

e.g., the steepest descent method described in [10].

For notational simplicity, we define

x1(s) =
∂α

∂αL
(s, π), x2(s) =

d

ds

∂α

∂αL
(s, π).

Equation (2.4.21) and the boundary conditions (2.4.22) can then be written ẋ1(s)

ẋ2(s)

 =

 x2(s)

−kx
kz
û2
y(s)x1(s)

 , x(L) =

 1

0

 . (2.6.40)

The cost function to be minimized is given by

J = − ∂α

∂αL
(0, π) =

∫ L

0
x2(s)ds− 1.
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Ignoring the constant term −1, the Hamiltonian and costate equation are respec-

tively given by

H = x2(s) + p1(s)x2(s)− kx
kz
û2
y(s)p2(s)x1(s)

 ṗ1(s)

ṗ2(s)

 =

 kx
kz
û2
y(s)p2(s)

−1− p1(s)

 , p(0) =

 0

0

 . (2.6.41)

The update direction dH
du is given by

dH
du

= −2
kx
kz
ûy(s)p2(s)x1(s). (2.6.42)

In the numerical implementation, the constraints ûy(s) ≤ umax and
∫ L

0 ûy(s)ds =

θtip are given as linear constraints of the form

ûiy ≤ umax, i = 1, . . . , N

N∑
i=1

ûiy∆s = θtip

where N is the dimension of ûy discretized by the step size ∆s, and ûiy is its i-th

component. Then dH
du is the N -dimensional gradient vector of the cost J , which

can be computed by solving the initial value problem (2.6.40), (2.6.41) and Equa-

tion (2.6.42) sequentially. The results are given in Figure 2.6-2.8.

In Figure 2.6, the numerical solution tends to a have higher pre-curvature at

the base and lower pre-curvature at the distal end. If the pre-curvature is high

at the distal end, both tubes are bound to each other tightly at the distal end,

causing a large twist along the arc length as the base rotates. Consequently, this

increases the possibility of a rapid untwisting motion by a sudden release of the

stored energy.
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Figure 2.6: Numerically computed optimal Pre-curvature.

2.6.2 Analytic Solution of the Optimal Design Problem

Though the numerical method presented in the previous section is derived by op-

timizing the continuous pre-curvature function û(s) based on the optimal control

theory, the numerical implementation of the algorithm is just a high dimensional

vector space optimization. If the pre-curvature function is discretized into N val-

ues, for example, the problem is N -dimensional vector space optimization with N

number of inequality constraints and a equality constraint. It is well-known that

the performance of vector space optimization drops near the boundary of multiple

inequality constraints. In our problem we have observed some numerical conver-

gence issues such as slow and shaking convergence. To address these problems, the

analytic equation of the solution to the optimal design problem is derived in this

section.
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Figure 2.7: Combined curvature of numerical solution with varying base rotation.

First, let us introduce a Lagrangian function

L = H+ λ(s)(ûy(s)− umax) + µûy(s)

= x2(s) + p1(s)x2(s)− kx
kz
û2
y(s)p2(s)x1(s)

+λ(s)(ûy(s)− umax) + µûy(s)

where µ ∈ R is Lagrangian multiplier of the equality constraint
∫ L

0 ûy(s)ds = θtip

and λ(s) is Lagrangian multiplier function of the inequality constraint ûy(s) ≤

ûmax that satisfies λ(s) ≥ 0 and λ(s)(ûy(s)− umax) = 0. The necessary conditions

for optimal control is given by

ẋ =
dL
dp
, x(L) =

 1

0


ṗ = −dL

dx
, p(0) =

 0

0


dL
du

= 0.
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Figure 2.8: Base rotation versus tip rotation curves of tube pair with optimal pre-

curvature and constant pre-curvature. Both pre-curvatures have equal tip orienta-

tion angle.

The problem is summarized as follows ẋ1(s)

ẋ2(s)

 =

 x2(s)

−kx
kz
û2
y(s)x1(s)

 , x(L) =

 1

0


 ṗ1(s)

ṗ2(s)

 =

 kx
kz
û2
y(s)p2(s)

−1− p1(s)

 , p(0) =

 0

0


−2kxkz ûy(s)p2(s)x1(s) + λ(s) + µ = 0

λ(s)(ûy(s)− umax) = 0, λ(s) ≥ 0, ûy(s)− umax ≤ 0∫ L
0 ûy(s)ds = θtip
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where x1(s), x2(s), p1(s), p2(s), û(s)y, λ(s) and µ are unknowns. Since these are the

necessary conditions, they may have multiple solutions including every local mini-

mizer and maximizer. From many times of observations of the numerical solutions,

we have assumed that the solution has a single saturation point of which the left

side attains the upper bound and the right side decreases gradually as depicted in

Figure 2.6. Under this assumption, the solution is given by

ûy(s) =

 umax if s < l

a
f(s) if s ≥ l

(2.6.43)

where

t = tan

√
kx
kz
umaxl

a =

√
kx

kz
t

l − L− 1√
kx
kz

umax

t

b =

L− l + (l + L)t2 + 1√
kx
kz

umax

t

2t2

c2 = a2(L− b)2

f(s) = c2 +
kx
kz
− a2(s− b)2

θtip =

tanh−1 a(L−b)√
c2+

kx
kz√

c2 + kx

kz

−
tanh−1 a(l−b)√

c2+
kx
kz√

c2 + kx

kz

+ umaxl. (2.6.44)

The saturation point l should be computed by a root finding of Equation (2.6.44)

for the given tip orientation angle θtip. The comparison between the analytic so-

lution and the numerical solution is given in Figure 2.9. The figure shows just a

typical case. The quality of the numerical solution depends on the optimal design

parameters such as the tip orientation angle θtip or the maximum pre-curvature

umax.
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Figure 2.9: Comparison between analytic solution and numerical solution.

Though the quality of the numerical solution is not significantly different from

the analytic solution in many cases, there is a remarkable advantage of the ana-

lytic solution in providing a feasibility condition of the optimal design problem.

If the given tip orientation angle is too large, the solution û(s) does not satisfy

the stability conditions (2.4.20) and (2.4.25). Substituting the analytic equation of

x1(x)

x1(s) =


x1(l) cos

√
kx
kz
umax(s− l)

+ẋ1(l) sin
√
kx
kz
umax(s− l)

if s < l

c1
√
f(s) exp

(
−
√

c2
c2+

kx
kz

tanh−1 a(s−b)√
c2+

kx
kz

)
if s ≥ l

(2.6.45)

into the conditions (2.4.20), (2.4.25) yields the following feasibility conditions

0 < l < π

2
√
kx
kz
umax

(2.6.46)

t2 + t√
kx
kz
umax(l−L)

− 1 < 0. (2.6.47)
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These inequalities are used to compute the exact upper bound of the tip orienta-

tion angle in the next section. Note that x1(l), ẋ1(l) and c1 are given by straight-

forward calculations from the boundary conditions x1(l+) = x1(l−), ẋ1(l+) = ẋ1(l−)

and x1(L) = 1. The specific equations are not presented since the inequalities (2.6.46)

and (2.6.47) are invariant to these values.

2.6.3 Feasibility of Optimal Design Problem

This section presents an algorithmic representation of feasibility test to determine

if the given problem has a feasible solution, i.e., a stable pre-curvature function.

When a desired tip orientation angle is too large, it is impossible to get a pre-

curvature function for a tube pair to be stable. Let Θtip denote the exact upper

bound of the tip orientation angle. Then Θtip is computed and compared to the

desired tip orientation angle in Table 2.1.

Table 2.1: Feasibility Test

FEASIBILITY TEST(L,umax,θtip)

1 Perform a root finding in the interval (2.6.46) to find l on the boundary

of inequality (2.6.47) for given L and umax.

2 Compute Θtip by substituting l from 1 into Equation (2.6.44).

3 If θtip < Θtip,

return true

Else,

return false

Note that 1 in Table 2.1 always guarantees a unique solution since the left

side of (2.6.47) is monotonically increasing from −1 to ∞ in the interval (2.6.46).
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If the problem is feasible, the optimal pre-curvature is then obtained by Equa-

tion (2.6.43). If the problem is not feasible, on the other hand, there does not ex-

ists any pre-curvature function for a tube pair to be stable with given (L,umax,θtip).

In this case one should increase the tube length L or the maximum pre-curvature

umax, or decrease the desired tip orientation angle θtip in order to make the prob-

lem feasible.

2.7 Hardware Experiments

To validated the theoretical results in the previous sections, a set of hardware ex-

periments have been performed in this section. The experiments compare the elas-

tic stabilities of i) a tube pair with constant pre-curvature and ii) a tube pair with

optimal pre-curvature. Both tube pairs are designed to have the same tip orien-

tation angle and tube length for fair comparisons. Our experiments consist of the

following steps:

i) Each tube pair is mounted on the motor system and the base of the outer

tube is rotated by controlling the motor. The system is shown in Figure 2.10.

ii) While the base is rotating, the base rotations and tip movements are being

recorded. The base rotation is recored by reading the encoder of the mo-

tor, and the tip movement is tracked by the position and orientation reads

of two EM trackers independently attached on the tips of inner and outer

tubes. Figure 2.11 shows the EM trackers attached on the tips. A sequence

of relative orientations between two EM trackers, {Ri}i=1,...,m, are recorded

for the later computations of the relative tip rotations between the tubes.

iii) As a post processing, the relative tip rotation angles are computed from the
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Figure 2.10: Base rotation is generated by motor system. Tubes are mounted on

the system.
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Figure 2.11: EM trackers attached on tips of inner and outer tubes.

EM tracker measurements, {Ri}i=1,...,m. The relative movement between two

EM trackers is a screw motion, i.e.,

Ri = R0e
ŵαi ∈ SO(3)

where R0, ŵ and αi are the initial relative orientation, the skew axis and

the tip rotation angles respectively. R0, ŵ and αi are computed by a series

of least squares problems, but the detailed formulations are skipped for the

concentration to the results.

The tube pairs used in the experiments are shown in Figure 2.12. The specific

tube parameters are given in Table 2.2. The diameters, lengths and tip orienta-

tion angles are the same in both tube pairs. The only difference between the tube

pairs is the pre-curvature function along the arc length. The optimal pre-curvature

is computed by Equation (2.6.43) for the given tube parameters in Table 2.2.
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Figure 2.12: Two tube pairs used in experiments. The upper one is the constant

pre-curvature and the lower one is the optimal pre-curvature.
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Table 2.2: Tube Parameters for First Two Tube Pairs

Length (mm) 200

Collar Length (mm) 17

OD (mm) \ ID (mm)
Inner Tube 3\2.75

Outer Tube 3.1\3.28

Tip Orientation Angle (◦) 90

Maximum Pre-curvature for
1
90

Optimal Pre-curvature (mm−1)

Relative Stiffness of Outer Tube
0.98

with respect to Inner Tube

Expected Poisson’s Ratio 0.3
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Figure 2.13: Base versus tip rotation of tube pair with constant pre-curvature.
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Figure 2.14: Base versus tip rotation of tube pair with optimal pre-curvature.
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The first experiment performed in this section is the comparison of the base ver-

sus tip rotation curve between the mechanics-based kinematics and the hardware

experiment. Theoretical curve and measured curves of base versus tip rotation are

over-plotted in Figure 2.13 and 2.14. The measured curves for forward and back-

ward revolutions construct a band in each figure. It is due to the friction between

inner tube and the outer tube which is not taken account into the derivation of

mechanics-based kinematics. The theoretical curve is thus placed inside the band.

The most remarkable feature in these figures is that the tube pair with the op-

timal pre-curvature presents more stable behavior, i.e., straighter curve compared

to the tube pair with constant pre-curvature. This implies that the pre-curvature

optimization presented in the previous sections are effective in the real hardware

operation.

The last thing we would like to remark is that these figures does not provide

much information on whether the given tube pair is stable or not. Though the tube

pair with the constant pre-curvature is intended to have unstable behavior, it is

not able to an observe non-monotonic increasing curve since the non-monotonic

curve is not trackable with the base rotation. Instead, we can observe a jump in

the workspace behavior when the tube pair snaps. However, there is no way to

strictly distinguish the snapping behavior from just a fast but continuous tip move-

ment. For this reason, we need to consider a new definition of stability/instability

in practical sense.

Definition 1. The given tube pair is (practically) stable if and only if the tube

pair can reach any point inside the band between base versus tip curves of forward

and backward revolutions by controlling the base rotation.
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Figure 2.15: Spiral trajectory on base versus tip rotations plan for tube pair with

constant pre-curvature.

To figure out if our tube pairs are practically stable or not, we have gener-

ated a spiral trajectory inside the band. Figure 2.15 and 2.16 show the base ver-

sus tip rotations trajectory by controlling the base rotation converging to 180◦.

This results in a spiral trajectory inside the band. According to Definition 1 the

tube pairs are both practically stable. It seems that the friction has stabilized

the tubes by preventing tubes from snapping rapidly. That’s why the both tube

pairs are unintentionally stable. However, we have observed that the tube pair with

constant pre-curvature generated huge snaps at the very first revolutions. After

several experiments, this snapping motions disappear and finally it is stabilized.

This stabilization is observed in the curve changes between the figures. Since the

experiments for Figure 2.15 and 2.16 are performed after several revolutions, the



2.7. Hardware Experiments 45

0 50 100 150 200 250 300 350
0

50

100

150

200

250

300

350

Base rotation(°)

T
ip

 r
o

ta
ti
o

n
(°

)

Figure 2.16: Spiral trajectory on base versus tip rotations plan for tube pair with

optimal pre-curvature.

bands have become narrower and the curves become straighter compared to Fig-

ure 2.13 and 2.14. We guess that this stabilization might be caused by microscopic

deformations of the tubes.

APPENDIX: Proof of Proposition 2.1

We first prove the following two propositions:

Proposition 2.2. Let α(s, αL) denotes the solution to (2.3.16)-(2.4.18), and as-

sume that û1y(s) and û2y(s) satisfy û1y(s), û2y(s) ≥ 0. Then

∂α

∂αL
(0, αL) > 0 for αL ∈ [0, π] (2.7.48)
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if and only if
∂α

∂αL
(s, αL) > 0 for s ∈ [0, L] and αL ∈ [0, π].

Proof. The backward direction is obvious, requiring only proof of the forward di-

rection. For notational simplicity, ∂α
∂αL

and k1xk2x(k1z+k2z)
k1zk2z(k1x+k2x) are replaced by x and κ.

Differentiating (2.3.16)-(2.4.18) with respect to αL yields a linear ODE

ẍ(s, αL) = κû1y(s)û2y(s) cos(α)x(s, αL) (2.7.49)

with boundary conditions

x(L,αL) = 1, ẋ(L,αL) = 0. (2.7.50)

When αL = 0, the solution to (2.3.16)-(2.4.18) is α(s, 0) = 0. In this case, Equa-

tion (2.7.49) reduces to

ẍ(s, 0) = κû1y(s)û2y(s)x(s, 0).

Given the boundary conditions (2.7.50) together with a positive value of κû1yû2y,

x(s, 0) results in a decreasing function in s ∈ [0, L], which satisfies x(s, 0) ≥ 1.

Suppose there exists a solution to (2.7.49), x(s, γ), which is not always positive

in s ∈ [0, L]. Differentiating Equation (2.7.49) again with respect to αL yields

d2

ds2

∂x

∂αL
(s, αL) = κû1y(s)û2y(s) cos(α) ∂x

∂αL
(s, αL)

−κû1y(s)û2y(s) sin(α)x2(s, αL)

Since this is also a linear ODE in ∂x
∂αL

(s, αL) for which the system input is asso-

ciated with x(s, αL), it leads to a finite value of ∂x
∂αL

(s, αL) for a finite x(s, αL).
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Consequently, x(s, αL) as well as its minimum value over s ∈ [0, L] is continuously

varying over αL ∈ [0, γ]. Since the minimum value of x(s, γ) is not positive while

that of x(s, 0) is 1, there exists at least one αL between 0 and γ for which the

minimum value of x(s, αL) is zero. Let β and t denote this αL and corresponding

minimizer, respectively. Then

x(t, β) = 0. (2.7.51)

By (2.7.48) and (2.7.50), t is neither 0 nor L. The first-order necessary condition

for the minimizer t which is not on the boundary of the domain s ∈ [0, L] is given

by

ẋ(t, β) = 0. (2.7.52)

However, this is not possible since the only solution to (2.7.49) given (2.7.51) and

(2.7.52) is a constant function x(s, β) = 0, which does not satisfy the boundary

condition (2.7.50). Thus, there does not exist any solution to (2.7.49) that is not

always positive in s ∈ [0, L].

Proposition 2.3. Let α(s, αL) denote the solution to (2.3.16)-(2.4.18). If

∂α

∂αL
(s, π) > 0 for s ∈ [0, L], (2.7.53)

then it satisfies
∂α

∂αL
(s, αL) ≥ ∂α

∂αL
(s, π)

for any s ∈ [0, L] and αL ∈ [0, π].
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Proof. Let x and κ denote ∂α
∂αL

and k1xk2x(k1z+k2z)
k1zk2z(k1x+k2x) again. By differentiating (2.3.16)-

(2.4.18) with respect to αL, the same equations (2.7.49)-(2.7.50) are obtained. When

αL = π, the solution to (2.3.16)-(2.4.18) is α(s, π) = π. In this case, Equation (2.7.49)

reduces to

ẍ(s, π) = −κû1y(s)û2y(s)x(s, π).

The proposition is clearly satisfied when s = L or αL = π. Suppose there exists

t ∈ [0, L) and β ∈ [0, π) that does not satisfy the proposition, i.e.,

x(t, β) < x(t, π). (2.7.54)

By (2.7.53), the following inequalities hold:

ẍ(s, π) ≤ κû1y(s)û2y(s) cos (α(s, β))x(s, π),

x(t, π) ≥ x(t, β), x(L, π) ≥ x(L, β)

These are the conditions for x(s, π) to be an upper solution [11] to x(s, β) over

s ∈ [t, L]. It has been proven that any solution to an ODE lies below the upper

solution. However, because of the same boundary conditions x(L, β) = x(L, π) = 1,

ẋ(L, β) = ẋ(L, π) = 0 and the smaller value of the second derivative

{ẍ(L, π) = −κû1y(L)û2y(L)} < {ẍ(L, β) = κû1y(L)û2y(L) cos(β)} ,

it follows that x(t, π) cannot be the upper solution near s = L. This can be shown

via a Taylor expansion for a small positive scalar ε:

x(L− ε, π)− x(L− ε, β) ≈ 1

2
ε2 (ẍ(L, π)− ẍ(L, β)) < 0

Thus, there does not exist any t ∈ [0, L) and β ∈ [0, π) satisfying (2.7.54).
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The forward direction of Proposition 2.1 is satisfied straightforwardly by Propo-

sition 2.2. The backward direction is also satisfied by Proposition 2.3, i.e.,

∂α

∂αL
(s, αL) ≥ ∂α

∂αL
(s, π) > 0.
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3
Elastic Stability of Concentric Tube

Robots Subject to External Loads

3.1 Introduction

Concentric tube robots are being developed for procedures throughout the body. In

neurosurgery, for example, designs have been developed to access and remove skull

base tumors [12] as well as to perform intraventricular procedures [4]. Lung pro-

cedures are also an area of interest since bronchoscopes are limited in how deeply

they can navigate into the lungs [13, 14, 15]. Robotic catheters are being tested

as a means of converting procedures currently performed via open surgery into

beating-heart interventions [16, 6, 7, 17].

In designing robots for these procedures, tubes with higher pre-curvatures of-

fer better maneuverability. As tube pre-curvature and length increase, however,

instabilities can arise [1, 18, 19]. Elastic potential energy stored during bending

51
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and twisting of the individual tubes can be suddenly released at certain configu-

rations, creating dangerous snapping motions.

From a mechanics perspective, such snapping occurs when a configuration of

the robot has a nearby configuration with lower energy, implying that the current

configuration is not a stable equilibrium. For this reason an understanding of local

stability, in particular an efficient and reliable method for quantitatively evaluat-

ing local stability, is important in practical applications involving concentric tube

robots.

For example, the design of a concentric tube robot can be cast as a problem of

finding a set of design parameters that satisfies local stability over a given range

of configurations, or maximizes local stability at the most unstable configuration.

In sampling-based path planning algorithms such as those based on the rapidly

exploring random tree (RRT) [20], a local stability criterion can be used to define

the feasible configuration space. The local stability criterion can also be used for

online safety checking during real-time control, to avoid such snapping configura-

tions.

It is also important to be able to understand and predict the effect of exter-

nal loads on robot stability. A wide range of loading scenarios are possible dur-

ing medical interventions. For example, concentric tube robots can be employed

as steerable needles following 3D curves through solid tissue. In these situations,

loads will consist of tip cutting forces and torques as well as distributed forces and

torques from the tissue along the inserted length.

When introduced into a body cavity, such as the heart, the inserted portions

can operate as a robot performing such tasks as manipulating tissue and deploy-

ing devices. In these scenarios, forces and torques are generated at the robot tip.

Furthermore, if the robot presses against tissue along its length, this generates
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distributed loads on the robot.

Existing results on the elastic stability analysis of concentric tube robots are

either limited to planar tubes of constant pre-curvature, do not consider external

loads, or otherwise require significant computation. The notion of elastic instabil-

ities was first introduced in [18, 19]. A global stability condition for planar tube

pairs with constant pre-curvatures was presented in [1]; here an analytic stabil-

ity condition for measuring the stability of a tube pair based on the notion of

an s-curve was developed. For robots comprised of more than two tubes, a multi-

dimensional generalization of the s-curve was developed in [21] to determine both

local and global stability.

For robots with non-constant tube pre-curvatures, an analogous stability con-

dition based on the s-curve is presented in [22]: global stability was determined

from the existence of positive solutions to a certain initial value problem, and

an optimal design problem to maximize global stability was also formulated and

solved. An analytic stability condition for tube pairs with constant pre-curvatures

and straight transmission lengths is presented in [23], together with an implicit

method to design a globally stable robot with more than two tubes.

In summary, existing works on elastic stability assume planar and constant

pre-curvatures [1], or those with straight transmission lengths [23]. The multi-

dimensional s-curve approach in [21] is based on the global shape of the s-curve,

which requires significant off-line computations whenever the tube parameters or

transmission lengths are changed. None of the prior works consider external loads

in their stability analysis.

This paper presents an energy-based local stability condition for a concentric

tube robot in the presence of general external loads, including distributed forces

and torques along the tubes as well as concentrated forces and torques at the tip.
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While point loads applied along the length are not explicitly included, they can be

closely approximated using distributed loads. A mathematical condition for local

stability is derived through a variational approach based on optimal control theory.

Our results are applicable to robots comprised of any number of tubes. Further-

more, tube pre-curvature and stiffness can be arbitrary functions of arc length.

The computations involved in evaluating local elastic stability consist simply of

solving a matrix initial value problem together with the evaluation of determinants

for numerical integration.

The paper is organized as follows. Section 3.2 presents the definitions and no-

tation behind our concentric tube robot model. The elastostatic kinematic model

is derived in a form suitable for stability analysis in Section 3.3 and the ques-

tion of determining local elastic stability is then formulated as an optimal control

problem in Section 3.4. Numerical experiments validating our stability condition

are presented in Section 3.5, including tube pair examples with various external

loads, and a path planning example involving a three-tube robot.

3.2 Concentric Tube Robot Modeling

The shape of the concentric tube robot is determined by the initial shape and the

stiffness of each tube as well as the kinematic inputs including the base rotation

and translation of each tube. A rigorous mathematical modeling of the concentric

tube robot requires a number of definitions of the curvature variables and coordi-

nate frames that represent the deformed and undeformed shape of the tubes.

Consider the tubes are concentrically combined as depicted in Fig. 3.1. The

kinematic inputs are the base rotations and the translations of the tubes about

and along z-axis of the world coordinate frame. Let θ0,i and ai denote the base
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rotation and the translation of i-th tube, and s denotes the arc-length parameter

of the robot, of which the initial value is an and the final value is bn. The material

s = a1

s = a2

s = a3

s = b1

s = b2

s = b3

z

x y

θ0,1

θ0,2

θ0,3

Figure 3.1: Concentric tube robot with n tubes.

coordinate frame Ri(s) ∈ SO(3) is then defined as a body frame rigidly attached

on the infinitesimal length of material of tube i at s. Its z-axis is tangentially

aligned to the tube’s central axis. Then the curvature vector of tube i

ui(s) =
[
ui,x(s) ui,y(s) ui,z(s)

]T
∈ R3 (3.2.1)

can be computed by

[ui(s)] = Ṙi(s)Ri(s)
T (3.2.2)

where [r] denotes the skew-symmetric representation of r = [r1 r2 r3]T ∈ R3 given
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by

[r] =


0 −r3 r2

r3 0 −r1

−r2 r1 0

 ∈ R3×3. (3.2.3)

The pre-curvature vector of tube i, ûi(s) ∈ R3, is defined as the initial curvature of

tube i when the tube is not subject to any external loads due to the interactions

between other tubes or the environment.

Since the z-axes of the material coordinate frames Ri(s) of all the tubes are

aligned tangentially to the backbone curve, they can be expressed with a reference

coordinate frame, R(s), and relative rotation angles of the tubes about the z-axis,

θi(s), i.e.,

Ri(s) = R(s)Rz(θi(s)) (3.2.4)

where

Rz(β) =


cosβ − sinβ 0

sinβ cosβ 0

0 0 1

 ∈ R2×2 (3.2.5)

Note that any arbitrary choice of the reference frame R(s) is possible. We have

chosen a Bishop frame [24] as the reference frame since the curvature vector of a

Bishop frame has only two non-zero components, the x and y components. The

Bishop frame R(s) and the backbone curve p(s) ∈ R3 are then given by

Ṙ(s) = R(s) [(ux, uy, 0)] (3.2.6)

ṗ(s) = R(s)êz (3.2.7)

where ux(s), uy(s) ∈ R are the backbone bending curvatures, and êz is the unit

vector in the z-direction, i.e., êz = [0 0 1]T . The initial value of R(s) is chosen to

be an identity matrix, i.e., R(an) = I.
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Additional properties that determine the shape of the combined tubes are the

bending stiffness and the torsional stiffness of each of the tubes along the length.

Let Ki(s) ∈ R3×3 denote the stiffness matrix of tube i at s. Since the cross section

of each tube is an annulus, the bending moment about x-axis and y-axis are the

same. The stiffness matrix Ki(s) is then given by

Ki(s) =


ki,xy(s) 0 0

0 ki,xy(s) 0

0 0 ki,z(s)

 (3.2.8)

where ki,xy(s) is the bending stiffness and ki,z(s) is the torsional stiffness.

As shown in Fig. 3.1, tube i does not exist over the entire arc-length interval

[an, bn], but only in the interval s ∈ [ai, bi]. For convenience, let us introduce an

equivalent model by imagining virtual tubes at the tips and the bases of the actual

tubes.

Fig. 3.2 shows an example of the equivalent model using virtual tubes. At the

proximal end, virtual tubes have zero curvature and infinite bending and torsional

stiffness, while those at the tips have zero curvature, zero bending stiffness and

arbitrary positive torsional stiffness.

3.3 Elastostatic Kinematic Model

This section presents an energy-based derivation of the elastostatic kinematics of

concentric tube robots subject to distributed loads over the length and concen-

trated loads at the tip. While prior work has presented concentric tube robot

kinematics under external loads [25, 26], a formulation is derived here in a form

suitable for assessing local stability. This differs from prior formulations in the

representation of external loads and cross-sectional internal moments.
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Figure 3.2: Equivalent tube model.

3.3.1 Concentric Tube Robot with No External Load

Consider a concentric tube robot with n tubes in the absence of any external loads.

The potential energy of the system is then given by the sum of the elastic potential

energies of each of the tubes. The potential energy functional is then given by

J =

∫ bn

an

n∑
i=1

1

2
(ui(s)− ûi(s))T Ki(s) (ui(s)− ûi(s)) ds. (3.3.9)

Since the tubes are concentric, the x-y curvatures of the tubes are identical to the

backbone bending curvature expressed in different material coordinate frames. In

order to reduce the number of variables, the bending curvatures of the tubes are

expressed as a single variable uxy(s) ∈ R2, which is the Bishop frame representa-

tion of the x-y curvature of the backbone curve. Let θi(s) ∈ R denote the rotation

of tube i along the arclength, i.e.,

θ̇i(s) = ui,z(s) (3.3.10)
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where the upper dot represents the derivative taken with respect to the arclength

parameter s, and θi(a) is given as a kinematic input. The bending curvature of

tube i is then expressed as

ui,xy(s) = Rz(θi(s))|Txy uxy(s) ∈ R2, (3.3.11)

where

Rz(β)|xy =

 cosβ − sinβ

sinβ cosβ

 ∈ R2×2, (3.3.12)

ui,xy(s) =

 ui,x(s)

ui,y(s)

 ∈ R2. (3.3.13)

Substituting uxy into Equation (3.3.9) yields

J =

∫ b

a
g(uxy(s), θ(s), θ̇(s))ds, (3.3.14)

where

θ(s) = [θ1(s) · · · θn(s)]T ∈ Rn, (3.3.15)

g(uxy, θ, θ̇) =
n∑
i=1

1

2

{
ki,xy‖ Rz(θi)|Txy uxy − ûi,xy‖

2

+ ki,z(θ̇i − ûi,z)2
}
. (3.3.16)

The potential energy J in the above equation is a functional of θ̇i(s) as well as

uxy(s), θi(s), which results in a standard calculus of variation problem. The un-

loaded kinematics is then obtained by applying the Euler-Lagrange equation to

(3.3.14).

3.3.2 Concentric Tube Robot with External Load

Let us first assume that conservative forces are applied as the external loads. Then

there exists a total potential energy, including the elastic potential energy of the
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tubes and the potential energy by the external forces, of the form

J =

∫ bn

an

g(uxy, θ, uz) + w(p,R, θ, s)ds

+W (p(bn), R(bn), θ(bn), bn) (3.3.17)

where uz(s) = [u1,z(s) · · · un,z(s)]T ∈ Rn, p(s) ∈ R3 is the backbone curve, and

R(s) ∈ R3×3 is the Bishop frame along the arc-length; these satisfy

ṗ(s) = Rêz (3.3.18)

Ṙ(s) = R [(ux, uy, 0)] . (3.3.19)

The term w(p(s), R(s), θ(s), s) is the potential density function of the distributed

loads at s ∈ [a, b], and W (p(bn), R(bn), θ(bn), bn) is the potential energy function

of the concentrated load applied to the tip. Solving for the backbone curve, con-

sisting of the state variables x(s) = (p(s), R(s), θ(s)), that minimizes elastic po-

tential energy (3.3.17) can be interpreted as an optimal control problem in which

u(s) = (uxy(s), uz(s)) comprise the input variables. The first variation of Equa-

tion (3.3.17) should be zero; this yields the well-known first-order necessary con-

dition for optimal control:

ẋ =
∂H

∂λ
, λ̇ = −∂H

∂x
,
∂H

∂u
= 0, (3.3.20)

with boundary conditions

x(an) (given as kinematic inputs)

λ(bn) =
∂W

∂x
(bn),

(3.3.21)
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where the Hamiltonian H is defined as

H =
1

2

n∑
i=1

{ki,xy‖RTz (θi)uxy − ûi,xy‖2

+ ki,z(θ̇i − ûi,z)2}+ w(p,R, s)

+ λTpRêz + Tr(λTRR[(ux, uy, 0)]) + λTθ uz.

(3.3.22)

The elastostatic kinematics of the concentric tube robot subject to conservative

loads is then obtained from the first-order condition (3.3.20). Substituting the Hamil-

tonian (3.3.22) into (3.3.20) yields the following differential equations:

ṗ = Rêz, Ṙ = R [(ux, uy, 0)] , θ̇i = ui,z,

λ̇p = −∂w
∂p

,

λ̇R = −∂w
∂R
− λpêTz + λR[(ux, uy, 0)],

λ̇θi = −∂w
∂θi

+ ki,xyu
T
xy

dRz(θi)

dθi
ûi,xy.

(3.3.23)

Here uxy, ui,z are given by

uxy =

−

 Tr(λTRR[êx])

Tr(λTRR[êy])

+
∑n

i=1 ki,xyRz(θi)

 ûi,x

ûi,y


∑n

i=1 ki,xy

ui,z = −λθi/ki,z

(3.3.24)

where êx = [1 0 0]T , êy = [0 1 0]T and êz = [0 0 1]T . The boundary conditions are

given by

p(an) = [0 0 an]T , R(an) = I, θ(an) = θbase,

λp(bn) =
∂W

∂p
, λR(bn) =

∂W

∂R
, λθ(bn) =

∂W

∂θ
.

(3.3.25)

Now consider the case when nonconservative loads are applied to the robot.

These can consist of non-conservative distributed loads v(p(s), R(s), θ(s), s) and
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non-conservative concentrated tip loads V (p(bn), R(bn), θ(bn), bn). Then, in order

to be a static equilibrium, the first energy variation, δJ , must equate to an in-

finitesimal increment of work done by the non-conservative loads, δWnc, for any

perturbation in u(s), i.e.,

δJ = δWnc. (3.3.26)

In this case, the differential equations involving λ in (3.3.23) become

λ̇p = −∂w
∂p

+ vp,

λ̇R = −∂w
∂R

+ vR − λpêTz + λR[(ux, uy, 0)],

λ̇θi = −∂w
∂θi

+ vθi + ki,xyu
T
xy

dRz(θi)

dθi
ûi,xy

(3.3.27)

with the boundary conditions

λp(bn) =
∂W

∂p
− Vp, λR(bn) =

∂W

∂R
− VR, λθ(bn) =

∂W

∂θ
− Vθ. (3.3.28)

Note that vp, vR and vθi are components of v. Also, Vp, VR, and Vθ are the com-

ponents of V corresponding to p, R, and θi, respectively.

The Lagrange multipliers λp, λR and λθ in the equations are physically inter-

preted as the (negative) generalized forces applied to the generalized coordinates

p,R and θ. Note that −λp and the i-th component of −λθ are, respectively, the

linear force and the z-directional moment of the i-th tube on the cross section of

the robot. The variable −λR also represents the x, y-moments on the cross section

of the robot.

More familiar representations of the x, y-moments are obtained by projecting

the generalized force −λR onto the tangent space of the rotation group SO(3).

We adopt the following exponential local coordinate representation for a rotation

matrix about R0:

R = R0 exp([w]) (3.3.29)
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where w ∈ R3 is the local coordinate variable [27]. Unit velocities along the x-

and y-directions of the local coordinates yield the tangent vectors of the rotation

matrix, whose components are given by

tx = R0 [êx] ∈ R3×3 (3.3.30)

ty = R0[êy] ∈ R3×3. (3.3.31)

The x, y moments on the cross section are then given by the inner products of

−λR with tx and ty:

mx = −Tr(λTRR0[êx]) (3.3.32)

my = −Tr(λTRR0[êy]). (3.3.33)

Substituting mx and my into (3.3.24), the resulting kinematic equations (3.3.23),

(3.3.24) are equivalent to the mechanics-based kinematics derived in [25, 26].

3.3.3 Generalized Force Representation of External loads

Just as the Lagrange multipliers (λp, λR, λθ) can be interpreted as generalized forces,

the distributed loads (vp(s), vR(s), vθ(s)) and the concentrated tip loads (Vp, VR, Vθ)

appearing in the kinematic equations of Section 3.3.2 are now expressed as dis-

tributed generalized forces. Since the loads are not expressed in the form of gen-

eralized forces, but rather as a moment-force pair (or wrench) (m, f) ∈ R3 × R3,

the generalized force representation of the moment-force pair (m, f) is derived in

this section.

We assume that the distributed load (m(s), f(s)) is expressed in the world

frame, and applied to the i-th tube. Note that it is important to specify which

tube the loads are applied to, since a twisting moment applied to a different tube
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may result in a different configuration. Now consider an infinitesimal amount of

work performed over an infinitesimal displacement in Ri(s) and p(s), i.e.,

δW = (Ri(s)
Tm(s))T δw + f(s)T δp(s)

= Tr

(
1

2
[Ri(s)

Tm(s)]T [δw]

)
+ f(s)T δp(s)

(3.3.34)

where δw ∈ R3 is an infinitesimal displacement of the local coordinate variable w

about Ri(s) (also defined in Section 3.3.2). Then the corresponding infinitesimal

displacement in Ri(s), denoted δRi(s) ∈ R3×3, is given by

δRi(s) = Ri(s)[δw]. (3.3.35)

From the relation Ri(s) = R(s)Rz(θi(s)), δRi(s) can be expressed in terms of in-

finitesimal displacements in R(s) and θi(s):

δRi(s) = δR(s)Rz(θi(s)) +R(s)Rz(θi(s))[êz]δθi(s). (3.3.36)

Substituting (3.3.35) and (3.3.36) into (3.3.34) yields

δW =Tr

(
1

2
R(s)T [m(s)]T δR(s)

)
+ R(s)Tm(s)

∣∣
z
δθ1(s) + f(s)δp(s)

(3.3.37)

where |z denotes the third component of a vector in R3. Since the generalized

coordinate representation of the infinitesimal work done by the generalized forces

vp(s), vR(s), and vθi(s) is given by vp(s)
T δp(s)+Tr(vTR(s)δR(s))+vθ1(s)δθ1(s), the

generalized forces can be expressed as

vp(s) = f(s)

vR(s) =
1

2
[m(s)]R(s)

vθi(s) = R(s)Tm(s)
∣∣
z
.

(3.3.38)
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In the same manner, the generalized representation of the concentrated tip load,

(M,F ) ∈ R3 × R3, is given by

Vp = F

VR =
1

2
[M ]R(bn)

Vθi = R(bn)TM
∣∣
z
.

(3.3.39)

Note that if the loads (m(s), f(s)) and (M,F ) are expressed in any other arbitrary

frame R′, (m(s), f(s)) and (M,F ) in Equation (3.3.38), (3.3.39) are then replaced

by (R′Tm(s), R′T f(s)) and (R′TM,R′TF ), respectively.

3.4 Evaluating Local Elastic Stability

3.4.1 Preliminaries

We begin with some preliminaries from variational mechanics. Consider an n-dimensional

mechanical system with generalized coordinates x = x(t) ∈ V , and a functional

J(x). The solution x∗ is an equilibrium of J if the first variation of J at x∗ is

zero for all admissible perturbations, η ∈ V , i.e.,

δJ |x∗ (η) = 0, (3.4.40)

where the first variation is obtained from a series expansion of J(x) about x∗:

J(x∗ + η) = J(x∗) + δJ |x∗ (η) +
1

2
δ2J
∣∣
x∗

(η) + . . . (3.4.41)

The equilibrium x∗ is stable if its second variation is positive for all admissible

perturbations η ∈ V , i.e.,

δ2J
∣∣
x∗ (η) > 0. (3.4.42)
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3.4.2 Jacobi Non-Conjugacy Test for Conservative External Loads

When the external loads are conservative, the total potential energy can be defined

as given in (3.3.17). In this case, a necessary and sufficient local stability condition

can be based on the Jacobi non-conjugacy condition. This condition originates in

optimal control and is used to discriminate if a stationary solution satisfying first-

order necessary conditions is a local minimum. It provides an efficient and simple

test involving the second variation that is equivalent to the condition for the sec-

ond variation to be positive for any perturbation [28, 29].

For potential energy functions of the form (3.3.17), the second variation eval-

uated at a stationary solution, (x∗, λ∗, u∗), satisfying the first order condition is

explicitly given by

δ2J =
1

2

∫ bn

an

[
ηT ξT

] A B

BT C

 η

ξ

 ds+
1

2
ηTDη (3.4.43)

with the matrices A(s), B(s), C(s) and D given by

A =
∂2H

∂x2

∗
, B =

∂2H

∂x∂u

∗

C =
∂2H

∂u2

∗
, D =

∂2W

∂x2

∗
.

(3.4.44)

Here η(s) and ξ(s) are the perturbations in the state and input, respectively, sat-

isfying the linear state equation

η̇ =
∂f

∂x

∗
η +

∂f

∂u

∗
ξ, (3.4.45)

where ẋ = f(x, u) is the combination of the state equations (3.3.10), (3.3.18) and

(3.3.19).

For a second variation of the form (3.4.43), the local stability test using the

Jacobi non-conjugacy condition is as follows:
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(i) Solve a backward initial value problem for the differential equation

Θ̇ = PΘ (3.4.46)

with the following boundary condition:

Θ(bn) = I ∈ R(24+2n)×(24+2n), (3.4.47)

where P is defined as

P =

 P1 −P2

−P0 P T1

 (3.4.48)

with

P0 = A−BC−1BT

P1 =
∂f

∂x

∗
− ∂f

∂u

∗
C−1BT

P0 =
∂f

∂u

∗
C−1∂f

∂u

∗T

(3.4.49)

where A(s), B(s) and C(s) are given in (3.4.44). We remark again that x =

f(x, u) is the combination of the state equations (3.3.10), (3.3.18) and (3.3.19).

(ii) Consider a partitioning of Θ into (12+n)×(12+n) sub-matrices of the form

Θ =

 Θxx Θxλ

ΘT
xλ Θλλ

 . (3.4.50)

Define X(s) ∈ R(12+n)×(12+n) as

X(s) = Θxx(s) + Θxλ(s)D (3.4.51)

where D is given in (3.4.44). Then Jacobi nonconjugacy condition can now

be stated as follows: if there is no c ∈ (an, bn) that satisfies det(X(c)) =

0, the given stationary solution is a local minimum, which results in local
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stability of the concentric tube robot. On the other hand, if there exists c ∈

(an, bn) that satisfies det(X(c)) = 0, there is a configuration with less energy

near the stationary solution.

Note that the computations involved in this stability test consist of solving a ma-

trix initial value problem and computing determinants during the integration. We

remark that in the absence of external loads, Θ reduces to a 2n× 2n matrix, and

the initial value problem for Θ also reduces to a 2n× 2n IVP defined with n× n

lower-right sub-matrices P0, P1, P2, and D. The resulting X(s) is then an n × n

matrix.

3.4.3 Physical Interpretation of Jacobi Non-Conjugacy Condition

The non-conjugacy condition presented above has an intuitive interpretation in

terms of the differential kinematics of the robot. Consider a solution to the kine-

matics (3.3.23)-(3.3.24), (x∗, λ∗, u∗), for the given boundary conditions (3.3.25).

Now suppose that the state variables at the tip are slightly varied. In this sit-

uation, we can consider a Jacobian matrix G(s, bn) that maps the tip variation,

δx(bn), to the variation at s, δx(s), i.e.,

δx(s) = G(s, bn)δx(bn). (3.4.52)

The Jacobian matrix G(s, bn) can be computed by solving a set of linear ODEs

with boundary conditions that are obtained by linearizing the kinematics (3.3.23)-

(3.3.24) and the boundary condition (3.3.25) at the solution (x∗, λ∗, u∗). This is an

backward IVP problem whose initial value is given by G(bn, bn) = I. In fact, it can

be shown that the Jacobian matrix G(s, bn) is given by X(s) of (3.4.51) when the

external loads are conservative. (See Appendix.)
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Thus the stability condition is equivalent to a condition for the Jacobian ma-

trix, G(s, bn), to have a nonzero determinant over the entire robot length, s ∈

(a, b). To develop this interpretation further, consider a configuration that has a

zero determinant value when evaluated at the base,

det (G(an, bn)) = 0. (3.4.53)

In this case, since the matrix G(an, bn) has a non-zero null space vector, there

exists a tip variation δx(bn) which produces zero variation at the base or, equiva-

lently, a small base variation generates an infinitely large variation at the tip. This

is clearly unstable.

Now consider the case of a zero determinant lying inside the interval c ∈ (an, bn),

i.e.,

det (G(c, bn)) = 0. (3.4.54)

Consider that the robot is comprised of a serial concatenation of two robots. The

first extends over arc length s ∈ (an, c) and the second extends over s ∈ (c, bn).

With this construction, the tip of the first robot controls the base of the second

robot. By the argument of the preceding paragraph, the second robot is clearly

unstable and, consequently, so is the concatenation. Thus, local stability, as de-

rived above, corresponds to a physical interpretation that the determinant G(s, bn)

should be nonzero over the entire interval, s ∈ (an, bn).

3.4.4 Non-Conservative External Loads

The Jacobi non-conjugacy condition cannot be directly applied to cases that in-

clude non-conservative external loads since the system is not completely described
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by an energy function. In contrast to potential energy, however, the Jacobian ma-

trix can be computed regardless of the types of loads applied. Thus, the Jacobian-

based interpretation of local stability can be easily extended to the case of non-

conservative loads by simple modification of the matrix X(s) in (3.4.51). A gen-

eralized condition based on the Jacobian matrix can be defined as follows:

(i) Solve a backward initial value problem for the differential equation

Θ̇ = PΘ (3.4.55)

with the following boundary condition:

Θ(bn) = I ∈ R(24+2n)×(24+2n), (3.4.56)

where P is defined as

P =

 P1 −P2

−P0 P T1

 (3.4.57)

with

P0 = A′ −BC−1BT

P1 =
∂f

∂x

∗
− ∂f

∂u

∗
C−1BT

P0 =
∂f

∂u

∗
C−1∂f

∂u

∗T

(3.4.58)

where B(s), C(s) are given in (3.4.44), and A′(s) is defined as

A′(s) =
∂2H

∂x

∗
− ∂v

∂x

∗
. (3.4.59)

Here, v(p(s), R(s), θ(s), s) is the non-conservative distributed load at s.

(ii) Consider a partitioning of Θ into (12+n)×(12+n) sub-matrices of the form

Θ =

 Θxx Θxλ

ΘT
xλ Θλλ

 . (3.4.60)



3.5. Examples 71

Define X(s) ∈ R(12+n)×(12+n) as

X(s) = Θxx(s) + Θxλ(s)D′ (3.4.61)

where D′ is given by

D′ =
∂2W

∂x2

∗
− ∂V

∂x

∗
. (3.4.62)

V (p(bn), R(bn), θ(bn), bn) denotes the non-conservative tip load.

If it satisfies det(X(s)) 6= 0 over s ∈ (an, bn), the given configuration is stable.

Otherwise, the configuration is unstable.

Note that, when the external loads v and V are, in fact, conservative, this con-

dition reduces to the condition for conservative loads presented in Section 3.4.2.

Thus, when there are many types of external loads, one does not need to clas-

sify the loads into conservative and non-conservative loads. The test above can be

employed with all distributed and tip loads, regardless of type, substituted into v

and V , respectively.

3.5 Examples

To facilitate understanding of the stability criterion, a series of examples are pre-

sented involving constant curvature tube pairs. These examples are used since their

unloaded stability has been previously derived [1, 23] and stability can also be pre-

sented graphically. In addition, an example demonstrating use of the criterion for

stable path planning of a 3-tube robot is also presented.
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3.5.1 Example 1: Stability of an Unloaded Constant-precurvature Tube

Pair

When a pair of tubes of equal pre-curvature and stiffness are rotated with respect

to each other, their mutual curvature varies between the pre-curvature value and

zero (straight) as shown in Fig. 3.3. The unloaded stability of such tube pairs has

been derived previously and can be represented graphically as shown in Fig. 3.4,

which plots relative rotation angle of the tubes at their tip as a function of relative

rotation angle at their base [1]. When a tube pair is globally stable, there exists

a unique relative rotation angle at the tips of the tubes for each relative rotation

angle at the base. This case is depicted in Fig. 3.4(a).

Configurations can be unstable when multiple tip rotations are associated with

the same base rotation. This situation is shown in Fig. 3.4(b) for configurations

with base rotations in the neighborhood of 180◦. The stability of a specific solu-

tion depends on whether or not perturbations to that solution lead a lower-energy

solution. As the tubes are rotated at their base from 0◦, they traverse a stable

portion of the curve and then jump over the higher-energy unstable solutions to

the other stable branch.

As a specific example, consider a tube pair with Example 1 parameters given

in Table 3.1. This tube pair possesses unstable configurations as shown in Fig.

3.5(a). The three labeled points correspond to the three scenarios described in

subsection 3.4.3, which are plotted in Fig. 3.5(b). Stable point 3 corresponds to

the case when the Jacobian mapping tip variations to variations at s is nonsingular

for the entire length of the tubes. Point 2 corresponds to the Jacobian becoming

singular at the base - indicating that an infinite base variation is associated with

small tip variation. In Fig. 3.5(a), this corresponds to the jump from one stable
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Figure 3.3: Variable curvature tube pair.

branch to the other. Finally, point 3 corresponds to the case when the Jacobian

is singular in the interior of the arc length interval.

3.5.2 Example 2: Stability of a Constant Precurvature Tube Pair Sub-

ject to Elastic Forces

Now consider the effect of elastic forces arising, e.g., from contact with tissue, on

the stability of a variable curvature tube pair with Example 2 parameters as given

in Table 3.1. As shown in Fig. 3.6, the distributed and concentrated elastic forces,
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Table 3.1: Tube and load parameters for examples. Units for load parameters are

normalized with respect to bending stiffness units (force-length2).

Tube 1 Tube 2

Section 1 Section 1 Section 2

Example 1

Length (mm) 100 17 100

Curvature (mm−1) 1/60 0.0 1/60

Bending Stiffness 1 1 1

Torsional Stiffness 1/1.3 1/1.3 1/1.3

ai (mm) 0 −17

bi (mm) 100 100

Example 2

Length (mm) 100 17 100

Curvature (mm−1) 1/79 0.0 1/79

Bending Stiffness 1 1 1

Torsional Stiffness 1/1.3 1/1.3 1/1.3

ai (mm) 0 −17

bi (mm) 100 100

kfe (mm−4) 1.0× 10−7

kFe (mm−3) 1.0× 10−5

Example 3

Length (mm) 100 17 100

Curvature (mm−1) 1/60 0.0 1/60

Bending Stiffness 1 1 1

Torsional Stiffness 1/1.3 1/1.3 1/1.3

ai (mm) 0 −17

bi (mm) 100 100

m (mm−2) [5.0 5.0 5.0]T × 10−5

M (mm−1) [5.0 5.0 5.0]T × 10−3

f (mm−3) [5.0 5.0 5.0]T × 10−7

F (mm−2) [5.0 5.0 5.0]T × 10−5
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(b) Unstable tube pair.

Figure 3.4: Relative rotation of tubes at their tips versus their bases. Dashed lines

in (b) show jumps between branches of stable solutions.

fe ∈ R3 and Fe ∈ R3, are given by

fe(p(s), s) = kfe(s)(p(s)− cfe(s)) (3.5.63)

Fe(p(bn)) = kFe(p(bn)− cFe) (3.5.64)

where cfe(s) ∈ R3 is the spring centerline for the distributed elastic force, and

cFe ∈ R3 is the spring center of the elastic tip force. kfc(s) ∈ R and kFc ∈ R are

the stiffness functions of the distributed elastic force and the stiffness of the elastic

tip force, respectively.

To compare our results with those obtained from relative rotation plots as

shown above, the forces are defined to be invariant under rotations of the tube set

about its base. This is equivalent to fixing cfe(s) and cFe in the world frame and

performing relative rotation of the tubes such that the robot’s plane of curvature
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Figure 3.5: Comparison of relative rotation plot with stability criterion.
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remains fixed in the world frame. Note that this is done purely for pedagogical

reasons and is not a limitation of the proposed method.

By varying the fixation points of the springs, cfe(s) and cFe , it is possible to

produce forces that either increase or decrease the curvature of the tube pair (Fig.

3.6(b)). These are given, respectively, by:

Set 1

 fe(p(s), s) = −kfe(p(s)− [0 0 (an + s)/10]T )

Fe(p(bn), bn) = −kFe(p(bn)− [0 0 bn/10]T ),
(3.5.65)

and

Set 2

 fe(p(s), s) = −kfe(p(s)− [0 0 2(an + s)]T )

Fe(p(bn), bn) = −kFe(p(bn)− [0 0 2bn]T ).
(3.5.66)

The effect of these external loads on stability is compared with the unloaded

case in Fig. 3.7 using the parameter values for Example 2 in Table 3.1. Force set

1, which increases the curvature, destabilizes the robot. This can be seen by the

shape of the relative rotation curve in Fig. 3.7(a) as well as by the determinant

plot in Fig. 3.7(b). Force set 2, in contrast, reduces robot curvature and, in so

doing, stabilizes the robot.

3.5.3 Example 3: Stability of a Constant-precurvature Tube Pair Sub-

ject to Constant World-frame Loads

This example examines the general case of constant world-frame external loads

without the constraint of the preceding example that the loads remain invariant

to rotations of the tube set about its base. This general case is depicted in Fig. 3.8

where it can be seen that the effect of the loads depends not only on the relative

angles of the tubes at the robot base, but also the actual tube base angles. To

verify the local stability criteria for this case, a 3D plot is needed showing tip

twist angle as a function of the two base rotation angles.
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(a) Load schematic.
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(b) Shape of robot at maximum curvature

for no load, load set 1 and load set 2.

Figure 3.6: Elastic tip and distributed forces applied to a variable curvature tube

pair.

Let (m, f) ∈ R3 × R3 and (M,F ) ∈ R3 × R3 denote the constant distributed

load and the constant tip load, respectively. Note that constant moments expressed

in the world frame are generally non-conservative. This can be easily shown by

computing the net work of a rigid body following an arbitrary closed motion of

rotation with a constant moment expressed in the world frame. From (3.3.38) and
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Figure 3.7: Relative rotation plots labeled using stability criterion for Example 2.

Points on curve labeled stable (o) and unstable (x) using stability criterion.

(3.3.39), the generalized forces are given by

vp(s) = f, VP = F,

vR(s) =
1

2
[m]R(s), VR =

1

2
[M ]R(bn),

vθ1(s) = R(s)Tm
∣∣
z
, Vθ1 = R(bn)TM

∣∣
z
.

(3.5.67)

For the parameter values given for Example 4 in Table 3.1, the 3D stability plot is

shown in Fig. 3.9. This plot can be interpreted analogously to Fig. 3.4. The tubes

are stable under the external load when the mapping from the two base angles to

relative tip angle is unique. In the case of solution multiplicity, some solutions are

unstable.
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Figure 3.8: Effect of constant world-frame loads depends on both base tube angles.

The stability criteria was used to label a grid of points on the surface of Fig. 3.9.

Unstable points are marked with a red ‘x’ and stable points are marked with a

blue ‘o’. Note that the boundary between the regions of unstable and stable config-

urations consists of a curve on which the tangent planes are parallel to the vertical

axis. This is consistent with the observation for the preceding 2D plots that the

stability boundary corresponds to points of infinite slope.

3.5.4 Example 4: Application to Stable Path Planning

To illustrate use of the stability criterion, an example of stable path planning us-

ing the RRT algorithm is presented here. A three-tube robot design, shown in

Fig. 3.10, is employed using parameters in Table 3.2.

To enable easy interpretation of results, external loads, which have been cov-

ered thoroughly in the preceding examples, are not included here. Furthermore,

while the three tubes possess a total of 6 degrees of freedom, only three kinematic
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Table 3.2: Example 4 parameters. Note that (a3, b3) vary with translation length

of the innermost tube.

Tube 1 Tube 2 Tube 3

Section 1 Section 1 Section 2 Section 1 Section 2

Length (mm) 100 17 150 184 100

Curvature (mm−1) 1/120 0.0 1/120 0.0 1/60

Bending Stiffness 1 1 1 0.5 0.5

Torsional Stiffness 1/1.3 1/1.3 1/1.3 0.5/1.3 0.5/1.3

ai (mm) 0 −17 −134 ∼ −34

bi (mm) 100 150 150 ∼ 250

Initial conf. (θ2(b3), θ3(b3), b3) = (360◦, 0◦, 170mm)

Goal conf. (θ2(b3), θ3(b3), b3) = (200◦, 200◦, 170mm)
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Figure 3.9: Multi-dimensional s-curve. The red ‘x’ markers denote unstable config-

urations, and the blue ‘o’ markers denote stable configurations.

inputs are considered so that results can be viewed as a 3D plot. The kinematic

inputs are comprised of rotation of the middle tube as well as translation and

rotation of the innermost tube.

Instability can occur in this tube set when the innermost tube is rotated while

retracted inside the outer two tubes. To evaluate whether or not path planning

using the stability criterion can be used to avoid the unstable configurations, the

initial and goal configurations of the robot are defined as shown in Fig. 3.11 and

given in Table 3.2.

Normally, path planning involves solving for a robot path that avoids collisions

with obstacles. To plan a stable path, we define here a ‘collision function’ for de-

tecting instability. The final path from RRT after smoothing, however, tends to
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Figure 3.10: Tubes comprising robot of Example 4.

slide over the surfaces of obstacles. For ensuring stability, this is not a safe ap-

proach since it corresponds to operating on the border of instability. We would like

to enforce a stability margin, equivalent to a minimum safe distance from obsta-

cles. This is easily accomplished by enforcing an inequality constraint on det(X(s))

from (3.4.61):

det(X(s)) > ε (3.5.68)

where ε ∈ R defines the desired stability margin. This approach is used in the

collision function defined in Table 3.3.

Fig. 3.12 depicts the trees and paths generated by the RRT algorithm for sta-

bility margin values of ε = {0, 0.9}. The red curves are the final paths before

smoothing, and the green ones are after smoothing. The colored volumes repre-

sent the unstable regions. Each color represents the minimum value of det(X(s))

over the length s ∈ [an, bn]. The minimum values of det(X(s)) in the red regions
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Figure 3.11: Initial and goal configurations for stable path planning.

Table 3.3: Collision Function

COLLISION CHECK(x∗, λ∗, u∗, ε)

1 Compute X(s) over s ∈ [an, bn] for the given stationary

solution (x∗, λ∗, u∗), using Equation (3.4.51).

2 If det(X(s)) > ε for s ∈ [an, bn],

return false.

Else,

return true.

are more negative than those in the blue regions. The corresponding motions of

the tubes are shown in Fig. 3.13.
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As expected, the direct path between the initial and goal configurations leads

through the unstable region. The RRT algorithm has solved for paths in which the

innermost tube is first extended and then rotated before being retracted again. No-

tice in Fig. 3.12 that, for ε = 0, the smoothed green path follows the boundary

of the unstable region. When a stability margin is imposed with ε = 0.9, however,

the smoothed path moves away from the stability boundary to create a condition

of robust stability. Physically, increased stability is achieved through greater ex-

tension of the innermost tube as shown in Fig. 3.13.

APPENDIX: Derivation of Jacobian Matrix

In the presence of conservative and non-conservative external loads, the kinematics

of the concentric tube robot are given by

ẋ =
∂H

∂λ
, λ̇ = −∂H

∂x
+ v,

∂H

∂u
= 0 (3.5.69)

with the boundary condition

λ(bn) =
∂W

∂x
− V. (3.5.70)

Noting that f(x, u) is given by f(x, u) = ∂H/∂λ, linearizing the kinematic equa-

tions and the boundary condition yields a set of linear ODEs

˙δx =
∂f

∂x
δx+

∂f

∂u
δu (3.5.71)

˙δλ = −∂
2H

∂x2
δx− ∂f

∂x

T

δλ− ∂2H

∂x∂u
δu+

∂v

∂x
δx (3.5.72)

∂2H

∂u∂x
δx+

∂f

∂u

T

δλ+
∂2H

∂u2
δu = 0 (3.5.73)

and a boundary condition

δλ(bn) =
∂2W

∂x2
δx(bn)− ∂V

∂x
δx(bn). (3.5.74)
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From Equation (3.5.73), δu is given by

δu = −∂
2H

∂u2

−1
∂2H

∂u∂x
δx− ∂2H

∂u2

−1
∂f

∂u

T

δλ, (3.5.75)

and substituting Equation (3.5.75) into (3.5.71)-(3.5.72) yields ˙δx

˙δλ

 =

 P1 −P2

−P0 P T1

 δx

δλ

 (3.5.76)

where

P0 =
∂2H

∂x2
− ∂2H

∂x∂u

∂2H

∂u2

−1
∂2H

∂u∂x
− ∂v

∂x

P1 =
∂f

∂x
− ∂f

∂u

∂2H

∂u2

−1
∂2H

∂u∂x

P2 =
∂f

∂u

∂2H

∂u2

−1
∂f

∂u

T

.

(3.5.77)

Let Θ(s) denote the state transition matrix of the linear ODE given by (3.5.77),

which satisfies  δx(s)

δλ(s)

 = Θ(s)

 δx(bn)

δλ(bn)

 . (3.5.78)

Note that Θ(s) can be computed by a IVP

Θ̇ = PΘ, Θ(bn) = I. (3.5.79)

Partitioning Θ as

Θ =

 Θxx Θxλ

Θλx Θλλ

 , (3.5.80)

the variation δx(s) is given by

δx(s) = Θxx(s)δx(bn) + Θxλ(s)δλ(bn). (3.5.81)
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Substituting (3.5.74) into (3.5.81), δλ(bn) is eliminated, and the right side of (3.5.81)

becomes linear in δx(bn):

δx(s) = G(s, bn)δx(bn) (3.5.82)

where G(s, bn) is the Jacobian matrix, given by

G(s, bn) =

(
Θxx(s) + Θxλ(s)

(
∂2W

∂x2
− ∂V

∂x
δx(bn)

))
. (3.5.83)

This matrix is equivalent to X(s) in (3.4.61) in the presence of non-conservative

external loads, and to X(s) in (3.4.51) when there is no non-conservative external

load, i.e., v = 0 and V = 0.
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(a) ε = 0

(b) ε = 0.9

Figure 3.12: Configuration space maps showing paths and trees generated by RRT

for ε = {0, 0.9}. Red and green curves are the final paths before and after smooth-

ing, respectively. Colored volumes represent unstable regions.
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Figure 3.13: Final smoothed stable paths for ε = {0, 0.9}. Numbers indicate se-

quence of configurations along paths.
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4
Optimizing Curvature Sensor

Placement for Shape Sensing

4.1 Introduction

Many approaches to robot control involve solving the forward kinematics problem

in real time as a means to compute the desired twist (velocity) vector for the tip

coordinate frame. For robots comprised of links and discrete joints, the kinematic

model is composed of algebraic equations and is trivial to compute. Continuum

robots, however, that obtain their shape through flexure of their structural com-

ponents, often require more complex mechanics-based models [1], [30], [31] and

[26].

For example, the kinematics of concentric tube robots are modeled by a bound-

ary value problem [1], [26]. These models can be difficult to compute in real time.

Furthermore, continuum robots flex when they apply forces to their environment.

Accounting for this flexure adds even more complexity to the model [30], [26], [25]

91
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Figure 4.1: Fiber Bragg Gratings used as curvature sensors along the length of a

continuum robot.

and, in addition, sensing is needed to measure flexion.

Approaches to measuring the shape of a continuum robot include image-based

methods [32],[33], electromagnetic tracking [34] and force sensing in control ten-

dons [30]. While each of these approaches can be useful in certain circumstances,

they can also pose challenges. For example, image-based methods can be computa-

tionally intensive leading to low update rates. Electromagnetic tracking is subject

to magnetic field distortions and often only provides robot tip location and not

robot shape. Tendon force sensing is corrupted by tendon sliding friction and also

does not provide local shape information.

An alternative approach used to measure needle deflection [35], [36] and also

recently for continuum robot shape estimation [37] is to use optical fibers with

fiber Bragg gratings (FBG’s). By arranging multiple fibers (typically three or four)

around the circumference of a cylinder at fixed distance from the neutral axis of
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bending, the strain-induced frequency shift in a set of FBG’s can be used to com-

pute the x and y curvature of a cross section. This is shown in Fig. 4.1. By in-

cluding multiple FBG’s along the length of a fiber, each possessing its own center

frequency, the curvature at a discrete set of points along the length of a curved

tubular object can be measured. The estimated shape of the object’s centerline as

well as its tip location can be reconstructed by integrating these curvature mea-

surements using a model describing how curvature varies between sensors.

In prior work, sensors are placed uniformly along the length and use the k-

nearest neighbor interpolation model [35] to reconstruct the curvature functions

or use a second order polynomial model for curvature functions and solve for the

coefficients from the boundary conditions using one-dimensional beam theory [36].

FBG’s represent a promising alternative for continuum robot shape sensing and

the cost of optical interrogators used to measure frequency shift has decreased

considerably in recent years. In order to provide a basis of comparison between

this technology and the alternate approaches described earlier, however, several

important issues need be addressed. These include characterizing the dependence

of centerline and tip frame error on the reconstruction model used as well as on

the number of sensors and their location along the length of the robot.

The contributions of this paper are to provide a framework for addressing this

problem, to propose several types of reconstruction models and to illustrate the use

of these models in the context of concentric tube robots. The paper is arranged

as follows. The next section introduces the general framework for optimizing sen-

sor locations and proposes three reconstruction models parameterized by a set of

curvature measurements. Section 4.3 applies this framework and the proposed re-

construction models to concentric tube robot kinematics. Numerical examples are

presented in Section 4.4 and conclusions appear in final section.
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4.2 Shape Estimation for Continuum Robots

We begin this section with a brief review of the single backbone curve model for

describing the kinematics of a general continuum robot. We then discuss shape

reconstruction models, and show how optimal sensor locations can be determined

via an optimization problem that minimizes the shape and tip errors between the

reconstruction model and a mechanics-based model. In this section we adopt the

notation SE(3) to denote the special Euclidean group of rigid body motions (or

homogeneous transformations), and se(3) to denote its Lie algebra (see, e.g., [38]).

4.2.1 Kinematics of Continuum Robots

The continuum robots considered in this paper can be modeled by an arclength

parametrized curve in three-dimensional space, referred to as the backbone curve.

Letting s denote the arclength parameter, a right-handed reference frame T (s) ∈

SE(3) is then attached to each point of the backbone curve in such a way that

(i) the z-axis is always tangent to the backbone curve, and (ii) no rotations about

the z-axis (or backbone curve) are permitted. A reference frame defined in this

way is referred to as a Bishop frame [24]. Taking the left-invariant derivative of

T (s) with respect to s, we obtain

[V (s)] = T−1dT

ds
=

 [u(s)] ν

0 0

 ∈ se(3), (4.2.1)

where u(s) is given by

u(s) =
(
ux(s) uy(s) 0

)T
∈ R3. (4.2.2)

The curve u(s) ∈ R3 denotes the angular velocity of the frame T (s) per unit ar-

clength, while ν ∈ R3 denotes the linear velocity of the origin of T (s) per unit
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arclength; for the Bishop frame as defined, the z-component of u(s) is zero, and

ν = ( 0 0 1 )T ∈ R3. Various mechanics-based models have been developed

for continuum robots [1]-[26] from which curvatures can be extracted via Equa-

tion (4.2.2), which can then be used as a benchmark for evaluating alternative

models for shape sensing.

4.2.2 Shape Reconstruction Models

The estimation of shape begins with the reconstruction of the curvature function

ũ(s) defined along the backbone curve (the tilde is used to denote functions defined

in terms of the reconstruction model). The coordinate frames T̃ (s) are obtained

by integrating Eq. (4.2.1). The shape of the robot p̃(s) can then be obtained by

taking the position vector of T̃ (s). The tip configuration is also obtained by taking

the value of T̃ (s) at L as T̃ (L) ∈ SE(3).

4.2.2.1 Piecewise Constant Curvature Model

Given p sensors with respective locations sk ∈ R, i = 1, . . . , p, the simplest re-

construction method assumes that the curvature between sensors is constant; this

implies that the function ũ(s) is of the form

ũ(s) = uk =
(
ukx uky 0

)T
(4.2.3)

for βsk−1 + (1− β)sk ≤ s < βsk + (1− β)sk+1, where ukx and uky ∈ R respectively

denote the bending curvature sensor values at sensor location sk in the x and

y directions. The constant scalar β ∈ [0, 1] controls how the intervals are spaced

around the sensor locations: if β = 0, the sensor covers the interval from its current

location to the next sensor, whereas if β = 1, the sensor covers the interval from
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the previous sensor location to its current location. The backbone coordinate frame

T̃ (s) is computed as follows when β is set to 0:

T̃ (s) = T0e
[Vs0 ](s1−s0)e[Vs1 ](s2−s1) · · · e[Vsk ](s−sk) (4.2.4)

The term [Vsk ] ∈ se(3) is given by

[Vsk ] =

 [uk] ν

000 0

 . (4.2.5)

4.2.2.2 Basis Function Model

The shape reconstruction models introduced in this paper are based on the as-

sumption that the curvature functions u(s) can be reconstructed as a linear com-

bination of a certain set of basis functions. Consider that the x and y components

of ũ(s) are given in the form

ũx(s) =

q∑
j=1

cjxB
j
x(s) (4.2.6)

ũy(s) =

q∑
j=1

cjyB
j
y(s) (4.2.7)

where Bj
x(s) and Bj

y(s) ∈ R respectively denote basis functions in the x and y

directions, cjx and cjy ∈ R are the corresponding coefficients for the x and y com-

ponents, and q denotes the total number of basis functions. Assume that the basis

functions Bj
x(s), j = 1, . . . , q in Eq. (4.2.6) are given. To determine the coefficients

cjx, j = 1, . . . , q, we can use the sensor measurements at the arclength location

sk, k = 1, . . . , p. Let fk ∈ R be a scalar-valued function associated with the k-

th sensor location, defined as the difference between the curvature value ũx(sk)

computed from a reconstruction model and the sensor measurement ukx:

fkx = ũx(sk)− ukx =

q∑
j=1

cjxB
j
x(sk)− ukx (4.2.8)
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The cjx can be expressed as minimizers to the least-squares criterion involving fk:

{c1
x, . . . , c

q
x} = arg min

c1x,...,c
q
x

p∑
k=1

fkx
2
. (4.2.9)

The above can be rewritten in matrix form as

c̄x = arg min
c̄x
‖Bxc̄x − ūx‖2, (4.2.10)

where Bx ∈ Rp×q, c̄x ∈ Rq and ūx ∈ Rp are given by

Bx =


B1
x(s1) B2

x(s1) · · · Bq
x(s1)

B1
x(s2) B2

x(s2) Bq
x(s2)

...
. . .

...

B1
x(sp) B2

x(sp) Bq
x(sp)

 (4.2.11)

c̄x =
(
c1
x c2

x · · · cqx

)T
(4.2.12)

ūx =
(
u1
x u2

x · · · upx

)T
(4.2.13)

The generalized inverse Bx
† of Bx can be used to compute the augmented coeffi-

cient vector c̄x as follows:

c̄x = Bx
†ūx (4.2.14)

In general, if p = q, a unique solution c̄x can be obtained as

c̄x = Bx
−1ūx. (4.2.15)

This results in fkx = 0 for all k = 1, . . . , p, in which case the reconstruction model

reduces to an interpolation model. If on the other hand p > q, then Eq. (4.2.14)

leads to the least squares sum of fk, in which case the reconstruction model re-

duces to a regression model. Having the number of sensors p be smaller than the

number of bases q is clearly undesirable. If p < q, the solution to Eq. (4.2.10) is not
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uniquely determined, and the reconstructed shape tends to deviate in undesirable

ways. The same procedure (4.2.8)∼(4.2.15) can be applied to the y-component of

ũ(s) in Eq. (4.2.7).

Without any knowledge of the mechanics for the target continuum robot, choos-

ing a suitable basis function to efficiently approximate the shape becomes difficult.

Popular choices for the basis function include the polynomial basis

Bj
x(s) = sj−1, j = 1, . . . , q, (4.2.16)

as well as the Fourier series basis

Bj
x(s) = ei

2πjs
L , j = −q, . . . , q. (4.2.17)

4.2.3 Optimal Sensor Location

Given p sensors and a reconstruction model ũ(·), the sensor locations can be de-

termined as the solutoin to the following optimization problem:

min
sk

w1J1 + w2J2, k = 1, . . . , p, (4.2.18)

where J1 and J2 denote the errors of the shape and tip configurations, respectively,

and w1 and w2 denote the corresponding weight coefficients. Assume that we have

M workspace samples, and denote the kinematic input variables corresponding to

the l-th work space sample by ξl. Let u(s, ξl) and p(s, ξl) denote the corresponding

kinematic curvature and backbone centerline solutions for ξl as determined from

a mechanics-based model. The shape error function J1 can then be defined with

respect to either the curvature or the backbone centerline as follows:

J1 =
M∑
l=1

1

L

∫ L

0
‖u(s, ξl)− ũ(s, ξl)‖ ds (4.2.19)

J1 =

M∑
l=1

1

L

∫ L

0
‖p(s, ξl)− p̃(s, ξl)‖ ds. (4.2.20)
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Note that u(s, ξl) and p(s, ξl) can be computed from the appropriate mechanics-

based kinematic model for all the workspace samples, while ũ(s, ξl) and p̃(s, ξl)

are obtained from the chosen reconstruction model. The tip configuration error J2

over the M workspace samples can then be defined as

J2 =

M∑
l=1

dt(T (L, ξl), T̃ (L, ξl)), (4.2.21)

where dt : SE(3) × SE(3) → R denotes a suitable distance metric between a

mechanics-based solution of the tip configuration T (L) and one obtained from the

reconstruction model T̃ (L). One popular choice for dt(·, ·) is given by the scaled

square sum of the position and orientation errors:

dt(T1, T2) = ‖p1 − p2‖2 + γ‖ log(RT1 R2)‖2, (4.2.22)

where pi ∈ R3 and Ri ∈ SO(3), i = 1, 2 denote the position and orientation com-

ponents of Ti ∈ SE(3), and γ > 0 is a positive scalar that determines the relative

weight between the position and orientation errors (or equivalently, represents a

choice of length scale for physical space).

The objective function defined in (4.2.18) represent the averaged error over

the workspace samples. The minimizer to (4.2.18) can provide the minimum aver-

aged error, however, it does not guarantee to minimize the maximum error over

the workspace samples. If one wants the maximum tip position error over the

workspace to be minimized, one can consider an alternative optimization formula

given by

min
sk

(
max
l
dt(T (L, ξl), T̃ (L, ξl))

)
. (4.2.23)

Similar formula can be applied to the maximum curvature or position shape error.
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Figure 4.2: Concentric tube robot consisting of four telescoping sections that can

be rotated and translated with respect to each other.

4.3 Case Study: Concentric Tube Robots

Concentric tube robots have recently received considerable attention as a new med-

ical instrument for minimally invasive medical procedures. They are composed of

pre-curved elastic tubes that are concentrically arranged. An example of a concen-

tric tube robot is shown in Fig. 4.2. In this example, the concentric tube robot con-

sists of four telescoping sections that can be rotated and translated with respect

to each other. In this section, the proposed shape estimation framework is applied

to concentric tube robots. It is assumed that the shape sensors are attached to a

sensing tube or rod located inside the innermost robot tube that translates with

this robot tube. It is also assumed that the sensing tube is very flexible in bend-

ing, but is torsionally stiff so that it bends, but does not twist with the innermost

robot tube.
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4.3.1 Kinematics of Concentric Tube Robots

For the shape computation of a concentric tube robot, the rotated angle θi(s) ∈ R

and the three-component curvature vector ui(s) = ( uix(s) uiy(s) uiz(s) )T ∈ R3

for every i-th tube need to be computed along the arclength parameter s. The

mechanics-based kinematic equations for a general concentric tube robot with n

tubes are derived in [1]; these are of the form

dαi
ds

= uiz − u1z, i = 2, . . . , n

u1z = (−1/k1z)(k2zu2z + . . .+ knzunz)

duiz
ds

= (kixy/kiz) (uixûiy − uiyûix)

ui|x,y =

 n∑
j=1

Kj

−1

RTz (αi)

 n∑
j=1

Rz(αj)Kj ûj

∣∣∣∣∣∣
x,y

(4.3.24)

where the relative twist angle αi ∈ R is defined by αi = θi−θ1. ûi = ( ûix ûiy ûiz )T ∈

R3 and Ki ∈ R3×3 denote the pre-curvature vector and the frame-invariant stiff-

ness tensor of i-th tube, respectively, while kixy ∈ R and kiz ∈ R are the diagonal

components of Ki. The kinematic inputs are the insertion distances Li and the

initial relative twist angles θi(0) for every i-th tube. The shape of the concentric

tube robot can be computed by solving the above boundary value problem for the

following given boundary conditions:

αi(0) = θi(0)− θ1(0), i = 2, . . . , n (4.3.25)

uiz(Li) = 0, i = 2, . . . , n, (4.3.26)

which are obtained from the kinematic input variables Li and θi(0).

Assume that the curvature functions ui(s), i = 1, . . . , n are given from the

above split boundary value problem. Since we define the shape of a continuum
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robot in terms of the Bishop frame attached at each point along the backbone

curve, the untwisted curvature function u(s) needs to be computed. Consider the

curvature function un(s) described with respect to the material coordinate frame

attached to the n-th tube; by rotating un(s) along the z-axis by the amount of its

twisted angle θn(s), the x and y components of u(s) can be obtained as follows:

θn(s) =

∫ s

0
unz(σ)dσ (4.3.27)

u(s)|x,y = Rz (θn(s))un(s)|x,y (4.3.28)

u(s)|z = 0. (4.3.29)

The kinematic solution for the bending curvatures uix(s), uiy(s) in the final

equation of (4.3.24) can be discontinuous along the arclength, at locations where

each tube ends or the pre-curvature of each tube changes discontinuously. The

pre-curved shape and insertion length of the tubes determine where these discon-

tinuous points are located. Using these points of discontinuity, the total arclength

can be divided into several curvature sections. This discontinuity in the curvature

functions should be taken into account during shape estimation of the concentric

tube robot. We next address section-based reconstruction models that allow for

discontinuous bending curvatures at the boundary of each curvature section.

4.3.2 Section-Based Principal Component Analysis Model

In the previous section we have introduced various choices of bases for the curva-

ture function. Assume that mechanics-based kinematic solutions are available at

a large number, M , of workspace samples. Denote the kinematic input variables

by ξ = {θi(0), Li}i=1,...,n and the corresponding solutions over the M workspace

samples by {ux(s, ξl), uy(s, ξl)}l=1,...,M (the subscript l in ξl is used to denote the

index of the workspace samples).
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Since the length of each section as well as the total length varies with the

kinematic input variable ξ, we define a new length parameter ŝ ∈ [0, 1] to denote

the normalized section length. The normalized locations of the junctions will be

fixed with this new length parameter. The reconstructed curvature functions ũx(ŝ)

and ũy(ŝ) in the x and y directions, along the normalized length parameter ŝ with

q bases, is given by

ũx(ŝ) =

q∑
j=1

cjxB
j
x(ŝ) (4.3.30)

ũy(ŝ) =

q∑
j=1

cjyB
j
y(ŝ), (4.3.31)

where the bases are assumed to be orthogonal:

∫ 1

0
Bj
x(ŝ)Bj′

x (ŝ)dŝ =

 1 if j = j′

0 else
(4.3.32)

∫ 1

0
Bj
y(ŝ)B

j′
y (ŝ)dŝ =

 1 if j = j′

0 else.
(4.3.33)

The reconstruction error for the x-curvature function over the normalized length

parameter ŝ is defined by

Jx =
M∑
l=1

∫ 1

0
‖ux(ŝ, ξl)− ũx(ŝ)‖2dŝ. (4.3.34)

Natural bases can be obtain by minimizing Jx with respect to the bases Bl
x(ŝ):

{
B1
x(ŝ), . . . , Bq

x(ŝ)
}

= arg min
Blx(ŝ)

Jx. (4.3.35)

Discretizing every function of ŝ in the minimization (4.3.35) reduces the problem

to a vector space minimization corresponding to the well-known principal compo-

nent analysis. In this case the r-dimensional discretized bases Bx = ( B1
x . . . Bq

x ) ∈
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Rr×q can be obtained from a singular value decomposition of the given data ma-

trix U = ( ux(ξ1) . . . ux(ξM ) ) ∈ Rr×M . The same procedure can be applied for

the bases of the y-curvature function.

A useful property of concentric tube robots is that the initial bending curva-

tures ux(0) and uy(0) can be computed from the kinematic inputs θi(0) via the

final equation of (4.3.24) and Eq. (4.3.28), without actually having to solve the

boundary value problem. This provides us with an additional curvature value at

the proximal end of the robot. Using the sensor measurements together with this

model-based value, the reconstruction follows Eq. (4.2.14) with the bases obtained

from principal component analysis.

4.3.3 Section-based Polynomial Regression Model

Since the robot has been divided into piecewise continuous curvature sections,

the curvature function within each section is guaranteed to be continuous. The

simplest bases for continuous functions are polynomials. From observation of the

dominant principal components, we can conclude that it is sufficient to use up to

quadratic terms as the bases for each section (the number of basis functions q is

3 for the polynomial bases in Eq. (4.2.16)):

ũx(s) =


c1
x for 1 sensor.

c1
x + c2

xs for 2 sensors.

c1
x + c2

xs+ c3
xs

2 for 3 or more sensors.

(4.3.36)

If a single curvature value is available within the section, the curvature is interpo-

lated by a constant function within the section. If two curvature values are avail-

able within the given section, the curvature can be linearly interpolated. If more

then two curvature values are available within a given section, the curvature can
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Figure 4.3: Three tubes comprising the concentric tube robot design used in the

examples. Tubes 1 and 2 form a variable-curvature pair that are rotated with re-

spect to each other to vary their composite curvature. Tube 3 can be arbitrarily

rotated and extended and conforms to the curvature of the variable curvature pair

when retracted.

be interpolated via Eq. (4.2.15), or regressed via Eq. (4.2.14) to a quadratic func-

tion. In the case of no sensor measurements on the given section, the interpolated

or regressed function of an adjacent section can be used, although this will likely

be inaccurate.

4.4 Numerical Experiments for a Concentric Tube Robot

In this section we perform numerical experiments to determine how accurately the

reconstruction models introduced in Sections 4.2 and 4.3 can determine the shape

of a concentric tube robot. Consider the three-tube design shown in Fig. 4.3. The

model parameters for each tube are given in Table 4.1. This design is described

in detail in [1]. Tubes 1 and 2 are a balanced pair of tubes with fixed inser-

tion lengths. The kinematic inputs for this robot are the initial rotated angles
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Table 4.1: Concentric Tube Parameters

Tube 1 Tube 2 Tube 3

Section 1 Section 1 Section 1 Section 2

Length (mm) 150 150 150 80

Curvature (m−1) 4.525 4.525 0.0 16.667

Relative Stiffness 1 1 0.21 0.07

θi(0)i=1,2,3 of each tube, and the insertion length L3 of the innermost tube.

For this design, the centerline can be decomposed into three curvature sections

by two locations of discontinuous curvature. The first discontinuity occurs at the

distal tip of the variable curvature tube pair. The second discontinuity corresponds

to the discontinuity in pre-curvature of Tube 3. This location lies in the interior

of the variable curvature pair and varies with insertion length, L3.

We fix the first sensor location at the distal end of the robot (s = L). By doing

that, we can always measure the curvature of the distal curvature section for the

every extension length of Tube 3. For our specific concentric-tube robot, the distal

curvature section has always a constant curvature determined by the twisted angle

of Tube 3 at the distal.

The three reconstruction models compared here are the piecewise constant cur-

vature model, the section-based PCA model, and the section-based polynomial re-

gression model. For each reconstruction model, results are obtained for two sets

of sensor locations: uniformly spaced sensor locations, and the optimized sensor

locations obtained as a solution to the optimization problem (4.2.18).
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To solve for the optimal sensor locations, we use the global optimization tool-

box in MATLAB with the interior point algorithm for local search [39] and the

scatter-search method for generating trial points [40].

4.4.1 Selection of Basis Functions

Basis functions are needed for both the PCA-based model and the polynomial re-

gression model. The PCA basis set can be selected using an eigenvalue analysis

of the curvature functions over the workspace to obtain the principal component

bases and their corresponding weights. In descending order of the weight values,

the first five PC bases are chosen as the basis functions for the section-based PCA

model.

As depicted in Fig. 4.4, the curvature basis functions for ux(ŝ) and uy(ŝ) can

be interpreted geometrically. In particular, the most dominant principal compo-

nent reproduces the constant pre-curvature of the distal portion of Tube 3. The

second most dominant component represents Tubes 1 and 2 as constant in curva-

ture over their length. The third basis elements predominantly model the approxi-

mately constant curvature corresponding to the portion of Tube 3 that is retracted

into Tubes 1 and 2. The fourth basis elements model the variation from constant

curvature of Tubes 1 and 2 as predicted by the mechanics model. The fifth basis

elements predominantly model variation in curvature of the portion of Tube 3 that

is retracted into Tubes 1 and 2.

Selection of basis functions for the section-based polynomial regression model

involves choosing the appropriate order of the polynomial. Using the PCA bases

as a guide, second order polynomial functions should be sufficient. Thus, the bases

described in Section 4.3.3 are appropriate for each curvature section.
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Figure 4.4: PCA bases versus normalized section parameters
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4.4.2 Number and Location of Sensors

For the piecewise constant curvature model, the error converges to zero as the

number of sensors goes to infinity. For reconstruction models using basis functions,

however, both an infinite number of sensors as well as an infinite number of basis

functions are needed to guarantee perfect reconstruction. Nevertheless, the perfor-

mance of reconstruction models using basis functions is far superior to that of the

piecewise constant curvature model for small and practical numbers of sensors.

Fig. 4.5 compares the average tip position error over the workspace with re-

spect to the number of sensors. Data for the piecewise constant curvature model is

not shown since it is comparatively very large. The solid curves represent the tip

position error for the uniformly spaced sensor locations, while the dashed curves

are for the optimized sensor locations. When only two sensors are used, the PCA

model exhibits the smallest error. As the number of sensors increases, the error of

the polynomial model becomes smaller and, while not shown, the errors of both

models converge to nonzero lower bounds.

An example of optimized sensor locations is depicted in Fig. 4.6. In this ex-

ample, the section-based PCA reconstruction model is used with four sensors. The

depicted configuration is when Tube 3 is fully extended such that the middle cur-

vature section has zero arclength. As Tube 3 is retracted, this arclength increases

from zero and the optimized location of sensor 2 enables measurement of this mid-

dle section’s curvature for all possible retraction lengths.

4.4.3 Comparison between Reconstruction Models

The accuracy of the reconstruction models can be evaluated using the error func-

tions defined in Eqs. (4.2.19), (4.2.20) and (4.2.21): the curvature shape error, the
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Figure 4.5: Average tip position error over the workspace versus the number of

sensors.
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Figure 4.6: Optimized and uniformly spaced locations for four sensors using PCA

model. Sensor at robot tip is not shown.
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Table 4.2: Average and Maximum Error for Five Sensors

Piecewise Constant Section-based PCA Section-based Polynomial

Uniform Optimized Uniform Optimized Uniform Optimized

Avg. Tip Position Error (mm) 6.187 3.155 0.343 0.279 0.233 0.044

Max. Tip Position Error (mm) 18.820 14.163 1.838 1.872 1.441 0.527

Avg. Curvature Error (m−1) 0.832 0.432 0.044 0.040 0.021 0.004

Max. Curvature Error (m−1) 2.267 1.104 0.197 0.210 0.110 0.034

Avg. Backbone Centerline Error (mm) 0.844 0.518 0.062 0.049 0.045 0.009

Max. Backbone Centerline Error (mm) 2.924 2.177 0.327 0.331 0.247 0.098
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Figure 4.7: Histogram of tip position error for three different reconstruction models
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backbone centerline error and the tip position error. Table 4.2 lists the average

and maximum value of these error functions for the specific case of 5 sensors. The

section-based polynomial regression model shows the smallest errors for both uni-

formly spaced and optimized sensor locations, followed by the section-based PCA

model. The piecewise constant curvature model is substantially worse than the

other models.

Fig. 4.7 shows the histogram of tip position error over the entire workspace.

The maximum tip position error of the section-based polynomial regression model

is 0.527mm and over 90 percent of workspace samples have errors less than 0.14mm,

while the maximum tip position error of the section-based PCA model is 1.87mm

and over 74 percent of workspace samples have errors less than 0.43mm. The his-

togram of backbone centerline error, shown in Fig. 4.8, depicts a similar distribu-

tion.
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5
Conclusion

Achieving Elastic Stability Through Precurvature Optimization

Prior concentric tube robot designs have considered tubes of piecewise-constant

pre-curvature for reasons of simplicity and also since the combined tube shape is

approximately piecewise constant. The results of this research demonstrate, how-

ever, that stability is enhanced for curvatures that decrease with increasing arc

length. In comparison with prior stability results for constant tube pre-curvatures,

this approach removes the limits on both tip orientation range and tube length.

The price paid for enhanced stability, though, is a larger average robot radius of

curvature.

In the approach proposed in [[1]], concentric tube robots are designed as tele-

scoping concatenations of variable and fixed curvature sections. Variable curvature

sections correspond directly to the planar tube pairs considered in this research.

Consequently, the new stability results can be directly incorporated into this de-

sign framework to create designs with larger stable workspaces.
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Elastic Stability of Concentric Tube Robots Subject to External Loads

This research presents the first general stability test for concentric tube robots. It

applies equally well for robots with tubes of arbitrary number, pre-curvature and

stiffness. It also enables the inclusion of any type of external distributed and tip

load. Since its evaluation involves solving an initial value problem, it can be com-

puted efficiently. While demonstrated here in the context of stable path planning,

the technique can also be used for generating stable robot designs or, if combined

with load sensing, could be used to evaluate safety in real time during robot op-

eration.

While the criteria itself was derived by considering the constrained second or-

der variation of the elastic energy function, an intuitive physical interpretation was

also developed. It was shown that the stability test is equivalent to ensuring that

the Jacobian relating the tip variation in state variables, δx(bn), to the variation

at s, δx(s), has a nonzero determinant over the length of the robot. Thus, an

instability corresponds to the situation in which differential tip motions map to

zero magnitude kinematic input motions. This Jacobian is analogous to the inverse

of the standard kinematic Jacobian defined in robotics, which maps variations in

kinematic inputs to variations in tip motions.

As a metric for distance to instability, the path planning example above em-

ployed the magnitude of the Jacobian determinant. Recognizing the analogy with

kinematic singularities, however, suggests that any of the various standard mea-

sures proposed for distance to a robot singularity [41] can be adapted for use as

stability metrics.

Optimizing Curvature Sensor Placement for Shape Sensing

FBG-based curvature sensing represents a promising approach to real-time shape
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sensing for continuum robots. The shape reconstruction framework proposed in

this research provides a standardized approach to predicting the accuracy of such

a sensing system for any continuum robot whose curvatures are piecewise continu-

ous over sections of varying arclength. Using this framework, reconstruction mod-

els can be compared and the number of sensors can be selected to meet specific

accuracy requirements. In particular, the numerical experiments presented suggest

that, in the case of concentric tube robots, high accuracy can be achieved with

a small number of sensors. Current research is extending these results to consider

the effects of error inherent in the nominal mechanics-based model as well as error

in the curvature sensors.
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국문초록

최소절개수술은 수술 도구가 작은 구멍을 통과하거나 민감안 조직 주위에 접근

하는 경우 등을 동반한다. 컨센트릭 튜브 기술을 이용한 로봇 수술 기구는 얇고

복잡한 곡선 자세를 취할 수 있어 이러한 작업에 매우 적합하다. 그러나 이러한

로봇이 갖는 한가지 문제점은 로봇을 움직이는 도중에 갑자기 발생할 수 있는 탄

성 불안정성이다. 튜브들을 돌리거나 밀고 당김에 따라 튜브의 굽힘과 뒤틀림에

의한 탄성 에너지는 점점 쌓이게 된다. 만약 어떠한 자세가 탄성적으로 안정적이

지 않다면, 갑작스러운 탄성 에너지 방출로 인해 위험한 회전 동작이 나타날 수

있다.

이 논문에서는 컨센트릭 튜브 로봇의 탄성 안정성을 향상시키기 위해 다음과

같은 두 가지 연구를 수행하였다: i) 튜브 쌍의 최적 설계, ii) 불안정한 자세를

피하기 위한 국소적 안정성 테스트. 첫 번째 연구에서는, 기존의 연구들이 상수

함수 형태의 초기 곡률을 갖는 튜브들만을 고려한 것과 달리, 로봇의 아크 길이를

따라 변하는 초기 곡률 함수를 고려하였고, 이를 통해 탄성 안정성을 최대화하는

최적화 문제를 제시하고 풀었다. 두 번째 연구에서는 주어진 자세가 안정적인 자

세인지 불안정한 자세인지를 판별하는 국소적 안정성 조건 및 테스트를 제시한다.

제시된 테스트는 이미 알려진 안정성 연구들의 결과와 비교하여 검증하였으며, 안

정적인 동작생성 예제를 통해 그 활용성을 보여주었다.

비록 앞의 두 연구들이 컨센트릭 튜브 로봇의 탄성 불안정성 문제를 해결하는

데 큰 도움을 줄 수 있지만, 이 연구들은 모두 이론적인 로봇의 기구학을 기반으로

하고 있다. 로봇을 제어하기 위해서는 이러한 로봇 기구학을 빠르게 풀어내야하

지만 이 기구학은 매우 복잡한 형태를 이루고 있다. 더욱이, 기구학을 통한 자세

계산은 기구학의 파라미터 오차나 모델 단순화 등의 이유로 부정확할 가능성이 있

다. 대안으로는 optical fiber Bragg grating 기술을 이용한 국소 곡룰 측정 센서는

통한 로봇의 자세 측정 방법이 있다. 이러한 관점에서, 이 논문의 세 번째 연구는
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곡률 센서를 통해 자세를 계산해내고, 곡률 센서의 위치와 개수를 결정하기 위한

방법을 제시한다.

주요어: 컨센트릭 튜브 로봇, 연속체 로봇, 탄성 안정성, 자세 측정.

학번: 2008-22898
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