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ABSTRACT 
 

Broadband Sound Attenuation by Acoustic 

Metamaterials with Rigid Partitions 

 

Jieun Yang 

Department of Mechanical and Aerospace Engineering 

The Graduate School 

Seoul National University 
 

This thesis aims to develop acoustic metamaterials for broadband sound attenuation. 

Acoustic metamaterials, engineered composite structures whose properties cannot 

be found in nature, have received great attention for their exceptional performances 

to open new opportunities in engineering. Especially, sound attenuation capability of 

them has been widely investigated because of its relevance of practical applications. 

However, their acoustic performances are limited in a narrow bandwidth because 

physical mechanisms of them only work for single or selective frequencies, which 

poses a major obstacle in practical use. 

 

The main difficulty of designing acoustic metamaterials for the broadband 

performances lies on the broadening the frequency ranges of effective performance 
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in a compact scale. To resolve this issue, this thesis presents acoustic metamaterials 

designed with acoustically-rigid partitions. Specifically, the proposed acoustic 

metamaterials are designed in a dissipative porous layer and in an acoustic layer with 

periodic holes to improve of sound absorption and insulation performances, 

respectively. The rigid partitions used in the metamaterials are arranged so as to form 

waveguides or resonators to control wave propagation characteristics for desired 

engineering purpose. Then, effective propagation distances or the effective 

propagation velocities of the acoustic waves propagating in the acoustic 

metamaterials can be tailored. It is shown that the sound attenuation performances 

of the proposed acoustic metamaterials are significantly enhanced in a broad range 

of frequency covering a low frequency range, compared with those of conventional 

acoustic systems without increasing a given geometric dimension. 

 

To investigate the physical mechanism of the outstanding performances of the 

proposed metamaterials, detailed theoretical analyzes will be carried out for each 

designed structure based on effective medium approach. Numerical simulations 

based on finite element method and experimental studies will confirm the validity of 

the proposed metamaterials. 

 

Keywords: Acoustic metamaterials, Broadband performance, Sound absorption,  

Sound transmission, Metaporous layer, Effective medium model 

Student Number: 2010-24065  
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CHAPTER 1.  
INTRODUCTION 
 

 

 

 

 

1.1 Research motivation 

Acoustic waves or sound waves exist everywhere in human lives. Propagating in an 

elastic medium, such as a gas, a liquid, a solid, acoustic waves carry energy by 

deriving particle motions of the medium. The existence of the acoustic waves allows 

us to do a lot of things, for example, to interact with other people, to appreciate music, 

etc. However, there also exists unwanted sound perceived by a human being, which 

is called noise. The sources of noise are various; industrial machines, vehicles such 

as cars, trains, and airplanes, or sounds from neighbor. Human’s exposure to the 

noises may be hazardous, give emotional/mental stress, even it may result in loss of 

hearing or social issues when severe situation. 

 

For over 100 years, there have been lots of efforts to reduce unwanted noises by 

developing acoustic structures and sound-attenuating materials. The noise problem 
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can be categorized into two categories; sound absorption and sound transmission 

problem. When a sound strikes a finite-thickness medium, it is transmitted, absorbed 

or reflected. The sound absorption problem is defined as a situation to reduce 

reflected sound energy when the absorbing structures are placed on a hard wall. The 

sound transmission problem is defined as a situation when a transmitted medium 

behind the finite-thickness medium is assumed to be infinite so that there will be no 

waves reflected back in the transmitted medium. In the transmission problem, it 

needs to consider both of reflected and transmitted waves. 

 

In either problem, a general rule to the noise reduction problem is that sufficiently 

large structures are needed to attenuate the sound energy. This is due to the fact that 

the dimension of the absorbing/insulating structures should be comparable to the 

wavelength of the incident sound wave. The acoustic waves are composed of 

frequency components in wide frequency range, ranging from 20 Hz to 20 kHz for 

audible sound. In air, in which sound velocity is about 343 m/s, the wavelength 

ranges from 17.15 mm to 17.15 m. However, in many practical applications, the 

space to install the acoustic structures for noise reduction is limited, thus this 

limitation makes it difficult to control broadband sound especially in the low 

frequency range. 

 

The main difficulty of the low frequency sound control comes from the lack of high-

refractive acoustic medium, unlike in electromagnetic counterpart. For recent years, 



3 

acoustic metamaterials have received great attention for their ability to overcome the 

intrinsic limitation on the acoustic medium. The researchers have shown that the low 

frequency sound attenuation in deep-subwavelength scale metamaterials is possible 

by employing local resonance phenomena [1]–[9], wave path elongation by coiling-

up spaces [10], [11], and slow waves [12]. Nevertheless, their performances are 

inevitably limited in a narrow bandwidth because physical mechanisms for the 

performance only work for single or only few frequencies, which poses a major 

obstacle in practical use. Except few works [13]–[15], broadband sound attenuation 

capability of acoustic metamaterials has not received much attention in spite of its 

practical importance. Therefore, it is still desirable to develop acoustic metamaterials 

for broadband sound attenuation while maintaining a compact size. 

 

Motivated by the issue, this thesis is dedicated to designing acoustic metamaterials 

for broadband sound absorption and insulation capability. In the following sections, 

precedent studies on the sound attenuation of acoustic metamaterials will be 

reviewed. Then research coverage and organization of the thesis will be introduced. 

 

 

1.2 Previous works on acoustic metamaterials for sound 

attenuation 

Metamaterials are artificially-designed composites whose characteristics cannot be 
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found in nature. The metamaterials, firstly devised in electromagnetic fields, have 

captured great attention of scientists and engineers for their possibility to open new 

opportunities in technology. Numerous works have shown that the metamaterials can 

be used for achievement of negative parameters [16]–[18], high absorption [19]–

[22], extraordinary transmission [23]–[26], subwavelength imaging [27], [28], etc. 

 

Inspired by the metamaterials in electromagnetic fields, acoustic metamaterials have 

been widely investigated as well. It was revealed that the anomalous wave 

phenomena observed in the electromagnetic metamaterials can also be achieved in 

the acoustic metamaterials. Among the numerous works, their capability to attenuate 

sound energy in a subwavelength scale is a prominent topic because of its relevance 

in practical applications. 

 

The noise reduction performance of the acoustic metamaterials was mostly achieved 

by using negative material properties. The negative acoustic density is realized by 

dipolar resonance of locally resonant composites [1], [2], [6]. The resonant 

composite is composed of a soft medium, such as rubber or membranes, as a spring 

and a solid inclusion as a mass. On the other hand, the negative bulk modulus is 

realized by a waveguide with an array of monopolar resonators [29], [30]. Due to the 

local resonances of the resonators, the negative bulk modulus is caused by the 

dispersion characteristic of the metamaterial. More recently, an acoustic 

metamaterial that has negative density and bulk modulus simultaneously in distinct 
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frequency range was also proposed [31]. At the frequency range of the negative 

properties, the relative motion of the metamaterial medium is opposite to the 

direction of the driving force of the medium. Therefore, the metamaterials act as 

noise barriers by interrupting wave propagation. 

 

Another type of acoustic metamaterials for noise reduction is to use a strategy of 

elongation of wave propagation distance. There are two ways of elongating the wave 

propagation distance; by elongating actual path [10], [11] and by elongating effective 

propagation distance [12]. To increase the actual wave propagation distance, coiling-

up is usually used. The effective propagation distance is able to be increased when 

the effective sound velocity in the medium can be reduced. It can be realized by 

using local resonance of an array of resonators, such as in the acoustic metamaterials 

for negative bulk modulus. The increase of the propagation distance, either actual or 

effective, means that the refractive index of the acoustic medium is higher than that 

of the air, which is not observed in existing acoustic medium. Once the high-

refractive medium is realized, the corresponding frequency for the resonant 

absorption can be shifted to much lower frequency. 

 

However, the acoustic performances of the acoustic metamaterials presented so far 

are limited in narrow bandwidth of low frequency because they were mostly focused 

on the findings of the anomalous phenomena. As mentioned before, the broadband 

performance is crucial for the practical purpose, therefore, researches on the acoustic 
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metamaterials for broadband sound attenuation should be carried out. One of the key 

to achieve broadband performance would be a proper incorporation of dissipative 

mechanism to the acoustic metamaterials. It has been started several attempts to 

involve dissipative media recently [13], [15], [32], [33], however, there is much 

room for improvement. 

 

 

1.3 Research objective and coverage 

The main objective of the thesis is to develop acoustic metamaterials for broadband 

sound absorption and insulation performances. In particular, considering practical 

applications, this thesis provides acoustic metamaterials in two representative 

situations; sound absorption of acoustic metamaterials involving acoustic porous 

materials and sound transmission through acoustic metamaterials with holes to allow 

airflow. As mentioned in the previous section, the absorption problem in the thesis 

considers a situation when sound-absorbing structure is placed on a hard wall so that 

only reflected waves will be considered. The transmission problem considers both 

of reflected and transmitted waves by the metamaterials under acoustic excitation. 

 

In each chapter, to achieve the major objectives, the acoustic performances and 

involving physics of the nominal case will be investigated first. Then acoustic 
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metamaterials to achieve the desired performances will be presented. The acoustic 

metamaterials proposed in the thesis is designed by rigid partitioning that forms a 

structure to guide wave propagation or change wave propagation properties in the 

acoustic metamaterials. For the proposed acoustic metamaterials, theoretical models 

to describe wave propagation characteristic in the metamaterials will be presented. 

In addition, their outstanding acoustic performances will be validated by numerical 

simulations based on finite element method and experiments. 

 

 

1.4 Organization of the thesis 

The thesis is organized as follows. 

 

In chapter 1, a brief explanation on the noise reduction problem and its precedent 

studies are addressed. Especially, the acoustic metamaterials for sound absorption 

and insulation are introduced and their limitation on the acoustic performance are 

introduced. Then, the necessity and significance of the development of the acoustic 

metamaterials for broadband sound attenuation are highlighted as a research 

objective also with the research coverage of the thesis. 

 

In chapter 2, theoretical backgrounds and fundamental description of acoustic waves 

will be presented. Basic governing equation of the acoustic waves in inviscid 
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acoustic media, it solution and relevant acoustic quantities that are useful to describe 

sound propagation will be presented. Then, to provide basic knowledge about 

dissipative materials considered in the thesis, modelling of acoustic waves in narrow 

waveguides and in acoustic porous materials will be introduced. 

 

In chapter 3, acoustic metamaterials for broadband sound absorption are introduced. 

In this chapter, the acoustic metamaterial designed with porous layer, so-called 

metaporous layers, will be presented to effectively achieve broadband sound 

absorption performance by incorporating dissipative property of an acoustic medium. 

Two representative metaporous layers will be introduced; one with multiple tuned 

resonances and one with multiple slow waves. 

 

In chapter 4, acoustic metamaterials for broadband transmission reduction are 

introduced, especially considering acoustic double layers with holes. To suppress the 

sound transmission effectively, a newly-designed resonator based on multiple slow 

wave mechanism will be presented. The effects of multiple slow waves in the 

transmission problem will be investigated as well. 

 

Finally, the overall conclusion of the thesis is presented in chapter 5. 
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CHAPTER 2.  
MODELLING OF WAVES IN 

ACOUSTIC MEDIA 
 

 

 

 

2.1 Chapter overview 

This chapter aims to present the theoretical backgrounds necessary to understand 

general methodologies to describe wave propagations in acoustic media. Especially, 

this thesis deals with acoustic media with viscous and thermal losses including wave 

propagations in porous media and narrow waveguides where inherent losses of air 

cannot be ignored. Therefore, the description of acoustic waves in non-viscous media 

as well as in viscous media will be presented in the following sections. In section 

2.2, fundamental description of acoustic waves in inviscid media will be presented. 

The basic governing equation for sound waves, its solution and relevant acoustic 

quantities will be derived. Then, the wave equations are expanded to the viscous 

media represented by complex material properties through section 2.3 and section 

2.4. Section 2.4 is dedicated to the description of the waves in narrow tubes and slits, 
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when the viscous and thermal losses at surrounding rigid walls have significantly 

influence on the wave propagation. In section 2.4, a modelling method of the sound 

propagation in rigid-framed porous medium will be introduced as well as the 

parameters to determine the characteristic of the porous medium. Finally, in section 

2.5, a method to calculate the transmitted and reflected waves through acoustic layers 

will be presented. 

 

 

2.2 Fundamental description of acoustic waves 

Acoustic waves are a type of longitudinal waves that propagate by means of adiabatic 

compression and decompression. The acoustic waves are represented by pressure 

fluctuations in a compressible fluid. The oscillations of the particle located at the 

position caused by an acoustic source result in interaction among near particles in 

such a way that energy propagates through the medium. In this section, the derivation 

of the linearized wave equation for the acoustic waves in lossless medium will be 

presented. In addition, the solutions of the wave equation and some important 

acoustic quantities which are necessary to describe the wave motion and phenomena 

in acoustic medium. 

 



11 

2.2.1 Derivation of the acoustic wave equation 

The governing equation of the acoustic waves can be developed from the equation 

of the state, the equation of continuity (conservation of mass), and the equation of 

motion for compressible fluids. 

 

The equation of the state 

The acoustic pressure fluctuation p   is defined as the difference of the 

instantaneous pressure P   and the equilibrium pressure 0P   at the equilibrium 

position of the fluid element. Likewise, the density fluctuation is defined as 0ρ ρ− , 

where ρ   and 0ρ   are instantaneous and equilibrium density, respectively. In 

adiabatic process, the linearized relationship between pressure and density 

fluctuations can be represented by 

 
9

0 0( )PP P
ρ

ρ ρ
ρ

 ∂
− = − ∂ 

.  (2.1) 

When the adiabatic bulk modulus is defined as ( )
0

0 0 P
ρ

κ ρ ρ= ∂ ∂ , Eq. (2.1) can be 

rewritten as 

 0
0 0

0

P P ρ ρ
κ

ρ
−

− = .  (2.2) 
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 The change in density for a given ambient fluid density is defined as condensation, 

( )0 0s ρ ρ ρ= − , thus it gives the result 

 0p sκ= .  (2.3) 

 

The equation of continuity (Conservation of mass) 

Consider a flow of fluid travels with particle velocity v  through a volume element 

shown in Fig. 2.1. The volume of the volume element is given by V with boundary 

V∂  and the normal unit vector directed outwards the volume element is n . The net 

rate of fluid mass flows into the volume through the surfaces should be equal to the 

rate of increase of the mass within the volume. Then the conservation of mass is 

expressed by the relation 

 ( )
V V

dV v n dS
t

ρ ρ
∂

∂
− = ⋅
∂ ∫ ∫

 



.  (2.4) 

The surface integral on the right-hand side of Eq. (2.4) is transformed into a volume 

integral by the Gauss theorem, ( ) ( )
V V

F n dS F dV
∂

⋅ = ∇ ⋅∫ ∫
 





 , where F


  is an 

arbitrary continuously differentiable vector field. Thus, Eq. (2.4) becomes 

 ( ) 0
V

v dV
t
ρ ρ∂ +∇ ⋅ = ∂ ∫

 ,  (2.5) 

which leads to the continuity equation 
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Fig. 2.1 A small volume element of volume V where a fluid travels through. The unit 

normal vector n  are defined on the surface boundaries of the volume V∂ . 

 

 ( ) 0v
t
ρ ρ∂
+∇ ⋅ =

∂
 .  (2.6) 

Recall that ( )0 0s ρ ρ ρ= −  or 0 (1 )sρ ρ= + , and assume that s  is very small, 

the linearized equation of the continuity becomes 

 0s v
t
∂

+∇ ⋅ =
∂

 .  (2.7) 

 

The equation of motion 

Now consider that the volume element in Fig. 2.1 is subject to a hydrostatic pressure 

P. Then, by the Newton’s second law, the equation of motion is expressed as  

 
V V

dvPndS dV
dt

ρ
∂

− =∫ ∫






.  (2.8) 
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By definition, the material derivative d dt  is defined for any tensor field G  as 

dG dt G t v G= ∂ ∂ + ⋅∇


, where v  is the flow velocity. In addition, again by the 

Gauss theorem, Eq. (2.4) is rewritten as 

 ( )vP v v
t

ρ ∂ −∇ = + ⋅∇ ∂ 



  .  (2.9) 

By substituting P p∇ =∇  and 0 (1 )sρ ρ= + , Eq. (2.9) becomes 

 0 (1 ) ( )vp s v v
t

ρ ∂ −∇ = + + ⋅∇ ∂ 



  .  (2.10) 

Assume that ( )v t v v∂ ∂ >> ⋅∇
     and s   is very small, the linearized Euler’s 

equation can be obtained as 

 0
vp
t

ρ ∂
−∇ =

∂



.  (2.11) 

 

The linearized wave equation 

The combination of the linearized equations, Eqs. (2.3), (2.7) and (2.11), can give 

the linearized wave equation for the acoustic waves. Firstly, the combination of Eqs. 

(2.3) and (2.7) gives 
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0

1 0p v
tκ

∂
+∇ ⋅ =

∂
 .  (2.12) 

Then take the divergence of Eq. (2.11) and the time derivative of Eq. (2.12) 

multiplied by 0ρ  as 

 2
0

vp
t

ρ ∂ −∇ =∇ ⋅ ∂ 



,  (2.13) 

 
2

0
02

0

0p v
t t

ρ
ρ

κ
∂ ∂ +∇ ⋅ = ∂ ∂ 



.  (2.14) 

Elimination of the divergence term of the two equations results in the linearized wave 

equation 

 
2

2
2 2

1 0pp
c t

∂
∇ − =

∂
,  (2.15) 

with the thermodynamic speed of sound c , which is defined by the relation of the 

acoustic mass density 0ρ  and bulk modulus 0κ  of the medium as 

 0

0

c κ
ρ

= .  (2.16) 

The linearized wave equation holds for the propagation of small amplitude pressure 

fluctuation in inviscid, adiabatic medium. 
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Fig. 2.2 The plane wave with the propagation vector k


 in the cartesitn coordinate. 

 

2.2.2 The wave solutions and relevant acoustic quantities 

The time-harmonic plane wave solution in Cartesian coordinates of the Eq. (2.15) 

propagating in the direction of k


, such as shown in Fig. 2.2, is given by 

 ( )( , ) j t k xp x t Ae ω − ⋅=




 ,  (2.17) 

where ω   is radial frequency ( 2 fω π=  ) of propagating wave. For three-

dimensional case, k


  is a vector of directional components ( xk  , yk  , zk  ) and its 

magnitude 2 2 2
x y zk k k k= + +



 is the wave number defined as 2π λ , where λ  is 

the wavelength at the specific frequency. The frequency, the wavenumber and the 

wave velocity is related by c f λ=  and it also can be rewritten as c kω= . In the 



17 

plane wave assumption, each acoustic variable has constant amplitude and phase on 

any plane perpendicular to the direction of propagation and the surfaces of constant 

phase are given by k x⋅




= constant. In lossless medium, material properties as well 

as wave constants have real values. 

 

In time-harmonic assumption, the linearized Euler’s equation, Eq. (2.11) can be 

rewritten in terms of particle velocity as 

 
0

1v p
jωρ

= − ∇
 .  (2.18) 

Then by substituting Eq. (2.17) into Eq. (2.18), the velocity can be expressed as 

 ( )

0

ˆ
j t k xAkv e

c
ω

ρ
− ⋅=




 ,  (2.19) 

where k̂  means the unit vector along the propagation direction k


.  

 

One of the important acoustic quantity is acoustic impedance. The specific acoustic 

impedance (or characteristic acoustic impedance) is the acoustic impedance per unit 

area, defined as the ratio of acoustic pressure to the associated particle velocity in 

the medium, 

 c
pz
v

= .  (2.20) 
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In general, for plane waves, this ratio is 0cz cρ= ± , where the sign is determined by 

the propagation direction with respect to the considered coordinate. The acoustic 

impedance is a very useful notion to determine the characteristic of the acoustic 

medium as well as to evaluate the reflected or transmitted waves when finite, 

multiple acoustic media are considered. The characteristic impedance is purely real 

for lossless medium, however, it can be complex both with real and imaginary parts, 

which represent the resistance and reactance of the material, respectively. 

 

The acoustic waves transport the energy by potential and kinetic energy forms. When 

a fluid element that occupies volume 0V , the potential energy pE  associated with 

a volume change from 0V   to V   and kinetic energy kE   of the mass element of 

0 0Vρ  can be expressed as 

 
0

V

p V
E pdV= −∫ ,  (2.21) 

 2
0 0

1
2kE V vρ= ,  (2.22) 

respectively. Using that .V constρ = , the total acoustic energy becomes after some 

derivations, 

 
2

2
0 0

0

1
2p k

pE E E V v
c

ρ
ρ

  
 = + = + 
   

.  (2.23) 
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Then the energy density is obtained by 

 
2

2
00

0 0

1 1
2

T p
d v

AEE dt A
T V c

ρ
ρ

  
 = = + 
   

∫ ,  (2.24) 

where pA   and vA   are amplitude of the acoustic pressure and particle velocity, 

respectively. By using Eq. (2.20) and the characteristic impedance 0cz cρ= ± , Eq. 

(2.24) becomes 

 
2 2

0
2

02 2 2
p p v v

d

A A A AE
c c

ρ
ρ

= = = .  (2.25) 

Note that the energy density is proportional to the squared value of amplitude of the 

acoustic pressure or the particle velocity. 

 

 

2.3 Acoustic waves in narrow tubes and slits 

In section 2.2, the wave equations and solutions for the inviscid acoustic medium are 

presented. However, for example, when the sound waves propagate in structures and 

geometries with small dimensions, the sound waves become attenuated because of 

viscous losses and thermal conduction of the boundaries. Therefore, the effects of 

dissipative losses should be involved in describing the waves in the such media. 
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Therefore, in this section, the modelling of sound propagation in narrow tubes and 

slits is presented based on Refs. [34], [35]. Starting from the linearized Navier-

Stokes equations, this section aims to derive the equations of the equivalent acoustic 

density and bulk modulus to express the waves in such media as in an acoustic media 

with complex material properties governed by the linearized wave equation 

presented in Eq. (2.15). The term ‘effective’ is also used instead of ‘equivalent’ to 

indicate the material properties of the porous material, however, ‘equivalent’ was 

used in this thesis to distinguish from the ‘effective’ material properties of the 

metamaterials that will be shown in Chapter 3 and 4. The introduction of this 

modelling also will be useful to understand the modelling of the porous materials 

presented later in section 2.4. 

 

The linearized Navier-Stokes equations of ideal gas for the acoustic pressure p, the 

particle velocity v , the acoustic temperature τ  of the fluid in a pore, i.e. the 

variation of the temperature in an acoustic field are given by 

 0
4 ( )
3

v p v v
t

ρ µ µ∂
= −∇ + ∇ ∇ ⋅ − ∇×∇×

∂



  ,  (2.26) 

 0 0v
t
ρ ρ∂
+ ∇ ⋅ =

∂
 ,  (2.27) 

 2 0
0 0

0
t v p

Tk c P c
P t t

τ ρτ ρ ∂ ∂ ∇ = − ∂ ∂ 
,  (2.28) 
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 0
0 0

0 0

( )Pp T
T

ρ τ ρ
ρ

= + ,  (2.29) 

where dλ  is dilatational viscosity coefficient, µ  is shear viscosity coefficient, tk  

is thermal conductivity, vc  is specific heat at constant volume, and pc  is a specific 

heat at constant pressure. Eqs. (2.26) to (2.29) represent the conservation of mass, 

conservation of momentum, conservation of energy, and the equation of the state, 

respectively. The simplification of Eqs. (2.26) and (2.28) yields 

 0
v p v
t

ρ µ∂
= −∇ + ∆

∂



 ,  (2.30) 

 2
0 p t

pc k
t t
τρ τ∂ ∂
= ∇ +

∂ ∂
.  (2.31) 

 

Figure 2.3 shows cross-sectional views of the considered narrow acoustic waveguide. 

Figure 2.3(a) and Fig. 2.3(b) correspond to the one of a cylindrical tube of radius R 

and a slit of width 2a , respectively. The slit is confined by the planes x a=  and 

x a= −  , there is no limitation along the y direction. Because the cross-section 

dimension of the tubes and slits are very small compared to the wavelength, the 

pressure is considered constant on a cross-section. The boundary conditions at the 

walls surrounding the tubes and slits are 0v =  and 0τ = . 
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Fig. 2.3 The flow propaagates along the z direction in (a) the cylindrical tube of 

radius R and (b) the slit confined by the planes x a= −  and x a= . 

 

Equivalent acoustic density 

For a wave propagating along the z direction, Eq. (2.30) can be rewritten in time-

harmonic acoustic fields in arbitrary Cartesian coordinate as 

 
2 2

0 2 2
z z

z
v vpj v

z x y
ωρ µ

 ∂ ∂∂
= − + + ∂ ∂ ∂ 

.  (2.32) 

When the above equation is transformed for the considered coordinates of the 

cylindrical tube and for the slit shown in Fig. 2.3, it becomes 

  0
1 z

z
vpj v r

z r r r
ωρ µ ∂∂ ∂  = − +  ∂ ∂ ∂ 

,  (2.33) 

 
2

0 2
z

z
vpj v

z x
ωρ µ ∂∂

= − +
∂ ∂

,  (2.34) 
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for the cylindrical tube and the slit, respectively. Considering the boundary condition 

on the surrounding walls 0v = , the solution of Eqs. (2.33) and (2.34) are 

 0

0 0

( )1 1
( )z

J lrpv
j z J lRωρ

 ∂
= − − ∂  

,  (2.35) 

 
0

1 cosh( ' )1
cosh( )z

p l xv
j z laωρ

 ∂
= − − ∂  

,  (2.36) 

where 1/2
0( )l jωρ µ= − , 1/2

0' ( )l jωρ µ=  and 0J  is the zero order Bessel 

function of the first kind. The equivalent density of the air in the tubes and slits is 

defined by rewriting Eq. (2.27) as 

 1

z

p
j v z

ρ
ω

∂
= −

∂
,  (2.37) 

with the mean velocity over the cross-section, zv . The mean velocity of Eqs. (2.34) 

and (2.35) can be obtained as 

 0 00
2

0 0 1 0

2 ( )1 21
( )

R

z
z

rv dr J R jpv
R j z R j J R j

π ωρ µ
π ωρ ωρ µ ωρ µ

 −∂
= = − − 

∂ − −  

∫ ,  (2.38) 

 0

0 0

tanh( )1 1
2

a

za
z

v dx a jpv
a j z a j

ωρ µ
ωρ ωρ µ

−
 ∂

= = − − 
∂   

∫ ,  (2.39) 
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respectively. Therefore, the equivalent acoustic density of the air in the tubes tρ  

and the slits sρ  are obtained by Eqs. (2.37), (2.38) and (2.39) as 

 0 0
0

0 1 0

( )21
( )t

J R j
R j J R j

ωρ µ
ρ ρ

ωρ µ ωρ µ

 −
= − 

− −  
,  (2.40) 

 0
0

0

tanh( )
1s

a j
a j

ωρ µ
ρ ρ

ωρ µ

 
= − 

  
.  (2.41) 

 

Equivalent bulk modulus 

For the waves propagating along the z direction in the tubes and slits, the variations 

of the temperature τ  in the z direction are smaller than in the cross-sectional 

direction x and y. Therefore, Eq. (2.31) can be rewritten in time-harmonic acoustic 

fields as 

 
2 2

2 2 ' t

j j p
x y v k
τ τ τ ωω∂ ∂
+ − = −

∂ ∂
,  (2.42) 

where 0' t pv k cρ=  . Then the above equation can be expressed with the defined 

angular frequency 0' 'vω ωµ ρ=   

 
2 2

0
2 2

''
' Prt

j j p
x y v k

ρτ τ ωω τ∂ ∂
+ − = −

∂ ∂
,  (2.43) 
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where 0Pr ( ')vµ ρ=  is the Prandtl number. When the Eq. (2.32) is rewritten as 

 
2 2

0
2 2

1z z
z

v v pj v
x y z

ρ
ω

µ µ
∂ ∂ ∂

+ − =
∂ ∂ ∂

,  (2.44) 

the similarity between Eqs. (2.43) and (2.44) can be noticed. By comparing two 

equations, the solutions τ  and zv  of the equations can be expressed as 

 ' ( , ,Pr )
t

pv x y
k

τ ψ ω= ,  (2.45) 

 
0

1( , , )z
pv x y
z j
ψ ω

ωρ
∂

= −
∂

,  (2.46) 

where ( , , )x yψ ω  is a solution of the equation 

 
2 2

0 0
2 2
1 2

j j
x x

ρ ρψ ψ ω ψ ω
µ µ

∂ ∂
+ − = −

∂ ∂
,  (2.47) 

with the boundary condition 0ψ =   on the walls. Then the equation for the 

equivalent density Eq. (2.37) can be expressed as 

 01
( , , )z

p
z j v x y

ρ
ρ

ω ψ ω
∂

= − =
∂

.  (2.48) 

By the definition of the bulk modulus, the equivalent bulk modulus becomes 

 0
pκ ρ
ρ

= , (2.49) 
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with the mean value of density over the cross section, ρ . From the equation of state 

given in Eq. (2.30), ρ  becomes 

 0 0

0 0

p
P T
ρ ρ

ρ τ= − .  (2.50) 

Then combining Eq. (2.46), (2.50) and (2.51), the equivalent bulk modulus is 

 0

0
1 2

0

'1 ( , ,Pr )
t

P
P v x x
T k

κ
ψ ω

=
−

.  (2.51) 

By using the relations 0 0 0( )p vc c P Tρ− =   and p vc cγ =  , the above equation 

becomes 

 0

( 1) ( , ,Pr )
P

x y
γ

κ
γ γ ψ ω

=
− −

.  (2.52) 

By comparing Eq. (2.49) with the equations for the equivalent densities in Eq. (2.41) 

and (2.42), ( , ,Pr )x yψ ω  can be obtained. Therefore, for the cylindrical tubes the 

equivalent bulk modulus is 

 0

1 0

0 0 0

( Pr )21 ( 1)
Pr ( Pr )

t
P

J R j
R j J R j

γ
κ

ωρ µ
γ

ωρ µ ωρ µ

=
−

+ −
− −

.  (2.53) 

And the equivalent bulk modulus for the slits is 
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0

0 01 ( 1) tanh( Pr ) ( Pr )s
P

a j a j
γ

κ
γ ωρ µ ωρ µ

=
+ −

.  (2.54) 

 

Figure 2.4 shows the equivalent acoustic density and the bulk modulus of the air in 

the tubes and slits for the cross-sectional dimensions R = 1.5 mm and a = 1.5 mm 

normalized to the acoustic density and the bulk modulus of air in free domain. For 

calculation, the material properties of the air presented in Table 2.1 are used. The 

equivalent values have imaginary parts to represent the viscous and thermal losses 

of the equivalent medium. Using the equivalent material properties, the waves in  

 

 

Fig. 2.4 The real and imaginary parts of (a) the equivalent density and (b) the 

equivalent bulk modulus of the air in the cylindrical tubes and the slits shown in Fig. 

2.3. The cross-section dimensions are R = 1.5 mm and a = 1.5 mm. 
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Table 2.1 The material properties of the air. 

Material property Symbol Unit Value 

Acoustic density 0ρ  3[kg m ]  1.213 

Specific heat ratio γ  . 1.4 

Atmospheric pressure 0P  [Pa]  101325 

Viscosity 0µ  [kg/m/s]  51.839 10−×  

Sound speed 0c  [m/s]  341.97 ( 0 0Pγ ρ= ) 

Bulk modulus 0κ  [Pa]  51.42 10×  ( 2
0 0cρ= ) 

Specific heat pc  [J/kg/K]  1005 

Kinematic viscosity ν  2[m /s]  51.511 10−×  

Fluid dynamic viscosity µ  [kg/m/s]  51.833 10−× ( 0 fρ ν= ) 

Thermal conductivity tk  [W/m/K]  0.0257 

Prandtl number Pr  . 0.7167( p tc kµ= ) 

 

 

such medium can be interpreted as if in an acoustic medium governed by the 

linearized wave equation in Eq. (2.16). Therefore, just like in the inviscid acoustic 

medium, the sound velocity and the characteristic impedance can be defined by using 

the derived equivalent material properties. 

 

From the theoretical derivations made above, it is noticeable that the effects of the 

viscosity and the thermal conduction is decoupled and those effects are considered 
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in the equivalent acoustic density and the bulk modulus, respectively. For the time-

harmonic convention considered in the thesis, j te ω , it can be seen that the results 

follow the condition for the passive media with losses, Im( ) 0eqρ <   and 

Im( ) 0eqκ >  [36]. When opposite sign of time-harmonic convention j te ω−  is used, 

the signs of the imaginary parts of the material properties become opposite. 

 

 

2.4 Acoustic waves in rigid-framed porous media 

Acoustic porous materials [35] are widely used for passive noise control for their 

low weight and effectiveness. In the porous materials, the acoustic waves propagate 

in a network of interconnected pores and the acoustic energy is concerted into heat 

due to the viscous boundary layer effects and thermal conduction. Because of their 

complicated microscopic topologies, the characterization and modeling of the porous 

materials are not easy. However, to predict the noise reduction performance of the 

porous material, the knowledge of their static/dynamic material properties are 

required. 

 

In the porous media, wave propagations in both fluid and solid phases exist. The 

waves in such porous materials can be represented by Biot’s model [37]. Then the 

porous media have three wave components; two compressional waves and shear 

wave. When elastic deformation of the frame of the porous materials negligible, the 
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wave propagations in the porous materials can be represented as in an equivalent 

fluid. Then, the wave equation for the acoustic waves inside the porous material 

follows the Helmholtz equation with changed material or wave properties. 

 

The wave-based models of the rigid-framed porous materials have been developed 

for several decades. They can be classified into two categories; empirical models and 

theoretical models. The empirical models [38]–[42] proposed empirical expressions 

for the complex wavenumber and characteristic impedance of porous materials using 

a large number of measurement data. The theoretical models [43]–[46] are developed 

considering wave propagations in various and complicated pore morphologies. 

Among the numerous models to represent the waves in the porous material, the 

Johnson-Champoux-Allard model [44], [45] and the relevant parameters to represent 

the model will be presented in the thesis. 

 

The Johnson-Champoux-Allard model is a semi-phenomenological model based on 

the two works by Johnson et. al. [44] and Champoux and Allard [45] proposed to 

describe the complex dynamic density and bulk modulus of rigid-framed acoustic 

porous materials with arbitrary pore shapes. The equivalent acoustic model derived 

in section 2.3 can be regarded as a type of porous material with straight pores. As 

such model, Johnson et al. derived an equation for the equivalent acoustic density 

considering visco-inertial effects in the porous media. Because the morphologies of 

pores are much more complicated than the configuration considered in section 2.3, 



31 

the equivalent models have complicated equations dependent on various parameters 

of the porous material. The equation is given by 

 
2

0 0
2 2 2

0

41 1
v

j
j

α ρ ωα µρηφρ
φ ωρ α σ λ φ
∞ ∞

∞

 
= + + 

  
,  (2.55) 

Based on the work of Johnson et al., Champoux and Allard presented an equation 

for the equivalent bulk modulus of the porous media that contains the thermal 

dissipative effects as 
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−−  
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.  (2.56) 

 

The equivalent density and bulk modulus are frequency dependent because they were 

derived based on the consideration of the dynamic wave behavior in the porous 

materials. To calculate the equivalent density and bulk modulus of the Johnson-

Champoux-Allard model, 5 parameters of the porous material are needed. The 

parameters are open porosity φ , the static air flow resistivity σ , the tortuosity α∞ , 

the viscous characteristic length vλ , and the thermal characteristic length tλ . Brief 

explanations of the parameters and characterization methods of them are presented 

below. 

 



32 

Open porosity φ  

The open porosity is the ratio of the fluid volume occupied by the continuous fluid 

phase to the total volume of the porous material. The open porosity can be obtained 

by measuring volumes and pressure differences when the volume of an enclosure 

where the porous material is placed is reduced [47], [48]. 

 

Static air flow resistivity σ  

The static air flow resistivity is defined as the specific flow resistance per unit 

thickness. As the flow resistance is defined by the ratio of the pressure difference 

across a sample of the material to the normal flow velocity through the material, the 

flow resistivity can be obtained by measuring pressure difference under a steady flow 

[49], [50]. 

 

Tortuosity α∞  

In the porous materials, the pores with various shapes and cross sections are 

connected randomly, therefore the particle velocity at a microscopic level in the 

pores deviates from the average particle velocity at a macroscopic scale. This leads 

to the change of effective density of the fluid, 0ρ α ρ∞= , where the tortuosity is 

defined as 
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21 1
V V
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V V
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   =    
   ∫ ∫

  . (2.57) 
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In above equation, V means the elementary volume of the porous material and v  is 

the particle velocity. The tortuosity has a value larger than one so that the phase 

velocity of the acoustic waves in the porous media is lower than the velocity in the 

air due to the so-called tortuosity effect. 

 

Viscous characteristic length vλ  

The viscous characteristic length characterizes the viscous interaction between the 

oscillating air and the pore walls for a material with pores with various sections [51]. 

The definition is given using the integral of the square value of the microscopic 

velocity in a inviscid liquid in pores v  by 

 
2

2

2 S

v
V

v dS

v dVλ
= ∫
∫

 , (2.58) 

where the integral in the numerator is over the walls of the pore-grain interface and 

that in the denominator is over the pore volume. 

 

Thermal characteristic length tλ  

The thermal characteristic length was introduced to describe the high-frequency 

behavior of the bulk modulus influenced by thermal effects of the acoustic medium 

[45]. The parameter is given by 

 2 S

t
V

dS S
VdVλ

= =∫
∫

,  (2.59) 
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similar to the definition of the viscous characteristic length without weighting by the 

squared velocity. 

 

Figure 2.5 shows the equivalent density and bulk modulus of three porous materials, 

porous material A, B, and C, obtained by the Johnson-Champoux-Allard model 

given in Eqs. (2.31) and (2.32) normalized to the density and bulk modulus of free 

air. The parameters of each porous material are shown in Table 2.2. For the material 

properties of the air, the values in Table 2.1 are used. Given the equivalent density 

and bulk modulus, the sound velocity in the porous medium can be directly 

calculated by the relation c κ ρ= . The velocity in the porous material is shown 

in Fig. 2.6 normalized to the sound velocity in free air. Due to the dissipative 

mechanism of the porous medium, the velocity also is frequency dependent and 

 

Table 2.2 The characterization parameters of the porous materials [52]–[54]. 

 

Porosity Flow 
resistivity Tortuosity 

Viscous 
characteristic 

length 

Thermal 
characteristic 

length 

φ  
σ

4[ ]N s m⋅   α∞  vλ [ ]mµ  tλ [ ]mµ  

Porous 
material A 0.95 8900 1.42 180 360 

Porous 
material B 0.96 2843 1.07 273 672 

Porous 
material C 0.97 28500 1.03 56 85 
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Fig. 2.5 The real and imaginary parts of (a) the equivalent density and (b) the 

equivalent bulk modulus of the porous materials A, B, and C of Table 2.2. 

 

 

Fig. 2.6 The real and imaginary parts of the equivalent sound velocity of the porous 

materials A, B, and C of Table 2.2. 
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complex value. It can be observable that the real part value of the velocity is smaller 

than that of the velocity in air due to the tortuosity effect, as mentioned before. 

 

 

2.5 Reflection and transmission of acoustic layers 

In this section, a description method to evaluate the reflection and transmission of 

acoustic layers will be presented. The acoustic layers considered in the thesis can be 

comprised of single or multiple medium. When an acoustic wave travelling in one 

medium encounters the boundary of a second medium, reflected and transmitted 

waves are generated. To measure the quantities, the transfer matrix method will be 

presented. 

 

2.5.1 Transfer matrix modelling 

The transfer matrix approach (also called transmission matrix or four-pole parameter 

representation) is a very powerful method to evaluate transmitted, reflected waves 

of multilayers, acoustic ducts and mufflers, etc [35], [55]–[57]. The transfer matrix 

is made by considering continuity relations of acoustic pressure and volume velocity 

under an assumption of plane wave propagation. Consider the situation shown in Fig. 

2.7 that a plane acoustic wave impinges upon the ith layer of thickness ih   at an 

incidence angle 1iθ +  from the (i+1)th layer. At the boundary of the layers, the waves  
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Fig. 2.7 The schematic configuration to derive the transfer matrix for the acoustic 

layer of finite thickness ih .  

 

should meet the Snell’s law, 1 1sin sini i i ik kθ θ+ + =  , where 1ik +   and ik   are the 

wavenumber in the (i+1)th and ith layer, respectively. The acoustic density and the 

sound velocity in the acoustic medium filling the ith layer are given as iρ  and ic . 

Then with the x directional propagation component ixk ( cosi ik θ= ), the pressure and 

the x component of the velocity fields in the layer are given by 

 1 2( ) ix ixjk x jk xp x A e A e−= + , (2.60) 

 1 2
cos( ) ix ixjk x jk xi

x
i i

v x A e A e
c
θ

ρ
− = −  ,  (2.61) 
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where 1A  and 2A  are amplitudes of the acoustic waves propagating along to the –

x and +x direction, respectively. By the pressure and volume velocity continuity 

conditions at the boundaries of the layers, the pressure and the particle velocity at 

the right-hand side of the (i+1)th layer, at 1
R
iX + , and those at the left-hand side of the 

ith layer, at L
iX  are the same. It is also the same for the boundaries of the ith layer 

and (i-1)th layer, at R
iX  and 1

L
iX − . Therefore, the pressure and the particle velocity 

at the boundaries are represented at the exact boundary at 1ix x +=  and ix x= . 

 

At ix x= , Eqs. (2.60) and (2.61) becomes 

 1 2( ) ix i ix ijk x jk x
ip x A e A e−= + ,  (2.62) 

 1 2
cos( ) ix i ix ijk x jk xi

x i
i i

v x A e A e
c
θ

ρ
− = −  .  (2.63) 

 

At 1i i ix x x h+= = − ,  

 ( ) ( )
1 1 2( ) ix i i ix i ijk x h jk x h

ip x A e A e− − −
+ = + ,  (2.64) 

 ( ) ( )
1 1 2

cos( ) ix i i ix i ijk x h jk x hi
x i

i i

v x A e A e
c
θ

ρ
− − −

+  = −  .  (2.65) 

Then the relation between the pressure and velocity fields at ix x=  and 1ix x +=  
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can be represented by a matrix relation as 

 
1

cos( ) sin( )
cos

cos sin( ) cos( )i i i

i i
ix i ix i

i
i

x x xix x x
ix i ix i

i i

ck h j k h
p p p
v v v

j k h k h
c

ρ
θ

θ
ρ

+

 
       = =           
 
 

T .  (2.66) 

The 2x2 matrix in Eq. (2.66) connecting the vector composed of the pressure and the 

velocity fields at the other side of the boundaries of the layer is the transfer matrix 

iT . Equation (2.66) is a recursive equation from which the pressure and velocity of 

any layer can be determined from boundary and incident sound wave conditions. 

 

2.5.2 Calculation of reflection and transmission coefficients 

Figure 2.8 shows a multilayer consisting of N acoustic layers under plane wave 

incidence at incidence angle Iθ . The acoustic pressure and velocity in the incident 

medium, fluid (I), are represented as 

 Ix Ixjk x jk x
Ip Ae Re−= + ,  (2.67) 

 cos ( )Ix Ixjk x jk xI
Ix

I I

v Ae Re
c
θ

ρ
−= − ,  (2.68) 

where A and R are the amplitudes of the incident and reflected waves, respectively. 

For simplification, A is set to be 1. And the wave fields in the transmitted medium, 

fluid (F), are described as 
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Fig. 2.8 The multilayer of N acoustic layers under plane wave incidence. 

 

 Fxjk x
Fp Te−= ,  (2.69) 

 cos
Fxjk xF

Fx
F F

v Te
c
θ

ρ
−= ,  (2.70) 

where T is the amplitude of the transmitted wave. 

 

For a multilayer of acoustic media, the total transfer matrix can be constructed by 

connecting the transfer matrix of the ith layer given by Eq. (2.66). Then the transfer 

matrix modelling for the acoustic pressure and particle velocity in the fluid (I) and 

(F) is expressed as 
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 1 1total n n
x x xI F F

p p p
v v v−

     
= =     

     
T T T T .  (2.71) 

Then the transmission and reflection coefficients can be calculated as below, 
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2
cos cos

cos cos

Fxjk H

F I I I I F

F F I I F F

eT c cT T T T
c c
θ ρ ρ θ
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T T T T
c c c c

θ θ
ρ ρρ

θ θ θ θ
ρ ρ ρ ρ

+ − −
=

+ + +
,  (2.73) 

where pqT  means the (p, q) component of the total transfer matrix totalT  and H is 

the total thickness of the multilayer. 

 

When the multilayer is backed by a hard wall, i.e., the fluid (F) is an acoustically-

rigid material so that the acoustic waves cannot propagate into, the velocity in the 

particle velocity in the transmitted medium should be vanished. By applying this 

condition, the reflection coefficient can be obtained as 

 

11

21

11

21

cos

cos

I I

I
rigid

I I

I

T c
TR T c
T

ρ
θ

ρ
θ

−
=

+
.  (2.74) 
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In the hard-backed condition, the fraction 11 21T T  represents the impedance at the 

surface of the multilayer, I Ixp v , called surface impedance.  By using the symbol 

NZ   for the surface impedance of the total system and Iz   for the characteristic 

impedance of the medium fluid (I), the reflection coefficient of Eq. (2.72) can be 

rewritten as 

 
cos

cos

I
N

I
rigid

I
N

I

zZ
R zZ

θ

θ

−
=

+
.  (2.75) 

When only one layer placed on the hard wall is considered, the surface impedance 

of the layer becomes 

 cot( )
cos

i i
i ix i

i

cZ j k hρ
θ

= − .  (2.76) 

The surface impedance on the ith layer can be represented as a successive relation as 

 1

1

tan( )     ( 2,3, , ).
tan( )

i i ix i
i i

i ix i i

Z jz k hZ z i N
jZ k h z

−

−

+
= =

+
   (2.77) 

After the reflection and transmission coefficients are obtained, the absorption 

coefficients α  and the transmission loss TL are calculated by the relation 

 2 21 R Tα = − − ,  (2.78) 

 1020logTL T= − .  (2.79) 
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When the layer is terminated with a hard backing, the absorption coefficient is 

calculated as 21 Rα = − .  
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CHAPTER 3.  
ACOUSTIC METAMATERIALS 

INVOLVING POROUS MEDIA 

FOR BROADBAND SOUND 

ABSORPTION 
 

 

 

3.1 Chapter overview 

Even though there have been numerous works on sound absorption performance of 

the acoustic metamaterials, the broadband acoustic performance of them is still a 

challenging issue. Because the acoustic metamaterials presented so far mostly rely 

on the resonance phenomena for selective frequencies of the non-dissipative medium, 

the frequency range of their acoustic performance is inevitably narrow. The difficulty 

of achieving broadband performance may lie on the realization of an absorbing 

structure with a constant characteristic for a high absorption in a wide range of 

frequency. 
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Acoustic porous materials [35], widely used to dissipate sound energy, are known to 

have effective sound absorption performances in the broad bandwidth. However, the 

efficiency of these materials with regard to sound absorption is strongly dependent 

on the frequencies of interest. Because the absorption of long-wavelength sound 

waves requires sufficiently thick porous layers, thin porous layers are used to absorb 

sound waves mainly in high frequency ranges. When the thickness of a layer is 

constrained to be less than the order of the wavelength of incident sound waves, 

efficient low-frequency sound absorption as well as broadband sound absorption can 

be quite demanding for a homogenous porous material. 

 

To deal with the thickness constraint on the sound absorption performance, several 

attempts, such as optimal multi-layering and porous foam shaping, have been made 

[58]–[60]. In those works, the researchers attempted to overcome the thickness 

constraint by finding optimal distributions of the porous materials. The optimization-

based design problems were solved within a constrained design domain according to 

the frequency of interest. More recently, porous materials combined with artificially 

engineered structures were studied in an effort to enhance their acoustic performance 

in the concepts of sonic crystals and acoustic metamaterials [13], [32], [61]–[65]. 

Among these efforts, the effects of circular inclusions [61], [62] resonant slotted 

inclusions [32] in a hard-backed porous layer were investigated to enhance the sound 

absorption performance. Periodic arrangements of porous slabs were also tested for 

broadband sound absorption [13], [63]. Although these earlier studies have made 
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some progress on improving the sound absorption characteristics, it remains difficult 

to overcome the thickness constraint in an installed porous layer to broaden the 

overall sound absorption performance. 

 

Under such circumstances, this chapter presents acoustic metamaterials designed by 

incorporating porous materials involving dissipative loss of acoustic media. The 

designed metamaterials show that the high sound absorption performances are 

achievable in a broad range of frequency not only by complex multiple resonance 

modes but also by the dissipative loss of the porous materials. In the following 

sections, the sound absorption mechanism of a homogeneous, finite-thickness 

porous layer will be studied first. Based on the observation, the two acoustic 

metamaterials will be presented whose broadband sound absorption performance is 

realized by so-called ‘tuned thickness resonances’ and ‘multiple slow waves’ in 

section 3.3 and 3.4, respectively. The physical mechanism and relevant phenomena 

will be thoroughly investigated. 

 

 

3.2 Sound absorption of a porous layer 

In this section, we investigate the sound absorption performance and related physical 

mechanisms of a porous layer. Figure 3.1(a) shows a configuration of a porous layer 

which has a finite thickness H placed on a hard wall surrounded by air. The porous  
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Fig. 3.1 (a) A porous layer of thickness H placed on a hard wall under nomal sound 

wave incidence. (b) Sound absorption coefficient of porous layers of various 

thicknesses. 

 

material under consideration in the thesis is assumed to have a motionless frame. 

Hence, the wave motion in the porous materials can be represented as that in an 

equivalent fluid, which is defined by the complex-valued effective mass density 1ρ  

and bulk modulus 1κ . In this work, the Johnson-Champoux-Allard model presented 

in section 2.4 is employed to represent the effective parameters of the rigid porous 

materials. The acoustic density and the sound velocity in the air are 0ρ  and 0c , 

respectively. Following the description of Eqs. (2.75) and (2.76) in section 2.5, the 

reflection coefficient R of a porous layer placed on the hard wall under normal 
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incidence is obtained as 

 0

0

Z zR
Z z
−

=
+

,  (3.1) 

where Z   and 0z   are the surface impedance of the porous layer and the 

characteristic impedance of the air, respectively, and those values are obtained as 

1 1 1cot( )Z j c k Hρ= −  and 0 0 0z cρ=  with the wavenumber in the porous medium, 

1k (= 1cω ). Then the absorption coefficient becomes 

 21 Rα = − .  (3.2) 

By investigating the impedance relation of the porous layer and the air, it is possible 

to draw some qualitative conclusions on the sound absorption performance of the 

porous layer. When the denominator and the numerator of Eq. (3.1) are divided by 

0z , it can be given as  

 1
1

s

s

zR
z
−

=
+

,  (3.3) 

where sz  means the specific acoustic impedance ( 0 0Z cρ ). The specific acoustic 

impedance can be separated into the real and imaginary parts as 

 Re( ) Im( )s s sz z j z= + .  (3.4) 

Physically, the real and imaginary parts of the impedance mean the resistive and 
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reactance parts, respectively. By combining Eqs. (3.3), (3.4) and (3.2), the absorption 

coefficient is obtained by 

 
{ } { }2 2

4Re( )
1 Re( ) Im( )

s

s s

z
z z

α =
+ +

.  (3.5) 

Eq. (3.5) implies that the total absorption can be achieved when Im( )sz  becomes 0 

and Re( )sz  becomes 1. It means the impedance matching with the air ( Re( ) 1sz = ) 

at the resonance state ( Im( ) 0sz = ) [66]. 

 

Figure 3.1(b) shows the absorption coefficients for several thicknesses H = 1.0 cm, 

2.0 cm, and 3.0 cm of the porous layer. The material properties of the air are given 

in Table 2.1 and characterization parameters of the porous material A in Table 2.2 

are used for calculation. The sound absorption performance of a porous layer is 

strongly dependent on its thickness. For a layer of very thin thickness compared to 

the wavelength, 1 1k H << , the surface impedance of the porous layer can be replaced 

with 11 k H . Then the surface impedance has a very large impedance, which means 

a large impedance mismatch with the air. Therefore, it leads to a low sound 

absorption. In other words, the high sound absorption of a porous layer is not easily 

achieved in a low frequency range. 

 

In the mid-frequency range, the surface impedance is governed by the periodicity of 

the cotangent function. It is observable that the absorption curves have peaks for a 
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fixed thickness that come from the resonance states of the porous layer. Suppose that 

the porous layer is lossless, material properties of the medium only have real parts. 

Then the surface impedance becomes pure imaginary, which means only reactive, 

and it becomes zero when 

 1 (2 1) ,
2

k H n π
= − ⋅   (3.6) 

where n is an integer. If expressed in terms of the wavelength in the porous medium, 

1λ , above equation becomes 

 1(2 1)
4

H n λ
= − ⋅ .  (3.7) 

As the above condition for the resonance is related to the thickness of the layer, it is 

named as thickness resonances in the thesis. Note that the porous medium has 

complex equivalent material properties, the resonance frequencies can be shifted 

from the exact thickness resonance condition. At the thickness resonances, the 

particle velocities in the porous layer are zero in the bottom of the layer (hard wall) 

and maximum at the top of the layer. At the resonance state, the absorption 

coefficient is determined by the resistive part of the surface impedance and the 

characteristic impedance of the air, as mentioned before. Because the real parts of 

the surface impedance are different for the defined thicknesses, the peak values at 

the thickness resonances are obtained as different values. It is also noticeable in the 

graph that the absorption curves have trough between the successive thickness 

resonances due to the anti-resonances. At the resonance states, the particle velocities 
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are minimum at the top and the bottom of the layer, and maximum in the plane of 

the layer. However, energy losses can take place only if the air is moving in the pores 

of the layer [67], therefore, the location where the maximum particle velocity exists 

would be very crucial for the sound absorption. 

 

 

3.3 Metaporous layer with tuned thickness resonances 

This section shows that if rigid partitions that are impervious to sound waves are 

periodically and appropriately embedded in a hard-backed porous layer, the 

thickness constraint can be overcome to some extent. In addition to the improvement 

in the low-frequency range, the sound absorption capability in the overall frequency 

range of interest can be substantially improved even under a given layer thickness 

constraint if the configuration of the partitioned porous material units is engineered 

according the method to be developed in this study. 

 

3.3.1 Design of the metaporous layer with tuned thickness 

resonances 

To give an idea of how much the sound absorption can be improved, we present the 

results of our investigation in Fig. 3.2. In this figure, a porous layer with periodically 

embedded rigid partitions, referred to here as a metaporous layer, can be considered 
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Fig. 3.2 Enhancement of sound absorption performance of metaporous layer shown 

in the inset, compared to that of a homogeneous porous layer with the same thickness. 

(H = 3.0 cm and d = 1.6 cm) 

 

as a hard-backed porous system consisting of unit cells. The unit cell is constructed 

in a homogenous porous layer with several rigid partitions (black in color), which 

are vertical or horizontal to the x-axis, where the sound waves are assumed to 

impinge upon the layer along the z-direction. In the unit cell in the inset of Fig. 3.2, 

while some vertical partitions are attached to the hard wall directly, two narrow gaps 

from the bottom are designed so as to connect neighboring porous slabs. As a result 

of these treatments, the present metaporous layer exhibits greatly enhanced sound 

absorption performance over a wide range of frequencies, as shown in Fig. 3.2, 

compared to a homogeneous porous layer with the same total thickness without any 

partitioning treatment. The physics related to the proposed metaporous layer 
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structure will be revealed in this study. 

 

Our approach to overcome the thickness constraint for broadband sound absorption 

is to use the proposed metaporous layers realized by unique treatments in a 

homogenous porous layer. Compared with the homogeneous porous layer, no 

thickness increase will be considered throughout the present investigation. The 

proposed treatments include (i) the vertical and horizontal partitioning of a porous 

layer with acoustically impervious rigid partitions, (ii) opening narrow gaps around 

the hard wall between neighboring porous slabs, and (iii) building multiple porous 

slabs with different thicknesses. To analyze the corresponding physical mechanisms 

in sound absorption based on the effective medium approach [68], theoretical models 

are derived and utilized. The theoretical models are validated by comparing their 

predictions of the sound absorption performance with those by the finite element 

method (FEM) using COMSOL Multiphysics 4.3 [69]. In the finite element 

modeling, Floquet-Bloch periodic boundary conditions are imposed on the left- and 

right-hand sides of the unit cell in order to express the infinitely periodic arrangement 

of the unit cell in the proposed layers. In addition, the rigid partitions are represented 

with a hard-wall boundary condition. 

 

Compared with the original homogeneous porous layer, the metaporous layers are 

structured by unit cells containing three unique features, i.e., a periodic arrangement 

of vertical partitions, a gap between the partition and the hard wall, and multiple 
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porous slabs of different thicknesses. In order to explain the effect of each feature, 

differently configured, periodically partitioned porous layers will be considered in 

the following sections. All of the layers considered in this work are assumed to be 

infinitely long in the y-direction such that the wave problem under consideration can 

be considered as a two-dimensional problem in the xz-plane. In addition, they are 

open to an infinite air region, in which the density and the bulk modulus are 

respectively 0ρ  and 0κ . The equivalent mass density 1ρ  and bulk modulus 1κ  

of the porous medium are obtained by the Johnson-Champoux-Allard model 

presented in section 2.4, Eqs. (2.55) and (2.56). If the density and bulk modulus of 

each medium are given, it becomes possible to determine the sound velocity 

i i ic κ ρ=  , the wave number i ik cω=   and the characteristic impedance 

i i iz cρ=   of air (i = 0) and the porous media (i = 1) immediately. The material 

parameters of air and porous material used in this work can be found in Table 2.1 

and Table 2.2, porous material A. 

 

The layers under consideration are also assumed to have subwavelength periodicity 

within the frequency range of interest. Accordingly, they can be represented as 

effective layers, characterized by the effective characteristic impedance ( )ez  and 

the effective surface impedance ( )eZ . This assumption is equivalent to using a one- 

dimensional wave model in a layer filled with a homogeneous medium. The effective 
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Fig. 3.3 Configurations of (a) an un-partitioned homogeneous porous layer and (b) 

periodically partitioned porous layers with the same thickness 1H . 

 

impedances ez   and eZ   can be determined if several effective parameters of an 

effective medium, such as the density eρ , the bulk modulus eκ , the wave speed 

e e ec κ ρ= , the wave number e ek cω= , are known. 

 

3.3.2 Influence of periodic vertical rigid partitions 

Consider a homogeneous porous layer and a partitioned porous layer on a hard wall, 

as shown in Figs. 3.3(a) and (b). In the latter case, the porous slab and the rigid 

partition are equally spaced, and the unit cell is then infinitely repeated in a 

subwavelength period of d  along the x-direction. The period d is set to be smaller 

than half of the minimum wavelength in the frequency range of interest, i.e., 

min 2d λ< , which is a general criteria to model the metamaterials as an effective 

homogeneous medium of effective material properties defined by the relation of the 

properties of constituting media. For normally incident sound waves along the z-
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direction, the homogeneous layer (superscripted with h) of thickness 1H   has its 

sound absorption peaks at the thickness resonance frequencies ( 1 1( )hP H   and 

2 1( )hP H   in Fig. 3.4(a)). At these frequencies, odd multiples of the quarter 

wavelength of the incident sound wave are coincident with the layer’s thickness. For 

the partitioned porous layer, each unit cell acts as a locally reacting layer. This can 

be observed in Fig. 3.4(a), which shows that the periodic arrangement of the vertical 

partitions increases the sound absorption coefficients substantially at the peak 

frequencies ( 1 1( )P H  and 2 1( )P H ) compared to those of the homogeneous layer. On 

the other hand, it lowers the absorption coefficients at intermediate frequencies 

between the successive thickness resonances. 

 

The phenomenon observed for the partitioned porous layer arises from the change in 

the surface impedance of the layer upon the periodic insertion of rigid partitions. For 

an analytical investigation of this phenomenon, the effective medium approach, 

which represents the partitioned layer as an anisotropic homogeneous effective layer, 

is employed. The volume fraction of the porous material in the unit cell is set to 

 (0< 1)η η ≤ ; the state of 1η =  corresponds to a homogeneous porous layer. The x- 

and z-directional effective densities and the effective bulk modulus of the effective 

medium are given by [68] 
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Fig. 3.4 (a) The sound absorption coefficients of the two layers in Fig. 3.3 under 

normal sound wave incidence along the z direction. (b) The real and imaginary parts 

of the surface impedances of the two layers and the characteristic impedance of the 

surrounding air. All the impedance values are normalized by the characteristic 

impedance of air ( 0z ). For the plots, the values of 1H  = 3.0 cm and d = 1.0 cm were 

used. 
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 , 1 2(1 )e xρ ηρ η ρ= + − ,  (3.8) 

 1 1 1
, 1 2(1 )e zρ ηρ η ρ− − −= + − ,  (3.9) 

 1 1 1
1 2(1 )eκ ηκ η κ− − −= + − ,  (3.10) 

where the subscript e indicates the effective quantities. In addition, 2ρ   and 2κ  

denote the density and the bulk modulus, respectively, of the rigid material. 

Considering that 2ρ  and 2κ  can be set to infinite values, the effective material 

parameters in Eq. (3.9)-(3.10) can be written as ,e xρ = ∞  , , 1e zρ ρ η=   and

1eκ κ η=  . According to their definitions, the effective sound velocity and 

characteristic impedance of the layer along the wave propagating z direction become 

, , 1e z e e zc cκ ρ= =   and , , 1 1e e z e zz c cρ ρ η= =  , respectively. Then, the effective 

surface impedance eZ  of the partitioned porous layer can be given by 

 1 1
1 1 1cot( ) cot( )e e e

cZ jz k H j k Hρ
η

= − = − .  (3.11) 

In Eq. (3.12),  ek   and 1k   denote the wavenumbers in the present effective 

medium and in the original bulk porous material, respectively. Note that the effective 

characteristic impedance ( ez  ) and the effective surface impedance ( eZ  ) of the 

metaporous layer increase with regard to those of the homogeneous porous layer as 

a multiple of 1 η , while the effective sound velocity ( ,e zc ) remains the same. With 
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the effective surface impedance in Eq. (3.11), the reflection coefficient 

0 0( ) [ ( ) ] [ ( ) ]e er Z z Z zω ω ω= − +   and the sound absorption coefficient 

2( ) 1 ( )rα ω ω= −  of the effective layer can be calculated. 

 

For the partitioned porous layer, the absorption coefficients calculated from the 

derived theoretical formulation (blue line) are compared to those through the finite 

element modeling (blue circles) in Fig. 3.4(a). The good agreement between them is 

evidence of the effectiveness of the derived theoretical models of the partitioned 

porous layer in Fig. 3.3(b) in the context of metamaterials in the considered 

frequency range. The real and imaginary parts of the surface impedance of the 

partitioned porous layer are plotted are Fig. 3.4(b) together with those of the 

homogeneous porous layer. As shown in Eq. (3.11), the main parameter which 

changes the surface impedance is the effective density of the medium in the wave-

propagation direction. In other words, the insertion of the periodic rigid partitions 

increases the density of the effective medium by a factor of 1 η , which results in an 

increase of the effective surface impedance. For the partitioned porous layer shown 

in Fig.3.3(b), the effective surface impedances increase to twice that of the 

homogeneous porous one. 

 

It is conceivable that the insertion of the rigid vertical partitions would only worsen 

the absorption performance. However, it is possible to offset the impedance 
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mismatch between the porous medium and the surrounding air at the thickness 

resonances with an increase in the effective surface impedance. At the first and 

second thickness resonance frequencies (2190 Hz and 6670 Hz, respectively) of the 

partitioned porous layer, the surface impedances approach the characteristic 

impedance of air, as shown in Fig. 3.4(b), resulting in an enhancement of the sound 

absorption characteristics. In contrast, the real and imaginary parts of the surface 

impedances diverge more from the value of the characteristic impedance of air at the 

frequencies between the successive thickness resonances; therefore, the partitioned 

layer has worse sound absorption performance in those frequency ranges. 

 

3.3.3 Low frequency absorption improvement by gap insertion 

The proposed metaporous layers have narrow porous gaps near the bottom, as shown 

in Fig. 3.2. In order to see the effect of the gap clearly, a unit cell with a simpler 

configuration is presented as shown in Fig. 3.5(a), which may be viewed as a special 

case of a unit cell of a metaporous layer. In this unit cell, a horizontal partition is 

located at the top of the porous slab on the right-hand side, while a gap of size a is 

opened near the hard wall. The gap in the metaporous layer can serve as 1) an 

acoustic path connecting the two porous slabs of thicknesses 1H  and h, and 2) a 

neck of a Helmholtz chamber. When the gap functions as a connecting path, the two 

porous slabs act as if they were a single porous slab with an effective thickness 

1 1
eH H h= + . An incident sound waves would travel through the porous slab on the  
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Fig. 3.5 A metaporous layer used to develop a theoretical model. (b) Comparison of 

the absorption coefficients of the metaporous layer (blue line: by the derived theory, 

circles: by finite element method) and those of the homogeneous layer (black line: 

by the derived theory). The color levels (varying from 0 to 0.003 m/s) in the inset 

denote the magnitude of the particle velocity in the unit cell at the three lowest peak 

frequencies. ( 1H  = 3.0 cm, h = 2.95 cm, t = 0.5 mm, a = 1.0 mm and d = 1.0 cm) 

 

left-hand side of a distance of 1H , pass through the narrow gap and travel further 

through the porous slab on the right-hand side of a distance of h. The acoustic waves 

finally reach the horizontal partition and are reflected backward. When the gap is 
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viewed as the neck of an absorbing cavity formed by the partitions surrounding the 

porous slab on the right-hand side, the physics of the Helmholtz chamber may also 

be involved here. How these mechanisms improve the sound absorption capability 

of the metaporous layer will be investigated. 

 

For quantitative analyses of the effects of the designed structures on the sound 

absorption characteristics, the unit cell is modelled as an acoustic system of two 

serially connected effective layers A and B, as illustrated in Fig. 3.5(a); Layers A and 

B correspond to the porous slabs on the left- and right-hand sides of the unit cell. 

First, Layer A can be modelled as an acoustic component consisting of a porous slab 

and a rigid partition in parallel, as illustrated in the dashed box in Fig. 3.5(a). Given 

that the width of the porous slab is 2d t−  , the rigid inclusion has a width of 

2d t+ . With a definition of ( 2 )d t dη = − , the characteristic impedance of Layer 

A is expressed as 1 1Az cρ η=  . Secondly, Layer B in Fig. 3.5(a) represents the 

porous slab on the right-hand side with a gap. Because this gap can act as the neck 

of an acoustic chamber filled with a porous material, the acoustic mass effect of the 

neck as well as the effect of the slab thickness should be considered when evaluating 

the effective surface impedance of the hard-backed Layer B at 1z H= − . This can 

therefore be represented by the following formula, which is commonly used for a 

Helmholtz chamber [55]: 
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 { }1 1 1cot( )B
jZ m c k hω ρ
η

= − .  (3.12) 

Here, the symbol m denotes the acoustic mass given by 1( 2 ) / 2m t a d aδ ρ= +  with 

a correction factor δ of 1.9. Because the porous slabs on the left- and right-hand sides 

of the unit cell have the same width in the x direction, the volume fraction η  in Eq. 

(3.12) is identical to that used for Layer A. Using the above results, the surface 

impedance of the acoustic system made of serially connected Layers A and B can be 

written as  

 1 1

1 1

cot( )
cot( )

B A
AB A

B A

Z k H jzZ z
jZ z k H

+
=

+
.  (3.13) 

Eq. (3.13) may be expressed in detail simply by substituting the expressions of Az  

and BZ   into it as follows. Finally, the effective surface impedance of the 

metaporous layer composed of the unit cell in Fig. 3.5(a) is found to be 

{ }1 1 1 1
1 1

1 1 1

1 1 1 1 1

cot( ) cot ( )
cot( ) cot( )

1 1
cot( ) cot( )

AB

k H cmj j k H h
k H k hZ m

c k H k h

ρω
η η

ω
ρ

− +
+

=
− +

+

.  (3.14) 

Using Eq. (3.14), the absorption coefficient of the metaporous layer of this unit cell 

is plotted in Fig. 3.5(b). As shown in this figure, the result from the present 

theoretical model is in good agreement with the result from a two-dimensional finite 

element model. 
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In Fig. 3.5(b), the first peak in the absorption coefficient appears at 1010 Hz 

( 1 1( )eP H ), which is nearly half the first peak frequency of the original un-partitioned 

homogeneous porous layer ( 1 1( )hP H  ). This can be explained by the elongated 

effective thickness 1 1 12eH H h H= + ≈   in the present metaporous layer; the first 

thickness resonance frequency in a hard-backed layer is inversely proportional to its 

thickness. The contour plots in the inset of Fig. 3.5(b) show the particle velocity 

fields at the three lowest absorption peak frequencies, which correspond to the first 

( 1 1( )eP H ), second ( 2 1( )eP H ) and third ( 3 1( )eP H ) thickness resonances. The velocity 

fields resemble those in a straight hard-backed layer of thickness 1
eH  , although 

there are some local distortions around the gap. This result suggests that the gap 

between the two porous slabs acts more as an acoustic path connecting the two slabs 

rather than as the neck of a Helmholtz chamber. In fact, the term 

( ) { }1 1 1 1cot ( )j c k H hρ η− +    in the numerator of Eq. (3.14) is predominant. This 

implies that the effective surface impedance is calculated from a hard-backed layer 

of thickness 1 1
eH H h= + , which is vertically partitioned at a volume fraction of η . 

The Helmholtz resonance occurs at around 2300 Hz, but its influence is marginal 

with regard to the overall absorption coefficient. Therefore, the Helmholtz resonance 

peak cannot be clearly seen in the absorption curve. 
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Note that the insertion of a gap makes it possible to connect neighboring porous slabs, 

extending the effective thickness of the metaporous layer. The realization of the 

extended effective thickness in the present work may be compared to the space 

coiling-up in earlier works [70]–[73]. The acoustic path in the present metaporous 

layer is open to air at one end and blocked at the other end by the horizontal partition 

such that the thickness resonance phenomenon is utilized. The insertion of the gap is 

significant because this can overcome the thickness constraint of the finite porous 

layer in low-frequency ranges. Furthermore, the increased surface impedance of the 

configuration presented in Fig. 3.5(a) by the factor of 1 η  considerably enhances 

the absorption coefficients at the thickness resonance frequencies.  

 

 

Fig. 3.6 (a) A unit cell configuration with two gaps connecting three porous slabs. 

(b) The sound absorption performance of a metaporous layer of the unit cell in (a) 

compared to that of a homogeneous porous layer. For the plots, 1H  = 3.0 cm, h = 

2.95 cm, t = 0.5 mm, a = 1.0 mm and d = 1.5 cm are used. 
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The effective thickness of the layer can be further increased to H1+H2+H3 by adding 

another gap. An example of the unit cell configuration is shown in Fig. 3.6(a). The 

first resonance frequency of the metaporous layer is decreased to 660 Hz ( 1 1( )eP H  in 

Fig. 3.6(b)), nearly 1/3 value of the first resonance frequency of a homogeneous 

porous layer because its effective thickness is increased to almost three times 

compared with the nominal thickness 1H . However, the overall sound absorption 

capability of the metaporous layer becomes worse than that of the homogeneous 

layer because a large amount of sound waves is reflected back at the interface. 

Therefore, to improve the broadband sound absorption capability using the 

partitioning method, the rigid partitions have to be arranged appropriately. 

 

3.3.4 Multiple thickness resonances for broadband sound absorption 

In the previous sections, the vertical partitioning and gap insertion effects in a porous 

layer were investigated to understand the enhancement of the absorption 

performance at thickness resonance frequencies. On the other hand, Figs. 3.4(a) and 

3.5(b) show that the absorption coefficients at intermediate frequencies between the 

successive thickness resonances worsen as compared to those of an un-partitioned 

homogeneous layer. This negative result originates from the single characteristic 

thickness in the partitioned porous layer (e.g., 1H  in Fig. 3.3(b) and 1
eH  in Fig. 

3.5(a)). To resolve this drawback, one can conjecture that if resonance peaks are 

additionally formed between the successive thickness resonances, the absorption  
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Fig. 3.7 The absorption performance of the partitioned porous layer in which the unit 

cell is constructed with two porous slabs with different thicknesses. It is compared 

with that of the original homogeneous porous layer. Solid lines denote the results by 

the derived theory and symbols, by the finite element analysis. ( 1H  = 3.0 cm, 2H  

= 2.0 cm and d = 1.0 cm) 

 

performance in the frequency range would also be enhanced. Figure 3.7 shows the 

configuration of a partitioned porous layer and its absorption performance compared 

to that of a homogeneous porous layer with the same thickness. The unit cell of the 

partitioned layer is constructed with two porous slabs, each of which has different 

thicknesses 1H   and 2H  , such that two sets of thickness resonances can be 

developed in the layer. As indicated in Fig. 3.7 as 1 2( )P H   and 2 2( )P H  , new 

resonance peaks arise at intermediate frequencies due to the porous slabs of thickness 

2H . Consequently, a considerable improvement in the overall sound absorption is  
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Fig. 3.8 The configuration of a metaporous layer and its unit cell made of multiple 

porous slabs. (b) The metaporous layer can be modelled as a parallel connection of 

the two independent subcells. 

 

observed. The effect of multiple porous slabs having different thicknesses in a 

metaporous layer is studied with the partitioned porous layer shown in Fig. 3.8(a). 

 

The metaporous layer resembles that shown in Fig. 3.2, but the unit cell in Fig. 3.8(a) 

has a simpler configuration. The unit cell can be modelled as an acoustic system 

connected in parallel by Subcell 1 and Subcell 2 as illustrated in the inset of Fig. 

3.8(b). The region in black in each subcell indicates that it is filled with rigid 

materials. Then, the surface impedance of the metaporous layer becomes 

 1 1 1
1 2( ) ( ) ( )e sc scZ Z Z− − −= + ,  (3.15) 
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where the surface impedances of the layer made of Subcell 1 and Subcell 2 are 

denoted as 1scZ  and 2scZ , respectively. Because Subcell 1 is constructed with two 

porous slabs and a gap, as shown in Fig. 3.8(a), 1scZ  can be obtained by Eq. (3.14) 

by changing the h value. Moreover, the effective surface impedance of Subcell 2 is 

calculated as 2 1 1 1 2( )cot( )scZ j c k Hρ η= −  from Eq. (3.11). 

 

The sound absorption coefficients of layers made of each subcell and the unit cell 

are compared in Fig. 3.9(a). Lined-data are obtained from a theoretical analysis using 

Eq. (3.15) and symbol-data are obtained through a finite element analysis. The 

results show good agreement. The first peak frequencies of the Subcell 1 ( 1 1( )eP H ) 

and Subcell 2 ( 1 2( )P H ) layers are lower and higher, respectively, than that of the 

homogeneous layer ( 1 1( )hP H ) owing to their elongated ( 1
eH ) and shortened ( 2H ) 

effective thicknesses. The total number of thickness resonances by the metaporous 

layer in Fig. 3.8(a) is nearly double that of the homogeneous layer, which enables 

broadband sound absorption. The surface impedance of the metaporous layer in Fig. 

3.8(a) is plotted in Fig. 3.9(b) in a comparison with that of the homogenous layer. 

 

Figure 3.10 presents parametric studies of the metaporous layer in Fig. 3.8(a). Too 

large value of the partition width t would worsen the sound absorption performance 

of the metaporous layer because it decreases the volume fraction of the porous 

material in the unit cell. For the metaporous layer as seen in Fig. 3.8(a), the sound  
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Fig. 3.9 (a) The absorption coefficients of the metaporous layer in Fig. 3.8(a) 

compared with the absorption coefficients of the effective layers made of its subcells. 

Solid lines denote the results by the theory and symbols, by the finite element 

analysis. (b) The real and imaginary parts of the surface impedances of the 

metaporous layer compared with those of homogeneous porous layer and the 

characteristic impedance of the surrounding air. 
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Fig. 3.10 (a) The absorption coefficients of the metaporous layer in Fig. 3.8(a) with 

different partition width values. (b) The absorption performance of the metaporous 

layer in 3.8(a) under oblique sound incidences (θ = 30° and 45°) compared to that 

under normal sound incidence (θ = 0°). 

 

absorptions of the layer with different widths of the partitions (e.g., t = 0.5 mm, 1.5 

mm and 2.5 mm) are compared in Fig. 3.10(a). For the t values, the volume fraction 

factors η  of the subcells are 0.45, 0.35 and 0.25, respectively. As explained above, 

the factor η  determines the increase of the surface impedance of the layer. As the 
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width of the partitions increases too much, differences between the surface 

impedances of the layer and the characteristic impedance of air are enlarged, and 

then the overall absorption coefficients including those at the thickness resonances 

decrease. Figure 3.10(b) presents the absorption coefficients of the metaporous layer 

for obliquely-incident acoustic waves calculated by using the finite element model. 

The oblique angle (θ ) of 30° and 45° have been tested. It can be observed in Fig. 

3.10(b) that the absorption peaks move to higher frequencies slightly as the increase 

of the incidence angle but their effects are not significant in the overall sound-

absorption performance under consideration. 

 

Until now, the physical mechanisms of the sound absorption in the proposed 

metaporous layer were thoroughly investigated by deriving theoretical models based 

on the effective medium approach. The effectiveness of these present theoretical 

models used to explain the physics of the proposed metaporous layers is validated 

by comparing the results with those from the finite element method. With the 

combined effects of these mechanisms, the proposed metaporous layers exhibit a 

remarkable enhancement in the sound absorption characteristics over a wider range 

of frequencies by overcoming the thickness constraint.  

 

3.3.5 Discussions 

Based on the physical findings made, it is possible to design metaporous layers 
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which show better broadband sound absorption performance. Three possible 

configurations of the unit cell are suggested in the inset of Fig. 3.11. They are 

designed to consist of three or four subcells. 

 

In Unit cell A, the subcell on the very left is acoustically disconnected from the other 

subcells and has the same thickness resonance frequencies with the original layer, as 

its thickness is the original thickness 1H . Therefore, the existence of this subcell 

would put more resonance peaks between those of the metaporous layer made of the 

remaining subcells (Note that the former resonances corresponding to the thickness 

The effective surface impedance of Unit cell A would be represented as a parallel  

 

 

Fig. 3.11 The absorption coefficients of the metaporous layers made of three 

different unit cells shown in the inset. ( 1H  = 3.0 cm, h = 0.75 cm, 1h  = 0.75 cm, 

2h  = 1.85 cm, 1d  = 1.5 cm for the unit cells A and B; 2d  = 1.6 cm for the unit 

cell C. The gap size is set to be 1.0 mm for all the configurations.) 
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combination of the effective surface impedances of the three subcells in the same 1H  

appear between the resonance peaks of the original layer; e.g., see Fig. 3.9(a)). The 

effective surface impedance of Unit cell A would be represented as a parallel 

combination of the effective surface impedances of the three subcells in the same 

manner, as expressed in Eq. (3.15). 

 

When two gaps and two horizontal partitions are used to form Unit cell B, the first 

peak frequency can be lowered even more because the effective thickness of the 

metaporous layer will be much longer than the original layer thickness. The effective 

surface impedance of the subcell with two gaps can be modelled as an effective layer 

with two Helmholtz chambers. In the first and third porous slabs in Unit cell B, two 

subcells of effective thicknesses 1 1( )H h−   and 1 2( )H h−   diversify the thickness 

resonances in the mid and high frequency ranges. 

 

Unit cell C, shown in Fig. 3.2 as noted above, is expected to exhibit the combined 

effects of unit cells A and B. All three of these unit cells show greatly improved 

broadband sound absorption performance over a homogenous porous layer with the 

same total thickness. Note that besides the value of h, which determines the effective 

thickness, the values of partition width t and gap size a can be considered as design 

parameters to obtain the desired acoustic performance. 
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Fig. 3.12 The influences of the period of the unit cell on the absorption performances 

of the metaporous layer composed of Unit cell C shown in the inset. The geometric 

parameters are the same as in Fig. 3.11 except 2d . 

 

In Fig. 3.12, for the configuration of the Unit cell C, the influence of the period 2d   

of the on the sound absorption performance is presented while maintaining other 

parameters. The values of the period 2d   are chosen within the subwavelength 

condition, especially 2 min 2d λ<  ; The minimum wavelength in the considered 

frequency range of this problem is around 1.7 cm. Because the absorption 

performance of the present metaporous layer is mostly affected by the effective 

thicknesses determined by the location of the horizontal rigid partitions regardless 

of the width of the subcells, the graph shows that the absorption performances remain 

the same except some small deviations. The differences come from the changed 

impedances as the ratio of the vertical rigid partitions on the surface of the 
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metaporous layer increases as the period decreases. 

 

By embedding rigid partitions periodically parallel to the direction of the incident 

acoustic waves in a porous layer, the metaporous layers in this work have a locally 

reactive property, meaning that the surface impedance of the metaporous layer is 

independent of the nature of the incident waves and that acoustic wave propagation 

can be assumed to be normal to the surface of the metaporous layer [55]. Due to this 

locally reactive property of these metaporous layers within the frequency range of 

interest, it is physically valid to adopt the effective medium approach to build the 

theoretical models in this work. Note that the proposed metaporous layers are 

designed to have subwavelength periodicities in the frequency range considered here 

so as to guarantee the validity of the effective medium approach. If the scattering 

fields of acoustic waves are not negligible, the effective medium approach is not 

applicable in this work. In higher frequency ranges, theoretical models may predict 

results less accurately, even for the same configuration. Uses of such local reactions 

for sound attenuation can also be found in classical acoustic devices, such as the 

Helmholtz resonator, the side-branch resonator, and the Schroeder diffuser. Note that 

treatments which impose the locally reactive property in the present metaporous 

layers appear to be quite relevant to those of classical acoustic absorbers (e.g., the 

partitioning of acoustic cavities and the consideration of an impervious wall of 

negligible stiffness compared to the mass effect [55]). 
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3.4 Metaporous layer with multiple slow waves 

In this section, metaporous layer with multiple slow waves will be presented. The 

metaporous layer, designed in a hard-backed porous layer with acoustically rigid 

partitions, can realize the broadband sound absorption, ranging from low frequencies 

to high frequencies. The considered rigid partitions are inserted in the porous layer 

perpendicularly to the wave incident direction and their lengths vary gradually. By 

deriving a theoretical model based on the effective medium approach, it is revealed 

that the so-called ‘metaporous layer’ has multiple slow wave propagations which are 

generated from the dispersion characteristic of multiple local resonators. In the 

proposed metaporous layer, two types of resonances allow the broadband sound 

absorption performance: (i) the global resonances, defined in a whole effective 

medium where the multiple slow waves propagate and (ii) the local resonances, 

geometrically confined at resonators. The influence of each type of resonances on 

the sound absorption performance of the proposed metaporous layer are thoroughly 

investigated in the theoretical and numerical manners. 

 

3.4.1 Design of a metaporous layer with multiple slow waves 

Figure 3.13(a) shows a schematic configuration of the proposed metaporous layer. 

The hard-backed metaporous layer, composed of infinitely periodic unit cells along 

x direction, has a finite thickness H in the wave incident/reflected y direction. In the 
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unit cell, one rigid vertical partition parallel to the y direction acts as a pillar and N 

rigid horizontal partitions are attached to the pillar (here, N = 6) in a porous slab of 

the width d and the thickness H. The N horizontal partitions have a uniform thickness 

t and are regularly spaced H∆   apart each other. The length of these partitions  

 

 

Fig. 3.13 (a) A schmatic configuration of the present metaporous layer and its unit 

cell composed of a hard-backed porous layer and rigid partitions. (b) The absorption 

coefficients of the metaporous layer compared to those of the homogeneous porous 

layer. (H = 3.0 cm, d = 3.0 cm, t = 2.0 mm, Nb  = 1.8 cm, H H N∆ = , and N = 6. 

The length of the partition ib  from the bottom is determined as 

( )i Nb d i d b N= − − , i = 1, 2, …, N ) 
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varies linearly along the wave incident direction. Then, the horizontal partitions and 

the pillar form N quarter-wavelength side branch resonators filled with porous 

material within the unit cell. Figure 3.13(b) shows the sound absorption coefficients 

of the present metaporous layer in the frequency range up to 4 kHz. It is apparently 

observable that the metaporous layer has highly enhanced absorption performance 

over a broad range of frequencies compared with the homogeneous porous layer. 

 

The configuration of the metaporous layer may look similar to the previously-studied 

electromagnetic [20], [22] or acoustic metamaterials [14], [74] of tapered shapes that 

use resonance trapping at specific positions. However, as well as the resonance 

trapping in the local side resonators, the proposed metaporous layer allows low 

frequency absorption peaks by slow waves. This phenomenon can be successfully 

explained by deriving theoretical model to describe wave behavior in the metaporous 

layer. 

 

3.4.2 Effective medium model for the multiple slow wave media 

The wave propagation in the present unit cell is similar to the one in duct-type 

acoustic metamaterials with periodic side resonators [12], [29], [30], [75]. The wave 

motions in the metamaterials are described using the effective medium concept to 

regard the metamaterial as a homogenized medium. Then, the metamaterials have 

negative bulk modulus in the frequency range of band gap formed by local  
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Fig. 3.14 A theoretical model of the proposed metaporous layer which can be 

modeled as an equivalent multilayer consisting of several effective layers. (a) The 

unit cell configuration. (b) The unit cell is partially filled with a static effective 

medium of anisotropic material properties sρ  and sκ . (c) The unit cell in (b) is 

sequencially divided into N layers which can be represented as effective layers of 

dynamic material properties e
iρ  and e

iκ . 

 

resonances of the side resonators. In the band gap (negative modulus zone), the wave 

propagation velocity becomes zero so that the waves are not allowed to propagate 

into the metamaterials. Below the lowest bound of the band gap, the wave velocity 

in the metamaterials has smaller value than in the medium which fills the duct with 

the decrease of the bulk modulus. As such metamaterials, the metaporous layer can 

be analyzed by employing effective medium approach. 

 

To build a theoretical model for the present metaporous layer, we employ an effective 

medium approach that may convert wave motions in the two-dimensional 
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configuration in Fig. 3.14(a) into those in the one-dimensional multilayered model. 

Following the results in section 3.3.2, the region containing the horizontal rigid 

partitions can be modelled as an effective medium with static anisotropic properties, 

which is illustrated as a dark brown-colored trapezoidal part in Fig. 3.14(b). The 

effective density tensor sρ  and bulk modulus sκ  of this medium can be expressed 

as 

 
0 0

,
0 0

s
xs s

s
y

ρ ρ η
ρ κ κ η

ρ
   

= = =     ∞  
 ,  (3.16) 

where η ( )1 t H= − ∆  is the volume ratio of the porous medium in the y direction. 

In Eq. (3.16), ρ  and κ  are the acoustic density and the bulk modulus of the base 

porous medium, respectively. The acoustic waves in this medium are confined along 

the x direction with the effective velocity s s s
xc cκ ρ= = . 

 

Because of the discrete variation of the length of the horizontal rigid partitions, we 

horizontally divide the unit cell into N rectangular parts, the thickness of each part is 

assumed to be identical to H∆   as shown in Fig. 3.14(b) and (c). Due to the 

presence of the vertical rigid partition parallel to the y direction, both sides of the N-

part layers at 0x =  and x d=  are regarded as hard-backed walls. Then, each layer 

acts as if it were a thin rectangular duct of a length H∆  , filled with dissimilar 

materials. Since layer i is partially filled with the base porous medium denoted by a 

light brown-colored medium Ai  and the static effective medium denoted by a dark 
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brown-colored medium Bi  , as indicated in the left figure of Fig. 3.14(c), the 

distributions of the density and bulk modulus may be expressed as 

 { }
{ }
{ }

,        for 0 ( '),  medium A
( , ), ( , )

,      for ( ') ,  medium B
i i

i i s s
i i

x d b
x y x y

d b x d

ρ κ
ρ κ

ρ κ

 < ≤ −= 
− < <





  (3.17) 

with an averaged value of 'ib ( )( )1 2i ib b−= + . 

 

The effective medium properties of the N layers can be obtained by considering the 

dispersion relation of medium Ai , affected by wave interaction with the medium 

Bi . Because wave motion in the medium Bi  occurs mainly along the x direction, 

the medium Bi  may be regarded as a locally reacting liner in an acoustic duct [56] 

whose surface acoustic impedance at ( ')ix d b= −   from the right-hand side hard 

wall ( x d= ) is given by [76] 

 cot( ') cot( ')
i

s s
B x i i

cZ j c kb j kbρρ
η

= − = − ,  (3.18) 

where k is the wavenumber of the base porous medium. 

 

On the other hand, the guided modes in medium Ai  have x- and y-directional wave 

vector components, ixk   and iyk  , respectively, which satisfy ( )2 2 2 2
i ix iyk k k k= = +  . 



83 

Since the sound wave in medium Ai  propagates along the y direction and oscillates 

along the x direction, the pressure field can be written as 

 ( , ; ) cos( ) iy

i

jk y j t
A i ixp x y C k x e e ωω = ,  (3.19) 

where iC   is the amplitude coefficient of the pressure field and ω   denotes the 

angular frequency. Note that the wave function was so chosen to satisfy the boundary 

condition of the left-hand side hard wall. The x-directional particle velocity in the 

medium Ai  is given by 

 ( , ; ) sin( ) iy

i

jk y j ti ix
A x ix

C kv x y k x e e
j

ωω
ωρ

= .  (3.20) 

Along the interface between the media Ai   and Bi   (i.e., at ( ')ix d b= −  ), the 

pressure and velocity fields in Eqs. (3.19) and (3.20) should meet the interface 

condition of ( )
'i i i

i
A A x Bx d b

p v Z
= −

= , which is derived as 

 
,

cos( ( ')) cot( ')
sin( ( '))

ix i
i

i x
ix i

k d b cj kbk
k d b

j

ρ
η

ωρ

−
= −

−
.  (3.21) 

The rearrangement of Eq. (3.21) gives the dispersion relation in the layer i shown in 

the left figure of Fig. 3.14(c). 

 tan( ( ')) tan( ')ix ix i ik k d b k kbη− = − .  (3.22) 
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In a low frequency range, one can get the expressions related to the x- and y-

directional wave-vector components as 

 
2 tan( ') ( ') ,

1 tan( ') ( ').
ix i i

iy i i

k k kb d b

k k kb k d b

η

η

= − −

= + −
  (3.23) 

By using the derived dispersion relation in Eq. (3.23), the N layers can be regarded 

as the N effective layers with dynamic properties, e
iρ  and e

iκ , as shown in the right-

hand side figure of Fig. 3.14(c). 

 

Recall that the vertical rigid partitions in the metaporous layer block sound 

propagation in the x direction. While the x-directional wave propagation can be 

neglected, the y-directional component of the effective acoustic density of the 

effective medium can be obtained from 

 
( )11 i i

e s
i y

φ φ
ρ ρ ρ

−
= + .  (3.24) 

Since s
yρ = ∞   as denoted in Eq. (3.16), the effective acoustic density e

iρ   of the 

effective medium layer i can be given by 

 (1 )e
i iρ ρ φ= − .  (3.25) 

The effective sound velocity in the effective medium layer is obtained from the 
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relation e e
i i iyc k kω ω= = ,  

 
1 tan( ) ( )

e
i

i i

cc
kb k d bη

=
+ −

.  (3.26) 

Then the effective bulk modulus is determined as follows 

 
[ ]

2( )
(1 ) 1 tan( ) ( )

e e e
i i i

i i i

c
kb k d b

κκ ρ
φ η

= =
− ⋅ + −

.  (3.27) 

The effective bulk modulus is also increased by a factor 1 (1 )iφ− , due to the x-

directional rigid partitions. In addition, the bulk modulus is affected by the dispersion 

that originate from the wave interaction between the waveguide and the periodic side 

resonators. It is remarked that the derived expressions of the effective parameters in 

the present metaporous layer agree well with the results of Ref. [12] which were 

obtained for an air-rigid structure with the side resonators of the same resonance 

frequencies (the constant ib ). 

 

Figure 3.15(a) shows the final equivalent model of the metaporous layer in Fig. 

3.13(a). For an effective layer i ( 1,2, , )i N=   , the expression of the effective 

material properties can be given by Eq. (3.25)-(3.27). Figures 3.15(b) and (c) show 

the effective medium properties in the effective layers calculated from Eq. (3.25) 

and Eq. (3.27), respectively. First, we observe that the imaginary parts of the 

effective parameters plotted in Fig. 3.15(b) and (c) meet the condition of the     
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Fig. 3.15 (a) The metaporous layer in Fig. 3.13(a) can be modeled as a multilayer 

consisting of N effective layers. (b) Effective densities and (c) effective bulk moduli 

in the effective layers (normalized by the corresponding properties of air, 0ρ  and  

0κ ). The red arrow in (c) denotes the lower bound of the negative bulk modulus band 

of the effective layer 1. 

 

dissipative conventional media, i.e., Im( ) 0e
iρ <   and Im( ) 0e

iκ >   [36]. For 

comparison, the acoustic properties of the homogeneous bulk porous material are 

also shown in the graphs (black lines). The Johnson-Champoux-Allard model for 

rigid porous materials is employed to represent the acoustic density and bulk  
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Fig. 3.16 Real and imaginary parts of effective velocities in the effective layers 

normalized by the sound velocity of air, 0c . 

 

modulus of the porous material used in this work. The material parameters of air and 

porous materials used in this work can be found in Table 2.2, porous material B. As 

shown in in Fig. 3.15(c), the effective bulk moduli become negative at a certain 

frequency range because resonance gaps are formed by the side resonators. This 

result is consistent with earlier studies with the acoustic metamaterials of negative 

bulk moduli [12], [29], [30].  

 

Figure 3.16 shows real and imaginary parts of effective velocities in the effective 
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layers. According to Fig. 3.16, the effective sound velocities in the effective layers 

are lower than c, making N different slow waves in the N effective layers, 

respectively. The slow wave phenomenon may be viewed as if the wave propagation 

distance is increased but it is different from an actual path elongation used in the 

coiling-up space [71], [72]. Note that the wave velocities do not reach zero in the 

band gaps due to the dissipative property of the porous material [75]. The change of 

the effective material properties also affects the impedance of the effective media 

since the effective characteristic impedance is e e e e e
i i i i iz cρ ρ κ= = . Given that the 

amounts of reflected or transmitted sound energy are critically affected by the 

impedance of an acoustic medium, the sound absorption performance of the 

metaporous layer is strongly influenced by the effective impedance. 

 

For given characteristic impedance e
iz   and the wavenumber e

ik   in the effective 

layer i, the effective surface impedance e
iZ  on the top surface of the effective layer 

i (at y i H= ∆ ) is represented as a successive relation of the constituting layers [55], 

 
1 1 1

1

1

cot( ),

tan( )     ( 2,3, , ).
tan( )

e e e

e e e
e e i i i
i i e e e

i i i

Z jz k H
Z jz k HZ z i N
jZ k H z

−

−

= − ∆

+ ∆
= =

∆ +


  (3.28) 

Once the total surface impedance of the metaporous layer e
NZ   is obtained, the 

reflection coefficient R   and absorption coefficient α   are calculated as 
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0 0( ) ( )e e
N NR Z z Z z= − +   and 21 Rα = −  , respectively, where 0z   is the 

characteristic impedance of the wave incidence medium, air. Figure 3.13(b) shows 

the sound absorption coefficients of the present metaporous layer in the frequency 

range up to 4 kHz. It is apparently observable that the metaporous layer has highly 

enhanced absorption performance over a broad range of frequencies compared with 

the homogeneous porous layer. 

 

To check the validity of the theoretical model, we compare the results from the 

numerical method, finite element model (FEM) using COMSOL Multiphysics 4.3 

[69]. Although there are some discrepancies between the results from theoretical 

model and finite element one, their results show good agreement. In the numerical 

simulations, one-unit cell is considered and the Floquet-Bloch periodic boundary 

condition is imposed on the boundaries on the x direction of the unit cell to represent 

its periodic nature. 

 

3.4.3 Sound absorption mechanism of the metaporous layer 

In order to understand the sound absorbing mechanism of the metaporous layer, the 

wave fields at the specific frequencies corresponding to the sound absorption peaks 

which are obtained from the theoretical and numerical analyses are examined. 

Figures 3.17 presents the magnitude of the acoustic particle velocities in the unit cell  
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Fig. 3.17 The magnitude of particle velocities in the metaporous layer at the peak 

frequencies 1P ~ 6P  indicated in Fig. 3.13(b). The results are obtained by numerical 

(left-hand side) and theoretical (right-hand side) methods. The peak frequencies 

obtained from the corresponding analysis are presented below. 
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at those peaks, denoted as 1P , 2P , …, 6P , respectively, in Fig. 3.13(b). For each 

absorption peak, the left-hand sided plots are obtained from the FEM model while 

the right-hand sided ones are from the derived theoretical model. The particle 

motions from the FEM model are so complicated that it is not easy to understand the 

sound absorption mechanisms in the structures. Meanwhile, the theoretical 

representations convert the complicated two-dimensional wave motions into the one-

dimensional one in the effective medium along the y direction, which are really 

helpful to interpret what happens in the considered metaporous layer.  

 

Figure 3.18(a) shows the normalized particle velocity profiles at the absorption 

peaks 1P  and 2P  from the theoretical analysis. This graph denotes the same results 

with the right-hand sided plots in Fig. 3.17 but with the phase of the velocities. The 

noticeable thing is that the wave fields in the metaporous layer, composed of 

effective layers with different properties, can be explained as if in the uniform layer. 

The particle velocity fields at 1P  forms a quarter-wavelength profile which is zero 

at the bottom ( 0y =  ) and maximum at the top ( *y H=  ) of the effective layers. 

Likewise, the velocity fields at 2P  forms a three quarter-wavelength profile. These 

imply that the absorption peaks 1P   and 2P   correspond to the global resonance 

modes occurred along the thickness direction of the effective multilayer, as 

expressed by * *(2 1) 4H n λ= − ⋅ . It should be noted that the effective thickness  



92 

 

Fig. 3.18 Acoustic velocity fields in the metaporous at the peak frequencies (a) 1P  

and 2P , (b) 3P ~ 6P  indicated in Fig. 3.13(b) obtained by the theoretical methods.  

 

*H  of the whole effective multilayer ( 6* *
1 ii

H h
=

=∑  with the thickness *
ih  of the 

effective layer i ) is much longer than the geometric thickness dimension H  due 

to the propagations of the slow waves in the metaporous layer than those in the 

homogeneous porous one. As a result, the thickness resonances occur at much longer 

wavelengths *λ (i.e., the lower frequencies) in the present metaporous layer, so as 

to overcome the thickness constraint in sound absorption effectively. Because the 

constituting effective media of the metaporous layer are dispersive, the elongation 



93 

factor of the effective thickness may not be definitely defined as a fixed value over 

the frequency, contrary to the metaporous layers that used rigid partitioning to 

control the effective thickness in section 3.3. However, provided that the resonance 

frequencies of the original porous layer corresponding to 4λ  and 3 4λ  are 3400 

and 8500 Hz, it is possible to evaluate that the present metaporous layer works as an 

effective layer with elongated thicknesses *H  by factors 2.4 and 3.5 of the original 

thickness H at the first and second peak frequencies. 

 

Now we move to the absorption peaks at higher frequencies, 3P ~ 6P . The particle 

velocity fields in Figs. 3.17 and 3.18(b) show that the participating region for the 

resonance modes tend to move upward within the effective multilayers as the 

frequency increases. While the resonances 1P  and 2P  occur in the whole effective 

layers from 1 to 6, the particle velocity fields at other resonances 3P  ~ 6P   vary 

through some parts of the multilayers. At 3P , for example, the wave velocity in the 

effective layer 1 (see gray region in Fig. 3.18(b)) at this frequency is very low. This 

is because the corresponding frequency of 3P  is in the band gap, i.e., negative bulk 

modulus zone, of the effective layer 1. A red arrow in Fig. 3.15(c) denotes the low 

frequency bound of the band gap, 2655 Hz. Because the absorption peak 3P  lies in 

the negative modulus zone, the waves are reflected on the surface of the effective 

layer 1. Therefore, only five upper layers (the effective layers 2 to 6) are participating 
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in the resonance mode of the absorption peak 3P  and the remaining effective layer 

1 works as a layer filled with a rigid material. In other words, 3P  corresponds to the 

global resonance related to the slow wave propagation in effective multilayer 2 to 6, 

and its resonance frequency is determined by a relation 6 * *
2

3 4ii
h λ

=
=∑ . Similarly, 

only four effective layers (the effective layer 3 to 6) are participating the global 

resonance mode for the absorption peak 4P , and similar phenomena occur at 5P  

and 6P   as well. However, these resonance modes are not clearly distinguishable 

because the local resonances at the side resonators are also generated. 

 

The absorption curves of the present metaporous layer with and without porous 

material are compared together in Fig. 3.19(a). In the figure, the meta-layer without 

a porous material has high absorption peaks at the frequencies for the local  

resonances occurring at the side branch resonators. Figure 3.19(b) shows the particle 

velocity fields at two peaks denoted as 2
LP  and 3

LP  in Fig. 3.19(a). The particle 

velocity fields at those peaks are strongly confined in the second and third side 

branch resonators from the bottom, with the quarter-wavelength resonance profiles. 

The local resonances of the side resonators exist in the metaporous layer in Fig. 

3.13(a) as well, however, the waves are not confined in the specific location of the 

side resonators strongly as in here because the global resonances and local 

resonances are generated concurrently. Without the porous material, the absorption  
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Fig. 3.19 (a) The absorption performance of the metamaterial configuration in Fig. 

3.13(a) when the porous material is removed compared with the one of the 

metaporous layer. (b) The magnitude of the particle velocities at the absorption peaks 

2
LP  and 3

LP . 

 

peaks from global resonances due to the slow wave propagation are relatively small. 

It denotes that the dissipative effect of the porous medium on the global resonance 

modes are crucial because the global resonances are generated all over the layer in 

along the y direction. 

 

3.4.4 Discussions 

The sound absorption performance of the proposed metaporous layer can be tailored 

by controlling the geometric parameters of the inserted rigid partitions. The influence  
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Fig. 3.20 (a) The influence of the number of the inserted partitions on the absorption 

performance of the metaporous layer. The geometric parameters are the same as in 

Fig. 3.13(a) except N. (b) The influence of the slope angle of the partitions on the 

absorption performance of the metaporous layer. 

 

of the number of horizontal partitions in the porous layer is investigated in Fig. 

3.20(a) under the constraints of the layer thickness H, the partition thickness t, and 

the shortest partition length Nb . When the number of rigid partitions increases, the 

property changes along the layers’ thickness direction vary smoothly so as to result 

in more continuous changes between the effective layers. Therefore, the metaporous 
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layer with 8 horizontal partitions (N = 8) has smoother absorption curve compared 

to the case of N = 4. Since the partition thickness t is fixed, the volume ratio of the 

porous medium in the y direction, η , decreases as the increase of N. This results in 

the slight increase of sound velocity in the effective multilayer, consequently the 

absorption peak frequencies related to the slow waves tend to shift to slightly higher 

frequencies. 

 

In Fig. 3.20(b), the change of the horizontal partition lengths is represented as the 

angle θ   between the y axis and an imaginary line connecting the ends of the 

partitions. As the angle decreases, the overall lengths of the partitions increase, which 

result in the slower wave propagation in the effective multilayer. Accordingly, the 

absorption peaks shift to lower-frequency values. On the other hand, the absorption 

coefficients in high-frequency region become decreased because of a larger 

reflection of the incident sound energy on the surface of the metaporous layer. There 

would be other parameters to control the properties of the metaporous layer and some 

optimization techniques based on the multilayering scheme [58], [59] can be used 

for enhancement of sound absorption performance. 

 

Figure 3.21 presents the influence of the period of the unit cell on the sound 

absorption performance. For the fundamental configuration of the unit cell given in 

Fig. 3.13(a), the lengths of the horizontal rigid partitions, ib , change according to  
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Fig. 3.21 The influence of the unit cell period on the absorption performance of the 

metaporous layer. The geometric parameters are the same as in Fig. 3.13(a) except d 

and ib . 

 

the change of the period to maintain the same proportion of the original unit cell 

configuration, while other geometric parameters are fixed. For example, the partition 

lengths reduce to 2 3ib  when the period is changed to 2.0 cm from the original 

value, 3.0 cm. It is observable that the first peaks move to higher frequencies as the 

period decreases. As it has been discussed above, it is due to the overall increase of 

the wave velocities in the metaporous layer due to the decrease of the partition 

lengths. Other peaks also move to other frequencies according to the changed wave 

velocities caused by the change of the partition lengths. This study suggests that the 

sound absorption performance of the present metaporous layer is dependent on the 

given periodicity which is distinct from the earlier observations made in section 3.3.5 

for the metaporous layer with tuned thickness resonances. For the present 
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metaporous layer, the lengths of the rigid partitions should be adjusted to ensure the 

sound absorption performances of the metaporous layer. 

 

Among the parameter studies, we would like to emphasize the case of the insertion 

of the horizontal rigid partitions with the same length in the metaporous layer, in 

which the unit cell has a configuration as shown in Fig. 3.22(a). According to the  

theoretical model derived in this work, these identical partitions cause the effective 

layers to be homogenous along the y direction because of the same effective 

properties at every layer. This means a single slow wave propagates in the whole 

effective layers, as shown in Fig. 3.22(b). The partition lengths are set to have the 

same effective properties with the lowest effective layer (effective layer 1) in Fig. 

3.15(a). Figure 3.22(c) shows the sound absorption performance of the current 

metaporous layer. The absorption peaks denoted as 1
GP , 2

GP  and 3
GP  originate 

from the global resonances of the single slow wave propagation in the effective layer 

in the thickness direction ( * * 4H λ=  , *3 4λ  , and *5 4λ  ). Compared to the 

performance by the multiple slow waves in Fig. 3.13(b), the peaks from the single 

slow wave propagation appear in lower-frequency range. It is because the wave 

velocity in the current metaporous layer is averagely slower than those of the 

multiple slow wave medium, as compared in Fig. 3.16 and Fig. 3.22(b). As well as 

the single slow wave propagation, the installation of the identical partitions allows 

only one kind of side branch resonator, in which the local resonance occurs at LP   
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Fig. 3.22 (a) The unit cell configuration of the metaporous layer with the same 

partition lengths. (b) The wave propagation velocity in the metaporous configuration 

in (a). The present metaporous layer has single slow wave propagation. (c) The sound 

absorption performance of the single slow wave medium. 

 

in Fig. 3.22(c). The sound absorption performance from the single slow wave 

propagation and one type of side branch resonator is very poor except at some peaks. 

Therefore, these observations apparently substantiate the powerfulness of the 

proposed metaporous layer having multiple slow waves for broadband sound 

absorption. 
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The configuration of the present metaporous layer can be expanded to the 3 

dimensional configurations and the effective medium models also can be derived for 

corresponding layers. Figure 3.23 shows configurations of metaporous layers in 

cylindrical coordinates. The metaporous layers are axisymmetric to the z direction. 

For the axisymmetric configurations, two types of metaporous layers can be built. 

The first one is shown in Fig. 3.23(a), the rigid partitions of the shapes of circular 

plates are inserted aligned to the center of the cylindrical coordinates. The second 

one is shown in Fig. 3.23(b), the rigid partitions are aligned to the outer side of the 

 

 

Fig. 3.23 Axisymmetric configurations of the metaporous layers. (a) The rigid 

partition of circular shapes are aligned at the center of the layer. (b) The rigid 

partitions of disk shapes are aligned at the outer boundary of the layer. 
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circle and have the shapes of disk. The right-hand side figures of Figs. 3.23(a) and 

(b) show the top view of the considered axisymmetric metaporous layers. 

 

Figures 3.24 and 3.25 show the absorption coefficients of the metaporous 

configuration in Fig. 3.23(a) and (b), respectively. The radius of the metaporous layer 

 

 

Fig. 3.24 The absorption coefficients obtained by numerical and theoretical methods 

for the metaporous layer configurations presented in Fig. 3.23(a) when b is (a) 1.15 

cm and (b) 0.85 cm, respectively.  
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R is 1.45 cm and the thickness H is 3.0 cm. In the defined dimension, the absorption  

coefficients up to 6.4 kHz can be calculated. The theoretical models based on the 

effective medium approach for the considered metaporous layers are presented in 

Appendix I. Theoretical analysis shows that the multiple slow waves are successfully 

generated in the present axisymmetric metaporous layers. In addition to that, not only 

 

 

Fig. 3.25 The absorption coefficients obtained by numerical and theoretical methods 

for the metaporous layer configurations presented in Fig. 3.23(b) when b is (a) 0.55 

cm and (b) 0.25 cm, respectively. 
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the simple partition length b in Figs. 3.24(a) and (b) but the shape of inserted rigid 

partitions affects considerably on the effective sound velocities, which is distinctive 

from the results of two dimensional metaporous layers. The results in Figs. 3.24 and 

3.25, by comparing with the results obtained from the numerical method, show 

thatthe derived theoretical models express the behavior in the metaporous layer 

efficiently. Figures 3.24(a) and (b) are the results when b indicated in Fig. 3.23(a) is 

1.15 cm and 0.85 cm, respectively. Likewise, Figs. 3.25(a) and (b) are the results 

when b indicated in Fig. 3.23(b) is 0.55 cm and 0.25 cm. The material properties of 

the porous material used here can be found in Table 3.1, porous material C. It is 

shown that the absorption performances are considerably enhanced in the frequency 

range of considered due to the multiple slow wave propagation in the metaporous 

layers. 

 

 

3.5 Concluding remarks 

In this chapter, the acoustic metamaterials designed with porous layer and rigid 

partitions, which is called metaporous layers, were presented in an effort to achieve 

broadband sound absorption performance. The proposed metaporous layers are 

classified into two types; the one with tuned thickness resonances and the other one 

with multiple slow waves. The two types of metaporous layers have in common that 

both of them use the resonance phenomena related to the thickness of the porous 
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layer. However, they also have difference in that the first one increases or decreases 

the effective thicknesses directly by guiding the wave path, on the other hand, the 

other one controls the peak frequencies of the absorption by tailoring effective wave 

velocity in the porous layer. Contrary to the acoustic metamaterials for narrowband 

performance, the various and multiple resonance modes enabled high sound 

absorption over a broad range of frequencies, which covers the low frequency range 

as well. The proposed metaporous layer having such an outstanding sound 

absorption performance is expected to be a solution to overcome the performance 

limitation of sound-absorbing system. 

 

For the metaporous layer presented in section 3.3, vertical and horizontal rigid 

partitions are periodically inserted in a homogeneous porous layer and a narrow gap 

is introduced to connect neighboring porous slabs in a periodic unit cell. The 

increased sound absorption by the metaporous layer is due to three physical 

mechanisms. First, the absorption peak values are substantially increased at the 

thickness resonance frequencies because the effective surface impedances of the 

metaporous layer match better the characteristic impedance of the surrounding air. 

Secondly, the effective thickness along the direction of the incident wave is 

elongated, thus lowering the lower bound frequency of effective sound absorption. 

Finally, compared with those by a homogenous layer, the higher number of 

resonance peaks formed by the metaporous layer enhance its absorption performance 

over a broad range of frequencies. Because the proposed metaporous layers has the 
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subwavelength periodicities, it is valid to develop a theoretical model based on the 

effective medium theory. The model accurately described the physics of metaporous 

layers in various configurations outperforming a homogeneous porous layer of the 

same thickness. 

 

The metaporous layer presented in section 3.4 is composed of a porous layer and 

horizontal rigid partitions with various lengths. As the inserted horizontal rigid 

partitions form the side-branch resonators along the wave propagation direction in 

the porous layer, the multiple slow wave propagations were generated. The 

absorption enhancement by the resulting metaporous layer, especially at the lower 

frequency range, is shown to be attributed to multiple slow waves formed over the 

full layer thickness. For a 3-cm thick layer of a selected porous medium considered 

in this study, the absorption coefficient value reached almost 0.9 for frequencies 

approximately starting from 1.4 kHz, which is substantial improvement when 

compared with the value of 0.56, the absorption coefficient of the nominal porous 

layer above 3 kHz. Actually, the increased absorption coefficient over a wide 

frequency band is due to the combined effects of the multiple slow waves and local 

resonance motions confined in certain regions of the metaporous layer by negative 

effective bulk moduli. The parametric studies of the metaporous layer suggested that 

the sound absorption performance of the proposed metaporous layer can be further 

tailored by controlling the geometric parameters of the inserted rigid partitions. 
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Therefore, optimization techniques [58], [59] can be used for engineering of 

metaporous layers to realize desired performances 
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CHAPTER 4.  
ACOUSTIC METAMATERIALS 

FOR SOUND TRANSMISSION 

REDUCTION 
 

 

 

 

4.1 Chapter overview 

This chapter is dedicated to tackle a sound transmission problem through an acoustic 

medium. The works on the transmission control can be classified into two categories; 

enhancement and the suppression of the transmitted sound waves. The suppression 

of the transmitted waves requires impedance mismatching of the media. Generally, 

the use of solid bodies whose impedance is greater than the surrounding medium is 

known to be effective for the suppression of the sound waves. However, because the 

waves in the low frequency range, which have very long wavelengths, are hard to 

block with thin layers, the thicker layers whose dimension is comparable to the 

wavelength should be installed. 

 



109 

To overcome this limitation, various acoustic metamaterials were proposed [2], [6], 

[9], [77]. The proposed acoustic metamaterials are designed with membranes and 

solid cores or boundaries to generate resonance modes whose wavelength at the 

corresponding resonance frequency is much longer than the dimension of the 

structure. However, the acoustic metamaterials designed with membranes are still 

not practical to use for the real application because of the weak stiffness of the 

membranes. In addition, the membrane-type metamaterials cannot be used when the 

introduction of the holes are needed for the purpose of ventilation, which is 

frequently required in practical use. The acoustic metamaterials made of solid layer 

with periodic holes were proposed as well. However, their main purpose is focused 

on the enhancement of transmission by resonant transmission phenomena and other 

exotic performance originated from periodicity and only few works were conducted 

for the suppression purpose. 

 

Therefore, in this chapter, the acoustic metamaterials for the transmission reduction 

will be presented. The proposed acoustic metamaterials are designed to have holes 

to allow a flow through the medium. It will be shown that the proposed metamaterials 

enhance sound insulation performance in a low and broad frequency range by 

adopting elaborately-designed resonator based on multiple slow wave phenomena. 

In the following sections, the sound transmission through acoustic layer with holes 

will be investigated first. Based on the study, the newly-designed metamaterial will 

be proposed and its physical phenomena will be investigated by theoretical and 
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numerical modellings. Compared with the nominal configuration of the acoustic 

double layer with holes, the superior performance of the proposed metamaterial will 

be confirmed. 

 

 

4.2 Sound transmission through acoustic layer with holes 

The use of solid bodies is generally effective at blocking the transmission of sound. 

However, for the purpose to exhaust heat or to ventilate the room, the addition of 

void holes to the acoustic transmission layer is often necessary. As the holes permits 

the transmission of sounds, unwanted sound transmission could occur depending on 

the covering area. To successfully design a noise barrier considering the holes, it 

requires comprehensive understanding of the system and its physics of the wave 

propagation. Therefore, in this section, a general review on the acoustic 

metamaterials designed by solid layer and periodic holes will be introduced also with 

the physical mechanism of the transmission enhancement or suppression. 

 

In the fields of acoustic metamaterials, transmission through a layer with periodic 

holes were widely investigated to find extraordinary physical phenomena. The 

studies showed that the excitation of Fabry-Pérot resonances in the holes along the 

thickness realize high transmission at specific frequencies [78]. In addition to the 

Fabry-Pérot resonances, suppression of transmission (Wood’s anomalies) and 
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extraordinary transmission were observed when the wavelengths are around the 

periodicity of the holes [79]–[81]. 

 

More recently, researchers found that sound transmission in certain frequency range 

can be suppressed when the acoustic double layers with periodic holes [82]. The so-

called acoustic double-fishnet metamaterial, named after the shape of the structures, 

support a stop band, displaying a negative bulk modulus. The stop band appears due 

to a resonance mode between the adjacent layers, whose resonance frequency is 

dictated by the pitch of hole arrays. The controllability of the stop band has been 

investigated by adjusting a gap [83], [84], misaligning [85], [86] and by changing 

the shape of holes to Helmholtz resonators [87]. However, the considered frequency 

range of the above works lies in a high frequency range, even to ultrasound, to be 

used for practical purpose. There has been a study that considered audible frequency 

range [88], however, it requires large space to install because it only considers the 

basic concept in Ref. [82]. 

 

Before designing the metamaterials, the sound transmission performance of acoustic 

double layer will be presented. Figure 4.1(a) shows a schematic configuration of 

acoustic double layer. The thickness of layers is 1.0 mm and they are spaced 1.0 cm 

apart. The acoustic layers have periodic rectangular holes whose periodicity is in 

subwavelength scale in the frequency range considered. Figure 4.1(b) presents sound 

transmission performance of the considered acoustic double layer. From the  
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Fig. 4.1 (a) Acoustic double layer with periodic rectangular holes. (b) The sound 

transmission through the acoustic double layer in (a). 

 

transmission loss (TL) graph, it is observable that the high frequency performance is 

rather ensured, on the other hand, the performance is very poor in the low frequency 

region. This work aims to improve low frequency performance of the acoustic double 

layer. In order to do that, the acoustic behavior of the acoustic double layer will be 

analyzed first. 
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Fig. 4.2 Acoustic pressure fields in the xy and zx plane of the unit cell at the 

frequencies (a) 1f  and (b) 2f  denoted in Fig. 4.1(b). 

 

In the graph, two distinct features can be observed. The first one is a resonant 

transmission when the TL becomes zero, denoted as 1f   in the figure. At this 

resonance frequency, the bulk resonance related to the volume of air in the gap is 

occurred, similar to Helmholtz resonance. Figure 4.2(a) shows acoustic pressure 

fields in the unit cell at 1f . The left-hand side figure shows cross-sectional view in 

the xy plane and the right-hand side figure, in the zx plane, which sliced at the center 
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of the unit cell. The pressure field between the two layers are in the same phase, 

which confirms the bulk resonance mode. 

 

The second one is a transmission loss peak at frequency 2f . This transmission peak 

is related to the resonance phenomenon in the xy plane between the two acoustic 

layers. As shown in Fig. 4.2(b), acoustic pressure at this frequency has maximum 

amplitude at the ends of the unit cell and has near zero value around the hole. The 

sound transmission is suppressed due to the destructive interferences between the 

waves propagating along the wave incident direction and the waves trapped between 

the acoustic two layers. Therefore, it is observable that the acoustic pressure in the 

transmitted side of the right-hand side figure of Fig. 4.2(b) is zero. 

 

This phenomenon is similar to the transmission problem of an acoustic duct with 

side branch resonators, commonly used for noise control in ducts [89]–[91]. The 

main difference between the acoustic double layer with holes and the duct problem 

is the presence of discontinuity of the wave propagating area. Especially, the 

transmission problem considered here is under assumption of normal incidence and 

subwavelength periodicity, acoustic response of the entire system is almost similar 

to that of the unit cell itself embedded in a rectangular duct. When the waves 

propagate in the rectangular duct, they go through abrupt change of propagating area 

on the top and bottom surface of the layers. Therefore, the transmission is affected 

by both of the effect of side resonator and the area change whereas the transmission 
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is affected only by the effect of side resonator in the case of acoustic duct. However, 

the important thing is that the acoustic phenomenon at the frequency 2f  can be 

interpreted in a similar manner for the case of acoustic duct. 

 

Based on the findings presented above, it is conceivable that the low frequency 

performance can be improved when the resonance frequency of 2f  can be shifted 

to low frequency range. To suppress single tone of transmitted wave is relatively 

easy; one can add mass effect to the holes to form Helmholtz resonators [87], or 

elongate the wave path in the xy plane by using coiling-up method [11]. However, 

the low frequency, broadband transmission control is not easily achieved. To enhance 

broadband performance in acoustic ducts, serial arrangement of multiple resonators 

are commonly used [92], [93]. This strategy also may be adopted to reduce sound 

transmission through the acoustic double layer. However, provided that the 

dimension of the unit cell and hole are already defined, the design of multiple 

resonators would not be easy because it would require considerably large space to 

add multiple resonators. Therefore, it is desirable to design an acoustic device in a 

compact space to have multiple resonances in order to efficiently reduce transmitted 

sound waves. 
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4.3 Metamaterial resonators for transmission reduction 

For this purpose, metamaterial resonators inserted in the acoustic double layer is 

proposed. The metamaterial resonators are designed to have resonance modes in low 

frequency range to enhance the sound insulation performance of the considered 

acoustic double layer. Figure 4.3(a) shows a unit configuration of the double layer 

with metamaterial resonator. The unit cell will be placed infinitely along the x and y 

direction with a subwavelength period d. In the gap between the two acoustic layers, 

acoustically rigid partitions are inserted to form multiple quarter-wavelength 

resonators. Figures 4.3(b) and 4.3(c) show examples of the resonator configurations. 

The partitions can be placed as in Fig. 4.3(b) to form four planar resonators in the xy 

plane and also can be placed as in Fig. 4.3(c) to form two planar resonators for their 

own target performances. The red arrows in the figures indicate the entrances of the 

resonators. The presented metamaterial resonator has similar structural shapes with 

the metaporous layer with multiple slow waves in previous section 3.4. Thus, the 

physical phenomena related to the multiple slow waves can be generated in the 

metamaterial resonator. 

 

In the following subsections, design issues of the metamaterial resonators will be 

discussed first. After then, theoretical model to represent the acoustic performance 

of the proposed system will be derived. Finally, the acoustic performances of the 

proposed system obtained by theoretical and numerical methods will be shown. 



117 

 

Fig. 4.3 (a) The unit cell configuration of the double layer with multiple slow wave 

resonator. The examples of the resonators are shown in (b) and (c). 

 

4.3.1 Design issues on the metamaterial resonators 

In Section 3.4, it was shown that the multiple slow waves can be successfully 

generated by inserting rigid partitions of various lengths which are placed 

perpendicular to the wave incidence to form multiple side resonators. The 

outstanding broadband sound absorption performance of the metaporous layer 

comes from combination of the global resonances which are generated over the 

thickness of the porous layer in effective regime and the local resonances generated 
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at the specific location of the side resonators. 

 

The absorption problem in section 3.4 and the transmission problem in this section 

can make significant differences in the designing and the response of the acoustic 

waves. First of all, the installed direction of the multiple resonators and the wave 

propagation direction in the absorption and the transmission problem are different. 

In the absorption problem, it was important to elongate the effective thickness of the 

porous layer by installing the side resonators in the thickness direction. However, in 

the transmission problem, the elongation of the effective thickness would not be 

effective to suppress transmission. As it has been shown in section 4.2, the thickness 

of the layer is a parameter to determine the Fabry-Pérot resonances. Accordingly, the 

elongated thickness rather results in resonant transmission in lower frequency range. 

To effectively suppress the transmission, it is important to use the resonance 

phenomena in the xy plane, as the transmission loss peak at frequency 2f  of Fig. 

4.2(b). 

 

The dimension of the period d in the absorption problem was small to meet the 

condition of the subwavelength condition so that the metaporous layer can be 

represented as effective layers in one dimensional concept. On the other hand, in the 

considered transmission problem, the multiple slow wave side resonators can have 

longer dimension within the allowed dimension in the considered configuration 

because the slow waves to be used here are generated in the xy plane, perpendicular 
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to the wave incident. Once the subwavelength periodicity is satisfied in the xy plane, 

the actual dimension of the side resonators of the multiple slow wave resonator can 

be further elongated, by coiling up the path, as shown in Fig. 4.3(b). 

 

Therefore, in the following, parametric studies based on numerical modeling will be 

performed to investigate the influence on the acoustic response of various 

dimensional configuration of the metamaterial resonator. It will be examined which 

acoustic modes dominate the sound transmission performance of the proposed 

system. 

 

4.3.2 Parametric studies on the metamaterial resonator 

Figure 4.4(a) presents a configuration of a waveguide sided by the metamaterial 

resonator (multiple slow wave resonator) in two dimensional xy plane. The 

configuration of the waveguide has differences from the acoustic double layer, but it 

is presented here to examine the physical phenomena more easily by simplifying the 

problem. Four configurations of the resonators are shown in Fig. 4.4(b). In the 

multiple slow wave resonators, acoustically-rigid partitions of length iL   are 

inserted to form quarter-wavelength side resonators. To avoid confusion, the multiple 

slow wave resonators are called as ‘resonators’ and the quarter-wavelength 

resonators in the multiple slow wave resonators are called as ‘inserted resonators’. 

Likewise, the waveguide will be called as ‘waveguide’ and the waveguide section in  
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Fig. 4.4 (a) The configuration of a waveguide sided by the multiple slow wave 

resonator in two dimensional xy plane. (b) Four configurations of the resonators 

considered for the study. 

 

the multiple slow wave resonators will be called as ‘inserted waveguide’. 

 

To investigate the influence of the gradual variation of the partition length, two 

resonators (resonators 1 and 2) are designed to have the partition lengths of small 

variation and the other two resonators (resonators 3 and 4) are designed to have the 

partition lengths of large variation. The width of the waveguide w is set to be 3.0 cm, 

thus, the waves propagate in the waveguide remain the plane-wave propagation in 

the frequency range up to 5700 Hz. The geometric parameters of the resonators are 

set to be p = 10 cm, l = 3.0 cm. The shortest length of the rigid partition is 9.0 cm  
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and 4.0 cm for the resonators 1,2 and the resonators 3,4, respectively. The lengths of 

the partitions increase linearly along the y direction. For the resonators 1 and 3, the 

rigid partitions are aligned to the right side, as same as in the configuration for the 

multiple slow waves in Section 3.4. For the resonators 2 and 4, the partitions are 

aligned to the left side so that the cross-sectional area of the inserted waveguide 

remains same. 

 

Figures 4.5 present transmission loss through the waveguide in Fig. 4.4(a) with the 

resonators 1 and 2. Figure 4.5(a) is the result of the waveguide with the resonator 1  

 

 

Fig. 4.5 The transmission loss through the waveguide in Fig. 4.4(a) with (a) the 

resonators 1 and (b) the resonator 2.  
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and Fig. 4.5(b) is with the resonator 2. The transmission loss graph in Figs. 4.5(a) 

and (b) have similar shape except slight differences of the peak frequencies. In Fig. 

4.6, the velocity fields of the waveguide with the resonator 1 and 2 are presented at 

the transmission peak frequencies in Fig. 4.5. The velocity profiles demonstrate that 

the transmission peaks are from the global resonances along the y-directional 

dimension of the side resonator. The first peak is for the quarter-wavelength 

resonance for the thickness p with the slow wave velocity, and the second peak is for 

the three quarter-wavelength resonance, and so on. Similar to the multiple slow 

waves in Section 3.4, the active region for the resonances move to the region with 

the high-frequency resonator, i.e., the layer with shorter partition length. 

 

It also shows that the transmission peaks by the inserted side resonators are not 

observable, whereas the local resonances of the inserted resonators are distinctive 

especially when the porous material is not used in section 3.4. It comes from the 

differences of the structural shape where the waves go through. In the absorption 

problem, the propagating incident waves meet the inserted resonator directly 

therefore the reflected waves are influenced directly from the inserted resonator. 

However, in the transmission problem, the incident waves do not encounter the 

inserted resonators directly, the destructive interference occurs only after the waves 

propagated into the resonator came out to the waveguide. 
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Fig. 4.6 The velocity fields of the waveguide with (a) the resonator 1 and (b) the 

resonator 2 are presented at the transmission peak frequencies in Fig. 4.5(a) and (b), 

respectively The corresponding peak frequencies are written on the left-hand side of 

each figure. 

 

In Fig. 4.7, the transmission loss graphs of the waveguide with the resonators 3 and  

4 are shown in (a) and (b), respectively. The magnitude of the velocity fields at the 

lowest five peak frequencies are also shown in Fig. 4.8(a) for the waveguide with 

the resonator 3 and Fig. 4.8(b) for the waveguide with the resonator 4. The noticeable 
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thing is that the waves are confined at each inserted resonator, distinctive from the 

velocity fields in Fig.4.6. This phenomenon attributes to how steely the lengths of 

the rigid partitions are changed. Likewise, in Section 3.4, the waveguide region of 

the resonator and the inserted resonators can be modelled as an effective layer. Then 

in the case when the lengths of the partitions change steeply, the effective medium 

properties also vary steeply along the y direction. Therefore, the local behavior of 

the inserted resonators become stronger than the global behavior along the y 

direction in the effective multilayer. 

 

 

Fig. 4.7 The transmission loss through the waveguide in Fig. 4.4(a) with (a) the 

resonators 3 and (b) the resonator 4.   
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Fig. 4.8 The velocity fields of the waveguide with (a) the resonator 3 and (b) the 

resonator 4 are presented at the transmission peak frequencies in Fig. 4.7(a) and (b), 

respectively The corresponding peak frequencies are written on the left-hand side of 

each figure. 

 

Figure 4.8(a), the velocity fields of the resonator 3, also shows that the waves are 

more confined at each inserted resonators whereas there are interactions between the 

neighboring inserted resonators for the resonator 4. It is due to the different 

alignment of the rigid partitions in the resonators 3 and 4. For the resonator 3, the 
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partitions are aligned to the right side and the cross-sectional area of the waveguide 

in the resonator become smaller along the y direction. The waves propagate from the 

lower part are blocked as the partition lengths increase, therefore, the waves are 

confined in each inserted resonator. For the resonator 4, the cross-sectional area of 

the inserted resonator remains the same, which enables the interaction with the 

neighboring inserted resonator. The different of the cross-sectional area of the 

inserted waveguide also influence on the peak frequencies of the transmission loss 

curve. The first peak frequency, for example, of the resonator 3 is higher than that of 

the resonator 4. As it can be seen in the velocity fields, the waves with the resonator 

3 is directly influenced by the longest inserted resonator that is placed on the top of 

the configuration. However, the first peak frequency of the resonator 4 is determined 

by the sum of the wave propagation length in the inserted waveguide and the length 

of the inserted partition. In addition to that, the interaction between neighboring 

inserted resonators also influences on the peak frequencies [93]. 

 

The studies presented above provide useful information in designing and 

understanding the metamaterial resonators. The engineers may prefer to design the 

resonator by using the global resonance phenomena or by using the local resonance 

phenomena in the metamaterial resonators. Based on the results above, a proper 

choice of the length variations of the rigid partitions should be considered to design 

the metamaterial-based structures for desired purpose. 
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4.3.3 Theoretical model of the proposed metamaterial 

By using transfer matrix method, the performance of the proposed metamaterial can 

be obtained analytically. A schematic of the theoretical model of the proposed 

metamaterials is shown in Fig. 4.9. Figure 4.9(a) presents three dimensional view of 

the unit cell and Fig. 4.9(b) is drawn as a 2 dimensional configuration for 

convenience. The sound pressure and the volume velocity of the incident (denoted 

as subscription i) and transmitted (denoted as subscription f) region are represented 

as 

 0 0 0 0

0

1,   ( )jk z jk z jk z jk z
i ip Ae Re v Ae Re

z
− −= + = − ,  (4.1) 

 

 

Fig. 4.9 The schematics of the theoretical model of the proposed metamaterials. (a) 

The three dimensional view of the unit cell. (b) The twodimensional configuration 

prsented to help the understanding of the theoretical model. 
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 0 0

0

1,   jk z jk z
f fp Te v Te

z
− −= = ,  (4.2) 

where A, R, and R are the magnitude of the incident, reflected, and transmitted waves, 

respectively, and 0z  the acoustic impedance of the incident and transmitted region. 

Following the transfer matrix modelling introduced in section 2.5, the acoustic wave 

fields in the incident and transmitted region can be related by the total transfer matrix 

T  as below. 

 11 12

21 22

f fi

f fi

p pp T T
v vv T T

      
= =      

      
T .  (4.3) 

The total transfer matrix is constructed by multiplication of the transfer matrix that 

connects the wave fields at the positions a, b, c, and d in Fig. 4.9(b), 

 ab bc cd=T T T T .  (4.4) 

When the waves propagate through the first layer, the area where the waves 

propagate is contracted from 0S   to 1S  . In this case, the effect of elongated 

thickness due to the radiation impedance should be considered. Thus, effectively, the 

thickness of the layer can be represented as et t t= + ∆ . Following the results of Ref. 

[94], the end correction for a rectangular aperture is represented as 

 00.85 (1 1.25 )t w φ∆ = ⋅ − ,  (4.5) 
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where 0φ  is fraction of open area, 1 0S S . Then the transfer matrix abT  becomes 

 

0
0 0

0

0
0 0

0

cos( ) sin( )

sin( ) cos( )

e e

ab

e e

zk t j k t

j k t k t
z

φ
φ

 
 
 =
 
 
 

T .  (4.6) 

 

The transfer matrix of the proposed side resonators can be obtained by using the 

impedance of the resonator. At point 1, the conditions for the pressure and the volume 

velocity are 

 B r Cp p p= = ,  (4.7) 

 0 0B r r CS v nS v S v= + ,  (4.8) 

where rS  means cross sectional area of the entrance of the resonator where acoustic 

waves flows into and n is the number of the resonators. The velocity at the entrance 

of the resonators rv  is represented as r rp Z , by the definition of the impedance, 

therefore, Eq. (4.8) becomes 

 
0

r
B C C

r

nSv p v
S Z

= + .  (4.9) 

From Eqs. (4.7) and (4.9), the transfer matrix bcT  is represented as 
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0

1 0

1bc r

r

nS
S Z

 
 =  
  

T .  (4.10) 

The impedance of the resonators, rZ , can be obtained by using a similar procedures 

to obtain the surface impedance of the metaporous layer with multiple slow waves 

in Section 3.4. The detailed configuration is changed, but the surface impedance of 

the resonator is obtained in the same manner by regarding the acoustic structures in 

the resonator as a multilayer of effective layers with different material properties. 

Figure 4.10(a) shows a top view of one of the resonator. Although the acoustic paths 

made by partitions are bent, but they can be considered as a straight one with the 

same length as shown in Fig. 4.10(b).  

 

When sound propagates in structures and geometries with small dimensions, the 

sound waves become attenuated because of thermal and viscous losses. Therefore, 

the dissipative effect due to the thermal and viscous losses should be accounted for 

describing the waves in the narrow chambers. Following the equations in Eq. (2.41) 

and Eq. (2.54) in section 2.3, the equivalent acoustic model for the rectangular tubes 

of the cross-sectional dimension s are represented as 

 0

0 01 tanh
2 2

c
s sj j

ρ
ρ

ρ ω ρ ω
µ µ

=
   

−       
   

,  (4.11) 
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Fig. 4.10 (a) A sliced top view of the presented metamaterial. The one resonator 

indicated as red dashed line can be analyzed as the configuration in (b). 

 

 0

0 0Pr Pr1 ( 1) tanh
2 2

c
P

s sj j

γ
κ

ρ ω ρ ωγ
µ µ

=
   

+ −       
   

.   (4.12) 

For the considered configuration, the cross-sectional dimension s becomes a for the 

waveguide and ( )b t∆ −  for the side resonators. The acoustic medium properties of 

in the waveguide and in the side resonators are represented with subscription w and 

s, respectively, as wρ , wκ  and sρ , sκ . The wave velocity and the wavenumber in 

the waveguide and the side resonators are then obtained as w w wc κ ρ=  , 
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s s sc κ ρ=  and w wk cω= , s sk cω= .  

 

By adopting the approach used in Section 3.4.1, effective wave number and effective 

characteristic impedance of the effective layer from the bottom can be obtained as 

 2 tan( )e w s
i w s i

s

kk k k L
a

ρ
η

ρ
= + ,  (4.13) 

 0e
i e

i

z
k
ωρ

= ,  (4.14) 

where a is the width of the resonator entrance, iL  is the length of the side resonator, 

and η  is the volume fraction of the air in each side resonator, 1 t b− ∆ . Also as in 

Section 3.4.1, the surface impedance on the effective layer i ( e
iZ ) is obtained by 

successive relation of the surface impedances as 

 
1 1 1

1

1

cot( ),

tan( ) ,     ( 2,3, , ).
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e e e

e e e
e e i i i
i i e e e

i i i
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jZ k b z

−

−

= − ∆

+ ∆
= =

∆ +


  (4.15) 

The transfer matrix cdT   is equal to abT   due to the same geometry. Once the 

overall transfer matrix is obtained, transmission loss of the system can be found 

following the Eq. (2.72) as 
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11 21 0 22

0

120log
2

TTL T T z T
z

= + + + .  (4.16) 

 

4.3.4 Sound insulation performance of the metamaterial system 

Figures 4.11-16 present the acoustic performance of some examples of the proposed 

metamaterials. In each figure, a cross-sectional view of the unit cell and wave 

velocities in the resonator are presented as well as the transmission loss of the 

considered metamaterial. The transmission loss curves are obtained by theoretical 

model described in section 4.3.2 and the results are validated by the numerical 

simulations. For the numerical simulations, finite element method of COMSOL 

Multiphysics 4.3 is used. To account the viscous losses in the cross-sectional areas 

in the numerical simulations, thermoacoustic analysis based on linearized Navier-

Stokes equation should be considered. However, due to the high time cost of the 

thermoacoustic analysis, pure acoustic analysis without viscous losses are presented 

in Figs. 4.11-16. For the results obtained by the theoretical model, both results when 

the viscous losses are considered or not are presented to examine the effects of the 

viscous losses on the sound transmission through the metamaterial. 

 

The metamaterials presented in Figs. 4.11-15 assumed to be placed in a rectangular 

tube whose dimension is 50 mm by 50 mm. The tube is assumed to be sided by hard 

walls. The frequency range considered here is up to 3000 Hz. Therefore, only 
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fundamental acoustic mode is propagative in the tube. The holes on the acoustic layer 

have dimension of 15 mm by 15 mm and placed on the center of the layer, thus the 

opening ratio is 9 %. The thickness of the top and bottom layers are the same as 1.0 

mm and they are spaced 1.0 cm apart. Therefore, total thickness of the 

metamaterialbecomes 1.2 cm. The rigid partitions are inserted between the layers 

and the width of the partitions is set to be 1.0 mm. For the metamaterials presented 

here, the resonators are equally divided to five regions by the rigid partitions. 

Therefore, b and b∆   are 17.5 mm and 3.5 mm. The width of the inserted side 

resonators becomes 2.5 mm. 

 

The metamaterial in Fig. 4.11(a) has four resonators of which lengths of rigid 

partitions are the same so as to form identical inserted side resonators in the resonator. 

The length of rigid partitions is set to be 28 mm. The characteristic length of the 

inserted resonators is directly determined by the length of the rigid partitions. The 

medium in the resonator can be modelled as a single effective medium and the 

resonator has one type of slow wave as shown in Fig. 4.11(b). The peaks in the 

transmission loss in Fig. 4.11(c) attribute to the resonances by the slow wave, formed 

globally from the resonator entrance to the boundary of the unit cell. This global 

resonance mode by the slow wave allows low frequency peak by elongating effective 

dimension of the resonator. As the slow waves are generated, the dimension of the 

resonator b is elongated to *b . The first peak is the quarter-wavelength resonance 

* * 4b λ= , the second one is * *3 4b λ= , and so on as in Section 3.4. For example,  
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Fig. 4.11 (a) The configuration of the considered metamaterial. (b) The effective 

sound velocity in effective medium filling the resonator normalized to the sound 

velocity in air ( 0c ). (c) The transmission loss through the considered metamaterial. 
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Fig. 4.12 (a) The configuration of the considered metamaterial. (b) The effective 

sound velocity in effective medium filling the resonator normalized to the sound 

velocity in air ( 0c ). (c) The transmission loss through the considered metamaterial. 
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the effective wave velocity is 00.37c  at the first peak 1780 Hz, which means that 

the dimension is elongated by a factor of 1/0.37≅ 2.7027. When it is compared with 

the resonance frequency of the original length b (=1.75 cm) that is 0 4rf c b= =  

4885 Hz, the peak frequency is reduced by 0.364 rf  . Between the successive 

resonance frequencies, dips of transmission loss are occurred due to the anti-

resonance phenomena. Note that the local resonance of the inserted resonator is not 

observed because the local resonance frequency is above the frequency range 

considered here. 

 

The metamaterial shown in Fig. 4.12(a) is designed to have lower resonance 

frequency of the inserted resonators to generate slower waves compared to the 

metamaterials in Fig. 4.11. The rigid partitions are placed to make L shape to 

elongate the characteristic length of the inserted resonators and two resonators are 

formed by utilizing sparse space between the acoustic layers. Then the characteristic 

length of the inserted side resonators becomes 48 mm. Although the inserted 

resonators are bent but the acoustic behavior is the same as in the straight inserted 

resonators. Therefore, low frequency absorption peaks can be obtained as shown in 

Fig. 4.12(c). The peak value is small compared to the transmission loss peak in Fig. 

4.11(c) and narrowband. This is because the acoustic response is affected by the 

number of parallel-coupled resonators. When more resonators are coupled in parallel, 

the transmission loss peaks tend to be high and broadband due to the change of  
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Fig. 4.13 The contour plots of the (a)-(d) acoustic pressure and (e)-(h) magnitude of 

velocities in the metamaterial presented in Fig. 4.12(a) at the transmission loss peak 

frequencies in Fig. 4.12(c). The corresponding peak frequencies are written on the 

left-hand side. 
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impedances [95], [96]. The resonance frequency of the inserted resonators 

considered here is present in the frequency range considered. 

 

Figure 4.13 shows acoustic pressure (a-d) and velocity magnitude fields (e-h) in the 

metamaterial at the peak frequencies of the transmission loss curve in Fig. 4.12(c). 

There exist four transmission loss peaks including small peaks at 1260, 1730, 1790 

and 1820 Hz. The local resonance frequency of the inserted resonators is 1800 Hz. 

While the waves in the resonator are scattered globally at the other frequencies, the 

waves at the frequency 1820 Hz are confined mostly at the one inserted resonator, 

which demonstrates that the transmission loss peak at 1820 Hz comes from the local 

resonance of the inserted resonator. As mentioned above, the wave fields at other 

peak frequencies form odd multiples of * 4λ  in the resonator. 

 

Figure 4.14 presents a metamaterial with varying lengths of rigid partitions. The 

averagely higher than the wave velocity in the resonator in Fig. 4.14(a). Therefore, 

the first peak frequency in the transmission loss curve in Fig. 4.14(c) is higher than 

the first peak frequency in Fig. 4.11(c). The use of multiple slow waves is not much 

effective in the configuration compared to the results in Fig. 4.11 because the 

frequency range considered here is rather low to make full use of the multiple slow 

waves for the present configuration.  
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Fig. 4.14 (a) The configuration of the considered metamaterial. (b) The effective 

sound velocities in effective media filling the resonator normalized to the sound 

velocity in air ( 0c ). (c) The transmission loss through the considered metamaterial. 
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Fig. 4.15 (a) The configuration of the considered metamaterial. (b) The effective 

sound velocities in effective media filling the resonator normalized to the sound 

velocity in air ( 0c ). (c) The transmission loss through the considered metamaterial. 
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Fig. 4.16 The contour plots of the (a)-(e) acoustic pressure and (f)-(j) magnitude of 

velocities in the metamaterial presented in Fig. 4.15(a) at the transmission loss peak 

frequencies in Fig. 4.15(c).  
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The metamaterial in Fig. 4.15(a) also has multiple inserted resonators and the rigid 

partitions are placed to form L shape to lower the resonance frequencies of the 

inserted resonators as the metamaterial in Fig. 4.12. The characteristic lengths of the 

inserted resonators are 76 mm, 69 mm, 62 mm, 55 mm and 48 mm. The wave 

velocities of the effective media consisting the resonator are shown in Fig. 4.15(b). 

In the frequency range considered, the metamaterial allows several transmission 

peaks around 1000 Hz to 2000 Hz as shown in Fig. 4.15(c). 

 

Figure 4.16 shows acoustic pressure (a-e) and velocity magnitude fields (f-j) in the 

metamaterial at the peak frequencies of the transmission loss curve in Fig. 4.15(c).  

It can be observed that the waves are usually confined at the inserted resonators, 

which means that the transmission loss peaks originate from the local resonances of 

the inserted resonators. As it is investigated in section 4.3, the variation of the 

characteristic lengths of the inserted resonators influence on the generation of the  

global resonance modes of the resonator. The length variation of the present 

metamaterial is 7 mm, thus each medium acts more independently rather than acts 

as a part of continuous medium of a layer. Therefore, the waves are trapped when 

the wave velocity is zero, at the local resonance frequency of the inserted resonator. 

However, the peak frequencies and the local resonance frequencies are different 

because the wave lengths are elongated while the waves pass through the inserted 

waveguide. For example, the waves need to travel the distance of ( / 2)b b− ∆  to 

reach the inserted resonator of the longest characteristic length. 
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The effects of the viscous losses can be observed by comparing the results with and 

without considering viscous losses. When the viscous losses are considered, the peak 

and the dip from the resonance and anti-resonances become smooth. This is because 

the imaginary parts of wave vector generated by viscous losses effect on the phase 

interference of the wave propagating through the holes and the one from the 

resonator.  

 

The simulations conducted above are under the assumption of the infinite domain in 

the xy plane by imposing periodic boundary conditions on the edges of the unit cell 

along the x and y directions. However, in the practical applications, the space for the 

insulation panel is generally limited in a finite dimension. To check the applicability 

in the finite domain, the configurations in Fig. 3.17(a) that are composed of 4 and 9 

unit cells, respectively, are considered. The 4-cell and 9-cell configurations are 

placed in the rectangular duct of dimension 2 2d d×  and 3 3d d× , respectively, 

whose outer boundaries are assumed to be hard walls. The acoustic performances of 

them are shown in Fig. 3.17(b) compared with the 1-cell configuration that is placed 

in a rectangular duct of dimension d d×  in the same manner. The results show that 

the transmission loss values of all of the considered configurations are the same. For 

normally-incident sound waves, the hard wall boundary conditions on the unit cell 

edges are actually the same as the Floquet-Bloch periodic boundary conditions 

because the tangential components in the xy plane of the wave vector remains zero 

as long as the period of the structures are in a subwavelength scale. Therefore, there  
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Fig. 4.17 (a) The cross section in the xy plane of the configurations composed of 

multiple unit cells. (b) The transmission loss curves obtained by finite element 

simulations using the configurations in (a). 

 

is no difference in the results even the multiple unit cells are considered. However, 

it should be noted that the results can be different if oblique incidence is considered. 
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4.4 Experiments on the proposed acoustic metamaterials 

This section presents experimental verification of the proposed acoustic 

metamaterials for sound transmission performance.  

 

4.4.1 Experimental setup 

The transmission experiments were conducted by using an impedance tube (Brüel 

& Kjaer’s Transmission Loss Tube Kit Type 4206-T). With a circular impedance 

tube of 10 cm diameter, sound transmission in the frequency range 50 – 1600 Hz 

can be measured. Figure 4.18 shows a schematic diagram of the impedance tube for 

measuring sound transmission. A loudspeaker located on the left-hand side of the  

 

 

Fig. 4.18 Schematic diagram of the standing wave impedance tube for measuring  

sound transmission loss. 
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impedance tube shown in the figure generate one dimensional plane wave 

propagating along the z direction. At four measurement positions, microphones are 

mounted to measure sound pressure. Two microphones (mic. 1 and mic. 2) are 

mounted on the upstream of the sample at the positions 1z  and 2z  on the z axis 

indicated in the Fig. 4.18 and other two microphones (mic. 3 and mic. 4) are mounted 

on the downstream of the sample at the positions 3z  and 4z . In the upstream part, 

the pressure and the velocity are given by 

 0 0( ) jk z jk zp z Ae Be−= + ,  (4.17) 

 ( )0 0

0 0

1( ) jk z jk z
zv z Ae Be

cρ
−= − ,  (4.18) 

and in the downstream part, 

 0 0( ) jk z jk zp z Ce De−= + ,  (4.19) 

 ( )0 0

0 0

1( ) jk z jk z
zv z Ce De

cρ
−= − ,  (4.20) 

where A and B indicate the amplitudes of the incident and reflected waves in the 

upstream part and C and D indicate the amplitudes of the transmitted and reflected 

waves in the downstream part. Using the measured pressures at the four microphones, 

Eqs. (4.17) – (4.20) can be rearranged in terms of the pressure amplitudes as 
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0 2 0 1

1 2

0 1 2

( ) ( )
2sin( ( ))

jk z jk zp z e p z eA j
k z z
−

=
−

,  (4.21) 

 
0 1 0 2

2 1

0 1 2

( ) ( )
2sin( ( ))

jk z jk zp z e p z eB j
k z z

− −−
=

−
,  (4.22) 

 
0 4 0 3

3 4

0 3 4

( ) ( )
2sin( ( ))

jk z jk zp z e p z eC j
k z z

−−
=

−
,  (4.23) 

 
0 3 0 4

4 3

0 3 4

( ) ( )
2sin( ( ))

jk z jk zp z e p z eD j
k z z

− −−
=

−
.  (4.24) 

When the perfect anechoic termination is fulfilled (D = 0), the transmission loss is 

directly obtained by 1020log ( )TL A C= . 

 

4.4.2 Experimental results and discussion 

Figures 4.19(a) and (b) shows a schematic configuration and a photograph of the 

fabricated samples of the designed metamaterials for experiments, respectively. To 

conduct the experiment by using the circular-shaped impedance tube, the samples 

were made to have circular boundaries. Thus, the samples are made of as if the 

rectangular metamaterials of dimension d d× , which are considered in this work, 

are inserted in the circular plate of a finite thickness. The fabricated samples are 

composed of three layers, layers A, B and A’ as indicated in Fig. 4.19(a). The 

thickness of the layers and A’, h, is set to be 1.0 mm, and the thickness of the layer  
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Fig. 4.19 (a) Designed metamaterials are fabriacated by bonding three layers made 

of acrylic plates; Layer A, B, and A’. (b) Photograph of the fabricated metamaterials. 

(c) Cross sections of the fabricated samples. 

 

B, H, is 10 mm. Therefore, the total thickness of the metamaterial is 12 mm. The 

metamaterials are made of acrylic plates manufactured via laser cutting. The three 

layers are fabricated separately and are attached by using adhesive glue. Figure 

4.19(c) shows cross sections of four types of samples designed for experiments. The 

sample 0 is a nominal case, without the inserted metamaterial resonator. For all 

samples, sample 0 to 3, the dimension of the metamaterial and the rectangular hole 

are set to be d = 68 mm and w = 18 mm, respectively. Sample has four single slow 

wave resonators, sample 2 has of two single slow wave resonators, and sample 3 has 
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two multiple slow wave resonators. In layer B, the inserted waveguide length b 

becomes 30 mm for samples 1-3. The rigid partitions divide b equally to form 

inserted side resonators. The characteristic length iL  of the inserted resonators are 

38 mm (sample 1), 63 mm (sample 2) and {103 mm, 93 mm, 83 mm, 73 mm, 63 

mm} (sample 3), respectively. 

 

The transmission loss curves obtained by the transmission experiments for the 

samples 0-3 are shown in Fig. 4.20 compared with those obtained by theoretical 

model presented in section 4.3.3. It is observable that the two results show good 

agreement with each other in general. However, the peak and anti-peak frequencies 

corresponding of the measured data slightly deviate the results predicted by the 

theoretical model. In addition, it is also observed that the overall transmission loss 

value, especially for the sample 1 and 2, and the transmission loss values at the peaks 

obtained by the experiments are lower than the ones by the theoretical model. The 

causes of these differences may come from several reasons. The main reason of the 

frequency deviation and the smaller value of peaks would be the error occurred in 

manufacturing process of laser cutting and bonding. Especially, because the layers 

A-B-A’ are bonded manually, the glue left in the metamaterial cavity could have 

increased the viscous effect in the narrow waveguides or side resonators. The overall 

transmission difference can be attribute to a leakage of the sound waves. To insert 

the designed metamaterials in the impedance tube, the samples were fabricated to 

have a smaller diameter (99.5 mm) than the actual diameter of the impedance tube  
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Fig. 4.20 The results of the experiments for the samples in Fig. 4.19 for frequency 

range upto 1600 Hz. The results by the theoretical model are also presented for 

comparison. (a) Sample 0, (b) Sample 1, (c) Sample 2, and (d) Sample 3. 

 

(100 mm). And due to the manufacturing error, some samples were fabricated even 

smaller. Nevertheless, the results in Fig. 4.20 show that the sound insulation 

performance of the acoustic double layer with holes can be enhanced by the proposed 

metamaterials. 
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4.5 Concluding remarks 

This chapter proposed the acoustic metamaterials for sound transmission control. 

More specifically, the metamaterials were designed to enhance the sound insulation 

performance of the acoustic double layers with holes. It was shown that the proposed 

metamaterials could improve the low frequency sound insulation performance 

compared with the conventional acoustic double layer with holes, or acoustic double 

fishnet, by properly inserting the rigid partitions inside the gap between the double 

layers. 

 

The rigid partitions in the gap are inserted to form several resonators with various 

resonance frequencies, unlike the conventional acoustic resonators, such as 

Helmholtz resonators, that have resonance mode at single frequency. The designed 

resonators have waveguide parts and side resonator parts of different resonance 

frequencies. Then the wave velocity traveling along the waveguide in the resonator 

are changed due to the interaction with the side resonators. Therefore, the resonance 

frequencies of the resonator can be changed following the relation between the 

dimension of the resonator and the changed velocity. 

 

The theoretical analysis showed that the sound transmission of the metamaterials can 

be successfully modelled by adopting transfer matrix method. The impedances of 

the designed resonators also can be modelled by using effective medium concept, 
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and multi-layering of the effective layers. In the theoretical analysis, the viscous and 

thermal losses occurred due to the small dimension between the rigid partitions are 

involved in the model. By comparing with the results obtained by numerical methods 

based on the finite element method, the validity of the theoretical model was 

confirmed. In addition, the transmission experiments showed that the designed 

metamaterials show enhanced sound insulation performances compared with the 

nominal case of the acoustic double layer with holes.  
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CHAPTER 5.  
CONCLUSIONS 
 

 

 

 

 

The conventional acoustic systems used for sound attenuation suffer from a 

limitation in achieving broadband performance. Even though various acoustic 

metamaterials, well-known for their extraordinary performances, have investigated 

so far, but their acoustic performances are still limited in a narrow band of frequency. 

This is due to the lack of design method to incorporate physical mechanisms 

effective for a broad range of frequency, especially covering the low frequency 

region. Under the circumstance, this thesis presented that the broadband sound 

attenuation performance can be greatly enhanced by using proposed acoustic 

metamaterials designed with rigid partitions. The rigid partitions inserted in the 

acoustic metamaterials can act as waveguides or resonators so that wave propagation 

characteristics in the metamaterials can be tailored at will. The results showed that 

the acoustic metamaterials provided a breakthrough not only to overcome the 

limitation of the conventional acoustic materials but also to compensate the limited 

performance of the previously-proposed acoustic metamaterials. 
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The key physical phenomenon for the achievement is the multiple resonance modes 

generated in a single system. It could be realized by properly allocating the rigid 

partitions in porous layers or in acoustic double layer for the purpose of sound 

absorption and insulation, respectively. The physics of the metamaterials were 

investigated using the theoretical models derived based on the effective medium 

approach. Once the effective medium properties of the metamaterial were obtained, 

the reflection and transmission of the acoustic waves were evaluated by using an 

impedance concept and a transfer matrix modeling. 

 

For the sound absorption problem, the metaporous layers with tuned thickness 

resonances and multiple slow waves are presented. A study on the absorption 

mechanism of a porous layer revealed that the resonances related to the thickness of 

the porous layer have a strong influence on the sound absorption performance. The 

two types of metaporous layers presented in the thesis effectively controlled the 

corresponding resonance frequencies by tailoring effective thicknesses and by 

slowing effective wave velocities. In the metaporous layer with tuned thickness 

resonances, the periodic perpendicular, horizontal rigid partitions are inserted to 

control the effective thickness of the porous layer. The effective thickness was able 

to be increased from the original thickness of a given porous layer by inserting the 

gap at the end of the perpendicular partition and decreased by the horizontal partition. 

In the metaporous layer with multiple slow waves, the horizontal rigid partitions of 

various lengths are used to form side resonators along the wave propagation direction. 
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The resonators of various resonance frequencies change the dispersion characteristic 

of the waves, which results in multiple slow wave propagation. As a result, the 

metaporous layers exhibited significantly enhanced sound absorption performance 

in a broad range of frequency compared with the homogeneous layer with a same 

thickness. 

 

For the sound transmission problem, the acoustic double layer with holes was 

considered. The hole in the layer allows airflow through the acoustic medium so that 

it can be useful when ventilation or heat exhaustion are necessary. For the considered 

configuration, the cross-sectional dimension in the gap between the two layers 

determines the frequency of the transmission loss peak. The transmission peak is 

located in high frequency range due to the restricted dimension in the plane. To 

enhance the performance in the low frequency range, the rigid partitions are inserted 

in the gap to form multiple resonators. Then the structure made of the rigid partitions 

compose a planar resonator with various resonance frequencies. Similar to the results 

in the metaporous layer with multiple slow waves, the multiple slow waves can be 

generated in the proposed meta-resonator. The analysis showed that the sound 

insulation performance can be enhanced in the broad frequency range by using the 

proposed metamaterial. The validity of the designed metamaterials is also confirmed 

by experimental results. 
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It is expected that the acoustic metamaterials presented in this thesis can be used in 

various industries for sound absorption and insulation purpose. The metaporous 

layers can be installed on walls or ceilings in a room for sound absorption and they 

can be also used as duct liners. The metamaterials designed for sound insulation can 

be used as noise barrier in various circumstances especially for the cases ventilation 

or heat exhaust are needed, such as radiator panels for vehicle engine, refrigerators, 

etc. Because the proposed metamaterials can overcome the geometric limitation of 

the space for the installation, they have the advantage to guarantee outstanding 

performance while occupying less space. To use the metamaterials for a target 

frequency or frequency band, the geometric parameters of the designed 

metamaterials can be changed as long as the periodicity remains in a subwavelength 

scale. Once the target frequency ranges are determined, the desired structures can be 

obtained by simple parametric studies or by using optimization methods. In addition, 

the metamaterials can be used in airplanes or vehicles that need substantial stiffness 

as well as the noise reduction capability. 
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APPENDIX A. 
EFFECTIVE MEDIUM MODELS 

FOR AXISYMMETRIC 

METAPOROUS LAYERS 
 

 

 

 

 

Section 3.4 mainly dealt with the metaporous layers with multiple slow waves in two 

dimensional configurations. However, as revealed in section 3.4.4, the three-

dimensional metaporous layers can be obtained by using the same physical 

phenomena. In this appendix, the derivation of the effective medium model of the 

axisymmetric configurations shown in Fig. 3.23 will be presented. 

 

In Fig. 3.23, it was shown that two types of axisymmetric configuration of the 

metaporous layer designed to have multiple slow waves are possible. The first one 

is shown in Fig. 3.23(a), the rigid partitions of the shapes of circular plates are 

inserted aligned to the center of the cylindrical coordinates. The second one is shown 

in Fig. 3.23(b), the rigid partitions are aligned to the outer side of the circle and have 
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the shapes of disk. For convenience, the configuration in Fig. 3.23(a) will be referred 

as ‘Axisymmetric 1’ and the other one in Fig. 3.23(b), ‘Axisymmetric 2’ in the 

followings. 

 

Axisymmetric 1 

Figure A.1 shows a configuration of an axisymmetric metaporous layer whose rigid 

partitions of circular plates have the same radius a. As same as in the metaporous 

layer in two-dimensional configuration, dispersion relation of the metaporous layer 

can be obtained by considering the waves in the region (1) and region (2) denoted in 

the figure. The pressure waves in the region (1) and (2) can be expressed as 

 

 

Fig. A.1 Axisymmetric configurations of the metaporous layer of radius R when the 

rigid partition of circular shapes are aligned at the center of the layer. The radius of 

the rigid partitions are set to be equal to ib .  
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 1 0 1( )p AJ k r= , (A.1) 

 { }2 0 0( ) ( ) zjk z
r rp BJ k r CY k r e= + . (A.2) 

respectively, where nJ  and nY  (n = 0, 1, 2, 3, …) are the Bessel functions of the 

first and second kind. The wavenumber in the r and z direction, rk   and zk  

respectively, satisfied that 2 2 2
1 r zk k k= + . Accordingly, the particle velocities in the r 

direction are obtained as 

 1
1 1 1

1

( )r
kv AJ k r

jωρ
−

= , (A.3) 

 { }2 1 1
1

( ) ( ) zjk zr
r r r

kv BJ k r CY k r e
jωρ
−

= − . (A.4) 

By considering a boundary condition at 2 ( ) 0rv r R= = , Eq. (A.2) can be rewritten 

as  

[ ]2 1 0 1 0( ) ( ) ( ) ( ) zjk z
r r r rp B Y k R J k r J k R Y k r e= − .   (A.5) 

Then, the continuity of the pressure and the volume velocity at ir b=   gives the 

dispersion relation 

 1 1 1 1 1 1
1

0 1 1 0 1 0

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

i r r i r r i
r

i r r i r r i

J k b Y k R J k b J k R Y k bk k
J k b Y k R J k b J k R Y k b

η
−

=
−

,  (A.6) 
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where η  is the volume ratio of the porous medium in the z direction, 1 t H− ∆ . 

The Bessel function of the first and the second kind can be expressed roughly as [97] 

 2 1( ) cos
2 4n
nJ x x

x
π

π
  − +  

  


,  (A.7) 

 2 1( ) sin
2 4n
nY x x

x
π

π
  − +  

  


,  (A.8) 

therefore, the substitution of Eqs. (A.7) and (A.8) into Eq. (A.6) yields 

 ( )1 1
1

0 1

( ) sin ( )
( )

i
r r i

i

J k bk k k R b
J k b

η = − − . (A.9) 

By using that sin x x≈   when 1x <<   (low frequency assumption), Eq. (A.9) 

becomes 

 21 1
1

0 1

( ) ( )
( )

i
r i

i

J k bk k R b
J k b

η = − − . (A.10) 

Rearrangement of Eq. (A.10) in terms of the rk  gives 

 2 1 11

0 1

( )
( )

i
r

i

J k bkk
R b J k b
η

= −
−

. (A.11) 

Because the z-directional wavenumber zk   becomes the effective wavenumber 

when the medium is regarded as an one-dimensional effective medium, the effective 

wavenumber ek  is obtained as 
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 2 2 1 1
1 1

1 0 1

( )1
( ) ( )

i
e z r

i i

J k bk k k k k
k R b J k b

η
= = − = +

−
. (A.12) 

The effective wave velocity is also obtained as 

 1 1
1

1 0 1

( )1
( ) ( )

i
e

i ie

J k bc c
k R b J k bk

ω η
= = +

−
. (A.12) 

By considering the amount of the reflected energy fraction due to the rigid circular 

partition, the effective density is obtained as 

 1

(1 )e
i

ρρ
φ

=
−

, (A.13) 

where iφ  is 2 2
ib R , then the effective bulk modulus is given by 

 2 1

1 1

1 0 1

( )(1 ) 1
( ) ( )

e e e
i

i
i i

c
J k b

k R b J k b

κκ ρ
ηφ

= =
 

− ⋅ + ⋅ − 

. (A.14) 

 

Axisymmetric 2 

The effective medium model of the configuration shown in Fig. A.2 also can be 

obtained by the procedures presented above. The pressure fields in the region (1) and 

(2) denoted in Fig. A.2 are 

 [ ]1 1 1 0 1 1 1 0 1( ) ( ) ( ) ( )p A Y k R J k r J k R Y k r= − ,  (A.15) 

 2 0 ( ) zjk z
rp BJ k r e= ,  (A.16) 
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Fig.A.2 (b) Axisymmetric configurations of the metaporous layer of radius R when 

the rigid partitions of disk shapes are aligned at the outer boundary of the layer. The 

inner radius of the rigid partitions are set to be equal to ia . 

 

respectively, and particle velocities along the r direction are given by 

 [ ]1
1 1 1 1 1 1 1 1 1

1

( ) ( ) ( ) ( )r
kv A Y k R J k r J k R Y k r

jωρ
−

= − ,  (A.17) 

 2 1
1

( ) zjk zr
r r

kv BJ k r e
jωρ
−

= .  (A.18) 

The continuity of the pressure and the volume velocity at ir a=   gives the 

dispersion relation 

 1 1 1 1 1 1 1 1 1
1

1 1 0 1 1 1 0 1 0

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

i i r i
r

i i r i

Y k R J k a J k R Y k a J k ak k
Y k R J k a J k R Y k a J k a

η
−

=
−

  (A.19) 
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By using that 0 ( ) ~ 1J x   and 1( ) ~ 2J x x   for 1x <<  , the right-hand side of 

Eq.(A.19) becomes 2 2r ik a . By rearranging Eq. (A.19) in terms of rk  gives 

 2 1 1 1 1 1 1 1 11

1 1 0 1 1 1 0 1

( ) ( ) ( ) ( )2
( ) ( ) ( ) ( )

i i
r

i i i

Y k R J k a J k R Y k akk
a Y k R J k a J k R Y k a
η −

=
−

.  (A.20) 

The effective wavenumber of the effective medium can be obtained by 

 2 2 1 1 1 1 1 1 1 1
1 1

1 1 1 0 1 1 1 0 1

( ) ( ) ( ) ( )21
( ) ( ) ( ) ( )

i i
e z r

i i

Y k R J k a J k R Y k ak k k k k
k a Y k R J k a J k R Y k a
η −

= = − = −
−

.  (A.21) 

The effective wave velocity becomes 

 1 1 1 1 1 1 1 1
1

1 1 1 0 1 1 1 0 1

( ) ( ) ( ) ( )21
( ) ( ) ( ) ( )

i i
e

i i ie

Y k R J k a J k R Y k ac c
k a Y k R J k a J k R Y k ak

ω η −
= = −

−
.  (A.21) 

Likewise, the effective density is obtained by 

 1

(1 )e
i

ρρ
φ

=
−

,  (A.22) 

where iφ  is 2 21 ia R− , then the effective bulk modulus is given by 

 2 1

1 1 1 1 1 1 1 1

1 1 1 0 1 1 1 0 1

( ) ( ) ( ) ( )2(1 ) 1
( ) ( ) ( ) ( )

e e e
i i

i
i i i

c
Y k R J k a J k R Y k a

k a Y k R J k a J k R Y k a

κκ ρ
ηφ

= =
 −

− ⋅ − ⋅ − 

.  (A.23) 
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ABSTRACT (KOREAN) 
 

강체벽 배열 설계를 통한 음향 

메타물질의 광대역 흡차음 성능 구현 
 

양 지 은 

서울대학교 대학원 

기계항공공학부 

 

본 연구는 광대역 흡차음 성능을 갖는 음향 메타물질을 설계하는 것을 

목표로 한다. 음향 메타물질이란 일반적으로 존재하는 물질에서는 찾아

볼 수 없는 독특한 음향학적 특성을 갖도록 설계된 물질을 말한다. 음향 

메타물질에 관한 연구는 새로운 기술의 지평을 여는 새로운 학문으로, 

특히 이의 소음 저감 분야에의 응용 연구가 활발히 진행되어 왔다. 그러

나 현재까지 제안된 음향 메타물질은 그 성능이 매우 좁은 주파수 대역

에서만 작용한다는 한계를 가지고 있다. 

 

광대역 흡차음 성능 구현을 위한 가장 큰 장애물은 구현하고자 하는 음

향 시스템의 주어진 제한된 크기 혹은 두께를 유지하면서 그 시스템이 

효과적인 성능을 발휘하는 주파수 범위를 확장시키는 것이다. 해당 문제



179 

의 해결을 위해 본 연구에서는 음향학적 강체 특성을 갖는 얇은 벽으로 

이루어진 구조를 사용하여 설계한 음향 메타물질을 제안한다. 본 논문에

서 설계한 음향 메타물질은 구체적으로 흡음 성능을 목적으로 하는 다공

성 흡음재와 차음 성능을 목적으로 하는 구멍이 있는 형태의 음향 투과

층을 기반으로 한다. 제안한 음향 메타물질 설계에 사용된 강체벽은 특

정한 형상으로 삽입되어 음향 도파관이나 공명기와 같은 역할을 할 수 

있으며 제안한 음향 메타물질 내부에서 이 구조적 특징에 따른 독특한 

파동 전파 현상을 발생시킨다. 이를 이용하여 구조물 내부 파동의 유효 

전파 거리 혹은 유효 전파 속도를 조절할 수 있게 되며 이에 따른 파동 

현상에 의해 제안한 메타물질의 흡차음 성능은 같은 두께 혹은 크기를 

갖는 기존의 흡차음 구조에 비하여 저주파를 포함하는 넓은 주파수 대역

에서 획기적으로 향상된다.  

 

제안한 음향 메타물질에서 나타나는 물리적 현상을 효과적으로 설명하기 

위해 유효 매질 모델링에 기반한 이론적 해석을 제시하며 이를 검증하기 

위한 수치해석 및 실험 결과를 제시한다. 

 

주요어: 음향 메타물질, 소음 저감, 광대역 성능, 흡음, 차음, 

        메타포러스 물질, 유효 매질 모델 

학  번: 2010-24065 
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