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ABSTRACT 

 

Conical Refraction of Elastic Waves by 
Engineered Anisotropic Metamaterials 
 

Young Kwan Ahn 

School of Mechanical and Aerospace Engineering 

The Graduate School 

Seoul National University 

 

Conical refraction is a phenomenon that occurs in biaxial anisotropic medium and 

can be used to adjust their unique wave propagation direction. The concept of 

conical refraction has been useful in the areas of electromagnetics and optics. 

However, in the ultrasonics field, vibrational wave propagation in elastic structures 

using conical refraction needs further research for understanding and finding 

applications. 

Here, our study leads to the first proposal of an elastic metamaterial plate showing 

conical refraction and a fabricated elastic metamaterial capable of translocating a 

mechanical wave as if being teleported. An engineered metamaterial can provide an 

innovative approach to achieve translocation of an elastic stress wave. Our 

proposed metamaterial shows a high manufacturability because it is aluminum-

based, which is the most widely utilized medium in recent industries, with a slit-
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inserted holey structure. This study rigorously evaluates the operational 

performance of the metamaterial through numerical simulation and experiments. 

The metamaterial is designed with non-resonant unit cells valid for broadband 

frequency bandwidth. Furthermore, this study also demonstrates a method for 

transforming multi-directional wave propagation in the metamaterial, generated by 

conical refraction, into selective unidirectional wave propagation. In addition, the 

topology optimization is used to design new configuration of metamaterial unit 

cells for various deflection angles. Through findings from optimization results, the 

performance of the engineered metamaterial can be improved in terms of 

directional tunability. The proposed system in this study is expected to be applied 

in non-destructive testing of mechanical waves, ultrasonic imaging, and a novel 

type of cloaking. 

 

Keywords: Metamaterials, Conical refraction, Anisotropy, Elastic waves, 

Topology optimization 
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CHAPTER 1  

INTRODUCTION 

 

 

1.1 Phononic crystals and metamaterials 

Phononic Crystals (PCs) with periodically-arranged inclusions inside a 

homogeneous host are useful for controlling elastic and acoustic waves. Intrinsic 

wave phenomena found in PCs, such as bandgap [1-3] and negative refraction [4], 

can be used for various applications including wave focusing [5], waveguiding [6], 

wave filtering [7], and wave attenuation [8]. Because the manipulation of these 

wave phenomena is closely related to the manipulation of dispersion curves, 

accurate analysis of dispersion curves is important. In addition, tailoring of 

dispersion curves by varying various PC parameters such as material property, 

lattice symmetry, resonator shape, and rotation of inclusions has been an active 

field of study [9-16]. 
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Metamaterials are the other kind of periodic system, the structure size is much 

smaller than the wavelength (Phononic crystals have scalable size with the 

wavelength). For this reason, metamaterials can be considered under long-

wavelength assumption, and thus the effective property can be defined for 

metamaterials [17-19]. This is the reason why metamaterials have been received 

with great interest even though both phononic crystals and metamaterials can show 

amazing wave propagation phenomena. 

 

The effective properties of metamaterials are permeability and permittivity for 

electromagnetic waves; density and bulk modulus for acoustic waves; density and 

stiffness tensor for elastic waves. Among them, elastic waves have been known that 

the physics are especially difficult more than others. The reason of this difficulty is 

from coexistence of longitudinal and transverse waves. 

 

Now, it should be mentioned that metamaterials are highly useful for demonstrating 

special anisotropy of medium. As previously mentioned, metamaterials can be 

expressed with effective properties. If one controls the effective properties of 

metamaterials, they can show various wave propagation phenomena such as 

hyperlens [20, 21], cloaking [22], acoustic sensor [23], etc. Here, the negative 

effective properties are very valuable discovery. Many researches realize and 

exploit metamaterials having the negative effective properties with resonant type 

unit cells.  
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1.2 Motivation and research objectives 

A wave naturally propagates in the direction identical to an incident, rather than 

being refracted at a positive or negative angle, when the normal incidence of waves 

travels through isotropic media such as aluminum and steel [24, 25]. On the other 

hand, a spatial separation of normally incident waves with multidirectional 

deflection occurs by using the acoustic axes [26-28] (optical axes [29] for 

electromagnetic waves) which is a unique property, occurring in an anisotropic 

medium such as a biaxial crystal. Acoustic and optical axes are the direction in 

which two or more wave sheets meet in the Equi-Frequency Contour (EFC). This 

phenomenon, so-called conical refraction [25, 28-36] as mentioned above, is a 

feature that appears under specific anisotropic conditions, and is not available in a 

homogeneous isotropic medium. If an engineered structure were to be designed to 

produce conical refraction by only using a metallic medium such as aluminum, the 

structure would have numerous applications. To implement such a design, this 

study exploits a metamaterial, which has a periodic structure composed of sub-

wavelength scale unit cells, to realize the phenomenon of conical refraction. By 

doing this, a system to translocate mechanical stress waves using conical refraction 

is proposed. 

 

Metamaterials can be used to design a system exhibiting anisotropic characteristics 

because the sub-wavelength scale of unit cells can induce effective material 

properties [17-19] (Electromagnetic waves: effective permeability and permittivity; 
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acoustic waves: effective density and bulk modulus; elastic waves: effective 

density and stiffness). The effective properties of metamaterials can be exploited to 

control the anisotropy in a system and this is widely applicable in various fields 

such as hyperlens [20, 21], cloaking [22], and acoustic sensors [23]. In doing so, 

the value of an effective property in a metamaterial can be negative, which is 

important, because it mostly needs unit cells based on the resonant structure, 

thereby operating in narrow frequency bandwidth. 

 

Recently, new studies have been reported to propose anisotropic metamaterials 

showing conical refraction. In the case of electromagnetic waves, biaxial 

hyperbolic metamaterials have a negative value in one of dielectric constants along 

three principal directions; thus, the metamaterial shows conical refraction [37]. 

Furthermore, a metamaterial composed of a pseudochiral medium with a chirality 

parameter allows deflection of normally incident waves [38, 39]. Also, conically 

refracted waves have been demonstrated via numerical simulation by designing a 

specific EFC shape based on a bi-anisotropic metamaterial [40]. These studies 

excellently showed that electromagnetic waves can be deflected while propagating 

along metamaterials with specific effective properties due to conical refraction only 

existing in an anisotropic medium. However, further studies and experiments are 

strongly required to determine which structure would be able to realize this concept. 

Most importantly, these studies are limited to electromagnetic waves and no 
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theoretical and experimental studies have been conducted on metamaterials with 

elastic waves propagating along pipe or plate structures. 

 

In the thesis, the research objectives can be summarized as follows. 

 

 Realization of the anisotropic elastic metamaterial implementing conical 

refraction phenomenon 

In this study, we propose an elastic metamaterial plate with which to conically 

refract waves by using only aluminum, an isotropic metallic medium. The 

study implements the phenomenon onto a single-phase isotropic plate under 

specific anisotropic conditions. The proposed metamaterial deflects normally 

incident elastic waves inside the metamaterial, rather than propagating the 

waves directly. Furthermore, the numerical simulation and experiments show 

that, when exiting the metamaterial, the waves propagate in the direction 

perpendicular to the metamaterial slab, the incident direction. (See the 

schematic diagram in Fig. 3.1.) The elastic metamaterials used in this study are 

composed of non-resonant type unit cells with rectangular slits installed on an 

aluminum plate; thus, there are no restrictions on a narrow operational 

frequency bandwidth. Thus, our metamaterial is innovative in translocating 

stress waves at the broadband frequency. 
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 Translocation of elastic waves by exploiting the engineered metamaterial 

Also, this study suggests and examines a method of unidirectional, rather than 

multidirectional, deflection of elastic waves by using the proposed 

metamaterial. An elastic wave propagating along a plate can behave as if being 

a teleportation while passing the metamaterial slab. An elastic wave is a 

mechanical stress wave propagating along a solid medium and is used in the 

fields of nondestructive testing, structural health monitoring, and ultrasonic 

imaging techniques [41-44]. Elastic waves are more complex than 

electromagnetic waves or acoustic waves because they comprise a mixture of 

longitudinal and transverse waves [24, 25, 45]. Therefore, an innovative 

translocation of elastic waves through the engineered elastic metamaterial may 

considerably advance the aforementioned fields. 

 

 Design of metmaterial unit cells for adjusting the deflection angle by using 

the topology optimization method 

Topology optimization is a method that finds optimal material layout of 

structures which satisfy their design objectives. In this work, we explain the 

methodology to find a new configuration of metamaterial unit cells with 

respect to several deflection angles by using the topology optimization method. 

The objective function is to follow the target EFC shape. Formulations for 

conducting the topology optimization and the optimal results are introduced in 

this study.  
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1.3 Outline of thesis  

In Chapter 2, fundamentals of periodic structure are introduced; the dispersion 

curve in frequency domain and the equi-frequency contour in wavenumber domain 

are decisive indicator for interpreting the wave propagation in periodic structures 

such as phononic crystals, photonic crystals, and metamaterials. Especially, in 

elastic medium, the material identity can be expressed with the stiffness tensor. The 

wave propagation characteristics with respect to various stiffness tensors are 

explained to illustrate the condition for conical refraction of elastic medium. 

 

In Chapter 3, the anisotropic elastic metamaterial is proposed. The dispersion 

characteristics of elastic waves propagating inside the designed metamaterial is 

described with the dispersion curve and equi-frequency contour in the range of 

frequency interest. To satisfy the condition for conical refraction, a special 

anisotropy is satisfied with an elaborately designed metamaterial unit cell. Thus, 

the effective property of the metamaterial unit cell is exploited with the special 

relation between components of the stiffness tensor. Numerical simulations and 

experiments are conducted to demonstrate the conical refraction performance of the 

engineered metamaterial. There is also a methodology for adjusting the deflection 

angle. The broadband metamaterial is realized and verified here with experiments, 

which is based on a non-resonant type unit cell. Additionally, the system for 

selection of the travel path inside the metamaterial is reported. 
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In Chapter 4, an in-depth analysis on the engineered metamateiral is discussed. The 

perturbation study on the main geometric factors of the metamaterial unit cell is 

introduced. The effective property of the elastic metamaterial can be defined by S-

parameter retrieval method, and its procedure is discussed here. The phase 

information of transmitted elastic waves after passing through the metamaterial 

slab is analyzed, which is crucial for implementing the system of selection of travel 

path. Time transient analysis is conducted and compared with the harmonic 

analysis results in Chapter 3. Power transmission is calculated with the time 

transient analysis results. 

 

In Chapter 5, the design of metamaterial unit cells with topology optimization 

method is newly introduced for adjusting the deflection angle. Conical refraction 

can deflect elastic waves, and its deflection angle can be tuned by controlling the 

anisotropy of the system. Thus, the new system showing various deflection angles 

is proposed here from the optimization results. At first, the topology optimization 

of phononic crystals to maximize the bandgap size is introduced as an example of 

designing the periodic structure. Then, the formulations for the topology 

optimization of metmaterial unit cells are discussed, and its optimization results are 

reported. Optimal configurations for two target deflection angles are explained. 

 

In Chapter 6, we summarize the achievement of research objectives. 
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CHAPTER 2  

FUNDAMENTAL PRINCIPLES OF WAVE 

PROPAGATION IN PERIODIC ELASTIC 

MEDIUM 

 

 

2.1 Wave behaviors in periodic elastic structures 

2.1.1 Dispersion curves 

Dispersion curves and equi-frequency contours are very fundamental but important 

indicators since wave propagation features can be explained through those two 

graphs. Let’s explain firstly the Finite Element Method (FEM) of periodic 

structures to obtain the dispersion curves. Consider the governing equation 

describing wave motion in an elastic medium: 
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2

2
( )

t
    

     


u
u u                (2.1) 

 

where ( , , )u v wu  is the displacement vector,   and   are Lame’s 

constants, and the material density is  . The symbols   and t  denote gradient 

operator and time. Here in Chapter 2, it will be considered two-dimensional bulk 

phononic crystals lying on the x y  plane, in which waves are assumed to 

propagate on the x y  plane. In this circumstance, elastic waves can be 

decoupled into in-plane and out-of-plane modes according to the direction of 

displacement fields. Thus, equation (2.1) can be separated into the following forms: 

 

2

2

2

2

( 2 )

( 2 )

u v u v u
x x y y y x t

vu v v u
tx y x y y x

   



   

                                                                     

    (2.2) 

2

2

w w w

x x y y t
  

                 
.             (2.3) 

 

These two wave modes are independent from each other, so in-plane and out-of-

plane wave modes are analyzed separately. For periodic structures of which the 

unit cell is defined as  , the Floquet-Bloch wave solutions are used to solve 

equations (2.2) and (2.3) as 
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( )( )
  for in-plane waves

( )
i tu u

e
v v

   
   

   

Tk rr

r




,          (2.4) 

 ( ) ( )   for out-of-plane wavesi tw w e 
Tk rr           (2.5) 

 

where ( ,  , )u v wu     is the  -periodic displacement vector, ( ,  )x yr  is the 

position vector, ( ,  )x yk kk  is the wavevector, and   is angular frequency. 

With equations (2.4) and (2.5), the finite element equations corresponding to 

equations (2.2) and (2.3) become 

 

2[ ( ) ] 0        K k M U                 (2.6) 

 

where U  is the nodal point displacement vector of the unit cell, and ( )K k  and 

M  are the stiffness and mass matrices that can be expressed as 

 

 1 2 1 2( ) ( ) i i d


    TK(k) B B C B B ,           (2.7) 

  d


  TM H H                    (2.8) 

 

where H  is the displacement interpolation matrix. The elastic stiffness matrix C  

is defined as 
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C  (2.10) 

 

where E  is Young’s modulus and   is Poisson’s ratio. For the plate structure, 

the stiffness matrix C  is changed into the two-dimensional plane stress condition. 

The matrix 1 2( )iB B  is the strain-displacement matrix that can be constructed 

by the following process: 
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The nodal displacement vector U  has the dimensions (2 1)m   for in-plane and 

( 1)m  for out-of-plane wave modes respectively where m  is the total number 

of nodes in the unit cell. The nodal displacements for a square unit cell can be 

grouped as 

 

 in l u r b ul ur bl br
   U U U U U U U U U U          .    (2.13) 

 

Subscripts denote the location of nodal points sequentially in accordance with 

inner, left, upper, right, bottom, upper left, upper right, bottom left, and bottom 

right of the unit cell, respectively. From equations (2.4) and (2.5), rU  can be 

expressed in terms of lU , and bU  in terms of uU . Likewise, urU , blU , and 

brU  can be expressed through ulU . Therefore, it is convenient to define 

in l u ul
   fU U U U U      consisting of independent nodal displacements and 

introduce a transformation T  such that 

 

 in l u ul
   fTU T U U U U U      .           (2.14) 

 

Substituting equation (2.14) into equation (2.6) yields 
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 2[ ( ) ] 0        T T
fT K k T T MT U ,          (2.15) 

 2[ ( ) ] 0        f f fK k M U             (2.16) 

 

where ( ) ( ) T
fK k T K k T  and  T

fM T MT . The system stiffness fK  and 

mass fM  matrices are constructed by assembling element stiffness ( eK ) and 

mass ( eM ) matrices as 
1

N

e
e

 fK K  and 
1

N

e
e

 fM M  where N  is the total 

number of the finite elements used to discretize the unit cell. 

 

Equation (2.16) is the final step of eigenvalue problem to obtain the dispersion 

curve of periodic structures. By solving this eigenvalue problem, one can get the 

relation between frequency and wavenumber. As an example, the dispersion curve 

of two-dimensional bulk phononic crystal of which period is 0.2 m is plotted in Fig. 

2.1. Phononic crystal is constructed with aluminum host and tungsten inclusion. 

Between the third and fourth branches, the small bandgap is measured. This 

bandgap prevent wave propagating along the phononic crystal, and furthermore it 

can be enlarged by controlling the radius of corner inclusion or other geometric 

parameters. 
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When designing the periodic structures to maximize the bandgap size, the 

parameter studies involve especially the periods of unit cells. Then, the supercell 

analysis [46] might be essential to analyze the exact wave propagation 

characteristics. In Appendix, we introduce periodicity-preserving bandgap 

maximization problem for two-dimensional bulk phononic crystals. 

 

 

2.1.2 Equi-frequency contours 

Now, let’s move into how to obtain Equi-Frequency Contour (EFC) involved in 

understanding the wave propagating direction inside the periodic structure. Let’s 

start from following equation (2.17): 

 

2e e e eK U M U .                   (2.17) 

 

With given frequency, element stiffness ( eK ) and mass ( eM ) matrices can be 

expressed as 

 

( ) ( )j j d


   H
eK = B kN C B kN ,             (2.18) 

e d


  T
eM N N                     (2.19) 
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where the superscript H denotes the Hermitian operator and N is the 

displacement interpolation matrix. 

 

By setting the wavevector k  as k kk n  with the directional unit vector 

( , , )x y zn n nkn , the element stiffness matrix is changed into the following form: 

 

2

2

( ) ( )

     ( )  

        ( ) ( ) ( ) 

    ( ) ( ) 

        ( )  ( )

   

j j d

d jk d

jk d jk jk d

k j j d
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H
e

H H
k

H H
k k k

H
k k

H H H
k k

e e e

K = B kN C B kN

= B CB n N CB

B C n N n N C n N

n N C n N

n N CB B C n N B CB

A B C

     (2.20) 

with 

( ) ( ) j j d


  H
e k kA n N C n N                                    (2.21) 

( )  ( )j d j d
 

   H H
e k kB n N CB B C n N                       (2.22) 

d


  H
eC B CB .                                             (2.23) 

 

The eigenvalue equation (2.17) now can be converted into the following form: 
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2 2

2 2

( )

{ ( )} 0.

k k

k k





  

   

e e e e e e

e e e e e

A B C U M U

A B C M U
            (2.24) 

 

By constructing the global matrices, the eigenvalue problem is expressed as 

 

2 2{ ( )} 0k k    g g g g gA B C M U             (2.25) 

 

where 
1

( )
eN

m
m

g eA A , 
1

( )
eN

m
m

g eB B , 
1

( )
eN

m
m

g eC C  and 

1

( )
eN

m
m

g eM M . Note that eN  is the total number of the finite elements used to 

discretize the unit cell. 

 

To solve equation (2.25) for the eigenvalue k, it is convenient to change the 

equation (2.25) into the equation as following, 

 

2( )
k

k k
       

                

g g

g g g g g g

0 I U I 0 U

C M B U 0 A U
.       (2.26) 

 

Note that wavenumber k contains the real and complex number. 
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Now, one can obtain the equi-frequency contour for the given angular frequency 

  using the eigenvalue problem of equation (2.26). As an example, the equi-

frequency contours of two-dimensional bulk phononic crystal of which period is 

0.2 m is plotted in Fig. 2.2. Phononic crystal is identical with the one in Fig. 2.1. 

The contour plot is drawn for three different frequencies of 62 kHz, 64 kHz, and 66 

kHz (Each contour is plotted with blue, black, and red color.). Because of 

inhomogeneity, the contours for longitudinal and shear waves of the phononic 

crystal have larger radius than the ones of homogeneous aluminum medium 

denoted as Al_longi and Al_shear, respectively. It means that the wave velocity in 

periodic structures becomes slowed down. 

 

Here, the most important thing is that the normal direction to the contour means the 

direction of wave energy propagation. Thus, for the bulk aluminum medium, the 

shape of contour is circular form because of homogeneity. Otherwise, for the 

periodic structure, the shape of contour is bulged in and out according to the 

direction. Using this feature, wave propagating directions can be elaborately 

controlled by designing the periodic structures. 
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2.2 Brillouin zones in two-dimensional periodic structures 

In Section 2.2, the direct lattice and the reciprocal lattice for the most well-known 

type of two-dimensional periodic structures are introduced. In addition, what 

Brillouin zone [47] appearing in analyzing process of dispersion curves and Equi-

frequency contours means is also explained. 

 

First, in the case of two-dimensional periodic structure consisting of square unit 

cells, the direct lattice which is also known as a physical space can be defined as 

followings: 

 

  ( ,  : integer)m n m n mn 1 2R a a              (2.27) 

ˆ ˆ,  p p 1 2a x   a y                    (2.28) 

 

where p is period of square unit cell, 1a  and 2a  are unit vectors in direct lattice, 

x̂  and ŷ  are the directional unit vectors, and mnR  is the position of possible 

lattice points defined as an integral multiple of unit vectors (See Fig. 2.3(a)). 

 

Also, it is possible to determine the reciprocal lattice by using the Fourier analysis 

which describes the relationship between physical space and the wavenumber 

space. Reciprocal lattice have unit vectors 1b  and 2b , and these unit vectors 
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have special relationship with unit vectors of direct lattice as followings: 

 

2

( 1   if    and  0   if  )

ij

ij iji j i j



 

 

   
i j                   b a

          (2.29) 

 

where ij  is Kronecker delta. Reciprocal lattice means a wavevector space (i.e., 

( , )x yk kk ) of periodic structures as shown in Fig. 2.3(b). Note that it is 

necessary for Brillouin zone to discuss the reciprocal lattice. Reciprocal lattice of 

square lattice is constructed by equation (2.29) and it can be expressed as follows: 

 

  ( ,  : integer)r s r s rs 1 2G b b               (2.30) 

2 2
ˆ ˆ,

p p

 
 1 2b x   b y                  (2.31) 

 

where rsG  is the position of reciprocal lattice points defined as an integral 

multiple of 1b  and 2b  (See Fig. 2.3(b)). 

 

Since we identified how to configure the direct lattice and reciprocal lattice of two-

dimensional periodic structures, now the method for finding the Brillouin zone is 

examined. At first, Brillouin zone which is utilized to understand the wave 

propagation aspect includes the primary, secondary and higher order of Brillouin 
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zones. Bragg condition is satisfied at the boundary of Brillouin zone. The 

frequency information at the position of a particular wavevector point in the first 

Brillouin zone has the identical with the one at all corresponding reciprocal lattice 

points which are integral multiple of unit vectors. This is the reason why Brillouin 

zone has important meaning in wave physics in the field of periodic structures. 

 

As we explained the meaning of Brillouin zones in the reciprocal lattice, there is 

now need to know the Wigner-Seitz cell [48] to follow-up the procedure of finding 

the irreducible Brillouin zone. If one selects a certain reference point in reciprocal 

lattice as shown in Fig. 2.3(b), then one can draw four lines connecting the most 

adjacent points. These lines are denoted as dashed line in Fig. 2.3(b). Then, one can 

find the square polygon by depicting the vertical bisector of previous four lines. 

This square polygon is the so-called Wigner-Seitz cell and becomes the first 

Brillouin zone of the square unit cell. In the same way, the repetitive procedure can 

make the second and higher Brillouin zones. 

 

With above described method, the first Brillouin zone of square lattice can be 

drawn as shown in Fig. 2.3(b). It is located at the region of 

/ , /x yp k k p     marked with blue color. In most cases, the square unit 

cell is horizontally and vertically symmetric structure. Then, the wavevectors only 

along the line X M     are considered to identify wave propagation 

physics of periodic structures. It is so-called the irreducible Brillouin zone [47]. For 
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the square lattice case, symmetrical points of the irreducible Brillouin zone can be 

denoted as 

 

ˆ ˆ ˆ,  ,   
p p p

  
  0  X Mx x + y .             (2.32) 
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2.3 Wave propagation characteristics by changing the 

stiffness tensor 

The material property of an elastic medium can be expressed by its density and 

elastic stiffness tensor. These material properties represent medium identity 

because of the uniqueness of material properties. Thus, each property in a medium 

such as aluminum, steel, and copper has inherent values. The material property of 

an anisotropic medium may have complexity, compared to the simplicity of an 

isotropic medium. Such complexity can be actively applied for the implementation 

of new wave phenomena. Section 2.3 focuses on C11 and C66, elastic stiffness 

tensor components that are closely related to longitudinal waves and transverse 

waves in an elastic medium. We analyze the EFC shape and the wave propagation 

aspect as the value of C11 of an anisotropic medium as being less than, greater than, 

or equal to the value of C66. 

 

At first, the following description investigates wave propagation at 90 kHz along 

an isotropic aluminum plate prior to investigating elastic waves propagating along 

an anisotropic medium. Fig. 2.4 shows that C11 of the elastic stiffness tensor is 

greater than C66, and that the EFC shape is circular. Among the two circular curves, 

the inner curve represents the S0 wave (longitudinal wave), and the outer curve 

represents the SH0 wave (transverse wave). All isotropic media have a circular EFC 

shape because C11 is always greater than C66, and accordingly the speed of the 
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longitudinal wave is always higher than that of the transverse wave. The results of 

wave propagation simulation with a longitudinal wave source explain that the field 

distribution is only measured in the normal stress plot along the x direction. Note 

that Perfectly Matched Layers (PMLs) are used to absorb reflections from the outer 

boundary in both the right and left areas. 

 

From now on, we consider the case where a 90 kHz S0 wave is normally incident 

on an anisotropic medium having the elastic stiffness tensor values with C11 = 

10.722 GPa, C12 = 1.994 GPa, C22 = 10.722 GPa, and C66 = 1.072 GPa, as 

shown in Fig. 2.5. Here C11 is ten times greater than C66, and thus the EFC 

formation is curved, rather than circular. For more details, the outer curve is convex 

to the x and y axes, and concave in the 45 and -45 degree directions. The EFCs of 

the longitudinal and transverse waves in aluminum are represented by blue and red 

dashed lines for reference. Seeing wave propagation simulation, the black dashed 

box corresponds to the anisotropic medium area; the rest of the area corresponds to 

aluminum. Wave propagation is only measured in the normal stress plot ( xx ); no 

measurement is obtained in the shear stress plot ( xy ). Furthermore, incident 

waves pass through the anisotropic medium along the normal direction, and 

continue along the initial direction even after exiting the anisotropic medium. This 

behavior is no different from the one of an isotropic medium. 
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The following case considers that C66 is increased to C66 = 4.072 GPa, otherwise 

holding the same values of elastic stiffness tensor component in Fig. 2.5. Thus, as 

shown in Fig. 2.6, C11 is two and half times higher than C66. Examining the outer 

curve of EFC, the convexity to the x and y axes is reduced, compared to that shown 

in Fig. 2.5, whereas the convexity is increased in the 45 and -45 degree directions. 

This tendency is more clearly described through Fig. 2.7 and Fig. 2.8. When C66 is 

gradually increased to C66 = 7.072 GPa and C66 = 9.072 GPa, the outer curves 

become more concave to the x and y axes, and convex in the 45 and -45 degree 

directions. However, there is still no tremendous change in the wave propagation 

aspect from the simulation result. 

 

From these studies of variation of the elastic stiffness tensor, we can figure out the 

important feature that two curves intersect on the kx axis of EFC as the values of 

C11 and C66 approach each other. Also, it reaches the analytical solution to put in 

the special conditions, the relationship between components of the effective 

stiffness tensor: 11 66C C  and 16 26 0C C  , into the Christoffel equation 

2 2( )u 0im im mk     . 

 

Now we especially pay attention to the situation satisfying 11 66C C , as shown in 

Fig. 2.9. The EFC curves are degenerated on the xk  axis, and thus the existence 
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of a conical double point is revealed. If a wave incident on the anisotropic medium 

satisfying the condition 11 66C C , transmitted waves are conically deflected and 

propagate along the newly generated upper and lower paths, rather than 

propagating in the x direction. It is well verified in the black dashed box, and more 

cleared interpretations are provided in Chapter 3. Furthermore, seen in the red 

dashed box, waves after exiting the anisotropic medium are spatially separated and 

propagate along both the upper and lower paths. Additionally, the field distribution 

is newly measured in the shear stress plot as well as the normal stress plot. This 

unique wave propagation characteristic can occur in special cases satisfying 

11 66C C , which attracted our attention. Our study is conducted to induce the 

specific structure showing the conical refraction phenomenon and to test viable 

applications. 

 

On the other hand, the question arises for the case where C66 is greater than C11. 

Fig. 2.10 corresponds to the results of the wave propagation simulation using an 

anisotropic medium with C66 = 12.722 GPa. In this case, the conical refraction 

phenomenon cannot occur. Therefore, the simulation produces results of wave 

propagation in the x direction as in a common medium. 
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Figure 2.1 Dispersion curve of a periodic structure having aluminum host and 

tungsten inclusion. Configuration of unit cell (left). Dispersion curve (right). 
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Figure 2.2 Equi-frequency contours of a periodic structure having aluminum host 

and tungsten inclusion. Configuration of unit cell (left). EFCs at three different 

frequencies in the first Brillouin zone (middle). EFC at 64 kHz in the whole 

wavevector domain (right). 
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Figure 2.3 (a) Direct lattice of the two-dimensional periodic structures consisting 

of square unit cells having period p. (b) Reciprocal lattice and Brillouin zones. 
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Figure 2.4 EFC shape and S0 wave propagating simulation for the aluminum 

medium. 
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Figure 2.5 EFC shape and S0 wave propagating simulation for the effective 

medium of which stiffness property C11 is greater than C66 about 10 times. 
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Figure 2.6 EFC shape and S0 wave propagating simulation for the effective 

medium of which stiffness property C11 is greater than C66 about 2.5 times. 
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Figure 2.7 EFC shape and S0 wave propagating simulation for the effective 

medium of which stiffness property C11 is greater than C66 about 1.4 times. 
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Figure 2.8 EFC shape and S0 wave propagating simulation for the effective 

medium of which stiffness property C11 is greater than C66 about 1.1 times. 
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Figure 2.9 EFC shape and S0 wave propagating simulation for the effective 

medium of which stiffness property C11 is equal to C66. 
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Figure 2.10 EFC shape and S0 wave propagating simulation for the effective 

medium of which stiffness property C11 is a little less than C66. 
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CHAPTER 3  

ELASTIC WAVE TRANSLOCATION 

METAMATERIALS BY CONICAL REFRACTION 

 

 

3.1 Overview 

Conical refraction phenomenon [28-36] has been considered mainly in the optics 

and electromagnetics. However, this phenomenon is somewhat uncharted territory 

for ultrasonics, and only a few researches [30-33] have been conducted 

theoretically. Even though laser beam or electromagnetic waves can be conically 

deflected through specific anisotropic medium implementing the conical refraction, 

the application of conical refraction has not been clearly investigated. 

 

In this chapter, we realize the anisotropic elastic metamaterial demonstrating the 

conical refraction phenomenon. The engineered metamaterial is proposed by 
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considering how to fulfill the condition for the conical refraction. The slit-based 

unit cell plays a role that the velocities of the longitudinal and the transverse waves 

are equal to each other. In numerical simulations, the ability of multi-directionally 

deflection is demonstrated with the von Mises stress field distribution. Thus, an 

elastic wave propagates along the newly generated two paths inside the 

metamaterial. The deflection angle depends on the anisotropy of the metamaterial. 

This feature is exploited for adjusting the deflection angel, and its results are 

introduced. 

 

When elastic waves exit the metamaterial slab, they propagate in the normal 

direction to the boundary of the metamaterial slab, i.e., in the x direction. The 

performance of the designed metamaterial is verified by experiments. We explain 

the details of the experimental setting and procedure from generating to measuring 

the wave signal at the plate. Short-time Fourier transform results effectively 

identify the performance of the proposed metamaterial. Furthermore, our proposing 

metamaterial shows a wide operating frequency range because it is based on a non-

resonant type unit cell. This could be very strong advantage for application of 

various wave propagation systems. In addition, a new system that enables choosing 

the travel path among two paths is discussed. We verify this ability by numerical 

simulations and experiments. 
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3.2 Design and realization of anisotropic metamaterials 

3.2.1 Condition for conical double point in elastic medium 

As shown in Fig. 3.1b, to implement conical refraction such that it deflects the 

elastic plane wave normally incident in the x-direction, the metamaterial would 

need to be designed with the specific EFC shape. For the engineered EFC, two 

wave sheets represented by the red and blue solid lines intersect at the wavevector 

xk  axis as shown in Fig. 3.2b. To achieve this EFC shape, the effective stiffness 

tensor of the elastic metamaterial is required to satisfy special conditions such that: 

11 66C C , and 16 26 0C C  . Also, by solving the Christoffel equation 

2 2( )u 0im im mk      [24, 25] with the conditions, 11 66C C  and 

16 26 0C C  , we can confirm the degenerated double point, the conical point at 

the xk  axis. It is identical with the EFC obtained from a finite element method 

shown in Fig. 3.2. 

 

In the long-wavelength area where the effective property can be defined, the values 

of 11C  and 66C  show the following relationships to the velocities of the 

longitudinal wave (the lowest symmetric Lamb wave mode: S0-wave) and 

transverse wave (the lowest shear-horizontal wave mode: SH0-wave): 

11 /LV C  , 66 /TV C  , respectively, where LV  and TV  imply the 
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phase velocity of the longitudinal and transverse waves. In a common isotropic 

medium (e.g., aluminum: 32700 kg/m  , 69 GPaE  , 0.33  ), 

2
11 / (1 ) 77.4 GPaC E     is always greater than 66 / (2 2 ) 25.9 GPaC E     

and therefore, the longitudinal wave velocity ( 5355.2 m/sLV  ) is always higher 

than the transverse wave velocity ( 3099.6 m/sTV  ). It can be also confirmed by 

comparing the two slopes of the gray dashed lines on the ΓX  direction of 

dispersion curve shown in Fig. 3.2a. The steeper gray dashed line represents the 

longitudinal wave mode of a 1 mm aluminum plate, and the other line represents 

the transverse wave mode. Note that these lines are marked in the form of two 

gray-colored dashed circles on EFC. 

 

In this regard, a metamaterial satisfying the condition 11 66C C  with the EFC 

shape as shown by the red and blue solid lines in Fig. 3.2b, needs to be designed 

such that its structure lowers the value of LV  to equal TV  in the ΓX direction 

of the dispersion curve. Importantly, in a longitudinal wave, particle motion occurs 

in the x-direction, whereas in a transverse wave, particle motion is in the y-

direction. This fact results in a structure based on the idea that waves are hindered 

while propagating in the x-direction and less affected while propagating in the y-

direction. In this sense, a structure is designed by inserting a long rectangular slit in 

the y-direction, thereby achieving a large reduction of the propagation speed of 

longitudinal waves and a small reduction in the propagation speed of transverse 
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waves to lead to equality between LV  and TV . 

 

 

3.2.2 Engineered metamaterials 

Therefore as shown in Fig. 3.1, an elastic metamaterial plate is engineered so as to 

have periodically patterned rectangular slits on the 1 mm thick aluminum plate. To 

satisfy the other condition 16 26 0C C   for the targeted EFC shape, a 

metamaterial unit cell is designed to have horizontal line symmetry. The lattice 

periods of the metamaterial are 3.5 mmxL   and 5 mmyL   in the x- and y-

directions, respectively. The width and height of the slit are 0.7 mmwS   and 

2.7 mmhS  , respectively, and the gap between adjacent slits in the x-direction is 

2.0 mmdS  . The unit cell geometric parameters are fine-tuned to obtain the 

effective stiffness tensor to implement the required EFC shape. This proposed 

metamaterial enables the quasi-longitudinal wave mode (blue square line) and 

quasi-transverse wave mode (red circle line) to meet in the targeted frequency band 

between 60 kHz and 120 kHz, as shown in Fig. 3.2a. On the EFC plot two types of 

wave sheets can be seen to intersect on the xk  axis, as shown in Fig. 3.2b. 

 

Furthermore, this study calculates the effective property at 10 kHz intervals in the 

targeted frequency band by using the S-parameter retrieval method [49] to confirm 
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whether the conditions 11 66C C  and 16 26 0C C   are satisfied in the 

designed metamaterial. The metamaterial satisfies the required conditions, as 

evident from Table 3.1. The value of an effective property can be found by 

approximating a thin three-dimensional plate as two-dimensional (2D) plane stress 

in the long wavelength area. Thus, the effective property values found in this study 

are obtained based on the metamaterial unit cell under a 2D plane stress condition. 

 

At last we successfully engineer an elastic metamaterial plate showing conical 

refraction, a special anisotropic characteristic, by only using aluminum, an 

isotropic homogeneous metal. The proposed structure uses non-resonant-type unit 

cells to confer the requisite effective property on the metamaterial, thereby 

achieving a very broad operating frequency bandwidth reaching more than several 

tens of kHz. Note that because the size of a metamaterial unit cell is approximately 

0.13  at a frequency of 90 kHz, the effective medium theory can be applied 

effectively to this study. 
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3.3 Numerical simulations for conical refraction of elastic 

waves 

3.3.1 Wave propagation simulations 

Wave deflection based on conical refraction, occurring only in a few anisotropic 

medium, is achieved by inserting the designed elastic metamaterial into an 

aluminum plate. An elastic stress wave, normally incident on the engineered 

metamaterial, is deflected upward and downward at an angle of d . In this case, 

either the longitudinal wave or transverse wave can be deflected from the 

metamaterial. Thus, the center area behind the metamaterial can be designated as a 

safety zone that is unaffected by an elastic wave accompanied by stress, as shown 

in Fig. 3.1b. 

 

To verify the conical refraction of elastic waves, this study establishes the 

simulation model described in Figs. 3.3(a) and 3.3(d). We analyze the simulation of 

harmonic wave propagation by using finite element software COMSOL 

Multiphysics. Plane wave sources of longitudinal waves (L-wave, 59.5 mmL  ) 

or transverse waves (T-wave, 34.4 mmT  ) at 90 kHz are normally incident in 

the x-direction. To absorb boundary reflection on both the right-end and left-end 

boundaries, Perfectly Matched Layers (PMLs) are applied. The vertical source 

length is set at 250 mm and equivalent to approximately 4 L . Figs. 3(b) and 3(e) 
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show the simulation results with the normalized von Mises stress field. The white 

solid box is the area in which the metamaterial is installed, composed of 12800 unit 

cells (80   160 unit cells). Accordingly, the metamaterial is 280 mm wide and 

800 mm high. 

 

We can confirm that normally incident waves are deflected at the angle of 

37.9d   . Note that the propagating direction of elastic waves after exiting the 

metamaterial slab is still initial x-direction. Furthermore, the elastic waves undergo 

translocation, into either the upper or the lower path after passing the metamaterial 

whereas the elastic waves propagated horizontally at the center of the plate before 

entering the metamaterial. The effect of elastic stress waves on the center area 

behind the metamaterial is minimized because of the installation of the engineered 

metamaterial; otherwise, the waves would have fully impacted the safety zone. 

 

On the other hand, replacement of the engineered metamaterial area, corresponding 

to the white solid box, by an effective medium, the same simulations show the 

equivalent performance, as shown in Figs. 3.3(c) and 3(f). The white dashed box 

represents the effective medium area with the values of the effective property at 90 

kHz in Table 3.1. The width and height of the area are not changed by the 

replacement. As a result, the waves are confirmed to have been conically deflected 

at the angle of d , as the case of direct insertion of the designed metamaterial. We 
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hereby identify that the metamaterial having required anisotropy is tested to be 

capable of wave translocation based on conical refraction. 

 

Additionally, this study conducts a simulation of time transient analysis with the 

designed metamaterial. The findings correspond to the results from the simulation 

of harmonic wave propagation (See Chapter 4.). The simulation clearly explains 

the progress of wave propagation, deflecting inside the metamaterial by conical 

refraction; and the propagation path of the waves outside the metamaterial. Also, 

we introduce the power transmission of the incident waves entering the 

metamaterial slab, quantifying the amount of wave penetration, whose values are 

reported in the Chapter 4. 

 

 

3.3.2 Adjusting the deflection angle by altering the anisotropy 

factor 

The deflection angle d  of an elastic wave incident on the acoustic axes can be 

obtained from the EFC of the engineered metamaterial. Our structured 

metamaterial has a deflection angle 37.9d   . It is well known that, on the EFC 

of an anisotropic medium, the curvature of the quasi-longitudinal wave and quasi-

transverse wave modes on the xk  axis is adjustable with the anisotropy factor 

66 11 122 / ( )A C C C   [25]. Thus, we can propose a system having a different 
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deflection angle by changing the anisotropy factor for the proposed metamaterial 

while satisfying the conditions for conical refraction. 

 

First, the conical double point for the metamaterial is required to satisfy the 

effective stiffness tensor conditions such that 11 66C C  and 16 26 0C C  . Let 

us start from using the effective property of the existing metamaterial at 90 kHz. To 

adjust the anisotropy factor 66 11 122 / ( )A C C C  , we consider an effective 

medium having a different 12C  value but fixed 11C  and 66C  values. When 

12C  happens to be 9
12 1.994 10C  , the deflection angle from the EFC is 

obtained as 30.6d   . On the EFC shown in Fig. 3.2(b), the curvature on the 

xk  axis should be deformed as a consequence of the changes in the anisotropy 

factor. Here we introduce the numerical simulation result as shown in Fig. 3.4(a). 

The setting for the simulation is identical with the one in Fig. 3.3. A 90 kHz L-

wave is incident on the effective medium having an effective property of 

9
12 1.994 10C  . The deflection angle is confirmed as 30.6d   , which is less 

than 37.9d    of the previously engineered metamaterial. Because the current 

case satisfies the condition of 11 66C C  and 16 26 0C C  , it shows the 

performance that the elastic waves are conically refracted and translocated after 

passing through the metamaterial slab. The only change is the deflection angle, and 

thus the explanations in Section 3.3.1 are all applicable to the current model. 
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Fig. 3.4(b) shows the case in which the 90 kHz L-wave is normally incident on the 

effective medium having an effective property of 9
12 9.994 10C  . The other 

components are equivalent to those for the existing metamaterial at 90 kHz. 

Because this case still satisfies the conditions for the occurrence of conical 

refraction, the elastic waves are multi-directionally deflected despite their normal 

incidence. Furthermore, the deflection angle is much widened and confirmed as 

44.0d    according to the changed anisotropy factor. Further studies on the 

configuration of the metamaterial unit cell will be subsequently introduced for 

various deflection angles. 

 

Our proposing metamaterial system is expected to be useful by placing it an 

appropriate location to protect the zone where the mechanical stress waves can be 

fatal. The engineered metamaterial with a deflection angle of 37.9d    can 

have a safety zone of about 0.1859 m. The size of this safety zone can be explained 

from the numerical simulations in Fig. 3.3. The vertical size of the safety zone can 

be determined using the width and deflection angle of the metamaterial slab with 

the relation as following: 2 width of AEMM tan width of sourced   . Of 

course, the larger the width of the metamaterial slab, the greater the vertical size of 

the safety zone. However, it is meaningful to explain the size of the safety zone for 

various deflection angles based on the fixed metamaterial slab width satisfying the 

Fabry-Perot resonance condition ( kd n ). In Fig. 3.3 and Fig. 3.4, the width of 
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metamaterial slab is fixed with 0.28 m. Thus, when the deflection angle is 

30.6d   , the vertical size of the safety zone is 0.0812 m. When the deflection 

angle is 44.0d   , the vertical size of the safety zone is 0.2908 m. 
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3.4 Experimental demonstration of metamaterials 

3.4.1 Experimental procedure 

The experiment shown in Fig. 3.5(a) is established to test the effectiveness of the 

engineered elastic metamaterial, which is microfabricated onto an aluminum plate 

with dimensions of 2400 1200 1   mm by using a laser-cutting machine 

(TRUMPF TruLaser 5030 fiber). The metamaterial is patterned with 80  160 unit 

cells in both the x- and y-directions, respectively. The circumstance is equivalent to 

the simulation model shown in Fig. 3.3. The metamaterial is 280 mm wide and 800 

mm high and located at the center of the aluminum plate. A zoomed-in view of the 

actually fabricated metamaterial is shown in the right panel of Fig. 3.5(a), and this 

metamaterial is elaborately manufactured nearly error free as engineered. 

 

A transmitter is used for wave excitation by placing a coil and magnet on a nickel 

patch bonded to a plate. Elastic waves are generated along the plate due to the 

mechanical deformation of the patch based on the magnetostriction effect [50-52]. 

Two transmitters elongated in the y-direction [53] are used to excite the plane wave, 

reaching a size of 250 mm. Each transmitter generates L-wave or T-wave, and is 

packaged by changing the configuration of their magnet and coil, respectively. 

They are installed at distances of 4 238 mmL LL    and 

4 138 mmT TL    from the entrance of the manufactured metamaterial. Note 
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that the excitation locations LL  and TL  of waves are identical with the setting in 

simulations in Fig. 3.3. 

To demonstrate the translocation of waves after passing the structured metamaterial, 

the wave signals are measured while moving the receiver, at 17 measurement 

points that are distributed 50 mm wide above the vertical line 100 mm away from 

the exit of the metamaterial. Two types of receivers are used to collect the L-waves 

and T-waves, respectively. This characterized experimental environment is shown 

in Fig. 3.5(b). 

 

The excitation Gabor pulse signals used for the experiment are generated by a 

function generator (Agilent Technologies 33220A). They are amplified by a power 

amplifier (T&C Power Conversion AG1017L) before being sent to the transmitters. 

The Gabor pulse signals centered at 90 kHz are represented as amplitude by time, 

shown in the upper panel of Fig. 3.5(c). Then, the signals measured by the receiver 

are amplified through a pre-amplifier (Stanford Research Systems SR560) and 

measured as shown in the middle and lower panels of Fig. 3.5(c). 

 

A detail flowchart of the experimental procedure can be explained with images of 

laboratory equipment. Fig. 3.6(b) shows the essential equipment for conducting 

experiments in this study. A function generator (Agilent Technologies 33220A) is a 

device that is used to excite various shapes of sources such as Gabor, sine, 

rectangular pulses. We send a source signal to a transmitter by primarily selecting 
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signal information such as frequency and burst period. Fig. 3.6(a) is an 

experimental flowchart showing the overall procedures by which the generated 

signals are transmitted by the transmitter and the signals measured by the 

oscilloscope are analyzed. Wave signals generated from the function generator pass 

a power amplifier (T&C Power Conversion AG1017L) before entering the 

transmitter to produce sufficient signal intensity. An adequate amplification ratio is 

selected according to the content of experiment. The waves sent to the transmitter 

propagate along a plate, and scattered signals affected by the structure 

configuration inside the plate reach the receiver. These measured signals are 

amplified by the pre-amplifier (Stanford Research Systems SR560) and finally sent 

to the oscilloscope. 

 

The metamaterial plate used in the experiment is fabricated according to the 

dimensions shown in Fig. 3.7. The metamaterial composed of 12800 unit cells is 

located at the center of the aluminum plate, 2500 mm wide and 1200 mm high. A 

sufficiently large size of a plate is considered to absorb the boundary reflection 

effect coming from the left- and right-end boundary. Because the study uses a 250 

mm long source to satisfy the plane wave condition, the proposed metamaterial is 

patterned with 80 160  unit cells to allow for a sufficient width and height for 

testing the performance of that metamaterial. 

 

The output signals measured by the oscilloscope are the voltage amplitude as a 
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function of time. Two types of receivers are capable of measuring either an S0 wave 

or SH0 wave, respectively. They can categorize the measured signals into two 

subgroups. Fig. 3.8 and Fig. 3.9 show experimental raw data by using the S0 wave 

receiver at 17 measuring points. The signal highlighted in blue color near 190 s  

is measured immediately after passing the metamaterial and the most intense 

signals are measured near points #4 and #14. However, few signals are measured at 

point #9, at the center of the plate. The signals detected after 500 s  denote the 

reflected waves caused from the outer boundary and are not used for signal 

processing. The experimental results for demonstration of the conical deflection, 

shown in Fig. 3.12(a), can be obtained after undergoing the STFT process with 

these 17 signals. 

 

The SH0 wave also occurs after passing the metamaterial slab even in the case that 

the S0 wave is excited by a transmitter. Experimental raw data measured by the SH0 

wave receiver confirms this occurrence as shown in Fig. 3.10 and Fig. 3.11. The 

signals highlighted in red color near 200 s  are measured after passing the 

metamaterial, and as with the S0 wave, the most intensive signals are measured 

near points #4 and #14. 
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3.4.2 Short-time Fourier transform results 

Now, we explain the experimental results that how elastic waves of 90 kHz can be 

deflected and translocated through the manufactured elastic metamateiral. Fig. 3.12 

shows a plot of the Short-Time Fourier Transform (STFT) by using measured data 

from a receiver. Figs. 3.12(a) and 3.12(b) are the results of experimental models 

where waves are excited by an L-wave transmitter and measured by an L-wave or 

T-wave receiver. Figs. 3.12(c) and 3.12(d) are the results of the experimental 

models where the waves are excited by the T-wave transmitter and measured by the 

L-wave or T-wave receiver. These plots confirm that waves normally incident on 

the metamaterial appear at the translocated position after passing the metamaterial. 

Thus, wave measurements are rarely obtained at measure point #9 (central area); 

wave measurements are dominant near points #5 and #13 where waves propagate 

along the path transferred by conical refraction of the metamaterial. Furthermore, 

both L- and T-wave modes propagate after exiting the metamaterial even in the 

case that either the L-wave or T-wave enters the metamaterial. Such proposed 

metamaterials are applicable to various wave-use devices because the metamaterial 

can translocate the paths of elastic waves and facilitate wave propagation with 

mode conversion. 

 

The arrival time of a signal reaching the receiver can be calculated by considering 

the wave propagation velocity inside and outside the metamaterial. In the long-

wavelength area, the phase velocity of waves propagating along a plate is nearly 
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equivalent to the group velocity, an energy propagation velocity. Thus, LV  and 

TV  can be determined from the effective property values at the frequency of 90 

kHz reported in Table 3.1. Of course, the wave propagation velocity inside the 

metamaterial can be obtained from the slope of the dispersion curve shown in Fig. 

3.2(a). Using this, the energy propagation velocity of the elastic waves inside the 

metamaterial is obtained as 2295 m/s . In a homogeneous aluminum plate, the 

group velocity of an L-wave and T-wave is 5355.2 m/sLV   and 

3099.6 m/sTV  , respectively. The arrival time of elastic waves from a 

transmitter through a propagation path to a receiver is now calculated based on 

these velocity values. The calculated arrival time is nearly close to the time 

measured in the time domain of the STFT results shown in Fig. 3.12; 

217.7 arrivalt s  in Figs. 3.12(a) and 3.12(c), 231.3 arrivalt s  in Figs. 

3.12(b) and 3.12(d). The results can be compared to and demonstrated with the 

results from a simulation of time transient wave propagation, described in Chapter 

4. 

 

When the wavenumber k  of elastic waves and the width d  of the metamaterial 

slab satisfy the Fabry-Perot resonance condition, kd n  where n is a positive 

integer value, the extent of wave transmission passing the metamaterial slabs is 

maximized. The width of the metamaterial slabs used in this study is 280 mm , 
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which is very close to 280.5 mmd   satisfying the Fabry-Perot resonance 

condition for elastic waves at 90 kHz. 

 

 

3.4.3 Wide operating frequency range of metamaterials 

The proposed metamaterial in this study is advantageous because the metamaterial 

is designed based on a non-resonant type, and thereby, the operational frequency 

range is broad. Seen from the dispersion curve and EFC in Fig. 3.2, the targeted 

performance is confirmed in the range from 60 kHz to 120 kHz. Furthermore, as 

shown in Table 3.1, the anisotropy conditions, 11 66C C  and 16 26 0C C  , are 

satisfied in the frequency range of interest.  Fig. 3.12 already shows the 

experimental results at 90 kHz, indicating that the experimental results correspond 

with those obtained in the simulation. Additionally, we verify that the deflection 

and translocation performance of elastic stress waves are well implemented in the 

frequency range, the area in Fig. 3.2(a) highlighted in green. 

 

Here, the superior performance of the structured metamaterial is experimentally 

verified with 60 kHz and 120 kHz elastic waves. Figs. 3.13(a) and 13(b) show the 

experimental results from the excitation of either the 60 kHz L-wave or T-wave. 

The same experimental setting, denoted in Fig. 3.5, is used to measure the signal 

data and conduct the Short-Time Fourier Transform. The proposed metamaterial 
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can explain wave translocation of 60 kHz elastic waves. Furthermore, the 

experimental results with the 120 kHz elastic wave support the conical refraction 

performance of the proposed metamaterial, as shown in Figs. 3.14(a) and 14(b). 

Accordingly, this study experimentally prove that the engineered metamaterial 

composed of non-resonant unit cells operates in a broad frequency range. In 

previous studies on designing the metamaterial, targeted wave propagation 

characteristics were implemented by employing metamaterials using resonant type 

unit cells to achieve the target effective property. Thus, they have exhibited a 

narrow operational frequency range. However, the metamaterial in this study can 

attract huge attention because this metamaterial is a system with a wide operating 

frequency range, overcoming the existing drawback. 
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3.5 Selection of the travel path in engineered metamaterials 

Thus far, we have examined that elastic stress waves normally incident on 

engineered metamaterials are conically deflected. At the next part of examination, 

we introduce that the same metamaterial can implement a function to pass waves in 

one direction and stop waves in the other direction. As shown in schematic diagram 

of Fig. 3.1(b), the engineered metamaterial can select the path of wave propagation 

among two newly created paths inside the metamaterial. If this is true, installation 

of our proposed metamaterial in front of a zone would cause waves to detour 

around the zone, which would be protected against mechanical stress waves. 

 

The metamaterial used here has the same unit cells as those of the previously 

designed metamaterial in Fig. 3.1(a). However, we exploit a special phase 

relationship between the longitudinal waves and transverse waves propagating 

inside the metamaterial. If the L-wave is incident on the metamaterial slab, 

conically deflected waves have both L-wave and T-wave modes. They propagate 

along two newly created paths inside the metamaterial. Then, the phase of the T-

wave mode on one path is opposite to that of deflected waves on the other path, 

whereas the phases of L-wave modes are the same each other. Likewise, if the T-

wave is incident on the metamaterial slab, the phase of the T-wave mode on one 

path is the same as that of the deflected waves on the other path, whereas L-wave 

modes have the opposite phases each other. This phase characteristic can be 

explained and verified by simulations and experiments, the results of which are 
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reported in Chapter 4. 

 

Using the above mentioned phase characteristic, we can select the path of wave 

propagation among two paths inside the metamaterial by generating destructive 

interference along either of two paths. A numerical simulation and an experiment 

are conducted to test this finding, as shown in Fig. 3.15. Fig. 3.15(a) corresponds to 

the simulation results for the case in which the L-wave and T-wave are 

simultaneously excited at distances of LL  and TL , respectively. The excited L- 

and T-waves simultaneously reach the entrance of the metamaterial. In this case, 

because the L-wave and T-wave propagating along the upper path undergo 

destructive interference, stress waves propagate only along the lower path, rather 

than the upper path, as shown in Fig. 3.15(a). The results indicate that elastic waves, 

propagating at the center of a plate in the beginning, are moved downward after 

passing the metamaterial slab. Also, elastic waves would only be able to pass along 

the upper path by shifting the phase of the T-wave source by   when initially 

setting the excitation. It is explained in Fig. 3.15(d). In this case, the L-wave and T-

wave still reach the entrance of the metamaterial simultaneously. However, the 

destructive interference appears at the lower path, thereby allowing elastic waves to 

pass only along the upper path. Such selective propagation is excellently confirmed 

in the simulation results, shown in Figs. 3.15(a) and 15(d). 

 

Now, the experimental results for selective propagation are demonstrated in Figs. 
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3.15(b), 15(c), 15(e) and 15(f). All the experimental settings are the same as those 

used for verifying the conical refraction in Fig. 3.5. The only difference here is that 

the two transmitters generating the L-wave and T-wave are simultaneously excited. 

The STFT results in Figs. 3.15(b) and 15(c), confirm that the manufactured 

metamaterial permits waves to pass only along the lower path. Thus, wave 

measurements are dominant near measure point #5. On the other hand, we can 

change the path of appearing the destructive interference by shifting the phase by 

  when exciting the T-wave transmitter. Note that when it comes to the L-wave 

transmitter, its setting is unchanged. As shown in Figs. 3.15(e) and 15(f), these 

figures explain that elastic waves pass only along the upper path and that the 

destructive interference occurs along the lower path. In this case, wave 

measurements are dominant near measure point #13. Through our findings, we can 

say that the structured metamaterial is capable of translocating the position of wave 

propagation as if being teleported. 

 

Here, another unique wave propagation system can be designed by using the fact 

that elastic stress waves can be unidirectionally deflected inside the metamaterial. 

Deploying the metamaterial slab twice would return the elastic waves to their 

initial location. First, as shown in Fig. 3.16(a), let us consider the safety zone that 

should be protected from mechanical stress waves. This zone is located at the 

center of an isotropic aluminum plate and is 100 mm wide and 200 mm high. When 

elastic waves incident on this safety zone, it is unavoidable that the zone is directly 
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affected by elastic waves. However, as shown in Fig. 3.16(b), if the metamaterial 

proposed in this study were to be installed in front of the safety zone, this would 

deflect the elastic waves by translocating most of the waves into the upper and 

lower areas of the safety zone. Subsequently, if another metamaterial slab were to 

be installed on the behind of the safety zone, the previous translocated waves 

would be returned to the center of the plate, i.e., to the initial location. The wave 

propagation characteristics in the second metamaterial slab are easily 

understandable because we have already examined the method for wave 

propagation along either the upper or lower path inside the engineered 

metamaterial. 

 

The process of an excited T-wave source passing through two metamaterial slabs 

can be described step by step as follows. L- and T-waves after passing the first 

metamaterial slab encounter the second metamaterial slab while detouring around 

the safety zone. When waves propagating in the detour above the safety zone enter 

the second metamaterial slab, they travel only in a downward direction. Conversely, 

when waves propagating in the detour below the safety zone enter the second 

metamaterial slab, they travel only in an upward direction. As a result, the elastic 

waves initially propagating at the center of the plate can be returned to the center. 

Fig. 3.16(b) presents the simulation results where T-waves at 90 kHz are excited 

100 mm before the first metamaterial slab. The two areas represented by the white 

dashed box denote effective medium that use effective property values at 90 kHz. 
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For this metamaterial area, 280 mmMML   and 800 mm  are used as they 

have been. Importantly, the length of CL , the gap between the two metamaterial 

slabs, has to be carefully considered. A simulation is conducted by carefully setting 

286.2 mmCL  , satisfying that waves in the upper and lower area of the second 

metamaterial slab undergo downward and upward deflections, respectively. 

 

An impedance difference occurs at the boundary of the metamaterial slab because 

there is a difference between the effective property of the engineered metamaterial 

and the material property of aluminum. Because of this difference, the transmission 

values of waves passing through the metamaterial are below a certain value, as 

reported in the Chapter 4. If the waves were to pass through the metamaterial slabs 

twice, the transmission values would decrease significantly. Accordingly, such low 

transmission values may restrict applications in which transmitted waves return to 

the center. That restriction is only expected when multiple metamaterial slabs are 

used. Of course, there is no doubt that the currently proposed metamaterial is a 

highly reproducible structure permitting successfully translocating elastic waves. 
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3.6 Summary 

This study implements an elastic metamaterial capable of forming acoustic axes 

where the phase velocities of two wave modes are equal, occurring only in a 

special anisotropic medium. The study thoroughly describes the process of 

inducing a structural configuration to meet the effective stiffness condition required 

for a metamaterial. As a result, the study elaborately designs a refined metamaterial 

only by using an isotropic aluminum metal. The study successfully demonstrates, 

by numerical simulation and experiments, that the engineered metamaterial 

exhibits the phenomenon of conical deflection of stress waves. Furthermore, the 

study proposes and examines a method for implementing a unidirectional wave 

deflection by satisfying the destructive interference conditions of longitudinal and 

transverse wave modes along only one path inside the metamaterial. Our findings 

are innovative in terms of manipulating the direction and location of wave 

propagation. The engineered metamaterial is capable of translocating spatial 

locations of waves. The operational performance of the proposed metamaterial is 

advantageous because the metamaterial can be used in a broad frequency band. 

This achievement is possible because the unit cells in this study are designed based 

on non-resonant type unit cells. Therefore, we hereby propose an innovative system 

to change the propagation paths of mechanical stress waves. This wave-controlling 

technique advances the fields of nondestructive testing, ultrasonic imaging 

techniques, structural health monitoring and a novel type of cloaking application. 
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Table 3.1 Effective density and effective stiffness tensor of the elastic 

metamaterial for the frequency range from 60 kHz to 120 kHz. 

frequency 
(kHz) 

ρ 

(kg/m3) 

C
11

 

(GPa) 

C
12

 

(GPa) 

C
22

 

(GPa) 

C
66

 

(GPa) 

C
16

, C
26

 

(GPa) 

60 2070 10.99 6.23 50.66 10.98 0 

70 2057 10.9 6.171 50.34 10.89 0 

80 2045.6 10.81 6.084 50.15 10.80 0 

90 2035.7 10.72 5.994 50.04 10.72 0 

100 2026.3 10.64 5.921 49.89 10.64 0 

110 2018.7 10.56 5.846 49.81 10.55 0 

120 2014.8 10.5 5.787 49.85 10.48 0 
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Figure 3.1 The engineered anisotropic metamaterial unit cell and the elastic stress 

wave propagation along the metamaterial plates. (a) Unit cell dimensions of the 

structured anisotropic metamaterial plate. (b) Translocation of normal incident 

elastic waves, both upward and downward. The center of behind the metamaterial 

where the elastic stress waves cannot reach is designated as safety zone. 
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Figure 3.2 Dispersion curve and equi-frequency contours for the engineered 

metamaterial plate. (a) Dispersion curve along ΓX direction for the proposed 

metamaterial. (b) Equi-frequency contours at 60, 90 and 120 kHz for elastic 

metamaterial plate. 
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Figure 3.3 (a) Simulation model for 90 kHz longitudinal wave incident case. (b,c) 

Normalized von Mises stress field distribution for (b) the engineered metamaterial 

and (c) effective medium. (d) Simulation model for 90 kHz transverse wave 

incident case. (e,f) Normalized von Mises stress field distribution for (e) the 

engineered metamaterial and (f) effective medium. 
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Figure 3.4 Adjusting the deflection angle by changing the effective elasticity tensor. 

Normalized von Mises stress field distribution for 90 kHz longitudinal wave 

incident case (White dashed box: the region for the effective medium of (a) C
12

 = 

1.994×109 Pa and (b) C
12

 = 9.994×109 Pa). 
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Figure 3.5 Experimental set-up for evaluating the performance of the structured 

elastic metamaterial plate. (a) Schematic diagram of experimental measurement 

system (left) and zoomed-in view of the fabricated metamaterial (right). (b) Actual 

set-up of the experiment. (c) Generated 90 kHz input Garbor pulse signal and 

measured signal at point #5 and #9. 
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Figure 3.6 Experimental set-up for wave generation and measurement system. (a) 

Schematic diagram of experimental measurement system. (b) Experiment 

equipment: function generator, power amplifier, pre-amplifier, oscilloscope. 
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Figure 3.7 Geometric dimension of the manufactured plate. 
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Figure 3.8 Experimental raw data at the measuring points from #1 to #9. This data 

is for the case of S0 wave transmitter and S0 wave receiver. 

  



 

72 

 

 

 

 

Figure 3.9 Experimental raw data at the measuring points from #10 to #17. This 

data is for the case of S0 wave transmitter and S0 wave receiver. 
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Figure 3.10 Experimental raw data at the measuring points from #1 to #9. This 

data is for the case of S0 wave transmitter and SH0 wave receiver. 
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Figure 3.11 Experimental raw data at the measuring points from #10 to #17. This 

data is for the case of S0 wave transmitter and SH0 wave receiver. 
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Figure 3.12 Short-time Fourier transform results using experimental data. (a,b) 

Case for 90 kHz longitudinal wave transmitter and (a) longitudinal wave or (b) 

transverse wave receiver. (c,d) Case for 90 kHz transverse wave transmitter and (c) 

longitudinal wave or (d) transverse wave receiver. 
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Figure 3.13 Short-time Fourier transform results using experimental data. (a) 

Cases for 60 kHz longitudinal wave transmitter and longitudinal wave receiver (left) 

or 60 kHz longitudinal wave transmitter and transverse wave receiver (right). (b) 

Cases for 60 kHz transverse wave transmitter and longitudinal wave receiver (left) 

or 60 kHz transverse wave transmitter and transverse wave receiver (right). 
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Figure 3.14 Short-time Fourier transform results using experimental data. (a) 

Cases for 120 kHz longitudinal wave transmitter and longitudinal wave receiver 

(left) or 120 kHz longitudinal wave transmitter and transverse wave receiver (right). 

(b) Cases for 120 kHz transverse wave transmitter and longitudinal wave receiver 

(left) or 120 kHz transverse wave transmitter and transverse wave receiver (right). 
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Figure 3.15 Wave path choice by tuning the phase of two transmitters. (a) 

Simulation result for simultaneous excitation of transmitters for 90 kHz 

longitudinal wave and transverse wave. (b,c) Experimental STFT results for the 

situation in a. (d) Simulation result for simultaneous excitation of transmitters for 

90 kHz longitudinal wave and transverse wave. Setting is identical with a except 

for transmitter for transverse wave set-up to have an opposite phase to the one in a. 

(e,f) Experimental STFT results for the situation in d.  
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Figure 3.16 Defense of safety zone against normal incident elastic stress waves 

with and without the engineered anisotropic metamaterials. (a) Numerical 

simulation result when transverse wave incident normally on safety zone. (b) 

Additional two metamaterials having the horizontal length LMM are placed in front 

and back of the safety zone with a distance of Lc. 
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CHAPTER 4  

IN-DEPTH ANALYSIS ON ENGINEERED 

METAMATERIALS 

 

 

4.1 Overview 

Regarding the wave propagation path, a certain system capable of dramatically 

deflecting waves can be versatile in terms of changing the travel path of the waves. 

Periodic structures showing the birefringence property have played a key role in 

manipulating the travel path. When a wave is angularly incident on periodic 

structures such as sonic [53], photonic [54] and phononic crystals [55], a wave can 

be refracted in crystal structure with two or more waves. At this point, negative 

refraction is very crucial phenomenon, and the theoretical possibility of negative 

refraction has been first reported a few decades ago [56]. Since then, experimental 

verification of negative refraction has been completed in phononic crystal [4, 57], 



 

81 

photonic crystals [58] and an elastic metamaterial [59]. Furthermore, with using a 

metasurface [60], one can implement negative refraction by controlling a wave 

front without using the birefringence characteristic. So far, negative refraction 

phenomenon has been a stepping stone for various studies on metamaterials 

showing tremendous ability. 

 

Previously in Chapter 3, the anisotropic elastic metamaterial with conical refraction 

phenomenon is newly proposed and examined the direction control performance on 

normally incident waves. The conical refraction can be innovatively exploited to 

control the travel direction of normally incident waves whereas the birefringence 

property can be simply used to control angularly incident waves. This chapter 

introduces additional interpretations for an in-depth understanding of our proposed 

elastic metamaterial. We explain the effect on the EFC by changing the geometric 

dimension of the slits and the transient analysis results on the engineered 

metamaterial. Furthermore, we analyze the phase information of elastic waves 

propagating after passing the metamaterial slab. Using this phase characteristic, a 

system capable of detouring the safety zone is already proposed in Chapter 3. Here 

in this chapter, additional numerical simulation is conducted by making several 

situations that the safety zone is made in various sizes. 
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4.2 The effect of metamaterial geometry perturbation 

The dispersion curve of the proposed metamaterial unit cell was introduced as 

shown in Fig. 3.2. This is for waves propagating along the x direction in the 

metamaterial, and its wave vector has only an xk  component. If a wave enters in 

the y or 45-degree axis directions toward the metamaterial, the conical refraction 

phenomenon cannot be exploited. To explain this, the dispersion curves in the Y  

and M  directions are denoted in Fig. 4.1. For the dispersion curve in the X  

direction, as shown in Fig. 3.2, the phase velocities of the quasi-longitudinal wave 

and quasi-transverse wave coincide below about 150 kHz, which is an indicator 

that an important condition for implementing conical refraction is satisfied. On the 

other hand, the dispersion curves in the Y  and M  directions confirm that the 

quasi-longitudinal wave and quasi-transverse wave modes do not intersect. 

Furthermore, the slope of the quasi-longitudinal wave is steeper than that of the 

quasi-transverse wave. From these facts, it can be summarized that the conical 

refraction occurs only in the case where a wave incident on the metamaterial slab 

along the x direction. The reason for this is because the metamaterial unit cell is 

constructed with long slits elongated in the y direction to equalize LV  and TV  

for waves propagating in the x direction. 

 

The following description shows how five factors determining the geometric 

dimension of metamaterial unit cells affect the occurrence of conical refraction. 
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Table 4.1 shows the gap of the inner and outer curves of EFC at the xk  axis when 

the lattice period along the x direction, Lx, is fine-tuned. The original size of the 

gap obtained from the geometric dimension of the metamaterial unit cell shown in 

Fig. 3.1 is numerically measured as 0.4460 rad/m where Lx = 3.5 mm, Ly = 5 mm, 

slitw = 0.7 mm, slith = 2.7 mm and slitd = 2 mm. Because the occurrence of 

conical refraction depends on the degenerated double point at the xk  axis, the gap 

size is required to converge to numerically almost zero. 

 

Table 4.1 explains the results of the case where Lx is adjusted as slightly larger or 

smaller, maintaining the other four parameters Ly, slitw, slith and slitd. As Lx 

increases or decreases gradually to become larger or smaller than 3.5 mm, the gap 

size of EFC increases, failing to form a conical point at EFC. Also, we examine the 

results of fine-tuning the other four parameters as shown in from Table 4.2 to Table 

4.5. This information can introduce which factor among the four parameters of the 

metamaterial unit cell would be more sensitive. Our findings through the 

perturbation study confirm that the metamaterial unit cell proposed in this study is 

well prepared with EFC formation showing conical refraction performance. 

Because minimal changes in geometric values may affect the performance, it has 

significance that the metamaterial is elaborately fabricated and tested within 

minimal error. The parameter study conducted in Section 4.2 is expected to 
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subsequently help discover the optimal unit cell structure according to the 

operational frequency band. 
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4.3 S-parameter retrieval method for the effective property 

To verify the effectiveness of the engineered metamaterial, we need to check 

whether the effective properties of the metamaterial truly meet the target conditions 

such that 11 66C C  and 16 26 0C C  . The study in Section 4.3 introduces how 

we obtain the effective stiffness tensor of the anisotropic metamaterial unit cell by 

using the S-parameter retrieval method. Because elastic waves, other than acoustic 

waves or electromagnetic waves, are with a mixture of a longitudinal wave and a 

transverse wave, it shows complexity. Thus, a more complicated procedure is 

required to find the effective property of an elastic metamaterial [49]. 

 

At first, the reflection and transmission coefficients should be calculated by using 

the simulation model shown in Fig. 4.7. Those coefficients are exploited to find the 

effective property of our proposed metamaterial. The cyan colored EFC in Fig. 4.7 

is obtained from an effective medium with the calculated effective property. This 

perfectly corresponds to the EFC from the actual metamaterial unit cell by using 

eigen-frequency analysis. 

 

In addition, the proof of the effective property can be conducted by comparing and 

analyzing the scattering parameters obtained from the simulation model in Fig. 4.7. 

SLL and SLT imply the transmission coefficients for the transmitted longitudinal 

and transverse waves, respectively. RTL and RTT imply the reflection coefficients 
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of the reflected longitudinal and transverse waves. Fig. 4.8 explains a comparison 

of the reflection and transmission information calculated from a medium with an 

effective property of a metamaterial unit cell at 100 kHz, to the wave scattering 

results of an actual metamaterial unit cell. The cyan dot plot and blue colored line 

are confirmed to be well matched. This result means that the scattering property of 

the engineered anisotropic metamaterial unit cell corresponds to that of a medium 

with effective parameters. Now we can say that the adequacy of the effective 

parameters for the elastic medium is verified by using the S-parameter retrieval 

method. 

 

Fig. 4.9 shows plots regarding the effective density and effective stiffness tensor of 

the metamaterial unit cell, found by using the S-parameter retrieval method. The 

conditions for conical refraction, such that C11 = C66, are well satisfied in the 

broad frequency band from 50 kHz to 120 kHz, as confirmed in the middle panel. 

The process for finding the effective property is referenced to the research; material 

property characterization studies on elastic medium [49]. 
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4.4 Phase information of transmitted elastic waves 

In Section 3.5, we have verified, by numerical simulation and experiments, a 

methodology to send waves along only one of two paths where elastic waves 

propagate inside the metamaterial. This goal is attained by generating destructive 

interference along the selected path among two paths. Thus, phase information on 

the L-wave and T-wave is important as we have previously mentioned. 

 

Whether the excited elastic wave is the L-wave or T-wave before entering the 

metamaterial, both wave types can propagate after exiting the metamaterial. At this 

point, we need to focus on the fact that the upward and the downward waves inside 

the metamaterial have an opposite phase each other only for the wave type different 

with the excited one. Figs. 4.10(a) and 10(b) show the phase information, by the 

simulation shown in Fig. 3.3, extracted along a vertical line at 200 mm behind from 

the metamaterial. The blue and red boxes represent the phase information on 

translocated waves in the lower and upper paths, respectively. As shown in Fig. 

4.10(a), when L-waves are excited and measured, the translocated waves in the 

upper and lower paths are in phase. On the other hand, when T-waves are excited 

and L-waves are measured, the translocated waves in the upper and lower paths are 

out of phase. Likewise, as shown in Fig. 4.10(b), when the L-wave is excited and 

the T-wave is measured, the translocated waves in the upper and lower paths are 

out of phase. On the other hand, when T-waves are excited and measured, the 

translocated waves in the upper and lower paths are in phase. 
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These phase behavior can be verified experimentally. As shown in Fig. 4.10(c), 

when an excited wave and a measured wave are all L-waves, the blue colored #5 

signal, implying waves translocated in the lower path, and the cyan colored #13 

signal, implying waves translocated in the upper path, are measured in phase. On 

the other hand, when an excited wave is the T-wave and a measured wave is the L-

wave, two translocated waves are out of phase each other, showing a subtle 

difference. Likewise, as shown in Fig. 4.10(d), when an excited wave and a 

measured wave are all T-waves, the waves translocated in the lower path (the red 

colored line) or the upper path (the magenta colored dashed line) are in phase. On 

the other hand, when the types of an excited wave and a measured wave are 

different, two translocated waves are out of phase each other. Accordingly, the key 

phase information is identified by numerical simulation and experimentally to 

implement the phenomenon whereby waves are transmitted along one of the two 

paths inside the metamaterial. If we set a path occurring a destructive interference 

by tuning the phase of transmitters, the wave propagation direction can be chosen 

freely. 
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4.5 Time transient analysis 

4.5.1 Snapshot of wave propagation in the engineered 

metamaterial 

The results from the harmonic analysis for the engineered metamaterial are 

described in Chapter 3. In the simulation results, the incident elastic waves are 

conically deflected inside the metamaterial slab, and they propagate in the normal 

direction to the boundary of the metamaterial slab after exiting the metamaterial. 

 

Here, the transient analysis is introduced where the generation and progress of the 

excited waves are examined according to each time step by using the finite element 

software COMSOL Multiphysics. The simulation model for time transient analysis 

is shown in the left panel of Fig. 4.11. The width of the metamaterial slab is 

280 mm, and longitudinal waves (L-waves) are excited at 4 238 mmL LL    

from the entrance of the metamaterial. These geometric dimensions are identical 

with the ones in the harmonic analysis, as conducted in Fig. 3.3. Where the L-wave 

Gabor pulse at the 90 kHz center frequency is excited, the von Mises stress field 

distribution at 30.0 t s  is shown in the right panel of Fig. 4.11(a). The white 

dashed box represents the effective medium of the metamaterial. The effective 

property at 90 kHz is used for the effective medium obtained from the S-parameter 

retrieval method. Fig. 4.11(a) explains that the excited L-waves are incident on the 

metamaterial at about 30.0t s . 



 

90 

The following description covers the progress of wave propagation inside and 

outside the metamaterial slab according to each time step. The interpretations are 

divided into propagation processes of the L-waves and transverse waves (T-waves), 

respectively. ( )n L waveP   implies a power density of L-wave propagating in the x-

direction; where ( ) 0.5Vn L wave x xxP     is expressed with Vx , particle 

velocity along x  direction and xx , normal stress. ( )n T waveP   implies a power 

density of T-wave propagating in the x  direction; where 

( ) 0.5Vn T wave y xyP     is expressed with Vy , particle velocity along y  

direction and xy , shear stress. As shown in Fig. 4.11(b), the propagation process 

of the L-waves normally incident on the metamaterial is identified at time steps of 

64.5t s , 124.5t s , 174.5t s  and 214.5t s . Excited L-waves 

begin to multi-directionally deflect by conical refraction as they enter the 

metamaterial slab, and the waves are confirmed to exit in the direction normal to 

the metamaterial slab after passing through the slab. 

 

The propagation process of the T-wave can be identically explained, as shown in 

Fig. 4.11(c). Note that the L-wave and T-wave inside the metamaterial have the 

same wave propagation speed due to the conical double point. Accordingly, the 

power densities in each plot of Figs. 4.11(b) and 11(c) are measured at the same 

location from the wave field distribution at the time step 124.5t s . Of course, 
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after exiting the metamaterial slab, L-waves propagate faster than T-waves because 

the waves propagate along the isotropic aluminum plate. 

 

Time transient analysis on normally incident T-waves can be described as in Fig. 

4.12. As shown in the simulation model, T-waves are excited at 

4 138 mmT TL    from the entrance of the metamaterial slab. In this case, the 

T-wave Gabor pulse is excited at the 90 kHz center frequency. Excited T-waves 

begin to be incident on the metamaterial slab approximately at 30.0t s . The 

field distributions of the power densities ( )n L waveP   and ( )n T waveP   according 

to each time step show a similar tendency with the case for excitation of L-waves. 

Through the study in this research, the performance of our proposed metamaterial 

could be effectively verified by not only harmonic wave propagation analysis but 

also time transient analysis. 

 

 

4.5.2 Power transmission calculation 

By exploiting the results from the time transient analysis, the power transmission 

can be calculated. Power transmission means how much the amount of input power 

passes through the metamaterial slab. The boundary 1 and boundary 2, shown in 

Fig. 4.11 and Fig. 4.12, signify the boundary to calculate the input power and 
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transmitted power, respectively. The time and boundary integrals are performed 

with power density ( )n L waveP   and ( )n T waveP   at boundary 1 and boundary 2. 

 

Let us start with an incidence of the 90 kHz L-wave source, shown in Fig. 4.11. 

Input power is obtained by integrating ( )n L waveP   during t , the time interval 

between the creation and extinction of L-waves at the boundary 1. Thus, the input 

power can be expressed as 

 

( ) ( )input L wave n L waveP P dAdt   .              (4.1) 

 

Of course, the waves reflected from left-end boundary are not considered and thus 

ignored in calculation of equation (4.1). Likewise, the transmitted power passing 

through the metamaterial slab can be calculated for the L-wave and the T-wave 

respectively, using the relationships as followings: 

 

( ) ( )transmitted L wave n L waveP P dAdt               (4.2) 

( ) ( )transmitted T wave n T waveP P dAdt   .           (4.3) 

 

By using the equations from (4.1) to (4.3), the power transmission is obtained as 

follows: 
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( ) / ( ) 0.2735transmitted L wave input L waveP P              (4.4) 

( ) / ( ) 0.3440transmitted T wave input L waveP P   .          (4.5) 

 

On the other hand, for the incident T-wave source at 90 kHz, shown in Fig. 4.12, 

power transmission can be calculated using the same process. As a result, we can 

obtain the following results: 

 

( ) / ( ) 0.3249transmitted L wave input T waveP P              (4.6) 

( ) / ( ) 0.4301transmitted T wave input T waveP P   .           (4.7) 

 

There is a difference between the impedance of the aluminum medium and the 

metamaterial system due to a difference in their material properties. Thus, it affects 

power transmission. If certain metamaterials were engineered while maintaining 

the conical double point characteristic and with the same impedance as aluminum, 

a transmission-enhanced system would be proposed in future work. 
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4.6 Detouring around the high-risk area 

Chapter 3 introduces a methodology whereby elastic waves normally incident on 

the metamaterial slab are returned to the plate center by twice deflecting the waves. 

A safety zone, free from stress waves, can be formed between the two metamaterial 

slabs. If a high-risk facility is located in the safety zone, the facility would not be 

affected by a mechanical stress wave. This is highly expected to be successful 

application for many fields of industry. 

 

Section 4.6 introduces the simulation results with respect to various object sizes 

located in the high-risk zone. The simulation shows that the performance of the 

metamaterial depends on the presence of the metamaterial slab in front of and 

behind the high-risk zone. Fig. 4.13 shows a conceptual diagram of the high-risk 

area. Mechanical stress waves propagate in the detours above and the below the 

high-risk area, and this ability is invariable regardless of whether the incident wave 

is an S0 wave or SH0 wave. 

 

The following description covers the case where, as shown in Fig. 4.14, two 

metamaterial slabs are installed without any object at the center of a plate. They are 

spaced 0.2862 m apart. When the S0 wave is excited, the waves are multi-

directionally deflected at the first metamaterial slab due to conical refraction. After 

exiting the first metamaterial slab, both the S0 wave and SH0 wave propagate at the 

aluminum plate area. Then, a safety zone is formed at the center, free from impact 
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by elastic waves. When S0 waves and SH0 waves encounter the second 

metamaterial slab, the waves are deflected downward at the upper path and upward 

at the lower path. After exiting the second metamaterial slab, SH0 waves do not 

propagate due to wave cancellation; only S0 waves propagate in the x direction. For 

the case when the SH0 wave is excited initially, the same explanation can be used 

in the analysis. However, in this case, after exiting the second metamaterial slab, S0 

waves do not propagate due to wave cancellation after exiting the second 

metamaterial slab; only SH0 waves propagate in the x direction. These results can 

be explained with Fig. 4.15. 

 

Now we analyze the case in which vulnerable objects are located at the center of 

the plate. Note that a safety zone free from mechanical stress waves can be formed 

by using two metamaterial slabs. If there is an 0.1 0.05 m  object as shown in 

Fig. 4.16, waves confronting the object directly affect the object. The results can be 

easily understood from the simulation where the 90 kHz SH0 wave is incident with 

a source width of 0.2 m . However, if the designed metamaterial slabs are installed 

in front of and behind the object as shown in Fig. 4.17, we could make two detours 

around the object. Mechanical stress waves do not affect an object, and they return 

to the center of the plate. Our proposing system is applicable to facilities vulnerable 

to stress waves and applicable as a new way of cloaking. 
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The distance between two metamaterial slabs needs to be carefully determined to 

implement this phenomenon, restricting the wave propagation path inside the 

second metamaterial slab. Consider the case where a larger area needs protection 

against mechanical waves due to a wider object. This case can be verified as in Fig. 

4.18. The results of the simulation confirm that the safety zone at the center of the 

plate is extended. The performance is still superior where mechanical waves 

propagate in the detours above and below the safety zone. The distance between 

the two metamaterial slabs is 0.5315 m. This value is determined for the case in 

which both longitudinal and transverse waves propagate along only the targeted 

path inside the second metamaterial slab. 

 

The following description considers the simulation results where a vertically longer 

object is located in the high-risk area. Fig. 4.19 shows the case where an excited 

wave is confronting the 0.1 0.2 m  object. Due to the similarity in wave source 

length and object size, the object is directly exposed to impact by the stress waves. 

Accordingly, reflections are dominant without scattering of waves. On the other 

hand, where two metamaterial slabs are installed as shown in Fig. 4.20, the object 

is safe from mechanical stress waves. 

 

At this point, the question arises as to how the vertical length of a safety zone at the 

center of the plate, which can be formed by a metamaterial, can be controlled. 

Conical refraction can control the deflection angle of waves by a metamaterial, 
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requiring a new metamaterial structure with a deflection angle greater than or less 

than that of the current metamaterial. Topology optimization can be utilized to 

design a target EFC shape. In Chapter 5, the results of topology optimization will 

be introduced to propose metamaterial structures with various deflection angles. 
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4.7 Summary 

An in-depth analysis on an engineered metamaterial is explained. Our proposed 

metamaterial composed of non-resonant type unit cells has a broadband operational 

frequency range. The experimental verification of the broadband metamaterial is 

described in this chapter. Furthermore, a perturbation study is conducted on the 

dimension of the slits comprising the metamaterial unit cells and its impact on EFC 

is analyzed. Testing of the effective property of the metamaterial is conducted by 

the S-parameter retrieval method to explain that the structure of our proposed 

metamaterial is such that it effectively shows the target performance. Chapter 3 

described the harmonic analysis to show that elastic waves are conically deflected; 

on the other hand this chapter introduces the progress of wave propagation by 

conducting transient analysis according to several time steps. Also, the power 

transmissions for the elastic waves are calculated and reported. This study 

introduces a method for protecting a high-risk facility against mechanical stress 

waves by using two metamaterial slabs. The simulations for the various geometric 

dimensions a facility may have are conducted and the results are presented. This 

analysis is carried out to determine the impact of waves on the object, depending 

on the presence of elaborately designed metamaterial slabs. Our proposing 

protection system of mechanical stress waves are based on an important phase 

relation among elastic waves propagating along upper and lower paths. In this 

chapter, we identify the phase information after passing through the metamaterial 

slab by numerical simulation and experiments.  
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Table 4.1 Parameter study for geometry size of the anisotropic elastic metamaterial 

unit cell. Especially for the lattice period along x direction. 

Numbering 
(#) 

Lx 

(mm) 

Ly 

(mm) 

slitw 

(mm) 

slith 

(mm) 

slitd 

(mm) 
gap 

#1 3.3 5.0 0.7 2.7 2.0 20.3266 

#2 3.4 5.0 0.7 2.7 2.0 9.5420 

#3 3.6 5.0 0.7 2.7 2.0 7.4135 

#4 3.7 5.0 0.7 2.7 2.0 14.2932 
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Table 4.2 Parameter study for geometry size of the anisotropic elastic metamaterial 

unit cell. Especially for the lattice period along y direction. 

Numbering 
(#) 

Lx 

(mm) 

Ly 

(mm) 

slitw 

(mm) 

slith 

(mm) 

slitd 

(mm) 
gap 

#5 3.5 4.8 0.7 2.7 2.0 2.6465 

#6 3.5 4.9 0.7 2.7 2.0 1.8408 

#7 3.5 5.1 0.7 2.7 2.0 1.4515 

#8 3.5 5.2 0.7 2.7 2.0 3.7948 
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Table 4.3 Parameter study for geometry size of the anisotropic elastic metamaterial 

unit cell. Especially for the slit width. 

Numbering 
(#) 

Lx 

(mm) 

Ly 

(mm) 

slitw 

(mm) 

slith 

(mm) 

slitd 

(mm) 
gap 

#9 3.5 5.0 0.5 2.7 2.0 5.4602 

#10 3.5 5.0 0.6 2.7 2.0 2.8531 

#11 3.5 5.0 0.8 2.7 2.0 4.5255 

#12 3.5 5.0 0.9 2.7 2.0 9.5481 
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Table 4.4 Parameter study for geometry size of the anisotropic elastic metamaterial 

unit cell. Especially for the slit height. 

Numbering 
(#) 

Lx 

(mm) 

Ly 

(mm) 

slitw 

(mm) 

slith 

(mm) 

slitd 

(mm) 
gap 

#13 3.5 5.0 0.7 2.5 2.0 19.6160 

#14 3.5 5.0 0.7 2.6 2.0 9.6879 

#15 3.5 5.0 0.7 2.8 2.0 10.6006 

#16 3.5 5.0 0.7 2.9 2.0 20.5711 
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Table 4.5 Parameter study for geometry size of the anisotropic elastic metamaterial 

unit cell. Especially for the distance between adjacent slits in the x direction. 

Numbering 
(#) 

Lx 

(mm) 

Ly 

(mm) 

slitw 

(mm) 

slith 

(mm) 

slitd 

(mm) 
gap 

#17 3.5 5.0 0.7 2.7 1.8 4.0031 

#18 3.5 5.0 0.7 2.7 1.9 2.5468 

#19 3.5 5.0 0.7 2.7 2.1 5.1868 

#20 3.5 5.0 0.7 2.7 2.2 12.1079 
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Figure 4.1 Dispersion curve of proposed anisotropic metamaterial along xk ( X ), 

yk ( Y ) and 45 ( M ) axis. 
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Figure 4.2 Simulation model for calculating transmission and reflection 

coefficients (upper panel). EFC estimations by using measured scattering 

parameters or retrieved effective properties at 100 kHz (lower panel). 
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Figure 4.3 Validation of retrieved effective parameters by the comparison of 

scattering parameters at 100 kHz. 

  



 

107 

 

 

 

 

 

Figure 4.4 Graph for effective density and effective stiffness tensor obtained by S-

parameter retrieval method in the frequency range from 50 kHz to 120 kHz. 
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Figure 4.5 Phase information by numerical simulation and experimental signals. 

(a,b) Numerical phase information along the vertical line at the 200 mm behind of 

the metamaterial. (c,d) Experimentally measured signal at point #5 (blue and red 

solid) and point #13 (cyan and magenta dashed). 
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Figure 4.6 Time transient analysis for effective medium of proposed anisotropic 

elastic metamaterial. (a) Gabor pulse of longitudinal waves propagates along both 

negative and positive x directions and incident on metamaterial. (b,c) Normalized 

power density for (b) longitudinal wave and (c) transverse wave component at the 

time 64.5, 124.5, 174.5 and 214.5 μs. 
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Figure 4.7 Time transient analysis for effective medium of proposed anisotropic 

elastic metamaterial. (a) Gabor pulse of transverse waves propagates along both 

negative and positive x directions and incident on metamaterial. (b,c) Normalized 

power density for (b) longitudinal wave and (c) transverse wave component at the 

time 64.5, 124.5, 174.5 and 214.5 μs. 
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Figure 4.8 Schematic diagram of detouring around the high-risk area by using 

anisotropic elastic metamaterials. 
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Figure 4.9 Numerical simulation results of S0 wave excitation to verify the 

detouring of high-risk area. 
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Figure 4.10 Numerical simulation results of SH0 wave excitation to verify the 

detouring of high-risk area. 
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Figure 4.11 Numerical simulation results when 90 kHz SH0 wave incidents 

directly on the object whose size is 0.1 m and 0.05 m for width and height 

respectively. 
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Figure 4.12 Numerical simulation results when 90 kHz SH0 wave incidents on the 

engineered elastic metamaterial. It makes a detour around object whose size is 0.1 

m and 0.05 m for width and height respectively. 
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Figure 4.13 Numerical simulation results when 90 kHz SH0 wave incidents on the 

engineered elastic metamaterial. The horizontal length of the safety zone is set to 

be larger value. 
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Figure 4.14 Numerical simulation results when 90 kHz SH0 wave incidents 

directly on the object whose size is 0.1 m and 0.2 m for width and height 

respectively. 
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Figure 4.15 Numerical simulation results when 90 kHz SH0 wave incidents on the 

engineered elastic metamaterial. It makes a detour around object whose size is 0.1 

m and 0.2 m for width and height respectively. 
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CHAPTER 5  

TOPOLOGY OPTIMIZATION OF 

METAMATERIAL UNIT CELLS FOR 

ADJUSTING THE DEFLECTION ANGLE 

 

 

5.1 Overview 

This chapter is to find candidates for metamaterial unit cells showing various 

deflection angles. As reported in Chapter 3, the normally incident elastic waves can 

be deflected into both upward and downward directions with the deflection angle 

d . The manipulation of this angle can be carried out with controlling the Equi-

Frequency Contour (EFC) at the wavevector xk  direction. To do this, we design 

the unit cell of anisotropic elastic metamaterial by employing the topology 

optimization method. Topology optimization is a methodology to find optimal 

structure achieving the objective function. The objective function and constraints 



 

120 

are mathematically defined to evaluate the performance of designed structure. The 

design domain is discretized with many elements. By iterative procedure, if the 

designed structure satisfies the convergence condition, then the configuration at the 

final iteration would be an optimal result. 

 

The topology optimization originally has been developed for designing the 

structures such as the bridge, building, beam and truss structure. However, it has 

been also used to design crystal structures [61-70]. Among them, many researches 

have mainly concerned with the bandgap maximization [71-80], a representative 

problem. Recently in Ref. [81], the methodology for following the target EFC of 

anisotropic metamaterials has been also reported to prevent distortion of elastic 

waves in waveguide. 

 

Here, we present two design results for adjusting the deflection angle by using the 

topology optimization. First, we set up the design #1 of which deflection angle has 

bigger than the previous value of d  in Chapter 3. Second, the design #2 of 

which deflection angle has smaller than d  in Chapter 3 is defined. We explain 

the formulation for the optimization and report the configuration of unit cells 

satisfying the target EFC for those two deflection angles. 
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5.2 Topology optimization of periodic structures in frequency 

domain 

The topology optimization of periodic structures in frequency domain is introduced, 

especially for the bandgap maximizing topology optimization that has drawn a lot 

of attention. The bandgap structure can prevent wave propagation in certain 

frequency range. Designing the bandgap structure could be a fundamental of many 

other design researches on periodic structures including metamaterials. 

Furthermore, some of the formulation and technical explanation in Section 5.2 are 

still valid in design process of metamaterial unit cells. 

 

For topology optimization, the element matrices eK  and eM  are interpolated by 

the design variable  (0 1)e ex x   assigned to the eth element. For a unit cell 

consisting of host and inclusion materials,  and  can be interpolated as 

 

1 2 1 2( ) ( ) d (1 )K K

e
e e e host e inclusioni i x x 


       TK B B C B B K K , (5.1) 

 d (1 )M M

e
e e e host e inclusionx x 


     TM H H M M      (5.2) 

 

where e  and d e  denote the area of the finite element and the infinitesimal 

area, respectively. The matrices ( ,  )host hostK M  denote the element stiffness and 

eK eM
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mass matrices for the host medium while ( ,  )inclusion inclusionK M  denote those for 

the inclusion medium of a given Phononic Crystal (PC). The penalization 

parameters K  and M  are selected to be 3 and 1, respectively. (The influence 

of these parameters on optimized results may be found in Bendsøe and Sigmund 

[82].) 

 

Let us present the topology optimization formulation for finding PC unit cells that 

maximize a target bandgap. Specifically, we aim to maximize the lowest frequency 

of the ( 1)thi   branch and minimize the highest frequency of the thi  branch. 

Thus, the bandgap between two adjacent branches is maximized for a selected 

branch number i . The following is a topology optimization setup formulated for 

bandgap maximization using the bound parameters [83]: 

 

1 2 1

2 1

, , , , 1 2

Objective :  Minimize 
    

2
N

obj
x x

f
 

 
 





         (5.3) 

1 1Constraint 1:  [ ( )] ,     1, 2, , i p kp N   k         (5.4) 

2Constraint 2:  [ ( )] ,       1, 2, ,  i p kp N  k         (5.5) 

 

where objf  is an objective function for topology optimization, 1  and 2  are 

the bound parameters that control the upper and lower branches respectively, and 
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 kN  is the number of wavevector points lying along [Γ X M Γ]   k  for a 

square lattice. The method of moving asymptotes [84] is used as an optimization 

algorithm, and the sensitivity of the objective function and constraints are 

calculated by the adjoint method based on the following two equations: 

 

{ } { } 1i i 
T

f f fU M U                      (5.6) 

21
{ } { } { } { }

2 2
i i

i i i i
e i e i ex x x

 
 

  
 

  
T Tf f

f f f f

K M
U U U U         (5.7) 

 

where i  and { }ifU  are the ith eigenvalue and eigenvector, respectively. 

Equation (5.6) represents the mass-normalization condition, and equation (5.7) 

gives the sensitivity of eigenvalue i . The sensitivity analysis is used to update the 

design domain to find the optimal topology of the unit cell. Note that these 

sensitivity equations are valid for a single eigenvalue problem. For the eigenvalue 

analysis, we consider [Γ X M Γ]   k  for a square lattice. 

 

We hereby are ready to obtain an optimized configuration of PC implementing a 

maximized bandgap size. Using the objective function and constraints in equations 

from (5.3) to (5.5), the topology optimization can be conducted while updating the 

design variables. 
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5.3 Topology optimization of periodic structures in 

wavenumber domain 

5.3.1 Design proposal to control the deflection angle 

The anisotropic metamaterial consisting of the unit cell shown in Fig. 5.1(a) can 

deflect the elastic waves with the angle of 37.9d   . It is easily identified by 

considering the normal direction of EFC at the intersecting point of two wave 

sheets. This elastic metamaterial has effective properties as follows: 

32035.7 m kg/  , 1
11

01.072 P10  aC  , 1
12

00.5994 P10  aC  , 

1
22

05.004 P10  aC  , 1
66

01.072 P10  aC  , 16 Pa0 C  , and 26 Pa0 C  . 

Note that EFC can be bulged in and out by controlling the anisotropy factor 

66 11 122 / ( )A C C C  . 

 

Let us consider the situation that the effective properties of the current 

metamaterial unit cell are fixed except for 12C . Thus, only the value of 12C  can 

be changed into other values, and the conical refraction phenomenon is still valid. 

Fig. 5.1(b) shows the change of the EFC shape with respect to two different values 

of 12C . By decreasing the 12C  value from 1
12

00.5994 P10  aC   to 

1
12

00.1994 P10  aC  , the deflection angle is changed into 31.1d   . On the 

other hand, by increasing the 12C  value from 1
12

00.5994 P10  aC   to 
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1
12

00.8994 P10  aC  , the deflection angle is changed into 43.7d   . 

 

These new deflection angles can be examined by simulation results. When the 90 

kHz SH0 wave incidents on the effective medium whose EFC is identical with Fig. 

5.1(a), both longitudinal and transverse waves propagate along two generated paths 

with the deflection angle 37.9d   , as shown in Fig. 5.2. However, if the same 

incident wave encounters the effective medium whose EFC is identical with a left 

panel of Fig. 5.1(b), the system has more narrow deflection angle than the previous 

case, as shown in Fig. 5.3. Of course, the conical refraction performance is still 

effective as before because the components of effective stiffness tensor have a 

relation, 11 66C C . On the other hand, as shown in Fig. 5.4, if the 90 kHz SH0 

wave incidents on the effective medium whose EFC is identical with a right panel 

of Fig. 5.1(b), it shows more widened deflection angle comparing with the results 

in Fig. 5.2. 

 

Now, we can suggest two design proposals to follow the target EFCs as denoted in 

Fig. 5.1(b). By doing this, we employ the topology optimization. As an initial 

design domain, the previously engineered unit cell in Fig. 5.1(a) is selected, and its 

EFC acts as a starting line for topology optimization. As shown in Fig. 5.5, the 

design #1 is to make the deflection angle be 43.7d   , and the design #2 is to 
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make the deflection angle be 31.1d   . For the topology optimization, EFC is 

plotted with the interval of / 6 . 

 

Through the optimization, design #1 and #2 can achieve the directional tunability 

of elastic waves. A new configuration of metamaterial unit cells can be artificially 

designed while satisfying the condition for the conical refraction. 

 

 

5.3.2 Formulations for topology optimization 

In Section 5.3.2, the formulations for topology optimization of metamaterial unit 

cells are introduced. In Ref. [81], there has been a research that successfully 

conducts the curve fitting of EFC to the target shape by using the topology 

optimization. By referring the formulations in Ref. [81], we can starts setting the 

topology optimization formulations for adjusting the deflection angles. 

 

The basic equations in Section 5.3.1 are still valid such as element stiffness and 

mass matrices in equations (5.1) and (5.2). The initial unit cell considered in the 

optimization, i.e., our proposed metamaterial unit cell, is composed of an 

aluminum and air, as shown in Fig. 5.1(a). In this case, to construct the element 

stiffness and mass matrices, a density and the Young’s modulus of each element 

can be interpolated during the iterations as follows: 



 

127 

 

( ) (1 )rho rhop p
Al Air                       (5.8) 

( ) (1 )E Ep p
Al AirE E E                     (5.9) 

 

where   is the design variable and the penalization parameters are selected as 

1rhop   and 3Ep  . For the material properties of air medium, 

30.0001 kg/mAir   and 510  PaAirE   are used for preventing the 

convergence error. After constructing the element matrices, we can obtain the 

eigenvalue problem of equation (2.25). Then, equation (2.25) can be slightly 

changed into the following form: 

 

2 2( ) 0k k    T T T
g g g g g g g g g gU A U U B U U C M U .     (5.10) 

 

In the topology optimization, the sensitivity analysis is essential for updating the 

objective function and constraints. Using equation (5.10), the sensitivity of the 

wavenumber k with respect to the design variable i  can be expressed as 

 

2
2 ( )

2
i i i

i

k k
k

k


  



             
 

g g g gT T T
g g g g g g

T T
g g g g g g

A B C M
U U U U U U

U A U U B U
  (5.11) 

through the following procedure: 
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gT T T
g g g g g g g g

g g gT T
g g g g

A
U A U U U U B U

B C M
U U U U

     (5.12) 

 

Now, the followings are the objective function and the constraints to find optimized 

configuration of metamaterial unit cells demonstrating two target deflection angles. 

At first, if a design variable i  has a value between 0 and 1, a density and the 

Young’s modulus of an ith element have the intermediate property between the 

aluminum and air. To avoid this ambiguity, the objective function is defined as 

follows: 

 

1

Objective function: Minimize  (1 ) /
e

m

N

m m Obj
m

F


 


       (5.13) 

 

where eN  is the number of elements. This objective function makes elements 

should be either aluminum or air after finishing the topology optimization. The 

constant F is appropriate value which is selected at an initial iteration step for the 

best convergence of optimization. 

 

On the other hand, the constraints play a role to follow the target EFC shape during 
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the iterations. As already examined in Fig. 3.2, the initial unit cell operates well in 

the frequency range of interest, i.e., from 60 kHz to 120 kHz. Thus, we aim to 

design the optimal structures operating in the same frequency range of interest. 

Thus, the Constraint 1 and Constraint 2 are proposed to control the EFC at the 

upper bound of interest frequency range. The Constraint 3 and Constraint 4 are 

proposed to control the EFC at the lower bound of interest frequency range. These 

constraints are defined as the followings: 

 

1

2
1Constraint 1: {( ) ( ) } / 1 0

N

uT in in f CSl Sl F


 
 




 
   

  
         (5.14) 

1

2
2Constraint 2: {( ) ( ) } / 1 0

N

uT out out f CSl Sl F


 
 




 
   

  
       (5.15) 

1

2
3Constraint 3: {( ) ( ) } / 1 0

N

lT in in f CSl Sl F


 
 




 
   

  
         (5.16) 

1

2
4Constraint 4: {( ) ( ) } / 1 0

N

lT out out f CSl Sl F


 
 




 
   

  
       (5.17) 

 

where Sl  denotes a slowness that expresses the relation between the wavenumber 

and angular frequency. It is evaluated at every angle and is reciprocal of phase 

velocity; 1 / /phaseSl V k   . TSl  means a slowness of target EFC, and inSl  

and outSl  denote a slowness of inner and outer curves of EFC at the intermediate 
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design iteration. N
  is the number of angles for drawing the EFC. To match Sl  

with TSl  during the optimization process, the optimizer keeps repeating the 

iteration until the convergence condition is satisfied. The method of moving 

asymptotes [84] is used as an optimization algorithm. 

 

The sensitivity analysis for the objective function and the constraints can be 

implemented by using the below equations: 

 

1
1

(1 ) / (1 2 )
eN

m m i
mi

F  
 

 
     

                                (5.18) 

1 1

2 2
{( ) ( ) } / 1 {( ) ( ) }

N N

T C T
i C i

k
Sl Sl F Sl Sl

F

  


   
      

   
           

  .  (5.19) 

 

Finally, the formulations for adjusting the deflection angles are arranged. With 

equations from (5.11) to (5.19), the design #1 and the design #2 can bring the 

optimized configuration showing two deflection angles in Fig. 5.3 and Fig. 5.4. 

 

 

5.3.3 Optimal configurations of metamaterial unit cells 

The optimized results according to the iterations are shown in Fig. 5.6. At the 

initial step, the unit cell configuration is identical with the one in Fig. 5.1(a). The 
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unit cell is discretized with 35 50  elements, and black and white colored 

elements denote an aluminum and air, respectively. EFCs are obtained by solving 

the eigenvalue problem in Section 2.1.2. 

 

We can identify the difference between the target EFC (black solid lines) and the 

initial EFC shape (red and blue solid lines). The topology optimization method 

starts deforming the configuration as the iteration is repeated. The EFC gradually 

follows the aimed shape, and thus there appears a gray colored element to obey the 

constraints. However, when the convergence condition is almost satisfied, the 

optimization brings the well-designed results of which EFC is perfectly matched 

with the target EFC. 

 

In Fig. 5.7, there is an iteration history for the objection function and four 

constrains. The Constraint 1 and the Constraint 3 show the similar tendency with 

respect to the progress of iterations. Likewise, the Constraint 2 and the Constraint 4 

show the similar tendency. We can confirm that these constraints are well 

converged to the zero. For the objective function, especially at the beginning of 

iterations, the value of the objective function is increased even though it should be 

minimized. Because the initial unit cell is composed of elements whose design 

variables are 1i   or 0i  , the value of the objective function is completely 

zero at the initial step. However, as four constraints play major roles to follow the 

target EFC, the value of the objective function starts increasing, caused by gray 
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elements. After that, when the EFC starts following the target shape, the value of 

the objective function undergoes decreasing. By updating the design variables, the 

objective function at the final step can be well minimized below than 0.04. 

 

Fig. 5.8 reports the optimized results for the design #2 of which the deflection 

angle is 31.1d   . This case also shows the difference between the target EFC 

and the EFC shape in the beginning. However, they are finally overlapped as a 

consequence of the curve fitting optimization. As a result of design # 2, a new 

topology is formed. There are newly created holes in the designed unit cell shape 

and it is necessary to interpret how these affect the EFC. Therefore, we analyze the 

difference of the EFC model according to the presence or absence of the newly 

created holes. The newly created hole on the left side of the unit cell does not have 

a significant effect on the shape of the EFC. On the other hand, the newly created 

holes on the right side of the unit cell are slightly sensitive to the change of EFC at 

the kx axis. An iteration history for the objective function and four constraints can 

be examined with the previously mentioned explanations for the design #1, as 

shown in Fig. 5.9.  
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5.4 Summary 

The new metamaterial unit cells are reported in Chapter 5. Using the topology 

optimization method, it is confirmed that the deflection angle can be widened or be 

narrow comparing with the one in Chapter 3. With the effective medium having the 

target EFC shapes, the numerical simulations are conducted to verify the aimed 

deflection angles: 43.7d    for the design #1 and 31.1d    for the design 

#2. After the convergence of the topology optimization, the optimized 

configurations of metamaterial unit cells are reported and their EFCs are perfectly 

matched with the target EFCs. Chapter 5 explains that our proposing metamaterial 

systems demonstrating the conical refraction phenomenon can have the directional 

tunability. The achievement is based on the characteristic that the bulginess of EFC 

depends on the anisotropy factor. By controlling the anisotropy factor, we propose 

newly designed metamaterial unit cells. These systems are applicable to an 

appropriate location to protect certain area where the elastic waves should be 

prohibited. 
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Figure 5.1 (a) The proposed anisotropic metamateiral unit cell and its EFC. (b) 

EFCs of effective medium having 10
12 0.1994 10C    Pa or 10

12 0.8994 10C    

Pa. 
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Figure 5.2 Normal and shear stress field distribution when the 90 kHz SH0 wave 

incidents on the effective medium whose 12C  has the value of 100.5994 10  Pa. 
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Figure 5.3 Normal and shear stress field distribution when the 90 kHz SH0 wave 

incidents on the effective medium whose 12C  has the value of 100.1994 10  Pa. 
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Figure 5.4 Normal and shear stress field distribution when the 90 kHz SH0 wave 

incidents on the effective medium whose 12C  has the value of 100.8994 10  Pa. 
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Figure 5.5 Design proposals for topology optimization: Design #1 is for the case 

that the deflection angle is 43.7 , and Design #2 is for the case that the deflection 

angle is 31.1 . 
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Figure 5.6 Topology optimization results of design #1. The unit cell configuration 

and EFC at 0, 20, 80, 150 and final iterations. 
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Figure 5.7 Iteration history of the objective function and four constraints for the 

design #1. 
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Figure 5.8 Topology optimization results of design #2. The unit cell configuration 

and EFC at 0, 30, 100, 200 and final iterations. 
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Figure 5.9 Iteration history of the objective function and four constraints for the 

design #2. 
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CHAPTER 6  

CONCLUSIONS 

 

 

An elastic anisotropic metamaterial is designed to produce the conical refraction. 

Elastic waves can be deflected into upward and downward directions inside the 

engineered metamaterial. The proposed system has an ability that deflects normally 

incident elastic waves rather than propagating in the incident direction. 

 

In the thesis, three main objectives are categorized. 

At first, we realize the elastic metamaterial plate demonstrating the conical 

refraction by using only aluminum, an isotropic metallic medium. Thus, it is highly 

applicable in many industrial devices and systems. The performance of conical 

refraction is verified with numerical simulations and experiments. Because the 

proposed metamaterial is composed of non-resonant type unit cells, it has very 

wide operational frequency range. The unit cell is elaborately designed to satisfy 
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the aimed anisotropy. This anisotropy can be fulfilled with a special relation 

between components of the effective property. To do so, a slit-inserted unit cell is 

suggested. The microfabricated elastic metamaterial hereby successfully shows the 

conical refraction. 

 

Secondly, the manufactured elastic metamaterial is innovative in translocating 

mechanical stress waves. Among two newly generated paths inside the 

metamaterial, only one of them can be allowed to propagate elastic waves. When 

the wave exits the metamaterial slab, it propagates in the incident direction, the 

direction perpendicular to the slab. Thus, the mechanical stress wave initially 

propagating at a center of a plate before entering the metamaterial can behave as if 

being a teleportation after passing through the metamaterial. This translocation 

performance can be exploited for developing nondestructive testing, structural 

health monitoring and ultrasonic imaging technique. 

 

Lastly, we use the topology optimization method to improve the directional 

tunability of the engineered metamaterial. The previously designed metamaterial 

can conically deflect elastic waves with a determined angle. On the other hand, the 

new metamaterial unit cells are introduced showing the deflection angles much 

wider or narrow than the previous case. The formulations for topology optimization 

are explained and well-applied to optimize the configuration. The objective 

function and constraints make an equi-frequency contour to follow the target shape. 
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A design domain is repeatedly updated by an optimization algorithm with 

mathematical procedures. There are two design results showing various deflection 

angles obtained by topology optimization. 

 

The engineered metamaterial in the thesis is proposed for the first time, and can be 

actively utilized because of the good manufacturability and qualified performance. 

We have planned to conduct further studies to improve the ability of the anisotropic 

metamaterial and keep trying to find a way how to apply the system into current 

key industries. 
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APPENDIX A 

SUPERCELL ANALYSIS IN TOPOLOGY 

OPTIMIZATION OF PERIODIC STRUCTURES 

 

 

A.1 Overview 

Supercells formed by integer multiples of an original unit cell along its lattice axes 

are common, but there are also important situations requiring supercells formed by 

non-integer multiples of an original unit cell and its rotation with respect to its 

lattice axes. In these cases, not only dispersion branch folding, but also branch 

overlapping not found in common supercells, take place, which complicates the 

correct interpretation of band structures. In Appendix, we consider 45°-rotated 

augmented supercells and analyze why and how branch folding and overlapping 

take place. For the analysis, the relation between the first Brillouin zone of an 

original cell and that of the corresponding 45°-rotated augmented supercell is 
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investigated. The usefulness of the findings of this supercell-based dispersion 

analysis is demonstrated in unit cell design problems. Specifically, we show how to 

interpret correctly the dispersion curves of phononic crystals made of unit cells 

optimized by bandgap maximizing topology optimization when the optimized unit 

cells turn out to be 45°-rotated augmented supercells. Conversely, throughout 

design optimization iterations, the original period of a unit cell that is initially set at 

the beginning of design optimization can be maintained if branch overlapping is 

forced not to occur. 

 

Appendix is organized as follows. In Appendix A.2, we reveal how the dispersion 

curves plotted with respect to the supercell match those plotted with respect to the 

original unit cell. In doing so, we also show that non-propagating branches appear 

in a certain wavevector region. Furthermore, we show how branch overlapping 

takes place in the supercell-based dispersion curves. Once the characteristics and 

origins of the dispersion curves plotted with respect to the supercell are analyzed, 

wave propagation in a PC structure can be correctly interpreted. In Appendix A.3, 

we show how the findings in Appendix A.2 can be utilized in practical phononic 

crystal design problems, especially for bandgap maximizing topology optimization 

problems. Through these problems, it can be demonstrated that the correct analysis 

of the dispersion curve in a 45°-rotated augmented supercell is important not only 

in the interpretation of optimized results but also in keeping the initially-set 

periodicity throughout optimization iterations.  
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A.2 Dispersion analysis in the 45°-rotated augmented 

supercell 

When parameter studies involve the periods of Phononic Crystal (PC) unit cells, 

dispersion analysis with the supercell approach can be effective. A two-dimensional 

supercell is typically an augmented unit cell consisting of n m  

( ,  postive integer)n m   times the original unit cell. In this case, the directions 

of lattice axes are assumed to be unaltered. Earlier studies explain how to interpret 

the dispersion curves plotted by the supercell approach [85, 86]. If unit cell axes 

are also allowed or made to rotate as a result of parameter changes (in two or 

higher-dimensional cases only), the required supercell is not only augmented and 

but also rotated. Because of the axis rotation, the dispersion curves plotted with 

respect to an augmented, rotated supercell will look quite different from and 

become much more complicated than those plotted with respect to an augmented 

supercell without rotation. 

 

As an example of the dispersion curve plotted with a rotated augmented supercell, 

let us consider Fig. A.1. Fig. A.1(a) shows a two-dimensional PC consisting of 

square unit cells with inclusions. As a design problem, one can consider altering 

band structures by changing the size of inclusions. Specifically, the square unit cell 

is to be optimized in which defined by the square dotted line in Fig. A.1(a). The 4 

corner quadrants can vary in size (radius) while the central circular inclusion 
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remains unchanged. If the radius of the 4 quadrants becomes equal to the radius of 

the central circular inclusion, Fig. A.1(b) turns out to be the correct unit cell for the 

corresponding dispersion analysis. In this case, the unit cell shown in Fig. A.1(c) 

can be viewed as a 45°-rotated augmented supercell compared with the true unit 

cell in Figs. A.1(b). As a result, the dispersion curves plotted in Fig. A.1(c) become 

quite complicated and have overlapping branches over a range of wavevectors. In 

addition, it has been reported in practical engineering PC design studies that a 45°-

rotated augmented supercell could be obtained as the results of optimization [78-

80]. However, the analysis of the dispersion curve in a rotated augmented supercell 

requires further exploration. Our aim is to fully analyze the dispersion curve in a 

45°-rotated augmented square supercell. 

 

Fig. A.1(a) shows a two-dimensional PC, the unit cell of which is a square unit cell 

C  of size / 2ud d , and the lattice vectors ( , )1 2e e . The dispersion curves 

for the PC, analyzed with respect to C , are shown in Fig. A.1(b) and were 

obtained by the finite element method for two-dimensional in-plane waves 

consisting of longitudinal-dominant and shear-dominant motions. For instance, the 

lowest and the second lowest branches appearing along X   (see the definition 

of these symbols in Fig. A.2(b)) denote the shear-dominant (“SH-dominant”) and 

longitudinal-dominant (“L-dominant”) wave modes, respectively. The PC in Fig. 

A.1(a) is made of an aluminum ( 70 GPaE  , 0.34  , 32,700 kg/m  ) 
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host and circular tungsten ( 360 GPaE  , 0.27  , 317,800 kg/m  ) 

inclusions of radius 0.3d . Here, Young’s modulus and Poisson’s ratio are denoted 

by E  and  , respectively. For subsequent numerical analyses, 0.02 md   is 

used. 

 

As we attempt to analyze the dispersion curve of the same PC with respect to a 

45°-rotated augmented supercell oS-45
C  of sd d , lattice vectors 1Se  and 2Se  

( sd 1S 2Se e ) are introduced. If the Cartesian axes are assumed to be aligned 

with 1Se  and 2Se , then ( ,0)d1Se , (0, )d2Se , ( , ) / 2d d1e , and 

( , ) / 2d d 2e . Fig. A.1(c) shows the dispersion curves analyzed with respect to 

the supercell oS-45
C . These curves appear quite complicated in comparison with 

those shown in Fig. A.1(b), analyzed with respect to C . 

 

To analyze the dispersion curves in the wavevector spaces corresponding to C  

and oS-45
C , the reciprocal lattice vectors for C  and oS-45

C  are introduced in Fig. 

A.2(a): 2 / (1,  1)d1b , 2 / ( 1,  1)d 2b  for C , 2 / (1,  0)d1Sb , and 

2 / (0,  1)d2Sb  for oS-45
C . The 1st BZs corresponding to C  and oS-45

C  are 

plotted in Fig. A.2(b) with the reciprocal lattice vectors illustrated. Note that the 1st 

BZ of C  completely encloses the 1st BZ of oS-45
C . However, the orientations of 
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1Sb  and 2Sb  are different from those of 1b  and 2b . Therefore, the dispersion 

curves plotted with respect to the supercell oS-45
C  require careful interpretations 

different from those for a one-dimensional supercell or two-dimensional 

augmented supercell without unit cell rotation. Such complexity in interpreting the 

dispersion curves with respect to oS-45
C  comes from the cell rotation. We pay 

special attention to the effects of the cell rotation and give correct interpretations of 

the dispersion curves in Fig. A.1(c) with a reference to those in Fig. A.1(b). 

 

To begin with, we first examine zone folding in order to interpret the dispersion 

curve plotted with respect to oS-45
C . Fig. A.3 graphically explains how the 1st BZ 

of C  (denoted Z ) is folded onto the 1st BZ of oS-45
C  (denoted oS-45

Z ). For 

the subsequent analysis, we introduce the notation ( , X, M)  for Z  and 

( ,X ,M )S S S  for oS-45
Z . Referring to Fig. A.3, the MX  line in Z  is shown 

to be folded inside oS-45
Z  and juxtaposed onto the MS S  line. Along the M  

line in Z , the line segment X MS  is folded inside oS-45
Z  and juxtaposed onto 

the X S  line. 

 

During the folding process, the X MS S  line serves as a folding line. Because we 

are mainly concerned with the dispersion curves along the X MS S S S     
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path, the analysis of the folding mechanisms given above will be sufficient. 

Nevertheless, a complete picture of the folding mechanism of Z  onto oS-45
Z  is 

illustrated in Fig. A.3. In summary, 

 

of : same as ofX line M  line S S  oS-45
Z Z .         (A.1) 

of : folded oMX line M  line nto ofS S oS-45
Z Z .       (A.2) 

of : same aX  line X  line s ofS S S  oS-45
Z Z .        (A.3) 

of : folded onX M  line X  lino oe t fS S S oS-45
Z Z .       (A.4) 

X M  line of : S S oS-45
folding lineZ  .             (A.5) 

 

From the summary statements (A.1) and (A.2), the following conclusions are 

drawn. First, the dispersion curves appearing for wavevectors lying along the 

X   and M X  lines of Z  appear for wavevectors lying along MS S   

of oS-45
Z . This is illustrated in Fig. A.4. Similarly, Fig. A.5 illustrates how the 

dispersion curve for wavevectors along the X MS   line of Z  appears for 

wavevectors lying along the XS S   line of oS-45
Z . Finally, we can see that the 

overlapping of the dispersion curves for wavevectors lying along the X MS S  

line is due to statement (A.5). This is illustrated by the overlapping of dispersion 

curves along MS S   in Fig. A.4 and XS S   in Fig. A.5 at MS  and X S , 
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respectively. 

 

Based on the analysis of the dispersion curves in the 1st BZ oS-45
Z  of the 45°-

rotated augmented supercell, a peculiar phenomenon is revealed: the dispersion 

curves always overlap along the X MS S  line. Referring to the supercell shown 

in Fig. A.1(c), overlapping will occur if the radius of the circular inclusion is 

exactly the same as the radius of four equal quadrants located in the corners. If the 

radius of the quadrants is varied to tailor the dispersion curves of the resulting PC 

made of square unit cells of period d , branch overlapping can occur along 

X MS S . In fact, this overlapping phenomenon can be used as an indicator to 

identify an abrupt change in periodicity in the process of unit cell configuration 

optimization. In the next section, we demonstrate how this finding can be used in 

design optimization. 

 

We also emphasize the importance of correct interpretation of the dispersion curves 

in MS S  . A correct interpretation is crucial to tell if a wave mode belonging to 

a certain branch can be a non-propagating mode. To this end, consider wave 

simulations in a PC, shown in Fig. A.6. Waves are excited in the PC along the   

direction, i.e. along the MS S   direction at two different frequencies, 55 kHz 

and 75 kHz. In this case, the dispersion curves are analyzed in the rotated 

augmented supercell. From the dispersion curve in Fig. A.4(b) equivalent to Fig. 
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A.1(c) for the MS S   line, the two wave modes at 55 kHz are marked by A 

(longitudinal-dominant) and B (shear-dominant). Likewise, the two wave modes at 

75 kHz are marked by C (longitudinal-dominant) and D (shear-dominant). Because 

the wave modes at A, B and C originally belong to the wave modes defined over 

the MS S   line equivalent to the X   line, they can all be excited if proper 

wave motions are prescribed. On the other hand, the wave mode at D originates 

from the wave mode at D’ belonging to a wave mode defined over the M X  

line. Therefore, the mode at D cannot be excited. 

 

These arguments can be confirmed by numerical simulations shown in Figs. A.6(b) 

and A.6(c). COMSOL Multiphysics was used for the simulations. As illustrated in 

these figures, the excited wave at 55 kHz having longitudinal-dominant wave 

motion can propagate through the PC owing to the longitudinal wave mode at A. 

Similarly, the shear-dominant wave can propagate through the PC owing to the 

shear wave mode at B. However, in case of shear wave excitation at 75 kHz, the 

PC stops its propagation because the wave mode at D originates from the wave 

mode at D’ having a wavevector along the M X  line. 
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A.3 Application in topology optimization of phononic crystals 

To illustrate why analysis of the 45°-rotated augmented supercell is critical in 

engineering PCs, we consider the topology optimization of PC unit cells for 

bandgap maximization. In these problems, optimized results may not maintain the 

original period initially set up at the beginning of optimization, i.e. the optimized 

results are indeed designed in a 45°-rotated augmented supercell different from the 

original unit cell. Using the analysis given in Appendix A.2, therefore, we should 

be able to preserve the original periodicity condition throughout optimization 

iterations and correctly interpret the optimized results. 

 

Because similar bandgap maximization problems were previously studied [78-80], 

optimization histories and numerical issues such as solution convergence are not 

investigated in this Appendix. We simply present the optimized result as shown in 

Fig. A.7(b). Comparing bandgap sizes before and after optimization in Fig. A.7, a 

considerable increase in size is observed after optimization was completed. The 

issue is that the optimized configuration turns out to be based on the 45°-rotated 

unit cell having a reduced period of / 2d , marked as afterC  in Fig. A.7(b). The 

unit cell initialC  initially chosen at the beginning of the optimization should be 

viewed as a 45°-rotated supercell, marked by after
oS -45

C  for the optimized 

configuration in Fig. A.7(b). If we take 
Fig. A.1Fig. A.7(b)

after C C  and 
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Fig. A.7(b) Fig. A.1

after o oS-45 S-45
C C , then the findings of Appendix A.2 such as branch 

overlapping, the appearance of a non-propagating mode, etc., are directly 

applicable to the results shown in Fig. A.7(b). For instance, the dispersion curve of 

the optimized unit cell along the MS S  line is interpreted as the superposition 

of two dispersion curves along the X    and X M  lines for afterC  (see Fig. 

A.7(c)). 

 

While the optimized results in Fig. A.7(b) can be interpreted correctly by the 

analysis given in Appendix A.2, it is also useful to perform optimization with the 

original periodicity unaltered. If the period is reduced, a different optimal solution 

could be found. Therefore, the selection of an initial period for design may become 

less meaningful. For this reason, a method to preserve the original periodicity 

throughout optimization iterations is presented in the subsequent discussions. 

 

In developing a method to preserve the original periodicity, it is recalled that 

branch overlapping takes place if the period of an optimized PC is altered to form a 

45°-rotated augmented supercell. Fig. A.7(b) also indicates that branch overlapping 

occurs along the X MS S  region. Therefore, branch overlapping can be viewed 

as an indicator of altered periodicity. 

 

Our proposition for preserving the original periodicity is to use the following 
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measure, 
M M

X X
( , 2) ( ,1)S S

S S
G   

 
  k k

k k
k k . The measure G  signifies an 

area between the 1st and 2nd branches in the X MS S  region. Using the proposed 

G , one can add the following constraint equation to the formulation given by 

Section 5.2 to maintain the original periodicity: 

 

Constraint 3:  /iteration initialG G  ,             (A.6) 

 

where initialG  is the value of G  for the initial PC, iterationG  is the value of G  

evaluated at every iteration step, and   is a pre-selected positive constant 

introduced to control the gap between the lowest two branches in the X MS S  

region. The effects of   on optimized results may be examined numerically. 

While the use of equation (A.6) does not complicate the optimization formulation, 

it can effectively maintain the original periodicity. 

 

To verify the effectiveness of the periodicity-preserving methodology, let us revisit 

the bandgap maximization for the PC shown in Fig. A.7(a). The optimized unit cell 

without the periodicity-control strategy was shown to have an altered periodicity as 

in Fig. A.7(b). On the other hand, the optimized unit cell configurations obtained 

with the additional constraint of equation (A.6) maintains the original periodicity 

without branch overlapping in the X MS S  region, as shown in Fig. A.8. 
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Certainly, the optimized unit cells are affected by the value of  ; the larger   is, 

the smaller the bandgap size between the 2nd and 3rd branches becomes. Because 

the mechanism of the change in periodicity is investigated in Appendix A.2, the use 

of equation (A.6) is found to be effective. 

 

Fig. A.9 compares iteration histories for the cases with and without the periodicity 

controlling scheme. To indicate the occurrence of branch overlapping during the 

optimization procedure, we plot /iteration initialG G  in the figures. While 

/iteration initialG G  approaches zero when equation (A.6) is not used, /iteration initialG G  

remains larger than zero if the periodicity control scheme is employed. 
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A.4 Summary 

When the dispersion relations for phononic crystals made of original unit cells C  

are analyzed with respect to a 45°-rotated augmented supercell oS-45
C , they 

become quite complicated due to branch folding and overlapping. The complexity 

is found to result from the 45° rotation and the branch folding and overlapping 

mechanisms were fully investigated in this Appendix. By identifying the sequential 

folding process of Z  onto oS-45
Z , it was possible to identify which parts of the 

dispersion curves plotted with respect to the X M      path of Z  become 

those plotted with respect to the path of X MS S S S     of oS-45
Z . After the 

folding and overlapping phenomena were investigated, it was demonstrated how to 

utilize the findings from the investigation in the topology optimization problems of 

phononic crystals. The first application was in the interpretation of the dispersion 

curves calculated with respect to oS-45
C , although the initial unit cell C  was 

selected for the optimization set-up. The second application was in maintaining the 

original unit cell C  throughout optimization iterations. Although the present case 

study was concerned with bandgap maximization, the interpretation of the 

dispersion curves in oS-45
C  and the suggested periodicity-preserving formulation 

can be also used in other types of optimization problems involving phononic 

crystals. Furthermore, by extending the analysis method developed for 45°-rotated 

supercells, the other symmetry types of supercells can be equally treated. 
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Figure A.1 (a) The two-dimensional phononic crystal consisting of an aluminum 

host and tungsten inclusions. (b) The original unit cell C  and the dispersion 

curves with respect to C . (c) The 45°-rotated augmented supercell oS-45
C  and 

the dispersion curves with respect to oS-45
C . 
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Figure A.2 (a) The reciprocal lattices and (b) the 1st Brillouin Zones (BZs) 

corresponding to the original unit cell C  and the 45°-rotated augmented supercell 

oS-45
C . The 1st BZs are marked as Z  of C  and oS-45

Z  of oS-45
C . 
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Figure A.3 The illustration of a folding mechanism of oS-45
Z  onto Z . 
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Figure A.4 (a) The illustration of a folding process, especially when the MX  

line of Z  is folded onto the MS S  line of oS-45
Z . (b) Comparison of the 

dispersion curves along the MS S  line for oS-45
Z  and the X  & MX  lines 

for Z . 
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Figure A.5 (a) The illustration of a folding process, especially when that the M  

line of Z  is folded onto the XS S  line of oS-45
Z . (b) Comparison of the 

dispersion curves along the XS S  line for oS-45
Z  and the M  line for Z . 
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Figure A.6 The numerical simulation to verify whether the modes at A, B, C and D 

in Fig. A.4(b) can propagate or not through a two-dimensional PC analyzed with 

respect to the 45°-rotated augmented supercell. (a) Simulation model. The velocity-

field plots at the (b) 55 kHz and (c) 75 kHz excitation. 
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Figure A.7 Topology optimization of a two-dimensional PC for bandgap 

maximization. (a) Initial and (b) optimal configurations and the corresponding 

dispersion curves. (c) Comparison of the dispersion curves along the MS S  line 

for oS-45
Z  and the X  & XM  lines for Z .  



 

167 

 

 

 

 

Figure A.8 The optimized configuration obtained by the periodicity-controlling 

bandgap-maximizing topology optimization with (a) 0.3   and (b) 0.7  . 
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Figure A.9 The iteration histories for the bandgap maximizing topology 

optimization (a) without and (b) with the periodicity-preserving methodology 

maintaining the original unit cell configuration for the case of 0.3  . 
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ABSTRACT (KOREAN) 

 

비등방성 메타물질을 이용한 탄성파 

원추 굴절 

 

안 영 관 

서울대학교 대학원 

기계항공공학부 

 

원추 굴절(Conical refraction)은 2축성 결정(biaxial crystal) 성질의 특별한 

비등방성 물질에서만 나타날 수 있는 파동의 진행방향을 획기적으로 

조절할 수 있는 현상이다. 전자기 및 광학 분야의 장비에서 유용하게 

사용될 수 있는 개념이지만, 탄성 구조체를 따라 전파하는 진동파를 

다루는 초음파 분야에서는 그 연구가 미진할 뿐만 아니라 그 활용방안 

역시 찾지 못하고 있는 실정이다. 

여기에서 우리는 원추 굴절 성질을 지니는 탄성 메타물질 평판을 최초로 

제안하여, 기계적 파동(mechanical wave)이 마치 그 전파하는 과정에 

있어서 공간이동 되는 것과 같이, 파동의 공간상의 전파위치를 옮겨주는 

탄성 메타물질을 실체화하였다. 공학적으로 설계된 메타물질은 
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탄성파동을 공간이동 시키는데 있어 매우 혁신적이다. 제안된 

메타물질은 근래 산업에서 가장 중요하게 활용되는 물질인 알루미늄을 

기저(base)로 하여 슬릿(slit)들이 삽입된 다공성 구조 형태로 구성되어 

매우 제작가능성이 높다. 본 연구에서 우리는 수치적 시뮬레이션과 

실험을 통해 메타물질의 작동성능을 완벽하게 검증하였을 뿐만 아니라, 

메타물질의 단위구조(unit cell)를 비공진 구조(non-resonant structure)로 

구성하여 광대역의 작동주파수 대역을 가지도록 설계하였다. 더불어 

파동이 메타물질을 따라 전파할 때 원추 굴절에 의해 두 가지의 진행 

경로를 가질 수 있는데, 이들 중 오직 한 방향으로만 선택적으로 파동을 

전달하는 방법 역시 설명하고 검증하였다. 또한 위상최적설계 

기법(topology optimization)을 사용하여 다양한 편향 각도(deflection 

angle)를 갖는 메타물질의 단위구조를 새롭게 설계하였다. 최적설계 된 

구조를 이용하면, 메타물질의 작동성능이 방향 조정성(directional tunability) 

측면에서 향상될 수 있다. 우리는 본 연구에서 제안한 메타물질 

시스템을 비파괴 검사(non-destructive testing), 초음파 이미징(ultrasound 

imaging) 분야와 더불어, 새로운 방식의 클로킹(cloaking)으로 응용할 수 

있을 것으로 기대하고 있다. 

 

주요어: 메타물질, 원추 굴절, 비등방성, 탄성파, 위상최적설계 

학번: 2010-20692
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