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ABSTRACT 

 

In this dissertation, a multiscale mechanical analysis of self-healing polymer 

composites has been conducted. Recently, the biomimetic self-healing polymeric 

systems have been focused due to their high healing efficiency. In spite of this 

attractive merit, these systems have critical limitations on the weakened effective 

stiffness and the fracture toughness as the weight fraction of microcapsules 

including the healing agent increases. To make up for this weakness, the ―self-

healing polymer composites‖ has been developed by addition of rigid nanoparticles 

or thermoplastic polymers into the self-healing polymers. However, the 

experiments-based optimal design of self-healing polymer composites cannot be 

achieved because there are too many design variables due to multi-compositions, 

and complex mechanical behaviors to be elucidated. Therefore, the multiscale 

mechanical analysis method for self-healing polymer composites is proposed for 

the efficient, reliable, and rational design. 

The mechanics of self-healing polymer composites is very complex due to the 

combination of the toughening mechanisms and the macroscopic crack healing 

behaviors. To achieve the objective of this study, the following two theoretical 

models are developed. Firstly, "the multiscale model of self-healing polymers" is 

developed to predict the elastic properties, virgin fracture toughness, and healed 

fracture toughness of self-healing polymers as the weight fraction of microcapsules 

increases. To describe the adhesive behaviors between healing agents and matrix 

and mechanical behaviors of interface during the mechanical healing of 
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macroscopic cracks, the curing kinetics model and the full atomistic molecular 

dynamics simulations are merged. Secondly, "the multiscale continuum model near 

the macroscopic cracks", which can predict the toughness enhancement due to the 

addition of rigid nanoparticles and thermoplastic polymers, has been developed. 

The fracture toughness is highly related to the dissipated energy. To obtain the 

toughness enhancement, the dissipated microscopic energy is quantified using the 

proposed multiscale models. Using the multiscale model of self-healing polymers, 

the stress fields near the macroscopic cracks can be obtained during the healing of 

macroscopic cracks. Based on these stress fields, the fracture toughness 

enhancement can be predicted during the healing of macroscopic cracks. Finally, 

the multiscale mechanical analysis method of self-healing polymer composites has 

been developed. 
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1. INTRODUCTION 

 

1.1. Multiscale Model of Self-Healing Polymers 

Self–healing polymeric materials have been focused as a new route to safer and 

longer-lasting polymeric materials and structures. Self-detects and repairs of the 

intrinsic damage enables to continue mechanical performances of polymer-based 

industrial systems. In the initial stage, thermal interdiffusion and solvent-mediated 

interdiffusion are key ideas of self-healing polymeric systems [1-3]. However, 

interdiffusion-based healing systems are not focused due to slow healing behaviors 

that come from low mobility of polymeric chains. White et al. proposed innovative 

self-healing systems by embedding the microencapsulated self-healing agents [4-6], 

as shown in Fig. 1.1. It mimics the self-healing biomimetic systems that blood 

coagulates around the wound. The approaching microcracks rupture the embedded 

microcapsules, and healing agents are released into the crack plane through 

capillary action. The dispersed catalysts in the matrix enable the autonomous 

polymerization of healing agents, and bond the crack faces. 

These autonomous self-healing procedures of the embedded microcapsules are a 

typical multiscale mechanical stimuli-response process [7]. Even though a lot of 

studies on the self-healing chemistries, such as the curing kinetics of healing agents 

for different concentrations of catalysts and manufacturing procedures of 

microcapsules with precise control of radius and thickness of microcapsules, have 

been achieved, the multiscale models for the prediction of elastic properties, virgin 

fracture toughness, and healed fracture toughness have not been reported. The 
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development of these predictive multiscale models can be applied for the proper 

selection of the weight fraction of microcapsules. Meanwhile, the theoretical 

predictive model for the maximum healing efficiency of self-healing polymers has 

not been treated, even though it can provide useful guideline for the material design 

such as the selection of healing agents. Moreover, the predictive model for the time 

response of healing behaviors of self-healing polymers for different amount of 

catalysts can be used as the indicators for the determination of concentrations of 

catalysts. 

 

1.2. Multiscale Analysis of Self-Healing Polymer Nanocomposites 

Self-healing polymers have weak mechanical properties (elastic properties and 

virgin toughness) due to low stiffness and fracture toughness of healing agents-

filled microcapsules at the liquid states. To overcome this weak point of self-

healing polymer nanocomposites, nanoparticles (e.g., carbon nanotube) are 

embedded into the self-healing materials as hybrid multiscale composite systems 

[8]. However, the determination of master curves for various concentrations of 

microcapsules and nanoparticles is hard due to the difficulty on the interpretation 

due to the manufacturing uncertainties during the material processing and 

production such as nanoparticulate dispersion and size distribution. Therefore, the 

development of the multiscale model to predict mechanical behaviors (elastic 

properties, fracture toughness, and fatigue crack growth behaviors) will be very 

useful for the mechanical design. 

Rigid nanoparticles have attracted attention as good candidates to enhance the 

mechanical properties of thermoset polymer-based composites. It has been reported 
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that the addition of rigid nanoparticles increases the cyclic-fatigue crack 

propagation behavior [9-11] of the polymer nanocomposites as well as the stiffness 

[12-18], yield strength [19-21], and fracture toughness [22-30]. While the 

numerous experimental and theoretical model studies have been studied for the 

stiffness, yield strength, and quasi-static fracture toughness of thermoset polymer 

nanocomposites, there are very few studies about the fatigue crack growth 

behaviors [9-11]. 

Blackman et al. [9] investigated the fracture and fatigue behavior of epoxy-based 

nanocomposites. The addition of nano-silica particles has clearly enhanced the 

cyclic-fatigue behavior of epoxy-based nanocomposites as well as fracture 

toughness. The threshold value of fatigue crack propagation is improved as the 

filler concentration increases. Recently, Kothmann et al. [11] investigated the 

fatigue crack growth behaviors of silica nanoparticles-filled epoxy resins in all 

three stages of fatigue crack growth. Fractographic analysis of the fracture surfaces 

was carried out to observe the major energy dissipating mechanisms for the 

enhancement of fatigue crack growth behaviors. In spite of low ΔKI values, neither 

crack deflection nor crack bridging was observed because the estimated size of the 

crack tip opening displacement is more than order of magnitude larger than the 

particulate radius [31]. It was concluded that the main mechanisms are interfacial 

debonding-induced plastic nanovoid growth and shear banding between 

nanoparticles in every fatigue crack propagation regimes, which are same with the 

well-understood toughening mechanisms [22-30]. The experimental 

characterization of fatigue crack growth involves huge efforts and time including 

the massive experimental tests, and difficulty on the interpretation due to the 
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manufacturing uncertainties during the material processing and production such as 

nanoparticulate dispersion and size distribution. Therefore, the development of 

multiscale model to predict fatigue crack propagation behavior of thermoset 

polymer nanocomposites is useful and essential, as shown in Fig. 1.2. 

Meanwhile, the self-healing polymer nanocomposites are the heterogeneous 

materials including the two different scale inclusions. The mechanics of self-

healing polymer nanocomposites has the complexity due to the combination of the 

extrinsic crack shielding mechanisms inside the macroscopic cracks due to the 

adhesion between healing agents and epoxy networks, and extrinsic toughening 

mechanisms that come from the microscopic energy dissipation due to the 

reinforced nanoparticles. Therefore, the multiscale models of self-healing 

nanocomposites have to include both mechanisms for the mechanical description, 

and it is necessary for material analysis of self-healing polymer nanocomposites. 

 

1.3. Multiscale Analysis of Self-Healing Epoxy/Thermoplastic Blends 

In spite of intrinsic healing nature of self-healing epoxy systems, the low virgin 

fracture toughness and healed fracture toughness are still limitations on the 

material design of self-healing epoxy-based systems due to intrinsic brittleness of 

highly crosslinked epoxy. For the purpose of the enhancement of virgin fracture 

toughness and healed fracture toughness, some studies have been conducted by 

blending thermoplastic particles into the self-healing epoxy systems [32]. However, 

the determination of master curves for various concentrations of microcapsules and 

thermoplastic particles is hard due to the difficulty on the interpretation due to the 

manufacturing uncertainties during the material processing and production such as 
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nanoparticulate dispersion and size distribution. In this chapter, the multiscale 

models to predict elastic properties, and fracture toughness of epoxy/thermoplastic 

blends are proposed, which are applied to the prediction of mechanical behaviors 

(elastic properties, virgin fracture toughness, and healed fracture toughness) of self-

healing epoxy/thermoplastic blends. 

A highly crosslinked epoxy system has excellent properties such as good thermal 

stability, creep resistance, excellent adhesion properties, and relatively high 

modulus [33]. However, the high crosslink density leads to low fracture toughness, 

and inferior impact strength, which limit their application in high performance 

areas such as the automotive, aerospace, and defense industries [34]. Therefore, it 

has been a challenging issue to improve the fracture toughness of an epoxy by 

modifying the resin with a secondary phase such as rubber [35-37], thermoplastic 

[38-42], and inorganic particles [24,43,44]. In particular, thermoplastic/epoxy 

blends are widely employed, because the high toughness enhancement through 

modification by the thermoplastic was not accompanied by critical reduction in the 

elastic modulus [38,40]. Despite the importance of thermoplastic-toughened epoxy 

systems in various sectors, there have been insufficient studies to predict the 

toughness enhancement by thermoplastic polymers as the secondary phase [41]. 

Based on the experimental observations, it was reported that the ductile 

thermoplastic particle plays two key roles in toughening mechanism of 

thermoplastic/epoxy blends plastic deformation in the material near the 

macroscopic crack tip, and particle bridging in the crack wake [45,46], as shown in 

Fig. 1.3. For the first mechanism, multiscale approach [26-28] is useful when 

developing an analytical model with an infinite number of particles embedded in 
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the matrix domain. The density of energy dissipated by the damage mechanism of 

the representative volume element (RVE) near the crack tip can be described by 

micromechanics models as shown in Fig. 1.4. The fracture toughness enhancement 

of the composites can be obtained quantitatively through the J-integral near the 

macroscopic crack tip [29]. However, multiscale models for the toughness 

enhancements of thermoplastic/epoxy blends have not been reported, unlike rigid 

nanoparticles [26,27]. For this reason, we focused on the development of a model 

to describe the fracture toughness improvement by thermoplastic particle yield near 

the crack tip. The main objective of the present paper is to quantify the toughness 

enhancement due to the plastic yield of the thermoplastic particle. 

Meanwhile, the self-healing epoxy/thermoplastic blends are the heterogeneous 

materials including the two different scale inclusions. The mechanics of self-

healing epoxy/thermoplastic blends has the complexity due to the combination of 

the extrinsic crack shielding mechanisms inside the macroscopic cracks due to the 

adhesion between healing agents and epoxy networks, and extrinsic toughening 

mechanisms that come from the microscopic energy dissipation due to the plastic 

yield of toughening agents. Therefore, the multiscale models of self-healing 

epoxy/thermoplastic blends have to include both mechanisms for the mechanical 

description, and it is necessary for the material design of self-healing 

epoxy/thermoplastic blends. 

 

1.4. Outline of the Thesis 

The main objectives of this thesis are the multiscale mechanical analysis of self-

healing polymer composites (including self-healing polymer nanocomposites and 
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self-healing epoxy/thermoplastic blends). To achieve these objectives, we firstly 

develop the multiscale model of self-healing polymeric material systems including 

the homogenized elastic properties, virgin fracture toughness, and healed fracture 

toughness in Chapter 2. For the mechanical description of self-healing polymer 

systems in the molecular scales, the full atomistic molecular dynamics simulations 

are conducted to characterize the elasto-plastic behaviors of healing agents, and 

interfacial fracture toughness between healing agents and crosslinked epoxy for 

different curing ratio of healing agents. Using the multi-inclusion model, the 

homogenized elastic properties are obtained and validated with satisfactory 

agreement with the experimental reference data. Using the interfacial fracture 

toughness between healing agents and crosslinked epoxy, the healed fracture 

toughness of self-healing polymer systems is theoretically characterized for 

different curing ratio of healing agents. Using the experimentally quantified curing 

kinetics of healing agents, the necessary times for the enough extrinsic healing of 

macroscopic cracks are characterized for different concentrations of catalysts. 

Additionally, the maximum theoretical healing efficiency is also provided. After 

the development of the multiscale model of self-healing polymer systems, the 

multiscale analysis of self-healing polymer nanocomposites and self-healing 

epoxy/thermoplastic blends are conducted. 

For the multiscale mechanical analysis of self-healing polymer nanocomposites, 

the microscopic energy dissipating mechanisms due to the embedded nanoparticles 

and the extrinsic crack healing mechanisms within the macroscopic cracks should 

be considered. In Chapter 3, we firstly develop the multiscale model to predict 

fatigue crack propagation behaviors of thermoset polymer nanocomposites using 
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the multiscale-multimechanism strategy. Here, the experimentally observed 

microscopic energy dissipating mechanisms (interfacial debonding, the subsequent 

plastic nanovoid growth, and shear banding) are considered. Theoretical 

predictions for the fatigue crack growth of thermoset polymer nanocomposites are 

compared with experimental data of the literature, which shows a satisfactory 

agreement. By the consideration of the extrinsic crack healing mechanisms, the 

multiscale mechanical analysis of self-healing polymer nanocomposites is 

conducted for various concentrations of microcapsules and nanoparticles. Here, the 

macroscopic crack healing mechanisms due to the adhesion between healing agents 

and epoxy networks are quantified by the full atomistic molecular dynamics 

simulations. 

Similarly, Chapter 4 focuses on the multiscale mechanical analysis of self-

healing epoxy/thermoplastic blends. Firstly, we develop the multiscale model to 

predict fracture toughness of epoxy/thermoplastic blends using the multiscale-

multimechanism strategy. Here, the experimentally observed microscopic energy 

dissipating mechanisms (the plastic yield of thermoplastic particles) are considered. 

Theoretical predictions for the fracture toughness of epoxy/thermoplastic blends 

are compared with experimental data of the literature, which shows a satisfactory 

agreement. To quantify the plastic dissipation energy of thermoplastic particles, the 

full atomistic molecular dynamics simulation is conducted to obtain the curve of 

nonlinear hydrostatic stress versus volumetric strain. Based on results obtained 

using the multiscale model, design guidelines regarding the proper selection of 

toughening agents are proposed for enhancing the fracture toughness of 

thermoplastic/epoxy blends. By the consideration of the extrinsic crack healing 
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mechanisms, multiscale mechanical analysis of self-healing epoxy/thermoplastic 

blends is conducted for various concentrations of microcapsules and thermoplastic 

particles. Here, the macroscopic crack healing mechanisms due to the adhesion 

between healing agents and epoxy networks are quantified by the full atomistic 

molecular dynamics simulations. Here, the macroscopic crack healing mechanisms 

due to the adhesion between healing agents and epoxy networks are quantified by 

the full atomistic molecular dynamics simulations. 
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Fig. 1.1. A schematic diagram for description of self-healing mechanism 
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Fig. 1.2. A schematic diagram of the microscopic energy dissipating mechanisms near the macroscopic crack tip and representative 

volume elements for the micromechanics analysis 
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Fig. 1.3. A schematic diagram of the toughness enhancements mechanisms of thermoplastic/epoxy blends 
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Fig. 1.4. The proposed multiscale approach to model the toughness enhancement induced by particle yield near a macroscopic crack 

in a thermoplastic/epoxy blends 
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2. MULTISCALE MODEL OF SELF-HEALING POLYMERS 

 

In this chapter, a multiscale model of self-healing polymers that include the 

microencapsulated self-healing agents is developed. Here, the crosslinked epoxy 

and the polydicyclopentadiene (pDCPD) are employed as the host material and 

healing agents, respectively. The major objectives of this study can be summarized 

as follows: 

- To predict the maximum theoretical healing efficiency of self-healing polymers 

- To predict the time response of the mechanical behaviors of self-healing 

polymers using the curing kinetics and the reactive mechanism of healing 

agents 

- To establish foundation of multiscale analysis of self-healing composites 

including the nanoparticles and the thermoplastic particles 

With these purposes, the molecular dynamics simulations are carried out for the 

characterization of mechanical behaviors of bulk pDCPD networks and epoxy 

networks, and cohesive zone model between pDCPD networks and epoxy networks 

is obtained. Using these simulation results, the predictive multiscale models that 

consider the homogenized elastic properties and fracture toughness of virgin and 

healed states are developed. 
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2.1. Model and Methods 

2.1.1. Molecular modeling of bulk unit cells 

2.1.1.1. Construction of crosslinked self-healing agents 

The reactive mechanism for ring-opening metathesis polymerization (ROMP) of 

dicyclopentadiene (DCPD) is schematically described in the Fig. 2.1. The DCPD 

monomer includes two cyclic olefins (norbornene and cyclopentene rings). It was 

reported that the opening of cyclopentene ring occurs after the norbornene ring is 

opened [47]. During the ROMP of DCPD, the pDCPD networks can be simplified 

as the following three types of components: 

- Monomer in which no ring-opening procedure has been undergone, Fig. 2.1 (a) 

- Linear segment in which the only norbornenic ring has been opened, Fig. 2.1 

(b) 

- Crosslinker structure in which both the cyclopentenic and norbornenic rings 

have undergone the opening of rings, Fig. 2.1 (c) 

The reactive sites of DCPD monomer are described in Fig. 2.1 (a). The openings of 

norbornenic ring and cyclopentenic ring make two reactive sites (R1 and R2 in 

norbornenic ring, and R3 and R4 in cyclopentenic ring), respectively. There are 

three pairs of crosslinks between two reactive sites (R1-R2, R2-R3, and R1-R4). 

Using these reactive mechanisms, the pDCPD networks (Fig. 2.1 (d)) are 

constructed before the molecular dynamics simulations. The idealized unit cell that 

includes the uncrosslinked healing agent molecules is initially constructed in an 

amorphous state with periodic boundary conditions, whose details are listed in 

Table 2.1. Here, the crosslinking ratio is defined as the number of reactions over 

the number of possible reactive sites. An initially defined density of bulk unit cells 
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is set as 0.7 g/cc. The pDCPD unit cells are prepared with varying crosslink 

densities of 12.6, 40.6, 56.6, 69.8, and 85.2%, respectively. The details of inter-

molecular distance-based polymerization procedures in molecular dynamics 

simulations are described in the following subsection (section 2.1.1.3). 

 

2.1.1.2. Construction of crosslinked epoxy networks 

The molecular models of an epoxy resin (EPON862® ) compound and a hardener 

(TETA® ) compound for curing the resin are considered as a host polymer [48]. The 

idealized unit cell of uncrosslinked polymer that contains the resin and hardener 

molecules is initially constructed in an amorphous state with periodic boundary 

conditions. The ratio of resin to hardener in the modeled unit cell is 3:1 in order to 

provide a satisfactory number of chemical reactive sites for the two molecules 

available for crosslinking (four nitrogen atoms in the single hardener molecule can 

be reacted with up to six carbon atoms of the epoxide rings). In this study, the only 

fully crosslinked epoxy networks are considered. 

 

2.1.1.3. Details of in-situ polymerization in molecular dynamics simulations 

The in-situ polymerization approach [13,49-51] is used to generate the pDCPD 

networks and epoxy networks. Using the predefined polymerization mechanisms 

(section 2.1.1.1 & 2.1.1.2), the formation of crosslinking networks is carried out in 

the full atomistic molecular dynamics models. Every molecular modeling of the 

complex atomic structures is carried out using the commercial molecular dynamics 

simulation package, Materials Studio 5.5 (Accelrys®  Inc.). Both the bonding and 

non-bonding interactions between the adjacent atoms are represented by the 
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polymer-consistent force field (PCFF) potential [52]. For the efficient calculation 

of the electrostatic potential energy, the distance-dependent dielectric method with 

a constant of 1.6 is applied in order to ensure that the values of the mechanical 

response of the current model are similar to those in the literature [13,48-50]. 

The idealized unit cell of uncrosslinked polymer that includes the healing agent 

molecules or epoxy resins and curing agents is initially constructed in an 

amorphous state with periodic boundary conditions. The uncrosslinked polymer 

unit cells undergo energy minimization of its total potential energy by using a 

conjugated gradient method with an energy deviation convergence cutoff of 0.1 

kcal/mol·Å , followed by an NVT (isothermal) ensemble simulation at 300 K for 

500 ps and NPT (isothermal–isobaric) ensemble simulation at 300 K and 1 atm for 

2 ns. 

For simulation of the crosslinking reaction, all the interatomic distances between 

the reactive sites in a given unit cell are calculated. If the distance between the 

reactive sites is within the designated cutoff, a new covalent bond is artificially 

created between the sites. The reaction cutoff distance starts at the value of 1 Å , 

and gradually increases with the step size increment of 0.5 Å  until the final 

crosslinking ratio is reached. The atomic structure is repeatedly minimized using a 

conjugated gradient method with refreshed potential energy components, while the 

reaction cutoff distance is iteratively updated. After the crosslinking procedure is 

completed, final equilibration runs are executed in an NVT ensemble simulation at 

300 K for 2 ns, followed by an NPT ensemble at 300 K and 1 atm for 3 ns. As 

shown in Fig. 2.2, the inter-DCPDs crosslinks are uniformly distributed where the 

crosslinked sites are denoted by red colors. 
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It is worth noting that many other methods can be used for the modeling of the 

crosslink distribution in epoxy resin in the molecular dynamics simulation, such as 

representative network element generation [13,48-50] and real-time observation of 

the chemical reaction in a dynamic ensemble [51,53,54]. None of these models are 

perfect, each having its own merits and demerits and being limited only to the 

targeted properties under specific conditions. Nevertheless, it is generally known 

that these methods are all well correlated to the experimental methods on the 

thermal and mechanical behavior of the crosslinked epoxy. 

 

2.1.2. Curing kinetics model of self-healing agents 

The ring-opening metathesis polymerization (ROMP) is highly exothermic due 

to the release of ring strain energy [55]. The curing kinetics of DCPD was 

examined by Kessler et al. [55] for different concentrations of Grubbs‘ catalyst, 

which is ruthenium-based catalyst that shows high metathesis activity. The 

differential scanning calorimetry (DSC) was used to determine the curing kinetics 

of DCPD. The time response of enthalpy-based curing ratio was defined as the 

following form: 

H

( )
( )

R

H t
t

H
                          (2.1) 

where H(t) is the enthalpy of reaction up to time t, and HR is the total enthalpy of 

reaction. In the curing kinetics analysis, the rate of reaction is separated into the 

temperature-dependent rate constant, K(T) and the reaction model, f(αH). 

H H H( , ; ) ( ) ( )T t K T f                     (2.2) 

Here, K(T) and f(αH) are defined as the following forms: 
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                  (2.3a) 
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f                        (2.3b) 

where A is the pre-exponential factor, Ea is the activation energy, R is the universal 

gas constant, and T is the absolute temperature. In the molecular dynamics 

simulations, the description of crosslinking ratio based on the number of reaction is 

easier than the enthalpy-based description, which is used in the experimental 

characterization. Therefore, to bridge the experimental observation and the 

molecular dynamics description, the enthalpy of bulk unit cell of healing agents is 

characterized for various curing ratio. 

 

2.1.3. Characterization of mechanical behaviors of bulk unit cells 

2.1.3.1. Elastic properties 

The elastic moduli of the bulk unit cells were obtained using the Parrinello-

Rahman strain fluctuation method [56] combined with the NσT (constant stress) 

ensemble simulation, which allows both normal deformations and distortions of the 

simulation cells. The Parrinello-Rahman strain fluctuation is carried out using the 

commercial MD simulation package, Materials Studio 5.5 (Accelrys®  Inc.) [57]. In 

the NσT ensemble simulation, diagonal components of the internal stress tensor 

were set at 1 atm (equivalent to atmospheric pressure condition) and fluctuations of 

both normal and shear strain components are stored to apply the strain fluctuation 

formula. In the strain fluctuation method, the elastic stiffness tensor Cijkl of the unit 

cell is defined as, 



20 

 

1
B

ijkl ij kl

k T
C

V
 



                    (2.4) 

where εij, V, and T are the strain tensor, volume, and temperature of the unit cell, 

respectively, and kB is the Boltzmann constant. Here, the symbol 〈·〉 indicates the 

ensemble average of physical quantity. To apply the fluctuation method, the bulk 

DCPD unit cells were again equilibrated at 300 K and 1 atm through the NσT 

ensemble simulation for 500 ps. As a final production run for the strain fluctuation 

data, the same NσT ensemble simulation was followed for 100 ps with the time 

step of 1 fs and all the thermodynamic quantities including the volume and strain 

fluctuations are stored at every 10 fs to apply Eq. (2.4). For the computational 

accuracy, the final production runs were repeated eight times and the elastic moduli 

of each unit cell were averaged over eight different simulation results. 

 

2.1.3.2. Nonlinear stress-strain curves 

The nonlinear stress-strain curves of bulk unit cells are estimated along the x, y, 

and z directions through uniaxial tensile loading simulations. The tensile 

simulations for the cases considered were carried out using the Large-Scale 

Atomic/Molecular Massively Parallel Simulator, an open source code (LAMMPS, 

Sandia Lab) [58]. According to the tensile tests, stresses for each atom in both the 

axial and transverse directions can be obtained. From an atomic viewpoint, the 

potential energy increase can be explained with an atomic stress tensor σij based on 

the virial theorem defined as follows: 

1 1

2

N N N
T

ij i i i ij ij

i i j i

m r F
V 

 
   

 
 σ v v               (2.5) 
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where V is the atomic volume, N is the total number of atoms, vi and mi are the 

thermal excitation velocity and the mass of atom i, respectively, rij is the relative 

position between atoms i and j, and Fij is the atomic force on atom i due to atom j. 

 

2.1.3.3. Cohesive zone between healing agent and crosslinked epoxy 

For characterization of cohesive zone model between healing agent networks 

and crosslinked epoxy networks, periodic unit cell including bilayer model 

composed of healing agents and crosslinked epoxy networks is constructed as 

shown in Fig. 2.3. The total number of atoms is 22,228, and unit cell size is 

42.16ⅹ40.64ⅹ136.35 Å 3. During the molecular dynamics simulations for mode I 

separation behaviors, bottom layer (epoxy networks) is fixed and top layer (healing 

agent networks) is moved toward z-direction with velocity of 0.005 Å /ps. Here, the 

Large-Scale Atomic/Molecular Massively Parallel Simulator, an open source code 

(LAMMPS, Sandia Lab) is employed for the molecular dynamics simulations [58]. 

 

2.1.4. Characterization of mechanical behaviors of self-healing polymers 

2.1.4.1. The homogenized elastic properties 

In this subchapter, the multi-inclusion model of Hori and Nemat-Nasser [59] is 

employed to characterize the homogenized elastic properties of self-healing 

polymers. The overall elastic stiffness tensor of a composite including the R 

number of phase is given as follows: 

1

comp inf r r r r

r=1 r=1

( )
R R

f f



      
         

      
 C C I S I Φ I S Φ        (2.6) 

where Cinf is the stiffness tensor of the infinite medium; fr is the volume fraction of 
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the rth phase; and S and I are Eshelby‘s tensor and the identity tensor, respectively. 

The eigenstrain concentration tensor of rth phase Φr is expressed as follows: 

 
1

1

r inf r inf


   

  
Φ C C C S                 (2.7) 

where Cr is the stiffness tensor of the rth phase, and eigenstrain of rth phase 
*

rε  

could be represented by 
* 0

r rε Φ ε  where ε0 is macroscopic strain. For the 

experimental validation, self-healing polymers that include microcapsule of 180nm 

thickness and 180μm diameter is considered [60]. Here, the multi-inclusion model 

is composed of matrix (r = 1), filled healing agents (r = 2), and microcapsule (r = 3). 

Using the dilute concentration condition, Cinf is assumed to have the same value 

with that of matrix domain, Cmat. 

 

2.1.4.2. The healed fracture toughness 

For the mode I fracture toughness, the healed fracture toughness can be 

quantified as follows: 

cohesiveheal
heal,max virgin virgin cr
I I Ivirgin epoxy

ultimate

K K K


 




                 (2.8) 

where 
heal,max

IK , 
virgin

IK , 
heal , 

virgin , 
cohesive

cr , and 
epoxy

ultimate  are the fracture 

toughness of healed/virgin states, far-field macroscopic stress of healed/virgin 

states, critical traction force of cohesive zone model between epoxy and healing 

agents, and ultimate stress of epoxy domain, respectively. Here, 
cohesive

cr  and 

epoxy

ultimate  are obtained from the molecular dynamics simulations. 
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2.2. Simulation Results and Discussions 

2.2.1. Molecular dynamics simulation results of bulk healing agents 

Through the molecular dynamics simulations, elastic properties, nonlinear stress-

strain curves, and enthalpy of bulk healing agents are obtained. Before the 

prediction of these quantities, the density of bulk unit cells is compared to the 

experimental reference data. After the relaxation of bulk unit cell, the densities of 

bulk unit cells are obtained for different curing ratio, which shows 0.967 g/cm3 at 

the high crosslinking ratio (94.3%). This shows similar to the experimental 

reference data (0.978 g/cm3). Therefore, we predicted aforementioned quantities 

using these relaxed unit cells. Here, we conducted parametric studies on the 

crosslinking ratio of healing agents, whose definition is based on the number of 

crosslinking sites. 

As shown in Fig. 2.4 (a), Young‘s moduli of bulk healing agents are clearly 

increased as the crosslinking ratio increases. It shows similar tendency to the other 

brittle network chemistries like epoxy. In spite of 61.8% crosslinking ratio of 

healing agents, it has small elastic modulus below 0.6GPa, which is just 25% of 

fully crosslinking system result. At high crosslinking ratio range (>75%), the 

elastic moduli of bulk healing agents are enhanced rapidly, which are attained near 

2.0GPa at fully crosslinking ratio (>90%). These tendencies are also investigated at 

the nonlinear stress-strain curves as shown in Fig. 2.4 (b). At high crosslinking 

ratio, the bulk healing agents show high brittleness. 

For the bulk healing agents, enthalpy analysis is carried out as shown in Fig. 2.5. 

Actually, the crosslinking reaction of healing agents is known as exothermic 
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reaction [55]. Therefore, it can be concluded that the molecular dynamic simulation 

results reflect exothermic reactions because the total enthalpies of healing agents 

are monotonically decreased as the crosslinking ratio of healing agents are 

increased. In the molecular dynamics simulation results, some fluctuations that 

stem from the model uncertainties of molecular dynamics simulations cause non-

monotonically decreasing tendency for increasing crosslinking ratio of healing 

agents. For the one-to-one correspondence between crosslinking ratio and total 

enthalpies of bulk unit cells, the raw molecular dynamics simulation results are 

fitted by the simple cubic polynomial curves. The fitted curves show monotonically 

decreasing tendency for increasing crosslinking ratio of healing agents, which can 

be applied to the bridging two different definitions of the crosslinking ratio 

(enthalpy-based definition and the number of crosslinking sites-based definition) in 

the following subsection. 

Although this dissertation does not focus on the treatment of model uncertainties 

of molecular dynamics simulations in the multiscale analysis, it should be 

emphasized that the model uncertainties of molecular dynamics simulations can 

generate the numerical noise in the prediction of mechanical property, thermal 

property, and other quantities. Regarding this, the statistical multiscale framework 

by consideration of model uncertainty of molecular dynamics simulations that 

stems from randomness of initial velocity was developed, which are described in 

Appendix A. 
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2.2.2. Predictive multiscale model of self-healing polymers 

The homogenized elastic properties of self-healing polymers are obtained and 

compared with experimental data [60], as shown in Fig. 2.6 (a). Due to the weak 

stiffness of microcapsules including the uncrosslinked healing agents, the 

homogenized elastic properties of self-healing polymers are clearly decreased as 

the weight fraction of microcapsules increases. This micromechanics-based 

homogenization approach is employed to predict the homogenized elastic 

properties of self-healing polymer nanocomposites and self-healing 

epoxy/thermoplastic blends in the following sections (sections 3 and 4). Likewise, 

the virgin fracture toughness of self-healing polymers is also clearly decreased as 

shown in Fig. 2.6 (b). The decrease of virgin fracture toughness is experimentally 

acknowledged as the reduction of domain size of plastic deformations [61]. Using 

this experimental knowledge, the descriptive model of virgin fracture toughness is 

constructed as follows: 

virgin
capsulevirgin mat

Ic Ic

f
K K e

 
                   (2.9) 

where fcapsule is volume fraction of microcapsule, and βvirgin is obtained as 10.7 from 

nonlinear least square fit method. This descriptive model is applied to the 

prediction of virgin fracture toughness of self-healing polymer nanocomposites and 

self-healing epoxy/thermoplastic blends in the sections 3 and 4. 

For the purpose of the characterization of mode I fracture toughness for self-

healing polymers at the healed states, the traction-separation curves between 

pDCPD networks and epoxy networks are quantified for different curing ratio of 

pDCPD networks using the molecular dynamics simulations. As shown in Fig. 2.7, 

there is clear contribution of curing ratio of pDCPD networks on the traction forces 
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of bilayer models. As mentioned before (section 2.2.1), the pDCPD networks of 

low curing ratio have low stiffness. Even though the non-bond interaction between 

pDCPD networks and epoxy networks are non-negligible as the adhesives, the 

pDCPD networks cannot play a role as a healing agent due to the low stiffness. On 

the other hands, the pDCPD networks can play a role as healing agents, with 

sufficiently high adhesive force and stiffness, at the high curing ratio ranges 

(>70%). From the molecular dynamics simulations, the ultimate stress of 

crosslinked epoxy networks is determined by 170 MPa, which is necessarily higher 

than experimental data due to high strain rate effects. The maximum traction force 

of epoxy/pDCPD bilayer model is 130 MPa, as shown in Fig. 2.7. From Eq. (2.8), 

the maximum healed fracture toughness is determined as 1.95 MPa∙m1/2, and the 

predictive curve of healed fracture toughness is obtained as the following form: 

 
heal

capsuleheal heal,max

Ic Ic 1
f

K K e
 

                  (2.10) 

where βheal is obtained as 7.55 from nonlinear least square fit method. The 

predictive curve is described in Fig. 2.6 (c). 

 

2.2.3. Time response of healing behaviors of self-healing polymers 

Using the enthalpy of bulk healing agents (described in Fig. 2.5), the relationship 

between enthalpy-based curing ratio and actual curing ratio is obtained as shown in 

Fig. 2.8 (a). The detail form can be described as follows: 

20.75 1.75H N N                        (2.11) 

where αH and αN are enthalpy-based curing ratio and actual curing ratio, 

respectively. As mentioned in section 2.1.2, the enthalpy-based curing kinetics of 
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DCPD was examined by Kessler et al. [55] for different concentrations of Grubbs‘ 

catalyst, which is ruthenium-based catalyst that shows high metathesis activity as 

shown in Fig. 2.8 (b). Using the Eq. (2.11) and the enthalpy-based curing kinetics, 

the actual curing ratio of healing agents can be obtained as shown in Fig. 2.8 (c). 

As shown in Fig. 2.7, the maximum traction force has rapid transition near the 

52.5-77.5% curing ratio of healing agents. From the actual curing ratio-based 

kinetics (Fig. 2.8 (c)), it can be concluded that 5-12 hours are necessary to heal the 

macroscopic cracks at low concentration of catalyst. Meanwhile, at the medium 

and high concentrations of catalysts, 1.5-5.5 hours are necessary. 

 

2.3. Chapter Summary and Conclusions 

In this chapter, a multiscale model of self-healing polymers has been developed 

including the homogenized elastic properties, virgin fracture toughness, and healed 

fracture toughness using the micromechanics and the full atomistic molecular 

dynamics simulations. The maximum theoretical healing efficiency of self-healing 

polymers was predicted using the molecular dynamics simulations. The time 

response of mechanical behaviors of self-healing polymers has been characterized 

using the experiments-based curing kinetics model and the reactive mechanism of 

healing agents. In the following chapters, the multiscale analysis of self-healing 

polymer nanocomposites and self-healing epoxy/thermoplastic blends will be 

conducted using the established multiscale model of self-healing polymers herein. 
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Fig. 2.1. Schematic of the reaction mechanism for ring-opening metathesis polymerization 

(ROMP) of dicyclopentadiene (DCPD) into a cross-linked polymer network: (a) DCPD 

monomer, (b) DCPD monomer that has experienced the opening of norbornene ring, which 

play a role as linear segment, (c) DCPD monomer that has experienced both the opening of 

norbornene ring and cyclopentene ring, which play a role as cross-linker, and (d) polymer 

networks of pDCPD. (Here, (b) and (c) exclude configuration of hydrogen bonds) 
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Fig. 2.2. Unit cell configuration of crosslinked DCPD networks: (a) 26% crosslinking 

ratio, and (b) 96% crosslinking ratio. (crosslinked sites are highlighted by red colors) 
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Fig. 2.3. Bilayer unit cell models for characterization of cohesive zone model between 

polydicyclopentadiene (pDCPD) networks and epoxy networks. 
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Fig. 2.4. Molecular dynamics simulation results on mechanical behaviors of bulk 

healing agents: (a) Young‘s moduli, and (b) nonlinear stress-strain curves 
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Fig. 2.5. Molecular dynamics simulation results on enthalpy of bulk healing agents 
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Fig. 2.6. Effective mechanical properties of self-healing polymers: (a) homogenized elastic 

properties and experimental validation, (b) descriptive model of virgin fracture toughness, 

and (c) predictive model of healed fracture toughness 
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Fig. 2.7. Mode I traction-separation behaviors of bilayer model between 

polydicyclopentadiene (pDCPD) networks and epoxy networks 
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Fig. 2.8. Curing kinetics model: (a) the relationship between enthalpy-based curing ratio 

and actual curing ratio, (b) time response of enthalpy-based curing ratio, and (c) time 

response of actual curing ratio 
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3. MULTISCALE ANALYSIS OF SELF-HEALING POLYMER 

NANOCOMPOSITES 

 

In this chapter, a multiscale mechanical analysis framework of self-healing 

polymer nanocomposites is developed. The mechanics of self-healing polymer 

nanocomposites includes the healing behavior of macroscopic crack and the 

reinforcing and toughening behaviors that come from the rigid nanoparticles. 

Firstly, a multiscale model to predict fatigue crack propagation behavior of 

polymeric nanocomposites is proposed. The major novelty of this work is that the 

enhancement of strain energy release rate due to major toughening mechanisms, 

which are experimentally observed, is considered for the prediction of fatigue crack 

propagation behavior of polymeric nanocomposites using the multiscale approach. 

The merit of this approach is that this proposed model is just necessary for the 

experimental data of neat matrix about fatigue crack growth. The prediction by the 

proposed multiscale model provides a satisfactory agreement for experimental data 

at low weight fraction range of nanoparticles. Finally, by extension of the proposed 

multiscale model to the self-healing polymer nanocomposites, the multiscale 

analysis of self-healing polymer nanocomposites is conducted with providing the 

master curves of mechanical properties and fatigue crack growth behaviors for 

various concentrations of nanoparticles and microcapsules including healing agents. 
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3.1. Multiscale Model to Predict Fatigue Crack Growth of Thermoset Polymer 

Nanocomposites 

3.1.1. Description of the multiscale-multimechanism strategy 

Fracture toughness and fatigue crack propagation behavior are critically related 

to the strain energy release rate that is the dissipated energy per unit of newly 

created fracture surface area. A multiscale-multimechanism approach to quantify 

the strain energy release rate of thermoset polymer nanocomposites is employed to 

predict fracture toughness and fatigue crack propagation behaviors. The 

experimental observations showed that the embedded nanoparticles played three 

key roles in microscopic energy dissipation mechanisms of ―nanoparticulate 

debonding‖, ―the subsequent plastic yield of nanovoids‖ [22,23,26], and ―localized 

shear banding‖ [27]. For the mode I crack separation behavior, the strain energy 

release rate of thermoset polymer nanocomposites, 
comp

IG , can be written as the 

following simple summation form: 

comp mat

I I ii
G G G                     (3.1) 

where 
mat

IG  and ΔGi are the strain energy release rate of unmodified matrix and 

the enhancement due to the ith damage mechanisms (i=1: particle debonding, i=2: 

plastic yielding of nanovoids, and i=3: localized shear band). By taking J-integral 

near the crack tip, ΔGi can be obtained as follows [28,29]: 

* ( 2)

0
2 di iG u

  




                      (3.2) 

where ui is the microscopic dissipation energy produced by ith damage 

mechanisms in the representative volume element that is entirely typical of the 

whole mixture on average. 
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A multiscale strategy to calculate the dissipated energy by considering the 

damage mechanism on the microscale near the crack tip of macroscopic structures 

has been developed [26-28]. The multiscale analysis includes the combined 

continuum analysis of macroscale (length scale of specimen) and microscale 

(length scale of nanoparticle). The link between the macroscopic quantities and the 

microscopic quantities is made by considering the volume average of microscopic 

quantities defined in the representative volume elements: 

   
1

, , d
Y

V
Y

 Σ E σ ε                    (3.3) 

where {Σ, E} and {σ, ε} are the macroscopic and microscopic stress/strain fields, 

respectively, and Y is domain of the representative volume elements. Through the 

theory of linear fracture mechanics under the assumption of plane strain conditions, 

hydrostatic and von Mises macroscopic stress fields are described as follows: 

comp I

h

2(1 )
cos

3 23 2

xx yy zz K 



   
              (3.4) 

2I
vM compcos 2(1 2 ) 3(1 cos )

24

K 
 


              (3.5) 

where KI and νcomp are the stress intensity factor of the macroscopic stress field and 

the Poisson‘s ratio of the composites, respectively. Using the micromechanics 

approach, the dissipated energy of representative volume elements due to damage 

mechanisms can be obtained as a function of ρ. By computing the J-integral (Eq. 

(3.2)), the strain energy release rate enhancement of thermoset polymer 

nanocomposites can be quantified. In the following sections, the analytic solutions 

of the dissipated energy will be briefly reviewed for each mechanism. 
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3.1.2. Quantification of additive strain energy release rate due to toughening 

mechanisms 

3.1.2.1. Nanoparticulate debonding-induced plastic yield of nanovoids 

The energy dissipating mechanism due to nanoparticulate debonding-induced 

plastic yield of nanovoids includes ―nanoparticulate debonding‖ and ―the 

subsequent plastic yield of nanovoids‖. With an assumption that interface between 

nanoparticle and matrix is debonded uniformly, the enhancement in strain energy 

release rate due to this mechanism can be quantified as the analytic form. The 

microscopic strain energy density dissipated by the interfacial debonding can be 

calculated as the following form: 

db
db p

p

3u f
r


                        (3.6) 

where γdb, rp, and fp are interfacial fracture toughness of nanoparticle, radius and 

volume fraction of nanoparticles, respectively. The enhancement of the strain 

energy release due to interfacial debonding mechanism can be estimated by the 

following form: 

comp

db p db IG f G                       (3.7) 

where ψdb is a contribution of interfacial debonding mechanism per unit volume 

fraction of nanoparticles on the strain energy release rate enhancement [26]: 

comp comp

db 2 2

comp cr h

12

3 1

db

p

E

r C




  


   

 
              (3.8) 

where Ecomp and νcomp are Young‘s modulus and Poisson‘s ratio of nanocomposites, 

respectively, ζcr is the critical debonding stress of the interface [62]: 
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db mat
cr

p mat

4

1

E

r





 


                    (3.9) 

and Ch is the reciprocal of the hydrostatic part of the global stress concentration 

tensor [63]: 

par matmat
h

par mat mat

3 4

3 4

K GK
C

K K G


 


                 (3.10) 

The debonded nanoparticles cannot play a role as the reinforcements. It was 

reported that the debonded nanoparticles could be regarded as the nanovoids that 

has the same diameter of the initial nanoparticles [26]. The high stress fields in the 

vicinity of the nanovoids cause local yielding of the nanovoids, which dissipates 

the energy plastically and enhances the strain energy release rate of polymer 

nanocomposites. The enhancement of the strain energy release due to plastic 

yielding of nanovoids can be described as the following forms: 

comp

py p py IG f G                     (3.11) 

where ψpy is a contribution of plastic yielding of nanovoids mechanism per unit 

volume fraction of nanoparticles on the enhancement of the strain energy release 

[26]: 

cr
h

Ym

3 1
comp comp mat Ym

py

h mat comp cr

(1 )(1 )4

9 1

CE
e

C E



  


  

 
  

 
 

 
    


  (3.12) 

for an elastic-perfectly plastic behavior of the matrix, where ζYm is the yield stress 

of matrix. 
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3.1.2.2. Localized shear banding 

The microscopic stress concentrations around nanoparticles promote the 

formation of localized plastic shear banding between nanoparticles, which causes 

highly dissipated plastic energy. With an assumption that interparticulate distances 

are uniform, the enhancement of the strain energy release due to this mechanism 

can be quantified as the analytic form. Using a multiscale analysis framework, the 

enhancement of the strain energy release due to localized shear banding can be 

described as the following forms: 

comp

sb p sb IG f G                     (3.13) 

where ψsb is a contribution of localized shear banding mechanism per unit volume 

fraction of nanoparticles on the enhancement of strain energy release rate [27]: 

compsb
sb 22 2

compycm
14 (1 3)

EI


 
  


          (3.14) 

where μ is a non-dimensional pressure coefficient, ζycm is the compressive yield 

stress of matrix, Г is a function to quantify the production of microscopic energy, 

Isb is for the stress concentration near the nanoparticles: 

1

3

ym fm

p

52

6 63f


 

 
  

     
  
 

              (3.15) 

 2 2

sb vM vM h h

1

2
I pH k H H j H 


            (3.16) 

where ζym is the shear yield stress of matrix, γfm is the shear fracture strain, and 

parameters (p, k, j) are function of Poisson‘s ratio. Here, the parameters (p, k, j) are 

determined by the listed data in Ref. 27. 
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3.1.3. The prediction of overall strain energy release rate of the thermoset polymer 

nanocomposites 

The overall strain energy release rate of thermoset polymer nanocomposites can 

be written as the following form: 

mat
comp I
I

p db py sb1 ( )

G
G

f   


  
                (3.17) 

This relationship of the strain energy release rate between nanocomposites and neat 

matrix can be applied to the estimation of the fracture toughness and fatigue crack 

propagation behavior. 

 

3.1.4. The overall fracture toughness of thermoset polymer nanocomposites 

From Eq. (3.17), the critical strain energy release rate of thermoset polymer 

nanocomposites can be determined as the following form: 

mat
comp Ic
Ic

p db py sb1 ( )

G
G

f   


  
                 (3.18) 

Through the strain energy release rate failure criterion, the mode I fracture 

toughness, which is same with the critical mode I stress intensity factor, is related 

to the critical strain energy release rate as the following form: 

comp mat

Ic IcK K                         (3.19) 

where δ is defined as the following form: 

2
comp mat

2

p db py sb comp mat

11

1 ( ) 1

E

f E




   


  

   
          (3.20) 
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3.1.5. The prediction of overall fatigue crack propagation behaviors of thermoset 

polymer nanocomposites 

3.1.5.1. without consideration of crack closure effect 

The fatigue crack propagation behaviors of neat matrix and nanocomposites can 

be described as the following forms: 

   compmat compmat
mat I comp I,  

dada
f K f K

dN dN
             (3.21) 

For the same crack length extension of specimen per unit cycle, the necessary 

range of stress intensity factors can be described as follows: 

mat 1 comp 1

I mat I comp,  
da da

K f K f
dN dN

    
      

   
          (3.22) 

From the relationship between stress intensity factor and strain energy release rate, 

the stress intensity factors of thermoset polymer nanocomposites can be described 

as follows because the microscopic energy dissipating mechanisms are identical in 

all three fatigue crack propagation regimes: 

   comp comp comp mat mat mat

I,max I,min I I,max I,min I,  ,  ,  ,  K K K K K K           (3.23) 

By substituting Eq. (3.23) into Eq. (3.22), the relationship of fatigue crack 

propagation behavior between neat matrix and nanocomposites can be described as 

follows: 

1 1

comp matf f                         (3.24) 

Paris law of the nanocomposites, which is famous calibration model of the linear 

interval around the center, can be described as follows: 
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C K

dN
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      (3.25) 

where the coefficients of the Paris law can be obtained as follows: 

mat

comp mat comp mat,  
m

C C m m 
               (3.26) 

 

3.1.5.2. with consideration of crack closure effect 

Fatigue crack propagation is mutual competition between intrinsic mechanism of 

damage/crack advance and extrinsic mechanism of crack tip shielding involved in 

crack growth. The fatigue crack propagation behaviors and the domain size of 

fatigue process zone [64] are determined by the following effective range of stress 

intensity factors [65]: 

I,max I,cl I,min I,cl

I,eff

I,max I,min I,cl I,min

 ( )

 ( )

K K K K
K

K K K K

  
  

 
          (3.27) 

where KI,cl is the mode I stress intensity factor to close the crack. The relationship 

of the effective range of stress intensity factors between nanocomposites and neat 

matrix can be described as the following forms: 

comp mat

I,eff I,effK K                      (3.28) 

Therefore, the fatigue crack propagation behavior of thermoset polymer 

nanocomposites can be described as the following form: 

1 1 comp mat

comp mat I,cl I,cl( ) (1 )
da da

f f K K R
dN dN

     
         

   
  (3.29) 

where the minimum-to-maximum load ratio R is defined as Kmin/Kmax. 
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3.1.6. Model validation by comparison with experimental data 

3.1.6.1. System details for model validation 

For the purpose of model validation, the theoretically estimated fatigue crack 

growth of the epoxy/silica nanocomposites are compared to the experimental 

reference data [11]. Sinusoidal loads were applied and the minimum-to-maximum 

load ratio R was set to 0.1 with a frequency of 10 Hz and constant ΔKI. The 

diameter of silica nanoparticles is set as 20nm, which is same with that of reference 

systems [11]. The summary of the system details of the experimental data are listed 

in Table 3.1. With symmetric yielding assumption, the non-dimensional pressure 

coefficient, μ, is set as zero. The length of specimen and initial pre-crack are 

assumed as 80mm and 20mm, respectively. 

 

3.1.6.2. Experimental validation without crack closure effect 

Before the model validation of fatigue crack growth, we compared the basic 

mechanical properties (elastic properties, critical strain energy release rate, and 

critical stress intensity factor) to the experimental reference data [11]. As shown in 

Fig. 3.1, the theoretically estimated basic effective mechanical properties are well 

matched to the experimental reference data. Despite the negligence of the 

additional interphase zone and simplified representative volume elements, the 

multiscale model provides highly satisfactory predictions. The decreasing slope 

including plateau in high weight fraction range is commonly understood due to the 

influence of filler agglomeration [28]. The related works are on-going research 

including the percolated interphase zone and the clustered nanoparticles (Appendix 
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B). 

Finally, the predicted fatigue crack propagation behaviors of epoxy/silica 

nanocomposites using the proposed multiscale model are compared with 

experimental reference data [11]. The results show satisfactory predictions, as 

shown in Figs. 3.2 (a) and (b). As shown in Fig. 3.3, the addition of rigid 

nanoparticles has clear contribution on the extension of fatigue life. Despite the 

reliable prediction of fatigue crack propagation behaviors of epoxy/silica 

nanocomposites at low weight fraction range (<12%), the prediction in the high 

weight fraction range is unfortunately way off. The origin of this limitation is 

expected due to the filler agglomeration that is same with the case of fracture 

toughness, and the related works are on-going research including the percolated 

interphase zone [66] and the clustered nanoparticles. Meanwhile, it is worth 

mentioning that the major contribution of this work is that master curves of 

thermoset polymeric nanocomposites can be predicted for various weight fractions 

of nanoparticles when the fatigue crack growth behavior of neat thermoset polymer 

matrix is predetermined. In Fig. 3.2 (a), we employed the experimental data of 

fatigue crack growth behavior of neat epoxy matrix as base curve for generation of 

master curves. 

 

3.1.6.3. Influences of crack closure effects 

Unfortunately, there are very few studies on the fatigue crack closures of the 

thermoset polymers and polymer-based composite materials due to their intrinsic 

brittleness [67]. Even though this class of materials experiences only the small 

amount of plasticity-induced crack closure effects unlike the ductile metallic 
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composites (KI,cl ~ 0.4-0.8KIc) [68], an influence of crack closure mechanisms on 

the fatigue crack growth behaviors should be investigated because the domain size 

of fatigue process zone involving the microscopic energy dissipating mechanisms 

is highly sensitive to the crack closure stress intensity factors despite the small 

amount. Furthermore, the achievement of fatigue life-extended materials [69,70] 

using the artificial infiltration of a viscous fluid or a solid wedge in the wake of the 

crack motivates the understanding of influences of the crack closure phenomena. 

The precise quantification of actual crack closure stress intensity factor is not the 

scope of this study, and we conducted parametric studies on the crack closure stress 

intensity factor (in the range of KI,cl ~ 0.0-0.5KIc) that is independent on the weight 

fraction of nanoparticles. 

Without crack closure effects, fatigue crack propagation behaviors of thermoset 

polymer nanocomposites are simply shifted along with horizontal axes of a log-log 

plot as weight fraction of nanoparticles increases as shown in Fig. 3.2 (a). When we 

consider the crack closure effects, the slope (mcomp) in the Paris regime is clearly 

reduced by the addition of nanoparticles, as shown in Figs. 3.2 (c)-(f) and Fig. 3.4 

(a). The decreasing slope in the Paris regime has been observed in the recently 

reported experimental studies [10,11]. In spite of the negligibly small amount of 

crack closure (KI,cl ~ 0.1KIc), the decreasing slope in the Paris regime is clearly 

observed as shown in Fig. 3.4 (a) of KI,cl = 0.05MPa·m1/2. Due to the lack of the 

studies on the crack closure effects of thermoset polymer nanocomposites, there is 

no clear experimental evidence. However, it is seemingly that the recently reported 

decreasing slope in the Paris regime [10,11] could be related to crack closure 

effects. The stress intensity factor leading to instable crack growth (ΔKcf) and the 
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threshold of the fatigue crack growth (ΔKth) are also listed and compared with 

experimental data, as shown in Figs. 3.4 (b) and (c). Meanwhile, the proposed 

multiscale model can be applied to the weight fraction-dependent crack closure 

effects, and the slope in Paris regime will be decreased at 
comp mat

I,cl I,clK K   , and 

increased at 
comp mat

I,cl I,clK K   , from Eq. (3.29). 

 

3.2. Multiscale Analysis of Self-Healing Polymer Nanocomposites 

In this chapter, multiscale analysis for the self-healing polymer nanocomposites 

is conducted. For the prediction of elastic properties of self-healing polymer 

nanocomposites, multi-inclusion models are used. The details are described in the 

section 2.1.4.1. To predict the virgin fracture toughness of self-healing polymer 

nanocomposites, the mechanism-based multiscale approach is used. As mentioned 

in previous section, the total area of active process zone is reduced due to the 

embedded microcapsules. Therefore, the microscopic energy dissipation is also 

reduced in proportion to the reduced area of active process zone as follows: 

virgin
capsulevirgin,comp comp

Ic Ic

f
K K e

 
                (3.30) 

Here, βvirgin is determined same as previous chapter (Eq. 2.9). Finally, with the 

consideration of weak interfacial adhesion, the healed fracture toughness of self-

healing polymer nanocomposites can be obtained as follows: 

cohesive
healed,comp comp cr
Ic Ic

ultimate

K K



                  (3.31) 

Using these multiscale descriptions for the prediction of elastic properties, virgin 

fracture toughness, and healed fracture toughness of self-healing polymer 

nanocomposites, the predicted results are described in Fig. 3.6. For various weight 
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fractions of microcapsules and nanoparticles, the master curves of self-healing 

polymer nanocomposites are constructed. 

 

3.3. Chapter Summary and Conclusions 

In this chapter, the multiscale analysis of self-healing polymer nanocomposites is 

conducted. Before the multiscale analysis, the multiscale models to predict elastic 

properties, fracture toughness and fatigue crack growth behaviors of thermoset 

polymer nanocomposites are firstly developed. The proposed models show highly 

satisfactory agreement with experimental data. This is the first attempt to predict 

fatigue crack growth behaviors of thermoset polymer nanocomposites using the 

microscopic energy dissipating mechanisms (nanoparticulate debonding-induced 

plastic yield of nanovoids, and localized shear banding). We believe that the 

proposed multiscale model can act as the guideline of the characterization of 

master curves of fatigue crack growth behaviors for various weight fraction 

systems and the foundation of the fatigue design of the thermoset polymer 

nanocomposites with design of microscopic energy dissipating mechanisms. In 

future development, it is expected that the actual crack closure stress intensity 

factors can be predicted, even though it is still challenging issue [71,72]. This study 

can be extended to the autonomous healing systems [4,5,68] and biomimetic 

structures [73,74]. Using the microscopic dissipating energy mechanisms, intrinsic 

toughening mechanism, and macroscopic crack shielding effects, the useful 

multiscale models have been developed. It is expected that this multiscale model 

can provide useful guidelines for the design of self-healing polymer 

nanocomposites.
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Table 3.1. Material properties of polymer nanocomposites used in the present analysis 

 

Material 

properties 

γdb 

[J/m2] 

Matrix Particle 

E [GPa] ν 
ζYm 

[MPa] 

GIm 

[J/m2] 
γfm E [GPa] ν 

Values 0.04 2.9 0.4 120 66 0.06 104 0.3 
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Fig. 3.1. Predicted mechanical properties of polymer nanocomposites and experimental 

validations: (a) elastic properties, (b) critical stress intensity factors, and (c) critical strain 

energy release rate. The details of experimental data can be found in Ref. 11. 
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Fig. 3.2. Fatigue crack growth behaviors of polymer nanocomposites: (a) predicted results 

using the proposed method without crack closure effect, (b) experimental results [11], 

predicted results with crack closure effects of (c) KI,cl=0.05 MPa·m1/2, (d) KI,cl=0.10 MPa·m1/2, 

(e) KI,cl=0.15 MPa·m1/2, (f) KI,cl=0.20 MPa·m1/2. 
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Fig. 3.3. Fatigue crack propagation behaviors of polymer nanocomposites: (a) crack 

extension-the number of load cycles curve, and (b) fatigue life (at KI,cl=0.20 MPa·m1/2) 
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Fig. 3.4. An influence of crack closure effects on the (a) mcomp, (b) ΔKth, and (c) ΔKth as a 

function of nanoparticulate contents and comparison with experimental data [11]. 
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Fig. 3.5. Schematics of self-healing polymer nanocomposites: (a) virgin toughness, and 

(b) healed toughness 
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Fig 3.6. Basic mechanical properties of self-healing polymer nanocomposites: (a) elastic 

properties, (b) virgin fracture toughness, and (c) healed fracture toughness 
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4. MULTISCALE ANALYSIS OF SELF-HEALING 

EPOXY/THERMOPLASTIC BLENDS 

 

In this chapter, a multiscale mechanical analysis framework of self-healing 

epoxy/thermoplastic blends is developed. To achieve this objective, a multiscale 

model to predict fracture toughness of epoxy/thermoplastic blends is developed and 

validated with experimental data. By extension of the proposed multiscale model, 

elastic properties and fracture toughness of self-healing epoxy/thermoplastic blends 

are obtained with the purpose of multiscale analysis. 

 

4.1. Multiscale Model of Epoxy/Thermoplastic Blends and Experimental 

Validations 

4.1.1. Motivations 

Based on the experimental observations, it was reported that the ductile 

thermoplastic particle plays two key roles in toughening mechanism of 

thermoplastic/epoxy blends plastic deformation in the material near the 

macroscopic crack tip, and particle bridging in the crack wake [45,46], as shown in 

Fig. 1.3. For the first mechanism, multiscale approach [26-28] is useful when 

developing an analytical model with an infinite number of particles embedded in 

the matrix domain. The density of energy dissipated by the damage mechanism of 

the representative volume elements near the macroscopic crack tip can be 

described by micromechanics models as shown in Fig. 1.4. The fracture toughness 

enhancement of the composites can be obtained quantitatively through the J-
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integral near the macroscopic crack tip [29]. However, multiscale models for the 

toughness enhancements of thermoplastic/epoxy blends have not been reported, 

unlike rigid nanoparticles [26,27]. For this reason, we focused on the development 

of a model to describe the fracture toughness improvement by thermoplastic 

particle yield near the crack tip. The main objective of the present paper is to 

quantify the toughness enhancement due to the plastic yield of the thermoplastic 

particle. 

With this motivation, we conducted the formulation to quantify the plastic 

dissipation energy of thermoplastic particles near the macroscopic crack tip. To 

quantify the plastic dissipation energy of thermoplastic particles, molecular 

dynamics simulation was then conducted to obtain the curve of nonlinear 

hydrostatic stress versus volumetric strain. The proposed multiscale model is 

validated through the reported experimental data. Based on results obtained using 

the multiscale model, design guidelines regarding the proper selection of 

toughening agents are proposed for enhancing the fracture toughness of 

thermoplastic/epoxy blends. 

 

4.1.2. Thermoplastic particle yield-induced toughness enhancement 

4.1.2.1. Description of the plastic energy from thermoplastic particles 

It is assumed that the thermoplastic particles are well separated from the epoxy 

domain as a continuous and homogeneous phase, as shown in the scanning electron 

microscope image in Fig. 1.3 [41]. The embedded thermoplastic phase is assumed 

to be spherical in shape. The calculation ignores the presence of microcracks [40] 

(in the particles, in the matrix, and at the interface) during the plastic deformation 
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and fracture of the thermoplastic particles. Therefore, the particle and matrix can be 

considered as a continuous and homogeneous phase. It is acknowledged that the 

particle diameter of the thermoplastic polyethersulfone phase, which is employed 

as toughening agent in this study, of the epoxy-rich composites is 0.1-1.5μm [41]. 

The hardening behavior of the matrix was simplified as the following linear 

elasto-power law [76,77]: 

m
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           (4.4a, b) 

where   and   are the equivalent stress and the equivalent strain, respectively, 

and Em, nm, εYm and ζYm are Young‘s modulus, hardening exponent, yield strain, 

and yield stress, respectively, of the matrix. The radial component of stress, (pl),m

rr , 

effective stress, 
(pl),m

 , and radial displacement fields, (pl),m

ru , in the plastic zone (r 

< Rp) of the matrix are defined as: 
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Outside the plastic core (r > Rp), the stress components and displacement fields of 

linear elastic matrix zone can be expressed as: 
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(el),m 4
r 3 2

C
u C r

r
                       (4.6c) 

where νm is Poisson‘s ratio of the matrix [78]. To avoid the singular solution of the 

equivalent stress at the center of particle (r = 0), we introduced the curve of 

nonlinear hydrostatic stress versus volumetric strain as a constitutive model. We 

defined the radial component of strain, (pl),p

rr , as one of the unknown variables, C5, 

as follows: 

(pl),p

rr 5C                           (4.7a) 

(pl),p

r 5u C r                         (4.7b) 

There are actually two types of yield state of the composites near the crack tip: 

- Partially yielded domain: yielding occurs in the entire particle and a part of the 

matrix (rp < Rp < rm) 

- Fully yielded domain: yielding occurs in the entire particle and the entire 

matrix (Rp = rm) 

Firstly, microscopic displacement and stress fields of partially yielded domain (rp 

< Rp < rm) are obtained. Through perfect bonding between the particle and the 

matrix, the continuity in displacement and stress is satisfied as follows: 
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                 (4.8a-d) 

From the definition of Rp and traction boundary condition, the additional boundary 

conditions are defined as: 
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The solutions of the coefficients (C1-C5) are then 
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(4.10a-e) 

where Rp can be obtained from the following equation: 

4 p3

p p p p m

Ym 3 4 p

2 ( )
( ) 0,  ( , )

2 ( ( ))

C R
f R R R r r

C C R
   


       (4.11) 

The numerical solution of Rp is obtained by the bisection method within the 

interval (rp, rm). 

Secondly, microscopic displacement and stress fields of fully yielded domain (Rp 

= rm) are obtained. Through the condition of perfect bonding between the particle 

and the matrix, the continuity in displacement and stress is satisfied as follows: 
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                (4.12a, b) 

From the definition of the traction boundary condition, the additional boundary 

condition is given as: 

m
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rr r r
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                       (4.13) 

The solutions C1-C5 are  
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where the solutions of C5 can be obtained from 
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 (4.15a-c) 

where S has double roots at C5 = C5,double root, and C5,1 < C5,2. Through the limit 

computation of the stress fields of Eq. (4.11) as Rp converges to rm, the critical 

traction force to characterize the fully yielded domain, S**, can be computed: 
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         (4.16) 

The density of plastic energy dissipated by the particle yield in the composites, 

up, can be expressed as the following simplified form: 
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where Up is the dissipated plastic energy of a particle. 

 

4.1.2.2. Modeling of toughness enhancement induced by thermoplastic particle 

yield 

The partially yielded domain must be determined for the numerical analysis of 

the toughness enhancement of the thermoplastic/epoxy blend. At the macroscopic 

crack tip, Σh can be obtained using Eq. (4.1) based on linear fracture mechanics, 

which can be applied to the thermoplastic/epoxy system because the crosslinked 
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epoxy system is a brittle structure. S*, which is the minimum traction force to cause 

plastic yield of particle, is defined as the critical surface traction force such that Rp 

is equal to the particulate radius rp. Finally, the critical radius of the partially yield 

domain, ρ*, in which yielding of a particle occurs, can be described by the 

following equation because it is preferable for the contour line for the J-integral to 

be parallel to the y-axis (φ=π/2) [29]: 
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            (4.18) 

Similarly, the critical radius of the fully yielded domain, ρ**, can be defined as: 

2 2

comp Ic**

**2

(1 )

9

K

S







                     (4.19) 

The toughness enhancement can be described by the contour integral (Eq. (4.2)) 

of up. For the particle yield mechanism, up is not a constant in the process of 

contour integration. Therefore, numerical integration is employed to compute the 

contour integral as follows: 
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where N is the number of integration points (set as 104 in this study). By 

introducing Eq. (4.18), Eq. (4.20b, c), and Eq. (4.17) into Eq. (4.20a), the 

toughness enhancement, ΔGp, can then be represented by 
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With the definition of the fracture toughness as  2 2

Ic Ic comp comp1G K E  , ΔGp 
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can be simplified as 
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where the contribution of the thermoplastic-particle yield mechanism of the 

blended toughening agents, ψp, is 
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     (4.23) 

In order to compute Eq. (4.23), Ecomp, νcomp, and p ( )ku   must be obtained first. 

The elastic moduli of the composites is determined by the Mori-Tanaka model [75], 

while p ( )ku   can be determined by the proposed formulation in section 4.1.2.1. 

For the kth integration point, the hydrostatic tension, Sk, can be determined as 
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              (4.24) 

 

4.1.3. Thermoplastic particle bridging-induced toughness enhancement 

Douglass et al. [37] proposed the toughness enhancement due to rubbery particle 

bridging mechanism. We quantified the thermoplastic particle bridging-induced 

toughness enhancement in a similar way. Even though the fracture toughness of 

PES has not been reported, the elongation limit, Young‘s modulus, and tensile 

strength were reported as 6-80%, 2.41-2.83 GPa, and 67.6-95.2 MPa, respectively 

[79]. Using the linear elasto-perfect plastic model, the dissipated energy density of 

PES due to tearing, w0, can be estimated as 5-75 MPa. Then, toughness 

enhancement due to tearing can be obtained as the following equation [37]: 

t 0 p p2G w r f                         (4.25) 
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where rp is the mean radius of thermoplastic particles. Therefore, the total 

toughness enhancement can be described as the following form: 

p p
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       (4.26) 

 

4.1.4. Molecular modeling and molecular dynamics simulation of bulk 

polyethersulfone 

4.1.4.1. Molecular modeling of bulk polyethersulfone 

For the molecular modeling and relaxation simulation, commercial molecular 

simulation software Material Studio 5.5 was used [57], and the polymer consistent 

force-field [80] was employed to describe both the inter- and intra-atomic 

interactions. Polyethersulfone, the thermoplastic toughening agent, is a typical 

amorphous engineering thermoplastic with high toughness, strength and rigidity. 

The chemical structure of polyethersulfone is given in Fig. 4.1. In this study, a 

polyethersulfone chain containing 60 repeating units was used as an end group. The 

initial target density of the unit cell containing five polyethersulfone chains was set 

to 0.01 g/cm3 for modeling of a dilute condition and periodic boundary conditions 

were applied in all directions. The initial molecular structure of polyethersulfone 

was gradually compressed and equilibrated, using the NVT ensemble (with constant 

number of particles, volume, and temperature) at 300K followed by the NPT 

ensemble (with constant number of particles, pressure, and temperature) at 300K 

and 1atm. 

 

 

 



66 

 

4.1.4.2. Simulation of triaxial tensile loading and unloading in bulk 

polyethersulfone 

Molecular dynamics simulation was employed to obtain the triaxial tensile 

loading and unloading simulation response of polyethersulfone. A small 

displacement was applied to the atoms on the surface of the unit cell according to 

the predefined strain rate of 0.0001/ps along every axis, and the system was relaxed 

via the NVT ensemble simulation. After the relaxation process, the atoms on the 

surface of the unit cell were displaced again, followed by the same relaxation 

process. In each relaxation process, the time-averaged stress tensors calculated 

from the virial theorem were stored as the stress components corresponding to the 

strain state. This process was repeated until the volumetric strain of the unit cell 

reached 120%. After the loading simulation, unloading simulations followed at 

strains of 15%, 45%, 90%, and 120%. During the unloading simulation, the atoms 

on the surface of the unit cell were displaced according to the predefined strain rate 

of -0.0001/ps along every axis. For all the ensemble simulations, an open source 

code for large-scale atomic and molecular simulation tool (LAMMPS) [58] was 

used with the same force field (PCFF). 

 

4.1.5. Simulation results and discussion 

4.1.5.1. Molecular dynamics simulation results of polyethersulfone 

To validate the unit cell model of polyethersulfone, we compared the Young‘s 

modulus (E), density (ρ), and glass-transition temperature (Tg) of polyethersulfone 

obtained by molecular dynamics simulation with experimental data reported in the 

literature [81], as shown in Table 4.1. The procedure for this simulation is 
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described elsewhere [14,82]. This unit cell model was used for triaxial tensile 

simulation with LAMMPS. The obtained nonlinear hydrostatic stress-volumetric 

strain curve is as shown in Fig. 4.2, which shows trends similar to those reported in 

the literature [83]. Molecular dynamics data were by the least squares method 

using the following equation: 
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       (4.27) 

where a1, a2, and a3 are 56.694MPa, 0.523, and 1.229, respectively. The fracture 

energy of polyethersulfone by volumetric tension was then determined as follows: 

h v
0

174.65MPad 


                   (4.28) 

The unloading simulations were conducted at strains of 15%, 45%, 90%, and 120%. 

As shown in Fig. 4.2, the simulation results indicate that the unloading tangent 

modulus is constantly held as the secant modulus. The unloading curve recovers to 

the free stress state at a strain state of 0. Therefore, the unloading curves are 

approximated as a linear function whose slope is the secant modulus. 

 

4.1.5.2. Experimental validation of the proposed multiscale model 

To validate the proposed multiscale model, we compared the normalized 

toughness of thermoplastic/epoxy blends with experimental data as shown in Fig. 

4.3. The values of GIm, Em, νm, ζYm, and nm were set as 150 J/m2, 3.36 GPa, 0.38, 68 

MPa, and 3.4, respectively [13,26]. A satisfactory agreement with experimental 

data is evident as shown in Fig. 4.3. 
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4.1.5.3. Dependence of the toughness enhancement on mechanical properties of 

thermoplastic particles 

The effect of the nonlinear hydrostatic stress-volumetric strain response of 

thermoplastic particles on the toughness enhancement of the thermoplastic/epoxy 

composites was investigated to determine which materials are appropriate for the 

particles. Two parameters, mx and my, were introduced to simplify the description 

of various hydrostatic stress-volumetric strain responses of the particles. The stress-

strain curves are magnified by mx and my along strain and stress direction, 

respectively, as shown in Fig. 4.4. For fixed fracture energy of thermoplastic 

particle (mx∙my=1), parametric studies are conducted to provide design guideline. 

As shown in Table 4.2, it can be concluded that optimal selection of particles to 

enhance the fracture toughness through the plastic yield of the particles can be 

achieved at high mx and low my. Even though the fracture energy of particle is fixed, 

the toughness enhancement can be improved dramatically by increasing mx and 

decreasing my. As the ultimate stress of the thermoplastic particles increases, the 

critical radius of yielded domain decreases. Moreover, the density of dissipated 

plastic energy increases as the ultimate stress of the thermoplastic particles 

decreases. In other words, total dissipated energy density induced by plastic 

deformation of thermoplastic particles clearly decreases as the ultimate stress of the 

thermoplastic particles increases. In spite of the fixed fracture energy of the 

employed thermoplastic particle, the fracture toughness of thermoplastic/epoxy 

blends can be enhanced as the ultimate stress of thermoplastic particle changes. 
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4.2. Multiscale Analysis of Self-Healing Epoxy/Thermoplastic Blends 

In this chapter, multiscale analysis for the self-healing epoxy/thermoplastic 

blends is conducted. For the prediction of elastic properties of self-healing 

epoxy/thermoplastic blends, multi-inclusion models are used. The details are 

described in the section 2.1.4.1. To predict the virgin fracture toughness of self-

healing epoxy/thermoplastic blends, the mechanism-based multiscale approach is 

used. As mentioned in previous section, the total area of active process zone is 

reduced due to the embedded microcapsules. Therefore, the microscopic energy 

dissipation is also reduced in proportion to the reduced area of active process zone 

as follows: 

virgin
capsulevirgin,comp comp

Ic Ic

f
K K e

 
                  (4.29) 

Here, β
virgin

 is determined same as previous chapter (Eq. 2.9). Finally, with the 

consideration of weak interfacial adhesion, the healed fracture toughness of self-

healing epoxy/thermoplastic blends can be obtained as follows: 

cohesive
healed,comp comp cr
Ic Ic

ultimate

K K



                    (4.30) 

Using these multiscale descriptions for the prediction of elastic properties, virgin 

fracture toughness, and healed fracture toughness of self-healing 

epoxy/thermoplastic blends, the predicted results are described in Fig. 4.5. For 

various weight fractions of microcapsules and thermoplastic particles, the master 

curves of self-healing epoxy/thermoplastic blends can be constructed. Using the 

microscopic dissipating energy mechanisms, intrinsic toughening mechanism, and 

macroscopic crack shielding effects, the useful multiscale models have been 

developed. It is expected that this multiscale model can provide useful guidelines 
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for the analysis of self-healing epoxy/thermoplastic blends. 

 

4.3. Chapter Summary and Conclusions 

In this chapter, the multiscale analysis of self-healing epoxy/thermoplastic 

blends is conducted. Before the multiscale analysis, the multiscale models to 

predict elastic properties and fracture toughness of epoxy/thermoplastic blends are 

firstly developed. As the main mechanisms of toughness enhancement of 

thermoplastic/epoxy blends, we considered plastic deformation in the material near 

the macroscopic crack tip, and particle bridging in the crack wake. The proposed 

multiscale model shows a satisfactory agreement with experimental data. From the 

viewpoint of the plastic yield of toughening agents, the some design guidelines to 

enhance the fracture toughness of thermoplastic/epoxy blends are provided. Using 

the microscopic dissipating energy mechanisms, intrinsic toughening mechanism, 

and macroscopic crack shielding effects, the useful multiscale models have been 

developed. It is expected that this multiscale model can provide useful guidelines 

for the design of self-healing epoxy/thermoplastic blends. 
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Table 4.1. Comparison of linear elastic properties and glass transition temperature (Tg) of polyethersulfone obtained from molecular 

dynamics simulation with experimental literature. 

Present study Experiment [81] 

E (GPa) G (GPa) ν ρ (g/cm3) Tg (K) E (GPa) ρ (g/cm3) Tg (K) 

2.68 0.99 0.36 1.32 499 2.5 1.37 499.15 

 



72 

 

 

 

 

Table 4.2. Effect of stress-strain characteristics on the improvement in fracture toughness of a 

thermoplastic/epoxy composites at fixed fracture energy. (The critical radius of the yielded domain is 

normalized by the critical radius of the partially yielded domain at mx=my=1.) 

Volume 

fraction 

(%) 

Magnitude 

ΔGp/GIm 

Critical radius of 

yielded domain 

Density of dissipated 

plastic energy density 

[MPa] 

mx my 
Partially 

yielded 

Fully 

yielded 

Partially 

yielded 

Fully 

yielded 

10.57 

0.80 1.25 1.176 0.661 0.386 2.433 136.6 

0.90 1.11 1.209 0.818 0.401 6.214 147.0 

1.00 1.00 1.246 1.000 0.419 7.522 157.5 

1.10 0.91 1.286 1.208 0.438 7.739 167.1 

1.20 0.83 1.318 1.443 0.458 7.533 171.4 
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Fig. 4.1. Molecular modeling of polyethersulfone: (a) chemical structure of 

polyethersulfone [57], (b) monomer of polyethersulfone molecule, and (c) configuration 

of amorphous unit cell with five polyethersulfone chains. 
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Fig. 4.2. Stress-strain response of triaxial tensile simulation of polyethersulfone: (a) 

molecular dynamics data, and (b) fitted curve 
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Fig. 4.3. Validation of multiscale model compared to experimental data [84,85]. 
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Fig. 4.4. Curve of hydrostatic stress versus volumetric strain of thermoplastic particles 

magnified view along strain direction (constant fracture energy). 
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Fig. 4.5. Basic mechanical properties of self-healing epoxy/thermoplastic blends: (a) 

elastic properties, (b) virgin fracture toughness, and (c) healed fracture toughness. 
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5. CONCLUSIONS 

 

In this study, we examined the methodology of multiscale mechanical analysis of 

the self-healing polymer composites that include rigid nanoparticles or 

thermoplastic particles. Before the multiscale mechanical analysis, we developed 

multiscale model of self-healing polymer systems for elastic properties, virgin 

fracture toughness and healed fracture toughness. Using the extrinsic crack healing 

mechanism and the microscopic energy dissipating mechanisms, the elastic 

properties, virgin fracture toughness and healed fracture toughness of self-healing 

composites are quantified. It is expected that the proposed multiscale models can 

provide useful guidelines for the multiscale design of self-healing polymer 

composites. The detail conclusions are summarized in the following paragraphs. 

A multiscale model of self-healing polymers has been developed including the 

homogenized elastic properties, virgin fracture toughness, and healed fracture 

toughness using the micromechanics and the full atomistic molecular dynamics 

simulations. The maximum theoretical healing efficiency of self-healing polymers 

was predicted using the molecular dynamics simulations. The time response of 

mechanical behaviors of self-healing polymers has been characterized using the 

experiments-based curing kinetics model and the reactive mechanism of healing 

agents. Using this multiscale model of self-healing polymers, the multiscale 

analysis of the self-healing polymer nanocomposites and the self-healing 

epoxy/thermoplastic blends are conducted. 

For the multiscale mechanical analysis of self-healing polymer nanocomposites, 
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the multiscale models to predict elastic properties, fracture toughness and fatigue 

crack growth behaviors of thermoset polymer nanocomposites are firstly developed. 

The proposed models show highly satisfactory agreement with experimental data. 

This is the first attempt to predict fatigue crack growth behaviors of thermoset 

polymer nanocomposites using the microscopic energy dissipating mechanisms 

(nanoparticulate debonding-induced plastic yield of nanovoids, and localized shear 

banding). We believe that the proposed multiscale model can act as the guideline of 

the characterization of master curves of fatigue crack growth behaviors for various 

weight fraction systems and the foundation of the fatigue design of the thermoset 

polymer nanocomposites with design of microscopic energy dissipating 

mechanisms. Using the microscopic dissipating energy mechanisms, intrinsic 

toughening mechanism, and macroscopic crack shielding effects, the useful 

multiscale models have been developed. 

For the multiscale analysis of self-healing epoxy/thermoplastic blends, the 

multiscale models to predict elastic properties and fracture toughness of 

epoxy/thermoplastic blends are firstly developed. As the main mechanisms of 

toughness enhancement of thermoplastic/epoxy blends, we considered plastic 

deformation in the material near the macroscopic crack tip, and particle bridging in 

the crack wake. The proposed multiscale model shows a satisfactory agreement 

with experimental data. From the viewpoint of the plastic yield of toughening 

agents, the some design guidelines to enhance the fracture toughness of 

thermoplastic/epoxy blends are provided. Using the microscopic dissipating energy 

mechanisms, intrinsic toughening mechanism, and macroscopic crack shielding 

effects, the useful multiscale models have been developed. 
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The proposed multiscale method can be applied to the average diameter of 

nanoparticle, the molecular structure of thermoplastic particles, and concentration 

of catalysts in the self-healing polymer composites. In future works, the multiscale 

method will be extended to consider the design of the functionality and the 

molecular weight of healing agents, the diameter and the thickness of 

microcapsules, the aspect ratio and the dispersion of nanoparticles in the 

mechanical design of the self-healing polymer composites. Furthermore, the 

current multiscale model cannot reflect the failure fraction of microcapsules and 

diffusion of healing agents into the crack plane. To achieve the more realistic 

description of multiscale mechanics for self-healing polymer composites, the 

failure fraction of microcapsules and diffusion of healing agents will be considered 

in future works. 
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APPENDIX A. STATISTICAL MULTISCALE HOMOGENIZATION 

APPROACH FOR ANALYZING POLYMER NANOCOMPOSITES THAT 

INCLUDE MODEL INHERENT UNCERTAINTIES OF MOLECULAR 

DYNAMICS SIMULATIONS 

 

A.1. Introduction 

To assess the structure-to-properties or nanoparticle size-to-properties 

relationships through experimental measurement or atomistic simulations of 

nanocomposites, certain stochastic variations in microstructural parameters and 

their effect on the properties of nanocomposites must be clearly defined and 

understood. For instance, fine control of the size of nanofillers for composites 

remains a challenge and there are mean and standard deviations in the size of 

nanoparticles inside a nanocomposite [89]. Moreover, the properties of the base 

polymer matrix, interfacial strength between the nanoparticle and matrix of 

concern, and spatial distribution of nanoparticles are neither deterministic nor 

homogeneous [90,91]. 

Full-atomistic molecular dynamics (MD) simulations have been widely 

employed to investigate the size-dependent properties of the embedded 

nanoparticles and to characterize the interphase zone of nanocomposites [16,88,92-

96]. The concentration and properties of the interphase zone confirmed from the 

MD simulation are more easily identified in conjunction with continuum 

micromechanics than solely by MD simulations. For this reason, attempts to 

hierarchically bridge MD simulation results to composite micromechanics 
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[16,49,92-95] or mathematical homogenization [50,88] have been proposed. In a 

series of successive studies, incorporation of the interphase zone as an additional 

phase within nanocomposite structures has been proposed to characterize the 

elastic, thermoelastic, and thermal transport properties—all of which depend on the 

size of the embedded filler [50,97]. In these computational studies, however, 

structural uncertainties that may affect the properties of nanocomposites have 

rarely been considered. In particular, for the dependencies of the physical 

properties of the nanocomposites on filler size, sufficient microstructural sampling 

of molecular structures is required to derive statistically convincing conclusions. 

In addition to adequate sampling of initial molecular structures, MD simulations 

depend on the simulation setup, such as the initial random number seed to assign 

the starting kinetic energy of individual atoms to be further controlled to satisfy 

Boltzmann‘s distribution [98]. According to statistical mechanics, the ergodic 

hypothesis states that the average of sufficiently long simulations provides a 

reliable ensemble average of the same thermodynamic properties regardless of the 

initial velocity distribution. Despite the typical long relaxation time (3–5 ns) of the 

molecular unit cell through isothermal-isobaric ensemble simulations prior to the 

production runs, the average thermodynamic quantities of polymeric systems in 

MD simulations cannot avoid model-inherent uncertainties that stem from initial 

conditions. In MD simulations of polymeric nanostructures, a chaotic flow 

distribution of the polymer molecules is induced by the initial position and velocity 

of individual atoms as well as the chain conformation. However, such a chaotic 

flow distribution in an amorphous polymer is not homogeneous and can generate 

non-negligible local fluctuations in field quantities unless an enormous number of 
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atoms is simulated. On the other hand, such uncertainties are not serious factors for 

simulating ordered crystalline structures. Moreover, the free volume in an 

amorphous polymer can lead to a local plasticizing effect, which in turn leads to 

non-negligible deviations in the properties of the same conformations depending on 

the initial velocity distributions of the atoms. 

Minimizing the influence of conformation-dependent local field fluctuations 

caused by chaotic flows and free volume requires sufficiently long simulations and 

an enormous number of atoms to represent amorphous states. To reduce 

unavoidable model-inherent uncertainties, at least 107 ensemble frames should be 

considered [57]. However, MD simulations of polymeric structure cannot fulfill 

this requirement owing to the limitation of current computational power and 

memory. Therefore, a mean value-based statistical approach has been the preferred 

method to obtain reliable elastic properties, in which over 6–10 MD simulations 

are replicated on the same molecular structure while varying the initial velocity 

distributions of atoms in the system [13,16,88,99-101]. To reduce the errors 

originating from uncertain factors in predicting the properties of polymeric systems, 

for example, Yu et al. [13], Wei et al. [103], and others have typically demonstrated 

mean values of the properties of polymeric structures with standard deviations over 

3 to 6 replications [13,99-102]. Despite the necessity of repeated calculations, 

however, there have been few attempts to explore the optimal number of repetitions 

to minimize the influence of model-inherent uncertainty on the properties of 

polymer nanocomposites obtained from MD simulations. Therefore, to increase the 

application of MD simulations to explore the multifunctional properties of 

nanocomposites, proper investigations should be performed to provide useful 
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guidelines in assessing the inherent uncertainties in MD simulations. Moreover, 

uncertainties in the properties of interphases that surround embedded nanoparticles 

in nanocomposites have never been addressed in multiscale modeling approaches. 

In this appendix, we performed stochastic analysis of nanocomposites to provide 

useful guidelines in determining the elastic properties of epoxy-based SiC 

composites from MD simulations. To determine the proper number of trials, the 

cumulative average is calculated and discussed. By adopting an inverse analysis 

scheme that equates the MD simulation results to a three-phase micromechanics 

model, we propose a novel inverse statistical multiscale bridging method to obtain 

the probability density of the interphase properties. Propagation of the model-

inherent uncertainty described in Table A.1 is addressed by the proposed statistical 

multiscale bridging method. To the best of our knowledge, this study is the first to 

quantify the influence of the model inherent uncertainty of MD simulations on the 

elastic modulus, and to construct a multiscale model that systematically includes 

this uncertainty. Based on a monoparticulate level multiscale model, an extension 

to the uncertainties in the size and spatial distribution of SiC nanoparticles inside 

the epoxy resin was realized by considering a large number of polydisperse 

representative volume elements (RVE) of nanocomposites. 

 

A.2. Molecular Modeling and Simulation Methodology 

A.2.1. Preparation of unit cell 

In this study, molecular models of epoxy nanocomposites with a single spherical 

SiC nanoparticle embedded at the center of the periodic unit cell were employed 

(Fig. A.1a). To investigate the particle size dependency of elastic properties, four 
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different epoxy/SiC nanocomposites unit cell systems (Particle radius: 5.18, 7.54, 

9.00, or 10.00 Å ) were modeled under the same volume fraction (5.8%). Details of 

the epoxy/SiC nanocomposite unit cell systems and pure epoxy systems are listed 

in Table A.2. The epoxy resin is composed of triethylenetetramine (TETA® ) and a 

diglycidyl ether of bisphenol F(EPON862® ) as the curing agent and epoxy 

monomer, respectively. To describe crosslinking between the epoxy monomer and 

curing agent, a unit model of the representative crosslinked network is employed 

(Fig. A.1b). This crosslinking method yields accurate results for the elastic 

properties [49,97], density [49,50,94,97], glass transition temperature [94], and 

thermal conductivity [50,97]. There are 2 and 6 curing sites in single molecules of 

EPON862®  and TETA® , respectively. In this study, the molecular ratio of epoxy 

monomer to curing agent was set to 3:1 to equate the number of curing sites 

between the two molecules. The curing ratio of the crosslinked epoxy was also set 

to 0.61 in line with a previous study [94]. 

All molecular modeling and MD simulations were conducted with Materials 

Studio 5.5.3. The COMPASS (ab initio Condensed-phase Optimized Molecular 

Potential for Atomistic Simulation Studies) [57] force field, which is built into 

Materials Studio 5.5.3, was used to describe the inter- and intra-atomic interaction 

forces. The target density of the neat epoxy and epoxy/SiC nanocomposite periodic 

unit cell systems was set to 1.20 g/cm3 in accordance with experimental results 

[104]. The Amorphous Cell module®  was used to construct the amorphous unit cell 

system of neat epoxy and epoxy/SiC nanocomposites with the target density at 300 

K and 1 atm. After constructing the initially defined unit cell system, the total 

potential energy of the unit cell was minimized, using the conjugate gradient 
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method. Then, NVT (isothermal)-ensemble and NPT (isothermal and isobaric) 

simulations were performed to equilibrate the unit cell systems at 300 K and 1 atm 

for 500 and 2000 ps, respectively. 

 

A.2.2. Production run for elastic properties 

Here, the elastic stiffness tensor was calculated from the Parrinello-Rahman 

fluctuation method with an ensemble average of 104 strain fluctuated frames. More 

procedures that are detailed are introduced in Chapter 2. 

 

A.2.3. Statistical analysis of epoxy nanocomposites 

To quantify the model-inherent uncertainty of the epoxy nanocomposites, a 

medium-sized statistical approach (including approximately 30 times replications) 

was employed. Such an approach is widely used to obtain statistics such as the 

mean and standard deviation. The average shifted histogram method [106] was 

employed to minimize the dependence of the bin origin on the shape of the 

histogram. The estimated probability density distribution (Fig. A.2) shows a 

lognormal distribution. In the following sections, data fit to a lognormal 

distribution with approximately 32 replications were used. The lognormal 

approximation requires only two statistical parameters, the mean and standard 

deviation, of logarithmically mapped data. These parameters were obtained for the 

elastic properties and discussed in view of the size-dependency of the reinforced 

filler. 
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A.3. Statistical Multiscale Bridging Method 

In this section, a statistical multiscale bridging method is proposed after a brief 

review of previous studies on multiscale bridging methodologies. In a previous 

study, Yang and Cho proposed a multiscale-analysis scheme to characterize the 

filler size-dependent interface effect (size effect) of silica nanoparticles on the 

elastic properties of spherical nanoparticle-reinforced polymer nanocomposites 

[16]. The interphase characteristics were extracted from an inverse analysis of the 

multi-inclusion model, after obtaining the elastic properties from the atomistic 

structures. 

The statistical multiscale bridging method proposed here includes the model 

uncertainty (Fig. A.3); in this model, the elastic properties of the interphase are 

defined as uncertain as are those of the matrix and composites. To include the 

model uncertainty of the interphase, a Monte Carlo–based approach (including 105 

trials) is conducted. After identifying the probability density distributions of the 

interphase elastic properties, an investigation is conducted on how the model-

inherent uncertainties are propagated to the homogenized elastic properties for 

complex RVE systems whose reinforced fillers include geometric uncertainties of 

filler radius and location. 

 

A.3.1. Brief review of previous multiscale bridging methodologies 

The reinforced filler-size dependent interface effect stems from the structural 

change of adsorption layer in the vicinity of the embedded fillers [16,49,88,92-95]. 

To describe the variation in filler-size dependency of the overall elastic properties, 

the equivalent micromechanics model (i.e., multi-inclusion model of Hori and 
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Nemat-Nasser [59]) of the nanocomposites has been defined. Yang and Cho 

proposed a multiscale bridging modeling procedure through a multi-inclusion 

model [16] in which the overall elastic stiffness tensor C of a composite composed 

of matrix (r = 1), interphase (r = 2), and nanoparticle (r = 3) is given as follows: 
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where 
infC  is the stiffness tensor of the infinite medium; fr the volume fraction of 

the rth phase; and S  and I  are Eshelby‘s tensor and the identity tensor, 

respectively. The eigenstrain concentration tensor of the rth phase 
rΦ  is 

expressed as follows: 
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where rC  is the stiffness tensor of the rth phase, and eigenstrain of rth phase 
*

rε  

could be represented by 
* 0

r rε Φ ε  where 
0
ε  is macroscopic strain. For 

example, eigenstrain of interphase zone 
*

intε  is obtained by 
* 0

int intε Φ ε . To 

characterize the effective interphase thickness, we have previously proposed an 

approach based on the second moment strain energy [48]. The interphase thickness 

and its elastic properties are determined by the particle size-dependent stiffness of 

the nanocomposites and by matching the deformation energy to a full atomic model. 

As shown in the results (interphase thickness and its elastic properties) of a 

previous study (Table A.3), the interphase thickness is proportional to the 

reinforced filler radius. Therefore, in this study, the relative interphase thickness 

(tint/rp) was used to reflect the proportionality constant that defines the dependency 
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of the interphase thickness on the filler size (0.840). In fact, the interphase 

thickness converged at 1 nm, as discussed previously [48]. The relative thickness 

was constant when the filler radius was below 1 nm. 

 

A.3.2. Numerical algorithm for statistical multiscale bridging 

Here, a numerical iterative inverse algorithm is proposed to characterize the 

uncertainty of the interphase elastic properties. The uncertainties in the elastic 

properties of the matrix and composite, calculated from the MD simulations, 

follow a lognormal distribution. This distribution can be represented by two 

statistical parameters, i.e., the mean and standard deviation of the logarithmically 

mapped elastic properties. Therefore, we can set this inverse problem as a system 

of four simultaneous nonlinear equations as follows: 

int int int int

micromech MD micromech MD

comp comp comp comp

micr

comp

Unknowns :  avg(log( )),std(log( )),avg(log( )),std(log( ))

Equilities :  avg(log( )) avg(log( )),  std(log( )) std(log( ))

                avg(log(

E E G G

E E E E

G

 

omech MD micromech MD

comp comp comp)) avg(log( )),  std(log( )) std(log( ))G G G 

  

(A.4) 

where micromech

compE , micromech

compG  and MD

compE , MD

compG  are the effective Young‘s and shear 

moduli of nanocomposites obtained from the multi-inclusion model and MD 

simulations, respectively; 
intE , and 

intG  are the Young‘s and shear moduli, 

respectively, of the interphase; and avg(x) and std(x) are mean and standard 

deviation, respectively, of x. The inverse algorithm is proposed to match only the 

mean and standard deviation of the logarithmically mapped elastic properties 

between the MD and multi-inclusion model results. The nanoparticle elastic 

properties were obtained from experimental reference data (Epar = 451.6 GPa, Gpar 

= 182.5 GPa). 

Details of the iterative inverse algorithm are described in Table. A.4. Initially, 
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the elastic properties of the interphase were assigned the same probability density 

distributions as those of the elastic properties of the matrix. Through lognormal 

random generation of the elastic properties of the matrix and interphase, the 

probability density distribution of the multi-inclusion solution was obtained using a 

Monte Carlo simulation. The obtained solutions were compared with the MD 

simulation results as shown in Eq. (A.4). To solve Eq. (A.4), a bi-section method-

based solver is proposed. Efficient gradient-based methods such as steepest descent, 

line search, and conjugate gradient methods are widely used in a multivariate 

nonlinear system. However, in this particular problem, the mean and standard 

deviation of the equivalent micromechanics solutions are noisy because of the 

limited number of trials (105), which are nonetheless sufficient for the Monte Carlo 

simulation. Therefore, the micromechanics solution hyper-surface shows a non-

differentiable, continuous, and monotonic tendency. Consequently, a modified bi-

section method was employed to solve Eq. (A.4). The proposed algorithm 

converged at k = 80–100 where etol was set to 0.01. The micromechanical 

computation of the overall elastic properties through Eq. (A.2) and Eq. (A.3) 

required little computational time, e.g., only 3–5 s on an Intel Core i5 processor for 

105 micromechanics computations. 

 

A.3.3. Statistical analysis that considers filler geometric uncertainties 

A.3.3.1. RVE setup 

Cho et al. [88] and Shin et al. [50] analyzed a nanocomposite RVE that 

contained 27 (33) nanoparticles with stochastic variations in properties such as 

filler radius and location. Interphase elastic properties obtained from the MD 
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simulation results and two-scale homogenization method were applied to the multi-

particulate RVE system. Each interphase zone had different elastic properties as a 

function of the corresponding particulate radius. In the present study, the influence 

of model-inherent uncertainty propagation on the elastic properties of multi-

particulate RVE systems was investigated. 

To determine how many nanoparticles were required to represent entire mixture 

on average, statistical treatments were carried out for three different types of 

microstructure, each of which included 10, 20, or 30 inclusions with the 

corresponding interphase and matrix phases. For each type, approximately 100 

random microstructural models were constructed with DIGIMAT®  software (Fig. 

A.4a) [107,108]. Every nanoparticle radius followed a beta distribution (mean: 7.54 

Å , standard deviation: 2.44 Å ). Although this distribution resembles that of a 

normal distribution in terms of having a single symmetric peak, the beta 

distribution (Fig. A.4b) has clear upper and lower limits (2.08 and 12.99 Å , 

respectively). The material properties of the interphase and matrix follow a 

lognormal distribution as predicted in the previous sections. The position of every 

particle is uniformly and randomly distributed, and satisfies the feasible condition 

of non-overlapping interphases. The overall volume fraction was fixed at 5.8%—

the same global volume fraction as in the periodic unit-cell model that included a 

single particle in the previous sections. To conduct homogenization computations 

for the periodic microstructural models, an asymptotic homogenization scheme was 

employed. To determine the proper number of nanoparticles of an RVE, the relative 

error εrel was fixed at 2.5%. The number of nanoparticles was determined such that 

coefficient of variation (CoV = standard deviation / mean) of the elastic properties 
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was less than εrel when considering the geometric uncertainties of the fillers. 

 

A.3.3.2. Review of two-scale homogenization method of linear elastic composites 

Here, we employed the two-scale homogenization method, a well-established 

numerical method to describe mechanical, thermal, electrical, and other physical 

properties of macroscopic structures with periodic heterogeneous microstructures. 

Detailed formulations for the linear elastic homogenization are provided in 

references [109,110]. 

To effectively describe both macroscopic and microscopic fields, two scale 

coordinates x  (= macroscopic coordinates) and y  (= microscopic coordinates) 

are introduced. The displacement fields u of the global coordinates can be 

asymptotically expanded by  1  x y , as follows: 

2

0 1 2    u u u u                     (A.5) 

By taking the limit  0  , the microscopic boundary value problem for the unit 

cell, denoted by Y , yields the following variational form: 
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where the characteristic function χ  is defined as follows: 
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In Eq. (A.7), χ indicates the microscopic deformation field under the unit 

macroscopic strain fields. By solving Eq. (A.6), the microscopic displacement 

fields can be obtained under the prescribed unit cell macroscopic strain. In the 

macroscopic problem, the constitutive equation is determined by the solution of the 
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microscopic boundary value problem; the homogenized elastic property C
H 

provides the macroscopic stress Σ under the unit macroscopic strain E as follows: 

H1 1
( ) ( , ) : : :

Y Y

d d
Y Y

 
    

  
 

χ
Σ x σ x y y C C y E C E

y
        (A.8) 

Therefore, the homogenized elastic property CH can be computed from Eq. (A.9), 

which describes the macroscopic stress Σ (= volume average of microscopic stress 

σ) under the unit macroscopic strain E: 

H 1
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d
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χ

C C C y
y

                     (A.9) 

To obtain the elastic modulus of a polycrystalline state, Hill‘s model is employed 

[50,88,105]. 

 

A.4. Simulation Results and Discussion 

A.4.1. Cumulative average response of Young‘s moduli 

Typically, 6–10 trials (replications) are carried out to obtain reliable elastic 

properties for the molecular unit cell systems. However, the reliability of the 

sample mean (obtained from an average of 6–10 trials) is not verified in other 

studies. In this section, a cumulative average (CMA) analysis of Young‘s moduli is 

carried out to characterize the reliability of the obtained elastic properties with 

respect to the number of trials. The normalized CMA of Young‘s moduli, defined as 

Total # of TrialsMD MD

comp comp1 1
( ) ( )

i

j j
E j E j

    where MD

comp ( )E j  is Young‘s modulus 

obtained from the MD simulation at the jth trial, clearly converged to one (Fig. A.5). 

As shown in the figure, 8–10 trials provide reliable elastic properties, which 

deviate only 3% from the reference data (obtained elastic properties from 32 trials). 
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If 20–24 trials are considered, the deviation is only 1%. This shows convergence of 

the deviation. However, the deviation is nearly 10% for less than 5 trials. This 

critical deviation can be avoided through repeated simulations (Fig. A.5). 

 

A.4.2. Mean and standard deviation of nanocomposite elastic properties 

The mean and standard deviation of Young‘s and shear moduli are compared 

with the Mori-Tanaka solution those from other studies [16,88] (Table A.5). 

Although the statistical multiscale analysis is based on the lognormal distribution 

of the elastic properties, the mean and standard deviation of the elastic properties 

are listed in the table for ease of comparison with other studies. The Mori-Tanaka 

solution is a micromechanics solution without the interface effect, i.e., only two 

phases are considered (the matrix and particle). The reinforcing effect of the 

nanoparticle becomes more marked as the filler size decreases. Results for the 

mean elastic properties show a clear filler size-dependent effect of the interface. As 

the radius of the reinforced filler decreases, the impact of the interface on the 

elastic properties becomes more dominant because the surface area-to-volume ratio 

increases. Consequently, the effect of the interface on the elastic properties 

becomes more dominant as the reinforced particle radius decreases [16,49,88,92-

95]. 

Table A.5 also shows that the particle radius and standard deviation of Young‘s 

and shear moduli of the nanocomposites tend to be inversely related. As mentioned 

earlier in Section A.1, the inherent uncertainties of the MD model depend on the 

unit cell size during ensemble simulations of polymeric structures, when each 

molecule shows chaotic mobility governed by the initial location and velocity of 
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the atoms. Such mobility exhibits an atomistic path-dependent plastic history 

around free volume, which causes statistical fluctuation of the elastic properties. 

This statistical fluctuation is reduced gradually as the unit cell size increases. In 

other words, the variance of the elastic properties stemming from the inherent 

uncertainty of the MD model decreases as the unit cell size increases. This could 

explain the trend invariance in Table A.5. 

The unit cell size (Å ) is proportional to the reinforced filler radius (Å ) owing to 

the fixed volume fraction (5.8%) of the reinforced filler (Table A.2). Therefore, the 

decreases in the standard deviations of Young‘s and shear moduli as the filler radius 

increases are straightforward. As shown in Table A.5, this tendency was also 

observed in other studies [13,111]. Yang and Cho [111] conducted MD simulations 

to investigate the influence of filler volume fraction on the composite elastic 

properties. For the same filler radius, the employed unit cell systems have different 

filler volume fractions. The obtained results show a clear tendency for the standard 

deviation and CoV of the elastic properties to be inversely related to the unit cell 

size. Yu et al. [13] conducted MD simulations to determine the dependence of the 

elastic properties of crosslinked epoxy nanocomposites on the filler size for the 

same volume fraction of reinforced filler. Consistent with the present study, the 

standard deviation of the elastic properties clearly declined as the filler radius 

increased. Therefore, the standard deviation of the elastic properties clearly 

depends on the unit cell size. 

Table A.5 also shows the size dependency of homogeneous unit cell systems that 

consist of pure epoxy. Despite the similar means of Young‘s moduli for the four 

different cases considered, the CoVs of Young‘s moduli decreased as the unit cell 
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size increased. The variance of the elastic properties decreased as the homogeneous 

unit cell size increased [112]. Therefore, the simulated results in Table A.5 are quite 

reasonable. At the same time, the CoVs of the elastic properties of pure epoxy 

decreased more rapidly than those of the nanocomposites in the considered 

dimension of employed unit cell systems whose cubic cell length is below 5 nm. 

This is because the variance of the elastic properties of the interface increases 

owing to the decrease in structural crystallinity as the particulate radius increases 

(see section A.4.3 for details). However, these tendencies are not expected for 

larger unit cells. As the filler radius increases, the surface of the nanoparticle 

becomes flatter, and the absolute interphase thickness converges to approximately 

1 nm [48]. Therefore, these tendencies are expected to change as the particulate 

radius increases. 

Before obtaining statistical response of interphase elastic properties, the mean 

and standard deviation of the nanocomposite elastic properties are fitted to smooth 

curve. The mean and standard deviation of Young‘s and shear moduli are fitted to 

an exponential function of the particle radius as follows: 

( ) pavg avg

comp comp M-T M-T ( )( ) ( ) E G r

E GE G E G e





  , ( ) pstdev stdev

comp comp ( )( ) E G r

E GE G e





     (A.10) 

where rp is the particulate radius (Å ), and the coefficients αE, αG, βE, βG, γE, γG, ξE, 

and ξG are 1.57, 0.77, 0.081, 0.110, 0.558, 0.240, 0.055, and 0.064, respectively. 

The Mori-Tanaka solutions are 4.37 GPa for Young‘s modulus and 1.60 GPa for the 

shear modulus. To describe the dependence of pure epoxy systems on the unit cell 

size, the standard deviation of the matrix is fitted by an exponential function of the 

matrix volume (Å 3) as follows: 



97 

 

avg avg

mat mat( ) 3.87(1.46)E G  , ( ) mat ( )( )stdev stdev

mat mat ( )( ) E G E GV

E GE G e
 


 

        (A.11) 

where Vmat is the matrix volume, and the coefficients 
E , 

E , 
E , 

G , 
G , and 

G  are 0.42, 5.76×10–6, 0.50, 0.156, 6.42×10–6, and 0.50, respectively. In the 

following sections, Eq. (A.11) is employed to describe the standard deviation of the 

matrix phase as a function of the matrix volume. 

 

A.4.3. Uncertainties of interphase elastic properties 

Through the proposed numerical algorithm (Fig. A.3; Table A.4), the mean and 

standard deviation of the elastic properties of the interphase were estimated (Table 

A.6). As the radii of the nanoparticles increased, the moduli of the effective 

interphase decreased, in accord with previous studies [48]. As the particulate radius 

increased, the nanoparticle surface flattened. Fewer polymer molecules were then 

included in the van der Waals radius of the particulate surface atom because more 

nanoparticulate atoms occupied the space determined by this van der Waals radius 

owing to the lower surface curvature. This is the main reason for the structural 

weakness of the adsorbed polymer chains, which causes the mean elastic moduli of 

the interphase to increase with increasing nanoparticulate radii. 

In contrast, the standard deviation of the elastic properties of the interphase 

shows a tendency contrary to the mean elastic properties of the interphase. 

Adsorbed polymer chains around a nanoparticle show crystallinity where strong 

nonbond interactions occur between the polymer chain and reinforced 

nanoparticles such as carbon material [95]. As discussed in Section A.1, the 

variance of the elastic properties of the amorphous state is higher than that of the 
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crystalline phase. Therefore, the variance of the elastic properties of the interphase 

is expected to decrease with the particulate radius (Table A.6) because the 

interphase around a smaller filler has a higher degree of crystallinity. Interestingly, 

the CoVs of the elastic properties of interphase are less than those of the matrix. 

This result is consistent with the view that a high degree of crystallinity of the 

interphase decreases the CoVs of its elastic properties. 

To construct stochastic interphase model applicable to various particulate radii rp, 

a simple mathematical form is proposed for the elastic properties of the interphase 

Eint: 

avg stdev

int p MD int p int p MD( , ) ( ) ( ) ( 1)E r w E r E r w               (A.12) 

where wMD, the normalized lognormal distribution with one mean and one variance, 

is introduced to consider the inherent uncertainty of the MD model. Specifically, 

wMD is equal to one if there is no model-inherent uncertainty. The mean and 

standard deviation of the left-hand side of Eq. (A.12) are satisfied by avg

int p( )E r  

and stdev

int p( )E r , respectively, which are obtained as follows by quadratic spline 

interpolation through four discrete data points with the different radii listed in Table 

A.6: 

avg 2

int p p p

stdev 2

int p p p

( ) 0.0207 0.6471 10.747

( ) 0.0024 0.0285 0.1257

E r r r

E r r r

  

              
 (A.13) 

This stochastic interphase model is applied to the multi-particulate unit cell system 

in Section A.4.4.3. 
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A.4.4. Propagation of inherent uncertainties of MD model 

A.4.4.1. Verification of statistical three-phase multi-inclusion model through 

monoparticulate nanocomposites 

In this study, only the mean and standard deviation of the logarithmically 

mapped elastic properties of the interphase are obtained from the proposed 

numerical iterative algorithm (Table A.4). As shown in Fig. A.6, the probability 

density distribution regenerated from the obtained statistical parameters (matrix, 

lognormal from MD; interphase, lognormal from Eqs. (A.12) and (A.13); and 

particle, deterministic from reference [94]) could generate probability density 

distributions for the elastic properties of the nanocomposite comparable in 

accuracy to the MD results through Monte Carlo simulations of the multi-inclusion 

model (Eqs. (A.2) and (A.3)). Fig. A.6 shows that the lognormal distribution of the 

elastic properties for the interphase enables a statistical response of the polymeric 

nanocomposites comparable to that of the MD results. In the following section, the 

stochastic interphase model (Eqs. (A.12) and (A.13)) is employed to analyze how 

the model-inherent uncertainties are propagated to the homogenized elastic 

properties of multi-particulate epoxy nanocomposite systems, including 

uncertainties in the size and spatial distribution of SiC nanoparticles. 

 

A.4.4.2. Determination of RVE size and influence of geometric uncertainties 

To determine the proper number of RVEs, three types of multi-particulate (MP) 

periodic unit cell systems with different numbers of inclusions are employed. As 

shown in Table A.7, the CoVs of homogenized Young‘s moduli decrease as the 

number of inclusions increases. Because the relative error εrel is fixed at 2.5% in 
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this study, we assume 30 inclusions to represent the macroscopic elastic behavior 

of nanocomposites, including uncertainties of the filler radii and location where the 

CoV of Young‘s moduli is lower than the relative error εrel. 

To discuss the results in greater detail, homogenized Young‘s moduli about 

mono-particulate nanocomposites are computed for minimum radius (rp = 2.08Å ), 

maximum radius (rp = 12.99 Å ), and average radius (rp = 7.54 Å). Those Young‘s 

moduli provide upper bound, lower bound, and regular system values without any 

morphological uncertainties of reinforced fillers of homogenized Young‘s moduli 

of multi-particulate system are computed, respectively. 

Interestingly, every multi-particulate system provided similar Young‘s moduli 

(5.46–5.53 GPa). However, these values were roughly 5% higher than the Young‘s 

modulus of the regular system. This is because the solution of the regular system 

does not consider the local non-dilute interaction between individual particles and 

the effective interphase. When the multi-particulate system is polydisperse, the 

stress concentration effect between individual particles and the effective interphase 

causes underestimation of the regularly assumed system. The mean homogenized 

Young‘s moduli of the multi-particulate system satisfies the upper and lower 

bounds, as proposed by Cho et al. [88]. In the following section, the propagation of 

model-inherent uncertainties to the homogenized elastic properties is investigated 

and discussed. 

 

A.4.4.3. Discussion concerning the influence of inherent uncertainties of the MD 

model on the homogenized elastic properties of RVE 

To investigate how propagation of inherent uncertainties of the MD model affect 
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the homogenized Young‘s moduli of polydisperse multi-particulate nanocomposite 

systems, repeated simulations were conducted (Table A.8). To compare the 

influence of MD uncertainty with that of geometric uncertainties, 100 replications 

with different MD uncertainty conditions were conducted for a fixed-geometry 

polydisperse multi-particulate system and (denoted as ―Only MD uncertainty‖ in 

Table A.8). In this case, the influence of geometric uncertainty is not considered. 

To investigate the correlation between MD uncertainty and geometric uncertainty, 

repeated simulations that considered both uncertainties were conducted (denoted as 

―Both uncertainties‖ in Table A.8). MD uncertainty causes uncertainty in the 

material properties of the interphase and matrix. The former is obtained from Eq. 

(A.13) in Section A.4.3, whereas the mean for the latter is simply defined as 3.87 

GPa (Table A.6). However, obtaining the standard deviation of the matrix from MD 

simulations for large systems (e.g., MP10, MP20, and MP30) is difficult owing to 

the high degrees of freedom. Here, it was simply defined as a function of the 

number of nanoparticles Np, as proposed by Matheron et al. [113]: 

stdev

mat p( ) /E N N                      (A.14) 

For a constant volume fraction system, the matrix volume is proportional to Np. 

The coefficient ϖ is determined by Table A.6 as 0.38 because the standard 

deviation of Young‘s moduli for the matrix is 0.38 for nanocomposites having a 

single nanoparticle. 

As shown in Table A.8, the mean homogenized Young‘s moduli decreases by 

roughly 1% when MD uncertainty is combined with geometric uncertainty. 

Directly proving why the mean homogenized elastic properties decrease due to 

uncertainty of the material properties that stems from the inherent uncertainty of 
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the MD model is difficult. However, the simple numerical examples of 1-D spring 

systems that provide relevant statistical insights. As shown in Fig. A.7, variation in 

the material properties of each spring does not influence the mean effective spring 

for the parallel system (Voigt bound). However, uncertainty in the material 

properties of the spring is important for a serial system (Reuss bound). The mean 

effective spring decreases owing to uncertainty in the material properties of each 

spring element. In this regard, the decrease in the mean homogenized Young‘s 

moduli (Table A.8) is explained because polydisperse multi-particulate 

nanocomposite systems are complicated combinations of serial and parallel 

systems. Hill‘s average that is arithmetic average of Voigt and Reuss bounds shows 

also decreasing tendency of effective material properties due to the influence of 

material properties uncertainties [114]. The inherent uncertainties of the MD model 

are reflected as uncertainties in the material properties of the interphase and matrix. 

Therefore, uncertainty in the material properties of each phase causes the mean 

homogenized Young‘s moduli to decrease for polydisperse multi-particulate 

nanocomposite systems (Table A.8). 

In contrast, the MD uncertainty is nearly uncorrelated with the geometric 

uncertainty of reinforced fillers. As shown in Table A.8, the variance in the case 

where both geometric and MD uncertainty are considered is almost identical to the 

sum of each case (denoted as ―VarGeo + VarMD‖ in Table A.8). Therefore, the 

variance in the case where geometric uncertainty is combined with uncertainty in 

the material properties is roughly predicted by the simple summation of each case. 

The influence of MD uncertainty on the variance of the homogenized Young‘s 

moduli is half of that of geometric uncertainty. Although MP30 could be regarded 
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as an RVE without considering the inherent uncertainty of the MD model, 

representative characteristics of MP30 is not held when MD model inherent 

uncertainty is considered. 

 

A.5. Summary of Appendix A 

A statistical multiscale model of polymer nanocomposites was established to 

consider the inherent uncertainty of the MD model, which stems from randomness 

of the initial velocity distribution of the atoms. This was achieved by using MD 

simulations, three-dimensional micromechanics analysis, and finite-element 

homogenization analysis. The inherent uncertainty of the MD model causes 

uncertainties in the materials properties of each phase (nanoparticle, interphase, 

and matrix). We examined the influence of the unit cell size and the nanoparticulate 

radius on the statistical nature of the elastic properties for polymer nanocomposites. 

Three major conclusions were drawn: 

- Uncertainties in the elastic properties obtained from MD simulations showed a 

lognormal distribution for every unit cell employed in the study. The typically 

used number of replications (6–10 trials) showed deviations of roughly 3% 

from the converged elastic properties obtained from MD simulations. Unlike 

in crystalline systems, this non-negligible MD uncertainty was unavoidable 

despite sufficient relaxation of polymer molecular systems. 

- As the unit cell size increased, the overall elastic properties of pure epoxy 

matrix and polymer nanocomposites decreased. However, the standard 

deviation of the elastic properties increased as the nanoparticulate radius 

increased at the interphase zone 
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- The proposed statistical multiscale model was verified through nanocomposite 

systems that included a single nanoparticle embedded in the center of a cubic 

system. For multi-particulate nanocomposite systems, the impact of MD 

uncertainty on the homogenized elastic properties of the polymer 

nanocomposites was half that of the geometric uncertainty. Additionally, the 

effect of MD uncertainty was almost uncorrelated with that of geometric 

uncertainty. Importantly, however, the mean homogenized Young‘s moduli 

decreased when MD uncertainty was combined with geometric uncertainty. 

Therefore, we conclude that the current statistical multiscale model is essential for 

characterizing how propagation of inherent uncertainty of the MD model affects 

the homogenized Young‘s moduli of multi-particulate nanocomposite systems. In 

particular, the decrease in the mean homogenized Young‘s moduli is a critical issue 

for reliability-based design and optimization of polymer nanocomposites. 
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Table A.1. Overview of model to understand how uncertainty that stems from initial 

velocity distribution of individual atoms is propagated to homogenized elastic 

properties of representative volume element that includes 30 nanoparticles. 

 

Multiscale 

simulation tool 
Input uncertainties Output uncertainties 

Molecular Dynamics 

(Section A.2) 

Initial velocity distribution 

of individual atoms 

Elastic properties of 

 Matrix 

 Particle 

 Nanocomposites 

Multi-inclusion 

model 

(Section A.3.2) 

Elastic properties of 

 Matrix 

 Particle 

 Nanocomposites 

Elastic properties of 

 Interphase 

Two-scale 

homogenization 

(Section A.3.3) 

Elastic properties of 

 Matrix 

 Particle 

 Interphase 

 

Filler morphology 

 Filler location 

 Filler radii 

Elastic properties of 

 Multiparticulate system 

(including 10, 20, and 30 

nanoparticles) 
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Table A.2. Chemical composition of crosslinked epoxy and crosslinked epoxy/SiC nanocomposites in MD simulation. 

 

System 

SiC 

nanoparticulat

e radius (Å ) 

No. of 

EPON862®  

resin 

molecule 

No. of 

TETA®  

hardener 

molecule 

Cubic cell 

length (Å ) 

Target density 

(g/cm3) 

Target volume 

fraction (%) 

Epx06 

- 

18 6 21.22 

1.20 

- 
Epx12 36 12 26.73 

Epx18 54 18 30.6 

Epx30 90 30 36.28 

Epx06 + 5.18 

Å  SiC 
5.18 18 6 21.57 

5.8 

Epx18 + 7.54 

Å  SiC 
7.54 54 18 31.40 

Epx30 + 9.00 

Å  SiC 
9.00 90 30 37.32 

Epx42 + 

10.00 Å  SiC 
10.00 126 42 41.73 
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Table A.3. Determination of interphase thickness from the result of a previous study [48] where rp and tint 

denote the nanoparticulate radius of SiC and the corresponding interphase thickness, respectively. 

System rp [Å ] tint [Å ] tint/rp 

Used 

tint/rp in 

this study 

Epx06 + 5.18 Å  SiC 5.18 4.48 0.865 

0.840 
Epx20 + 7.80 Å  SiC 7.80 5.90 0.756 

Epx30 + 9.00 Å  SiC 9.00 7.33 0.814 

Epx42 + 10.00 Å  SiC 10.00 9.08 0.908 

 



108 

 

 

Table A.4. The proposed algorithm to obtain probability distributions of the elastic 

properties of the interphase from MD and multi-inclusion results. 

0. Unknowns: 1 int 2 int 3 int 4 intavg(log( )), std(log( )), avg( ), std( )x E x E x x    
 

1. Initialize: k = 0, 
(0) (0) (0) (0)

1 mat 2 mat 3 mat 4 matavg(log( )), std(log( )), avg( ), std( )x E x E x x    
 

2. Compare mean and standard deviation of micromechanics and MD. 

micromech MD micromech MD

comp comp comp comp

1 2MD MD

comp comp

micromech MD

comp comp

3 4MD

comp

avg(log( )) avg(log( )) std(log( )) std(log( ))
,  ,

avg(log( )) std(log( ))

avg(log( )) avg(log( )) std(log
,

avg(log( ))

E E E E
f f

E E

G G
f f

G

 
 


 

 

micromech MD

comp comp

MD

comp

1 2 3 4

( )) std(log( ))

std(log( ))

, , ,

G G

G

f f f f f




 

IF: tolf e
, THEN: EXIT 

3. Solve the directional bi-section method 

 3.1. Select direction 

  
mod( ,4) 1j k 

  

 3.2. Obtain 
( 1)k

jx 

 through the bi-section method for the selected direction 

  Solve 
( 1)k

jx 

 s.t. 
( ) ( ) ( 1) ( )

1 4( , , , , ) / 2k k k k

j j tolf x x x e 
 

 3.3 Update 
( 1)k

x
 of other non-selected directions  

  
( 1) ( )  where {1,2,3,4} { }k k

m mx x m j   
  

 Set 1k k   and GO TO 2. 
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Table A.5. Statistical parameters (mean, standard deviation, and coefficient of variation) of elastic properties obtained from MD 

simulation compared with those of other studies. Vf is the volume fraction of the filler. 

 

System 

Young‘s modulus Shear modulus 

No. of repetitive 

simulation 
Researchers Average 

[GPa] 

Standard 

deviation 

[GPa] 

Coefficient 

of variation 

Average 

[GPa] 

Standard 

deviation 

[GPa] 

Coefficient 

of variation 

Epx06 3.69 0.41 0.111 1.39 0.15 0.108 

32 
Current 

study 

Epx12 3.80 0.40 0.105 1.44 0.14 0.097 

Epx18 3.99 0.31 0.078 1.52 0.12 0.079 

Epx30 3.98 0.33 0.083 1.49 0.12 0.081 

Epx06 + 5.18 Å  SiC 5.38 0.42 0.078 2.03 0.17 0.085 

Epx18 + 7.54 Å  SiC 5.27 0.36 0.069 1.95 0.15 0.076 

Epx30 + 9.00 Å  SiC 5.09 0.36 0.071 1.86 0.14 0.074 

Epx42 + 10.00 Å  SiC 5.07 0.31 0.062 1.86 0.12 0.066 

Mori-Tanaka 4.37 - - 1.60 - - 

Nylon6 + 9.97 Å  SiO2 (Vf = 10.0%) 4.28 0.70 0.164 1.57 0.28 0.178 

5 
Yang and 

Cho [33] 

Nylon6 + 9.97 Å  SiO2 (Vf = 8.5%) 3.62 0.27 0.075 1.32 0.11 0.083 

Nylon6 + 9.97 Å  SiO2 (Vf = 7.5%) 3.20 0.34 0.106 1.16 0.13 0.112 

Nylon6 + 9.97 Å  SiO2 (Vf = 6.5%) 3.36 0.09 0.027 1.22 0.03 0.025 

Nylon6 + 9.97 Å  SiO2 (Vf = 6.0%) 3.10 0.19 0.061 1.12 0.08 0.071 

Epx09 + 6.0 Å  Al2O3 6.22 0.72 0.115 2.32 0.304 0.131 

10 Yu et al. [21] 
Epx21 + 7.9 Å  Al2O3 5.14 0.83 0.162 1.91 0.347 0.182 

Epx30 + 8.9 Å  Al2O3 4.42 0.46 0.104 1.64 0.186 0.113 

Epx42 + 10.0 Å  Al2O3 4.00 0.53 0.132 1.47 0.207 0.141 
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Table A.6. Statistical parameters (mean, standard deviation, and coefficient of variation) of Young‘s moduli of matrix and interphase for 

unit cell system. 

 

System 

Matrix 
Interphase 

MD results Fitted data 

Average 

[GPa] 

Standard 

deviation 

[GPa] 

Average 

[GPa] 

Standard 

deviation 

[GPa] 

Coefficient of 

variation 
Average [GPa] 

Standard 

deviation 

[GPa] 

Coefficient of 

variation 

Epx06 3.69 0.41 

3.87 

0.41 0.105 

- - - 
Epx12 3.80 0.40 0.38 0.099 

Epx18 3.99 0.31 0.36 0.094 

Epx30 3.98 0.33 0.33 0.084 

Epx06 + 5.18 Å  

SiC 

- - 

0.41 0.107 7.95 0.34 0.043 

Epx18 + 7.54 Å  

SiC 
0.38 0.099 7.04 0.34 0.048 

Epx30 + 9.00 Å  

SiC 
0.35 0.092 6.60 0.43 0.065 

Epx42 + 10.00 Å  

SiC 
0.33 0.085 6.34 0.52 0.082 
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Table A.7. Homogenized Young‘s moduli of polydisperse multi-particulate nanocomposite systems that include various 

numbers of inclusions to determine the proper number of representative volume elements (RVE). 

 

System 
No. of 

inclusions 

Volume 

fraction (%) 

Particulate Radius 

(Å ) 

Homogenized Young‘s moduli 

[GPa] 

Average 
Standard 

deviation 
Average 

Standard 

deviation 

Coefficient 

of 

variation 

MP10 10 

5.8 

7.54 2.44 

5.53 0.227 0.041 

MP20 20 5.46 0.147 0.027 

MP30 30 5.51 0.132 0.024 

Upper bound 

1 

2.08 

- 

5.70 

- Lower bound 12.99 4.92 

Regular system 7.54 5.22 
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Table A.8. Influence of propagation of inherent uncertainties of the MD model on the homogenized 

Young‘s moduli of polydisperse multi-particulate nanocomposite systems. 

 

System 
No. of 

inclusions 

Only geometric 

uncertainty 

Only MD 

uncertainty 
Both uncertainties 

Average 
Variance 

(VarGeo) 
Average 

Variance 

(VarMD) 
Average Variance 

VarGeo + 

VarMD 

MP10 10 5.53 0.0514 5.65 0.0212 5.49 0.0706 0.0726 

MP20 20 5.46 0.0217 5.73 0.0107 5.42 0.0312 0.0324 

MP30 30 5.51 0.0175 5.21 0.0065 5.47 0.0238 0.0240 

Regular 

system 
1 5.22 - 5.22 0.1359 - - - 
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Fig. A.1. Molecular modeling: (a) Polymer nanocomposite unit cell with spherical 

silicon carbide (SiC) filler, and (b) crosslinked epoxy network (crosslinking ratio, 0.61). 
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(a)                            (b) 

 
 

(c) 

 
Fig. A.2. Major model uncertainties: (a) uncertainties that stem from chaotic flow of 

molecules during ensemble averages; (b) randomness of initial ensemble velocity 

distribution despite identical macroscopic temperature; and (c) lognormal distribution of 

the obtained elastic properties of polymer nanocomposites including single particles 

(radius = 5.18 Å ). 
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Fig. A.3. Statistical multiscale bridging method that reflects inherent uncertainty of MD 

model. 
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Fig. A.4. Representative volume element (RVE) with 30 nanoparticles and 

corresponding interphase inside the matrix phase. DIGIMAT®  was used for modeling 

CAD geometry of randomly distributed nanoparticles and corresponding interphase. 

(a) Finite element model (Figure includes mesh configuration of matrix and particle 

only), and (b) probability density distribution of particle radii. 
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Fig. A.5. Cumulative average of normalized Young‘s moduli for polymer 

nanocomposites. 
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Fig. A.6. Comparison of nanocomposites elastic properties between statistical 

multiscale bridging method and molecular dynamics simulation to validate the 

proposed statistical multiscale bridging method. 
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Fig. A.7. Influence of uncertainty in the material properties of each spring on the mean 

material property of the effective spring element. 
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APPENDIX B. A MULTISCALE HOMOGENIZATION OF POLYMER 

NANOCOMPOSITES THAT INCLUDE AGGLOMERATED 

NANOPARTICLES 

 

B.1. Introduction 

In spite of the rapid development of fabrication techniques, the uniform 

dispersion of the reinforced nanoparticles is still a challenging issue. Non-

uniformly distributed nanoparticles due to an increase of non-bond interactions 

(including van der Waals interactions and electrostatic forces) constituted the 

nanoparticulate cluster [115-119]. To assess the influence of the clustered particles, 

simple analytic micromechanical models of composites have been developed [120-

122] by considering the cluster as a composite inclusion made up of neat matrix 

and particles, a concept known as super-inclusion. Simulation results showed that 

the presence of the clustered particles had a negligible effect on the stress-strain 

curves of the composites with the same volume fraction as that of the reinforced 

particles [120]. However, it is still questioned on whether the presence of the 

clustered nanoparticles has a negligible influence on the stress-strain curves for the 

nanocomposites, particularly when the interface effect is considered. 

The agglomeration of filler particles interrupts the effective penetration and 

crystallization of the polymer segment in the unoccupied regions [116,123], as well 

as the consequent effect of confining the nanoparticles [124]. As insufficient 

penetration of polymer brushes in the interphase zone naturally results in the 

formation of a vacancy zone in the agglomeration, it is generally believed to 
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degrade the overall mechanical properties. Nonetheless, there have been very few 

judicious simulation studies on the molecular level to obtain more information on 

the agglomeration of nanoparticles and to reveal the associated degradation 

mechanism of nanocomposites. 

To investigate the agglomeration phenomenon of nanoparticles, molecular 

dynamics (MD) simulation obviously replicates molecular motions and creates a 

virtual experimental environment with the highest resolution. Since the 

agglomeration of nanoparticles involves the merging of two neighboring interphase 

zones, however, a definition of the interphase zone surrounding the nanoparticles 

on the continuum level is required to determine the concentration and properties of 

the interphase. In the study reported in this letter, we used MD simulations to 

explore the mechanism through which the agglomeration of nanoparticles degrades 

the elastic property. To quantitatively evaluate the degradation of a nanocomposite 

in terms of the percolated interphase zone, the Young‘s modulus of the percolated 

interphase zone is defined as a function of the degree of agglomeration through 

multiscale modeling, which combines the MD simulation results with the 

equivalent three-phase finite-element (FE)-based homogenization method. In 

addition, we examined the contribution of the non-bond interaction energy between 

agglomerated particles to the total deformation energy of the nanocomposite. 

The concept of the equivalent cluster is introduced to describe the clustered 

nanoparticles, which accounts for the influence of the percolated interphase zone as 

shown in Fig. B.1. The multiscale homogenization schematic is proposed for the 

inverse estimation of the homogenized elastic properties of the equivalent cluster. 

With the use of the proposed multiscale homogenization schematic, the 
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homogenized elastic properties of the equivalent cluster are determined, and fitted 

as a function of the radius of the cluster, at a fixed volume fraction and radii of 

nanoparticles, where the cluster of nanoparticles is simplified as the spherical 

inclusion with homogeneous and isotropic elastic properties. Finally, it is verified 

that the equivalent cluster model is applicable to the polymeric nanocomposites 

that include a number of clusters. 

To the best of our knowledge, published multiscale models of polymeric 

nanocomposites that include clusters of nanoparticles have not accounted for the 

influence of the interphase percolation. Due to the difficulty in achieving the 

precise control, the experimental quantification of the influence of the clustered 

nanoparticles on the degradation of homogenized elastic properties is impossible. 

Therefore, the proposed multiscale modeling strategy of the polymeric 

nanocomposites that includes clusters of nanoparticles can act as the foundation of 

the multiscale modeling. 

 

B.2. Characterization of the Percolated Interphase Zone near the 

Agglomerated Nanofillers in Polymer Nanocomposites 

B.2.1. Molecular modeling and simulation results 

To investigate the correlation between the interparticulate distance of two 

neighboring nanoparticles and the resulting elastic modulus of the nanocomposite, 

we set up 12 different nanocomposite unit cells with different interparticulate 

distances (d), as shown in Tables B.1 and B.2. The filler radius (rp) and volume 

fraction (Vf) were fixed at 9 Å  and 3%, respectively, for each system in Table B.1, 

while they were fixed at 5.18 Å  and 3% for each system in Table B.2. The 
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nanocomposite molecular model consisted of two aligned spherical silicon carbide 

(SiC) nanoparticles and an isotactic polypropylene (PP) matrix composed of 50 

repeating monomer units. A commercial MD simulation package, Materials Studio 

5.5 (Accerlys®  Inc., now BIOVIA, USA) was used to construct molecular unit cell 

models in this study [57]. Through the use of an amorphous cell construction 

module in the Materials Studio 5.5 package, 12 different nanocomposite unit cells 

were constructed as amorphous unit cells, as listed in Tables B.1 and B.2. In Table 

B.1, the entire system (approximately 20,000 atoms) was contained within an area 

of 46.6908 × 46.6908 Å 2 and length of 93.3817 Å , as shown in Fig. B.2(a), while 

the entire system (approximately 4,000 atoms) in Table B.2 was contained within 

an area of 26.8732 × 26.8732 Å 2 and length of 53.7463 Å . Periodic boundary 

conditions were used in all directions. Based on data reported in the literature, the 

target density of the employed systems was set to 0.8 g·cm–3 [126]. After the initial 

construction of the unit cell system, the conjugate gradient method with the energy 

deviation convergence cutoff of 0.1 kcal·mol–1·Å –1 was used to minimize the 

potential energy. Upon completion of the construction of each nanocomposite 

system, relaxation procedures were applied. In order to relax the unit cells at the 

desired temperature and pressure, isothermal ensemble (NVT) simulations at 200 K 

and isothermal–isobaric ensemble (NPT) simulation at the same temperature and at 

1 atm were implemented for 700 ps and 5 ns, respectively. Here, N is the number of 

atoms in the unit cell, and V, T, and P are the volume, temperature, and pressure of 

unit cell, respectively. During the relaxation procedure, Andersen thermostat (in 

NVT) and Berendsen barostat (in NVT and NPT) are employed. The polymer-

consistent force field (PCFF) was employed [100,126] to describe all the inter- and 
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intra-atomic interactions. For efficient calculation of the non-bonded interaction 

energy (the sum of van der Waals and Coulombic interaction energies), an atom-

based cut-off method with a cut-off distance of 9.5 Å  was applied and the distance-

dependent dielectric method was used for the Coulombic interactions. 

In Table B.1 and B.2, HNR and LNR are abbreviation of ―High Nanoparticulate 

Radius‖ and ―Small Nanoparticulate Radius‖, respectively. An equivalent FE 

discretized model of the nanocomposite consisting of nanoparticles (red), an 

interphase (green), and a matrix zone (light kaki) is shown in Fig. B.2(b). In Table 

B.1 and B.2, 
comp.

LE , 
intE , 

int

fV , overlap , and intt  are the longitudinal elastic 

modulus of the nanocomposite, modulus of the interphase, volume fraction of the 

interphase, overlapping density, and interphase thickness, respectively. The 

overlapping density is defined as 

int

overlap

overlap int

total

1
V

V
                         (B.1) 

where int

overlapV  is the overlapping volume of the interphase caused by nanoparticle 

agglomeration, and int

totalV  is the total volume of the interphase. To determine the 

overlapping thickness, the thickness of the interphase should first be determined. 

The Parrinello–Rahman strain fluctuation method [99] was chosen to calculate 

the elastic moduli of the employed systems, through the use of a commercial MD 

simulation package, Materials Studio 5.5 (Accerlys®  Inc., now BIOVIA, USA). 

More procedures that are detailed are introduced in Chapter 2. To avoid statistical 

noise of inherent uncertainties in the MD model, the average longitudinal elastic 

modulus comp

LE  was obtained from six measurements of the same molecular 

structure with different initial velocity distributions of atoms [16,102,111]. 
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The values of the longitudinal elastic modulus along the aligned direction of SiC 

nanoparticles are shown in Tables B.1 and B.2. For high particulate radius systems 

(Table B.1), when the interparticulate gap between fillers (d) is larger than 10.7 Å , 

the modulus does not show a considerable dependence on the gap; however, a drop 

of nearly 20% in the modulus is observed when the gap is smaller than the critical 

threshold, below 10 Å . Meanwhile, the elastic modulus shows less dependence on 

the gap for low particulate radius systems (Table B.2); a drop of nearly 12–15% in 

the modulus is observed when the gap decreases. Despite different particulate radii, 

the dependency of the elastic modulus on the gap is clearly observed. However, the 

degree of dropdown of elastic properties is dependent on the reinforced particulate 

radii because the formation of an interphase zone is critically dependent on the 

particulate curvature and non-bond interaction between polymer chain and fillers 

[16,48,111,127]. As the filler radius increases, the intercalation of the polymer 

chain becomes more difficult at a fixed interparticulate gap between neighboring 

nanoparticles. This difficulty in the intercalation of the polymer appears to be the 

main reason there is a direct dependency on the filler size. Such degradation is 

mainly attributed to insufficient penetration of the polymer brush in the 

interparticulate domain and the reduced volume fraction of the interphase zone 

surrounding the nanoparticles. Therefore, characterization of the degradation of 

nanocomposites by the agglomeration in terms of the interphase zone requires an 

equivalent continuum model that incorporates a three-phase microstructure 

consisting of the nanoparticles, interphase, and matrix, as shown in Fig. B.2(b). 

Microstructural modeling including an interphase layer has been widely developed 

to take into consideration the significant interfacial nature of the mechanical and 
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conductive behaviors [13,78,127-130]. Since insufficient intercalation of matrix 

molecules leaves a region of vacancies inside the interphase zone, it is assumed 

that the agglomeration of nanoparticles involves a decrease in not only the volume 

concentration but also the elastic modulus of the interphase zone. 

 

B.2.2. Multiscale homogenization modeling and verification 

Assuming that the thickness of the interphase zone is not affected by the 

agglomeration, the decrease in interphase volume fraction by the agglomeration is 

naturally accounted for by forming a continuum volume element, as shown in Fig. 

B.2(b). In order to quantify the degradation of the interphase elastic property, we 

adopted the inverse algorithm to obtain both the elastic modulus and thickness of 

the interphase zone using a two-scale homogenization method and the MD results 

[88,109,110]. More details on the two-scale homogenization are introduced in 

Appendix A. In this study, 2nd order tetra (tetra10) elements are employed to 

conduct FE analysis (about the 100,000 number of elements for each FE model), 

and software MSC Nastran®  is employed to construct mesh configuration [131]. 

Computational homogenization analysis is performed based on our in-house FE 

code. Details of the mathematical formula and finite-element discretization are 

found in Ref. 88. Since the elastic properties of nanocomposites are determined by 

MD simulation, the unknown property of the interphase can be numerically 

obtained. We adopted the most up-to-date second-moment interphase strain-

energy-based algorithm proposed by Choi et al.[48] to simultaneously estimate the 

thickness and moduli of the interphase. The key idea of this method is to determine 

the optimum interphase properties that satisfy the following convergence criteria 
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when a small longitudinal strain of 0.3% is applied to both the MD simulation cell 

and the FE model: 

10 4

1 int int int 2 int int int( , , ) 10 ,  ( , , ) 10f E G t f E G t                (B.2a) 

2 2
MD FE MD FE

comp comp comp comp

1 MD MD

comp comp

E E G G
f

E G

    
    

   
   

               (B.2b) 

MD FE

int int

2 MD

int

U U
f

U


                        (B.2c) 

where Uint is the deformation energy of the interphase zone and the subscripted 

identifier of U (e.g., ―int‖) indicates the model from which the deformation energy 

is calculated. 

The elastic properties of the interphase and the corresponding thickness obtained 

from Eq. (B.2a–c) are shown in Table B.1 and B.2. Reflecting the drop in the 

elastic modulus of the nanocomposite with decreasing interparticulate gap, the 

elastic properties of the interphase zone show a prominent fall as the of 

interparticulate distance decreases. The main reason for the degradation of the 

interphase elastic properties is the presence of the vacancy zone, which serves as a 

defect of the interphase. To verify the hypothesis of insufficient permeation of PP 

molecules into the gallery zone between two nanoparticles, we compared the 

density profiles of slab A across the overlapping region B in Fig. B.3(a) of the 

system HNR. II before and after the application of longitudinal tension. As shown 

in Fig. B.3(b), the transverse coordinate of 20 Å  corresponds to the gallery between 

the two nanoparticles denoted as C. The density near the gallery zone before tensile 

loading was less than 0.2 g·cm–3, which is only 25% of the value for pure neat PP, 

owing to the nanoscale confinement of molecules in the gallery zone between 
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neighboring nanoparticles. Polymer chains are unable to permeate the nanometer-

sized vacancy zone between nanoparticles because the potential barrier, which 

originates from high repulsive forces below the equilibrium distance, is too high. 

After applying tensile loading, which increased the interparticulate distance, the 

density of PP in region C slightly increased while that in region B (right in the 

vicinity of region C) decreased. This change indicates that the molecules at B, 

which had not initially permeated the vacancy zone, moved to the region C after 

the tensile deformation was applied. Therefore, it can be concluded that the 

insufficient permeation of matrix molecules into the agglomeration of nanoparticles 

acts as a vacancy defect inside the interphase zone. 

In order to construct a percolated interphase model that describes the 

degradation of the nanocomposite, the elastic modulus of the interphase zone must 

be expressed in terms of the degree of agglomeration. Since the agglomeration of 

nanoparticles involves an increase in the overlapping density defined in Eq. (B.3) 

as well as a decrease in the interphase properties, the percolated interphase model 

is defined through exponentially decayed fitting of interphase Young‘s modulus 

data listed in Table B.1, as described by the following equation: 

overlap( )

int matE e E
  




                     (B.3) 

where α = 2.7208 GPa, β = –0.0393, and γ = 2.1140. For smaller nanoparticulate 

radius systems (Table B.2), α = 1.8795 GPa, β = –0.0331, and γ = 5.4817. At 

δoverlap=0%, this model agrees with the well-dispersed state data (Eint = 5.1 GPa) 

listed in Table B.1. The Eint/Emat ratios are 3.04 (rp = 9.00 Å ), and 2.38 (rp = 5.18Å ) 

which are similar to the values reported in the literature (1.44–4.62) for 

thermoplastic polymer nanocomposites with sub-nanometer-sized particles (rp = 5–
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10 Å ) [16]. Using the percolated interphase model defined in Eq. (B.3), the 

Young‘s modulus of the nanocomposite was obtained from the FE-based 

homogenization method for different values of interparticulate distance. Note that 

the exponentially decayed fitting of the interphase Young‘s modulus as a function 

of the overlapping density is appropriate for predicting the elastic properties of the 

nanocomposite, as shown in Fig. B.4(c) and (d). In other words, the global 

response of the nanocomposite can be accurately obtained through the proposed 

interphase percolation model. 

The proposed percolated interphase model is also applicable to the 

multiparticulate system (Fig. B.5). In this study, the multiparticulate 

nanocomposite systems that include four agglomerated nanoparticles were 

considered. The coordinates of the four SiC nanoparticles are listed in Table B.3. In 

Table B.3, MP is the abbreviation for ―multiparticulate.‖ In the MP I system, each 

particulate radius is fixed at 9.00 Å , and the unit cell volume is 483 Å 3 (Vf = 11%). 

The occupied interphase volume and overlapping interphase volume of the 

employed system are 69,187 Å 3 and 43,093 Å 3 (δoverlap = 62%), respectively. Using 

Eq. (B.3), the corresponding interphase elastic property Eint of this overlapping 

density is 1.95 GPa. Specifically, it is implemented in the C matrix of the 

interphase when the homogenized elastic stiffness matrix is computed. To obtain 

the homogenized elastic properties of the multiparticulate system, a periodic 

boundary condition is applied. The MP II system is composed of four nanoparticles 

(rp = 5.18 Å ), and the unit cell volume is 31.903 Å 3 (Vf = 7.17%). The occupied 

interphase volume and overlapping interphase volume of the employed system are 

18,394 Å 3 and 11,500 Å 3 (δoverlap = 63%), respectively. Using Eq. (B.3), the 
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corresponding interphase elastic property Eint of this overlapping density is 1.97 

GPa. In order to compare the isotropic elastic properties, Hill‘s model for 

polycrystalline structures [132] was applied to the homogenized elastic modulus of 

the nanocomposite base cell. 

As shown in Table B.4, the multiscale homogenization method using the 

proposed interphase percolation model (present model) provided accurate elastic 

moduli close to the MD simulation results. Additionally, we repeated the 

calculations using a multiparticulate model without taking into consideration the 

interfacial property degradation (Eint = 5.1 GPa about MP I system, and Eint = 4.0 

GPa about MP II system). When degradation of the interphase by the 

agglomeration is not considered in the same multiparticulate system, however, the 

results are about two times higher than the MD simulation results, which is not an 

acceptable prediction. Therefore, the proposed interphase percolation model is 

required to analyze the multiparticulate system. 

Finally, the local field fluctuation caused by the two approaching nanoparticles 

was analyzed for HNR. I that is the system that has the smallest interparticulate 

distance. Contrary to belief, the decrease in interparticulate distance that 

accompanies the agglomeration involves local field perturbations. For organic 

nanoparticles composed of partially charged atoms embedded in typical 

engineering polymers, the direct non-bond interactions, namely the van der Waals 

and Coulombic forces between the aggregating particles, grow more significant 

with agglomeration. Therefore, the local stress field of the agglomeration becomes 

remarkably increased because according to the classical virial theorem, the non-

bond interactions between neighboring nanoparticles can act as stiff springs 
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[133,134]. The interparticulate energy consists of the van der Waals and Coulombic 

interaction, as described by A-B vdW elec.

A B

IJ IJ

I J

U U U
 

  , where A and B represent the 

two nanoparticles, and I and J correspond to two interacting atoms in each 

nanoparticle. In the elastic deformation condition of the nanocomposite, the 

interparticulate interaction energy directly contributes to the overall strain energy, 

which is proportional to the elastic modulus of the nanocomposite, 

2

composite / 2L LU E V . Therefore, we defined the relative contribution of the 

interparticulate energy to the total deformation energy of mechanically loaded 

nanocomposites as 
A-B composite/U U . At a strain of 3%, the contribution of 

interparticulate interaction to the total strain energy of HNR. I is 0.328% (=2.73 × 

10-21J / 8.32 × 10-19J), showing that interparticular interaction of closely interacting 

SiC nanoparticles is not a dominant factor in determining the elastic modulus of a 

polymer nanocomposite consisting of agglomerates. Therefore, additional 

consideration of the filler–filler interaction by incorporating a fictitious strain field 

or elasticity is not required in equivalent continuum modeling of agglomerated 

nanocomposite particles. 

 

B.3. Homogenization Analysis of Polymeric Nanocomposites Containing 

Nanoparticulate Clusters 

B.3.1. Models and methods 

B.3.1.1. Preparation of finite element unit cells 

To assess the existence of a possible influence of the clustered nanoparticles on 

the degradation of homogenized elastic properties, the clustered nanoparticles were 

placed at the center of the unit cell, and were close-packed as shown in Fig. B.6. 
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We set up four different nanocomposite unit cells containing different numbers of 

clustered nanoparticles (4, 10, 18, and 30). The filler radius (rp), and volume 

fraction (Vf) were fixed at 9Å , and 3%, respectively. We conducted CAD modeling 

using the DIGIMAT®  software [107], which is a package used for multiscale 

modeling and simulation (Fig. B.6). For the finite element modeling, ABAQUS®  

was employed to construct the mesh configuration (using approximately the 

40,000-100,000 elements for each finite element models) with 2nd order 

tetrahedral (tetra10) elements [135]. For the preprocessing of the CAD modeling in 

DIGIMAT® , the coordinates of the clustered nanoparticles were determined using 

our in-house code. 

A newly developed multiscale schematic is proposed to determine the 

coordinates of the clustered nanoparticles as shown in Fig. B.7. For the given rp 

and np of nanoparticles, the coordinates of the clustered nanoparticles can be 

determined using the proposed schematic. When the nanoparticles are 

agglomerated and clustered, there exists an unavoidable gap between them due to 

the high repulsive forces developed when the inter-distance falls below the critical 

minimum distance, denoted as (dmin)criteria. The minimum distance between 

nanoparticles is determined to be approximately 2Å  using molecular dynamics 

simulations as shown in Fig. B.8. For the molecular modeling and molecular 

dynamics simulations, we employed Materials Studio 5.5 (Accelrys®  Inc., now 

BIOVIA, USA) [57], and the polymer-consistent force field (PCFF) was employed 

to describe all the inter- and intra-atomic interactions [100,126]. Initially, a radius 

of cluster was assumed to be equal to: 

   
1/3

13 2c p pguess
r r n                     (B.4) 
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where the total volume of nanoparticles was assumed to be the same to that of the 

effective cluster. At each trial, the coordinates of the nanoparticles were generated, 

and the minimum distance criteria were checked. Due to the existence of the non-

particulate cluster domain, (e.g., percolated interphase zone, gallery zone, and neat 

matrix), the actual radius of the effective cluster is larger than the initially 

determined value. If the assumed radius of the effective cluster is regarded as 

infeasible, in spite of the hundreds of trials, the radius of the effective cluster 

updated with an increasing increment of 1%. If the feasible radius of the effective 

cluster was attained, the coordinates of the clustered nanoparticles were stored, and 

were subsequently employed for the CAD modeling using DIGIMAT® . During the 

finite element modeling of the polymeric nanocomposites including the clustered 

nanoparticles, the percolated interphase zone was considered. 

 

B.3.1.2. Multiscale modeling of equivalent cluster 

For the purpose of an efficient description of the clustered nanoparticles, we 

proposed equivalent cluster-based homogenization approach, as shown in Fig. B.9. 

In this approach, the representation of the clustered nanoparticles was simplified in 

the form of an equivalent cluster, that is, the minimum spherical domain to include 

the clustered nanoparticles. The radius of the equivalent cluster is determined as 

indicated by the proposed schematics (Fig. B.7). For the 9Å  of the nanoparticulate 

radius, the radius of the equivalent cluster can be determined as a function of the 

number of clustered nanoparticles as shown in Fig. B.10. It is shown that the 

coefficient of variations (CoVs) of the radius of the equivalent cluster are less than 

2%, which indicates that the radius of the equivalent cluster can be determined with 
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negligible fluctuation. 

Software MSC Nastran®  was employed to construct the mesh configuration 

(approximately 10,000 elements for equivalent cluster-based models). 

Computational homogenization analysis was performed using our FE code. The 

unknown elastic properties of the equivalent cluster can be numerically obtained, in 

such a way that, the unit cell shows the same homogenized elastic behavior as the 

cell that included all the nanoparticles (i.e., ―direct computation‖). In other words, 

the following convergence criteria were solved in order to determine the elastic 

properties of the equivalent cluster (Ecluster and Gcluster): 

  10

cluster cluster cluster( , ) , 10E Gf E G f f                (B.5) 

equi cluster cluster direct equi cluster cluster direct

direct direct

( , ) ( , )
,  

H H H H

E GH H

E E G E G E G G
f f

E G

 
      (B.6) 

where 
equi

HE , and 
equi

HG  are the respective Young‘s and shear moduli obtained 

from the equivalent cluster-based homogenization approach, and 
direct

HE , and 

direct

HG , are the equivalent moduli obtained from the direct computation with the 

total number of nanoparticles. 

 

B.3.2. Homogenization results of polymeric nanocomposites unit cells including 

single clusters of nanoparticles 

The homogenized Young‘s moduli decrease remarkably as the number of 

clustered nanoparticles increases as shown in Table B.5. Intuitively, the 

homogenized Young‘s moduli of polymeric nanocomposites are clearly related to 

the volume fraction and elastic properties of the interphase zone. As shown in Fig. 
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B.11 (a), the overall interphase volume fraction clearly decreases as the number of 

clustered nanoparticles increases. The decrease of the overall interphase volume 

fraction causes the increase of the overlapping density, which then causes a 

remarkable decrease of the elastic properties of the interphase zone as shown in Fig. 

B.11 (b). Therefore, the formation of the clustered nanoparticles causes decreases 

in the elastic properties of the interphase zone as well as decreases in volume 

fraction of the interphase. 

Fig. B.12 shows that the decrease of the elastic property values of the interphase 

zone is more critical than that of the decreasing volume fraction. As shown in Fig. 

B.13, we compare the influence of the interphase percolation model by considering 

three different types of elastic models where the ―w/o degradation‖ model has 

constant elastic properties at the interphase regardless of the overlapping densities. 

As shown in Fig. B.12, the homogenized Young‘s moduli range between 2.19-

2.27GPa (which correspond to a degradation of 7-11% from unit cells that 

contained regularly arrayed nanoparticles) when we neglect the effect of 

degradation of the elastic properties of the interphase zone. However, the 

degradation of the elastic properties of the interphase zone caused a degradation in 

the range of 22-26% (1.81-1.90GPa) for unit cells with regularly arrayed 

nanoparticles. Therefore, the influence of the degradation of the elastic properties 

of the percolated interphase zone is critical. 

Additionally, we investigated the influence of the ―linear degradation‖ model 

that can be constructed based on the degradation of the homogenized elastic 

properties. The homogenized Young‘s moduli were in the range of 2.09-2.22GPa 

(exhibiting a 9-15% degradation in the case of unit cells with regularly arrayed 
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nanoparticles). Due to the slow degradation of the elastic properties at the 

interphase within the range of an overlapping density below 50%, this ―linear 

degradation‖ model is not applicable to the description of the homogenized elastic 

properties of the small-sized cluster of nanoparticles. It is expected that the 

degradation of the resulting elastic properties obtained from the ―linear 

degradation‖ model is similar to that of the ―Proposed‖ model for the unit cell with 

sufficiently high numbers of clustered nanoparticles. 

 

B.3.3. Homogenized elastic model of equivalent cluster and verification 

Using the proposed multiscale strategy (Fig. B.9), the effective Young‘s moduli 

of the equivalent cluster (Ecluster) are obtained for different numbers of clustered 

nanoparticles (4, 10, 18, and 30). As shown in Table B.6, the Young‘s moduli of the 

equivalent cluster (Ecluster) decrease as its radius (rcluster) increases. The fitting 

equation takes the following form: 

 1 cluster

cluster 0 2

parr r
E e


 


                   (B.7) 

where β0, β1, and β2 are 86.17GPa, 0.5166, and 2.5688GPa, respectively. An 

accurate quantification of the limit value could not be attained. However, for a 

radius less than 50Å , the elastic properties of the equivalent cluster can be 

determined using the fitted curve, without the need of an additional inverse 

estimation procedure (Section B.3.1.2). 

In order to verify the equivalent cluster approach, we prepared polymeric 

nanocomposites unit cells that included multi-clusters and free nanoparticles. The 

homogenized elastic properties are compared in the cases of the direct computation 

and the equivalent cluster-based homogenization approach, as shown in Fig. B.14. 
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The obtained homogenized elastic properties are listed in Table B.7. The 

differences of the homogenization results between the direct computation and the 

equivalent cluster-based homogenization approach are approximately 1% for the 

three different types of models. For these employed finite element models, the 

equivalent cluster-based homogenization approach reduced computational time up 

to ten times. Therefore, the equivalent cluster-based homogenization approach can 

replace the direct computational approach. In fact, the direct models involve the 

complexity of geometry, which causes the failure of mesh generation and needs a 

large number of elements. To overcome this limitation, the proposed equivalent 

cluster-based homogenization approach is necessary without loss of computational 

accuracy. 

 

B.4. Summary of Appendix B 

To summarize, we firstly evaluated the longitudinal elastic properties of a 

nanocomposite with two reinforcements and various interparticulate gaps through 

MD simulation. The longitudinal elastic properties of the nanocomposite are 

declined by up to 20% when the reinforced fillers are agglomerated. Insufficient 

development of the interphase zone near the agglomerated nanoparticles was the 

main degradation mechanism. To describe the degradation of the modulus by the 

agglomeration, an interphase percolation model was proposed as a function of the 

nanoparticles‘ overlapping density, which was verified through MD simulation. 

Since locally concentrated agglomeration of nanoparticles is still the most 

challenging task, the proposed percolation interphase model can be effectively 

applied to evaluate the performance of a nanocomposite. 
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Using this interfacial nature near the agglomerated nanofillers, we conducted a 

multiscale homogenization analysis to predict the elastic properties of polymeric 

nanocomposites that included agglomerated nanoparticles. We expect that this 

study can act as the foundation of the multiscale modeling of the polymeric 

nanocomposites that includes clusters of nanoparticles. The two major aspects of 

the study are summarized as follows: 

- We examined the influence of the clustered nanoparticles on the degradation of 

the homogenized elastic properties of the polymeric nanocomposite unit cell. 

Small size of cluster including four nanoparticles causes remarkable decrease 

of the homogenization elastic properties up to approximately 22%. As a size of 

cluster increases, the monotonically decreasing tendency of the homogenized 

elastic property values is clearly investigated above 25%. 

- For an efficient description of the polymeric nanocomposite unit cell that 

includes the clustered nanoparticles, the representation of the clustered 

nanoparticles was simplified as an equivalent spherical inclusion. The 

equivalent cluster-based homogenization approach can provide high 

computational efficiency without loss in computational accuracy. 
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Table B.1. Longitudinal elastic properties of molecular system and corresponding interphase characteristics for 

various interparticulate distances (rp = 9.00 Å ) 

Model d (Å ) 
comp

LE
(GPa) 

intE
(GPa) 

int

fV
 (%) overlap

 (%) 
intt

(Å ) 

HNR. I 2.7 2.27 3.6 43.01 17.31 

10.0 

HNR. II 4.7 2.15 2.9 44.51 13.35 

HNR. III 10.7 2.50 4.3 48.12 4.84 

HNR. IV 16.7 2.55 4.6 50.14 0.62 

HNR. V 22.7 2.52 4.6 50.45 0 

HNR. VI 

(Well-dispersed) 
28.7 2.61 5.1 50.45 0 

Polypropylene [126] - 1.68 - - - - 

Silicon carbide [48] - 451.6 - - - - 
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Table B.2. Longitudinal elastic properties of the molecular system and the corresponding interphase 

characteristics for various interparticulate distances (rp = 5.18 Å ) 

Model d (Å ) 
comp

LE
(GPa) 

intE
(GPa) 

int

fV
 (%) overlap

 (%) 
intt

(Å ) 

LNR. I 2.51 2.38 3.3 61.94 61.94 

7.0 

LNR. II 3.51 2.31 3.0 63.36 63.36 

LNR. III 6.51 2.41 3.1 67.00 67.00 

LNR. IV 10.51 2.80 4.2 70.82 70.82 

LNR. V 12.51 2.67 3.7 71.69 71.69 

LNR. VI 

(Well-dispersed) 
16.51 2.75 4.0 72.00 72.00 
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Table B.3. Centroids of each particle in the multiparticulate nanocomposite system. 

 

Par. id 
MP I MP II 

x (Å ) y (Å ) z (Å ) x (Å ) y (Å ) z (Å ) 

1 15.44 30.49 10.29 15.44 30.49 10.29 

2 21.58 3.99 8.34 21.58 3.99 8.34 

3 32.22 21.19 9.36 32.22 21.19 9.36 

4 20.02 15.56 24.55 20.02 15.56 24.55 
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Table B.4. Elastic moduli of the multiparticulate nanocomposite obtained using various approaches. 

 

Model 
MP I MP II 

E (GPa) G (GPa) E (GPa) G (GPa) 

MD 2.55   0.19 0.98   0.09 2.36   0.26 0.84   0.09 

Present work 2.83 1.07 2.56 0.95 

Model w/o interphase property 

degradation 
4.88 1.84 3.80 1.40 
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Table B.5. Homogenization results of polymeric nanocomposites unit cell including single cluster of 

nanoparticles 

# of clustered 

nanoparticles 
Ecomp (GPa) Eint (GPa) 

int

fV
 (%) 

1 (regular array) 2.448 6.56 17.54 

4 1.897 2.23 14.04 

10 1.831 1.92 13.34 

18 1.822 1.81 12.78 

30 1.815 1.74 11.95 
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Table B.6. Geometry and elastic properties of equivalent clusters 

# of clustered 

nanoparticles 
Cell size (Å ) 

Geometry of cluster 
Young‘s modulus 

of cluster [GPa] Radius (Å ) 
Volume 

fraction (%) 

4 74.12 23.29 13.00 3.79 

10 100.59 32.11 13.62 2.83 

18 122.36 39.78 14.39 2.66 

30 145.08 47.29 14.51 2.58 
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Table B.7. Verification of the equivalent cluster approach 

Model id Direct computation [GPa] Equivalent cluster approach [GPa] Deviation (%) 

1 1.883 1.904 1.07 

2 1.888 1.907 0.97 

3 1.886 1.908 1.19 
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(a)                          (b)                     (c) 

 
Fig. B.1. Multiscale homogenization strategy of polymeric nanocomposites containing 

the clustered nanoparticles: (a) TEM image of silica nanocomposites [125], (b) direct 

modeling, and (c) equivalent cluster modeling 
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Fig. B.2. Cross section of nanocomposite molecular model and equivalent finite element 

model (HNR. II): (a) MD model, and (b) Finite element model. 
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Fig. B.3. (a) Definition of interparticular region for the structural analysis B: overlap 

region, C: gallery region. (b)  Density profile of PP molecules of slab A (HNR. II, d = 

4.7Å ). 
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Fig. B.4. The proposed percolation interphase model: interphase Young‘s modulus when 

the nanoparticulate radius is (a) rp=9.00Å , and (b) rp =5.18 Å , and corresponding 

longitudinal elastic modulus of nanocomposites predicted from the two-scale 

homogenization method using the interphase percolation model: (c) rp=9.00Å , and (d) 

rp=5.18Å . 
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Fig. B.5. A multiparticulate nanocomposite systems that includes four agglomerated nanoparticles: (a) TEM image of silica nanocomposites 

[125], (b) MD model, and (c) equivalent finite element model (Figure includes mesh configuration of matrix and particle only). 
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Fig. B.6. Finite element models of a single cluster of nanoparticles for different 

numbers of nanoparticles (4, 10, 18, and 30) at a fixed volume fraction (3%) and radii 

(9Å ) of nanoparticles (the schematics include a mesh configuration of the interphase 

only). 
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Fig. B.7. Schematics representation of the flow diagram of the processing steps used to 

determine the coordinates of the clustered nanoparticles 
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Fig. B.8. Interaction energy between interparticles 
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Fig. B.9. The schematics of the equivalent cluster-based homogenization approach 
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Fig. B.10. Variation of the radius of the cluster with respect to the number of clustered 

nanoparticles at a nanoparticulate radius of 9Å  when nanoparticles are closely-packed 
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(a)                                                    (b) 

      
Fig. B.11. Characteristics of percolated interphase zone: (a) volume fraction of interphase and overlapping density, and (b) Young‘s 

moduli of percolated interphase zone. 
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(a)                                                   (b) 

     
Fig. B.12. Homogenization results of polymeric nanocomposites unit cell including single cluster of nanoparticles: (a) Young‘s modulus, 

and (b) shear modulus 
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Fig. B.13. Various types of elastic model of overlapped interphase zone 
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Fig. B.14. Finite element models of polymeric nanocomposites including the clustered nanoparticles: (a) direct computation, and (b) 

equivalent cluster-based approach (figures include only the mesh configuration of the interphase). 
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국문요약 

 

본 논문에서는 자가치료 고분자 복합재의 멀티스케일 기계적 해석을 

수행하였다. 최근 혈액응고 과정을 모방한 자가치료 고분자 재료에 대한 

연구가 활발히 이루어지고 있다. 70% 이상의 높은 치료 효율을 보이는 

한편, 치료제를 포함하고 있는 구형 마이크로 캡슐의 함량이 증가함에 

따라 점차 낮은 기계적 강도와 파괴 인성 특성을 보인다는 단점이 있다. 

이러한 단점을 개선하기 위해, 캡슐 이외에 탄소나노튜브나 열소성 

고분자 입자와 같은 충진제를 추가적으로 첨가한 “자가치료 고분자 

복합재”의 개발이 이루어지고 있다. 많은 양의 설계 인자와 복잡한 

역학 기작으로 인해, 실험 정보만으로 최적 설계를 수행하기에 어렵다는 

문제가 있다. 이를 해결하기 위해서 본 연구에서는 설계에 명확한 

방향을 제시할 수 있도록 이론에 기반한 해석 방법론을 제안하고, 이에 

기반한 해석을 수행하였다. 

자가치료 고분자 복합재료의 역학 문제는 균열 주변의 충진제로 인한 

파괴 인성 향상 기작과 시편의 균열 치료 현상이 복합적으로 반영된 

복잡한 문제이다. 본 논문의 연구 목표를 달성하기 위해 다음 두 가지 

이론 기반 모델을 개발하였다. 우선, 마이크로 캡슐의 함량에 따른 

자가치료 고분자 재료의 탄성 물성, 초기 파괴 인성, 치료 정도에 따른 

파괴 인성을 예측할 수 있는 “자가치료 고분자 재료의 기계적 거동 

예측 모델”을 개발하였다. 치료가 일어나는 동적 과정 하에 치료제와 
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기지재의 접착 특성 및 계면의 기계적 거동 특성을 모사하기 위해 가교 

동역학 모델과 분자동역학 전산모사를 접목한 방법론을 제안하였다. 그 

다음, 충진제의 일종인 나노입자나 열소성 입자의 첨가로 인해 향상된 

파괴 인성을 예측할 수 있는 “균열 주변의 멀티스케일 연속체 역학 

모델”을 개발하였다. 파괴 인성은 소산된 에너지와 밀접한 관련이 있다. 

향상된 파괴 인성의 예측을 위해 소산된 에너지를 연속체 역학을 토대로 

정량화 하였다. 제안된 두 가지 모델은 모두 실험 결과와 비교하여 높은 

정확도를 보인다는 것을 확인하였다. 자가치료 고분자 재료의 기계적 

거동 예측 모델을 토대로 치료 정도에 따른 균열 주변의 응력 분포를 

예측하고, 이를 기반으로 치료 정도에 따른 파괴 인성 향상 정도를 

예측할 수 있다. 이러한 일련의 과정을 통해 자가치료 고분자 

복합재료의 기계적 해석을 위한 이론 기반 틀을 구축하고, 기계적 

해석을 수행하였다. 

 

주요어: 자가치료 고분자, 고분자 나노복합재료, 멀티스케일 해석, 피로 

및 파괴 해석, 유한요소 해석, 분자동역학 전산모사 
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