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Abstract

A Transit Network Analysis
Under Random Regret Minimization 

Kwon, Ohyeon
Dept. of Civil & Environmental Engineering

The Graduate School 
Seoul National University

  The main objective of this research is developing path based 
stochastic traffic analysis frame on multi-modal urban transit network. 
  Interest in the development and implementation of path-based 
stochastic traffic assignment (STA) models for traffic analysis is 
growing to explain complex decision making process. But path-based 
models are still emerging issue due to it was very hard to solve 
mathematical models.
  To challenge this objective, this research set several milestones.
  This research described semi-compensatory heuristic analysis frame on 
urban transit with the concept of regret in behavioral economics. It 
consist of path set generation stage and assignment stage.
  The parameters and result will be calibrated and verified with real 
world observation. Smart card data will be a good data source of real 
world behavior.
  Real scale network of multi-modal urban transit is tested to present 
real size network practicability with Seoul metropolitan area network.
  This research presented several points into path based transit analysis 
frameworks.
  First, the research introduced relative behavioral constraint thresholds 
rely on regret theory to explicit path set problem to averse extreme 
cases and to provide flexibility of model than absolute pre-fix value. 
the result presented how to extreme cases among similar path sets can 
be avoided rely on regret theory and threshold function.
  Second, regret based assignment (Random Regret Minimization) on 
transit network with generated path set was performed to present 



avoiding unconsidered paths improves assignment result. Assignment 
results are improved rely on explicit path set generation.
Third, the research calibrated and verified the algorithm with sufficient 
observations from big amount of smart card data. Path set generation’s 
threshold function was estimated from sufficient observation.
  Due to regret theory’s alternation relative flexibility and estimated 
threshold function there are no need to calibrate thresholds case by 
case.

keywords       : Transit Network Analysis, Path Finding,
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1. Introduction

1.1. Backgrounds

Various emerging modes (i.e. Bus Rapid Transit, Tram) bring out 

more complexity to travler’s decision making process as it 

integrating various characteristics from typical transit modes.

Simultaneously, Information Technologies provide another 

dimension of complexity. Nowadays many cities adopted smart card 

system for automatic fare collecting system. The automated system 

makes transfer easier than traditional way. Transfer is now occurred 

between not only different lines but also different transit modes that 

share smart card systems.

Area Rail trip include at least one bus trip

Seoul Metropolitan * 35% (2013)

London ** 23~25% (2009)

*) Data from smartcard log data
**) Seaborn, C., Attanucci, J., & Wilson, N. (2009)

[Table. 1] Multimodal share of various cities

In such a situation, interest in the development and implementation 

of path-based stochastic traffic assignment (STA) models for traffic 

analysis is growing to explain complex decision making process 
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(Hickman and Bernstein, 1998; Shahhoseini et al., 2015; Haghani et 

al., 2016). As a transit trip consists of several distinct trip 

components (i.e. line profile) unlike driving (Florian and Spiess, 

1989), researchers need more information about decision making 

behaviors. Path-based models provide a complete picture of traffics 

and more behavioral (Zhou et al., 2010).

Path-based models are still emerging issue due to it was very hard 

to solve mathematical models. The main pragmatic reason why 

path-based algorithms have not been widely used is the fact that 

they require considerably more computer memory (RAM) to store 

plenty of path variables (Kupsizewska and Van Vlient, 1999; Zhou 

and Clarke, 2010) But recent technological and theoretical 

advancements allowed large scale applications of behaviorally 

realistic methods in transportation planning. Computing power now 

allowed to generate and store path flow explicitly.

Another technological improvement allows interesting issue to 

researchers. Smart cards of public transit can produce huge quantities 

of very detailed data on on-board and get-off transactions. The use 

of smart cards as data sources for passenger measurements allows 

the availability of transportation usage information for research 

purposes (Pelletier et al., 2011). This new data source will provide 

the possibilities of detailed or collective travel behavior analysis 

(Oliveros and Nagel, 2016).



- 3 -

1.2. Objectives

The main objective of this research is developing path based 

stochastic traffic analysis frame on multi-modal urban transit 

network. Path based analysis and multi-modality are very emerging 

issues as mentioned above. To challenge this objective, this research 

set several milestones.

First, this research will describe path based traffic analysis frame 

on urban transit including explicit path set generation and assignment 

procedure.

Second, the parameters and result will be calibrated and verified 

with real world observation. Smart card data will be a good data 

source of real world behavior.

Third, this research will consider multi-modal urban transit and 

will present real size network practicability with Seoul metropolitan 

area network.

1.3. Assumptions

Several assumptions needed to conduct this research.

First, paths of this research includes not only single mode trip but 

also multi-modal trip among urban transit modes. Otherwise, 

multi-modal trip using personal mode and urban transit mode 

simultaneously is not considered. (i.e. Kiss and Ride, Bus or rail 
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with taxi journey, Bus or rail with bike journey)

Second, travelers choice one of attractive path from alternative 

path set.

Third, travelers make path (include mode) decision before 

departure. En-route path switching, multi-purpose trip with way-point 

are not considered.
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2. Literature Reviews

2.1. Path Choice

Liu et al. (2010) had classified path choice (assignment) problem 

into two categories. First one is deterministic assignment and other 

one is stochastic assignment.

Deterministic assignment assumes that travelers have perfect 

knowledge about their path costs and performances. These models 

are very simple path choice model. All-or-nothing assignment on 

shortest path is very simplest one. Spiess and Florian (1989) 

developed optimal strategy assignment model that considering 

probability of choosing different lines.

Otherwise, stochastic assignment assumes that travelers have 

imperfect information about path. Probabilistic path choice model 

that minimize their perceived cost was introduced. Multinomial logit 

model, nested logit model and multinomial probit model are included 

this category (Prashker and Bekhor, 2004).
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2.1.1. Deterministic Path Choice

All-or-nothing is simplest rule of assignment. It assign all volumes 

to single shortest path. Algorithms to finding single shortest path 

will be described next chapter.

[Fig. 1] All-or-nothing assignment example

Spiess and Florian (1989) formulated a linear programming and 

label-setting algorithm in the space of link flows to determine the 

probability of choosing different lines. They called it as Optimal 

Strategies. Strategy is a set of rule that allows the traveler to reach 

own destination. Although the algorithm assign volumes on various 

lines, the probability of choosing line is still deterministic due to it 

depends on headways.

[Fig. 2] Optimal Strategy assignment example



- 7 -

2.1.2. Stochastic Path Choice

Nielsen (2000) described the notion of stochastic route choice. It 

encompasses a number of factors.

(a) Persons do not have full knowledge of the traffic network, 

which means they only choose rationally according to their perceived 

utilities.

(b) Travel times along different routes may vary from day-to-day.

(c) Different routes are often chosen for the sake of variation.

(d) Different persons may have different preferences.

2.1.2.1. MNL models

Discrete choice models are common in this category. The models 

are generally derived from utility theory. The utility of an individual 

is assumed to have a deterministic (or observable) component and a 

random component. The random component, or error term, is a mix 

of individual perception errors, measurement errors and specification 

errors. (Prashker and Bekhor, 2004)

 The following expression represents the utility 
 of choosing an 

alternative :


 




where  is the individual. As shown the utility of each alternative 
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route is expressed as a random variable consisting of a deterministic 

component 
 and an additive random error term 

. If the error 

term follows gumbel distribution, the model is multinomial logit 

model (MNL). Besides, if the error term follows normal distribution, 

the model is multinomial probit model (MNP).

MNL model structure cannot capture similarities among alternatives 

and hence is not suitable to model route choice. This is because in 

typical networks, there is a fairly large amount of overlapping links 

among routes, which cause the violation of the basic assumption of 

the MNL model, i.e. the independence of irrelevant alternatives 

(IIA).

[Fig. 3] MNL assignment example

Path Time Utility Prob.
A-①-B 31 -3.1 30.7%

A-②-X-②-Y-③-B 38 -3.8 15.3%
A-②-X-②-Y-④-B 32 -3.2 27.8%
A-②-X-③-Y-③-B 36 -3.6 18.6%
A-②-X-③-Y-④-B 45 -4.5 7.6%

[Table. 2] MNL assignment example
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Above example shows the problem of MNL model in path choice 

problem. As the path shares some parts with other paths, the 

overlapping violate the IIA-property of MNL model. As a result, 

Line 2’s first segment from node A to X got high volume due to it 

is shared by many enumerated paths.

There are some modification of the MNL model to deal with 

overlapping issue of path choice problem. This variant of models 

decrease probability of overlapping paths with correction factors. 

Cascetta et al. (1996) developed C-Logit model that caputers 

correlations between alternative paths using commonality factor.  The 

following expression represents the utility 
 of choosing an 

alternative  in C-Logit model:


 




where  the commonality factor of path , is a measure of the 

degree of similarity of path  with other paths in an OD pair. The 

formular of  is as follows:

  ln
∈






where  is the length or cost of links common to path  and 

,  is the length or cost of path , and  and  are positive 

parameters that need to be calibrated.
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Another version of correction is Path Size Logit Model (PSL). It 

was developed by Ben-Akiva and Bierlaire (1999). Similar to 

C-Logit model, deterministic correction attribute, path size (PS), was 

introduced and added to the path utility. The following expression 

represents the utility 
 of choosing an alternative  in PS-Logit 

model:


 




where  is as follows:

 
∈




∈





[Fig. 4] C-Logit assignment example

Path Time Utility CF Prob.
A-①-B 31 -3.1 -0.00 55.1%

A-②-X-②-Y-③-B 38 -3.8 -1.00 10.0%
A-②-X-②-Y-④-B 32 -3.2 -0.96 19.1%
A-②-X-③-Y-③-B 36 -3.6 -1.11 11.0%
A-②-X-③-Y-④-B 45 -4.5 -1.03  4.9%

[Table. 3] C-Logit assignment example
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Above example shows how the correction effect of C-Logit model 

works in path choice. Compare with MNL assignment result without 

correction factor, probability of overlapping paths were decreased 

due to it’s utility is decrease by correction factors,

2.1.2.2. Models with hierarchical decision structure

Nested Logit Model (NL) captures correlations between alternatives 

by partitioning the choice set into 'nests' (Williams, 1977). 

McFadden (1978) shows Nested Logit Model can be derived from 

his generalized extreme value (GEV) model. Since GEV model, 

Paire combinational logit (PCL) (Chu, 1989), Cross-nested logit 

(CNL) (Vovsha, 1997) and Generalized nested logit (GNL) (Wen 

and Koppelman, 2001) was developed in this category.

2.1.2.3. MNP

MNP proposed by Daganzo and Sheffi (1977) to model route 

choice as an alternative to the MNL model is based on the 

assumption of a normal distribution for the random component. The 

joint density function of the error terms is the multivariate normal 

function.

 It is described by a (-length) vector of means and a ×- 

covariance matrix, where  is the number of routes for a specific 

O/D pair. This distribution conserves its shape under linear 

transformation. However, the cumulative normal distribution function 
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cannot be expressed in closed form. To illustrate the probit model, 

the binary case is considered.

But the calculation of the probit choice probability when the 

number of alternatives is greater than two is not straightforward. 

(Prashker and Bekhor, 2004) Due to this computational complexity, 

proper Path-based algorithms for MNP yet to be developed. (Bekhor 

et al., 2008)

2.1.3. Path Choice Issue

Choice models require enumeration of feasible alternatives. This is 

same with route choice model. Path search and path enumeration 

should be prepared before any assignment. But the enumeration of 

all possible alternative routes is not a trivial matter (Bekhor et al., 

2008). Enumeration of alternatives is not a straightforward problem 

since the actual size of real networks creates problems in the choice 

set definition (Prato and Bekhor, 2006).
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2.2. Path Search

2.2.1. Single Shortest Path

Bellman-Ford Algorithm (Bellman, 1958) 

Dijkstra Algorithm (Dijkstra, 1959)

Floyd-Warshal Algorithm (Floyd, 1962)

A* Algorithm (Hart et al., 1968)

2.2.2. Multiple Path (Choice set generation)

Prato (2009) categorized multiple path finding algorithms in many 

ways. Deterministic approaches find exact all possible solutions and 

Heuristic approaches concentrated to find reasonable paths efficiently 

even if they cannot enumerate all possible solutions. Labeling 

approaches find each shortest path of different objectives. 

Constrained enumeration methods adopted some behavioral constraints 

to filter unrealistic paths.

2.2.2.1. Deterministic K-Shortest Path 

The Deterministic K-shortest path problem has been widely studied 

since the 1950s. The problem may be classified into two types; one 

allows paths to have cycles and the other does not (simple paths) 

(Katoh, 1982; Hershberger et al., 2007).
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[Fig. 5] Compare of Simple path and Loop path

The loopless restriction causes additional complexity (Hershberger 

et al., 2007; Hoffman and Pavley, 1959). The best result know to 

date algorithms are Eppstein (1997), Katoh (1982), Yen (1971)  

(Hershberger et al., 2007; Eppstein, 1998; Katoh, 1982; Singh and 

Singh, 2015). 

When the paths are required to be loopless, the best running time 

for directed graphs is   due to Yen’s Algorithm 

generalized by Lawler (Hershberger et al., 2007; Eppstein, 1998; 

Katoh, 1982; Brander and Sinclair, 1996; Bouillet, 2007). There is 

various implementation of Yen’s algorithm but still yen’s worst case 

complexity is unbeaten in DAGs. (Singh and Singh, 2015)

Parallel implementation of the KSP can improve the processing 

time of large graph. Singh and Singh (2015) shows that parallel 

implementation can get 6x speed up in comparison to compares 

Yen’s serial implementation with GPU computing. 



- 15 -

Graph Allow Cycles (Loop) Acyclic (Loopless)

Undirected .
Katoh (1982)

 

Directed
Eppstein (1997)
  

Yen (1971), Lawler (1972)


where,  : number of paths to find
        : number of links in graph
        : number of nodes in graph

[Table. 4] Best algorithms known to date of K-Shortest Path

2.2.2.2. Labeling Approach

Labeling approach find different preferred paths according to 

different objective functions (labels). The behavioral assumption 

underneath the labeling approach is that travelers have different 

objectives: Some travelers may wish to minimize travel time, while 

others may look for minimize fare.

Ben-Akiva et al. (1984) presented various labels including 

minimum travel time, minimum distance, maximum scenary, 

minimum traffic light passing and so on. Ramming (2002) presented 

various 16 labeled paths. 

2.2.2.3. Heuristic K-Shortest Path

Some algorithms find multiple paths based on the repetitive search 

for the shortest path after elimination or penalization of part or all 
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the shortest path links from previous searches. Behaviorally, this 

approach guarantees dissimilarity among alternative paths that 

obviously do not share same links.

But the network disconnection problem does not allow generating 

all attractive routes. (Prato, 2009)

Martins (1984) developed link elimination algorithm. The 

elimination rule removes all the links from the shortest path before 

searching for the next optimal path. Azevedo et al. (1993) improved 

Martin’s algorithm. Jeong et al. (2010) developed a dissimilar path 

search algorithm that eliminate some links from the overlap path 

before searching for the next optimal path.

Barra et al. (1993) introduced the link penalty heuristic. In the 

algorithm, links belonging to the current shortest path are increased 

according to a fixed percentage before next iteration.

Rouphail et al. (1996) developed Iterative Penalty Method (IPM). 

Compare to Barra’s algorithm , the links belonging not only to the 

current shortest path but also all previous paths are increased 

according to a fixed percentage.
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2.2.2.4. Constrained Enumeration Methods

Rely on the behavioral assumption that travelers choose routes 

according to behavioral rules other than the min-cost path, threshold 

constraint removes unrealistic paths which travelers behavior deny it.

Prato and Bekhor (2006) developed a constrained enumeration 

based path set generation algorithm. The core of k-shortest path 

generation is Branch-and-bound method. Various behavioral 

constraints (Direction, Distance, Loop, Similarity, Signals, and so on) 

were adopted into Branch-and-bound search algorithm. The algorithm 

found path sets eliminating branches exceed one of threshold. The 

thresholds for the constraints is pre-fixed value from researcher.

Sun et al. (2007) developed a user preferable k-shortest path 

algorithm for intermodal network. The core of k-shortest path 

generation is link penalty method. The algorithm checks whether the 

candidate k-th path of iteration satisfying behavioral constraints or 

not when each iteration ends. Total walking time, number of 

transfers, expected dissimilarity and maximum partial overlap were 

chosen as behavioral constraints. The thresholds for the constraints is 

pre-fixed value from researcher too.

Lee and Baek (2005) developed a path set finding algorithm for 

intermodal transit networks considering constraints. The algorithm 

found multiple paths using Yen’s algorithm. Service time, fare and 

number of transfer were chosen as behavioral constraints. The 
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threshold value for the constraints is not presented. Shin et al. 

(2008) developed similar algorith, with Lee and Baek (2005). 

As describes above, various behavioral thresholds were considered 

in literatures. But most of researches set threshold value as pre-fixed 

values that researcher defined.

Research Mode Core Thresholds

Jeong  et 
al.

Auto Yen Distance (1.10, 1,20, 1.50)

Prato and 
Bekhor

Auto
Branch 
& 
Bound

Distance (1.10), Time (1.50), Loop 
(1.20), Overlap (0.80), Left-turn (4), 
Similarity (100%, 90%, 80%, 70%)

Lee and 
Baek

Transit Yen
Service time, Fare, Number of 
Transfer

Shin
et al.

Transit 
Link 
Elimi-
nation

Service time, Number of Transfers 
(2, 5), Time (600, 1550), 
Transfer-time (60, 200), Fare (1400, 
1600)

Sun Transit
Link 
Penalty

Walking-time (30min), Number of 
Transfers (2) , Similarity (50%), 
Overlap (60%)

[Table. 5] Various researches using constrained enumeration



- 19 -

2.2.3. Path Search Issue

Route choice models require explicit enumeration of feasible 

routes. The quality of model estimation and prediction is sensitive to 

the appropriateness of the consideration set (Zhu and Levinson, 

2015; Bekhor et al., 2008; Bovy, 2009).

The generated set should exclude unrealistic paths that no traveler 

would ever consider and highly similar paths that no traveler would 

ever differentiate between and include relevant and heterogeneous 

routes that different travelers would choose (Prato and Bekhor, 2006; 

Jung and Chang, 2014).

The problem of choice set generation is still an open problem 

(Bekhor et al., 2008; Jung and Chang, 2014).
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2.3. Behavioral Economics

2.3.1. Expected Utility Theory

Von Neumann & Morgenstern (1944)’s theorem shows that under 

certain axioms of rational behavior, a decision-maker faced with 

risky (probabilistic) outcomes of different choices will behave as if 

he is maximizing the expected value of some function defined over 

the potential outcomes at some specified point in the future. 

There are four axioms of the expected utility theory that define a 

rational decision maker. They are completeness, transitivity, 

independence and continuity.

But Simon(1955) points out that most people are only partly 

rational, and are irrational in the remaining part of their actions. His 

bounded rationality is the idea that when individuals make decisions, 

their rationality is limited by the available information, the 

tractability of the decision problem, the cognitive limitations of their 

minds, and the time available to make the decision. Decision-makers 

in this view act as satisficers, seeking a satisfactory solution rather 

than an optimal one.

2.3.2. Prospect Theory

Kahneman and Tversky (1979) introduced prospect theory. Prospect 
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theory is a behavioral economic theory that describes the way 

people choose between probabilistic alternatives that involve risk, 

where the probabilities of outcomes are known. The theory states 

that people make decisions based on the potential value of losses 

and gains rather than the final outcome, and that people evaluate 

these losses and gains using certain heuristics.

2.3.3. Regret Theory

Loomes, G. and Sugden, R. (1982) developed regret theory. Regret 

is the negative emotion experienced when learning that an alternative 

course of action would have resulted in a more favorable outcome. 

The theory of regret aversion or anticipated regret proposes that 

when facing a decision, individuals may anticipate the possibility of 

feeling regret after the uncertainty is resolved and thus incorporate 

in their choice their desire to eliminate or reduce this possibility.

2.3.4. Compromise Effect

The compromise effect states that alternatives with an ‘in-between’ 

performance on all attributes, relative to the other alternatives in the 

choice set, are generally favored by choice-makers over alternatives 

with a poor performance on some attributes and a strong 

performance on others. (Simonson, 1989l Chorus, 2010)
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2.4. Discrete Choice Model

2.4.1. Random Utility Maximization

Utility theory supposed that people choose the one that has the 

highest expected utility. McFadden (1974) introduced Random Utility 

Maximization which rely on this theory. 

Utility is generally specified as an additive linear function of 

observables and parameters, whereas the added random error allows 

for the notion that the analyst is unable to faultlessly observe utility 

for a given traveler and choice situation. 

Utility of alternative k in scenario w:







The random component, or error term, 
 is a mix of individual 

perception errors, measurement errors and specification errors. 

Choice Probability of alternative k in scenario w:






exp
exp

2.4.2. Random Regret Minimization
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Choice amongst a finite set of alternatives is influenced by the 

wish to avoid the situation where one or more non-chosen 

alternatives perform better than the chosen one, on one or more 

attributes, which would cause regret.

Regret of alternative i with alternatve j for an attribute m:

↔
 max·

Recently, the idea that minimizing anticipated regret determines 

choices has been translated into a generic approach for modeling 

discrete (travel) choice-behavior. Chorus (2008) developed for the 

econometric analysis of risky as well as riskless choices in 

multinomial and multi-attribute contexts. 

Chorus (2008)’s model has very similar context of McFadden 

(1974)’s random utility maximization.

Regret of alternative i:

 max≠ ↔




The random component, or error term, 
 is a mix of individual 

perception errors, measurement errors and specification errors. 

Choice Probability of alternative k in scenario w:

 
 

exp
exp
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2.5. Synthesis from Literatures

2.5.1. Importance of explicit path set generation 

Path based analysis is more rational than deterministic method 

(Jung and Chang, 2014) But the problem of choice set generation is 

still an open problem (Bekhor et al., 2008; Jung and Chang, 2014). 

Explicit path set generation (enumeration) rely on traveler’s behavior 

is recommended for path-based transit analysis (Bekhor et al, 2008; 

Prato and Bekhor, 2006; Zhu and Levinson, 2015; Jung and Chang, 

2014; Bovy, 2009). 

Bovy(2009) pointes some reasons for explicit path set generation.

(a) Inclusion of some unattractive routes in the choice set is 

neither expected to distort the demand predictions

(b) Network size (Computational efficiency)

(c) The traveller will not always consider all known alternatives to 

be genuine travel options since there may be several constraints set 

by the traveller and his travel demand that preclude using some of 

the known routes, such as related to time, cost or comfort limits. 

2.5.2. Importance of calibration and verification

Various k-path algorithms with behavioral constraint were 

considered to make explicit path set generation in literatures (Prato 
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and Bekhor, 2006; Jeong et al., 2010; Sun et al., 2007; Lee and 

Baek, 2005; Shin et al., 2008) But most of researches set threshold 

value as pre-fixed values that researcher defined.

The absence of verification and sensitivity analysis about threshold 

for generated path set reflects the lack of knowledge and 

observations of behaviors (Prato, 2009) Recent researchers now 

trying to verify their algorithms with observation data from 

equipment. (Zhu and Levinson, 2015)

2.5.3. Concept of regret

Regret is considered an important determinant of choice-behavior 

in a variety of disciplines (Chorus, 2010) Regret Theory is based on 

the notion that individuals base their preference structure not only 

on the anticipated ‘performance’ of a considered alternative, but also 

on that of the other alternatives. (Chorus et al., 2008)

Amount of regret is relative to other alternative’s performances 

(not absolute)
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3. Methodology

3.1. Behavioral Framework

There are a large number of possible alternatives for travelers in 

the route choice problem. But travelers can`t know and consider all 

the existing alternatives that compose the universal realm of paths. 

In such choice situations characterized by a large number of 

alternatives, studies have shown that individuals engage in a 

two-stage choice process (Payne, 1976; Manski, 1977;Lussier and 

Olshavsky, 1979; Bovy and Stern, 1990).

At the first stage, travelers use heuristic rules to screen 

alternatives to reduce the number of alternatives under their 

cognitive capacity (Kleinmmuntz, 1990; Hauser et al., 2009). They 

utilize non-compensatory or semi-compensatory heuristic to reduce 

the choice set size and consequently simplify the choice task 

(Kaplan, 2009).

Due to the human limitations the number of alternatives in viable 

set is very limited. Miller(1956) conjectured that there is an upper 

limit on human capacity to process information on simultaneously 

interacting elements with reliable accuracy and with validity. (Saaty, 

2003) That famous magic number 7 (plus or minus two) rule 

provides evidence for the viable set size. Cowan(2001)　argues that 

Miller’s magic number should be reduced again from seven to four. 
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# of Paths OD Pairs Trips
1 355,806 16,062,210
2 84,175 8,784,979
3 31,544 5,603,815
4 15,589 4,022,416
5 8,284 2,810,615
6 4,815 2,158,721
7 2,971 1,800,613
8 1,923 1,320,232
9 1,188 1,009,891
10 863 822,027
11 616 718,052
12 387 530,615
13 308 351,063

14+ 964 2,633,337
* Data from smart card data (May 21~27, 2013)

[Table. 6] Observed number of paths per O/D

Empirical observations also support this point. Observed number of 

paths per O/D shows that observed identical paths per O/D is very 

small although Seoul metropolitan area has very complicated 

network. 90% of trips have less than 10 paths and 95% of trips 

have less than 13 paths.

[Fig. 6] Choice set notions for traveler and researcher
(Bovy and Stern, 1990)
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 Bovy and Stern (1990) proposed behavioral framework and path 

set notions for traveler and researcher in the problem.

When first, travelers gain knowledge about transit network to 

make an awareness set of known alternatives in universal realm. 

Maps, information services, past experiences, or advice from other 

persons can be a good source of alternatives. After that, travelers 

exclude some alternatives from awareness set with some constraints 

related to their personal preferences and characteristics. These 

constraints reduce the awareness set to a viable set. 

Due to the human limitations of cognitive capacity, traveler’s 

cannot perform complex evaluation in this stage. The screening rules 

should be simple. Non-compensatory conjunctive screening rule with 

pre-defined threshold values can be the most simplest one. But such 

rule may miss the most preferred alternative with just one or two 

thresholds slightly unsatisfying. The screening rule recommended to 

have semi-compensatory features with simple rules.

When the situation is ideal, consideration sets of researchers and 

viable sets of travelers are equal. But consideration sets can only 

approximate the viable sets, because (i) resemblance is not 

guaranteed between master sets of researchers and awareness sets of 

travellers and (ii) spatiotemporal constraints can only be predicted 

with a certain degree of accuracy because of their variation across 

the population. (Kaplan, 2010)

At the second stage, travelers perform a compensatory evaluation 

process to choose their most preferred one from this viable set. 
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Utility maximization with fully compensatory rule is very common 

in this situation. However, if the partworths are extreme, an additive 

partworth rule can act like a non-compensatory rule. (Hauser et al., 

2009) This stage also recommended to consider semi-compensatory 

issue.
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3.2. RUM vs RRM

The RRM approach is able to model semi-compensatory choice 

behaviour and compromise effects, while being as parsimonious and 

formally tractable as the RUM approach.

Fully compensatory behaviour means that, in principle, a poor 

performance on one attribute can be compensated by a strong 

performance on another, depending of course on the relative 

differences in performance and the relative importance of the two 

attributes.

In contrast, the RRM model assumes that improving an alternative 

in terms of an attribute on which it already performs well relative 

to other alternatives generates only small decreases in regret, 

whereas deteriorating to a similar extent the performance on another 

equally important attribute on which the alternative has a poor 

performance (relative to other alternatives) may generate substantial 

increases in regret.

See table below. Scenario 3 worsen alternative A’s cost. Utility is 

decreased 1 unit from –6 to –7 and regret also decreased 1 unit 

from –2 to –3. Otherwise, Scenario 2 improves alternative A’s time. 

A is already advanced in speed compare with other alternatives. 

Utility is increased 1 unit from –6 to –5 like Scenario 3. But, the 

regret is still –2 in this scenario.
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Scenario 1
Scenario 2
(Faster A)

Scenario 3 
(Expensive A)

A B C A2 B C A3 B C

Time 2.0 3.0 4.0 1.0 3.0 4.0 2.0 3.0 4.0

Cost 4.0 3.0 2.0 4.0 3.0 2.0 5.0 3.0 2.0

Utility -6.0 -6.0 -6.0 -5.0 -6.0 -6.0 -7.0 -6.0 -6.0

Share 
(RUM)

33.3
%

33.3
%

33.3
%

57.6
%

21.2
%

21.2
%

15.5
%

42.2
%

42.2
%

Regret -2.0 -1.0 -2.0 -2.0 -2.0 -3.0 -3.0 -1.0 -2.0

Share 
(RRM)

21.2
%

57.6
%

21.2
%

42.2
%

42.2
%

15.5
%

9.0%
66.5
%

24.5
%

[Table. 7] Example of semi-compensatory

RRM models evaluate compromised alternative more attractive. 

This characteristic can reflect extreme and loss aversion behavior.

Scenario 1

Alt. A Alt. B Alt. C

Time 2.0 3.0 4.0

Cost 4.0 3.0 2.0

Utility -6.0 -6.0 -6.0

Share (RUM) 33.3% 33.3% 33.3%

Regret -2.0 -1.0 -2.0

Share (RRM) 21.2% 57.6% 21.2%

[Table. 8] Example of compromise effect
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RUM RRM

Choice set effects 
(Compromise 

Effect)
× ○

Compensatory 
Behavior

(Parameter 
Interpretation)

Fully Compensatory
(increase/decrease in 

utility of an 
alternative caused by 
a one unit increase 

in an attribute’s 
value)

Semi Compensatory
(potential 

increase/decrease in 
regret of an 

alternative caused by 
a one unit increase 

in an attribute’s 
value)

IID random error 
term

(can written in 
Logit-Form)

○ ○

Globally concave 
likelihood function
(Easy estimation)

○ ○

[Table. 9] RUM vs RRM
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3.3. Model Framework

Manski(1977) proposed the probabilistic choice set model in which 

the choice decision process is divided into two parts to represent 

human behavior when faced with a large number of possible 

alternatives: the choice set generation stage and the choice making 

stage. 

 
∈
   

where : individual

: alternative

: viable choice set

: universal realm

: prob. of  to choose alternative  from 

: prob. of  to choose alternative  from 

: prob. of  to reduce  to 

But Manski’s model is not suitable for transit path choice analysis 

framework due to the number of alternatives. The number of 

theoretically possible viable choice sets() for realm  with  paths 

is . In this situation summing all the possible viable choice 

sets is impractical.

Kaplan(2010) rewrite the Manski’s model for the purpose to 

estimate model from observed choices sets. As both the choice set 

 and the chosen alternative  are observed for each individual , 

the choice probability is expressed as: (Kaplan, 2010)
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In this research, we rewrite the Manski and Kaplan’s model to 

propose framework assumes a two-stage semi-compensatory process 

of transit path choice, with choice probability presented in following 

equations.

    

where : origin and destination pair

: alternative path

: consideration path choice set of OD 

: universal realm

: prob. of  to choose alternative  from 

: prob. of  to choose alternative  from 

: prob. of  to reduce  to 

To represent heuristic rule in first stage,  is defined as 

combination of satisfying conditions.

 ×× × ∀∈
where : probability of  to reduce  to 

       

To represent compensatory evaluation rule in second stage, 

 can be defined as common MNL model.

Regret based approach is considered in both stages. The approach 

can represent semi-compensatory feature due to the ‘max’ operator 

in regret model. It can also maintain consistency of decision 

framework bewteen first (path set generation) and second 

(assignment) stage.
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3.3.1. Stage 1: Explicit Path Set Generation

This research considers two criteria to represent screening 

behaviour of travelers.

First one is regret. Savage(1951) introduced heuristic decision 

making rule under uncertainty and ambiguity. The minimax regret 

criterion rule prefers alternative that minimize the maximum regret. 

Therefore, alternatives have regret over certain level will be rarely 

choose.

Second one is overlap. If a path is very common with other 

alternative paths, the path can’t considered as independent alternative. 

In that case, travelers can recognize the exact advantage or 

disadvantage between similar alternatives easily. For example, small 

amount of detours are regarded as meaningless definitely

×

Where,        

3.3.1.1. Regret Threshold

Regret of alternative i with alternative j for an attribute m:

↔
 max·

Regret of alternative i:

 max≠ ↔
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Maximum Regret of alternatives 

 








 ≦×  ∀

 

Where, : regret threshold parameter (constant)

3.3.1.2. Overlap Threshold

Overlap of alternative i with alternative j:

 







Where, : Overlap percentage between path  and 

: Length of arc  in graph


   ∈ 

 

Overlap of alternative i:

 max  
Maximum overlap of alternatives 

   ≦

 

Where, : overlap threshold parameter (constant)
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3.3.2. Stage 2: Assignment

The main structure of assignment stage is MNL with random 

regret min-imization to capture semi-compensatory and behavioral 

issues like compromise effect. Chorus(2008)’s probability of 

alternative k is:

 
 

exp
exp

However, path choice problem needs to consider overlapping 

paths. To deal with overlapping issue, there are some modifications 

of MNL models. The main idea of modifications is decreasing 

probability overlapping paths with correction factors in utility 

function.

This research applied same idea to regret function. Cascetta et al. 

(1996)’s commonality factor  is adopted into regret function. 

The RRM with C-Logit model’s probability of alternative k in 

scenario w is:

 
 

exp
exp

where  the commonality factor of path , is a measure of the 

degree of similarity of path  with other paths in an O/D pair. The 
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formular of  is as follows: (Cascetta et al., 1996)

  ln
∈
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4. Stage 1: Explicit Path Set Generation

4.1. Overview

The main structure of explicit path set generation is Constrained 

Enumeration Methods. The algorithm find all possible path sets and 

check behavioral thresholds to except un-considering paths. Two 

criteria is adopted. First one is regret and other one is overlap 

threshold to guarantee dissimilarity and to prevent meaningless 

detouring.

4.1.1. Extreme Case Identification with Regret

This research will introduce relative behavioral constraint 

thresholds rely on regret theory to explicit path set problem. Regret 

expected to averse extreme cases due to it’s semi-compensatory 

behavior. Following example shows how regret’s semi-compensatory 

works with extreme cases. Due to semi-compensatory behavior from 

‘max’ operator, regret model can identify extreme cases among 

similar generalized cost(utility) set. (see path 1, 4, 5, 6) Of course  

another characteristic is very far superior enough, extreme case can 

be also considered as proper path (see path 6 and 7)
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Path
Travel 
Time

Buffer 
Time

Fare
Transfer 
Penalty

Total 
Cost

Regret 
Cost

1 40 10 70 0

120

60
2 60 20 30 10 40
3 60 30 20 10 50
4 50 40 10 0 60
5 70 10 10 30 60
6 80 20 10 10 60
7 80 10 20 10 50

[Table. 10] Example 1 of extreme case identification

It also provide flexibility of model than absolute pre-defined value 

due to the amount of regret is relative to other alternatives 

automatically. In fact, there’s no absolute rule to identify extreme 

cases because extreme is relative word to other alternatives.

Following another example shows this point. Compare to above 

one, transfer penalty 30 is no more extreme path in this case. Using 

pre-defined threshold is not proper to apply various cases. But regret 

threshold concept is robust even if choice set is changed.

Path
Travel 
Time

Buffer 
Time

Fare
Transfer 
Penalty

Total 
Cost

Regret 
Cost

1 40 10 70 20

140

60
2 60 20 30 30 40
3 60 30 20 30 50
4 50 40 10 20 60
5 70 10 10 50 60
6 80 20 10 30 60
7 80 10 20 30 50

[Table. 11] Example 2 of extreme case identification
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Calibration and verification of the algorithm with sufficient 

observations is another contribution. This research will apply large 

amount of smart card data as observation source.

Regret based assignment (Random Regret Minimization) on transit 

network with generated path set will presented to show effect of 

explicit path set generation.

4.1.2. K Path Finding with Extreme Case Thresholds

Yen (1971)’s algorithm is choose as core algorithm of K-path 

finding. The Yen’s algorithm is known as best performance 

algorithm for directed acyclic graphs in literature. (Hershberger et 

al., 2007; Eppstein, 1998; Katoh, 1982; Brander and Sinclair, 1996; 

Bouillet, 2007) Transit network needs directional restriction to 

present one-way lines. In bus network, loop featured line with 

one-way section is very common.

Yen’s algorithm was modified in this research to include the 

regret constraint. Yen’s algorithm makes candidate spur path sets 

and choose the best one to k-th shortest path from it. In this 

process, regret threshold was inserted. As the result, the algorithm 

will choose paths that satisfying regret thresholds only.

Although original concept of regret is calculated from comparing 

all alternatives, regret of path should be calculated very simplified 

way. That is because there are too much number of alternatives in 
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path problem.

This research focused on  is the biggest one of the ↔
 . 

Comparing with minimum path of each cost  should be the 

biggest value of ↔
 . Comparing with minimum paths (critical 

paths) only can derive same result with comparing all paths.

[Fig. 7] K-Path generation algorithm with regret threshold

4.1.3. Overlap Path Filtering

Filtering overlapped path has two objectives. First one is guarantee 

dissimilarity. Many researches adopted this method in same reason. 

Another possibility is preventing meaningless detours or transfers. 

See example network below.

[Fig. 8] Meaningless detour and transfer
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Overlap value  is calculated by comparing with previous paths. 

See flowchart below. If  is bigger than threshold , the path will 

be excepted from result set.

[Fig. 9] Algorithm of calculating overlap value

4.1.4. Example of Path Set Generation

Very simple toy network is prepared to show how the algorithm 

works. First, do Yen’s typical algorithm for reference.

(k=1) First shortest path from origin(o) to destination(d) is set as 

A1 (Initial Path)

[Fig. 10] A1 path of Yen’s algorithm
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(k=2) Find spur paths from A1 with link elimination. Dijkstra 

algorithm is used to compute the spur paths. (A1-1) is shortest spur 

path of A1. Now (A1-1) becomes A2.

A1-1 (cost=90)* A1-2 (cost=100)

[Fig. 6] Candidate paths of A2

(k=3) Recursive. Find spur paths from A2 with link elimination. 

(A2-1) is shortest spur path of A2. Now (A2-1) becomes A3.

A2-1 (cost=100)* A2-3 (cost=130)

[Fig. 6] Candidate paths of A3

(k=4) Recursive again. Find spur paths from A3 with link 

elimination. (A3-2) is shortest spur path of A3. Now (A3-2) 

becomes A4.

A3-2 (cost=100)*

[Fig. 13] Candidate paths of A4
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(k=5) Recursive again. Find spur paths from A4 with link 

elimination. (A4-1) is shortest spur path of A4. Now (A4-1) 

becomes A5.

A4-1 (cost=130) A4-2 (cost=150)

[Fig. 14] Candidate paths of A5

 path
Cost Regret


 

 


 
1 0-3-4-5 50 40 90 10
2 0-1-2-5 60 30 90 20
3 0-3-1-2-5 60 40 100 20
4 0-3-2-5 40 60 100 30
5 0-1-2-4-5 80 50 130 40
*: Maximum value

[Table. 12] Result of Yen’s algorithm

Following shows this algorithm’s working on same toy network. 

Suppose that    .

(initialization) Find criteria paths   from origin(o) to 

destination(d) which minimize sum of  .
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Path J1 (C1=40, C2=60) Path J1 (C1=60, C2=30)

[Fig. 15] Criteria paths

(k=1)  First shortest path from origin(o) to destination(d) is set as 

A1 (Initial Path)

[Fig. 16] A1 path (cost=90)

(k=2) Find spur paths from A1 with link elimination. Dijkstra 

algorithm is used to compute the spur paths. (A1-2) is excepted due 

to it’s regret over criteria. (A1-1) is shortest spur path of A1. Now 

(A1-1) becomes A2.

A1-1 (cost=90, regret=20)* A1-2 (cost=100, regret=30)

[Fig. 17] Candidate paths of A2

(k=3) Recursive, Find spur paths from A2 with link elimination.  



- 47 -

(A2-3) is excepted due to it’s regret over criteria. (A2-1) is shortest 

spur path of A2. Now (A2-1) becomes A3.

A2-1 (cost=100, regret=20)* A2-3 (cost=130, regret=40)

[Fig. 18] Candidate paths of A3

(k=3) Recursive again, Find spur paths from A3 with link 

elimination. There are no more spur paths satisfying regret criteria. 

A3-2 (cost=100, regret=30)

[Fig. 19] Candidate paths of A3

 path
Cost Regret


 

 


 
1 0-3-4-5 50 40 90 10
2 0-1-2-5 60 30 90 20
3 0-3-1-2-5 60 40 100 20
*: Maximum value

[Table. 13] Result of algorithm

The difference between two result is path (0-3-2-5). The path has 

same total cost (


) 100 with (0-3-1-2-5). But arc (3-2)’s  is 

too big and causes regret exceeding criteria. The algorithm averse 

regretful paths.
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4.2. Parameters Estimation

Foresaid algorithm needs two parameters   and  .   is regret 

threshold that identify extreme cases and   is overlap threshold to 

guarantee dissimilarity.

4.2.1. Data Overview

In this research, smart card data of Seoul metropolitan area was 

analyzed. The data covers 1 week data from May 21~27, 2013. 

Basic statics and characteristics of data is described below. More 

than 70 million transactions (tap) is recorded. After process trip 

chain linking, 50,608,974 trips were identified.

Mode Observations Ratio

Bus

Gyeonggi Urban (Blue) 4,300,259 6.1%

Gyeonggi Intercity (Red) 1,235,775 1.7%

Gyeonggi Urban (Yellow) 6,910,977 9.8%

Seoul Urban (Blue) 11,667,609 16.5%

Seoul Urban (Green) 10,622,820 15.0%

Seoul Intercity (Red) 562,022 0.8%

Seoul Urban (Yellow) 75,848 0.1%

Rail 35,400,591 50.0%

Sum 70,775,901 100.0%

* Data source: Smart card data (May 21~27, 2013)

[Table. 14] Total number of observed transactions
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Tans
fer

Observations
Bus Rail Bus+Rail Error Sum

0 10,976,534 22,769,704 0 0 33,746,238
1 3,660,269 0 10,188,267 151,175 13,999,711
2 633,672 0 1,782,186 56,023 2,471,881
3 107,745 0 193,323 7,375 308,443
4 30,769 0 49,738 2,194 82,701
Sum 15,408,989 22,769,704 12,213,514 216,767 50,608,974
* Data source: Smart card data (May 21~27, 2013)

[Table. 15] Total number of observed trips

[Fig. 20] Network of Seoul Metropolitan Area
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Raw Seoul metropolitan transit network has 3,043 bus and rail 

lines. It can be represent with 47,666 stops and 209,607 arcs.

But the raw network may miss transfer between another nearby 

transit stop by walk. To consider multi-modal transit, this is very 

important point because bus stops and rail stations are separated 

spatially.

There are 2 ways to deal with this point. First one is connecting 

dummy links between all possible transfer stops. But this solution is 

very time consuming and increasing too much number of links. 

Another solution is grouping nearby stops. Nearby transit stops 

within walking distance may be grouped and the group’s center 

point can be regarded as aggregated stop.

[Fig. 21] Conceptual diagram of network processing
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After processing, the network has 11,850 grouped stops and 

150,444 arcs.

[Fig. 22] Plot of group’s center of processed network
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4.2.2. Regret Threshold

Most of researches presented sensitivity analysis of cost threshold 

but still used single value to all OD-pairs. Nearer trip may needs 

higher cost and regret threshold due to bounded rationality.

[Fig. 23] Conceptual diagram of regret’s difference

First, calculate observed path’s regret of each path. After that, 

collect maximum regret’s rate of each OD trip.

O/D Path Cost Regret Rate Max Rate

A-B

A-B-1 30 0 0.00

0.17A-B-2 33 3 0.10

A-B-3 35 5 0.17

A-C
A-C-1 50 0 0.00

0.20
A-C-2 60 10 0.20

A-D
A-D-1 40 0 0.00

0.20
A-D-2 48 8 0.20

[Table. 16] Example of data preparations for regret threshold
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[Fig. 24] Distribution of alpha from observation

The distribution plot shows that the nearer trip needs higher regret 

threshold value in most of distances. But travelers may know about 

alternatives of short distance (less than 3km) well.

[Fig. 25] Estimation of alpha function from observation
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4.2.3. Overlap Threshold

Prato and Bekhor (2006) and other researchers presented overlap 

threshold affects the path set. Most of researches presented 

sensitivity analysis of overlap threshold but still used single value to 

all OD-pairs. Faller trip may needs higher overlap threshold.

[Fig. 26] Conceptual diagram of overlap difference

First, Calculate observed path’s overlap measurement of each path. 

After that, collect maximum value of measurement of each OD trip.

O/D
Euclidean 
distance

Path
Overlap of 

path
Max overlap

A-B 3.2km
A-B-1  0%

70%A-B-2 70%
A-B-3 50%

A-C 4.1km
A-C-1  0%

80%
A-C-2 80%

A-D 3.3km
A-D-1  0%

75%
A-D-2 75%

[Table. 17] Example of data preparations for overlap hreshold
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[Fig. 27] Distribution of beta from observation

The distribution plot shows that the farer trip needs the higher 

overlap threshold to capture observed paths.

[Fig. 28] Estimation of beta function from observation
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4.2.4. Estimation Result

Estimated function from observation:

 ln  (4.1)

 ln ÷ (4.2)

where   is distance between origin and destination.
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5. Stage 2: Assignment

5.1. C-Logit RRM model

The main structure of assignment stage is MNL with random 

regret minimization to capture semi-compensatory and behavioral 

issues like compromise effect. Chorus(2008)’s probability of 

alternative k in scenario w is:

 
 

exp
exp

However, path choice problem needs to consider overlapping 

paths. To deal with overlapping issue, there are some modifications 

of MNL models. The main idea of modifications is decreasing 

probability overlapping paths with correction factors in utility 

function.

This research applied same idea to regret function. Cascetta et al. 

(1996)’s commonality factor  is adopted into regret function. 

The RRM with C-Logit model’s probability of alternative k in 

scenario w is:
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exp
exp

where  the commonality factor of path , is a measure of the 

degree of similarity of path  with other paths in an OD pair. The 

formular of  is as follows: (Cascetta et al., 1996)

  ln
∈
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6. Application and Verification

6.1. Preparation of Data

6.1.1. Network Representation

In our work, we consider directed graphs. To consider boarding or 

transfer penalty, edge-based graph is selected as network 

representation method. As the boarding or transfer penalty 

information are included edge cost, edge-based graph doesn’t need 

dummy links to represent boarding or transfer. (Lee and Baek, 2005; 

Volker, 2008)

[Fig. 29] node-based and edge-based graph (Volker, 2008)

Dummy links in node-based graph can cause negative effect to 
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k-path finding algorithms. See following figures to identify the 

problem. Two graphs are represent same network. But in node based 

graph, there are 4 possible paths include unrealistic paths revisiting 

transfer station by detouring dummy links. Edge based graph is free 

with this problem.

[Fig. 30] Dummy link distortion to k-path problem

6.1.2. Data and Weights

Graph needs not only link direction but also link cost. The costs 

are link travel time, headway for waiting time and transfer penalty. 

Link travel time is estimated from same smart card data to maintain 

data consistency. Link travel time is regarded as time difference 

between first taps between station. Median of observed travel time is 

adopted as link travel time. Bus line’s headway is estimated by 

dividing observed service time with observed number of vehicles 

run. Observed service time is regarded as time difference between 

first and last tap of a day. Rail line used timetable information from 

rail operator. 5 additional minutes is added as transfer penalty.
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6.1.3. Costs

In-Vehicle time(IVT), Average travel time(AVT) and Additional 

buffer time to gurantee on-time arrival(BT) is considered as path’s 

cost. Boarding, alighting or transfer penalty is included as buffer 

time on borading/transfer edges.

Fare is also important cost element. However, in Seoul 

metropolitan transit network, the target site, the fare is not very 

different between paths due to it operates integrated fare collecting 

system. As a result, fare’s differene is not considered in this 

research.
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6.2. Synthetic Network

To verify and find out the algorithm is working, simplified 

network of real world (synthetic network) is adopted. Synthetic 

network represents real world attributes simply to make the best use 

of smart card observations.

Synthetic network site needs several conditions.

(a) Network should be an multi-modal network with bus and rail

(b) Multi-modal observations should observed

(c) Sufficient observation is exist on OD pair

After reviewing several sites, from Donong station (in Namyangju, 

Gyeonggi) to Seolleung station (in Gangnam-gu, Seoul) is selected 

as synthetic network site.

[Fig. 31] Graph of synthetic network
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From equation (4.1) and (4.2),  and   is applied to 

algorithm. Result of synthetic network is below. The result shows 

that algorithm found total 5 paths and 2 path is hit the observation.

See path (22-15) is excluded from path set even it has smallest 

IVT and same AVT with path (16-2-3-4-5-6) due to too much BT.
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Paths IVT BT AVT R   AL OB
1-2-3-4-5-6 52 9 61 3 0.05 0.00 O O
1-2-7-8-9-6 56 11 67 5 0.08 0.44 O
19-2-3-4-5-6 60 12 72 9 0.15 0.85 O
19-20-21-14-15 66 6 72 15 0.25 0.12 O
1-2-7-8-13-14-15 62 11 73 11 0.18 0.29 O
22-15 51 23 74 17 0.28 0.22
1-2-3-4-12-13-14-15 65 9 74 14 0.23 0.50
16-2-3-4-5-6 60 14 74 9 0.15 0.85 O O
1-2-7-32-5-6 66 14 80 15 0.25 0.61
19-2-7-8-9-6 64 16 80 13 0.21 0.85
16-2-7-8-9-6 64 16 80 13 0.21 0.85
1-20-21-14-15 68 12 80 17 0.28 0.94
16-20-21-14-15 71 11 82 20 0.33 0.88 O
1-2-3-4-12-9-6 69 14 83 18 0.30 0.66
16-17-7-8-9-6 73 10 83 22 0.36 0.45
IVT: In-vehicle time
BT: Buffer time to guarantee on-time arrival
AVT: Average travel time
R: Regret
: R ÷ Smallest AVT
: Maximum overlap rate
AL: Algorithm’s selection
OB: Observed path

[Table. 18] Result of synthetic network
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6.3. Large Network

To verify the algorithm’s performance and compatibility on large 

network, whole Seoul metropolitan area network was analyzed with 

developed algorithm. The network is same with parameter estimation 

stage.

Some O/Ds have difference distance had tested. The algorithm 

works well as synthetic network. Constraint enumerated results were 

similar with observed path from smart card data.

OD#
Diata
nce

(km)

Algorithm’s 
Path Set 
Size (A)

Number of 
Observed 
Paths (B)

Number of 
Observed 

Path in Path 
Set (C)

Consiste
ncy 

Index 
(C/B)

75566 10.4 5 5 4 80%

75574 13.5 1 1 1 100%

75585 13.5 2 1 1 100%

75555 15.2 5 3 3 100%

75575 22.9 3 3 3 100%

75583 27.3 1 2 1 50%

[Table. 19] Result summary of large network
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Paths IVT BT AVT R   AL OB
A 22.6 29.45 57.05 7 0.12 0 18% 26%
B 22.6 29.95 57.55 7.5 0.13 71 17% 19%
C 23.5 29.65 58.15 7.2 0.13 60 17% 10%
D 36.5 22.45 58.95 1.9 0.03 28 38% 24%
E 24.6 29.45 59.05 7.1 0.12 88 21%
F 24.6 29.95 59.55 8.1 0.14 88
G 26 30.7 61.7 11 0.19 38 10%
H 27.4 30.7 63.1 12.4 0.22 92
I 30.1 29.35 64.45 12.4 0.22 0
J 29.4 30.7 65.1 14.4 0.25 90
K 27.8 33.15 65.95 17.7 0.31 71
L 30.8 30.7 66.5 15.8 0.28 92
M 32.1 30.65 67.75 17 0.30 85
N 33.1 29.95 68.05 16.6 0.29 79
O 32.8 30.3 68.1 17 0.30 37

IVT: In-vehicle time
BT: Buffer time to guarantee on-time arrival
AVT: Average travel time
R: Regret
: R ÷ Smallest AVT = 0.21
: Maximum overlap rate = 0.87
AL: Algorithm’s selection
OB: Observed path

[Table. 20] Result of network (OD #75566)

[Fig. 32] Result of OD #75566
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Paths IVT BT AVT R   AL OB
A 38.4 24.6 63 0  0 0 100% 100%
B 33.7 34.75 68.45 15.6  0.25 0
C 33.7 34.8 68.5 15.7  0.25 82
D 33.7 35.85 69.55 17.8  0.28 82
E 35.1 34.85 69.95 17.2  0.27 77
F 33.7 36.75 70.45 19.6  0.31 82
G 36.5 34.95 71.45 18.8  0.30 74
H 38.1 34.85 72.95 20.2  0.32 91
I 38.9 34.95 73.85 21.2  0.34 90
J 38.4 36.4 74.8 23.6  0.37 96
K 37.7 37.1 74.8 24.3  0.39 92
L 38.4 36.4 74.8 23.6  0.37 92
M 38.4 36.4 74.8 23.6  0.37 88
N 38.4 36.4 74.8 23.6  0.37 96
O 37.7 37.1 74.8 24.3  0.39 96

IVT: In-vehicle time
BT: Buffer time to guarantee on-time arrival
AVT: Average travel time
R: Regret
: R ÷ Smallest AVT = 0.21
: Maximum overlap rate = 0.87
AL: Algorithm’s selection
OB: Observed path

[Table. 21] Result of network (OD #75574)

[Fig. 33] Result of OD #75574
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Paths IVT BT AVT R   AL OB
A 34 23.9 57.9 0  - 0 82% 100%
B 33.7 29.2 62.9 10.3  0.18 0 18%
C 34 35.65 69.65 23.5  0.41 96
D 34 36.75 70.75 25.7  0.44 96
E 32.8 38.05 70.85 27.1  0.47 85
F 34 36.85 70.85 25.9  0.45 96
G 34 36.85 70.85 25.9  0.45 96
H 34.7 36.75 71.45 26.4  0.46 92
I 34.7 36.75 71.45 26.4  0.46 96
J 34.7 36.85 71.55 26.6  0.46 92
K 34.7 36.85 71.55 26.6  0.46 96
L 34 37.7 71.7 27.6  0.48 96
M 34 37.75 71.75 27.7  0.48 96
N 34 37.95 71.95 28.1  0.49 89
O 34 37.95 71.95 28.1  0.49 96

IVT: In-vehicle time
BT: Buffer time to guarantee on-time arrival
AVT: Average travel time
R: Regret
: R ÷ Smallest AVT = 0.21
: Maximum overlap rate = 0.87
AL: Algorithm’s selection
OB: Observed path

[Table. 22] Result of network (OD #75585)

[Fig. 34] Result of OD #75585
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Paths IVT BT AVT R   AL OB
A 33.6 40.5 74.1 4.35  0.06 0.00 39% 67%
B 37 44.95 81.95 12.3  0.17 0.00 12% 18%
C 47.2 36.15 83.35 9.25  0.12 0.19 19%
D 46.1 37.5 83.6 9.5  0.13 0.29 18% 15%
E 44.1 41.15 85.25 11.8  0.16 0.00 13%
F 34.1 52.4 86.5 24.3  0.33 0.96
G 34.1 52.95 87.05 25.4  0.34 0.96
H 34.1 53 87.1 25.5  0.34 0.96
I 34.1 53.6 87.7 26.7  0.36 0.96
J 34.1 54.25 88.35 28  0.38 0.96
K 36.7 52.4 89.1 26.9  0.36 0.89
L 36.6 52.85 89.45 27.7  0.37 1.00
M 36.7 53 89.7 28.1  0.38 0.89
N 43.1 46.7 89.8 21.9  0.30 0.80
O 36.6 53.2 89.8 28.4  0.38 1.00

IVT: In-vehicle time
BT: Buffer time to guarantee on-time arrival
AVT: Average travel time
R: Regret
: R ÷ Smallest AVT = 0.21
: Maximum overlap rate = 0.87
AL: Algorithm’s selection
OB: Observed path

[Table. 23] Result of network (OD #75555)

[Fig. 35] Result of OD #75555
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Paths IVT BT AVT R   AL OB
A 48.8 22.45 71.25 0  - 0 52% 74%
B 50.8 25.5 76.3 8.1  0.11 0 16% 1%
C 48.8 27.8 76.6 10.7  0.15 0 11% 25%
D 52.5 27.15 79.65 13.1  0.18 0
E 52.5 27.25 79.75 13.3  0.19 0
F 56.1 25.5 81.6 13.4  0.19 0
G 52.5 29.1 81.6 17  0.24 0
H 48.8 34.25 83.05 23.6  0.33 85
I 48.8 34.35 83.15 23.8  0.33 85
J 48.8 35 83.8 25.1  0.35 85
K 48.8 35.15 83.95 25.4  0.36 85
L 48.8 36.15 84.95 27.4  0.38 96
M 48.8 36.15 84.95 27.4  0.38 97
N 48.8 36.65 85.45 28.4  0.40 85
O 52.5 33.7 86.2 26.2  0.37 0

IVT: In-vehicle time
BT: Buffer time to guarantee on-time arrival
AVT: Average travel time
R: Regret
: R ÷ Smallest AVT = 0.21
: Maximum overlap rate = 0.87
AL: Algorithm’s selection
OB: Observed path

[Table. 24] Result of network (OD #75575)

[Fig. 36] Result of OD #75575
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Paths IVT BT AVT R   AL OB
A 69.4 22.45 91.85 0  - 0 100% 87%
B 73 27.8 100.8 14.3  0.16 0 13%
C 64.7 37.7 102.4 25.8  0.28 0
D 73.8 29.1 102.9 17.7  0.19 0
E 69.4 34.25 103.65 23.6  0.26 88
F 69.4 34.35 103.75 23.8  0.26 88
G 64.7 39.55 104.25 29.5  0.32 98
H 69.4 35.15 104.55 25.4  0.28 88
I 64.7 39.85 104.55 30.1  0.33 98
J 78.7 27.15 105.85 18.7  0.20 0
K 69.4 36.65 106.05 28.4  0.31 88
L 69.4 36.75 106.15 28.6  0.31 86
M 69.4 36.75 106.15 28.6  0.31 97
N 69.4 36.75 106.15 28.6  0.31 98
O 69.4 36.75 106.15 28.6  0.31 96

IVT: In-vehicle time
BT: Buffer time to guarantee on-time arrival
AVT: Average travel time
R: Regret
: R ÷ Smallest AVT = 0.21
: Maximum overlap rate = 0.87
AL: Algorithm’s selection
OB: Observed path

[Table. 25] Result of network (OD #75583)

[Fig. 37] Result of OD #75583
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7. Conclusion

7.1. Result and Conclusions

This research presented several points into path based transit 

analysis frameworks.

First, the research introduced relative behavioral constraint 

thresholds rely on regret theory to explicit path set problem to 

averse extreme cases and to provide flexibility of model than 

absolute pre-fix value. the result presented how to extreme cases 

among similar path sets can be avoided rely on regret theory and 

threshold function.

Second, regret based assignment (Random Regret Minimization) on 

transit network with generated path set was performed to present 

avoiding unconsidered paths improves assignment result. Assignment 

results are improved rely on explicit path set generation.

Third, the research calibrated and verified the algorithm with 

sufficient observations from big amount of smart card data. Path set 

generation’s threshold function was estimated from sufficient 

observation.

Due to regret theory’s alternation relative flexibility and estimated 

threshold function there are no need to calibrate thresholds case by 
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case.

Stage Literatures Research

Input Network Toy ~ Very Large
Very Large
(Seoul Metropolitan 
Area)

Parameter Estimations
Pre-fixed,
Researcher’s opinion

Estimated model from 
smart card 
observations

Path 
Choice Set 
Generation

Category Various Methods
Constrained 
Enumeration

Base 
Algorithm 
for K-Path

Yen, Link 
Elimination/Penalty, 
…

Yen’s Algorithm
(Fastest Deterministic)

Thresholds
(if exists)

Absolute + Relative 
value
(i.e. transfer counts)

Relative value
(Related to overall 
alternatives)

Choice Set Verification
Survey
(very few 
observation)

Smart card data
(very large 
observation)

Path Based Assignment Various Methods ApplyRRM, MNP

Assignment 
Verification

Survey
(very few 
observation)

Smart card data
(very large 
observation)

[Table. 26] Contributions of research
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7.2. Further Research

Presented algorithm and framework can be refereed in research 

field of path based transit analysis widely. It also can be adopted on 

traveler information system to provide reliable path alternatives to 

users.
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9. APPENDIX

9.1. Synthetic Network

ID Dir. Line Order
Origin 
Node

Desti.
Node

Link 
Cost

Head
-way

1 A R1 1 1 2 3 11
2 A R1 2 2 3 9 11
3 A R1 3 3 4 9 11
4 A R1 4 4 5 4 11
5 A R0 1 5 6 8 8
6 A R0 2 6 7 4 8
7 A R7 1 3 8 9 7
8 A R7 2 8 10 4 7
9 A R7 3 10 6 7 7

10 A R5 1 5 8 8 8
11 A R5 2 8 9 4 8
12 A R2 1 5 10 8 8
13 A R2 2 10 11 4 8
14 A R2 3 11 12 5 8
15 A R2 4 12 7 8 8
16 A B3 1 1 2 6 10
17 A B3 2 2 3 23 10
18 A B3 3 3 4 16 10
19 A B95 1 1 2 6 10
20 A B95 2 2 9 26 10
21 A B95 3 9 11 6 10
22 A B1100 1 1 12 28 20
23 B R1 8 2 1 3 11
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ID Dir. Line Order
Origin 
Node

Desti.
Node

Link 
Cost

Head
-way

24 B R1 7 3 2 9 11
25 B R1 6 4 3 9 11
26 B R1 5 5 4 4 11
27 B R0 4 6 5 8 8
28 B R0 3 7 6 4 8
29 B R7 6 8 3 9 7
30 B R7 5 10 8 4 7
31 B R7 4 6 10 7 7
32 B R5 4 8 5 8 8
33 B R5 3 9 8 4 8
34 B R2 8 10 5 8 8
35 B R2 7 11 10 4 8
36 B R2 6 12 11 5 8
37 B R2 5 7 12 8 8
38 B B3 6 2 1 6 10
39 B B3 5 3 2 23 10
40 B B3 4 4 3 16 10
41 B B95 6 2 1 6 10
42 B B95 5 9 2 26 10
43 B B95 4 11 9 6 10
44 B B1100 2 12 1 28 20
45 D O 1 0 1 0 5
46 D D 1 7 13 0 5
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국문요약

  이 연구는 행동경제학의 후회이론과 확률후회최소화를 바탕으로 

하여 속성 간 완전보상과 비보상의 중간적 행태를 모사한 휴리스틱 

경로 기반 대중교통 네트워크 분석기법을 개발하고자 하는 연구이

다. 경로기반 네트워크 분석은 교통이용자의 행태에 대한 완전한 모

사가 가능하다는 이점이 있으나, 가능한 대안 경로가 무수히 많이 

존재하게 됨에 따라 계산복잡도가 기하급수적으로 증가하여 대규모 

교통 네트워크에 대한 적용사례가 많지 않은 실정이다.

  본 연구가 제안하는 휴리스틱 기법은 이와 같이 다수의 선택대안

이 존재하는 경우의 행태를 모사하여 2단계로 나뉘어 있다.

  첫 번째 단계에서는 Savage 선택기준과 확률후회최소화 이론을 응

용하여 각 경로대안의 후회를 계산하고 후회의 총량이 일정 수준 

이상인 경로를 제외한 실제 고려대상 선택대안 집합을 선정한다. 이 

과정을 통해 이론적으로 무한히 존재하는 경로의 수를 인간의 인지 

및 분석이 가능한 수준으로 현실화한다.

  두 번째 단계에서는 실제 경로에 대한 선택확를 계산 및 통행량 

배정이 이루어진다. 이 때 대안집합 선정과정과 일관성을 유지하고, 

조합효과, 대안 간 독립성(IIA)등 기존 확률효용기반 배정기법으로는 

모사되기 어려운 행동경제학적 특성들을 모사하고자 Chorus(2008)등

이 제안한 확률후회최소화 기반 배정기법을 사용하였다. 이 방법은 

기존 확률효용기반 배정기법과 유사한 형태를 가지고 있으면서도 

앞서 서술한 행동경제학적 특성의 모사가 가능하다는 이점이 있다.

  모형의 모수 및 수행결과는 수도권 교통카드 이력자료를 통해 추

정 및 검증이 이루어졌다. 분석의 수행 결과 실제 이용자들의 경로
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집합 선택 및 선택확률에 대한 모사가 비교적 정확하게 이루어짐을 

확인할 수 있다. 또한 실제 수도권 대중교통 네트워크에 대한 분석

을 실시하여 대규모 네트워크에서도 본 연구의 방법론이 적용 가능

함을 입증하였다.
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