
 

 

저 시- 경 지 2.0 한민  

는 아래  조건  르는 경 에 한하여 게 

l  저 물  복제, 포, 전송, 전시, 공연  송할 수 습니다.  

l  저 물  리 목적  할 수 습니다.  

다 과 같  조건  라야 합니다: 

l 하는,  저 물  나 포  경 ,  저 물에 적 된 허락조건
 명확하게 나타내어야 합니다.  

l 저 터  허가를 면 러한 조건들  적 되지 않습니다.  

저 에 른  리는  내 에 하여 향  지 않습니다. 

것  허락규약(Legal Code)  해하  쉽게 약한 것 니다.  

Disclaimer  

  

  

저 시. 하는 원저 를 시하여야 합니다. 

경 지. 하는  저 물  개 , 형 또는 가공할 수 없습니다. 

http://creativecommons.org/licenses/by-nd/2.0/kr/legalcode
http://creativecommons.org/licenses/by-nd/2.0/kr/


l�Áþ�¹ÇÐ�� Áþ��DÐaµ%K�

Pairwise Comparison Model with a Diverging

Number of Nuisance Parameters

*�×<��¿ÊÁ�+ ÊÁ�� ¤� ���ÐM� 3�×ß~
 j�¬̈�¿ÌfC

2012¿=> 8\Ôö

"�	�·7�Áþ�¬̈ 7�Áþ�xjS

§� N�Áþ�ø�

¦�> ¤4 )K�



Pairwise Comparison Model with a Diverging Number

of Nuisance Parameters

m��¿¬̈ÊÁ ÊÏ� £� 7�

l� Ðaµ%K�£�· l�Áþ�¹ÇÐ�� Áþ��DÐaµ%K�ãÃ�× V���·Áþ�.

2012¿=> 4\Ôö

"�	�·7�Áþ�¬̈ 7�Áþ�xjS

§� N�Áþ�ø�

¦�> ¤4 )K�

¦�>¤4 )K��+ l�Áþ�¹ÇÐ�� Áþ��DÐaµ%K�£�· ê�>)K�Áþ�.

2012¿=> 6\Ôö

�D xjS *�× : ¦�> ¤4 ËÁ (ê�>)

ÉÙ �DxjS*�× : ÊÏ� £� 7� (ê�>)

�D xjS : ¹ÇÐ ÄZ� 	�́ (ê�>)

�D xjS : ÑÏ� ³À ø5� (ê�>)

�D xjS : i¦ ¡õ ÐÏ� (ê�>)



Pairwise Comparison Model with a Diverging

Number of Nuisance Parameters

By

Jong-June Jeon

A Thesis

Submitted in fulfillment of the requirements

for the degree of

Doctor of Philosophy

in Statistics

Department of Statistics

College of Natural Sciences

Seoul National University

August, 2012



Abstract

We consider a ranking problem of players in a game where the number of

players diverges but the number of games per player is fixed. The standard

maximum likelihood estimator based on Thurstone model is inconsistent since

the number of nuisance parameters (i.e. the ability of each player) diverges.

We propose a new estimator based on the conditional likelihood. We propose

a conditional pairwise comparison likelihood and prove that the maximum

conditional likelihood estimator is consistent. Also, we develop an efficient

computational algorithm to calculate the maximum conditional likelihood. We

illustrate the proposed method on data generated from a game called the Skid

Rush that is a web based multi-player car racing game.

Keywords: Probability model for ranking, Thurstone model, Pairwise com-

parison likelihood, Nuisance parameters.
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Chapter 1

Introduction

There are various areas where the probability model for ranking is required.

Examples are information retrieval system which gives the ranked document

set responding to a query, recommendation system which gives a recommen-

dation list of items, and tournament scheduling in sports where the aim is to

maximize the profit and so on.

The probability model for ranking is first studied by Thurstone [1927]. He

analyzes the ordered pair which represents the response to a given stimuli. In

the field of statistics, Luce [1959], Bradley and Terry [1952], Mallows [1957]

establish a pairwise comparison framework in the probability model for rank-

ing, and Bradley [1976], Davidson and Farquhar [1976] make comprehensive

survey for the pairwise comparison method. Also in machine learning areas,
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voluminous of outputs of researches focusing on information retrieval have been

produced by Huang et al. [2006a], Huang et al. [2006b], Hunter [2004].

In recent years the ranking data analysis which has been received much

intension from both theoretical statisticians and practitioners has following

properties : high dimensionality, complexity of structured data and measure-

ment error. In this paper, we focus on the high dimensionality problem. In

particular, we consider a case where the number of items (or players) to be

ranked is very large.

A motivational example is the online car racing game. To explain the game

briefly, multiple players participate in the racing game and they are given ranks

in each game. The car is customized by the equipped parts which are regularly

purchased in the game store and the game players can tune their car by the

purchased parts. The goal of the analysis is to assess the effect of the parts

to the ranking. Some parts such as tires may be more important than other

parts such as engines. A difficulty of this analysis is that while there are a lot

of participants in the game, only few can compete at each game and so the

total number of games in which each player participates is relatively small.

Moreover the ranking probability is affected by not only the choice of parts

but also the skills (or abilities) of players. Hence, to assess the impact of

customized parts to the ranking probability, we need to eliminate the effect of
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players’ skills, which are diverging nuisance parameters.

Another example is information retrieval system in web searching engine.

There are a lot of documents with various relevances to a given query. The

preference ranking of documents to the query can be affected by demographic

information of user, position of a document in the web page, access routine of

the pages and so on. In this cases, to evaluate the effect of that information to

the document ranking, the same problems mentioned above occur where the

number of documents is very large but few can be compared per document

searching.

The goal is to estimate the influence of items to the ranking probability of

the game. There are two questions to be answered.

1. What the probability model for ranking is appropriate for this data?

2. How can the effect of items to the ranking probability be estimated when

the number of players is diverging?

The first question is related to choice or construct a ranking probability model.

The second question is related to a method of parameter estimation when there

are large dimensional nuisance parameters.

For the first question, we consider the Thurstone model (Thurstone [1927])

. We propose to use the likelihood of the Bradley-Terry model, which is a

3



model for the pairwise comparison (i.e. only two players are in each game) to

estimate the parameters in the Thurstone model. We call this likelihood the

pairwise comparison likelihood. We will prove that the parameters obtained

by maximizing the pairwise comparison likelihood are consistent when the

number of players is fixed.

For the second question, we consider again the Thurstone model and the

pairwise comparison likelihood. To eliminate the large dimensional nuisance

parameters, which represent the scores of players’ skills, we propose to use

the conditional pairwise comparison likelihood method. We will prove that

the maximizer of this proposed likelihood is consistent and follows asymptoti-

cally a normal distribution even when the number of the nuisance parameters

is diverging. We develop an efficient optimization algorithm to obtain the

estimator of the proposed method.

This paper is organized as follows. Chapter 2 reviews various ranking

probability models and specifies a ranking probability model for our motiva-

tional example of the car racing. Chapter 3 studies the relation between the

ranking probability model and pairwise comparison model. In particular, we

prove that the maximum likelihood estimator based on the pairwise compar-

ison model is consistent when data are generated from the Thurstone model.

Chapter 4 proposes the conditional pairwise comparison likelihood method and
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shows the asymptotical properties of the maximum conditional likelihood es-

timator when the number of nuisance parameters is diverging with the sample

size. Chapter 5 explains an optimization algorithm, and presents the results

of numerical studies. Chapter 6 makes conclusion and discussion.
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Chapter 2

Probability Model for Ranking

The research of the probability model for ranking is starting from constructing

a probability model space of ranking. Since ranking can be considered as a

random permutation, this task is to construct probability measures on the

set of all possible permutations, roughly speaking. In general, the probability

model space is parameterized under some assumptions for practical uses or

conveniences. This parametrization restricts the probability model space for

ranking and so ranking data set can be analyzed more efficiently. However,

some parametrization leads to an undesirable probability model space such

that the common assumptions for ranking does not hold. So there are a lot

of researches about the common assumptions [ Kendall [1950], Luce [1959],

Yellott [1977], Stern [1990]].
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Critchlow et al. [1991] categorizes various probability model for ranking

into four classes: (1) Thurstone model, (2) pairwise comparison model, (3)

ranking model with rank distance and (4) multistage model. They summarize

the validity of the common assumptions of ranking in the four categorized

probability models and explained that several probability model for ranking

can be unified within the framework of a specific version of Barbington and

Smith model (Smith [1950]). In the followings, we will introduce the common

assumptions of probability models for ranking, though we do not give a detail

review for every ranking model. By these common assumptions for ranking,

the choice of a specific probability model can be justified.

In this section, we will introduce the required properties (common assump-

tions) of the probability model space for ranking and explain that the Thur-

stone model and the Bradley-Terry model in details.

2.1 Probability Model Space for ranking

To analyze ranking statistically, the following terms are indispensable : la-

beling of item, ranking and its probability measure. Let k items be labeled

arbitrary as the item 1 to the item k. A ranking can be considered as an 1-1

map π : {1, · · · , k} 7→ {1, · · · , k}, where π({1, · · · , k}) = (π(1), · · · , π(k)) and

7



π(i) is the ranking of item i. The inverse mapping of π, denoted by π−1, is

defined by that π−1(r) for 1 ≤ r ≤ k is the index of the item whose ranking

is r. We write π−1({1, · · · , k}) = (π−1(1), · · · , π−1(k)). We introduce a useful

mapping τij : {1, · · · , k} 7→ {1, · · · , k} where τij(i) = j, τij(j) = i, τij(m) = m

for m 6= i, j. Let Sk be the collection of all possible rankings. A probability

measure P on ranking mean a probability measure on σ(Sk), the σ-field on

Sk, and a collection P of probability measures on σ(Sk) is called a probability

model space for ranking.

This probability model space is usually indexed by a set of parameters.

The parametric probability model space for ranking should be tractable but

also should not loose the essential properties of the common assumptions. The

followings are the common assumptions which are required for the probability

model space P for ranking.

• Label invariance

For every P ∈ P , π ∈ Sk and ν ∈ Sk, the probability model Pν(π) :=

P (π ◦ ν) is also in P .

• Reversibility

Let γ : {1, · · · , k} 7→ {1, · · · , k} where γ(j) = k + 1− j for j = 1, · · · , k.

For every P ∈ P , π ∈ Sk , the probability model P γ(π) := P (γ ◦ π) is
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also in P .

• Strong Unimodality

There uniquely exists the ranking π0 such that it maximizes P . The

probability is decreasing as a ranking π is going far way from π0 in

some sense. If, for every i, j with π0(i) < π0(j) and any π such that

π(i) = π(j)− 1, it holds that P (π) ≥ P (π ◦ τij) with strict inequality in

the case that π = π0, then the probability model P satisfies the strong

unimodality with π0.

• L-decomposibility

Let the choice probability PB(i) = {πB(i) = 1} where πB is the ranking

of the items in B for B ⊂ {1, · · · , k} be the probability to choose the

item i among B. If there exists a collection of PB for B ⊂ {1, · · · , k}

such that

P (π) = P{i1,··· ,ik}(i1)P{i2,··· ,ik}(i2)P{ik−1,ik}(ik−1)

for every π−1 = (i1, · · · , ik), then we call the probability measure P

L-decomposible.

Label invariance means that the model obtained by changing labeling belongs

to the model space, again. Reversibility means that the model obtained by
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reverse ranking belongs to the model space, again. The strong unimodality

is an assumption of existence of ranking with the highest probability. Fi-

nally L-decomposibility makes it possible to construct a probability measure

of ranking by a set of choice probability measure proposed by Luce [1959].

These assumptions are thought to be considered as desirable properties of a

probability model space for ranking.

2.2 Thurstone Model

The Thurstone model is naturally derived by introducing latent variables which

denote unobservable scores, attribute or ability of players. Basically the model

describes an experiment that players have unobservable random scores and

only their orders are observed. Thurstone [1927] originally suggested the five

types of order statistic models and the type V model, the simplest model with

only location parameters, is most widely used.

The Thurstone model with the type V is formulated as following. Let

Z0
ki for i = 1, · · · , t, k = 1, · · · , n, be independent and identically distributed

random variables with a distribution function F0. Let {Zni : 1 ≤ i ≤ t} be

an array of independent random variables where Zni =d Z0
ni + λi. Here Zni is

the unobservable score of the player i in the nth game. The ranking of players
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in the nth game, πn = (πn1, · · · , πnt) is defined by πn = {(πn1, · · · , πnk) :

πni =
∑t

j=1 I(Zni ≤ Znj)}. Then p(πn; λ1, · · · , λk) is called the Thurstone

probability model with the type V for ranking. We call this model just the

Thurstone model.

It is known that the assumption of independency of {Z0
ki} for k = 1, · · · , n,

i = 1, · · · , t, restricts much the probability model space for ranking. For

example, there does not exist the Thurstone model with independent Z1i for

i = 1, · · · , 4 where P ((1, 2, 3, 4)) = p for p ∈ (0, 1) and P ((3, 4, 1, 2)) = 1 − p

simultaneously. Moreover, if F0 is symmetric distribution function, then PF0

is reversible where PF is the probability model space derived by F0. However,

the reversibility is not guaranteed when F0 is asymmetric.

The likelihood of the Thurstone model is given by

L(λ) =
n∏

k=1

P (πk; λ),

where λ = (λ1, · · · , λk). We let λ1 = 0 for the identifiability of the model.

Generally P (πk; λ) does not have a close form since P (πk; λ) contains the

(t− 1)th order integration. however, when, F0 is the Gumbel distribution, the

probability is given by

P (π; λ) =
t∏

m=1

uim∑t
j=m uij

,

where ui = exp(λi) and π−1 = (i1, · · · , it).
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In practice F0 is used to be the normal or the Gumbel distribution since

it is natural in the experiments or convenient for analysis ( Thurstone [1927],

Mosteller [1951], Daniels [1950], Brook and Upton [1974] ].

2.3 Bradley Terry Model

A statistical model for paired comparisons has been presented and developed in

a series of three papers of Bradley (1952, 1954, 1955). He suggests a probability

model for ranking through the independent paired comparisons and several

test statistics of practical uses. Gridgeman [1955] considers the experiment of

which the number of the paired comparisons is equal. Dykstra [1960] extends

the method when the each number of paired comparison is unequal.

Kendall [1957] points out the problem that the uniform preference model is

not adequate for many situations for ranking data analysis and remarks that

the development of a tractable ranking model is necessary. He extends the pair-

wise comparison model proposed by Bradley [1952] such that the probability

model is applicable to the ranking problem in the non-null cases. It is called

Mallow’s ψ model which only depends on the distance of the permutations,

the Kendall’s τ or Spearman’s ρ.

Let ui be ability of individual i for i = 1, · · · , t. aij and nij = aij+aji are the
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number that a player i defeats j and the number of match of i and j individual

respectively. Then the total number of wins of a player i is ai =
∑

j 6=i aij for

i = 1, · · · , t. n =
∑

i<j nij is the total number of the games. The Bradley-

Terry model assumes that the probability that the player i defeats the player

j is given by

pij =
ui

ui + uj

, ui > 0, uj > 0 i, j = 1, · · · , k; i 6= j.

Then, the likelihood is defined as

L(u) =
k∏

i,j=1,i 6=j

p
aij

ij =

∏k
i=1 uai

i∏
1≤i<j≤k(ui + uj)nij

, (2.1)

where u = (u1, · · · , ut). Since this model is not identifiable, we let u0 = 1 gen-

erally. The properties of the maximizer of (2.1) are studied by Zermeldo[1927]

and Ford [1957]. They prove the unique existence of the MLE of L(u) by the

following theorem.

Theorem 1 (Zermeldo[1927] and Ford [1957]) For every partition of the in-

dividuals into nonempty sets, an individual in the second set has beaten an

individual in the first at least once. Then there is the unique maximizer of

L(u). ]

If sup1≤i≤t |ui| < ∞ and inf1≤i,j≤t,i6=j nij > 0 , it is directly implied the

existence of maximizer of L(u) with probability 1 as n goes to infinity by the
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theorem. When the number of individuals is diverging, Simon[1999] shows

that

max
1≤i,j≤k

ui

uj

= o

(√
k

log k

)
as k →∞ (2.2)

implies that the condition A is satisfied with probability 1.

The extension of the Bradley-Terry model is studied by Rao and Kup-

per[1967], Chritchlow et al.[1991], David R. Hunter[2004], Tzu-Kuo Huang[2006

,2008] in the statistics and machine learning fields. Chritchlow et al.[1991] have

embedded the Bradley-Terry model and the Thurstone model into the gener-

alized linear model(GLM) framework and provided useful tools for ranking

data. For example, they extend the Bradley-Terry model for paired com-

parison model with ties, order effects, covariates, and the triple comparisons.

Recently the Bradley-Terry model [Tzu-Kuo Huang; 2006, 2008] is extended to

the multi-class probability model and the efficient algorithm [Hunter; 2004] is

developed to obtain the estimator of the model. Simon and Yao [1999] shows

that the MLE of the Bradley-Terry model is consistent under the following

assumption : The number of players is diverging, the assumption (2.2) holds,

nij = 1 for all i, j and all pairwise comparisons are independent. Next subsec-

tion we will specify our problem through the Thurstone model and Bradley-

Terry model and explain the difficulty of the application to the developed

probability ranking models.
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2.4 Model for the car racing

First, we assume that the probability of ranking follows the Thurstone model.

Let Zki, Xki be the score and the covariates of the ith participant in the

kth game respectively, only finite many players in Gk ⊂ N with |Gk| = tk

participates, and we observe the rankings the players in Gk, which is denoted

by πk = (πki, i ∈ Gk). Let {Zki : i ∈ Gk} be an array of independent random

variables where Zki =d Z0
ki + µi(Xki) where Z0

ki ∼iid F0. Assume that F0(x) =

exp(− exp(−x)) and µi(xki) = λi + ψT xki where λi ∈ R is the ability of the

i th player and ψ ∈ Rp is the effect of the covariates to the rankings. The

likelihood is given by

L(λ, ψ) =
n∏

k=1

P (πk; λ, ψ),

where

P (πk; λ, ψ) =
tn∏

m=1

ηkm∑tk
j=m ηkj

and

ηkj = exp(λπ−1
k (j) + ψT xkπ−1

k (j)). (2.3)

For πk, let yijk for i, j ∈ Gk, i 6= j be defined by yij = I(πk(i) < πk(j)).

The assumption that yijk are independent follow the the Bradley-Terry model
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and the likelihood becomes

L(λ, ψ) =
n∏

k=1

∏
i<j

ηki

ηki + ηkj

. (2.4)

We consider (2.4) since the maximization is relatively easy since the likelihood

is of same types of logistic regression. Actually it is well known that the

Bradley-Terry model is a special case of the GLM [Flinger et al; 1991]. We

call this likelihood as pairwise comparison likelihood. However, it is not clear

that the MLE of this likelihood is consistent since the observations I(Zki > Zkj)

for 1 ≤ i, j ≤ kn are not independent. Moreover, in the case that the number

of nuisance parameter, λi for i = 1, · · · , t is diverging, the MLE may not be

consistent, which is knows as ‘Neyman-Scott Problem’.

As seeing above, each model has its own pros and cons. The assumption

of ranking in the Thurstone model is more realistic while the mathematical

tractability of Bradley-Terry model for is better. Now our goal is to develop

the likelihood of the pairwise comparisons to estimate ψ, parameter of interest,

under the assumption of the Thurstone model when the number of nuisance

parameters λi is diverging. We achieve this goal by two steps.

First, when the number of players are fixed and ranking model follows

the Thurstone model, we will show that the maximum likelihood method in

the pairwise comparison likelihood also a consistent estimator. Second, we

propose a conditional likelihood with the pairwise comparisons which gives

16



the consistent estimator of ψ where the number of nuisance parameters is

diverging.
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Chapter 3

Thurstone Ranking Model

through the Pairwise

Comparison Method

The relation between the Thurstone Model and Luce’s axiom of choice model

is studied deeply by McFadden [1973] and Yellott [1977]. However, theoretical

results of estimation are not available explicitly in these papers.

We focus on estimating the location parameters of the Thurstone model via

the pairwise comparison likelihood which are special case of the Luce’s model.

We show that the MLE of the pairwise comparison likelihood is consistent

estimator in the original Thurstone model.
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From this asymptotic result, we can extend the estimation method of the

Thurstone model in the framework of GLM. This also gives a natural extension

of the Thurstone model with heterogeneity.

3.1 Relation between Thursone Model and Bradley

Terry Model

We assume the Thurstone model with location parameters for ranking. The

representation of the joint distribution of a pair of players in the Thurstone

model is studied byMcFadden [1973] and Yellott [1977] as follows. For con-

venience of notation, the subscript k to denote the index of games is omitted

in Z0
ki. Let Z0

i ∼iid F0 for i = 1, · · · , k where F0 is continuous distribution

function on R , f0 is the probability density function of F0 and Zi =d Z0
i + λi

for λi ∈ R. The ranking probability in the Thurstone model is

P (π) = P (Zi1 > · · · > Zik),

where π−1 = (i1, · · · , ik).

We consider the joint probability of the pair of players i and j. In the

Thurstone model this probability is given by

P (π(i) < π(j)) =

∫ ∞

−∞
F0(z + λi − λj)f0(z)dz.
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In the Bradley-Terry model it is assumed that

P (π(i) < π(j)) =
ui

ui + uj

. (3.1)

where ui for i = 1, ·, t are defined in the Bradley-Terr model. Now the question

is when the two joint probability of paired individuals in the Thurstone model

is expressed as the form of the Bradley-Terry model?

Let ui is function of λi from R to R+. The ability parameters of the Bradley-

Terry model depend on only λi for i = 1, · · · , k. Then, (3.1) is assumed that

u : R→ R+ such that

P (Z1 > Z2) =
u(λ1)

u(λ1) + u(λ2)
. (3.2)

From the assumption of (3.2), the following properties of u(·) is derived.

1. u(·) is an increasing function on R.

2. u(·) is a continuous function.

3. u(·) satisfies that

u(λ1 + h)

u(λ1 + h) + u(λ2 + h)
=

u(λ1)

u(λ1) + u(λ2)
.

for all h, λ1, λ2 ∈ R.

For fixed λ2, P (Z1 > Z2) is increasing as λ1 is increasing. The probability

(3.2) is increasing function of λ1 with a fixed λ2 if and only if u(·) is a strictly
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increasing function. Moreover u(·) is continuous since F0 is continuous. In the

Thurstone model we assume that F0 is continuous so that P (Z1 > Z2) is a

continuous function of λ1 for fixed λ2. Moreover, let Z ′
i =d Zi + h for i = 1, 2

then the function u(·) should satisfies that

u(λ1)

u(λ1) + u(λ2)
= P (Z1 > Z2) = P (Z ′

1 > Z ′
2) =

u(λ1 + h)

u(λ1 + h) + u(λ2 + h)
.

for all h. From the above arguments, the following proposition is derived.

Proposition 1 Let {Zi}k
i=1 be a sequence of independent random variables

with Z0
i ∼iid F0 and Zi =d Z0

i + λi, λi ∈ R for i = 1 · · · , k. Assume that the

ranking probability is defined as

P (π) = P (Zi1 > · · · > Zik)

for π−1 = (i1, · · · , ik). If F0 is continuous distribution function and there exist

a function u : R → R+ such that the two dimensional joint distribution for

paired ranking P (π(i) > π(j)) = u(λi)
u(λi)+u(λj)

, then u(λ) = aλ for a > 1.

The proposition 1 says that the distribution of F0 should have a specific

form of a function to satisfies that

P (Zi > Zj) =
aλi

aλi + aλj
(3.3)

for a > 1. If F0 and f0 satisfies that there exist a > 0 such that

F0(z + λ)/F0(z) = aλf0(z + λ)/f0(z) (3.4)
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for ∀ z, λ then, (1) holds in the Thurstone model. If F0(x) = a−a−(x/α)κ

for

a > 1, α > 0, κ > 0 then F0 satisfies (3.4).

3.2 Asymptotics

Bradley-Terry model assumes that

pij =
ui

ui + uj

for ui, uj > 0, the probability that the player i defeats the player j. From

the previous subsection, if F0 is the distribution that satisfies (3.4), the joint

distribution of the pair of player i and j in the Thurstone model is represented

by the Bradley-Terry Model. If only two player participate in each game and

F0 is the Gumbel distribution, the likelihood of the Thurstone model is written

by that of the Bradley-Terry model. This says that the relationship between

the Thustone model and Bradley-Terry model but not estimation problem.

Directly speaking, our question is how to estimate the location parameter of

the Thurstone model without using the likelihood of the the original Thurstone

model. Since the likelihood of the Thurstone model is more complex and even

intractable in high dimensional model, it is required to study this problem in

which the covariates effect should be estimated. But the answer is simple :

Use the pairwise comparison likelihood and estimate the location parameters
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by MLE. The pairwise comparison likelihood is defined by

L(λ) =
n∏

k=1

∏
i<j

P (πk(i) < πk(j))

We will show that the MLE of the pairwise comparison likelihood is consis-

tent estimator and in some cases we can derive its asymptotic normality. We

guess that it is a critical reason to the popularity of the Bradley-Terry Model.

For simplicity of analysis we assume F0(x) = exp(− exp(−x)).

Theorem 2 (Consistency) Let {Zki} for i = 1, · · · , t, k = 1, · · · , n be an

array of independent random variable with Zki =d Z0
ki + λ∗i , Z0

ki ∼iid F0. Let

πk = (πk1, · · · , πkt) : πki =
∑n

j=1 I(Zni ≥ Znj). Let L(λ) be the pairwise

comparison likelihood that is given by as

L(λ) =
n∏

k=1

∏
1≤i<j≤t

ηki

ηki + ηkj

where ηkj = exp(λπ−1
k (j)),

where λ = (λ1, · · · , λt). Let λ̂ = argmaxλ∈BL(λ) where B is compact set in

Rk. If λ∗ ∈ B then ‖λ̂− λ∗‖2 →p 0 as n goes to infinity.

proof) The existence and uniqueness of of MLE hold with probability 1 as

n goes to infinity by theorem 1 since t is fixed. Let yijk = I(Zki > Zkj), then

l(λ) =
1

n

n∑

k=1

∑
i<j

lijk(λ)

where lijl(λ) = yijl(λi−λj)−log(1+exp(λi−λj)). For fixed λ, 1
n

∑n
l=1 lijl(λ) →p
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E(lij1(λ)) by law of large numbers. It implies that

∑

1≤i<j≤k

1

n

n∑

l=1

lijl(λ) →p EF0l(λ)

for fixed λ. By the convexity lemma, the pointwise convergence implies the

uniform convergence on the compact set. Since EF0l(λ) is maximized at λ∗,

‖λ̂− λ∗‖2 →p 0 as n goes to infinity. ¤

Theorem 2 implies that the pairwise comparison likelihood gives a con-

sistency estimator of the Thurstone model. Even if the ranking model is the

Thurstone model, the MLE of the Bradley-Terry model is reasonable estimator

in the sense of the consistency. This is a reason why Bradley-Terry model is

widely used. From theorem 2 we can show that the consistency of the MLE

through the pairwise comparison likelihood holds as long as the two condi-

tions are given : 1) the pairwise comparison likelihood is strictly convex, 2)

the expectation of the pairwise comparison likelihood is maximized at the true

parameter. From this fact the estimation method of the Thurstone model

with a different F0 can be easily extended. The following theorem shows the

asymptotic normality of λ̂ holds.

Theorem 3 (Asymptotic Normality) Let Σλ∗ = Var(
∑

i<j
∂
∂λ

lij1(λ
∗)) be in-

vertible, then

√
n(λ̂− λ∗) → N(0, Σ−1

λ∗ )
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proof) Since there is λ∗ in the compact subset of Rk, there exist M > 0 and

δ > 0 such that

max
1≤r,s,u≤k

sup
‖λ−λ∗‖<δ

∣∣∣∣
∂3

∂λrλsλu

l(λ)

∣∣∣∣ ≤ M. (3.5)

By the consistency of λ̂ and (3.5),

∂2

∂λT ∂λ
l(λ∗)T (λ̂− λ∗) =

∂

∂λ
l(λ∗) + op(1).

Since

∂

∂λ
l(λ∗) =

1

n

n∑

k=1

(∑
i<j

lijk(λ
∗)

)

is a sum of identical and independent random vector, we know that
(

1√
n

n∑

k=1

∑
i<j

∂

∂λ1

lijl(λ
∗), · · · ,

1√
n

n∑

k=1

∑
i<j

∂

∂λt

lijk(λ
∗)

)T

→d N(0, Σλ∗)

by the standard central limit theorem. Since

∂

∂λT ∂λ
l(λ∗) →p Σλ∗ ,

and it implies that

√
n(λ̂− λ∗) → N(0, Σ−1

λ∗ ). ¤

3.3 Extension of Thustone Model

When F0 is the Gumbel distribution, the MLE of the pairwise comparison like-

lihood is
√

n-consistent with asymptotic normality. The uniform convergence
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and strict convexity of the pairwise comparison likelihood play a critical role

of the consistency of the estimator. If F0 is given such that the pairwise com-

parison likelihood is strictly convex then the MLE of the pairwise comparison

likelihood is also
√

n-consistent. Actually it can be shown that the uniform

convergence of the pairwise comparison likelihood holds since F0 is monotone

function (See Geer [2000]). When F0 is normal, the following theorem is de-

rived through the consistency of the probit regression even if the observations

are m-dependent.

Corollary 1 (Consistency) Let {Zki} for i = 1, · · · , t, k = 1, · · · , n be an

array of independent random variable with Zki =d Z0
ki +λ∗i , Z0

ki ∼iid N(0, 1/2).

Let πk = (πk1, · · · , πkt) : πki =
∑n

j=1 I(Zni ≥ Znj). Let L(λ) be the pairwise

comparison likelihood that is given by as

L(λ) =
n∏

k=1

∏
1≤i<j≤t

Φ(ηki − ηkj)
yijk(1− Φ(ηki − ηkj))

1−yijk where ηkj = λπ−1
k (j),

where Φ is the cumulative normal distribution function and λ = (λ1, · · · , λt).

Let λ̂ = argmaxλ∈BL(λ) where B is compact set in Rk. If λ∗ ∈ B then ‖λ̂ −

λ∗‖2 →p 0 as n goes to infinity.

Note that Z0
ki − Z0

kj ∼ N(0, 1). If Z0
ki ∼ N(0, σ2) then Φ(·) should be

replaced by Φ√
2σ(·), the cumulative distribution function of N(0, 2σ2). We

can replace Φ with other continuous distribution function as long as the limit
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function of log L(λ)/n is strictly convex. The function is replaced by the

cumulative distribution function of Z0
ki − Z0

kj for i, j = 1, · · · , t.

Let λk = 2.4− 0.4k for k = 1, · · · , 6. Varying n, the MLE of the pairwise

comparison likelihood is obtained. The baseline function F0 is the Gumbel and

normal distribution with mean 0 and variance 1/2.

Table 3.1: Parameter estimation when F0 is the Gumbel distribution

λ̂1 λ̂2 λ̂3 λ̂4 λ̂5

n=20

MSE 0.2965 0.2659 0.2474 0.2298 0.3062

Bias 0.2393 0.1634 0.1431 0.1295 0.1107

SD 0.4916 0.4916 0.4788 0.4639 0.5449

n=50

MSE 0.103 0.0931 0.1132 0.1091 0.1002

Bias 0.0247 0.046 0.0141 -0.0057 0.0511

SD 0.3215 0.3032 0.3379 0.3319 0.314

n=100

MSE 0.0495 0.0496 0.0421 0.0392 0.046

Bias 0.0224 0.0119 0.0259 0.0038 0.0009

SD 0.2224 0.2235 0.2046 0.199 0.2156

n=200

MSE 0.0282 0.0233 0.0187 0.024 0.0191

Bias 0.0101 0.0137 0.009 0.0084 -0.0143

SD 0.1686 0.1527 0.1372 0.1555 0.1381
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Table 3.2: Parameter estimation when F0 is the standard normal distribution

λ̂1 λ̂2 λ̂3 λ̂4 λ̂5

n=20

MSE 0.0999 0.0908 0.0733 0.0656 0.0891

Bias 0.0404 0.0378 0.0551 0.0240 -0.0115

SD 0.3150 0.3004 0.2665 0.2563 0.2998

n=50

MSE 0.0362 0.0327 0.0291 0.0264 0.0285

Bias 0.0083 -0.0126 0.0000 -0.0245 -0.0320

SD 0.1911 0.1814 0.1716 0.1616 0.1665

n=100

MSE 0.0163 0.0105 0.0152 0.0114 0.0134

Bias 0.0143 0.0106 0.0276 0.0073 0.0000

SD 0.1277 0.1025 0.1208 0.1070 0.1163

n=200

MSE 0.0115 0.0102 0.0075 0.0069 0.0072

Bias 0.0318 0.0165 0.0124 0.0103 0.0190

SD 0.1028 0.1001 0.0860 0.0826 0.0831

28



As see Table 3.1 and Table 3.2, the MLE of the pairwise comparison like-

lihood goes to the true parameters as the number of games is increasing.

Remark

Through the proposition 1 we can know that the Bradley-Terry model

and the Thurstone model assume that the variances of latent variables Z1i

for i = 1 · · · , t are equal. For some practical use, this assumption may not

be reasonable since the variance of unobservable score can be different each

other. We call the variation of players the heterogeneity. When F0 is normal

distribution, we can easily reflect the heterogeneity of the players. Let Z0
1i ∼

N(0, σ2
i ) for i = 1, ·, t. σi > 0 for i = 1, ·, t is a parameter control the variance of

latent variable. The latent variable for player i follows the normal distribution

with mean λi and variance σ2
i > 0. Then the pairwise comparison likelihood

is given by

L(λ, σ) =
n∏

k=1

∏
1≤i<j≤t

Φγki+γkj
(ηki − ηkj)

yijk(1− Φγki+γkj
(ηki − ηkj))

1−yijk

where

ηkj = λπ−1
k (j), γki = σπ−1

k (j).

For avoiding the identifiability problem, let λt = 0 and σ2
t = 1.
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Chapter 4

Pairwise Comparison model

with a diverging number of

nuisance parameters

We investigate the estimation method for location parameters of the Thur-

stone model through the pairwise comparison likelihood when the number of

nuisance parameters is diverging. We apply this method to estimate the pa-

rameter of interest in our problem. We propose a new way of using the pairwise

comparison likelihood when F0 is the Gumbel distribution.

Recall the model of interest in Section 2.4. Let Zki =d Z0
ki + λi + ψT xki for

i = 1, · · · , t and k = 1, · · · , n the pairwise comparison likelihood is given by
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L(λ, ψ) =
n∏

k=1

P (πk; λ, ψ) (4.1)

where

P (πk; λ, ψ) =

tk∏
m=1

ηkm∑tk
j=m ηkj

and

ηkj = exp(λπ−1
k (j) + ψT xkπ−1

k (j)).

As we proves in the Section 3, when the dimension of λ is fixed, the MLE

of the

L(λ, ψ) =
n∏

k=1

∏

1≤i<j≤kl

ηli

ηli + ηlj

,

is a
√

n-consistent estimator.

But in our model, the dimension of λ is diverging and a player i participates

in a limited the number of games. Next section we proposed a conditional

pairwise comparison likelihood to estimate ψ in our model.

4.1 Bradley-Terry model with the diverging

number of nuisance parameters

First, for convenience of notation, we change the mathematical formulation

in the standard Bradley-Terry model. Let nij ≥ 0 for 1 ≤ i < j ≤ t be
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the number of co-occurrence of an individual i and j. In the of Bradley-Terry

model, nij is the number of matching with i and j. Let yijk the indicator which

denote i defeat j in the kth matching for i < j. Note that yijk is defined only

for i < j. The index of k denote the label of co-occurrence of player i and j in

the games. Note that k is not the index of the games in the Thurstone model.

We assume F0 is the Gumbel distribution. Then

yijk ∼ Bernoulli(pij) for 1 ≤ k ≤ nij

pij(xijk; λ, ψ) =
exp(λi − λj + ψT xijk)

1 + exp(λi − λj + ψT xijk)

for 1 ≤ i < j ≤ t, and k = 1, · · · , nij, where xijk = xki−xkj. and λ1+· · ·+λt =

0.

As the notation of the standard Bradley-Terry model, the paired compari-

son likelihood (4.1) is given by

L(λ, ψ) =
∏

(i,j)∈S

∏

1≤k≤nij

p
yijk

ij (1− pij)
yijk (4.2)

where S = {(i, j) : nij > 0, i < j}.

Note that yijk for k = 1, · · · , nij, fixed i, j, are independent since a matching

of pairs occur one time for each game and the results observed from different

games are independent. However, yijk can be dependent on yi′j′k for i 6= i′

or j 6= j′ if the players i, i′, j, j′ are participate the same game. Actually, the
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loglikelihood of (4.2) is the sum of m-dependent random variables when λ and

ψ are given.

We reviews the asymptotic results about the Bradley-Terry model with

independent pairs of games. And the categorized results are in Table 4.1.

Table 4.1: Required setting for asymptotic properties of the BTM

- Bradley et al. Simon(1999) Our example

t Fixed Diverging Diverging

nij Diverging Fixed(nij > 0) Fixed(nij ≥ 0)

∑
j nij Diverging Diverging Bounded

Parameter of interest (λ, ψ) λ (No coavariates) ψ

In our example, the number of total players is diverging and the number

of each player’s game is bounded. When the number of nuisance parameters

is diverging as fast as with increasing rate of the observation, it is well known

that MLE can be even inconsistent.

There are several approaches to solve this problem : the conditional likeli-

hood method, modified profile likelihood method, reparametrization method,

random effect model, Bayesian method etc. These methods are devised to

eliminate the nuisance parameters in the model. We explain EM algorithm

and Bayesian method for the Bradley-Terry model with random effect.
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In the random effect model framework, the nuisance parameters λ are as-

sumed to be unobserved random quantities follows some distribution. We

assume that the distribution of the random effect is normal with mean 0 and

standard deviation σ. The complete loglikelihood is given by

l(ψ, σ, λ) =
∑

(i,j)∈S

nij∑

k=1

(
yijk(ψ

T xijk + λi − λj)− log(1 + exp(ψT xijk + λi − λj))
)

−
t−1∑
i=1

λ2
i /2σ

2 − (t− 1) log σ.

Since the direct elimination of random effect by integration is computationally

hard, we use the EM algorithm (Dempster et al. [1977]) to maximize the

observed likelihood. The expectation of the EM algorithm in the Bradley-

Terry model does not have closed form and we use MCEM (Wei and Tanner

[1990]).

MCEM algorithm for the Bradley-Terry model

1. Let s = 0 and initialized ψ = ψ(s), σ = σ(s)

2. Generate M random vectors λl for l = 1, · · · ,M from f(λ|y, x; ψ(s), σ(s))

3. Let

Q(s)(ψ, σ) =
1

M

M∑

l=1

l(ψ, σ, λl)
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and obtain

(ψ(s), σ(s)) = argmaxψ,σQ
(s)(ψ, σ|ψ(0), σ(0))

4. Update s ← s + 1 and repeat 2-4.

In the Bayesian methods, the posterior probability of the parameters is

given by

f(ψ, λ, σψ, σλ) ∝
∏

(i,j)∈S

∏

1≤k≤nij

pij(λ, ψ)yijk(1− pij(λ, ψ))yijk

×π1(ψ|σ2
ψ)π2(λ|σ2

λ)π3(σ
2
ψ)π4(σ

2
λ)

We assume that λ and ψ is of normal distribution with mean 0 and stan-

dard deviation σλ and σψ respectively and the hyperprior of σλ and σψ are

invergamma distributions. A maximum a posteriori probability (MAP) is ob-

tained by iteration of the optimization in the logistic ridge regression and

bisection method. Iterative Weighted Least Square (IWLS) method is used in

the the logistic ridge regression.

Bayesian (MAP)

1. Let s=0 and initialized σλ = σ
(s)
λ and σψ = σ

(s)
ψ

2. Obtain (ψ(s), λ(s)) = argmaxλ,ψ f(ψ, λ, σ
(s)
ψ , σ

(s)
λ )
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3. Obtained (σ
(s)
λ , σ

(s)
ψ ) = argmaxλ,ψf(ψ(s), λ(s), σψ, σλ)

4. Update s ← s + 1 and repeat 2-4.

4.2 Conditional pairwise comparison likelihood

In this section we investigate the conditional likelihood method. When there

exists a minimal sufficient statistics for nuisance parameters the conditional

likelihood is useful. The pairwise comparison likelihood (4.2) is decomposed

into two part : terms including yijk and the other as

L(λ, ψ) =
∏

(i,j)∈S

nij∏

k=1

exp(yijk(λi − λj) + yijkψ
T xijk)× c(λ, ψ; xijk)

where c(·) is a constant depends on λ, ψ, xijk. Since si =
∑

(i,j)∈S sign(j −

i)
∑nij

k=1 yijk for i = 1, · · · , t − 1 is a minimal sufficient statistics for λ, the

conditional likelihood is given by

L(ψ|s1, · · · , st−1) =
exp(

∑
(i,j)∈S

∑nij

k=1 yijkψ
T xijk)∫

R
exp(

∑
(i,j)∈S

∑nij

k=1 uijkψT xijk)dµ(u)

where R = {u = (u121, · · · , ut−1,t−2,nt−1,t−2)|si =
∑

j 6=i sign(j−i)
∑nij

k=1 uijk for i =

1 · · · , t−1} and µ(·) is counting measure. But this conditional likelihood is very

hard to optimize since the denominator can be obtained by solving a complex

combinatorial problem. The difficulty comes from that fact that the likelihood
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cannot be decomposed into the term to contains only one nuisance param-

eter. This complexity also leads to the difficulty of application of modified

profile likelihood (Sartori [2003]). So we devise a new conditional likelihood

by decomposing the term available to derive the conditional likelihood.

Let Sm,l = {(i, j)|nij = l,
∑nij

k=1 yijk = m}, Sm,l = |Sm,l| for 1 ≤ m ≤ l ≤ M

where M is the maximum number of participation of player. Let S = ∪m,lSm,l

and S = |S|. Note that sm,l is a random quantity which depends on the

results of games but S is constant value depend on by the game design. If the

game design is given S in constant only depend on t. Under the assumption

of the car racing game, S = O(t). Denote pijk(xijk; λi, λj, ψ) as pijk(xijk) for

convenience. The likelihood can be written as the index of pairs of matched

players :

L(λ, ψ) =
∏

(i,j)∈S

nij∏

k=1

pijk(xijk)
yijk(1− pijk(xijk))

1−yijk

=
∏

m,l

∏

(i,j)∈Sm,l

nij∏

k=1

pijk(xijk)
yijk(1− pijk(xijk))

1−yijk

=
∏

m,l

∏

(i,j)∈Sm,l

P (yij1, · · · , yijnij
|

nij∑

k=1

yij = l, xij1, · · · , xijnij
)

︸ ︷︷ ︸
(∗)

×P (

nij∑

k=1

yij = l, xij1, · · · , xijnij
).

Since the yijk for k = 1, · · · , nij is independent for fixed i, j, the conditional
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probability (∗) is written as

P (yij1, · · · , yijl|xij1, · · · , xijl,

l∑

k=1

yijk = m) =
exp(

∑l
k=1 yijlψ

T xijl)∑
u∈Rijml

exp(
∑l

k=1 uijlψT xijl)

where

Rijml = {(uij1, · · · , uijl) :
l∑

k=1

uijk = m}.

Since (∗) does not depend on λ, we define a new conditional likelihood function

as

Lc(ψ) =
∏

m,l

Lm,l(ψ) (4.3)

where

Lm,l(ψ) =
∏

(i,j)∈Sm,l

P (yij1, · · · , yijl|xij1, · · · , xijl,

nij∑

k=1

yijk = m).

We denote lc(ψ) = log Lc(ψ), lm,l(ψ) = log Lm,l(ψ) and

l
(c)
ij (ψ) = log P (yij1, · · · , yijl|xij1, · · · , xijl,

∑nij

k=1 yijk = m). This is not the

conditional likelihood as meaning of convention. There is information loss in

the proposed likelihood, since
∏

m,l

∏
(i,j)∈Sm,l

P (
∑nij

k=1 yij = l, xij1, · · · , xijnij
)

is not used. However this proposed likelihood has useful properties. We call

this likelihood as the conditional pairwise comparison likelihood. We will show

that the MLE of this likelihood is consistent in the next subsection.
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4.3 Asymptotics

Let the regularity condition for the conditional pairwise comparison likelihood

when the total number of players t goes to infinity and supi

∑
j∈S nij ≤ M .

(i) ∂
∂ψ

Em.llm,l(ψ) = Em.l
∂

∂ψ
lm,l(ψ).

(ii) ∂2

∂ψ∂ψT Em,l(lm,l(ψ)) = Em,l(
∂2

∂ψ∂ψT lm,l(ψ))

where Em,l(·) = EY121,·Y12l|
∑l

k=1 Y12k=m(·).

(iii) There exist m, l such that Em,l(− ∂2

∂ψ∂ψT lm,l(ψ)) is strictly positive definite

and Sm,l/
∑

m,l Sm,l → am,l > 0 as t goes to infinity.

Under the regularity condition, the following theorem is derived.

Theorem 4 (Consistency) Under the regularity condition, if there is a com-

pact set B ∈ Rp such that ψ∗ ∈ B, then

‖ψ̂ − ψ∗‖2 →p 0

where

ψ̂ = argmaxψ∈Blc(ψ).

For proof of theorem 4 we use the following lemma , since the loglikelihood

of is a sum of m-dependent random variable for fixed ψ.
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Lemma 1 Lemma Let {Xi} for i = 1, · · · , n a sequence of m-dependent ran-

dom variables with the identical distribution, EX1 = µ, VarX1 = σ2. Then,

1

n

n∑
i=1

Xi →p µ.

proof) By Chebyshev inequality,

P (| 1
n

n∑
i=1

Xi − µ| > ε) ≤
∑

i,j Cov(Xi, Xj)

ε2n2

<
(2R + 1)σ2

ε2n
.

The proof of theorem 4 is given as following : Let

lm,l(ψ)/sm,l =
1

sm,l

∑

(i,j)∈Sm,l

l
(c)
ij (ψ)

Clearly, lm,l(ψ) is a sum of identical random variables for fixed ψ. Since the

number of players in each game is bounded and the number of the games of

each player is also bounded player, l
(c)
ij is independent except a bounded num-

ber of paired set (i′, j′). By the m dependency and lemma 1, lm,l(ψ)/S →

am,lEm,l(li,j(ψ)) for (i, j) ∈ Sm,l. It implies that

lc(ψ)/S →
∑

m,l

am,lEm,l(lm,l(ψ)).

Since ∂
∂ψ

Em,l(lm,l(ψ
∗)) = 0 for all m, l and by the regularity condition (iii)

∑
m,l am,lEm,l(lm,l(ψ)) is strictly convex. The convexity lemma implies

‖ψ̂ − ψ∗‖2 →p 0
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as S →∞. Since S = O(t),

‖ψ̂ − ψ∗‖2 →p 0

as t →∞.

Under the regularity condition, we can show the the MLE of the conditional

pairwise comparison likelihood has asymptotic normality. Since l
(c)
ij (ψ) for

fixed ψ and (i, j) ∈ S is nonidentical m-dependent random variables, we use

the central limit theorem of this sequence of random variables [Kenneth, 1973].

Theorem 5 (Central limit theorem for m-dependent random variables)

Let {Xn,i} be a triangular array of mean zero random variables. Assume

the following :

• For some δ > 0, E|Xn,i|2+δ ≤ C1 for all i and n.

• Var(Xn,i+1, · · · , Xn,j) ≤ (j − i)C2 for all i, j and n.

• limn Var(Xn,1 + · · · , Xn,n) exists and it is nonzero. Call the limit ν.

Then, (Xn,1 + · · ·+ Xn,n)/
√

n →d N(0, ν).

We apply theorem 5 to lc(ψ). We denote the random quantities by using

the subscript i, j,m, l : i and j are labeling of players and m, l are number of

wins and matching between the players respectively. Abusing notations, we

use s for each term in the lc(ψ). That is, we denote lc(ψ) as
∑S

s=1 ls(ψ).
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Theorem 6 Assume the regularity condition. Let
∑

m,l am,lEm,l(
∂2lc(ψ∗)
∂ψT ∂ψ

) =

Σψ∗. If S/t → c∗ > 0 as t →∞, then

√
t(ψ̂ − ψ∗) →d N(0, c∗Σψ∗).

as t →∞.

proof) It suffices to check whether the proposed likelihood satisfies the con-

dition of theorem 5 at ψ∗. We directly prove the multivariate central limit

theorem by the Cramer-Wald device through the theorem 5. According to the

notation of theorem 5 let Xns =
∑p

k=1 αk
∂

∂ψk
ls(ψ

∗) where α = (α1, · · · , αp) is

arbitrary nonzero vector.

B2
n =

p∑

k=1

p∑

k′=1

αkαk′Cov

(
S∑

s=1

∂

∂ψk

ls(ψ
∗),

S∑
s=1

∂

∂ψk′
ls(ψ

∗)

)

By the lemma 1

B2
s/S →p αT Σλ∗α

as S →∞

Then the two followings hold

• sups E|Xns|3 ≤ C1(α)

• Var(
∑a+u−1

s=a Xns) ≤ C2(α) for all u ≥ m

by bounded condition of covariates.

42



Then we know that the condition of the theorem 5 holds for each given α.

By the consistency ,bounded condition of covariates and Cramer-Wald device,

1√
n

(
S∑

s=1

∂

∂ψ1

ls(ψ
∗), · · · ,

S∑
s=1

∂

∂ψp

ls(ψ
∗)

)
→d N(0, Σλ∗)

Since S/t → c∗ > 0 as t →∞,

√
t(ψ̂ − ψ∗) →d N(0, c∗Σψ∗).

t →∞.
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Chapter 5

Simulation and Real Data

Analysis

5.1 Computation

The conditional pairwise comparison likelihood (4) contains

exp(
∑l

k=1 yijkψ
T xijk)∑

u∈Rijml
exp(

∑l
k=1 uijkψT xijk)

, (5.1)

where

Rijml = {(uij1, · · · , uijl) :
l∑

k=1

uijk = m}.

Direct evaluation of the denominator of the term (5.1) requires arithmetic

sums of m!/(l!(m − l)!) terms and this is often computationally prohibitive.
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Howard (1972) and Gail (1981) proposed the recursive algorithm that requires

only 2m(l −m + 1) arithmetic operations. We consider the case to compute

∑
u∈Rijml

exp(
l∑

k=1

ukψ
T xk), (5.2)

where

Rml = {(u1, · · · , ul) :
l∑

k=1

uk = m}.

Let Uk(ψ) = exp(ψT xk) and

Bψ(l,m) =
∑

u∈Rijml

l∏

k=1

exp(Uk).

Since Bψ(l,m) = UlBψ(l− 1,m− 1) + Bψ(l− 1,m), we can obtain the B(l, m)

by recursive algorithm. We omit the notation i, j in lm,l. Then,

lm,l(ψ) = ψT (
T∑

i=1

xk)− log Bψ(l, m)

It follows that

∂lm,l

∂ψr

(ψ) =
l∑

i=1

Xir − ∂Bψ(l, m)

∂ψr

B−1
ψ (l,m)

∂2lm,l

∂ψr∂ψs

(ψ) =
∂2Bψ(l, m)

∂ψr∂ψs

B−1
ψ (l,m)− ∂Bψ(l,m)

∂ψr

∂Bψ(l, m)

∂ψs

B−2
ψ (l,m)

The fast algorithm for computing ∂Bψ(l, m)/∂ψr, ∂2Bψ(l, m)/∂ψrψs is given

by recursive equations :

∂Bψ(l, m)

∂ψr

=
∂Bψ(l,m− 1)

∂ψr

+ Um
∂Bψ(l − 1,m− 1)

∂ψr

+ XmrUmBψ(l − 1,m− 1)
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and

∂2Bψ(l, m)

∂ψr∂ψs

=
∂2Bψ(l, m− 1)

∂ψr∂ψs

+ Um
∂2Bψ(l − 1,m− 1)

∂ψr∂ψs

+XmrXmsUmBψ(l − 1,m− 1)

+XmrUm
∂B(l − 1,m− 1)

∂ψs

+ XmsUm
∂B(l − 1,m− 1)

∂ψr

The initial conditions are given ∂Bψ(0,m)/∂ψr = ∂2Bψ(0,m)/∂ψrψs = 0 for

all m and ∂Bψ(l′,m)/∂ψr = ∂2Bψ(l′,m)/∂ψrψs = 0 for all l′ > m.

5.2 Numerical Analysis

Assume that Z0
ki for i ∈ Gk and k = 1, · · · , n, is independent random vari-

able with the Gumbel distribution. Let xki random variable with multivariate

normal distribution with mean 0 and variance Σ where (Σ)rs = 0.5|r−s|. The

ability of each player λi for i ∈ ∪n
k=1Gk is generated by normal distribution

with mean 0 and variance 4. Note that λi is not random.

We introduce new notations in this simulation study for simplicity for ex-

pression of simulation setting. There are four terminology in this section : the

total number of players, the number of players in a game, the type of batch

and the number of repetition. The type of batch denote what players partic-

ipate in the game and the number of repetition means the how many times

the game is repeated. For example the player 1-5 participate in the game and
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the game is done twice without any changing of participating players. Then

the number of the repetition of the game is 2. When the above four values

are given, Gk is expressed explicitly. Assume that 300 players participate and

they are labeled from 1 to 300. There are six players in each game and players

have a games by ordering of their labeling number without overlapping If each

games repeated in six times then the set of player of the kth game Gk defined

as Gk = {j ∈ N : d(k − 1)/6e < j ≤ d(k− 1)/6e+ 6} for k = 1, · · · , 300. Since

Gk can be complicated as the setting of simulation, we describe the simulation

as the total Number of players , the number of players in a game, the type of

batch and the number of repetition . If there is any mention about the type

of batch , 6 players participate in a game by ordering of their labeling without

overlapping. The simulations are repeated 200 times except simulation 2.

Simulation 1 (Consitency) 6 players participate in each game and the

game is repeated three times and ψ∗ = (1, 0, 0, 0, 0). Figure 5.4 shows the

boxplot of the estimated value as the total number of players are increasing 50,

100, 250, 500, 1000. As the number of observation is increasing, the variance

of the estimators decreases.

Simulation 2 (Asymptotic Normality) Table 1 shows that the coverage

probability of the estimated value when ψ∗ = 1 by 1000 times simulations.

47



Figure 5.1: Consistency of MLE of the pairwise comparison likelihood
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The coverage probability is calculated by the range with equal tail. The ob-

served fisher information is used to obtain the coverage probability since the

asymptotic variance is hard to calculate. It is found that the variance of the es-

timator is underestimated when the sample size is small. However the coverage

probability is almost near the target one as the sample size is increasing.

Table 5.1: Asymptotic normality

Coverage probability 0.90 0.95 0.99

t

500 0.812 0.881 0.975

1000 0.829 0.903 0.972

2000 0.907 0.951 0.992
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Simulation 3 (MLE, MAP, COND) We compare the performance of the

conditional pairwise likelihood method with MAP of random effect model and

MLE. Let the total number of players be 200, the repetition of the game be 3

and ψ∗ = (1, 0, 0, 0, 0).

Table 5.2: The MSE, Bias, SD of the estimators

Method ψ1 ψ2 ψ3 ψ4 ψ5

MSE

COND 0.0270 0.0241 0.0197 0.0200 0.0165

MAP 0.2642 0.0077 0.0036 0.0056 0.0043

MLE 0.3242 0.0313 0.0281 0.0328 0.0294

Bias

COND 0.0345 -0.0120 0.0194 -0.0018 0.0014

MAP -0.5083 -0.0020 -0.0139 0.0129 -0.0036

MLE 0.5237 0.0014 -0.0061 -0.0035 0.0114

SD

COND 0.1625 0.1565 0.1405 0.1431 0.1298

MAP 0.0773 0.0887 0.0592 0.0744 0.0665

MLE 0.2258 0.1788 0.1693 0.1828 0.1728

The bias of MAP and MLE are larger than that of the conditional likeli-

hood. The MAP is negatively biased and the MLE is positively biased. Since

The variance of the estimator of the conditional likelihood method is large com-

paring to the other estimator. Since the MAP can be regard as the shrinkage
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estimator toward zero, it has negative bias and small variance. We investigate

the bias of the estimators according to the true value of the coefficient ψ∗.

Simulation 4 (Bias as varying the true coefficient of ψ∗) Figure 2 shows

the relation between the bias and the true value of the coefficients. As the

value of ψ∗1 is increasing, the bias of MLE and MAP is increasing. But that of

the conditional likelihood is not affected by the true value of the coefficients

in the simulation study. Note that the bias of estimator for ψ∗2 = 0 does not

occur. We guess that the bias of MLE and MAP depend on the value of the

true parameter.

Simulation 5 (Bias as varying the dimension of the nuisance parameters)

Figure 3 shows that the bias of the MAP and MLE is affected by the size

of dimension of the nuisance parameters. Let the total number of players be

100,120,150,200 respectively and the repetition of games vary as 6,5,4,3. Let

the number of participants be 6 per game then the total number of games

becomes about 100. It is shown that the biases of the MAP and MLE for

the nonzero coefficient are larger as the number of players are increasing with

holding the total number of games while the bias of the proposed method is

not affected.
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Figure 5.2: Bias as the true value of ψ1
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Figure 5.3: Bias as the dimension of the nuisance parameters
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Simulation 6 (Analysis of large scaled data) The total number of players

are 20000 and the number of repetition is 3. In this setting the MLE, MAP is

not tractable due to computational problems. Table 6 shows the performance

of the proposed estimator.

Table 5.3: Large data set

Method ψ1 ψ2 ψ3 ψ4 ψ5

COND

MSE 0.0001 0.0001 0.0001 0.0001 0.0001

Bias -0.0005 -0.0028 0.0015 -0.0008 0.0007

SD 0.0138 0.0103 0.0105 0.0104 0.01041

Throughout the simulation results, we confirm the asymptotical properties

of the proposed method. The estimated value converges to the true value as the

number of players are increasing. In large sample case, the coverage probability

derived by the asymptotic normality is near the true probability. When the

sample is small, the variance of the estimator tends to be underestimated.

The performance of the proposed estimator is better than the MLE and

MAP. The MLE and MAP with random effect model have some problem of

the biased estimator of the nonnegative true coefficient. Moreover, we found

that the bias becomes larger as the true value of the coefficient is getting
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bigger. and the dimension of the nuisance parameters is getting larger. Since

the computation of the proposed method does not require the inversion of the

design matrix including the nuisance parameters, the optimization is relatively

faster than that of the other methods.

5.3 Real data analysis

The car racing game introduced here is an online game in which the 12 players

can maximally participate. Each player uses the customized car with level,

power, acceleration, crash and booster. The level denotes the the grade of the

car and the power and the acceleration determine a maximum speed of the

car. The crash is a durability and bumping power. Last, the boost is a special

skill which is able to speed up explosively. The total number of players is 4210

and the total number of games is 9591. One player participates in 7.41 games

on the average and 3.25 players join in a game. The standard deviation of the

number of players in a game is 1.90. The maximum number of paired match

for one player is 36. On average one player matches 1.98 players in the data

set.
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Figure 5.4: Histogram of covariates
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Figure 5.4 is the histogram of differences of covariates between the matched

players. In the game, the larger the differences of covariates, the higher the

car performances relatively. It is assumed that the covariate effect should be

nonnegative, ψ∗ ≥ 0. Table 5.4 shows the estimated value for each covariate

and the p-value obtained from one side test. Under the significance level 0.05,

the acceleration and booster is significant. It is found that the crash does not

effect the result of the game. Table 5.5 shows that the 5 covariates are highly

correlated.

Table 5.4: Marginal analysis

Level Power Acceleration Crash Booster

Estimated value 0.1360 0.0514 0.1301 0.0000 0.1190

p-value 0.103 0.153 0.041 1.000 0.000

Table 5.6 shows the final estimated value of the car racing game. This

estimated value is obtained from the maximizing the pairwise comparison like-

lihood under the constraint ψ ≥ 0. It is found that the booster and acceleration

affect the result of the game. From this result, we know that the strategy for

winning can be simple like tuning or selection of the car by using the car with

high performance of only acceleration and boosting. For entertaining the users,

it is possible to consider to redesign the effects of the other covariates in the
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Table 5.5: Correlation Table

Level Power Acceleration Crash Booster

LV 1.000 0.871 0.729 0.654 0.731

power 0.871 1.000 0.530 0.712 0.727

acc 0.729 0.530 1.000 0.215 0.691

crash 0.654 0.712 0.215 1.000 0.190

booster 0.731 0.727 0.691 0.190 1.000

Table 5.6: Covariate Effect of the car racing game

Level Power Acceleration Crash Booster

Estimated value 0.000 0.000 0.018 0.000 0.108

p-value 1.000 1.000 0.966 1.000 0.008∗
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car racing game.
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Chapter 6

Conclusion

We reviews various ranking probability models and specifies one of them for

our motivational example of the car racing. From this study there are two

conclusions about the ranking probability model.

First, we reveal the relation between the Thurstone model and Bradley-

Terry Model and we prove that the MLE based on the pairwise comparison

likelihood is consistent when data are generated from the Thurstone model

with fixed dimension of location parameters. From this fact we know that the

pairwise comparison method is a good alternative method in estimating the

parameters of the Thurstone model. Moreover, we can extend the pairwise

comparison likelihood for various F0 defined in the Thurstone model.

Second, when F0 is the Gumbel distribution function, we propose the con-
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ditional pairwise comparison likelihood for the Thurstone model with a diverg-

ing number of nuisance parameters. We prove that the MLE of the proposed

likelihood is consistent and the asymptotic normality also holds. The maxi-

mization of the conditional pairwise comparison likelihood is done efficiently

by recursive algorithm. This theoretical result justifies using of the pairwise

comparison likelihood and makes it possible to estimate the parameter of inter-

est when the number of nuisance parameters is diverging. But this conditional

likelihood is not applicable when F0 is not the Gumbel distribution function.

This remains our future work.
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ÂÒ7á¤ô�Ç ]j �<Æ0A �7Hë�H =åQ\� y����_� /åJ�̀¦ æ¼��H t��FK ]j�� /BNÂÒ\�¦ r�������x���¦ ���d��Ùþ¡~��

Õª M:�� l�%3�±ú�m���. #Q�"� ���\�"f��H ô�Ç ��t� {9��̀¦ s�ÀÒ#Q�·p �	כ °ú Ü¼���"f�̧ ô�Ç¼#�Ü¼�Ð �Ð���

]j�� s�ÀÒ#Q �·p��s	כ ��m��� ú́§�Ér �̧¹¡§õ� ��ØÔgË>Ü¼�Ð ëß�[þt#Q��� �ÉrK�����H Òqty��s� [þvm���. ���

$� |�� r�çß�1lxîß� ]j�� �<Æ\O��̀¦ ½+É Ãº e���̧2�¤ t�"é¶K�ÅÒ�¦ 6£x"é¶K�ÅÒ��� ÂÒ�̧_��a� y����_� �����\�¦

���½+Ëm���.Õªo��¦C�¹¡§�̀¦:�xK���ØÔgË>�̀¦ÅÒr��¦·ú©_�a�¦��¹¡§�̀¦]j>���ØÔ5gÅÒ��� �̂�6 x@/�§

Ãº_��a� U�·�Ér y����_� �����\�¦ ×¼wn�m���. ]j�� �<Æ�§ Òqt�Ö̧\� ÂÒ7á¤�<Ês� \O�s� �½Ó�©� �'ad����4RÅÒ���

���7áxÄº �§Ãº_��õ� ]j ÂÒ7á¤ô�Ç �7Hë�H\� ú́§�Ér �̧����̀¦ ÅÒ��� ~ÃÌ#î
¹¡¤ �§Ãº_��õ� e¹כ��ô�Ç �§Ãº_�� Õªo�

�¦ þj ñd�� �§Ãº_��a�a� y����×¼wn�m���. t��FKü<"f [�ts�&� �Ð��� ]j�� ���©� ú́§�Ér r�çß��̀¦ �ÐÍÇx~��

/BM�Ér #�l� "fÖ�¦@/�<Æ�§ {9�m���. r�çß�s� �8 t������ ]j�� #Qwn=M: ¶ú���¤~�� ÆÒ%3�5Åq_� |9��Ð�� #Q

Ö¼Dh #�l� ���½̈z�́ Õþ��©� ·ú¡s� �8 ��º���>� *��̧\�¦ �	כ °ú _þvm���. s�/BM ���½̈z�́�̀¦ :�xK�"f ë�B#Q

��� ú́§�Ér ������, 1lx«Ñ[þt, ÊêC�, ���C�[þts� &ñ
ú́� ú́§_þvm���. Õª ì�r[þta� y����_� �����\�¦ ���½+Ëm���.

F�gÃº+þA, F�$3�, #î
\P�, �©����, p�E�, �©�p�, ���Äº, Äº$í
, ÅÒÄ», ò́"é¶, "é¶ï�r, F�$í
, t���� �̧¿º y����½+Ë

m���. Õªo��¦ ]j>� Óütd���ª���� �̧¹¡§�̀¦ ï�r 1lxÒqt 7áx\P�, K����\�>� �¦��¹¡§�̀¦ z��U��m���. ��t�}��Ü¼

�Ð ]j ����Ér t�&�ÅÒ 9 jËµ�̀¦ ·¡s1ls��ï�r ]j ��?/ Ä»p�\�>� y����_� ��6£§�̀¦ ���½+Ëm���.
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