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Abstract

Seunghwan Park

The Department of Statistics

The Graduate School

Seoul National University

The prediction model, which makes effective use of auxiliary information

available throughout the population, is often used to derive efficient estima-

tion in survey sampling. To protect from the failure of the assumed model,

asymptotic design unbiasedness is often imposed in the prediction estimator.

An instrumental-variable calibration estimator can be considered to achieve

the model optimality among the class of calibration estimators that is asymp-

totically design unbiased.

In this paper, we propose a new calibration estimator that is asymptot-

ically equivalent to the optimal instrumental-variable calibration estimator.

The resulting weights are no smaller than one and can be constructed to

achieve the range restrictions. The proposed method can be extended to cal-

ibration estimation under two-phase sampling. Some numerical results are

presented using the real data example of the 1997 National Resource Inven-

tory of the United States.

Keywords : Asymptotic design unbiasedness, Exponential tilting, Regression

estimation, Weighting.

Student Number : 2008-20258
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Chapter 1

Introduction

Consider a finite population U of size N . Assume that a probability

sampling design p(·) is used to select a sample from the finite population.

Let A be the set of sample indices realized from the sampling design and Ii

be the sampling indicator of unit i in the population such that Ii = 1 when

unit i ∈ A and 0 otherwise. Let πi = P (i ∈ A) be the first-order inclusion

probability of unit i.

Let y be the variable of interest with value yi for unit i in the population.

Suppose we are interested in estimating the population total Y =
∑

i∈U yi.

The Horvitz-Thompson estimator of Y

ŶHT =
∑
i∈A

diyi

is unbiased estimator, where di = π−1i is the design weight for unit i. The

HT estimator is, however, inefficient when useful auxiliary information is

available to estimate Y .

Now, in addition to yi, suppose that a p-dimensional auxiliary vector xi
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is available from the entire population and the total sum of xi, X =
∑

i∈U xi

is also known from external source.

In this case, estimation in survey sampling can be viewed as a problem

in linear weighting :

Ŷw =
∑
i∈A

wiyi,

where the weights wi determined from the auxiliary information. The weights

wi should satisfy desirable range restriction : the weights wi should be positive

and greater than unity and avoid extreme value of the weights. The ways of

exploit auxiliary information to compute the weights wi are mainly divided

into two approaches, design-based and model-based approach.

In design-based approach, Ii are treated as random variables, one can

consider a class of estimators defined as the estimator form of

Ŷcal =
∑
i∈A

wiyi (1.1)

where the weights wi satisfy

∑
i∈A

wixi =
N∑
i=1

xi. (1.2)

The equation in (1.2) is often called the calibration equation. The weights

satisfying (1.2) are often called calibration weights and the estimator using

the calibration weights is called the calibration estimator.

The calibration estimator Ŷcal in (1.1), where the weights wi satisfy the

calibration equation in (1.2) is basically not unbiased estimator. Since Ŷcal =

ŶHT +
∑

i∈A(wi − di)yi, it requires Ep(
∑

i∈A(wi − di)yi), the bias of Ŷcal is

close to 0, whatever the y variable that Ŷcal is nearly design unbiased. Thus
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if the calibration weights are close to the design weights, then the calibra-

tion estimator, is basically not design unbiased estimator, usually satisfies

asymptotically design unbiasedness (ADU). Deville and Särndal (1992), Es-

tavo and Särndal (2000), Fuller (2002), and Kim and Park (2010) provided

comprehensive overviews for calibration estimation.

In model-based approach, yi are treated as random variables, one can

postulate a superpopulation model ξ that describes the structural relation-

ship between yi and xi in the population. For example, the following linear

regression model

yi = x′iβ + ei, (1.3)

with ei ∼ (0, viσ
2), can be imposed where β and σ2 are unknown model

parameters and vi = v(xi) is a known function of xi. Assume that the model

in (1.3) holds for the sampled part and also for the non sampled part of the

population. It means that Ii the sampling indicator of unit i is independent

to yi. Such regression model can be used to build a prediction estimator for

Y :

Ŷpred =
∑
i∈A

yi +
∑
i∈Ac

ŷi (1.4)

where ŷi satisfies E (ŷi − yi | Ii = 0) ∼= 0, where Ii is the sampling indictor of

unit i in the population. Under (1.3), we can use

ŷi = x′iβ̂q, (1.5)

where β̂q =
(∑

i∈A qixix
′
i

)−1∑
i∈A qixiyi for some qi. Brewer (1963), Royall

(1970, 1976), and others have adapted the linear model prediction theory to

the finite population situation and have derived the best linear unbiased pre-

dictor (BLUP). When the sampling design is noninformative (Pfeffermann,
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1993), The BLUP of Y under model (1.3) can be obtained by the choice

of qi = 1/vi in (1.5). However, the prediction estimator is not necessarily

justified if the regression model does not hold.

To guarantee asymptotic design unbiasedness of the prediction estimator,

Brewer (1979) suggested using qi = (di − 1) in (1.5). Isaki and Fuller (1982)

suggested using qi = d2i in (1.5) and discussed conditions for the ADU. Wright

(1983) also showed that the BLUP of Y can satisfy the ADU property if and

only if vi(di−1) is a multiple of xi. Note that the above prediction estimator

(1.4) with the predictor in (1.5) can be written as Ŷpred =
∑

i∈Awiyi where

wi satisfies the calibration equation in (1.2).
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1.1. Outline of Thesis

This thesis is organized as follows. In Chapter 2, two approaches to

building calibration estimators are reviewed: minimizing distance function

approach and functional form approach. The minimizing distance function

approach was originally proposed by Deville and Sarndal (1992) and the

functional form approach was considered by Estavo and Sarndal (2000), Kott

(2006), and Kim and Park (2010). Computational aspects of the calibration

estimators are also discussed, focusing on methods that can help avoid un-

desirable weights ( Kim 2010, and Folsom, R.E. and Singh, A.C. 2000).

In Chapter 3, the ADU property of the prediction estimator in a more

general class, under the regression superpopulation model in (1.3), is inves-

tigated. Also discussed here is the sufficient condition to satisfy the ADU

property of the prediction estimator. Regarding the usage of instrumental

variables for the prediction estimator, a set of possible choices of instrumen-

tal variables satisfying the cosmetic calibration estimator form proposed by

Brewer (1999) is considered.

In Chapter 4, a new form of calibration weights is proposed. It is shown

that the resulting calibration estimator using the proposed calibration weights

is asymptotically equivalent to the corresponding prediction estimator. In

Chapter 5, variance estimation based on the Taylor linearization method is

discussed. An extended consideration of the proposed estimator is provided

in Chapter 6, where the proposed estimator is used to construct a two-step

calibration estimator for two-phase sampling.

Some numerical results of two simulation studies generating artificial fi-

nite populations are presented in Chapter 7. Chapter 8 presents results of
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comparing alternative estimators using a real data example taken from the

1997 NRI data for the state of Missouri.

Concluding remarks and suggestions for future research are provided in

Chapter 9.
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Chapter 2

Calibration Estimator

Deville and Särndal (1992) introduced the term calibration estimation as

a procedure of minimizing a distance measure between initial design weights

and final weights subject to calibration equations in (1.2). The linear func-

tional form of the calibration weights using some instrumental variable zi has

been discussed by Estevao and Särndal (2000) and Kott (2003). Kott (2006)

and Kim and Park (2010) defined calibration weights not only to satisfy

the calibration equations in (1.2) but also to have asymptotic design unbi-

asedness and generalized linear functional form of the calibration weights to

non-linear type of calibration weights.
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2.1. Minimizing Distance Function Approach

Deville and Särndal (1992) considered several distance measures between

the design weights di and the new weights wi. For unit i, we consider a

distance Gi(w, d), defined for every w > 0, such that for every fixed d >

0, Gi(d, d) = 0: Gi(w, d) is nonnegative, differentiable with respect to w,

strictly convex, with continuous derivative gk(w, d) = ∂Gk(w, d)/∂w such

that gk(d, d) = 0. In most of the cases,

gk(w, d) = g(w/d)/qk,

where g(·) is function of a single argument w/d, continuous, and strictly

increasing such that g(1) = 0 and g′(0) = 1. Minimizing the total distance∑
i∈AGi(wi, di) subject to the calibration equation in (1.2) gives

g(wi/di)/qi − x′iλ = 0,

where λ is a vector of the Lagrange multipliers. If F (u) = g−1(u) denotes the

inverse function of g(·) and there exists one solution of the following equation∑
i∈A

dixiF (qix
′
iλ) =

∑
i∈U

xi, (2.1)

then the resulting weights can be written as

wi = diF (qix
′
iλ̂), (2.2)

where λ̂ is the unique solution to the equation in (2.1). Moreover, the result-

ing calibration estimator is denoted by Ŷcal =
∑

i∈Awiyi.

Although many possible distance functions and the scale factors can be

considered, here we focus on two cases of distance functions : (1) Gi(wi, di) =
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(wi − di)2/2diqi and (2) Gi(wi, di) = {wilog(wi/di)− (wi − di)} /qi. Other

examples are found in Table 1 of Deville and Särndal (1992).

First, the distance functionGi(wi, di) = (wi−di)2/2diqi gives to qigi(wi, di) =

wi/di − 1 and F (qiu) = 1 + qiu. The resulting weights have the form of

wi = di(1 + qix
′
iλ̂), (2.3)

where λ̂
′

=
(∑

i∈U xi −
∑

i∈A dixi
)′ (∑

i∈A diqixix
′
i

)−1
, which is obtained as

the solution to the equation in (2.1) for any choice of the positive scale

factors qi. The weights in (2.3) can yield some negative weights. The resulting

estimator of Y =
∑

i∈U yi using weights in (2.3) is

ŶGREG =
∑
i∈A

wiyi =
∑
i∈A

diyi +

(∑
i∈U

xi −
∑
i∈A

dixi

)′
β̂d,q, (2.4)

where β̂d,q =
(∑

i∈A diqixix
′
i

)−1 (∑
i∈A diqixiyi

)
. The estimator ŶGREG in

(2.4) is called generalized regression (GREG) estimator.

Another distance function of interest which yields always positive weights

isGi(wi, di) = {wilog(wi/di)− (wi − di)} /qi. It gives to qigi(wi, di) = log(wi/di)

and F (qiu) = exp(qiu) and leads the exponential weights form of

wi = diexp (qix
′
iλ)

where λ̂ is the solution to the equation in (2.1) which can be obtained by

iterative numeric methods.

To avoid the undesirable case in which the weights have extremely large

values, Deville and Särndal (1992) considered the logit (L,U) distance func-

tion. The logit (L,U) distance function is given by

Gi(wi, di) =
1

A

{
(x− L)log

x− L
1− L

+ (U − x)log
U − x
U − 1

}
,

9



where x = wi/di, L and U are two constants such that L < 1 < U, and

A = (U − L)/{(1− L)(U − 1)}. The corresponding F function is given by

F (qiu) =
L(U − 1) + U(1− L)exp(Aqiu)

(U − 1) + (1− L)exp(Aqiu)
.

It leads that the weights wi = diF (qixiλ) are bounded in Ldi < wi < Udi.

In Deville and Särndal (1992), it was shown that all of the proposed dis-

tance measures satisfying mild conditions leads to the calibration estimators

that are asymptotically equivalent to the GREG estimator in (2.4) and have

the same asymptotic variance of ŶGREG :∑
i∈U

∑
j∈U

(πij − πiπj) didjEiEj,

where πij is the joint inclusion probability of i and j, Ei = yi − x′iβq,

βq =
(∑

i∈U qixix
′
i

)−1 (∑
i∈U qixiyi

)
. Deville and Särndal (1992) suggested

the variance estimator of the calibration estimator,

V̂ (Ŷcal) =
∑
i∈A

∑
j∈A

(
π−1i π−1j − π−1ij

)
ÊiÊj, (2.5)

where Êi = yi − x′iβ̂w,q with β̂w,q =
(∑

i∈Awiqixix
′
i

)−1 (∑
i∈Awiqixiyi

)
, and

wi in (2.2). Instead of β̂w,q, β̂q can be used in Êi for design consistent vari-

ance estimator. Under the appropriate superpopulation model ξ, however,

the variance estimator in (2.5) not only is a design consistent variance esti-

mator but also is nearly model-unbiased for the model mean squared error,

Eξ(Ŷcal − Y )2.

10



2.2. Functional Form Approach

An alternative to minimizing distance function approach is the functional

form approach using instrumental variable, considered by Estavo and Särndal

(2000), Kott (2006), Kim (2010), and Kim and Park (2010).

Estavo and Särndal (2000) proposed the weights wi form of

wi = di(1 + z′iλ), (2.6)

where zi is a vector with the same dimension as xi such that
∑

i∈A dizix
′
i is

invertible and λ is determined by solving the calibration equation in (1.2).

Many different choices for zi can be considered and so different sets of weights

can be obtained. With the solution λ̂ =
(∑

i∈U xi −
∑

i∈A dixi
)′ (∑

i∈A dizix
′
i

)−1
,

the weights wi in (2.6) satisfy the calibration equation in (1.2), regardless of

the choice of zi. Instrumentral-variable (IV) calibration estimators, a class of

calibration estimator, denoted by ŶIV is defined as

ŶIV =
∑
i∈A

wiyi =
∑
i∈A

diyi +

(∑
i∈U

xi −
∑
i∈A

dixi

)′
β̂d,z, (2.7)

where β̂d,z =
(∑

i∈A dizix
′
i

)−1 (∑
i∈A diziyi

)
. Note that ŶIV includes the fam-

ily of GREG estimators ŶGREG in (2.4) .

In Estavo and Särndal (2000), ŶIV is shown to be asymptotically design

unbiased. Furthermore, it was shown that for some sampling designs, ŶGREG

takes a minimum linearized variance among the estimators in ŶIV .

Kott(2006) and Kim and Park (2010) considered nonlinear type calibra-

tion weights given by

wi = dif(z′iλ), (2.8)
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where f is a monotonic, twice differentiable function such that f(0) = 1,

f ′(0) = 1, f ′(·) is the first derivative of f , and λ is obtained by solving the

calibration equation in (1.2).

Under the superpopulation model for xi with density f(x;η) known up

to a parameter η ∈ Ω, Kim (2010) constructed the estimated importance

sampling weight

wi = di
f(xi;ηN)

f(xi; η̂),

where ηN and η̂ are the maximum likelihood estimators of η from the pop-

ulation and the sample, respectively. When the parametric model for xi is

unknown, the exponential tilting weights of the form can be used :

wi = diexp(λ̂0 + λ̂
′
1xi),

where λ̂0and λ̂1 is the solution of the calibration equation in (1.2). Further-

more, Kim (2010) established asymptotic equivalence between the proposed

exponential tilting equivalence and the regression estimator.

Folsom, R.E. and Singh, A.C. (2000) proposed the generalized exponential

model with unit specific bounds (li, ui), i ∈ A, defined as weights of the form

in (2.8), where

fi(z
′
iλ) =

li(ui − ci) + ui(ci − li)exp(Aiπix
′
iλ)

(ui − ci) + (ci − li)exp(Aiz′iλ)
,

where ci are prespecified centering constants such that 0 ≤ li < ci < ui and

Ai = (ui − li)/(ui − ci)(ci − li). Note that each wi is bounded between dili

and diui.

For weights in (2.8), the solution of λ̂ to the calibration equation in

(1.2) can be obtained by iterative methods. Starting with the initial value

12



λ̂
(0)

= 0;w
(0)
i = di, for t = 1, 2, . . ., t-step solution λ̂

(t)
is computed by,

λ̂
(t)

= λ̂
(t−1)
−


[∑
i∈A

dif
′(z′iλ̂

(t−1)
)xiz

′
i

]−1
′(∑

i∈A

w
(t−1)
i xi −

∑
i∈U

xi

)′

and w
(t)
i = dif(z′iλ̂

(t)
).

Kim and Park (2010) proved that the functional form calibration estima-

tor with weights in (2.8) is asymptotically equivalent to the IV calibration

estimator and considered linearized variance estimation.

We now consider Taylor linearized variance and variance estimation of

the calibration estimator ŶIV using weights in (2.6). Since f(0) = 1 and

f ′(0) = 1, under the mild condition, it can be shown that the calibration

estimator with wi in (2.8) is asymptotically equivalent to the calibration

estimator ŶIV using weights in (2.6). Let βz =
(∑

i∈U zix
′
i

)−1 (∑
i∈U ziyi

)
be the probability limit of β̂d,z. Note that the population quantity βz is a

unknown constant, non random vector. Using (β̂d,z − βz) = Op(n
−1/2) and

N−1(
∑

i∈A dixi−
∑

i∈U xi) = Op(n
−1/2) under the regular condition, ŶIV can

be rewritten as

ŶIV =
∑
i∈U

xiβz +
∑
i∈A

di(yi − x′iβz) +Op(n
−1).

The first term of the above equation does not affect the variance since∑
i∈U xiβz is computed over the whole population. Thus. the asymptotic vari-

ance of ŶIV is determined by the variance of
∑

i∈A diei, where ei = (yi−x′iβz),

which is an Horvitz-Thompson type estimator .

13



Hence the asymptotic variance of ŶIV is computed by

V ar(ŶIV ) ∼= V ar(
∑
i∈A

diei)

=
∑
i∈U

∑
j∈U

(πij − πiπj) didjeiej,

where πij is the joint inclusion probability of i and j. Furthermore, it is well

known that the asymptotic variance of ŶIV is consistently estimated by

V̂ (ŶIV ) =
∑
i∈A

∑
j∈A

(
π−1i π−1j − π−1ij

)
êiêj,

where êi = yi − x′iβ̂d,z.

14



2.3. Calibration in Two Phase Sampling

We now discuss an extension of the proposed method to two-phase sampling.

In two-phase sampling, a first-phase sample A1 with size n1 is drawn from

the population U under a sampling design with the first-order inclusion prob-

abilities π1k. Given the first-phase sampling A1, a second-phase sample A2

with size n2 is drawn from A1 under a sampling scheme with the first-order

conditional probabilities π2k|A1 = π2k|1k. We denote the first-phase design

weight of unit k as d1k = π−11k , the second-phase conditional design weight

of unit k as d2k|1k = π−12k|1k, and the final design weight as d2k = d1kd2k|1k.

Assume that there is a vector of auxiliary variables which can be partitioned

as x′k = (x1k,x2k)
′, with x1k observed for the entire population and x2k ob-

served up to the first-phase sample. The study variable y is observed only in

the second-phase sample A2.

Let w2i for i ∈ A2 be the calibrated weights and Ŷcal =
∑

i∈A2
w2iyi be

the resulting calibration estimator. Then, there are more than one reasonable

method to compute the final calibrated weights w2i. One can compute w2i by

a direct single step calibration or by a two step calibration, where the first

step provides intermediate weights used in the second step. In two step cali-

bration, one can use information from population first then use information

from the first-phase sample A1 (Top-down), or reversely (Bottom-up).

The detailed procedure of single step calibration and two cases of two

step calibrations are described in the following.
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(i) Single step calibration : Starting with d2i, directly compute final weights

wi for i ∈ A2, calibrated to satisfy

∑
i∈A2

w2ixi =

 ∑
i∈U x1i∑

i∈A1
d1ix2i

 .

(ii) Top-down calibration : In the first step, using d1i, compute interme-

diate weights w1i for i ∈ A1 which satisfy∑
i∈A1

w1ix1i =
∑
i∈U

x1i.

In step two, starting with d2i, compute final weights w2i for i ∈ A2,

such that
∑

i∈A2
w2ixi =

∑
i∈A1

w1ixi, using the w1i from the first step:

∑
i∈A2

w2ixi =

 ∑
i∈U x1i∑

i∈A1
w1ix2i

 .

(iii) Bottom-up calibration : In step one, using d2i, compute intermediate

weights w0i for i ∈ A2 which satisfy∑
i∈A2

w0ix2i =
∑
i∈A1

d1ix2i.

In step two, starting with w0i from the first step, compute final weights

w2i for i ∈ A2, such that :

∑
i∈A2

w2ixi =

 ∑
i∈U x1i∑

i∈A1
d1ix2i

 .
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Usually, the resulting calibrated weights from the three calibration ways

are different to one other. The use of information in top-down calibration

method, which demands individual x1i for i ∈ A1, is more extensive than

that of other methods. It can cause computational problems in practical use.

Although single step and bottom-up calibration methods do not use fully

available information, these two methods may or may not be inefficient. Effi-

ciency of single step and bottom-up calibration methods can be determined

by other factors such as the sample size of each phase and the relationship

between the study variable and auxiliary variables.
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Chapter 3

Prediction Estimation

In this section, we briefly review the ADU theory of the prediction esti-

mator and discuss some choices of qi in (1.5). Here, we assume that the only

available information in the finite population is X.

Wright (1983) suggested a class of predictors, QR predictors defined as

ŶQR =
∑
i∈U

x′iβ̂q +
∑
i∈A

ri(yi − x′iβ̂q),

where β̂q =
(∑

i∈A qixix
′
i

)−1∑
i∈A qixiyi for some qi and ri ≥ 0 is prespeci-

fied. The BLUP of Y is given by qi = 1/vi and ri = 1 and GREG estimator

in (2.4) is obtained by using ri = di and an arbitrary choice of qi. Wright

(1983) also showed that the BLUP of Y can satisfy the ADU property if and

only if vi(di − 1) is a multiple of xi and that any QR predictor that satisfies

the ADU property is equivalent to the the GREG estimator that uses same

qi.

The prediction estimator in (1.4) can be viewed as QR predictor with

ri = 1 and arbitrary choice of qi. Note that the prediction estimator in (1.4)
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can be written as

Ŷpred =
N∑
i=1

ŷi +
∑
i∈A

di (yi − ŷi) , (3.1)

if the predicted values are constructed to satisfy∑
i∈A

(di − 1) (yi − ŷi) = 0, (3.2)

where ŷi = x′iβ̂q. Since the estimator for form (3.1) satisfies ADU conditions

in general, we have only to impose (3.2) in computing the predicted values.

Condition (3.2) is referred to as Internally Bias Calibrated (IBC) condition

by Firth and Bennett (1998). That is, IBC is the sufficient condition for the

ADU property in the prediction estimator.

Note that the linear prediction estimator Ŷpred which can be written as

(3.1) is called cosmetic estimator introduced by Särndal and Wright (1984)

that is an estimator which is simple and realistic form and interpretable both

as a design-based and as prediction-based estimator.

By construction, the prediction estimator with ŷi computed by (1.5) sat-

isfies ∑
i∈A

(yi − ŷi) xiqi = 0.

Thus, the prediction estimator using ŷi in (1.5) satisfies ADU if xi contains

q−1i (di − 1), which is consistent with the result of Wright (1983) for the

particular choice of qi = v−1i .

Now, we consider a more general class of prediction estimators of form

(1.4) with

ŷi = x′i

(∑
i∈A

zix
′
i

)−1∑
i∈A

ziyi (3.3)
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for some zi = z(xi, di, vi) such that
∑

i∈A zix
′
i is nonsingular. By construction,

the predicted values in (3.3) satisfy∑
i∈A

zi(yi − ŷi) = 0.

Thus, the prediction estimator using the predicted values in (3.3) satisfies

ADU if zi contains (di−1). The prediction estimator using (3.3) also satisfies

the calibration condition in (1.2) as it can be written as Ŷpred =
∑

i∈Awiyi

with

wi = 1 +

(∑
i∈Ac

x′i

)(∑
i∈A

zix
′
i

)−1
zi. (3.4)

Calibration estimators using the weights of the form in (3.4) are sometimes

called instrumental-variable (IV) calibration estimators (Estavo and Särndal,

2000; Kott, 2006; Kim and Park, 2010). Variable zi is the instrumental vari-

able and can be chosen to improve the statistical efficiency.

To discuss the optimal choice of zi = z(xi, di, vi) in the IV calibra-

tion estimator, let β̂z =
(∑

i∈A zix
′
i

)−1∑
i∈A ziyi and assume that zi con-

tains (di − 1). The anticipated variance (AV) of Ŷpred with β̂z, defined by

AV (Ŷpred) = E{(Ŷpred − Y )2} where the expectation is taken with respect

to the joint distribution of the superpopulation model ξ in (1.3) and the

sampling mechanism p, is computed by

AV (Ŷpred) ∼= Ep(V arξ(Ŷpred − Y )). (3.5)

Under the model based approach, zi = xi/vi gives the best linear unbiased

estimator which minimizes the conditional variance in (3.5) (Royall, 1970).

Särndal (1980) calculated the leading term of N−2V arξ(Ŷpred − Y ) which is

N−2V arξ(Ŷpred − Y ) ∼= N−2σ2

(∑
i∈A

d−2i vi − 2
∑
i∈A

divi +
N∑
i=1

vi

)
.
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Thus, we have that

AV (N−1Ŷpred) = N−2σ2

N∑
i=1

(di − 1)vi (3.6)

and (3.6) is minimized at πi = n
√
vi/
(∑N

i=1

√
vi

)
and the resultingAV (Ŷpred)

achieves the lower bound of the anticipated variance in Godambe and Joshi

(1965) (Särndal, 1980; Wright, 1983).

If zi = xi/vi does not contain (di−1), we can construct a design-consistent

model-optimal IV calibration estimator by augmenting (di − 1) directly to

zi and (πi − π2
i ) to xi under a sampling design with πi ∝ v

1/2
i . The optimal

regression estimator considered by Isaki and Fuller (1982), which uses ŷi =

x′iβ̂2, where β̂2 =
(∑

i∈A π
−2
i xix

′
i

)−1∑
i∈A π

−2
i xiyi, under a sampling design

with πi ∝ v
1/2
i , also achieves the minimum AV. Note that the prediction

estimator using ŷi = x′iβ̂2 also belongs to the class of the IV calibration

estimator for form (3.4). As pointed out by Isaki and Fuller (1982), the ADU

property holds for the choice of xi = (πi, π
2
i ,x1i) when ŷi = x′iβ̂2 is used in

the prediction estimator (1.4). Unless we know the population sum of π2
i , the

calibration equation in (1.2) can not be solved.

To augment additional variable might bring an extra term to the AV of the

estimator. Thus, instead of augmenting a variable, the instrument variable

zi can be constructed by replacing one of the elements of xi by (di − 1); we

choose z′i = (z0i, z
′
1i) where z0i = di − 1 and z1i = x1i/vi, with x′i = (1,x′1i).

In this case, it is equivalent to the prediction estimator for form (1.4) with

ŷi = (1,x′1i)

∑
i∈A

 di − 1

x1i/vi

′ 1

x1i


−1∑

i∈A

 di − 1

x1i/vi

 yi. (3.7)
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The prediction estimator using (3.7) was originally proposed by Brewer et

al. (1988). Brewer (1999) also suggested a sensible choice of the instrumental

variable z′i = h−1i (di−1)x′i, where hi = a′xi for some vector a. Since hi = a′xi,

for all i, we have(∑
i∈A

(di − 1)x′i

)(∑
i∈A

zix
′
i

)−1
zi = (di − 1),

which implies the IBC condition in (3.2).

The prediction estimator using ŷi in (3.7), which can also be written as

an IV calibration estimator using (3.4), has nice statistical properties such as

ADU and some optimality under the model (1.3). However, such optimality

is not tenable for multipurpose sampling because there are many y-variables

in the survey. That is, the IV calibration estimator using (3.4) can be quite

inefficient for some yi if the working model (1.3) is far from the true model.

Furthermore, the weights (3.4) can take very extreme values, such as negative

values. Thus, some modification is needed to guarantee that the resulting

calibration weights satisfy some range restriction. The following section will

cover these issues in detail.
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Chapter 4

The Proposed Method

We now consider a new calibration estimator that can be viewed as a

prediction estimator under the prediction model (1.3) and also satisfies some

range restriction in the weights. Note that the calibration weights in (3.4) can

take negative values. Avoiding negative weights in calibration is an important

practical problem in survey sampling (Huang and Fuller, 1978).

4.1. The Proposed Calibration Estimator

Let di be the design weight of unit i and wi be the calibration weight of unit

i. We consider the following class of calibration weights of the form

wi − 1

di − 1
= f(λ̂

′
zi),

where f(·) is a function that is always nonnegative. In other words,

wi = 1 + (di − 1)f(λ̂
′
zi), (4.1)
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so that wi satisfies wi ≥ 1. Because unit i in the sample at least represents

itself in the population, condition wi ≥ 1 is a reasonable condition. More

generally, wi can be generalized as

wi = mi + (di −mi)f(λ̂
′
z̃i), (4.2)

where mi is the prefixed positive constant and z̃i = zi/(di −mi).

In (4.1) and (4.2), λ̂ is obtained from calibration condition in (1.2). For

sufficiently large sample size, design-based estimator X̂ is closed to the pop-

ulation total X. Thus, f(λ̂
′
z̃i) in (4.1) and (4.2) will be close to 1. The factor

f(λ̂
′
z̃i) can be regarded as the calibration adjustment factor that incorpo-

rates the population total X.

Using the following Lemma 1, which is originally stated and proved in

Kim and Park (2010), we have the result that λ̂ = op(1). Furthermore, The-

orem 1 present some asymptotic properties of the calibration estimator using

the weights in (4.2). Note that Lemma 1 is used to prove Theorem 1.

Lemma 1. Assume :

(i) Û(λ) converges in probability to U(λ) uniformly in λ ∈ B.

(ii) Û(λ) has the unique solution λ̂.

(iii) U(λ) is continuous and U(λ) = 0 has a unique solution at λ0.

Then, λ̂− λ0 = op(1).
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Theorem 1. Assume a sequence of finite populations and sample in Ap-

pendix A.2. Let {ui} be a sequence of real vectors where ui = (x′i, yi)
′. Assume

:

(i) The selection probabilities satisfy

K1 < Nn−1πi < K2,

for positive K1 and K2.

(ii) The sample design is such that for any u with bounded fourth moments

V (ūHT − ūN) = Op(n
−1),

where ūHT = N−1
∑

i∈A diui, and ūN = N−1
∑

i∈U ui

(iii) The design is such that

[V (ūHT − ūN)]−1/2(ūHT − ūN)→ N(0, I)

as n→∞ for any u with finite fourth moments.

(iv) f in (4.2) is a monotonic, twice-differentiable function with f(0) = 1,

f ′(0) = 1, f ′(·) is the first derivative of f .

(v) The calibration equation in (1.2) has the unique solution λ̂ almost ev-

erywhere.

(vi) β̂z =
(∑

i∈A zix
′
i

)−1∑
i∈A ziyi has the probability limit βz.

Then, Ŷw with weights in (4.2) satisfies

N−1(Ŷw − Ŷreg) = op(n
−1/2),
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where

Ŷreg =
∑
i∈A

diyi +

(∑
i∈U

xi −
∑
i∈A

dixi

)′
β̂z.

Thus,

[V (Ŷw − Y )]−1/2(Ŷw − Y )→ N(0, 1),

with

V (Ŷw − Y ) =
∑
i∈U

∑
j∈U

(πij − πiπj)π−1i π−1j EiEj,

where Ei = yi − x′iβz.

Proof. Write

wi(λ) = mi + (di −mi)f (λ′z̃i)

θ(λ) = N−1
∑
i∈A

{mi + (di −mi)f (λ′z̃i)} yi,

where ai, bi are prefixed positive constant, z̃i = zi/bi, and f is a monotonic,

twice-differentiable function with f(0) = 1, f ′(0) = 1, f ′(·) is the first deriva-

tive of f . Note that θ(λ̂) = N−1Ŷw and λ̂ is the solution of the calibration

equation:

N−1

{∑
i∈A

wi(λ)xi −
∑
i∈U

xi

}′
= 0.

Write

Û(λ) = N−1

{∑
i∈A

wi(λ)xi −
∑
i∈U

xi

}′

U(λ) = N−1

{∑
i∈U

πiwi(λ)xi −
∑
i∈U

xi

}′
.
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Then, conditions in Lemma 1 are satisfied and the consistency of λ̂ fol-

lows. By a Taylor expansion of θ(λ̂) around λ = 0 and by the continuity of

the partial derivatives of θ(λ)),

θ(λ̂) = θ(0) + θ̇(0)′(λ̂− 0) + op(||λ̂||), (4.3)

where θ̇(λ) = ∂θ(λ))/∂λ.

Furthermore, a Taylor expansion of Û around 0 yields

0 = Û(0) + U̇(0)(λ̂− 0) + op(||λ̂||),

where U̇(λ) = ∂Û(λ)/∂λ.

Note that U̇(0) = N−1
(∑

i∈A zix
′
i

)
and
√
nÛ(0) are bounded in proba-

bility by an assumption . By Cauchy-Schwarz inequality and Lemma 1, we

have

√
n||λ̂|| ≤ ||U̇−1(0)|| ||

√
nU̇(0)λ̂||

≤ ||
√
nU̇−1(0)Û(0)||+ op(

√
n||U̇−1(0)λ̂||)

= Op(1) + op(
√
n||λ̂||).

Thus λ̂ = Op(n
−1/2) and we have

λ̂ = −U̇(0)−1Û(0) + op(n
−1/2).

Using −
{

U̇(0)−1Û(0)
}′

=
(∑

i∈U xi −
∑

i∈A dixi
)′ (∑

i∈A zix
′
i

)−1
, we have

N−1Ŷw = N−1

{∑
i∈A

diyi +

(∑
i∈U

xi −
∑
i∈A

dixi

)′
β̂z

}
+ op(n

−1/2),

where β̂z =
(∑

i∈A zix
′
i

)−1∑
i∈A ziyi.
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Since β̂z − βz = op(1), we have

N−1Ŷreg = N−1

{∑
i∈U

x′iβz +
∑
i∈A

di(yi − x′iβz)

}
+ op(n

−1/2).

and asymptotic variance of Ŷreg is computed by

V (Ŷreg − Y ) = V

(∑
i∈A

diEi

)
=
∑
i∈U

∑
j∈U

(πij − πiπj)π−1i π−1j EiEj,

where Ei = yi − x′iβz. Thus, it follows from assumption (iii), that Ŷreg has

limiting normal distribution :

[V (Ŷreg − Y )]−1/2(Ŷreg − Y )→ N(0, 1).

which implies

[V (Ŷw − Y )]−1/2(Ŷw − Y )→ N(0, 1).

�
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Practically f
(
λ̂
′
z̃i

)
= exp

(
λ̂
′
z̃i

)
is widely used. Hence, we now focus on

the proposed calibrated weights with the appropriate instrumental variable

zi has the form of

wi = mi + (di −mi)exp
(
λ̂
′
z̃i

)
(4.4)

and the resulting calibration estimator is

Ŷcal,p =
∑
i∈A

{
mi + (di −mi)exp

(
λ̂
′
z̃i

)}
yi

where mi is prefixed positive constant, z̃i = zi/(di −mi) and λ̂
′

is the solu-

tion of the calibration equation in (1.2). The proposed weights in (4.4) can

be justified as distance minimization approach but also as functional form

approach.

Remark 1. The proposed weights in (4.4) can be justified by distance mini-

mization approach in Deville and Särndal (1992). If (wi−mi) = (di−mi)ai,

find ai which minimize the modified Raking Ratio distance∑
i∈A

ui {(wi −mi)log(wi −mi)/(di −mi)− (wi −mi)}

subject to the calibration constraint in (1.2), where ui = di−mi. The solution

is w∗i = mi + (di −mi)exp(λ′xi/(di −mi)).

Alternatively, wi in (4.4) can be understood as the generalized exponential

form wi = diai(λ) with li = πimi, ci = 1, and ui →∞:

ai(λ) =
li(ui − ci) + ui(ci − li)exp(Aiπix

′
iλ)

(ui − ci) + (ci − li)exp(Aiπix′iλ)
,

where Ai = (ui − li)/(ui − ci)(ci − li) (Folsom, R.E. and Singh, A.C. 2000).
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The proposed weights satisfy wi ≥ mi for positive constant mi. Moreover,

The minimum bound of the proposed weights mi may be a constant such as

0 or 1 :

wi = diexp
(
λ̂
′
z̃i

)
wi = 1 + (di − 1)exp

(
λ̂
′
z̃i

)
.

Under stratified sampling design, for i ∈ Sh, mi = mh may vary according to

the stratum. Here, we focus on the case mi = 1 which make sense because a

unit in sample represents at least one unit in the population.

For the choice of the instrumental variable zi, consider zi, z′i = (di −

1,x1i/vi)
′ or z′i = h−1i (di−1)x′i, where hi = a′xi for some vector a in order to

exploit combined inference approach in Särndal (2011) to the proposed cal-

ibration estimator Ŷcal,p. Originally, zi are proposed by Brewer (1988, 1999)

for combining design-based and model-based inference in regression estima-

tor. For x′i = (1,x′1i), appropriate z′i = (di − 1,x′i/vi) or z′i = (di − 1)x′i with

hi = 1.
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From now on, we focus on the proposed calibrated weihts with mi = 1

and z′i = (di − 1, z1i)
′ :

wi = 1 + (di − 1)exp
(
λ̂0 + λ̂

′
z̃1i

)
, (4.5)

where z̃1i = z1i/(di − 1), exp(−λ̂0) = (N − n)−1
∑

i∈A(di − 1)exp(λ̂
′
z̃1i), and

λ̂
′

are the solution of the calibration equation in (1.2). Then the proposed

calibration estimator is given by

Ŷcal,p =
∑
i∈A

{
1 + (di − 1)exp

(
λ̂0 + λ̂

′
1z̃1i

)}
yj, . (4.6)

The proposed calibration estimator in (4.6) is slightly different from the

exponential tilting calibration estimator

ŶET =
∑
i∈A

diexp(λ̂0 + λ̂
′
1z̃1i)yj

considered in Kim (2010). Thus, the proposed calibration estimator in (4.6)

is a modified version of the exponential tilting calibration estimator for Kim

(2010).

Note that the proposed calibration weights satisfy that always greater

than 1, which makes sense because a unit in the sample represents at least

one unit in the population. However, in some case, the proposed calibration

weights can take extremely large weights and we now discuss the modifi-

cation of z̃1i to avoid extreme weights. Note that the calibration weight is

an exponential function of z̃1i = z1i/(di − 1) and the extreme values of z̃1i

can lead to extreme weights. As a remedy, instead of using z1i = x1i/vi for

optimal estimation, one can choose ci in z1i = x1i/(vici) so that

wi − 1

di − 1
= exp

(
λ̂0 + λ̂

′
1

z1i

di − 1

)
< K, (4.7)
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where predetermined upper bound K. The choice of ci = 1 give us back the

best prediction estimator not necessarily satisfying the range restriction in

the final weights. Roughly, K can be in the range of three to five. Thus,

the actual proposed method in line with the range restriction wi ∈ [1, K)

uses z1i = x1i/(vic
∗
i ), where c∗i = 1 if it satisfies (4.7). Otherwise c∗i is the

value that makes the ratio (wi− 1)/(di− 1) equal to K. Use of instrumental

variable for range restricted calibration estimation was also considered by

Kott (2011).

To compute λ̂0 and λ̂1 in (4.5), which are the solution to calibration

equation (1.2), we need to solve the following equation :∑
i∈A

(di − 1)exp (λ0 + λ1
′z̃1i)− (N − n) = 0∑

i∈A

(di − 1)exp (λ0 + λ1
′z̃1i) xi −XM = 0,

where XM =
∑

i∈Ac xi. From the first estimating equation, we have

exp(−λ̂0) = (N − n)−1
∑
j∈A

(dj − 1)exp(λ̂
′
1z̃1j).

Thus, it is sufficient to solve the following estimating equation to compute

λ̂0 and λ̂1 in (4.5) :

Û1(λ1) ≡
∑
i∈A

w̃i(λ1)(x1i − x̄1M) = 0, (4.8)

where w̃i(λ1) = (di − 1)exp(λ′1z̃1i) and x̄1M =
∑

i∈Ac x1i/(N − n). One can

use the Newton-type algorithm to solve equation (4.8) which is given by

λ̂
(t+1)

1 = λ̂
(t)

1 −
{

∂

∂λ′1
Û1(λ̂

(t)

1 )

}−1
Û1(λ̂

(t)

1 ).
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With the initial values λ̂
(0)

1 = 0, the solution can be expressed as

λ̂
(t+1)

1 = λ̂
(t)

1 −
{
M(λ̂

(t)

1 )
}−1∑

i∈A

w̃i(λ̂
(t)

1 )(x1i − x̄1M), (4.9)

where M(λ̂
(t)

1 ) =
∑

i∈A exp(λ̂′
(t)

1 z1i)z
′
1i(x1i − x̄1M) and w̃i(λ̂

(t)

1 ) = (di −

1)exp(λ̂′
(t)

1 z̃1i). Since the partial derivative M(λ̂
(t)

1 ) in (4.9) may be not sym-

metric, which can make numeric problems in computation, instead of (4.9),

we can use

λ̂
(t+1)

1 = λ̂
(t)

1 −
{
M(λ̂

(t)

1 )′M(λ̂
(t)

1 )
}−1

M(λ̂
(t)

1 )′
∑
i∈A

wi(λ̂
(t)

1 ) (x1i − x̄1M) ,

(4.10)

which is equivalent to finding λ̂1 that minimizes Q̂(λ) = Û1(λ)′Û1(λ). We

can simply use λ̂
(0)

1 = 0 as the initial value of λ1.

After λ̂
(t)

1 is computed as in (4.10), λ̂
(t)

0 is computed by

exp(−λ̂(t)0 ) = (N − n)−1
∑
j∈A

(dj − 1)exp(λ̂′
(t)

1 z̃1j). (4.11)

Using λ̂
(t)
0 and λ̂

(t)
1 in (4.9) and (4.11), the t-step proposed calibration

estimator Ŷcal,p(t) is defined by

Ŷcal,p(t) =
∑
i∈A

yi +
∑
i∈A

(di − 1)exp

(
λ̂
(t)
0 + λ̂′

(t)

1 z̃1i

)
yi.

Theorem 2 shows that the proposed calibration estimator is asymptot-

ically equivalent to a prediction estimator using an instrumental variable

zi = (di − 1, z1i). The first component, di − 1, is needed for the ADU prop-

erty and the other component can be chosen to improve efficiency.
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Theorem 2. Assume a sequence of finite populations and sample in Ap-

pendix A.2 and

N−1

(∑
i∈A

di(x
′
i, yi)−

∑
i∈U

(x′i, yi)

)
= Op(n

−1/2).

Assume the calibration equation (1.2) has one unique solution λ̂ almost ev-

erywhere. Then, the proposed calibration estimator Ŷcal,p in (4.6) satisfies

N−1(Ŷcal,p − Ŷpred) = op(n
−1/2),

where

Ŷpred =
∑
i∈A

yi +
∑
i∈Ac

ŷi

with ŷi = x′iβ̂z, zi = (di − 1, z1i).

Proof. Write

ηj(φ̂) =
(dj − 1)exp

(
φ̂z̃1j/fN

)
∑

j∈A(dj − 1)exp
(
φ̂z̃1j/fN

) ,
where fN = n/N , φ̂ = fN λ̂1, and λ̂1 is the unique solution of the calibration

equation (1.2), then Ŷcal,p =
∑

j∈A{1+(N−n)ηj(φ̂)}yj. Since φ̂ is the unique

solution of the following equation :

Û(φ) ≡
∑
j∈A

ηj(φ)x′1j −
1

N − n
∑
i∈Ac

x′1i = 0,

A Taylor expansion of Û(φ̂) around φ̂ = 0 yields

0 = Û(0) + U̇(0)(φ̂− 0) + op(||φ̂||),
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where U̇(φ) = ∂Û(φ)/∂φ. Note that U̇(0) = f−1N

[∑
j∈A(dj − 1)

]−1
Γ is

bounded in probability. By Cauchy-Schwarz inequality,

√
n||φ̂|| ≤ ||U̇−1(0)|| ||

√
nU̇(0)φ̂||

≤ ||
√
nU̇−1(0)Û(0)||+ op(

√
n||U̇−1(0)φ̂||)

= Op(1) + op(
√
n||φ̂||).

Thus φ̂ = Op(n
−1/2) and

φ̂ = −U̇−1(0)Û(0) + op(n
−1/2). (4.12)

Now, taking a Taylor expansion of ηj(φ̂) around φ̂ = 0 and by the continuity

of the partial derivatives of ηj(φ), we have∑
j∈A

ηj(φ̂)yj =
∑
j∈A

ηj(0)yj +
∑
j∈A

yj η̇j(0)(φ̂− 0) + op(n
−1/2),

where η̇j(φ) = ∂η̇j(φ)/∂φ. Using (4.12), ηj(0) = {
∑

i∈A(di − 1)}−1(dj − 1),

and η̇j(0) = f−1N

[∑
j∈A(dj − 1)

]−1
(dj − 1)(z̃1j − Z̃∗1), we have established∑

j∈A

ηj(φ̂)yj = ỹ + (X̄N−n − X̃1)
′Γ−1

∑
j∈A

(dj − 1)(z̃1j − Z̃∗1)yj + op(n
−1/2).

Since (N−n)−1(Ŷcal,p−Ŷp) = (N−n)−1
∑

i∈Ac x′iβ̂z−
∑

j∈A ηj(φ̂)yj, we prove

Theorem 2. �
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4.2. Variance Estimation

Now, discuss variance estimation of the proposed estimators in Chpater 4.

For a linearization variance estimator, first assume that there is a consistent

estimator for the variance of ŶHT such that

V̂ (ŶHT ) =
∑
i∈A

∑
j∈A

Ωijyiyj. (4.13)

which satisfies

V̂ (ŶHT )/V (ŶHT ) = 1 + op(1), (4.14)

for any y with bounded fourth moments.

Form Theorem 2, we have conclusion that the asymptotic variance of the

Ŷcal,p is asymptotically equivalent to the variance of Ŷpred, Ŷpred in Theorem2

can be expressed as Ŷpred = Ŷd + (X − X̂d)
′β̂z, since ŷi = x′iβ̂z with zi =

(di−1, z1i) satisfies (3.2). For βz, the probability limit of β̂z, the asymptotic

variance of the Ŷpred has the form of

V (Ŷpred) = V

{∑
i∈A

di (yi − x′iβz)

}
.

Thus the estimator for the variance of Ŷcal,p has the form of

V̂ =
∑
i∈A

∑
j∈A

Ωijgi(λ̂)gj(λ̂)
(
yi − x′iβ̂z

)(
yj − x′jβ̂z

)
(4.15)

where Ωij is the coeeficients of the variance estimator in (4.13) and gi(λ̂) =

wi(λ̂)/di, with wi provided by (4.5) is the weight adjustment factor.

The following theorem shows that the consistency of the proposed vari-

ance estimator in (4.15)
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Remark 2. Alternatively, using (4.13), an usual consistent variance esti-

mator of V (Ŷpred), can be computed by replacing βz to β̂z :

V̂1 =
∑
i∈A

∑
j∈A

Ωij

(
yi − x′iβ̂z

)(
yj − x′jβ̂z

)
.

Since V̂ and V̂1 are both design consistent, the two variance estimators are

close to each other in a design-based point of view. If we consider model-based

as well as design-based properties under given superpopulation model ξ, V̂ is

preferred to V̂1 since V̂ is approximately model unbiased for the model mean

square error Eξ(Ŷcal,p − Y )2, where Eξ(·) is the expectation with respect to

the model ξ. (Särndal , Swensson, and Wretman 1989, Deville and Särndal

1992, and Valliant 1993).
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Theorem 3. Suppose that assumptions of Theorem 2 hold and

nN−2V

∑
i∈A

 di

zi

 (x′i, yi)

 = O(1). (4.16)

Then, the plug-in variance estimator in (4.15),

V̂ =
∑
i∈A

∑
j∈A

Ωijgi(λ̂)gj(λ̂)
(
yi − x′iβ̂z

)(
yj − x′jβ̂z

)
,

where gi(λ) = πi + (1− πi)exp(λ0 + λ′1z̃1i) satisfies

V̂ = V (Ŷcal,p) + op(n
−1N2).

Proof. Form Theorem 2, we have

V (Ŷcal,p) = V (Ŷpred) + o(n−1N2).

Let

Ṽ = V̂yy(0)− V̂xy(0)′βz − β′zV̂xy(0) + β′zV̂xx(0)βz,

where

V̂yy(λ) =
∑
i∈A

∑
j∈A

Ωijgi(λ)gj(λ)yiyj

V̂xy(λ) =
∑
i∈A

∑
j∈A

Ωijgi(λ)gj(λ)xiyj

V̂xx(λ) =
∑
i∈A

∑
j∈A

Ωijgi(λ)gj(λ)xix
′
j,

then by (4.14), we have

Ṽ = V (Ŷpred) + op(n
−1N2).
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Hence, to get the result, it is sufficient to show that

V̂ = Ṽ + op(n
−1N2).

Note that the proposed plug-in variance estimator V̂ in (4.15) can be

expressed as

V̂ = V̂yy(λ̂)− V̂xy(λ̂)′β̂z − β̂
′
zV̂xy(λ̂) + β̂

′
zV̂xx(λ̂)β̂z,

where λ̂ is the unique solution of the following equation :

N−1

[∑
i∈A

{1 + (di − 1)exp(λ′z̃i)}xi −
∑
i∈U

xi

]′
= 0.

Now, taking a Taylor expansion of V̂yy(λ̂) around λ̂ = 0 and by the

continuity of the partial derivatives of V̂yy(λ), we have

V̂yy(λ̂) = V̂yy(0) + V̇yy(0)′(λ̂− 0) + op(n
−1/2),

where V̇yy(λ) = ∂V̂yy(λ̂)/∂λ. Note that V̇yy(λ) is written as

V̇yy(λ) =
∑
i∈A

∑
j∈A

Ωij(gi(λ)ġj(λ) + ġi(λ)gj(λ))yiyj,

where ġj(λ) = ∂gi(λ)/∂λ.

Thus we have, by (4.16) and consistency of λ̂,

V̂yy(λ̂) = V̂yy(0) + op(n
−1N2).

Similarly, we have

V̂xy(λ̂) = V̂xy(0) + op(n
−1N2).
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and

V̂xx(λ̂) = V̂xx(0) + op(n
−1N2).

Since β̂z −Bz = op(1),

V̂ = Ṽ + op(n
−1N2). �
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4.3. Calibration for Two-Phase Sampling

We now discuss an extension of the proposed method to two-phase sam-

pling. Two-phase sampling, or double sampling, is a cost-effective technique

and is widely used in survey sampling (Hidiroglou, 2001; Rao, 1973; Kim et

al. 2006; Fuller, 2003). In two-phase sampling, a first-phase sample A1 with

size n1 is drawn from the population U under a sampling design with the

first-order inclusion probabilities π1k. Given the first-phase sampling A1, a

second-phase sample A2 with size n2 is drawn from A1 under a sampling

scheme with the first-order conditional probabilities π2k|A1 = π2k|1k. We de-

note the first-phase design weight of unit k as d1k = π−11k , the second-phase

conditional design weight of unit k as d2k|1k = π−12k|1k, and the final design

weight as d2k = d1kd2k|1k. Assume that there is a vector of auxiliary variables

which can be partitioned as x′k = (x1k,x2k)
′, with x1k observed for the entire

population and x2k observed up to the first-phase sample. The study variable

y is observed only in the second-phase sample A2. Table 4.1 presents the data

structure of two-phase sampling.

Table 4.1: Data structure for two-phase sampling

Set Size Observation

Population (U) N x1i

First-phase sample (A1) n1 xi = (x1i,x2i)

Second-phase sample (A2) n2 xi, yi

In this two-phase sampling setup, we can consider the following prediction
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estimator for Y =
∑N

i=1 yi of the form

Ŷtp,p =
∑
j∈A2

yj +
∑

j∈A1/A2

ŷ2j +
∑

j∈U/A1

ŷ1j, (4.17)

where ŷ1j = x′1jB̂1, ŷ2j = x′jβ̂ with

B̂1 =

(∑
j∈A1

x1jx
′
1j/vj

)−1∑
j∈A2

x1jyj/vj +
∑

j∈A1/A2

x1j ŷ2j/vj

 ,

and

β̂ = (β̂
′
1, β̂

′
2)
′ =

(∑
j∈A2

xjx
′
j/vj

)−1 ∑
j∈A2

xjyj/vj.

Here, the implicit model is

yi = x′iβ + ei (4.18)

with ei ∼ (0, vi). Note that, by the definition of ŷ2j, we can write B̂1 =

β̂1 + β̂1,xβ̂2, where

β̂1,x =

(∑
j∈A1

x1jx
′
1j/vj

)−1 ∑
j∈A1

x1jx
′
2j/vj.

After some algebra, Ŷtp,p in (4.17) can be expressed as

Ŷtp,p =
∑
j∈U

x′1jB̂1 +
∑
j∈A1

(x′2j − x′1jβ̂1,x)β̂2 +
∑
j∈A2

(yj − x′jβ̂)

=
∑
j∈U

ŷ1j +
∑
j∈A1

(ŷ2j − ŷ1j) +
∑
j∈A2

(yj − ŷ2j) . (4.19)

However, the prediction estimator (4.19) does not necessarily satisfy the ADU

property.

To satisfy ADU, we consider more general predicted values for y us-

ing the instrumental vector variable zi = z(xi, d1i, d2i, vi), which is divided
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by two vectors, zi = (z′1i, z
′
2i)
′, where z1i is available for the population

and z2i is available up to A1. Let ŷ1i,z = x′1iB̂1,z, ŷ2i,z = x′iβ̂z, where

B̂1,z =
(
β̂1,z + β̂x,zβ̂2,z

)
, β̂x,z =

(∑
j∈A1

z1jx
′
1j

)−1∑
j∈A1

z1jx
′
2j and β̂z =

(β̂
′
1,z, β̂

′
2,z)
′ =

(∑
j∈A2

zjx
′
j

)−1∑
j∈A2

zjyj. Then a prediction estimator un-

der two phase sampling using the instrumental variable zi has the form of

Ŷtp,z =
∑
j∈A2

yj +
∑

j∈A1/A2

ŷ2j,z +
∑

j∈U/A1

ŷ1j,z

=
∑
j∈U

ŷ1j,z +
∑
j∈A1

(ŷ2j,z − ŷ1j,z) +
∑
j∈A2

(yj − ŷ2j,z) . (4.20)

If (d1i − 1) is included in z1i and (d2i − 1) is included in zi, then Ŷtp,z can be

expressed as

Ŷtp,r =
∑
j∈U

ŷ1j,z +
∑
j∈A1

d1j (ŷ2j,z − ŷ1j,z) +
∑
j∈A2

d2j (yj − ŷ2j,z) . (4.21)

Expression (4.21) suggests that Ŷtp,z satisfies the ADU property. Thus, we

assume that (d1i − 1) and (d2i − 1) are included in the column space of z1i

and zi, respectively.

Note that we can express

Ŷtp,z =
∑
i∈A2

w1iyi +
∑

i∈A1/A2

w1iŷ2i,z =
∑
i∈A2

w2iyi,

where

w1i = 1 +
∑
j∈Ac

1

x′1j

(∑
j∈A1

z1jx
′
1j

)−1
z1i, (4.22)
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and

w2i = w1i +
∑

i∈A1/A2

w1ix
′
i

(∑
j∈A2

zjx
′
j

)−1
zi

= 1 +

(∑
i∈A1

w1ixi −
∑
i∈A2

xi

)′(∑
j∈A2

zjx
′
j

)−1
zi. (4.23)

The above weights w1i and w2i satisfy∑
i∈A1

w1ix1i =
∑
i∈U

x1i (4.24)

and ∑
i∈A2

w2ixi =
∑
i∈A1

w1ixi. (4.25)

That is, both w1i and w2i are well calibrated for the population total of x1i

and also provide consistency for x2i. Such calibration can be called two-step

calibration. Two-step calibration was also discussed by Dupont (1995). In

step one, w1i are constructed to satisfy (4.24). In step two, w2i are constructed

to satisfy (4.25) using the calibration weights w1i computed from step one.

The resulting calibration estimator is efficient if the linear model (4.18) holds.

Modified exponential-tilting calibration weights proposed in Chapter 4 can

be constructed similarly.

The proposed calibrated weights for two phase sampling design are de-

fined as

w1i = 1 + (d1i − 1)exp
(
λ̂
(1)
0 + λ̂

′(1)
1 z1i/(d1i − 1)

)
(4.26)

w2i = 1 + (d2i − 1)exp
(
λ̂
(2)
0 + λ̂

′(2)
1 z̃1i + λ̂

′(2)
2 z̃2i

)
, (4.27)

where z̃1i = z1i/(d2i − 1) and z̃2i = z2i/(d2i − 1). The weights w1i and w2i in

(4.26) and (4.27), respectively satisfy top-down calibration equation in (4.24)
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and (4.25). The resulting calibration estimator is given by

Ŷcal,tp =
∑
i∈A2

w2iyi, (4.28)

where w2i in (4.27).
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Theorem 4. Assume a sequence of finite populations and sample in Ap-

pendix A.1 and that the calibration equation (4.24) and (4.25) have one

unique solution almost everywhere, respectively. Then, the proposed calibra-

tion estimator for two phase sampling design Ŷcal,tp in (4.28) satisfies

N−1(Ŷcal,tp − Ŷpred,tp) = op(n
−1/2),

where Ŷpred,tp in (4.20).

Proof. Using similar process in proof of Theorem 2, it can be proved that

N−1Ŷcal,tp = N−1

{∑
i∈A2

d2iyi +

(∑
i∈A1

w1ixi −
∑
i∈A2

d2ixi

)′
β̂z

}
+ op(n

−1/2),

where β̂z =
(∑

i∈A2
zixi

)−1 (∑
i∈A2

ziyi
)
.

By Theorem 2,
∑

i∈A1
w1kxkβ̂z in the above equation can be also ex-

pressed as

N−1
∑
A1

w1kxkβ̂z = N−1

{∑
A1

d1kx
′
kβ̂z +

(∑
U

x1k −
∑
A1

d1kx1k

)′
B̂1,z

}
+ op(n

−1/2),

where B̂1,z =
(
β̂1,z + β̂x,zβ̂2,z

)
, β̂x,z =

(∑
j∈A1

z1jx
′
1j

)−1∑
j∈A1

z1jx
′
2j and

β̂z = (β̂
′
1,z, β̂

′
2,z)
′.

Thus, we have

N−1Ŷcal,tp = N−1

{∑
j∈U

ŷ1j,z +
∑
j∈A1

(ŷ2j,z − ŷ1j,z) +
∑
j∈A2

(yj − ŷ2j,z)

}
+ op(n

−1/2),

where ŷ1i,z = x′1iB̂1,z, ŷ2i,z = x′iβ̂z . �
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The above two-step calibration method requires that we observe the in-

dividual information of xi in A1 when computing w1i from (4.24). Instead

of using (4.24) in step one and (4.25) in step two, the following two-step

calibration method can also be considered:

[Step 1] For i ∈ A2, compute the initial calibration weights w
(1)
2i from A2

w
(1)
2i = 1 + (d2i − 1) exp

(
λ̂
(1)
0 +

z′1i
d2i − 1

λ̂
(1)

1 +
z′2i

d2i − 1
λ̂

(1)

2

)
where (λ̂

(1)
0 , λ̂

(1)

1 , λ̂
(1)

2 ) satisfies∑
i∈A2

w
(1)
2i xi =

∑
i∈A1

d1ixi. (4.29)

[Step 2] Use w
(1)
2i in [Step 1] to compute

w
(2)
2i = 1 +

(
w

(1)
2i − 1

)
exp

{
λ̂
(2)
0 +

(
d2i
d1i

)
z′1i

w
(1)
2i − 1

λ̂
(2)

1

}

where (λ̂
(2)
0 , λ̂

(2)

1 ) satisfies∑
i∈A2

w
(2)
2i x1i =

∑
i∈U

x1i. (4.30)

Such two-step calibration method does not need to compute the cali-

bration weights w1i for the first-phase sample, which is quite convenient in

practice as we have only to use the second-phase sample. Theorem 5 briefly

shows that the proposed two-step calibration method for two-phase sampling

is asymptotically equivalent to the classical two-step calibration method in

(4.24)-(4.25).
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Theorem 5. Assume a sequence of finite populations and sample in Ap-

pendix A.1 and that the calibration equation (4.29) and (4.30) have one

unique solution almost everywhere, respectively. Then, the proposed two-step

calibration method for two-phase sampling Ŷcal,new =
∑

i∈A2
w

(2)
2i yi satisfies

N−1
(
Ŷcal,new − Ŷcal,tp

)
= op(n

−1/2),

where Ŷcal,tp =
∑

i∈A2
w2iyi is the classical two-step calibration estimator us-

ing (4.24) and (4.25).

Proof. Using similar process in proof of Theorem 2, it can be shown that

Ŷcal,new =
∑
i∈A2

w
(1)
2i yi +

(∑
i∈U

x1i −
∑
i∈A2

w
(1)
2i x1i

)′
b̂1 + op(n

−1/2N),

where

b̂1 =

(∑
i∈A2

d2k
d1k

z1ix
′
1i

)−1(∑
i∈A2

d2k
d1k

z1iyi

)
.

Moreover, by Theorem 2,
∑

i∈A2
w

(1)
2i yi is asymptotically equivalent to

∑
i∈A2

w
(1)
2i yi =

∑
i∈A

d2iyi +

(∑
i∈A1

d1ixi −
∑
i∈A2

d2ixi

)′
β̂z + op(n

−1/2N),

where β̂z =
(∑

i∈A2
zixi

)−1 (∑
i∈A2

ziyi
)
.

Using the fact that
(∑

i∈A2
zixi

)−1 (∑
i∈A2

zix
′
1i

)
b̂1 = (b̂′1,0)′ and the

result of Theorem 2, it can be also proved that∑
i∈A2

w
(1)
2i x′1ib̂1 =

∑
i∈A1

d1ix
′
1ib̂1 + op(n

−1/2N).
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Thus, we have

Ŷcal,new =
∑
i∈A2

d2i

(
yi − x′iβ̂z

)
+
∑
i∈A1

d1i

(
x′iβ̂z − x′1ib̂1

)
+
∑
i∈U

x1ib̂1

+ op(n
−1/2N),

Using b̂1 − b̃1 = op(1), where

b̃1 =

(∑
i∈A1

z1ix
′
1i

)−1(∑
i∈A1

z1iyi

)
,

we can establish that

Ŷcal,new =
∑
i∈A2

d2i

(
yi − x′iβ̂z

)
+
∑
i∈A1

d1i

(
x′iβ̂z − x′1ib̃1

)
+
∑
i∈U

x1ib̃1

+ op(n
−1/2N).

and that the probability limit of b̃1 is equal to that of B̂1,z.

Hence, we have

Ŷcal,new =
∑
i∈A2

d2i

(
yi − x′iβ̂z

)
+
∑
i∈A1

d1i

(
x′iβ̂z − x′1iB̂1,z

)
+
∑
i∈U

x1iB̂1,z

+ op(n
−1/2N)

which establishes the asymptotic equivalence between Ŷcal,new and Ŷcal,tp. �

49



Chapter 5

Simulation Study

5.1. Study 1

To demonstrate how the proposed method calibrates weights by compar-

ing it to existing methods, we consider a sample of size n = 7 generated

by a simple random sampling scheme from the finite population with size

N = 700. The sample consists of xi = i, i = 1, . . . , 7. Suppose we know that

the finite population means of x are : X̄N = 6 and X̄N = 6.5.

Tables 7.1 and 7.2 present the resulting weights of four weights: design

weights, generalized regression (GREG) weights, exponential tilting (ET)

weights and the proposed (NEW) weights. These four weights are computed
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by

(i) Design : di = N/n

(ii) GREG : wi = di + (
N∑
i=1

xi −
∑
i∈A

dixi)
′

(∑
i∈A

dix
2
i

)−1∑
i∈A

dixiyi

(iii) ET : wi = diexp(φ̂0 + φ̂
′
1xi)

(iv) New : wi = 1 + (di − 1)exp(λ̂0 + λ̂
′
1xi)

where φ̂
′
= (φ̂0, φ̂

′
1) and λ̂ = (λ̂0, λ̂

′
1) are the solution of calibration equation

in (1.2), respectively.

The estimate mean of X using GREG, ET and NEW weights are equal

to each of the population mean of x, X̄N = 6 and X̄N = 6.5. Because sample

is generated by simple random sampling, all the design weights equal to 100

for each population. It is shown by Tables 7.1 and 7.2 that the generalized

regression weights are increasing in proportion to xi, but have negative and

near-zero values for units i = 1 and 2. All ET weights in Tables 7.1 and

7.2 are positive, but show a value smaller than one for unit i = 1 in the

population with X̄N = 6.5. The proposed weights are close to ET weights,

always positive and greater than 1 for the two populations. The NEW weight

for unit x7 is three to five times larger in value than the design weight for

the same unit, indicating a considerably moderate difference.
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Table 5.1: An example of calibrated weights with X̄N = 6

Weights x1 x2 x3 x4 x5 x6 x7

Design 100.00 100.00 100.00 100.00 100.00 100.00 100.00

GREG -50.00 0.00 50.00 100.00 150.00 200.00 250.00

ET 6.51 12.60 24.37 47.16 91.24 176.54 341.59

New 7.07 12.89 24.28 46.58 90.25 175.75 343.17

Table 5.2: An example of calibrated weights with X̄N = 6.5

Weights x1 x2 x3 x4 x5 x6 x7

Design 100.00 100.00 100.00 100.00 100.00 100.00 100.00

GREG -87.50 -25.00 37.50 100.00 162.50 225.00 287.50

ET 0.66 1.96 5.85 17.48 52.22 155.97 465.86

New 1.53 2.65 6.11 16.83 49.99 152.62 470.27
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5.2. Study 2

We performed a limited simulation study to compare finite sample perfor-

mances among the estimators. In the simulation, we considered two scenarios,

each containing two finite populations; we generated a total of four popula-

tions. Each finite population consists of auxiliary variables xi and zi, study

variable yi and model error ei.

The four populations are set out so that each represents a distinct con-

dition contingent upon the correlation between xi and ei and relationship

between yi and xi. Scenario 1 assumes that the auxiliary variable xi and

model error ei are uncorrelated and Scenario 2 assumes that the auxiliary

variable and the model error are correlated. Each scenario has two finite pop-

ulations with the same set of variables but with a different study variable

yi; in each scenario, study variable yi either has a linear relationship or a

non-linear relationship to xi, respectively.

We generated four populations of size N = 50, 000 under the following

scheme :

Scenario 1,

xi ∼ N (4, 1) ,

ei ∼ N(0, 0.25x2i ),

zi ∼ 0.5xi + χ2(0.5) + 5,

y1i = 1 + xi + ei,

y2i = (xi − 1)2 + ei,

where xi and ei are independent.
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Scenario 2, xi

ei

 ∼ N

 4

0

 ,

 1 ρxi

ρxi x
2
i

 ,

where ρ = 0.7 is the correlation between xi and ei.

zi ∼ (xi + χ2(0.5))1/2,

y3i = 1 + xi + ei,

y4i = (xi − 1)2 + ei.

From the population, we generated B = 5, 000 Monte Carlo samples of

sizes n = 100, 200, 500 and n = 1000 under two different sampling designs,

namely the simple random sampling (SRS) and the probability proportional

to size zi sampling with replacement (PPS). Under PPS, the design weights

di is written as

di =

(
n

zi∑
i∈U zi

)−1
.

The parameters of interest are population means for y1, y2, y3 and y4. We

considered five estimators: (i) direct estimator without calibration, denoted

by HT , (ii) generalized regression estimator denoted as GREG, (iii) best

linear prediction estimator denoted as Prediction, (iv) bias-corrected pre-

diction estimator denoted as B−C prediction, and (v) proposed calibration

estimator denoted as New. Under the working model (1.3) with vi = x2i , the
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five estimators have the following forms:

(i) HT :
∑
i∈A

diyi

(ii) GREG :
∑
i∈A

diyi + (
N∑
i=1

x′i −
∑
i∈A

dix
′
i)

(∑
i∈A

dixix
′
i/vi

)−1∑
i∈A

dixiyi/vi

(iii) Prediction :
∑
i∈A

yi +
∑
i∈Ac

x′i

(∑
i∈A

xix
′
i/vi

)−1∑
i∈A

xiyi/vi

(iv) B− C prediction :
∑
i∈A

yi +
∑
i∈Ac

x′i

(∑
i∈A

zix
′
i

)−1∑
i∈A

ziyi

(v) New :
∑
i∈A

{
1 + (di − 1)exp(λ̂0 + λ̂

′
1z
∗
1i)
}
yi.

For deriving the bias-corrected estimator zi = (di− 1)xi and for deriving the

proposed calibration estimator z̃1i = x1i are used as instrumental variable.

The biases and the mean squared errors (MSE) of the estimators of the

population mean of y1, y2, y3 and y4 generated using the Monte Carlo smaples

are presented in Table 5.3 through Table 5.6. These tables show that the bi-

ases and mean squared errors are decreasing as sample size is increasing

and that for all four variables, all other estimators have mean squared er-

rors smaller than that of the HT estimator. Moreover, it is shown that the

proposed calibration estimator is similar to the B-C prediction estimator in

terms of the bias and mean squared error in estimating the finite population

mean of four variables y1, y2, y3 and y4 and that the proposed calibration

estimator is more robust than the other three estimators regarding both the

biases and the mean squared errors in Table 5.3 through Table 5.6.

In Table 5.3, the prediction estimator is the most efficient estimator in the

sense that the mean squared error is the smallest, resulting from the fact that
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the working linear regression model is true for variable y1 and that there is no

correlation between xi and ei. There is no significant difference between the

mean squared errors of the GREG estimator and that of the B-C prediction

estimator. Furthermore, because the working linear regression model is true

for variable y1, the mean squared errors of the GREG estimator and that of

the B-C prediction estimator are not much larger than that of the prediction

estimator in both sampling designs, SRS and PPS.

Table 5.5 shows that although the linear regression model is true for y3,

because of the existing correlation between xi and ei, the prediction estimator

has a significant bias and a large mean squared error compared to other

estimators. The proposed estimator has a smaller mean squared error than

the GREG estimator in both sampling designs, SRS and PPS.

In Tables 5.4 and 5.6, since the linear regression model is not a good fit,

the prediction estimator demonstrates a significant bias. Since the GREG,

the B-C prediction, and the New estimators have ADU property, under the

misspecified model, they have negligible bias. It is also confirmed that the

proposed estimator has a smaller MSE than the GREG estimator in both

sampling designs, SRS and PPS.
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Table 5.3: Monte Carlo Biases and Mean squared errors of the five point

estimators for the mean of y1

Sample Size Estimator
SRS PPS

Bias MSE Bias MSE

100

HT 0.0004 0.0517 -0.0016 0.0494

GREG 0.0005 0.0430 0.0001 0.0423

Prediction -0.0003 0.0425 0.0005 0.0419

B-C prediction 0.0008 0.0432 0.0004 0.0425

New 0.0007 0.0433 0.0003 0.0426

200

HT 0.0029 0.0266 0.0011 0.0246

GREG 0.0017 0.0217 0.0014 0.0209

Prediction 0.0009 0.0213 0.0018 0.0206

B-C prediction 0.0017 0.0217 0.0016 0.0210

New 0.0017 0.0217 0.0015 0.0210

500

HT 0.0024 0.0107 0.0017 0.0098

GREG 0.0021 0.0087 0.0015 0.0082

Prediction 0.0015 0.0085 0.0017 0.0081

B-C prediction 0.0021 0.0087 0.0016 0.0082

New 0.0021 0.0087 0.0016 0.0082

1000

HT 0.0006 0.0050 -0.0001 0.0048

GREG 0.0007 0.0041 -0.0003 0.0041

Prediction 0.0002 0.0040 0.0000 0.0040

B-C prediction 0.0007 0.0041 -0.0002 0.0041

New 0.0007 0.0041 -0.0002 0.0041
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Table 5.4: Monte Carlo Biases and Mean squared errors of the five point

estimators for the mean of y2

Sample Size Estimator
SRS PPS

Bias MSE Bias MSE

100

HT -0.0029 0.4191 -0.0099 0.3727

GREG -0.0274 0.0792 -0.0257 0.0760

Prediction -0.2115 0.1279 -0.1689 0.1040

B-C prediction -0.0223 0.0622 -0.0179 0.0618

New -0.0128 0.0618 -0.0086 0.0616

200

HT 0.0073 0.2099 -0.0004 0.1889

GREG -0.0111 0.0416 -0.0105 0.0390

Prediction -0.2204 0.0976 -0.1758 0.0744

B-C prediction -0.0101 0.0321 -0.0067 0.0305

New -0.0053 0.0320 -0.0018 0.0305

500

HT 0.0029 0.0818 0.0048 0.0766

GREG -0.0035 0.0176 -0.0027 0.0164

Prediction -0.2478 0.0912 -0.1949 0.0636

B-C prediction -0.0022 0.0129 -0.0011 0.0119

New -0.0004 0.0129 0.0009 0.0119

1000

HT 0.0006 0.0399 0.0014 0.0379

GREG -0.0017 0.0084 -0.0022 0.0085

Prediction -0.2714 0.0947 -0.2116 0.0627

B-C prediction -0.0010 0.0060 -0.0016 0.0059

New -0.0001 0.0060 -0.0006 0.0059
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Table 5.5: Monte Carlo Biases and Mean squared errors of the five point

estimators for the mean of y3

Sample Size Estimator
SRS PPS

Bias MSE Bias MSE

100

HT -0.0012 0.2375 0.0020 0.1921

GREG -0.0188 0.1041 -0.0205 0.1025

Prediction -0.1495 0.1276 -0.0675 0.1035

B-C Prediction -0.0148 0.0967 -0.0158 0.0981

New -0.0085 0.0967 -0.0089 0.0979

200

HT -0.0005 0.1206 -0.0023 0.0939

GREG -0.0094 0.0540 -0.0145 0.0503

Prediction -0.1657 0.0882 -0.0692 0.0533

B-C Prediction -0.0068 0.0488 -0.0100 0.0478

New -0.0035 0.0488 -0.0064 0.0478

500

HT -0.0004 0.0469 -0.0025 0.0379

GREG -0.0048 0.0211 -0.0070 0.0200

Prediction -0.1899 0.0667 -0.0705 0.0250

B-C Prediction -0.0043 0.0183 -0.0035 0.0187

New -0.0030 0.0183 -0.0020 0.0187

1000

HT 0.0001 0.0237 0.0001 0.0194

GREG -0.0025 0.0112 -0.0034 0.0107

Prediction -0.2150 0.0717 -0.0718 0.0165

B-C Prediction -0.0017 0.0094 -0.0017 0.0099

New -0.0011 0.0094 -0.0009 0.0099
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Table 5.6: Monte Carlo Biases and Mean squared errors of the five point

estimators for the mean of y4

Sample Size Estimator
SRS PPS

Bias MSE Bias MSE

100

HT -0.0020 0.9161 0.0063 0.6987

GREG -0.0449 0.1954 -0.0494 0.1803

Prediction -0.3664 0.3418 -0.1650 0.1879

B-C Prediction -0.0357 0.1461 -0.0386 0.1537

New -0.0199 0.1449 -0.0218 0.1528

200

HT -0.0001 0.4584 -0.0023 0.3463

GREG -0.0218 0.1042 -0.0322 0.0922

Prediction -0.4045 0.3088 -0.1662 0.1115

B-C Prediction -0.0152 0.0727 -0.0218 0.0767

New -0.0071 0.0724 -0.0129 0.0764

500

HT 0.0009 0.1812 -0.0047 0.1419

GREG -0.0097 0.0443 -0.0157 0.0384

Prediction -0.4623 0.3172 -0.1709 0.0690

B-C Prediction -0.0086 0.0280 -0.0074 0.0300

New -0.0053 0.0279 -0.0037 0.0299

1000

HT 0.0008 0.0895 0.0006 0.0704

GREG -0.0055 0.0241 -0.0080 0.0207

Prediction -0.5246 0.3847 -0.1747 0.0558

B-C Prediction -0.0036 0.0142 -0.0040 0.0157

New -0.0020 0.0141 -0.0021 0.0157
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Chapter 6

Real Data Example

To compare the proposed estimator with other estimators with real data

applied, we use a small sample of segments from the 1997 National Resource

Inventory for the state of Missouri in Fuller (2009) which is presented in

Appendix A.3.

In this sample with all 80 segments chosen from three strata, 79 segments

have three sample points and one segment has only two sample points. The

sampling design features stratified random sampling for segments and second-

stage sampling selected two or three points within segments. All segments

are have three points, except 79th segment.

The variable “Weight” in the table is the inverse of the sampling rate

and “Segment Size” is the total area of the segment in acres. The variable

“Cultivated Cropland” is the fraction of points having cropland in active use

multiplied by the segment size. Other variables,“Forest” and “Federal”, are

defined in the same way.
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Indicators for three strata can be considered as for auxiliary variables

in the regression so that the sampling design becomes noninformative. The

indicator for stratum h is

xhi = 1 if segment i is in stratum h

= 0 otherwise

for h = 1, 2, 3.

In addition to indicators for three strata, the total area of segment i x4i

and the federal acres for segment i x5i are also included in auxiliary variables.

To estimate total acres of cultivated cropland, which is our main variable

of interest, we consider the following model

yi = β1x1i + β2x2i + β3x3i + β4x4i + β5x5i + ei,

where yi is the acres of cultivated cropland, (x1i, x2i, x3i) is the vector of

stratum indicators for segment i, and ei ∼ N(0, σ2
ex

γ
4i).

To estimate γ, we consider the following regression model:

log(ê2i ) = log(σ2
e) + γlog(x4i) + ui,

where ui ∼ N(0, σ2
u). The procedure of estimating β and γ can be iterated

with initial values calculated by the ordinary least squares method. Similar

estimation procedures are also discussed in Valliant et al. (2001).

For deriving the total average of cultivated cropland, we consider the

following three estimators whether or not model variance depends on γ :

generalized regression estimator, GREG, bias-corrected prediction estimator,

B-C prediction, and the proposed calibration estimator, New. In addition to

cultivated cropland, we also estimated the total acres of forest and nonfederal

land in other categories.
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Table 6.1: Alternative Estimators and Standard Errors

Model Variance Estimator Cultivated Forest Other

γ = 0

GREG
156.88 74.74 178.28

(16.73) (13.72) (17.19)

B-C prediction
156.89 74.77 178.25

(16.73) (13.74) (17.17)

New
156.58 74.72 178.6

(16.58) (13.74) (17.12)

γ̂ = 1.31

GREG
156.24 75.05 178.61

(16.50) (13.77) (17.15)

B-C prediction
156.41 74.82 178.67

(16.53) (13.74) (17.11)

New
156.19 74.98 178.72

(16.46) (13.76) (17.10)

63



Table 6.1 presents the resulting estimators and their standard errors for

γ = 0 and γ̂ = 1.31. From Table 6.1, we can conclude that it is more reason-

able assumption that the model variance depends on x4i, since the estima-

tors computed when we assume that the model variance depends on x4i have

smaller standard errors for total acres of cultivated cropland than the estima-

tors calculated under constant variance assumption. Generalized regression

estimator and bias-corrected estimator for three variable show similar perfor-

mance in terms of standard errors under both model variance assumptions.

The proposed calibration estimator for the total area of cultivated cropland,

when model variance is proportional to xγ4i, is the most efficient among the

estimators considered. For estimating total area of forest and other non fed-

eral land categories, three estimators do not make significant differences in

biases and mean squared errors.
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Chapter 7

Concluding Remarks

Calibration constraint is an important practical constraint in survey esti-

mation. Using a prediction model, instrumental variable can be constructed

to achieve the optimality in the sense of minimizing the anticipated vari-

ance among the class of asymptotic design unbiased estimators satisfying the

calibration constraint.

The proposed calibration weights satisfy calibration equation in (1.2) and

achieve range restrictions, positive and greater than one, and avoid extreme

large values. The proposed instrumental-variable calibration estimator is un-

derstandable not only design-based approach but also prediction approach.

The proposed method can be directly applicable to two-phase sampling and

an alternative two-step calibration method is discussed.

In limited simulation study and real data example, we investigate the

finite population performances of the proposed estimator. we have the result

that the proposed calibration estimator is similar to the B-C prediction es-

timator in terms of the bias and mean squared error in estimating the finite
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population mean and that the proposed calibration estimator is more ro-

bust than the other three estimators regarding both the biases and the mean

squared errors

In the thesis optimality of the proposed estimator is based on the linear

regression model with known variance function. Further investigation of the

departure from the model assumptions is not discussed here and will be a

topic of future research.
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Appendix

A.1 Definition

Let θ̂ be an estimator of a finite population parameter θN = θ(y1, y2, . . . , yN).

Definition 1. An estimator θ̂ is design unbiased for the finite population

parameter θN if

Ep(θ̂) = θN ,

for any vector (y1, y2, . . . , yN), where Ep(·), design expectation, denotes the

expectation with respect to the sample design conditional on the the finite

population..

Definition 2. An estimator θ̂ is said to be design consistent for θN if, for

all ε > 0,

limn,N→∞ prob{|θ̂ − θN | > ε} = 0,

where the probability is with respect to the design.
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Definition 3. An estimator θ̂ is said to be asymptotically design unbiased-

ness (ADU) for θN if

limn,N→∞[Ep(θ̂)− θN)] = 0.

Definition 4. The anticipated variance (AV) of θ̂ − θN is

AV (θ̂ − θN) = Eξ{Ep[(θ̂ − θN)2]} − [Eξ{Ep(θ̂ − θN)}]2,

where Eξ(·) is the expectation with respect to the superpopulation model ξ.

A.2 Assumption

To discuss the asymptotic properties of the estimators, assume a se-

quence of finite populations and samples as in Isaki and Fuller (1982). UN =

{1, 2, . . . , N} is the set of indices N -th finite population and AN is the sam-

ple index set selected from UN with size nN = |AN |. Here we assume that

nN →∞ as N →∞ and

limN→∞fN = f, 0 ≤ f < 1,

where fN = n/N.
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A.3 NRI Data

Table A.1: NRI Data from Missouri

Obs Segment Cult.

Stratum Number Weight Size Crop Forest Federal

1 1 33 165 55 110 0

1 2 33 162 54 0 0

1 3 33 162 108 0 0

1 4 33 168 56 56 0

1 5 33 168 56 0 0

1 6 33 162 54 0 0

1 7 33 162 54 108 0

1 8 33 162 54 0 108

1 9 33 162 0 0 0

1 10 33 162 54 54 0

1 11 33 234 234 0 0

1 12 33 162 108 0 0

1 13 33 165 0 110 0

1 14 33 162 108 54 0

1 15 33 339 0 0 0

1 16 33 162 54 0 0

1 17 33 162 54 0 0

1 18 33 162 162 0 0
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Obs Segment Cult.

Stratum Number Weight Size Crop Forest Federal

1 19 33 204 0 68 68

1 20 33 165 0 165 0

1 21 33 162 0 0 162

1 22 33 162 54 108 0

1 23 33 147 49 95 0

1 24 33 162 0 162 0

1 25 33 165 110 0 0

1 26 33 162 0 0 108

1 27 33 165 110 0 0

1 28 33 162 54 0 0

1 29 33 324 108 108 0

1 30 33 168 0 168 0

2 31 35 159 0 53 0

2 32 35 171 57 0 0

2 33 35 159 0 53 0

2 34 35 159 106 53 0

2 35 35 165 0 0 0

2 36 35 165 0 0 0

2 37 35 165 0 0 0

2 38 35 159 106 0 0

2 39 35 159 0 0 0

2 40 35 345 0 230 0
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Obs Segment Cult.

Stratum Number Weight Size Crop Forest Federal

2 41 35 165 55 0 0

2 42 35 156 52 0 0

2 43 35 168 112 56 0

2 44 35 168 56 0 0

2 45 35 309 609 0 0

2 46 35 159 159 0 0

2 47 35 159 159 0 0

2 48 35 333 0 0 222

2 49 35 162 108 0 0

2 50 35 162 108 0 0

2 51 35 165 55 0 0

2 52 35 159 159 0 0

2 53 35 165 165 0 0

2 54 35 159 0 0 159

2 55 35 165 0 0 0

2 56 35 159 0 0 106

2 57 35 159 0 0 0

2 58 35 162 0 0 108

2 59 35 165 110 0 0

2 60 35 153 102 0 0
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Obs Segment Cult.

Stratum Number Weight Size Crop Forest Federal

2 61 35 162 162 0 0

2 62 35 159 53 0 0

2 63 35 162 108 0 0

3 64 26 162 54 0 0

3 65 26 162 54 0 0

3 66 26 162 0 108 0

3 67 26 165 55 0 0

3 68 26 168 56 56 0

3 69 26 162 108 0 0

3 70 26 162 54 108 0

3 71 26 162 0 0 0

3 72 26 162 108 0 0

3 73 26 159 0 0 0

3 74 26 162 0 108 0

3 75 26 165 55 0 0

3 76 26 165 0 0 0

3 77 26 156 52 0 0

3 78 26 165 0 55 110

3 79 26 100 0 50 50

3 80 26 177 0 118 0
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국 문 초 록

표본조사에서의 도구변수를 통한 가중치보정 추정량

Instrumental-Variable Calibration Estimation in Survey Sampling

표본조사료에대한효율적인추정을위하여모집단수준에서이용가능한

보조정보를 효과적으로 사용하는 예측 모형이 사용된다. 이 때, 가정된 예

측 모형이 참이 아닌 경우를 대비하여 예측 추정량은 점근설계비편향성을

지녀야 한다. 이러한 점근설계비편향 가중치 보정 추정량들 중 도구 변수

를 통한 가중치보정 추정량은 모형 최적성을 충족시키기 위해 고려될 수

있다.

이 논문에서 우리는 최적 도구변수를 통한 가중치보정 추정량과 점근

적으로 동등한 새로운 가중치 보정 추정량을 제안한다. 그 결과 새롭게

제안된 가중치는 1보다 작지 않고 적당한 범위 제한을 만족시킬 수 있게

만들 수 있다. 또한 제안된 방법은 이중 표집 방법을 통해 얻어진 표본조

사자료에대한가중치보정추정량에대해서도적용가능하다.가상자료를

통한 제한된 모의실험 결과와 실제 자료에 대한 분석 결과를 기술하였다.

주요어 : 점근설계비편향성, 회귀 추정, 가중치

학 번 : 2008-20258
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