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ABSTRACT

Statistical inference in time series models with

nonstandard mean and variance structure

Hwansik Jung
The Department of Statistics
The Graduate School

Seoul National University

In this thesis, we consider inferences in time series model with non-
standard mean and variance structure. First, an alternative GARCH model is
proposed to handle the asymmetric leverage effect. The conditional variance
of the proposed model consists of past conditional variances and squares of
past transformed residuals. The Yeo-Johnson transformation is employed to
model asymmetric leverage effect. Consistency and asymptotic normality of
maximum likelihood estimator(MLE)s are derived. Real data is analyzed and
the performance of the proposed model is compared with other GARCH-type
models.

Second, the generalized method of moment(GMM) estimation is proposed
for the cointegrated vector autoregressive(VAR) process of integrated order 1
where the process consists of endogenous variables and exogenous variables.

Ahn et al. (2015) considered the MLE and the least squares estimation(LSE)



of the cointegrated VAR processes assuming that the non-stationary exoge-
nous variables are cointegrated. The same model considered by Ahn et al.
(2015) was studied by the iterative GMM estimation method. The asymp-
totic properties of the GMM estimators are derived and the finite sample

properties of the estimators are examined through a Monte Carlo simulation.

Keywords: Asymmetric GARCH, Yeo-Johnson transformation, Leverage
effect, Cointegration, Generalized method of moments, Exogenuous variable
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Chapter 1

Introduction

A time series is a collection of random variables observed sequentially in
time. Unlike many statistical models, which are developed assuming that
the observations are independent, a time series analysis is concerned with
describing the dependence among the elements of a sequence of random vari-
ables. Therefore, many time series models are developed based on an assump-
tion of stationarity, meaning that the behavior does not depend on when we
start to observe it. However, many economic time series data exhibit an non-
stationary behavior, such as a stochastic trend or non-homogenous variances.
In order to handle these nonstationary phenomena, many researchers have
suggested the transformations of data, such as difference or a log transforma-
tion. In this thesis, we propose models for the inference of time series data
with nonstandard mean and variance structures.

An autoregressive conditional heteroscedastic(ARCH) model was first in-
troduced by Engle (1983) to explain heteroscedastic properties, e.g., cluster-
ing and time-varying properties of volatility. Bollerslev (1986) generalized it
to propose a generalized ARCH(GARCH) model which is analogous to the

extension of AR to ARMA models. Many researchers, however, have found



that this model sometimes fails to capture the asymmetric property that is
called the leverage effect. This led to the use of non-normal distributions,
Student’s t and skewed Student’s ¢, within many non-linear extensions of the
GARCH model, the exponential GARCH(EGARCH) of Nelson (1991), the
GJR of Glosten et al. (1993) , and the asymmetric power ARCH(APARCH)
of Ding et al. (1993), to better model the fat-tail(the excess kurtosis), the
skewness, and the leverage effect. These models have been relevant in esti-
mating and forecasting volatility as well as capturing asymmetry in volatility.
However, Allen et al. (2014) studied the issue of asymmetry and leverage in
conditional volatility models and showed that the leverage is not well handled
in the GJR and EGARCH models. The APARCH model also has the same
limitations as the Box-Cox transformation, which is the boundness and the
positiveness of the transformed variables.

When we analyze vector time series data which are integrated we usually
take a difference of the data. But if some of the linear combination of the
series is stationary, a vector time series is said to be cointegrated. Granger
(1981) and Engle and Granger (1987) proposed the concept of cointegration
and developed a vector error correction model(VECM). Johansen (1988) and
Ahn and Reinsel (1990) proposed a maximum likelihood estimation(MLE)
based on the reduced rank approach, Phillips (1994) and Engle and Granger
(1987) suggested the regression approach, and Quintos (1998), Kleibergen
(1997), and Park et al. (2011) proposed GMM estimation methods. Descrip-
tions and applications of these methods can be found in many financial em-
pirical research. Recently, a cointegration model with exogeneity has received
the attention of many authors. Since Hunter (1990) defined the cointegrating
exogeneity, many researchers have developed new structural models. Pradel
and Rault (2003) studied the strongly exogenous case, while Johansen (1992),
Harbo et al. (1998), and Pesaran et al. (2000) studied the weakly exogenous



case, Mosconi and Giannini (1992) studied the case of non-causality. But they
used only the sufficient condition of exogenous assumptions and did not con-
sider the case in which exogenous variables are cointegrated.Ahn et al. (2015)
generalized the previous results and proposed MLE and LSE when the exoge-
nous variables are cointegraed. However,according to Phillips (1994) MLE
does not work properly when the data is huge and high-dimensional since the
distributional assumption is easily violated and extraordinary outliers are eas-
ily encountered in the finite sample. Unlike the MLE, the GMM estimation
does not need a distributional assumption and only requires the specification
of moment conditions. Therefore, the GMM estimation is computationally
convenient for the inference of a complex model.

In this thesis, a new asymmetric GARCH-type model is proposed to han-
dle the leverage effect and the GMM estimation method is proposed for esti-
mation of the cointegration model with exogenous variables.

The remainder of the thesis is organized as follows. Chapter 2 reviews
the basic concepts that will aid the reader in understanding the models and
methods used in this thesis. In chapter 3, an asymmetric GARCH, named
YJ-GARCH, is proposed, and the asymptotic properties of the proposed
model are derived. Real data is analyzed to compare the performance of
the YJ-GARCH with other GARCH-type models in chapter 3. Chapter 4
contains the parameterization of the parameter sets and the iterative GMM
estimation based on Ahn et al. (2015). Asymptotic properties of the iterative
GMM estimators derived and the performance with MLE and LSE in finite
samples are compared through a Monte Carlo simulation. Chapter 5 contains

some concluding remarks.



Chapter 2

Literature Review

In this chapter, basic concepts useful to understand the models and methods
used in this thesis are reviewed. Section 1 introduces the conditional het-
eroscedasticity and the family of transformation is summarized in section 2.
In section 3, the concept of cointegration and the cointegrated model with
exogenous variables are reviewed. Finally, we present the GMM estimation
in section 4.

In the followings, P and % denotes convergence in probability and in
distribution, respectively. vec(-) stacks the columns of a matrix into a column

vector and ® operator is a kronecker product.

2.1 Conditional heteroscedastic models

Consider an autoregressive process of order p, AR(p), for the observed vari-

able X,

Xe=p+ o1 Xe1+ -+ 0pXi—p + e,



where ¢; is a white noise process with

E(Et) =0
o2 ifi=j

E(EZ’EJ') = (21)
0 ifi#j.

The process is covariance-stationary provided that the roots of
1—¢1z—¢2z2—-~-—¢pzp:0

are outside the unit circle. The optimal linear forecast of the level of X; for

an AR(p) process is
B(X| X1, Xt 2 ) =p+ 01X 1+ + dpXiyp, (2.2)

where E(X;|X;—1, Xi—2---) denotes the linear projection of X; on a constant
and (X¢—1,X¢—2---). While the conditional mean of X; changes over time
according to (2.2), provided that the process is covariance-stationary, the

unconditional mean of X; is constant

E(Xt\Xt—l,Xt—2 : ) = M/(l — 1 — g — - — ¢p)-

In the analysis of financial time series, investors often require higher expected
returns as a compensation for holding risk assets. Since volatility means the
conditional variance of the underlying asset, the modeling of the variance is
as much important as the level of the series X;. A variance that changes
over time also has implications for the validity and efficiency of statistical
inference about the parameters (i, g1, ¢2, - - - , ¢p) that describe the dynamics
of the level of Xj;.

Although the unconditional variance of €, o2, is constant in (2.1), the

conditional variance of € evolves over time. One approach to describe the

;ﬁ'! 2 1_..” .__;J!_ W



behavior the conditional variance is denoting the square of ¢ as an AR(m)

process

€ =ag+a1€l | +agel 5+ +amer . +wy, (2.3)

where w; is a new white noise process:
E(w) =0
& ifi=j
0 ifi=#j.

Since ¢; is an error in forecasting X;, (2.3) implies that the linear projection

E(wiw;) =

of the squared error of a forecast of y; on the previous m squared forecast

errors is given by
2.2 2 2 2 2
E(eilei_1.€i_0 ) = ao + a16_1 + a26,_o + ++ + Qn€y_py,. (2.4)

A white noise process ¢, satisfying (2.3) is described as an autoregressive con-
ditional heteroscedastic process of order m, ARC H (m), which is introduced
by Engle (1983). Since ¢; is random and €? cannot be negative, this is a
sensible representation only if (2.4) is positive and (2.3) is nonnegative for
all realizations of €;. This can be ensured only if w; is bounded from below
by —ag with ag > 0 and a; > 0 for i = 1,2,--- ,m. In order for ¢? to be

covariance-stationary, we further require that the roots of

2

l—oz—a9gz— - —apz" =0

lie outside the unit circle, which is equivalent to
o +ag+ -t apy <1, (2.5)

if a;’s are nonnegative. When this condition is satisfied, the unconditional

variance of ¢, is given by

o2 =FE()=ag/(1 —a1 —ag — - — ap).

A 2t 8
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Let €;44; denote a s—period-ahead linear forecast

. 2 .2 2
€t+tslt = E(€t+s|€t’€t—1a ).

This can be calculated iteratively. Then the s—period-ahead forecast €.y
converges in probability to o2 as s — 0o, assuming that w; has finite variance
and the condition (2.5) is satisfied.

It is often convenient to use an alternative represenation of an ARCH(m)
process that imposes slightly stronger assumptions on the serial dependence

of ¢. Let

€ = \/Et@,

where e; is an i.i.d. sequence with zero mean and unit variance, then h;

evolves according to
hy = ag+a1€;_ + -+ amer_,,, (2.6)

where ap > 0 and a; > 0 for ¢ > 0. The coefficients «; must satisfy these
regularity conditions to ensure that the unconditional variance of ¢; is finite.

Although (2.3) and (2.6) are useful to describe the behavior of volatility,
a relatively long lag is needed in the applications. To avoid this problem
Bollerslev (1986) introduced a useful extension of ARCH known as a GARCH

model as follows:
he =ag+are_q + -+ ame_p, + Brhu—1 + - + Bshys,

where ag > 0, a; > 0, 5; > 0, and Zzzalx(m’s)(ai—i-ﬂi) < 1. The last constraint
on «; + f3; ensures the finite unconditional variance of ¢;. The simple structure
of GARCH model, however, has important drawbacks. GARCH models need
an nonnegativity constraint on the parameters and does not accommodate

the asymmetric relations in returns and volatility changes, for example. To

2] S &)
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accomodate the asymmetric effects between positive and negative residuals,

Nelson (1991) proposed the EGARCH model

g(er) 296t+7<\€t| —E(\€t|>> (2.7)

(1+aB'+---+ p,B%)
(1—pBt —---— B,BP)

where 6 and v are real constants. In (2.7), both e; and |e;| — E(|et|) are

log(hs) = a +

g(etfl)v

i.i.d. random variable with mean zero. The EGARCH model differs from
the GARCH model in several ways. First, it uses log conditional variance
to relax the positiveness constraint of model coefficients. Second, the use
of g(e¢) enables the model to separate asymmetrically positive and negative
lagged values of ¢;.

Another volatility model commonly used to handle the leverage effect is
the threshold GARCH(TGARCH) model; see Glosten, Jagannathanm and
Glosten et al. (1993) and Zakoian (1994). A TGARCH(m,s) model assumes

the form

S m
he=ao+ Y (i +vNesi)et 1+ Y Bihu_j,
i=1 =1

where N;_; is an indicator for negative €;_; such that

1 ifeg;<0
Ni_i=

0 ifey >0,
«;, B;, and ~; are nonnegative parameters satisfying conditions similar to
those of GARCH model. Depending on whether past residual lies above or
below zero, it has a different effect on the volatility model.
Even though EGARCH and TGARCH models are useful and simple for
reflecting the leverage effect of positive and negative past residuals to volatil-

ity, however, when the data has a non-symmetric behavior these GARCH-



type models do not work well. To avoid this weakness, transforming non-
normal data to nearly normal before fitting GARCH-type model has been
proposed. Asymmetric-power autoregressive conditional heteroscedastic(A-
PARCH) introduced by Ding et al. (1993) is one of the ARCH family model
which is useful to handle the asymmetry. The power term estimated within
the A-PARCH is the means by which the data is transformed. The power
term captures the volatility clustering, which is the influence of the outliers.
Traditionally, data transformations involve a square term. But when data
is non-normal or when it is not possible to characterize the distribution by
the mean and variance, the use of a squared power transformation is not
appropriate and other power transformations which use higher moments to

adequately describe the distribution are needed.

2.2 Family of Power Transformations

Many statistical models are developed under the strong assumptions about
the structure of data. In practice, these assumptions often fail to hold. One
of the solution is to develope flexible alternatives which do not depend on
the strong assumptions. Another is to transform data so that they satisfy
the assumptions. The family of power transformation is reviewed in this
section. Tukey (1957) introduced a family of power transformation such that
the transformed values are a monotonic function of the observations over
some admissible range and indexed by
5 X} ifA#0

x™M = (2.8)
log(Xy) if A =0,



for X; > 0. This transformation was modified by Box and Cox (1964) to take
account of the discontinuity at A = 0 as follows:

X0 _ (X} —1)/XifX#0 2.9

log(X:) if A=0.
It is noted that Box-Cox transformation is valid only for X; > 0, hence
modification is negative observations. Box and Cox (1982) proposed the
shifted power transformation with the form

A1 ;
Xt()\) _ (X + A2) /A ifA#0 (2.10)

log(Xi + Aa) if A =0,

where \q is the transformation parameter and A5 is chosen such that X; >
—A2. The families (2.9) and (2.10) have the advantage that they are continu-
ous functions of A\; and Ay, respectively. Also, Box and Cox (1982) converted
the selection of A = (A1, A2) into an estimation problem. Draper and Cox
(1969) attempted to derive the asymptotic properties of maximum likelihood
estimator, A, in (2.9). Andrews et al. (1971) and (Velilla (1993),Velilla (1995))
discussed the transformation of multivariate observations. The transforma-
tion (2.10) is discussed in detail in Atkinson (1985) and Atkinson and Pericchi
(1991).

Manly (1976) suggested another alternative which can be used with neg-

ative observations

x® = [eap(AXe)] — 1/A if A#0

X, if A=0.
He claimed that it is effective at transforming skewed unimodal distributions
into nearly symmetric normal-like distributions. John and Draper (1980) in-
troduced the so-called modulus transformation which is considered to normal-

ize distributions already possessing some measure of approximate symmetry

10



and carries the form

) A ;
Xt()\) _ sign(Xe)[(| Xe| + 1) 1/A] i A#0 (2.11)

sign(X;)log(|Xe| + 1)*.

It is important to note that the range of Xt()‘) in (2.8)-(2.10) and (2.11) is
restricted according to whether X is positive or negative. This implies that
the transformed values do not cover the entire range (—o0,c0), hence their
distributions are of bounded support. Consequently, only approximate nor-
mality is to be expected. But they are not appropriate for skewed data and
change the prime properties of distribution like increase or sign.

Yeo and Johnson (2000) proposed an alternative family of power trans-
formation which has properties similar to the Box-Cox transformation, in
particular, convexity on the whole real line and is appropriate for reducing

the skewness as follows:

X, +1D)r—1
(tJFA), ifA£0,X; >0
log(X; + 1), ifA=0,X;>0
v\ Xy) = X112 1 (2.12)
- Y . fAN£2,X,<0
\—lOg(—Xt + 1), ifA=2 X, <0.

This transformation has the same form as Box-Cox transformation on the
positive part, except the shift constant 1 in contained. The properties of the

transformation are summarized in the following lemma.

Lemma 2.1. (Yeo and Johnson, 2000) The transformation function (-, -)
defined in (2.12) satisfies

(1) YA, X¢) >0 for Xp >0 and (A, X¢) <0 for X; <O0.
(2) YN, Xy) is conver in Xy for X > 1 and concave in Xy for A < 1.

11



(3) (A, Xt) is continuous function of (A, X3).

k
(4) Let p®) = %w()\,xt). Then for k >0

;

(Xi + 1)Mog"(X; +1) — kyp*=D /A ifA#0,Xy >0
loght (X + 1) /(k + 1) ifA=0,X,>0

—(= X+ 12— log(—=X;: + 1) — k=D /(2= X) if A £2,X;, <0

(= log(=X; + 1)) /(k + 1) ifA=2X, <0
is continuous in (A, Xy). Here (0 = (), X;).

(5) ¥(A, Xt) is increasing in both x and .

(6) Y(N\, Xy) is conver in X for Xy > 0 and concave in X for X; < 0.

From Lemma 1, we can see that Yeo-Johnson transformation is monotone,
continuous, and differentiable. These properties are useful to obtain the con-
sistency and asymptotic results of the asymmetric GARCH model proposed
in chapter 3.

In this thesis, a GARCH model with Yeo-Johnson transformation is pro-
posed. In asymmetric GARCH modelling, we focus on the lagged error terms
instead of independent or dependent terms. If all error terms are positive or
vice versa, then some of asymmetric GARCH models just discriminate the
sign of value and lead to the loss the information in error terms. For this rea-
son, we suggest an alternative type of asymmetric GARCH model which can
modify the distribution of error by Yeo-Johnson transformation and thus is
useful in converting a skewed distribution to approximately symmetry. And
it has quite satisfactory performance in transforming a near symmetric distri-
bution to a normal distribution. As is well known, if a distribution of errors

is normal then the skewness and the excess-kurtosis (i.e. kurtosis minus 3)

12



are identical to zero. Thus a distribution of errors in financial time series
which are far from normal would mean that at least one of the skewness
or excess-kurtosis measures is significantly different from zero. Since Yeo-
Johnson transformation would show good performance in skewness case, we
expect that the proposed model(YJ-GARCH) specification can improve the

estimates of the forecast intervals.

2.3 Cointegration model

Consider an m—dimensional vector process X; generated by an autoregres-

sive process of order p, VAR(p), given by

P
QL)X =(In— > ;L)X = e, (2.13)

j=1
where @1, ---, ®, are m x m coefficient matrices and L is a lag operator such

that LX; = X;_1. € is a m-dimensional white noise vector with mean 0 and
nonsingular covariance matrix €.

VAR process is stable or called covariance-stationary if the characteristic
polynomial equation det(®(L)) = 0 has m characteristic roots which are
outside the unit circle. When some roots of det(®(L)) = 0 lie on or inside
the unit circle, the VAR process is nonstationary. For details of the properties
of VAR process, see Hamilton (1994) and Briiggemann and Liitkepohl (2005)
among others. In general, any linear combination of nonstationary X; will
be also nonstationary. However, if there exists a vector B such that B’ X is
stationary, then X is cointegrated, following Engle and Granger (1987).

In this thesis, the cointegration models with exogenous variables are stud-
ied. Assume that det(®(L)) = 0 has d (0 < d < m) unit roots and the
remaining roots are outside the unit circle, i.e., rank(®(1)) = r(= m — d).

This assumption implies that the I,,, — ®(1) = Z§:1 ®; has d liearly inde-

13



pendent eigenvectors associated with eigenvalue 1. Under this assumption,
the first difference of each component of X is stationary, while at least d
components are integrated processes of order 1, denoted by I(1). Then (2.13)
can be represented as a vector error correction model(VECM) introduced by

Engle and Granger (1987) as follows:
(L)1 - L)Xy = —-P(1) X1 + €, (2.14)

where ®*(L) = I, — Y07 @117 with &7 = = Y0 .| &y

If r = m —d > 0, then, since det(®(L)) = 0 has d unit roots, there
are m x m matrices P and Q = P~! such that Q(Z§:1 ®;)P = J, where
J = diag(Ig, A,) is the Jordan canonical form of Z?:l ®. We can easily
see that ®(1) = I, — 3 0_ ®; = P(Iy, — J)Q = Py(I, — A;)Q, when we
partition Q" = [Q1,Q2], @1 = [Q11,Qo], @y = [Q%,Q], P = [P, P2,
Py = [P11, Pio)/, and Py = [Pa1, Pao]’ such that @1 and Py are m x r, Q}; and
Py are r x d, and Q) and P are d x d, Q4 and Pjg are r X 7, and Qb
and Pyg are d X r matrices. The rank of the m x m matrix ®(1) is a reduced

rank 7. Let C = —®(1) = AB’, then (2.14) can be written as

p—1
AX = -®() X1+ Y PIAX, ;+e
j=1
p—1
= AB'X 1+ ) PAX j+e, (2.15)
j=1

where A is the difference operator such that AX; = X; — X;_1. CX_1 is
called the error correction term which adjusts for over-differencing. C' = AB’
is a full rank factorization of C' since m x r matrices A and B have full rank
r by the definition of A and B.

Ahn and Reinsel (1990) showed that B’ X;_; is stationary if A = Py(I, —
A)Qhy and B = Q5,1 Q). Since B'X,_; is a r—dimensional stationary pro-

cess, X is cointegrated with cointegrating rank r. The matrix B’ is called

14



the cointegrating matrix and A is called the adjust matrix, or loading matrix.
Note that B’ is the coefficient matrix of non-stationary process X; 1 and A
can be treated as a coefficient matrix of stationary process B’ X;_1.

In (2.15), there is no unique identification as C' = AB’ and C = A*B"™* =
AMM~'B’ for some r x r matrix M. In order to avoid this problem, many
researchers considered different identifying conditions. Johansen (1988) pro-
posed a method which is motivated by the canonical correlation analysis.
B'Q.B = I, is used as an identifying condition based on the MLE procedure
and a closed form solution of maximum likelihood equation exists. It can be
done in two steps. In the first step, AX; and X;_; are regressed on AX;_;’s
and residuals are obtained. Residuals of the regression of A X are regressed
on those of X;_1 in the second step.

On the other hand, Ahn and Reinsel (1990) developed a method which
is motivated by the reduced rank regression analysis. This method uses
the identifying condition of the form B’ = [I,, B{]. Based on this method,
adjusted term is expressed as B'X;_ 1 = X141 + B{X2-1. It can be par-
titioned as X; = [X,, X5,] where X is r x 1 matrix and X is d x 1
matrix. For this normalization, it is assumed that X; are arranged so that
X ; is purely nonstationary, that is, not cointegrated.

Unlike Johansen (1988), Ahn and Reinsel (1990) developed an estimation
procedure with LSE and MLE simultaneously using the Newton-Rahpson
algorithm. Ahn and Reinsel (1990)’s LSE is given by

F= (ZT:AXtUQ_1> <2T:UHUQ_1), (2.16)
t=1 t=1

Where F — [07 @T, Tty @;71] and Ut_]_ — I:Xg—l’ AX:S—I? Tty AX;—p—ﬁ-l],
Ahn and Reinsel (1990) also obtained MLE using the Newton-Raphson algo-

15



rithm as follows:

n(z+1) (Z de;_ 1) 1 5615 1 )ﬁ(i) ( 3;2771 Qg_let) o

wheren = (B',0"),B = vec(B(’)), and 0 = vec[A, @, -+, ®5_,]. The gradient

vector de;/dn is driven as

o, | Xux A
877 U;—l ® Im

where U;_y = [(B'X ;1) ,AX} |,--- ,AX}_ p+1)’- The initial estimator 7©)
can be obtained using LSE F. Then the initial estimators of A and B are

obtained as

and

By = (A0 Ay A6y,

where C = [C’l, C~’2], Cy and Cy are m x r and m x d matrices, respectively
and Q' is a sample variance of the regression residuals using (2.16). Ahn
and Reinsel (1990) also derived the asymptotic distributions of the above
estimators. The key in the derivation of the asymptotic distribution of the

estimators is the Lemma 1 of Ahn and Reinsel (1990) as follows:

Lemma 2.2. (Ahn and Reinsel) Let Z; = QX = [Z1,24,]' and a; =
[a’Lt,a’Q’t]' = Qe such that Z1; and a1y are d X 1 and Zoy and asy are
rx 1 with Q = QQQ" and Q4 = [14,0]Q,[14,0]". In addition, define
Wiy = [I4,0]9[I4,0) with ¥ =Y 72, Wy, Uy are the infinity moving average
coefficients in the representation uy =y oo 1 Vya,_y, for the stationary process
u = QAXy —CXy1) = Z; —diag(lg,\r)Zi—1, and By,(u) and By(u) =

Qq, 1/2 14, O]Ql/2Bm(u) be standard Brownian motions of dimensions m and d
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repectively. Under the assumption of model (2.14), the following distributional
results hold:

(1) T 221& 1Z1t 1th 1 —) \1/1191/2 fO Bd d(u)’duQ}z{Q 111 = Bzz.
1 1/2 ' 51/2 5,

(2) T~ Zt vy = {fo u)d By, (u )} Q)" WYy = Bas.

(3) TP Ui Zy 5 0.

(4) TP UiiUiy B Ty = Cou(U).

(5) T2 5T vec(aU)_1) % N(0,Ty @ Q).

The asymptotic distribution of LSE F and MLE By and 6 are summa-
rized in Theorem 1 and Theorem 2 of Ahn and Reinsel (1990).

Consider the case where the cointegrated model X; consists of enogenous
and exogenous variables. Assume that X; = [Y}, Z}), where Y is an m,—
dimensional vector process of endogenous variables and Z; is an m,— di-
mensional vector process of exogenous variables with m, +m, = m. ’Z;
is exogenous’ means that Z; is not affected by Y; while Y is affected by
Z;. Exogeneity is sometimes mixed up with causality. However, ’exogene-
ity’ and ’causality’ were perfectly distinguished by mathematical definition
of Engle et al. (1983). They defined that Z; is exogenous if and only if the
conditional probability density function(pdf) of X, given past information

(X¢-1, -+, X 1) can be represented as

f(Xt‘Xt—la”' 7X1;9) = f(Yt\ZtXt—lf" 7X1;91)
Xf(Zt|thla"' ;Z1;92)7 (217)

where 0; and 60y are variation free. In the cointegration anaylsis, (2.17)

should be modified, since X; = [Y7}, Z}]' does not have a pdf since X, is
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assumed as I(1) process.
FIAX | X1, AX 1, ,AX1;0)
= f(AY{|AZ;, X1, AX 1, ,AX1501)
X fIAZZ—1,AZy_1,--- ,AZ7;05).
Ahn et al. (2015) considered the cointegrated model with exogenous vari-

able Z;. The coefficient matrix C, ®7, €, and Q in (2.15) are separated so
that they are conformable to X, = (Y7}, Z})" as follows:

o |Cw  Cu @ @’ P’
0 C. 0 @y
) Q
€ =(epey), Q= " "
sz sz

They also left-multiplyed

on both sides of (2.14) and obtain

AYt _ ny Cyz - QyzQ;ZICzZ Yt—l + QyZQ;zl AZt
AZ,; 0 C.. Zi 0

p—1
+y° ®
j=1

-1
€yt — QyZsz €2t

W 0,00 | |AY

z

J
0 o5 AZ,

€2t
Then the conditional model of AY; and the marginal model of AZ; are
AY ;= (Cyy, Cyo) X1 — 000 Con Ziy + Q.01 AZy

p—1
+) HAX, j+ey (2.18)
j=1
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and

p—1
AZ,=C..Zi 1+ Z DIFAZy_j + €, (2.19)
j=1

where Hj = (7%, ®1%% — Q,.Q_19%%%) and ey = €, — 2.9 €, which is
uncorrelated with €.

If C.. = 0 and ®* # 0, the model (2.18) and (2.19) are variation free
and Z; is weakly exogenous. This assumption implies that the exogenous
variables do not cointegrate among themselves and the marginal model (2.19)

becomes

p—1

AZ =Y [@;Zy, @;ﬂ AX,_j+ € (2.20)

j=1
Johansen (1992), Harbo et al. (1998), and Pesaran et al. (2000) studied the
estimation of parameters and cointegrating rank test procedure based on the
models (2.18) and (2.20). Mosconi and Giannini (1992) developed the esti-
mating method and testing procedure for model (2.15) with only CID;Zy =0
and C;, = 0. If @;Zy and C,, are zero matrices, Z; is strongly exogenous
process. Pradel and Rault (2003) considered the case of strongly exogenous
Z; where exogenous variables do not cointegrated among themselves.

Ahn et al. (2015) considered the cointegrated models where nonstationary
exogenous variables are cointegrated themselves based on (2.18) and (2.19).
Since the entire process X; and exogenous process Z; have d = m — r and
d, = m, — 7, unit roots, repectively, they could have the Jordan canon-
ical form of Z§:1 ®; = I, — ®(1) as Q(Z?Zl <I>j>P = J, where J =
diag(Im,—r,> Mrys Im.—r., Ar.), and ry, = r — 7, A, and A, are diagonal
(Jordan block) matrices whose elements are the stationary roots of the au-

toregressive operator. Since C'= —®(1) is an upper block triangular matrix,
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there exist upper block triangular matrices P and ) such that

_ Py Py
O P,
Q:PA: P, Py _ szl _PJIPsz,gl — Qy Qy: _ Qy —QyP:Q:
O P O P! 0 Q: o Q-
o(1) = Dyy(1) Py2(1) _ —Cyy  —Cyz
0 d,.(1) 0 —C,.

which can be partitioned as follows:

;1 {yzl
Q= Qy Qyz _ ;2 ;z2 pP— P, Py _ Py Pp Py Pyzo
0 Q, 0 Q, O P, 0 0 P, Py
L 0 Lo |
where Q. = —[Q,P,,Qu1, Q. P,,Qy2], Q1 and Py are my x dy, Qy2 and Pyo

are my X ry, Qy.1 and Py,1 are my X d., Q.2 and P2 are my X r,, and Q.1
and P,; are m, X d,, and ),2 and P.,o are m, X r, matrices, respectively.

Using the Jordan canonical form ®(1) can be represented as

(1) = P(In — 1)Q

Py2 PyzQ Iry - Ary 0 ;;2 QlyzQ
0 Py 0 I, — A, 0 -

z

PyZ(Iry - ATy)Q;JQ Py2(Iry - Ary)Q;Jﬂ + Pyz2Irz - Arz)leQ
0 Pz2(Irz - Arz) /22

PyQ(Iry - Ary)Qg/Q Py2(ITy - AT;,)Q;QPyzQz + Pyz'?(If’z - ATZ)le2
O PZQ(ITZ - ATZ) /2:2
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and (2.18) and (2.19) can be rewritten as follows:

A1/*15 = - yZ(Iry - Ary)QQQYt—l
+ PyZ(Iry - Ary)Q;ﬂPyzQz - PyzQ(Irz - ATZ)Q;2:| thl
p—1
— DPy(I,. — A )QowZi 1+ DAZ + Y HAX, j+ ey
j=1
' Yig /
- y2(Iry - Ary)Qy2 [Imy7 _PyZQz] - Pyz2(Irz - Arz)szzt—l
t—1
p—1
+D(AZy— Paa(lr. = M )@ Zi 1+ > H;AX j+ey,  (221)
j=1
p—1
AZy=—Po(ly. = M)QwZi 1+ Y P AZy j+ €, (2.22)
j=1

where D = Q,,Q}. ;2(Imy’ —P,.Q.) X1 and QyZ;_; are stationary by

a similar argument in Ahn and Reinsel (1990).

If we define A = —Pya(I,, — Ay, ) Qo1 B = Q;gll oLl —Py=Q:], Azz =

—Pyaa(ly, — A )QLoy, Az = —Paa(lr, — Ar)Qy; and B, = legll " and also

conformable partition

/ / / / / /
o yl| lel yl2 o zl| z11 Qle
Q= - = | =

) z )

/ / / / / /
Y2 Qy21 y22 22 221 Qz22

where A and B are m, X r, matrices, Ao, is m, X r, matrix, A, and B, are

/

m, X r, matrices, Q’le is ry x ry matrix, and @’

91 Is 7, X 7, matrix. Then
model (2.21) and (2.22) can be rewritten again as
p—1
AY=AB'X; 1+ Ay.B.Z, 1+ D(AZ, — A.B.Z; 1)+ Y TIAX, j+e
j=1
(2.23)
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and
p—1
AZy=A.BZi 1+ ANZ j+ e (2.24)
j=1

Note that A and A, are coefficient matrices of stationary process of
B'X ;1 and BLZ,;_1, respectively. A, is a coefficient matrix which repre-
sents the effect of long run variation of exogenous Z; to conditional model. On
the other hand, D is a coefficient matrix which represents the effect of purely
short run variation of exogenous Z; to conditional model. If Ao, — DA, = 0,
then the parameters in the conditional model and those in the marginal model
are variation free as mentioned above.

Ahn et al. (2015) also reparameterized B and B, using the same pa-
rameterization in Ahn and Reinsel (1990) which assumes that the last d =
m — r components do not cointegrate. To this end, they considered X} =
(Y14, 21,4, Y5, Zy,) which is a rearrangement of X; such that Xy; =
( ’Z,t, Z’Q’t)’ is a d—dimensional purely nonstationary component of X;. The
matrix of the cointegrating vector associated with X7 is of the form B* =
(I, B§) which can be partitioned so that it is conformable with Y5 ; and Zo .
They rearrange X; to form X} and the column matrices corresponding to

Y1 and Yo, and finally obtain the following matrix of cointegration vectors

Iry 10 Ory Béo
O 0 I, "

where Byg is (my —1y) X 1y, B is (m, — 1) X ry, and B is (m; —1;) X 1,
matrices of parameters.

Note that B,Z;_1 = Z1 41+ B.yZ2,1 is the cointegrating combinations
of the exogenous variable only and B'X ;1 =Y 11+ B{Y2—1+ByyZ2:1
is cointegrating combinations of both endogenous variable Y;_; and exoge-

nous variable Z;_;. If some of the rows of Bj are zero or linearly dependent,
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then the components corresponding to these rows are cointegrating combi-

nations of Y;_1 only. For more details, see Ahn et al. (2015)

2.4 Generalized method of moment estimation

The generalized method of moments(GMM) was first introduced by Hansen
(1982). Various types of GMM estimators have been proposed. Unlike the
ML estimator, the GMM estimator does not need a distributional assump-
tion and only requires the specification of moment conditions. Therefore, the
GMM estimation is computationally convenient for the inference of a com-
plicated model.

Matyas (1999) and Hall et al. (2005) introduced a full details of estimators
based on the GMM. In this section, we briefly review the GMM estimation
in Métyéas (1999). The method of moment estimates the unknown param-
eters by matching the population moments with the corresponding sample
moments. Suppose that we have an observed sample {z; : t = 1,--- T}
from which we want to estimate an unknown p x 1 parameter 6 with the true
value g € ©. In this case, the moment conditions are based on the set of ¢

population orthogonality conditions below,
E[mt(:ct, 9)} =0

and the corresponding sample moment equation

T

() = % S ma(ar, 0).
t=1

If ¢ = p, i.e., the number of equations is the same as the number of unknown
parameters, the system is exactly identified, and we can obtain Or by solving

the system of the following moment equation

ﬁ’LT(eT) =0.
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If ¢ > p, i.e., the number of equations are larger than the number of unknown
parameters, the system is overidentified. Since there are more equations than
unknown parameters, we can not find a vector O that satisfies myp(0) = 0.
Instead, we will find the vector @7 that makes mp(0) as close to zero as
possible using objective function and the GMM estimator is used in this
situation.

Now consider the objective function of GMM estimator. For any g X ¢
positive definite weighting matrix Wr (@) which assigns a relative weight to

each moment, define the objective function Q7(0) as
Qr(0) = [mr(6)] Wr[ms(6)].
Then the GMM estimator of @ is
07 = argmin Qr(6)

0cO®

and we minimize the objective function based on the sum of square constraint
violations. In some cases numerical optimization such as Gauss-Newton is
needed.

Consider a linear regression model with ¢ > p valid instruments z;, y; =
x;3 + €, the moment conditions are F(zie;) = E(zi(y: — ;3)) = 0. The

sample moments are

Z zi(y — ) B) =T N (2'y — Z'XP),

where Z, y, and X are T' x ¢, T' x 1, and T X p, respectively.
Since this is exactly the overidentified case. If we choose weighting matrix

WT7

WT—[ Zztzt} =T(Z2'2)"!
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and assume that T~!(Z’Z) converges in probability to a constant matrix W,

i.e., the weak law of large numbers holds for z;2;. The objective function is
Qr(B) =T N (Z'y - 2'XB)(2'2)"(Z'y — Z'XB).

By differentiating Q7 (3) with respect to 8 and solving the first order condi-

tions, we obtain BT as follows:
. -1
By = (X’Z(Z’Z)—lz’x) X'2(2' 2"\ 2.

This is the standard instruments variable(IV) estimator for the case where
there are more instruments than the regressors.
For the asymptotic properties of the GMM estimator we need the follow-

ing assumptions.
Assumption. 1. (Madtyds)
(1) g,(0) = E(m(0)) exists and is finite forall @ € © and for all t.

(2) There exists a 8y € O such that vecg;(0) = 0 for all t if andonly if
0 =20,

(3) © is compact.

(4) Each q elements of mp(6) — g1(0) converge in probability to 0 on ©
where gr(0) =TS [, g,(0).

(5) Each q elements of mp(0) are stochastically equicontinous and each q

elements of g1(0) are equicontinuous.

(6) There exists a non-random sequence of positive definite matrices Wr

such that Wy — Wy 0.

Under the assumption.1 , supg_g|Qr(6) — Qr(0)] & 0 where Q7(8) =
97(8) Wrgr(0). Since @7 minimizes Qr(6) and 8y minimizes Qr(8), 7 is

converge in probability to 6.
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Assumption. 2. (Madtyds)
(1) my(0) is continuously differentiable with respect to 8 € ©.

(2) For any sequence 0% such that 05 2 6y, Fr(0%) — Fy 2 0, where
«\ _ omqp(0)

Fr(07) = 00’
not depend on 6.

0. and Fr is a sequence of (q x p) matrices that do

(3) m(0) satisfies a central limit theorem, so that V;1/2ﬁmT(00) 4
N(0,1,) where Vi is sequence of (q X q) non-random positive definite

matrices defined as Vi = Tvar(mr(0y)).

Under the assumptions 1 and 2
VT (07 — 0) % N(0, Varn),

where Vo = (FpWrEr) ' Ef Wy Ve PrERWr Fr)—L.

Even though the GMM estimator O has good asymptotic properties such
as the consistency and the asymptotic normality, however, since arbitrary
weighting matrix was used to obtain the initial estimator, those of GMM
estimator do not ensure the efficiency. For any given symmetric positive
definite matrix W asymptotic covariance matrix of the GMM estimator is

satisfied with the following algebraic inequality:

(BpWrFr) Py Wy VeWer Pr(FpWrFr) ™t > (FpV Y Pr)

Therefore, choosing weighting matrix Wr such that Wy 2, VT_ 1 We can
obtain the efficient GMM estimator which has the smallest asymptotic co-
variance matrix for the given orthogonal moment condition. By substituting

the weighting matrix W; by VT_ ! the objective function is obtained as follows:
Q7 (6) = [ (0))'Vy ' (0)].
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Then the efficient GMM estimator of 0 is

é*T = argmin Q7(0)
0c®

and the asymptotic distribution of the efficient GMM estimator is
VT (07 — 00) % N (0, (FyV ' Fr) ™).

Hansen (1982) suggested two step procedure for estimating the weight
matrix Vy. For simplicity, consider the situation where the moment con-

dition is serially uncorrelated. In the first step, using the weight matrix

(1)

(1
Wr = 1,, we obtain the consistent estimator 6

Vp with Vp = %Zthl mt(é(Tl))mt(égpl))'. In the second step, we again ob-

tain the GMM estimator éf) using Wp = VT_ 1. The iterative GMM es-

of 8. Then, estimate

timation repeats this process until the GMM estimator converges. Hansen
et al. (1996) proposed another estimator which is known as the continuous-
updating estimator. The continuous-updating estimator uses the objective
function Qr(8) = [mr(0)) Vi (0)  mr(0)]. In this case, the weight matrix
Vi is also a function of the unknown parameter 8. The GMM estimators
for three methods have the same asymptotic properties but the continuous-

updating estimator performs better than the other methods in a finite sample.
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Chapter 3

Asymmetric GARCH model
via Yeo-Johnson

transformation

3.1 Introduction

Financial time series often have reveal the conditional variance that evolves
over time depending on the past observations. The autoregressive condi-
tional heteroscedasticity(ARCH) model by Engle (1983) and the Generalized
ARCH(GARCH) model by Bollerslev (1986) have been widely used to model
financial time series having the volatility clustering property.

A number of researchers have found the leverage effect in financial time
series. However, ARCH and GARCH can not describe it. Because of the
square of lagged residuals, it means that positive and negative residuals have
the same effect on the model, i.e., only the size, not the sign, of lagged residual
effects conditional variance. For this reason, various asymmetric volatility

models were recommended to overcome the weaknesses of the ARCH and
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GARCH models.

Although one of the most important features of the linear ARCH and
GARCH models is that it postulates a nonlinear relationship between the
present and the past values of a time series, current evidence suggests that
it is not nonlinear enough to model some financial time-series data. For ex-
ample, Hsieh (1989) found that the GARCH model cannot fit some exchange
rates satisfactorily; Scheinkman and Scheinkman and LeBaron (1989) found
evidence that volatility in stock market data cannot be captured completely
by the linear expression.

As these limitations, many authors mentioned alternative methods. Well-
known asymmetric GARCH models which have been also found to be ex-

tremely useful in applications are nonlinear ARCH(NARCH), exponential

GARCH(EGARCH), threshold ARCH(TARCH) and ARCH-in-the-mean(ARCH-

M) (see Bera and Higgins (1993) for an excellent survey of GARCH models)
and power ARCH(PARCH) models.

In this chapter we propose to describe the strong non-linearity and non-
normal in some financial time-series data by suggesting a different approach
in which instead of assuming arbitrary specifications for the conditional vari-
ance, Box-Cox family of power transformation which was reviewed in Chapter
2 and called Yeo and Johnson transformation, used in variance part at resid-
uals. This transformation has traditionally been used to linearize otherwise
non-linear models without restrictions on the variable. This has also been
used for reducing heterogeneity and achieving symmetric distribution of the
transformed variable. And it has many of the good properties of the Box and
Cox (1964).

The remainder of this chapter is organized as follows. In section 2,
suggested GARCH, named YJ-GARCH is described and devoted to infer-

ence: maximum likelihood and some of the estimation’s main properties
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(consistency, asymptotic) are developed. we consider the forecasts of the
YJ-GARCH model in section 3. Section 4 contains some real data analyze
for comparisons with previous studies of GARCH-type models. Section 5

contains the concluding remarks. The proofs are given in the appendix.

3.2 Yeo and Johnson GARCH model

Let {X:} be a stationary sequence of time series and let Z; denote an increas-
ing sequence of the sigma fields generated by X, X;_1,.... In this thesis, we
assume that {X;} is generated by the GARCH(1,1)-type process as follows:

Xi=pe+et, e =heer, and hy = g+ aer | + Brhi1,

where py = E(X¢|Z;—1) is the conditional mean of X; given Z; 1 and h; =
Var(ey|Zy—1) is the conditional variance of &; given Z; 1. Here {e;} is a
sequence of iid random variables with mean zero and variance unity.

In financial time series, the volatility tends to respond asymmetrically
to the sign of the shocks. In other words, good and bad news have differ-
ent effects on the volatility. However, the GARCH model does not describe
the leverage effect since it uses the squared term of e;_; in h;. In order to
handle leverage effect, extensions of the GARCH model such as the exponen-
tial GARCH(EGARCH) model and the threshold GARCH(TGARCH) model
have been proposed and reviewed in chapter 2.

We introduce an alternative GARCH model to handle the leverage effect
and to make a smooth transition around zero. The conditional variance of

the proposed model is written as
he = oo + on (N, g-1)% + Brhy—1, (3.1)

where 1 is The Yeo-Johnson transformation in (2.12). Domain of Yeo-

Johnson transformation is well defined on whole real line in A and Yeo-
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Johnson transformation is continuous in (A, €) and differentiable. Note that
¥ reduces to the identity function for A = 1 and so (3.1) includes the stan-
dard GARCH as a special case. We call this the Yeo-Johnson GARCH(YJ-
GARCH) model.

Impact Curve
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Figure 3.1: News Impact Curves for a; = 0.3 and A = (0,1, 1.5)

Figure 3.1 shows news impact curves of the YJ-GARCH when «; = 0.3
and A =0, 1, and 1.5. The curve for A\ = 1 is symmetric around zero and
others are asymmetric. We see that, for A < 1, negative shocks have larger

impacts on the volatility or vice versa.
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3.3 Estimation and Asymptotics

The main scope of this chapter is to investigate the impact of the alterna-
tive variance equation specifications on volatility. For high-frequency data,
(Nelson (1991), Nelson (1992)) shows that the effect of misspecification of
the conditional mean does not particularly affect the conditional volatility.
Hence we simply assume that {X;} is generated by YJ-GARCH(p,q) with a

constant mean such as

P q
Xi=p+e, & =+Ihe, and hy=ag+ Zaﬂ/f()\wft—i)Q + Zﬁjht—j-
i=1 =1

(3.2)
To make the conditional variance strictly positive for all realizations of &, we
complete the model with the positivity constraints assume as GARCH-type
parameters, ag > 0,a; > 0,8, > 0,30 o + 2321 B; < 1.

The standardized error term e; is usually assumed to be normally dis-
tributed. In practice, we can also use a Student-t distribution to further
enhance the robustness of the results. Let f(-) be a presumed density func-
tion of e; and let 8 be the vector of parameters in the model (3.2). Then the
likelihood function of 8 given the data X1, Xo,..., X, is written as

La(0) = [[ (Xl Fen) = [T F(Xe = i) /VRoRT 2, (33)
t=1 t=1

where p(X|Fi—1) denotes a conditional density function of X; given F;_i.
The maximum likelihood estimator 6 is obtained by solving S(6) = 0, where
S(0) is the score function given by

Olog Ln(9) _ Zn: Olog f((ye —m)/Vhi) 1 Ohy

00 00 ~ 2h, 00

S(8) =

t=1
Let ¢ be the vector of true parameters. If the true likelihood is different
from the presumed likelihood in (3.3), 6¢ is the minimizer of the Kullback-

Leibler information between the true density and the presumed density in
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the parameter space ©. Let

Vii(00) = (52 e )

be the gradient of the loglikelihood function of one observation for 8 and let

82
9 A
V=i (00) = (8&8(9]‘ lt(o)‘0=00>

be the Hessian of the loglikelihood function.

Theorem 3.1. Suppose the parameter space @, the true density function

g(+) and the log-likelihood function 1;(0) satisfy the following conditions
(c.1) the parameter space © is a compact set
(c.2) E4ll(0; Xy)] has a unique global mazimum at 6y,
(c.3) sup E[I(XiZO)X?b] < 00 and sup E[I(Xi<0)(—Xi)4(2_a)] < 00,
i i
Then,

. RS . y
(A) nh_)rrolo sup Ele(O;Xt) = sup E,[l1(0|X:)] with probability one.
0cO " 4 0cO®

(B) The MLE 0 is a strongly consistent estiamtor of 0.
Furthermore, if
(c.5) Oq is an interior point of ©,

(c.6) sup E[Ix,>0Xlog(X; 4+ 1)] < oo and
%
sup E[Ix,<o(—X:)°®~Vlog (= X; + 1)] < o0,
i

(C. 7) Eg[VZl(Oo; Xt)] = 0,

(c.8) E4[V?11(00; Xt)] is non-singular,
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(c.9) Au Z A(8) and B,(6) =

8980'
B(0) and bot A0

), B(0) are positive definite matriz

Then,

V(0 — 80) % N(0,5(6y)),

where the covariance matriz 3(0¢) is given by

X(00) = V(00)W(80)V(80)"
V(6o) = Ef[V?1(60)]"
W (o) = Ef[VI(60){Vi(60)}"].

The details of the proof under the normal assumption are given in Ap-

pendix.

3.4 Forecast Interval

One of the main targets in time series analysis is to forecast future observa-
tions. Let Xy(k) and h;(k) denote the k-step ahead forecast of the observation
and the conditional variance at time ¢. We assume that { X} follows the YJ-

GARCH(1,1) model with constant mean, that is,
Xe=p+e, e =\he, and hy=ao+ap(\ e 1)’ + fihi,

The mean square error(MSE) is a common criterion to select an optimum

forecast and the conditional expectation E[ X, x| Fn] = p+E(\/ hntknik|Fn) =

1 is the minimum MSE forecast for the k-step ahead value at time n.

For 1-step ahead forecast for the conditional variance, we have

hit1 = o + ar(er, \)? + Bihy,
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where ¢; and h; are known at the time index 1 < ¢ < n. So for 1 <t < n,

the 1-step ahead forecast is
hi(1) = ag + ar(es, A)* + Buh.

In order to derive general k-step ahead forecast, we consider the Taylor ex-

pansion of (¢, \)? at arbitrary eq as follows:

P(e N = V(v heer, \)

\/i?eo,A 24 (er — e0)20 (v heeo, N (v heeo, N)
(et — €0)? |¥(v/heeo, ) "(meo,A)+{¢’(meo,A)}2]
= 1h(er, A2,

Q

where
hi(vVhieg + DAL, ifeg >0
V(g3 = VI eo BUT e
Vhe(=vhieg + 1)1, if eg < 0.

Then, the 2-step ahead forecast at the time n can be written as
hiso = a0 + o1tp(ers1, ) + Brhurs & ao + a1dp(gi1, A)? + Brhes
Here, setting ey = F(e;) = 0, we obtain
E[Y(e, N ~ E [1/3(5,5, A)ﬂ = E(e})hy = hy
because (0, \) = 0 and
hito ~ ap + (a1 + B1)he
In general, we have
hn(k) = a0 + (a1 + Bi)hn(k — 1), k=2

The forecast error in the constant mean model is e, (k) = X411 — Xpn(k) =

En+k and
Xpar — Xn(k
X = Xn(k) _ enin ~ f().
V hn+k
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The 100(1 — )% forecast interval for X, is estimated as follows:

[L(n, k,0/2), Uln,ky0/2)] = [+ 202V BB, i+ 21aj2v/RnR)] - (3.4)

where z, denotes the ath quantile of f(-).

3.5 Real Data Analysis

In this section, we compare the performance of the YJ-GARCH model with
other GARCH models such as the GARCH, the EGARCH, and the TGARCH
model by forecasting future returns of assets. Let P; be the price of an asset
at time ¢ and let X; be the log return, that is X; = 100log(P;/P,—1). Data
sets consist of 4054 daily returns of IBM stock price from January 2000 to
Febuary 2016. We compute the mean square prediction error(MEPE) and
coverage probabilities of each model to compare performances. We divide the

whole period into subperiods of size n by sliding window as follows:
Xj+1,Xj+2,...,Xj+n, J=0,...,m—1L

From a preliminary analysis, we conclude that the constant mean model
with order p = 1 and ¢ = 1 is a proper choice as the analyzing model
in most periods. For each 7 = 0,...,m — 1, we obtain the k-step ahead
forecast X4, (k) and prediction intervals [L(j +n, k, a/2), U (j +n, k, /2)].
In risk management, the one-sided prediction interval is more important and
so we also compute [ﬁ(] + n,k,a),00) and (—oo,U(j + n,k,«a)]. Here we
use k = (1,5,10), a = (0.01,0.05), and n = 500. Student ¢-distribution is
employed as distribution of f(-) and so z in (3.4) depends on the estimated
degree of freedom and is varying for each j.

The MSPE for k-step ahead forecast is defined as

,_.

m—

1 2
MSPE E - ( Jj+n+k — j+n(k)) 5
]:
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Table 3.1: MSPE of IBM stock price

Model MSPE(1) MSPE(5) MSPE(10)
GARCH 2.209 2.211 2.215
EGARCH 2.207 2.210 2.215
TGARCH 2.208 2.211 2.215
YJ-GARCH | 2.208 2.211 2.215

Table 3.2: 95% Coverage Probability for forecast intervals of IBM stock price

CPp GARCH EGARCH TGARCH YJ-GARCH
CP(1,1) 0.944 0.941 0.944 0.945
CP(1,2) 0.935 0.936 0.937 0.946
CP(1,3) 0.957 0.953 0.957 0.951
CP(5,1) 0.947 0.930 0.945 0.945
CP(5,2) 0.937 0.932 0.938 0.945
CP(5,3) 0.958 0.943 0.953 0.948
CP(10,1) 0.945 0.920 0.943 0.941
CP(10,2) 0.936 0.930 0.942 0.942
CP(10,3) 0.955 0.935 0.951 0.943

and the coverage probability for k-step ahead forecast interval is

[y

m

CP(k,1) = % - I(Xjtn+k € VI(§ + 1, k),
j=0
where
Viln,k) = [ﬁ(n,k,a/Z),U(n,k,a/Q)]
Valn, k) = [L(n,k,a),o0)

Va(n,k) = (—o0,U(n,k,a).
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Table 3.3: 99% Coverage Probability for forecast intervals of IBM stock price

cp GARCH EGARCH TGARCH YJ-GARCH
cp(1,1) 0.988 0.986 0.988 0.989
cp(1,2) 0.988 0.987 0.987 0.988
cp(1,3) 0.991 0.991 0.990 0.990
cp(5,1) 0.986 0.983 0.986 0.985
cp(5,2) 0.987 0.985 0.986 0.985
cp(5,3) 0.989 0.989 0.989 0.989
cp(10,1) 0.986 0.983 0.986 0.986
cp(10,2) 0.986 0.984 0.985 0.986
cp(10,3) 0.990 0.988 0.989 0.989

Table 3.1 shows that MSPE of each model. As Nelson(Nelson (1991),
Nelson (1992)) considered, conditional mean shows very similar results for
all models. Tables 3.2-3.3 summarize the coverage probability of each model
for each forecast interval at specific levels which is 95% and 99%, respec-
tively. TGARCH and EGARCH fail to converge 5 times for all periods,
while YJ-GARCH and GARCH are stable. We discard these cases from the
summary tables. For Table 3.2, we can see that YJ-GARCH stably keeps
the level in coverage probability of one-sided forecast intervals, while others
does not. Although performances of multi-step-ahead forecast is similiar to
other GARCH-type models, YJ-GARCH with 1-step-ahead forecast confirms
the superior performance of the YJ-GARCH model over other GARCH-type
models. It is worth to mention that YJ-GARCH model can handle the non-
constant structure of asymmetry when the relative impacts of negative and

positive shocks on the current volatility are not the same.
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Chapter 4

Generalized method of
moments estimation of
cointegration model with

exogenous variables

4.1 Introduction

Since the GMM was first introduced by Hansen (1982), class of GMM esti-
mators have been broadly applied to financial and economic data analysis.
Unlike the MLE, GMM does not need a distributional assumption, but only
requires specification of moment conditions. Therefore, the GMM estima-
tion is a computationally convenient method, especially for the inference of
a complicated model.

Kitamura and Phillips (1997) introduced GMM estimation of a nonsta-
tionary regression model and Quintos (1998) and Kleibergen (1997) extended
it to cointegration model. Park et al. (2011) suggested two iterative GMM
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estimation with identification condition for the parameters in cointegration
model.

Since Granger (1981) introduced the idea of cointegration, several esti-
mation methods for cointegration models have been proposed. These include
ordinary least squares(OLS) by Engle and Granger (1987), nonlinear least
squares(NLS) by Stock (1987), MLE by Johansen (1988) and reduced rank
approach by Ahn and Reinsel (1990). Johansen (1992), Harbo et al. (1998),
and Pesaran et al. (2000) considered inference of the processes which was
cointegrated vector autoregressive process of integrated order 1, where the
process consists of endogenous and exogenous variables, assuming that the
nonstationary exogenous variables are not cointegrated. Ahn et al. (2015)
considered the more general condition that nonstationary exogenous vari-
ables are cointegrated themselves.

However, due to strong parametric assumptions of MLE, it should be
checked before real data analysis. Since collected data is huge and high-
dimensional, Those of MLE are easily violated. Therefore, many researchers
are recently been searching for other estimation methods which are free from
assumptions. As mentioned above, an alternative method satisfying this req-
uisite is GMM.

In this thesis, we consider GMM estimate on the basis of the process by
Ahn et al. (2015). Following part is organized as follows, section 2 contains
the parameterization of the parameter sets. In section 3, parameters are esti-
mated by the iterative GMM based on Park et al. (2011) method. Asymptotic
properties of the iterative GMM estimators are presented in section 3. Section
4 examines the finite sample properties of the estimators through a Monte
Carlo simulation and a relatively simple numerical example to illustrate the

methods in section 2. Conclusions are in Section 5.
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4.2 VECM with exogenous variables

We consider m—dimensional vector autoregressvie(VAR) process of order p
with cointegrating(CI) rank r. The vector error correction model(VECM)

form is expressed as
p—1
AX; =CXi 1+ ) ®AX j+ay. (4.1)
j=1
Let the process be decomposed as X; = (Y}, Z})’, where Y is an m,—dimensional
vector process of endogenous variables with and Z; is an m,—dimensional
vector process of exogenous variables with m, +m, = m. The error term a;
is also decomposed as a; = (e;t, €’,) where €yt, €t has the same dimension
as Y, and Z; respectively. Then, the covariance matrix Q@ = Cov(a;) are
denoted by
0— Cov(ey)  Cov(ey, €yt) _ Qyy Q2
Cov(€t, €yt) Cov(ey) Dy Q.
When Z; is subcointegrated with cointegration rank r, < r, the VECM
in (4.1) can be represented as the following conditional model of AY; and
marginal model of AZ,; as in Ahn et al. (2015)

For simplicity of exposition, we consider the case with p = 1 as follows:

AY,=AB'X, 1+ Ay.B.Z, 1+ D(AZ, — A.B.Z, 1)+ e,  (4.2)
AZt = AzB;Zt—l + €4, (43)

where D = Q,,Q,}, e,: = €,+ — De,+. Note that B’ = [, Blg, Oryxr, > B
and B, = [I,_, B, is expressed as normalization by Ahn and Reinsel (1990)
for the identifying condition where r, = r — r.. This condition is motivated
by the regression analysis since, B'X, 1 =Y 1,1+ B{Y2:-1 + ByyZ24-1

with partitioning Xy = [Y';, Y5, Z' ;, Z5,] where Yy is ry x 1 and Yo
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is (my —ry) x land Zyisr, x 1 and Yo, is (m, — ;) x 1.
The models in (4.2) and (4.3) can be rewritten in compact form as follows:
AYt = Hlﬁt—l =+ eyt (44)
AZy = Thu_; + €., (4.5)
where
§1= [ 2717 (B,/zZt—l),7 (AZ; — AZB,,ZZt—l)/]/ﬂ Up—1 = [Z:‘,fl]c
H1 = [ ,11, /12]/,1_[11 = vec(B(')), H12 = UeC(A,AQZ,D)
H2 = [HIQD /22]/1_121 = UGC(B;O),HQQ = U@C(AZ)

B, = [Bjg, B%) and A is my X 1y, Ag, is my X 1, A, is m, X r;, Byg is

(my —1y) X 1y, Bag is (m, —r;) X 1y, By is (m, —ry) X 15.

4.3 GMM estimation of VECM

In order to estimate the parameters of A, and Bz both in (4.4) and (4.5), we
consider the iterative GMM. In the first stage, we estimate the parameters in
(4.5). In the second stage, we estimate the parameters in (4.4) with estimated
parameters in (4.5). One set constitutes the parameters of the marginal model
(4.5), I, II5,. The other set constitutes the parameters of conditional model
(4.4), Ty, Ty,

We can obtain the simple orthogonal condition that the regressor of the
processes §; 1, u;_1 are orthogonal to the error terms e, €. respectively.

Thus, in this setting, moment conditions become

Elm(ILy)] = Efvec(ey:&; )]
E[m(Ily)] = E[vec(exu;_)].

Since we consider the cointegrated model of the reduced rank structure

following Ahn and Reinsel (1990), the number of unknown parameters is
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smaller than the number of equations. In this case, no parameters satisfy the
moment condition. But, we can find the parameters which make the moment
conditions close to zero using the quadratic form of the objective function

below:

1 & I 1 &
Q) = Tfuec(f Zeyt€;—1> VT_lvec(T Zeyt52,1>,
Q1) Tvec( Zeztut 1) Vi~ 11)66( Zeztut 1)

To secure the efficiency of the GMM estimator we use the following
weighting matrix Vp = ( S 5t71£2_1)®f26 and Vi = (+ S w1 u_q)®
Qe with a consistent estimators Qe and QE for €. and Q¢ respectively. Then
we obtain GMM estimator of parameters from the minimization of objective
functions.

The iterative GMM estimation method also divides unknown parameters
into two parameter sets as cointegrated parameters and adjustment parame-
ters in each stage. In total, it consists of four steps. At each step, we consider
GMM estimator of the parameters and their asymptotic distributions.

In the first step, we assume that the initial estimators of Ilso(vec(A,))
and € are given by IIss and . Then the model in (4.5) can be represented

as
AZt = AZB;Zthl + €, for AZt = AZt — AZZLt,l. (46)

The objective function is

T
" 1 . I
Q1 () = T(f ; (AZyu; ) K1H21) vt
1 <& . 1
X (T ; vec(AZy,_,) — T}QHH), (4.7)
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where Vi = (uw//T®.), K1 = Y1 (w12, 1 ®A.), andw = [ug, -, ur_q).

Then the efficient GMM estimator for Ily; is given by
My = (BZ2Z'Jo® X071 A,))  vec(ALQTTAZZ' ), (4.8)

where J5 =[O, —r.)xr. Lim.—r.)]5 AZ, and Z are a matrix form represen-
tation as wu.

In the second step, we use the initial estimator of Ils; and the updataed
Q€ are obtained in the first step. Then the efficient GMM estimator for o9

is obtained by the same process of the first step as follows:
My = (@& © Q1) vec(Q7 ' AZ&), (4.9)

where w = [wo, -+ ,wrp_1] with wy_1 = [(BLZ:-1)']".

In the third step, we use the estimator of Iy obtained in the first and
second step and assume that the initial estimators of ITj2(vec(A, As., D))
and Q. are given by II15 and Q.. Then VECM (4.4) can be represented as
follows:

AY,=AB'X%, | +ey, for (4.10)
AY, =AY, AX}, | — Ay.B.Z 1 — D(AZ,— A.B.Z, ).
where X35, ; = [Yo: 1,Z24—1]. Similarly, in the first and the second step,
the efficient GMM estimator for II1; and Il is

M = (SX* X0 @ AQ7TA)  oec(AQTAY X 1), (4.11)

where J| = [Opm—r)xrs Lm—n)l; AY and X* are matrix represenation and

Ty = (77 © Q7)) vee(QTAY ), (4.12)

where §) = [f)g, - -+ , fip_y) withf,_; = [(B'X 1), (B.Z;_1)',(AZ,—A.B.Z;_,)"].

These four steps are repeated until the objective functions or estimates
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converge. In each step, estimators of iterative GMM are closed form solution.
For this reason, iterative GMM has simple and easy computation and more
useful when m and p are large.

We also obtain the asymptotic results in the following theorem using by
application of lemma 1 of Ahn and Reinsel (1990) and functional of stochastic

integrals of vector Brownian motions.

Theorem 4.1. Let IT denote the iterative GMM estimator for I1, Qe, Qe using
the equation as above. When an initial consistenct estimators of Il and a9

is given, the asymptotic distribution of the II is given by
(1)
T(ﬁzl — H21) i) (Rzz &® A;QE lA ) UGC(A, Q IB;E)
(2)
T2 (Tlyy — Thys) & (0, © Q71 7IN(0,Q, @ Q1)
(3)
T(ﬁll — HH) i) (Rxm ® A’Qe_lA)_lvec(A/Qe_lBée)
(4)
T1/2 (ﬁlg — ng) i} (Qn ® Qe_l)_lN(O, QW (%9 Qe_l)
where
(0) 22300 Xog1 Xh, o 5 Uopl” [ B a(u) dus2)* Uy =: R
(b) F2 St Zoa-12h = Ul [ Ba.(u)Ba, (w)/due* U3, = R..
(c) Zt 1 X?t 1eyt —> \1/2291/2 fO Bd dB, ( )92/2 =: Bye
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(d) 3 S0 Zorel, = 05,007 [} Ba. (w)dB), (w)Q? =: B.
(e) L3, waw, 2 Q, = cov(w,)

() + Xy mem, 2 Q) = cov(n,)

(9) ﬁ Z;le vec(€—qw}) N N0, @ Q)

() i 1 vee(erimp) % N(0,2, © Q).

where ab, = (€5, €, ,,) = (e3,€), and Wy = [0, Iy ]¥[0, Ipp—r]'. ¥ =
Y orey Uy is sum of the infinite moving average coefficients of model (4.2),
ey = [0, Ly 101910, Ty —r-er. )y and Wiy = [0, Ly ][0, i, . ) with
U = Y022, W% is sum of the infinite moving average coefficients of model
(4-3), Qey = (0,1, —1.[Q[O, Im.—.]".  Let By, (u) B, (u)and Bg(u) =
QI/Q[Id, ]Qi{QB (u), Bg_ (u) = 91/2[Id, ]Ql/QBm(u) be standard Browian

motions of dimensions.

The proof of Theorem 4.1 is given in the appendix. Ahn and Reinsel
(1990) showed that if initial estimates of adjustment parameters II;2 and Ilso
are consistent, then cointergated parameters I1;; and Ily; can be obtained by
two-step estimation. Therefore, we use the initial estimator of adjustment

parameter obtained by LSE in Thorem. 4.1

4.4 Monte-carlo simulation and numerical example

In this section, we perform a simulation study to examine the properties of
ML, LS and GMM estimator for the simple 4-dimensional vector cointegra-
tion model. The objectives of the simulation are to verify the main theorem
empirically and to examine the performance of the GMM estimator in small
samples.

For the simulation we use the data generating processes suggested by Ahn
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and Reinsel (1990) with m, = my, =2 and r = 2, r, = ry, = 1. The true

parameters are

AY,; = AB,Xt_l + AQZB;Zt—l + D(AZt — AzB;Zt—l) + e
AZ;=A.B.Z; 1+ €,

where A = [0.33,0.66), B = [1,—0.4,0,—3.2)/, Ay, = [0.21 — 0.24]", A, =
[—0.29,0.08)", B, = [1,—2.5] and

ol [ 25 61 4 —1.2

ol |61 9 1.8 39
atNN

ol | 4 18 25 54

0] [-12 39 54 9

-1
D 4 —1.2| |25 54 0.2169 —0.2635
1.8 3.9 54 9 0.0248  0.4482

In this simulation, the length of series T" = 50,100, and 200 are used,
and 10000 replications of the sample series are generated for each value of
T. For each series, estimates of the parameters are computed by ML, LS
and iterative GMM. The empirical results from the simulation for the three
estimation procedures are summarized in Table 4.1 and 4.2 where, as the con-
ventional measures of accuracy, the means and mean squares errors(MSE’s)
of the each estimators are given. Briiggemann and Liitkepohl (2005) show
through a Monte Carlo simulation study that the LSE performed better than
the MLE in terms of smaller MSE for cointegrating vectors. However, Ahn
et al. (2015) show that the MLE performed better in terms of smaller MSE
and bias for stationary parameter. Our results are little different from their
result. The bias and MSE of GMM are quite smaller than other estimation
methods when sample size is small. In addition, GMM estimations are more

robust from distribution assumptions. Especially, MSE of GMM is smaller
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in the estimation of marginal model.

Table 4.1: Means and mean squared errors(MSE)x100 of
the GMM and MLE, LSE for various sample size in normal

distribution
GMM  MLE LSE
bio=-04 T =50 mean -0.4006 -0.4010 -3.9924
MSE 0.0632 0.0645 0.0633
T =100 mean -0.4000 -0.4001 -3.9969
MSE 0.0137 0.0137 0.0137
T =200 mean -0.3999 -0.3999 -3.9998
MSE 0.0034 0.0034 0.0034
bog = —3.2 T=50 mean -3.2017 -3.2081 -3.1882
MSE 3.0199 3.0257  2.832
T =100 mean -3.1996 -3.2005 -3.1948
MSE 0.6319 0.6262 0.6672
T =200 mean -3.1999 -3.1999 -3.1984
MSE 0.1879 0.1638 0.1887
bo = —2.5 T =50 mean -2.5060 -2.5096 -2.4896
MSE  4.4457 4.5620 3.9873
T =100 mean -2.5005 -2.5014 -2.4952
MSE 0.9549 0.9045 0.9687
T =200 mean -2.5001 -2.5001 -2.4283
MSE 0.3170 0.2706  0.3322
a; = —0.33 T =50 mean -0.3451 -0.3544 -0.4026
MSE 0.9856 1.0684  1.7390

Continued on next page
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Table 4.1 — Continued from previous page

GMM  MLE LSE
T =100 mean -0.3388 -0.3432 -0.3672
MSE  0.4422 0.4605 0.6369
T =200 mean -0.3359 -0.3381 -0.3505
MSE 0.1980 0.2018 0.2484
as = —0.66 T =50 mean 0.6644 0.6665 0.6480
MSE 0.3299 0.3359  0.4180
T =100 mean 0.6640 0.6663 0.6570
MSE 0.1355 0.1374  0.1590
T =200 mean 0.6637 0.6669 0.6621
MSE 0.0638 0.0641 0.0697
az;1 =021 T =50 mean 0.2178 0.2382 0.2433
MSE 2.6207 2.9503 2.9396
T =100 mean 0.2151 0.2250 0.2276
MSE 1.2098 1.2892  1.2992
T =200 mean 0.2143 0.2191 0.2210
MSE 0.5483 0.5655  0.5657
az.2 =—024 T =50 mean -0.2371 -0.2311 -0.2298
MSE 1.0084 1.0366 1.0637
T =100 mean -0.2400 -0.2370 -0.2372
MSE 0.4623 0.4703  0.4800
T =200 mean -0.2423 -0.2408 -0.2411
MSE 0.2122 0.2139  0.2157
a1 =—029 T =50 mean -0.2996 -0.2964 -0.3046
MSE 0.8481 0.8456 0.8535
T =100 mean -0.2940 -0.2926 -0.2972

Continued on next page
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Table 4.1 — Continued from previous page

GMM MLE LSE

MSE 0.3814 0.3870  0.3950
T=200 mean -0.2906 -0.2900 -0.2928
MSE 0.1715 0.1796 0.1844

a2 = 0.09 T=50 mean 0.0965 0.0954 0.0935
MSE 0.3013 0.3028 0.3100

T'=100 mean 0.0909 0.0905 0.0885

MSE 0.1357 0.1371  0.1406

T'=200 mean 0.0909 0.0905 0.0885

MSE 0.1387 0.1371  0.1406

Table 4.2: Means and mean squared errors(MSE)x100 of the
GMM and MLE, LSE for various sample size in t-distribution

with 3 degree of freedom

GMM MLE LSE

bip =—0.4 T =50 mean -0.4001 -0.4004 -0.3984
MSE 0.0653 0.0666 0.0653

T =100 mean -0.3998 -0.3998 -0.3994

MSE 0.0142 0.0142 0.0143

T =200 mean -0.4000 -0.4000 -0.3999

MSE 0.0034 0.0034 0.0034

bog = —3.2 T=50 mean -3.2052 -3.2077 -3.1902
MSE 24716 2.7160 2.4899

T =100 mean -3.2008 -3.2017 -3.1957

MSE 0.6202 0.6244 0.6841

Continued on next page
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Table 4.2 — Continued from previous page

GMM  MLE LSE

T=200 mean -3.1995 -3.1996 -3.1980

MSE 0.1721 0.1725 0.1972

bo=—2.5 T =50 mean -2.5039 -2.5058 -2.4911
MSE 3.2128 3.7077  3.2530

T =100 mean -2.5038 -2.5048 -2.4982

MSE 1.0431 0.9200 1.0444

T =200 mean -2.4989 -2.4990 -2.4973

MSE 0.2583 0.2572  0.3158

a; = —0.33 T =50 mean -0.3444 -0.3541 -0.4032
MSE 0.9672 1.0522 1.7392

T =100 mean -0.3380 -0.3426 -0.3670

MSE 0.4383 0.4574 0.6288

T =200 mean -0.3348 -0.3369 -0.3491

MSE 0.2008 0.2048 0.2479

az = —0.66 T =50 mean 0.6697 0.6656 0.6465
MSE 0.3235 0.3305  0.4213

T =100 mean 0.6692 0.6674 0.6580

MSE 0.1377  0.1395  0.1592

T =200 mean 0.6679 0.6670 0.6623

MSE 0.0645 0.0650 0.0701

az;1 =021 T =50 mean 0.2173 0.2388  0.2476
MSE 2.8748 3.2331 3.3443

T =100 mean 0.2138 0.2243 0.2282

MSE 1.3172 1.3999 1.4178

T =200 mean 0.2129 0.2179 0.2194

Continued on next page
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Table 4.2 — Continued from previous page

GMM  MLE LSE
MSE 0.5738 0.5921  0.5991
a2 =—024 T =50 mean -0.2369 -0.2304 -0.2270
MSE 1.0615 1.0979 1.1459
T =100 mean -0.2415 -0.2383 -0.2381
MSE 0.4671 0.4737  0.4850
T =200 mean -0.2419 -0.2404 -0.2409
MSE 0.2196 0.2214  0.2249
a1 =-—029 T =50 mean -0.3008 -0.2979 -0.3049
MSE 0.9156 0.9162 0.9188
T =100 mean -0.2954 -0.2940 -0.2985
MSE 0.4107 0.4113 0.4176
T =200 mean -0.2903 -0.2897 -0.2925
MSE 0.1951 0.1937  0.1980
a2 = 0.09 T=50 mean 0.0956 0.0945 0.0934
MSE 0.2962 0.2970  0.3023
T =100 mean 0.0902 0.0898 0.0878
MSE 0.1313 0.1328 0.1373
T =200 mean 0.0884 0.0882 0.0867
MSE 0.0627 0.0622 0.0636

We also analyze the grain-meat data which was considered in Ahn et

al.Ahn et al. (2015) and compare the performance of estimators, LSE, MLE

and GMM, using the MSPE. The grain-meat data consists of six series where

three grains are corn, soybean, and wheat and three meats are beef, pork,

and chicken. Data set consists of 131 monthly price from January 1980 to

November 2008. We divide the whole period into subperiod of size 60 by
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Figure 4.1: Grain-Meat prices

sliding window as follows:
Xjt1, Xjr2, -, Xjre0, j=0,---,70

From a preliminary analysis, we conclude that the data is specified by VAR(2)
model and grain prices are exogenous by Akaike information criterion and log-
likelihood test statistics, respectively. We also identify the cointegrating rank
as 3 in grain-meat prices and 1 in grain prices. We estimate the parameters
using 60 observations, and calculate the MSPE for 1-step ahead forecast.
Let y1t, yor, and ys; be the prices of beef, pork, and chicken and zyy, 2o,

and z3; be the prices of corn, soybean, and wheat respectively.
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Table 4.3: 1-month ahead mean squared prediction er-

rors(MSPE) of the MLE , LSE and GMM of grain-meat data

beef  pork chicken corn  soybean wheat

MLE 40.88 55.72 1.02 100.44  465.81  375.73
LSE 41.01 59.31 1.03  107.13 508.59  393.23

GMM 40.40 53.08 1.01 103.73  480.17  373.95

MLE and LSE estimators are obtained from in Ahn et al. (2015). We
compare the accuracy of prediction of estimation methods and summarize it
in table 3. As Briggemann and Liitkepohl (2005) mentioned, we observed in
some, but rare, cases that the estimators fail to converge by the MLE method
in grain-meat data analysis. Table 4.3 constructed using the convergent cases
out of 9 subperiods based on MLE. Table 4.3 supports that GMM performs
a little bit better in terms of the accuracy of prediction when sample size is

relatively small.
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Chapter 5

Conclusion

In this thesis, we propose a new asymmetric GARCH-type model which can
handle the leverage effect using Yeo-Johnson transformation. We also pro-
pose a GMM estimation method to estimate the cointegration model with
exogenous variables.

In chapter 3, the YJ-GARCH model is proposed as an effective tool for
handling the leverage effect. It is already mentioned in chapter 2 that classical
ARCH and GARCH models suffer from many imposed limitations. To avoid
those limitations, many researchers have suggested alternative models such
as EGARCH, GJR, and TGARCH to name a few. However, some models are
difficult to apply to interpreting the meaning of parameters, and while others
have arbitrary specification assumptions. The proposed YJ-GARCH model is
simple to use and can easily reflect the asymmetric relations using the trans-
formation parameter A. Its generality with respect to the treatment of asym-
metry is illustrated in the empirical examples. The empirical results confirm
the recent evidence that the volatility of stock returns reacts differently to
the increase and decrease. Although the performance of the multi-step-ahead

forecast is simillar to that of other GARCH-type models, YJ-GARCH with
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1-step-ahead forecast confirms the superior performance of the YJ-GARCH
model compared to other GARCH-type models. In some applications, it is
more appropriate to assume that e; follows a heavy-tailed and skewed dis-
tribution, such as the skewed t-distribution Ferndndez and Steel (1998) used
in e;. We also compare YJ-GARCH with other GARCH-type models con-
sidering these conditions in e;. But EGARCH and TGARCH do not satisfy
stationary conditions of the parameter in most of the subperiod windows, and
the performance of the GARCH model with skewed t-distribution is similar
to those with normal distribution. It is worth to mention that YJ-GARCH
model can handle the nonconstant structure of asymmetry when the relative
impacts of negative and positive shocks on the current volatility are not the
same. Our data typically illustrates this possibility, which leads to moder-
ately skewed shocks concerning Yeo and Johnson transformation. In future
research, It would be worth considering various power parameters on variance
equation instead of 2 as Ding et al. (1993) suggested.

In chapter 4, we propose an iterative GMM estimation method for the
estimation of the cointegrated model with exogenous variables considered by
Ahn et al. (2015). Park et al. (2011) suggested the iterative GMM estima-
tion, but only considered the simple cointegrated model without exogenous
variables. In this thesis, the GMM estimation is extended to the cointegrated
model with exogenous variables. Although the GMM estimation requires the
moment conditions the calculation is simple compared to that of the ML in
the research of Ahn et al. (2015). Phillips (1994) notes that MLE on cointe-
grated model occasionally does not work or results in cointegration parameter
estimates which are far different from the true parameters in small samples. It
was observed through the Monte-Carlo simulations and numerical examples
that GMM does not show such phenomenon. It was also observed, however,

that the efficiency of the iterative GMM estimator depends on the choice of
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the weighting matrix in the objective function. For this reason, it is important
to choose the proper weighting matrix in the objective function. Hansen et al.
(1996) suggest the continuous-updating method and Imbens et al. (1995) pro-
pose an alternative method that uses the information theoretic approaches.
Further investigations in terms of new methods of weighting matrix choice re-
main in order to understand exactly when and which of these methods should
be used. With this consideration in mind, therefore, this thesis suggests the

utilization of GMM estimation in a complex cointegrated model.
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Appendix A

Lemmas

Lemma A.1. For all 0 € ®

Ohy

h’ < M*
90

for 0 = (ag, a1, B1, 1, \), where M* does not depend on 6. Therefore, each

of these partial derivatives has bounded expectation and all higher moments

are bounded.

Proof of Lemma A.1. First consider the the conditional variance of hy = ag—+

a1v(\, €;-1)% + Brhs—1 and assume the parameter space as below
® = {0/ = (a()aalaﬁla.ua)\”cé (&7)) < dva < A < ba5 < alvﬁl < ]-_57|/'L| <r
with —oo <a < 0<d,¢d< oo, and 2<b<oo}

we can easily show that hy > ag > ¢, so that h, 1 <1 Differentiating the

h: with respect to each of the parameters in 6,

Ohy Ohyy A 1
80[0 /81 o ;IB /818 = 1 IR 51
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2. $:¢(A,€tl) 4 g, e 1:§BW ) +51§ZO
3. ggt ht— 1+518h; ! Zﬁlht - 1-1-5{2;(1)
] st ) 2
<20y ;ﬁi‘w()\jet_l_i)%@éz—l—i) + gt %ho
g ‘aht‘ - ’20411/1 A € 1)8¢(>5;t1) ﬁlaht 1‘
N S R LU S
i=0

conditioning on hg, note that dhy/00 = 0. the expressions for dh;/day and
Ohy/Oay, Ohy /0B appear in the expression for h;, we have with probability

one
%hﬂ) <| (L=p1)/(=p) - 1
dayg L Oé()(l — ﬁi)/(l — 61) Qq
Similarly,
8ht —1 1 8ht t
't < = _
dary ht ’ e%t and aﬁlh ‘ 51

using the inequality |z| < 22 + 1

2{ 20 0y = 1)? + 0 (@, m + 1)) a0 + on |

Ohy 4

| < »

Ohy Bl < 2{2(¢(1)<a7 ye— )%+ ¢(1)(ba Yyt + r)2)ao + Ozl}
| ‘

Since © is a compact parameter space and bounded function M*s are con-

tinuous function of 0
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are uniformly bounded, and it follows immediately that all moments and

croos moments exist and are finite. O

Lemma A.2. Let © be tha parameter space and define that is as above (9).
Then, all the second order partial derivatives of 1,(0) are continuous in (0,y)

and, for all ' = (ag, a1, B1, 1y A),

921,(0)
9000’

D(y:)

where the D’s are given in the proof

Proof of Lemma A.2. We list the derivatives and provide their corresponding

92,(0)  9°,(0) .
00:00, ~ 00;00; for 6" = (61,02,03,64,05) =

(o, a1, B1, b, A), we only present D;; for i < j

dominating function. Since

Redifine the conditional variance h;

t—1 t—1
he=ao+ o\ e-1)? + Bihr = a0 Y Bi+ o1 > (N e1-3)* + Biho
=0 i=0
82lt(0) 1 Ohy Ohy /1 6t2 1 /1 2(:[/? + 7’2)
1. _ | L Ok Oy (1 ey Ll 20 +rT)y g
da h? 8@0(9@0(2 ht) - 02(2+ c ) 1(y) < o0

0. |PH(O)| _ L O O (1 6?) <Lty 2(y$+r2>> — Dup() < o0

" |0agdar | |hdap Dy \2 k)| T e \2 c - b
5. |ZO)] _ L O Oh (1 _ 6?) R (E? -1)

' 3&08& N h% 8a0 8B1 2 ht 2ht 8(10851 ht

<t<1+2wﬂﬂﬁ)+ 1<%ﬁ+u%

2= — Q:D
— o \2 c 2¢d c + 13(yn) < o0
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82lt(0) 1 6ht Ght 1 62 € Ght
_ 777(7 _ i) _ & o

OO h? dag O \2 Iy h? day
20— ) -0} 1 e )
- c? (5 + c )

Yyt +r
2

= D14(yt) < 0

OL(®)| _ L O Oh (1 E?)

dagON | h? dag OXN \2 Iy
_ 2{2@(1)(@7% - 7“)2 + ¢(1)(b,yt + 7“)2)d +(1— 5)} 1 2(Z~/t2 + 7«2)
- c? (5 + c )
= Di5(y) < o0

0%1,(0) 1 Ohy Ohy (1 € 1 /1 2y +1?)

a2 h? day dan (2 ht> = 62 (2 + c ) Daa(ur) < 00

Since proof (2) of Lemma A.1

OL(O) | _ L Oh Ohe (1 _ 6?) L L _&h (63_1)
8041861 N h% 80&1 861 2 ht th 80&1851 ht
t 1 2y +1?) 1 /2(y2 +1?)
< — | — ~zr 7 _ — 7 =
—62<2jL c )+252< +1> Das(ye) < o
. ?hy 4 1 1
< < =
Since doom " | Smi—p) = @ and proof (2) (3) of Lemma A.1
O°L(6)| _ L OhOhe (1 6?) L Oh (6? 1) L
doop| h? day Ou \2 Iy 2ht Oy O \ hy h? O
20— ) -9} 1 e )
- cd (5 + c )
2{2(¢l(ll) (b7 Yt — T>2 + Q/)/(Ll) (CL, Yt + T)Q)d + (1 - 5)} Q(th —+ 'r2) 1
+ co ( c + )
“+r
ytd5 = D24(yt) < 0
61



azht hil 1 8h/t

= — —— and proof (2) (4) of Lemma A.1

Since dondp " o O

CL(O)] _ 13’%6’%(1_63) 1 &h (E?_ )
60[18)\ N h? 8041 oA \2 ht 2ht 80[18)\ ht
220D a,p =2+ 6O by + 02+ (1= 0)} 1 9424+ 2)
: (5 )
co 2 c
{260 @y )2 + w0 (b.y +7)2)d+ (1= 0)}
+

co
= Das(y¢) < 00

a2ht h_l ]. aht

Since B on T aran and proof (2) (5) of Lemma A.1

10 82%(9)‘ 1%%<1_6?>+1 O%hy (f?_l>'
' Bt hi 01 0B1 N2 hi/  2hy OB10S1 \ Iy
(1 207 +p%)y 1t 2087 + %) _
<mGr= ) ram(T ) = Dul) <o

By Proof (3) of Lemma A.1

OUO)| _ L O 91 6?) L1 O (6? 1) O
0B10p |~ |h2 0B op \2  hy) " 2h, 0B10p \ by h? OB
2{2(u b,y — )2 + D @+ 1))+ 1=0)} 1 9pp 2
< 3+ )
cd 2 ht
{2(¢£1)(b7yt - T)Q + wl(ll)(aayt + T)2)d + (1 - 5)} Q(th — /’L2)
+ ( n 1)
2¢H c
+7r)t
+ (ytcéT) = D34(yt) < 0

By Proof (3) (4) of Lemma A.1
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32lt(0) 1 aht Bht 1 6% 1 ath 6?
R TER RE s N
Jp10A hi 0B1 OX \2  hy 2h; 0810 \ Iy
2t{2(zp<1)(a,yt —r)2+ Wb,y +7)?)d + (1 - 5)} 122+ 1)
< (L 20y
1) 2 c
2 1/}(1) (a’ Yt — T)Q =+ ¢(1) (bv Yt + T)Q d + (]‘ - 5) 2 2
+{( ) }(2(yt+u)+1>
co c
= D35(y) < o
By Proof (3) (5) of Lemma A.1
13 PLO)| _ i%%(l _ 6752)
’ ou? | |h?op o \2 M
2 2
LAl (3_1)_2;;%_1
th 8M8M ht ht 8,[1, ht
< 4{4(1/},1(}) (b7 Yt — T)4 + 17[),&(!1) (CL, Yt + 7")4)d2 + (1 - 5)2} (1 Q(y? + /1,2))
~+
- c2 2 c

+ oD o= 2+ 0D+ )
+ ([(a, e + )|+ [0(b,ye + 1)) (@2 0,y + 1) + P (a,ye — r>>}

20 oy = 2+ 0@+ 0D+ (=0 +1)

+ = + -

= D44(yt) < 0

By Proof (4) of Lemma A.1
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2*,(0)]
opodN |

18ht8ht<1 e?>+ 1 0%hy (_1>’

h2 0w OAN\2  hy) " 2k QudN\hy

hy
4 (1) N2 (D) 2 _
62{2{2(1[) (a,ye — )7 + W (b,ye +7)%)d + (1 5)}

{ w(l) (b, ye — 1)* +w,(})(a,yt+r)2)d+(1_5)}}@+2(yt2:‘ﬂ2))
(1-9)
+

IN

{(w{% ye — 1)+ D (a, g + 1)) (WD (a, g — 1) + Db,y + 1)
+ ([0 ge + )|+ [0, 31+ 7)) (1950 (b, ye — )| + 105 (a, 90+ r>)}

2)
—_— = 1) = Dys5(yt) < 00
1 Oh 8ht 6% 1 tht 1
hgam< - h7) HETRYN (f - )’
{ (1

(a0 = )+ 0O b,y + 1)) + (1 - 9)%) (1
2

15.

021,(6)
N2

N 2y + 7“2))

C 5 C

+ (1;6){2@(1)((), yr — )2+ WD (a, y +1)?)
+ ([0, g+ )|+ 190y e + 7)) (193 (@, 56 = )] + [ (b, e + 7“))}

72) . 1) = D55(yt) < o0

Since 1,9 and () are continuous functions of (\,y) according to (4)
of Lemma A. 2 in Yeo and JohnsonYeo and Johnson (2000), all the second

order partial derivative of [;(0) are continuous in € and . O

Lemma A.3. Let ® and D;; be defined as in Lemma A.1, A.2. and let y;

be a random variable and assume that

E(I(y,<0)(—y)**Dlog"(—y + 1)] < 00 and  E[I 50y log*(yr + 1)] < o0
(A1)
Then, E[D?J(yt)] is finite.
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Proof of Lemma A.3. Fist, we recall two ineqalities (Hardy, Littlewood and
Polya Hardy et al. (1952), theorem 150 and equation (5.2.4)), log(x) < x —1

for x > 0 and )
@ —1 -1
: <Zb for a < band z > 0,
a

where the second follows directly from (5.2.4) and the fact that for a <

0,l0g(2%) < 2 — 1 or log(z) > (2% —1)/a. Letting z =y + 1,2 = (y +1)7°
for b >2and z = (y + 1)7° for a < 0, we obtain that

(y+1)*—1
a

1)%og(y +1) < < log(y+1)
)

1)’ —1
<(y+1log(y+1), fory>0 (A.2)

Similarly, for y < 0, we let z = —y + 1 and first take z = (—y 4+ 1)72* and
then z = (—y + 1)~2+.

(—y+1)>"-1
2 b

0< (—y+1)*og(—y+1) <

(—y+1)>° -1
2—a

By (2.12), 0 < ¢(a,y) < ¥(b,y) for y = 0 and 0 < [¢(b,y)| < [¢(a,y)| for
y < 0. Consequently,

<log(-y+1)

IN

< (—y+1)* “og(—y+1), fory>0

maz{ (. )|, 6(6,9) b < L)y + 1'/b+ Iyco(—y +1)*7/(2 - a)
(A.3)

According to the expression (4) in Lemma 2 in Yeo and JohnsonYeo and

Johnson (2000),

(v + DMog(y +1) = v(Ap)| /A for y > 0,

w(l)(%y) =
|(—y+ 12 Nog(—y + 1) — v\ y)/2=N)] fory <0,

Thus, fory > 0,40 (b,y) > (y+1)log(y+1) /band 1V (a,y) < ;
—a
(y + 1)blog(y + 1)/(—a), where the last inequality follow by (A.2). Similarly
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for y < 0,9M(a,y) < (~y + 1)>%log(~y + 1)/(2 — a). Also pM(b,y) >
(—y+1)> -1

—@-be < (—y+1)>"%og(—y +1)/(b — 2) so we conclude that

—-b
maz{ v (a,), 60,9} < Iyz0 "y + D'logly + 1)
7 b—a
oo g =gm-9)

Applying Lemma A.1 in Yeo and JohnsonYeo and Johnson (2000) to ¢(A,y)

—y + 1)2_“109(—1/ +1)

is convex in A for y > 0 and concave in A for y < 0, we obtain that (2 > 0
if y > 0 and < 0 otherwise. According to the expression (4) in Lemma 2 in

Yeo and JohnsonYeo and Johnson (2000),

1/1(2)(/\ y) = [(y + l)Alog(y +1)— 1/,(1)(/\7y)] /A for y > 0,
| [(—y +1)2 Mog(—y+1) — D (N, 9)/(2=N)| fory <0,

Hence, for y > 0,4:® (a,y) < v (a,y)/(~a) and ¥ (b,y) < (y+1)"log>(y+
1)/b.

Similarly, since 1)(?) < 0 for y < 0, |¢(2)(a, y)| < (—y+1)2"%og?(—y+1)/(2—
a) and | (b,y)| < 20 (b,y)/(b — 2). We conclude that

0P (a,9)] < Ty2020(1)(a,9)/(=a) + Tyco)(—y +1)* log*(—y +1)/(2 - a)

and
[ (b, y)| < Iys0)(y + 1)%log? (y + 1)/b + Lye0)20™ (b, y) /(b — 2)

11 2(yf +r?
(1) Since (A.1) implies that E[y}] are finte and D11 (y;) = — <7+M),

2 \2 c
202 (o) = 2 (L A Y
[ 11(.%)]—;4 (1+ 2 ) <00
11 2(yf +r2
(2) Since (A.1) implies that E[y;] are finte and Dia(y;) = = (2+(yt+r)>7
c c
2 1 4yt +rY)
2 _ 4 t
E[DIQ(yt)]_0262E<4+ 2 )<OO
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1 2 2 2
(3) Since (A.1) implies that E|[y}] are finte and D13(y;) = % (,_FM) +
c

2 c
1 (2(1/? +17)
2¢d c

+1),

(55 2y 4 L0 )]

1
+ 252 E

E[Dis(y)] = B

212
= 262

1 44 4 4 4
Ei—i_ (y; +77) (ytz;r)+1 < 00

c2

(4) Since (A.1) implies that E[y}] are finte, so

E[Du(y)] = E

(2{2@&%,% =12+ o (@, e+ 1)) d + (1 0)}

c2

><<f+ 2 < 00

2, .2 2

1 2(y;+r )) yt+r>
+

2 c

(5) Since D15(ys),

E[D¥;(y)) = E (2{2(¢(1)(a,yt — )+ (b g+ r)%)d + (1 5)} (1 2(y? + T2))>2]

< o0

(6) Since D22 (yt) s

E[D§2(yt)] =F

(7) Since Das(yy),

E[D3(y)] = E

(;2(1+2(y?+r2))+ 1 (2(y?+r2)+1)>2] <0
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(8) Since Day(yt),

<2{2<w,&”<b,yt—r>2+w,8”<a,yt+r>2)d+<1—5)} (L 20+

E[D3 ()] = B — -

2 c

2{2(%&1)(6, yr =)+l (@, +1)2)d + (1 - 5)} (2(y§ 12) N 1)

+ co

+

2
yt+?”> < o0

do

(9) Since D25 (yt),

(2{2(w<1>(a,yt =)+ Wb,y +7)2)d+ (1 - 5>} (1 2(y7 + u2)>

co 7"

E[Dy(y)) = E S+ 2

+

co c

{2(@&(1)(@’% — )2+ Wb,y + r)Q)d—l- (1— 5)} (Q(ytz + u?) 4 1))2]

< 00

(10) Since Ds3(yt),

2 2 2
E[D3y(y)] = B (;(;+2<yt:“ N

B~

(11) Since D34(yt),

E[D§4(yt)] =F

(275{2(1/)&”(1), g —1)% + 0 (@, + )2 d + (1 - 5)} <1 2(y? — uz))
co

L2000, =2 + 6D @+ 1)2)d+ (1= 0} 92— 2
+ 2¢ ( c * 1)
2
. <ytc+6r>t> ] .
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(12) Since Dss5(yy),

(2t{2(w(”(a, ye =)+ Wb,y +1)?)d + (1 - 5)} (1 2(y? + uQ))

co 2"

E[D}s ()] = E S+ =

+

co

C

A R TSR 1))2] <o

(13) Since Dy4(yr),

{4 0o =t D (DR + 0= 02) 1 g
( 2 <7+ )

E[D}(w)) = E A

C

+ (1;5){2(1%(})([)’ Yt — T)Q + Tﬁ;(}) (CL, Yt + T)Z)

+ (1@, ye + )|+ [0,y + 7)) (02 (b, ye + 1) + 9 (0,50 — r))}

< o0

N {200 Gy = )2 + 0D (e + 1)) d + (1= 0) (e +7) N 1>2
c2 ¢

(14) Since D45 (yt),

E[Dis5(y)] = B

{2000 0o =) + 0D,y 7))+ (1~ 5)}} (3 + 2ty

2 c
1-6
L=
c

{ (@D By — ) + 0D (@, g+ 1)) (0D (@, 50 — ) + Db,y + 1)

£ (R0 7))+ 1B+ ) (2 e — )]+ 12 (i r>r>}

2

(2(3/15 C—M2) B 1))2] cx
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(15) Since Ds5(yt),

434D (a, yp — )t + D (b, y; + 7)) d? + (1 — §)? 2 .2
BD3 (0] = 5| L v }G*Q(%f))

(1-9)

c2

+

{2@“)(1), g =) + 0D (a,y + 1))

+ ([ (b, e + )| + [0, e + 7)) (WP (a, g0 — )| + [0 (b, + r)\)}
<2(y? —p?) 1))2] e

Therefore, E[D};(y)] < oo, fori=1,--- ,5and j=1,---,5 O
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Appendix B

Proofs of Theorem

Proof of Theorem 3.1.

(A) We employ Lemma A. 1 in Yeo and JohnsonYeo and Johnson (2000) to
establish the result (A). Let [; : ® x R — R be determined a normal
likelihood after transformation as

2

1 1 €;
1:(0) = 5509@”) §log(ht) 5h, (B.1)
where h; = ag 4+ a1(X\, e_1)% + Brhs—1. Then, for all § € O,
1Le(0lys)| < g(yi) = log(2m)
1
+wg<5{d 4201 = 8) [0l ymr — )2 + by + 1) })
2, .2
+2(yt : r ) (B.Q)

Next, recall the C, inequality (see Loeve(1978)), |z + y|” < Cy(|z|" +
ly|") for any z,y and r > 0, where C, = 2" 1 if r > 1 and C, = 1 if
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r < 1. we obtain from (A.3)

maz |\, ye — 1) <y pz0(ye — p+ 1) /b + Iy —p<o(—ye + p+ 1) /(2 - a)
<Iy,—u>0Cs(yt —p+1)/b
+ Caly—pco((—y0)®™ + p9 + 1) /(2 — a)
<Iy,—u0Ch(y7 + 17 + 1) /b
+ Caly—pco((—y)®™ + 7279 4 1) /(2 - a),

for a < A < b, where C, and C} are given above. According to this
bound, assumption (c.3) guarantees from (B.2) that sup; E[g?(Y;)] is
finite so that the first condition of Lemma 4.1 in Yeo and JohnsonYeo
and Johnson (2000) holds with ¢(-) = g(-). Let Sy = [-M, M]. Be-
cause |Y;| < |Yi(a)| + \Yi(b)|, Markov’s inequality allows us to conclude
that sup, P(|Y;| > M) < sup, E|Y;|/M — 0 as M — oo. Thus the
second condition is verified. Since [;(6) is continuous in (6',Y") over
the compact set @ x Sy, 14(0) is equicontinuous in @ for Y; € Sy (see
KosmalaKosmala (1995)). Thus all of the conditions of Lemma 4.1 in
Yeo and JohnsonYeo and Johnson (2000) are satified. We conclude that

Lr.0) —10,0) “% 0

n

1 n
uniformly in 6 € ® where I1,,(0) = - Z E[l4(0)]. Equivalently,
t=1

lim { sup an(H) — Hn(G)} =0 (B.3)
e lgee ™

with probability one. The result (A) follows directly since

1 1
sup = |~L.(0)| = sup ‘Hn(B)H < sup | =L, (8) —11,(8)| — 0
0cO n 0cO 0cO® '™

with probability one.
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(B) To establish the strong consistency of 9, we introduce the notation w

for a generic outcome and A for the set where the uniform almost sure
convergence (A) holds. To obtain a contradiction, we assume that 6
does not converge to 8 almost surely, so there exists a set of outcome B
where 6 does not converge to 8 almost surely and P(B) > 0. Without
loss of generality, we can restrict our attention to the set C = AN B
with P(C) > 0.

Since © is compact, for each w € C, there exists a subsequence {m} C
{n} and a limit point 0, (w) with 6,,(w) — 6.(w) # 0y, where 0,, is
a maximum likelihood estimator based on m observations. However,

according to the definition of 0.,

iLm(ém) >

1
— Ly (0g) for each weC (B.4)
m m

+ |Hm(ém) - Hm(g*)’ + |Hm(9*) - H(g*)’

1
< sup |*Lm(9) - Hm(om)‘
6c® ™

+ |Hm(ém) - Hm(a*)’ + ’Hm(e*) - H(e*)’
(B.5)

For w € C, we take the limit as m — oo in (B.5). The first term on the
right hand side goes to zero by (B.3), the second term also goes to zero
by lemma 2 and the fact 6y, (w) ~> 6, (w), and the last term also goes
to zero by the assumption (c.4). Intersecting this set of convergence
with C and taking limit in (B.4) as m — 00, =L,,(69) —> II(6o) by
the strong law of large numbers so we obtain II(6y) < II(0,) on a set

of positive probability. This contradicts assumption (c.4) which states
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that 8g = arg maz 11(@), is unique. Thus
6 > 6,

To establish the asymptotic normality of 9, we now expand the product

1/y/n times the gradient of the log-likelihood function

Vi 08 |g_g n 08 |g_g, n 0006

where 6, = ¢,0+(1—¢,)00, ¢, € (0,1) for n > 1. Since 6y is an interior

1 01,(6) 1 9l,(6) LLEUO) e s e
0-6.

point of ® and 0isa strongly consistenct estimator of 6, the left hand

1
side of (B.6) goes to zero in probability because \/ﬁagg) ’0:9 =0 at
the maximum. Consequently,
1 01,(0) 1 0%14(0) N »
— — 0—6y) —0
vn 00 ‘900 n 0000’ 979*( 0)

1 8lt ‘
Jn 00 10-6,

conditions of Lemma 4.3 in Yeo and JohnsonYeo and Johnson (2000).

From (B.1) and Lemma A.1, for

To establish the asymptotic normality of — we now check

8lt(0) — |_1 Oht (ye—p)* _ 1
80[() 2ht Do hy
<1 (2(95”2) + 1).
alt(e) |1 om [ ye=w)? 1
8011 2ht Dol hy
< (15<2(yt+T ) 4 1)
‘mt(e) _ |1 on (( ye—n)? 1>‘
aﬁl 2h: 881 ht

[sg|

< t <2(yt2:r7"2) 4 1)
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0L, (0) B I ) 7 (7 S R 7
alul | 2ht Ou ht ht
. 2{2( L”(ayr—w2+¢ﬁ”<myr+rﬁ)d+<1—6>}
x (z(ng) + 1) + B
0l4(0) |1 ke [ (we—w)? 1) 4 w=m
8)\ - th o\ ht ht

2{2 (w(l) (a,ytfr)z«kw(l) (b,yt+r)2)d+(1*5)}

- (&

% <2(yt+r ) 4 1)

)au(e)
06

Next (c.6) implies that sup E

}:15

This conclusion and (c.6)-(c.9) allow us to apply Hoadley’s Lemma 3

to L@lt(O) . We obtain
Vi 00 |g_g,

mt '/3/2—>0 as n — 0o

1 9l(0) '

Vo 90 lg_g,
21,(0) .

080’

tinuous in @ for y; € Sy with Sy = [ M, M]. Using Lemma A.3, it is

easy to show that for all 8 € ©, 2 ét(g) < D(Y') where D are defined in

Lemma A.2 and sup; E[D?(Y)] is finite according to assumption (c.6).

45 N5(0, B(60))

. . / . .
is continuous in (6, Y") and is equicon-

According to Lemma A.2,

Thus, applying Lemma 4.1 in Yeo and JohnsonYeo and Johnson (2000),

we conclude that with probability one,

iy sup | = gt~ 4] =0 (B2
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Also, the difference

10°1(6)

1 0%1,(0)
S _ < _ .
H n 9000 lo—g, ~ n(00) —H n 9000 lo—g, ~ (0"
400 = auten)| + | 4ut60) - 460
1 0%1,(6)
< I _
= pe® ” n 0000’ ”(H)H

+ HA,L(O*) — A, (60)

+ HAn(OO) — A(6y)

(B.8)

For each w in the almost sure set where (B.7) holds and 8,(w) <> 6,,,
we take the limit as n — oo in (B.8). The first term on the right
hand side goes to zero by (B.7), the second term goes to zero by
Lemma 4.2 in Yeo and JohnsonYeo and Johnson (2000) and the fact
that é(w) 2% 0y, and the last term also goes to zero by assumption

s 10%(0)
(c.9). This is, " 5000

2% A(Bp). By Slutsky’s theorem, we

0=0.
conclude that

\/ﬁ(é — 00) 45 Ny (0, A(ao)_lB(HO)A(OO)_l)

O

Proof of Theorem 4.1. Applying the continuous mapping theorem to theo-

rem 1, we obtain following result.
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(1) using (b) and (e)
I(fy —Ty1) = (H(B2Z' 1@ A0 A7) Zoce( A0 e2' 1)
21 21 T 2 2 zS b z T T z e 2
1 , -1
& (W50 [ Bu.(u) Bl (w)duts, 41071 A.)
0
1
X vec(AQQelfli/Q(/ de(u)dB;nz(u))/Qif\IJ‘élQ)
0

= (R.. 2 ALQ7TA) twec(ALQ7BL))

(2) using (g) and (7)
TV (Tlyy — Tlyy) = (%(ww ® Q€1)>_1\/1Tvec(flelecb')

L (9, ® Q7N TIN(0,Q, @ 1)

(3) using (a) and (d)
T (M — ) = (l(J’XX’J ®A’Q—1A)l)f lvec(,AI’Q—leX’J)
11 11 7 1 e V7)) 7 e 1

1 -1
yd (\1122(2}142 / ByBlduQt/> ), @A’leA)
0

1
x vee( A'Q7 102 /0 Ba((u))dB,, (u))' Q42 Wh, )

= (Raa ® A'Q71A) rvec(A'Q ' B,,)

(4) using (h) and (j)

7



Bibliography

Sung K Ahn and Gregory C Reinsel. Estimation for partially nonstationary
multivariate autoregressive models. Journal of the American Statistical

Association, 85(411):813-823, 1990.

Sung K Ahn, Hanwoom Hong, and Sinsup Cho. Estimation of cointegrated
models with exogenous variables. Journal of Statistical Computation and

Simulation, 85(10):1945-1962, 2015.

David E Allen, Michael McAleer, and Marcel Scharth. Asymmetric realized
volatility risk. Journal of Risk and Financial Management, 7(2):80-109,
2014.

DF Andrews, R Gnanadesikan, and JL. Warner. Transformations of multi-

variate data. Biometrics, pages 825-840, 1971.

Anthony C Atkinson and Luis R Pericchi. Grouped likelihood for the shifted
power transformation. Journal of the Royal Statistical Society. Series B

(Methodological), pages 473-482, 1991.

Anthony Curtis Atkinson. Plots, transformations, and regression: an in-
troduction to graphical methods of diagnostic regression analysis. Number

519.536 A875. Clarendon Press, 1985.

78



Anil K Bera and Matthew L Higgins. Arch models: properties, estimation
and testing. Journal of economic surveys, 7(4):305-366, 1993.

Tim Bollerslev. Generalized autoregressive conditional heteroskedasticity.

Journal of econometrics, 31(3):307-327, 1986.

GEP Box and DR Cox. An analysis of transformations revisited, rebutted.

Journal of the American Statistical Association, 77(377):209-210, 1982.

GP Box and DRJ Cox. Box-cox commutation. royal statistical. Society Series

B, 21(3):211-243, 1964.

Ralf Briiggemann and Helmut Liitkepohl. Practical problems with reduced-
rank ml estimators for cointegration parameters and a simple alternative™®.

Ozford Bulletin of Economics and Statistics, 67(5):673-690, 2005.

Zhuanxin Ding, Clive WJ Granger, and Robert F Engle. A long memory
property of stock market returns and a new model. Journal of empirical

finance, 1(1):83-106, 1993.

Norman R Draper and David R Cox. On distributions and their transfor-
mation to normality. Journal of the Royal Statistical Society. Series B

(Methodological), pages 472—476, 1969.

Robert F Engle. Estimates of the variance of us inflation based upon the

arch model. Journal of Money, Credit and Banking, 15(3):286-301, 1983.

Robert F Engle and Clive WJ Granger. Co-integration and error correc-
tion: representation, estimation, and testing. Econometrica: journal of the

Econometric Society, pages 251-276, 1987.

Robert F Engle, David F Hendry, and Jean-Francois Richard. Exogeneity.
FEconometrica: Journal of the Econometric Society, pages 277-304, 1983.

79



Carmen Fernandez and Mark FJ Steel. On bayesian modeling of fat tails
and skewness. Journal of the American Statistical Association, 93(441):

359-371, 1998.

Lawrence R Glosten, Ravi Jagannathan, and David E Runkle. On the relation
between the expected value and the volatility of the nominal excess return

on stocks. The journal of finance, 48(5):1779-1801, 1993.

Clive WJ Granger. Some properties of time series data and their use in
econometric model specification. Journal of econometrics, 16(1):121-130,

1981.

Alastair R Hall et al. Generalized method of moments. Oxford University
Press Oxford, 2005.

James Douglas Hamilton. Time series analysis, volume 2. Princeton univer-

sity press Princeton, 1994.

Lars Peter Hansen. Large sample properties of generalized method of mo-
ments estimators. FEconometrica: Journal of the Econometric Society,

pages 1029-1054, 1982.

Lars Peter Hansen, John Heaton, and Amir Yaron. Finite-sample properties
of some alternative gmm estimators. Journal of Business & FEconomic

Statistics, 14(3):262-280, 1996.

Ingrid Harbo, Sgren Johansen, Bent Nielsen, and Anders Rahbek. Asymp-
totic inference on cointegrating rank in partial systems. Journal of Business

& Economic Statistics, 16(4):388-399, 1998.

Godfrey Harold Hardy, John Edensor Littlewood, and George Pélya. In-

equalities. Cambridge university press, 1952.

80



David A Hsieh. Modeling heteroscedasticity in daily foreign-exchange rates.
Journal of Business € Economic Statistics, 7(3):307-317, 1989.

John Hunter. Cointegrating exogeneity. FEconomics Letters, 34(1):33-35,
1990.

Guido Imbens, Phillip Johnson, and Richard H Spady. Information theoretic

approaches to inference in moment condition models, 1995.

Sgren Johansen. Statistical analysis of cointegration vectors. Journal of

economic dynamics and control, 12(2):231-254, 1988.

Seren Johansen. Cointegration in partial systems and the efficiency of single-

equation analysis. Journal of econometrics, 52(3):389-402, 1992.

JA John and NR Draper. An alternative family of transformations. Applied
Statistics, pages 190-197, 1980.

Yuichi Kitamura and Peter CB Phillips. Fully modified iv, give and gmm es-
timation with possibly non-stationary regressors and instruments. Journal

of Econometrics, 80(1):85-123, 1997.

FR Kleibergen. Reduced rank regression using generalized method of mo-
ments estimators with extensions to structural breaks in cointegration mod-

els. Technical report, Econometric Institute Research Papers, 1997.

Witold AJ Kosmala. Introductory Mathematical Analysis. Wm. C. Brown,
1995.

BFJ Manly. Exponential data transformations. The Statistician, pages 37—42,
1976.

Laszlé Matyas. Generalized method of moments estimation, volume 5. Cam-

bridge University Press, 1999.

81



Rocco Mosconi and Carlo Giannini. Non-causality in cointegrated systems:
representation estimation and testing. Ozford Bulletin of Economics and

Statistics, 54(3):399-417, 1992.

Daniel B Nelson. Conditional heteroskedasticity in asset returns: A new
approach. Fconometrica: Journal of the Econometric Society, pages 347—

370, 1991.

Daniel B Nelson. Filtering and forecasting with misspecified arch models i:
Getting the right variance with the wrong model. Journal of Econometrics,

52(1):61-90, 1992.

Suk K Park, Sung K Ahn, and Sinsup Cho. Generalized method of moments
estimation for cointegrated vector autoregressive models. Computational

Statistics € Data Analysis, 55(9):2605-2618, 2011.

M Hashem Pesaran, Yongcheol Shin, and Richard J Smith. Structural analy-
sis of vector error correction models with exogenous i (1) variables. Journal

of Econometrics, 97(2):293-343, 2000.

Peter CB Phillips. Some exact distribution theory for maximum likelihood
estimators of cointegrating coeflicients in error correction models. Econo-

metrica: Journal of the Econometric Society, pages 73-93, 1994.

Jacqueline Pradel and Christophe Rault. Exogeneity in vector error cor-
rection models with purely exogenous long-run paths. Ozford Bulletin of

Economics and Statistics, 65(5):629-653, 2003.

Carmela E Quintos. Analysis of cointegration vectors using the gmm ap-

proach. Journal of econometrics, 85(1):155-188, 1998.

Jose A Scheinkman and Blake LeBaron. Nonlinear dynamics and stock re-

turns. Journal of Business, pages 311-337, 1989.

82



James H Stock. Asymptotic properties of least squares estimators of cointe-
grating vectors. Econometrica: Journal of the Econometric Society, pages

1035-1056, 1987.

John W Tukey. On the comparative anatomy of transformations. The Annals

of Mathematical Statistics, pages 602-632, 1957.

Santiago Velilla. A note on the multivariate box—cox transformation to

normality. Statistics €& probability letters, 17(4):259-263, 1993.

Santiago Velilla. Diagnostics and robust estimation in multivariate data
transformations. Journal of the American Statistical Association, 90(431):

945-951, 1995.

In-Kwon Yeo and Richard A Johnson. A new family of power transformations

to improve normality or symmetry. Biometrika, 87(4):954-959, 2000.

Jean-Michel Zakoian. Threshold heteroskedastic models. Journal of Eco-
nomic Dynamics and control, 18(5):931-955, 1994.

83



N
alg

a4 7

at7] <l

&
2 og 7 A=

%)

[e]
RN

=
=

]_

boieh, 299 Arirbsw FAFol o

S

174 3}

e

A

No

|

el

Ho

sheirh. o144

mjn

ofn

WSk TR A0k de Adbs

2 A EYoldE

=
=

e fEstglon, 2ot

B

2009 — 20254

5 W

84



	Chapter 1 Introduction
	Chapter 2 Literature Review
	2.1 Conditional heteroscedastic models
	2.2 Family of Power Transformations
	2.3 Cointegration model
	2.4 Generalized method of moment estimation

	Chapter 3 Asymmetric GARCH model via Yeo-Johnson transformation
	3.1 Introduction
	3.2 Yeo and Johnson GARCH model
	3.3 Estimation and Asymptotics
	3.4 Forecast Interval
	3.5 Real Data Analysis

	Chapter 4 Generalized method of moments estimation of cointegration model with exogenous variables
	4.1 Introduction
	4.2 VECM with exogenous variables
	4.3 GMM estimation of VECM
	4.4 Monte-carlo simulation and numerical example

	Chapter 5 Conclusion
	Appendix
	Appendix A Lemmas
	Appendix B Proofs of Theorem

	Bibliography
	Abstract (in Korean)


<startpage>11
Chapter 1 Introduction 1
Chapter 2 Literature Review 4
 2.1 Conditional heteroscedastic models 4
 2.2 Family of Power Transformations 9
 2.3 Cointegration model 13
 2.4 Generalized method of moment estimation 23
Chapter 3 Asymmetric GARCH model via Yeo-Johnson transformation 28
 3.1 Introduction 28
 3.2 Yeo and Johnson GARCH model 30
 3.3 Estimation and Asymptotics 32
 3.4 Forecast Interval 34
 3.5 Real Data Analysis 36
Chapter 4 Generalized method of moments estimation of cointegration model with exogenous variables 39
 4.1 Introduction 39
 4.2 VECM with exogenous variables 41
 4.3 GMM estimation of VECM 42
 4.4 Monte-carlo simulation and numerical example 46
Chapter 5 Conclusion 55
Appendix 58
 Appendix A Lemmas 58
 Appendix B Proofs of Theorem 71
Bibliography 78
Abstract (in Korean) 84
</body>

