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Abstract

Signature of Surface bundles
over Surfaces and Mapping

Class Group

Ju A Lee

Department of Mathematical Sciences
The Graduate School

Seoul National University

In this thesis, we study the topological constraints on the signature and the
Euler characteristic (σ(X), e(X)) for smooth 4-manifolds X (or complex sur-
faces X) which are surface bundles over surfaces with nonzero signature. The
first main result is about the improved upper bounds for the minimal base
genus function b(f, n) for a fixed fiber genus f and a fixed signature 4n. In
particular, we construct new smooth 4-manifolds with a fixed signature 4 and
small Euler characteristic which are surface bundles over surfaces by subtrac-
tion of Lefschetz fibrations. They include an example with the smallest Euler
characteristic among known examples with non-zero signature. Secondly, we
explore possibilities to construct Kodaira fibrations with small signature which
are smooth surface bundles over surfaces as ramified coverings of products of
two complex curves. To obtain the minimal base genus and the smallest pos-
sible signature, we investigate the action of the monodromy of the fibration
of pointed curves. Throughout the paper we’ll see that the surface mapping
class group plays an important role in both constructions and the control of
topological invariants.

Key words: signature, surface bundles over surfaces, mapping class group,
Lefschetz fibration, Kodaira fibration, Birman exact sequence
Student Number: 2008-22710
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Chapter 1

Introduction

It is a longstanding problem of 4-dimensional manifold theory to determine
which simply connected topological 4-manifolds carry smooth structures. The
following theorems tell us that there are some topological constraints for the
existence of smooth structures.

Theorem 1.0.1 (Rohlin). If X is a simply connected, closed, oriented, spin,
smooth 4-manifold, then the signature σ(X) is divisible by 16.

Theorem 1.0.2 (Donaldson). If X is a simply connected, closed, oriented,
smooth 4-manifold with the definite intersection form QX, then QX is diago-
nalisable, that is, QX equivalent to ±⊕ (+1).

Theorem 1.0.3 (Furuta). If X is a simply connected, closed, oriented, smooth
4-manifold with the intersection form QX

∼= 2kE8 ⊕ lH, then l ≥ 2|k| + 1,
equivalently, b2

|σ|
≥ 10

8
.

Now the next natural question to ask is the following: what are the topolog-
ical constraints a smooth, closed, oriented 4-manifold must satisfy in order to
support an additional structure such as complex structure, symplectic struc-
ture, Lefschetz fibration, or surface bundle over surface. In this thesis, we’ll
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Chapter1. Introduction

focus on this problem for the case of surface bundle over surface (with nonzero
signature).

The constraints on the topology of the underlying smooth 4-manifold X
are often measured by the signature σ(X) and the Euler characteristic e(X).
The Euler characteristic is comparatively easy because it’s multiplicative in
fiber bundles. Under the assumption that the fundamental group of the base
acts trivially on the cohomology of the fiber, the signature is also known to
be multiplicative[11]. However, this is not true in general. Atiyah and Kodaira
[1, 35], independently found examples of surface bundles over surfaces with
non-zero signature as the first counter-example.

First we introduce what we know about the restrictions on σ(X) and e(X)
of a smooth 4-manifold X which is a surface bundle over a surface.

Theorem 1.0.4 (Kotschick’98). [37] Let X be an aspherical surface bundle
over a surface. Then 2|σ(X)| ≤ e(X). If in addition, X admits a complex
structure, then 3|σ(X)| ≤ e(X).

Kotschick proved this theorem using the results about Seiberg-Witten in-
variants of symplectic 4-manifolds. Recently, Hamenstadt improved this result
as follows.

Theorem 1.0.5 (Hamenstadt’12). [25] 3|σ(X)| ≤ e(X) for every aspherical
surface bundle X over a surface.

In Example 5.9 in [12], Catanese and Rollenske constructed an example
with the largest known ratio between the signature and the Euler characteris-
tic. Precisely, it realises 3σ

e
= 2

3
, equivalently, the Chern slope c21

c2
= 8

3
.

It is easily seen that the signature of any surface bundle is divisible by 4

because it admits an almost complex structure[52]. Furthermore, every mul-
tiple of 4 is equal to the signature of some surface bundle X as stated in the
following theorem.

Theorem 1.0.6 (Meyer’73). [43]

2



Chapter1. Introduction

1. Every oriented surface bundle X → Σb with fiber genus f ≤ 2 or base
genus b ≤ 1 has zero signature.

2. For every f ≥ 3 and 4n ∈ 4Z, there exists a genus f surface bundle
X→ Σb with signature 4n for some b.

In order to prove this theorem, Meyer introduced a 2-cocycle τg on the
symplectic group Sp(2g;Z) and gave the signature formula for surface bundles
over surfaces. We’ll revisit Meyer’s formula in Section 2. Based on this Meyer’s
result, Endo[16] started the systemetic study of the following question:

Problem 1.0.7. For each f ≥ 3 and each n ∈ Z,

b(f, n) := min{b | ∃ Σf-bundle X→ Σb with σ(X) = 4n}

Determine the value b(f, n).

This problem was studied by many 4-manifold topologists and algebraic
geometers [16, 51, 14, 5, 7].

Our first main result (Chapter 4 based on [38]) is about the improved upper
bounds for this minimal base genus fuction b(f, n).

Theorem 1.0.8 (Lee’15). [38]
(a) For every f ≥ 3 and n 6= 0, b(f, n) ≤ 7|n| + 1. In particular, there

exists a smooth 4-manifold with signature 4 which is a Σ3-bundle over Σ8.
(b) For every f ≥ 5 and n 6= 0, b(f, n) ≤ 6|n|+ 1. In particular, there exists a
smooth 4-manifold with signature 4 which is a Σ5-bundle over Σ7.
(c) For every f ≥ 6 and n 6= 0, b(f, n) ≤ 5|n|+ 1. In particular, there exists a
smooth 4-manifold with signature 4 which is a Σ6-bundle over Σ6.

In particular, a genus 3 surface bundle over a surface of genus 8 with sig-
nature 4 we found is the example with the smallest Euler characteristic among
known examples with non-zero signature.
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Chapter1. Introduction

The main technique for the construction is the subtraction of Lefschetz
fibrations introduced in [14]. This is a kind of surgery operation on Lefschetz
fibrations. In fact, both the construction of building blocks and the operations
on them can be done by computations in mapping class groups. Before we
discuss about this result in detail in Section 4, we give some necessary back-
grounds on mapping class groups in Section 3.

Next, we would like to require further that our smooth 4-manifold which
is a surface bundle over a surface admits a complex structure. Eventhough it
is not immediate to answer if the above examples admit any complex struc-
ture or not because they all have even b1, historically we have a tautological
construction, due to Kodaira[35] and Atiyah[1], which allows us to construct
complex surfaces with positive signature which are smooth surface bundles
over surfaces. We usually call such a surface a Kodaira fibration.

Our second main result(Chapter 5 based on [39]) is about the possibilities to
construct Kodaira fibrations with signature 4 as ramified coverings of products
of two Riemann surfaces.

Proposition 1.0.9 (Lee-Lönne-Rollenske ’16). [39] The possible numerical
invariants of a virtual double étale Kodaira fibration of virtual signature 4 are
as follows: for each component Di of D the ramification order ri = 2 and the
other invariants can be (up to reordering the Di) given as in Table5.1, where
we also collect partial information on realisability.

In order to classify double étale Galois double Kodaira fibrations with sig-
nature 4, we first make a list of all possible candidates of double étale virtual
Kodaira fibrations with virtual signature 4, and then check the realisability of
each case in the list. The core part is to develop the method to compute the
signature of the Kodaira fibration. In the earlier constructions[1, 35, 27, 5, 7],
they start with the product B × F of two Riemann surfaces and the divisor D
inside it and then take an unramified pull-back of the base, which is explicitly
chosen but has sufficiently large degree to guarantee the divisibility of the divi-

4



Chapter1. Introduction

Table 1.1: virtual Kodaira fibraions with virtual signature 4

type b f |G| g(Di) (di, ei) realisability ((f̃, b̃), (f̃2, b̃2), σ̃)

G1 2 2 8 2 (1, 1) no ((11,9),(81,2),32)
G2 2 2 4 (2, 2) (1, 1), (1, 1) no ((7,17),(97,2),64)

((4,17),(49,2),32) G = Z/2)
G3 3 3 2 (3, 3) (1, 1), (1, 1) no ((6,9),(21,3),16),

((6,33),(81,3),64)
G4 3 2 2 (3, 3) (1, 2), (1, 2) no ((4,17),(49,2),32)

C1 2 2 2 5 (4, 4) ?
C2 3 2 2 5 (2, 4) ?
C3 2 3 2 5 (4, 2) ?
C4 3 3 2 5 (2, 2) no ((6,9),(21,3),16)

((6,17),(41,3),32),
((6,65),(161,3),128)

C5 2 5 2 5 (4, 1) no ((11,9),(21,5),32)
C6 3 5 2 5 (2, 1) no ((10,65),(145,5),128)
C7 2 2 4 3 (2, 2) no ((7,9),(49,2),32)

((4,9),(25,2),16) G = Z/2)
C8 2 3 4 3 (2, 1) no ((11,9),(41,3),32)
C9 2 2 2 (3, 3) (2, 2), (2, 2) ?
C10 2 2 2 (4, 2) (3, 3), (1, 1) ?
C11 2 3 2 (3, 3) (2, 1), (2, 1) no ((7,9),(25,3),32)
C12 2 2 2 (2, 2, 3) (1, 1), (1, 1), (2, 2) ?

The double Kodaira fibration S→ B̃× F coming from each virtual Kodaira fibration
in the above list has two different fiberings: one is given by the composition with
pr1 : B̃× F→ B̃, and another is given by the composition with pr2 : B̃× F→ F. We
denote the corresponding fiber and base genera by (f̃, b̃) and (f̃2, b̃2).

5



Chapter1. Introduction

sor. On the other hand, Catanese and Rollenske[12] proved that every virtual
Kodaira fibration (B× F,D, θ : π1(F \ F∩D)→ G) is realisable after a suitable
finite étale pull-back. However, since we want to obtain the minimal base genus
and the smallest possible signature, we investigate the minimal degree pull-back
among those which grarantee the existence of ramified covering (Proposition
5.2.3). The study of the monodromy action of the fibration of pointed curves
(F, F ∩ D) (Theorem 5.3.5) allows us to compute the minimal degree of the
required pull-back and hence the signature of Kodaira fibration.

Before we discuss about this result in detail in Section5, we give some
backgrounds necessary to study the monodromy action in Section3. One more
thing to remark is that we found some interesting examples by generalising D
to multisections eventhough all the previous examples in the literature come
from the pure sections.

6



Chapter 2

Signature of fibered 4-manifolds

2.1 Signature of 4-manifolds
For any compact oriented manifold X of dimension 4k, the cup-product defines
a non-degenerate symmetric bilinear form on the middle dimensional cohomol-
ogy H2k(X;R). Let b+2k(b−2k) denote the maximal dimension of a subspace on
which this form is positive (negative) definite. Then the difference b+2k − b−2k is
defined to be the signature of the (topological) manifold X, and usually denoted
by σ(X).

In this section, we review the proof due to Atiyah and Singer[2] that this
topological definition of the signature coincides with the differential geometric
definition. In other words, the claim is that the signature σ(X) is the index of
a certain elliptic operator on X associated to the SO(4k)-structure.

Let X be a 4k dimensional oriented Riemannian manifold. Then the metric
on TX induces metrics on the bundles of p- forms and hence, by integration
over X, inner products on the space Ωp. Hence, we have a Hodge star operator
∗ : Ωp → Ω4k−p satisfying ∗2 = (−1)p. The bundle

∧∗(X) has a canonical first
order differential operator d which is usually called the exterior derivative and
its formal adjoint d∗ is given by d∗(α) = − ∗ d ∗ α. We will consider the first

7



Chapter2. Signature of fibered 4-manifolds

order operator D = d + d∗. Since it is self-adjoint, D2 = D∗D = ∆ where
∆ = dd∗ + d∗d is the Laplacian. From this, it follows that KerD coincides
with the space of harmonic forms.

We now introduce a map τ on differential forms defined by

τ(α) = ip(p−1)+2k ∗ α, α ∈ Ωp.

Then, τ2(α) = α, i.e. τ is an involution, and we can therefore decompose the
space Ω =

∑
Ωp into ± eigenspaces Ω± of τ. Then we consider the following

restriction maps of D

D+ : Ω+ → Ω−, D− : Ω− → Ω+

Each is elliptic and they are formal adjoints of each other. If we denote by H±

the space of harmonic forms in Ω±, respectively, then we have

indexD+ = dimH+ − dimH−

Observe that for each 0 ≤ j < 2k, the dimensions of the +1 and −1 eigenspaces
of τ in Vj = Hj

⊕
H4k−j are equal. Now, we get

indexD+ = dimH2k
+ − dimH2k

−

Recall that σ(X) = b+2k − b−2k. By the classical Hodge theorem, we can consider
each 2k dimensional homology class α of X as the element of either H2k

+ or
H2k

− .
For nonzero α ∈ H2k

+ ,

QX(α,α) =

∫
X

α∧ α =

∫
X

α∧ ∗α = (α,α) > 0

while for nonzero α ∈ H2k
− ,

QX(α,α) =

∫
X

α∧ α =

∫
X

α∧ (− ∗ α) = −(α,α) < 0

8



Chapter2. Signature of fibered 4-manifolds

Therefore, dimH2k
+ = b+2k and dimH2k

− = b−2k.

2.2 Surface bundles over surfaces and Lefschetz
fibrations

Surface bundles over surfaces and Lefschetz fibrations constitute a rich source
of examples of smooth, symplectic, and complex 4-manifolds.

Lefschetz fibrations (including surface bundles Section 4.1.3) can be de-
scribed combinatorially by means of their monodromy factorizations.

Theorem 2.2.1 ([30], [40]). For g ≥ 2, genus g Lefschetz fibrations f : X→ B

over connected surfaces are completely determined, up to isomorphism, by their
monodromy representations π1(B \ f(C), b0) → Mod(Σg) up to equivalence
relations.

In particular, to every genus g Lefschetz fibration over S2, one can as-
sociate a factorization of identity into a product of right-handed Dehn twists
in the mapping class group Mod(Σg). Conversely, given a positive relation
t1t2 · · · tn = 1 in Mod(Σg), one can construct a smooth 4- manifold X and
the corresponding Lefschetz fibration f : X→ S2. For the detailed explanation,
refer to [30, 23].

Example 2.2.2. The most typical example of a Lefschetz fibration over S2 is an
elliptic fibration with 12 Fishtail fibers on E(1) diffeomorphic to CP2#9CP.
This Lefschetz fibration with torus regular fibers can be constructed from
a generic pencil {t0p0 + t1p1 | [t0 : t1] ∈ CP1} of cubic curves in CP2 by
blowing up 9 base points where all the cubic curves intersect. The fishtail
fiber is an immersed 2-sphere with one transverse positive double point. This
singular fiber is obtained by collapsing a nonseparating simple closed curve,

9



Chapter2. Signature of fibered 4-manifolds

called the vanishing cycle, on the nearby smooth fiber. We must have 12 fishtail
fibers since the Euler characteristic of the total space is 12, and moreover
the monodromy factorization is equivalent to (tatb)

6 = 1 in Mod(T 2), where

ta =

(
1 1

0 1

)
and tb =

(
1 0

−1 1

)
if we identify Mod(T 2) with SL(2,Z) [44].

This positive relation is usually called the 2-chain relation or the one-holed
torus relation.

Various Lefschetz fibrations over a surface of positive genus will be intro-
duced in Proposition 4.2.3, 4.2.4 where we obtain from a product of lantern
relations, and in Proposition 4.2.5, 4.2.6, 4.2.7 from a product of n-holed torus
relation and lantern relations.

2.3 Various signature formulas for surface bun-
dles

In this section, we introduce various signature formulas for surface bundles over
surfaces from the literature and then we can take the benefit from each formula.

(1) Signature formula derived from the Atiyah-Singer Index theorem [1]

Theorem 2.3.1. Let Z→ X be a differentiable fiber bundle over X with a fiber
Y. Then by Hirzebruch’s signature theorem,

Sign(Z) = L̃(TZ)[Z]
= {L̃(Tπ) · π∗L̃(TX)}[Z]
= {π∗L̃(Tπ) · L̃(TX)}[X]

The Atiyah-Singer Index theorem for families of elliptic operators applied
to the signature operators D+ on the fibers gives

ch(indexD+) = π∗(L̃(Tπ)) ∈ H∗(X;Q)

10



Chapter2. Signature of fibered 4-manifolds

where ch : K(X) → H∗(X;Q) is the Chern character and π∗ : H∗(Z;Q) →
H∗(X;Q) is the Gysin homomorphism.

Therefore,
Sign(Z) = {ch(indexD+) · L̃(X)}[X].

This formula explains why the Sign(Z) vanishes under the assumption that
ρ : π1(X)→ Sp(2g;R) is trivial. ch(indexD+) is the pullback of the universal
characteristic class by the classifying map φ : X→ BSp(2g) and ρ = φ∗.

(2) Hirzebruch’s signature formula for n-fold cyclic branched covering [27]

Theorem 2.3.2 (Atiyah, Hirzebruch). Let M be a compact complex manifold
and D be a divisor on M of the form D = D1 −D2 where D1, D2 are smooth
disjoint curves. Suppose for the holomorphic line bundle {D} defined by D that
the first Chern class c1({D}) is divisible by n. Then there exists a compact
complex manifold M̃ which is an n-fold cyclic cover of M branched along D.
Moreover, its signature is given by

σ(M̃) = nσ(M)−
n2 − 1

3n
D2 (2.3.1)

This construction and the signature formula made it possible to construct
the first example and then many more examples of complex surfaces which
are surface bundles over surfaces with non-zero signature.[35, 1, 27, 5, 7] It
was done by starting with the product of two Riemann surfaces B × F and
D = Γ1 − Γ2 two disjoint graphs. In section 5, we’ll introduce the signature
formula generalising (2.3.1) for more general construction.

(3) As an evaluation of the first Chern class of the Hodge bundle [29, 5]
If we fix a Riemannian metric on a surface bundle f : X→ B with fiber Σg,

a surface of genus g, then the fibers become complex curves and thus there’s
an induced map φf : B → Mg, where Mg is the moduli space of genus g
complex curves. Non-torsion part of H2(Mg;Z) has rank one and is generated

11



Chapter2. Signature of fibered 4-manifolds

by the first Chern class of the Hodge bundle. Since det(E) is ample on Mg for
every g ≥ 3, φ∗

f (c1(E)) will evaluate non-trivially on B for any non-constant
holomorphic orbi-map φf.

For such surfaces the signature is indeed positive, for example, because of
the formula

σ(S) = 4

∫
B

φ∗
fc1(E)

.

(4) Meyer’s signature formula using an explicit 2-cocycle [43]

Theorem 2.3.3. [42, 43] Let π : E → Σh be an oriented surface bundle over
an oriented closed surface Σh with genus h ≥ 1, and with fiber Σg an oriented
closed surface of genus g ≥ 2. We denote its monodromy homomorphism by
χ : π1(Σh) → Mod(Σg). Then the signature of the total space is given by
evaluating the ”signature class” on the fundamental class of the base:

σ(E) = −〈(ψ ◦ χ)∗[τg], [Σh]〉. (2.3.2)

where ψ : Mod(Σg)→ Sp(2g;Z) is a canonical symplectic representation, and
the cohomology class [τg] ∈ H2(Sp(2g;Z);Z) is represented by the signature
2-cocyle on Sp(2g;Z).

Alternatively, we may interpret this formula 2.3.2 as the second cohomology
class of Mod(Σg) evaluated on the second homology class of Mod(Σg) as stated
in Theorem 3.2.8. By proving this signature formula, Meyer proved that the
signature of any surface bundle over a surface is divisible by 4 and conversely,
every multiple of 4 can be realised as the signature of some surface bundle over
a surface.

The details on the signature 2-cocyle τg will be discussed in Section 4.3 and
those on H2(Mod(Σg);Z) in Section 3.2.

12



Chapter 3

Mapping class group

Let Σbg,p be a compact oriented surface of genus g with b boundary components
and p marked points in its interior. When the surface has no boundary compo-
nents or no marked points, we often use the notation Σg omitting the 0 for b or
p. The mapping class group Mod(Σbg,p) of a surface Σbg,p is the group of isotopy
classes of orientation-preserving self-homeomorphisms of Σbg,p that restrict to
the identity on the boundary and leave the set of marked points invariant. The
isotopies are required to fix the boundary pointwisely and preserve the marked
points setwisely.

Definition 3.0.4 (Dehn twist). Let α be a simple closed curve on an oriented
surface Σg. The (right-handed) Dehn twist, denoted by tα, about a simple
closed curve α is a self-homeomorphism of Σg, supported on a regular neigh-
borhood A of α, defined by

(r, θ) 7→ (r, θ+ 2πr) on A,

where A is parametrized by (r, θ) with 0 ≤ r ≤ 1, 0 ≤ θ ≤ 2π.

Remark 3.0.5. This is a diffeomorphism obtained by cutting the surface Σg

along α, twisting 360◦ to the right and then regluing.

13



Chapter3. Mapping class group

The isotopy class of tα only depends on the isotopy class a of α, and hence ta
is well-defined element of the mapping class group Mod(Σg).

The monodromy around a Lefschetz critical value is known to be the right-
handed Dehn twist about the vanishing cycle on the general fiber. (See Sec-
tion4.1.3)

Theorem 3.0.6 (Dehn, Lickorish, Humphries). Mod(Σg) is generated by
finitely many Dehn twists.

3.1 Presentation of Mapping class group
The mapping class groups are finitely presented. In this section, we introduce
Wajnryb’s presentation for Mod(Σg).

Theorem 3.1.1 (Wajnryb’s presentation of mapping class group[53]). Let g ≥
2. The mapping class group Mod(Σg) admits a presentation with generators
a0, a1, · · · , a2g, the usual Humphries generators, and with defining relations

A. (Commutativity relations) [ai, aj] = 1 if i(ai, aj) = 0

B. (Braid relations) aiajai = ajaiaj if i(ai, aj) = 1

C. (3-Chain relation) (a1a2a3)
4 = a0(a4a3a2a

2
1a2a3a4)a0(a4a3a2a

2
1a2a3a4)

−1

D. (Lantern relation) a0(t2t1)
−1a0(t2t1)t

−1
2 a0t2 = a1a3a5wa0w

−1 where

(a) t2 = a4a3a5a4

(b) t1 = a2a1a3a2

(c) w = a6a5a4a3a2(t2a6a5)
−1a0(t2a6a5)(a4a3a2a1)

−1

E. (Hyperelliptic relation) [a2g+1, a2ga2g−1 · · ·a3a2a
2
1a2a3 · · ·a2g−1a2g] = 1

We’ll briefly explain why each of the relations holds in Section 4.1.2.

14



Chapter3. Mapping class group

3.2 Homology of Mapping class group
(Co)Homology of a group is defined to be the (co)homology of a classifying space
of a group. We can associate to each group G, a classifying space BG, a con-
nected topological space which classifies the principal G bundles over any com-
pact Hausdorff space X by the one-to-one correspondence PrinG(X) ∼= [X,BG].
In particular, the oriented surface bundles with the fiber F of genus g are classi-
fied by the homotopy classes of classifying maps from the base to the classifying
space of the structure group Homeo+(F). On the other hand, Homeo+(F) is
known to be homotopy equivalent to the discrete topological group Mod(F)
for any g ≥ 2. Therefore, we have the isomorphism H∗(BHomeo+(F);Z) ∼=

H∗(Mod(F);Z) which allows us to consider the element of H∗(Mod(F);Z)
as the characteristic class of the surface bundle. In this section, we review
the definition of group homology, the known results on the low dimensional
(co)homology of mapping class groups, and its relation to the Meyer’s signa-
ture formula.

Definition 3.2.1. For any (discrete) group G, a classifying space BG is defined
to be a topological space such that
(1) π1(BG) = G

(2) universal cover of BG is contractible.

Definition 3.2.2 (Group Homology). H∗(G) := H∗(BG)

Remark 3.2.3. The above definition is well-defined because the classifying space
BG is unique up to homotopy equivalence.

Since a classifying space BG can be chosen as a CW-complex, we can get
the cellular chain complex (Cn(BG), ∂n) of BG from the cellular chain com-
plex (Cn(EG), ∂n) of its universal cover EG by dividing out the free G-action.
Therefore we have the following equivalent definition for group homology.

Definition 3.2.4 (algebraic definition of Group Homology). Let F : . . . Fk →
. . . → F0 → Z → 0 be a free ZG-resolution of Z. We denote the complex
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obtained from F by tensoring with the trivial ZG-module Z by FG : · · · →
Z⊗ZG Fk → · · ·→ Z⊗ZG F0 → 0. Then we define H∗(G) := H∗(FG)

Theorem 3.2.5. For any g ≥ 3, the group H1(Mod(Σg);Z) is trivial. In other
words, Mod(Σg) is perfect, that is Mod(Σg) = [Mod(Σg),Mod(Σg)].

It is easy to prove this theorem. Since H1(Mod(Σg);Z) is the abelianiza-
tion of Mod(Σg), it is generated by the class τ of any Dehn twist about a
nonseparating simple closed curve and for g ≥ 3 this class τ is trivial by the
lantern relation. Alternatively, we can explicitly write every Dehn twist as the
product of two commutators, and then use the Theorem 3.0.6. In Section 4.2,
this Theorem 3.2.5 makes it possible to change arbitrary part of the monodromy
factorization of a Lefschetz fibration into the monodromy of the bundle part
over the positive genus.

Theorem 3.2.6 ([26, 36, 19]). For any g ≥ 4, the group H2(Mod(Σg);Z) ∼= Z.

This theorem was first proved by Harer but his proof relies on the modifica-
tion of the Hatcher-Thurston complex and it is very complicated. Instead, we
have a simpler proof, proposed by Pitsch and then extended by Korkmaz and
Stipsicz, based on the presentation of the mapping class group and the following
Hopf theorem.

Theorem 3.2.7 (Hopf,[10]). Suppose that a group G is given as a quotient
F/R, where F is free. Then H2(G) ∼= R ∩ [F, F]/[R, F].

By Theorem3.2.5, for every g ≥ 3,H2(Mod(Σg);Z) ∼= Hom(H2(Mod(Σg);Z),Z).
On the other hand, the Meyer 2-cocycle τg on the symplectic group Sp(2g;Z)
represents the second cohomology class [τg] ∈ H2(Sp(2g;Z);Z) (Section 4), and
hence after taking the pull-back by the symplectic representation ψ : Mod(Σg)→
Sp(2g;Z), we get the cohomology class ψ∗[τg] ∈ H2(Mod(Σg);Z). Now we are
ready to introduce the Meyer’s signature formula for a surface bundle over
surface.

16
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Theorem 3.2.8 (Meyer’73,[43]). Let E → Σh be an oriented surface bundle
over a surface Σh with fiber Σg whose monodromy homomorphism is denoted
by χ : π1(Σh)→Mod(Σg). Then the signature of the total space is given by

σ(E) = −〈ψ∗[τg], χ∗[Σh]〉.

3.3 Birman exact sequence
There are two important exact sequences of mapping class groups. One is the
boundary capping sequence and the other is the Birman exact sequence. Here
we focus on the latter which explains the relation between two mapping class
groups Mod(Σg,p) and Mod(Σg). First, we give some necessary definitions.

Definition 3.3.1 (Configuration spaces). 1. The configuration space Cord(Σg, n)
of ordered n-tuples of Σg is the subspace of the n-fold product space∏n

1 Σg defined by

Cord(Σg, n) = {(z1, · · · , zn) ∈
n∏
1

Σg | zi 6= zj, i 6= j}.

2. The configuration space C(Σg, n) of unordered n distinct points in Σg is
the quotient space of Cord(Σg, n) under the free action by the symmetric
group Sn

C(Σg, n) = C
ord(Σg, n)/Σn.

Definition 3.3.2 (Braid groups). 1. Brn(Σg) := π1(C(Σg, n)) is called the
n-stranded surface braid group of Σg.

2. PBrn(Σg) := π1(C
ord(Σg, n)) is called the n-stranded pure surface braid

group of Σg.

It is a generalised notion of usual braid group Bn = Brn(D
2) and the pure

braid group Pn = PBrn(D
2).
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Theorem 3.3.3 (Birman exact sequence, [4, 19]). Let S be a closed surface
with genus g(S) ≥ 2 and S∗ be the surface obtained from S by marking a point
x in the interior of S. Then we have the following short exact sequence.

1→ π1(S, x)
Push−−→Mod(S∗)

Forget−−−→Mod(S)→ 1

Theorem 3.3.4 (Birman exact sequence, generalised, [4, 19]). Let S be a
closed surface with genus g(S) ≥ 2 and S∗ be the surface obtained from S by
marking n points in the interior of S. Then we have the following short exact
sequence.

1→ π1(C(S, n))
Push−−→Mod(S∗)

Forget−−−→Mod(S)→ 1.

Now we describe the push map (Birman called it a spin map [21]) which
appeared in the above Birman exact sequence. A push map is a special type of
self-homeomorphisms of a surface with marked points, which lives in the kernal
of the Forget map in the Birman exact sequence.

Let α : [0, 1] → S be a simple loop in S based at the point x. Then there
exists an isotopy ft : S → S supported in a small neighborhood N(α) of the
loop α([0, 1]) such that f0 = id and ft(x) = α(t). If we parametrize N(α) by
cylindrical coordinates (θ, y), 0 ≤ θ ≤ 2π,−1 ≤ y ≤ 1, we can take a specific
isotopy of the annulus N(α) given by

ft(θ, y) = (θ+ 2πt(1− y2), y).

Since this map is identity on the two boundary components of the annulus
for each t, each ft may be extended using the identity map on S −N(α) to a
self-homeomorphism of the whole surface S.

The homeomorphism of S obtained at the end of this isotopy is defined
to be the push map Push(α) along α. We usually abuse the same notation
Push(α) for the isotopy class of this push map in the marked mapping class
group Mod(S, x). The reason why we named it as ”Push map” is that the
isotopy ft pushes the marked point x around the core of the annulus. In fact,
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Push(α) only depends on the homotopy class [α] of the loop α. In other words,
we have a well-defined push map Push : π1(S, x)→Mod(S∗).

We can observe the following fact from the definition:

Fact 3.3.5. Let α be a simple loop in a surface S representing an element of
π1(S). Then

Push([α]) = tat
−1
b

where a and b are the isotopy classes of the simple closed curves in Ŝ = S− {x}

obtained by pushing α off itself to the left and right, respectively.
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Chapter 4

Surface bundles over surfaces
with a fixed signature

In this chapter, we prove the following two main theorems.

Theorem 4.0.6. (a) For every f ≥ 3 and n 6= 0, b(f, n) ≤ 7|n| + 1. In
particular, there exists a smooth 4-manifold with signature 4 which is a Σ3-
bundle over Σ8.
(b) For every f ≥ 5 and n 6= 0, b(f, n) ≤ 6|n|+ 1. In particular, there exists a
smooth 4-manifold with signature 4 which is a Σ5-bundle over Σ7.
(c) For every f ≥ 6 and n 6= 0, b(f, n) ≤ 5|n|+ 1. In particular, there exists a
smooth 4-manifold with signature 4 which is a Σ6-bundle over Σ6.

Remark 4.0.7. [37] We may think of b(f, n) as the minimal genus of the surfaces
representing the n times generator of H2(Mod(Σf);Z)/Tor for fixed f ≥ 3 and
n.

On the other hand, the lower bound for b(f, n) was also investigated.
Kotschick [37] proved b(f, n) ≥ 2|n|

f−1
+ 1, and Hamenstadt[25] proved b(f, n) ≥

3|n|
f−1

+ 1. Combining the latter with our result, we have 3 ≤ b(3, 1) ≤ 8,
2 ≤ b(5, 1) ≤ 7, and 2 ≤ b(6, 1) ≤ 6.
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It is not hard to see that b(f,n)
n

converges. Now we define Gf := limn→∞ b(f,n)
n

and improve a priori the upper bound for Gf that appeared in [14].

Theorem 4.0.8. For every odd f ≥ 3, Gf ≤ 14
f−1

.

Remark 4.0.9. As far as I know, this is the best known upper bound for f = 3

or every odd f of the form 3k + 1, 3k + 2. In fact, for some other f’s, better
upper bounds are known : for even f ≥ 4, Gf ≤ 6

f−2
[5], and for f = 3k ≥ 6,

Gf ≤ 9
f−2

[7].

4.1 Preliminaries

4.1.1 Signature
Let M be a compact oriented topological manifold of dimension 4m. Since M
is oriented, it admits the fundamental class [M] ∈ H4m(M,∂M).

Definition 4.1.1. The symmetric bilinear formQM : H2m(M,∂M)×H2m(M,∂M)→ Z defined by QM(a, b) := 〈a∪ b, [M]〉 is called the intersection form of M.

Remark 4.1.2. In the smooth case, we can understand QM above as the alge-
braic intersection number of smoothly embedded oriented submanifolds in M
representing the Poincaré duals of a and b.

If a or b is a torsion element, then QM vanishes, and hence QM descends
to the cohomology modulo torsion.

Definition 4.1.3. The signature of M, denoted by σ(M), is defined to be
the signature of the symmetric bilinear form QM on H2m(M,∂M)/Tor. If the
dimension of M is not divisible by 4, σ(M) is defined to be zero.

4.1.2 Mapping class group
Let Σrg be an oriented surface of genus g with r boundary components and let
Σg be a closed oriented surface of genus g. The mapping class group Mod(Σrg)
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of Σrg is defined to be the group of isotopy classes of orientation preserving self-
homeomorphisms which are identity on each boundary component. Based on the
theorem of Dehn, we have a surjective homomorphism π : F(S) → Mod(Σg),
where F(S) is the free group generated by the generating set S consisting of
all the Dehn twists over all isotopy classes of simple closed curves on Σg. Set
R := Kerπ and call each word w in the generators S of Mod(Σg) a relation
of Mod(Σg) if w ∈ R. Now, let us review some famous relations of mapping
class groups.

Let a and b be two simple closed curves on Σg. If a and b are disjoint,
then the supports of the Dehn twists ta and tb can be chosen to be disjoint.
Hence, there exist commutativity relations tatbt−1

a t
−1
b for any disjoint simple

closed curves a and b. If a intersects b transversely at one point, then there
exists a braid relation tatbtat−1

b t
−1
a t

−1
b . It can be derived from more general fact

that ftaf−1 = tf(a) in Mod(Σg) for any simple closed curve a on Σg and any
orientation preserving homeomorphism f of Σg. For braid relations, we will
take the latter general form ftaf

−1t−1
f(a). Consider the planar surface Σ4

0 with
boundary components a, b, c, and d. On the left hand side of Figure 1, the
boundary curves a, b, c, and d are in black and the interior curves x, y, and
z are in different colors. One can easily check that tatbtctd = tztytx holds in
Mod(Σ4

0) by applying the Alexander method, and we call t−1
d t

−1
c t

−1
b t

−1
a tztytx

the lantern relations for all embedded subsurfaces Σ4
0 ↪→ Σg. For the k-chain

relations and any other details for mapping class groups, refer to [19]. One
can also deduce the star relations t−1

δ3
t−1
δ2
t−1
δ1
(tα1tα2tα3tβ)

3 supported on any
embedded subsurfaces Σ3

1 ↪→ Σg. See Figure 4 as an example.
We say that two simple closed curves a and b on Σg are topologically equiv-

alent if there exists a homeomorphism of Σg sending a to b. Similarly, the
two collections {a1, · · · , an} and {b1, · · · , bn} of simple closed curves on Σg are
called topologically equivalent if there exists a homeomorphism of Σg sending
ai to bi simultaneously for all 1 ≤ i ≤ n. To simplify the notation in the rest
of this paper, we will use the notation ww2

1 for the conjugation w−1
2 w1w2.
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4.1.3 Lefschetz fibrations and surface bundles
Definition 4.1.4. Let X be a compact oriented 4-manifold, and B a compact
oriented 2-manifold. A smooth surjective map f : X → B is called a Lefschetz
fibration if for each critical point p ∈ X there are local complex coordinates
(z1, z2) on X around p and z on B around f(p) compatible with the orientations
and such that f(z1, z2) = z21 + z22.

It follows that f has only finitely many critical points, and we may assume
that f is injective on the critical set C = {p1, · · · , pk}. A fiber of f containing
a critical point is called a singular fiber, and the genus of f is defined to be
the genus of the regular fiber. Notice that if ν(f(C)) denotes an open tubular
neighborhood of the set of critical values f(C), then the restriction of f to
f−1(B− ν(f(C))) is a smooth surface bundle over B− ν(f(C)).

For a smooth surface bundle f : E → B with a fixed identification φ of
the fiber over the base point p of B with a standard genus g surface Σg,
the monodromy representation of f is defined to be an antihomomorphism
χ : π1(B, p) → Mod(Σg) defined as follows. For each loop l : [0, 1] → B,
l∗(E)→ [0, 1] is trivial and hence there exists a parametrization Φ : [0, 1]×Σg →
f−1(l[0, 1])) with Φ|0×Σg

= φ−1. Now define χ([l]) := [Φ|−1
0×Σg

◦Φ|1×Σg
]. For the

genus g Lefschetz fibration f : X → B with a fixed identification of the fiber
with Σg, we define the monodromy representation of f to be the monodromy
representation of the surface bundle f : X− f−1(f(C))→ B− f(C).

A Lefschetz singular fiber can be described by its monodromy. By look-
ing at the local model of the Lefschetz critical point, one can see that the
singular fiber is obtained from the regular fiber by collapsing a simple closed
curve, called the vanishing cycle. One can also observe that the monodromy
along the loop going around one Lefschetz critical value is given by the right-
handed Dehn twist along the vanishing cycle. Hence, from the monodromy
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representation χ of a Lefschetz fibration, after fixing the generating system
{a1, b1, · · · , ah, bh, l1, · · · , lk} of π1(B− f(C), p), we get the global monodromy∏h

i=1[χ(ai), χ(bi)]
∏k

j=1 tγj since we have χ(lj) = tγj for each j = 1, · · · , k;
and when B is closed,

∏h

i=1[χ(ai), χ(bi)]
∏k

j=1 tγj = 1 in Mod(Σg), and this
is called the monodromy factorization of a Lefschetz fibration. Conversely, a
factorization

∏h

i=1[αi, βi]
∏k

j=1 tγj = 1 of identity in Mod(Σg) gives rise to
a genus g Lefschetz fibration over Σh. For this, first observe that a product∏h

i=1[αi, βi] of h commutators in Mod(Σg) gives a Σg bundle over Σ1
h. Also,

a product
∏k

j=1 tj of right-handed Dehn twists tj in Mod(Σg) gives a genus
g Lefshetz fibration over D2. By combining these two constructions, a word
w =

∏h

i=1[αi, βi]
∏k

j=1 tj ∈ Mod(Σg) gives the genus g Lefschetz fibration
over Σ1

h, and if w = 1 in Mod(Σg) we can close up to a Lefschetz fibration
over Σh.

Two Lefschetz fibrations f1 : X1 → B1, f2 : X2 → B2 are called isomorphic
if there exist orientation preserving diffeomorphisms H : X1 → X2 and h :

B1 → B2 such that f2 ◦ H = h ◦ f1. The isomorphism class of a Lefschetz
fibration is determined by an equivalence class of its monodromy representation.
Oriented genus g surface bundles over surfaces of genus h are classified, up
to isomorphism, by homotopy classes of the classifying map Σh → BDiff+Σg

since the structure group is Diff+Σg. If g ≥ 2, then according to the Earle-Eells
theorem and the K(π, 1) theory, they are classified by the conjugacy classes of
the induced homomorphisms π1(Σh)→Mod(Σg). Therefore,

∏h

i=1[αi, βi] = 1

in Mod(Σg) , up to global conjugations, determines the genus g surface bundle
over a surface of genus h.

4.2 Subtraction of Lefschetz fibrations
In the study of manifold theory, a common way to construct a new manifold
from a given manifold is a cut-and-paste operation. To construct a new 4-
manifold which is a surface bundle over a surface, H. Endo, M. Korkmaz,
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D. Kotschick, B. Ozbagci and A. Stipsicz introduced an operation, called the
”subtraction of Lefschetz fibrations”, in [14]. Let us first explain it here in a
generalized version.

Let f : X→ B1 be a Lefschetz fibration with m critical values q(1)
1 , · · · , q

(1)
m

and let g : Y → B2 be another Lefschetz fibration with k ≤ m critical val-
ues q(2)

1 , · · · , q
(2)
k . Suppose that f : f−1(D1) → D1 and g : g−1(D2) → D2

are isomorphic where D1 ⊂ B1 is a disk containing some critical values
q
(1)
1 , · · · , q

(1)
k and D2 ⊂ B2 is a disk containing q(2)

1 , · · · , q
(2)
k . Then, the man-

ifolds X\f−1(D1) and Y\g−1(D2) have a diffeomorphic boundary, and after
reversing the orientation of one of them, this diffeomorphism can be chosen to
be fiber-preserving and orientation-reversing. Fix such a diffeomorphism φ and
then glue Y\g−1(D2), the manifold Y\g−1(D2) with the reversed orientation,
to X\f−1(D1) using this diffeomorphism φ. Note that the resulting manifold,
denoted by X − Y, inherits a natural orientation and admits a smooth fibra-
tion f ∪ g : X\f−1(D1) ∪ Y\g−1(D2) → B1#B2. This is a Lefschetz fibration
with m − k singular fibers. In particular, for k = m, we get a surface bundle
over a surface. In general, after repeatedly subtracting Lefschetz fibrations, we
get X − Y1 − Y2 − · · · − Yn, a surface bundle over a surface, under the fol-
lowing assumptions. Let f : X → B0 be a Lefschetz fibration with m critical
values {q

(0)
1,1, · · · , q

(0)
1,k1
, q

(0)
2,1, · · · , q

(0)
2,k2
, · · · , q(0)

n,1, · · · , q
(0)
n,kn

} and g1 : Y1 → B1,
· · · , gn : Yn → Bn be Lefschetz fibrations with critical values {q

(1)
1 , · · · , q

(1)
k1
},

· · · , {q(n)
1 , · · · , q(n)

kn
}, respectively. We assume that k1 + · · ·+ kn = m and that

f : f−1(D0,i) → D0,i is isomorphic to gi : g−1
i (Di) → Di for each 1 ≤ i ≤ n,

where each D0,i ⊂ B0 is a disk containing q(0)
1 , · · ·q

(0)
ki

and Di ⊂ Bi is a disk
containing q(i)

1 , · · · , q
(i)
ki

.
In order to use the subtraction method explained above, we need to construct

the building blocks X and Yi’s. First, we describe various gluing pieces Yi.

Proposition 4.2.1. [14] Let f ≥ 3 and let a be a simple closed curve on Σf.
In the mapping class group Mod(Σf),
(a) t2a can be written as a product of two commutators,
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(b) if a is nonseparating, then t4a can be written as a product of three commu-
tators.

Remark 4.2.2. This proposition gives us two genus f ≥ 3 Lefschetz fibrations
Y1 → Σ2 and Y2 → Σ3 whose monodromy factorizations are given by [f1, g1][f2,

g2]t
2
a = 1 and [f3, g3][f4, g4][f5, g5]t

4
a = 1 for some mapping classes fi, gi ∈

Mod(Σf) for 1 ≤ i ≤ 5. Generally, for every n, we can obtain a Lefschetz
fibration which has n singular fibers and the monodromy tna using a daisy
relation.

..

b

.
c

.

a

.

d

.

a2

.

a3

. x.y .

d1

.

d2

.

z

. c2. c1.

a2

.
c1

.

c2

.

d1

.

d2

. b.

a3

Figure 4.1: Supports of four lantern relations and an embedding of Σ7
0 into a

genus 5 surface

The following two propositions allow us to glue building blocks along more
complicated monodromies in the sense that they are products of Dehn twists
along distinct simple closed curves.

Proposition 4.2.3. Let f ≥ 5 and let b,c be disjoint simple closed curves on
Σf such that Σf − b − c is connected. In Mod(Σf), t2bt2c can be written as a
product of three commutators.
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Proof. We may assume b and c are embedded, as shown in Figure 1, because
any pair of simple closed curves whose complement in Σf is connected is topo-
logically equivalent. On the planar surface Σ7

0 in Figure 1, the following four
lantern relations hold. L1 := t−1

a t
−1
b t

−1
c t

−1
d tytxtz , L2 := tdtD2tD1t

−1
d1
t−1
d2
t−1
c t

−1
y ,

L3 := t−1
x t

−1
a2
t−1
a3
t−1
c tatA3tA2 , L4 := t−1

z t
−1
c1
t−1
c2
t−1
b tctC2tC1 . Here, D1 is an inte-

rior curve surrounding two boundary curves except d1, and all other curves
denoted by capital letters are defined similarly. After embedding Σ7

0 into
Σf with f ≥ 5, as shown in Figure 1, we have 1 = L1 · Ltytxtz2 · Ltz3 · L4 =

t−1
b t

−1
c tD2t

−1
d2
tD1t

−1
d1
t−1
c tA3t

−1
a3
tA2t

−1
a2
t−1
b tC2t

−1
c2
tC1t

−1
c1

inMod(Σf). Since both Σf−

D2 − d2 and Σf −D1 − d1 are connected, {d2, D2} and {D1, d1} are topologi-
cally equivalent and then tD2t

−1
d2
tD1t

−1
d1

= [tD2t
−1
d2
, φ1] for some φ1 ∈Mod(Σf).

Similarly, tA3t
−1
a3
tA2t

−1
a2

= [tA3t
−1
a3
, φ2] and tC2t

−1
c2
tC1t

−1
c1

= [tC2t
−1
c2
, φ3] for some

φ2, φ3 ∈Mod(Σf).
Therefore, t2bt2c = [tD2t

−1
d2
, φ1]

(tbtc)
−1
[tA3t

−1
a3
, φ2]

t−1
b [tC2t

−1
c2
, φ3].

..

β

.
γ

.

β

. γ.
δ ′2

.

δ ′1

.

δ ′

.

δ2

.
δ1

.

δ3

Figure 4.2: Supports of two lantern relations embedded in a genus 6 surface
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Chapter4. Surface bundles over surfaces with a fixed signature

Proposition 4.2.4. Let f ≥ 6 and let β,γ be simple closed curves on Σf

embedded, as shown in Figure 2. In Mod(Σf), tβtγ can be written as a product
of three commutators.

Proof. Choose two lantern relations with their supports on Σf, as shown in
Figure 2: L1 := t−1

γ t
−1
δ1
t−1
δ2
t−1
δ3
tytxtz and L2 := tx ′tz ′ty ′t−1

δ ′ t
−1
δ ′1
t−1
δ ′2
t−1
β . For inte-

rior curves, see Figure 3. It follows that 1 = L1 · L2 = t−1
γ t

−1
δ2
tyt

−1
δ3
txtzt

−1
δ1

·
tx ′t

−1
δ ′2
tz ′t

−1
δ ′ ty ′t−1

δ ′1
t−1
β . In Figure 2 and Figure 3, we can see that δ1 and x ′ are

separating curves on Σf and that both Σf − z− δ1 and Σf − δ
′
2 − x

′ are home-
omorphic to Σ1

1 ∪ Σ3
f−2. Hence, we have tzt−1

δ1
tx ′t

−1
δ ′2

= [tzt
−1
δ1
, φ2] for some φ2.

Similarly, we have t−1
δ2
tyt

−1
δ3
tx = [t−1

δ2
ty, φ1] and tz ′t−1

δ ′ ty ′t−1
δ ′1

= [tz ′t
−1
δ ′ , φ3] for

some φ1 and φ3.
Therefore, tβtγ = [t−1

δ2
ty, φ1]

t−1
β [tzt

−1
δ1
, φ2]

t−1
β [tz ′t

−1
δ ′ , φ3]

t−1
β .

..

β

.

δ ′2

.

δ ′1

.
δ ′

. x ′.

β

.

δ ′2

.

δ ′1

.
δ ′

.
y ′

.

β

.

δ ′2

.

δ ′1

.
δ ′

. z ′.

γ

.

δ2

.

δ1

.

δ3

.

x

.

γ

.

δ2

.

δ1

.

δ3

.

y

.

γ

.

δ2

.

δ1

.

δ3

.

z

Figure 4.3: Interior curves for two lantern relations

In Proposition 11 of [14], they constructed a genus f ≥ 3 Lefschetz fibration
over a torus with 10 singular fibers using a two-holed torus relation which is
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Chapter4. Surface bundles over surfaces with a fixed signature

also called a 3-chain relation. In the following three Propositions, we generalize
this construction of a Lefschetz fibration.

..

β

.

δ1

.

δ2

.

δ3

.

α1

.

α2

.

α3

.

. . .

.

f− 3

.

︸︷︷︸

Figure 4.4: Support of a star relation

..
δ2

.
δ3

.

α1

.

α3

.
σ2

. γ2.

α3

.α2 .

δ1

.

δ2

.

σ1

.γ1 .

. . .

.f− 3 .
︸︷︷︸

.

. . .

. f− 3.
︸︷︷︸

Figure 4.5: Supports of two lantern relations

Proposition 4.2.5. Let f ≥ 3 and let {α1, α2} be any pair of nonseparating
simple closed curves on Σf such that Σf − α1 − α2 is connected. Then there
exists a genus f Lefschetz fibration X over Σ3 which has six singular fibers, four
of which have monodromy tα1 and two of which have monodromy tα2.

Proof. We use the star relation E := t−1
δ3
t−1
δ2
t−1
δ1
(tα1tα2tα3tβ)

3 supported on
Σ3

1 ↪→ Σf (Figure 4). Also, consider the following lantern relations whose sup-
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Chapter4. Surface bundles over surfaces with a fixed signature

ports are given in Figure 5 : L1 := t−1
α3
t−1
α2
t−1
δ1
t−1
δ2
tσ1tα1tγ1 , L2 := t−1

α3
t−1
α1
t−1
δ2
t−1
δ3

tσ2tα2tγ2 . Let W0 := tβ(tα1tα2tα3tβ)
2, W1 := tβtα1tα2tα3tβ, and W2 := tβ.

Then, by using commutativity relations and braid relations,

1 = E · (W−1
0 L1W0) · (W−1

1 L1W1) · (W−1
2 L2W2)

= t−1
δ3
t−1
δ2
t−1
δ1
tα1t

−1
δ1
t−1
δ2
tσ1tα1tγ1tβtα1t

−1
δ1
t−1
δ2
tσ1tα1tγ1tβtα2t

−1
δ2
t−1
δ3
tσ2tα2tγ2tβ

= tα1t
−1
δ1
tσ1t

−1
δ2
tα1tγ1t

−1
δ1
tβtα1t

−1
δ1
tσ1t

−1
δ2
tα1tγ1t

−1
δ2
tβtα2t

−1
δ2
tσ2t

−1
δ3
tα2tγ2t

−1
δ3
tβ

= t2α1
{t−1
δ1
tt−1

α1
(σ1)
t−1
δ2
tγ1t

−1
δ1
tβ}t

2
α1
{t−1
δ1
tt−1

α1
(σ1)
t−1
δ2
tγ1t

−1
δ2
tβ}

t2α2
{t−1
δ2
tt−1

α2
(σ2)
t−1
δ3
tγ2t

−1
δ3
tβ}

= t2α1
[t−1
δ1
tt−1

α1
(σ1)
t−1
δ2
, φ1]t

2
α1
[t−1
δ1
tt−1

α1
(σ1)
t−1
δ2
, φ2]t

2
α2
[t−1
δ2
tt−1

α2
(σ2)
t−1
δ3
, φ3]

For the last equality, we need to verify that there exists a self-homeomorphism
φ1 of Σf sending δ1, t−1

α1
(σ1), and δ2 to β, δ1, and γ1, respectively. First, it

is easy to check that σ1 = t−1
β t

−1
α2
tα1t

−1
α3
(β). Hence, the self-homeomorphism

tα3t
−1
α1
tα2tβtα1 sends δ1, t−1

α1
(σ1), and δ2 to δ1, β, and δ2, respectively. Also,

there exists a homeomorphism sending δ1, β, and δ2 to β, δ1, and γ1, re-
spectively, because both Σf − δ1 − β − δ2 and Σf − β − δ1 − γ1 are home-
omorphic to Σ6

f−3. The composition of these two homeomorphisms is the re-
quired φ1. The existence of φ2 and φ3 can be proven in a similar way because
σ2 = t

−1
β t

−1
α1
t−1
α3
tα2(β). Finally, we get the required Lefschetz fibration over Σ3

with fiber Σf whose monodromy factorization is given by

[t−1
δ1
tt−1

α1
(σ1)
t−1
δ2
, φ1]

t−2
α1 [t−1

δ1
tt−1

α1
(σ1)
t−1
δ2
, φ2]

t−4
α1 [t−1

δ2
tt−1

α2
(σ2)
t−1
δ3
, φ3]

t−2
α2
t−4
α1t4α1

t2α2
= 1

.

Proposition 4.2.6. Let f ≥ 4 and let {α2, α3} be any pair of nonseparating
simple closed curves on Σf such that Σf − α2 − α3 is connected. Then there is
a genus f Lefschetz fibration Z over Σ4 which has four singular fibers, two of
which have monodromy tα2 and another two of which have monodromy tα3.
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..

δ1

.
δ2
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δ3
.

δ4

.

α1

.
α2

.

α3
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α4

.

β

.

. . .

.

f− 4

.

︸︷︷︸
Figure 4.6: Support of a four-holed torus relation embedded in a genus 4 surface
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δ2

.

δ3
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α1

.

α3

.

γ2
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σ2

.

δ3

.

δ4

.

α2

.

α4

.

γ3

.

σ3

Figure 4.7: Supports of two lantern relations

Proof. We use the 4-holed torus relation [34] and lantern relations. Let E2 :=
t−1
δ4
t−1
δ3
t−1
δ2
t−1
δ1
tα1tα3tβtα2tα4tβtα1tα3tβtα2tα4tβ. We embed the support of this re-

lation into Σf, as shown in Figure 6. Let L5 := t−1
α3
t−1
α1
t−1
δ2
t−1
δ3
tσ2tα2tγ2 and L6 :=

t−1
α4
t−1
α2
t−1
δ3
t−1
δ4
tσ3tα3tγ3 . For the supports of lanterns, see Figure 7. Let w1 :=

tβtα2tα4tβtα1tα3tβtα2tα4tβ, w2 := tβtα1tα3tβtα2tα4tβ, and w3 := tβtα2tα4tβ.
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Then, from commutativity relations and braid relations,

1 = E2 · Lw1
5 · Lw2

6 · Lw3
5 · Ltβ6

= t−1
δ4
t−1
δ3
t−1
δ2
t−1
δ1
(t−1
δ2
t−1
δ3
tσ2tα2tγ2tβ)(t

−1
δ3
t−1
δ4
tσ3tα3tγ3tβ)

(t−1
δ2
t−1
δ3
tσ2tα2tγ2tβ)(t

−1
δ3
t−1
δ4
tσ3tα3tγ3tβ)

= (t−1
δ2
tσ2t

−1
δ3
tα2tγ2t

−1
δ1
tβ)(t

−1
δ3
tσ3t

−1
δ4
tα3tγ3t

−1
δ4
tβ)

(t−1
δ2
tσ2t

−1
δ3
tα2tγ2t

−1
δ2
tβ)(t

−1
δ3
tσ3t

−1
δ4
tα3tγ3t

−1
δ3
tβ)

= tα2(t
−1
δ2
tt−1

α2
(σ2)
t−1
δ3
tγ2t

−1
δ1
tβ)tα3(t

−1
δ3
tt−1

α3
(σ3)
t−1
δ4
tγ3t

−1
δ4
tβ)

tα2(t
−1
δ2
tt−1

α2
(σ2)
t−1
δ3
tγ2t

−1
δ2
tβ)tα3(t

−1
δ3
tt−1

α3
(σ3)
t−1
δ4
tγ3t

−1
δ3
tβ)

= tα2 [t
−1
δ2
tt−1

α2
(σ2)
t−1
δ3
, φ1]tα3 [t

−1
δ3
tt−1

α3
(σ3)
t−1
δ4
, φ2]

tα2 [t
−1
δ2
tt−1

α2
(σ2)
t−1
δ3
, φ3]tα3 [t

−1
δ3
tt−1

α3
(σ3)
t−1
δ4
, φ4]

= [t−1
δ2
tt−1

α2
(σ2)
t−1
δ3
, φ1]

t−1
α2 [t−1

δ3
tt−1

α3
(σ3)
t−1
δ4
, φ2]

t−1
α3
t−1
α2

[t−1
δ2
tt−1

α2
(σ2)
t−1
δ3
, φ3]

t−1
α3
t−2
α2 [t−1

δ3
tt−1

α3
(σ3)
t−1
δ4
, φ4]

t−2
α3
t−2
α2 t2α2

t2α3

For the fifth equality, we need to find certain φ1, φ2, φ3 and φ4. For φ1, it is
sufficient to verify that {δ2, t−1

α2
(σ2), δ3} is topologically equivalent to {β, δ1, γ2}.

This is because {δ2, t
−1
α2
(σ2), δ3} is topologically equivalent to {δ2, β, δ3}, and

then {δ2, β, δ3} to {β, δ1, γ2}. The arguments for φ2, φ3, and φ4 are similar.
For these, we can check that {δ3, t

−1
α3
(σ3), δ4} is topologically equivalent to

{β, δ4, γ3}, {δ2, t
−1
α2
(σ2), δ3} is topologically equivalent to {β, δ2, γ2}, and {δ3,

t−1
α3
(σ3), δ4} is topologically equivalent to {β, δ3, γ3}.

Proposition 4.2.7. Let f ≥ 6 and let β, γ be simple closed curves on Σf

embedded, as shown in Figure 2. Then there is a genus f Lefschetz fibration
W over Σ3 which has two singular fibers, one of which has monodromy tβ and
another has monodromy tγ.

Proof. There is a 9-holed torus relation E7 := t−1
δ1
t−1
δ2
. . . t−1

δ8
t−1
γ9
tβ8tσ3tσ6tα10tβ5

tσ4tσ7tα6tβ2tσ5tσ8tα3 (see its support in orange in Figure 8 and see Figure 9 for
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its interior curves), where we use the idenfication (α1, α2, α3, α4, α5, α6, α7, α8,

α9) → (α5, α6, α7, α8, α10, α1, α2, α3, α4) to go from Figure 9 in [34] to Fig-
ure 9 in this article. Here, each βi = tαi

(β) as in [34]. If we combine this
relation E7 and one more lantern relation L8 := t−1

δ9
t−1
δ10
tγ9tσ9tα9t

−1
α8
t−1
α10

(see its
support in blue in Figure 8), then we get the following 10-holed torus rela-
tion E8 := t−1

δ1
t−1
δ2
. . . t−1

δ10
t−1
α8
t−1
α10
tβ8tσ3tσ6tα10tβ5tσ4tσ7tα6tβ2tσ5tσ8tα3tσ9tα9 . Let

β ′
5 = (tσ4tσ7tα6tσ5tσ8tα3tσ9tα9)

−1(β5) and β ′
2 = (tσ5tσ8tα3tσ9tα9)

−1(β2). Then,
by using commutativity relations and braid relations,

1 = t−1
δ1
t−1
δ2
. . . t−1

δ10
tβ8tσ3tσ6tα10tσ4tσ7tα6tσ5tσ8tα3tσ9tα9tβ ′

5
t−1
α8
ttα8 (β

′
2)
t−1
α10

= t−1
δ1
t−1
δ2
. . . t−1

δ10
tβ8tσ3tσ4tσ5tσ6tσ7tσ8tα10tα6tα3tα9tt−1

α9
(σ9)
tβ ′

5
t−1
α8
ttα8 (β

′
2)
t−1
α10

= t−1
δ1
t−1
δ2
. . . t−1

δ10
(tσ3tσ4tσ5tσ6tσ7tσ8tα10tα6tα3tα9)

t−1
β8 tβ8tt−1

α9
(σ9)
tβ ′

5
t−1
α8
ttα8 (β

′
2)
t−1
α10

= {t−1
δ1

· ttβ8
(σ3) · t−1

δ3
· ttβ8

(σ4) · t−1
δ10

· ttβ8
(σ5) · t−1

δ2
· ttβ8

(σ6) · t−1
δ7

· ttβ8
(σ7) · t−1

δ9
· ttβ8

(σ8)}

{t−1
δ5
·ttβ8

(α3)·t−1
δ8
·ttβ8

(α10)·t−1
δ6
·ttβ8

(α6)·t−1
δ4
·ttβ8

(α9)}{tβ8 ·tt−1
α9

(σ9)
}{tβ ′

5
·t−1
α8
·ttα8 (β

′
2)
·t−1
α10

}

= [t−1
δ1

· ttβ8
(σ3) · t−1

δ3
· ttβ8

(σ4) · t−1
δ10

· ttβ8
(σ5), φ1][t

−1
δ5

· ttβ8
(α3) · t−1

δ8
· ttβ8

(α10), φ2]

·tβ8 · tt−1
α9

(σ9)
· [tβ ′

5
t−1
α8
, φ3]

For the last equality, we need to verify that {δ1, tβ8(σ3), δ3, tβ8(σ4), δ10, tβ8(σ5)}

is topologically equivalent to {tβ8(σ8), δ9, tβ8(σ7), δ7, tβ8(σ6), δ2}. This follows
from the fact that both Σf − δ1 − δ3 − δ10 − σ3 − σ4 − σ5 and Σf − δ2 −

δ7 − δ9 − σ6 − σ7 − σ8 are connected. For φ2 and φ3, it is easy to check that
Σf − δ5 − α3 − δ8 − α10 ≈ Σ8

f−4 ≈ Σf − α9 − δ4 − α6 − δ6 and that {β ′
5, α8}

is topologically equivalent to {β,α8} and {α10, tα8(β
′
2)} is topologically equiv-

alent to {α10, β}. Finally, observe that {β8, t
−1
α9
(σ9)} is topologically equivalent

to {β, t−1
α9
(σ9)} and t−1

α9
(σ9) = γ.
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Figure 4.8: Supports for a 9-holed torus relation and a lantern relation and
their embeddings into a genus 6 surface
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Figure 4.9: Interior curves for a 10-holed torus relation
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4.3 Signature computation
In order to compute the signature of the total space of surface bundles, we first
review the definition of Meyer’s signature cocycle.

Definition 4.3.1. For any given A,B ∈ Sp(2g,R), consider the subspace

VA,B := {(x, y) ∈ R2g × R2g|(A−1 − I2g)x+ (B− I2g)y = 0}

of the real vector space R2g ×R2g and the bilinear form 〈, 〉A,B : (R2g ×R2g)×
(R2g × R2g) → R defined by 〈(x1, y1), (x2, y2)〉A,B := (x1 + y1) · J(I2g − B)y2,
where · is the inner product of R2g and J is the matrix representing the mul-
tiplication by −

√
−1 on R2g = Cg. Since the restriction of 〈, 〉A,B on VA,B is

symmetric, we can define τg(A,B) := sign(〈, 〉A,B, VA,B).

We denote by ψ : Mod(Σg) → Sp(2g;R) the symplectic representation of
the mapping class group.

Theorem 4.3.2. [42] Let EA,B → P be an oriented Σg bundle over a pair
of pants P whose monodromy representation χ composed with the symplectic
representation ψ is given by ψ◦χ : π1(P, ∗)→ Sp(2g;R) sending one generator
to A and the other to B. Then σ(EA,B) = −τg(A,B).

We can easily check that τg is a 2-cocycle on the symplectic group Sp(2g,R)
using Novikov’s additivity. We call this τg Meyer’s signature cocycle. The pants
decomposition of any base surface gives the following signature formula.

Theorem 4.3.3. [43] Let f : E→ Σrh be an oriented surface bundle with fiber
Σg and monodromy representation χ : π1(Σ

r
h) → Mod(Σg). Fix a standard

presentation of π1(Σ
r
h) as follows:

π1(Σ
r
h) = 〈a1, b1, · · · , ah, bh, c1, · · · , cr|

h∏
i=1

[ai, bi]
r∏
j=1

cj = 1〉
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and let τg be Meyer’s signature cocycle. Then the signature of E is given by
the formula

σ(E) =
h∑
i=1

τg(κi, βi)−
h∑
i=2

τg(κ1 · · · κi−1, κi)−
r−1∑
j=1

τg(κ1 · · · κhγ1 · · ·γj−1, γj)

where αi = ψ ◦ χ(ai), βi = ψ ◦ χ(bi), γi = ψ ◦ χ(ci) and κi = [αi, βi].

By applying this formula, we can compute the signatures of surface bundles
obtained by taking out some neighborhoods of singular fibers from the Lefschetz
fibrations constructed in Section 3. We used Mathematica for computing each
term in the above formula.

Meyer also provided another interpretation of the above signature formula.
For this, we start with the following diagram.

1 → R̃ → F̃
eπ−→ π1(Σh) → 1↓ ↓ ↓ χ

1 → R → F
π−→ Mod(Σg) → 1

Here, π1(Σh) = 〈a1, · · · , ah, b1, · · · , bh|
∏h

i=1[ai, bi] = 1〉, F̃ = 〈ã1, · · · , ãh,
b̃1, · · · , b̃h〉, R̃ is the normal closure of r̃ =

∏h

i=1[ãi, b̃i], and π̃ : ãi 7→ ai, b̃i 7→
bi. The second row corresponds to the finite presentation of Mod(Σg) due to
Wajnryb. F = F(S), where S = {y1, y2, u1, · · · , ug, z1, · · · , zg−1} and R is the
normal closure of Aki,j’s, Bki ’s, C1, D1, E1 (cf.[16] §3). If we have a monodromy
representation χ : π1(Σh) → Mod(Σg), then there exists a homomorphism
χ̃ : F̃ → F such that χ ◦ π̃ = π ◦ χ̃ since π is surjective and F̃ is free. Hence
we have χ̃(̃r) ∈ R ∩ [F, F]. Now define the 1-cochain c : F → Z cobounding the
2-cocycle −π∗ψ∗(τg) as follows.

c(x) :=
m∑
j=1

τg(ψ(π(x̃j−1)), ψ(π(xj)))

(x =
m∏
j=1

xj, xj ∈ S ∪ S−1, x̃j =

j∏
i=1

xi)
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Chapter4. Surface bundles over surfaces with a fixed signature

Since π∗ψ∗(τg) |R×R= 0, the restriction c |R: R → Z is a homomorphism. The
values of c for the relations of Wajnryb’s presentation were calculated in [16].

Theorem 4.3.4. [43]
Let p : E→ Σh be a Σg- bundle over Σh and χ : π1(Σh)→Mod(Σg) be its

monodromy homomorphism. Then the signature of the total space E is given
as follows :

σ(E) = −c |R (χ̃(̃r)) (= −〈ψ∗[τg], χ̃(̃r)[R, F]〉)

where 〈, 〉 is a pairing on the second cohomology and homology of Mod(Σg).

Now, we are ready to prove our main theorem.

Proof of Theorem 4.0.6. (a) We apply the subtraction operation to the Lef-
schetz fibrations X→ Σ3, Y1 → Σ2, and Y2 → Σ3 constructed in Propositions
3.5 and Proposition 3.1. Let N1 ⊂ X be the neighborhood of four singular
fibers with coinciding vanishing cycles and N2 ⊂ X be the neighborhood of
two singular fibers with coinciding vanishing cycles. Then the complement
X \ N1 \ N2 is the Σf bundle over Σ2

3, and its signature can be computed by
applying Theorem 4.2 to this bundle. More precisely to its monodromy rep-
resentation χ : π1(Σ

2
3) → Mod(Σf) given by χ(a1) = (t−1

δ1
· tt−1

α1
(σ1)

· t−1
δ2
)t

−2
α1 ,

χ(b1) = (φ1)
t−2
α1 , χ(a2) = (t−1

δ1
· tt−1

α1
(σ1)

· t−1
δ2
)t

−4
α1 , χ(b2) = (φ2)

t−4
α1 , χ(a3) =

(t−1
δ2

· tt−1
α2

(σ2)
· t−1
δ3
)t

−4
α1
t−2
α2 , χ(b3) = (φ3)

t−4
α1
t−2
α2 , χ(c1) = t4α1

, and χ(c2) = t2α2
.

Now, by computations using Mathematica we have τ(κ1, β1) = τ(κ2, β2) =

τ(κ3, β3) = 2, −τ(κ1, κ2) = −τ(κ1κ2, κ3) = −2, and −τ(κ1κ2κ3, γ1) = 0.
Hence, σ(X \ N1 \ N2) = 3 · 2 + 2 · (−2) + 0 = 2. By taking out the neigh-
borhood Mi of all singular fibers from Yi (for i = 1, 2), we get Yi \Mi, the
Σf bundles (one over Σ1

2 and another over Σ1
3), both with signature −1. For

signature computation, we can directly apply Theorem 4.2 to these two bun-
dles as above. Alternatively, we can first compute the signature of Lefschetz
fibrations : σ(Y1) = −2 and σ(Y2) = −4 (cf. Proposition 15 and Proposition
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16 in [14]). In order to compute the signature of taken out parts, apply The-
orem 4.1 several times and use the fact that σ(N(a nonseparating singular
fiber)) = 0 (cf.[48]). From these, we have σ(Y1 \M1) = (−2)− (−1) = −1 and
σ(Y2 \M2) = (−4)− (−3) = −1. Therefore, X−Y1−Y2 is the Σf≥3 bundle over
Σ8, and σ(X−Y1−Y2) = σ(X\N1\N2)+σ(Y1 \M1)+σ(Y2 \M2) = 2+1+1 = 4

by Novikov additivity. Moreover, if we pullback this bundle (or, with op-
posite orientation) to unramified coverings of Σ8 of degree |n|, then we get
b(f ≥ 3, n) ≤ 7|n|+ 1.

(b) Apply the subtraction operation to the Lefschetz fibrations Z → Σ4

and Y3 → Σ3, constructed in Proposition 3.6 and Proposition 3.3, respectively.
Then, Z− Y3 is the required Σf≥5 bundle over Σ7. Let N be the neighborhood
of all singular fibers in Z and let M be the neighborhood of all singular fibers
in Y3. By applying Theorem 4.2 to two surface bundles Z\N and Y3\M, we get
σ(Z−Y3) = σ(Z\N)+σ(Y3 \M) = 2+2 = 4. Let me give you another proof for
verifying σ(Z−Y3) = 4 using Theorem 4.3. From Proposition 3.6 and Proposi-
tion 3.3, we have χ̃(̃r) ≡ (E2 ·Lw1

5 ·Lw2
6 ·Lw3

5 ·Ltβ6 )(L1 ·Ltytxtz2 ·Ltz3 ·L4)g modulo com-
mutativity and braid relations, where g is a self-homeomorphism of Σf≥5 such
that g(α3) = b and g(α2) = c. Moreover, from [34], E2 ≡ L10 ·(L9 ·((C1)−1)z0)z1

for some mapping classes z0, z1, modulo commutativity and braid relations.
Observe that for each Li, four boundary curves are nonseparating and Σf \

supp(Li) is connected. Since the same holds for the relation (D1)−1, there ex-
ists a self-homeomorphism fi of Σf sending the supp((D1)−1) to the supp(Li) for
each i. Therefore, χ̃(̃r) ≡ ((D1)−1)f10((D1)−1)f9◦z1 · ((C1)−1)z0◦z1 · ((D1)−1)f5◦w1 ·
((D1)−1)f6◦w2 · ((D1)−1)f5◦w3 · ((D1)−1)f6◦tβ · ((D1)−1)f1◦g · ((D1)−1)f2◦(tytxtz)◦g ·
((D1)−1)f3◦tz◦g · ((D1)−1)f4◦g modulo commutativity and braid relations and
hence σ(Z − Y3) = −c(χ̃(̃r)) = c(C1) + 10 · c(D1) = (−6) + 10 = 4. For the
upper bound for the genus function b(f ≥ 5, n), use the same argument as
before.

(c) Apply the subtraction operation to the Lefschetz fibrations W → Σ3

and Y4 → Σ3, constructed in Proposition 3.7 and Proposition 3.4, respectively.
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Then W − Y4 is the required Σf≥6 bundle over Σ6 with signature 4. From
Proposition 3.4 and Proposition 3.7, χ̃(̃r) ≡ E8 · (L1 · L2)h modulo braid and
commutativity relations, where h is a self-homeomorphism of Σf such that
h{β8, t

−1
α9
(σ9)} = {β, γ}. Moreover, E8 ≡ (

∏8
j=1((D

1)−1)zj) · ((C1)−1)z0 for some
z0, . . . , z8 (cf.[34] and Proposition 3.7). Therefore, σ(W − Y4) = −c(χ̃(̃r)) =

c(C1)+10 ·c(D1) = (−6)+10 = 4. For the upper bound for the genus function
b(f ≥ 6, n), use the same argument as before.

Proof of Theorem 4.0.8. Every odd genus surface is a covering of genus three
surface. By Morita[45], after replacing a given surface bundle by a pullback
to some covering of the base, the resulting surface bundle admits a fiber-
wise covering of any given degree. After applying this to the genus 3 sur-
face bundle over Σb3(1) with signature 4 and the degree of the covering Σf →
Σ3, we obtain bf( f−1

2
n) ≤ n(b3(1) − 1) + 1. Hence, Gf := limn→∞ bf(n)

n
≤

limn→∞ 2n(b3(1)−1)+2
(f−1)n

≤ limn→∞ 14n+2
(f−1)n

= 14
f−1

.

Remark 4.3.5. In [26, 36, 50], it was proven that H2(Mod(Σg);Z) ∼= Z for
every g ≥ 4 and H2(Mod(Σg);Z) ∼= Z ⊕ Z2 for g = 3. Meyer[43] proved
that each generator of H2(Mod(Σg))/Tor gives us signature 4 relying on the
Theorem 4.3. In order to prove this, Meyer used Birman-Hilden’s presentation
of Mod(Σg), and Endo[16] reproved this using a simpler presentation due
to Wajnryb[53]. By taking χ̃(̃r) as different representatives for a generator
of H2(Mod(Σg))/Tor, we can construct various surface bundles with a fixed
signature 4 as we have seen in the proof of Theorem 1.2. Therefore, the problem
to determine b(f, n) is to find the most effective representative χ̃(r̃), in the
sense of commutator length, for n times generator of H2(Mod(Σf))/Tor.
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Chapter 5

Double Kodaira fibartions with
small signature

5.1 Kodaira fibrations
In 1967, Kodaira [35] constructed examples of complex surfaces with positive
signature which admit fibrations which are differentiable but not holomorphic
fiber bundles. In his honour, such fibrations are nowadays called Kodaira fibra-
tions.

Definition 5.1.1. A Kodaira fibration is a holomorphic submersion φ : S→ B

from a compact complex surface to a compact complex curve which is not
isotrivial, that is, not all fibres are isomorphic.

It is well known that every Kodaira fibration has positive signature and
hence the genus of the base is at least 2 and the genus of the fiber is at least 3
[43].

Definition 5.1.2. A double Kodaira fibration is a finite surjective map f : S→
B1 ×B2 from a compact complex surface to a product of two curves such that
the composition with the projections onto the factors induces two different
Kodaira fibrations fi : S→ Bi.

40



Chapter5. Double Kodaira fibartions with small signature

Definition 5.1.3. Let f : S → B1 × B2 be a double Kodaira fibration and let
D ⊂ B1 × B2 be the branch divisor. We call S double étale if the induced
projections D→ Bi are both unramified coverings. We say S is of graph type
if D is a disjoint union of graphs of maps from B1 → B2. The graph type S is
called the automorphism type if there is a map g : B1 → B2 and S ⊂ Aut(B2)

such that D is the pullback of a disjoint union of graphs of automorphisms
in S by g, that is D = ∪σ∈SΓσ◦g. If the ramified cover f : S → B1 × B2 is G-
Galois, i.e. the quotient map for the action of a finite group G, then we call S
a G-Galois double Kodaira fibration.

Kodaira, Atiyah, and Hirzebruch constructed Kodiara fibrations as the cyclic
ramified coverings of the product of two Riemann surfaces with disjoint graphs
as the branch divisor. To generalize their construction, we introduce the fol-
lowing notion.

Definition 5.1.4. A virtual Kodaira fibration A consists of the following data:

• A product B× F of smooth curves of genus at least 2.

• A curve D ⊂ B × F such that both projections restrict to unramified
coverings on D.

• A surjective homomorphism θ : π1(F̂) → G , where G is a finite group
and F̂ = F \ F ∩D, satisfying the following two conditions:

(1) (ramification condition) For each loop γ in F̂ around an intersection point
of F and D, the order of θ(γ) in G is at least 2.
(2) (liftability condition) Suppose D0 is a component of D and γ and γ ′ are
loops in F̂ around two points x and x ′ of F ∩D0, respectively. Then θ(γ) and
θ(γ ′) are conjugate in G.

Remark 5.1.5. Here such a θ corresponds to a Galois G- covering of the fiber
F ramified over F ∩ D. The liftability condition is necessary for extending
θ : π1(F̂) → G to Θ: π1(B × F \ D) → G. This follows from the fact that
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meridians of a connected divisor in a complex surface are conjugate to each
other in the fundamental group of the complement.

Definition 5.1.6. We call a virtual Kodaira fibration A realizable if θ : π1(F̂)→
G is the restriction of a homomorphism Θ: π1(B× F \D)→ G.

Proposition 5.1.7. If f : S→ B×F is a double étale Kodaira fibration which is
G-Galois then the unramified G−cover S\f−1D→ B×F\D induces a realisable
virtual Kodaira fibration A(S) = (B × F,D, θ : π1(F̂) → G). Conversely, for
every realisable vitual Kodaira fibration (B× F,D, θ : π1(F̂)→ G), there exists
a double étale Kodaira fibration f : S→ B× F which is a smooth G-cover.

Proof. It follows from the Riemann existence theorem.

Definition 5.1.8. Let A = (B × F,D, θ : π1(F̂) → G) be a (double étale)
virtual Kodaira fibration, ri be the ramification order at Di ∩ F, and di(or ei)
be the degree of the projection Di → B(or Di → F), respectively. We define
the virtual Chern classes, signature, and slope of A to be

c2(A) = |G|e(B)

(
e(F)−

m∑
i=1

ri − 1

ri
di

)
,

c21(A) = 2c2(S)− |G|e(B)
m∑
i=1

r2i − 1

r2i
di,

σ(A) =
1

3

(
c21(A)− 2c2(A)

)
= −

|G|e(B)

3

m∑
i=1

r2i − 1

r2i
di = −

|G|e(F)

3

m∑
i=1

r2i − 1

r2i
ei,

ν(A) =
c21(A)

c2(A)
.

If in particular A is of graph type, then

σ(A) = −
|G|e(B)

3

m∑
i=1

r2i − 1

r2i
.
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Remark 5.1.9. Note that for a realisable virtual Kodaira fibraion these invari-
ants coincide with the invariants for a double étale Galois double Kodaira
fibration.

Definition 5.1.10. Let A = (B× F,D, θ) be a virtual Kodaira fibration. Let
g : B̃ → B be a finite étale map of minimal degree such that the pull-back
g∗A = (B̃ × F, (g × idF)∗D,θ) is realisable. We call b̃ = g(B̃) the realisation
genus of A and σ̃ = σ(g∗A) the realisation signature of A.

Definition 5.1.11. An (m+1)- tuple (q | r1, · · · , rm) is called the ramification
type of a Galois G-cover B → B/G if the genus of the quotient curve B/G is
equal to q and the multiplicity of each ramification point is given by ri for
each i = 1, · · · ,m, where m is the number of branch points. If in particular,
G is a cyclic group generated by an automorphism φ of B, then we call the
corresponding (m+ 1)-tuple the ramification type of an automorphism φ.

5.2 Effective tautological construction
In [12] the tautological construction was used to show that every virtual Kodaira
fibration becomes realisable after a finite étale pullback. In that paper the focus
was on the slope, which is invariant under pullback, so computing the degree
of the pullback was not important. However, to compute the smallest possible
signature of Kodaira fibraions and to obtain the minimal base genus we’ll find
the minimal degree pullback for the realisability of a given virtual Kodaira
fibration in this section. Before we begin, let us fix some notations first. Let
S be a product of curves, p : S → B be the projection to one factor, and F be
its general fiber. Let D ⊂ S be a divisor such that p|D is unramified. We let
Ŝ = S \D and F̂ = F \ F ∩D. Then p|Ŝ : Ŝ→ B is a differentiable fiber bundle
with the fiber F̂. Let θ : π1(F̂) → G be a surjective homomorphism to a finite
group which defines F̃ → F, the ramified cover of the fiber F branched over
F ∩ D satisfying the liftability condition mentioned in definition 5.1.4. Now
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we would like to extend this cover of the fiber F to the whole product S, and
Proposition 5.1.7 tells us that the virtual Kodaira fibration corresponds to an
actual Kodaira fibration which is G-Galois if and only if θ is the restriction of
a homomorphism Θ : π1(Ŝ)→ G.

5.2.1 Construction: if D contains a graph
First, we restate the Catanese-Rollenske’s result in our flavor.

Proposition 5.2.1. Assume that D contains graphs.
Then θ is the restriction of a homomorphism Θ : π1(Ŝ) → G if and only if
there exists a graph D0 ⊂ D and a homomorphism θ ′ : π1(T0) → G, where
T0 = T \D0 with T a tubular neighborhood of D0, with the following properties:

1. θ(γ0) = θ
′(γ0)

2. For all x ∈ π1(F̂) and all y ∈ π1(T0) we have

θ(x) = θ ′(y−1)θ(yxy−1)θ ′(y)

.

In the case G is abelian, there exists θ ′ satisfying the above conditions if and
only if θ(γ2b−2

0 ) = 0 and θ is invariant under the monodromy action of π1(B)

on Hom(π1(F̂), G).

Proof. First observe that π1(Ŝ) is generated by π1(F̂) and π1(T0). From this
fact and since π1(F̂) is the normal subgroup, every element of a of π1(Ŝ) can
be written as a = xy with x ∈ π1(F̂) and y ∈ π1(T0). If Θ exists then we can
define θ ′ : π1(T0)→ G by its restriction and have

Θ(a) = Θ(x)Θ(y) = θ(x)θ ′(y). (5.2.1)
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Conversely, if we are given θ ′ : π1(T0)→ G then we can define Θ: π1(Ŝ)→ G

by (5.2.3). If a has another expression as a = x ′y ′ with x ′ ∈ π1(F̂) and y ′ ∈
π1(T0), then the well-definedness of Θ independent of this choice is equivalent
to the condintion (1) since π1(F̂) ∩ π1(T0) = 〈γ0〉. Moreover, Θ is a group
homomorphism if and only if the condition (2) holds. If G is abelian, then from
the defining relation of π1(T0) = 〈α1, β1, · · · , αb, βb, γ0 |

∏
[αi, βi] = γ2b−2

0 〉
and from yxy−1 = ρ(χ(y))(x) in π1(Ŝ) where χ is a monodromy of Ŝ→ B we
get the last statement.

5.2.2 Construction: general case
The lesson from the special case when D contains a graph component and
the geometric intuition tell us that the condition that the monodromy action
stabilizes the cover of the fiber does not restrict to the special case. Instead,
that condition is necessary and sufficient to extend θ over the wedge of circles
in the base. In this section, we give a rigorous proof for the general situation
that D does not necessarily contain a graph component.

Lemma 5.2.2. Let b be a genus of B and choose disjoint based loops α1, β1, · · · , αb, βb
in B such that their images in homology are a symplectic basis. Let ι :

∨2b
j=1 S

1 ↪→
B be the inclusion of the wedge of the chosen loops and ι̂ : ι∗Ŝ → Ŝ be the in-
duced inclusion. Then there is a commutative diagram with exact rows and
columns.
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1 1y y
π1(F̂) π(F̂)y y

1 −−−→ Ker(̂ι∗) −−−→ π1(ι
∗Ŝ)

ι̂∗−−−→ π1(Ŝ) −−−→ 1y∼=

yp∗ yp∗
1 −−−→ 〈〈

∏
i[αi, βi]〉〉 −−−→ 〈αi, βi〉

ι∗−−−→ π1(B) −−−→ 1y y
1 1

Proof. Two columns are the homotopy exact sequences associated to the fiber
bundle Ŝ→ B and its pull-back by ι, and the last row is the usual presentation
of the fundamental group of the base curve B.

Proposition 5.2.3. In the above situation the following holds:

1. The homomorphism θ is the restriction of a homomorphism Θ̃ : π1(ι
∗Ŝ)→

G if and only if there exist loops α̃i, β̃i ∈ π1(ι
∗Ŝ) with p∗α̃i = αi and

p∗β̃i = βi and a homomorphism θ ′ : 〈α̃i, β̃i〉→ G satisfying

θ(x) = θ ′(y−1)θ(yxy−1)θ ′(y) for all x ∈ π1(F̂) and for all y ∈ 〈α̃i, β̃i〉bi=1

(5.2.2)

2. If the extension Θ̃ exists then it descends to a homomorphism Θ: π1(Ŝ)→
G if and only if Θ̃ is trivial on ker ι̂∗.

Proof. From the middle column in the diagram 5.2.2, π1(ι
∗Ŝ) is isomorphic to

the semi-direct product of π1(F̂) and 〈αi, βi〉 since 〈αi, βi〉 is free. Since π1(F̂)

is the normal subgroup of π1(ι
∗Ŝ), every element of a of π1(ι

∗Ŝ) can be written
as a = xy with x ∈ π1(F̂) and y ∈ 〈α̃i, β̃i〉.
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If the homomorphism Θ̃ extending θ exists then we can define a homomor-
phism θ ′ : 〈α̃i, β̃i〉→ G by its restriction and have

Θ̃(a) = Θ̃(x)Θ̃(y) = θ(x)θ ′(y). (5.2.3)

Conversely, if we are given any homomorphism θ ′ : 〈α̃i, β̃i〉 → G then we
can define Θ̃ : π1(ι

∗Ŝ) → G by (5.2.3). Moreover, Θ̃ defined in this way is a
group homomorphism if and only if we can find θ ′ satisfying the condition
(2). This follows from the definition of the semi-direct product. Finally, the
middle row in the diagram 5.2.2 implies that the homomorphism Θ̃ descends
to a homomorphism Θ: π1(Ŝ)→ G if and only if it is trivial on the kernel.

Next, we would like to investigate the obstruction for descending Θ̃ : π1(ι
∗Ŝ)→

G to Θ: π1(Ŝ)→ G in more detail.
For abelian group G, the global extension obstruction of θ is definded by

o(θ) =

|D|∑
i=1

deg(Di → F)θ(γi)

where we fix a small loop γi in F̂ around one of the points in F∩Di for each
component Di of D. The element o(θ) in G does not depend on the choice of
γi’s nor the order of the components of D .

Corollary 5.2.4. Assume G is abelian. Then

1. Given θ : π1(F̂)→ G is the restriction of a homomorphism Θ̃ : π1(ι
∗Ŝ)→

G if and only if θ is invariant under the monodromy action of π1(B) on
Hom(π1(F̂), G).

2. There exists such an extension Θ̃ : π1(ι
∗(Ŝ))→ G of θ which descends to

a homomorphism Θ: π1(S) → G if and only if in addition o(θ) = 0 in
G.
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Proof. In the case G is abelian, equation (5.2.2) is equivalent to the condition
that θ is invariant under the monodromy action.

Now in order to prove the second claim, let F0 be the fixed fiber over b0,
B0 be the fixed horizontal curve isormorphic to the base curve B, and T be the
tubular neighborhood ofD. Take a subspace Z of Ŝ given by Z = T∪F0∪B0\D.
Then we have in π1(Z) and thus in π1(Ŝ) we have the relation∏

δj
∏

[α̃i, β̃i] = 1

where for each intersection point yj in B0 ∩D, δj is a small loop in B0 around
yj, and α̃i is a lift of αi to B0. Moreover, modulo commutators in π1(Z)∏

δj =
∏

γ
deg(Di→F)
i

since δj is homologous to γi.
Since kerι∗ is normally generated by p∗(

∏
γ
deg(Di→F)
i

∏
[α̃i, β̃i]), ker̂ι∗ is

normally generate by
∏
γ
deg(Di→F)
i

∏
[α̃i, β̃i].

Therefore, Θ̃ : π1(ι
∗Ŝ)→ G descends to Θ: π1(Ŝ)→ G if and only if

Θ̃(
∏

γ
deg(Di→F)
i

∏
[α̃i, β̃i]) = 0. (5.2.4)

For abelian G, the left hand side of Equation 5.2.4 is exactly the global exten-
sion obstruction.

Corollary 5.2.5. Let A = (B × F,D, θ : π1(F̂) → G) be a virtual Kodaira
fibration with G an abelian group. Then there exists an étale cover g : B̃ → B

such that g∗A is realisable. The minimal degree of such a g is the least common
muptiple of [π1(B) : Stabθ] and the order of o(θ) in G, where Stabθ is the
stabilizer of θ under the action of π1(B) on Hom(π1(F̂), G).

Proof. By Cor 5.2.4 we need that the monodromy action fixes θ and that
the global extension obstruction vanishes for g∗A. Let H be the subgroup of
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π1(B) corresponding to g. Then the first condition is satisfied if and only if
H ⊂ Stabθ, and the second condition is satisfied if and only if deg(g)·o(θ) = 0.
Since the fundamental group of a curve of positive genus has subgroups of every
finite index, one can always find a subgroup of Stabθ which has the required
index.

5.3 Method to compute monodromy action
In this section we compute the monodromy action of π1(B) on Hom(π1F̂, G)

for a finite abelian group G. So let A = (B× F,D, θ : π1(F̂)→ G) be a virtual
Kodaira fibration with G finite abelian. Let F∩D = {x0, · · · , xk, · · · , xd−1} and
for each k, let γk be a small loop in F̂ going around one point xk.

Lemma 5.3.1. Suppose G is abelian, then θ ∈ Hom(π1(F̂), G) corresponds
uniquely to an element in

H1(F, F ∩D;G)

Proof. SinceG is abelian, θ factors uniquely through a homomorphismH1(F̂;Z)→
G. By Lefschetz-Poincare duality and the Excision theorem,

H1(F̂;Z) ∼= H1(F̂, ∂F̂) ∼= H1(F, F ∩D;Z)

where F̂ was abused to denote the compact surface with boundary obtained
from F by deleting the small open neighborhoods around the intersection points
F ∩D. Hence by the Universal coefficient theorem,

Hom(H1(F̂;Z), G)) ∼= Hom(H1(F, F ∩D;Z), G) ∼= H1(F, F ∩D;G). (5.3.1)

Therefore, the claim immediately follows.

Let χ : π1(B) → Mod(F, F ∩ D) be the monodromy homomorphism of the
bundle (B×F,D)→ B with the fiber (F, F∩D), the surface with d distinguished
points, where Mod(F, F ∩D) is the marked mapping class group.
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Proposition 5.3.2. The monodromy homomorphism of the marked surface
bundle (B× F,D)→ B with the fiber (F, F ∩D) is given as follows:

χ : π1(B)→Mod(F, {x0, x1, · · · , xd−1})

α 7→ Push(q∗{α̃
x0, · · · , α̃xd−1})

where each α̃xi is the unique lift of α under the covering p|D : D→ B starting
at xi, {α̃x0 , · · · , α̃xd−1} is a d-stranded surface braid which lives in π1(C(D,d)),
and q : B× F→ F is the projection.

Proof. It follows from the following generalized Birman exact sequence.

....1→ π1(C(F, d))
Push−−→Mod(F, {x0, x1, · · · , xd−1})

Forget−−−→Mod(F)→ 1

Since the surface bundle B × F → B is trivial, the image of χ is contained in
the ker(Forget) = Im(Push). Moreover, over each base loop α, the trace of d
distinguished points in the fiber F under the isotopy from the identity to the
representative homeomorphism of χ(α) is q∗{α̃x0 , · · · , α̃xm−1}.

Since we are interested in the subgroup of π1(B) which stabilizes θ, we will
need the following homomorphism measuring the difference between before and
after taking the monodromy action on the θ.

Proposition 5.3.3. Assume that θ ∈ H1(F, F ∩ D;G) satisfies the liftability
condition that is, θ(γj) = θ(γk) whenever the loops γj, γk go around the inter-
section points xj, xk ∈ F ∩Di, for the same component Di, respectively. Then
the map

ι : π1(B)→ H1(F, F ∩D;G), α 7→ χ(α)∗θ− θ

is a homomorphism with its image contained in the subgroup H1(F;G).

Proof. Consider the following long exact sequence of the pair (F, F ∩D).

0→ H1(F;G)→ H1(F, F ∩D;G)
∂−→ H0(F ∩D;G)→ H0(F;G)→ 0
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First, in order to prove that the image of ι is contained in H1(F;G), it’s
enough to prove ∂(χ(α)∗θ−θ) = 0 and this is equivalent to prove δ∗(χ(α)∗θ−
θ) = 0 by the following commutative diagram :

H0(F ∩D;G)
∂←−−− H1(F, F ∩D;G)y∼=

y∼=

Hom(H0(F ∩D;Z), G) δ∗←−−− Hom(H1(F, F ∩D), G)

Here the verical isomorphisms are given by the Universal Coefficient theorem.

Now consider the following commutative diagram with Lefschetz-Poincare
duality as the vertical isomorphisms. [22]

−−−→ H0(∂F̂)
δ−−−→ H1(F̂, ∂F̂) −−−→ H1(F̂) −−−→y∼=

y∼=

y∼=

∂−−−→ H1(∂F̂)
i∗−−−→ H1(F̂) −−−→ H1(F̂, ∂F̂) −−−→

Then the restriction of χ(α)∗θ − θ to the image of the coboundary δ cor-
responds to the restriction of χ(α)∗θ − θ to the image of i∗ by the vertical
isomorphism. Therefore, the problem reduces to show that the restriction of
χ(α)∗θ − θ to the subgroup L of H1(F̂), the image of i∗, is identically zero.
This is true because the monodromy action might permute the puntures xk
(correspondingly, the small loops γk) but preserves the component of D to
which they belong (and the orientaions of the loops).

Now it remains to prove ι is a homomorphism. First recall that the mon-
odromy action on im(ι) ⊂ H1(F;G) is trivial. Therefore,
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ι(αβ) = χ(αβ)∗(θ)− θ

= χ(α)∗(χ(β)∗θ− θ) + χ(α)∗(θ)− θ

= χ(β)∗(θ)− θ+ χ(α)∗(θ)− θ

= ι(α) + ι(β)

We have already seen that the monodromy action χ(α)∗ is trivial onH1(F;G) ⊂
H1(F, F ∩D;G). This suggests that we only need to know θ modulo H1(F;G).

Lemma 5.3.4. Let G be an abelian group and consider θ as an element in
H1(F, F ∩D;G). Then

θ ≡
d−1∑
i=1

δi ⊗ θ(γi) mod H1(F;G)

and ∂θ =
d−1∑
i=0

xi ⊗ θ(γi) ∈ H0(F ∩D;G)

where we denote the homology class of xi by the same symbol.

Proof. We denote the Hom-dual of γi by γ∗
i and the class of a path from x0 to

xi by δi. Since H1(F̂) ∼= 〈αj, βj, γi |
∑d−1

i=0 γi = 0〉, modulo Hom(H1(F), G)

θ ≡
d−1∑
i=1

γ∗
i ⊗ θ(γi) ∈ Hom(H1(F̂), G)

∼=

d−1∑
i=1

δi ⊗ θ(γi) ∈ H1(F, F ∩D;G)

52



Chapter5. Double Kodaira fibartions with small signature

by Lefschetz-Poincare duality. Therefore,

∂θ =
d−1∑
i=1

(xi − x0)⊗ θ(γi)

=
d−1∑
i=0

xi ⊗ θ(γi).

The last equality comes from the well-definedness of θ, that is, θ(
∑d−1

i=0 γi) =

0.

In order to describe the ι explicitly, we first introduce the notion of weighted
transfer pairing. For a loop α in B based at b0 and x ∈ D ∩ F, let α̃x be the
unique lift of α to D starting at x. Now, consider the bilinear pairing defined
by

H1(B;Z)×H0(F ∩D;G)→ H1(F, F ∩D;G), (α, x) 7→ α̂(x) := q∗α̃
x,

where we identify x ∈ F ∩D with its homology class. We call this the weighted
transfer pairing since (for Z-coefficients) α̂(x0 + · · · + xd−1) = q∗p

!α where
p! : H1(B)→ H1(B, b0)→ H1(D,D ∩ F) is the transfer map.

Theorem 5.3.5. Let G be an abelian group and D ⊂ B × F a divisor in a
product of curves such that the projection to B is étale. Then the monodromy
action of α ∈ π1(B) on an element θ ∈ H1(F, F∩D;G) is given by the weighted
transfer pairing of the homology class of α with the boundary of θ as follows:

χ(α)∗θ− θ = α̂(∂θ)

Proof. From Proposition 5.3.2 and Lemma5.3.4, we only need to compute the
monodromy action on each path δi⊗θ(γi). Once we prove the following formula

χ(α)∗(δi) = [δi]− [q∗α̃
x0 ] + [q∗α̃

xi ], (5.3.2)
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we can derive that

χ(α)∗θ− θ =
d−1∑
i=1

(q∗α̃
xi − q∗α̃

x0)⊗ θ(γi) =
d−1∑
i=1

α̂(∂δi ⊗ θ(γi))

Now, for proving the formula 5.3.2, we assume θ is a path δi connecting two
marked points x0 to xi. Then χ(α)∗θ is homotopic relative to the end points to
the composition of three paths (α̃x0)−1, δi and α̃xi in F × I. The projection to
F gives us a homotopy equivalence and thus the claimed formula follows.

By Cor 5.2.4, the degree of the minimal pullback of the base for the real-
isability of the virtual Kodaira fibration is given by the index of the subgroup
Stabθ in π1(B).

Corollary 5.3.6. Assume G is finite abelian and θ satisfies the liftability
condition, that is θ is constant, say gi, along the same component Di. Write
F ∩Di = {xij}j so that F ∩D = {xij}i,j and let γij be a small loop in F̂ around a
point xij. Then the above ι : π1(B)→ H1(F, F∩D;G) induces and is determined
by

ι : H1(B;Z)→ H1(F;G), α 7→ α̂(
∑
i,j

xij⊗θ(γij)) = q∗
∑
i

p!iα⊗gi (5.3.3)

Consequently, the index [π1(B) : Stabθ] equals to the cardinality of the quotient
group H1(B;Z)/ker(ι) ∼= Imι.

Moreover, if D = ∪Γφi
is a disjoint union of graphs, then ι(α) =

∑
iφi∗α⊗

gi.

Proof. Since ι is a homomorphism and H1(F;G) is abelian, the commutator
subgroup [π1(B), π1(B)] lies in the kernel of ι. Therefore, ι induces the ho-
mormophism from H1(B;Z) and by the third isomorphism theorem in group
theory the claim follows. The formula 5.3.3 follows from the above Theorem
5.3.5, H1(F̂) = 〈αj, βj, γi |

∑d−1
i=0 γi = 0〉 and the well-definedness of θ.
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Remark 5.3.7. In Theorem 5.3.5, we have seen the monodromy action of
α ∈ π1(B) on an element θ ∈ H1(F, F ∩ D). In this remark, we’ll explain
the monodromy action in more detail and then by applying it to the specific
element θ it becomes clear that which conditions are needed for stabilizing θ.
Let D ⊂ B× F be a smooth divisor which is unramified over B. Then the pair
(B×F,D)

p−→ B is a locally trivial fibration with the fiber (F, F∩D), the surface
F with d distinguished points {x0, · · · , xd−1}. Its monodromy homomorphism
χ : π1(B) → Mod(F, F ∩ D), which goes to the marked mapping class group,
takes values in the subgroup Brd(F), the d-stranded surface braid group, be-
cause B× F→ B is a trivial bundle. This follows from the generalised Birman
exact sequence[4, 19]

1→ Brd(F)
push−−→Mod(F, d)

forget−−−→Mod(F)→ 1.

Therefore, the monodromy action of the marked mapping class χ(α) ∈Mod(F, F∩
D) on the relative homology group H1(F, F ∩ D) is determined by the action
of the push map along the surface braid β(α) ∈ Brd(F), where β : π1(B) →
π1(C(F, d), ) = Brd(F) is given by [α(t)] 7→ [q∗(p

−1(α(t)) ∩D)]. On the other
hand, we have an exact sequence 1 → H1(F) → H1(F, F ∩D)

∂−→ H0(F ∩D) →
H0(F) → 1. Hence H1(F, F ∩ D) is isomorphic to a direct sum of a natural
subgroup H1(F) and a (noncanonical) complement H isomorphic to Im∂. We
can take H as the subgroup generated by the paths δi in a fixed disk connect-
ing two marked points x0 and xi. With respect to a basis subordinate to this
decomposition, the induced action on the relative homology is given by

χ(α)∗ =

[
Id ψ(α)

0 σ(α)

]

since the action is trivial on H1(F). In order to look at the action on H, consider
the short exact sequence 1 → PBrd(F) → Brd(F) → Sd → 1. Then every
surface braid β(α) can be written as a product of a pure surface braid β̄(α)
and a braid πβ(α) supported on the disk used above for the definition of
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H. πβ(α) contributes as the associated permutation matrix σ(α) and β̄(α)
constributes as a matrix ψ(α) where the i-th column gives the difference in
homology H1(F) of the loops traced by xi and x0. To verify this, first write
β̄(α) = (β̄0(α), β̄1(α), · · · , β̄d−1(α)) so that the i-th strand β̄i(α) is the trace
of xi. Then the push map along each strand of the pure braid acts trivially on
the subgroup L of H1(F̂) generated by γi’s, and for each β ∈ H1(F) ⊂ H1(F̂),

Push(β̄i(α))∗(β) = β+ 〈β̄i(α), β〉γi.

Hence, for any θ ∈ H1(F, F ∩D;G),

Push(β̄i(α))∗θ = θ+ [(β̄i(α)]⊗ θ(γi)

by Poincare duality. Therefore, by [20],

Push(β̄(α))∗θ− θ =
d−1∑
i=0

[β̄i(α)]⊗ θ(γi) =
d−1∑
i=1

= ([β̄i(α)]− [β̄0(α)])⊗ θ(γi)

5.4 Virtual Kodaira fibrations with small real-
isation signature

5.4.1 Numerical classification of virtual Kodaira fibra-
tions of virtual signature 4

By Proposition 5.1.7, we have a one-to-one correspondence between the set of
double étale double Kodaira fibrations S→ B×F which are G- Galois and the set
of realisable double étale virtual Kodaira fibrations A = (B× F,D, θ : π1(F)→
G). Therefore we can classify double étale Galois double Kodaira fibrations with
signature 4 by first making a list of all possible candidates of double étale virtual
Kodaira fibrations with virtual signature 4, and then check the realisability of
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each case in the list. Recall from Definition 5.1.8 that the virtual signature of
the virtual Kodaira fibration is defined to be

σ(A) = −
|G|e(B)

3

m∑
i=1

r2i − 1

r2i
di = −

|G|e(F)

3

m∑
i=1

r2i − 1

r2i
ei,

so that is coincides with the siganature of the actual Kodaira fibration if A
is realisable. Hence if we restrict our attention to signature 4, then from
this signature formula, we can find the numerical restrictions on (|G|, r =

(ri), f, ei, b, di, g(Di)) as the following proposition.

Proposition 5.4.1. The possible numerical invariants of a virtual double étale
Kodaira fibration of virtual signature 4 are as follows: for each component Di

of D the ramification ri = 2 and the other invariants can be (up to reordering
the Di) given as in Table5.1, where we also collect partial information on
realisability.

Proof. 4 = −|G|e(F)
3

∑m

i=1
r2
i
−1

r2
i

ei implies f ≥ 2 and |G| ≤ 8. We split into two
cases depending on the number of components of D.
(1) case 1: m = 1

In this case, r1 = 2 and 8 = |G| · (f − 1) · e1. This together with (f − 1) · e1 =
(b − 1) · d1 gives a complete list of possibilities for m = 1 case in the table :
G1 type and C1, C2, · · · , C7 type.
(2) case 2: m ≥ 2

In this case, 4 = −|G|e(F)
3

∑m

i=1
r2
i
−1

r2
i

ei implies |G| ≤ 4.
(case 2-1) If |G| = 4, then

∑m

i=1(1 − 1
r2
i

) · ei ≤ 3
2

and the equality is realised
if and only if m = 2, r1 = r2 = 2, e1 = e2 = 1, f = 2. This gives us a single
possible case: G2 type.
(case 2-2) |G| = 3 is impossible.
(case 2-3) If |G| = 2, then ri = 2 for all i, and hence 4 = (f − 1) ·

∑m

i=1 ei.
This together with (f− 1) · ei = (b− 1) ·di gives us a complete list of possibil-
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Table 5.1: virtual Kodaira fibraions with virtual signature 4

type b f |G| g(Di) (di, ei) realisability ((f̃, b̃), (f̃2, b̃2), σ̃)

G1 2 2 8 2 (1, 1) no ((11,9),(81,2),32)
G2 2 2 4 (2, 2) (1, 1), (1, 1) no ((7,17),(97,2),64)

((4,17),(49,2),32) G = Z/2)
G3 3 3 2 (3, 3) (1, 1), (1, 1) no ((6,9),(21,3),16),

((6,33),(81,3),64)
G4 3 2 2 (3, 3) (1, 2), (1, 2) no ((4,17),(49,2),32)

C1 2 2 2 5 (4, 4) ?
C2 3 2 2 5 (2, 4) ?
C3 2 3 2 5 (4, 2) ?
C4 3 3 2 5 (2, 2) no ((6,9),(21,3),16)

((6,17),(41,3),32),
((6,65),(161,3),128)

C5 2 5 2 5 (4, 1) no ((11,9),(21,5),32)
C6 3 5 2 5 (2, 1) no ((10,65),(145,5),128)
C7 2 2 4 3 (2, 2) no ((7,9),(49,2),32)

((4,9),(25,2),16) G = Z/2)
C8 2 3 4 3 (2, 1) no ((11,9),(41,3),32)
C9 2 2 2 (3, 3) (2, 2), (2, 2) ?
C10 2 2 2 (4, 2) (3, 3), (1, 1) ?
C11 2 3 2 (3, 3) (2, 1), (2, 1) no ((7,9),(25,3),32)
C12 2 2 2 (2, 2, 3) (1, 1), (1, 1), (2, 2) ?
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ities: G3, C9, C10, C11, and C12 type. Four disjoint graph case is impossible by
Proposition 5.3 in [12].

5.4.2 Automorphisms without fixed points on curves of
small genus

In order to classify the examples of graph type, in this section we classify fixed-
point-free automorphisms on curves of genus up to nine. Let B be a curve of
genus b ≤ 9 and assume that φ ∈ Aut(B) acts on B without fixed points. Let d
be the order of φ and (q|r1, · · · , rm) be the ramification type of the quotient map
B → B/〈φ〉 which is a Z/d cover. We first classify the possible ramification
types of a free automorphism φ and then classify its topological types.

Proposition 5.4.2. The ramification types of a fixed-point-free automorphism
φ of order d on a curve of genus b ≤ 9 are exactly given in the Table5.4.2:

Lemma 5.4.3. If B→ B/〈φ〉 is étale, then we have b− 1 = d(q− 1), which
gives the unramified cases listed in the Table5.4.2.

Now we need to consider the ramified cases. The ramified cover B→ B/〈φ〉
over m branch points {P1, · · · , Pm} corresponds to a surjection

η : π1(B/〈φ〉\{P1, · · · , Pm}) = 〈α1, · · · , βq, γ1, · · · , γm |
∏

[αj, βj]
∏

γi = 1〉→ Z/d
(5.4.1)

with η(γi) ∈ Z/d\{0}. Denoting ai = η(γi), the surjection η gives an m−tuple
(a1, · · · , am) ∈ (Z/d \ {0})m such that

∑m

i=1 ai = 0 (in particular m ≥ 2).

Lemma 5.4.4. Let d,m ≥ 2 and q ≥ 0 be integers and (a1, · · · , am) ∈
(Z/d \ {0})m such that

∑m

i=1 ai = 0. Then

1. There exists a surjection η giving rise to the m-tuple (a1, · · · , am) if
either q > 0 or q = 0 and {ai}

m
i=1 generate Z/d.
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Table 5.2: free automorphisms of curves of small genus
genus b order d ramification type

9 2 (5 | −)

9 4 (3 | −)

9 8 (2 | −)

9 4 (2 | 24)

9 16 (1 | 22)

9 12 (1 | 32)

9 10 (1 | 52)

9 8 (1 | 24)

9 8 (1 | 2, 42)

9 6 (1 | 34)

9 4 (1 | 28)

9 6 (0 | 24, 34)

9 10 (0 | 24, 52)

9 12 (0 | 2, 32, 42)

8 7 (2 | −)

8 14 (1 | 22)

8 6 (1 | 22, 32)

8 18 (0 | 22, 92)

8 15 (0 | 32, 52)

8 12 (0 | 42, 62)

8 10 (0 | 22, 53)

8 6 (0 | 22, 35)

8 6 (0 | 26, 32)

6 5 (2 | −)

6 10 (1 | 22)

6 14 (0 | 22, 72)

6 12 (42, 32)

6 6 (0 | 22, 34)

genus b order d ramification type

7 2 (4 | −)

7 3 (3 | −)

7 6 (2 | −)

7 4 (2 | 22)

7 12 (1 | 22)

7 9 (1 | 32)

7 8 (1 | 42)

7 6 (1 | 24)

7 6 (1 | 33)

7 4 (1 | 26)

7 12 (0 | 3, 42, 6)

7 6 (0 | 24, 33)

5 2 (3 | −)

5 4 (2 | −)

5 8 (1 | 22)

5 6 (1 | 32)

5 4 (1 | 24)

5 6 (0 | 24, 32)

4 3 (2 | −)

4 6 (1 | 22)

4 6 (0 | 22, 33)

4 10 (0 | 22, 52)

3 2 (2 | −)

3 4 (1 | 22)

2 6 (0 | 22, 32)
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2. Assume (1) holds and let Hi = 〈ai〉. Then a generator of Z/d corresponds
to a fixed-point-free automorphism φ on the ramified cover induced by η
if and only if Hi is a proper subgroup of Z/d for all i.

Proof. Since Z/d is abelian, once we have
∑

i ai = η(
∏
γi) = 0 we can con-

struct a well-defined homomorphism η by choosing the images of αi and βi
arbitrarily. If q > 0, then we can always make η be a surjection by setting
η(α1) = 1, a generator. If q = 0, then the image of η is generated by ai’s and
thus we need the condition stated above. Finally, if we require a generator of
Z/d to be free as an automorphism of the ramified cover, then it cannot be
contained in the stabiliser subgroup of any ramification points.

Proof of Proposition 5.4.2.. Now it’s enough to study the possible d,m, q, (a1, · · · , am)
satisfying the conditions from Lemma 5.4.4. Refer to [39] for the remaining
proof.

Classification of the finite order automorphisms up to topological equiv-
alence was studied by Nielsen [47]; Let φ be an automorphism of B of or-
der d and ramification type (q | r1, · · · , rm). Then the quotient map B →
B/〈φ〉 induces a monodromy homomorphism ρ : 〈α1, β1, · · ·αq, βq, γ1, · · ·γm |∏

i[αi, βi]
∏

j γj = 1〉→ 〈φ〉 ∼= Z/d as in 5.4.1.
What Nielsen proved is that two automorphisms of the same order are

topologically equivalent if and only if they have the same monodromy expo-
nents (ρ(γ1), · · · , ρ(γm)) at the branch points up to permutation. We call this
unordered tuple (ρ(γ1), · · · , ρ(γm)) the Nielsen type.

For each ramification type in Proposition 5.4.2 the possible Nielsen types
can be easily analysed yielding the following result.

Proposition 5.4.5. The ramification types of Proposition 5.4.2 are uniquely
realized by a Nielsen type except for the following cases:

61



Chapter5. Double Kodaira fibartions with small signature

genus b order d ramification type Nielsen type (modulo ∼)

9 10 (1 | 52) (2, 8), (4, 6)
9 8 (1 | 2, 42) (4, 2, 2) ∼ (4, 6, 6)

9 12 (0 | 2, 32, 42) (6, 4, 8, 3, 3) ∼ (6, 4, 8, 9, 9)

9 10 (0 | 24, 52) (5, 5, 5, 5, 2, 8), (5, 5, 5, 5, 4, 6)

8 18 (0 | 22, 92) (9, 9, 2, 16), (9, 9, 4, 14), (9, 9, 8, 10)
8 15 (0 | 32, 52) (5, 10, 3, 12), (5, 10, 6, 9)
8 10 (0 | 22, 53) (5, 5, 2, 2, 6) ∼ (5, 5, 8, 8, 4),

(5, 5, 2, 4, 4) ∼ (5, 5, 8, 6, 6)

8 6 (0 | 22, 35) (3, 3, 2, 2, 2, 2, 4) ∼ (3, 3, 2, 4, 4, 4, 4)

7 6 (1 | 33) (2, 2, 2) ∼ (4, 4, 4)

7 12 (0 | 3, 42, 6) (4, 3, 3, 2) ∼ (8, 9, 9, 10),
(4, 9, 9, 2) ∼ (8, 3, 3, 10)

7 6 (0 | 24, 33) (3, 3, 3, 3, 2, 2, 2) ∼ (3, 3, 3, 3, 4, 4, 4)

6 14 (0 | 22, 72) (7, 7, 2, 12), (7, 7, 4, 10), (7, 7, 6, 8)

4 6 (0 | 22, 33) (3, 3, 2, 2, 2) ∼ (3, 3, 4, 4, 4)

4 10 (0 | 22, 52) (5, 5, 2, 8), (5, 5, 4, 6)

The equivalence relation ∼ on the Nielsen types is given by the multiplication
by −1. The Nielsen types related by ∼ correspond to topologically equivalent
configurations of the form Γid ∪ Γφ ⊂ B× B.

5.5 Computing realisation signature: examples
In this section, we want to check the realisability of possible candidates of double
étale virtual Kodaira fibrations of virtual signature 4.

62



Chapter5. Double Kodaira fibartions with small signature

5.5.1 Examples of graph type
The most typical examples come from the case when D is a disjoint union of
graphs of maps φ1, · · · , φm : B→ F. First we restrict our attention to the case
B = F, and in the last paragraph of this section we’ll consider the case of graphs
of non-automorphisms. Now we would like to find automorphisms φ1, · · · , φm
of B whose graphs are disjoint. We may assume that the first component is the
graph of idB, by precomposing with φ−1

1 . Thus, if m = 1 then there exists the
only configuration (B × B,Γid). If m = 2 then the second component Γφ2 is
disjoint from the first component if and only if the automorphism φ2 has no
fixed points. In this case D = Γid ∪ Γφ for some fixed point free automorphism
φ. Fixed point free automorphisms on curves of small genus are classified in
the Proposition 5.4.2. Thus in case m = 2, there is a unique case if g(B) = 2,
and two different cases if g(B) = 3 by Proposition 5.4.2, 5.4.5. First note that
the global extension obstruction always vanishes for the graph type when G is
abelian. So we only need to compute the index [π1(B) : Stabθ] for each case to
determine the realisability.

Example 5.5.1 (G2 type: the free automorphism of a curve of genus two).
Consider the unique free automorphism φ on a curve B = F of genus 2, which
has order 6 and the ramification type (0 | 2, 2, 3, 3) (See Table 5.4.2). We can
easily check that there is a unique homomorphism with this ramification type
and hence the unique topological model of φ realised by this surjection

〈γ1, γ2, γ3, γ4 | γ1γ2γ3γ4〉→ Z/6, (γ1, γ2, γ3, γ4) 7→ (φ3, φ3, φ2, φ4).

We can observe that φ5 is also a fixed point free automorphism of order 6,
and φ5 = τ ◦ ι, where τ = φ2 is an order 3 automorphism with 4 fixed
points and ι = φ3 is a an involution with 6 fixed points. If we consider the
surface of genus two as two 2−spheres connected by three 1- handles, then τ
is given by rotation by 2π

3
about the axis passing through two 2-spheres and
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ι is a hyperelliptic involution. Since ι and τ act on the homology H1(B;Z) by
ι∗ = −id and

τ∗ =


0 −1 0 0

1 −1 0 0

0 0 −1 1

0 0 −1 0


with respect to the basis {m1,m2, l1, l2}, we have

φ5
∗ =


0 1 0 0

−1 1 0 0

0 0 1 −1

0 0 1 0

 .
We now consider D = Γid ∪ Γφ5 ⊂ B × F where B = F and any surjective
homomorphism θ which defines the double branched cover of F branched over
F ∩D. For G = Z/2 = {0, 1}, there is the unique choice for θ(γ1) = θ(γ2) = 1.
Hence by Cor5.3.6 we can compute

ι : H1(B;Z)→ H1(F;Z/2), (id+ φ5
∗)(α)⊗ 1

and ker(ι) = 〈2m1, 2m2, 2l1, 2l2〉 which implies

H1(B;Z)/ker(ι) ∼= (Z/2)4

and thus the index [π1(B) : Stabθ] is equal to 16. Therefore, the degree of the
minimal pullback is 16, the realising genus b̃ = 17, the realization signature
σ̃ = 2

3
· 2 · 16 · (3

4
+ 3

4
) = 32, and the fiber genus f̃ = 4.

If we consider the case where G = Z/4 or G = Z/2 × Z/2 as in the case
G2 in the Table 5.1, we can use the similar argument to show b̃ = 17, σ̃ = 64,

and f̃ = 7 as above since the ramification order at every branch point is 2.
Therefore, G2 type is not realisable.

Example 5.5.2 (G3 type: the free involution on a curve of genus 3). Let B = F

be a curve of genus 3 admitting a fixed-point-free involution φ. By Proposition
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5.4.5 there exists unique such φ up to topological equivalence realised by the
surjection

〈α1, β1, α2, β2 | [α1, β1][α2, β2]〉→ Z/2 : (α1, β1, α2, β2) 7→ (1, 1, 1, φ).

If we arrange three holes in a row and consider the 180◦ rotation about the
axis passing through the middle hole, then the induced action on the homology
H1(B;Z) is given by

φ∗ =



1 0

0 1

1 0

0 1

1 0

0 1


with respect to the basis {m2, l2,m1, l1,m3, l3}. Hence,

ι : H1(B;Z)→ H1(F;Z/2), α 7→ (α+ φ∗α)⊗ 1

has ker(ι) = 〈m2, l2, 2m1, 2m3, 2l1, 2l2,m1 −m3, l1 − l3〉 which implies

H1(B;Z)/ker(ι) ∼= (Z/2)2

and thus the index [π1(B) : Ker(ι)] is equal to 4. Therefore, the degree of the
minimal pullback is 4, the realization genus b̃ = 9, the realization signature
σ̃ = 16, the fiber genus f̃ = 6.

Remark 5.5.3. This example was first considered in [1, 27] and improved in
[7]. We can observe that the minimal degree covering of the base we found
coincides with the covering appeared in [7] guaranteeing the divisibility of the
divisor.

Example 5.5.4 (G3 type: the free automorphism of order 4 on a curve of genus
3). Let φ be a fixed-point-free automorphism of order 4 on a curve B = F of
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genus 3. By Proposition 5.4.5, there is a unique topological type, realised by
the surjection

〈α,β, γ1, γ2 | [α,β]γ1γ2〉→ Z4, (α,β;γ1, γ2) 7→ (1, φ;φ2, φ2).

From this, we can find the topological model as in Figure 5.1. Now consider
D = Γid + Γφ ⊂ B × F and let x0 (or x1) be the intersection point of Γid (or
Γφ) and the fixed fibre F over b0, respectively. Consider any θ which defines
the double cover of F branched over F ∩D.

By Cor 5.3.6, the degree of the minimal pullback is given by

|H1(B;Z)/ ker ι|

where
ι : H1(B;Z)→ H1(F;Z/2), α 7→ (α+ φ∗α)⊗ 1.

Since

φ∗ =



0 0 −1

1 1 1

0 −1 0

1 0 −1

1 0 0

1 −1 0


with respect to the basis {m1,m2,m3, l1, l2, l3} of H1(F;Z) depicted in Figure
5.1, the degree of the minimal pullback is 16, and hence the realisation genus
b̃ = 33, the realisation signature σ̃ = 64, and the fiber genus f̃ = 6. Therefore,
this example together with Example 5.5.2 tells us that virtual Kodaira fibration
corresponding to the G3 type is not realisable.

Example 5.5.5 (G4 type: graphs of non-automorphisms). First we can find one
configuration of G4 type in the complex category as follows. Let φ be the
unique free automorphism of F of genus 2 which has order 6 and consider
D0 = Γid ∪ Γφ ⊂ F × F. After taking the pull-back of D0 by any étale double
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Figure 5.1: Genus three surface with Z/4- symmetry
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cover π : B → F, we get D = Γπ ∪ Γφ◦π ⊂ B × F. Let x0 respectively x1 be
the intersection point of Γπ respectively Γφ◦π and the fixed fiber F over b0.
Consider any θ : π1(F̂) → Z/2 = {0, 1} which corresponds to the double cover
of F branched over F∩D. Then the surface braid β(α) = {π∗(α), φ∗π∗(α)} and
−θ(γ0) = θ(γ1) in an abelian group Z/2. Hence,

ι : H1(B;Z)→ H1(F;Z/2), α 7→ (id+ φ∗)π∗α⊗ 1.

Since π∗(m1) = m1 = π∗(m3), π∗(m2) = m2, π∗(l1) = l1 = π∗(l3), π∗(l2) =

2l2 and

id+ φ∗ =


1 1 0 0

−1 2 0 0

0 0 2 −1

0 0 1 1


with respect to the basis {m1,m2, l1, l2}, we have

ι(m1) = ι(m3) = (m1 +m2)⊗ 1, ι(m2) = m1 ⊗ 1
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ι(l1) = ι(l3) = l2 ⊗ 1, ι(l2) = 0.

Hence, the degree of the minimal pull back for the realisability is |H1(B;Z)/ ker ι| =
|(Z/2)3| = 8, the realisation genus b̃ = 17, the fiber genus f̃ = 4, and the reali-
sation signature is σ̃ = 32. Now it remains to verify the topological uniqueness
of the configurarions of G4 type to conclude that G4 type is not realisable.
If there exists such a configuration, then we should have a surface of genus 3

with two free involutions σ1 and σ2 whose composition is also fixed-point-free.
Therefore, it reduces to the same problem with classification of configurations
of C7 type as explained in 5.5.9.
Example 5.5.6 (G1 type: non-abelian group of order 8). There are two non-
abelian groups of order 8: one is the dihedral groupD4 = {1, ρ1, ρ2, ρ3, µ1, µ2, δ1, δ2}

and the other is the quaternion group Q8 = {±1,±i,±j,±k}. First let’s see if
the virtual kodaira fibration A = (B× F,∆, θ : π1(F \ pt) → D4) correspond-
ing to the G1 case is realisable. Since the commutator subgroup [D4, D4] is
the subgroup generated by ρ2, there is the unique choice for θ(γ) which is ρ2.
Hence the quotient group of D4 by the subgroup N of rotations acts freely on
S/N and thus any realisation S→ B× F of A factors through the unramified
double cover B× F̃ → B× F. Therefore if A corresponding to G1 is realisable
then so is A ′ = (B × F̃, π∗(∆), π1(F̃ \ 2points) → Z/4) corresponding to C8.
Now we can immediately say that A ′, and thus A, is not realisable because
|D| = 1, e = 1, and abelianness of G imply that there’s no ramified cover of
the horizontal curve B. For the Q8 case instead of D4, we can use the same
argument since the commutator subgroup [Q8, Q8] is the subgroup generated
by −1.
Example 5.5.7 (C8 type: realisation signature). Let B be a curve of genus 2

and π : F→ B be a double étale cover. If we pull-back the diagonal ∆ ⊂ B×B
by idB×π, we get a divisor D ⊂ B× F. This configuration (B× F,D) together
with any surjection θ : π1(F \ D) → Z/4, which defines the degree 4 cover of
F branched along F∩D with ramification order 2 at every branch point, gives
a virtual Kodaira fibration of type C8. To compute the index [π1(B) : Stabθ],
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first denote by p : D ⊂ B × F → B and q : D ⊂ B × F → F the projections
to each factor. If we use the topological model for the free involution on a
surface of genus 3 described in Example 5.5.2, then with respect to the basis
{m1, l1,m2, l2} of H1(B;Z) we can compute

ι : H1(B;Z)→ H1(F;Z/4), α 7→ q∗p
!α⊗2(mod 4) =



1

1

2

1

1

1


⊗2(mod 4)

Therefore, the index [π1(B) : Stabθ] = 8, the realisation genus b̃ = 9, f̃ = 11,

and the realisation signature σ̃ = 32.

Example 5.5.8 (G1 type: realisation signature). In Example 5.5.6, we have seen
that the realisability of G1 implies the realisability of C8. In this example, we
would like to prove the converse: the realisation S̃ → B × F1 of A ′ = (S1 =

B× F1, π∗(∆), π1(F1 \ 2points)→ Z/4) which is of C8 type composed with the
unramified double cover p : S1 := B × F1 → B × F =: S gives the realisation
S̃ → B × F of A = (S = B × F,∆, θ : π1(F \ pt) → D4) which is of G1 type.
Suppose we have Θ1 : π1(S \ ∆) → Z/2 extending θ1 : π1(F \ ∆) → Z/2 and
Θ2 : π1(S1 \ π

∗(∆) =: Ŝ1)→ N〈φ〉 extending θ2 : π1(F1 \ π
∗(∆) =: F̂1)→ Z/4.
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1 1x x
Z/2 Z/2xθ1 x

1 −−−→ Ker(θ) −−−→ π1(F̂)
θ−−−→ D4 −−−→ 1

∼=

xp∗ xp∗ x
1 −−−→ Ker(θ2) −−−→ π1(F̂1)

θ2−−−→ N〈φ〉 −−−→ 1x x
1 1

Now for a given surjection θ : π1(F \∆ =: F̂)→ D4 satisfying the commu-
tative diagram 5.5.8, we would like to define a homomorphism

Θ: π1(Ŝ := S \∆)→ D4

which is an extension of θ : π1(F̂) → D4 satisfying the following commutative
diagram 5.5.8.

1 1x x
Z/2 Z/2xΘ1

x
1 −−−→ Ker(Θ) −−−→ π1(Ŝ)

Θ−−−→ D4 −−−→ 1xp∗ xp∗ x
1 −−−→ Ker(Θ2) −−−→ π1(Ŝ1)

Θ2−−−→ N〈φ〉 −−−→ 1x x
1 1
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Since π1(Ŝ)/π1(Ŝ1) ∼= Z/2, π1(Ŝ) = K
∐
K · x, where K = π1(Ŝ1). Define Θ

to be a homomorphism when we restrict to each coset. Precisely, for any k ∈ K
and k · x ∈ K · x, we define Θ(k) := (Θ2(k), 1) and Θ(k · x) := (Θ2(k),Θ1(x))

where we identify D4 with the semi-direct product N〈φ〉oψ Z/2〈σ〉.
In order to check that Θ is a homomorphism on the whole π1(Ŝ), first

observe that Θ(k1 · (k2 · x)) = Θ(k1) · Θ(k2 · x) by the assumption that
Θ2 is a homomorphism. Secondly, Θ((k1 · x) · k2) = Θ(k1 · x) · Θ(k2) be-
cause the right-hand side equals to (Θ2(k1),Θ1(x)) · (Θ2(k2), 1) = (Θ2(k1) ·
ψ(Θ1(x))(Θ2(k2)),Θ1(x)) and the left-hand side equals to Θ(k1 · xk2x−1 · x) =
(Θ2(k1)Θ2(xk2x

−1),Θ1(x)) = (Θ2(k1)·Θ(x)Θ(k2x
−1),Θ1(x)). Moreover, Θ|π1(F̂) =

θ : π1(F̂)→ D4 follows from the following two.

1. Θ|π1(F̂1) = (Θ|π1(Ŝ1))|π1(F̂1) = Θ2|π1(F̂1) = θ2 = θ|π1(F̂1)

2. q ◦Θ|π1(F̂) = Θ1|π1(F̂) = θ1 = q ◦ θ

Finally, observe that

p∗(Ker(Θ2 : π1(Ŝ1)→ N〈φ〉)) = p∗π1(Ŝ1) ∩ KerΘ

where Ker(Θ: π1(Ŝ) → D4). This implies that the realisation S̃ → S1 of C8

type coincides with the realisation of S̃→ S of G1 type.

5.5.2 Examples of correspondence type
Example 5.5.9 (C7 type: double bisection). If we have a curve D0 of genus 3

inside a product of two curves of genus 2 whose projection to both direction
has degree 2, then we have two étale double covers πσ : D0 → B and πτ : D0 →
F corresponding to free involutions σ and τ in Aut(D0), respectively. If in
addition, φ = τ ◦ σ−1 is fixed point free, then πσ × πτ : D0 → B × F gives an
embedding. By Table 5.4.2, the order of such a φ is either 2 or 4. If the order
of τ ◦ σ has order 2, then the group H generated by σ and τ is isomorphic to
Z/2 × Z/2 and then H, a group of order 4, acts freely on a curve of genus 3,
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Figure 5.2: D4 symmetry on a surface of genus 3
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which contradicts to the Hurwitz formula. Hence, τ◦σ has order 4 and this leads
to H = {1, σ, τ, τσ, (τσ)2, (τσ)3, στσ, τστ}, which is isomorphic to the dihedral
group D4 = 〈x, y | x2 = y4 = 1, xyx−1 = y−1〉 via σ 7→ x, τσ 7→ y. By [6], D4

acts on a curve of genus 3 uniquely in such a way that each of σ, τ, and τσ acts
freely. Precisely, the epimorphism 〈α,β, γ | [α,β]γ = 1〉 → D4 given by α 7→
x, β 7→ xy, γ 7→ y2 gives us a complex curveD0 of genus 3 with Aut(D0) = D4.
Therefore, we have a configuration (B× F,D = πσ×πτ(D0)) corresponding to
C7 type in the complex category and it is unique up to topological equivalence.

For a group G of order 2 or 4, we consider any surjective homomorphism
θ : π1(F̂) → G satisfying the ramification condition and the liftability con-
dition. In order to compute the realisation signature of the virtual Kodaira
fibration A = (B × F,D = (πσ × πτ)(D0), θ : π1(F̂) → G), we first need to
investigate the global extension obstruction. Actually, the global extension
obstruction o(θ) = 2θ(γ0) vanishes because the ramification order at every
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branch point is 2.
Now for computing the index [π1(B) : stabθ], we need to find the topological

model for the required free involutions σ and τ on a surface of genus 3 such
that their composition is also free. Such a pair of free involutions appeared in
[46] to study the self-intersection number of multi-sections of any Σg bundle
over Σh. Take a graph Γ as the intersection of the standardly embedded 2-
sphere S2 and {(x+y)(x−y) = 0} in R3, and realize a surface Σ3 of genus 3 as
the smooth boundary of a thin regular neighborhood of Γ in R3. In Figure 5.2,
S2 ∩ {x+ y = 0} is drawn in orange and S2 ∩ {x− y = 0} is drawn in black. We
can think of the rotation of the surface Σ3 by π, denoted by σ, around the great
circle in orange and another π-rotation of Σ3, denoted by τ, around the x-axis
which is in coordinates (x, y, z) 7→ (x,−y,−z). Under the action of the first
involution σ on Σ3, the torus around the great circle in orange is invariant and
rotated by π around the core circle, while the other two 1-handles connecting
the regions close to the poles are exchanged. The second involution τ on Σ3 is
nothing but the π-rotation around the axis passing through the middle hole.
Now it is obvious that σ, τ, and στ are all fixed-point-free.

Now we are ready to compute ι : H1(B;Z)→ H1(F;G). Let D be a curve of
genus 3 with the group action of D4 = 〈σ, τ | σ2 = τ2 = 1, (στ)4 = 1〉 such that
each of σ, τ, and τσ acts freely. Let B = D/σ and F = D/τ. We can take a basis
of H1(D;Z) as meridians and longitudes of {L1R1, L1R2, L1L2}. Then we have
the induced bases of H1(B;Z) and H1(F;Z), which are blockwisely {L1R1, L1R2}

and {R1, R2}, respectively. With respect to these bases, we can compute

π!
σ =



1 0

0 1

1 0

0 2

1 0

0 1


, (πτ)∗ =


1 0 0

2 1 1

1 1

1 −1
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and hence we get ι : H1(B;Z)→ H1(F;Z/2)

ι = (πτ)∗π
!
σ ⊗ 1 =


1 0

3 2

1 1

−1 2

 (mod2)

Therefore, we get the index [π1(B) : Stabθ] = 8, the realisation genus b̃ =

9, f̃ = 4 and the realisation signature σ̃ = 16. For a group G of order 4, by the
same argument, [π1(B) : Stabθ] = 8, b̃ = 9, f̃ = 7, and σ̃ = 32. Therefore, C7

type is not realisable.

Example 5.5.10 (C4 type: topological classification of the configurations). As-
sume we have a curve D0 of genus 5 and two étale double covers π1 : D0 → B

and π2 : D0 → F corresponding to free involutions σ and τ, respectively. They
generate the dihedral group Dm

∼= 〈σ, τ | σ2 = 1, τ2 = 1, (σ ◦ τ)m = 1〉 as a
subgroup of the automorphism group Aut(D0). Moreover, if we require that
π1 × π2 : D0 → B × F gives an embedding, then the composition σ ◦ τ also
must be a free automorphism. By Table 5.4.2, the order m of φ = σ◦τ is even
and at most 8. In any cases, we have a free involution on the quotient curve
D0/〈φ〉 induced by σ because both σ and τ acts freely on D0 and thus so does
every reflection.

In the case φ has order m = 8, by Table 5.4.2, the quotient of D0 by the
cyclic subgroup 〈φ〉 generated by φ has genus 1 and two branch points of
multiplicity 2. Observe that we have a free involution on the quotient D0/〈φ〉
induced by σ. Hence we have an epimorphism η : 〈α,β, γ | [α,β]γ〉 → D8

with the ramification type (1 | 2). This implies that the monodromy around
the unique branch point is the order 2 elemenet in the commutator subgroup
[D8, D8] ∼= 〈φ2〉. Thus η induces an epimorphism 〈α,β | [α,β]〉→ D8/〈φ4〉 ∼=

D4 which contradicts to the nonabelianness of D4.
In the case m = 6, the quotient map of D0 by the cyclic group of order 6

generated by φ = στ has ramification type either (1 | 32) or (0 | 24, 32). The
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second case is impossible because there’s no free involution on a sphere. In the
first case, D0/〈φ〉 → B is double étale, and hence the quotient map D0 → B

by D6 action has ramification type (1 | 3). There exists a single equivalence
class of epimorphism realised by

〈α,β, γ | [α,β]γ〉→ D6, (α,β;γ) 7→ (σ, τ;φ4).

In the case it has order m = 4, by Table 5.4.2 the quotient mapof D0 by
the cyclic group of order 4 generated by φ = στ has ramification type either
(2 | −) or (1 | 24). Since there’s no free involution on a curve of genus two, the
first case contradicts to the assumption that σ, τ are free. In the second case,
on the quotient D0/〈φ2〉, which has genus two, we should have a free action
of the quotient group D4/〈φ2〉 ∼= Z/2 × Z/2. However, it contradicts to the
Hurwitz formula.

Finally if m = 2, then Dm is abelian and 〈σ, τ〉 ∼= Z/2 × Z/2. In this
case, the whole group acts freely, hence by the result of Edmonds [13] there
are two topologically distinct cases corresponding to equivalence classes of
epimorphisms

〈α1, β1, α2, β2 | [α1, β1][α2, β2]〉→ Z/2× Z/2

represented by maps

α1, α2 7→ (0, 0), β1 7→ (1, 0), β2 7→ (0, 1), α2, β2 7→ (0, 0), α1 7→ (1, 0), β1 7→ (0, 1).

Thus we have a complete topological classification of type C4.

Example 5.5.11 (C4 type: two distinct Z/2 × Z/2 actions on a curve of genus
5). Let D be a curve of genus 5 with a free action of G = Z/2× Z/2 = 〈σ, τ〉.
Let B = D/σ and F = D/τ. Then the natural projections embed D→ B×F. In
both cases, the global extension obstruction vanishes because the ramification
order is 2. So we only need to compute the index [π1(B) : Stabθ]. First consider
the action realised by the epimorphism

α1, α2 7→ (0, 0), β1 7→ (1, 0), β2 7→ (0, 1)
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Figure 5.3: Z/2× Z/2 symmetries on a surface of genus 5
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From Figure 5.3, we can take a basis of H1(D;Z) as meridians and longitudes
from the North torus, the South torus, and then from the middle, precisely,
the West, the Front, and the East. Then we have the induced bases in H1(B;Z)
and H1(F;Z), which are blockwisely {North, South, West} and {North, West,
East}, respectively. With respect to these bases, we can compute

(π!
σ)
T =



2 0

0 1

2 0

0 1

1 0 0 0 1 0

0 1 0 0 0 1



T

, (πτ)∗ =



1 0 1 0 ∗ ∗
0 1 0 1 ∗ ∗

1 0 ∗ ∗
0 2 ∗ ∗

∗ ∗ 1 0

∗ ∗ 0 2
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and hence we get ι : H1(B;Z)→ H1(F;Z/2)

ι = (πτ)∗πσ
! ⊗ 1 =



2 2

1 1

1

2

1

2


(mod2)

Therefore we get the index [π1(B) : Stabθ] = 4, the realisation genus b̃ = 9, f̃ =

6 and the realisation signature σ̃ = 16.
Now move to the second action realised by the epimorphism

α2, β2 7→ (0, 0), α1 7→ (1, 0), β1 7→ (0, 1).

From Figure 5.3, we can choose a basis of H1(D;Z) as meridians and longitudes
from the Core torus, and then from four handles, precisely, the Front-left, the
Front-right, the Back-left, and the Back-right. Then we have the induced bases
in H1(B;Z) and H1(F;Z), which are blockwisely {Core, Front-left, Front-right}
and {Core, Front-left, Back-left}, respectively. With respect to these bases, we
can compute

(π!
σ)
T =



1 0

0 2

1 0 1 0

0 1 0 1

1 0 1 0

0 1 0 1



T

, (πτ)∗ =



1 0

0 2

1 0 1 0

0 1 0 1

1 0 1 0

0 1 0 1
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Figure 5.4: D6 symmetry on a surface of genus 5
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and hence ι : H1(B;Z)→ H1(F;Z/2)

ι = (πτ)∗π
!
σ ⊗ 1 =



1 0

0 4

1 0 1 0

0 1 0 1

1 0 1 0

0 1 0 1


(mod2)

Therefore we get the index [π1(B) : Stabθ] = 8, the realisation genus b̃ =

17, f̃ = 6 and the realisation signature σ̃ = 32.

Example 5.5.12 (C4 type: D6 symmetry on a surface of genus 5). Let D be a
genus 5 curve with an action of dihedral group G = D6 = 〈σ, τ〉 realised by
the equivalence class of an epimorphism

〈α,β, γ | [α,β]γ〉→ D6, (α,β;γ) 7→ (τστ, τ; (στ)2).
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In particular, we can easily check this epimorphism is equivalent to the epimor-
phism (α,β;γ) 7→ (σ, τ; (στ)4) using a push map. We can find its topological
model as in the Figure 5.4. Consider a graph Γ in R3 consisting of S2∩{y+x = 0}

in orange and S2 ∩ {x · (y − x) = 0} in black. Now realise a surface of genus 5

as the smooth boundary of a thin regular neighborhood of Γ in R3. We take a
free involution σ as the rotation by π about the circle in orange, and another
free involution τ as the rotation by π about the x- axis in blue. Then they
generate the dihedral group D6 because στ has order 6.

Let B = D/σ and F = D/τ. From the Figure, we can choose a basis of
H1(D;Z) as meridians and longitudes of {L1R1, L1R2, L1R3, L1L3, L1L2}. Then
we have the induced bases of H1(B;Z) and H1(F;Z), which are blockwisely
{L1R1, L1R2, L1R3} and {R1, R2, R3}, respectively. With respect to these bases,
we can compute

(π!
σ)
T =



1 0 1 0

0 1 0 1

1 0 1 0

0 1 0 1

1 0

0 2



T

, (πτ)∗ =



1 0 0 0 0 0

0 2 1 1 1 1

1 0 1 0

0 1 0 1

1 0 1 0

0 1 0 1


and hence ι : H1(B;Z)→ H1(F;Z/2)

ι = (πτ)∗π
!
σ ⊗ 1 =



1 0

0 3 2 2

1 0 1 0

0 1 0 1

1 0 1 0

0 1 0 2


(mod2)

Therefore we get the index [π1(B) : Stabθ] = 32, the realisation genus b̃ =

65, f̃ = 5 and the realisation signature σ̃ = 128.
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Example 5.5.13 (C11 type: symmetric to G4 type). As in the Example 5.5.1, we
take B as a curve of genus two with the free automorphism φ and D0 ⊂ B×B
be a divisor consisting of two disjoint graphs D ′

1 = Γid and D ′
2 = Γφ. Consider

a double étale cover π : F→ B and the pull-back divisor D = (idB×π)∗(D0) ⊂
B×F. Denote the first component of D coming from D ′

1 by D1 and the second
component coming from D ′

2 by D2. Then we get a configuration (B × F,D =

D1 ∪ D2) of type C11. For any surjective homomorphism θ : π1(F̂) → Z/2
corresponding to the double branched covering of F branched along F ∩ D,
we would like to determine the realisability of the virtual Kodaira fibration
A = (B× F,D, θ). In fact, we can deduce the non-realisability of this A from
the non-realisability of the G4 type (Example 5.5.5) because of the symmetry
of those two types coming from exchanging the role of B and F. However, in
this example we explicitly compute the realisation signature and realisation
genera. By Corollary 5.3.6,

ι : H1(B;Z)→ H1(F;Z/2), α 7→ 2∑
i=1

q∗p
!
iα⊗ 1.

where each pi : Di ⊂ B× F→ B is the projection to the first factor.
Moreover, we can compute the transfer maps as follows using the explicit model
for the free involution on a surface of genus 3. (Example 5.5.2)

q∗p
!
1 =



1 0

0 1

2 0

0 1

1 0

0 1


, q∗p

!
2 = q∗p

!
1φ∗ =



1

−1 1

2 −2

1 0

1

−1 1



80



Chapter5. Double Kodaira fibartions with small signature

ι =



1 1

1 0

0 0

1 1

1 1

1 0


(in Z/2)

Therefore, the minimal degree is 8, the realisation genus b̃ = 9, f̃ = 7, and
the realisation signature σ̃ = 32.

Example 5.5.14 (C6 type). Let B be a curve of genus three and π : F→ B be a
double étale cover. If we pull-back the diagonal ∆ ⊂ B×B by idB×π we get a
divisor D ⊂ B× F. This configuration (B× F,D) together with any surjection
θ : π1(F \D)→ Z/2, which defines the double cover of F branched along F∩D
gives a virtual Kodaira fibration of type C6. Denote by p : D ⊂ B × F → B

and q : D ⊂ B×F→ F the projections to each factor. By using the topological
model for the free involution on a surface of genus 5, we can compute

ι : H1(B;Z)→ H1(F;Z/2)

ι = q∗p
! =



1

1

1

1

2

1

1

1

1

1



(mod2)

Therefore, the minimal degree is 25, the realisation signature σ̃ = 128, and the
realisation genus b̃ = 65, f̃ = 10.
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Example 5.5.15 (C5 type). Let B be a curve of genus two and π : F → B be a
degree 4 étale cover. If we pull-back the diagonal ∆ ⊂ B×B by idB×π, we get
a divisor D ⊂ B×F. This configuration (B×F,D) together with any surjection
θ : π1(F \D)→ Z/2, which defines the double cover of F branched along F∩D
gives a virtual Kodaira fibration of type C5. By using the topological model
for the free action of the cyclic group Z/4, we can compute

ι : H1(B;Z)→ H1(F;Z/2), ι =



1

1

1

1

1

1

0

1


(mod2)

Here the third column follows from q∗p
!m2 = x1 + x2 + x3 + x4 = 2x1 + 2x2 =

0 in Z/2. Therefore, the minimal degree is 8, the realisation signature σ̃ = 32,
and the realisation genus b̃ = 9, f̃ = 11.
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