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Abstract 

 

This study represents the effect of methods for estimating error in iterative 

error analysis (IEA) algorithm. Three different methods are presented for 

estimating error in each iteration: the L2-norm, which is used in the original 

IEA, the L1-norm and the spectral angle. For comparing the effect of applying 

those error metrics and evaluating the performance of each algorithm, two 

hyperspectral datasets, simulated and real hyperspectral images, were used. 

The results of endmember extraction with those algorithms were compared to 

spectral library by spectral distance and the 2-D plane projection of datasets.  

The results with the simulated image indicated that the spectral angle based 

IEA algorithm performed better than other two IEAs, the original and the L1-

norm based algorithm. The spectral angle based IEA selected correct locations 

of endmember pixels while other two algorithms worked poorly. In addition, 

the spectral angle IEA produced stable results with various signal-to-noise 

ratio (SNR). In particular, the algorithm with the spectral angle showed a 

robustness when the data was highly affected by changes in pixel brightness. 

The 2-D projection illustrated illumination insensitivity of the spectral angle 

based IEA algorithm.  

The experiment with the real hyperspectral data displayed similar results to 

those of the simulated image. Even though big difference was not detected, 
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the spectral angle based IEA produced slightly better results of endmember 

spectra. The 2-D projection plane of extracted endmembers also showed that 

the spectral angle based algorithm produced reliable results when the image 

contains topographically complex regions.  

The result of this study suggest that the IEA algorithms with different error 

metrics produce different results and the algorithm based on the spectral angle 

error is a reliable approach to extract endmembers from the image of 

topographically complex region. 
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 Chapter 1. Introduction 

 

Hyperspectral sensors have been introduced and researched for past several 

years in various remote sensing applications (Plaza et al., 2004). With 

hundreds of contiguous narrow spectral channels, hyperspectral sensors 

provide many informative characteristics on various materials. Spectral 

characteristics of materials are detected and classified through hyperspectral 

sensors since different materials produce different shapes of spectrum 

according to their intrinsic characteristics such as fundamental frequency and 

overtone (Clark et al., 2007). Hyperspectral images can be obtained through 

satellite or airborne hyperspectral sensors. Even though a hyperspectral image 

supply a high spectral resolution, a low spatial resolution, not enough to 

discriminate each different material, leads to mixed pixels which consist of 

mixed information on several pure materials (Li and Zhang, 2011).  

Spectral unmixing is a widely accepted approach to find spectral signatures 

of pure pixels, commonly known as endmembers, and estimate the abundance 

fractions of spectral signatures within other mixed pixels. It assumes that 

spectrum of the mixed pixel can be described as a linear or nonlinear 

combination of endmember spectra. Even if a linear condition is almost never 

satisfied in real situation, the linear approach is a simple and reliable method 

to demonstrate physical abundance of materials on surfaces (Keshava and 

Mustard, 2002).  

Unmixing process usually consists of three consecutive steps: dimension 
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reduction, endmember determination, and abundance estimation (Keshava and 

Mustard, 2002). Usually, finding endmember is considered a critical step 

since the endmember collection highly affects the accuracies of abundance 

estimation and the entire unmixing process.  

For many hyperspectral remote sensing applications, endmember signatures 

are determined from the spectral library acquired with spectrometer, or can be 

extracted directly from hyperspectral images (Li and Zhang, 2011). Spectral 

library requires much laboratory work and it heavily depends on laboratory 

conditions. On the other hand, extracting endmembers from image is 

favorable in that endmember signatures can be directly applied to spectral 

unmixing of the image without atmospheric and geometric corrections. 

Various image endmember extraction algorithms have been introduced for 

several years (Plaza et al., 2004). These algorithms have been developed 

based on different methods and assumptions (Li and Zhang, 2011). Many 

algorithms, including pixel purity index (PPI), N-finder algorithm (N-FINDR), 

vertex component analysis (VCA), and simplex growing algorithm (SGA), are 

geometrical based approaches to linear spectral unmixing. These algorithms 

assume the presence of pure pixels in image, and those pure pixels comprise 

vertexes of data simplex which represents pixels of the image. Geometrical 

based algorithms attempt to find vertexes of simplex by applying different 

approaches. The sequential maximum angle convex cone (SMACC) is also 

one of the geometrical based algorithms. They have been often used in 

hyperspectral applications because of the clear conceptual explanation, but 

they produce poor results when the spectral mixtures are highly mixed 
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(Bioucas-Dias et al., 2012). Statistical methods, e.g. independent component 

analysis (ICA), are effective tools for improvement of endmember collection 

under the highly mixed condition. Statistical methods are based on a statistical 

inference problem and require highly complex computations (Bioucas-Dias et 

al., 2012). In addition, integrations of spatial and spectral information have 

been proposed for correct endmember extraction. An automatic morphological 

endmember extraction (AMEE), and hybrid automatic endmember extraction 

(HEEA) (Li and Zhang, 2011) are such algorithms that consider spatial 

information. These algorithms attempt to highlight spatial correlations 

between neighboring pixels based on spatial neighborhood weight (Li and 

Zhang, 2011; Bioucas-Dias et al., 2012). 

In this study, iterative error analysis (IEA) is a mainly focused method 

among many approaches. IEA repeatedly performs linear spectral unmixing to 

choose the pixel with the largest error as an independent endmember. Since 

Neville et al. (1999) introduced original IEA algorithm, some derivative 

algorithms of IEA have been developed for better performance of algorithm 

and reliability of extracted endmember collection. Sun et al. (2008) introduced 

an updated IEA algorithm which improved the efficiency of the algorithm and 

the quality of selected endmembers. It suggested a weakly constrained 

unmixing by abundance nonnegativity and abundance sum-less-or-equal-to-

one constraints and a criterion function by which an optimal set of extracted 

endmember was determined. Also, Plaza et al. (2006) developed the parallel 

implementation of IEA to improve the speed of algorithm. This method 

attempts to alleviate computational complexity from high dimensional 
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datasets of hyperspectral images. Other algorithms, which have a similar 

perspective to original IEA, have presented various approaches for better 

performance of endmember extraction. Nevertheless, those algorithms have 

not concerned about estimating error when extracting an endmember in each 

iteration. Although calculating error is executed to determine next endmember 

at every iteration, little emphasis has been given to this step.  

The current study compares the effect of methods for estimating error in 

IEA algorithm. The aim of the present study is to study the effect of error 

metrics in IEA and to suggest the reliable algorithm for an effective 

endmember extraction from hyperspectral images.  

This study is organized as follows. Chapter 2 describes theoretical 

backgrounds of spectral unmixing and spectral error measures. Chapter 3 

suggests IEA algorithms with different error metrics. Chapter 4 describes 

datasets used in this study. Chapter 5 evaluates and discusses experimental 

results on datasets with the proposed IEA algorithms. Chapter 6 ends the 

paper by concluding remarks. 
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 Chapter 2. Theoretical Backgrounds 

 

2.1 Linear Mixing Model 

 

In order to effectively unmix hyperspectral data, a model demonstrating 

composition of the total surface area should be established (Keshava, 2003). 

This model describes relationships between the spectra of materials and their 

fractional abundance and how these materials consist of the total surface area. 

In real world applications of remote sensing, mixed signals are widely 

detected. Under the assumption of mixing model, these mixed signals consist 

of some distinct substances (Keshava and Mustard, 2002). The endmember, a 

pure pixel covering only one type of material, is a distinct spectrum of mixed 

spectrum, and the mathematical relationships between endmembers and the 

fraction abundance of endmembers determine the type of mixing model.  

There are two types of mixing models – the linear mixing model and the 

nonlinear mixing model. If constituent materials are independent of each other 

and are distributed in proportion to the fractional abundance, the surface area 

is assumed in a linear relationship. On the other hand, a nonlinear mixing 

model is applied if components of surface are in a close relationship and 

scattered light interacts with several components in the surface area. The 

nonlinear approach considers the particle size, composition, as well as 

alteration state of the endmembers (Keshava and Mustard, 2002). Although 

the nonlinear model realistically represents the surface in nature, this has not 

widely used in remote sensing applications due to the complex computations 
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of relationships between endmembers and surfaces. The linear approach, 

however, has been widely applied to many applications as it is easier to 

implement and more flexible than the nonlinear model (Chowdhury, 2012). 

Although a linear condition is hardly satisfied in a real situation, it is a 

powerful tool to distinguish mixed signals and represent spectral information 

in images. 

In the linear mixing model, the measured spectrum is a linear combination 

of endmember spectra weighted by their proportions, such as 

 

 =     +  

 

   

																																									(2.1) 

(∑   
 
   = 1,	 α ≥ 0) 

 

where   is a measured spectrum,    is the abundance of each endmember, 

   is the spectrum of endmember, and   is a noise vector or error term. For 

a physical practicality,    is confined to two constraints: abundance 

nonnegativity constraint (ANC) and abundance sum-to-one constraint (ASC). 

These two conditions constrain overestimation or underestimation of 

abundances (Chowdhury, 2012).  
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2.2 Linear Spectral Unmixing 

 

The linear spectral unmixing is a commonly used approach to solve remote 

sensing problems in geology, vegetation, environmental monitoring, and 

climate change applications (Keshava and Mustard, 2002). Entire unmixing 

process consists of three procedures: dimension reduction, endmember 

determination, and abundance estimation (inversion) (Keshava, 2003). 

Dimension reduction is not a necessary step for the entire process. This 

procedure is required to reduce computational works for following steps. 

There are several approaches for dimension reduction, such as principal 

component analysis (PCA), and maximum noise fraction (MMF). Through 

this process, minimal signals representative of the whole hyperspectral data 

are determined. To find more reliable representative signals, dimension 

reduction should be designed to minimize differences between original data 

and dimension-reduced data.  

Endmember determination is a crucial step for the entire unmixing process 

because results of the following step, abundance estimation, heavily depend 

on the spectra acquired in this step. Endmember spectra are determined in two 

ways. One is the spectral library acquired by field and laboratory works, and 

the other one is the endmember extraction technique of hyperspectral images. 

When endmember spectra in some areas are not known in advance, the 

endmember extraction technique can be applied to determine endmember 

spectra. There have been many studies about endmember extraction 
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algorithms for past decades due to the many strengths and the convenience of 

this approach.  

For estimating fraction abundance, inversion techniques based on statistical 

and numerical methods are applied with two physical constraints, ANC and 

ASC. Generally, many of the statistical and numerical methods minimize the 

distance metrics such as the square error or the variance. In order to calculate 

abundance of each endmember, the linear mixing model attempts to find    

which minimize   defined as 

 

 

 

where   is the sum of square error.  

 

2.3 Spectral Error Metrics 

 

In many remote sensing areas, hyperspectral images provide valuable 

information on continuous spectrum to identify surface materials. In order to 

analyze and distinguish the difference between two spectra, several methods 

for a measure of spectral similarity have been introduced (Dennison et al., 

2004). Spectral similarity, or spectral error, represents a difference between 

two spectra. Some hyperspectral techniques, such as classification and change 

detection, are done using spectral error metrics.  

Spectral linear unmixing uses the square error to calculate abundance of 
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each endmember. The square error, which also represents the Euclidean 

distance or the L2-norm error, is the most common metric of a spectral 

difference. The L2-norm calculates the sum of the square of the differences 

between two vectors. In the spectral signal application, however, the L2-norm 

is dependent on the reflectance of spectrum, indicating that as the brightness 

of measured spectrum increases, the error also increases. 

The spectral angle, insensitive to the reflectance of spectrum, can be an 

error metric for measuring a vector difference. The spectral angle is the angle 

between two vectors in a space with dimensionality equal to the number of 

spectral bands (Kruse et al., 1993). The spectral angle θ between two 

spectral signatures,  = [   , ⋯ ,    ]
 , r= [   ,⋯ ,    ]

 , is described as  

 

 

 

Because the spectral angle measures the difference of directions between 

two vectors, not the length of vectors, it is insensitive to the gain factor of 

sensors or the illumination of pixels.  

In addition, the L1-norm can be used to measure spectral error. The L1-

norm error calculates the sum of the differences between two vectors. 

Compared to the L2-norm error, the L1-norm is less sensitive to outliers since 

the L2-norm produces squared error (Zare and Gader, 2010a, b). 
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2.4 Comparison of Spectral Error Metrics 

 

Different hyperspectral techniques use different spectral error metrics 

according to their purposes, and these spectral error metrics produce different 

results. Fig. 2.1 represents one known spectrum (spectrum O) and three 

unknown spectra (spectrum A, B, C). According to the L-1 norm error, 

spectrum O could be spectrally closer to spectrum B than to spectrum A, and 

spectrum C is the farthest vector from spectrum O. If the outlier part of 

spectrum B is dominantly large, however, the square error between spectrum 

B and O could be measured farther than the error between spectrum A and O. 

Additionally, even though spectrum C is the farthest from spectrum O when 

measured by the L-1 norm and the L-2 norm, the spectral angle between C 

and O is the smallest, which indicates that spectrum C is the spectrally closest 

to spectral O. A visual comparison between known spectrum and unknown 

spectra also shows that spectrum C is the most similar vector to known 

spectrum O without regard to the brightness of spectrum.  
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Fig 2.1. Representation of spectral relationships between one known spectrum 

(spectrum O) and three unknown spectra (spectrum A, B, and C). 

 

In the real hyperspectral data, pixel reflectance can be easily affected by 

various factors, such as sensors, atmosphere, or neighboring scene elements 

(Riaño et al., 2003). Among many factors, changes in illumination caused by 

topography are of particular concern if a real image includes the 

topographically complex region. In this case, the square error has limitations 

of calculating the spectral difference between two pixel vectors. For example, 

by shadow, a poorly illuminated pixel may falls closer to the origin as 

spectrum a moves to spectrum b in Fig. 2.2. The square error or the Euclidean 

distance to other pixels will be estimated greater or lesser than original data. 

The spectral angle, however, will be constant regardless of illumination 

effects. Spectrum a and spectrum b in Fig. 2.2 represent the same spectral 

distance to spectrum c based on spectral angle.  
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Fig 2.2. The concept of the spectral angle and the Euclidean distance between 

two spectra from the two spectral bands (band i - j plane). 
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 Chapter 3. The Modified IEA algorithms 

 

3.1 Original IEA algorithm 

 

Fig. 3.1 represents the procedure of IEA algorithm. IEA algorithm executes 

iterative processes for extracting endmembers. The algorithm starts with the 

initial endmember, which is usually the mean spectrum of the image. At the 

beginning of algorithm, the user determines the number of endmembers p, the 

number of largest error pixels R, and an angle value θ. Fully constrained linear 

unmixing is performed with the initial endmember, and the error image is 

calculated. A subset of R vectors consisting of all those pixels that fall within 

in an angle θ of the maximum error vector is calculated and averaged to 

produce the endmember vector (Plaza et al., 2004). With the extracted 

endmembers, the constrained linear unmixing is repeatedly performed to 

choose new endmembers which minimize the remaining error in the unmixed 

image. The algorithm continues until the predetermined number of 

endmembers has been selected.  

IEA algorithm adopts the linear mixing model, and the linear unmixing 

based on the least square error is performed at each iteration. An error image 

is calculated based on the least square error. However, as mentioned in the 

previous section, the square error is dependent on the albedo of the spectrum. 

As a result, the endmembers extracted by IEA algorithm varies according to 

the illumination effect caused by shadow or topography. 
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Fig 3.1. Flow chart of IEA algorithm. 
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3.2 IEA algorithm based on the Spectral Angle Error 

 

IEA algorithm based on the spectral angle error can reduce illumination 

effect by calculating the error image based on spectral angle error metrics. At 

each iteration in this algorithm, unmixing is performed, minimizing the 

spectral angle θ between the measured spectrum (p) and the modeled 

spectrum (    ): 

 

 

(∑   
 
   = 1,	 α ≥ 0) 

 

Two constraints, ANC and ASC, are also imposed in this model. 

The spectral angle θ itself is the value of error image. The pixel with the 

largest spectral angle error is selected for the next endmember at each 

iteration. Since the spectral angle is insensitive to changes in illumination, as 

described in the previous section, the pixel with the farthest spectral distance 

will be selected regardless of the brightness of pixel. The rest of procedure is 

same with that of the original IEA algorithm.  

 

3.3 IEA algorithm based on the L1-norm Error 

 

IEA algorithm based on the L1-norm error was also suggested for this study. 

This approach finds an endmember signature which minimize the L1 error 

between the actual spectrum and the estimated spectrum at each iteration. The 
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proposed constraint optimization can be given as	δ: 

 

 

(∑   
 
   = 1,	 α ≥ 0) 

 

The error image is produced based on the L1-norm error, and the pixel with 

the largest L1-norm error is chosen for the new endmember at each iteration. 

In this study, it is assumed that IEA algorithm based on the L1-norm produces 

noise-robust results due to the fact that the L1-norm is tolerant for outliers in 

signals.   
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 Chapter 4. Description of Datasets 

 

In this study, the proposed algorithms were applied to both a simulated 

hyperspectral image and a real hyperspectral image in the MATLAB 

environment. The simulated images with random illumination fluctuation and 

various SNRs were tested to compare the performance of algorithms. 

Additionally, a real hyperspectral image of Airborne Visible/Infrared Imaging 

Spectrometer (AVIRIS) data was also tested to ensure the applicability in real 

situations.  

Originally, IEA algorithm selects several pixels for each endmember to 

reduce noise effects. However, in this study, the number of largest error pixels 

R was set to 1 to select only a pure pixel for increasing the spectral purity of 

obtained endmembers. 

 

4.1 Simulated Hyperspectral Image 

 

The resolution of simulated image is 100x100 pixels. Fig. 4.1 shows spectra 

of 5 minerals (augite, jarosite, olivine, pinnoite, trona) selected for simulated 

hyperspectral data. These endmember signatures were acquired from the 

United States Geological Survey (USGS) spectral library. Fig. 4.2 shows the 

abundance of each endmember in the simulated image. The number of 

spectral band is 210 and the spectral resolution is 0.004–0.06㎛. Selected 

minerals does not reflect geological possibility of being close to each other in 
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real world. 
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Fig. 4.1. Reflectance spectra of 5 minerals from USGS library used for the simulated hyperspectral image. 

 



 

 

20 

 

Fig 4.2. Fractional abundance of 5 minerals in the simulated hyperspectral 

image. 

 

In order to test the tolerance for changes in brightness, the illumination 

effect was added to the simulated image by multiplying the reflectance of 

each pixel by random number with a range between 0 and 1, as shown in Fig 

4.3. Because the reflectance value of each pixel should not exceed 1, 

illumination effect was added towards darkness side, assuming shadow effect. 

Overall brightness of entire image was lowered. 

In addition, the Gaussian noise of various signal to noise ratio (SNR) levels 

(15, 30, 60, 90 dB), defined as Eq. (4.1), was added to test the robustness of 

the algorithms (Nascimento and Bioucas Dias, 2005a; Chowdhury, 2012).  

 

SNR  = 10 log  [   (     )    (     )]⁄ 																(4.1) 
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Fig. 4.3. The simulated hyperspectral image with locations of endmember 

pixels (a) without illumination effect (b) with random illumination effect. 

 

 

4.2 Real Hyperspectral Image 

 

AVIRIS data from the Cuprite Mining District in Nevada, USA was tested 

to validate the proposed algorithms in real situations. Fig. 4.4 shows the 

350x350 pixels image of study area. This area is considered as an ideal 

location for evaluation of endmember extraction algorithm in hyperspectral 

remote sensing community because of the rare vegetation cover and the 

exposed outcrops of various minerals. Originally, the number of band in 

AVIRIS data is 224, but bad bands with high noise were removed and only 

190 bands were used in this study. The number of endmembers to be extracted 

was determined by the virtual dimensionality (VD) (Bioucas-Dias and 
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Nascimento, 2008; Chang and Du, 2004; Nascimento and Bioucas-Dias, 

2005b). By applying this method, the number of endmembers in this image 

was estimated to be p = 18.  

Additionally, the 250x190 pixels sub-image of study area was also used to 

evaluate the accuracy of extracted endmembers (Fig 4.5). The number of 

endmembers in the image was estimated to be p = 10. 

 

 

Fig. 4.4. 350x350 pixels image of AVIRIS data. 
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Fig 4.5. 250x190 sub-image of the AVIRIS data. 
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 Chapter 5. Results and Discussion 

 

5.1 Evaluation with Simulated Hyperspectral Image 

 

5.1.1 Results of Extracted Endmembers  

 

Fig. 5.1 and Fig. 5.2 show 5 spectra of extracted endmembers by the 

original IEA and the spectral angle based algorithm in the case of image 

without Gaussian noise, respectively. The figure of endmembers by the L1-

norm based IEA is omitted as the original and the L1-norm based IEA 

extracted exactly same endmember spectra with the same order of extraction. 

The original IEA algorithm extracted 5 spectra of which spectral shapes of 

second and fifth endmember were visually similar with different reflectance 

range. It is presumed that the illuminated pixel was extracted as an 

endmember since it was the spectrally farthest pixel based on the square error 

or the Euclidean distance. On the other hand, the spectral angle based IEA 

extracted 5 different spectra similar to reference spectra shown in the previous 

chapter. Even though the reflectance range of each spectrum was different 

from that of reference spectrum, spectral shape was visually so similar to each 

other that each spectrum can be labeled based on the spectral library. This was 

because the spectral angle based algorithm overcame illumination effect based 

on the spectral angle error metric. 
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Fig. 5.1. Endmember spectra extracted by the original IEA algorithm from simulated hyperspectral image. 



 

 

26 

 

Fig. 5.2. Endmember spectra extracted by the spectral angle based IEA algorithm from simulated hyperspectral image.
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Because the locations of all endmembers in the simulated image were 

known, the locations of extracted endmembers were compared to those of true 

endmembers to examine performance of the proposed IEA algorithms. Fig. 

5.3 represents the locations of endmembers extracted by the classical IEA and 

the proposed spectral angle based IEA in the case of image without any noise. 

In the case of the classical IEA, four endmembers were extracted, and the 

locations of those endmembers were not close enough to those of true 

endmembers. Only two endmember pixels were detected close to the true 

endmember pixels. IEA algorithm based on the L1-norm error metric 

produced the same result to that of classical IEA. The proposed IEA algorithm 

based on the spectral angle error, however, extracted 5 endmembers, the 

number of which coincides with the number of true endmembers, and the 

locations of endmembers were almost correctly detected.  

 

 

Fig. 5.3. The locations of endmember pixels extracted by two IEA algorithms. 

(a) The original IEA (b) The spectral angle based IEA algorithm. 
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With images with various SNRs, the original IEA algorithm and the 

proposed IEAs selected different pixels for endmembers. Even at a low SNR, 

however, the IEA based on spectral angle extracted close pixels to the true 

endmembers as shown in Fig. 5.4. On the other hand, Fig. 5.5 and 5.6 show 

that the classical IEA and the L1-norm based IEA worked poorly with various 

SNRs. As SNR decreased, the locations of endmembers varied. Even though 

some endmembers appeared to have been extracted properly, low SNRs led to 

the unstable performance. 

 

 

Fig 5.4. The locations of endmember pixels by the spectral angle based IEA 

with various SNRs (a) 90 dB (b) 60 dB (c) 30 dB (d) 15 dB. 
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Fig 5.5. The locations of endmember pixels by the original IEA with various 

SNRs (a) 90 dB (b) 60 dB (c) 30 dB (d) 15 dB.  
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Fig. 5.6. The locations of endmember pixels by the L1-norm based IEA with 

various SNRs (a) 90 dB (b) 60 dB (c) 30 dB (d) 15 dB. 

 

In order to compare the performance of the three IEA algorithms, the 

spectral angles between endmembers and laboratory references were 

computed. The less the spectral angle between two spectra, the more the 

similarity is. This comparison was based on the four endmembers all three 

algorithms detected. The graphs of spectral angle distance as function of the 

SNR were shown in Fig. 5.7. Fig. 5.7 represents that the spectral angle based 

IEA displayed the best result, while the performance of other two IEAs were 

unstable as SNR decreased. 
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Fig. 5.7. Spectral distance between the extracted endmember and the 

reference spectrum as function of SNR (a) jarosite (b) olivine (c) pinnoite (d) 

trona.  

 

In the case of simulated image with random illumination effect and various 

Gaussian noise levels, the proposed IEA algorithm based on the spectral angle 

produced better results than the original and the L1-norm based IEA algorithm 

did, presenting its insensitivity to amplitude of pixel spectrum. This is because, 

at each iteration in the original IEA algorithm, the spectrum spectrally far 

from the true endmember might be chosen for the next endmember if this 

spectrum was illuminated or shadowed. The spectral angle based IEA 

algorithm also produced the noise-robust result compared to the other 
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algorithms. This noise-robust result indicates that the spectral angle represents 

a reliable spectral distance despite random noise. At the lowest SNR (SNR = 

15 dB) in this experiment, however, the result were slightly distorted from the 

result of other SNR cases. This is because severe noise disrupted spectral 

signatures, which led to the unstable result, even in the spectral angle based 

algorithm. As the SNR increased, the noise effect was mitigated. 

 

5.1.2 Comparison of Endmembers on 2-D Plane  

 

Fig. 5.8 shows data points of the simulated image without noise and points 

of extracted endmembers being projected on the 2-D plane by orthogonal 

projection (Bioucas-Dias et al., 2012). The 2-D projection plane displays 

different results according to the presence of illumination effect. Without 

illumination effect, all three IEA algorithms selected true data points. With 

illumination effect, however, data points extracted by the original algorithm 

and the L1-orm algorithm were located beyond the data cloud. This is 

attributed the fact that data clouds was highly concentrated because of the 

illumination effect by random numbers multiplied (range 0 - 1). On the other 

hand, the spectral angle based IEA algorithm produced good result, extracting 

data points which almost coincided with true endmember points. This result 

does not correspond with the result of geometrical based algorithm in 

Bioucas-Dias et al. (2012). Bioucas-Dias et al. (2012) showed the limitation 

of geometrical based approaches, such as N-FINDR and VCA, when data set 

was highly concentrated. Nevertheless, the spectral angle based IEA selected 
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data points within data cloud of the simulated image. 

Fig.5.8 (b) also shows data points extracted by N-FINDR algorithm with 

illumination effect. N-FINDR algorithm was applied to the simulated image 

with the number of endmembers p = 5 for a comparison with the proposed 

IEA algorithms. As a result, data points by N-FINDR were different from 

those by the original and the proposed IEA algorithms and were detected 

beyond the data cloud of image due to the illumination effect. N-FINDR also 

showed the same limitation to that of geometrical based approaches. 

By all the results mentioned above, it is noted that the spectral angle based 

IEA algorithm produced better result than any other algorithms when 

illumination effect caused by shadow and topography was applied. This is 

attributed to the fact that the spectral angle represent spectral distance more 

soundly than other spectral error metrics, the Euclidean distance and the L1-

norm, and is not dependent on the magnitude of vector.  
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Fig 5.8. Scatter plot of the simulated image without noise and the 

endmembers by three IEA algorithms and N-FINDR (a) without illumination 

effect (b) with random illumination effect. 
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5.2 Evaluation with Real Hyperspectral Image 

 

5.2.1. Results of Extracted Endmembers 

 

Fig. 5.9 - 11 show spectra of extracted endmembers from the 250x190 sub-

image of AVIRIS data by three IEA algorithms. The original and the L1-norm 

based IEA algorithms produced similar results, including 8 spectrally similar 

endmember spectra. On the other hand, the spectral angle based IEA 

algorithm extracted two endmember spectra that other algorithms didn’t 

produced. The reflectance range of other common endmember spectra were 

same with those by other algorithms. This differed from the result of 

simulated data that produced different reflectance range of endmember spectra 

by three algorithms. It is assumed that illumination effect in the 250x190 sub-

image of study area was not dominant, and three error metric did not reflect 

changes in illumination. The only difference between results by three 

algorithm was the spectral shape of extracted endmembers.  

Although a visual comparison was possible between extracted endmembers, 

other reliable tests need to be conducted for an accurate comparison of 

performance. As described in the previous section, the locations of 

endmember pixels and the accuracy analysis of spectra are presented in this 

section. 
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Fig. 5.9. Endmember spectra extracted by the original IEA algorithm from real hyperspectral image. 
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Fig. 5.10. Endmember spectra extracted by the spectral angle based IEA algorithm from real hyperspectral image. 
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Fig. 5.11. Endmember spectra extracted by the L1-norm based IEA algorithm from real hyperspectral image.
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The locations of extracted endmembers are shown in Fig. 5.12. Although 

the order of endmember being extracted were different, the results from the 

original IEA and the L1-norm IEA were similar to each other, while the 

spectral angle IEA produced a vastly different result. Because the true 

endmember pixels of image were not known in advance, however, a 

comparison of performance by the location map was not valid.  

As described in previous section, the performance of three algorithms were 

evaluated by the accuracy analysis based on the spectral angle between 

endmembers and the ground truth. For a spectral angle based comparison, 

unknown endmembers are to be labeled, and reference spectra need to be 

acquired from the spectral library. To label each extracted endmember, a 

visual comparison between extracted endmembers and the ground truth 

spectra from Swayze (1997) were conducted (Clark et al., 2003). Swayze 

(1997) investigated history of the Cuprite Mining District using spectroscopy 

and X-ray fluorescence (XRF). Swayze (1997) has been reviewed by the 

previous research on mineralogy of this area, and the result of mineralogy 

mapping has been considered the ground truth (Nascimento and Bioucas, 

2005b; Rezaei et al., 2012). 

Fig. 5.13 shows 12 reference spectra from USGS library that three 

algorithms extracted, and Table 5.1 represents the result of the accuracy 

analysis. The 7 endmembers, i.e., alunite, sphene, kaolin/smect (85% kaol.) #1, 

chalcedony, nontronite, kaolin/smect (30% kaol.) #1, and montmorillonite, 

were labeled in common by three algorithms, and some materials were 

different from the correspondent endmembers by other algorithms. 
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Fig. 5.12. The locations of endmember pixels from the 250x190 sub-image by three IEA algorithms (a) The original IEA (b) 

The spectral angle based IEA (c) The L1-norm based IEA algorithm. 
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Fig. 5.13. Reference spectra from USGS library that three algorithms extracted in common.
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Table 5.1. Spectral angle distance (degrees) between extracted endmembers 

and reference spectra for three IEA algorithms. 

 Original 

IEA 

S.A. IEA L1-norm IEA 

alunite 5.3 5.0 5.3 

sphene 3.5 3.5 3.5 

kaolin/smect (85% kaol.) 

#1 

4.7 4.7 4.7 

chalcedony 4.0 4.2 4.0 

nontronite 5.5 5.5 6.9 

buddingtonite 4.1 5.8 - 

kaolin/smect (30% kaol.) 

#1 

8.6 7.1 7.1 

montmorillonite 3.7 3.7 3.7 

montmorillonite+Illite 3.0 - 3.0 

kaolin/smect (12% kaol.) 2.6 - 2.1 

kaolin/smect (30% kaol.) 

#2 

- 3.6 - 

barite - 2.4 - 

 

Compared to the original IEA algorithm, the spectral angle based algorithm 

performed slightly better or similarly. In this regard, it is presumed that 

topography of study area was not so complex that changes of illumination 

were remarkable. The L1-norm based IEA algorithm also showed better or 

similar performance to the original IEA. Between two proposed algorithms, 

the spectral angle based and the L1-norm based IEA, the spectral angle IEA 

produced slightly better result of endmember spectra. Although the spectral 
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angle based IEA performed better than other two IEA algorithms, the 

difference was not notable. This was attributed to the fact that variation of 

pixel illumination in image was moderate so that all three error metrics used 

in this study represented appropriate spectral distance. In addition to this, 

relatively high SNR of AVIRIS image, as shown in Kruse et al. (2003), made 

three algorithms generated similar performance and extracted appropriate 

endmember spectra. Given this context, it is noted that the IEA algorithms 

based on the spectral angle and the L1-norm error were reliable techniques for 

endmember extraction in real situation when topography was not complex. 

 

5.2.2 Comparison of Endmembers on 2-D Plane  

 

To evaluate illumination robustness, the 2-D projected data points of 

extracted endmembers by three IEA algorithms were compared to each other. 

The 250x190 sub-image, used for the spectral accuracy analysis of extracted 

endmember in the previous section, was substituted for the 350x350 AVIRIS 

image of study area. By covering large area, the 350x350 image was assumed 

to have a larger variation of pixel illumination in the entire image.  

Fig 5.14 shows the locations of endmembers pixels extracted from the 

350x350 AVIRIS image. As shown in results of the 250x190 sub-image, the 

results by the original IEA and the L1-norm IEA represent a similar pattern. In 

Fig. 5.15, data points of the AVIRIS image are shown with the points of 

extracted endmembers. All of the endmember data by the spectral angle based 

algorithm were detected within the point cloud of the AVIRIS image. This 
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result shows that the IEA based on spectral angle error was not affected by 

changes in illumination in the case of real hyperspectral image. On the other 

hand, some data points extracted by the original IEA were located outside the 

data cloud, indicating that some inappropriate pixels were selected for 

endmembers due to the brightness of that pixels. The L1-norm based IEA also 

extracted similar data points to those by the original IEA. From these results, 

it is assumed that only the spectral angle based IEA yields reliable results 

when pixels in image are illuminated by topography or shadow.  

In Fig. 5.15, data points extracted by N-FINDR were also shown with data 

points of image. The distribution pattern of endmember data appears to be 

different from IEA algorithms. Even though the majority of data points were 

within the data cloud of image, some points were located outside of the data 

cloud. This result represents N-FINDR algorithm was also affected by 

illumination effect caused by topography or shadow. 

From aforementioned results, the spectral angle based IEA algorithm 

showed a robustness when applied to the image that includes a large variation 

of pixel brightness. Other IEA algorithms tended to select brighter pixels by 

their error metrics that are sensitive to pixel amplitude.  
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Fig. 5.14. The locations of endmember pixels from the 350x350 image by three IEA algorithms (a) The original IEA (b) 

The spectral angle based IEA (c) The L1-norm based IEA algorithm. 
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Fig. 5.15. Scatter plot of the AVIRIS image and the endmembers by three IEA algorithms and N-FINDR (a) The original 

IEA (b) The spectral angle based IEA (c) The L1-norm based IEA (d) N-FINDR algorithm.
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 Chapter 6. Conclusions 

 

The experiment with simulated data leads to the conclusion that the spectral 

angle based IEA algorithm produces better performance than the original and 

the L1-norm based IEA, demonstrating insensitivity to changes in 

illumination of pixels. It also shows a robustness when the data has a white 

noise. Three algorithms were also applied to real hyperspectral data. The 

results indicate that three algorithms perform similarly to each other when the 

variation of pixel brightness is not large due to the relatively moderate 

topography. When the data has a strong illumination effect caused by 

topography or shadow of large study area, however, the proposed algorithm 

based on the spectral angle performs better than other two IEA algorithms. 

The spectral angle based IEA algorithm showed a robustness of illumination 

condition. 

From the experiments with simulated and real hyperspectral data, the effect 

of different error metric is demonstrated. The spectral angle based IEA is 

insensitive to a magnitude variation of the pixel spectrum in the hyperspectral 

image, as expected. On the other hand, L1-norm based IEA does not display 

much difference in regards to outliers in spectrum, compared to the original 

IEA algorithm.  

The results of this study suggest that although three metrics show different 

results from each other, all of IEA algorithms used in this study could be 

effective tools to extract endmembers. Particularly, the spectral angle based 
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IEA algorithm is a reliable approach to extract endmembers in topographically 

complex area. Furthermore, it can be applied to the image with low SNR 

values. This result may enhance the applicability of algorithm to real 

hyperspectral data. On the other hand, in the case of the L1-norm based IEA, 

further studies are needed to improve the accuracy of results and the 

applicability to real hyperspectral images. 
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초     

 

본 연구에 는 iterative error analysis (IEA) 알고리즘에  차 

법  향  하 다. 존 IEA 알고리즘  매 복 

단계에  차를 계산하는 법인 L2-norm 외에 L1-norm, 분 각 

(spectral angle) 등 가지 법  시하 다. 각 차 법  

용했   나타나는 결과를 하고 알고리즘  능  

평가하  해 모  초다분  상과 실  초다분  상  

이용하 다. 알고리즘에 해 추출  endmember 분 사곡  

결과는 사도 분 과 2차원 평면  통해 분 사곡  

라이 러리  하 다. 

모  초다분  상  결과, 분 각  이용한 IEA 알고리즘이 

다른  IEA보다  나  결과를 추출하 다. 다른  알고리즘이 

endmember  를 히 나타내지 못하는 것에 해 분 각 

IEA는 endmember 소  른 를 추출하 다. 또한 SNR 

(Signal-to-Ratio) 값  변 시켰   안  결과를 나타내었다. 

특히 분 각 IEA는 상 소  가 심하게 변하  에도 

신뢰할  있는 결과를 나타내었다. 2차원 평면  한 결과는 

 변 에 향  지 않는 분 각 IEA  특  잘 나타내 다. 

실  초다분  상  결과는 모  상 결과  슷한 태  

나타났다.  큰 차이는 없지만 분 각 IEA가 다른  알고리즘에 

해 약간  나  결과를 추출하 다. 또한 결과  2차원 평면 

 통해 복잡한 지 이 포함  상  경우 분 각 IEA가 욱 
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신뢰할  있는 결과를 생 하는 것  인할  있었다. 

본 연구  결과를 통해 IEA 알고리즘에  여러 가지 차 

법  용하   각각 다른 결과를 추출하는 것  

인하 다. 그 에  분 각 IEA 알고리즘  경우, 지 이 복잡한 

지역  상 부  endmember를 추출할  결과  신뢰도를 향상 

시킬  있다는 장 이 있다. 

 

 

주요어: 초다분  상, endmember 추출, iterative error analysis (IEA), 

분 각 
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