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Abstract 

Interface Reconstruction for Multiphase 

Homogeneous Mixture Model 

Using Level-set Approach 

Wonseok Sung 

Mechanical and Aerospace Engineering 

The Graduate School 

Seoul National University 

The present research focuses on developing a numerical method to capture the 

accurate location of phase interface and calculate the precise curvature of phase interface 

for surface tension in the area of analyzing compressible two-phase flows. Two of the 

present methods are homogeneous mixture method and level-set method. The former 

method is good at capturing accurate location of phase interface but it produces diffusive 

phase interface. Also, the method is poor at the calculating curvature of phase interface 

even with exact information of phase interface. On the other hand, the latter method has 

sharpened phase interface and it can compute precise values about the curvature of phase 

interface. Therefore, the proposed method in this thesis is a blended scheme of the 

advantages from homogeneous mixture model and level-set method. The new method is 

referred to as the Coupled Level-set and Homogeneous Mixture (CLSHM) model. Then, 



ii 

its improvements are validated by several tests in comparison to homogeneous mixture 

model and level-set methods and experiment.  

Keywords: Computational Fluid Dynamics (CFD), Compressible two-phase flow, 

Homogeneous mixture model, Level-set method, Surface tension, 

Capturing phase interface 

Student Number: 2015 - 20776 
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Chapter 1 

 

Introduction 

 

The analysis of two-phase flows is one of major currents in CFD field. 

Two-phase flows can be found easily not only in the area of engineering, but also 

in the routine of our days. Therefore, to simulate two-phase flows accurately is a 

matter of primary concern in this field. The aim of this paper proposes new 

improved numerical method for analyzing the two-phase flows. The method is a 

blending the existing techniques’ strengths of homogeneous mixture model [1], 

referred to as HM, and level-set method [2]. Detailed explanations will be dealt 

with at the successive chapters.  

 

1.1 Phase Interface of Two-phase Flows 

In contraction to single-phase flow, two-phase flow has phase interface 

which differentiate one phase from the other phase, one is air and the other is 
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water. When we simulate two-phase flow in CFD, it is very important to treat the 

phase interface. That’s because, many fluid properties based on the phase 

interface change, such as gas constants, specific heat, viscosity and so on. Phase 

interface treatment in two-phase flows is vital in terms of two viewpoints.  

 

 

Figure 1.1: Misplaced phase interface position during simulation  

(rising bubble in a liquid bulk) 

 

The first one is misplaced phase interface position like Figure 1.1. The 

mistreated phase interface in right upper portion of bubble switches the liquid 

phase and gas phase. These inappropriate phase interface can introduce 

instabilities to whole system and it can lead to failure of simulation. The reason 

is that misled properties of fluid would make an imaginary quantity about speed 

of sound due to negative pressure or density. In these reasons, it is very 

important for two-phase simulation to retain and capture the precise interface to 

distinguish each phase.  

 The other point of view is calculating curvatures of phase interface. Even 
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though phase interface is preserved accurately, precise interface doesn’t warrant 

correct computation about curvatures of phase interface. Figure 1.2 is the 

example for a miscalculation about curvatures of phase interface even with 

correct position of phase interface, the reason of this miscalculation will be 

explained later. The curvature in the Figure 1.2 should be about −4 uniformly 

if the curvature is calculated properly. However, the computations of curvature 

are exaggerated and it can lead to the inflated surface tension because the 

curvatures of phase interfaces are used to compute surface tension forces. 

 

 

Figure 1.2: Incorrect calculation of curvature with correct phase interface 

 

In these reasons, when the phase interfaces are dealt with, calculating curvatures 

accurately is as important as capturing precise phase interfaces.  

 In conclusion, to simulate two-phase flows accurately, treatment of phase 

interface is important in terms of phase interface location and calculating 

curvature about phase interface. 
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1.2 Pros and Cons of Current Methods 

 As mentioned before, the aim of this research is a blending of 

homogeneous mixture model and level-set method. To achieve this purpose, it is 

crucial to understand the strong and weak points of each method. Detailed 

explanations will follow next chapters. 

 

1.2.1 Homogeneous Mixture Model 

 Homogeneous mixture model regards two-phase flows as one of mixed 

fluid homogeneously. Therefore, it has several advantages in CFD. Because it 

handles just a mixture fluid, it can compute compressible multiphase flow with 

low computational cost. Also, it is easy to assure the hyperbolicity owing to their 

simple form. The method is suitable for modeling of phase changing between 

two fluids. However, the scheme relies on only shock-capturing method for 

capturing phase interface and it has large numerical dissipation. So, the method 

produces diffusive phase interface and cannot maintain high-fidelity result 

during long time simulation. Moreover, this model uses only the volume or mass 

fraction to calculate curvatures of phase interface and they have a limitation in 

computing the curvatures for their discontinuous variation.   

 

1.2.2 Level-set Method 

 Level-set method is one of traditional way to simulate two-phase flows. It 

is devised by Osher and Sethian and uses a signed-distance function. The method 

has a sharped phase interface and is good at calculation of curvature owing to 
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their continuous character. Yet, it is not based on physical phenomena. Therefore, 

it cannot preserve conservation laws, such as a continuity equation and it can 

lead to mass loss or mass gain. Also, it couldn’t capture accurate phase interfaces 

within itself when the method is used to analyze compressible two-phase flows. 

 

1.3 Thesis Objectives 

Again, the aim of this research is suggestion of new numerical method 

which can capture accurate location of phase interface and calculate precise 

curvature of phase interface. To achieve these goals, the new method is devised 

by blending the strengths of each method. In other words, we can take a location 

of correct phase interface. Then, the information can be applied to amend the 

results of level-set method. From these process, we can keep the sharpened 

phase interface and calculate correct values of curvature. Specific explanations 

and algorithms will be accounted for in remaining chapters.  

 The present work is organized as follows. After introduction, a brief 

description of the governing equation in chapter 2. Next, previous research and 

the new blended method will be reported in chapter 3. Then, numerical results 

using the method will be followed as the validations of it. Finally, conclusions 

are drawn in chapter 5.  
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Chapter 2 

 

Governing Equations 

 

2.1 Homogeneous Mixture Model 

2.1.1 Two-phase Navier-Stokes Equations 

The homogeneous mixture model is used to simulate two-phase flows. The 

mixture of two different phases is assumed that all of phases are mixed 

homogeneously and it can be treated a single pseudo-fluid which has mixture 

pressure, velocity and temperature from adopted mixing rule. Using this pseudo-

fluid, two-phase Navier-Stokes equation can be described. However, the pseudo-

fluid is not on equilibrium state between liquid and gas phase. To determine two-

phase Navier-Stokes equation fully, a species-mass conservation equation should 

be involved. In this paper, gas phase mass-conservation law is additionally used. 

Therefore, the two-phase Navier-Stokes equation consist of mixture mass-, 

momentum-, energy-conservation laws and gas phase mass-conservation law as 

follows: 
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𝜕

𝜕𝑡
∫ 𝑾𝑑Ω
Ω

+ ∮ [(𝑭𝒄 − 𝑭𝒗) ⋅ 𝒏]𝑑𝑠
 

𝜕Ω

= ∫ 𝑫𝑑Ω
Ω

, (2.1) 

Where W means the conservative variable vector like below 

𝑾 = [𝜌𝑚 𝜌𝑚𝑢 𝜌𝑚𝑣 𝜌𝑚𝐸𝑡 𝜌𝑚𝑦𝑔]𝑇 . (2.2) 

Here, ρm, 𝐸𝑡 , 𝑦𝑔 and (𝑢, 𝑣) indicate the mixture density, mixture total energy, 

gas phase mass fraction and velocity vector, respectively. And 𝑭𝒄 and 𝑭𝒗 are the 

convective flux tensor and the viscous flux tensor. For two-dimensional case, 

𝑭𝒄 =

[
 
 
 
 

𝜌𝑚𝑢 𝜌𝑚𝑣

𝜌𝑚𝑢2 + 𝑝 𝜌𝑚𝑢𝑣

𝜌𝑚𝑣𝑢 𝜌𝑚𝑣2 + 𝑝
𝜌𝑚𝑢𝐻𝑇 𝜌𝑚𝑣𝐻𝑇

𝜌𝑚𝑢𝑦𝑣 𝜌𝑚𝑣𝑦𝑣 ]
 
 
 
 

,   𝑭𝒗 =

[
 
 
 
 

0 0
𝜏𝑥𝑥 𝜏𝑦𝑥

𝜏𝑥𝑦 𝜏𝑦𝑦

Ψ𝑥 Ψ𝑦

0 0 ]
 
 
 
 

, (2.3) 

with  

Ψ𝑥 = 𝑢𝜏𝑥𝑥 + 𝑣𝜏𝑥𝑦 + 𝜅
𝜕𝑇

𝜕𝑥
 ,

Ψ𝑦 = 𝑢𝜏𝑦𝑥 + 𝑣𝜏𝑦𝑦 + 𝜅
𝜕𝑇

𝜕𝑦
.
 

(2.4) 

(2.5) 

Here, 𝑝, 𝐻𝑇 , 𝜏, κ mean respectively pressure, mixture total enthalpy, viscous 

tensor and thermal conductivity coefficient based on the local mass fraction. 

Because our research conducted within Newtonian fluid, Stokes’ hypotheses is 

valid and viscous tensor can be formulated as follow, 

𝜏𝑖,𝑗 = 𝜇 (
𝜕𝑢𝑖

𝜕𝑥𝑗
+

𝜕𝑢𝑗

𝜕𝑥𝑖
−

2

3
𝛿𝑖,𝑗

𝜕𝑢𝑘

𝜕𝑥𝑘
), (2.6) 

Here, μ is the dynamic viscosity coefficient determined from the local mass 

fraction. 

 

2.1.2 Mixture Properties 

 Mixture properties in above equations are calculated according to mixing 
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rule [3]. In this paper, Amagat’s mixing rule is adopted to calculate mixture 

values. Because of the homogeneous hypothesis of the mixing rule, each phase 

shares same velocity and pressure within each local control volumes. So, relative 

motions between each phase are ignored. But, other properties of pseudo-fluid 

obey the mixing rules. Therefore, mixture density(𝜌𝑚), mixture enthalpy(ℎ𝑚) 

and mixture energy(𝑒𝑚) are calculated like below, 

𝜌𝑚 = 𝜌𝑙(𝑝, 𝑇)(1 − 𝛼𝑔) + 𝜌𝑔(𝑝, 𝑇)𝛼𝑔,
1

𝜌𝑚
=

1 − 𝑦𝑔

𝜌𝑙(𝑝, 𝑇)
+

𝑦𝑔

𝜌𝑔(𝑝, 𝑇)
, 

ℎ𝑚(𝑝, 𝑇, 𝑦𝑔) = ℎ𝑙(𝑝, 𝑇)(1 − 𝑦𝑔) + ℎ𝑔(𝑝, 𝑇)𝑦𝑔, 

𝑒𝑚(𝑝, 𝑇, 𝑦𝑔) = 𝑒𝑙(𝑝, 𝑇)(1 − 𝑦𝑔) + 𝑒𝑔(𝑝, 𝑇)𝑦𝑔 

(2.7) 

(2.8) 

(2.9) 

Here, the subscript l and g stand for a property of liquid phase and gas phase, 

respectively. And mixture total enthalpy and mixture total energy also can be 

defined easily from above properties like 

𝐻𝑇 = ℎ𝑚 +
1

2
(𝑢2 + 𝑣2), 

𝐸𝑇 = 𝐻𝑇 −
𝑝

𝜌𝑚
 

(2.10) 

(2.11) 

The properties of liquid phase and gas phase come from each equation of states 

(EOS). 

 

2.2 Equation of States (EOS) 

 Because this research deal with two-phase flow, properties calculated 

according to each phase EOS. In this paper, all of gas phase fluid are described 

using the ideal gas EOS and all of liquid phase fluid are assumed from the 

stiffened gas EOS [4, 5]. For gas phase, 
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𝑝 = 𝜌𝑔𝑅𝑔𝑇, ℎ𝑔 = 𝑐𝑝,𝑔𝑇 (2.12) 

𝑅𝑔 and 𝑐𝑝,𝑔 are a gas constant and a specific heat at constant pressure for gas 

phase, respectively. For liquid phase, 

𝑝 = 𝜌𝑙𝑅𝑙𝑇 − 𝑝∞, ℎ𝑙 = 𝑐𝑝,𝑙𝑇 − ℎ∞ (2.13) 

𝑅𝑙  and 𝑐𝑝,𝑙  are respectively a gas constant and a specific heat at constant 

pressure for liquid phase and 𝑝∞ is parameter from stiffened gas EOS. Even 

though all of fluid in this paper descried within above two EOSs, gas constants, 

heat conductivities and parameter form the stiffened gas EOS can be different at 

each problem. 

 

2.3 Source Terms 

 The left hand side of equation (2.1) is source term for two-phase Navier-

Stokes equations. In this research, source term consists of gravity and surface 

tension like below, 

𝑫 = 𝑫𝑔𝑟𝑎𝑖𝑣𝑖𝑡𝑦 + 𝑫𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑡𝑒𝑛𝑠𝑖𝑜𝑛 (2.14) 

The source term due to phase change is beyond the scope of this paper. 

 

2.3.1 Gravity 

 Gravity can make an acceleration. When gravity exists, momentum and 

energy equation need source terms due to the accelerations for conservation. In 

this thesis, gravity force is modeled as a volume force at each control volume as 

follow, 

𝑫𝑔𝑟𝑎𝑣𝑖𝑡𝑦 = [0 𝜌𝑚𝑎𝑥 𝜌𝑚𝑎𝑦 𝜌𝑚(𝑎𝑥𝑢 + 𝑎𝑦𝑣) 0]
𝑇
, (2.15) 
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with 

𝑎𝑥 = 𝑔 cos(𝜃) , 𝑎𝑦 = 𝑔 sin(𝜃) (2.16) 

𝛩 is angle between normal vector of control volume and the direction of gravity. 

In this paper, the value of gravity is real property, 

𝑔 = 9.80665 𝑚/𝑠2 (2.17) 

  

2.3.2 Surface Tension 

 In two-phase flows, surface tensions play an important role. The effect 

from the surface tension is also major interest in this paper. To simulate the 

surface tension, continuum surface force (CSF) model [6] is adopted. This model 

regards surface tension force as a volume force and it varies continuously. Using 

the idea from divergence theorem, sum of the volume force which acts on the 

volume of phase change region equal sum of the surface force which acts on the 

phase interface as follow, 

∰ 𝑓𝑣𝑜𝑙  𝑑Ω
Ω

= ∯ 𝑓𝑠𝑢𝑟𝑓𝑑𝑠
𝜕Ω

 (2.18) 

Here, Ω, ∂Ω, 𝑓𝑣𝑜𝑙  and  𝑓𝑠𝑢𝑟𝑓  indicate control volume, surface of control 

volume, volume force and surface force. 

From the CSF model, surface tension force can be descried as below, 

𝐹𝐶𝑆𝐹 = 𝜎𝜅Ω ⋅
𝑛𝑐⃗⃗⃗⃗ 

|𝑛𝑐⃗⃗⃗⃗ |
,   𝜅 = −𝛻 ⋅

𝑛𝑐⃗⃗⃗⃗ 

|𝑛𝑐⃗⃗⃗⃗ |
 (2.19) 

In the equation, σ, 𝜅  and 𝑛𝑐  stand for surface tension coefficient, mean 

interfacial curvature and interface normal vector from color function, which 

determine phase of fluid such as volume fraction or level-set function. Therefore, 

the source term due to surface tension can be calculated like below, 
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𝑫𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑡𝑒𝑛𝑠𝑖𝑜𝑛 = [0 𝜎𝜅𝛼𝑥 𝜎𝜅𝛼𝑦 0 0]𝑇 . (2.20) 

Also, the value of surface tension coefficient can be varied at each problem. 
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Chapter 3 

 

Level-set Method Approach 

 

3.1 Previous Research 

3.1.1 Traditional Level-set Method 

The level-set method is devised for incompressible multiphase fluid flow 

modeling at first. The method uses a signed-distance function (SDF), 𝜙, to track 

the interface and assign fluid properties as below,  

′𝜙 > 0′ : phase 1 fluid (gas phase for this paper)

′𝜙 = 0′ : phase interface

′𝜙 < 0′ : phase 2 fluid (liquid phase for this paper)

 (3.1) 

It has advantages in the way that complex material fronts can be handled in a 

natural and general way and sharpened interphase could be maintained during 

long time simulation. 

 Until a recent date, many research group has been expanding beyond 

incompressible flows to include compressible flows [7]. Some research groups 

[8] simulated compressible level-set methods using evolution equation which 
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conserves the signed-distance function (SDF) as a conservative form like below, 

𝜕𝜙

𝜕𝑡
+ 𝛻 ⋅ (�⃗⃗� 𝜙) = 𝜙𝛻 ⋅ �⃗⃗� , (3.2) 

this form is equivalent to original non-conservative evolution equations ‘𝐃𝜙/𝐃t’, 

referred to as a ‘𝜙-form’. However, other research groups [7] have been using 

different evolution equation which conserves the quantities of SDF times density 

as a conservative form like below, 

𝜕𝜌𝜙

𝜕𝑡
+ 𝛻 ⋅ (�⃗� 𝜌𝜙) = 0. (3.3) 

and it is referred as a ‘𝜌𝜙-form’. Each form’s pros and cons will be dealt with in 

successive session in detail. 

 The values from the evolution equation is used to determine the properties 

of pseudo-fluid. As a compressible model often uses an infinitesimal interface, 

traditional level-set method assigns the specific-heat ratio as 

𝛾(𝜙) = {
𝛾𝑔 , 𝜙 > 0

𝛾𝑙  , 𝜙 < 0
. (3.4) 

 During long time simulation, the signed-distance function loses its nature 

which represents signed-distance from the phase interface. Therefore, it is 

needed to recover its nature by re-initialization the signed-distance function. 

Even though various ways exist for re-initialization, traditional method is 

making the signed-distance function to satisfy ‘|𝛻𝜙| = 1’ using Hamilton-Jacobi 

equation like below, 

𝜕𝜙

𝜕𝜏
= 𝑠𝑖𝑔𝑛(𝜙)(1 − |𝛻𝜙|) = 0. (3.5) 

By re-initialization step, level-set method keeps its accuracy and non-diffusive 

interfaces. 
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3.1.2 Drawback of Traditional Level-set Method 

 As mentioned in introduction, traditional compressible level-set method 

some drawbacks. Firstly, both of the evolution equations for the signed-distance 

function have accuracy problems near the phase interface. When it comes to 𝜙-

form, it is robust and doesn’t produce oscillation near the phase interface. But its 

form is originated from incompressible form which is non-conservative 

evolution equation ‘𝐃𝜙/𝐃t’, 𝜙-form can’t catch precise location of phase 

interphase at high-Mach number flow as the Figure 3.1 which is the numerical 

result of air-to-water two-phase shock-tube using homogeneous mixture model 

and level-set method with 𝜙-form.  

 

 

Figure 3.1: Incorrect location of phase interface using 𝝓-form 

 

From the Figure 3.1, it is confirmed that 𝜙-form has a difficulty in location of 

phase interphase at high-Mach number flow. On the other hand, 𝜌𝜙-form 

doesn’t show this phenomena at high-Mach number flow because it can include 

the effect of compressibility owing to 𝜌. However, it produces some oscillations 
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if there is jumps in density across the interface [9] as the Figure 3.2 which is the 

numerical result of water-to-air two-phase shock-tube using homogeneous 

mixture model and level-set method with 𝜌𝜙-form. 

 

 

Figure 3.2: Oscillations of phase interface using 𝝆𝝓-form 

 

From the Figure 3.2, it is identified that 𝜌𝜙-form has a difficulty in oscillations 

of phase interphase due to large jumps in density. 

 

3.2 Approach 

As mentioned previous session, traditional compressible level-set method 

captures phase interface using only the information of 𝜙. However, both of 

evolution equations, 𝜙-form and 𝜌𝜙-form, have problems around the phase 

interphase. Even though re-initialization step would be conducted successfully, 

the input information, 𝜙, has some errors fundamentally. So, it can’t produce 

correct output information. And all of these processes pile errors up as 

simulations progress. 
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 The main purpose of this paper is capturing accurate phase interface as 

mentioned in introduction. To achieve this goal, our research group combines 

homogeneous mixture model and level-set method. Although homogeneous 

mixture model has diffusive phase interface, it contains precise phase interface. 

Therefore, if level-set method could use the correct information of phase 

interface to adjust the errors owing to evolution equation of 𝜙, this method 

achieves accurate phase interface with non-diffusive phase interface. Also, 

another purpose of this paper, calculating precise curvature of phase interface, 

can be attained by continuous color function of the signed-distance function.  

 This process is very similar in the way combining level-set method with 

volume-of-fluid (VOF), referred as the coupled level-set and volume-of-fluid 

(CLSVOF) method [10]. In this reason, the method which is developed by 

combining level-set method and homogeneous method is named the coupled 

level-set and homogeneous mixture model (CLSHM) method. 

 

3.2.1 Re-initialization of 𝝓 with Homogeneous Mixture Model 

 Our research team adopt an evolution equation of 𝜙  as 𝜙 -form for 

CLSHM. That’s because, it guarantees robustness and non-oscillation around 

phase interphase like, 

𝜕𝜙

𝜕𝑡
+ 𝛻 ⋅ (�⃗⃗� 𝜙) = 𝜙𝛻 ⋅ �⃗⃗� . (3.6) 

As mentioned before, However, it has a difficulty in capturing phase interface. 

To adjust the errors, re-initialization step should be conducted every step after 
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solving the equation (3.6), before reconstruction of volume fraction, which is 

differ from traditional level-set method that it is carried out after reconstruction 

of volume fraction every 20 – 100 physical time steps [11]. Also, when the re-

initialization step is run, the misplaced phase interphase from 𝜙 could be fixed 

using accurate phase information of gas phase volume fraction, α , from 

homogeneous mixture model. In other words, CLSVOF solves Hamilton-Jacobi 

equation not for ‘𝜙 = 0’, but for ‘𝛼𝑔 = 0.5’ as below, 

𝜕𝜙

𝜕𝜏
= 𝑠𝑖𝑔𝑛(𝛼𝑔 − 0.5)(1 − |𝛻𝜙|) = 0. (3.7) 

That’s because, the information of gas phase volume fraction comes from the 

result of homogeneous mixture model. So, it guarantees the accuracy of phase 

interface and many other previous research also regarded phase interface as 

‘𝛼𝑔 = 0.5’ in homogeneous mixture method like the paper of [9]. 

   

3.2.2 Reconstruction of Volume Fraction of Gas Phase (𝜶𝒈) 

 As mentioned before, to keep the sharpened phase interface, it is need to 

reconstruct volume fraction of gas phase (α) and this process is carried out 

according to the information of 𝜙 . In this point, there are two different 

reconstruction of α. The first one is infinitesimal phase interface reconstruction 

like traditional compressible level-set method as 

𝛼(𝜙) = {
1 , 𝜙 > 0
0 , 𝜙 < 0

. (3.8) 

This non-smoothing method may be suitable for some compressible problems 

such as air-to-water shock-tube or water-to-air shock-tube. But, it might not be 
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proper for the flow whose dominant force is surface tension because continuum 

surface force (CSF) model introduces huge errors with infinitesimal phase 

interface. Therefore, it is needed for using smoothing function to compressible 

flow when the CSF model is involved.  

 There are a lot of smoothing function in numerical method. In the paper, 

Bezier curve [12] is adopted for smoothing 𝛼. The reasons are that this function 

ensures monotonicity and differentiability which is very important for 

calculating curvature of phase interface. Also, Bezier curve is fitting for level-set 

method because it uses distant from the reference point which is equivalent with 

𝜙. Then, reconstruction of α can be defined as 

𝛼𝑔(𝜙) = {

0 𝑓𝑜𝑟  𝜙 < −𝜖

𝑓𝑠𝑚𝑜𝑜𝑡ℎ𝑖𝑛𝑔 = 𝑓𝐵𝑍(𝜙) 𝑓𝑜𝑟  |𝜙| ≤ 𝜖

1 𝑓𝑜𝑟  𝜙 > 𝜖

, (3.9) 

here, 𝜖 means half-length of phase interface region. If there are any smoothing 

function satisfying these condition, it would be also appropriate for 

reconstruction of 𝛼. Then, CLSHM can reconstruct volume fraction of gas 

phase (α) as Figure 3.3. 

 

Figure 3.3: Reconstruction of volume fraction 
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After the reconstruction step, it is need to compute new mixture properties 

within phase interface region, ‘|𝜙| ≤ 𝜖’. Because the CLSHM is under the 

governing equations of homogeneous mixture model, the new mixture properties 

should be calculated according to Amagat’s law as below, 

𝜌𝑚
𝑛𝑒𝑤 =

1

𝑦𝑔
′ (𝛼𝑔(𝜙))

𝜌𝑔(𝑝, 𝑇)
−

1 − 𝑦𝑔
′ (𝛼𝑔(𝜙))

𝜌𝑙(𝑝, 𝑇)

 
(3.10) 

𝐻𝑚
𝑛𝑒𝑤 = ℎ𝑙(𝑝, 𝑇) [1 − 𝑦𝑔

′ (𝛼𝑔(𝜙))] + ℎ𝑔(𝑝, 𝑇) ⋅ 𝑦𝑔
′ (𝛼𝑔(𝜙)) +

1

2
(𝑢2 + 𝑣2). (3.11) 

In this step, the only adjusted primitive variable is mass fraction of gas phase (𝑦𝑔) 

due to volume fraction of gas phase (𝛼𝑔). The other primitive variables are not 

need to be adjusted because all phase of fluids basically share 𝑝, 𝑢, 𝑣 and 𝑇 in 

homogeneous mixture hypothesis. From these process, CLSHM could compute 

new mixture properties reasonably.  

 

3.3 CLSHM Algorithm 

The coupled level-set and homogeneous mixture model (CLSHM) method 

can be divided into three step. The first step is integration of flow equation and 

evolution equation of level-set method. Next step is adjustment of the signed-

distant function (SDF), 𝜙, using the information of gas phase volume fraction, 

𝛼𝑔, from homogeneous mixture method with Hamilton-Jacobi equation. The last 

step is reconstruction of gas phase volume fraction, 𝛼𝑔 , from re-initialized 

signed-distant function (SDF), 𝜙. So, the CLSHM could fully couple the level-

set method and homogeneous mixture model. Detailed explanations of each step 
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are as follows:  

Step 1: Integrate the homogeneous mixture flow equations (3.12) 

and 𝜙 − form evolution equation of level-set method (3.13). 

𝜕

𝜕𝑡
∫ 𝑾𝑑Ω
Ω

+ ∮ [(𝑭𝒄 − 𝑭𝒗) ⋅ 𝒏]𝑑𝑠
 

𝜕Ω

= ∫ 𝑫𝑑Ω
Ω

, 

𝜕𝜙

𝜕𝑡
+ 𝛻 ⋅ (�⃗⃗� 𝜙) = 𝜙𝛻 ⋅ �⃗⃗� . 

(3.12) 

 

(3.13) 

Among the output variables of above equations, the only 

interested variables are 𝛼𝑔(𝑦𝑔) and 𝜙. That’s because, only these 

variables modified during next steps. So, these variables are 

intermediate variables and they are referred as 𝛼𝑔
𝑛+1/2

(𝑦𝑔
𝑛+1/2

) 

and 𝜙𝑛+1/2. 

Step 2: Re-initialization 𝜙  using modified Hamilton-Jacobi 

equation with 𝛼𝑔 from homogeneous mixture model. 

𝜕𝜙𝑛+1

𝜕𝜏
= 𝑠𝑖𝑔𝑛 (𝛼𝑔

𝑛+1/2
− 0.5) (1 − |𝛻𝜙𝑛+1|) = 0. (3.14) 

With these equations of (3.13) and (3.14), the CLSHM can update 

the signed-distant function holding accurate phase interface 

removing oscillation around the phase interface. 

Step 3: Reconstruction 𝛼 according to the re-initialized 𝜙. 
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If CSLHM adopted infinitesimal phase interface, then 

reconstruction 𝛼𝑛+1 like below, 

𝛼𝑔
𝑛+1(𝜙𝑛+1) = {

1 , 𝜙𝑛+1 > 0

0 , 𝜙𝑛+1 < 0
. (3.15) 

Otherwise, that is adopting continuous phase interface, 

reconstruction 𝛼𝑛+1  using smoothing function (In this paper, 

Bezier curve is used.) as, 

𝛼𝑔
𝑛+1(𝜙𝑛+1) = {

0 𝑓𝑜𝑟  𝜙𝑛+1 < −𝜖

𝑓𝑠𝑚𝑜𝑜𝑡ℎ𝑖𝑛𝑔 = 𝑓𝐵𝑍(𝜙
𝑛+1) 𝑓𝑜𝑟  |𝜙𝑛+1| ≤ 𝜖

1 𝑓𝑜𝑟  𝜙𝑛+1 > 𝜖

. (3.16) 

 

 These three should be carried out in the order named every at physical time 

step. CLSHM uses level-set method significantly from time integration to re-

initialization as well as homogeneous mixture model, which is major different 

point of previous research [9]. It solves only homogeneous mixture equations 

and adjusts its outputs by borrowing re-initailization from level-set method. 

 Although reconstruction step uses the outputs from re-initialization step, 

these outputs do not consider or adjust distributions of 𝛼𝑔. Therefore, after the 

re-initialization step and reconstruction step, mass loss or gain can occur and it 

could worsen the solution. In fact, the level-set method which satisfy whole of 

conservation without any loss doesn’t developed yet and remains unexplored. 
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Chapter 4 

 

Numerical Results 

 

In this chapter, CFD simulations are performed to evaluate improvement of 

newly suggested method, coupled level-set and homogeneous mixture model 

(CLSHM) method. Problems verified in this chapter are focus on the refinement 

about accurate location of phase interface and correct calculation of surface 

tension owing to precise curvatures of phase interface. Then, complex problems 

are validated considering viscosity, surface tension and gravity. 

   

● Spatial discretization 

- Numerical flux function: AUSMPW+_N [13] 

- Higher-order extension: 5th order interpolation with MLP (MLP5) 

[14] 

● Time integration 

- Explicit time-stepping scheme: 3rd order TVD Runge-Kutta [15] 
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 To simulate accurately in this paper, the methods listed above are adopted 

to guarantee order of accuracy to both of time and space domain. Especially, the 

flux scheme of spatial discretization is selected cautiously, so that it can solve a 

wide range of problems from incompressible low Mach number flows to 

compressible high Mach number flows. 

 

4.1 Two-phase Shock-tube  

These two problems have been simulated for various AUSM-family 

schemes [16].  These problems were already introduced in chapter 3.1. We 

checked that traditional compressible level-set methods can’t solve these 

problems properly. In this session, these two kind of problems will be simulated 

using CLSHM and verified improved results. To test these problems, a 1-D 

domain of [0𝑚, 10𝑚] is separated by left and right states at 𝑥 = 5𝑚 and it 

consists of 500 grid cells with ∆𝑥 = 0.02𝑚. Both sides of the domain are set up 

for extrapolation boundary condition. The problem is computed up to 2.0 ×

10−3𝑠 with fixed time step of ∆t = 8.0 × 10−9𝑠. 

 

4.1.1 Air-to-water Shock-tube 

 Air-to-water shock-tube problem is that moving shock with high speed 

proceeds to gas phase region from liquid phase region. Initial problem is 

allocated as,  

(𝑝, 𝛼𝑔, 𝑢, 𝑇)
𝐿
 = (109𝑃𝑎, 1,0𝑚/𝑠, 308.15𝐾) for 𝑥 ≤ 5𝑚, air  

(𝑝, 𝛼𝑔, 𝑢, 𝑇)
𝑅
 = (105𝑃𝑎, 0,0𝑚/𝑠, 308.15𝐾) for 𝑥 > 5𝑚, water

. 
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As showed in Figure 4.1, the results are plotted with original level-set method’s 

results of 𝜙-form and 𝜌𝜙-form. And, original homogeneous mixture model’s 

results also are enclosed for comparison. The reference data with black line are 

taken from the original homogeneous mixture model’s results using fine grid 

(5000 grid cells with ∆𝑥 = 0.002𝑚). 

 

 

Figure 4.1: Solutions of air-to-water shock-tube problem at t = 2ms  

(distributions of pressure, velocity, volume fraction of gas phase and temperature, clockwise) 

 

As expected, four kinds of results using CLSHM coincide with reference data of 

homogenous mixture model’s result with fine grid. Also, it is seen that 
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CLSHM’s results capture phase interface very sharply with only one 

intermediate cell. Especially, to verify the location of phase interphase, enlarged 

figures of volume fraction distribution is plotted in Figure 4.2 at upper and lower 

portions of phase interface with modification of each symbols for clearance. 

 

 

Figure 4.2: Enlarged solutions of air-to-water shock-tube problem for volume fraction of gas 

(left one is the upper portion and right one is the lower portion) 

 

As showed, CLSHM capture phase interface accurately, which is same to the 

results of 𝜌𝜙-form. Therefore, we can consider that CLSHM can simulate 

compressible problems with correct phase interface nonetheless it is based on the 

evolution equation with 𝜙-form. 

 

4.1.2 Water-to-air Shock-tube 

 Water-to-air shock-tube problem is that moving shock with low speed 

proceeds from liquid phase region to gas phase region. Initial problem is 

allocated as,  
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(𝑝, 𝛼𝑔, 𝑢, 𝑇)
𝐿
 = (107𝑃𝑎, 0,0𝑚/𝑠, 308.15𝐾) for 𝑥 ≤ 5𝑚, water  

(𝑝, 𝛼𝑔, 𝑢, 𝑇)
𝑅
 = (5 × 106𝑃𝑎, 1,0𝑚/𝑠, 308.15𝐾) for 𝑥 > 5𝑚, air

. 

 

Also, the results are plotted with original level-set method’s results of 𝜙-form 

and 𝜌𝜙-form, original homogeneous mixture model’s results for comparison 

and the original homogeneous mixture model’s results using fine grid (5000 grid 

cells with ∆𝑥 = 0.002𝑚) for reference data. 

 

 

Figure 4.3: Solutions of water-to-air shock-tube problem at t = 2ms  

(distributions of pressure, velocity, volume fraction of gas phase and temperature, clockwise) 

 

Similarly, four kinds of results using CLSHM also match well with reference 
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data of homogenous mixture model’s result with fine grid. It can be seen that 

CLSHM’s results show non-diffusive phase interface with only one intermediate 

cell too. Likewise, to verify removing oscillations near to the phase interface 

with large jumps in density, enlarged figures of velocity distribution is plotted in 

Figure 4.4 with modification of each symbols for clearance. 

 

 

Figure 4.4: Enlarged solutions of water-to-air shock-tube problem 

(left one is the velocity distribution and right one is the temperature distribution) 

  

Because CLSHM is based on 𝜙-form, the oscillations near to the phase interface 

do not appear in CLSHM’s results and they are same with the results of 𝜙-form. 

 From these two problems, we can verify CLSHM’s capability of capturing 

accurate phase interface. It can produce accurate results which are located in 

correct position of the phase interface and do not present oscillation near to the 

phase interface including large jumps in density. 
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4.2 Equilibrium Rod 

As a typical benchmark test for surface tension effect, a circular liquid drop 

is placed only with surface tension, that is absence of viscous, gravitational, or 

other external forces excepting the surface tension. This problem was introduced 

in a thesis which present continuum surface force (CSF) model firstly. The 

simulation conditions are as the same as in a succeeding paper [17] of the thesis. 

200 × 200 isotropic cells are used for a domain of 1 × 1𝑚2, namely regular 

orthogonal grid with ∆𝑥 = ∆𝑦 = 0.005𝑚. All of four edges in the grid are set 

up for inviscid wall boundary condition. The initial conditions are as follows,  

 

(𝑝, 𝛼𝑔, 𝑢, 𝑇)
𝑖𝑛

 = (1𝑏𝑎𝑟, 0,0𝑚/𝑠, 300𝐾) for 𝑟 ≤ 0.25𝑚, water  

(𝑝, 𝛼𝑔, 𝑢, 𝑇)
𝑜𝑢𝑡

 = (1𝑏𝑎𝑟, 1,0𝑚/𝑠, 300𝐾) for 𝑟 > 0.25𝑚, air
, 

with 𝑟 = √𝑥2 + 𝑦2. 

 

Again, smoothing function must be employed to compute correct curvatures of 

phase interface and Bezier curve is adopted for the smoothing function in this 

paper. The smoothing function is applied for seven cells to cover back and forth 

of phase interface with three cells. The ratio of radius to mesh spacing, 𝑅/ℎ, is 

therefore 50. Even though the problem is steady problem, global time step is 

applied using minimum time step with the CFL number of 0.9 (∆t ≈ 1.5 ×

10−5𝑠) to make more accurate results. The parameter of stiffened gas EOS, 𝑝∞, 

is 8.5 × 108𝑃𝑎 and the surface tension coefficient, 𝜎, is 0.0717𝑃𝑎/𝑚, which 

are close to the actual values of water at 300𝐾. Because the curvature of phase 
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interface is obvious for four, the pressure jump owning to the surface tension can 

be expected analytically as, 

𝑝𝑑𝑟𝑜𝑝 = 𝜎𝜅 = 𝜎/𝑅 =
0.0717 Pa/m

0.25 𝑚
= 0.287 𝑃𝑎. (4.1) 

The focus of this test is verifying the capability of accurate calculation for 

curvatures. So, the contour of curvature using HM compare with one using 

CLSHM in Figure 4.5. 

 

 

Figure 4.5: Contours about curvatures of phase interface 

(left one is HM and right one is CLSHM) 

 

As expected, the result using CLSHM presents uniformly close to the value of 

analytic solution, -4, while HM’s result shows values extremely far from the 

analytic solution. The directions and quantities of surface tension vector are not 

reasonable in HM, but reasonable in CLSHM understandably in Figure 4.6. 

That’s because, surface tension vectors are computed from the values of 

curvatures directly.  
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Figure 4.6: Enlarged contour of curvatures and surface tension vectors 

(left one is HM and right one is CLSHM) 

 

 

Figure 4.7: 3-D contours about pressure increase in the drop 

(left one is HM and right one is CLSHM) 

 

The final converged results of both methods are displaced as Figure 4.7. Both of 

results are at the iteration of thirty thousand. The pressure increase in the result 

of HM is ∆𝑝 = 0.254 𝑃𝑎 and it is about −11.34% error in comparison to 

analytic solution. The pressure increase in one of CLSHM is ∆𝑝 = 0.283 𝑃𝑎 

and it is about −1.28% error comparing with reference value. The results from 

CLSHM is visibly better than the one from HM and it also make better 
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performances in terms of convergence as shown like Figure 4.8. 

 

 

Figure 4.8: Histories about the solutions of both HM and CLSHM  

(left one is pressure increases and right one is errors using 𝐋𝟐-norm) 

 

As the Figure 4.8, the convergence of solution using CLSHM is faster than the 

one suing HM. The errors are calculated using 𝐋𝟐-norm as, 

𝐿2 = [
Σ𝑖,𝑗=1

𝑁𝑑 (𝑝𝑖,𝑗 − 𝑝𝑑𝑟𝑜𝑝)
2

 

𝑁𝑑𝑝𝑑𝑟𝑜𝑝
2 ]

1/2

,   𝑁𝑑  : 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑒𝑙𝑙𝑠(𝛼𝑣 ≤ 0.01)  (4.2) 

 Even though HM also maintains precise phase interface in this test, it 

produces incorrect curvatures. The reason is that HM computes curvatures only 

using the volume fraction of gas phase, 𝛼. And, it has a difficulty in the phase 

interface regions of starting and ending (the region of 𝛼~0 and 𝛼~1). That’s 

because, 𝛼 is bounded from zero to one and small change around the regions 

may bring large variation to their derivative function, which is used to get 

curvatures. In other words, some tiny errors occur at the phase interface regions 

of starting and ending due to round-of-error or imprecise metric tensors, and so 
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on. These errors make huge miscalculations in derivative function and it lead to 

weird values of curvatures. Actually, most errors of HM take place in the 

location that directions of 𝛻𝛼 do not aligned with the used grid as seen in 

Figure 4.5. 

 On the other hand, CLSHM is based on level-set method and using the 

signed-distance function, 𝜙. It can vary steadily at the phase interface regions of 

starting and ending, which is similar as the phase interface regions of middle 

level. That’s because there is no limitation for the magnitude of 𝜙. Therefore, 

CLSHM can compute accurate curvatures from 𝜙. Calculations of CSF model, 

of course, should be conducted by 𝛼 in the equation(2.20). Only the curvatures 

are derived from 𝜙 and genuine surface tension vectors have to be gained from 

𝛼. 

 This equilibrium problem is the only test that we can compare computation 

time of HM and CLSHM reasonably in the thesis. That’s because the results of 

both methods are not that different and it takes adequate time to solve each 

problem (the tests of 4.1 can be solved within relatively short time and HM 

cannot solve properly the tests of 4.3 and 4.4). the computation times during 

seventy thousands of iterations are sorted in the Table 4.1. 

 

Iteration HM (min) CLSHM (min) Ratio 

70,000 502 601 1,197 

Table 4.1: The comparison of computation time in both methods 
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As expected, the computational cost of CLSHM is somewhat higher than one of 

HM, which is about 1.2 times more. While HM solves five equations, CLSHM 

solves one more equation of level-set. But, it is rather lower than an anticipated 

result because CLSHM has additional step of reconstruction and re-initialization. 

In the other point of view, although CLSHM takes much time then HM, it 

produces better outputs and it may present a final result sooner than HM because 

its result converges better. 

 

4.3 Oscillations of an Elliptical Drop 

This test is very famous validation problem [18] about unsteady flow under 

only surface tension effects without viscous and gravitational force. Unlike 

preceding problem of equilibrium rod, initial shape of drop is deformed. Because 

liquid is shifted forward circle, the problem is useful test to check the ability of 

the method to manage the dynamics of these instabilities. Moreover, there is an 

analytic solution [] about the resonance frequency for motions of elliptical drop 

due to surface tension. So, it is easy to identify the accuracy of each result. The 

initial deformed is allocated as an ellipse like below, 

𝑥2

0.22
+

𝑦2

0.122
= 1 (4.3) 

Similar to the equilibrium rod test, liquid phase is filled in the inner area of the 

oval while gas phase is stuffed in the residual outer area like below, 

 

(𝑝, 𝛼𝑔, 𝑢, 𝑇)
𝑖𝑛

 = (106780.57𝑃𝑎, 0,0𝑚/𝑠, 372.01𝐾) for 𝑟 ≤ 0, water  

(𝑝, 𝛼𝑔 , 𝑢, 𝑇)
𝑜𝑢𝑡

 = (106780.57𝑃𝑎, 1,0𝑚/𝑠, 372.01𝐾) for 𝑟 > 0, air
, 
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with 𝑟 = √(𝑥/0.2)2 + (𝑦/0.12)2. 

 

100 × 100  tetragonal grid are used for a domain of [−0.25𝑚, 0.25𝑚] ×

[−0.25𝑚, 0.25𝑚], namely regular orthogonal mesh with ∆𝑥 = ∆𝑦 = 0.005𝑚. 

The resolution of this grid is not that fine for the reason that the instabilities 

could be exposed clearly within coarse grid. All of four boundaries in the grid 

are allotted for inviscid wall boundary condition. Because the test is involving 

surface tension effect, Bezier curve is also applied for smoothing function. As it 

is an unsteady problem, global time step is applied using minimum time step 

with the CFL number of 0.9 (∆t ≈ 1.34 × 10−6𝑠). The parameter of stiffened 

gas EOS, 𝑝∞ , is 108𝑃𝑎  and the surface tension coefficient, 𝜎 , is 

341.6425733𝑃𝑎/𝑚, which is exaggerated conditions to reveal the effect of 

surface tension obviously.  

 

 

Figure 4.9: The aspects of oscillations about elliptic drop 

 

 The initial state is displaced in Figure 4.9 (a). The deformed interface is 

initially at rest, so that kinetic energy is zero at first. However, there is surface 

(a) Fist mode (initiation) (b) Equilibrium mode (c) Second mode 
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tension on the phase interface and it makes the interface move. Then, the drop is 

getting to a circular shape for equilibrium as Figure 4.9 (b). Yet at that moment 

of fully circular profile, most of the potential energy owing to surface tension is 

converted into kinetic energy. Because of the velocity, the drop cannot hold the 

shape with equilibrium state, but goes on deforming onto another shape of 

ellipse like Figure 4.9 (c) which is vertically lengthened form against the initial 

horizontally lengthened shape. This ellipse is also a shape for which all the 

kinetic energy has been converted into potential energy. Then, the surface 

tension acts on the drop to return it to the equilibrium state. These exchanges 

between potential and kinetic energy last until it is converged and it is the 

oscillations of the elliptic drop.  

 

 

Figure 4.10: The history of kinetic energy during oscillations (left) and its FFT graph (right)  

  

Figure 4.10 presents the evolution of global average kinetic energy during 

oscillations and the FFT results of it. As displaced in left graph of Figure 4.10, 

the first periods of each oscillation history are almost same each other. As time 
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goes, however, they evaluate differently and the kinetic energy of HM decays 

faster than one of CLSHM. The analytic period of this problem can be calculated 

according to the modified Rayleigh formula [19] like below as mentioned before. 

𝜔2 = (𝑜3 − 𝑜)
𝜎

(𝜌𝑙 + 𝜌𝑔)𝑅3
,   𝑇 =

2𝜋

𝜔
 

         ( 𝑜 = 2,  𝑚𝑜𝑑𝑒 𝑜𝑓 𝑜𝑠𝑐𝑖𝑙𝑙𝑎𝑡𝑖𝑜𝑛 ) 

(4.4) 

In this problem, the average evaluated radius for the equivalent circular drop is 

0.1709𝑚 (which is measured at 𝛼𝑣 = 0.99) and there are two kinds of mode in 

this oscillation as verified in Figure 4.9. Therefore, the analytic period of this 

oscillation is 0.098471𝑠  from the equation. We can verify the evaluated 

periods of each method from the FFT analysis in the right graph of Figure 4.10. 

According to the graphs, the periods of result from HM and CLSHM are plotted 

in Table 4.2. 

 

 Period (𝑠) Error (%) 

HM 0.091002(= 𝑇1) 7. 59 

CLSHM 0.095303(= 𝑇2) 3.22 

Table 4.2: The period of oscillations from each method and errors 

 

As plotted in the Table 4.2, CLSHM produces lower error than one of HM. 

These discrepancy are not only from precise calculations of surface tension, but 

also from sharpened phase interface owing to the reconstruction of 𝛼. For 

convenience, the period from HM is called 𝑇1 while the one from CLSHM is 

called 𝑇2. Figure 4.11 and Figure 4.12 are contour evolutions of volume and 
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mass fractions of gas phase using HM while Figure 4.13 and Figure 4.14 are 

contour evolutions of volume and mass fractions of gas phase using CLSHM. As 

time goes on, volume fractions of gas phase are spread out and phase interface 

are getting ambiguous. Even at the time of 16 × T1, the drop lose their original 

system entirely and move to weird direction. These phenomena can be easily 

understood from Figure 4.12. When the simulation lasts longer, mass fractions 

within the phase interface diffuse due to the inherent limitation of HM. HM uses 

shock-capturing method to capture the phase interface and it has large numerical 

dissipation. However, there are no ways to adjust these scattered volume (mass) 

fractions within HM itself. Therefore, the errors will be piled up during 

oscillations in this problem and stacked mass fraction acts as if there are some 

mass around the drop. Namely, heaped mass fractions due to numerical 

dissipation hinder the motions of the drop and finally destroy entire system. On 

the other hand, CLSHM adjusts the scattered volume (mass) fractions using 

reconstruction from level-set method. Therefore, it can maintain the sharpened 

phase interface and produce the results with low errors. Yet, there is also 

weakness point in CLSHM. As mentioned chapter 3, this method can’t preserve 

the initial mass of elliptic drop intact. So, there are some possibilities that the 

mass of elliptic drop would increase or decrease and it lead to the variation of 

the average evaluated radius for the equivalent circular drop. That’s the reason 

the last contours of volume (mass) fractions in Figure 4.12 are opposite to the 

other contours. In other words, errors due to the mass alteration change the 

resonance frequency slightly and the amassed errors make the phase, topology, 
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of the drop reverse. These phenomena are the limitation of current CLSHM. 

However, CLSHM can last the simulation of this problem with some errors, 

which HM can’t and we give meanings on this point. 

  

 

  

 

Figure 4.11: Contours of volume fraction of gas phase during oscillations (HM) 

 

 

(a) 𝐓𝐢𝐦𝐞 =  𝟐 × 𝐓𝟏 (b) 𝐓𝐢𝐦𝐞 =  𝟒 × 𝐓𝟏 

(c) 𝐓𝐢𝐦𝐞 =  𝟖 × 𝐓𝟏 (d) 𝐓𝐢𝐦𝐞 =  𝟏𝟔 × 𝐓𝟏 
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(a) 𝐓𝐢𝐦𝐞 =  𝟐 × 𝐓𝟏 (b) 𝐓𝐢𝐦𝐞 =  𝟒 × 𝐓𝟏 

(c) 𝐓𝐢𝐦𝐞 =  𝟖 × 𝐓𝟏 (d) 𝐓𝐢𝐦𝐞 =  𝟏𝟔 × 𝐓𝟏 

Figure 4.12: Contours of mass fraction of gas phase during oscillations (HM) 
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(a) 𝐓𝐢𝐦𝐞 =  𝟐 × 𝐓𝟐 (b) 𝐓𝐢𝐦𝐞 =  𝟒 × 𝐓𝟐 

(c) 𝐓𝐢𝐦𝐞 =  𝟖 × 𝐓𝟐 (d) 𝐓𝐢𝐦𝐞 =  𝟏𝟔 × 𝐓𝟐 

Figure 4.13: Contours of volume fraction of gas phase during oscillations (CLSHM) 
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(a) 𝐓𝐢𝐦𝐞 =  𝟐 × 𝐓𝟐 (b) 𝐓𝐢𝐦𝐞 =  𝟒 × 𝐓𝟐 

(c) 𝐓𝐢𝐦𝐞 =  𝟖 × 𝐓𝟐 (d) 𝐓𝐢𝐦𝐞 =  𝟏𝟔 × 𝐓𝟐 

Figure 4.14: Contours of mass fraction of gas phase during oscillations (CLSHM) 
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4.4 Rise of a Gas Bubble in a Liquid Bulk 

Unlike the problems of other sessions which focus on the improvement of 

CLSHM comparing HM, the purpose of this session is validation about 

relatively complex flows with viscosity, gravity and surface tension. Therefore, 

all of problems in this session are calculated only using CLSHM and the results 

are compared with the chart from experiments. Because three kinds of effects 

coexist, it is needed to study about three dimensionless numbers which indicate 

the relationships between these effects in two-phase flow : 

Reynolds number (Re), Eötvös number (𝐸�̈�) and Morton number (M) as 

below, 

𝑅𝑒 =
𝜌𝑙|𝑉𝑙 − 𝑉𝑔|𝐷

𝜇𝑙
,   𝐸𝑜 ̈ =

𝑔(𝜌𝑙 − 𝜌𝑔)𝐷2

𝜎
,   𝑀 =

𝑔𝜇𝑙
4(𝜌𝑙 − 𝜌𝑔)

𝜌𝑙
2𝜎3

. (4.5) 

Here, D represents a characteristic length scale (typically the drop diameter). 

 Four kinds of different fluid conditions are applied to same initial condition. 

In fact, the four fluid conditions are same except surface tension coefficient, 𝜎. 

The specific details of initial conditions are as follows, 

 

(𝑝, 𝛼𝑔, 𝑢, 𝑇)
𝑖𝑛

 = (85342.44𝑃𝑎, 1,0𝑚/𝑠, 297.32𝐾) for 𝑟 ≤ 0.1, air 

(𝑝, 𝛼𝑔, 𝑢, 𝑇)
𝑜𝑢𝑡

 = (85342.44𝑃𝑎, 0,0𝑚/𝑠, 297.32𝐾) for 𝑟 > 0.1,   water
, 

with 𝑟 = √(𝑥 − 0.5)2 + (𝑦 − 0.12)2. 

 

 The parameter of stiffened gas EOS, 𝑝∞, is 8 × 108𝑃𝑎 and its dynamic 

viscosity is 𝜇𝑙 = 1𝑘𝑔 ⋅ 𝑚−1 ⋅ 𝑠−1. The surface tension coefficient, 𝜎, varies as 

stated above. To verify the effects of surface tension, the coefficient is tuned 
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from very small value to extremely large value, as an exponential distribution 

like below, 

case (a) ∶ 𝜎 = 0.5 𝑃𝑎/𝑚

case (b) ∶ 𝜎 = 5.0 𝑃𝑎/𝑚

case (c) ∶ 𝜎 = 50 𝑃𝑎/𝑚

case (d) ∶ 𝜎 = 500 𝑃𝑎/𝑚

. 

Case (a) is that surface tension couldn’t affect flow dominantly. In contrast to 

this case, case (d) is the surface tension dominant flow. And the others are 

intermediate states of them.  

 90 × 90 tetragonal grid are used for a domain of 1 × 1 𝑚2 , namely 

regular orthogonal mesh with ∆𝑥 = ∆𝑦 = 0.01111𝑚. All of four boundaries in 

the grid are also set for viscous wall boundary condition, which is non-slip 

condition of wall. Again, Bezier curve is employed and Minimum time step is 

applied with the CFL number of 0.15 (∆t ≈ 5.56 × 10−7𝑠).  

 These environments are almost same to the problems of Guillaume’s 

research. However, there are a little dissimilar points due to the different 

characteristics of each solver. 

 Because of surface tension, bubbles tend to maintain their initial shapes of 

circle, which are their least energy profile. And, bubbles rise to the upper side of 

the domain due to the buoyancy forces driven from gravitational force. At the 

same time, viscous stresses are apt to mitigate velocity difference between liquid 

and gas, while capillarity guarantees the bubble cohesion. 

 According to the properties of fluid and flow, Reynolds number, 𝑅𝑒 , is 

about 300 for all of four problems while the Eötvös number, 𝐸�̈�, and Morton 
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number , 𝑀, are different due to each value of the surface tension coefficient. 

The figures of 𝑅𝑒, 𝐸�̈� and 𝑀 are listed as below, 

case (a) ∶ 𝑅𝑒 = 300, 𝐸�̈� = 783.7475, log10 𝑀 = -1.10582

case (b) ∶ 𝑅𝑒 = 300, 𝐸�̈� = 78.37475, log10 𝑀 = -4.10582

case (c) ∶ 𝑅𝑒 = 300, 𝐸�̈� = 7.837475, log10 𝑀 = -7.10582

case (d) ∶ 𝑅𝑒 = 300, 𝐸�̈� = 0.783.7475, log10 𝑀 = -10.10582

. 

From these values, we can expect the bubble shapes using the experimental chart 

of Bhaga and Weber [20]. Then, CLSHM can be validated by comparing the 

CFD results and the shapes from the experimental chart in each problem as 

displaced in from Figure 4.15 to Figure 4.18. 

 From Figure 4.15 to Figure 4.18, there is marked experimental chart 

according to each Reynolds number and Eötvös number on the left while CFD 

results are plotted at the time of ′Time = 0.0, 0.2, 0.4, 0.6, 0.8, 1.0 𝑠′ on the 

right. The lines of CFD results are the contour of ′𝛼 = 0.5′. As expected, the 

profiles of ′𝛼 = 0.5′  from CFD results match well with the shapes of 

experimental chart. Firstly, the final shape of bubble in case (a) shows the skirted 

shape of the chart. Secondly, the final shape of bubble in case (b) represents the 

dimpled ellipsoidal cap of the chart. Next, the final shape of bubble in case (c) 

displays the ellipsoidal form of the chart. Lastly, the spherical bubble of the chart 

can be seen at the final shape of bubble in case (d) and the horizontal line of 

CFD result on top is line of the wall of the upper domain. The interesting point 

of these results is that the height of bubble in CFD result varies in each problem. 

That is, although all of conditions are same excepting for 𝜎, the averaged 

velocities of bubble are different. the reason is that the length of phase interface 
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decreases as 𝜎 increases. It can lead to attenuate the viscous effect because of 

diminished cross-section area. Finally, the averaged velocity increases and the 

final height of bubble also rises. 

 

 

Figure 4.15: comparison between experimental chart and CFD result of case (a) 

 

 

Figure 4.16: comparison between experimental chart and CFD result of case (b) 

Experimental chart of case (a) Bubble evolutions of case (a) 

Experimental chart of case (b) Bubble evolutions of case (b) 
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Experimental chart of case (c) Bubble evolutions of case (c) 

Figure 4.17: comparison between experimental chart and CFD result of case (c) 

Experimental chart of case (d) Bubble evolutions of case (d) 

Figure 4.18: comparison between experimental chart and CFD result of case (d) 
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Chapter 5 

 

Conclusions 

 

Improved numerical method, coupled level-set and homogeneous mixture 

model (CLSHM), is newly proposed. Previously presented methods of 

homogeneous mixture model and level-set method have some advantages and 

disadvantages for analyzing compressible two-phase flow. Homogeneous 

mixture model can capture precise location of phase interface. But, its phase 

interface is too diffusive to continue long time simulation. Also, it has a 

limitation for accurate calculating curvature of phase interface. When it comes to 

level-set method, it can maintain sharpened phase interface and its result about 

calculating curvature of phase interface is very accurate. However, it is not 

driven from physical phenomena. Therefore, this method cannot capture the 

location of accurate phase interface. 

The coupled level-set and homogeneous mixture model (CLSHM) method 

collects the merits of each scheme to simulate two-phase flow accurately. The 

method adjusts the location of phase interface gained by level-set method from 
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the accurate information driven by homogeneous mixture model. Then, it 

conducts reconstruction of volume fraction of gas phase. In these process, the 

coupled level-set and homogeneous mixture model (CLSHM) method can retain 

non-diffusive phase interphase as it preserves the accuracy of phase interface. 

Moreover, the method can compute precise values about curvature of phase 

interface because it also has level-set variables, which has no limitation of value. 

Correct direction and value to calculate surface tension, needless to say, need 

accurate curvature of phase interface. These improvements are validated from 

original homogeneous mixture method and level-set method. Its result also 

matches well with experimental results. 

Nonetheless, the proposed method has limitation about conservation. 

Because level-set method is not based on conservation laws, mass loss or gain 

can occur still. Therefore, satisfying mass conservation is remaining for future 

work. In addition, it is also some of future works to expand the coupled level-set 

and homogeneous mixture model (CLSHM) method to turbulent and cavitating 

flows. 
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국문 초록 

 

본 연구에서는 압축성 이상 유동 해석 분야에서 상 경계면을 정확히 

포착하고 표면장력 계산을 위한 상 경계면의 곡률을 정확히 구할 수 

있는 방법을 연구하였다. 기존에 사용되던 균질 혼합류 모델과 

level-set 방법을 살펴보면, 균질 혼합류 모델은 상 경계면의 위치는 

정확히 포착하지만 상 경계면의 퍼짐 현상이 나타나고 경계면의 곡률

을 정확히 구할 수 없다는 단점이 있다. 반면에 level-set 방법은 날

카로운 상 경계면을 유지하면서 경계면의 정확한 곡률을 구할 수 있다

는 장점이 있지만 상 경계면의 위치가 부정확하다는 단점이 있다. 본 

논문은 기존의 방법들을 동시에 사용하여 각각의 장점을 살리고 단점

을 보완할 수 있는 새로운 방법을 제시하고, 이름은 CLSHM 

(Coupled Level-set and Homogeneous Mixture model 

method)이라고 명명하였다. 끝으로 이를 이용하여 해석한 여러 결과

들을 기존의 방법들을 사용한 결과들과 대조하여 검증하였고, 실험 결

과와도 잘 맞는 것을 확인하였다. 

 

 

 

주요어: 전산유체역학(CFD), 압축성 이상 유동, 균질 혼합류 모델, 

level-set 방법, 표면장력, 상 경계면 포착 
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