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We consider a class of production economies in which there
are two goods, leisure and a consumption good, and there are a
large number of consumers and firms, modelled as continua. We
formalize a bargaining procedure in the labor market, and
examine the relation between the bargaining equilibria and the
Walrasian equilibria of the underlying production economy. We
show that every bargaining equilibrium allocation coincides with
a Walrasian equilibrium allocation in the underlying economy.

So, a Gale-type result is obtained for our production economies.
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I. Introduction

A line of study showed that sequential bargaining could provide a
non-cooperative foundation for Walrasian equilibria in exchange
economies: every equilibrium allocation of a bargaining game in
which trades are determined through a sequential bargaining
process is a Walrasian equilibrium allocation in the underlying
economy. In this paper, we are concerned with a class of
production economies, we formalize a bargaining procedure and
clarify the relation between the bargaining equilibria and the
Walrasian equilibria in the underlying production economy.

The study of the relation between the two types of equilibria
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started in Rubinstein and Wolinsky (1985) and Shaked and Sutton
(1984). Rubinstein and Wolinsky formalized a bargaining procedure
between buyers and sellers of an indivisible good and showed that
the subgame perfect equilibrium allocation of their bargaining game
was generally inconsistent with any Walrasian equilibrium alloca-
tion in the underlying economy. Similar inconsistency was obtained
by Shaked and Sutton in a labor market with a single employer
and many workers who bargain about the wage for one unit of
indivisible labor.

In a series of papers, Gale (1984, 1986a, 1986c¢) formalized a
sequential bargaining procedure in a “frictionless” market and
showed that every subgame perfect equilibrium allocation of his
bargaining game, in contrast with the result of Rubinstein and
Wolinsky, was consistent with a Walrasian equilibrium allocation in
the underlying economy. Conversely, Gale (1986b) showed that any
Walrasian equilibrium in his exchange economy could be supported
by a subgame perfect equilibrium. Gale (1986¢) and McLennan and
Sonnenschein (1991) obtained the same result as Gale (1986a)’s
without some of the restrictive assumptions in Gale (1986a).

Their results about the relation between bargaining equilibria and
Walrasian equilibria are remarkable. But, they pertain only to
exchange economies. The issue of sequential bargaining in produc-
tion economies remains untackled: a sequential bargaining game for
production economies was not formulated in the previous literature,
and therefore the relation between the two types of equilibria in
production economies remains unexplored. Also, since Shaked and
Sutton (1984)’s result pertains only to a labor market in which
there are a single employer and many workers and labor is
indivisible, the relation remains unexplored in the case of a labor
market in which there are many employers and workers and labor
is divisible.

The object of this paper is to examine the relation in the case of
production economies as well as in the case of the labor market.
To the purpose, we specifically consider a class of production
economies in which there are two goods, leisure and a consump-
tion good, and there are a large number of consumers and firms,
modelled as continua. We formalize a bargaining procedure in the
labor market and examine the relation between the bargaining
equilibria and the Walrasian equilibria of the underlying production
economy. Our main result is as follows: Every subgame perfect



eqilibrium allocation of the bargaining game coincides with a
Walrasian equilibrium allocation in the underlying economy.

An earlier version of this paper was an attempt at extending Gale
(1986a)’s model to production economies. But, Gale’s result is
based on the assumption of “widely dispersed characteristics”! and
the property is obtained by requiring that at each time, new
entrants come in with widely dispersed characteristics. However, in
a production economy, firms are described in terms of production
technologies, not endowments. So, it would be inappropriate to
mechanically extend Gale (1986a)’s model to a production economy.
In the later literature (Gale (1986c¢c), McLennan and Sonnenschein
(1991)), the assumption was dropped. Instead, Gale imposed a
uniform bound on the curvatures of agents’ indifference surfaces.
McLennan and Sonnenschein criticized the assumption as precl-
uding many usual preferences.2 Instead, McLennan and
Sonnenschein (1991) showed that at least in their model, the
assumption could be replaced by a topological restriction on the
form of the equilibria of their bargaining game.

In the bargaining procedure formulated in this paper, consumers
are paired with firms and they bargain over the set of net trades
which make both of them better off In a subgame perfect
equilibrium of the game, the sets of preferred trades of consumers
and firms that are “ready to leave the market” have a common
tangent line through the origin whose normal can be interpreted as
a “pseudo equilibrium price vector”.

Now, consider the intersection of the sets of preferred trades of
the firms that are ready to leave the market. Since for each such
firm, its set of preferred trades is generated by its production
technology, and since the number of different production techno-
logies in the economy is assumed to be finite, there are at most a
finite number of different sets of preferred trades of firms supported
by the tangent line identified above. Thus, given a trade whose
terms are less favorable to a consumer than the pseudo-price
vector, there exists a trade in the intersection whose terms are
more favorable to him than the given trade. Thus, we can show

"The assumption requires that at each time, for any open set in R., the
measure of agents whose current net endowments are in the open set is
positive.

2For details, see McLennan and Sonnenschein (1991) p. 1418.



that for each consumer, rejecting a proposed trade whose terms are
less favorable than the pseudo-price vector is a credible threat.

In the case of exchange economies, a pseudo equilibrium price
vector is also determined by the tangent line through the origin to
the sets of preferred trades of consumers that are ready to leave
the market. But, there can be an infinite number of different sets
of preferred trades that are supported by the tangent line even
though all consumers have the same preferences. Thus, in the
intersection of the sets of preferred trades, there may not exist a
trade whose terms are sufficiently close to the pseudo-price vector
unless the curvatures of the indifference curves are uniformly
bounded. Therefore, given a trade less favorable to a consumer
than the pseudo-price vector, there may not exist a trade in the
intersection whose terms are more favorable to the consumer than
the given trade.

From the above informal arguments, we discover that bargaining
between a consumer and a firm instead of two consumers enables
us to obtain the consistency result without imposing the restrictive
assumptions that have been used in the previous literature on
exchange economies.

This paper is organized as follows. Section II presents a class of
production economies and related definitions and formulates our
sequential bargaining game. Section III formalizes the main result
and gives a proof. Section IV concludes.

II. Preliminaries

A. Simple Production Economy and Warlasian Equilibrium

We are concerned with a class of production economies in which
there are two divisible goods, leisure, indexed by 1 and a
consumption good, indexed by 2 and there are a large number of
consumers (or workers) and firms (or employers), modelled as
continua.

We assume that every consumer has the same consumption set
[0,1]X R+ and is endowed with 1 unit of leisure and O unit of the
consumption good. Therefore, consumers are characterized only by
their preferences defined on the consumption set. We assume that
preferences are represented by von Neumann-Morgenstern utility



functions.

Firms employ consumers to produce the consumption good and
pay some amount of the good they produced to consumers as
wage. Following Hicks (1946), we define a firm as a single
entrepreneur that produces the consumption good by means of his
production technology, and consumes the swrplus of his production
defined as the amount of the consumption good remaining after
paying for the wage bill. Without loss of generality, we assume all
entrepreneurs to have the same von Neumann-Morgenstern utility
functions w defined on the set of non-negative real numbers. Thus,
firms are characterized only by their production technologies which
are represented by production functions.

The set of consumers is represented by an atomless probability
space (A, A, V"), where A is the set of “names” of consumers, A is a
o -algebra of A and " is a probability measure defined on A. The
set of firms is represented by an atomless probability space (B, B,
V%) which is defined symmetrically. Let U be the family of
admissible (von Neumann-Morgenstern) utility functions w:[0,1] X R
—R, and F be the family of admissible production functions fiR -+
R+. We impose the following conditions on U, F and the
entrepreneurs’ common utility function w:R:—R.

Assumption 1.
(C) For all ueU,
1. u is continuous, bounded above, strictly increasing,
continuously differentiable and strictly concave,
2. ud=0 if either x;=0 or x=0
(P) For all feF,
1. f is continuous, bounded above, strictly decreasing,
continuously differentiable and strictly concave,
2. flo)=0 and dfl)/dl -—c as [0 .
(E) 1. w is continuous, bounded above, strictly increasing and
strictly concave
2. w(0)=0.3

A simple production economy e is a pair of measurable functions#

3(C)2 and (E)2 are for normalization.
“The sets U and F are assumed to be endowed with the uniform
convergence topology.



(A, A, v)-U and &%(B, B, V9)—F.

For each consumer ac<A, &%(a) is his utility function and for each
firm beB, &°(b) is its production function. We impose the following
conditions on ¢* and &%

Assumption 2. (finite supports) supp(v” - (&")™") and supp(v°- (%7
are finite.

This assumption is a version of Gale (1986c)’s Assumption 1 for
the present context of production economies. It implies that there
are only finite types of agents except for a set of agents of measure
zero. Thus, we think of the economy as an infinite replica of an
economy with a finite number of agents.

An allocation for the economy ¢ is a pair of integrable functions
¢:A—~R? and ¢:B—R? such that for »"—a.e. a in A, ¢ (@<][0,1] %
R, and for v’ —a.e. b in B, ¢ () <[0,1]R_-XR.. The function ¢
assigns to almost every consumer a bundle consisting of some
amount of leisure and some amount of the consumption good in
the consumption set, and the function ¢ assigns to almost every
firm a bundle consisting of some amount of labor and some
amount of the consumption good.

For all b in B, let f’ = eB(b]. Then, an attainable allocation for the
economy ¢ is an allocation (¢, ¢) such that

@ [ahd v+ [5(— gdv®<[,d v
@) Jadod v+ [5d V<[ f" o hdv”

Condition (i) requires that the sum of the mean consumption of
leisure and the mean labor input be at most equal to the mean
endowment of leisure. Condition (ii) requires that the sum of
consumers’ mean consumption of the consumption good and
entrepreneurs’ mean consumption be at most equal to the mean
production of the good.

For all a in A, let u*= ¢*(a@) and for any given p=R ., for all x&
R?, let

B(p.X)={x'€[0,1] X R+ |(p,1) - x’<(p,1) - x}



Definition. A Walrasian equilibrium of the economy & is an
attainable allocation (¢, ¢) and a price p€ R+ of leisure such that

(i) for v*—a.e. a<A, ¢ (@) =arg max u“(x) on B(p,(1,0),
(i) for v®—a.e. bEB, ¢la)=arg max w(f’()+pl) and ¢(b)=f"(4 (b))
+p ¢1(b).

B. The Bargaining Model

We formalize a sequential bargaining procedure for the economy
e, extending Gale (1986a,c)’'s earlier work. Bargaining takes place
in the labor market. Time is divided into discrete intervals indexed
by non-negative integers, and the whole time horizon is partitioned
as follows:

To=3N U{0}, where N is the set of natural numbers.
T\=To+{1}
T2=To+{2}.

The set of consumers in the market is represented by a measure
m” defined on the Borel sets of U such that

A A Ay—1
m =y (&)

and the set of firms in the market is represented by a measure m”
defind on the Borel sets of F such that

B_ B B, -1
m =y °(&) .

All consumers and firms enter the market at time 0. At each
time t€To, a pairing between consumers and firms occurs and for
each matched pair of a consumer and a firm, one of them is
randomly chosen as the proposer. At time t+1&T;, each proposer
makes a trade of labor and the consumption good. At time t+2&
T», each responder accepts, or rejects the proposal and stays in the
market, or rejects the proposal and leaves the market. Even if a
pair of a consumer and a firm agree on a trade, they do not
deliver real goods immediately. Instead, each agent involved in the
trade writes to his partner a claim® for the good that he should
deliver as specified in the accepted proposal. Agents who decided to



stay in the market at time t+2 are paired with other partners after
time t+2 and the same procedure is repeated.

We make the following assumption on claims that are exchanged
in the market.

Assumption 3. Claims are transferable. Each agent can require
fulfillment of a claim he holds only after he leaves the market, and
each agent can fulfil a claim that he is liable for only after he
leaves the market.

If claims are not transferable, consumers can not increase leisure
in the bargaining procedure. So, the transferability assumption
removes such a “friction” in the underlying economy. If an agent
stays in the market forever, then he can never fulfil the claims that
he is liable for. If an agent who never fulfills claims he is liable for
is penalized.

Assumption 4. The utility of being penalized is — co.

Although consumers are initially distinguished by their utility
functions, after time O, they are distinguished by three data, their
utility functions, their current net endowment of leisure and their
current net amount of claims for the consumption good that they
hold.6 We call the three data their current characteristics and the
pair of the second and the third data their consumption plans.
Similarly, after time O, firms are distinguished by three data, their
production functions, their current net amounts of claims for labor
and their current net amounts claims for the consumption good
that they are liable for.7 We call the three data their current
characteristics and the pair of the second and the third data their
current employment-wage plans.

°A claim is a contract for the transfer of a good from one agent to
another.

SLet Z1,22," ", Zn < R? be the sequence of trades that a consumer has made.
Then, his current net endowment of leisure is equal to 1+ X"z« and his
current net amount of claims for the consumption good is equal to 3'1ze.

Let z1,22,,zn=R? be the sequence of trades that a firm has made.
Then, its current net amount of claims for labor is equal to Xizx and its
current net amount of claims for the consumption good that the firm is
liable for is equal to 1+ X1Zko.



Now, we formalize the set of agents’ actions. At time t&Ti, each
proposer makes a proposal of a trade of labor and the consumption
good. So, the set of proposers’ actions is R”.

Remark 1

Gale (1986a) required that every trade proposed by an agent be
feasible in the following sense: if x is his current consumption plan
and z is the trade he proposes, then x-+z must be in his
consumption set. But, we do not require such a feasibility
condition. Instead, we follow the “short sales” assumption of
McLennan and Sonnenschein (1991), and allow a consumer’s
current consumption plan to be outside of his consumption set,
and a firm’s current employment-wage plan to be such that its
current total wage bill is greater than the amount of the
consumption good that the firm produces with its current
employment. Since, in contrast to what is the case in Gale’s model,
agents exchange claims for goods instead of exchanging real goods,
such short sales are always possible by issuing claims.

Remark 2

We also allow agents to propose a trade z in which z;>0. In other
words, a consumer is allowed to receive from a firm a claim for
other consumers’ labor. The firm transfers to the consumer some of
the claims for labor that it has been holding. The consumer may,
in turn, send the claims to firms that had been holding claims for
his own labor, while nullifying the same amount of claims for his
own labor, or he may use the claims for future trades.

At time t&T,, each responder can (i) accept the proposal and
stay in the market, (ii) reject the proposal and stay in the market,
or (iii) if the responder’s current consumption or employment-wage
plan is feasible,8 he can reject the proposal and leave the market.
So, the set of responders’ actions is {Y,N,L}, where Y denotes action
(i), N denotes action (ii), L denotes action (iii).

At each time ¢, a history of an agent at time t, is a finite
sequence

8That is, the current consumption plan x is in [0,1]X R . or the current
employment-wage plan y satisfies y2<fly1), where f is its production
function.



hi={co,e0.€1,"*" €1},

where co is his initial characteristic (i.e., a utility function or a
production function) and for each s=0,1,---,t—1, es is his experience
at time s defined as follows: for each s&T, if the agent is
unmatched at time s, then es=es.1=es.2=@. For each s&T,, if the
agent is matched at time s, then es is composed of his own and
his partner’s current characteristics and the choice of proposer at
time s, es+; is the proposer’s action at time s+1 and es.2 is
responder’s action at time s+2.

For each t, let H; be the set of admissible histories at time t and
for each tET,UTs. let H, be the set of admissible histories of each
agent that makes a move at time t. For each tET,, for each heH,,
let 7:h) denote the current characteristic of an agent distinguished
by the history h at time t.9

Now, we are ready to define a strategy profile. As in Gale
(1986a), since agents in the market are distinguished not by
'names" but by histories, we can define a strategy profile for all
agents by a sequence of functions as follows.

Definition. A strategy profile ¢ is a sequence of functions {oi}ierun
such that

(i) for all t€T\, o:H—R? :gld for all t€Ts, o :Hi—{Y,N,L}
(ii) for all teTy, for all heH,, if o((h)=L, then 7(h) is feasible,
(iii) for all t, ¢; is measurable.10

Let X be the set of admissible strategy profiles.

Before describing the matching process, we impose a condition
for consumers to be allowed to play the game. At each time t&T,
a consumer distinguished by a history h is disqualified for playing
the game if (7.2(h), yis(W)ER>.

Assumption 5. At each time t&T,, no disqualified consumer is
matched.

SThat is, if an agent is a consumer, then 7.(h) is his utility function and
(7:2(h), 7¢3(h) is his current consumption plan at time t and if the agent is
a firm, then yu(h) is its production function and (72(h), 7:s3(h)) is its current
employment-wage plan at time t.

For each function ¢, the ¢—algebras of the domain and the range are
generated in the same way as in Gale (1986a) footnote 8.

_10_



This assumption is based on the usual norm in actual market
trading that only workers who  have something to trade can
participate in bargaining.

Now, we describe the matching process between consumers and
firms. At each time t&T,, a consumer in the market is randomly
matched with a firm in the market or is unmatched and, a firm in
the market is randomly matched with a consumer in the market or
is unmatched. The matching satisfies the following conditions.

(i) For each t&Ty, for each qualified consumer in the market at
time t, the probability of being matched is «:<=(0,1) and for
each firm in the market at time t, the probability of being
matched is B:,<(0,1).

(ii) For each t&T,, for each qualified consumer in the market at
time t, the set of potential partners is the set of employers in
the market at time t. Each qualified consumer faces the same
probability distribution of potential partners at time ¢t
Similarly, for each t&T,, for each firm in the market at time t,
the set of potential partners is the set of qualified consumers
in the market at time t. Each firm faces the same probability
distribution of potential partners at time t.

(iii) For each member of any given matched pair, the probability
of being chosen as the proposer is always 1/2.

For each t, let Hi={h<sH,|ha€U} and Hi={h<H;|hi<F}. Then,

H' is the set of admissible histories of consumers at time t and HY
is the set of admissible histories of firms at time t. At each time t
€Ty, the distributions of potential partners are represented by a
pair of probability measures P} on H} and P} on H%. That is, for
each measurable set ECH, P’?(E) is the probability that a matched
firm at time t meets a consumer whose history belongs to the set
E. Similarly, for each measurable set GEHY, PY(G) is the probability
that a matched consumer at time t meets a firm whose history
belongs to the set G.
Let /7" be the family of admissible sequences of probability
measures (P}, and I7° be the family of admissible sequences of
probability measures {Pj}. Then, the pair of sequences of matching
probability measures are determined by the following functions:

st and £33y ITR

_11_



That is, given a strategy profile, the pair of sequences of the
matching probability measures are uniquely determined and we
assume that the functions &* and £° are parameters of the game.1l

Before defining payoff functions, we need to note that the
following facts: since an agent staying in the market forever gets
—oo utility, no agent will play a strategy that prescribes staying in
the market forever with a positive probability. Since each agent is
paired with at most countably many partners, it follows that for
each consumer, the set of agents that are holding claims for his
labor or against whom he holds claims for the consumption good is
also countable. Thus, all agents in the set leave the market with
probability 1. So, each consumer believes that the claims for his
labor and his claims for the consumption good are fulfilled with
probability 1. By the same argument, each firm believes that its
claims for labor and the claims for the consumption good that it
will produce are fulfilled with probability 1.

Now, we specify the payoff functions. Because of the uncertainty
in the matching process, given a strategy profile, the terminal
consumption or employment-wage plan with which an agent leaves
the market is a random variable.

Given a strategy profile ¢, let X° be the associated random
terminal consumption plan. Then, the expected utility of a
consumer distinguished by a history h is determined by the
function U:3 x (UH)—R defined as follows: for all ¢ <, for all h
€ UH,

Ulo .h)=EuX’)|h),
where u=h,, the utility function of the consumer.

For any f€F, for any terminal employment-wage plan y€R - X R,
the profit of a firm with the production function f is defined as

W) =fy) —ys.

Given a strategy profile o, let Y’ be the random terminal
employment-wage plan. Then, the expected utility of a firm (that is,

"In Gale (1986a), the sequences of matching probability measures
themselves are assumed to be parameters of the game. In terms of our
model, it is equivalent to that SA and EB are constant functions.

_12_



entrepreneur) distinguished by a history h is determined by the
function W: 3 X (U:H)—~R defined as follows: for all ¢ €3, for all h
€ UHY,

W(o ,h)=Ew(z/(Y")|h),

where f=h,, the production function of the firm.
Now, the bargaining game in extensive form is specified by the
list

I ={U,m"),F,m®)(H, 2, ( ekt B, 8, D), (U, W)L
For all t=T,UTy, for all hEﬁt, and for all s€T1UTy, let
Hoh) ={hEHs | h'=(h.enei1..es 1)}

and Hs(fh]zﬁ)s(h)\ﬁs(h].l2 Then, given a strategy profile o€,
given t€T1UT,, given heH,, let oln denote the sequence of the
functiens {oslimlsenuvr and o¢|-n denote the sequence of the
functions {oslhs(-nlsenur- Then ¢l is the continuation strategy of
an agent distinguished by the history h at time t and o|_» is the
strategies of the other agents.

Definition. A subgame perfect equilibrium of the bargaining game I’
is a strategy profile o*< Y such that

@) Vhe UH}, Vo<, Ulokln okl -nh)=Uloln ol -nh),

(i) Vhe UH:, Vo€ X, Wlokln 0% -n,n)>WI(g|n, %] -nh).

III. Theorem and a Proof

We formalize the main result and give a proof. For that purpose,
we introduce the notion of competitiveness of a strategy profile.
Given a strategy profile ¢ €2, given ueU, let X’(u) be the random
terminal consumption plan of a consumer with utility function u,
and given fEF, let Y°(f) be the random terminal employment-wage
plan of a firm with production function f. Recall that the

21¢ hzﬁt, then for 1_11 seTUT, with s<t, ﬁs(h):fz. Thus for all s€T,U
T, with s<t, Hs(—h)=Hs.

_13_



production economy underlying the game [’ is represented by a
pair of measurable functions ¢*:(A,A, v*)~U and &”:(B,B, ,")—~F.

Definition. A strategy profile ¢ €Y is competitive if there exists a
Warlasian equilibrium (¢, ¢ ,p%) of the underlying economy such
that

() for *—a.e. acA, X°(*(@)= ¢ (@ with probability 1,

(ii) for v°—a.e. b€B, Y’ (°(b)=(41(b), —p* ¢ (b)) with probability 1.

Under a competitive strategy, there is a Walrasian equilibrium such
that almost every consumer almost surely obtains the same
consumption as he would obtain at the Walrasian equilibrium and
almost every firm almost surely employs the same amount of labor
and obtains the same profit as it would obtain at the Walrasian
equilibrium.

The following theorem is the main result of the paper.

Theorem. Every subgame perfect equilibrium of the bargaining
game [’ is competitive.

The proof of the theorem relies on several preliminary results,
some of which are variants of the results in Gale (1986a, c).

Let o* be a subgame perfect equilibrium of the game ['. For
each t=T,, define the function Vi:H;—R as follows: for each heH;,

U(ox,h) if hEHf;,

- | b
W(ox,h) if heH;.

Then, Vi(h) is the equilibrium expected utility of an agent
distinguished by the history h at time t. As in Gale (1986a)’s
proposition 1, for each consumer, the equilibrium expected utility
Vi(h) depends only on his current characteristic y:(h), not on all
the elements in h. It is also true of firms. So, we can write V;(c) for
Vi(h) where c= y(h).

Let C*'=UxR? and C°=FxR> Let {Pi}=&%% and {P}= £°(o%).
For each teT,, for each measurable subset €’ of C*, define

#1(C)=Pi{heH}| r(hEC,

_14_



and for each measurable subset C” of C®, definel3
#C=PitheH]| y(WsC).

Then, % represents the distribution of consumers’ characteristics
at time t induced by the matching probability P}. That is, £%(C") is
the probability that a matched firm meets a consumer with a
characteristic in €’ at time t. Similarly, « represents the
distribution of firms’® characteristics at time t induced by the
matching probability P§. That is, «}(C”) is the probability that a
matched consumer meets a firm with a characteristic in C” at time t.

Now, we introduce the notion of "being ready to leave the
market," following Osborne and Rubinstein (1990)'s terminology. Let

C’ =Ux[0,1]XR ..

For a consumer with his characteristic (u,x]ECA+ at time t&To,
suppose that V;(u,x)=u(x). Since no matter what kind of a partner
he may meet, he can obtain at least the utility u(x) by leaving the
market at some time, V;(ux)=ulx) implies that at any time t'>t, the
probability of meeting a partner that proposes or accepts a trade z
such that Vi (ux+2z)>ulx) is zero. So, Vi(u,x)=ulx) implies that if
the consumer is matched and chosen as responder at time t'>t,
then he may leave the market at time t'+2. Formally, for each te
To, a consumer with the characteristic (ux)=C” at time t is ready
to leave the market at time t if Vi(u.x)=u(x). Similarly, let

. =((fyec®| 'y =0

Then, for each tT,, a firm with the characteristic (f,y)=C” at time
t is ready to leave the market at time t if Vi(fy)=w( ).

The next lemma shows that for each t&T,, there is some future
time at which a positive measure of firms are ready to leave the
market.

Lemma 1. For each teT,, there exists t'Ty, with t'>t and a

3Since for each t&Ty, the function 7; is measurable (See Gale (1986a)
p. 796), the sets {hEH“}lyl(h)EC’} and {hEHliln(h)EC”} are also
measurable.

_15_



measurable subset €’ of C% such that ~%(C)>0 and for each (fy)
e, Vulfy)=w(z'y).

Proof. See Appendix.

The next lemma is the counterpart of Lemma 1 for consumers.
The proof is similar.

Lemma 2. For each t&T,, there exists t"T, with t”>t and a
measurable subset C” of C% such that ,a’}(C”]>O and for each
(wx)eC, Vi(ux)=ulx).

For all (ux)eC, let
Zu={ze R |ulx+2)>uld},
and for all (fy)=C”, let
Z(fy=lzeR’| 'y +2)> 7'y)).

Then, Z'u,x) is the set of preferred trades for a consumer with
characteristic (u.x) and Z°(fy) is the set of preferred trades for a
firm with characteristic (f,y). The next lemma, a variant of Gale
(1986a)’s Proposition 3, shows that if an agent is ready to leave the
market, then he has no further opportunity to make a preferred
trade. We omit the proof.

Lemma 3.

(i) For all t€To, for all (fy)eC’. with Vi(fy)=w(r’y)). the
following holds: for all =T, with t'>t, for x% —a.e. W)C",
if zeZ"(fy), then Vi.sw.x+2)< Vs wx).

(ii) For all tET,, for all (uX=C. with Vi(ux)=u(), the following
holds: for all t"€T, with t”">t, for x% —a.e. (fyeC®, if ze
Z'w), then Vius(fly+2)<Vis(fy).

The next lemma shows that at some time in Ty, there is a
positive measure of consumers ready to leave the market with
current consumption plans in the interior of their consumption
sets.

Lemma 4. (Interiority) There exist teTo and cc ¢’ such that ,z/}(é]
>0 and for all (u,x]Eé, x lies in the interior of [0,1]X R+ and
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Vilu,x)=ulx).

Proof. See Appendix.

The next proposition shows the existence of a "pseudo
equilibrium price" of leisure.

Proposition 1. There exists p=(0,c0) such that for all t€T, for %
—a.e. [f,y)ECB+ with Vl(f,y):w(nf(y]), (p,1) is normal to the
supporting line of Z°(f,y) through 0.

Proof. Recall that { and C are the time and the set of
characteristics of consumers, respectively referred to in Lemma 4.

Case 1. t>f.

Pick a consumer with the characteristic ((LX)=C at time 7. Let (p.1)
=Dii(¥). Suppose to the contrary that there exist t'>% and c'cCch
such that £%(€C)>0 and for all (fy)=C’, Vi(f.y)=w(z'y) and (p,1)
is not normal to the supporting line of Z°(f,y). Then, for all (fy)<
C’, there exists zeZ*((Lx) such that r/(y+2)> r/(y). Since Vi.s(f,
y+2>wirly+2), Velfy)=w(z'ly) and Vi(fy)>Vi.s(fy), we obtain
Vs (fiy+2)>Vies(fiy), which contradicts Lemma 3(ii).

Case 2. t<{.

Since the proposition holds for Case 1, it follows from Lemma 1
and Lemma 3(ii), that for each consumer with the characteristic
(wx)=€ at time 1, (p,1)=Du(x). Suppose to the contrary that there
exists a firm with the characteristic (fy)eC” at time s<{ such
that Vs(f,y)=w(z'(y) and (p.1) is not normal to the supporting line
of Z°(fy) through 0. Then, for each consumer with the chara-
cteristic (u,x)Eé at time i, there exists zEZB(f,y) such that (u,x+2)
>ulx). Since Vi.szwx+2z)>ulx+2z), Vilux)=uk) and Vi(u,x)>Viis(Wwx),
we have Vi.s(u.x+2z)>Viis(u,x), which contradicts Lemma 3(i).

The next lemma shows that each agent has the opportunity to
make proposals to partners that are ready to leave the market as
many times as he wishes. Similar results are established in
Gale(1986¢) and Osborne and Rubinstein (1990). (For a proof, see
Osborne and Rubinstein (1990) pp. 163-4.)

Lemma 5. For each t=To,, for any agent (consumer or firm) in the
market at time t, the probability that at some time s>t , he is
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matched with a partner ready to leave the market and is chosen as
proposer is 1.

The next proposition, a variant of Lemma 2 in Gale(1986c),
shows that at each time, the equilibrium expected utility of a
consumer is at least the maximum utility on his budget set
determined by the pseudo-price. (Recall that p is the pseudo-price
referred to in Proposition 1.)

Proposition 2. For all teT,, for all (wx)=C?, if the interior of B(p.x)
is non-empty, then Vi(u,x)> max u(B(p,x)).

Proof. If ulx)=max u(B(p,x)), then we are done. So, we need
consider only the case that ul(d< max u(B(p,x)) or x=2[0,1]XR ..
Suppose to the contrary that there exist teTo and (ﬁ,)_c)ECA such
that the interior of B(p,x) is non-empty and Vi(u,xX)< max u(B(p,x).
Then, there exists x’<[0,1]Xx R+ such that Vi{uxX)<u(x)< max
uB(p.x) and (p,1) - '—x)<0.

Case 1. x1>x'1.

For each s&T, with s>t, let Cs={(f.y)=C> |Vi(f.y)=w(z'(y)}. Then,
C, is the set of characteristics of firms that are ready to leave the
market at time s.

Step 1. We show that there exists z&€ R? such that for all s>T,

for x%—ae. (fyeCs, zeZ’(fy) and nz=x'—x for some natural
number n.
Note that for any (fy). (f.y) in C°%, if f=f and Dz/(y)=D =’ ().
then Z°(fy)=Z°(f".y). By Proposition 1, for all s>t, for %—a.e.
(fyeCs, Dr/ly)=—(p.1). And, by the “finite supports” assumption,
the support of the measure m” on the Borel sets of F is finite.
Thus, there exists a finite subset Z’ of {Z° (f,y)l(f,y]Eés for some s>
7 such that for all s>7, for x%—ae. (fyeCs Z°(fy)=Z. Thus,
there exists ZER” such that for all for s>1, for .%—a.e. [f,y)eés,
zeZP(fy) and x¥’—X=nz for some natural number n.

Step 2. We claim that o¢* is not a subgame perfect equilibrium.
Pick a history EEﬁA{ such that m(ﬁ]:(ﬁ,)_c). We define a strategy
profile ¢’ as follows: if s€eT1UTs, s>t and h5=(Real,eaz,,esfl]EﬁAs,
then let
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z if s€T) and ys(hsd>x1,
if s&€Ty, and ys(hs) >x1’,

os'(hs)=
(0,0) if s€T; and ysa(hs) <x1’,

L if s&€Ty and ys2(hs) <xy,

For any other (hs]EﬁAS with s&€T1UT;, let o4(hs)= ost(hs). Then,
under ¢’|s, a consumer distinguished by the history h takes the
following actions: (i) before his consumption plan reaches x’, (i-1) if
he is chosen as proposer, then he always proposes z, and (i-2) if
he is chosen as responder, then he rejects all proposals staying in
the market, and (ii) once his consumption plan reaches x’, (ii-1) if
he is chosen as proposer, then he always proposes (0,0), and (ii-2)
if he is chosen as responder, then he leaves the market rejecting
all proposals.

Suppose that a firm with characteristic (f",y)=C” is ready to
leave the market at time t=T, with t>t and Z2&Z°(f",y). Then, we
obtain 7/(y'+2> 7' y). So., we have Vis(f.y'+2>Vis(f.y).
which implies that if the firm receives the proposal z, then it will
accept it. Since Vi.s(fy'+2>w(x’(y)), we have Vi.s(f.y'+2)>
w( et ’(y’)], which implies that if the firm receives the proposal Z,
then it will accept z rather than leave the market. Therefore, by
Step 1, for almost every firm that is ready to leave the market at
time t>{, if the firm receives the proposal Z at time t+ 1, then the
firm accepts it.

By Lemma 5, from time f on, the consumer can make the
proposal Z to such firms that are ready to leave the market as
many times as he wishes with probability 1, Thus, if his
characteristic is (i,x) at time ¢, then he can attain the consumption
plan x’ with probability 1 under the continuation strategy o'|xn.
Therefore,

Ulo’I7, o%| -, h) =ulx) > Vi@ =U( 6%, 0%| -7,H),

which contradicts the definition of equilibrium.

Case 2. x;<x';.
The proof for this case follows the same way as for Case 1. We
omit it.

Q.E.D.
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For all feF, let 7/*= max[fi)+pl]. The next proposition is a
counterpart of Proposition 2 for firms.

Proposition 3. At time 0, for all feF, Vy(f,(0,0)) >w( 7.

Proof. Suppose to the contrary that there exists fEF such that
Vo(f;(0,0) >w(z”"). Since by Assumption 1(P), df/dl— —c as [— 0,
we have 7/*>0. Therefore, there exists y’€R-xXR.: such that
Vo(f.(0,0) <w( 7"y <w(z’) and (p,1) - y’>0.

Step 1. We show that every consumer ready to leave the market
at time t=Ty accepts the trade y’.
For every consumer ready to leave the market at time t€T, with
the characteristic (u,x), we have Vi{u,x)=u(x). Thus, we have

uM)>Viss (w,x) (1)

and by Proposition 2, x= arg max u(x) on B(p,x). Since (p,1) - y’>
0, the interior of B(p,(x+y’)) is non-empty. Thus, by Proposition 2,

Vi3 (ux+y’)> max uB(p,x+y?). @)
Since (p,1) - y’>0, we have
max uw(B(p,x+y”) >ulx). (3)
Thus, from (2) and (3), we obtain
Vies wx+y)>ulbd, 4)
which implies that if the consumer receives the proposal y’, then
he accepts it rather than leaves the market. From (1) and (4), we
obtain
Vies (Wx+y)>Vies (W),
which implies that if the consumer receives the proposal y’, then
he accepts rather than rejects it.
Step 2. We claim that ¢* is not a subgame perfect equilibrium.

Let h=(f.e)) and we define a strategy profile ¢’ as follows: for all s
€T, UTsy, for all h5=(f_l,€1,€2,"',8571]6ﬁ)35y
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y*  if SETy and 74(h)=(£.(0.0)
if ST, and 7s(hs)=(£.(0,0))

(0,0) if s€T; and 7s(he) = (Fy)

L if s€Ty and 7s(hd=(fy).

os'(hs)=

For any other hS:ﬁBS with sET\UT,, let o'(hs)= ost(hs). Then,
under the continuation strategy o¢’|r, a firm distinguished by the
history h takes the following actions: (i) before the firm attains the
employment-wage plan y’, (i-1) if it is chosen as proposer, then it
always proposes y’, and (i-2) if it is chosen as responder, then it
rejects all proposals staying in the market, and (ii) once the firm
attains y’, (ii-i) if it is chosen as proposer, then it always proposes
(0,0), and (ii-2) if it is chosen as responder, then it leaves the
market rejecting all proposals.

Since by Lemma 5, the firm can make the proposal y’ to a
consumer ready to leave the market with probability 1, the firm
under ¢’|; attains y’ with probability 1. Therefore,

W(o' IR, o] iR =w( 2/ (y)) > Vil(f(0.0) = W( 6% | 7, 0% | .70,

which contradicts the definition of equilibrium.
Q.E.D.

Now, we are ready to prove the theorem.

Proof of Theorem. Recall that the measure space (A.A, ")
represents the set of consumers and the measure space (B.B, ")
represents the set of firms in the underlying economy. Following
Gale (1986a), we introduce a probability measure space (2,8, p0)
that represents the uncertainty in the matching process.

For all a€A, for all w=Q, let x(a,w) be the terminal con-
sumption planl4 and x(a,w), the actual consumption!5 that

“That is, 1-%la,w) is equal to the amount of claims for labor that
consumer a is liable for and Xl(a,») is equal to the amount of claims for
the consumption good held by consumer a.

"®That is, 1-xi(a,w) is equal to the amount of labor that consumer a
actually paid after leaving the market and xx(a, ) is equal to the amount of
the consumption good that consumer a actually received after leaving the
market.
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consumer a would obtain in state ¢ if he leaves the market at a
finite time in © under ¢%. Then, for every « and for every
consumer a leaving the market at a finite time in state o, xi(a, )
>Xi(a, w) and xela, w)<Xela, w).16

Note that in an equilibrium, for each agent, the probability that a
claim that he is concerned with is not fulfilled is zero. Thus, for
each a, for p —a.e. v in which consumer a leaves the market, x(a,
w)=X(a,w). For completeness, for any » and for any consumer a
who stays in the market forever in state «, we put x(a, w)=(0,0).

Claim 1. For all a€A, (p.1) - [xe(a o) o [dw)=(p,1) - (1,0).
Let u® be consumer a’s utility function. Then,

Volu®,(1.0) = [u"&la. ) p (dw) = u’da. o) o (dw))
By strict concavity of u® (Assumption 1(C)),
Vo(u®,(1,0)) < [u’xla, ») o (dw)) (5)

where the equality holds only if xla w)= f x(a, w) p (dw) with
probability 1. From Proposition 2 and (5), we prove Claim 1.

For all beB, for all we®, let yb,o) be the terminal
employment-wage plan and y(b,w), the actual amounts of
employment and wage that firm b would obtain in state o if the
firm leaves the market at a finite time in «» under ¢%. Then, from
the same argument as in the case of consumers, for each firm b,
for p —a.e. » in which firm b leaves the market, y(b, w)=y(b, w).
For completeness, for any «» and for any firm b that stays in the
market forever in state », we put y(b, »)=(0,0).

Claim 2. For all bEB, if ¢°(b)=f. then z/( yb.w)pd(w)=> z".

16Suppose that a firm is liable to pay the consumption good to Ik
consumers when the firm leaves the market but, because some of its claims
for labor are not fulfilled, the amount of the consumption good that it can
produce is less than the amount that the firm is liable to pay to k
consumers. Then, the actual consumptions of k consumers will depend on
how to allocate the production of the firm among them. But, since
according to our earlier argument, each agent believes that his claims are
fulfilled with probability 1, each agent’s behavior is not affected by whatever
kind of allocation rule is introduced for such a case. So, we assume that
for such a case, there is a certain rule known to each agent.
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Let f° be firm b’s production function. Then,
Vo(’,(0,0) = [w(z " @b, ) o ([dw) =] w(z " Yb, w)) o [dw)
By strict concavity of w (Assumption 1(E)), we obtain
Vo(f”.(0.0) <w( [z" y(b, )) o (dw)) (6)

where the equality holds only if n!”@(b,w))=f7r "(y(b, w)) p (dw) with
probability 1. From Proposition 3 and (6), we prove Claim 2.

Claim 3. For v*—a.e. acA and for v®—a.e. beB, Claim 1 and
Claim 2 hold with equality, respectively.
By Claims 1 and 2,
@) [y [, xla o) p () v da)+ [2"( [,yb, w) o [dw)) v (db)
>(p.1) - (1,0) [,v"(da) + [,z v (db) (7)
But, for all w,
[pu1b, 0) v7(db) = [,(1—x1(a, ) »*(da),
Jaxola, 0) v (da) = [, ya(b, ) »7(db).
Thus, for all w,
pfaxi@ o) v da)=p [, »*(da) —p[,y:b. ») v (db).
Jaxsla, ) vAda) + [, [P Ya(b. ) —yalb. )] »%db) = [ fYs(b. ) v°(db).
Therefore, we obtain that for all o,
p[ i@ w) v (da)+ [ala, o) v(da) + [ [P (b, ) — ys(b, w)] vP(db)
=p [ da)+ [/ Wb, ) v2(db) — y:(b. ) v (db)
<p [,y da)+ [z VP (db).

where the inequality comes from the definition of 7z/°. Thus, we
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have

.V, xa, ») v(da)+ [z ylb, 0) v (db) <p [, v [da) + [, 7/ vE(db).  (8)

Then, by (8), inequality (7) must hold with equality and by Claims
1 and 2, we obtain
fA fB ﬁg

.1 - [xa.0) o (dw)=(p.1) - (1.0) for v*—a.e. acA ©)

ﬁ/b(fy(b.a))p (dw)= V" for v®—a.e. beB (10)

Claim 4. For y"—a.e. a=A and for o—ae wc2, xa,w) max-
imizes the utility on B(p,(1,0)).

It follows from Proposition 2, (5) and (9), that (5) must hold with
equality. Thus, for *—a.e. aEA,fx(a,w]x(a,w),O (dw) with pro-
bability 1. Then, by Proposition 2 and (9), for »*—a.e. acA and for
o —ae. we<R, xla, w)=arg max ulx) on B(p,(1,0)).

Claim 5. For ,®’—a.e. beB, if sB(b):f, then for p —a.e. oweQ,
yi(b, w)=arg max [fl)+pl] and yi(b, w)=—pyi(b, w).
Since f” is strictly concave (Assumption 1(P)), we have

: ' ([ylb.w) o (dw)=[/ylb,0) o (dw).
Thus, from Proposition 3, (6) and (10), we obtain that
Vo(f”,(0.0) =w([7/ (b, ) o (dw)) =w( /")
That is, (6) holds with equality. Therefore, for v°—a.e. bEB,
7y, )= [/ yb.w)) p [dw)) = z/" with probability 1. (11)
By Proposition 1, for v°—a.e. b€B, for o —ae. w€Q, (p.1) is
normal to the supporting line of Z°(fy(b,w)) through 0. Therefore,
by (11), for vP—a.e. beB and for o —a.e weEQR, yilb,w)=arg max

[ +pll and ya(b, w)= —pyi(b, w).
Q.E.D.
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IV. Concluding Comments

We have specifically considered the sequential bargaining in the
labor market to examine the relation between the bargaining
equilibria and Walrasian equilibria in the case of production
economies as well as in the case of the labor market. The theorem
serves the dual purpose: sequential bargaining provides a non-
cooperative foundation for Walrasian equilibria in the production
economies as well as in the labor market.

The model can be extended to the case that each firm employs
multiple inputs and produces a single output. But, in the case that
a firm produces several outputs, extending the model faces the
problem of defining the notion of production surplus. Because there
is no obvious way to evaluate different outputs without the price
system.

Appendix

Proof of Lemma 1.

Since at each time in Ty, the probability that a firm is matched is
less than 1, at each time, there is a positive measure of firms that
have never been matched. So, at each time t&T,, there is a
positive measure of firms with characteristics in C”..

Suppose to the contrary, that there exists t€To such that for all
s>t, for /fi-fa.e. (ﬂy]ECIi, Vs(f,y)>w(7erJ]).17 Then, for each firm
whose characteristic is in C” at time s, the probability of leaving
the market is zero. Thus, for all (fy)=C”, Vi(fiy)= —oco. But, this
contradicts that for any t=T,, for any [f,y)ECB+, Vilfiy) = w( nf(y))>
— oo,

Q.E.D.
Proof of Lemma 4.

Claim 1. There exists s€Ty and CcC?. such that /2(C)>0 and for
all (fy)=C, y1<0 and Vi(f.y)>w(7’y)).

Suppose to the contrary, that for all t€To, for /5—a.e. (fy)=C”
with 1y,<0, Vi(fy)>w(z’(y). Then, for almost every firm, the

"It is clear that for all tETo, Vdf.y)=w( nf(y)) if (f,y)ECBﬂ For, a firm can
leave the market with the current employment-wage plan y with probability 1.
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probability that it leaves the market with some claims for labor is
0. Thus, almost every firm employs no labor, and almost every
consumer leaves the market with the terminal consumption plan
(1,0).

Pick a firm ready to leave the market at time t'€T, with
characteristic (f,(0,y2)) where y».<0. Then, for each consumer ready
to leave the market at time t”>t’ with characteristic (u,(1,0)), there
exists zEZB(f,(O,yg]) such that u((1,0)+2z)>u(1,0). Thus, Vi .3(1,0)+
z)>u(1,0)=V(u(1,0)) > V. 3(u(1,0), which contradicts Lemma 3(i).

Claim 2. For all teT,, for /i—a.e. wxsC with x5 (R%), Viwx)
>u(x).18

By Assumption 5, no disqualified consumer is matched, and
therefore can not leave the market. Thus, for all t&T,, for all u,
Vi(u(0,0)) = —co. Hence, we need consider only characteristics whose
current consumption plans are not (0,0). Recall that s and C are
the time and the set of characteristics referred to in Claim 1,
respectively.

Case 1. t<s.

Suppose to the contrary, that there exist t'<s and c’'cc’. such
that £4(C)>0 and for all WXEC’, x< ¢ (R%)\{(0,0)} and Viux)s
ulx). Then, since u(x)=0 for all (ux)=C’ by Assumption 1(C), ZMNu)
ﬂZB(f,y)?ﬁz for all (w.x)=C’, for all (f,y)=C. Thus, there exists z<
Z"u.x) such that 7/(y+2z)> z/y). So, we obtain Vs.s(f,y+2)> Vs s(f.y),
which contradicts Lemma 3(ii).

Case 2. t>s.

Suppose to the contrary, that there exist t'>5 and c’cC” such that
#£1€)>0 and for all WNEC, x< 9 (R%)\{(0,0)} and Vi(u)sul).
Then, since for all (ux)=C’, for all (fy)=C, there exists z=Z’(f,y)
such that nf(y+z]> ﬂf(y], we obtain Vy.s(ux+2z)>Ve,3(ux), which
contradicts Lemma 3(i).

Suppose that Lemma 4 is not true, that is, for all t€T,, for /i—
a.e. (WX, with x lying in the interior of [0,1]X R+, Vi(u,x)>ulq.
Then, by Claim 2, almost every consumer is ready to leave the
market with a characteristic (u,(1,x2)) where x2>0. Thus, the mean
supply of labor in the economy is equal to zero, which contradicts
Claim 1 that implies that the mean employment level should be
positive.

"®For any subset E of R®, §E denotes the set of boundary points of E.
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Q.E.D.

(Received ; Revised )
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