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Abstract

Mechanical and electronic properties of
graphene under extrinsic conditions

Jeongwoon Hwang

Department of Physics and Astronomy

The Graduate School

Seoul National University

Since the groundbreaking experiments in 2004, the following years

have been the era of graphene, a two-dimensional material. Graphene

has been an exciting playground for both theorists and experimen-

talists due to its two-dimensional nature and the fascinating material

properties. Although many theoretical studies have been performed

on the ideal form of graphene in the limit of an infinite lattice, in real

experimental situations, however, what we encounter are apart from

those theoretically expected from the ideal graphene. Therefore, aside

from revealing the intrinsic properties of graphene, it is also impor-

tant to expect the changes of its properties under extrinsic conditions.

Meanwhile, those deviations may come from the existence of edge or

boundary, the substrate-induced stress, and the electronic hybridiza-

tion with substrates. An encounter with edge or boundary is inevitable
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in real situations, but there is a still room for refining it. Moreover, a

removal of the substrate-induced degradation and an improvement

of experimental environments can be achieved by choosing the right

substrates.

With those facts in mind, in this thesis we focus on the mechan-

ical and electronic properties of graphene under extrinsic conditions.

In the first part, mechanical properties of graphene under general ten-

sile strain are studied. Ab initio force constant method is adopted to

calculate phonon dispersions with the usual first-principles calcula-

tions. We show the transition of Kohn anomaly points from a high-

symmetry k point to a lower-symmetry one under the symmetry-

lowering tensile strain, which can be interpreted in relationship to

the Dirac point shift in the electronic structure. We demonstrate that

the strain-induced enhancement of phonon softening can give rise to

phonon instabilities over a wide range of tensile strain directions, re-

sulting in a mechanical failure of graphene at lower strains. In ad-

dition, we show that there are two types of instabilities leading to

mechanical failure prior to the elastic failure. In the second part,

electronic properties of epitaxially grown graphene/hexagonal boron

nitride double layer are studied in regard to a scanning tunneling

microscopy experiment. Scanning tunneling microscopy simulations

based on first-principles calculations are performed to identify the

sample on which the measurements were conducted in the experi-
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ment. We demonstrate the limitation of such measurement on graphene

directly contacting with metal substrates. We also clarify the role of

hexagonal boron nitride monolayer in the system by showing the dif-

ferences in the projected density of states and decaying patterns of

charge densities with and without the layer. In addition, we investi-

gate the zigzag edge localized state of graphene on h-BN monolayer

with low-energy effective Hamiltonian and reproduce the experimen-

tal results. Finally, we summarize this thesis and present perspectives

for further exploration.

Keywords: graphene, Kohn anomaly, phonon instability, graphene

hexagonal boron nitride double layer, scanning tunneling microscopy

simulation, zigzag edged graphene

Student Number: 2009-20435
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Chapter 1

Introduction

Graphene is a monolayer of carbon atoms on two-dimensional hon-

eycomb lattice and is a basic building block for all other graphitic

materials of various dimensionalities [1]. Thorough theoretical stud-

ies of graphene for decades had been followed by the finding of free-

standing graphene [2] which literally has opened the era of graphene.

Interestingly, the existence of such a two-dimensional crystalline struc-

ture at finite temperature is not inconsistent with the Mermin’s theo-

rem [3] by virtue of gentle crumpling in the third dimension.

Graphene shows truly fascinating properties: it is the strongest

material ever tested in nature with the Young’s modulus of 1 TPa [4]

and has exceptional intrinsic electron mobility of 2*105 cm2V−1s−1

(at a carrier density of 1*1012 cm−2) due to the ballistic transport

on the submicrometer scale [5], which exceeds that of any known

semiconductor and is independent of the doping concentration [6].

Theoretically, the low-energy charge carriers of graphene mimic rel-

ativistic particles and can naturally be described by the relativistic

Dirac equation rather than the usual Schrödinger equation, though the

electrons moving around the carbon atoms are not particularly rela-
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tivistic. Now experimental discovery of graphene provides a way to

probe (2+1)-dimensional quantum electrodynamics phenomena [7–

9]. Therefore, graphene has fascinated theorists and experimentalists

alike.

With the rise of graphene, there have been various experimental

attempts to produce graphene of high-quality and large-area, which

include chemical exfoliation [10], mechanical exfoliation of graphite

on SiO2/Si [2], thermal graphitization of a silicon carbide surface [11],

reduction from graphite oxide [12], and chemical vapor deposition

of hydrocarbons on metal substrates [13]. Obviously, the experimen-

tally measured properties of graphene are under the influence of the

sample quality, which may be affected by impurities, defects, ripples,

grain boundaries, and reconstructions at the edges. The environmen-

tal factors such as interaction with a substrate also have been reported

to change the characteristics of graphene [6, 14]. These deviations

from ideal graphene modify or degrade the expected performance of

graphene.

In this thesis, first-principles calculations and tight-binding anal-

ysis have been performed concerning the properties of graphene un-

der extrinsic conditions, i.e., the externally applied mechanical stress

and the electronic perturbation from substrates. In chapter 2, we briefly

review basic theoretical models for describing graphene and graphene

nanoribbons. In chapter 3, modern density functional theory (DFT)
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is introduced, where the fundamental theorem of DFT, Kohn-Sham

formulation, exchange-correlation functionals, and the pseudopoten-

tial method with plane wave basis set are explained. We also present

ab initio force constant method for phonon dispersion calculation. In

chapter 4, the mechanical properties of strained graphene and its fail-

ure mechanism are studied by DFT calculations with the aforemen-

tioned phonon calculation method. In chapter 5, electronic properties

of epitaxially grown graphene/hexagonal boron nitride double layer

on the Cu(111) substrate are studied by DFT calculations and the

low-energy effective Hamiltonian, in regard to a scanning tunneling

microscopy experiment. We conclude with a brief summary of this

work and perspectives for future work in chapter 6.
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Chapter 2

Tight-binding description of graphene

and zigzag graphene nanoribbon

In this chapter, we introduce the tight-binding model for graphene to

describe the low-energy electronic structure near the charge neutral

point. For graphene with the parallel zigzag edges, the localized elec-

tronic states exist at both edges, which can be described by the Hub-

bard model Hamiltonian. The Hubbard model Hamiltonian is com-

posed of hoping term and on-site repulsion term, which explicitly

deals with the electron-electron interaction, and without on-site re-

pulsion term it simply becomes the tight-binding model.

2.1 Basics

Graphene is a two-dimensional hexagonal lattice system of carbon

atoms with a basis of two atoms per unit cell, which has D6h point

group symmetry. The primitive lattice vectors of graphene can be

written as

a1 =
√

3a(

√
3

2
,−1

2
), a2 =

√
3a(

√
3

2
,
1
2
), (2.1)
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(b)(a)

K

X

Г M

b1

b2

K’

τ3

τ2
τ1

a1

a2

BA

Figure 2.1: (a) Atomic structure of graphene. ai=1,2 denote real space
lattice vectors. τi=1,2,3 are hopping vectors connecting nearest neigh-
bor carbon atoms on two sublattices, A and B. (b) First Brillouin zone
of graphene. bi=1,2 denote reciprocal lattice vectors. There are two in-
equivalent Dirac points at K and K’.

where the nearest carbon-carbon distance is a ≈ 1.42 Å. The corre-

sponding reciprocal lattice vectors are

b1 =
4π

3a
(
1
2
,−

√
3

2
), b2 =

4π

3a
(
1
2
,

√
3

2
). (2.2)

There are two inequivalent zone corners K and K’ of the Brillouin

zone,

K =
2π

3a
(1,− 1√

3
), K′ =

2π

3a
(1,

1√
3
), (2.3)
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where the energy band structure shows linear dispersion near Fermi

energy with zero energy gap. The low-energy quasiparticles near these

two points can formally be described by the Dirac-like Hamiltonian,

and thus K and K’ are called Dirac points.

2.2 Tight-binding model description of graphene

The energy bands near the Fermi energy determine the low-energy

properties of the system, which is of great interest in this section. This

low-energy bands can be obtained by solving a tight-binding Hamil-

tonian, where the basis functions are linear combinations of pz atomic

orbitals on two sublattices, i.e. ϕA(r−R− τA) and ϕB(r−R− τB),

where R is a unit cell index, and τA,B denote the positions of carbon

atoms on A and B sublattices in a unit cell. Since there are two pz or-

bitals per unit cell, we get upper and lower bands near Fermi energy

which touch each other at the Dirac points. The spin degrees of free-

dom can be ignored at present because graphene has non-magnetic

ground state. The basis functions can be written in the Bloch form,

φαk(r) =
1√
N

∑
R

eik·(R+τα)ϕα(r−R− τα), (2.4)

where two sublattices (A and B) are designated by α and N is the

number of unit cells in the crystal. Then we need to solve the eigen-
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value problem

Hψnk = Enkψnk, (2.5)

where the Hamiltonian of the system is given by

H =
p2

2m
+V (r)+

∑
R̸=0

V (r−R) (2.6)

=Hatom +∆V, (2.7)

and eigenstates can be written as

ψnk(r) =
∑

α

cαnkφαk(r). (2.8)

If we apply φβk on both sides of eq. (2.5), it becomes generalized

eigenvalue problem of the 2x2 Hamiltonian matrix due to the transla-

tion symmetry

∑
α

Hβα(k)cαnk = Enk
∑

α

Sβα(k)cαnk, (2.9)
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where

Hαβ(k) =⟨φαk | H | φβk⟩ (2.10)

=
∑

R

∫
dreik·(R+τβ−τα)ϕ

∗
α(r− τα)Hϕβ(r−R− τβ) (2.11)

=
∑

R

eik·(R+τβ−τα)
(
εαsαβ(R)+hαβ(R)

)
(2.12)

and

Sαβ(k) =⟨φαk | φβk⟩ (2.13)

=
∑

R

eik·(R+τβ−τα)sαβ(R). (2.14)

εα denotes the atomic energy of ϕα, and

sαβ(R) =

∫
dreik·(R+τβ−τα)ϕ

∗
α(r− τα)Hatomϕβ(r−R− τβ), (2.15)

hαβ(R) =

∫
dreik·(R+τβ−τα)ϕ

∗
α(r− τα)∆V ϕβ(r−R− τβ) (2.16)

Here, hαβ(R) is the so-called hopping integral representing the en-

ergy gain from electron hopping between two atomic orbitals. Solv-

ing eigenvalue problem leads to the following secular equation for

each k

∑
β

[
Hαβ(k)−EnkSαβ(k)

]
cβnk = 0. (2.17)
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If we consider only the nearest neighbor hopping, i.e.

hαβ(R) =


t, if

∣∣R+ τβ − τα

∣∣= ∣∣τβ − τα

∣∣ ,
0, otherwise,

(2.18)

and if the overlap matrix
(
Sαβ(k)

)
can be approximated as an identity

matrix and the on-site energy is set to be zero, we arrive at a simple

secular equation of the form

∣∣∣∣∣∣∣
−E(k) HAB(k)

HBA(k) −E(k)

∣∣∣∣∣∣∣= 0, (2.19)

where

HAB(k) =t
3∑

i=1

eik·τi (2.20)

=t

[
e−ikxa +2ei 1

2 kxacos

(√
3

2
kya

)]
, (2.21)

and

HBA(k) = H∗
AB(k). (2.22)
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In the vicinity of a Dirac point (k=K+q, K=(0, 4π

3
√

3a
)), the Hamil-

tonian matrix becomes

H(K+q) =

 0 − i3
2ta(qx − iqy)

i3
2ta(qx + iqy) 0

 . (2.23)

By unitary transformation UHU† = H̃, (2.23) becomes a familiar ex-

pression

H(K+q) =

 0 3
2ta(qx − iqy)

3
2ta(qx + iqy) 0

 , (2.24)

where the unitary matrix is given by

U =

 ei π

4 0

0 e−i π

4

= exp
(
−

iσz(−π

2 )

2

)
, (2.25)

which acts on a two-component spinor, or pseudospin, and results

in a rotation by −π

2 about the z-axis. Similarly, we can obtain the

expression for H(K′+q) = H∗(K+q). Solving the secular equation

leads to eigenvalues

EK,K′(q) =±3
2

ta |q|+O
(( q

K

)2
)
, (2.26)
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and eigenstates

ψ±,K(q) =
1√
2

e−iθq/2

±eiθq/2

 , (2.27)

ψ±,K′(q) =
1√
2

 eiθq/2

±e−iθq/2

 , (2.28)

where 3
2ta = vF is the Fermi velocity, and θq = tan−1(qy/qx).

Now consider the tight-binding Hamiltonian in the second quan-

tization form, which is useful for introducing Hubbard model Hamil-

tonian in the next section and is given by

Ĥ = t
∑
<i, j>

(
â†

i b̂ j + b̂†
j âi

)
. (2.29)

Here, t is the hopping integral between nearest neighbor carbon pz or-

bitals as defined before and < i, j > denotes pairs of nearest neighbor

atoms. By Fourier transformation of field operators

â†
i =

1√
N

∑
k

â†
keik·ri, (2.30)

b̂ j =
1√
N

∑
k

b̂ke−ik·rj , (2.31)
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we encounter the 2x2 tight-binding Hamiltonian matrix again, where

eigenstate is given by

| ψ±,k⟩=
(

cA±,kâ†
k + cB±,kb̂†

k

)
| 0⟩. (2.32)

In the vicinity of K, (cA±,cB±) becomes 1√
2

(
e−iθq/2,±eiθq/2

)
.

2.3 Hubbard model description of zigzag graphene

nanoribbons

Graphene nanoribbons are strips of graphene with narrow width (¡50

nm). If parallel edges are terminated with zigzag shape, it is called

zigzag graphene nanoribbon. Tight-binding calculation predicts zigzag

graphene nanoribbons to be metallic, however, density functional the-

ory (DFT) calculations show that they are semiconducting, where the

gap opens due to the antiferromagnetic spin coupling between car-

bon atoms on opposite edges. By employing Hubbard model, we can

treat the interaction between electrons on a lattice site in addition to

the hopping (or tunneling) of electrons between different sites of the

lattice. Hubbard model takes the form

Ĥ = t
∑

<i, j>,σ

(
ĉ†

iσĉ jσ + ĉ†
jσĉiσ

)
+U

N∑
i=1

n̂i↑n̂i↓, (2.33)
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a

Figure 2.2: Zigzag graphene nanoribbon. a denotes a lattice vec-
tor along which the system has 1D translational symmetry. Up and
down arrows with circle at both edges are drawn to emphasize spin-
polarized edge states.

where σ denotes spin degrees of freedom, U denotes repulsive inter-

action between electrons, and n̂iσ denotes a number operator for an

electron on i-th lattice site with spin σ. The first term is the usual

tight-binding Hamiltonian and the second term indicates the on-site

repulsive interaction between two electrons with opposite spins, which

is a good approximation when the long-range part of Coulomb inter-

action is well screened and only short-range interaction becomes rel-

evant. The existence of repulsion term in the Hubbard model Hamil-

tonian prevents the system becoming conducting, so it can be consid-

ered as an improvement on the tight-binding model for describing the

metal-insulator transition. When U is finite, gap opens due to the an-
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tiferromagnetic coupling between localized states at opposite edges

as lowering the total energy, where the gap size is proportional to the

magnitude of U. Carbon atoms on edges are considered to be pas-

sivated with a hydrogen atom. Within the mean field approximation

(2.33) is simplified as

Ĥ = Ĥ0 +U
N∑

i=1

(
n̂i↑⟨n̂i↓⟩+ ⟨n̂i↑⟩n̂i↓−⟨n̂i↑⟩⟨n̂i↓⟩

)
, (2.34)

where

Ĥ0 = t
∑

<i, j>,σ

(
ĉ†

iσĉ jσ + ĉ†
jσĉiσ

)
. (2.35)

In this process, the two-particle interaction has been replaced by an

interaction between a single particle and an effective field. Here, ⟨n̂iσ⟩

denotes the averaged occupation number of electrons with spin σ over

all kpoints in the first Brillouin zone. Since the Hamiltonian depends

on the electron number density, the equation should be solved self-

consistently until the difference between input and output electron

densities converges within a chosen criterion. In this way, we can get

the appropriate energy band dispersions for semiconducting zigzag

nanoribbons.
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Figure 2.3: Tight-binding band structures of 8 zigzag graphene
nanoribbon with and without on-site repulsion term. For finite U,
band gap opens.
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Chapter 3

Computational methods

3.1 Density functional theory

All the properties of a non-relativistic quantum system can be de-

rived from the quantum mechanical wave function by solving the

Schrödinger equation. In practice, however, solving the many-body

problem within the wave function-based method is intractable in most

cases. Modern density functional theory (DFT) has been one of the

most successful method in condensed matter physics and quantum

chemistry for calculating all the properties of quantum systems since

its birth in 1964 [15]. The idea is to express the ground state en-

ergy of a many-body system in terms of electronic density as a fun-

damental variable. In this section, we briefly review DFT by intro-

ducing Hohenberg-Kohn theorem and Kohn-Sham formulation. After

that, we examine local and semi-local approximations for exchange-

correlation functional.
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3.1.1 Hohenberg-Kohn theorem

Hohenberg-Kohn theorem establishes the solid mathematical basis of

DFT, which consists of following two theorems.

Theorem 1. For any system of interacting particles in an exter-

nal potential Vext(r), the potential Vext(r) is determined uniquely, up

to addition by a constant, by the ground state particle density n0(r).

Proof Suppose that there were two external potentials Vext,1(r)

and Vext,2(r) which differ by more than a constant and lead to the

same ground state density n(r). Corresponding two Hamiltonians,

say H1 and H2, have different ground state wave functions Ψ1 and

Ψ2, which are assumed to have the same ground state density n0(r).

Since Ψ2 is not the ground state of H1, it follows that

E1 = ⟨Ψ1 | H1 | Ψ1⟩< ⟨Ψ2 | H1 | Ψ2⟩. (3.1)

The strict inequality follows if the ground state is non-degenerate, yet

the proof can readily be extended to degenerate cases [16]. The term

in (3.1) can be written as

⟨Ψ2 | H1 | Ψ2⟩= ⟨Ψ2 | H2 | Ψ2⟩+ ⟨Ψ2 | H1 −H2 | Ψ2⟩ (3.2)

= E2 +

∫
dr[Vext,1(r)−Vext,2(r)]n0(r), (3.3)

18



so that

E1 < E2 +

∫
dr[Vext,1(r)−Vext,2(r)]n0(r). (3.4)

On the other hand if we consider E2 in exactly the same way, we find

the same expression only with the subscript 1 and 2 interchanged,

E2 < E1 +

∫
dr[Vext,2(r)−Vext,1(r)]n0(r). (3.5)

Now if we combine (3.4) and (3.5), we arrive at the contradictory in-

equality E1+E2 < E1+E2. This inequality states that there cannot be

two external potentials differing by more than a constant which give

rise to the same non-degenerate ground state charge density. Thus,

this proves the theorem. Since the Hamiltonian is uniquely deter-

mined except for a constant shift, the many-body wave functions for

all states are obtained by solving the Schrödinger equation. Therefore

all properties of the system are completely determined, provided the

ground state density n0(r) is given.

Theorem 2. A universal functional for the energy E[n] in terms

of the density n(r) can be defined, which is independent of the exter-

nal potential Vext(r). For any particular Vext(r), the exact ground state

energy of the system is the global minimum value of this functional,

and the density n(r) minimizing the functional is the exact ground
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state density n0(r).

Proof Since all properties are uniquely determined if n(r) is spec-

ified, each property can be viewed as a functional of n(r) including

the total energy functional

EHK[n] = T [n]+Eint [n]+
∫

drVext(r)n(r)+EII (3.6)

≡ FHK[n]+
∫

drVext(r)n(r)+EII, (3.7)

where EII is the interaction energy of the nuclei. The functional FHK[n]

defined in (3.7) includes all internal energies, kinetic and potential, of

the interacting electron system.

FHK[n] = T [n]+Eint [n], (3.8)

which depends only on the electron density and must be universal by

construction.

Now consider a system with the ground state density n0(r) cor-

responding to an external potential Vext(r). Following the above dis-

cussion, the Hohenberg-Kohn functional is equal to the expectation

value of the Hamiltonian in the unique ground state, which has wave

function Ψ0, and

E0 = EHK[n0] = ⟨Ψ0 | H0 | Ψ0⟩. (3.9)
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Now consider a different density n(r), which undoubtedly corresponds

to a different wave function Ψ. It follows that the energy E of this

state is greater than E0, which can readily be shown since

E0 = ⟨Ψ0 | H0 | Ψ0⟩< ⟨Ψ | H0 | Ψ⟩= E. (3.10)

Thus, the energy given by (3.10) in terms of the Hohenberg-Kohn

functional evaluated for the correct ground state density n0(r) is in-

deed lower than the value evaluated for any other density n(r). It fol-

lows that if the functional FHK[n] was known, by minimizing the total

energy of the system with respect to variations in the density function

n(r), one would find the exact ground state density and ground state

energy.

3.1.2 Kohn-Sham formulation

Hohenberg-Kohn theorem guarantees the existence of the energy func-

tional, which, in principle, determines all the information of a many-

body system. However, the theorem provides no practical guidance

for constructing the functional. DFT has gained widespread interests

only after Kohn and Sham had made the ansatz [17], which replaces

the interacting many-body problem by an auxiliary independent-particle

problem that can be solved more easily.

Now consider the Hohenberg-Kohn theorem, where the ground
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state energy of a many-body system can be obtained by minimizing

the energy functional (3.7) subjected to the constraint that the number

of electrons N is conserved. The variational principle states that

δ

[
FHK[n]+

∫
drVext(r)n(r)+EII −µ

(∫
drn(r)−N

)]
= 0,

(3.11)

which leads to Euler-Lagrange’s equation

µ =
δFHK[n]

δn(r)
+Vext(r), (3.12)

where µ is the chemical potential. The earlier effort of Thomas and

Fermi to express kinetic energy local in density has limitation since

it is unable to hold bound states. Kohn and Sham’s idea is that if one

can find a system of non-interacting electrons that produces the same

electronic density of the interacting system, the kinetic energy of the

non-interacting system can be calculated exactly. This corresponds to

express the many-body wave function as a single Slater determinant

made of one-electron orbitals.

In the Kohn-Sham formulation the universal energy functional

is divided into three terms; non-interacting kinetic energy Ts, Hartree

energy (or classical Coulomb energy) EHartree, and exchange-correlation

energy Exc. The first two terms can be calculated exactly and compose
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the majority of the total energy. All many-body effects of exchange

and correlation are grouped into the third term. The expression for

the kinetic energy is given by

Ts[n] =− h̄2

2m

N∑
i=1

〈
ψi | ∇

2
i | ψi

〉
, (3.13)

and the Hartree energy is given by

EHartree[n] =
1
2

∫
dr
∫

dr′
n(r)n(r′)
|r− r′|

. (3.14)

Of course, non-interacting kinetic energy is not the exact kinetic en-

ergy of the interacting system and the missing fraction is due to the

fact that the true many-body wave function cannot be written as a sin-

gle Slater determinant. Deviation from the real kinetic energy must

be included in the exchange-correlation energy term. Now the Euler-

Lagrange’s equation given in (3.12) becomes

µ =
δTs[n]
δn(r)

+VKS(r), (3.15)

where VKS(r) is given by

VKS(r) =Vext(r)+VHartree(r)+Vxc(r), (3.16)
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with

VHatree(r) =
∫

dr′
n(r′)
|r− r′|

, (3.17)

and

Vxc(r) =
δExc[n(r)]

δn(r)
. (3.18)

Expression (3.15) leads to the Kohn-Sham equation

[
− h̄2

2m
+VKS(r)

]
ψi(r) = εiψi(r), (3.19)

and the solutions of this one-body problem give the density of an

auxiliary system

n(r) =
N∑

i=1

|ψi(r)|2 , (3.20)

which is obtained by filling the lowest N Kohn-Sham orbitals. It is

worth mentioning that the density obtained by solving the Kohn-

Sham equation for non-interacting electrons is the same as the ex-

act ground state density. Therefore, if the exchange-correlation func-

tional Exc[n(r)] defined in (3.18) were known, the exact ground state

energy and density of the many-body system could be found by solv-

ing the Kohn-Sham equation for non-interacting electrons. Equation
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(3.19) should be solved iteratively until the resulting electron density

nout(r) coincides with the density nin(r) used for the construction of

the Hamiltonian, which is solving Kohn-Sham equation in the self-

consistent manner. Then the ground state energy is given by

Etot [n] =
N∑

i=1

εi −EHartree[n]+Exc[n]−
∫

dr
δExc[n(r)]

δn(r)
n(r).

(3.21)

3.1.3 Approximations for exchange-correlation energy

The exact exchange-correlation functional Exc[n(r)], however, is un-

known, hence the approximations made in the exchange-correlation

functional limit the accuracy of the solutions of otherwise exact Kohn-

Sham equation. In spite of the predictable complexity of the exact

functional, great progress has been made with remarkably simple ap-

proximations. In this section two most widely used approximate func-

tionals, local density approximation (LDA) and examples of generalized-

gradient approximations (GGAs), are introduced.

In local density approximation it is assumed that the exchange-

correlation energy functional depends solely on the value of the elec-

tronic density at each point in space. In other words, a general in-

homogeneous electronic system is considered as ”locally homoge-

neous” and the exchange-correlation energy is expressed as follows
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assuming εxc[n] = εxc(n(r)):

ELDA
xc [n] =

∫
drn(r)εLDA

xc (n(r)). (3.22)

where εLDA
xc (n(r)) is the exchange-correlation energy per electron of

a homogeneous electron gas of density n(r) and can be decomposed

into exchange and correlation contributions

ε
LDA
xc (n(r)) = ε

LDA
x (n(r))+ ε

LDA
c (n(r)). (3.23)

It is natural, as well as successful, to start from the homogeneous

electron gas (HEG) model where the ground state properties are de-

termined by a constant electronic density. The exchange energy den-

sity takes on a simple analytic form for the HEG, which is given by

Dirac’s expression:

ε
LDA
x (n(r)) =−3

4

(
3
π

)1/3

n1/3 =−3
4

(
9

4π2

)1/3 1
rs
, (3.24)

where rs =(3/4πn)1/3 is the average interelectronic distance in atomic

unit (aB). The unitless parameter rs providing a measure of the elec-

tron density also represents the ratio of the average potential energy

to the average kinetic energy of the system. Among diverse approxi-

mations for the correlation energy density, the most accurate result is

parameterized by Perdew and Zunger based on the quantum Monte
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Carlo simulations of Ceperley and Alder for the HEG [18].

ε
LDA,PZ
c (n(r)) =


Alnrs +B+Crslnrs +Drs, if rs ≤ 1,

γ/(1+β1
√

rs +β2rs), if rs > 1,
(3.25)

where coefficients are given by A = 0.0311, B =−0.048, C = 0.002,

D=−0.0116, γ=−0.1423, β1 = 1.0529, and β2 = 0.3334 in Hartree

units. Now, the exchange-correlation energy can be obtained by inte-

grating the energy density value calculated with n(r) in some neigh-

borhood of point r weighted with electronic density of the system.

Although far from being homogeneous, the surprising success

of LDA in real systems comes from the presence of an exchange-

correlation hole, which is defined as

nxc(r,r′) = n(r′)[g(r,r′)−1], (3.26)

where pair correlation function g(r,r′) should be understood as av-

eraged over the interaction strength in the spirit of adiabatic connec-

tion between non-interacting and fully interacting many-body sys-

tem. Exchange-correlation hole represents a fictitious charge deple-

tion due to the fact that the presence of an electron at r reduces

the probability of finding a second electron at r′ in the vicinity of

r, which is called exchange and correlation effect. Thus, it compen-
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sates Hartree contribution which ignores this depletion. Another im-

portant property of exchange-correlation hole is that it satisfies the

sum rule expressing the exchange-correlation hole contains exactly

one displaced electron:

∫
dr′nxc(r,r′) =−1. (3.27)

Given the exchange-correlation hole, the exchange-correlation en-

ergy density can be written as

εxc(n(r)) =
1
2

∫
dr′

nxc(r,r′)
|r− r′|

. (3.28)

The extension of the LDA to spin-polarized system is the lo-

cal spin density approximation (LSDA), which is basically replacing

the exchange-correlation energy density with a spin-polarized expres-

sion:

ELSDA
xc [n↑(r)+n↓(r)] =

∫
dr[n↑(r)+n↓(r)]εhom

xc [n↑(r)+n↓(r)]

(3.29)

=

∫
drn(r)εhom

xc [n(r),ζ], (3.30)

where εhom
xc [n(r),ζ] is obtained by interpolation between the fully-

polarized (εP
xc) and unpolarized (εU

xc) exchange-correlation energy den-
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sities for HEG with some interpolating function f (ζ) depending on

the magnetization density ζ = n↑(r)−n↓(r):

ε
hom
xc [n(r),ζ] = f (ζ)εP

xc[n(r)]+ [1− f (ζ)]εU
xc[n(r)]. (3.31)

Encouraged by the success of LSDA, various efforts have been

made to address the inhomogeneities in the electronic density. That

is to carry out an expansion of the density in terms of the gradient

and higher order derivatives. This idea led to gradient expansion ap-

proximation (GEA), where the general expression for the exchange-

correlation energy can be written in the following form:

Exc[n] =
∫

drn(r)εxc[n(r)]Fxc[n(r),▽n(r),▽2n(r), ...], (3.32)

where the function Fxc is an enhancement factor modifying the LDA

expression. However, GEA does not lead to the desired accuracy, but

frequently worsens the LDA results due to the violation of the condi-

tions required for the exchange-correlation hole, such as a sum rule,

long-range decay, etc. The name generalized gradient approximation

(GGA) has been given to various modified GEAs that preserve the de-

sired properties of exchange-correlation hole. Among various GGA

functionals, the most popular one is proposed by Perdew, Burke, and

Ernzerhof (PBE) [19]. The chosen expression for the enhancement

29



factor for exchange part defined in (3.32) is

Fx(s) = 1+κ− κ

1+µs2/κ
, (3.33)

where µ = 0.21951,κ = 0.804, and the dimensionless density gradi-

ent s = |▽n|/(2kFn). The correlation energy assumes the form

EGGA
c [n] =

∫
drn(r)

[
ε

hom
c (n,ζ)+H(n,ζ, t)

]
, (3.34)

where εhom
c (n,ζ) is the correlation energy density for HEG defined in

(3.31). Here, the correlation correction term H is

H(n,ζ, t) =
e2

a0
γφ

3ln
[

1+
β

γ
t2
(

1+At2

1+At2 +A2t4

)]
, (3.35)

with

A =
β

γ

[
exp
(
−εhom

c (n)
γφ3e2/a0

)
−1
]−1

, (3.36)

where β = 0.066725, γ = 0.031091, and t = |▽n|/(2φksn) is a dimen-

sionless density gradient with ks =
√

4kF/πa0 is the Thomas-Fermi

screening wave number. Here φ(ζ) = [(1+ζ)2/3 +(1−ζ)2/3]/2 is a

spin-scaling factor.
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3.2 Pseudopotential plane wave approach

3.2.1 Plane wave basis set

Solving the electronic structure problem in practice requires a choice

of mathematical representation for the one-electron wave functions,

which can be expanded as a linear combination of a generic basis set

| φα⟩. In real-space representation, the one-electron wave function is

written as

ψi(r) =
M∑

α=1

ciαφα(r), (3.37)

where the sum runs over all the basis functions up to the size of the

basis set M, which determines the accuracy of the calculation. For

a periodic system, Bloch’s theorem states that the eigenstates of the

one-electron Hamiltonian can be written as a plane wave times a peri-

odic function with the periodicity of the lattice, i.e., uk(r)= uk(r+R)

with R is any lattice vector. Plane waves (PWs) are solutions of the

Schrödinger equation in the presence of a constant external potential,

which are approximate solutions in interstitial regions in condensed

phases. Closer to nuclei, however, the external potential is far from

constant, so the solutions of Schrödinger equation have to be written

as linear combinations of PWs. In general, any function in real space

can be written as a Fourier transformation of a function in reciprocal
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space,

uk(r) =
∫

dgeig·rũk(g). (3.38)

The periodicity of uk(r) allows only the values of g satisfying the

relation eig·a j = 1, that is g ·a j = 2nπ for primitive lattice vectors

a j, where j = 1,2,3 and n is integer number. This implies that g =

n1b1 +n2b2 +n3b3 (ni: integer numbers), where

bi = 2π
a j ×ak

Ωcell
(3.39)

with Ωcell = a1 ·(a2×a3) is the primitive unit cell volume. Therefore,

the g vectors in (3.38) are precisely restricted to the reciprocal lattice

vectors G, and the general expression for the Bloch function is

ψk(r) =
eik·r
√

Ω

∞∑
G=0

ck(G)eiG·r, (3.40)

where the Fourier coefficients are ck(G). This restriction of the possi-

ble values of g to the reciprocal lattice vectors ensures that periodic-

ity of the crystal is automatically verified, and the Fourier transform

(3.38) becomes the Fourier series (3.40). We now define the PW basis
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functions

φG(r) =
1√
Ω

eiG·r (3.41)

which are normalized over the volume Ω = NcellΩcell

⟨φG | φG′⟩= 1
Ω

∫
Ω

dri(G−G′)·r =
1
Ω
(ΩδG,G′) = δG,G′, (3.42)

so that PWs corresponding to different wave vectors, G ̸= G′, are

orthonormal. With this definition, the wave functions for the different

eigenstates i can be written as

ψik(r) = eik·r
∞∑

G=0

cik(G)φG(r). (3.43)

Notice that the phase factor eik·r involves a wave vector k in the

first Brillouin zone (BZ), while the reciprocal lattice vectors G en-

tering the PW expansion, except for G = 0, lie always outside the

BZ. Wave functions corresponding to different k vectors obey sepa-

rate Schrödinger equations.

In principle, an infinite number of G vectors are required to rep-

resent the wave functions with infinite accuracy. In practice, however,

the Fourier coefficients ck(G) of the wave functions decrease with in-

creasing |k+G|, so the PW expansion can be effectively truncated at

33



a finite number of terms, i.e. limited to all waves of which kinetic

energy is lower than a certain energy cutoff Ecut :

h̄2

2m
|k+G|2 < Ecut . (3.44)

For the Γ-point (k = 0), the above expression defines a sphere of

radius Gcut in the space of wave vectors, which is given by

|G|< Gcut =

√
2mEcut

h̄2 . (3.45)

The truncation of the basis set leads to errors in the computed physi-

cal quantities, but these errors can be easily handled by increasing the

cutoff. Since this implies an increase in the size of the basis set with-

out modifying the Hamiltonian, the energy should decrease variation-

ally with increasing Ecut . This systematic enhancement of accuracy

with the increase of basis set size differentiates PW basis functions

from other non-orthogonal (e.g. Gaussians) basis functions.

3.2.2 Pseudopotential theory

The strong atomic Coulomb potential leads to wave functions rapidly

varying, sometimes involving sharp peaks, in the vicinity of nuclei,

which can hardly be expanded in finite PW basis functions. The fun-

damental idea of pseudopotential [20] is to replace the strong Coulomb
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potential of the nucleus and the tightly bound core electrons by an

effective ionic potential, or screened potential acting on the valence

electrons. We start with defining the core electrons and the valence

electrons. Electronic states of an atom can be classified into core

states, which are highly localized and not involved in chemical bond-

ings, and valence states, which are extended and responsible for chem-

ical bondings. Based on the observations that core states are not es-

sential for the description of chemical bondings, and a good descrip-

tion of the valence wave functions inside the core region is not strictly

necessary, there is no lack of crucial information if the inner solu-

tion (inside some cutoff radius) is replaced with a smooth, nodeless

pseudo-wave function, which is not a solution to the original atomic

problem. Now it is reasonable, in practice, to expand pseudo-wave

functions with a truncated basis set.

The origin of the modern pseudopotential approach can be traced

back to the famous paper of Philips and Kleinman [21], which showed

that one can construct a smooth valence wave function ψ̃v that is not

orthogonalized to the core states ψc, by combining the core and the

true valence wave function ψv in the following way:

| ψ̃v⟩=| ψv⟩+
∑

c

αcv | ψc⟩, (3.46)

where αcv = ⟨ψc | ψ̃v⟩ ≠ 0. This pseudo-wave function satisfies the
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modified Schrödinger equation:

[
Ĥ +

∑
c

(εv − εc) | ψc⟩⟨ψc |

]
| ψ̃c⟩= εv | ψ̃v⟩. (3.47)

Here, Ĥ = T̂ +V̂ , where V̂ = (Zc/r)Î is the bare nuclear potential and

Î is the identity operator. This shows that it is possible to construct a

pseudo-Hamiltonian

ĤPS = Ĥ +
∑

c

(εv − εc) | ψc⟩⟨ψc |, (3.48)

with the same eigenvalues of the original Hamiltonian but with the

smoother and nodeless wave functions. The associated potential

V̂PS =
Zc

r
Î +
∑

c

(εv − εc) | ψc⟩⟨ψc | (3.49)

was named pseudopotential. This pseudopotential acts differently on

wave functions of different angular momentum, and the most general

form of such a pseudopotential takes following form:

V̂PS(r) =
∞∑

l=0

l∑
m=−l

vl
PS(r) | lm⟩⟨lm |=

∞∑
l=0

vl
PS(r)P̂l, (3.50)

where ⟨r | lm⟩=Ylm(θ,φ) are spherical harmonics, vl
PS(r) is the pseu-

dopotential corresponding to the angular component l, and the oper-
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ator

P̂l =

l∑
m=−l

| lm⟩⟨lm | (3.51)

is a projection operator onto the l-th angular momentum subspace.

Pseudopotential of this kind is usually called semi-local (or angular-

dependent) pseudopotential because it acts differently on the various

angular momentum components of the wave function. It is because

of the different orthogonality conditions for states with different l

components. Also, for each angular momentum l the pseudopotential

have the valence l-state as the ground state.

Normally, only a few (up to lmax) low-angular-momentum core

states are occupied. Therefore, for values of l > lmax the ionic core is

seen in the same way by all the l components of the wave functions,

and the summation in (3.50) can be rewritten as

V̂PS(r) =
∞∑

l=0

vloc
PS (r)P̂l +

lmax∑
l=0

[
vl

PS(r)− vloc
PS (r)

]
P̂l (3.52)

=V loc(r)+
lmax∑
l=0

∆vl
PS(r)P̂l. (3.53)

Here, ∆vl
PS(r) are short-ranged functions confined to the core region,

and V loc(r) is an average local potential that represents the screened

Coulomb interaction and is required to represent the potential that
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acts on higher angular momentum components.

In actual calculation, if we assume the semi-local form defined

in (3.53), the matrix elements of the pseudopotential can be obtained

by double integral over variables. While angular-dependent parts can

be integrated separately (non-local in l and m), a radial integral can-

not be separated due to a factor δ(r− r′) implied in the form (local

in r), which is generally too costly. Thus, for a large number of PW

basis functions, this radial integration indeed becomes a bottleneck

for electronic structure calculation with many atoms. It is known that

this problem does not arise in fully non-local pseudopotentials such

as the original Philips-Kleinman form (3.49). From this observation,

Kleinman and Bylander developed a fully non-local (non-local in l,m,

and r) separable form of the pseudopotential [22], which can replace

the semi-local part in (3.53) to a good approximation. The total pseu-

dopotential now takes the form

V̂KB =V local(r)+
∑
lm

| ∆v̂l
PSψlm

PS⟩⟨ψlm
PS∆v̂l

PS |
⟨ψlm

PS | ∆v̂l
PS | ψlm

PS⟩
. (3.54)

This operator acts on a reference state | ψlm
PS⟩ in an identical manner

to the original semi-local operator V̂PS.

The construction of a pseudopotential, however, is not unique

problem, which allows the freedom to choose forms that simplify the

calculations and the interpretation of the resulting electronic struc-
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ture. It is essential to know that all properties of the wave function

outside the scattering region are invariant to a change in the phase

shift by any multiple of 2π. This requires that the pseudopotential

should be constructed in such a way that its scattering properties (or

phase shifts) are the same as those of the all-electron potential, al-

though the radial pseudo-wave function has no nodes inside the core

region. The desired property of a pseudopotential is that it should be

transferable as well as soft. Transferability means that a pseudopoten-

tial constructed in one environment (usually the atom) can faithfully

represent the valence properties (scattering properties) in different en-

vironments including ions, molecules, and condensed matter, where

the eigenvalues shift from their atomic values. Hamann, Schulüter,

and Chiang (HSC) found that transferability is ensured by imposing

norm-conservation condition:

∫ rc

0
drr2[Rl

PS(ε,r)]
2 =

∫ rc

0
drr2[Rl

AE(ε,r)]
2. (3.55)

A key result of HSC was to realize that the norm of the wave function

also appears in a very important identity to the Friedel sum rule:

−1
2

{
[rRl(ε,r)]2

d
dε

d
dr

lnRl(ε,r)
}

rc

=

∫ rc

0
drr2[Rl(ε,r)]2. (3.56)

Therefore, the norm-conservation condition imposes that, to first-order
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in the eigenvalue, the logarithmic derivatives of the all-electron and

pseudo-wave functions vary in the same way. This implies that a

small change in the eigenvalue due to changes in the external po-

tential (the environment) produces only a second-order change in

the logarithmic derivative. In this way, pseudopotentials derived from

atomic calculations can be exported to other environments.

The norm-conservation constraint is tightly linked to the concept

of transferability through the sum rule defined in (3.35), which is re-

sponsible for the requirement of the high PW cutoff of some pseu-

dopotentials, e.g. O 2p or Cu 3d. However, it is not strictly necessary

that the norms of the all-electron and pseudo-wave functions coin-

cide. In 1990 Vanderbilt has relaxed the norm-conservation condi-

tion by generalizing the sum rule, who showed that much smoother,

but still highly transferable, pseudopotentials can be obtained. These

have received the name of ultrasoft (US) pseudopotentials. In US, the

sum rule is modified to

−1
2

{
[rRl(ε,r)]2

d
dε

d
dr

lnRl(ε,r)
}

rc

= ⟨ψilm
PS | ψ

ilm
PS ⟩rc +Ql

ii. (3.57)

The matrix elements Ql
ii represents the amount of charge missing in

the pseudo-wave function of angular momentum l, calculated using

the reference energy εil .
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3.2.3 Projector augmented method

Although pseudopotential reduces the number of wave functions to

be calculated and removes the singular behavior of ionic potential

at the lattice point, the information on the full wave function close

to the nuclei is lost in the approach. A different approach is the aug-

mented plane wave method (APW), where space is divided into atom-

centered augmentation spheres, inside which the wave functions are

taken as some atom-like partial waves, and bonding regions outside

the spheres, in which some envelope functions are defined. The par-

tial waves and envelope functions are then matched at the boundaries

of the spheres. A more general approach is the projector augmented

wave method (PAW), which was first proposed by Blöchl [23]. This

approach retains the all-electron character, but it uses a decomposi-

tion of the all-electron wave function in terms of a smooth pseudo-

wave function, and a rapidly varying contribution localized within

the core region. The true and pseudo-wave functions are related by a

linear transformation [24]:

T = 1+
∑

m

(| Ψ
m
AE⟩− | Ψ

m
PS⟩)⟨p̃m |, (3.58)
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where the indices m run over all projectors on all atoms. This trans-

formation leads to

| ψ
n
AE⟩= T | ψ

n
PS⟩= | ψ

n
PS⟩+

∑
m

(| Ψ
m
AE⟩− | Ψ

m
PS⟩)⟨p̃m | ψ

n
PS⟩

(3.59)

where Ψm
AE(r) are all-electron partial waves obtained for a reference

atom, Ψm
PS(r) are pseudo-atomic partial waves that coincide with the

all-electron one outside a cutoff radius and can be any smooth contin-

uation inside, and | p̃m⟩ are projectors that verify the duality relation

⟨p̃m | ψ
n
PS⟩= δmn. (3.60)

The PAW transformation provides a way to calculate all-electron ob-

servables using this smooth pseudo wave function from a pseudopo-

tential calculation, conveniently avoiding having to ever represent the

all-electron wavefunction explicitly in memory. Now we can define

the pseudo operator for any operator Â in the all-electron problem by

employing the transformation operator T as

ˆ̃A =T †ÂT = Â+
∑
mm′

| p̃m⟩
{
⟨Ψm

AE | Â | Ψ
m′
AE⟩−⟨Ψm

PS | Â | Ψ
m′
PS⟩
}
⟨p̃m′

| .

(3.61)
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The PAW method is typically combined with the frozen core approx-

imation, in which the core states are assumed to be unaffected by

the ion’s environment. Therefore, every pseudopotential machinery

is available for the PAW method, which just has to be supplemented

with contributions from spherical regions.

3.3 Van der Waals interaction

The van der Waals (vdW) interaction can be illustrated as a non-

directional interaction between non-overlapping electron densities with

induced dipole moments, where instantaneous polarization arises from

the charge fluctuation of quantum system. This vdW interaction is ob-

viously the instantaneous correlation effect and cannot be correctly

described by the approximated exchange-correlation functionals in

DFT. One way to treat vdW interaction in DFT calculation is adding

a semi-empirical dispersion potential to the Kohn-Sham energy. Then

the total energy is given by

EDFT−D = EKS−DFT +Edisp, (3.62)

where EKS−DFT is the usual self-consistent Kohn-Sham energy as ob-

tained from the chosen density functional and Edisp is empirical dis-
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persion potential given by

Edisp =−
∑
i, j

∑
L

Ci j
6

R6
i j,L

fd,s6(Ri j,L), (3.63)

where the summations are over all atoms (i and j) and all repeated unit

cells (L), Ci j
6 denotes the dispersion coefficient for a pair of atoms,

Ri j,L is the interatomic distance between an atom in a reference cell

centered at origin and another atom in the L-th cell, and f (Ri j,L) is a

damping function to scale the force field such as to minimize contri-

butions from interactions within typical bonding distances. Interac-

tions over a certain suitably chosen cutoff radius give negligible con-

tributions to Edisp and can be ignored safely. In the original method

of Grimme, Fermi-type damping function is used [25]:

fd,s6(Ri j) =
s6

1+ e−d(Ri j/(sRR0i j)−1)
, (3.64)

where d is a damping parameter, R0i j is the sum of atomic vdW radii

of atom pair ij, sR is a scaling factor, and s6 is a global scaling factor

that only depends on the density functional used and has been opti-

mized for several different DFT functionals such as PBE (s6 = 0.75),

BLYP (s6 = 1.2), and B3LYP (s6 = 1.05). Parameters Ci j
6 and R0i j are
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computed using the following combination rules:

Ci j
6 =

√
Cii

6C j j
6 , (3.65)

which is a geometric mean of two atomic C6 coefficients, and

R0i j = R0i +R0 j. (3.66)

The values of Cii
6 and R0i are tabulated for each element and are in-

sensitive to the particular chemical situation (for instance, C6 for car-

bon in methane takes exactly the same value as that for C in benzene

within this approximation).

3.4 Ab initio force constant methods

The calculation of vibrational spectra is essential to investigate phase

stability and thermodynamics of the crystalline materials. Ab initio

approaches for a calculation of phonon dispersion relations are cat-

egorized into the linear response approach and the direct approach.

Linear response approach denotes the method in which the dynamical

matrix is expressed in terms of the inverse dielectric matrix describ-

ing the response of the valence electron density to a periodic lattice

perturbation. This is difficult to be exploited for a number of sys-

tems because the dielectric matrix should be calculated by means of
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the electronic eigenfunctions and eigenvalues of the perfect crystal.

In a direct approach, the energy of a phonon is calculated as a func-

tion of the displacement amplitude in terms of the difference in the

energies of the distorted and the unperturbed lattice, which is called

the frozen phonon method. This approach is restricted to phonons

whose wavelength is compatible with the supercell used in the calcu-

lation. Another variant of the direct approach is the force constant

method. In the force constant method, the elements of the force-

constant matrix are calculated from the forces obtained by the use

of the Hellmann-Feynman theorem, or force theorem, in total energy

calculation. Then the dynamical matrix is determined by a Fourier

transformation, and the phonon frequencies for arbitrary wave vectors

are evaluated by a diagonalization of this matrix. Among the forgo-

ing ab initio approaches, we elaborate on the force constant method

in this section [26, 27].

The ab initio force constant approach is based on the periodi-

cally repeated supercells. First consider that a single atom in such a

supercell is displaced by u jν from its equilibrium position, where j

is the index of the primitive unit cell and ν is atomic index. Because

of the periodic boundary condition, the induced force acting on all

other atoms in the supercell comes from the equivalently displaced

atoms in the repeated images of the supercell as well as the displaced

atom inside the supercell. Here we define the equilibrium position of
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µ-th atom in i-th primitive unit cell as Riµ = Ri +dµ, where Ri is the

lattice vector and dµ is the equilibrium position of the atom within

the primitive unit cell. Under the harmonic approximation, the force

acting on µ-th atom in i-th primitive unit cell is given by

F(Riµ,µ) =−
∑

L

D(Riµ,µ;R jν +L,ν) ·u jν, (3.67)

where D(Riµ,µ;R jν +L,ν) are (3x3) harmonic force constant ma-

trices relating atoms (Riµ,µ) and (R jν +L,ν), and L are indices of

supercell lattice vectors. When taking into account the summation

over supercells L, the cumulant force constant matrix is defined as

DΣ(Riµ,µ;R jν,ν) =
∑

L

D(Riµ,µ;R jν +L,ν) (3.68)

The aim of the direct method is to describe the dynamical matrix

D(k) of the crystal, which is defined as

D(k;µν) =
1√

MµMν

∑
L

∑
j

D(Riµ,µ;R jν +L,ν)× exp
{
−ik · [Riµ −R jν −L]

}
.

(3.69)

Here the summation j runs over all primitive unit cells in a supercell,

Mµ,Mν and Riµ,R jν are masses and positions of atoms, respectively.

Using the cumulant force constants defined in (3.73), one may define
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an approximate dynamical matrix as

D̃(k;µν) =
1√

MµMν

∑
j

DΣ(Riµ,µ;R jν,ν)× exp
{
−ik · [Riµ −R jν]

}
.

(3.70)

At the wave vector kL fulfilling the condition

exp(ikL ·L) = 1, (3.71)

which is usually the case of the high-symmetry k points, the approx-

imate and the exact dynamical matrices are equal, i.e., D(k;µν) =

D̃(k;µν). Nonetheless, increasing the size of the supercell, better ac-

curacy of the phonon dispersion curves is achieved. The advantage

of the introduced direct method is that it does not impose any limit

to the range of interaction. The method interpolates the dispersion

curves between exact points; however, if the force constants outside

the supercell are so small that they could be neglected, then the dis-

persion curves are exact for all the wave vectors. Finally, the equation

of motion for each value of k and branch index s is written as

∑
ν

D̃(k;µν)εs(ν;k) = Mµωs(k)2
εs(µ;k), (3.72)

where εs are polarization vectors satisfying the generalized orthogo-
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nality relations

∑
µ

Mµεs′(µ;k)∗εs(µ;k) = δss′ . (3.73)

Both εs and ωs(k) are determined by the diagonalization of D̃(k;µν):

∑
µν

εs′(µ;k)∗D̃(k;µν)εs(ν;k) = ω(k)2
s δss′. (3.74)
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Chapter 4

Phonon softening and mechanical

failure of graphene under tensile

strain

Phonon softening of graphene under tensile strain is investigated based

on ab initio density functional theory calculations. From calculated

phonon band structures, we show that the Kohn anomaly point shifts

from a high-symmetry k point to a lower symmetry one under the

symmetry lowering tensile strain as a consequence of the Dirac point

shift in the electronic band structure. We demonstrate that, over a

wide range of tensile strain directions, the strain-induced enhance-

ment of phonon softening can give rise to phonon instabilities result-

ing in a mechanical failure of graphene. It is shown that there are two

types of instabilities associated with phonons near K and Γ points,

respectively, which induce symmetry-breaking structural distortions,

and both of them lead to mechanical failure prior to the elastic failure

commonly expected when the structural symmetry is retained.
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4.1 Introduction

The ultimate strength of a material, defined to be the maximum achiev-

able stress that can be supported prior to material failure, is a crucial

quantity that characterizes the mechanical property of a material. The

ultimate strength under ideal conditions (i.e., homogeneous deforma-

tion in a defect-free structure) is closely related to the intrinsic atomic

bond strength. Such an ideal strength of a material becomes an impor-

tant issue with increasing interest in synthesizing almost perfect ma-

terials and searching for ultrastrength materials these days [28, 29].

The measurement of the ideal strength, however, has remained

elusive for quite a long time because the actual breaking strength of

a brittle material is governed by the existence of flaws within the

material rather than the intrinsic strength of its atomic bonds [30].

Recently, progresses in graphene research have made possible [1, 4]

the synthesis of large-area defect-free graphene and the direct mea-

surement of its ideal strength. Especially, Lee et al. measured the

mechanical properties of monolayer graphene membranes suspended

over open holes by using an atomic force microscope (AFM) nano

indentation, and the strength of graphene appears nearly ideal and

exceeds, as predicted, the strength of any other materials [31]. This

experiment inspires the question of how graphene fails under ideal

conditions, and recent theories reveal that the failure mechanism of
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graphene under equibiaxial strain lies in phonon instability associated

with Kohn anomaly occurring at a critical strain of ∼15% [32–34].

This is far below the critical strain for the elastic failure occurring

at more than 20%. The elastic failure corresponds to the maximum

stress before bond breaking under the constraint of maintaining the

primitive unit cell of the graphene lattice [32]. For the uniaxial strain,

however, it is known that there is no such kind of instability prior

to elastic failure [33], which implies that applied strain configura-

tions should affect not only the magnitude of the strength but also

the failure mechanism in graphene. In practical situations, strain may

be applied in general directions and the mechanical failure mecha-

nism can be different depending on the direction of the strain. There

was a Density Functional Theory (DFT) study which compared the

strength of the
√

3×
√

3 unit cell (K-cell) and that of the primitive cell

under strain states of graphene to investigate a particular symmetry-

lowering process [32], but K-cell cannot describe phonon instability

under strain states other than biaxial strain. Therefore, we explore the

conditions under which the phonon instability occurs prior to the elas-

tic failure, and the process how phonon softening develops for given

strain states. In this work, we find that there are two types of phonon

instabilities associated with K- and Γ-phonons that precede the usual

elastic failure for almost all strain states. We will explain how these

instabilities are related to the symmetry and the electronic structure
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of graphene by investigating the effects of general strain states on the

phonon spectra based on the DFT calculations. In selected cases, we

will further show that these phonon instabilities are indeed respon-

sible for a structural phase transition and the resulting mechanical

failure of graphene.

The failure of graphene under biaxial tensile strain is known to

be triggered by the strain-induced enhancement of the Kohn anomaly [32,

33]. The Kohn anomaly in the phonon dispersion in metals is a dis-

continuity in its derivative with considerable phonon frequency soft-

ening at nesting vectors in the Fermi surface [35]. Occurrence of the

Kohn anomaly in a metallic system depends on the Fermi surface

geometry and the nature of the electron screening of the electric field

produced by the ionic lattice. For graphene, the Kohn anomaly can be

characterized by kinks in the highest optical branch at Γ and K (K’).

The Kohn anomaly at Gamma (Γ) is originated from the intra-valley

scattering at Dirac points, but it does not determine the graphene

strength because the corresponding phonon mode has a much weaker

electron-phonon coupling strength than the phonon mode at K [36].

The Kohn anomaly at K is caused by the point-like topology of the

graphene Fermi surface, which allows for the Fermi surface nesting

like a 1-D system with the nesting vector corresponding to K. This

Fermi surface nesting vector enables the inter-valley scattering from

K to K’, and under intense strain this anomaly can lead to the so-
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called Kekule distortion [34], where the lattice consists of alternating

short and long bonds between neighboring carbon atoms [37]. Such

a distortion is realized under large applied strain by exploiting a huge

electronic energy gain from band gap opening. This instability de-

termines the strength of graphene since it occurs prior to the elastic

failure. Such kind of instability may also happen for graphene under

inequibiaxial strain as long as the point-like Fermi-surface is retained

because a phonon wave vector q that connects two Dirac points still

exists. The anomaly point is not necessarily fixed at K and actually

moves away from K in the k-space due to the change of the symmetry

and the subsequent shift of Dirac points in the electronic structure.

Strain states can be categorized into equibiaxial and inequibiax-

ial strain states, and obviously graphene under equibiaxial strain pos-

sesses the same symmetry as pristine graphene. Figure 4.1(a) shows

the primitive cell and the first Brillouin zone (BZ) of graphene. Since

inequibiaxial strain states are nothing but uniaxial strain states with

different lattice constants, systems under inequibiaxial strain has the

symmetry of uniaxially strained graphene. Under uniaxial strain, the

symmetry of the honeycomb lattice is lowered to D2h, and so does its

BZ as in Figure 4.1(b) and (c). Also, the symmetry at the K (or K’)

point is lowered to C2v due to the symmetry lowering strain, where

the two-fold rotational axis is y-axis. Here, strained graphene does

not have the three-fold rotational symmetry anymore. The symmetry
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Figure 4.1: (a) Primitive cell and the first Brillouin zone (BZ) of
graphene. The irreducible BZ (IBZ) is represented by the shaded area
in red. (b),(c) Atomic structures and BZs of graphene under the Z- and
A-strain, respectively. The direction of the Z (A)-strain is in parallel
with the x (y)-axis. The IBZ is expanded from triangle to trapezoid
due to the symmetry lowering strain.
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lines wrapping the irreducible BZ (IBZ) are changed as indicated in

Figure 4.1 according to the direction of uniaxial strain. The symme-

try line along ΓK′ is still equivalent to Γ(−K′) (where −K′ =K−b1)

owing to the reflection symmetry with respect to x-z and y-z planes,

but it is no more equivalent to ΓK even though phonon frequencies are

the same at the high-symmetry points K and K’. It is also known that,

under uniaxial strain, Dirac points in the electronic structure shift

in different manners depending on the strain direction [38]. There-

fore, the effect of the inequibiaxial strain state on the BZ symmetry

and the electronic structure can be categorized as armchair (A)-strain

(ex > ey) and zigzag (Z)-strain (ey > ex) states, and the wave vector in

phonon spectra that gives rise to the Kohn anomaly falls in different

symmetry lines depending on the strain ratio and the direction. (See

Figure 4.1(b) and (c)) (Here, we define nominal strains in x and y

directions as ex = lx/l0x − 1 and ey = ly/l0y − 1, where lx (ly) is the

length of strained primitive cell in the x (y)-direction, and ’0’ denotes

unstrained (reference) length.)

To see how this Kohn anomaly develops and eventually reaches

instability, we investigate the effect of inequibiaxial strain on the

phonon band structure along symmetry lines wrapping the irreducible

BZ. We compute the phonon spectra of strained graphene using the

ab initio force constant method [27, 39], where the force constants

are generated from the DFT calculation, and all the strain states ap-
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plied are represented as (ex,ey).

4.2 Calculation details

All DFT calculations are carried out employing the Vienna ab initio

simulation package (VASP) [40, 41] with projector augmented wave

(PAW) pseudopotentials [42], and exchange-correlation interactions

are treated within the local density approximation. The energy cutoff

for the plane-wave basis set is set to 375 eV throughout the whole

calculation, and the k-point grid of 27x27x1 is used for the graphene

primitive cell. The force constants are generated from supercells of

9x9x1 times the primitive cell, and the 3x3x1 k-point mesh is used

to maintain the same mesh densities as in the primitive cell. The in-

terlayer distance in the supercell is 15 Å. All internal coordinates are

relaxed until the force on each atom is less than 0.01 eV/Å.

4.3 Results and discussion

4.3.1 Symmetry lowering strains and transition of phonon

softening points

Figure 4.2 shows the calculated phonon spectra of graphene under

various strain states. Here, we assign numbers to identical K (K’)

points in the BZ to avoid confusion in later discussions. It shows

good agreement with previous calculations [32, 43–46] when equibi-
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Figure 4.2: (a) BZs of electron (left) and phonon (right), respectively,
under the Z-strain and (b) the same for the A-strain. In the left figures
of (a) and (b), green arrows represent Dirac points shift, and red ar-
rows are vectors connecting two Dirac points. Blue arrows in the right
figures of (a) and (b) represent the positions of the frequency dips
(wave vector of the soft phonon) in the phonon dispersion. (c),(d)
Phonon band structures under the Z- and A-strain, respectively (plot-
ted along purple lines in (a) and (b)). Different colors indicate differ-
ent strain configurations (see inset). Phonon softening points gradu-
ally move away from K (K’) and corresponding phonon frequencies
are lowered as the Z (A)-strain increases.
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axial strain is applied (i.e., when the lattice constant is increased), as

presented in grey curves. As strain increases in the A- or Z-direction

from the equibiaxially strained graphene (i.e., the strain ratio deviates

from 1), one can see that dips in phonon spectra become deeper and

the position of the softening moves away from the K point. Phonon

spectra finally become negative (i.e., the phonon mode becomes un-

stable) at strains of (11%, 19.2%) in Z-strain (Figure 4.2(c)), and of

(18.4%, 11%) in A-strain (Figure 4.2(d)), respectively, both prior to

elastic failure strain. The elastic failure of pristine graphene happens

at (12.8%, 22.3%) (Z-strain) and at (22.0%, 13.2%) (A-strain), re-

spectively, for the cases of the same strain ratios (ex/ey) as above.

As discussed earlier, the point of the Kohn anomaly shifts under in-

equibiaxial strain, and Figure 4.2(c) and (d) clearly display how these

points move with the increment of uniaxial strain. In Figure 4.2, the

Dirac cone moves from the high-symmetry point K to a point on the

symmetry line along KM or KΓ under Z- or A-strain, respectively, as

strain increases. The changed positions of Dirac cones are indicated

with green arrows. As a result, the lengths of vectors connecting Dirac

points (red arrows) decrease with respect to the lengths of ΓK and

2ΓK for the Z- and A-stain cases, respectively. In other words, the

position of phonon dips gradually approaches Γ from K (M from K’)

as Z (A)-strain increases, and the traces of the dip are represented by

blue arrows. We carry out the same calculation with a 2% increment
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in the lattice constant in each step from 1% to 13% in order to reveal

how this phenomenon is manifested as a function of strain. By apply-

ing Z-strain (ey > ex) and A-strain (ex > ey) to graphene of different

lattice constants, we find onset strains for the phonon instability. Re-

sults show that under wide range of strain states (except when the

strain ratio ey/ex is less than ∼0.25), the phonon instability occurs

prior to the elastic failure. These phonon instabilities, however, can-

not be resolved by K-cell calculations that had been done in previous

research [32] because phonon modes getting instabilities away from

K-point require larger cell than K-cell.

4.3.2 Crossover between two phonon instabilities

Interestingly, we find that there is a different type of phonon soften-

ing occurring near Γ point (Γ-instability in Figure 4.3(a), right figure).

This phonon softening is originated from neither the inter-valley in-

teraction between two Dirac points nor the intra-valley interaction,

implying that this softening is not associated with the Kohn anomaly

at K or Γ. To distinguish this instability from the Kohn anomaly-

derived phonon instability (K-anomaly) mentioned before, we hence-

forth call it as “near Γ-softening”. Especially, this near Γ-softening

comes prior to the K-anomaly when the strain ratio ey/ex is less than

∼0.48.

In Figure 4.3(a) and (b), we plot selected band structures that ex-
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Figure 4.3: Crossover between the near Γ- softening and the K-
anomaly. (a) Phonon band structures at (ex,ey) = (0.193, 0.05) and
(0.218, 0.05) for left and right figures, respectively. The near Γ-
softening (red arrow) occurs earlier than the K-anomaly. (b) Phonon
band structures at (ex,ey) = (0.184, 0.11) and (0.194, 0.11) for left
and right figures, respectively. The K-anomaly (black arrow) occurs
before the near Γ-softening.
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hibit the crossover between the near Γ-softening and the K-anomaly.

For the A-strain case, the K-anomaly point moves from K toward

M since the vector connecting two Dirac points is shortened from

2|
−−→
ΓK′

1|(= |−−→ΓK1−b2|) to |
−−→
ΓK′

1|+ |−−→MK1| in magnitude, and the phonon

instabilities at K and near Γ are easily distinguishable. (See Figure

4.2(a), (b).)
−−→
ΓK1 is an equivalent vector to 2

−−→
ΓK′

1 shifted (by b2) into

the first Brillouin zone, and likewise for
−→
ΓM. In contrast, for the Z-

strain case, the shortest length of the line segment between K and

K’ (|
−−−→
K1K′

2|) that is aligned in the y-direction becomes shorter than

|−−→ΓK2| as the Z-strain increases while two Dirac points initially lo-

cated at K and K’ approach each other as well. Both of them make

the K-anomaly point move from K toward Γ when strain ratio ex/ey

approaches zero. Therefore, the K-anomaly and the near Γ-softening

points get close and are not clearly separable when ex/ey is small.

Considering both the K-anomaly and the near Γ-softening, the strain

states can be separated into two regions according to whether the K-

anomaly is followed by the near Γ-softening or vice versa. It is noted

that the system acquires the phonon instability prior to the elastic fail-

ure (thus releasing the stress as much as possible) under wide range

of strain states except when the strain ratio ey/ex is less than ∼0.25.
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4.3.3 Phonon instability-driven mechanical failure

So far, we show how the graphene gets phonon instability under ten-

sile strain states, which can cause the Kekule distortion in the case of

biaxial strain. Distorted structures originated from phonon instabili-

ties are less symmetric than the hexagonal structure, and this makes

uneven stress concentrations. Consequently, it may drive a mechani-

cal failure (bond breaking) when an additional load is applied. How-

ever, the phonon instability or the corresponding distortion does not

always accompany a mechanical failure, and we need to explore the

strength and stability of distorted graphene quantitatively. Since the

anomaly point shifts to a less symmetric position from the high-

symmetric K-point (Figure 4.2), the supercell size that can sustain

relevant structural transitions should be quite large, and the shape

also changes for most strain states. This makes the theoretical test-

ing of the graphene strength under various strain ratios quite difficult.

We choose six cases that exhibit phonon instability prior to the elas-

tic failure with onset strains (18.4%, 11%), (7%, 20.9%), (13.33%,

20%), (17%, 14.17%), (19.84%, 7%) and (5%, 22.65%), which have

soft phonon modes with computationally manageable supercell sizes.

To see how the phonon instability-induced distortion is related to

a mechanical failure, we perform strength and stability tests for those

cases by applying strain around the onset strains, as shown in Figure
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Figure 4.4: (a) Phonon instability-driven distortion occurring at the
onset strain of (13.33%, 20%) and (b) the corresponding total energy
and stress relation with varying displacement amplitude under the
same tensile strain. (c) Phonon instability-driven distortion occurring
at the onset strain of (17%, 14.17%) and (d) the stress-strain relation
above the onset strain.
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4.4. All the systems are confirmed to be distorted and stabilized at the

onset strain of phonon instability through the total energy calculations

for phonon modes of varying amplitudes. The structural distortion

according to the phonon instability occurring at the onset strain of

(13.33%, 20%) is shown in Figure 4.4(a), where the phonon ampli-

tude is exaggerated to show the distorted structure clearly. The cor-

responding total energy with varying phonon amplitude is shown in

Figure 4.4(b), where the total energy has a minimum value at a finite

displacement amplitude. This structural distortion is accompanied by

stress releasing process, i.e., a distorted structure is of less stress than

undistorted graphene at the same strain. The distorted structure in

Figure 4.4(c) is corresponding to the phonon instability occurring at

the onset strain of (17%, 14.17%) and undistorted graphene is un-

der the same strain, on which we apply additional strain. When more

tensile strain is applied to the distorted structure, the stress decreases

while that of undistorted one increases as shown in Figure 4.4(d), sig-

naling the mechanical failure of graphene. These results indicate the

graphene structure is distorted in a way that is commensurate with

the soft phonon mode when the strain reaches the onset strain for the

phonon instability, and this structural phase transition is responsible

for the mechanical failure of graphene prior to the elastic failure.

In Figure 4.5, the distorted structures of three representative cases

are presented for detailed discussions on the characteristic of each
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Figure 4.5: (a),(b) Distorted structures induced by the K-anomalies
under a Z-strain (13.33%, 20%) and an A-strain (17%, 14.17%), re-
spectively. (c) Distorted structure induced by the near Γ-softening
under an A-strain (19.84%, 7%). The K-anomaly induced structures
show local hexagonal clustering, while the near Γ-softening induces
bond elongation along one direction.

67



phonon mode: the K-anomaly under the Z-strain (13.33%, 20%), and

the A-strain (17%, 14.17%), and the near Γ-softening under the A-

strain (19.84%, 7%). An interesting feature induced by the K-anomaly

is that the resulting structure consists of hexagon-like closed shapes

with slightly different sizes analogous to the Kekule distortion under

the biaxial strain. Displacements of two atoms in a primitive cell are

circular motions [47] in opposite directions with finite phase differ-

ence. On the contrary, the structure induced by the near Γ-softening

shows no definite locally closed movements but rather a long-wavelength

sinusoidal pattern as a whole, resembling a wave of condensation and

rarefaction. We can observe two characteristic features for this mode.

First, relative motions of two basis atoms in the primitive cell are

nearly in phase for this phonon mode at instability. Second, the cor-

responding wave vector around Γ is too small to cause enough phase

difference between adjacent cells. Therefore, the resultant displace-

ment pattern cannot make a locally closed shape. Rather, the resultant

structure is stretched in one direction and the Γ-derived mode has a

long-wave nature as shown in Figure 4.5(c), where finite regions with

long and short bond length appear alternatively in the direction of

applied strain.
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4.4 Conclusion

In summary, we show how the phonon softening develops as the ten-

sile strain changes by explicitly calculating the evolution of dips in

the phonon spectra. We find that two different types of phonon insta-

bility dictate the failure of graphene as they acquire negative frequen-

cies prior to elastic failure. Our research shows not only the intriguing

relationship between the ideal strength and strain states but also how

deformation of graphene affects electronic structures and correspond-

ing phonon spectra.
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Chapter 5

Investigation of graphene/hexagonal

boron nitride double layer in regard to

an STM experiment

The intrinsic electron mobility of graphene exceeds that of any other

semidonductor, however, the extrinsic effects from substrate may af-

fect the electronic properties of graphene in practice. It is critical to

have energy band gap and retain high electron mobility to reach the

ultimate goal of electronic device application of graphene. In this

chapter, we introduce the recent related issues and present the re-

sults of experimental and theoretical studies performed on epitaxially

grown graphene on hexagonal boron nitride monolayer.

5.1 Introduction

Since its first successful isolation, graphene has been a candidate ma-

terial for future signal-switching devices with spin-sensitive trans-

port [48]. However, the on-off ratio of the fabricated switching de-

vices is quite low because of the semimetallic nature of graphene,

which originates from massless Dirac-fermion dispersion [49]. It was
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suggested that a band gap can be produced if two different local po-

tentials are applied to A and B sites of graphene, which can be un-

derstood in terms of a Dirac-fermion dispersion with a mass term

originated from the broken sublattice symmetry [48]. While the A, B

sublattice symmetry is not broken by external electric field in mono-

layer graphene, it can be broken in bilayer graphene [50]. A bilayer

device can be useful because the band gap is tunable when electric

fields are applied to the top and bottom layers independently. Al-

ternatively, a similar device can be produced by replacing the bot-

tom layer with hexagonal boron nitride (h-BN) monolayer [51–53],

which is isostructural to graphene with about 1.8% of lattice mis-

match. This can be realized by epitaxial growth or mechanical place-

ment of graphene on h-BN monolayer. In graphene on h-BN sheet,

it has been found that the valley degree of freedom remains intact

while graphene has nonzero band mass [54, 55]. Thus, most of the

electronic and transport characteristics in free-standing graphene are

preserved in graphene on h-BN sheet. For example, sharp edge states

should be present in graphene nano ribbon (GNR) with zigzag edge

termination. In zigzag GNR (ZGNR), the tight-binding calculation

predict a degenerate flat band at the Fermi level from 2/3kΓX to zone

boundary in momentum space. When the spin degree of freedom

is factored in, however, antiferromagnetic spin configuration on the

honeycomb lattice (a bipartite lattice) becomes the ground state and
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it develops band gap [56]. The corresponding edge state, of which

the peak height decreases with increasing width of the ZGNR, de-

cays spatially away from the edge with a finite decay length if there

is no corresponding bulk state [57]. If there is a corresponding bulk

state, however, this edge state may merge with the bulk state, which

is called an edge resonance in analogy to surface state and surface

resonance.

Meanwhile, the choice of substrate is essential for the sake of the

high electron mobility of graphene. The remarkable intrinsic electron

mobility of graphene is degraded considerably on conventional sub-

strates such as SiO2 due to the charge trapping by dangling bonds and

extrinsic scattering by surface phonon [6]. h-BN has been suggested

as an ideal substrate owing to its appealing aspects; it is a large band

gap insulator with atomically smooth surface, which is relatively free

of dangling bonds and charge traps. Indeed, it has been shown that

the mobility of the charge carriers in graphene adsorbed on h-BN is

comparable to that of suspended graphene at low temperatures [58].

At room temperature, the electron mobility of graphene on h-BN is

even an order of magnitude higher than that of suspended graphene

because the van der Waals interaction between two layers suppresses

the thermal ripples of graphene [59]. Besides, there have been issues

on the effect of metal substrates on measuring intrinsic properties of

graphene. Both theory and experiment have shown that unsaturated
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σ-orbitals at graphene edge bind to metal substrate atoms and the

edge state predicted in free-standing graphene may be substantially

reduced or even absent in graphene on metal substrates [60, 61]. The

observed edge states may be mixed with the substrate Au(111) states

that leak out of graphene layer [56]. Moreover, various energy gaps of

0.2-0.3 eV have been reported in a ZGNR drop-cast on Au(111) [62],

monolayer graphene epitaxially grown on Cu/Ir(111) [63], and bi-

layer graphene epitaxially grown on Ru(0001) [64]. Theoretically,

this band gap opening can be explained by the band hybridization

of the metal substrate and graphene [63]. It can be inferred from the

aforementioned studies that if we measure electronic properties of

graphene directly contacting to metallic substrates, the metallic states

decay through the graphene near the Fermi level seriously as prohibit-

ing the measurement of the intrinsic properties of graphene.

In a recent experiment conducted at Kuk’s group [65], they in-

vestigated electronic properties of graphene epitaxially grown on h-

BN monolayer by using scanning tunneling spectroscopy (STS). Scan-

ning tunneling microscopy (STM) is an ideal tool for imaging the lo-

cal geometric structure and measuring the local electronic structure

in STS mode. In the experiment, graphene nano islands (GNIs) were

epitaxially grown on a likewise epitaxially grown h-BN monolayer

on Cu(111) surface. Most of the graphene layers were grown on the

exposed Cu substrate, while some were grown on h-BN layer. Grown
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GNIs were sparse but they were clean without any hint of impurities.

There is an experimental way to identify sample, which is observing

a Moiré pattern that appears when two layers with angle misalign-

ment or with lattice mismatch are overlapped, but it is an indirect ap-

proach. Theoretically, however, we can directly identify the sample

by DFT calculations. In regard to the experiment, we do theoretical

study on electronic properties of graphene/h-BN double layer. First,

we perform STM simulation to identify graphene/h-BN double layer

sample measured in the experiment. Second, we investigate the STS

results of the zigzag edge localized state by model calculations.

5.2 Calculation details

We carry out theoretical studies concerning experimental STM and

STS data. In regard to an STM image of the epitaxially grown graphene

on the h-BN sheet, density functional theory (DFT) calculations are

performed within the generalized gradient approximation (GGA) us-

ing the Vienna ab initio simulation package (VASP) [40, 41] with

projector augmented wave (PAW) potentials [42]. The energy cutoff

for the plane-wave basis set is set to 400 eV and the k-point grid of

27×27×1 is used throughout the whole calculations. To investigate the

effect of substrates on STM experiments several model structures are

considered, that is graphene/Cu(111), graphene/h-BN/Cu(111), and
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h-BN/Cu(111). Among the considered six atomic-layers of copper,

the coordinates of bottom three layers are fixed as the bulk values

during the geometry optimizations. All other internal coordinates are

optimized until the Hellman–Feynman force acting on each atom is

less than 0.02 eV/Å. Since conventional density functionals lack the

ability to describe the van der Waals interactions, which is impor-

tant to describe the interaction between graphene and h-BN sheet, the

semi-empirical correction is added through Grimme’s method; it is

the so-called GGA-D2 method. From the calculated charge density

of each system around Fermi energy we perform STM simulations,

where charge densities are integrated from EFermi−0.05 eV to EFermi

and averaged within a circle of radius 1 Å at a given height con-

sidering the lateral resolution of STM of 2 Å. For the STM tip the

s-wave-tip model is employed [66]. In addition to the DFT calcula-

tions, we also perform tight-binding calculations with the Hubbard

model Hamiltonian for ZGNRs with various widths (3.4 to 34 nm) to

reproduce STS data, which is solved in a mean-field approach. In the

text, n-ZGNR denotes n zigzag chains of carbon atoms connected in

parallel. The ratio of the on-site repulsive interaction U to the hopping

parameter t in the model Hamiltonian is fitted to the measured energy

gap, where a hopping parameter of t = −2.88 eV for ideal graphene

is employed. The effective wave vector k, which is adapted to the ob-

served decay length of the edge state, is obtained from the analytic
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Figure 5.1: Atomic configurations of (a) graphene monolayer, (b)
graphene/h-BN double layer, and (c) h-BN monolayer over six
atomic-layer of Cu(111) substrate for STM simulations. Here, we
explicitly consider various substrates in the calculations. STM sim-
ulation is schematically drawn in (d), where a purple trapezoid repre-
sents the STM tip.

solution for the states localized at the zigzag edge of semi-infinite

graphene [57].

5.3 Results and discussion

5.3.1 Effect of substrates on STM simulation

While theoretical predictions have been usually made on free-standing

graphene, most STM studies have been performed on epitaxially grown

or drop-cast graphene flakes on metal substrates. To include the effect
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of substrates, we perform DFT calculations for the chosen model sys-

tems, which are shown in Figure 5.1(a)-(c). For comparison, we con-

sider three configurations with different substrates; these are graphene

monolayer, graphene/h-BN double layer, and h-BN monolayer over

six atomic-layer of Cu(111) substrate, respectively. For all cases, atoms

belonging to bottom three layers of copper substrate are fixed during

the geometry optimizations to mimic the semi-infinite copper sub-

strate. Figure 5.1(d) is the schematic description of the STM simula-

tion performed in this study.

The simulation results are shown in Figure 5.2(a)-(c), which ex-

hibit the limitation of the STM measurements on graphene directly

contacting with the metallic substrate. They are calculated in-plane

charge densities of graphene/Cu(111), graphene/h-BN/Cu(111), and

h-BN/Cu(111) systems, respectively. Figure 5.2(b) is calculated at 3

Å away from the outermost layer, and others are calculated at 4 Å

away from the layer. We find that charge densities from hybridized

C and Cu atoms seem to be dominant at 3 Å away, but the contribu-

tion from Cu atoms are still big at 4 Å away from the surface (only

4 Å case is shown in Figure 5.2(a)). On top of graphene epitaxially

stacked on h-BN monolayer, the contribution from copper substrate is

negligible and charge densities are mainly from graphene, as shown

in Figure 5.2(b). The huge difference between simulated images with

and without h-BN makes it clear that metallic substrates can affect the
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Figure 5.2: Calculated charge densities of (a) graphene on Cu(111) at
4 Å away, (b) graphene on h-BN/Cu(111) at 3 Å away, and (c) h-BN
on Cu(111) at 4 Åaway, where h denotes the center of a hexagon. (d)
(1.6 × 1.6) nm2 STM topography of graphene monolayer on h-BN.
A simulated image is shown in the bottom right corner. (e) Tunneling
spectra along the zigzag edge at locations A, B, C, D, E, and F in (d).
These spectra overlap nicely, showing reproducibility. (f) Difference
spectra, dI/dV subtracted from the bulk dI/dV, obtained at locations
1, 2, 3, 4, 5, and 6 in (d).
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measured electronic properties of graphene and the usage of an insu-

lating film such as h-BN between graphene and metallic substrates is

required. In addition, the simulated image of graphene/h-BN double

layer on Cu(111) (Figure 5.2(b)) shows remarkable resemblance to

the measured image in Figure 5.2(d). Here, an inset in Figure 5.2(d)

is same with Figure 5.2(b). Therefore, we can identify that the mea-

sured part of the sample is indeed graphene/h-BN double layer on

Cu(111) substrate. Figure 5.2(d) shows a close-up view of a zigzag

edge. The curved feature at the edges is due to a finite curvature (≈ 1

nm) of the tunneling tip used to obtain this STM image. The zigzag

edge looks perfect without a single defect or reconstruction, up to tens

of nanometer. The identity of grown layers can be confirmed by the

STS spectra as shown in Figure 5.2(e), which shows the measured

tunneling spectra at six equivalent carbon sites along the edge. The

spectra overlap nicely with little deviation. The measured local den-

sity of states (LDOS) near the Fermi level decreases with increasing

distance from the edge, which is proportional to dI/dV in STS. Fig-

ure 5.2(f) shows the dI/dV, the first derivative of the tunneling current,

subtracted from the bulk dI/dV. These difference spectra clearly show

the existence of the edge state at this zigzag edge, where the decay

of the edge state is nearly exponential with a decay length of ≈ 2.8

Å. A gap-like feature between two peaks is visible near the Fermi

level. The size of the gap does not vary with distance from the edge
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of the bulk stripe, and the peak-to-peak energy gap is estimated to be

≈ (0.09±0.01) eV.

To clarify the limitation of previous studies as well as to find out

the role of h-BN monolayer, we make a further investigation. First,

we calculate density of states of the aforementioned three systems

projected on carbon p-orbital, copper s-orbital, and boron p-orbital

near Fermi energy, which are shown in Figure 5.3(a)-(c). Except the

state from boron, those from carbon and copper exist near Fermi en-

ergy. If we compare Figure 5.3(a) and (b), we can see that carbon

p-orbital, presented in blue dotted line, moves downwards when the

h-BN is absent, which represents the charge transfer from copper to

graphene. We choose two energy ranges to integrate charge densities,

one is around carbon p-orbital peak and the other is around copper

s-orbital peak. Those peak positions are marked in Figure 5.3(a)-(c),

and electronic states in the rage of ±25 meV of the marked peaks are

integrated. As a next step, we calculate averaged charge densities for

varying height, in the surface normal direction at chosen two (x,y)

positions marked in Figure 5.2(a)-(c). One is abbreviated by c when

the position is on top of C, and the other is abbreviated by h when

that is on top of a hexagonal center of graphene, which is on top of N

in the case of h-BN monolayer on Cu(111). The decaying patterns of

charge densities are shown in Figure 5.3(d)-(f). In Figure 5.3(d), cop-

per s-orbital dominant state decays slower than carbon p-orbital dom-
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inant state, so it leaks out of the graphene. When h-BN sheet is placed

between graphene and Cu(111) (see Figure 5.3(e)), however, the cop-

per s-orbital dominant state decays much faster than carbon p-orbital

dominant state. If we compare the Figure 5.3(d) and (f), the copper

s-orbital dominant state decays much faster when copper substrate

is covered with insulating h-BN monolayer. Thus, we can conclude

that the role of h-BN monolayer is not just a spacer but also a dielec-

tric that prevent charge transfer from copper substrate to graphene. In

addition, due to the absence of states in the interested energy range, h-

BN hardly hybridizes with the states of metallic substrate and avoids

metallic charge leakage through it considerably. Hence, if graphene

layer is grown on a monolayer-thick insulating layer grown on a metal

substrate, it would be an ideal sample to study the near-intrinsic na-

ture of graphene edge states.

5.3.2 Study of localized states at graphene zigzag edge

We investigate on the measured localized state at a zigzag-edged

graphene flake on h-BN monolayer, which is shown in Figure 5.2(f).

It is known that this edge state should be noticeable in graphene nano

islands (GNIs) with a relatively long zigzag edge [67]. In fact, the

length of the clean zigzag edge is longer than tens of nanometer, so

we model the GNI on h-BN monolayer as ZGNR on h-BN monolayer.

Furthermore, previous studies have shown the substrate-induced band
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gap renormalization in semiconducting carbon nanotubes [68], and

graphene nanoribbons with armchair and zigzag edges [69] supported

on h-BN monolayer. The reduction of band gap, though it is slight,

has been attributed to a more effective screening of the Coulomb in-

teraction in the considered systems by the h-BN substrate compared

to the screening by the vacuum in free-standing cases. Aside from

slightly renormalized band gap, the low-energy electronic structures

of the systems are nearly unaffected. The results of the previous stud-

ies indicate that the major effect of h-BN to the low-energy states

of the whole system is reducing the original band gap of the carbon-

based system, whose effect is clearly different from that of metal sub-

strates [56, 60–64]. This band gap is proportional to the strength of

the on-site repulsive interaction in the Hubbard model Hamiltonian

for ZGNR. Consequently, we may consider that the primary effect

of h-BN in our system is renormalizing the on-site repulsive interac-

tion in the low-energy effective Hamiltonian for ZGNR and reducing

the band gap, mostly because h-BN sheet is a dielectric material with

a huge band gap. Thus, we investigate the measured edge state by

solving the effective Hamiltonian. We should note that the π-orbital

Hubbard model theory is adopted here because it is broadly consis-

tent with DFT calculations when parameter U is appropriately cho-

sen [70].

The calculated band gap varies as a function of the crystal mo-
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mentum, where by band gap we mean the energy difference between

the lowest conduction band and the highest valence band at a given

k point. By comparing the measured decay length and the analytic

solution of the edge state for semi-infinite graphene [57], we can ex-

tract an effective momentum k (ke f f ) of the decaying state coupled

with the probing tip, that is 0.81kΓX . (The measured ke f f may vary

for different probing tips.) From the known effective momentum, we

can estimate the energy gap observed at the zigzag edge. We calculate

two band structures with the consideration of on-site repulsive inter-

action only at the edges, which shows a metallic edge state (the left

panel in Figure 5.4(a)) and at all carbon sites, which shows a semi-

conducting edge state (the right panel in Figure 5.4(a)) for a very long

ZGNR. For shorter ZGNRs, however, we can retrieve a band gap in

either case. The calculated LDOS is shown in Figure 5.4(b), where

the color codes are consistent with the STS data (see Figure 5.2(f)).

By controlling U over t ratio in the model Hamiltonian, we find that

the |U/t| value of 0.1 reproduces well the experimental LDOS, es-

pecially the interval between two peaks near Fermi energy. The cal-

culated gap at ke f f does not change much depending on the ribbon

width.
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Figure 5.4: (a) Tight-binding band structures of 100-ZGNR. Depend-
ing on whether on-site Coulomb repulsion terms are considered only
at the zigzag edges or at all carbon sites, the edge state becomes con-
ducting (the left panel) or semiconducting (the right panel). (b) Cal-
culated LDOS at the zigzag edge, which reproduces well STS data
measured on the zigzag edge in Figure 5.2(f).
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5.4 Conclusion

In summary, we introduce that graphene/h-BN double layer can be a

candidate material for future electronic devices because it has energy

band gap and retains high electron mobility even at room tempera-

ture. We show that the measured sample is indeed graphene/h-BN

double layer on Cu(111) substrate by STM simulation based on DFT

calculations. We demonstrate the limitation of STM measurements

on graphene directly contacting with metal substrates. Moreover, we

reveal the role of h-BN monolayer between graphene and a metal

substrate by showing the differences in the projected density of states

and decaying patterns of charge densities for the chosen systems. We

also investigate the zigzag edge localized state of graphene on h-BN

monolayer with the π-orbital Hubbard model Hamiltonian by consid-

ering the system as a ZGNR. From this study, we can not only support

the measured results in STM and STS experiments but also clarify the

role of h-BN monolayer and the advantage of using it as a substrate

in measuring intrinsic properties of graphene.

87



88



Chapter 6

Summary and perspectives

In summary, we have investigated the mechanical and electronic prop-

erties of graphene under extrinsic conditions based on first-principles

calculations. First, we elaborate on the basic properties of graphene

and effective theoretical models to describe low-energy physics of

graphene. We also have introduced density functional theory and com-

putational methods employed in this thesis. In the first part of the fol-

lowing chapters, we have studied the phonon softening and mechani-

cal failure of graphene under the externally applied mechanical stress

in general directions. We want to note that the present study have

assumed the uniform deformation of graphene. Considering that ac-

tual experiments can involve non-uniformity such as strain gradients,

a further study is required to see how non-uniform deformation af-

fects the strength of graphene. In the remaining part, we have studied

the electronic properties of graphene under the effect of metallic and

insulating substrates in regard to a scanning tunneling microscopy

experiment. We may suggest that the proper choice of substrate can

prevent a possible substrate-induced degradation of electronic prop-

erties of graphene. In addition, we have a chance to improve intrinsic
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properties of graphene such as introducing a band gap, with the sub-

strate. The studies presented here may be applied to other rising two-

dimensional materials and provide help for a deeper understanding of

their properties under extrinsic conditions.
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국문초록

지난 2004년그래핀이발견된이후이차원물질그래핀의시대가열렸다.

그래핀은 이론 물리학자와 실험 물리학자 모두에게 흥미진진한 실험의

장이 되어왔는데, 이는 그래핀이 2차원 물질이라는 사실과 더불어 그의

매력적인물성때문이다.많은이론연구들이무한한격자구조를가지는

이상적인 그래핀에 대해 이루어졌는데, 우리가 실제 실험 상황에서 경험

하게되는것들은이상적인그래핀에서이론적으로예측되는성질들과차

이가있다.따라서외부환경에의하여변화된그래핀의성질을예측하는

것은그래핀의고유한성질을밝히는것만큼이나중요하다.한편,이러한

고유한 특성으로부터의 차이는 실제 표본에 존재하는 모서리나 경계면,

기판에의해가해진압력,그리고기판과의전자적섞임등에의하여나타

날 수 있다. 실제로 물질을 다룰 때 모서리나 경계면을 피할 수는 없지만

그것들을 정제하고 개선할 여지가 있다. 또한 적절한 기판을 선택함으로

써 물성의 저하를 막거나 특정한 상황에서는 오히려 물성을 개선할 수도

있다.

이 논문에서는 이러한 사실들을 염두에 두고 외부 환경 아래에 놓

인 그래핀의 역학적 성질과 전자적 성질에 중점을 두었다. 첫 번째 부분

에서는 장력이 가해지고 있는 그래핀의 역학적 성질에 대해서 다루었다.

그래핀의 소리알 분산을 구하기 위하여 일반적인 제일 원리 계산과 함께

제일원리힘상수방법을이용하였다.그래핀의대칭성을낮추는장력이

작용할 때 소리알 분산의 콘 아노말리가 나타나는 점이 브릴루앙 영역의

대칭성이 높은 점으로부터 대칭성이 낮은 점으로 이동해 가는데, 이러한
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현상은 전자 구조에서 나타나는 디락 점의 이동과 관련지어 이해할 수

있다.장력에의해감쇠된소리알의분산이광범위한방향에걸쳐불안정

해지고,결국탄성파손의경우보다더낮은장력에서그래핀이파손되는

결과를 낳는 것을 보였다. 또한 탄성 파손이 일어나기 전에 그래핀의 파

손을야기하는두가지종류의소리알불안정성이있음을보였다.두번째

부분에서는훑기꿰뚫기실험결과와관련하여켜쌓기로기른그래핀육

각 질화붕소 이중 구조에 대해 다루었다. 먼저 제일 원리 계산에 바탕을

둔 훑기 꿰뚫기 현미경 모의실험을 통하여 실험에서 측정한 표본을 이론

적으로확인하였고,금속표면에직접접촉하고있는그래핀에대한훑기

꿰뚫기실험의한계를지적하였다.또한육각질화붕소가있는경우와없

는경우에대해원자오비탈에투영한전자상태밀도및표면에서의전자

밀도 감쇠 모양을 비교함으로써 육각 질화붕소의 역할을 분명히 밝혔다.

이와 더불어 육각 질화붕소 위에 놓인 갈지자형 모서리가 잘 발달한 그

래핀 나노 조각에서 관측된 모서리 국소 상태를 저에너지 유효 해밀토니

안을통하여연구하고실험결과를재현했다.끝으로이논문을요약하고

후속연구에대한전망을제시하였다.

주요어: 그래핀, 콘 아노말리, 소리알 불안정성, 그래핀 육각 질화붕소

이층구조,훓기꿰뚫기현미경모의실험,갈지자형모서리그래핀

학번: 2009-20435
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