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Abstract

First, we introduce the notion of multiplier ideal sheaves which measure sin-

gularities of plurisubharmonic functions. And then we look into Hörmander’s

estimates which enable to prove coherence of multiplier ideal sheaves. Sec-

ondly, we introduce the analogue of multiplier ideal sheaves namely, adjoint

ideal sheaves and suggest analytic approaches to proof of coherence of adjoint

ideal sheaves.

Key words: Mutiplier ideal sheaves, Adjoint ideal sheaves

Student Number: 2011-20270

i



Contents

Abstract i

0 Introduction 1

1 Multiplier ideal sheaves 2

1.1 Algebraic and Analytic Definition . . . . . . . . . . . . . . . . 2
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Chapter 0

Introduction

Given an Q-divisor D on smooth complex manifold, the multiplier ideal sheaf

associated to D is defined by µ∗OX′ (KX′−µ∗KX−[µ∗D]), where µ : X ′ → X

is a log resolution of D. If
∑
aiDi be a Q-divisor and if gi be a local defining

function of Di, respectively, then we can define a plurisubharmonic (PSH)

function ϕD :=
∑
ai log |gi|.

On the other hand, given a PSH function ϕ on a complex manifold, the

multiplier dieal sheaf associated to ϕ is defined by germs of holomorphic

functions f ∈ OX,x such that |f |e−ϕ ∈ L2
loc(Leb). Thus for one divisor, we

have two multiplier ideal sheaves which are I(D) and I(ϕD). In the first

part of this paper, we study the theorem which states these two sheaves are

the same, and then using Hörmander estimates, we prove that for any PSH

function ϕ, I(ϕ) is coherent.

Guenancia defines an analytic analogue, adjoint ideal sheaves AdjH(ϕ)

attached to a PSH function ϕ with respect to a hypersurface H. In the

second part of this paper, we intoduce the definition of adjoint ideal sheaves,

and give analytic approach to proof of coherence of adjoint ideal sheaves.

More percisely, in order to prove cohrence of ajoint ideal sheaves, using the

same argument for multiplier ideal sheaves, we need a version of Hörmander

estimates for a weight of the form eψ−ϕ. And then we define another sheaves

AdjαH(ϕ) depending on a real number α > 1, but for a PSH function ϕD
associated to a divisor D, AdjαH(ϕD) is the same as AdjH(ϕD).
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Chapter 1

Multiplier ideal sheaves

1.1 Algebraic and Analytic Definition

We will introduce the concept of multiplier ideal sheaves. In the following

definition, a Q-divisor means simply a finite formal linear combination of

divisors with rational number coefficients. The following definitions are cited

from [7].

Definition 1.1.1. Let D =
∑
Di be a divisor. Then D is said to have simple

normal crossings if each Di is smooth, and if for any point x ∈ X, we may

choose local holomorphic coordinates (z1, · · · , zn) in a neighborhood U of x

such that D∩U = {z1 · · · zk = 0} for some k ≤ n. A Q-divisor
∑
aiDiis said

to have simple normal crossing support if
∑
Di has simple normal crossing.

In order to define multiplier ideal sheaves, we need to know log resolutions.

Definition 1.1.2. Let D =
∑
aiDi be a Q-divisor on an irreducible variety

X. A log resolution of the pair (X,D) is a projective birational mapping

µ : X ′ → X,

withX ′ non-singular, such that the divisor µ∗D+except(µ) has simple normal

crossing support, where except(µ) denotes the sum of exceptional divisors of

µ.

Our focus is the case when X is smooth.

2



CHAPTER 1. MULTIPLIER IDEAL SHEAVES

Definition 1.1.3. Let D be an effective Q-divisor on a smooth complex

variety X, and fix a log resolution µ : X ′ → X of D. Then the algebraic

multiplier ideal sheaf

I(D) = I(X,D) ⊂ OX
associated to D is defined to be

I(D) = µ∗OX′ (KX′/X − [µ∗D]).

,where KX′/X = KX′ − µ∗KX is the relative canonical divisor and [µ∗D] is

the integral part of µ∗D.

Remark 1.1.4. Since µ∗OX′(KX′) = OX(KX), µ∗OX′(KX′/X) = OX . Thus,

for an effective integral divisor N , µ∗OX′ (KX′/X −N) ⊂ OX is naturally an

ideal sheaf of OX .

Thus I(D) ⊂ OX is indeed a sheaf of ideals. For more detail, see [7].

Let us introduce multiplier ideal sheaves in the analytic approach. At this

point, multiplier ideal sheaves are attached to a plurisubharmonic function

which is

Definition 1.1.5. A function ϕ : Ω → R ∪ {−∞} defined on an open set

Ω ⊂ Cn is said to be Plurisubharmonic (abbreviated by PSH) if

a) ϕ is upper semicontinuous;

b) for all a ∈ Ω, |ξ| < d(a, {Ω),

ϕ(a) ≤ 1

2π

∫ 2π

0

ϕ(a+ eiθξ)dθ.

On a complex manifold X, if ϕ : X → R∪{−∞} is a PSH function on every

coordinate, we say that ϕ is PSH on X.

Remark 1.1.6. If ϕ : X → R is C2 function, then f is PSH if and only if

i∂∂̄f is a semi-positive (1, 1)-form. (see [2] p.40)

Definition 1.1.7. Let X be a complex manifold and let ϕ be a PSH function

on X. Then the analytic multiplier ideal sheaf I(ϕ) associated to ϕ is the

sheaf of germs of holomorphic functions f ∈ OX,x such that |f |2e−2ϕ is

integrable with respect to the Lebesgue measure in some local coordinates

near x.
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CHAPTER 1. MULTIPLIER IDEAL SHEAVES

We shall define the notion of an equivalence singularities.

Example 1.1.8. Let g be a holomorphic function on C and let ϕ1 =
a1

2
log |g|2

and let ϕ2 =
a2

2
log |g|2, for some positive number a1 and a2. Since log |x|2 is

PSH (i.e. subharmonic), ϕ1 and ϕ2 are PSH. If a1 ≥ a2,

e−2ϕ1

e−2ϕ2
=
|g|a2
|g|a1

is locally bounded above. In that case, we can say that ϕ1 is more singular

than ϕ2.

Definition 1.1.9. A PSH function ϕ is said to have analytic singularities if

ϕ can be written locally as

ϕ =
α

2
log(|f1|2 + · · ·+ |fN |2) + ν,

where α is a positive number, each fi is holomorphic and ν is locally bounded.

Definition 1.1.10. Let ϕ1, ϕ2 be PSH functions having analytic singular-

ities. Then ϕ1 and ϕ2 are said to have equivalence singularities, written by

ϕ1 ∼ ϕ2, if
e−2ϕ1

e−2ϕ2
and

e−2ϕ2

e−2ϕ1
are locally bounded.

Remark 1.1.11. Let ϕ1, ϕ2 be PSH functions such that ϕ1 ∼ ϕ2. Then local

integrablities of e−2ϕ1 and e−2ϕ2 are equivalent. So we get I(ϕ1) = I(ϕ2).

So we can think that multiplier ideal sheaves measure singularities of PSH

functions.

Remark 1.1.12. Let
∑
aiDi be a Q-divisor with simple normal crossing sup-

port on a complex manifold X of dimension n and let gi be a local defining

function of Di, respectively. Let ϕD =
∑
ai log |gi|. I(ϕD) is the sheaf of

holomorphic functions f on an open set U ⊂ X such that
|f |2∏
i |gi|2ai

is inte-

grable on U . By the definition of the simple normal crossing, each gi can be

written by a coordinate function. In other words,
|f |2∏
i |gi|2ai

=locally
|f |2∏
i |zi|2ai

,

for some i ≤ n. Since f is analytic, f is locally representable by a power

series. By Parseval’s identity, the integrability of
|f |2∏
|zi|2ai

is equivalent to

one of all monomials of
|f |2∏
|zi|2ai

. Here, we have a lemma.
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CHAPTER 1. MULTIPLIER IDEAL SHEAVES

Lemma 1.1.13. The function
1

|z|2t
is integrable near 0 if and only if t < 1

Proof of lemma 1.1.13. Using the polar coordinates (ρ, θ),∫
1

|z|2t
dV =

∫ ε

0

∫ 2π

0

1

ρ2t−1
=

∫ ε

0

2π

ρ2t−1

which is integrable if and only if t < 1.

By the lemma, the integrability of
|z|2m

|z|2ai
near 0 is equivalent to ai−m < 1

or m ≥ [ai]. Thus,
|f |2∏
|zi|2ai

is local integrable at the origin if and only if f

is divisible by
∏
|zi|[ai]. Therefore, f ∈ I(ϕD) if and only if f is divisible by∏

|gi|[ai] . In conclusion,

Proposition 1.1.14. In the case when D has simple normal crossing support,

I(ϕD) = O(−
∑

[ai]Di).

Notation. In the above example, we construct PSH function the ϕD asso-

ciated to D. For arbitrary effective Q-divisor D, we can do this work. We

denote this PSH function by ϕD from now on.

In general, we have the following theorem.

Theorem 1.1.15 ([2]).

For a complex manifold X of dimension n and Q-divisor D =
∑
aiDi,

I(ϕD) = I(D).

Proof. Let S and S ′ be sets such that µ : X ′ \ S ′ → X \ S is biholomorphic,

where µ : X ′ → X is the log resolution. Let us compute O(KX) ⊗ I(ϕD).

If f is an element of O(KX) ⊗ I(ϕD) on an open set U , it can be written

by n-form f such that (i)n
2
f ∧ fe−2ϕD ∈ L2

loc(U). By Hartogs theorem, if f

is defined on U \ S, then f will be extended to U . Thus we think that f is

defined on U \ S. On the complement of S, µ is biholomorphic, so we can

apply the change of variables. Therefore,∫
U

(i)n
2

f ∧ fe−2ϕD =

∫
µ−1(U)

(i)n
2

µ∗f ∧ µ∗fe−2ϕD◦µ.

5



CHAPTER 1. MULTIPLIER IDEAL SHEAVES

Thus, µ∗f ∈ Γ
(
µ−1(U),O(KX′)⊗ I(ϕD ◦ µ)

)
Therefore, O(KX)⊗ I(ϕD) =

µ∗O(KX′)⊗ I(ϕD ◦ µ). Then, by the projection formula,

I(ϕD) = O(−KX)⊗ µ∗O(KX′)⊗ I(ϕD ◦ µ)

= µ∗
(
O(KX′ − µ∗KX)⊗ I(ϕD ◦ µ)

)
. (*)

Recall that ϕD is locally
∑
ai log |gi|, for a local defining function gi of Di.

Then ϕD ◦ µ =
∑
ai log |gi ◦ µ| and each gi ◦ µ is a local defining function of

µ∗Di. By the proposition 1.1.14 with the fact µ∗D has simple normal crossing

support, I(ϕD ◦µ) = O(−[µ∗D]). By *, I(ϕD) = µ∗
(
OX′(KX′/X− [µ∗D])

)
=

I(D).

1.2 Hörmander Estimates

In the next section, we are going to prove coherence of multiplier ideal

sheaves. In order to do this, we need Hörmander estimates for singular

weights. We first introduce some notations and definitions.

Notation.

Let (X,ω) be a complex n-dimensional Hermitian manifold. A smooth (Her-

mitian) metric of a holomorphic line bundle L associated with a holomorphic

function ϕ is a norm defined by

|η|2ϕ = |θ(η)|2e−2ϕ(x), x ∈ Ω, η ∈ Ex,

where θ : EΩ ' Ω × C is a local trivialization on a open set Ω ⊂ M and ϕ

is a smooth real valued function. With a local trivialization θ : EΩ ' Ω×C,

for any section s : X → L, θ ◦ s is a holomorphic function. That is, any

section s can be given by a collection of scalar functions (sα). Then the norm

associated with ϕ of a section s is defined by |s|2ϕ = |sα|2e−2ϕ. Likewise, we

define the norm of a L-valued (p, q)-forms by |s|2ω,ϕ = |sα|2ωe−2ϕ

C∞(X,L). denotes the set of all global sections of E with smooth coefficients.

L2(X,L) denotes the set of all global sections s of E satisfying

‖s‖2 :=

∫
|s(x)|2ϕdVω(x) < +∞.

6



CHAPTER 1. MULTIPLIER IDEAL SHEAVES

C∞p,q(X,L) denotes C∞(M,Λp,qT ∗M ⊗ E).

L2
p,q(X,L) denotes set of L-valued (p, q)-forms such that

‖s‖2 :=

∫
|s(x)|2ω,ϕdVω(x) < +∞.

Defining an inner product

〈〈s, t〉〉 :=

∫
〈s, t〉ω,ϕdV, ∀s, t ∈ L2

p,q(X,L)

make L2
p,q(X,L) Hilbert space.

Dp,q(X,L) denotes the set of compactly supported (p, q)-forms in C∞p,q(X,L).

The following inequality is essential for the proof of Hörmander estimates

theorem.

1.2.1 (Bochner-Kodaira-NakanoInequality). [6]

Let (X,ω) be a Kähler manifold and L be a holomorphic line bundle with a

smooth metric ϕ. Assume that i∂∂̄ϕ ≥ εω. Then, for all s ∈ Dn,q(X,L),∫
|∂s|2ω,ϕ + |∂∗s|2ω.ϕ ≥ εq

∫
|s|2ω,ϕdVω.

For s ∈ L2
(p,q)(X,L), we can compute ∂̄s as a distribution. The mapping

∂̄ : L2
(p,q)(X,L)→ L2

(p,q+1)(X,L) between two Hilbert spaces are non-bounded

operator.

Definition 1.2.2. Let T : H1 → H2 is a operator between two Hilbert

spaces. Then T is said to be closed densely defined if Dom(T ) is dense in H1

and if Graph(T ) is closed a subspace of H1 ×H2.

Proposition 1.2.3. If T : H1 → H2 is a closed desely defined operator

between two Hilbert spaces, then we can define the adjoint operator T ∗ :

H2 → H1 and it is also closed desely defined operator.

Proof. Let Dom(T ∗) be the set of all x ∈ H2 such that x 7→ 〈Tx, y〉 is

continuous linear functional on Dom(T ). After extending this functional to

H1 = Dom(T ) via Hahn-Banach theorem, then by Riesz Representation

theorem, we can find a z ∈ H1 such that for all x ∈ Dom(T ),

〈Tx, y〉 = 〈x, z〉.

7



CHAPTER 1. MULTIPLIER IDEAL SHEAVES

So we define T ∗y by such z. Let F : H1×H2 → H2×H1 be a mapping given

by

F (x, y) = (y,−x).

Then for (y, x) ∈ H2×H1, (y, x) ⊥ F (Graph(T )) means that for all z ∈ H1,

〈(y, x), (Tz,−z)〉1,2 = 0

or

〈Tz, y〉2 = 〈z, x〉1.

Since z 7→ 〈z, x〉1 is continuous, y ∈ Dom(T ∗) and T ∗y = x. Therefore,

F (Graph(T )⊥) = Graph(T ∗). (*)

So Graph(T ∗) is closed. For the proof of the desity of Dom(T ∗), assume y ∈
Dom(T ∗)⊥. Then for all z ∈ Dom(T ∗), 〈y, z〉 = 0. Then 〈(y, 0), (z, T ∗z)〉1,2 =

0. In other words, (y, 0) ⊥ Graph(T ∗). By (*) and closedness of T ,Graph(T ∗)⊥ =

F (Graph(T )) = F (Graph(T )). Therefore, y = T0 = 0, that is, Dom(T ∗)⊥ =

0. Thus Dom(T ∗) is dense.

Let Dom(∂) := {s ∈ L2
p,q(X,L) : ∂s ∈ L2

p,q+1(X,L)}. Then Dom(∂)

contains Dp.q(X,L) which is dense in L2
p,q(X,L). And suppose (sn) converges

to s in L2
p,q(X,L) and if (∂sn) converges to t in L2

p,q+1(X,L), then (∂sn)

converges to ∂s with respect to weak-topology, so ∂s = ∂t which means

Graph(∂) is closed. Thus the operator ∂ : L2
p,q(X,L)→ L2

p,q+1(X,L) is closed

densely defined. Therefore, by the above proposition, we get the densely

defined operator ∂
∗
.

When we prove Hörmander estimates, the following analysis lemma make

it easier.

Lemma 1.2.4. Let T : H1 → H2 be a closed densely defined operator between

two Hilbert spaces. Suppose that for some α ∈ H2, there exist a constant

C > 0 such that for all β ∈ Dom(T ∗),

|〈α, β〉|2 ≤ C‖T ∗β‖2. (*)

Then there exist u ∈ H1 such that

Tu = α

8



CHAPTER 1. MULTIPLIER IDEAL SHEAVES

and

‖u‖2 ≤ C.

Proof. Consider the functional

F : Image(T ∗) 3 T ∗β → 〈β, α〉.

This functional is clearly linear. By (*), if T ∗β = 0, then 〈β, α〉 = 0, hence

the functional is well-defined. Again by (*), the functional is continuous. By

Hahn-Banach theorem and the Riesz Representation theorem, this functional

can be extended to a linear functional on H1 and there exist u ∈ H1 such

that

F (v) = 〈v, u〉

and

‖u‖2 ≤ C.

On Image(T ∗),

〈T ∗β, u〉 = 〈β, α〉.

Since Dom(T ) is dense, Tu = α.

From now on, we will prove Bochner-Kodaira-Nakano inequality on bigger

space than Dn,q(X,L).

Definition 1.2.5. Let X be a complex manifold with a Kähler metric ω.

• A function χ : X → [0,∞) is said to be exhaustion if for all c ∈ R,

{z ∈ X|χ(z) < c} is relative compact in X.

• A C2 function ψ : X → R ∪ {−∞} is said to be strictly plurisubhar-

monic if i∂∂̄ψ > 0.

• (X,ω) is said to be complete if there is a smooth exhaustion function

χ : X → [0,∞) such that |dχ|ω is bounded.

Lemma 1.2.6. Let (X,ω) be a complete Kähler manifold of complex dimen-

sion n and let L be a holomorphic line bundle. For all s ∈ Dom(∂̄)∩Dom(∂̄∗),

there is a sequence (sm) ⊂ Dp,q(X,L) such that

‖sm − s‖,

9



CHAPTER 1. MULTIPLIER IDEAL SHEAVES

‖∂̄sm − ∂̄s‖

and

‖∂̄∗sm − ∂̄∗s‖

tend to 0.

Proof. Let ψ be a partition of unity on a neighborhood of Supp(s) with a

small support. Then s =
∑
ψjs, so it is enough to approximate each ψjs.

Thus we may assume that Supp(s) is contained in a coordinate neighborhood,

where L is trivial. Let χ be a smooth exhaustion function with |dχ| ≤ C and

let f(t) be a smooth function whose values 1 for t ≤ 0, 0 for t ≥ 1 and

|df | ≤ 2. For all m ∈ N, let χm(x) = f(C−12−m−1χ(x)), then |dχm| ≤ 2−m.

Let sm = χms. Clearly, sm → s. Also,

∂̄sm = χm∂̄s+ ∂̄χm ∧ s.

But,

|∂̄sm − χm∂̄s| = |∂̄χm ∧ s| ≤ |∂̄χm||s| ≤ 2−m|s|.

By Lebesgue dominated convergence theorem,

‖∂̄sm − χm∂̄s‖ → 0 or ‖∂̄sm − ∂̄s‖ → 0.

Furthermore,

|〈∂̄∗(χms)− χm∂̄∗s, t〉| = |〈s, χm∂̄t− ∂̄(χmt)〉| = |〈s,−∂̄χm ∧ t〉| ≤ |s||t|2−m.

Thus,

|∂̄∗(χms)− χm∂̄∗s| ≤ |s|2−m.

As above, this implies ‖∂̄∗sm − ∂̄∗s‖ → 0. Since sm has compact support,

we may assume that s has a compact support. Therefore, let s ∈ Dom(∂̄) ∩
Dom(∂̄∗) with compact support which is contained in a neighborhood where

L is trivial. Let ρ be a smooth function with compact support such that the

integral is equal to 1 and let

ρm(z) = m2nρ(mz).

Let sm = ρm ∗ s be the convolution. Then (sm) is smooth and converges

to s in L2. Since ∂̄ commute with convolutions, (∂̄sm) converges to ∂̄s. The

10



CHAPTER 1. MULTIPLIER IDEAL SHEAVES

remaining part is complicated because ∂̄∗ is not a order 1 operator with

constant. Let us compute ∂̄∗. Let s ∈ Dom(∂̄) and let t ∈ Dp,q(X,L). Locally,

we can write

s =
∑
i,j

si,jdzi ∧ dzj

and

t =
∑
i,k

ti,kdzi ∧ dzk

, where |i| = p, |j| = q + 1, |k| = q. Now

∂̄t = ∂ti,k/∂zm dzm ∧ dzi ∧ dzk = (−1)p∂ti,k/∂zm dzi ∧ dzm ∧ dzk.

Then∫ ∑
i,k

(∂̄∗s)i,kti,ke
−2φdV = 〈〈∂̄∗s, t〉〉

= 〈〈s, ∂̄t〉〉

= (−1)p
∫ ∑

i,j

si,j∂ti,k/∂zme
−2φdV

= (−1)p
∫ ∑

i,j

∑
m

e−2φsi,j ∂ti,k/∂zmdV

= (−1)p+1

∫ ∑
i,j

∑
m

∂(e−2φsi,j)/∂zm ti,kdV.

Therefore,

∂̄∗s = (−1)p+1
∑
i,j

∑
m

e2φ∂(e−2φsi,j)/∂zmdzi ∧ dzk.

We conclude that

Proposition 1.2.7. ∂̄∗ operator is of the form∑
m

(∂s)/∂zm + as, s ∈ Dom(∂̄∗),

where a is smooth.

11



CHAPTER 1. MULTIPLIER IDEAL SHEAVES

we cite the following lemma which complete the proof from [2].

Lemma 1.2.8. Let Pf =
∑
ak∂f/∂xk+bf be a differential operator of order

1 on an open set Ω ⊂ Rn, with coefficients ak ∈ C1(Ω), b ∈ C0(Ω). Then for

any ν ∈ L2(Rn) with compact support in Ω, we have

lim
ε→0
‖P (ν ∗ ρε)− (Pν) ∗ ρε‖L2 = 0.

Proposition 1.2.9. If (X,ω) is complete, then by the lemma 1.2.6, Bochner-

Kodaira-Nakano inequality holds, for all s ∈ Dom(∂̄) ∩Dom(∂̄∗).

The following theorem due to [5].

1.2.10 (Hörmander Estimates).

Let (X,ω) be a complete Kähler manifold of complex dimension n and let L

be a holomorphic line bundle with a smooth metric ϕ. Suppose that iΘ(L) =

i∂∂̄ϕ ≥ εω. Then for all f ∈ L2
n,q(X,L) satisfying ∂̄f = 0, there exists

g ∈ L2
n,q−1(X,L) such that ∂̄g = f and∫

|g|2ω,ϕdV ≤
1

εq

∫
|f |2ω,ϕdV.

Proof. By the proposition 1.2.9, we have for all s ∈ Dom(∂̄) ∩Dom(∂̄∗),

‖∂̄∗s‖2 ≥ εq‖s‖2.

Thus, for all s ∈ Dom(∂̄) ∩Dom(∂̄∗),

|〈〈f, s〉〉|2 ≤ ‖f‖2‖s‖2 ≤ ‖f‖2 1

εq
‖∂̄∗s‖2.

By the Lemma 1.2.4 with C = ‖f‖2
εq
, there is a g ∈ L2

n,q−1(X,L) such that

‖g‖2 ≤ C.

The proof is complete.

Definition 1.2.11. Let X be a complex manifold. X is said to be Stein if

there is a smooth strictly PSH exhaustion ψ : X → [0,+∞).

12
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Property 1.2.12. If X is a Stein manifold, then X has a complete Kähler

metric.

Proof. Let ψ be a smooth exhaustion such that i∂∂̄ψ > 0 and let ω = i∂∂̄eψ.

Then this form is Kähler. Take χ = eψ/2. Then

∂χ ∧ ∂̄χ =
1

4
(i∂ψ ∧ ∂̄ψ)eψ

and

ω = i∂∂̄eψ = (i∂ψ ∧ ∂̄ψ + i∂∂̄ψ)eψ ≥ 1

4
(i∂ψ ∧ ∂̄ψ)eψ.

Thus |∂χ|2ω ≤ 1. In other words, |∂χ|ω is bounded, so is |dχ|ω.

Remark 1.2.13. In the above proof, we can know easily the followings. If ω

is complete, then cω is also complete for some constant c > 0. Furthermore,

if ω, ω′ are Kähler metrics and if ω is complete, then ω + ω′ is complete.

1.2.14 (Hörmander Estimates on Stein manifolds).

Let (X,ω) be a Kähler manifold of complex dimension n and let L be a

holomorphic line bundle with a smooth metric ϕ. Suppose that X is a Stein

manifold and iΘ(L) = i∂∂̄ϕ ≥ εω. Then for all f ∈ L2
n,q(X,L) satisfying

∂̄f = 0, there exists g ∈ L2
n,q−1(X,L) such that ∂̄g = f and∫
|g|2ω,ϕdV ≤

1

εq

∫
|f |2ω,ϕdV.

Proof. By the assumption, we have a smooth exhaustion ψ such that i∂∂̄ψ >

0. Also, in the proof of 1.2.12, ω′ = i∂∂̄eψ is complete metric. Then for all

c > 0, the Kähler metric ωc = ω + cω′ is complete. Let Lc be a holomorphic

line bundle L endowed with the metric ϕc = ϕ + εceψ so that i∂∂̄ϕc > εωc.

We denote | · |c by the norm with respect to ωc, ϕc.

Lemma 1.2.15. Let ω, γ be two Kähler forms on X such that ω ≤ γ. For

every (n, q)-form f ,

|f |2γdVγ ≤ |f |2ωdVω.

Proof. Let x ∈ X be a point. On the coordinate (z1, . . . , zn) near x,

ω = i
∑

1≤i≤n

dzj ∧ dzj

13



CHAPTER 1. MULTIPLIER IDEAL SHEAVES

and

γ = i
∑

1≤j≤n

γjdzj ∧ dzj,

where γ1 ≤ · · · γn are eigenvalues of γ with respect to ω. So
√
γjdzj’s are

orthonormal for γ. By the assumption, γ1 ≥ 1. For every f =
∑
fKdzN ∧dzK

and |K| = q,

|f |2γ =
∑

(γ1 · · · γn)−1γ−1
K |fK |

2,

where γK =
∏

j∈K γj. Furthermore,

dVγ = γ1 · · · γndVω.

Therefore,

|f |2γdVγ ≤ |f |2ωdVω.

Now |f |2ω,φ < +∞. By the Lemma, |f |2ωc,φdVωc ≤ |f |
2
ω,φdVω. But e−2φc ≤

e−2φ, thus |f |2c < +∞. Applying 1.2.14 to (X,Ec, ωc) gives a solution gc to

∂̄gc = f with

εq‖gc‖2
c ≤ ‖f‖2

c ≤ ‖f‖2.

Therefore, the family (gce
φc) is bounded in L2, so we get a weakly convergent

subsequence (gcj) in L2
loc. The weak limit g is a solution what we need.

A singular Hermitian metric ϕ on L is a Hermitian metric on L except

that ϕ is not necessarily smooth, but PSH.

1.2.16 (Hörmander Estimates for singular weights).

Let Ω be a Stein domain in Cn, let ϕ be a PSH function defined on Ω and let

ω be a Kähler form on Ω. Suppose that i∂∂̄ϕ ≥ εω. Then for all (n, q)-form

f such that ∫
Ω

|f |2ωe−2ϕdV < +∞, ∂̄f = 0,

there exists a (n, q − 1)-form g such that ∂̄g = f and∫
Ω

|g|2ωe−2ϕdV ≤ 1

εq

∫
Ω

|f |2ωe−2ϕdV.

14
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Proof. Using the standard regularization ϕν = ϕ∗ρν , we can get a decreasing

sequence of smooth PSH functions ϕν = ϕ ∗ ρν defined on Ων such that ϕν
converges to ϕ. Apply 1.2.10 to smooth metric ϕν , we then get gν such that

∂̄gν = f and,∫
Ων

|gν |2ωe−2ϕνdV ≤ 1

εq

∫
Ων

|f |2ωe−2ϕνdV ≤ 1

εq

∫
Ω

|f |2ωe−2ϕdV.

Since ϕν is decreasing to ϕ, the family (gνe
ϕν ) is bounded, so there is a

subsequence converging weakly in L2
loc. Therefore the weak limit g satisfies∫

Ω

|g|2ωe−2ϕdV ≤ 1

εq

∫
Ω

|f |2ωe−2ϕdV.

Since ∂̄ is continuous in distribution sense,

∂̄g = f on Ω.

1.3 Coherence of Multiplier Ideal Sheaves

In this section, we will prove that multiplier ideal sheaves are coherent. Fol-

lowing definitions and properties are cited from [2].

Definition 1.3.1. Let A be a sheaf of rings on a topological space X and let

S be a A -module. Then S is said to be locally finitely generated if for every

point x0 ∈ X, one can find a neighborhood Ω and sections F1, · · · , Fq ∈ S (Ω)

such that for every x ∈ Ω, the stalk Sx is generated by germs F1,x, · · · , Fq,x
as a Ax-module.

Definition 1.3.2. Let OX be a sheaf of rings on a topological space X and

let S be a sheaf of modules over OX . S is said to be coherent if:

a) S is locally finitely generated;

b) for any open subset U of X, any n ∈ N and any morphism F : OnX |U →
S|Uof OX-modules, the kernel of F is locally finitely generated.

15
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1.3.3 (Strong Noetherian Property).

Let F be a coherent analytic sheaf on a complex manifold M and let F1 ⊂
F2 ⊂ · · · be an increasing sequence of coherent subsheaves of F . Then the

sequence (Fk) is stationary on every compact subset of M .

1.3.4 (Krull lemma).

Let F be a finitely generated R-module and let E be a submodule. Then

a) ∩k≥0m
kF = {0};

b) ∩k≥0(E + mkF ) = E.

Lemma 1.3.5 ([3]).

Let ϕ be a PSH function on a domain Ω ⊂ Cn and x ∈ Ω. If

lim inf
z→x

ϕ(x)

log |z − x|
≥ n+ s

for some integer s ≥ 0, then

I(ϕ)x ⊂ ms+1
Ω,x ,

where ms+1
Ω,x is the maximal ideal of OΩ,x.

Proposition 1.3.6 ([8, 3]).

Let Ω be a open set in a Kähler manifold (X,ω). For any PSH function ϕ

on Ω, the multiplier ideal sheaf I(ϕ) is coherent over Ω.

Proof. Since coherence is a local property, we may assume that Ω is a bounded

Stein domain in Cn. Thus Since OX is coherent, by the strong noetherian

property, the family of sheaves generated by finite subsets of H2(Ω, ϕ) :=

{f ∈ O(Ω) :
∫

Ω
|f |2e−ϕdV < +∞} has a maximal element on every com-

pact subset of Ω. Thus H2(Ω, ϕ) generates a coherent ideal sheaf J . Clearly,

J ⊂ I(ϕ).

Let us prove I(ϕ) ⊂ J . By Krull lemma, it suffices to show that for all

x ∈ Ω,

I(ϕ)x ⊂ Jx + I(ϕ)x ∩mk+1
x ,

for all integer k ≥ 0, where m is the maximal ideal at x. Let h ∈ I(ϕ)x such

that h is holomorphic on a neighborhood U and let V ⊂ U be a neighborhood

16
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of x. Let χ be a cutoff function such that Supp(χ) ⊂ U and χ|V ≡ 1. we

choose V sufficiently small so that |∂̄χ| ≤ 1 Let f = ∂̄(χh). Let L be a trivial

line bundle equipped with the singular metric

ϕk(z) = ϕ(z) + (n+ k) log |z − x|+ |z|2.

On V ∪ U c, f ≡ 0. Also, on V c ∩ U , |z − x|−2(n+k)e−2|z|2 is bounded.

Therefore,∫
Ω

|f |2e−2ϕkdV ≤ C

∫
U

|f |2e−2ϕdV ≤ C

∫
U

|h|2e−2ϕdV < +∞.

The second inequality follows because |i∂∂̄f | = |h∂̄χ| ≤ |f |.
Since

i∂∂̄(
∑
|zi|2) = i

∑
dzi ∧ dzi,

i∂∂̄ϕk > i
∑

dzi ∧ dzi.

Apply theorem 1.2.16 to (Ω, i
∑
dzi ∧ dzi, L), we then get a solution gk such

that ∂̄gk = f = ∂̄χh and∫
Ω

|gk|2e−2ϕ|z − x|−2(n+k)dV ≤ C ′
∫

Ω

|gk|2e−2ϕ|z − x|−2(n+k)e−2|z|2dV

≤ CC ′
∫

Ω

|f |2e−2ϕdV < +∞.

Therefore, gk ∈ L2(Ω, ϕ) , so Gk := χh − gk ∈ L2(Ω, ϕ). Since ∂̄Gk = 0,

Gk is holomorphic and then Gk ∈ J . Furthermore, by the lemma 1.3.5,

hx − Gkx = gkx ∈ I(ϕ)x ∩ mk+1 thus hx ∈ Jx + I(ϕ)x ∩ mk+1
x . The proof is

done.

17



Chapter 2

Adjoint Ideal Sheaves

2.1 Algebraic and Analytic Definition

Definition 2.1.1. Let H be a smooth hypersurface in a complex manifold X

and let D be a Q-divisor on X such that H is not contained in Supp(D). We

fix a log resolution µ : X ′ → X of D such that µ∗D+µ∗H+KX′/X +Exc(µ)

has SNC support. The adjoint ideal sheaf AdjH(D) of D with respect to H

is defined by

AdjH(D) = µ∗OX′(KX′/X − [µ∗D]− µ∗H +H ′),

where H ′ is the strict transformation of H.

Definition 2.1.2. Let ϕ be a PSH function on a complex manifold X and

let H be a smooth hypersurface. Then Adj0
H(ϕ) is defined by the sheaf of

germs u ∈ OX,x such that |u|2e−2ϕ is integrable with respect to 1
|h|2 log2 |h|Leb,

where h is a local equation for H and Leb is the Lebesgue measure.

Unlike the multiplier case, in general, Adj0
H(ϕ) is not the same the alge-

braic one.

Definition 2.1.3 ([4]).

The analytic adjoint ideal sheaf AdjH(φ) attached to a PSH function ϕ with

respect to a hypersurface H defined by

AdjH(ϕ) :=
⋃
ε>0

Adj0
H

(
(1 + ε)ϕ

)
.

18
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Theorem 2.1.4 ([4]).

Let H be a smooth hypersurface in a smooth complex variety X and let D

be a Q-divisor on X such that H is not contained in Supp(D). Let ϕD be a

corresponding PSH function to D. Then

AdjH(ϕD) = AdjH(D).

Naturally, we have the following question.

Q. Are adjoint ideal sheaves coherent?

H. guenancia proves the coherence of AdjH(ϕ) using the method, namely

fundamental adjuction exact sequence, under the additional hypothesis that

eϕ is locally Hölder continuous.

Definition 2.1.5. A function f : Cn → C is said to be Hölder continuous if

there are nonnegative constants C and α such that for all x, y ∈ Cn,

|f(x)− f(y)| ≤ C|x− y|α.

We then can define Hölder continuity of a function on a complex manifold

X through coordinate charts.

Theorem 2.1.6 ([4]). Let X be a complex manifold, let H be a smooth

hypersurface and let ϕ be a PSH function on X, ϕ|H 6≡ −∞, such that eϕ is

locally Hölder continuous. Then AdjH(ϕ) is a coherent ideal sheaf on X.

2.2 Modified L2 Estimates

In order to prove coherence of adjoint ideal sheaves using the same method

for multiplier ideal sheaves, we need a version of Hörmander estimates for a

weight of the form e−ϕ+ψ, where ϕ and ψ are PSH functions. In this section,

we introduce the Blocki’s L2 estimates.

Let Ω be a Stein open set in Cn and let f =
∑

j fjdz̄ be a (0, 1)-form on Ω.

If ϕ is smooth and strictly PSH, then i∂∂̄ϕ determines a Hermitian metric.

Then

|f |2i∂∂̄ϕ =
∑

ϕjkf jfk (*)
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, where (ϕjk) is the inverse transposed of (∂2ϕ/∂zj∂zk).

For a PSH function ϕ not strictly, (ϕjk) does not make sense. However, if ϕ

is strictly PSH, we have; For all h ∈ L∞loc(Ω),

|f |2i∂∂̄ϕ ≤ h if and only if if̄ ∧ f ≤ h · i∂∂̄ϕ.

Therefore, for a PSH function ϕ, we take any h ∈ L∞loc(Ω) satisfying if̄ ∧ f ≤
h · i∂∂̄ϕ as |f |2

i∂∂̄ϕ
. Thus, the inequality |f |2

i∂∂̄ϕ
≤ C means that there is a

h ∈ L∞loc(Ω) such that

if̄ ∧ f ≤ h · i∂∂̄ϕ

and

h ≤ C.

Theorem 2.2.1 ([1]).

Assume that Ω is a pseudoconvex domain in Cn and take α ∈ L2
loc,(0,1)(Ω)

with ∂̄α = 0. Let ϕ, ψ be PSH function in Ω such that |∂̄ψ|2
i∂∂̄ψ
≤ 1 in Ω and

|∂̄ψ|2
i∂∂̄ψ
≤ δ < 1 on Supp(α). Then there exists f ∈ L2

loc(Ω) solving ∂̄f = α

and such that∫
Ω

(1− |∂̄ψ|2i∂∂̄ψ)|f |2eψ−ϕDλ ≤ 1

(1−
√
δ)2

∫
Ω

|α|2i∂∂̄ψe
ψ−ϕdλ.

Proof. Let f be the minimal solution to ∂̄f = α in the L2(Ω, e−ϕ) norm so

that f is perpendicular to Ker(∂̄). Then for all holomorphic function u,∫
feψue−ϕ−ψ =

∫
fu = 0

which means that g := feψ is perpendicular to Ker(∂̄) in the L2(Ω, e−ϕ−ψ)

norm. Thus, g is the minimal solution to ∂̄g = β in the norm L2(Ω, e−ϕ−ψ),

where β = (α + f∂̄ψ)eψ. By Hörmander estimates for singular weights,∫
Ω

|f |2eψ−ϕdλ =

∫
Ω

|g|2e−ϕ−ψdλ

≤
∫

Ω

|β|2i∂∂̄(ϕ+ψ)e
−ϕ−ψdλ

≤
∫

Ω

|α + f∂̄ψ|2i∂∂̄ψe
ψ−ϕ.
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The last inequality follows since i∂∂̄ψ ≤ i∂∂̄(ϕ + ψ). Now, consider (0, 1)-

froms P and Q. For any t > 0,

i(P +Q) ∧ (P +Q)

= (1 + t−1)iP ∧ P + (1 + t)iQ ∧Q− t−1i(P − tQ) ∧ (P − tQ)

≤ (1 + t−1)iP ∧ P + (1 + t)iQ ∧Q.

Thus,

iβ̄ ∧ β ≤ e2ψ[(1 + t−1)iα ∧ ᾱ + (1 + t)|f |2i∂ψ ∧ ∂̄ψ]

≤ e2ψ[(1 + t−1)|α|2i∂∂̄ψ + (1 + t)|f |2|∂̄ψ|2i∂∂̄ψ].

Therefore,∫
Ω

|α + f∂̄ψ|2i∂∂̄ψe
ψ−ϕdλ

≤ (1 + t−1)

∫
Ω

|α|2i∂∂̄ψe
ψ−ϕdλ+ (1 + t)

∫
Ω

|f |2|∂̄ψ|2i∂∂̄ψe
ψ−ϕdλ.

By the assumption,

(1 + t)

∫
Ω

|f |2|∂̄ψ|2i∂∂̄ψe
ψ−ϕdλ

≤ (1 + t)

∫
Supp(α)

|f |2|∂̄ψ|2i∂∂̄ψe
ψ−ϕdλ+

∫
Ω\Supp(α)

|f |2|∂̄ψ|2i∂∂̄ψe
ψ−ϕdλ

≤ δ(1 + t)

∫
Supp(α)

|f |2eψ−ϕdλ+

∫
Ω\Supp(α)

|f |2|∂̄ψ|2i∂∂̄ψe
ψ−ϕdλ.

Combine above three inequalities, then

(1 + t−1)

∫
Ω

|α|2i∂∂̄ψe
ψ−ϕdλ.

≥
∫

Ω\Supp(α)

(1− |∂̄ψ|2i∂∂̄ψ)|f |2eψ−ϕdλ+ (1− δ(t+ 1))

∫
Supp(α)

|f |2eψ−ϕdλ

≥ (1− δ(t+ 1))

∫
Ω

(1− |∂̄ψ|2i∂∂̄ψ)|f |2eψ−ϕdλ.

The last inequality follows since 1− δ(t+ 1) ≤ 1 and since 1− |∂̄ψ|2
i∂∂̄ψ
≤ 1.

Take t = δ−1/2 − 1, then proof is done.
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But this is not enough to show the coherence of adjooint ideal sheaves for

any PSH function ϕ. Because our definition does not hold the assumption

|∂̄ψ|2
i∂∂̄ψ
≤ 1. Indeed, for a smooth hypersurface H, we choose local coordi-

nates such that H = (z = 0), locally. To apply the Berndsson’s inequality,

ψ = − log(log2 |z|). Then

i∂̄ψ ∧ ∂̄ψ = i
4

|z|2 log2 |z|
dz̄ ∧ dz

and

i∂∂̄ψ = i
1

|z|2 log2 |z|
dz̄ ∧ dz

Therefore,

i∂̄ψ ∧ ∂ψ ≤ 4i∂∂̄ψ.

Thus, |∂̄ψ|2
i∂∂̄ψ

> 1, so our ψ does not satisfy the hypothesis.

Finally, we define analytic sheaves eased a condition.

Definition 2.2.2. Let ϕ be a PSH function on a complex manifold X and let

H be a smooth hypersurface. Then Adj∗,αH (ϕ) is defined by the sheaf of germs

u ∈ OX,x such that |u|2e−2ϕ is integrable with respect to 1
|h|2(− log |h|)αLeb,

where h is a local equation for H and Leb is the Lebesgue measure. Then

AdjαH(φ) is defined by

AdjαH(ϕ) :=
⋃
ε>0

Adj∗,αH
(
(1 + ε)ϕ

)
.

Theorem 2.2.3. Let H be a smooth hypersurface in a smooth complex va-

riety X and let D be a Q-divisor on X such that H is not contained in

Supp(D). Let ϕ := ϕD be a corresponding PSH function to D. Then if

2 ≥ α > 1,

AdjαH(ϕ) = AdjH(D).

Proof. Let x ∈ X. We may assume that x is 0 in our chart. We fix a log

resolution µ : X ′ → X with exceptional divisors E1, . . . , Em and Em+1 such
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that µ∗D+µ∗H+Exc(µ) has SNC support. For convenience, let H ′ = Em+1.

We use the following notation;

µ∗D =
m∑
j=1

ajEj

µ∗H = H ′ +
m∑
j=1

bjEj

KX′ = µ∗KX +
m+1∑
j=1

cjEj.

Take a local generator xm+1 of H. Let f ∈ OX,x defined on a sufficiently

small neighborhood U of 0. Then, using the change of variables,∫
U

|f |2e−2(1+ε)ϕ

|xm+1|2(− log |xm+1|
dV =

∫
U ′

|f ◦ µ|2e−2(1+ε)ϕ◦µ

|xm+1 ◦ µ|2(− log |xm+1 ◦ µ|)α
|Jµ|2dV ′,

where U ′ = µ−1(U). Using the same argument for multiplier ideal sheaves,

we only check the case when f is a monomial. Thus we may assume that

f ◦ µ =
∏
z
dj
j . Then the right hand side is∫
U ′

∏m+1
k=1 |zk|2(ck+dk−(1+ε)ak)

|zm+1|2
∏m

k=1 |zk|2bk(− log(|zm+1|
∏m

k=1 |zk|bk))α
dV ′

=

∫
U ′

∏m+1
k=1 |zk|2λk(ε)

(− log(|zm+1|
∏m

k=1 |zk|bk))α
dV ′,

where we set am+1 = 0, bm+1 = 1 and λk(ε) = ck + dk − bk − (1 + ε)ak.

Changing to polar coordinates gives the integral is∫
V

∏m+1
k=1 w

2λk(ε)+1

(− log(wm+1

∏m
k=1w

bk
k ))α

dw1 · · · dwm+1,

where V is a neighborhood of 0 in Rm+1
+ . We may assume that V ⊂ B(0, r),

for some r < 1. Using the usual criterion which determines integrability near

0 of xβ(− log x)α, the integrability implies that 2λk(ε) + 1 ≥ −1. For the

23



CHAPTER 2. ADJOINT IDEAL SHEAVES

converse, if 2λk(ε) + 1 ≥ −1,∫
V

∏m+1
k=1 w

2λk(ε)+1

(− log(wm+1

∏m
k=1 w

bk
k ))α

dw1 · · · dwm+1

≤
∫
V

w−1
m+1

∏m
k=1 w

2λk(ε)+1

(− log(wm+1

∏m
k=1 w

bk
k ))α

dw1 · · · dwm+1

≤ C
∫
V ′

∏m
k=1w

2λk(ε)+1

(− log(
∏m

k=1 w
bk
k ))α−1

dw1 · · · dwm

<+∞,

where V ′ is a neighborhood of 0 in Rm
+ . Therefore the convergence is equiv-

alent to 2λk(ε) + 1 ≥ −1, that is, λk(ε) ≥ −1. It is equivalent to

dk ≥ −ckbk + [(1 + ε)ak] = −(ck − bk − [ak]),

for sufficiently small ε > 0. Therefore the integrability is equivalent to f ∈
µ∗OX′(KX′/X − [µ∗D]− µ∗H +H ′). The proof is done.
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국문초록

먼저, 우리는 다수조화함수의 특이점을 측정하는 승수아이디얼층의 개념에

대해 공부하고 승수아이디얼층의 일관성을 증명하게 해주는 회르만더의 추

정에 대해 살펴본다. 그리고 승수아이디얼의 유사체인 수반아이디얼층에대해

소개하고 그것의 일관성 증명에 대한 접근법을 제안한다.

주요어휘: 승수아이디얼층, 수반아이디얼층

학번: 2011-20270
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