
 

 

저 시-비 리- 경 지 2.0 한민  

는 아래  조건  르는 경 에 한하여 게 

l  저 물  복제, 포, 전송, 전시, 공연  송할 수 습니다.  

다 과 같  조건  라야 합니다: 

l 하는,  저 물  나 포  경 ,  저 물에 적 된 허락조건
 명확하게 나타내어야 합니다.  

l 저 터  허가를 면 러한 조건들  적 되지 않습니다.  

저 에 른  리는  내 에 하여 향  지 않습니다. 

것  허락규약(Legal Code)  해하  쉽게 약한 것 니다.  

Disclaimer  

  

  

저 시. 하는 원저 를 시하여야 합니다. 

비 리. 하는  저 물  리 목적  할 수 없습니다. 

경 지. 하는  저 물  개 , 형 또는 가공할 수 없습니다. 

http://creativecommons.org/licenses/by-nc-nd/2.0/kr/legalcode
http://creativecommons.org/licenses/by-nc-nd/2.0/kr/


이학석사 학위논문

Survey on the mean-field sparse optimal

control and its application to flocking

problem

(희소 평균장 최적 제어 및 플로킹 문제에
적용에 대한 조사)

2017년 2월

서울대학교 대학원

수 리 과 학 부

이 동 희



Survey on the mean-field sparse optimal

control and its application to flocking

problem

by

Donghee Lee

A DISSERTATION

Submitted to the faculty of the Graduate School

in partial fulfillment of the requirements

for the degree Master of Science

in the Department of Mathematics

Seoul National University

February 2017



i

Abstract

This thesis reviews the basics, history and results on the sparse optimal

control and sparse mean-field optimal control arising from the collective

dynamics of multi-agent systems. We will go over from sparse optimal con-

trol, mean-field optimal control, and sparse mean-field optimal control, op-

timal control problem to flocking problems. Moreover we will introduce

several examples for sparse mean-field optimal control problems in relation

to flocking problems.
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Chapter 1

Introduction

The optimal control problem is a control problem with optimality of

cost function, which was arised in 20th century. Also, sparse means ”small

in numbers or amount, often spread over a large area”. 1 So sparse optimal

control is an optimal control on small amount of particles. In control prob-

lem on particle models, we can think sparse optimal control means that ”a

control on finitely many leaders” in some time. Typical example of flocking

problem is Cucker-Smale model. This model has flocking property for some

initial values, but for some initial conditions, it does not flock. In this case,

with appropriate control, the Cucker-Smale model can have flocking prop-

erty. In chapter 2, we will study a sparse control of Cucker-Smale model to

make it flock, and then construct an optimal control problem. Especially

we can consider sparse optimal control on Cucker-smale model, which gives

control on small amount of leaders. This case is much more economical then

control all particles of the model. In Chapter 2, we go over the history of

the optimal control theory and the history of the mean-field sparse optimal

1This is from Collins Cobuild Advanced Learner’s English Dictionary.

1



CHAPTER 1. INTRODUCTION

control. In Chapter 3, we study sparse optimal control problem of ODE

with finite particles, and in Chapter 4, we study the sparse optimal control

problem with mean-field model and the examples for mean-field optimal

control of flocking problems, and the examples for mean-field sparse op-

timal control problem of flocking problems. Finally, we end with a short

summary in Chapter 5.
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Chapter 2

Preliminaries

In this chapter, we will briefly review the history of optimal control

problems and mean-field sparse optimal control.

2.1 Optimal control theory

In this chapter, we summarize the history of optimal control theory,

by following the paper [17]. We study the basic definition of the optimal

control theory and the Pontryagin maximum principle.

Optimal control theory begun in the cold war period, which was followed

from the end of World War II, as known in the following article [17]. In that

period, finding the optimal trajectory of an aircraft from given cruise posi-

tion into position against attacking hostile aircraft is an important question.

It is known as the minimum-time-to-climb problem, which is the problem

determining the minimum-time air craft trajectory between two fixed points

in the range-altitude space.

In Blue corner, Rand coorperation was set up by US army air force. In
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CHAPTER 2. PRELIMINARIES

this area, Magnus R. Hestenes(1906-1991), Rufus P. Isaacs(1914-1981) and

Richard E.Bellman(1920-1984) contributed to this problem. These mathe-

maticians keep to traditional math.

Hestene developed basics for the numerical computation of minimum-

time aircraft trajectories. In particular, Hestene find an early formulation

of the maximum principle: the optimal control vector has to be chosen in

such a way that it maximizes the Hamiltonian function along a maximizing

trajectory. Also Hestene expressed Weierstrass’ necessary condition as a

maximum principle for the Hamiltonian. It is known as the general control

problem.

Bellman also derived a form of a maximum principle by extending Bell-

man’s principle of optimality. And finally, Isaacs represented more general

mini-maximum principle.

In Red corner, Lev Semyonovich Pontryagin(1908-1988), Vladimir Grig-

orevich Boltryanskii(1925-) and Revaz Valerianovich Gamkrelidze(1927-)

contributed to this problem by formulating maximum principle.

Pontryagin was s topologist, but he changed his research direction to

applied mathematics in these period. Pontryagin and Boltyanskii, Gamkre-

lidze published in 1956 maximum principle. It becomes basis of the optimal

control theory. The principle was developed in several forms as time goes,

we can see one of the final form as follows, whici is based on [9]:

• Fixed time, fixed endpoint problem

Given A ⊂ Rm, f : Rn×A→ Rn, x0 ∈ Rn, the set of admissible controls

is given by

U = {u(·) : [0,∞)→ A|u(·) is measurable} .
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CHAPTER 2. PRELIMINARIES

For given u ∈ U , define the system:ẋ(t) = f(x(t), u(t)), t ≥ 0,

x(0) = x0,

with pay-off functional

J [α(·)] =

∫ T

0
L(x(t), u(t))dt+ g(x(T ))

where T > 0 is the terminal time, L : Rn × A → R is the running pay-off,

and g : Rn → R is the terminal pay-off are given.

For this system, the optimal control problem is given as below.

The optimal control problem: Find u? such that

J [u?(·)] = max
u(·)∈U

J [u(·)]

Before define the Pontryagin maximum, principle, first recall the control

theory Hamiltonian.

Definition 2.1.1. (Control theory Hamiltonian) The control theory Hamil-

tonian is the function

H(x, p, a) := f(x, a) · p+ L(x, a) (x, p ∈ Rn, a ∈ U)

Theorem 2.1.1. (Pontryagin Maximum principle) Assume u?(·) is opti-

mal solution of the problem and x?(·) is the corresponding trajectory. Then

there exists a function p? : [0, T ]→ Rn such that

ẋ?(t) = ∇pH(x?(t), p?(t), u?(t)),

ṗ?(t) = −∇xH(x?(t), p?(t), u?(t)),

H(x?(t), p?(t), u?(t)) = max
u∈U

H(x?(t), p?(t), u) (0 ≤ t ≤ T ).

In addition, the map t → H(x?(t), p?(t), u?(t)) is constant, and p?(T ) =

∇g(x?(T )).
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• Free time, fixed endpoint problem

Given A ⊂ Rm, f : Rn×A→ Rn, x0 ∈ Rn, the set of admissible controls

is given by

U = {u(·) : [0,∞)→ A|u(·) is measurable} .

For given u(·) ∈ A, define the system:ẋ(t) = f(x(t), u(t)), t ≥ 0,

x(0) = x0,

with pay-off functional

J [α(·)] =

∫ τ

0
L(x(t), u(t))dt

where L : Rn ×A→ R is given running pay-off, and τ = τ [u(·)] ≤ ∞ is the

first time when the solution of ODE hits the target point x1.

For this system, the optimal control problem is given as below.

The optimal control problem: Find u? such that

J [u?(·)] = max
u(·)∈U

J [u(·)]

Theorem 2.1.2. (Pontryagin Maximum principle) Assume α?(·) is opti-

mal solution of the problem and x?(·) is the corresponding trajectory. Then

there exists a function p? : [0, τ?]→ Rn such that

ẋ?(t) = ∇pH(x?(t), p?(t), α?(t)),

ṗ?(t) = −∇xH(x?(t), p?(t), α?(t)),

H(x?(t), p?(t), α?(t)) = max
a∈A

H(x?(t), p?(t), a) (0 ≤ t ≤ τ?).

In addition, the map H(x?(t), p?(t), α?(t)) ≡ 0 (0 ≤ t ≤ τ?). Here τ? is

the first time the trajectory x?(·) hits the target point x1.

6
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Remark 2.1.1. x?(·) is called the state of the optimally controlled system

and p?(·) is the costate.

Moreover, the Pontryagin maximum principle does not give the exis-

tence of the optimal control problem. The existence of the problem is given

by R.T. Rockaffellarp in 1970 and by some other mathematicians, and the

necessary conditions and sufficient conditions for the optimality of the con-

trol. The following is a summary in the Chapter 1 of the book [5].

• (Existence of Optimal control)Under suitable assumption, optimal

solution can be constructed by the direct method in the Calculus of

Variations, as limits of minimizing sequences, relying on compactness

and lower semi-continuous properties.

• Necessary condition for the optimality of a control: In general cases,

Pontryagin Maximum principle is a necessary condition for the opti-

mal control.

• Sufficient condition for the optimality of a control: For some special

classes of optimal control problems, we can find a unique optimal

control u?(·) satisfying Pontryagin’s necessary condition. However, for

general nonlinear system, conditions are only guaranteed by a global

analysis. The value function V , which is defined as

V (τ, y) = min
u∈U

∫ T

τ
L(t, x, u)dt

subject to

ẋ = f(t, x, u), x(τ) = y, x(T ) ∈ Ω

is the solution of a first order Hamilton-Jacobi partial differential

equation and computed by dynamic programming method. By infor-
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mations about V and ∇xV , we can determine the optimal control

u.

Here, we only give the existence theorem for fixed time, fixed end point

problem, which is called the Bolza problem, given the Chapter 5 of the

book [5]. For given admissible control u ∈ U , define the system:ẋ(t) = f(x(t), u(t)), t ≥ 0,

x(0) = x0,

with cost functional

J [α(·)] =

∫ T

0
L(x(t), u(t))dt+ g(x(T ))

where T > 0 is the terminal time, L : Rn ×A→ R is the running cost, and

g : Rn → R is the terminal cost are given.

Theorem 2.1.3. Assume that the class U of admissible controls is compact,

f : [0,∞) × Rn × U → Rn is continuous in all variables, continuously

differentiable with respect to x, and satisfies the bound

|f(t, x, u)| ≤ C(1 + |x|) for all t, x, u.

Moreover, assume that S ⊂ [0, T̄ ] × Rn is closed, L is continuous and the

set of trajectories reaching the target set S is nonempty. If g is continuous

and the sets

F+(t, x) = {(y0, y) ∈ Rn+1|y0 ≥ L(t, x, w)y = f(t, x, w) for some w ∈ U}

are all convex, then the above minimization problem with terminal con-

straints

(T, x(T )) ∈ S

8



CHAPTER 2. PRELIMINARIES

has an optimal control problem.

2.2 History of mean-field sparse optimal control

This optimal control can be adapted on the flocking problem. Massimo

Fornasier wrote a series of papers about optimal control problem. Start

with ”Sparse stabilization and control of the Cucker-Smale model.”,[7],

which was published in 2013, he find the optimal control strategy on ODE

model of alignment models, in ”Sparse stabilization and control of alignment

models.”,[6], published in 2015. Moreover, he extended the optimal control

strategy to mean-field dynamics in ”Mean-field optimal control.”,[13] (with

F. Solombrino), published in 2014, and finally in ”Mean field sparse opti-

mal control.”[12] published in 2014, he organized the sparse control model

of mean-field optimal control. For follow up study for the mean-field opti-

mal control, he also organized ”Mean-field Pontryagin maximum principle”

(with M. Bongini, F. Rossi, and F. Solombrino),[4], so we can extend the

Pontryagin maximum principle to the mean-field dynamics.

9



Chapter 3

Sparse Optimal Control of

ODE in flocking problem

In this chapter, we review the sparse control of the Cucker-Smale model

and the sparse optimal control of the Cucker-Smale model. In information

theory, the best way to handle data is the most economical way. One of the

economical description of data is the sparse representation with respect to

an adapted dictionary. For Cucker-Smale model this can be translated as

finding best policy to control the dynamical system, which makes the system

flocking. Here the term ”flocking” represents the pheonomenon in which

self-propelled individuals using only limited environmental information and

simple rules, organize into an ordered motion. [15] In the paper[16], the

externally driven ”virtual leaders” are inserted in the collective dynamics

in order to make a certain patter formation. In this chapter, we see the

mathematically driven sparse control in Cucker-Smale flocking dynamics,

which is designed to use minimal amount of particles as leaders enforcing

the formation of patterns. Moreover the virtual leaders are not selected

10
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in advance, but it is selected instantaneously for each time in the most

economical way for flocking.

Moreover, the optimal control problem can be used in the flocking prob-

lem, by minimizing cost function measures the distance between mean ve-

locity and velocity of particles. The optimal control problem can be built

for this problem and we can analyze the problem by using the Pontryagin

maximum principle.

In Chapter 3.1, we first go over Cucker-Smale model and its flocking,

and the control problem with sparsity. In Chapter 3.2, the control problem

can be developed to an optimal control problem, and can be modified to

be a dynamics by Pontryagin maximum principle.

3.1 Sparse control of the Cucker-Smale model

In this subchapter, we go over the sparse control of the Cucker-Smale

model, based on [1] and [2]. Cucker-Smale model has flocking property with

proper initial values. For other initial values, by choosing proper control on

the particle model the system can be driven to have flocking property. The

main strategy for this problem is controlling only one particle at each time,

which has the optimality in the sense, that make the minimum rate of

change of Lyapunov functional.

3.1.1 The Cucker-Smale Model and its flocking

The Cucker-Smale model was first given by two mathematicians Flipe

Cucker and Steve Smale in 2007. This model is second order particle model

of N body system and present how this simple model exhibit emergent

flocking behavior under conditions with respect to parameters and initial

data only. Cucker-Smale model can be observed in the nature, in the phe-

11
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nomena like flocking of birds, mobile agents, schooling of fishes, swarming

of bacteria. It is recently studied because of their application to controls

of robots, aerial vehicles, sensor networks and opinion formation of social

networks.

The Cucker-Smale model is given by following dynamics:
ẋi = vi, , i = 1, ..., N, ψ ∈ C1([0,∞]),

v̇i =
1

N

N∑
j=1

ψ(‖xj(t)− xi(t)‖)(vj(t)− vi(t))
(3.1.1)

where

ψ(‖xj − xi‖) =
K

(σ2 + ‖xi − xj‖2)β
, K > 0, σ > 0, β > 0.

For this model, we define the definition of the flocking is given in [14]

as follows:

Definition 3.1.1. (Flocking) We say that the solution (xi, vi)
N
i=1 of the

system has a asymptotic flocking if and only if the system satisfies the

following two conditions:

(i) The relative velocity fluctuations go to zero as time goes to infinity.

(velocity alignment)

lim
n→∞

||vi(t)− vj(t)|| = 0, 1 ≤ i, j ≤ N.

(ii) The diameter of a group is uniformly bounded in time t.

sup
0≤t<∞

||xi(t)− xj(t)|| <∞, 1 ≤ i, j ≤ N.

12
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Remark 3.1.1. For the average velocity vc := 1
N

∑N
i=1 vi,

v̇c = 0.

The velocity alignment condition can be written as

lim
t→∞
|vi(t)− vc| = 0.

According to [14], this dynamics with given parameters have consensus

property with some initial values.

Notation. Here, define the notation

B(u, v) =
1

2N2

N∑
i,j=1

〈ui − uj , vi − vj〉 =
1

N

N∑
i=1

〈ui, vi〉 − 〈ū, v̄〉.

Proposition 3.1.1. For (x0, v0) ∈ (Rd)N × (Rd)N , if X0 = B(x0, v0) and

V0 = B(v0, v0), satisfy ∫ ∞
√
X0

ψ(
√

2Nr)dr ≥
√
V0,

then, the solution of (3.1.2) with initial data (x0, v0) tends to consensus.

3.1.2 The Cucker-Smale model with sparse control

Cucker-Smale model has flocking property if it starts from initial value

satisfying the Proposition 3.1.1. If the initial value does not satisfy the

proposition, then the consensus cannot be achieved by self-organization of

the group, and if we want to make the system to be consensus, we should

adapt a control to make the system consensus. As in the papers [6] and [7],

we define the C-S model with control as following:
ẋi = vi i = 1, ..., N, a ∈ C1([0,∞]),

v̇i =
1

N

N∑
j=1

ψ(‖xj(t)− xi(t)‖)(vj(t)− vi(t)) + ui(t),
(3.1.2)

13
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where the control u = (u1, ..., uN ) : [0,+∞)→ (Rd)N satisfies lN1 − ld2-norm

constraint :
N∑
i=1

‖ui(t)‖ ≤M

for every t ≥ 0, for a given positive constant M . Here we call the function

u with this constraints as admissible control.

If
∫∞

0 ψ(r)dr diverges, then it satisfies Proposition 3.1.1 for any given

initial value. So the Cucker-smale system can be flocked strongly without

control. So, here we will only consider the case where the flocking does not

arise autonomously. Assume that:

ψ ∈ L1(0,∞).

Remark 3.1.2. V (t) = B(v(t), v(t)) is Lyapunov functional in the Cucker-

Smale model without control. In the controlled Cucker-Smale system V (t)

is also behave as the Lyapunov functional of the system, and it depends on

u(t).

Before designing the sparse control of the system (3.1.2), we can ob-

serve that the feedback controls in typical form satisfies the constraint for

admissible controls. Moreover, it makes the system flocking in infinite time.

Here we use the notation v⊥ as follows:

Notation. For v ∈ (Rd)N , we set

v⊥ := v − (v̄, v̄, ..., v̄).

Proposition 3.1.2. For every M > 0 and initial condition (x0, v0) ∈
(Rd)N × (Rd)N , the feedback control defined pointwise in time by u(t) =

−αv⊥(t), with 0 < α ≤ M

N
√
B(v0,v0)

, satisfies the constraint for every t ≥ 0

and stabilizes the system to consensus in infinite time.

14
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Proof. we omit its proof.

According to the paper [7], the sparse control of Cucker-Smale model is

given as the follow theorem.

Theorem 3.1.1. For every M > 0 and every (x0, v0) ∈ (Rd)N × (Rd)N ,

there exists T > 0 and a sparse piecewise constant control u : [0, T ] →
(Rd)N with

∑N
ı=1 ‖ui(t)‖ ≤ M for every t ∈ [0, T ] such that the associated

absolutely continuous solution reaches the consensus region at the time T.

min

(
B(u, v) + γ(B(x, x))

1

N

N∑
i=1

‖ui‖

)
subject to

N∑
i=1

‖ui‖ ≤M,

where

γ(X) =

∫ ∞
√
X
ψ(
√

2Nr)dr.

This controls makes V (t) = B(v(t), v(t)) vanishing in finite time, in par-

ticular, there exists T such that B(v(t), v(t)) ≤ γ(x)2, t ≥ T .

Remark. Define U(x, v) as the set of solutions of the variational problem

in Theorem 3.1.1. For (x, v) ∈ (Rd)N × (Rd)N , u(x, v) ∈The space (Rd)N ×
(Rd)N can be partitioned into four partitions:
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C1 = {(x, v) ∈ (Rd)N × (Rd)N | max
1≤i≤N

‖v⊥i‖ < γ(B(X,X))},

C2 = {(x, v) ∈ (Rd)N × (Rd)N | max
1≤i≤N

‖v⊥i‖ = γ(B(X,X))},

C3 = {(x, v) ∈ (Rd)N × (Rd)N | max
1≤i≤N

‖v⊥i‖ > γ(B(X,X)) and there exists a unique

i ∈ 1, ..., N such that ‖v⊥i‖ > ‖v⊥j‖ for every j 6= i},

C4 = {(x, v) ∈ (Rd)N × (Rd)N | max
1≤i≤N

‖v⊥i‖ > γ(B(X,X)) and there exist k ≥ 2

and i1, ..., ik ∈ 1, ..., N such that ‖v⊥i1‖ = ... = ‖v⊥ik‖ and

‖v⊥i1‖ > ‖v⊥j‖ for every j /∈ i1, ..., ik}.

For these partitioned regions, we can find U(x, v) as follows:

U |C1 ={0},

U |C3 ={(0, ..., 0,−M v⊥i
‖v⊥i‖

, 0, .., 0)},

U |C2 ={u = (u1, ..., uN ) ∈ (Rd)N |ui = −αi
v⊥i
‖v⊥i‖

for i = 1, ..., N and

0 ≤
N∑
i=1

αi ≤M},

U |C4 ={u = (u1, ..., uN ) ∈ (Rd)N |ui = −αi
v⊥i
‖v⊥i‖

for i = 1, ..., N and

N∑
i=1

αi = M}.

In the region C1 and C3, there exists the unique sparse control in the strat-

egy. But in the region C2 and C4, there exist many elements in U |C1 and

U |C4 , for the form of ui = −αi
v⊥i
‖v⊥i‖

for all i’s. Among them, we can choose

unique strategy, which has optimality in the sense that minimizes the rate

of change of Lyapunov functional.
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Definition 3.1.2. (The Shepherd Dog Strategy) We define the componen-

twise feedback control u = u(x, v) ∈ U(x, v) as follows:

• If max1≤i≤N ‖v⊥i‖ ≤ γ((B(x, x))2, then u = 0.

• If max1≤i≤N ‖v⊥i‖ > γ((B(x, x))2, let j ∈ 1, ..., N be the smallest

index such that

‖v⊥j‖ = max
1≤i≤N

‖v⊥i‖,

then

ui =

−M
v⊥j
‖v⊥j ‖

if i = j

0 if i 6= j
.

We call this strategy as the shepherd dog strategy.

Theorem 3.1.2. Consider control u such that

ui(x, v) =

 0 if v⊥i = 0

−αi
v⊥i
||v⊥i ||

if v⊥i 6= 0

where αi ≥ 0 such that
∑N

i=1 αi ≤ M . Then the shepherd dog strategy is

the minimizer of d
dtV (t) among the controls of the form given above.

3.2 Sparse optimal control of Cucker-Smale model

In this subchapter, now construct the optimal control problem for the

flocking of controlled Cucker-Smale model. The controlled Cucker-Smale

model is given as below:
ẋi = vi, t > 0, 1 ≤ i ≤ N,

v̇i =
1

N

N∑
j=1

ψ (|xj − xi|) (vj − vi) + ui.
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Define the cost functional for this system to get the sparse optimal con-

trol and flocking of the system. The cost functional consists of two parts:

flocking, and sparsity. Flocking part measures the distance between mean

velocity and velocities of particles, and sparsity part measures the norm of

control function.

Definition 3.2.1. For given γ, the following is the cost functional for the

Cucker-Smale model with control.∫ T

0

N∑
i=1

((vi(t)−
1

N

N∑
j=1

vj(t))
2 + γ

N∑
i=1

‖ui(t)‖)dt,

where lN1 − ld2-norm as norm of the control.

Consider the optimal control problem starting at (x(0), v(0)) = (x0, v0) ∈
(Rd)N × (Rd)N , then this optimal control problem has the unique optimal

solution (x(·), v(·)) associated with u on [0, T ] by the classical optimal con-

trol theory. (Chapter 5, [5])

Moreover, by Pontryagin maximum principle, there exist absolutely con-

tinuous functions px(·) and pv(·) defined on [0, T ] and have values in (Rd)N

satisfying ˙pxi = 1
N

∑N
j=1

a(|xj−xi|)
|xj−xi| 〈xj − xi, vj − vi〉(pvj − pvi),

˙pvi = −pxi −
∑

j 6=i a
(
|xj − xi|

)
(pvj − pvi)− 2vi + 2

N

∑N
j=1 vj ,

almost everywhere on [0, T ], and pxi(T ) = pvi(T ) = 0, for every i = 1, ..., N .

Moreover for almost every t ∈ [0, T ], the optimal control u(t) must minimize

the quantity

N∑
i=1

〈pvi(t), wi〉+ γ

N∑
i=1

‖wi‖

18



CHAPTER 3. SPARSE OPTIMAL CONTROL OF ODE IN
FLOCKING PROBLEM

over all w = (w1, ..., wN ) ∈ (Rd)N satisfying
∑N

i=1 ‖wi‖ ≤M .

As we did before in the sparse control, we can separate (Rd)N ×(Rd)N ×
(Rd)N × (Rd)N in five regions:

O1 ={(x, v, px, pv) | ‖pvi‖ < γ for every i ∈ 1, ..., N},

O2 ={(x, v, px, pv) | there exists a unique i ∈ 1, ..., N such that‖pvi‖ = γ

and ‖pvj‖ < γ for every j 6= i},

O3 ={(x, v, px, pv) | there exists a unique i ∈ 1, ..., N such that‖pvi‖ > γ

and ‖pvi‖ > ‖pvj‖ for every j 6= i},

O4 ={(x, v, px, pv) | there exist k ≥ 2 and i1, ..., ik ∈ 1, ..., N such that ‖pvi1‖ =

... = ‖pvik‖ > γ and ‖pvi1‖ > ‖pvj‖ for every j /∈ i1, ..., ik},

O5 ={(x, v, px, pv) | there exist k ≥ 2 and i1, ..., ik ∈ 1, ..., N such that ‖pvi1‖ =

... = ‖pvik‖ = γ and ‖pvj‖ < γ for every j /∈ i1, ..., ik}.

For every initial data (x0, v0) in (Rd)N × (Rd)N , for every M > 0, and

for every γ > 0, the optimal control problem has an optimal solution, by

Theorem 2.1.3. The optimal control u is a vector with at most one non-zero

coordinate, so this is the desired sparse optimal control of the controlled

Cucker-Smale model.
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Chapter 4

Mean-field Sparse Optimal

Control

In the previous chapter, we studied sparse optimal control on the Cucker-

Smale model with finitely many particles.

The self-organized multi-agent system with N particles can be extended

to infinitely many particles as mean-field system. For the Cucker-Smale

model, [paper] proved the mean-field model of Cucker-Smale model, in other

words the kinetic Cucker-Smale model has flocking property. There are

also many kind of self-organization multi-agent systems like Cucker-Smale

model, and we can define the mean-field model of the multi-agent systems.

Now we will study optimal control with infinitely many particles of general

self-organized multi-agent systems. And in Chapter 4.2, we define mean-

field sparse optimal control as finitely many leaders and infinitely many

followers, and study the properties of the optimal control as the number of

particles goes to infinity.
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4.1 Mean-field optimal control

In this subchapter, we study the self-organized multi-agent ODE sys-

tem, and the optimal control problem related to this system. Moreover, find

the PDE driven by this N-particle ODE system and construct the related

optimal control problem. Finally define the relation between the N-particle

optimal control problem and the mean-field optimal control problem, and

observe the relation between the solutions of these optimal control prob-

lems. This subchapter is totally based on [13].

Several self-organization multi-agent systems are given asẋi = vi,

v̇i = H ? µN (xi, vi) i = 1, ..., N, t ∈ [0, T ],
(4.1.1)

where µN = 1
N

∑N
j=1 δ(xi,vi), and H : R2d → Rd. Here, assume that this H

is a locally Lipschitz interaction with sublinear growth.

Example. The Cucker-Smale model is one of the example of this model,

with interaction kernel H(x, v) := a(|x|)v, for a bounded nonincreasing

function a : R+ → R.

With the assumption about H, it is easy to derive the mean-field model

using the argument in [8]. The mean-field model of (4.1.1) is given as follow:

∂tf + v · ∂xµ = ∂v · [(H ? µ)µ], (4.1.2)

where µ(t)is the particle probability distribution, i.e. (x(t), v(t)) ∼ µ(t).

Before constructing the optimal control problem, define the class of ad-

missible controls, where we will only use in this problem.
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Definition 4.1.1. For a time T > 0 and an exponent 1 ≤ q < ∞ we fix

a control bound function l ∈ Lq(0, T ). We define the class of admissible

control functions F`([0, T ]) as following: f ∈ F`([0, T ]) if and only if

• f : [0, T ]× Rn → Rd is a Carathéodory function

• f(t, ·) ∈W 1,∞
loc (Rn,Rd) for almost every t ∈ [0, T ]

• |f(t, 0)|+ Lip(f(t, ·),Rd) ≤ `(t) for almost every t ∈ [0, T ]

We can define optimal control problem related to (4.1.1) with an ad-

missible control, and appropriate cost functional.

Optimal Control Problem.

Assume the functions H, L and ψ satisfy the following conditions.

• (H) Let H : R2d → R2d be a locally Lipschitz function such that

|H(z)| ≤ C(1 + |z|) for all z ∈ R2d

• (L) Let L : R2d × P1(R2d) → R+ be a continuous function in the

state variable (x, v) and such that if (µj)j∈N ⊂ P1(R2d) is a sequence

converging narrowly to µ in P1(R2d), then L(x, v, µj) → L(x, v, µ)

uniformly with respect to (x, v) on compact sets of R2d

• (ψ) Let ψ : Rd → [0,∞) be a non-negative convex function satisfying

the following assumption : there exist C > 0 and 1 ≤ q < +∞ such

that

Lip(ψ,B(0, R)) ≤ CRq−1

for all R > 0. Notice that ψ(·) = | · | is an admissible choice (for

q = 1).
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With these conditions, we can consider the optimal control problemẋi = vi,

v̇i = H ? µN (xi, vi) + f(t, xi, vi), i = 1, ..., N, t ∈ [0, T ],
(4.1.3)

with cost functional

J [f ] =

∫ T

0

∫
R2d

[L(x, v, µN (t)) + ψ(f(t, x, v))] dµN (t)(x, v)dt, (4.1.4)

for an admissible control f.

By theorem 3.3 in [13], this problem with initial data (x(0), v(0)) has

solutions.

Theorem 4.1.1. The finite dimensional optimal control problem (4.1.3)

and (4.1.4) with initial data (x(0), v(0)) has solutions.

Mean-field optimal Control Problem.

The finite dimensional optimal control problem given above can be ex-

tended to mean-field optimal control problem. As (4.1.2), the mean-field

equation of (4.1.3) can be driven using the similar argument in [8], by the

assumptions (H), (L), (ψ), as follow:

∂tµ+ v · ∂xµ = ∂v · [(H ? µ+ f)µ], (4.1.5)

where µ(t)is the particle probability distribution, i.e. (x(t), v(t)) ∼ µ(t),

with constraint

min
f∈F`

∫ T

0

∫
R2d

[L(x, v, µ(t)) + ψ(f(t, x, v))] dµ(t)(x, v)dt, (4.1.6)

where µ : [0, T ] → P1(R2d) is a probability measure valued weak solution

of above problem and f is an L1-function. For this PDE system (4.1.5), we

will define the solution of this system.
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Definition 4.1.2. (The solution of equation (4.1.5)) Assume that ` ∈
L1(0, T ) and f ∈ F`. For the given locally Lipschitz function H, we say

that a continuous map (with respect to W1 µ : [0, T ] → P1(R2d) is a weak

equi-compactly supported solution of the equation (4.1.5) with f on [0, T if

there exists R > 0 such that suppµ(t) ⊂ B(0, R), for every t ∈ [0, T ], and

for every ζ ∈ C∞c (Rd × Rd),

d

dt

∫
R2d

ζ(x, v)dµ(t)(x, v) =

∫
R2d

∇ζ(x, v) · w(t, x, v)dµ(t)(x, v),

for the function w(t, x, v) := (v,H ? µ(t)(x, v) + f(t, x, v)), in the sense of

distribution.

The PDE is driven by mean-field limit of ODE, and it is easy to observe

that the solutions of control problems, on ODE and PDE should be close

enough. The solution functions are the probability space, P1(Rn) and to

measure how close the solutions, we need to define the distance in this

space. The definition is given in [3]

Definition 4.1.3. For µ, ν ∈ P1(Rn), we can consider the Monge-Kantorovich-

Rubistein distance,

W1(µ, ν) := sup

{∣∣∣∣∫
Rn
ψ(x)d(µ− ν)(x)

∣∣∣∣ : ψ ∈ Lip(Rn), Lip(ψ) ≤ 1

}
,

where Lip(Rn) is the space of Lipschitz continuous functions in Rn and

Lip(ψ) is the Lipschitz constant of a function ψ. Also, this distance can be

represented in other sense, using optimal transport. let Π(µ, ν) be the set of

transference plans between the probability measures µ and ν, then we have

W1(µ, ν) := inf
π∈Π(µ,ν)

{∫
Rn×Rn

|x− y|dπ(x, y)

}
.
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With this measure, we can prove the existence of the solution of (4.1.5)

with given initial datum.

Theorem 4.1.2. (Existence of solutions) Assume that for optimal con-

trol problem (4.1.3) and (4.1.5), (H), (L) and (ψ) are satisfied. For 1 ≤
q < +∞ satisfying ψ, let `(t) be a fixed function in Lq(0, T ). Let µ0 ∈
P1(R2d) be a given probability measure with compact support, and f ∈ F`
a control term. Assume that (µ0

N )N∈N of atomic measure given by µ0
N =

1
N

∑N
i=1 δ((x0N )i,(v0N )i)

(x, v), which satisfies that limN→∞W1(µ0
N , µ

0) = 0.

Also, assume that µ0
N (t) = 1

N

∑N
i=1 δ((xi(t),vi(t))(x, v) is supported on the

trajectories (xi(t), vi(t)) ∈ R2d, for i = 1, ..., N , which is the solution of

(4.1.3) with initial datum (x(0), v(0)) = (x0
N , v

0
N ). Then there exists a map

µ : [0, T ]→ P1(R2d) such that

(i) limN→∞W1(µN (t), µ(t)) = 0 uniformly with respect to t ∈ [0, T ].

(ii) µ is a weak equi-compactly supported solution of (4.1.5) with control

term f.

(iii) The following limit holds.

lim
N→∞

∫ T

0

∫
R2d

(L(x, v, µN (t)) + ψ(f(t, x, v))dµN (t)(x, v)

=

∫ T

0

∫
R2d

(L(x, v, µ(t)) + ψ(f(t, x, v))dµ(t)(x, v).

Relation between the optimal control problems.

In this construction, one can observe that the there is a strong connection

between the solution of the optimal control problems. We need to define

how the solution of optimal control problems work as convergence. It is

defined in Definition 5.1 of [12].
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Definition 4.1.4. (Γ-convergence) Let X be a metrizable separable space

and FN → (∞,∞], N ∈ N be a sequence of functionals. We say that FN

Γ-converges to F for an F : X → (−∞,∞), written as FN
Γ−→ F , if

1. lim inf-condition: For every u ∈ X and every sequence uN → u,

F (u) ≤ lim inf
N→∞

FN (uN )

2. lim sup-condition: For every u ∈ X, there exists a sequence uN → u,

called recovery sequence, such that

F (u) ≥ lim sup
N→∞

FN (uN )

Furthermore, we call the sequence (FN )N equi-coercive if for every c ∈ R,

there is a compact set K ⊂ X such that {u : FN (u) ≤ c} ⊂ K for all

N ∈ N.

Remark 4.1.1. Assume that u?N ∈ argminFN 6= ø for all N ∈ N, there is

a subsequence (u?Nk)k and u? ∈ X such that

u?Nk → u? ∈ argminF.

Here, if we define appropriate FN and F and check if it Γ-converges,

then we can prove that the solution of finite dimensional optimal control

problem converges to the solution of infinite dimensional optimal control

problem.

Theorem 4.1.3. (Theorem 5.1 in [13]) Assume that the assumptions (H),

(L), (ψ) are satisfied. For 1 ≤ q < +∞ that (ψ) holds, let `(t) be a fixed

function in Lq(0, T ). For N ∈ N and an initial datum ((x0
N )1, ..., (x

0
N )N , (v

0
N )1,

..., (v0
N )N ) ∈ B(0, R0) ⊂ (Rd)N × (Rd)N , for R0 > 0 independent of N, we
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consider the finite dimensional optimal control problem (4.1.3) with (4.1.4),

with initial condition (x(0), v(0)) = (x0
N , v

0
N ), and we set

µ0
N :=

1

N

N∑
i=1

δ((x0N )i,(v0N )i)
(x, v).

For all N ∈ N, let the function fN ∈ F` be the solution of the finite di-

mensional optimal control problem (4.1.3) with (4.1.4). If there exists a

compactly supported µ0 ∈ P1(R2d) such that limN→∞W1(µ0
N , µ

0) = 0, then

there exists a subsequence (fNk)k∈N and a function f∞ ∈ F` such that fNk
converges to f∞, in the sense that

lim
k→∞

∫ T

0
〈φ(t), fNk(t, ·)− f(t, ·)〉dt = 0,

for every φ ∈ Lq
′
([0, T ], H−1,p′(Rn,Rd)) such that supp(φ(t)) is in some

relatively compact set in Rn for all t ∈ [0, T ]. Moreover, this f∞ is a solution

of the infinite dimensional optimal control problem (4.1.6), where µ is the

unique weak solution of (4.1.5) with initial datum µ(0) = µ0 and forcing

term f, in the sense of Definition 4.1.2.

This mean-field optimal control can be applied to many examples like

opinion consensus. Moreover if it is extended to the stochastic system, then

it may be applied to the mean-field game. The following are examples ap-

plying the mean-field optimal control.

4.1.1 Example: Opinion Consensus

Opinion consensus through leaders is one of the examples of mean-field

optimal control, as followed by [4]. First, we can see the microscopic model
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of opinions with NL leaders and NK followers:
ẇi = 1

NF

∑NF
j=1 P (wi, wj)(wj − wi) + 1

N

∑NL
h=1 S(wi, w̃h)(w̃h − wi)

˙̃wk = 1
NL

∑NL
h=1R(w̃k, w̃h)(w̃h − w̃k) + u,

wi(0) = wi,0, w̃k(0) = ˜wk,0,

where P (·, ·),S(·, ·) and R(·, ·) are given functions, which have values in

[0,1]:

• P: interaction between follower

• S: interaction between followers and leaders

• R: interaction between leaders

Control function u is given by optimal control problem with cost function:

J(u,w, w̃) =
1

2

∫ T

0

{
ψ

NL

NL∑
h=1

(w̃h − wd)2 +
µ

NL
(w̃h −mF )2

}
ds+

∫ T

0

ν

2
u2ds

where mF is given by the following relation:

mF =
1

NF

NF∑
j=1

wj

The Fokker-Plank equation for the followers’ and leaders’ opinions is

given as follows: (Section 4 in [8])
∂fF
∂t + ∂

∂w

(
1
cF
KF [fF ](w) + 1

cFL
KFL[fL](w)

)
fF (w) = 1

2
∂2

∂w̃2

(
ζ2

cF
D̃2(w̃) + ζ̂ρ

cFL

)
fF (w)

∂fL
∂t + ∂

∂w̃

(
ρ
cL
H[fL](w̃) + 1

cL
KL[fL](w̃)

)
fL(w̃) = 1

2
ζ̃2ρ
cL

∂2

∂w̃2 D̃
2(w̃)fL(w̃)
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where

KF [fF ](w) =

∫
I
P (w, v)(v − w)fF (v, t)dv

KFL[fL](w) =

∫
I
S(w, w̃)(w̃ − w)fL(w̃)dw̃

K[fL](w̃) =

∫
I
R(w̃, ṽ)(ṽ − w̃)fL(ṽ, t)dṽ

H[fL](w̃) =
2ψ

κ
(w̃ +mL(t)− 2wd) +

2µ

κ
(w̃ +mL(t)− 2mF (t))

4.2 Mean-field Sparse Optimal Control

In the previous subchapter, we observed the relation between finite di-

mensional optimal control problem and mean-field optimal control problem.

In this subsection, we will define the sparse control problem with finite

leaders and finite followers, and then with mean-field limit on the dynam-

ics followers, define the mean-field sparse optimal control problem. This

subchapter is based on the paper [12].

From the system (4.1.1), we can consider a dynamics with m leaders,

who gives big influence on the system and N followers who gives small

influence. Then the system will be given as

ẏk = wk, k = 1, ...,m,

ẇk = H ? µN (yk, wk) +H ? µm(yk, wk),

ẋi = vi, i = 1, ..., N, t ∈ [0, T ],

v̇i = H ? µN (xi, vi) +H ? µm(xi, vi),

(4.2.7)

and this system is similar with the system with N+m agents. But the weight

is different: leaders and followers have different weights. Now, we will only

control m leaders.
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Sparse optimal control problem

From this system where the m leaders play an important role in the system,

we can define an optimal control problem of finite dimensional system as

follows: 

ẏk = wk, k = 1, ...,m

ẇk = H ? µN (yk, wk) +H ? µm(yk, wk) + uk,

ẋi = vi, i = 1, ..., N, t ∈ [0, T ],

v̇i = H ? µN (xi, vi) +H ? µm(xi, vi),

(4.2.8)

where µm(t) = 1
m

∑m
k=1 δ(yk(t),wk(t)), uk : [0, T ]→ Rd is measurable controls

for k=1,...,m, and we define the control map u : [0, T ] → Rmd by u(t) =

(u1(t), ..., um(t)) for t ∈ [0, T ] with its cost functional

min
u∈L1([0,T ],U)

∫ T

0
{L(y(t), w(t), µN (t)) +

1

m

m∑
1

‖uk(t)‖}dt (4.2.9)

where L(·) is a suitable continuous map. Moreover, we assume that the

functions H and L satisfy the conditions (H) and (L) in the previous chapter.

In the cost functional, the term 1
m

∑m
1 ‖uk(t)‖ guarantees the sparsity of

this optimal control problem.

Theorem 4.2.1. (Theorem 3.3 in [12]) The optimal control problem with

initial data ζ0 = (y0, w0, x0, v0) ∈ R4d has a solution.

Mean-field sparse optimal control problem

For given u ∈ L1([0, 1],U), if we accept the mean-field limit as N →∞,

the system will result in a coupled system of ODE with control of m agents
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(y,w), and PDE without control.
ẏk = wk,

ẇk = H ? (µ+ µm)(yk, wk) + uk k = 1, ...,m, t ∈ [0, T ],

∂tµ+ v · ∇xµ = ∇v · [(H ? (µ+ µm))µ] .

(4.2.10)

Here µ ∈ P1(R2d) is a probability measure. with cost functional

min
u∈L1([0,T ],U)

∫ T

0
{L(y(t), w(t), µ(t)) +

1

m

m∑
k=1

‖uk(t)‖}dt. (4.2.11)

Before explain the relation between these optimal control problems, we

will define the solution of this mean-field sparse optimal control problem.

Definition 4.2.1. (Solution of the ODE-PDE system) Let u ∈ L1([0, T ],U)

be given. We say that a map (y, w, u) : [0, T ]→ X := R2d×m×P1(R2d) is a

solution of the controlled system with interaction kernel H
ẏk = wk,

ẇk = H ? (µ+ µm)(yk, wk) + uk, k = 1, ...,m, t ∈ [0, T ],

∂tµ+ v · ∇xµ = ∇v · [(H ? (µ+ µm))µ] ,

with control u, where µm(t) = 1
m

∑m
k=1 δ(yk(t),wk(t)), if

(i) the measure µ is equi-compactly supported in time, i.e. there exists

R > 0 such that supp(µ(t)) ⊂ B(0, R) for all t ∈ [0, T ].

(ii) the solution is continuous in time with respect to the following metric

in X

||(y, w, µ)− (y′, w′, µ′)||X :=
1

m

m∑
k=1

(|yk − y′k|+ |wk −w′k|) +W1(µ, µ′),

(4.2.12)

where W1(µ, µ′) is the 1-Wasserstein distance in P1(R2d).
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(iii) the (y, w) coordinates define a Carathéodory solution of the follow-

ing controlled problem with interaction kernel H, control u(·), and the

external field H ? µ:ẏk = wk, k = 1, ...,m, t ∈ [0, T ],

ẇk = H ? (µ+ µm)(yk, wk) + uk.

(iv) the µ component satisfies

d

dt

∫
R2d

φ(x, v)dµ(t)(x, v) =

∫
R2d
∇φ(x, v) · w(t, x, v)dµ(t)(x, v),

for every φ ∈ C∞c (Rd×Rd), in the sense of distribution, where w(t, x, v) :

[0, T ]×Rd×Rd → Rd×Rd is the time-carrying vector field defined as

follows:

w(t, x, v) := (v,H ? µ(t)(x, v) +H ? µm(t)(x, v)).

Moreover, if (y0, w0, µ0) ∈ X be given with µ0 ∈ P1(R2d) of bounded support,

we say that (y, w, u) : [0, T ] → X is a solution of (4.2.10) with initial

condition (y0, w0, µ0) and control u if it is a solution of (4.2.10) with control

u and satisfies (y(0), w(0), µ(0)) = (y0, w0, µ0).

The relation between ODE model and ODE-PDE model

By theorem 3.3 in [12], or theorem 4.3 in [10], we can show that the system

(4.2.8) converges to (4.2.10) as N → ∞ in some sense. Before prove the

theorem, let’s look at the following facts.

Remark 4.2.1.

W1(µ, ν) ≤ 1

m

m∑
k=1

|ξk − ξ′k|,
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ans as give in Lemma 6.7 of [12], if µ : [0, T ] → P1(R2d) and ν : [0, T ] →
P1(R2d) are continuous map with respect to W1 both satisfying

suppµ(t) ⊂ B(0, R) and suppν(t) ⊂ B(0, R)

for every t ∈ [0, T ]. Then for every ρ > 0, there exists a constant Lρ,R such

that

‖H ? µ(t)−H ? ν(t)‖L∞(B(0,ρ)) ≤ Lρ,RW1(µ(t), ν(t))

for every t ∈ [0, T ].

Theorem 4.2.2. (Theorem 3.3 in [12])(Relation between the models)

Let (y0, w0, µ0) ∈ X be given, with µ0, which satisfies suppµ0 ⊂ B(0, R),

for R > 0. Let (µ0
N )NN be defined as µ0

N :=
∑N

i=1 δ(x0i,N ,v
0
i,N ), and

limN→∞W1(µ0
N , µ

0) = 0. Fix a weakly convergent sequence (uN )N∈N ⊂
L1([0, T ],U) of controls, i.e. there exists u? such that uNrightharpoonupu

?

in L1([0, T ],U). For each initial data ζ0
N = (y0

N , w
0
N , x

0
N , v

0
N ) depending

on N, let ζN (t) := (yN (t), wN (t), µN (t)) := (yN (t), wN (t), xN (t), vN (t)) be

the unique solution of the finite-dimensional control problem (4.2.8) with

control uN . Then, the sequence (yN , wN , µN ) converges in C0([0, T ],X ) to

some (y∗, w∗, µ∗), which is a solution of (4.2.10) with control u∗, in the

sense of Definition 4.2.1.

Proof. (Existence of the limit) The proof of above theorem is given by Γ-

limit of the system. The initial data ζ0
N are equi-compactly supported, so

the trajectories ζN (t) = (yN (t), wN (t), µN (t)) are equi-bounded and equi-

Lipschitz continuous in C0([0, T ],X ), by given proposition 2.2 of [12] and

the property of Wasserstein distance. By Ascoli-Arzelá theorem for func-

tions on [0,T], and having values in X , there exists a subsequence converging

uniformly to a limit function ζ∗ = (y∗(·), w∗(·), µ∗(·)), which is also equi-

compactly supported in a ball B(0, RT ) for a suitable RT > 0. Due to
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the equi-Lipschitz continuity of the trajectories and the continuity of the

Wasserstein distance, we also know that

‖ζ∗(t2)− ζ∗(t1)‖X = lim
N
‖ζN (t2)− ζN (t1)‖X ≤ LT |t2 − t1|,

for all t1, t2 ∈ [0, T ], where LT > 0 is a uniform Lipschitz constant. Hence

the limit trajectory ζ∗ ∈ C0([0, T ],X ).

(ζ∗ is a solution of (4.2.10)) For this ζ∗, we need show that it is a solution

of (4.2.10) in the sense of Definition 4.2.1.

First, we will verify (iii) of Definition 4.2.1, so we need to show that

(y∗, w∗) is a solution of the ODE part of (4.2.10) for µ = µ∗. Since ζN → ζ∗,

we can obtain ξN ⇒ ξ∗, in [0, T ],

˙ξN ⇒ ξ̇∗, in L1([0, T ],R2d),

where ξN (t) = (yN (t), wN (t)) and ξ∗ = (y∗, w∗) and

lim
N
W1(µN (t), µ∗(t)) = 0,

uniformly with respect to t ∈ [0, T ]. In particular, the limits imply ˙yk,∗(t) =

wk,∗(t) in [0,T] for all k=1,...,m.

Now we need to show that (y∗(t), w∗(t)) is the Carathéodory solution of

(4.2.12) by verifying the second equation.

Let us denote

µm,N (t) =
1

m

m∑
k=1

δ(yk,N (t), wk,N (t)) and µm,∗(t) = 1
m

∑m
k=1 δ(yk,∗(t), wl,∗(t)).

We know that

W1(µm,N (t), µm,∗(t))→ 0

as N → +∞, uniformly in t ∈ [0, T ] by Remark 4.2.1. of [12] and (3.3) of

[12]. By these facts and the linear growth if H,

H?(µN+µm,N )(yk,N , vk,N ) ⇒ H?(µ∗+µm.∗)(yk,∗, wk,∗), in [0, T ]. for N →∞,
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again by Remark 4.2.1. From the weak L1 convergence of ˙wk,N to ˙wk,∗ and

of uN to u∗ as N → +∞ and from above equations, for every η ∈ Rd and

every t̂ ∈ [0, T ], it holds that

η ·
∫ t̂

0
˙wk,∗(t)dt = η ·

∫ t̂

0
[(H ? µ∗(t) + µm.∗(t))(yk,∗(t), wk,∗(t)) + uk,∗(t)] dt

Then for k=1,...,m, we can show that

˙wk,∗ = (H ? µ∗ + µm,∗)(yk,∗, wk,∗) + uk,∗. (4.2.13)

So (y∗(t), w∗(t)) is the Carathéodory solution of (4.2.12).

Finally, we will verify that µ∗ is the solution of

∂tµ+ v · ∇xµ = ∇v · [(H ? (µ+ µm))µ]

for µm = µm,∗ in the sense of Definition 4.2.1 (iv). For all t̂ ∈ [0, T ] and for

all φ ∈ C1
c (R2d), we know that

〈φ, µN (t̂)− µN (0)〉 =

∫ t̂

0

[∫
R2d

∇φ(x, v) · w(t, x, v)dµN (t, x, v)

]
dt,

(4.2.14)

which is given by the differentiation d
dt〈φ, µN (t)〉. Moreover,

lim
N→∞

〈φ, µN (t̂)− µN (0)〉 = 〈φ, µ∗(t)− µ0〉, (4.2.15)

for all φ ∈ C1
c (R2d). By weak-* convergence and the dominated convergence

theorem, possibly extracting an additional subsequence, we obtain the limit

lim
k→∞

∫ t̂

0

∫
R2d

(∇vφ(x, v)·v)dµNk(t)(x, v)dt =

∫ t̂

0

∫
R2d

(∇vφ(x, v)·v)dµ∗(t)(x, v)dt

for all φ ∈ C1
c (R2d). By Remark 4.2.1, we also have for all ρ > 0,

lim
k→∞

‖H ? (µNk(t) + µm,Nk(t))−H ? (µ∗(t) + µm,∗(t)‖L∞(B(0,ρ)) = 0.
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and as all φ ∈ C1
c (R2d) has compact support, it follows that

lim
k→∞

‖H ? (µNk(t) + µm,Nk(t))−H ? (µ∗(t) + µm,∗(t)‖∞ = 0. (4.2.16)

Denote with ν̃ the Lebesgue measure on the time interval [0, t̂]. Since

the product measure ν̃× 1
t̂
µNk(t) converges to ν̃× 1

t̂
µ∗(t) in P1([0, t̂]×R2d),

we finally get

lim
k→∞

∫ t̂

0

∫
R2d

(∇vφ(x, v) ·H ? (µNk(t) + µm,Nk(t)))dµNk(t)(x, v)dt

=

∫ t̂

0

∫
R2d

(∇vφ(x, v) ·H ? (µ∗(t) + µm,∗(t))))dµ∗(t)(x, v)dt

By combining (4.2.14), (4.2.15) and (4.2.16), we can prove that µ∗ is the

solution of (4.2.13).

The relation between ODE optimal control problem and ODE-

PDE optimal control problem

We studied the relation between the solution of ODE model and the solution

of ODE-PDE model.

Theorem 4.2.3. (Theorem 5.3 in [12]) Assume that H and L satisfies the

conditions (H) and (L), respectively. Then for given initial data (y0, w0, µ0) ∈
X and a sequence µN0 , such that supp(µ0) ∪ supp(µN0 ) ⊂ B(0, R), R > 0,

for all N ∈ N, then the sequence of functionals (FN )N∈N on L1([0, T ],U),

which is given as:

FN (u) =

∫ T

0

{
L(yN (t), wN (t), µN (t)) +

1

m

m∑
k=1

|uk(t)|

}
dt,

converges to the functional F, which is given as:

F (u) =

∫ T

0

{
L(y(t), w(t), µ(t)) +

1

m

m∑
k=1

|uk(t)|

}
dt.
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Proof. (Γ-liminf condition)

By Corollary of this theorem, we can conclude the main theorem of this

Chapter.

Theorem 4.2.4. Assume that H and L satisfies the conditions (H) and

(L), respectively. For given initial data (y0, w0, µ0) ∈ X with µ0, such that

supp(µ0) ⊂ B(0, R), R > 0, the optimal control problem

min
u∈L1([0,T ],U)

∫ T

0
{L(y(t), w(t), µ(t)) +

1

m

m∑
k=1

‖uk(t)‖}dt

has solutions, where (y, w, µ) defines the unique solution of (4.2.10) with

initial data (y0, w0, µ0) and control u in the sense of Definition 4.1.1. More-

over, the solutions to the optimal control problem (4.2.12) can be constructed

by the weak limit u? of the sequence of optimal controls uN? , which is the

solution of finite dimensional problem

min
u∈L1([0,T ],U)

∫ T

0
{L(y(t), w(t), µN (t)) +

1

m

m∑
1

‖uk(t)‖}dt,

where µN (t) = 1
N

∑N
i=1 δ(xi,N (t),vi,N (t)) and µm,N (t) = 1

m

∑m
k=1 δ(yk,N (t),wk,N (t))

are time-dependent atomic measure supported on the trajectories defining

the solution of the system (4.2.8) with initial data (y0, w0, x0
N , v

0
N ), control

u, and µ0
N = 1

N

∑N
i=1 δ(x0i ,v

0
i ) is such that W1(µ0

N , µ
0)→ 0 for N → +∞.

4.2.1 Example: Migration model

Human migration is widely studied in number of social sciences like de-

mography, economics, geography, political science, sociology and others.[2]

In the migration model, the dynamics is determined by two forces, the
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consensus dynamics and attraction towards the migration velocity V. The

migration model is given as below:ẋi = vi, i = 1, ..., N

v̇i = αi(V − vi) + (1− αi) 1
N

∑N
j=1 aij(x, v)(vj − vi),

where V is desired migration velocity, αi ∈ [0, 1] is a parameter which

provides the balance between the two forces, by controlling the agent to

follow the group or tend to the desired velocity. It is the special case of

general dynamics in Chapter 3 with control

ui = αi

− 1

N

N∑
j=1

aij(x, v)(vj − vi) + V − vi

 .

For m leaders and N followers model given in [11], this equation can be

written as:
ẋi = vi, i = 1, ..., N +m

v̇i = −αivi + (1− αi)
∑m+N

j=1 qj(vj − vi), i = 1, ...,m

v̇i =
∑m+N

j=1 qj(vj − vi), i = m+ 1, ...,m+N

where qi = 1
m for i = 1, ...,m, qi = 1

N for i = m + 1, ...,m + N . We design

the optimal control problem, where the cost function is given as follows:

V(T ) =
1

N +m

∑
i

‖vi(T )− V ‖2

For simplicity, assume that the system is composed of only n leaders, and

V=0. If we define v̄ = 1
n

∑
i vi, and ξi = 〈vi, v̄|v̄|〉. Moreover, if we define

wi = vi − ξiv̄, we can consider optimal control problem for the ξi with
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V(T ) = 1
n

∑
i ξ

2
i . For this problem, the Hamiltonian and covector equations

satisfy: H =
∑n

i=1 λi(−ξi + (1− αi)ξ̄)

λ̇i = −∂H
∂ξi

i ∈ 1, ..., n,

where H = −ξ̄
(∑

j αjλj

)
+ H̃, λ̇i = λi − λ̄+

∑
j αjλj
n , H̃ does not depend

on a.

By some analysis, we can find the optimal control strategy for this

model: αi = 1 if ξi = maxj∈{1,...,n} ξj , and αi = 0 otherwise. It also gives

the maximal decreasing of V(T ).

According to the paper [11], if we compare the strategies through simula-

tion:

1) Only m of the m+N agents can be controlled.

2) Any of the m+N agents can be controlled.

3) No control at all.

We can find that the strategy 1 shows the fast decrease in V(T ).

4.2.2 Cucker-Smale model with inter-particle bonding force

In this example, we will study the mean-field sparse optimal control of

Cucker-smale flocking particles with inter-particle bonding force, which is

given in [18].

If there are only two agents of them, the distance between the particles

tends to be far as 2R. Moreover, the distance between them exponentially

converges to 2R. So if we choose K1 and K2 well, then the acceleration
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between the i-th particle and j-th particle are given as

aij =
1

2
(K1 ˙rij +K2r̈ij)

where the distance between i-th particle and j-th particle, rij ,

r̈ij +K1 ˙rij +K2(rij − 2R) = 0 (4.2.17)



ẋi = vi, t > 0, i = 1...N

v̇i =
λ

N

N∑
j=1

ψ(rij)(vj − vi) +
σ

N

N∑
j=1

K1

2r2
ij

〈vi − vj , xi − xj〉(xj − xi)

+
σ

N

N∑
j=1

K2

2rij
(rij − 2R)(xj − xi)

Here σ denotes the coupling strength of inter-particle bonding force and R

denotes inter-agent distance. rij = |xi−xj | and ψ(r) is communication rate

given by ψ(r) = 1
(1+r2)β

, β ≥ 0

This model also has flocking property. Theorem 2 in [18] shows the

flocking condition of this model.

Theorem 4.2.5. Suppose ψ(·) and Ê(0) satisfy the conditions (A1) and

(A2) and let (xi, vi) be the solutions to the system, then the system exhibits

asymptotic flocking. More precisely, we have

(i) sup0≤t<∞ |xi(t)− xj(t)| < 2R+

√
4NX̂(0)
σK2

(ii) limt→∞ |vi(t)− vj(t)| = 0, 1 ≤ i, j ≤ N

• (A1)The communication rate ψ(·) is non-negative and has a non-

trivial support

∃r0 ∈ (0,∞] such that ψ(r) > 0, r ≤ r0
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• (A2)The initial condition (xi0, vi0)Ni=1 and the positive constant R are

chosen to satisfy the following condition: E(0) <∞ and

ψm := min

ψ(r) : 0 ≤ r ≤ 2R+

√
4NÊ(0)

σK2

 > 0.

For the Cucker-Smale communication weight ψCS(r) = (1 + r2)−β, β >

0, we can choose r0 =∞, Ê(0) <∞.

Now, we will define the mean-field sparse optimal control of this aug-

mented Cucker-Smale model. For this system, if we define H and ui(t) as

follows:

H(x, v) = −λψ(|x|)v,

ui(t) =
σ

N

N∑
j=1

K1

2r2
ij

〈vi−vj , xi−xj〉(xj−xi)+
σ

N

N∑
j=1

K2

2rij
(rij−2R)(xj−xi),

then this system can be interpreted as a controlled system with H and ui.

This ui is uniformly bounded by choosing appropriate K1 and K2, since

|ui(t)| =
1

2
(K1 ˙rij +K2r̈ij),

by (4.2.17).

The leader-follower model is given as:

ẏi = wi, i = 1, ...,m

ẇi = H ? µm(yi, wi) +H ? µN (yi, wi) + ui,

ẋj = vj , j = 1, ..., N

v̇j = H ? µm(xj , vj) +H ? µN (xj , vj),
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where

µm(t) =
1

m

m∑
k=1

δ(yk(t),wk(t)), µN (t) =
1

N

N∑
s=1

δ(xs(t),vs(t)).

Here we can define the cost functional as follows:∫ T

0

 N∑
i=1

((vi(t)−
1

N

N∑
j=1

vj(t))
2 + γ

N∑
i=1

‖ui(t)‖

 dt

This leader-follower model satisfies all conditions (ψ),(H),(L), we can con-

struct the mean-field sparse control model as follows by Theorem 4.2.3. As

N →∞, the mean-field sparse optimal control problem is given as:
ẏk = wk

ẇk = H ? (µ+ µm)(yk, wk) + uk, k = 1, ...,m, t ∈ [0, T ]

∂tµ+ v · ∇xµ = ∇v · [(H ? (µ+ µm))µ]

with optimal control u, which is a solution of

min
u∈L1([0,T ],U)

∫ T

0

[∫
Rd×Rd

|v − v̄|2dµ(t) +
1

m

m∑
k=1

‖uk(t)‖

]
dt,

v̄ =

∫
Rd×Rd

vdµ(t)(x, v).

Moreover, by given theorem, the solution of this mean-field sparse optimal

control problem is given by the limit of the solution of the solution of ODE

optimal control problem.

If we choose appropriate K1 and K2, then the u = (u1, ..., um) is

bounded in some given compact set in Rdm.

42



CHAPTER 4. MEAN-FIELD SPARSE OPTIMAL CONTROL

As N →∞,
ẏk = wk

ẇk = H ? (µ+ µm)(yk, wk) + uk, k = 1, ...,m, t ∈ [0, T ]

∂tµ+ v · ∇xµ = ∇v · [(H ? (µ+ µm))µ]

with optimal control u, which is a solution of

min
u∈L1([0,T ],U)

∫ T

0

[∫
Rd×Rd

|v − v̄|2dµ(t) +
1

m

m∑
k=1

|uk(t)|

]
dt, (4.2.18)

v̄ =

∫
Rd×Rd

vdµ(t)(x, v) (4.2.19)

where

L̃(µ) = H ? µ =

∫
Rd

∫
Rd
{−λψ(|x− y|)(v − v∗)}µ(y, v∗, t)dv∗dy
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Chapter 5

Conclusion

This thesis examined the mean-field sparse optimal control strategy. We

organized the basic concepts of the optimal control theory. We also ana-

lyze the sparse control of Cucker-Smale model and constructed the optimal

control theory for the Cucker-Smale model. Afterward, we observed the

mean-field behavior of the optimal control problem of multi-agent system,

and constructed the sparse optimal control problem, which consist of finite

leaders and infinite followers. Finally, we studied application of the mean-

field optimal control problems on flocking problems, like opinion consensus,

mean-field game and migration model. There are many multi-agent models

in social science and information theory.
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국 문 초 록

이 논문은 다중 원소 시스템의 집단 모형에 대해, 희소 최적 제어, 그리고

평균장 최적 제어에 대해서 알아본다. 희소 최적제어, 평균장 최적 제어, 그

리고 희소 평균장 최적 제어에 대해서 알아볼 것이다. 그리고 평균장 제어와

희소 평균장 제어가 플로킹 문제에서 사용되는 예시를 소개할 것이다.

주요어휘 : 최적 제어, 평균장 최적 제어, 희소 평균장 최적 제어, 플로킹

문제, 쿠커-스메일 모델
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