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ABSTRACT

We develop a new analytic model for the cluster and supercluster mass function in the

excursion set framework. We use the modified Jedamzik matrix equation and the Zel’dovich

approximation as a guiding dynamics. The characteristic parameters expressed in terms of

the linear shear eigenvalues are empirically determined by fitting the analytic formula to

the numerical results from the high-resolution N-body simulation and found to be indepen-

dent of scale, redshift and background cosmology. For the cluster mass function, our fitting

formula with the best-fit parameters is shown to work excellently in the wide mass-range

at various redshifts: The ratio of the analytic formula to the N-body results departs from

unity by up to 10% and 5% over 1011 ≤ M/(h−1M�) ≤ 5 × 1015 at z = 0, 0.5 and 1 for

the FoF-halo and SO-halo cases, respectively. For the supercluster mass function, defining

a supercluster as a marginally bound object in the middle of triaxial collapse process, the

formation of a supercluster occurs when the initial shear eigenvalues touch one reflecting

and two absorbing barriers. Our analytic model for the supercluster mass function is found

to be in excellent agreement with the numerical results from various publicly available N-

body simulation at various redshifts.

Keywords: cosmology:theory — large scale structure of Universe; mass function;

supercluster; cluster

Student Number: 2011-20432
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Chapter 1

INTRODUCTION1

The era of precision cosmology that reigned supreme in the last century has waned, render-

ing its glory to the advent of a new era of accurate cosmology (Peebles 2002). While the goal

of the previous era was the precise measurements of a model-dependent finite set of the cos-

mological parameters, the accurate cosmology aims at addressing more fundamental issues

such as what the origin of cosmic inflation is, what the limitation of the general relativity

is, what drove the cosmic acceleration and etc, which requires to explore almost infinite

parameter space spanned by all possible cosmological and physical scenarios. In precision

era, resorting solely to the high-resolution simulations suffices to make precise theoretical

predictions for the determination of the cosmological parameters. However, in accuracy era,

given that it is extremely expensive and inefficient to sweep through the infinite parameter

space using the simulations alone, developing robust analytical guidelines is highly desired

to complement the numerical experiments. The mass function of bound halos has been

spotlighted as one of those few cosmological probes which allow an analytical approach.

It was Press & Schechter (1974) [hereafter PS] who developed for the first time an

analytic formalism for the cosmological mass function under several simplified assumptions

on the cosmological objects formation process. Later, Bond et al. (1991) introduced the

1Lim & Lee 2012, arXiv:1201.1382 ; Lim & Lee 2012, JCAP in press, arXiv:1206.5351

1



CHAPTER 1. INTRODUCTION 2

excursion set theory to analytically derive the mass function from physical principles and

found that the excursion set theory yields the same PS mass function for the special case of

the sharp-k space filter (see also Peacock & Heavens 1990). In the light of these landmark

works, rapid progress has been made to improve the original excursion set formalism in two

different directions. One direction was to refine the analytical prescriptions by incorporating

into the excursion set theory more realistic aspects of the objects formation process such

as the occurrence of the clouds-in-clouds, spatial correlations among the proto-halos, tidal

effect from the surrounding matter distribution, diffusive nature of the density threshold,

and etc (e.g., Jedamzik 1995; Yano et al. 1996; Audit et al. 1997; Monaco 1997a,b; Sheth et

al. 2001; Chiueh & Lee 2001; Maggiore & Riotto 2010a,b,c; Corasaniti & Achitouv 2011a,b;

Parajape et al. 2012; Musso & Sheth 2012; Paranjape & Sheth 2012).

The other direction focused on finding a more accurate analytic formula for the halo

mass function by modifying the functional form of the excursion set mass function (Lee &

Shandarin 1998; Sheth & Tormen 1999; Jenkins et al. 2001; Reed et al. 2003; Warren et al.

2006; Tinker et al. 2008; Crocce et al. 2010; Pillepich et al. 2010). The modified functional

forms are characterized by free parameters whose best-fit values have to be empirically

determined by fitting the formulae to the high-resolution N-body results. Although the

recent analytic formulae have been found to agree excellently with the N-body results, the

best-fit values of their characteristic parameters turned out to likely vary with the mass

scale, redshift and background cosmology (e.g., Crocce et al. 2010; Lee 2012).

The gravitational aggregates of (a few to hundreds of) galaxy clusters are often called the

superclusters which are marginally bound systems, sources of soft X-ray and the Sunyaev-

Zel’dovich effect (e.g., Myers et al. 2004; Zappacosta et al. 2005; Sadeh & Rephaeli 2005,

see), and have conspicuously filamentary shapes (e.g., Einasto et al. 2011, and references

therein). Although quite rare in the local Universe, the superclusters are believed to be

common phenomena on the scales larger than 100 Mpc. The nearby Virgo cluster as well as

the Local Group where our Milky Way resides also belongs to the Local Supercluster that
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contains more than 100 member clusters (Tully 1982, and references there in).

There are two advantages that the number count of rich superclusters has as a cos-

mological probe over that of the clusters. First of all, the rich superclusters are larger and

rarer on average than the clusters, and thus their abundance should be more sensitive to the

growth rate and clustering of the large-scale structure. The other advantage is that since

the superclusters are still in the quasi-linear regime, the first order Lagrangian perturbation

theory may provide a sufficiently accurate underlying dynamics for the evaluation of the

supercluster mass function (defined as the number density of the superclusters per unit

volume as a function of mass).

The main difficulty in modeling the supercluster mass function lies in the fact that

the superclusters are not relaxed systems but in the middle of triaxial collapsing process.

Instead of just assuming naively that the superclusters correspond to those less overdense

sites in the linear density field than the clusters, the dynamical state of the on-going triaxial

collapse process has to be taken into account for the evaluation of the supercluster mass

function.

In this paper, we present a new analytic formula for the cluster and supercluster mass

function which is characterized by the free parameters independent of scale, redshift and

background cosmology. The Jedamzik formalism (Jedamzik 1995)is adopted as our sta-

tistical framework. Throughout this paper, we assume a flat ΛCDM cosmology with the

WMAP7 parameters (WMAP 2007) (unless stated otherwise) and use the CAMB code

(Lewis et al. 2000) for the evaluation of the ΛCDM linear power spectrum. This paper is

composed of six chapters whose contents are summarized as follows: In chapter 2 we provide

a brief review of the standard excursion set formalism. In chapter 3 we present an analytic

model for the cluster and supercluster mass function based on the modified excursion set

formalism. In chapter 4 we test the analytic model against the numerical results obtained

utilizing the publicly available data from various N-body simulations. In chapter 5 the result

are summarized.



Chapter 2

REVIEW OF THE STANDARD

EXCURSION SET FORMALISM1

2.1 Analytic framework

The standard excursion set mass function theory has two key concepts: the random-walks

and the absorbing barrier (Adler 1981; Peacock & Heavens 1990; Bond et al. 1991; Jedamzik

1995; Redner 2001; Zentner 2007). The growth of the linearly extrapolated density contrast,

δ(x) ≡ ∆ρ(x)/ρ̄, in a given Lagrangian region, x, is depicted as diffusive random walking

steps which proceed as a function of the mass variance of the smoothed density field,

σ2(M) ≡ (2π2)−1
∫∞

0 dk k2P (k)W 2(k;M). Here, ρ(x) is a smoothed density field, ρ̄ is the

mean mass density of the Universe, P (k) is the power spectrum of δ(x) that depends on

the key cosmological parameters, and W (k;M) is the filter (in Fourier space) with which

δ(x) is smoothed on the mass scale of M . Throughout this Paper, we utilize the publicly

available CAMB code (Lewis et al. 2000) to compute P (k) and σ2(M).

When a random walk hits a prescribed absorbing barrier with height of δc at some

σ(M), it corresponds to the occurrence of the gravitational collapse to form a bound object

1Lim & Lee 2012, arXiv:1201.1382 ; Lim & Lee 2012, JCAP in press, arXiv:1206.5351
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CHAPTER 2. REVIEW OF THE STANDARD EXCURSION SET FORMALISM 5

of mass M . Therefore, the mass function of bound objects, dN/dM , can be obtained just by

counting the number of those random walks which hit the absorbing barrier in a differential

interval of [σ, σ+dσ] The barrier height (i.e., the density threshold), δc, is determined by a

chosen underlying dynamics. It has a constant value of δc ≈ 1.686 in the spherical collapse

model (Gunn & Gott 1972; Peebles 1980; Bardeen et al. 1986), while it depends on σ(M)

in the ellipsoidal collapse models (e.g., Sheth & Tormen 1999; Chiueh & Lee 2001; Sheth

et al. 2001; Lin et al. 2002; Robertson et al. 2009; Ludlow & Porciani 2011). It turned out

that the height of the absorbing barrier, δc, depends only very weakly on the background

cosmology (Eke et al. 1996).

If one assumes that the growth of δ(x) can be described by the Markovian random walks

(i.e., uncorrelated random steps), the excursion set formalism for the halo mass function is

equivalent to the following integral Equation (Jedamzik 1995)

F (δc;M) =

∫ ∞
M

dM ′
M ′

ρ̄

dN

dM ′
P (M,M ′). (2.1)

Here F (δc;M) is the volume fraction occupied by those initial regions with δ ≥ δc on

the mass scale of M (Press & Schechter 1974), (M ′/ρ̄)dN/dM ′ is the differential volume

fraction occupied by those regions with δ′ = δc on some larger mass scale of M ′ ≥M , and

P (M,M ′) is the conditional probability of having δ ≥ δc on the mass scale of M provided

that δ′ = δc on the larger scale of M ′ (Bower 1991; Lacey & Cole 1993):

F (δc;M) =

∫ ∞
δc

dδ p[δ;σ(M)], (2.2)

P (M,M ′) =

∫ ∞
δc

dδ p[δ, σ(M)|δ′ = δc, σ(M ′)]. (2.3)

In reality, however, the growth of δ should be described by the correlated non-Markovian

random walks for which case the conditional probability, P (M,M ′), is no longer given sim-

ply by Equation (2.3), but has to be modified by incorporating one more condition that the

linear densities were less than δc on all mass scales larger than M ′. This additional condi-
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tion is required to count only those isolated halos that have just collapsed (corresponding

to those random walks which touch for the first time the absorbing barrier on M ′).

Very recently, Maggiore & Riotto (2010a,b,c) have generalized the standard excursion

set formalism by incorporating the non-Markovian nature of the linear density growth and

the stochastic aspect of the absorbing barrier to effectively deal with all the complexities

associated with the actual formation and practical identification of a bound object. This

generalized excursion set formalism was greatly successful not only in reproducing the N-

body results but also in explaining physically the scale dependence of the barrier height in

the ellipsoidal collapse models (see also, Corasaniti & Achitouv 2011a,b).

Most of the previous formulae for the halo mass functions were constructed in the the

following analytic framework (Lee & Shandarin 1998; Sheth & Tormen 1999; Jenkins et al.

2001; Reed et al. 2003; Warren et al. 2006; Tinker et al. 2008; Pillepich et al. 2010; Crocce

et al. 2010):

dN(M, z)

d lnM
=

ρ̄

M

d lnσ−1

d lnM
f [σ(M, z)]. (2.4)

Here dN(M, z)/d lnM is the differential number density of the bound halos in a logarithmic

mass interval of [lnM, lnM +d lnM ] at redshift z per unit volume, σ(M, z) ≡ b(z)σ(M, 0)

is the rms fluctuation of the linear density field smoothed on the mass scale M at redshift z

where b(z) is the linear growth factor satisfying the condition of b(0) = 1, ρ̄ is the mean mass

density of the Universe, and f(σ), called the multiplicity function, represents a differential

volume fraction occupied by those regions which satisfy a prescribed collapse condition for

the halo formation. In jargon of the excursion set theory, a random walk proceeds as the

time-like variable σ increases until it hits a specified collapse barrier. The number of those

random walks which first cross a given collapse barrier on scale of σ(M, z) is proportional

to the number of the bound halos of mass M formed at z (Bond et al. 1991).

The functional form of f(σ) that is the key quantity in equation (2.4) depends on

the correlations among random walks as well as on the shape of the collapse barrier. The

latter is determined by the underlying dynamics while the former is related to the shape
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of the filter used to smooth the linear density field. As mentioned in chapter 1, Bond et

al. (1991) showed that the original PS mass function can be derived from the excursion set

formalism under the assumptions that the random walks are Markovian (i.e., uncorrelated)

corresponding to the sharp-k space filter and that the collapse barrier has a flat shape,

δ = δsc, corresponding to the spherical dynamics. The PS multiplicity function derived

from the excursion set theory is written as

fPS[σ(M, z)] =

√
2

π

δsc
σ(M, z)

exp

[
− δ2

sc

2σ2(M, z)

]
, (2.5)

where the height of the spherical collapse barrier δsc ' 1.686 depends only very weakly on

the background cosmology (Eke et al. 1996).

2.2 Review of analytic models

The simplicity of the PS mass function theory delivered both good and bad news: A good

news is its wide application to various fields, while a bad news is its failure in matching

quantitatively the N-body results (e.g., see Reed et al. 2003). Various attempts to refine

the original Press-Schechter theory were made in subsequent theoretical studies in the hope

of better agreements with N-body simulations by adopting more realistic assumptions such

as ellipsoidal collapse, non-Markovian random walk process, spatial correlations between

halos, and stochastic collapse barrier (Bond et al. 1991; Jedamzik 1995; Yano et al. 1996;

Audit et al. 1997; Monaco 1997a,b; Lee & Shandarin 1998; Sheth et al. 2001; Maggiore

& Riotto 2010a,b,c; Corasaniti & Achitouv 2011a,b). Here we provide a concise review

of the three most popular analytic models for the halo mass function: the Sheth-Tormen

model (Sheth & Tormen 1999, hereafter ST99), the Maggiore-Riotto model (Maggiore & Ri-

otto 2010a,b, hereafter MR10) and the Corasaniti-Achitouv model (Corasaniti & Achitouv

2011a, hereafter CA11).
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2.2.1 The Sheth-Tormen Model

The Sheth-Tormen (ST99) model incorporated into the original PS formalism a more real-

istic ellipsoidal collapse barrier, which takes on the following scale-dependent shape.

δc =
√
a δsc

[
1 + 0.47

(
σ√
a δsc

)1.23
]
, (2.6)

where a is a constant coefficient. As can be seen, the collapse barrier becomes higher on the

smaller mass scale (i.e., larger σ), which basically describes the scenario that the formation

of a low-mass halo tends to become harder in the ellipsoidal collapse dynamics than in

the spherical case due to the intervention of the tidal effect from the surrounding matter

distribution which would become stronger on the smaller mass scale.

The ST multiplicity function with the above scale-dependent ellipsoidal collapse barrier

is given as

fST(σ) = A

√
2a

π

[
1 +

( σ2

aδ2
c

)p]δc
σ

exp

[
− aδ2

c

2σ2

]
, (2.7)

where A, a and p are the characteristic coefficients to be determined empirically by compar-

ing equation (2.7) with the N-body results. In the original work of Sheth & Tormen (1999)

the best-fit values were determined as A = 0.3222, a = 0.707 and p = 0.3.

Although Sheth et al. (2001) provided a theoretical justification for the empirically

determined best-fit values of the characteristic coefficients, it was sooner or later realized

that since deriving a purely analytical mass function like the PS one but with fully realistic

treatment of the ellipsoidal collapse process is such a formidable task, resorting to the N-

body simulations is unavoidable for the determination of the barrier height as well as the

other characteristic coefficients (Reed et al. 2003; Jenkins et al. 2001; Warren et al. 2006;

Tinker et al. 2008; Crocce et al. 2010; Pillepich et al. 2010).
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2.2.2 The Maggiore-Riotto Model

Recently, Maggiore and Riotto (MR10), in a series of their seminal papers Maggiore &

Riotto (2010a,b), made an analytical breakthrough for the halo mass function in the midst

of the mere phenomenological efforts (Reed et al. 2003; Jenkins et al. 2001; Warren et al.

2006; Tinker et al. 2008; Crocce et al. 2010; Pillepich et al. 2010). Motivated by the finding

of ref. Robertson et al. (2009) who showed that the values of the linear density contrasts

of the proto-halo regions exhibit stochastic behaviors, they generalized the excursion set

formalism by introducing a new concept of diffusive collapse barrier δc that performs by

itself a random walk around the average, δsc ∼ 1.686, following the log-normal distribution

of:

p(δc|M) =
1

δc
√

2πΣ(M)
exp

(ln δc − ln δsc)
2

2Σ2(M)
(2.8)

with Σ(M) = 0.3σ(M) Robertson et al. (2009).

Now, the MR10 multiplicity function is written as

fMR(σ;DB) = (1− κ̃)

√
2a

π

δsc
σ

exp

(
−aδ

2
sc

2σ2

)
+
κ̃δsc
√
a

σ
√

2π
Γ

(
0,
aδ2
sc

2σ2

)
, (2.9)

where DB is a diffusion coefficient, Γ is the incomplete Gamma function, a ≡ 1/(1 + DB)

and κ̃ ≡ aκ with κ(M) ≈ 0.4592−0.0031RM and RM ≡ [3M/(4πρ̄)]1/3. Here, the stochastic

nature of δc is well captured by the presence of the diffusion coefficient, DB, in the MR10

multiplicity function.

The completion of the MR10 mass function theory requires to specify the coefficient

DB whose non-zero value embraces all the complicated aspects of true halo formation and

identification. Using a perturbative approach as well as the numerical result of Robertson

et al. (2009), MR10 found an approximate relation of DB ≈ (0.3δsc)
2. Putting the mean

value of δsc = 1.686 into this relation, MR obtained DB = 0.254, quantifying the average

level of the stochasticity of δc in the high-mass section. Tested against N-body results, the

MR mass function with DB = 0.254 was found to work excellently in the high-mass section,
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M ≥ 1014 h−1M�.

2.2.3 The Corasaniti-Achitouv Model

Although the MR10 model significantly improved the PS model, it still relies on the spher-

ical collapse dynamics, and thus its validity is limited to the high-mass section where the

collapse occurs spherically Bernardeau (1994). Corasaniti and Achitouv (CA11) have fur-

ther improved the generalized excursion set model of MR10 by taking into account that the

real collapse process especially in the low-mass section deviates from spherical symmetry.

Under the assumption that the average of the diffusive barrier is not a constant but drifting

around the spherical barrier, δsc, the CA11 multiplicity function is approximated as

f(σ) ≈ δsc

σ
√

1 +DB

√
2

π
e
− (δsc+βσ

2)2

2σ2(1+DB) − β a δscκ̃Erfc (x) (1− β a δsc) (2.10)

−κ̃δsc
σ

√
2a

π

[
e−

aδ2sc
2σ2 − 1

2
Γ
(
0, x2

)]
(1− β a δsc)

+β2a2δ2
scκ̃

σ

aδsc

√
a

2π

[
e−

aδ2sc
2σ2

(
1

2
− x2

2

)
+

3

4

aδ2
sc

σ2
Γ
(
0, x2

)]
,

with x ≡ (δsc/σ)
√
a/2, a = 1/(1 + DB), κ̃ = κ a, κ = 0.475, and incomplete Gamma

function Γ(0, x2). DB is the same diffusion coefficient as in the MR10 model, and β is a

new coefficient that quantifies the drifting average.

In their original work, CA11 determined empirically the best-fit values of the two coef-

ficients as DB = 0.298 and β = 0.057 by comparing their model with the N-body results,

demonstrating that the CA11 mass function with empirically determined coefficients works

excellently. Very recently, however, Lee (2012) have implied that the best-fit values of DB

and β determined empirically for a ΛCDM cosmology show redshift-dependence, which

implies that it might depend also on the background cosmology.
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2.3 Fitting formulae

As also mentioned in chapter 1, much effort has been made to find a better fitting formula

by phenomenologically modifying the above PS multiplicity function. For instance, Tinker

et al. (2008) modified the PS multiplicity function into

ftinker(σ) = A

[(σ
b

)−a
+ 1

]
exp

(
− c

σ2

)
, (2.11)

where the four coefficients, A, a, b and c, are free parameters whose best-fit values were

determined empirically by comparing equation (2.11) with the N-body results. Their for-

mula were found to agree with the high-resolution N-body results with accuracy up to

maximum 10% error for the case that a bound halo is identified by the friends-of-friends

(FoF) algorithm (Davis et al. 1985).

For the case that a bound halo is identified by the spherical overdensity algorithm (Lacey

& Cole 1994), the following formula for the multiplicity function provided by ref. Pillepich

et al. (2010) has been found to work better (see also Jenkins et al. 2001; Warren et al.

2006):

fpillepich(σ) =

[
D +B

(
1

σ

)A]
exp

(
− C
σ2

)
. (2.12)

The best-fit values of the four coefficients A, B, C and D were determined by comparing

equation (2.12) to the results from the high-resolution N-body simulations for a ΛCDM

cosmology with the WMAP5 parameters. Their formula was demonstrated to reach the ac-

curacy level up to maximum 5% error over a wide mass range of 2.4×1010 ≤M/(h−1M�) ≤

1015. For the other fitting formulae formulated within the framework of equation (2.4), see

Table 7 in Pillepich et al. (2010).

It is worth noting that the multiplicity function in equation (2.4) does not automatically

satisfy the normalization constraint of
∫∞

0 dσf(σ) = 1 (under the assumption that all initial

regions would eventually collapse to form bound halos) but its overall amplitude had to be

treated as an additional fitting parameter. For instance, the parameter A in equation (2.11)
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and D in equation (2.12) had to be introduced to satisfy the normalization constraint.

It has been conventionally thought that the normalization of the halo mass function

is related to the issue of taking into account the occurrence of the clouds-in-clouds (un-

derdense regions embedded in larger overdense regions) and that for the special case of

Markovian random walks with flat spherical collapse barrier the overall normalization fac-

tor of 2 introduced by PS can be justified by the excursion set theory (Peacock & Heavens

1990; Bond et al. 1991; Jedamzik 1995) as a solution to the clouds-in-clouds problem. Very

recently, however, Parajape et al. (2012) argued that the normalization of the halo mass

function in fact reflects the limitation of the excursion set approach itself having strong

dependence on the correlations of random walks.



Chapter 3

EXTENSION OF THE

ZEL’DOVICH MODEL1

3.1 The cluster mass function

The original Jedamzik formalism employed the spherical collapse dynamics for which the

collapse barrier is flat (i.e., scale-independent), expressed in terms of the linear density

contrast, just as in the original PS formalism. It has long been realized, however, that the

condition for a given Lagrangian region to form a bound halo should depend not only on its

initial spherically averaged overdensity but also on the tidal shears from the surrounding

matter distribution (e.g., Monaco 1997a,b; Audit et al. 1997; Lee & Shandarin 1998; Sheth

et al. 2001). The tidal shears have an effect of disturbing the gravitational collapse and de-

viating the collapse process from spherical symmetry. To take into account the tidal shear

effect, the gravitational collapse process should be described by more realistic ellipsoidal

dynamics rather than by the simplified spherical dynamics. Unlike the spherical case, how-

ever, there is no unique collapse condition for the case of the ellipsoidal collapse process

(Bond & Myers 1996). Among several different ellipsoidal dynamics that were used in the

1Lim & Lee 2012, arXiv:1201.1382 ; Lim & Lee 2012, JCAP in press, arXiv:1206.5351

13
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literature, the Zel’dovich approximation (Zel’dovich 1970) is one of those models which can

be relatively easily implemented into the mass function formalism since its ellipsoidal col-

lapse condition is simply given in terms of the three eigenvalues, λ1, λ2, λ3 (in a decreasing

order, λ1 ≥ λ2 ≥ λ3) of the initial shear tensors (Tij).

In several literatures, the Zel’dovich approximation has already been used as an under-

lying dynamics for the halo mass function. For example, Monaco (1997a,b) assumed that

the gravitational collapse occurs when the largest shear eigenvalue, λ1, reaches some criti-

cal value, λ1c, which corresponds to the collapse along the first principal axes of the initial

shear tensors in the Zel’dovich approximation. Lee & Shandarin (1998) derived the halo

mass function with ellipsoidal collapse barrier of λ3 = λ3c that corresponds to the third

principal axis collapse (see also Audit et al. 1997) according to the dynamical guideline of

the Zel’dovich approximation.

Adopting a similar statistical strategy to that of Lim & Lee (2012), we construct an

extended Zel’dovich model (EZL) for the halo mass function for three different cases: For

the one-dimensional case (1D EZL), the free parameter is given as the threshold of the

smallest shear eigenvalue: ~λc = {λ3c}. For the two dimensional case (2D EZL), theere are

two free parameters given as the thresholds of the second to the largest and the smallest

eigenvalues: ~λc = {λ2c, λ3c}, while for the three dimensional case (3D EZL), there are three

free parameters given as the thresholds of all three shear eigenvalues: ~λc = {λ1c, λ2c, λ3c}.

We emphasize here that the thresholds of the shear eigenvalues are not true physical collapse

barriers but just free parameters that characterize the halo mass function in the mechanistic

Zel’dovich model.

Expressing the free parameters in terms of the shear eigenvalues, we modify the Jedamzik

framework as

F (M,~λc) =

∫ ∞
M

dM ′
M ′

ρ̄

dN

dM ′
P (M,M ′, ~λc) . (3.1)

Here F (M,~λc) is the cumulative probability that the initial shear eigenvalues exceed the

threshold values of ~λc on the mass scale of M , while P (M,M ′, ~λc) is the conditional proba-
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bility that the shear eigenvalues on the mass scale of M exceed the thresholds of ~λc provided

that the shear eigenvalues on some larger mass scale of M ′ just equal the thresholds.

In equation (3.1) the cumulative probability, F (M,~λc), can be analytically evaluated

by integrating the three-point probability density distribution, p(λ1, λ2, λ3c), which was

derived by Doroshkevich (1970):

F (M,~λc) =

∫
C

Πn
i=1d

nλi p(~λ;σ), (3.2)

where n = 3, 2, 1 for the cases of the 3D, 2D, and 1D EZL, respectively. Here the lower-

bound C represents the multi-dimensional area over which the integration is performed.

For the 1D EZL, it is {λ1 ≥ λ2 ≥ λ3 ≥ λ3c}, while for the 2D and 3D EZL, they are

{λ1 ≥ λ2 ≥ λ2c, λ1 ≥ λ2 ≥ λ3 ≥ λ3c}, and {λ1 ≥ λ1c, λ1 ≥ λ2 ≥ λ2c, λ1 ≥ λ2 ≥ λ3 ≥ λ3c},

respectively

The conditional probability, P (M,M ′, ~λc), in equation (3.1) can be also obtained under

the assumption of Markovian random walks as

P (M,M ′, ~λc) = P (~λ ≥ ~λc|~λ′ = ~λc) (3.3)

=

∫
C
dnλi p(~λ|~λ′ = λc) =

p(~λ ≥ ~λc, ~λ′ = λc)

p(~λ′ = λc)
,

where ~λ and ~λ′ denote the shear eigenvalues on two different mass scales M and M ′,

respectively. The six-point joint probability density distribution, p(~λ,~λ′), has been derived

analytically by Desjacques (2008) and Desjacques & Smith (2008) :

p(λ1, λ2, λ3, λ
′
1, λ
′
2, λ
′
3) =

156

320π2σ6σ′6
(1− γ2)−3w(βε−, ελ′ , ελ)e−Q+βε+

×|Πi 6=j(λi − λj)Πi 6=j(λ
′
i − λ′j)|. (3.4)
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Here

γ=
1

2π2σσ′

∫ ∞
0

d(ln k)k3P (k)W (k;M)W (k;M ′) , (3.5)

β (γ) =
15γ

2(1− γ2)
, (3.6)

Q=
3

4(1− γ2)

{
5tr(λ′2) + 5tr(λ′2)− (trλ′)2 − (trλ)2 + 2γ(trλ′)(trλ)

}
, (3.7)

w(βε−, ελ′ , ελ) =
e−βε−

2π

∫ 1

0
dr

∫ 2π

0
dϕ exp

[
3βε−

4
g

]
I0

[
3βε−ελ

4

√
h

]
, (3.8)

( with g = 1 + r2 + ελ′(1− r2) cos(2ϕ), h = g2 − 4(1− ε2λ′)r2),

where σ′ ≡ σ(M ′), σ ≡ σ(M), trλ′ =
∑

i (λ′/σ′), trλ =
∑

i (λ/σ), tr(λ′2) =
∑

i (λ′/σ′)2,

tr(λ2) =
∑

i (λ/σ)2, ε+ = 1
3(trλ′)(trλ), ε− = 1

3(trλ′ − 3λ′3/σ
′)(trλ − 3λ3/σ), ελ′ = (λ′1 −

λ′2)/(trλ′ − 3λ′3/σ
′), ελ = (λ1 − λ2)/(trλ− 3λ3/σ).

It is worth noting that our 1D EZL formula is very similar to that of Lee & Shandarin

(1998) in the respect that both of the approaches employed the same ellipsoidal collapse

condition of λ3 = λ3c. In the former, however, the halo mass function is automatically

normalized while in the latter the halo mass function had to be multiplied wrongly by a

constant of 12.5 without taking into account the scale dependence of the normalization

factor. It is also worth mentioning the key differences between our EZL model and that of

Lim & Lee (2012). The latter work used the uppler limit on the largest shear eigenvalue,

λ1 ≤ λ1c to describe the formation of marginally bound superclusters. In the current EZL

model for the mass function of bound halos, there is no such upper limit on the shear

eigenvalue. In the next chapter we determine the best-fit values of the free parameters of

our EZL formulae by fitting them to the numerical results from the high-resolution N-body
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simulations.

3.2 The supercluster mass function

This Zel’dovich model provides the simplest and the most intuitive explanation for the

formation of the cosmic web in the Universe. The large scale structures that constitute the

cosmic web such as voids, sheets and filaments are destined to form in the Lagrangian regions

where the three shear eigenvalues, {λi}3i=1, have different signs (e.g., Hahn et al. 2007): the

voids from the regions with all negative eigenvalues (λ1 < 0), the sheets from the regions

with two negative and one positive eigenvalues (λ1 > 0, λ2 < 0); the filaments from the

regions with one negative and two positive eigenvalues (λ2 > 0, λ3 < 0). The gravitational

collapse occurs along the directions of the eigenvectors (i.e., the principal axes of the linear

deformation tensors) corresponding to the positive eigenvalues. The densest Lagrangian

regions with three positive eigenvalues (λ3 > 0) will condense out clumpy objects like

clusters in the knobs of the cosmic web after collapsing along the three principal axes.

The validity of the Zel’dovich approximation, however is limited to the single stream

regime before the occurrence of the first shell-crossing (corresponding to the regime with

λ1 ≤ 1) (Shandarin & Zeldovich 1989; Coles et al. 1993). In fact, the Zel’dovich approxima-

tion has been employed in several literatures as an underlying dynamics for the halo mass

function (e.g., Monaco 1997; Audit et al. 1997; Lee & Shandarin 1998). Yet, those previous

models for the analytic halo mass functions based on the Zel’dovich model were not very

successful in matching the numerical results mainly because the Zel’dovich approximation

is not capable of determining accurately the collapse conditions for the formation of halos

which occurs in the multi-stream regime (corresponding to the regime with λ1 > 1).

If we define a superclusters as a marginally bound object that is still in the quasi-linear

single-stream regime, then the Zel’dovich approximation should be quite appropriate as a

guiding dynamics to determine the criteria for the formation of a supercluster (Coles et

al. 1993). With this philosophy, let us consider a Lagrangian region where the initial shear
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eigenvalue on some mass scale M (larger than a given threshold mass scale of Mc,th) satisfy

the following three conditions.

1. The three shear eigenvalues on the mass scale of M > Mc,th are all positive: λ3 ≥

λ3c = 0.

2. The largest shear eigenvalue on the same mass scale of M > Mc,th does not exceed

unity: λ1 ≤ λ1c = 1.

3. The second to the largest shear eigenvalue on the same mass scale of M > Mc,th

exceeds one-half: λ2 ≥ λ2c = 1/2.

There is non-zero probability that this region will just satisfy the threshold condition of

{λ1 = λ1c, λ2 = λ2c, λ3 = λ3c}, on some larger mass scale of M ′ ≥ M ≥ Mc,th. If such

a region exists, then it is counted as a marginally bound supercluster and assigned the

mass M ′. Note that as the superclusters are the largest structure in the Universe, defined

as a group of clusters, there should be some threshold mass scale, Mc,th, below which

no supercluster forms. For instance, in N-body simulations the superclusters are usually

identified as the friends-of-friends (FoF) groups of the clusters whose masses exceed the

galaxy group scale of MC,TH = 1013 h−1M� (see section 4.2.1).

It is worth discussing the physical meaning of the above conditions and explaining how

the critical values, λ1c, λ2c and λ3c are determined in the framework of the Zel’dovich

approximation. The first condition guarantees that a supercluster is not some section of a

sheet nor of a filament but a three dimensional marginally bound object being in the middle

of the triaxial collapsing process. The second condition assures that a supercluster is still in

the single-stream regime. The third condition is derived not from the underlying dynamics

but from the statistical results obtained in the previous works of Sheth et al. (2001) who have

shown that the prolateness, p, of a proto-halo region defined as p ≡ (λ1c−2λ2c+λ3c)/(2δ2)

is most likely to have zero value on average. Since the superclusters correspond to proto-

halo regions, expected to end up as largest bound halos in the future, their prolateness
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should be most likely to be zero. When the threshold eigenvalues for the formation of a

supercluster is given as λ1c = 1 and λ3c = 0, the mostly likely zero value of the prolateness

implies λ2c = 1/2.

One can translate the above criteria for the formation of superclusters into the excur-

sion set jargon. The growth of the three initial shear eigenvalues is described as a multi-

dimensional random step which proceeds diffusively as σ increases. Those random walks

which enter a clustering zone surrounded by a multi-dimensional barrier composed of two

flat absorbing barriers (λ2c = 1/2, λ3c = 0) and one flat reflecting barrier (λ1c = 1) at a

given time σ(M) are the candidates for the superclusters with mass larger than M . Here a

flat barrier means that its height is constant over σ(M), while an absorbing (a reflecting)

barrier means that it is the lower (upper) limit to the corresponding shear eigenvalues.

Among the candidates, only those random walks which have touched the multi-dimensional

barriers at some earlier time σ(M ′), are counted as the superclusters with assigned mass

M ′.

Note the key difference between our model and the excursion set halo model. In the

latter, it is assumed that all random walks will be eventually counted as bound halos since

all of them will cross the absorbing barrier in the end no matter what shape the absorbing

barrier has. Whereas, in our model for the supercluster mass function, not all random walks

can be counted as marginally bound superclusters because not all of those random walks

that enter the clustering zone have hit the multi-dimensional barrier.

The key quantity in our modified Jedamzik formalism for the supercluster mass function

is nothing but the conditional probability P (M,M ′) which depends on the shape of the

filter as well as on the barrier heights. Figure 3.1 plots the conditional probability density,

P (M, M ′), at z = 0 for three different cases of the filter shape, showing how P (M, M ′)

depends on the filter shape. For this plot, the barrier heights are set at the Zel’dovich values

of λ1c = 1, λ2c = 0.5 and λ3c = 0. As can be seen, the amplitude and the peak location of

P (M,M ′) as well as its high-σ slope vary sensitively with the filter shape.
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Figure 3.1: Conditional probability, P (M,M ′), for three different cases of the filter function.
The multi-dimensional barrier heights are set at λ1c = 1, λ2c = 0.5, λ3c = 0.

Figure 3.2: Conditional probability, P (M,M ′), for four different cases of the multi-
dimensional barrier heights with λ3c = 0.
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Figure 3.2 plots P (M,M ′) at z = 0 for five different cases of {λ1c, λ2c}, showing

how P (M,M ′) depends on the barrier heights. For all five cases, we let M ′ = 1016 h−1M�,

λ3c = 0, and use the top-hat filter. As can be seen, the shape of P (M,M ′) changes sensitively

with the multi-dimensional barrier heights. When the reflecting barrier has a higher value,

the conditional probability tends to move to the large σ(M) section (i.e., the smaller mass

scale), which indicates that the higher value of λ1c corresponds to smaller (and thus more

nonlinear) objects. In section 4.2.1, we will show that the multi-dimensional barrier heights

are independent of redshift and background cosmology.



Chapter 4

NUMERICAL TESTS

4.1 The cluster mass function1

4.1.1 Determination of the barrier heights

For the empirical determination of the free parameters of our EZL formula, one has to

bear in mind that the numerical results from the N-body simulations depend on which

halo identification algorithm is used. Among the several halo identification algorithms that

have been suggested, it is the friends-of-friends (FoF) (Davis et al. 1985) and the spherical

overdensity (SO) (Lacey & Cole 1994) algorithms that are most frequently used in the

literatures. The former defines a bound halo as the collection of closely packed particles

whose separation distances are less than some prescribed linking length, while the latter

defines a bound halo as the region in which the spherically averaged density around its

density peak exceeds some critical value. Given that the mass functions of FoF halos have

turned out to be different from those of the SO halos (e.g., Tinker et al. 2008), we consider

both of the FoF and SO cases and determine separately the free parameters of the EZL

formula for each case.

For the FoF halo case, we compare our EZL mass function to the numerical results of

1Lim & Lee 2012, JCAP in press, arXiv:1206.5351
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Figure 4.1: Ratios of the 1D, 2D and 3D EZL mass functions of the FoF halos (green
dot dashed, blue dashed, and red solid lines, respectively) to the N-body results given in
Pillepich et al.(2010) as a function of the FoF mass at three different redshifts.

(Pillepich et al. 2010, hereafter PPH10) (see eq. [2.12]). We first conduct a χ2-fitting of

the 1D EZL formula to the PPH10 at z = 0 by adjusting only the value of λ3c and find

the best-fit barrier height of the 1D EZL to be {λ3c = 0.41}. The top-hat filter is used

to calculate the rms density fluctuation σ(M). Figure 4.1 shows the ratios of the 1D EZL

mass functions with this best-fit barrier height to the numerical results of PPH10 as green

dot-dashed lines over the wide mass range of 1011 ≤M/(h−1M�) ≤ 1015 at three different

redshifts (z = 0, 0.5 and 1 in the left, middle and right panels, respectively). In each panel,

the horizontal dotted line corresponds to unity. As can be seen, the agreement between the

1D EZL and the PPH10 is not so good for each case, becoming worse as z increases.

We similarly conduct a χ2 fitting of the 2D and 3D EZL mass functions to the PPH10
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Figure 4.2: Scatters of the randomly generated shear eigenvalues satisfying the condition of
λ3 ≥ 0.32 in the σ(M)−λ1 and σ(M)−λ2 plane in the top and bottom panels, respectively.

by adjusting their free parameters, respectively. The best-fit parameters for the 2D and 3D

cases are found to be {λ2c = 0.547, λ3c = 0.32} and {λ1c = 0.567, λ2c = 0.542, λ3c = 0.32},

respectively. The best-fit 2D and 3D EZL mass functions are shown as blue dashed and solid

red lines, respectively in Figure 4.1. As can be seen, the 2D and 3D EZL mass functions

show much better agreements with the PPH10 than their 1D counterpart at each redshift.

At all redshifts the 3D EZL mass function matches the PPH10 best in the whole mass range

except for in the range of M ≤ 1012 h−1M� at z = 0 where the 2D EZL formula works

slightly better than its 3D counterpart. The ratio of the 2D (3D) EZL mass function to

the PPH10 departs from unity by up to 10% (7%) over the whole mass range at the three

redshifts.
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Figure 4.3: Scatters of the randomly generated shear eigenvalues satisfying the condition of
{λ2 ≥ 0.547, λ3 ≥ 0.32} in the σ(M) − λ1 plane. The horizontal dashed line corresponds
to the 3D EZL threshold of λ1c = 0.567.

Noting that the best-fit value of λ2c for the 3D EZL case is very close to that for the

2D EZL case and that the 2D EZL formula works almost as well as its 3D counterpart,

we investigate how the 2D EZL constraints on {λ2, λ3} bias the allowed distribution of

λ1. Generating randomly a set of three shear eigenvalues on the mass scale of M with the

help of the Monte-Carlo algorithm developed by Chiueh & Lee (2001), and selecting only

those random points which satisfy λ3 ≥ 0.32, we determine the values of λ2 and λ1. Then

we repeat the whole process on different mass scales. For the detailed description of the

Monte-Carlo algorithm to generate randomly the three shear eigenvalues, see Chiueh & Lee

(2001). Figure 4.2 shows the scatter plots of the selected random points in the σ(M)− λ1

and σ(M)−λ2 planes in the top and bottom panels, respectively. As can be seen, there are
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Figure 4.4: Same as figure 4.1 but using the Tinker08 formula as the numerical results to
compare with the EZL mass functions of the SO halos.

low but non-zero probabilities on all mass scales that λ1 and λ2 exceed the thresholds of

0.567 and 0.542, respectively when λ3 ≥ 0.32 is satisfied.

We repeat the same procedure but with the two constraints of λ2 ≥ 0.547 and λ3 ≥ 0.32

to see how biased the values of λ1 are. Figure 4.3 plots the result in the σ(M)− λ1 plane.

As can be seen, the 3D EZL constraint of 0.567 is automatically satisfied by the cuts on λ2

and λ3, which explains why the best-fit value of λ2c for the 3D EZL case is so close to that

for the 2D EZL case as well as why the 2D EZL formula works almost as well as the 3D

EZL one.

Now, let us turn to the SO halo case for which we use the numerical results of (Tinker

et al. 2008, hereafter, Tinker08) (see eq.[2.11]) to compare our EZL mass functions with.

Repeating the same χ2-fitting procedure, we determine the best-fit free parameters of the

1D, 2D, and 3D EZL formula for the SO-halo case as {λ3c = 0.32}, {λ2c = 0.56, λ3c = 0.32}
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{λ1c = 0.56, λ2c = 0.557, λ3c = 0.32}, respectively. Figure 4.4 shows the same as figure

4.1 but for the SO halo case. As can be seen,the 2D and 3D EZL mass functions agree

excellently with the Tinker08 at all three redshifts. The 2D (3D) EZL mass function reaches

the accuracy level of maximum 5% (3%) error at all three redshifts, which indicates that

our EZL formula works well for the FoF and SO cases alike but slightly better for the

latter case. It is worth emphasizing here that we use the same constant values of ~λc to

plot the EZL formula at all three redshifts in figures 4.1-4.4, which implies that the multi-

dimensional barrier heights of our EZL formaula, even though determined empirically at

z = 0, are redshift- independent.

4.1.2 Direct comparison with the N-body results

In this section we compare the EZL formula directly with the numerical results from two

different N-body simulations. First, we use the catalog of the FoF halos identified in the

Millennium simulations (Springel et al. 2005) for which the total number of particles (Np),

individual particle mass, linear box size (Lp) and input cosmological parameters were given

as Np = 1010, mp = 8.6 × 108 h−1M�, Lp = 0.5h−1Gpc, Ωm = 0.25, ΩΛ = 0.75, h =

0.73, σ8 = 0.9, ns = 1.0, respectively.

Binning the logarithmic masses of the FoF halos from the Millennium halo catalog and

counting their number densities of those FoFo halos belonging to each logarithmic mass-

bin per unit volume, we numerically determine, dN/d lnM , at z = 0, 0.5, 1. The top

panel of figure 4.5 compares the numerical mass functions of the FoF halos (dots) with

Jack-knife errors from the Millennium simulations with the 2D EZL (blue dashed lines)

and 3D EZL (red solid lines) mass functions respectively, while its bottom panels show

the ratios of the EZL mass functions to the Millennium results. The Jack-knife errors are

calculated as one standard deviation scatter among eight Jack-knife resamples (Lim & Lee

2012). For the plots of the EZL mass functions in each panel, we set the free parameters

at the best-fit values empirically determined in section 4.1.1: {λ2c = 0.547, λ3c = 0.32}
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Figure 4.5: (Top panel): Comparison of the EZL mass functions with the numerical results
from the Millennium simulations at three different redshifts. The parameters of the 2D and
3D EZL models are set at {λ2c = 0.547, λ3c = 0.32} and {λ1c = 0.567, λ2c = 0.542, λ3c =
0.32}, respectively. In each top panel the errors bars are obtained as the standard deviation
scatter among eight Jack-knife resamples. (Bottom panel): Ratios of the EZL mass functions
to the N-body results.

and {λ1c = 0.567, λ2c = 0.542, λ3c = 0.32} for the 2D and 3D cases, respectively. As can

be seen, both of the 2D and 3D EZL mass functions agree very well with the Millennium

results at all redshifts.

We repeat the same calculations but using the catalog of the FoF halos identified in

the MICE simulations (Crocce et al. 2010): for which the total number of particles (Np),

individual particle mass, linear box size (Lp) and input cosmological parameters were given

as Np = 10243, mp = 23.42 × 1010 h−1M�, Lp = 3.072h−1Gpc, Ωm = 0.3, ΩΛ = 0.7, h =

0.7, σ8 = 0.8, respectively. Figure 4.6 shows the same as figure 4.5 but with the numeri-

cal results from the MICE simulations. As can be seen, the EZL mass functions with the
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Figure 4.6: Same as figure 4.5 but with the numerical results from the MICE simulations.
The same best-fit parameters that are used in figure 4.5 are also used for the evaluating of
the 2D and 3D EZL mass functions

same barrier heights show excellent agreements with the MICE mass functions at all three

redshifts. Given that two simulations used two different values of the power spectrum ampli-

tude (σ8 = 0.9 and 0.8 for the Millennium and MICE simulation, respectively), the results

shown in figures 4.5-4.6 imply that the multi-dimensional barrier height of the EZL mass

function should be independent of the background cosmology.

4.1.3 Dependence on the filter shape

In the excursion set theory, the mass assignment to a bound halo depends on the shape

of the filter used to calculate the rms density fluctuation σ(M). For the results shown in

figures 4.1-4.6, we have used exclusively the top-hat filter. Using a different filter is likely

to alter the shape of the EZL mass function and thus accordingly the best-fit values of the
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Figure 4.7: Variation of the 2D EZL mass function with the filter shape. The same values
of the free parameters that was determined in section 4.1.1 by using the top-hat filter is
applied to all three filter cases.

multi-dimensional barrier heights. To investigate the dependence of the best-fit values of

the free parameters on the filter shape, we reevaluate the 2D EZL mass function but for

the cases of the Gaussian and sharp-k space filter.

Figure 4.7 shows the 2D EZL mass functions at z = 0 for three different filter cases. For

these plots, we use the same values of {λ2c, λ3c} determined for the case of the top-hat filter

in section 4.1.1. As can be seen, for the Gaussian filter case the number densities of the

bound halos in the high-mass section (M ≥ 1014 h−1M�) are significantly reduced while

those of the low-mass halos increase. In contrast, for the sharp-k space filter case the trend

becomes reversed: more high-mass halos and less low-mass halos than for the top-hat filter

case. To see if the success of the EZL formula is not limited to the top-hat filter case, we

repeat the whole fitting process described in section 4.1.1 to determine the barrier heights
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Figure 4.8: Same as the top panels of figures 4.5-4.6 but for the case of the Gaussian filter.

of the 2D EZL formula but for the Gaussian and the sharp-k space filter cases. Figures

4.8 and 4.9 show the 2D EZL mass functions (solid line) with the best-fit parameters at

three different redshifts for the Gaussian and sharp-k space filter cases, respectively. In

each figure, the N-body results from the Millennium and the MICE simulations are also

shown as dots (in the top and bottom panels, respectively). The best-fit parameters for

both of the cases are different from those for the top-hat filter case. The higher value of λ2c

and lower value of λ3c for the sharp-k filter case, while the lower values of λ2c and λ3c for

the Gaussian filter case. Anyway, even for the Gaussian and sharp-k space filter case the

2D EZL mass functions with the constant values of the parameters at all redshifts are in

excellent agreements with the N-body results.
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Figure 4.9: Same as figure 4.8 but for the case of the sharp-k space filter.

4.1.4 Comparison with other analytic models

We also performed a χ2-fitting of the three analytic models reviewed in section 2.2 to the

PPH10 formula by adjusting their coefficients that characterize their collapse barriers: For

the ST99 model, the three coefficients of a, A and p; for the MR10 model, the coefficient of

DB; for the CA11 model, the two coefficients of DB and β. Figure 4.10 makes a comparison

among the ratios of the five different analytic mass functions (EZL 3D, EZL 2D, ST99,

MR10, CA11) to the PPH10 formula at three different redshifts. In each panel, the red

solid, blue dashed, green long-dashed, orange dot-dashed, and purple double dot-dashed

lines correspond to the EZL model with 3D barrier, the EZL model with 2D barrier, the

ST99 model, the MR10 model and the CA11 model, respectively. As can be seen, among

the five analytic mass functions, the EZL model with 3D barrier shows the best agreement

with the PPH10 formula. Regarding the EZL model with 2D barrier, it works as good as

the other three analytic models (ST99, MR10, CA12) at z = 0 but better at higher redshifts
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Figure 4.10: Ratios of the various analytic mass functions of the FoF halos to the numerical
results given in Pillepich et al. (2010) at three different redshifts. In each panel, the solid,
dashed, dotted and dot-dashed lines correspond to the EZL model with 3D barrier, the EZL
model with 2D barrier, the ST99 model, the MR11 model and the CA11 model, respectively.
As for the parameters of each analytic model, we use the new best-fit values redetermined
through the χ2-fitting procedure rather than the original values.

especially in the high-mass section.

Figure 4.11 shows the same as figure 4.10 but for the SO halo case. As can be seen,the

EZL model with 3D barrier shows the best-agreement with the numerical fitting formula.

Note that the EZL model with 2D barrier also agrees with the numerical results much

better than the other three analytic models especially at the high-redshifts. The 3D (2D)

EZL model reaches accuracy level of maximum 3% (5%) error at all three redshifts.

It is worth emphasizing here that we use the same constant values of the barrier

heights, ~λc, to plot the EZL models at all three redshifts in figures 4.10-4.11, which in-

dicates that the EZL collapse heights, even though determined empirically at z = 0, are
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Figure 4.11: Same as figure 4.10 but using the Tinker08 formula as the numerical mass
function of the SO halos.

redshift-independent.

4.2 The supercluster mass function2

4.2.1 Numerical tests

To test the validity of our analytical model for the supercluster mass function, we com-

pare it with the numerical results from three different N-body simulations: the Millennium

(Springel et al. 2005), the CoDECS (Baldi 2011d) and the MICE (Crocce et al. 2010) simu-

lations, all of which ran for a flat ΛCDM cosmology but with slightly different cosmological

parameters 3. Table 4.1 lists the linear size of the simulation box, mass resolution, total

2Lim & Lee 2012, arXiv:1201.1382
3As for the CoDECS, the simulations ran not only for a flat ΛCDM cosmology but also for various

coupled dark energy models. Here we use only the simulation data for a ΛCDM model.
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Simulation Lbox Np Mp (Ωm, σ8, n) Halo-Finder
[h−1Mpc] [108 h−1M�]

Millennium 500 1010 8.6 (0.25, 0.9, 1) SO/FoF
CoDECS 1000 2× 10243 500.84 (0.271, 0.809, 0.966) FoF

MICE 3072 20483 2300.42 (0.25, 0.8, 0.95) FoF

Table 4.1: Simulation, linear box size, total number of dark matter particles, mass resolution,
cosmological parameters and halo-finding algorithm.

number of particles, values of the three key cosmological parameters, and the halo-finding

algorithm used for the three simulations. The Friends-of-Friends (FoF) algorithm with link-

ing length of 0.2l̄p (where l̄p is the mean particle separation) was used in all of the three

simulations to find the FoF groups of dark matter particles in which the bound halos are

located. See the above three literatures for more detailed descriptions of the simulations.

The publicly available halo catalogs from each simulation provide such information on

the resolved halos as their mass, positions, velocities and so forth at various redshifts. While

the mass of each halo provided in the CoDECS and MICE catalogs corresponds to the FoF

mass defined as the sum of the masses of all the particles belonging to the FoF group, the

Millennium Run catalog provides not only the FoF mass but also the spherical overdensity

(SO) mass of each halo defined as the mass enclosed by the spherical radius R200 at which

the halo mass density equals 200 times the mean background density at a given redshift.

We conduct the following analysis using the catalogs from each simulation at three

different redshifts (z = 0, 0.5, 1 for the cases of the Millennium and MICE catalogs while

z = 0, 0.44, 1 for the case of the CoDECS catalog). To begin with, we construct a mass-

limited sample of the clusters from each catalog, selecting only those halos whose masses

exceed the threshold value, Mc,th = 1013 h−1M�, including group-size and cluster-size halos

but excluding the galactic halos for the supercluster membership. For the case of the MICE

halo catalogs, however, a slightly higher threshold value, Mc,th = 3.4× 1013 h−1M�, has to
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sample simulation Mc,th Ntot M̄sc

[1013h−1M�] [1013 h−1M�]

I Millennium 1.0 35422 5.7
II CoDECS 1.0 412337 6.7
III MICE 3.4 1851534 13.7
IV Millennium 3.4 9749 14.0
V CoDECS 3.4 82016 12.6

Table 4.2: Mass-limited sample, simulation, cluster mass threshold, total number of super-
clusters and mean supercluster mass at z = 0.

sample simulation Mc,th Ntot M̄sc

[1013h−1M�] [1013 h−1M�]

I Millennium 1.0 26333 4.5
II CoDECS 1.0 333739 5.5
III MICE 3.4 1091086 11.3

Table 4.3: same as Table 4.2 but for z = 0.5 (z = 0.44 for CoDECS).

sample simulation Mc,th Ntot M̄sc

[1013h−1M�] [1013 h−1M�]

I Millennium 1.0 17518 3.8
II CoDECS 1.0 214386 4.4
III MICE 3.4 494388 9.3

Table 4.4: same as Table 4.2 but for z = 1.
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be used since all the halos in the MICE catalogs have masses larger than this value.

We identify the superclusters as the clusters of clusters by applying the FoF algorithm

to the clusters in each mass-limited sample at each redshift. The linking length of the

FoF algorithm for the supercluster identification is set at l̄c/3 where l̄c is the mean cluster

separation, following the conventional criterion suggested in the previous literatures (e.g.,

Kasun & Evrard 2005; Wray et al. 2006; Lee & Evrard 2007). The mass of each identified

supercluster, M , is measured as the sum of the masses of its member clusters. The total

number and mean mass of the superclusters from the three simulations at three different

redshifts are listed in Tables 4.2-4.4.

Binning lnM and counting the number of the superclusters belonging to each differential

mass bin, [lnM, lnM + d lnM ], we determine the number density of the superclusters

per unit volume, dN/d lnM , as a function of M at each redshift. To estimate the errors

associated with the measurement of dN/d lnM , we also perform the Jack-knife analysis:

Dividing the superclusters into eight Jackknife subsamples, we determine dN/d lnM for

each Jackknife subsample and calculate the one standard deviation scatter among the eight

Jack-knife subsamples as the errors associated with the measurement of dN/d lnM .

Now, we would like to compare the numerical result from each simulation with the

analytic model for the supercluster mass function. For this comparison, the analytic model

is evaluated with the same cosmological parameters that were used for the given simulation.

The value of the normalization factor is determined by the constraint that the integration

of the supercluster mass function from Mc,th to infinity should equals to the total number

of the superclusters identified in the simulation box.

Figure 4.12 plots the numerical results of the supercluster mass function from the Mil-

lennium simulations (solid dots) and compares them with the analytic models (solid line)

at z = 0, 0.5 and 1 in the left, middle and right panel, respectively. The barrier heights are

set at λ1c = 1, λ2c = 0.5 and λ3c = 0 at all three redshifts. Although the chapter 3 focuses

on the analytic model at z = 0, the supercluster mass function at higher redshifts can be
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Figure 4.12: Comparison of the analytic mass function of superclusters (solid line) with
the numerical results from the Millennium simulations (dots) at three different redshifts.
The heights of the multi-dimensional barrier are given as λ1c = 1, λ2c = 0.5, λ3c = 0. In
each panel the errors represent the one standard deviation scatter among eight Jackknife
resamples. The mass threshold for the supercluster membership, Mc,th is set at 1013 h−1M�.

readily evaluated just by substituting σ(M, z) ≡ D(z)σ(M) σ(M) for where D(z) is the

linear growth factor normalized to be unity at z = 0. The functional form of D(z) for the

ΛCDM cosmology is given in Lahav et al. (1991). As can be seen in Figure 4.12, the analytic

mass functions of the superclusters agree excellently with the numerical results at all of the

three redshifts. Due to the relatively small box size of the Millennium simulations (see Ta-

ble 4.1), however, the numerical results in the high-mass section (M ≥ 1015 h−1M�) suffer

from large uncertainties. It is hard to judge whether or not the analytic model matches

the numerical results in the high-mass section for the Millennium case. Figure 4.13 plots
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Figure 4.13: Same as figure 4.10 but with the numerical results from the CoDECS simula-
tions.

the same as Figure 4.12 but for the numerical results from the larger CoDECS simulations.

The same barrier heights, λ1c = 1, λ2c = 0.5 and λ3c = 0, are consistently implemented

into the analytic model, while the key cosmological parameters are set at the values used

for the CoDECS simulations. The analytic models at three redshifts show excellent agree-

ments with the numerical results from the CoDECS simulations, too. Note that the value

of the power spectrum amplitude is different between the two simulations as shown in Ta-

ble 4.1: σ8 = 0.9 for the Millennium while σ8 = 0.809 for the CoDECS simulations. The

excellent agreements between the analytic models (for which the identical barrier heights

λ1c = 1, λ2c = 0.5 and λ3c = 0 are used) and the numerical results from both of the

simulations at three different redshifts indicate that the multi-dimensional barrier heights
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determined from the Zel’dovich model is indeed independent of background cosmology and

redshift. The success of our analytic model also proves that the Jedamzik formalism can

accommodate not only the absorbing barriers but also the reflecting barriers.

It is worth mentioning here that the analytic supercluster mass functions shown in

Figures 4.12-4.13 have been evaluated by using the top-hat spherical filter. As shown in

Figure 3.1, the conditional probability, P (M,M ′), in our modified Jedamzik formalism

changes with the filter shape. Thus, the supercluster mass function is also expected to

change with the filter shape. Figure 4.14 shows how the analytic supercluster mass function

alters with the filter shape when the multi-dimensional barrier heights are fixed at the same

values. As can be seen, there are considerable differences among the three cases especially

in the high-mass section. We find that the best agreements between our analytic model

with the multi-dimensional barrier heights of {λ1c = 1, λ2c = 0.5, λ3c = 0} and the

numerical results are achieved for the case of the top-hat filter. If the sharp-k space filter

or the Gaussian filter is used for the evaluation of the supercluster mass function, we have

found that the best agreements with the numerical results can be achieved only when the

multi-dimensional barrier heights become different from the simple Zel’dovich values.

Strictly speaking, however, our modified Jedamzik formalism for the supercluster mass

function is correct only for the case of the sharp-k space filter that corresponds to the

Markovian random walks (i.e., uncorrelated random steps). It is because the conditional

probability P (M,M ′) does not count only the isolated superclusters for the case of the

top-hat or the Gaussian filters that corresponds to the non-Markovian random walks (i.e.,

correlated random steps). In other words, there is a non-zero probability that a random

walk that just hit the multi-dimensional barriers at σ(M ′) have already touched the barrier

at earlier epochs (i.e., larger mass scale) for the case of the non-Markovian random walks.

At the moment we have no physical explanation for why the top-hat filter yields the best

agreement between the N-body results and our analytic model with the multi-dimensional

barrier heights of {λ1c = 1, λ2c = 0.5, λ3c = 0}. To fully address this issue, we think that a
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Figure 4.14: Supercluster mass function for three different cases of the filter shape at z = 0.
The key cosmological parameters are set at the values used for the CoDECS and the multi-
dimensional barrier heights are fixed at λ1c = 1, λ2c = 0.5, λ3c = 0 for all three cases.

path-integral formulation similar to the one developed by Maggiore & Riotto (2010a) as well

as a more fundamental dynamical approach to the multi-dimensional barrier heights will be

necessary, which is certainly beyond the scope of this paper. Figure 4.15 plots the same as

Figure 4.12 but for the numerical results from the MICE simulations. Recall that a higher

value of the mass threshold, Mc,th = 3.4×1013 h−1M�, is used to construct the mass-limited

sample of the clusters from the MICE simulations. This higher value of Mc,th results in

increasing the mean cluster separation, l̄c, which might in turn affect the multi-dimensional

barrier heights. With the help of the χ2-minimization method, the lower barrier heights of

λ1c = 0.9 and λ2c = 0.45 are found to give the best agreement between the analytic model

and the numerical results from the MICE simulations. Figure 4.15 reveals that our analytic
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Figure 4.15: Same as figure 4.10 but for the numerical results from the MICE simulations.
The mass threshold, Mc,th, for the supercluster membership is 3.4× 1013 h−1M� from the
MICE sample. The best-fit barrier heights, λ1c = 0.9, λ2c = 0.45, λ3c = 0, are implemented
into the analytic model of the supercluster mass function (solid line).

models for the supercluster mass function agree impressively well with the numerical results

from the MICE simulations, too, even in the high-mass section (M ≥ 3 × 1015 h−1M�) at

all three redshifts. The lower barrier heights for the MICE case can be understood by the

following logic. The mass-limited cluster sample from the MICE simulation contains less

number of the low- mass clusters (i.e., the group-size clusters) than those from the other

two simulations, and thus it has a larger value of the mean cluster separation, l̄c. In other

words, the identified superclusters via the FoF algorithm with the fixed linking length of

l̄c/3 must be less clustered. In the excursion set context, their clustering zone is located in

the lower area in the multi-dimensional space spanned by the three shear eigenvalues and
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Figure 4.16: Same as figures 4.10-4.11 but for the case that Mc,th = 3.4× 1013 h−1M�, the
same value used for the MICE sample, is used for the construction of the mass-limited cluster
samples from the Millennium simulation (left panel) and from the CoDECS simulations
(right panel). The lower multi-dimensional barrier heights, λ1c = 0.9, λ2c = 0.45, λ3c = 0,
that are used in Figure 4.6 are consistently implemented into the analytic models (solid
line).

σ(M). In consequence the random walks of the three eigenvalues are likely to enter the

clustering zone in a relatively short σ(M) span.

We test whether or not the analytic model with the same lowered barrier heights still

agrees well with the numerical results when the same higher value of Mc,th is applied to

the Millennium and CoDECS cases. Figure 4.16 plots the re-derived numerical results with

higher cluster mass threshold of Mc,th = 3.4 × 1013 h−1M� and compare them with the

analytic model with lower barrier heights of λ1c = 0.9 and λ2c = 0.45. The value of λ3c is

fixed at zero. As can be seen, the analytic models with lower barrier heights indeed agree
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very well with the numerical results from the Millennium simulations and CoDECS obtained

using the higher cluster mass threshold. This result clearly shows that the multi-dimensional

barrier heights depend only on the clustering strength among the member clusters in the

superclusters, revealing an intriguing aspect of our analytic model: the analytic model with

the barrier heights of λ1c = 1, λ2c = 0.5, λ3c = 0, based on the Zel’dovich model agrees

with the numerical results obtained by including all the group-size low-mass clusters with

mass M ≥ 1013 h−1M� in the supercluster membership.

The supercluster sample obtained from the N-body simulations at each redshift includes

those superclusters having only one member cluster. The superclusters having only one

member cluster correspond to those Lagrangian regions which just satisfy λ1 = λ1c, λ2 =

λ2c, λ3 = λ3c on the mass scale M . If only those superclusters which have more than one

member clusters (Nc ≥ 2) are counted, the barrier heights are expected to become lower.

We redetermine the mass functions of the superclusters which have more than one member

clusters from the Millennium simulation and the CoDECS, and then fit the numerical

results to the analytic mass functions by adjusting the values of λ1c with the help of the

χ2-statistics. The values of the other two barriers are fixed at λ2c = λ1c/2 and λ3c = 0.

Table 4.5 lists the total number and mean mass of those supercluster having more than one

member clusters from the CoDECS simulations at three different redshifts.

Figure 4.17 plots the numerically obtained mass functions of the superclusters with

Nc ≥ 2 (dots) at three different redshifts obtained from the Millennium simulations (right

panel) and from the CoDECS (left panel). In each panel the three lines represent the analytic

mass functions with the best-fit barrier height of λ1c = 0.9 at three different redshifts. As

expected, when only those superclusters with Nc ≥ 2 are considered, the reflecting barrier

height, λ1c, gets lowered from 1 to 0.9. As can be seen, the analytic mass function of

superclusters with Nc ≥ 2 with the lowered barrier heights agree with the numerical results

from both of the simulations at three redshifts in the mass section of M ≥ 1014 h−1M�.

Figure 4.18 compares the supercluster mass functions between the two cases at z = 0
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z Ntot M̄sc

[1013 h−1M�]

0 118846 13.6
0.44 98808 11.3

1 65495 9.1

Table 4.5: the total number and mean mass of superclusters having more than one member
clusters from he CoDECS simulation at three different redshifts.

Figure 4.17: Same as figures 4.10-4.11 but for the case that only those superclusters having
more than one member clusters are counted from the halo catalogs at three different red-
shifts from the Millennium simulations (right panel) and CoDECS (left panel). The mass
threshold is set at Mc,th = 1013 h−1M� and the lower multi-dimensional barrier heights,
λ1c = 0.9, λ2c = 0.45, λ3c = 0, are implemented into the analytic models (three lines).
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Figure 4.18: Comparison between the mass function obtained including those superclusters
having only one member cluster (solid line) and the mass function obtained excluding those
superclusters (dashed line) at two different redshifts. Ratios between the solid and dotted
lines are plotted in the bottom panels.

(left panel) and 0.44 (right panel): the case that the isolated clusters are included (solid

line) and the case that they are excluded at two different redshifts (dotted line). To evaluate

the analytic models shown in Figure 4.18, we use the same cosmological parameters as in

the CoDECS. Each bottom panel plots the ratio between the solid and dotted lines shown

in the corresponding top panel, demonstrating that the ratio becomes almost unity in the

high mass section (M ≥ 3×1014 h−1M�). The dotted lines in the bottom panels correspond

to unity. That is, in the high-mass section, almost all of the superclusters have at least two
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Figure 4.19: Comparison of the supercluster mass functions evaluated without the reflecting
barrier (dotted line corresponding to λ1c =∞) with the results shown in figure 4.11.

member clusters.

It will be interesting to see how the analytic result would change if there were no reflec-

tive barrier. Removing the reflecting barrier (i.e., setting λ1c at infinity) from our modified

Jedamzik formalism, we reevaluate the supercluster mass function. Figure 4.19 compares

the numerical results from the CoDECS shown in Figure 4.13 with another analytic model

(dotted line) obtained by removing the reflecting barrier. As can be seen, if there is no

reflecting barrier (i.e., λ1c =∞), then our model for the supercluster mass function totally

fails in matching the numerical results at all three redshifts. Changing the value of λ2c

and λ3c, we have repeated the evaluation and found that only when there is a reflective

barrier the analytic supercluster mass function agrees with the numerical result, revealing
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the importance of the presence of a reflective barrier.

4.2.2 Relative abundance of the rich superclusters

Given that the abundance of the rich superclusters in the Universe reflects how fast the

structures grow and how frequently the clusters merge on the largest scale of the Universe,

it may be possible in principle to use the relative abundance of the rich superclusters as a

cosmological test of dark energy and gravity. To explore this possibility, we first define the

relative abundance of the rich superclusters as

δNrich(≥Msc, z) =
N(M ≥Msc, z)

NT(z)
=

1

NT(z)

∫ ∞
Msc

dM
dN(M, z)

dM
, (4.1)

where δNrich is the ratio of the cumulative mass function of the superclusters with masses

larger than Msc to the total number of the superclusters, Ntot. Note that the relative

abundance of the rich superclusters is free from the renormalization of the supercluster

mass function.

Using the analytic model for the supercluster mass function derived in chapter 3, we

can predict analytically δNrich. We first investigate the variation of δNrich with the key

cosmological parameters in the fiducial ΛCDM model. Figure 4.20 plots the relative abun-

dance of the rich superclusters δNrich at z = 0 as a function of Msc(≥ 1015 h−1M�) for

four different cases of the density parameter Ωm (left panel) and for four different cases

of the linear power spectrum normalization factor σ8 (right panel). For the evaluation of

the analytic supercluster mass function, the other cosmological parameters are set at the

WMAP7 values (WMAP 2007) while the Zel’dovich condition of λ1c = 1, λ2c = 0.5, λ3c = 0

are consistently used for the heights of the multi-dimensional barrier. As can be seen, the

variations of σ8 and Ωm affect significantly the relative abundance of the rich superclusters

δNrich especially in the high mass section. As each of Ωm and σ8 increases, δNrich drops less

rapidly with Msc. This result is consistent with the picture that the cosmic web grows faster

and the clusters merge more frequently in a universe where the initial density fluctuation
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Figure 4.20: Relative abundance of the rich superclusters at z = 0 for four different cases
of σ8 (left panel) and for four different cases of Ωm (right panel).

has higher amplitude and dark matter are more dominant.

Assuming that our analytic model for the supercluster mass function also works in

QCDM models (Quintessence+CDM) in which the Quintessence scalar field as a dynamical

dark energy is responsible for the cosmic acceleration (Caldwell et al. 1998), we also perform

a feasibility study on how well δNrich can constrain the dark energy equation of state. For

this test, we focus on a particular toy QCDM model in which the dark energy equation

of state is given as w(z) = w0 + w1z/(1 + z)2 where the two parameters, w0 and w1,

have constant values (Chevallier & Polarski 2001; Linder 2003). For the evaluation of the

supercluster mass function for this toy QCDM model, we use the approximate analytic

formula for the QCDM linear growth factor given in Basilakos (2003) (see also Percival
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Figure 4.21: Relative abundance of the rich superclusters at z = 0.5 for four different cases
of the dark energy equation of state, w(z) = w0 + w1z/(1 + z)2, assuming a toy QCDM
model. The fiducial ΛCDM model (with w0 = 0, w1 = 0 and WMAP7 parameters) is
also shown (solid line) for comparison. The errors are estimated as one standard deviation
among 8 Jackknife resamples from the MICE datasets.

2005).

Figure 4.21 plots the relative abundance of the rich superclusters δNrich at z = 0.5

for five different cases of the dark energy equation of states. The Jackknife errors from the

MICE simulations are also overlapped with the analytic models to show explicitly how tight

the constraints from the relative abundance of the rich superclusters would become if the

same number of the superclusters were observed in the Universe. As can be seen, δNrich

shows an appreciable change with w(z) in the high-mass section (Msc ≥ 1015 h−1M�). As

the value of w1 varies from −0.67 to 0.67, the value of δNrich decreases by a factor of two
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Figure 4.22: Relative abundances of the rich superclusters for the case of the fiducial model
(GR+ΛCDM with WMAP7 parameters) (solid line) and for the case of a toy model with
modified gravity with D(z) = Ω0.68

m (dashed line) at z = 0.12 and z = 0.5 in the left and
right panel, respectively. The errors are estimated as one standard deviation scatter among
8 Jackknife resamples from the CoDECS (left) and MICE (right) datasets.

at the mass scale of Msc = 3× 1015 h−1M�.

Finally, we also study how δNrich changes in a toy modified gravity (MG) model in

which the linear growth factor scales as a power law of the density parameter, D(z) ∝ Ωγ
m

(e.g., see Linder 2003, 2005; Shapiro et al. 2010). This toy MG model is distinguishable from

the fiducial model (GR+ΛCDM) only in the value of γ since in the former it is γ = 0.68

while in the latter it is approximately γ = 0.55. Assuming that our analytic model for the

supercluster mass function also works in this toy MG model, we evaluate δNrich, which is
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plotted in Figure 4.22 (dashed line). The fiducial (GR+ΛCDM with WMAP7 parameters)

case is also plotted with the Jackknife errors for comparison (solid lines) at z = 0.12 and

z = 0.5 in the left and right panel, respectively. The Jackknife errors at z = 0.12 and

z = 0.5 are obtained from the CoDECS and MICE simulations, respectively. The difference

in δNrich between the two models at Msc = 3 × 1015 h−1M� reaches up to 50% and 66%

at z = 0.12 and 0.5, respectively, which suggests that the relative abundance of the rich

superclusters at a given epoch may be useful in principle as a cosmological test of gravity.



Chapter 5

DISCUSSION AND

CONCLUSION1

Despite its excellent agreements with various N-body results, it is not a physical model

but only a phenomenological fitting formula for the halo mass function since the best-fit

values of its parameters are not related to the physics of real halo formation process. A

critical reader might then ask what the advantage of using such a more complicated matrix

equation as equation (3.1) for the evaluation of the halo mass function rather than using

those simpler formulae suggested in the previous works. The merit of our EZL model is

that it automatically satisfies the normalization constraint, as mentioned in 3, providing

accurate fits with fewer fitting parameters than the previous models. Note that although

the previous formulae of Tinker et al. (2008) and Pillepich et al. (2010) have four fitting

parameters including the normalization factor, their accuracy levels are not higher than our

2D EZL model which has only two parameters. Moreover, the empirically determined values

of the free parameters of our EZL model have turned out to be independent of redshift and

background cosmology. In our companion paper (S. Lim & J. Lee 2012 in preparation), we

have found that the same best-fit values of the parameters work even for a cosmology with

1Lim & Lee 2012, arXiv:1201.1382 ; Lim & Lee 2012, JCAP in press, arXiv:1206.5351
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primordial non-Gaussianity.

At any rate, to develop a physical model for the halo mass function within the framework

of the Zel’dovich approximation, it will be evidently necessary to describe the growth of the

initial shear eigenvalues by three dimensional non-Markovian random walks. It has been

recently proved by Parajape et al. (2012) that neglecting the correlations among random

walks in the excursion set theory can significantly flaw analytic evaluation of the halo mass

function. As an example, Parajape et al. (2012) demonstrated that in the asymptotic limit

of completely correlated random walks the excursion set theory in fact recovers the original

PS mass function without the normalization factor of 2. Regarding the normalization issue

that the overall amplitude of the excursion set mass function for the non-Markovian case

is substantially lower than the numerical results, Paranjape & Sheth (2012) has argued

that it should imply the limitation of the excursion set approach itself: Due to the wrong

assumption that the differential mass function dN/dM on the right hand side of equation

(2.4) can be simply related to the statistics of randomly placed cells on which the calculation

of the differential volume fraction f(σ) in the left-hand side of equation (2.4) is based,

the excursion set mass function for the realistic non-Markovian case underestimates the

abundance of bound halos.

The recent work of Musso & Sheth (2012) may provide a clue to how to incorporate

the non-Markovian nature of random walks of shear eigenvalues into the Zel’dovich model.

Musso & Sheth (2012) have derived a very simple and accurate analytic model for the

distribution of the non-Markovian random walks that first cross a given collapse barrier of

arbitrary shape, and claimed that their model is valid even for the case that the collapse

barrier is not a function of linear density contrast but of other initial quantities. Our future

work is in the direction of finding a relation of the shear eigenvalues to the physics of

true halo formation by extending the work of Musso & Sheth (2012) to the case of three

dimensional non-Markovian random walks of shear eigenvalues.

We have constructed a new analytic expression for the supercluster mass function in the
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framework of the Jedamzik formalism. Our model is characterized by the multi-dimensional

barriers composed of one reflective barrier and two absorbing barriers which effectively de-

scribe the formation of superclusters in the quasi-linear regime. We have shown that the

values of the multi-dimensional barrier heights determined by using the Zel’dovich ap-

proximation as a guiding dynamics are redshift-independent and robust against the power

spectrum amplitude, and that our analytic model for the supercluster mass functions agrees

excellently with three different N-body results at various redshifts. Extrapolating the valid-

ity of our analytic model to non-standard cosmologies, we have suggested that the relative

abundance of the rich superclusters at a given epoch should be a sensitive probe of gravity

as well as dark energy equation of state.

We admit, however, that in spite of its success and apparent robustness, our model is not

a purely analytical one derived from the first principle, suffering from inconsistency, and thus

leaving room for improvement. As mentioned in section 4.2.1, it has yet to be understood

why the multi-dimensional barrier heights of λ1c = 1, λ2c = 0.5, λ3c = 0 work only for

the case of the top-hat filter, even though our modified Jedamzik formalism is strictly valid

for the sharp-k space filter. This inconsistency implies that the above multi-dimensional

barrier heights are biased values rather than representing real physical condition for the

supercluster formation. To address this issue and to improve our model, it will require to

properly take into account the non-Markovian nature of the growth of the initial shear

eigenvalues and to use a more fundamental dynamical approach to the multi-dimensional

barrier heights.

Anyway, given the excellent agreements of our analytic model with the numerical results,

we expect a wide application of the supercluster mass function in various fields. The abun-

dance of the rich superclusters may be useful in constraining primordial non-Gaussianity

parameter as well as neutrino mass due to its sensitivity to the initial cosmological con-

ditions. As mentioned in Oguri et al. (2004), we also expect it to be useful in estimating

the statistical significance of the amount of the warm hot intergalactic media in the su-
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perclusters which are the sources of soft X-ray and Sunyaev-Zel’dovich effect (Myers et

al. 2004; Zappacosta et al. 2005; Sadeh & Rephaeli 2005). Our model may also allow us

to analytically evaluate the late-time integrated Sachs-Wolfe (ISW) effect of superclusters

(e.g., Granett et al. 2008).

Before applying our analytic model to the real Universe, however, we will have to under-

take a few follow-up tasks. The first task is to improve our analytic model by overcoming

its weak points mentioned above. The second task is to investigate whether or not our

model works for non-standard cosmologies. For instance, the Zel’dovich approximation in

non-standard cosmologies might be different from the original form, which likely lead to

different multi-dimensional barrier heights for the supercluster formation. The third task is

to account for the projection effect along the directions of the line-of-sight on the mass mea-

surement of the superclusters. Since most of the superclusters have elongated shapes along

the cosmic filaments, it would be harder to find the member clusters due to the projection

effect if a supercluster happens to be elongated along the direction of the line-of-sight. We

plan to conduct these follow-up works and to report the results elsewhere in the future.
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요 약

이 학위 논문에선 은하단과 초은하단의 질량 함수에 대한 새로운 해석적 모델을 제

시한다. 이 과정에서 Jedamzik formalism과 Zel’dovich 근사를 사용하였다. 모델의 파라미

터들의 구체적인 값은 N-body 시뮬레이션과 모델의 비교로부터 경험적으로 얻어졌으며,

적색편이와 우주 모델, 질량에 무관하게 일정한 값을 갖음을 확인하였다. 은하단의 질량

함수의 경우, 최적의 파라미터 값을 부여했을 때 광범위한 적색편이와 질량 범위에 대

해 훌륭하게 시뮬레이션과 일치하는 질량 함수를 재현하였다: 헤일로 정의 알고리듬을

FoF 또는 SO로 하였을 때 시뮬레이션의 질량함수와 이 모델의 그것의 차이는 질량범위

1011 ≤ M/(h−1M�) ≤ 5 × 1015내에서 각각 10%와 5% 이하이다. 한편 초은하단의 질량

함수의 경우엔, 초은하단을 3축 축퇴의 경계에 있는 천체로 정의함으로써, eigenvalues의

공간에서 봤을 때 하나의 반사 장벽과 두 개의 흡수 장벽 내의 지역을 초은하단에 해당하

는 지역으로 제한하였다. 이렇게 얻어진 초은하단의 질량함수에 대해서도 0 1의 적색편이

내에서 N-body시뮬레이션과 잘 일치함을 보였다.

주요어: 우주론:이론 — 우주의 거대 구조; 질량 함수; 초은하단; 은하단

학 번: 2011-20432
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