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ABSTRACT
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The problem of compensating model uncertainty and external disturbance in

control systems is one of long-standing and critical issues in academia and indus-

try. Among several promising solutions to the problem, the disturbance observer

approach has gained a particular attraction in the literature, due to its struc-

tural simplicity and powerful ability. This dissertation presents new theoretical

results on the inverse-model based disturbance observers, in order to overcome the

limitation of the existing disturbance observer approaches and to address several

problems which modern control systems have encountered. Specific subjects dealt

with in the dissertation are listed as follows:
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• The recovery of nominal performance is a key feature of the inverse model-

based disturbance observers. It is remarkable that this property is gener-

ically an approximation, mainly because structural information of distur-

bance is not explicitly employed in the disturbance observer design. Moti-

vated by the internal model principle, in the first part of this dissertation we

propose a new disturbance observer into which a generating model of distur-

bance is embedded. Unlike those in the existing works, the proposed distur-

bance observer achieves “asymptotic” (rather than approximate) recovery

of nominal performance in a sense of input-to-state stability. As a further

research in this direction, we also find out that the asymptotic recovery of

nominal performance is still possible even without exact knowledge on the

frequencies of the sinusoidal disturbance, by realizing the internal model to

be embedded in an adaptive fashion with a frequency identifier.

• Modern control systems have often experienced not only persistent distur-

bances and model uncertainty, but also sudden faults of systems and actu-

ators. Even though various fault-tolerant control schemes have been pro-

posed to tackle the problem, guaranteeing satisfactory tracking performance

under faults has been not fully studied yet. As another contribution of the

dissertation, we propose a disturbance observer-based fault-tolerant con-

troller that guarantees a “fault-free” tracking performance for the entire pe-

riod (including the moment when an actuator fault occurs). By reminding

that the disturbance observer approach is commonly applied to minimum

phase systems, the underlying idea is to redefine a virtual input from the

redundant control inputs such that the composite system from the virtual

input to the output remains of minimum phase under any actuator faults.

This work is in fact an extension of the disturbance observer for a larger

class of systems that have more inputs than outputs, while the conventional

disturbance observer scheme is mostly designed for “square” systems (that

is, systems that have the same numbers of inputs and outputs).

• While a physical plant is a continuous-time system, control schemes are usu-

ally implemented in discrete time. The mixture of continuous- and discrete-
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time components introduces some distinctive characteristics of the sampled-

data systems, which possibly incurs unexpected situations when a discrete-

time disturbance observer is employed for the sampled-data system. In the

dissertation, a theoretical analysis of the discrete-time disturbance observer

is newly provided in the sampled-data setting. In particular, by focusing on

the limiting behavior of the overall system as the sampling period goes to

zero, we obtain a “necessary and sufficient condition” for the robust stabil-

ity under fast sampling. One important finding from our approach is that

the discrete-time “sampling zeros” of the sampled-data model may hamper

stability (even regardless of model uncertainty) when these zeros are not

carefully taken into account in the disturbance observer design. Based on

the stability analysis, we also present systematic design guidelines of the

discrete-time disturbance observer to satisfy the stability constraint under

arbitrarily large (but bounded) model uncertainty, and at the same time to

embed a disturbance model (if available) into the discrete-time disturbance

observer structure.

• With increased interests in these days, the security of cyber-physical systems

has been dealt with in the literature from a control-theoretical point of view.

In the last part of this dissertation, we address the problem of constructing

a “robust stealthy attack” that compromises uncertain cyber-physical sys-

tems having unstable zeros. It has been well known that the conventional

zero-dynamics attack, a systematic stealthy attack to non-minimum phase

systems, is easily detected as long as (even small) model uncertainty exists.

Different from the conventional approach, our key idea is to isolate the real

zero-dynamics from the plant’s input-output relation and to replace it with

an auxiliary nominal zero-dynamics; as a result, this alternative attack does

not require the exact model knowledge anymore. We show in this disser-

tation that all this can be realized by the disturbance observer, which now

serves as an attack generator. This work explains the underlying principle

of destabilizing phenomenon when the inverse model-based disturbance ob-

server is applied to the non-minimum phase plants carelessly.
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A has strictly negative real parts, i.e., Re(λ) < 0.

• For any state variable x(t), its initial condition will be denoted by x(0).

• In order to messy notation, the time symbol t is omitted when there in no

confusion.

• For two sets A ⊂ Rn and B ⊂ Rn and a positive real number ϵ, we use

A
ϵ
⊏ B if A ⊂ B and infa∈∂A,b∈∂B{∥a− b∥} > ϵ where ∂A and ∂B indicate

the boundary of A and B, respectively, and A ⊏ B if there exists ϵ > 0 such

that A
ϵ
⊏ B.

• For simplicity, we often use In, 0n, and Om×n without subscripts if their

dimensions are obvious.
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Chapter 1

Introduction

1.1 Research Background

1.1.1 Overview of Researches on Disturbance Observers

As Brockett says in his essay [Bro01], “If there is no uncertainty in the sys-

tem, the control or the environment, feedback control is largely unnecessary”.

The problem of compensating internal model uncertainty and external distur-

bance would be one of the central and long-standing issues in the control theory.

Moreover, this is an ongoing challenge in our era where modern control systems

become more complicated and thus introduce a variety of sources of uncertainty

and disturbance. In this context, a tremendous amount of research efforts have

been paid during the last several decades to resolve the problem of robust control

design [PT14, Saf12, Kwa93], including H2/H∞ controller [Kwa93, ZD96], sliding

mode controller [SEFL14, Utk92], robust output regulator [SI00, Hua04], to name

just a few.

As a possible direction of research for ensuring the robustness of the control

system, the disturbance observer (DOB) scheme has gained a lot of interest in

these days [LYCC14, SPJ+16, CYGL15]. The underlying philosophy of the DOB

approach is, as the name implies, to “explicitly” estimate the effect of the uncertain

quantities using the measurement signals and the (maybe imperfect) structural

information on the plant. Compared with other existing solutions, this idea offers

a quite intuitive way of disturbance attenuation; e.g., to simply subtract the

estimate of uncertain quantities into the original control input (Figure 1.1).

1
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(Uncertain) 
Plant

Disturbance 
observer

External 
disturbance

Baseline 
controller

Reference

Figure 1.1: General concept of DOB approach

The inherent advantages have motivated researchers to develop several types

of DOBs, a large part of which can be classified into the following three categories:

• Internal model-based design:

Provided that the external disturbance is generated by a certain “exoge-

nous” system, a natural method for its estimation (from the viewpoint of

the internal model principle [FW76]) would be to utilize the knowledge on

the disturbance model into the DOB design. As a pioneering work in this

direction, Johnson [Joh71, Joh76, Joh08] introduced a solution of the ro-

bust output regulation based on the estimation of the modeled disturbance,

named disturbance accommodation control. The central idea of his work

is to augment the disturbance model into the system model, upon which

classical observer techniques can be employed (with some modification).

This in turn led to the invention of the unknown input disturbance observer

[PVM90, SvD02], a variant of the traditional unknown input observer with

disturbance model. More recently, Chen and his colleagues proposed yet

another nonlinear DOB to deal with a class of nonlinear systems under a

polynomial-in-time disturbance (i.e., d(t) = d0 + d1t+ · · ·+ dkt
k with con-

stants di) [CBGO00, CYGL15, GC05, Che04, YLC12]. While the exact ex-

pression on the disturbance must be dependent of high-order time deriva-

tives of the plant state, the authors in [CBGO00] employed an alternative
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observer for an auxiliary variable (rather than the disturbance itself) whose

dynamics is implementable only with state variables. This technique was

initially proposed by assuming that the full state variables are available,

and in turn an extension to the output feedback case was introduced in

[Che04]. Another work on the internal model-based design can be found in

[KRK10, KR13] where a reduced order DOB was constructed based on the

frictional observer scheme. It is important to note that most of the previous

works in this category were interested in the “asymptotic” estimation and

compensation of the disturbance, at the cost of using the “full” structural

information on both disturbance and plant models.

• Inverse model-based design:

Without using exact model knowledge on the disturbance, an alternative

way of estimating the disturbance is to compare the control input (gener-

ated by a baseline controller) with its “estimate”, where the latter is ob-

tained by passing the plant output through the “inverse dynamics of a nom-

inal plant model”. Roughly speaking, the disparity can be interpreted as a

“quantitative expression” of model uncertainty and disturbance, in the sense

that the signal will be vanished as long as there is no uncertain factor in

the environment. (From this standpoint, we call this lumped signal as total

disturbance). This is the main philosophy of the inverse model-based designs

in the literature. A basic configuration of the inverse model-based DOB is

depicted in Figure 1.2. It is seen in the figure that a low-pass filter Q(s; τ)

(called Q-filter) is additionally attached in the DOB loop. This is mainly

for the realization of the idea, and the Q-filter plays an essential role in the

stability and performance of the closed-loop system.

Since the first report on the inverse model-based DOB design in [NOM87],

several theoretical results on the robust stability analysis and design guide-

lines have been presented for the last three decades. When it comes to

the stability analysis, the small gain theorem has been widely used as a

mathematical tool [WT04, YCC05, KC03, UH91]. Yet since the small gain

theorem takes into account only the amplitude of the system response, it
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may provide a conservative consequence in a sense. In this context, alterna-

tive approaches have been performed in the literature. As an example, the

authors of the works [SO12, GG01] employed the concept of the structured

singular value in their analysis, by focusing mainly on the structural un-

certainty of the plant. This allows to avoid a conservative design of the Q-

filter. On the other hand, the equivalence between the DOB structure and

the other control schemes, such as the unknown input disturbance observer

and the adaptive observer, was exploited in [SvD02, BT99], by which the

stability of the DOB structure is analyzed indirectly. In [CCY96], Choi et

al. presented a H∞ framework for the stability analysis of the DOB struc-

ture, based on the factorization approach. Moving away from the frequency

domain analysis, Shim and Joo [SJ07] proposed a state space approach from

the viewpoint of the singular perturbation theory. In particular, the work

[SJ07] pointed out that enlarging the bandwidth of the Q-filter incurs the

time separation of the overall closed-loop system so that the stability of the

overall system is decomposed into that of the slow and fast subsystems. As

a frequency domain counterpart of this approach, an almost necessary and

sufficient condition for robust stability under large bandwidth of Q-filter

was derived in [SJ09, JJS14]. On the other hand, it has been reported in

[KPSJ16, SO13a] that the stability margin, a notion in the classical control

theory, of the DOB controlled system is possibly increased as the bandwidth

of the Q-filter gets larger.

In addition to the stability analysis, several design procedures of the Q-filter

have been proposed based on the H∞ framework [SWY14], the Bode and

Poison integral formulas [SO13b], and the internal model principle [YKIH97,

CT12, JPBS16]. Moreover, a particular attention was paid to the selection

of the nominal model [KT13, CCKH16].

• State extension-based design:

The works in this category follow the same philosophy of the inverse model-

based designs above; that is, to estimate the total disturbance (instead

of the disturbance itself) with no requirement on the disturbance model.
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Figure 1.2: Basic configuration of inverse model-based DOB controlled sys-
tems: P(s), Pn(s), C(s), and Q(s; τ) indicate the plant and its
nominal model, baseline controller, and the Q-filter, respectively.

However, rather than utilizing the inverse model of the nominal plant in

its structure, the strategy here is to “extend” the system dynamics by tak-

ing the time derivative of order larger than the relative degree of the plant

as an “auxiliary” state variable. Then the problem of estimating the total

disturbance can be recast to that of estimating the auxiliary state of the

extended system dynamics, which can be solved by employing a high-gain

observer (in an approximate fashion). This idea was originated from Han’s

work [Han09] under the name of extended state observer, and then inspires

Khalil and his colleague to develop the control via extended high-gain ob-

server [FK08, LMK16] At the same time, another composite control law on

basis of this idea, called active disturbance rejection controller, has been also

widely employed in these days [XH15, Gao14].

Based on the theoretical results, the DOB-based control techniques have been

widely employed in industrial problems. Some remarkable applications of the

DOB schemes include (but are not limited to): optical disk drives ([YCC05,

RDC04, OMI+06, OSM96]), hard disk drives ([Xie10, Ats10]), position and force

control of mechanical systems ([KC03, WT04, CLTT17, SO15, KKO07]), robot

manipulators ([OC99, CBGO00, BT99, MMT17]), motor drives ([YCL+17]), au-

topilot design ([LY13]), and air-breathing hypersonic vehicles ([ALWW16])
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1.1.2 Motivating Questions on Inverse Model-based Designs

In this dissertation, we are mainly interested in developing the theory of the

inverse model-based DOB designs. In particular, our ultimate goal is to answer

the questions listed below, which motivate the work of this dissertation.

• The ability of compensating the total disturbance allows the DOBs to re-

cover the nominal tracking performance. Yet at the same time, this recov-

ery is approximate in general. If so, can we recover nominal performance

“asymptotically”?

• Most of the previous works on the inverse model-based design focused only

on the square systems (i.e., the systems having the same number of inputs

and outputs), while redundancy of the control input may exist in various

control problems. In this situation, what benefits can we achieve by the

DOB?

• As most of the modern control systems consist of physical plant and digital

controller, the DOB scheme is often implemented in the DT domain with

the help of sampler and zero-order holder. However, as reported in several

experimental results, applying a discretization of a CT-DOB to the sampled-

data system directly may not guarantee the stability of the closed-loop sys-

tem in general. Then, what is a necessary and sufficient condition for robust

stability of DT-DOB controlled system in the sampled-data framework?

• It has been investigated that the inverse model-based DOB under large

bandwidth of the Q-filter must destabilize the closed-loop system when ap-

plied to non-minimum phase systems. In this case, is the recovery of nomi-

nal performance in the first bullet immediately broken (so that the instabil-

ity of the system can be captured directly from the measurement output)?

1.2 Contributions and Outline of Dissertation

Chapter 2. Recovery of Nominal Performance in Asymptotic Sense:

Part I - Embedding Internal Model into Disturbance Observer
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In this chapter, we address the problem of recovering the nominal performance

in “asymptotic” sense for uncertain minimum phase systems, provided that a part

of the external inputs are generated by an exogenous system. As a solution for the

problem, this work presents a new design methodology for the inverse model-based

DOB based on the singular perturbation theory and internal model principle. The

contents of this chapter is based on [PSJ] and the main contributions of this work

is listed as follows:

• We propose a reduced-order type DOB in the state space, into which the

generating model of the external inputs is embedded. The proposed DOB

structure generalizes those in the relevant works [BS14, JPBS16].

• To the best of our knowledge, this is the first in the literature to handle the

arbitrarily accurate recovery in transient period and the complete recovery

in steady-state period at once.

• The asymptotic recovery of the nominal performance via the proposed DOB

is analyzed by the Lyapunov analysis from the viewpoint of the singular

perturbation theory. In particular, since the standard singular perturbation

theory cannot capture the effect of the modeled inputs appropriately, we

newly present a modified notion of the quasi-steady-state for the analysis.

• Systematic design guidelines for the DOB design that deals with (bounded

but) arbitrarily large model uncertainty is presented.

• To verify the validity of the proposed scheme, we perform the simulation

for the mechanical positioning system.

Chapter 3. Recovery of Nominal Performance in Asymptotic Sense:

Part II - An Extension with Adaptive Internal Model

As an extension of the result in the previous chapter, in this chapter we tackle

the same problem for linear mechanical systems, under a relaxed assumption that

the frequency of the sinusoidal inputs is not exactly known. The contents of this

work are presented in [PK17] and the main contributions of this work is listed as

follows:
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• To deal with the uncertain frequency of the sinusoidal input, we propose

a new inner-loop controller by combining the DOB in Chapter 2 with a

frequency identifier.

• Noting that the use of the frequency identifier introduces one additional

time scale separation in the overall system, we analyze the performance

recovery by transforming the overall system into a “multiple-time scaled”

singular perturbation form.

• The proposed DOB-based controller is applied to track-following problem

of the optical disk drives. Both simulation and experimental results are

presented.

Chapter 4. Guaranteeing Almost Fault-free Performance from Tran-

sient to Steady-state: Disturbance Observer-based Fault Tolerant Con-

trol

The main purpose of this chapter is to construct an output feedback fault

tolerant controller that guarantees almost “fault-free” tracking performance for

the entire time period by following the DOB approach. A standing assumption

for the controller design is that the plant has redundant inputs and they are

possibly under floating or lock-in-place faults. The contents of this chapter are

contained in [PS]. The contribution of this chapter is as follows:

• This work covers the problem of ensuring the satisfactory “transient” perfor-

mance at the moment of actuator faults, which is still an ongoing research

topic in the field of the fault tolerant control.

• We propose a new inverse model-based DOB design method when the num-

ber of inputs is larger than that of outputs, while only few works have dealt

with this situation explicitly [CT14].

• Simulation for the fault tolerant control of Boeing 747 is performed.

Chapter 5. Stability, Performance, and Design of Discrete-time Distur-

bance Observer for Sampled-data Systems: A Fast Sampling Approach
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In this chapter, we provide an analysis and design guidelines for the DT-

DOB controlled sampled-data systems in the frequency domain. Particularly,

an almost “necessary and sufficient condition” for robust internal stability of the

DT-DOB closed-loop system is carried out, under a mild assumption that the

sampling period is sufficiently small. It is briefly seen that the recovery of the

nominal performance is still valid in the sampled-data framework. Some part of

this chapter is based on [PJLS15, PS15]. The contribution of this work is:

• The result theoretically reveals that the sampling process indeed may ham-

per the stability of the overall system, while such an obstacle can be handled

by constructing the DT-DOB appropriately.

• This work presents a “generalized” framework for the stability analysis, in

the sense that linear systems with general order and a large class of dis-

cretized components are dealt with.

• Some rule-of-thumbs widely used in the DT-DOB designs are reinterpreted

by the present analysis.

• Based on the analysis part, new design procedures for the DT-DOB with

and without considering the disturbance model are proposed.

Chapter 6. Robust Zero-dynamics Attack on Uncertain Cyber-physical

Systems: Malicious Use of Disturbance Observer

In this chapter, we address the problem of constructing a “robustly stealthy

attack” policy (on the side of malicious adversary) when a cyber-physical system

(CPS) is of non-minimum phase and is uncertain. While a traditional stealthy

attack mimics the unstable zero dynamics of the plant and thus utilizes the full

model knowledge, this work shows that another “robust” attack is enabled when

the adversary employs the inverse model-based DOB as an attack generator. The

main contents of this chapter are based on [PLS+, PSL+16], and its contribution

is listed as follows:

• We reveal that the recovery of the nominal performance in the conventional

DOB is maintained for a while even if the plant is of non-minimum phase
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(and thus the system is internally unstable), which allows the new attack

to remain stealthy robustly.

• A remarkable observation is that fatal attacks on CPS are possible without

exact system knowledge, particularly when the adversary employs robust

control techniques.



Chapter 2

Recovery of Nominal Performance in
Asymptotic Sense: Part I - Embedding
Internal Model into Disturbance
Observer

Guaranteeing robust performance against model uncertainty and external distur-

bance is one of the long-standing issues on control systems. Nowadays, as of

particular importance for precise control is the robust “transient” performance,

the problem of recovering a (pre-defined) nominal output trajectory for the entire

time period is gaining considerable attentions in the literature. Several promis-

ing approaches to achieving this nominal performance recovery (NPR), includ-

ing extended high-gain observers [FK08, LMK16], disturbance observers (DOB)

[BS08, BS14], active disturbance rejection controllers [XH15], and L1 adaptive

controllers [CH08] have been concurrently developed just over a decade.

It is interesting that all these approaches, even though they were invented

independently, share a common methodology for the NPR. In the previous works,

the effect of external inputs (i.e., disturbances and references) and model uncer-

tainty on the controlled system is represented as a lumped signal, so-called to-

tal disturbance, for whose estimation and compensation high-gain techniques are

usually employed. Thus a standing assumption on the external inputs is only

that they are bounded and slowly varying, whereas their structural information

has not been explicitly used in the controller designs. This enables the resulting

11
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controllers applicable to a wide range of control systems that unmodeled distur-

bances dominantly enter, yet at the same time, as the internal model principle

[FW76] interprets clearly, the NPR studied so far was restricted to an approxima-

tion; in other words, the real output may persistently remain around the nominal

trajectory, but in the end it may not converge to.

In this chapter, we present an extended notion of the NPR in an “asymptotic”

sense from the perspective of the internal model principle [FW76]. In addition to

keeping the distance of the actual and nominal outputs as close as desired (as the

traditional notion aimed at), this new NPR means that, as long as the disturbance

and reference signals are generated by an exogenous system, the actual output

“asymptotically” converges to the nominal trajectory. Moreover, it is also desired

that the asymptotic NPR is maintained in an input-to-output stable sense in

terms of additional unmodeled part of the external input. To the best of author’s

knowledge, this is the first time in the literature to extend the NPR in view of

the internal model principle, which is one of the main contributions in this work.

To tackle this problem, the DOB approach is adopted in the controller design.

As is pointed out in [SJ07], the principle behind the robustness of the DOB is

the compensating action of the total disturbance. This observation motivates the

authors of [BS08, BS14] to employ the DOB (with some refinements) as a tool for

recovering nominal performance in an approximate fashion. On top of that, we

develop a new DOB structure into which the internal model of the external inputs

is embedded. Unlike other robust controllers that achieve the approximate NPR

only, with the help of the internal model, the proposed DOB also “perfectly” esti-

mates and compensates the modeled part of the total disturbance in the steady-

state. This allows to carry out the asymptotic NPR from the new DOB scheme.

The way of embedding the internal model into a DOB structure is inher-

ently motivated by the recent researches [JPBS16, CT12], yet there are several

significant contributions of this work beyond them. First, whereas only the dis-

turbance model was taken into account in [JPBS16, CT12] for its rejection, we

highlight that the reference model should be considered when it comes to the

asymptotic NPR. Another improvement is that the order of the proposed DOB

is reduced, since its construction is based on a reduced-order implementation of
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the conventional DOB. In addition, a systematic design method for dealing with

arbitrarily large (but bounded) parametric uncertainty is provided in this work.

Finally, the refined DOB structure in this paper makes the NPR guaranteed from

the transient period, whereas this is often not the case for the linear DOBs in

[JPBS16, CT12] because unavoidable initial peak of control input may exist (as

described in [BS08]).

2.1 Problem Formulation

In this chapter, we consider a single-input single-output (SISO) linear plant

written in the Byrnes-Isidori normal form [Kha96, Chapter 13]:

ż = Sz +GCνx, (2.1.1a)

ẋ = Aνx+Bν

(
ψ⊤z + ϕ⊤x+ g(u+ d)

)
, y = Cνx (2.1.1b)

where z ∈ Rn−ν and x ∈ Rν are the states, u ∈ R is the input, y ∈ R is the

output, d ∈ R is the external disturbance, and ν ≥ 1 and n ≥ ν are integers. For

an integer i ≥ 1, the matrices Ai, Bi, and Ci are defined as

Ai :=

[
0i−1 Ii−1

0 0⊤i−1

]
∈ Ri×i, Bi :=

[
0i−1

1

]
∈ Ri×1, Ci :=

[
1 0⊤i−1

]
∈ R1×i.

(2.1.2)

The scalar g and the matrices S, G, ψ, and ϕ are constants. The initial conditions

z(0) and x(0) of the plant (2.1.1) belong in compact sets Z0 ⊂ Rn−ν and X 0 ⊂ Rν ,

respectively.

Remark 2.1.1. It is well known that for any linear system, there always exists

a suitable coordinate change with which the system is rewritten in the Byrnes-

Isidori normal form as in (2.1.1). ♢

Throughout this chapter, we suppose that the plant (2.1.1) under considera-

tion has (possibly large but) bounded parametric uncertainty, as stated below.

Assumption 2.1.1. The components g, S, G, ψ, and ϕ in (2.1.1) are uncertain

but bounded, and the bounds of the uncertain quantities are known. Specifically,
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there exist positive constants g and g such that 0 < g ≤ g ≤ g. ♢

Moreover, the internal dynamics (2.1.1a) of the plant is assumed to be stable.

Assumption 2.1.2. The plant (2.1.1) is of minimum phase (that is, S in (2.1.1a)

is Hurwitz). ♢

As a counterpart of the uncertain plant (2.1.1), the following nominal system

without any uncertainty and disturbance is taken into account:

żn = Snzn +GnCνxn, (2.1.3a)

ẋn = Aνxn +Bν

(
ψ⊤
n zn + ϕ⊤n xn + gnun

)
, yn = Cνxn (2.1.3b)

where zn ∈ Rnn−ν and xn ∈ Rν are the states, un ∈ R is the control input,

yn ∈ R is the output. It is noted that the dimension nn ≥ ν of the nominal model

(2.1.3) is not necessarily the same as n of the actual one (2.1.1), so that structural

uncertainty of the internal dynamics (2.1.1a), whose dimension is n− ν, also can

be considered. The parameters Sn, Gn, ψn, ϕn, and gn > 0 are some nominal

counterparts of S, G, ψ, ϕ, and g, respectively. The nominal control input un in

(2.1.3) is supposed to be generated by an output feedback nominal controller

ċn = Ecn + F (r − yn), un = Jcn +K(r − yn) (2.1.4)

designed a priori for the nominal system. Here cn ∈ Rnc is the controller state

with a nonnegative integer nc (and thus (2.1.4) can be either static or dynamic),

r ∈ R is a C1 reference command for yn, and E, F , J , and K are constant matrices

with appropriate dimensions. The controller (2.1.4) is supposed be designed such

that the nominal closed-loop system (2.1.3) and (2.1.4) is internally stable, as well

as its (nominal) tracking performance is satisfactory.

Assumption 2.1.3. The system matrix of the nominal closed-loop system (2.1.3)

and (2.1.4)

An :=


Sn GnCν O

Bνψ
⊤
n Aν +Bνϕ

⊤
n − gnBνKCν gnBνJ

O −FCν E

 (2.1.5)
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is Hurwitz. ♢

Roughly speaking, we in this chapter are interested in recovering the tracking

performance of the nominal closed-loop system (2.1.3) and (2.1.4), in the sense

that the actual output y(t) is forced to behave as the nominal one yn(t). Since

the two trajectories will be compared “from the beginning” of system operation,

it is natural to assume that xn(0) = x(0) ∈ X 0, or equivalently, yn(t) and its

time derivatives up to ν − 1 are initiated by those of y(t). On the other hand,

we arbitrarily select some compact sets Z0
n ⊂ Rnn−ν and C0

n ⊂ Rnc and pick the

remaining initial conditions zn(0) and cn(0) of the nominal closed-loop system in

Z0
n and C0

n , respectively.

We further assume that the external inputs r(t) and d(t) in the plant (2.1.1)

and the nominal closed-loop system (2.1.3) and (2.1.4) are bounded and partially

generated by an “internal model”.

Assumption 2.1.4. The external inputs r(t) and d(t) are decomposed by

r(t) = ru(t) + rm(t), d(t) = du(t) + dm(t) (2.1.6)

where

(a) rm(t) and dm(t) are biased sinusoidal signals

rm(t) =Mrm,0 +

nm∑
i=1

Mrm,i sin
(
σit+ φrm,i

)
, (2.1.7a)

dm(t) =Mdm,0 +

nm∑
i=1

Mdm,i sin
(
σit+ φdm,i

)
(2.1.7b)

where nm is the known nonnegative integer, the frequencies σi > 0 of the

sinusoids are known and distinct (i.e., σi ̸= σj for i ̸= j), and the magnitudes

Mrm,i ∈ R and Mdm,i ∈ R, and the phases φrm,i ∈ [0, 2π) and φdm,i ∈ [0, 2π)

are uncertain but bounded with known bounds.

(b) The unmodeled parts ru(t) and du(t) are of C1 and bounded, whose time

derivatives are also bounded.

♢
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Under the assumption, it is clear that there exist some constants r ≥ 0 and

d ≥ 0 such that ∥[r(t); ṙ(t)]∥ ≤ r and ∥[d(t); ḋ(t)]∥ ≤ d for all t ≥ 0.

Now, we are ready to introduce the notions of the nominal performance re-

covery (NPR).

Definition 2.1.1. For a given ϵ > 0, an output feedback controller

ϱ̇ = f(ϱ, y, r), u = h(ϱ, y, r) (2.1.8)

is said to recover nominal performance within ϵ-bound if for each initial condition

[z(0);x(0)] ∈ Z0 × X 0 of (2.1.1) and for each nominal output yn(t) of (2.1.3)

and (2.1.4) initiated at [zn(0);x(0); cn(0)] ∈ Z0
n ×X 0 × C0

n , the output y(t) of the

closed-loop system (2.1.1) and (2.1.8) satisfies

∥y(t)− yn(t)∥ ≤ ϵ, ∀t ≥ 0 (2.1.9)

where ϱ(0) is a bounded function of [zn(0); cn(0)] ∈ Z0
n × C0

n . Furthermore, if

∥y(t)− yn(t)∥ ≤ kNPR,1e
−hNPRt (2.1.10)

+ kNPR,2

(
sup

0≤ρ≤t
∥[ru(ρ); ṙu(ρ); du(ρ); ḋu(ρ)]∥

)
, ∀t ≥ 0

additionally holds for some constants kNPR,i > 0 and hNPR > 0, then the output

feedback controller (2.1.8) is said to recover nominal performance in an asymptotic

sense within ϵ-bound. ♢

Notice that the nominal output trajectory yn(t) considered in Definition 2.1.1

is not uniquely determined, because there is no restriction on [zn(0); cn(0)] ∈
Z0
n × C0

n . In fact, one can pick up any certain yn(t) among several candidates, by

selecting ϱ(0) (which is a function of [zn(0); cn(0)] ∈ Z0
n × C0

n) suitably.

Throughout this chapter, our attention will be paid to:

Problem of Chapter 2. Given the plant (2.1.1), the nominal closed-loop system

(2.1.3) and (2.1.4), and a threshold ϵ > 0, to construct an output feedback con-

troller (2.1.8) that recovers nominal performance in an asymptotic sense within

ϵ-bound in the sense of Definition 2.1.1 under Assumptions 2.1.1–2.1.4. ♢
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Remark 2.1.2. We point out that most relevant works in literature were mainly

interested in recovering the nominal performance “just approximately” (similar

to the former notion of Definition 2.1.1); that is to say, the two output trajec-

tories y(t) and yn(t) may be close to each other but cannot converge to in the

end. On the other hand, by relying on the structural information of the external

inputs (Assumption 2.1.4), the purpose of this chapter is to go beyond such an

approximation and to recover nominal performance in “asymptotic” sense in Defi-

nition 2.1.1. To interpret this new notion intuitively, for now assume that the ex-

ternal inputs r(t) and d(t) are fully modeled (i.e., r(t) = rm(t) and d(t) = dm(t)).

Then the additional requirement (2.1.10) is simplified to

lim
t→∞

∥y(t)− yn(t)∥ = 0; (2.1.11)

or equivalently, the actual output y(t) asymptotically converges to the (ideal)

nominal output yn(t). (This is why we put the term “in an asymptotic sense” in

the definition.) In Definition 3.1.3, we generalized this concept in an input-to-

state stability (ISS) sense, with respect to the unmodeled inputs ru(t) and du(t).

♢

2.2 Controller Design

As a solution to the problem of interest, we will construct the output feed-

back controller (2.1.8) based on the DOB approach. Motivated by the internal

model principle [FW76], our key idea for the asymptotic recovery is to embed

the generating model of [rm(t); dm(t)] into the DOB structure. To provide further

insight into this embedding, in the following subsection we briefly look again at

the conventional DOB in the frequency domain, with particular interest on the

modeled external inputs.
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2.2.1 Motivating Idea from Frequency Domain Analysis

We revisit the conventional DOB controlled system in Figure 1.2 where the

Q-filter has the form of

Q(s; τ) =
clq(τs)

lq + · · ·+ c0

(τs)nq + anq−1(τs)nq−1 + · · ·+ a0
=:

Nq(s; τ)

Dq(s; τ)
. (2.2.1)

In the figure, the actual output y(s) is represented with the external inputs d(s)

and r(s) as

y(s) = Tyr(s)r(s) + Tyd(s)d(s) (2.2.2)

where

Tyr(s) :=
P(s)Pn(s)C(s)

Q(s; τ)
(
P(s)− Pn(s)

)
+ Pn(s)

(
1 + P(s)C(s)

) , (2.2.3a)

Tyd(s) :=
P(s)Pn(s)

(
1−Q(s; τ)

)
Q(s; τ)

(
P(s)− Pn(s)

)
+ Pn(s)

(
1 + P(s)C(s)

) . (2.2.3b)

In addition, we also write the nominal output yn(s) as

yn(s) =
Pn(s)C(s)

1 + Pn(s)C(s)
r(s) =: Tn(s)r(s). (2.2.4)

Using these expressions, one can compute the difference between y(s) and yn(s)

in the frequency domain as

y(s)− yn(s)

= (Tyr(s)− Tn(s)) r(s) + Tyd(s)d(s)

=

(
P(s)Pn(s)C(s)

Q(s; τ)
(
P(s)− Pn(s)

)
+ Pn(s)

(
1 + P(s)C(s)

) − Pn(s)C(s)

1 + Pn(s)C(s)

)
r(s)

+
P(s)Pn(s)

(
1−Q(s; τ)

)
Q(s; τ)

(
P(s)− Pn(s)

)
+ Pn(s)

(
1 + P(s)C(s)

)d(s)
=

(
P(s)− Pn(s)

)
P(s)Pn(s)

(
1−Q(s; τ)

)(
Q(s; τ)

(
P(s)− Pn(s)

)
+ Pn(s)

(
1 + P(s)C(s)

))(
1 + Pn(s)C(s)

)r(s)
+

P(s)Pn(s)
(
1−Q(s; τ)

)
Q(s; τ)

(
P(s)− Pn(s)

)
+ Pn(s)

(
1 + P(s)C(s)

)d(s).
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It is noted that all the effects of the external inputs d(s) and r(s) on the error

y(s)− yn(s) are filtered by 1−Q(s; τ).

Even though a typical conclusion with an arbitrary low-pass filter Q(s; τ) is

the approximation

y(jω) ≈ Pn(jω)C(jω)

1 + Pn(jω)C(jω)
r(jω) (2.2.5)

in the low frequency range where Q(jω; τ) ≈ 1, one can go further by relying

more on the internal model of the external inputs. For this, we assume for now

that d(t) = dm(t) and r(t) = rm(t). Under the hypothesis, the Laplace transforms

d(s) and r(s) of these signals turn out to be

r(s) =
rm,0

s
+

nm∑
i=1

rm,i

s2 + σ2i
, d(s) =

dm,0

s
+

nm∑
i=1

dm,i

s2 + σ2i
(2.2.6)

in which rm,i and dm,i are some uncertain constants. In turn, it readily follows

from the final value theorem that, if the Q-filter Q(s; τ) = Nq(s; τ)/Dq(s; τ) in

(2.2.1) is properly designed to satisfy an additional constraint

Dq(s; τ)−Nq(s; τ) = s

nm∏
i=1

(s2 + σ2i )Rq(s; τ) (2.2.7)

with a polynomial Rq(s; τ),

lim
t→∞

(y(t)− yn(t)) = lim
s→0

s
(
y(s)− yn(s)

)
= 0 (2.2.8)

and thus, the nominal performance is not approximately but completely recovered

in the steady state (as long as the closed-loop system is stable). It is surprising

that (2.2.8) (with exponential rate of convergence by the linear system theory) is

exactly the same as (2.1.10) in Definition 2.1.1 for the limited situation ru(t) ≡ 0

and du(t) ≡ 0 (as described in (2.1.2)) and moreover, all this can be done with

a specific Q-filter satisfying (2.2.7). In the remainder of this subsection, we will

extend this idea to the state space domain in order to deal with the transient

behavior and unmodeled external inputs, keeping the constraint (2.2.7) on the

Q-filter’s coefficients in mind.
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Figure 2.1: An equivalent block diagram of conventional DOB

Remark 2.2.1. It should be noted that to derive the asymptotic behavior (2.2.8),

the reference model (as well as the disturbance model) should be taken into ac-

count in the constraint (2.2.7). Intuitively, this requirement is because the total

disturbance to be compensated consists of not only the disturbance but also un-

certain quantities where the latter may be multiplied by a reference signal. ♢

In the meanwhile, another way of interpreting this phenomenon might be to

take a closer look at the equivalent block diagram of the linear DOB in Figure 2.1.

In the figure, a hidden block 1/(1 − Q(s; τ)) explicitly comes out, which is com-

puted under the constraint (2.2.7) as follows:

1

1−Q(s; τ)
=

Dq(s; τ)

Dq(s; τ)−Nq(s; τ)
=

1

s
∏nm

i=1(s
2 + σ2i )

× Dq(s; τ)

Rq(s; τ)
.

In this regard, it can be said that by the constraint (2.2.7), the internal model

of the external modeled inputs rm(t) and dm(t) is “embedded” into the DOB

structure (in view of the input-to-output relation).

Remark 2.2.2. The first attempt to embed an internal model into the DOB

structure was found in [YKIH97]. In [YKIH97, PJSB12], multiple integrators

were taken into account as a disturbance model, under the philosophy that any

analytic disturbance can be approximated by a “polynomial-in-time” signal (i.e.,

dm(t) = d0 + d1t + · · · + dkt
k). It has been seen that the resulting DOB with

multiple integrators, called “high-order DOB (or type-k DOB)”, could present a
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better disturbance rejection ability than the conventional DOB. More recently,

the authors of [CT12, JPBS16] proposed linear DOB structures that contain the

generating model of the sinusoidal disturbances (in continuous- and discrete-time

domains, respectively), whose goal is to eliminate the modeled disturbance “ex-

actly” in the steady state. All these studies shared the common idea for embed-

ding the disturbance model (while the details are different) as described in the

above paragraph, which partially motivates the work of this chapter. ♢

2.2.2 Reduced-order Implementation of Disturbance Observer with

Higher Order Numerator of Q-filter

As an intermediate step for the DOB design, in this subsection we implement

the conventional DOB in Figure 1.2 into the state space. In particular, while

a traditional way is to realize the two components P−1
n (s)Q(s; τ) and Q(s; τ) in

the figure directly (as in [SJ07]), we here present another realization of the DOB

by transforming the DOB into an equivalent structure. This alternative method

allows to reduce the total order of the controller and to simplify its performance

analysis, as clarified later.

We begin with the typical expression of the DOB output w(s) in the frequency

domain

w(s) = −Q(s; τ)u(s) + P−1
n (s)Q(s; τ)y(s) (2.2.9)

and with the Q-filter

Q(s; τ) =
clq(τs)

lq + · · ·+ c0

(τs)ν+lq + aν+lq−1(τs)ν+lq−1 + · · ·+ a0
(2.2.10)

so that its relative degree nq − lq is the same as that of the nominal model

Pn(s). By transforming the Byrnes-Isidori normal form (2.1.4) of Pn(s) into the

s-domain, one can rewrite the inverse dynamics P−1
n (s)y(s) of the nominal plant

as follows:

P−1
n (s)y(s) =

1

gn

(
sνy(s)− ψ⊤

n z
†
n(s)− ϕ⊤n [1; s; . . . ; s

ν−1]y(s)
)

(2.2.11)

= − 1

gn
ψ⊤
n z

†
n(s) +

1

gn

(
sν − ϕn,1 − · · · − ϕn,νs

ν−1
)
y(s)



22 Chap. 2. Disturbance Observer with Internal Model

Figure 2.2: Equivalent representation (2.2.13) of conventional DOB based on
Byrnes-Isidori normal form of Pn(s)

where

z†n(s) = (sI − Sn)
−1Gny(s). (2.2.12)

Applying (2.2.11) into (2.2.9) then brings an equivalent representation of w(s)

w(s) = −Q(s; τ)

(
u(s) +

1

gn
ψ⊤
n z

†
n(s)

)
(2.2.13)

+Q(s; τ)
(
sν − ϕn,1 − · · · − ϕn,νs

ν−1
) 1
gn

y(s)

with (2.2.12), whose configuration is shown in Figure 2.2.

Based on this finding, from now on we realize (2.2.13) instead of (2.2.9) in

the state space. Note that for the polynomial Nq(s; τ)
(
sν −ϕn,1−· · ·−ϕn,νsν−1

)
,

its coefficient of si, k = 0, . . . , ν + lq, is computed by

−
i∑

j=0

ϕn,j+1ci−jτ
i−j

(for simplicity, let ϕn,ν+1 = −1, ϕn,ν+2 = · · · = ϕn,ν+lq+1 = 0, and clq+1 = · · · =
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cν+lq = 0). From this fact, one can rewrite the transfer function Q(s; τ)
(
sν −

ϕn,1 − · · · − ϕn,νs
ν−1
)

in (2.2.13), which is biproper and has the high-frequency

gain as clq/τ
ν , as

Q(s; τ)
(
sν − ϕn,1 − · · · − ϕn,νs

ν−1
)

=
clq
τν

+
Nq(s; τ)

(
sν − ϕn,1 − · · · − ϕn,νs

ν−1
)
− (clq/τ

ν)Dq(s; τ)

Dq(s; τ)

=
clq
τν

+
bν+lq−1(τs)

ν+lq−1 + · · ·+ b0

(τs)ν+lq + aν+lq−1(τs)ν+lq−1 + · · ·+ a0
=:

clq
τν

+
Bq(s; τ)

Dq(s; τ)
(2.2.14)

where the coefficients bi, i = 0, . . . , ν + lq − 1, are given by

bi :=
1

τ i

(
−

i∑
j=0

ϕn,j+1ci−jτ
i−j − clqτ

i−νai

)
. (2.2.15)

In short, another representation of w(s) is given by

w(s) =
1

Dq(s; τ)

(
−Nq(s; τ)

(
u(s) +

1

gn
ψ⊤
n z

†
n(s)

)
+ Bq(s; τ)

1

gn
y(s)

)
+

clq
τν

1

gn
y(s). (2.2.16)

Now, by implementing (2.2.12) and the dual-input single-output system (2.2.16)

with respect to the inputs u(s)+ (1/gn)ψ
⊤
n z

†
n(s) and (1/gn)y(s) in the state space

(particularly in the observable canonical form for the latter), we obtain a new

state-space representation of the DOB as follows:

ż†n = Snz
†
n +Gny, (2.2.17a)

ṗ =
(
Aν+lq −Υ−1

ν+lq
(τ)αCν+lq

)
p

−Υ−1
ν+lq

(τ)γ

(
u+

1

gn
ψ⊤
n z

†
n

)
+Υ−1

ν+lq
(τ)β

1

gn
y, (2.2.17b)

w = Cν+lqp+
clq
τν

1

gn
y (2.2.17c)

where z†n ∈ Rnn−ν and q ∈ Rν+lq are the states, u ∈ R and y ∈ R are the inputs,
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and w ∈ R is the output. For a positive integer i ≥ 1,

Υi(τ) := diag(τ, . . . , τ i) ∈ Ri×i, (2.2.18)

and the vectors α ∈ Rν+lq , β ∈ Rν+lq , and γ ∈ Rν+lq are defined as

α :=


aν+lq−1

aν+lq−2

...

a0

 , β :=


bν+lq−1

bν+lq−2

...

b0

 , γ :=


0ν−1

cν+lq−1

...

c0

 . (2.2.19)

We emphasize that the total order of the state-space realization (2.2.17) is now

n+ lq, which is less than that obtained from the conventional way in [SJ07].

Remark 2.2.3. The work in this subsection in fact generalizes the previous result

of [BS14], in the sense that the Q-filter (2.2.10) here is allowed to have a higher

order numerator (i.e., lq ̸= 0). This additional freedom will play a crucial role

in achieving both robust stability of the closed-loop system and the constraint

(2.2.7) for embedding the internal model of [rm(t); dm(t)] at once. ♢

2.2.3 Design of Disturbance Observer with Internal Model

Based on the results of the previous subsection, we now construct the con-

troller (2.1.8) of interest as the combination of the reduced-order DOB (2.2.17),

the baseline controller

ċ = Ec+ F (r − y), uBL = Jc+K(r − y) (2.2.20)

having the same structure as the nominal controller (2.1.4), and the composite

control law

u = uBL − sw(w), (2.2.21)

while the saturation function sw : R → R and the parameters ai, ci, and τ of the

DOB will be determined throughout this subsection.



2.2. Controller Design 25

Firstly, we set the dimension lq of the numerator of Q(s; τ) in (2.2.10) as 2nm.

Then choose the coefficients ai, i = 0, . . . , 2nm − 1, of the denominator of Q(s; τ)

such that the transfer function

sν+2nm + aν+2nm−1s
ν+2nm−1 + · · ·+ a2nm+1s

2nm+1 +
g

gn
a2nms

2nm + · · ·+ g

gn
a0

sν+2nm + aν+2nm−1sν+2nm−1 + · · ·+ a2nm+1s2nm+1 +
g

gn
a2nms

2nm + · · ·+
g

gn
a0

(2.2.22)

is strictly positive real (SPR) [Kha96, Chapter 6] where g and g are the bounds of

the high-frequency gain g of the plant (2.1.1) (in Assumption 2.1.1). As pointed

out in the following theorem, finding the coefficients ai is always possible even for

a general form of (2.2.22).

Theorem 2.2.1. For given g ≥ g > 0 and gn > 0 and positive integers k and j,

there exist ai, i = 0, . . . , k + j − 1, such that the transfer function

Zk,j(s) :=

sk+j + ak+j−1s
k+j−1 + aj+1s

j+1 +
g

gn
ajs

j + · · ·+ g

gn
a0

sk+j + ak+j−1sk+j−1 + aj+1sj+1 +
g

gn
ajsj + · · ·+

g

gn
a0

(2.2.23)

is SPR. ♢

Notice that the transfer function (2.2.22) in our case is nothing but Zk,j(s) in

(2.2.23) with k = ν and j = 2nm.

Two ways of deriving such ai are presented in Appendix A.1. First, as a

concrete proof of the theorem, a recursive design guideline is provided in Ap-

pendix A.1.1. While the recursive method may be complicated and even bring a

conservative value in some cases, we also introduce a bilinear matrix inequality

(BMI)-based design method in Appendix A.1.2 by recasting the problem in The-

orem 2.2.1 as an optimization problem.

Next, for the selection of ci, define a bundle of Vandermonde matrices

Wi(θ; τ) :=


1 (−τ2θ1)1 · · · (−τ2θ1)i
...

...
...

1 (−τ2θnm)
1 · · · (−τ2θnm)

i

 ∈ Rnm×(i+1) (2.2.24)
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where θ = [θ1; · · · ; θnm ] := [σ21; · · · ;σ2nm
]. It is noticed thatWnm−1(θ; τ) is a square

matrix whose determinant is given by

det
(
Wnm−1(θ; τ)

)
= −τ2

∏
i ̸=j

(θi − θj), (2.2.25)

and thus it is invertible for any τ > 0 and distinct frequencies σi of the sinusoids

(2.1.7). With τ to be determined later in Theorem 2.2.3, the coefficients ci of the

Q-filter (2.2.10) are selected as
c1

c3
...

c2nm−1

 =W−1
nm−1(θ; τ)Wnm−1+ 1

2
(ν+n⋆)(θ; τ)αodd, (2.2.26a)


c2

c4
...

c2nm

 =W−1
nm−1(θ; τ)Wnm−1+ 1

2
(ν−n⋆)(θ; τ)αeven, (2.2.26b)

and c0 = a0 where

• if ν is even, then n⋆ := 0 and

αodd :=


a1

a3
...

aν+2nm−1

 ∈ R(ν+2nm)/2, αeven :=



a2

a4
...

aν+2nm−2

1


∈ R(ν+2nm)/2;
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• if ν is odd, then n⋆ := 1 and

αodd :=



a1

a3
...

aν+2nm−2

1


∈ R(ν+2nm+1)/2, αeven :=


a2

a4
...

aν+2nm−1

 ∈ R(ν+2nm−1)/2.

Since each coefficient ci in (2.2.26) is a function of τ and σ, we often use ci(θ; τ)

and γ(θ; τ) instead of ci and γ, respectively.

It is important to note that the fundamental reason for the selection of ci is

to put the internal model of [rm(t); dm(t)] into the DOB structure in the sense of

(2.2.7) (even regardless of the design parameters ai and τ > 0), as in the following

lemma-.

Lemma 2.2.2. For any given ai, τ > 0, and σi > 0, the coefficients ci(θ; τ)

selected as in (2.2.26) satisfy the equality (2.2.7). Moreover, they have the form

of ci(θ; τ) = ai + τ2c̃i(θ; τ), i = 0, . . . , 2nm, where each c̃i(θ; τ) is a polynomial of

τ . ♢

Proof. For the first item, it is enough to show that

[
Dq(s; τ)−Nq(s; τ)

]
s=±jσi

= 0

for all i = 1, . . . , nm (while Dq(0; τ)−Nq(0; τ) = 0 because a0 = c0). On the other

hand, the second item is trivial, because

W−1
nm−1Wnm−1+ 1

2
(ν−n⋆)

=
[
Inm diag

(
(−τ2θ1)nm , . . . , (−τ2θnm)

nm
)
×W 1

2
(ν−n⋆)

]
.

For the detailed proof, the readers are referred to [JPBS16].

On the other hand, even though ci(θ; τ) themselves may seem ill-defined when

τ = 0 (by its definition), the second item of the proposition shows limτ↓0 ci(θ; τ) =

ai which enables us to take ci(θ; 0) = ai for the analysis to come.
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Notice that once ai, ci, and τ are given, the remaining coefficients bi = bi(θ; τ)

are automatically selected as in (2.2.15).

As the last step, the saturation function s̄w for the output w of the DOB in

(2.2.21) is designed below. For this purpose, we take into account the nominal

closed-loop system (2.1.3) and (2.1.4) together with an “auxiliary” internal dy-

namics

żaux = Szaux +Gyn = Szaux +GCνxn, (2.2.27)

which mimics the actual z-dynamics (2.1.1a) with the input replaced by the nom-

inal output yn, and with the same initial condition zaux(0) = z(0) ∈ Z0. For this

extended nominal closed-loop system, let the scalar signal

dtotal,n :=
1

g

(
ψ⊤zaux + ϕ⊤xn + g

(
Jcn +K(r − Cνxn) + d

)
− ψ⊤

n zn − ϕ⊤n xn − gn
(
Jcn +K(r − Cνxn)

))
(2.2.28)

be an additional output. (It will be clarified shortly that dtotal,n in (2.2.28) indi-

cates a nominal counterpart of the total disturbance in the time domain, which

will be captured by the proposed DOB.) Then the extended system with re-

spect to the input [r(t); d(t)] and the output [yn(t); dtotal,n(t)] is bounded-input

bounded-output (BIBO) stable, because S is Hurwitz (by Assumption 2.1.2), and

the nominal closed-loop system (2.1.3) and (2.1.4) is internally stable (by As-

sumption 2.1.3). It follows that the set of the partial output dtotal,n(t)

Dtotal,n :=
{
dtotal,n(t) generated by (2.1.3), (2.1.4), and (2.2.27)

: zaux(0) ∈ Z0, [zn(0);xn(0); cn(0)]×Z0
n ×X 0 × C0

n , (2.2.29)

∥[r(t); ṙ(t)]∥ ≤ r, ∥[d(t); ḋ(t)]∥ ≤ d, t ≥ 0
}
⊂ R

is a bounded set. Finally, with a strictly larger compact set Dtotal,n ⊐ Dtotal,n, we

design sw in (2.2.21) as a C1 and bounded function such that

sw(w) = w, ∀w ∈ Dtotal,n and 0 ≤ d

dw
sw ≤ 1, ∀w ∈ R. (2.2.30)
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Plant

Figure 2.3: Closed-loop system with proposed DOB-based controller (2.2.17),
(2.2.20), and (2.2.21)

In summary, with the design parameters determined above and sufficiently

small τ > 0, the proposed controller in this chapter consists of the (reduced-

order) DOB (2.2.17) with the internal model, the baseline controller (2.2.20), and

the composite control law (2.2.21), as is seen in Figure 2.3. We close this section

by introducing our main result on the asymptotic NPR in Definition 2.1.1, whose

detailed proof is given in the next section.

Theorem 2.2.3. Suppose that Assumptions 2.1.1–2.1.4 hold. Then for given ϵ >

0, there is τ > 0 such that the proposed DOB-based controller (2.2.17), (2.2.20),

and (2.2.21) recovers nominal performance in an asymptotic sense with ϵ-bound

for all τ ∈ (0, τ). In particular, an initial condition [z†n(0); q(0); c(0)] of the con-

troller corresponding to the nominal output trajectory yn(t) with [zn(0); cn(0)] ∈
Z0
n × C0

n is given by [z†n(0); p(0); c(0)] = [zn(0); 0ν ; cn(0)]. ♢

2.3 Performance Analysis

The proof of Theorem 2.2.3 will be proceeded as follows. In Subsection 2.3.1,

we first transform the entire DOB-controlled system (2.1.1), (2.2.17), (2.2.20),

and (2.2.21) into a singular perturbation form [KKO99, Kha96], especially taking

into account the generating model of the modeled external input [rm(t); dm(t)].
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After that, to figure out transient and steady-state behaviors of the transformed

system, Subsection 2.3.2 presents Lyapunov analysis in the sense of the singular

perturbation theory, from which the proof of the theorem is concluded.

For convenience, hereinafter we often drop the terms (θ) and (θ; τ) in the

variable and the subscript i in the matrix Υi if trivial.

2.3.1 Coordinate Transformation to Singular Perturbation Form

We first employ stacked state variables

χ :=


z†n

x

c

 ∈ Rn+nc and χn :=


zn

xn

cn

 ∈ Rn+nc (2.3.1)

of the actual closed-loop system (2.1.1), (2.2.17), (2.2.20), and (2.2.21), and the

nominal closed-loop system (2.1.3) and (2.1.4), respectively. The initial condition

χn(0) is set to χ(0) (as in the statement of Definition 2.1.1).

To compute the time derivatives of the new variables, we express the x-

dynamics (2.1.1b) using the nominal components in (2.1.3b) as follows:

ẋ = Aνx+Bν

(
ψ⊤
n z

†
n + ϕ⊤n x+ gnuBL

)
−Bνg

(
sw(w)− dtotal

)
(2.3.2)

where dtotal ∈ R is defined by

dtotal :=
1

g

(
ψ⊤z + ϕ⊤x+ g

((
Jc+K(r − Cνx)

)
+ gd

)
(2.3.3)

− ψ⊤
n z

†
n − ϕ⊤n x− gn

(
Jc+K(r − Cνx)

))
.

Then with An given in Assumption 2.1.3 and the new definitions

Bn :=


0

gnBνK

F

 , Cn :=
[
0⊤ Cν 0⊤

]
, Eχ :=


0

−Bνg

0

 , (2.3.4)
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it is easy to obtain that

y = Cnχ, χ̇ = Anχ+ Bnr + Eχ

(
sw(w)− dtotal

)
, (2.3.5)

and

yn = Cnχn, χ̇n = Anχn + Bnr. (2.3.6)

It is important to note that if the output of the DOB w(t) satisfies

w(t) ≡ dtotal(t) ∈ Dtotal,n, (2.3.7)

then the actual χ-dynamics (2.3.5) is the same as the nominal one (2.3.6) exactly

and so, the NPR of our interest is completely achieved (that is, y(t) ≡ yn(t)). From

this viewpoint, we call dtotal in (2.3.3) as the “total disturbance” [SPJ+16, Han09].

For further analysis, let us define a nonsingular matrix

Φn :=



1 0 · · · 0 0

−ϕn,ν 1 0 0
...

. . .
...

−ϕn,3 −ϕn,4 · · · 1 0

−ϕn,2 −ϕn,3 · · · −ϕn,ν 1


∈ Rν×ν . (2.3.8)

In addition, with the new symbols

ϕn :=


ϕn,ν

...

ϕn,1

 ∈ Rν , (2.3.9a)

Γ(θ; τ) :=
[
Aν−1

ν+lq
Υ−1γ · · · Υ−1γ

]
∈ R(ν+lq)×ν , (2.3.9b)

the vector β = β(θ; τ) in (2.2.19) can be expressed in a simpler form

β = Υ
(
−

clq
τν

Υ−1α+Aν
ν+lqΥ

−1γ − ϕn,νA
ν−1
ν+lq

Υ−1γ − · · · − ϕn,1Υ
−1γ

)
= −

clq
τν
α+ΥAν

ν+lqΥ
−1γ −Υν+lqΓϕn. (2.3.10)
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We then obtain the following lemma, by which the p-dynamics (2.2.17b) can be

viewed as a “fast” dynamics from the perspective of the singular perturbation

theory.

Lemma 2.3.1. In the coordinate change

η :=
1

τ
Υν+lq(τ)

(
p+ Γ(θ; τ)Φn

1

gn
x

)
, (2.3.11)

where Φn and Γ(θ; τ) are given in (2.3.8) and (2.3.9a), respectively, the p-dynamics

(2.2.17b) is transformed into

τ η̇ =
(
Aν+lq − αCν+lq

)
η (2.3.12)

+

(
1− g

gn

)
γ(θ; τ)sw

(
Cν+lqη

)
+

g

gn
γ(θ; τ)dtotal.

♢

Proof. Using the p-dynamics (2.2.17b), the control input (2.2.21), and the x-

dynamics (2.3.2), one can differentiate η in (2.3.11) as

η̇ =
1

τ
Υṗ+

1

τ
ΥΓΦn

1

gn
ẋ

=
1

τ
Υ

[(
Aν+lq −Υ−1αCν+lq

)
p (2.3.13)

−Υ−1γ

(
uBL − sw (w) +

1

gn
ψ⊤
n z

†
n

)
+Υ−1β

1

gn
Cνx

]
+

1

τ
ΥΓΦn

1

gn

[(
Aν +Bνϕ

⊤
n

)
x

+ gnBν

(
uBL +

1

gn
ψ⊤
n z

†
n

)
− gBν

(
sw(w)− dtotal

)]
=

1

τ
Υ
(
Aν+lq −Υ−1αCν+lq

)
p+

1

τ

(
γ −ΥΓΦnBν

g

gn

)
sw(w)

+
1

τ
(−γ +ΥΓΦnBν)

(
uBL +

1

gn
ψ⊤
n z

†
n

)
+

1

τ
Υ
{
Υ−1βCν + ΓΦn(Aν +Bνϕ

⊤
n )
} 1

gn
x+

1

τ
ΥΓΦnBν

g

gn
dtotal.

=
1

τ
Υ
(
Aν+lq −Υ−1αCν+lq

)
p+

1

τ

(
1− g

gn

)
γsw(w) (2.3.14)
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+
1

τ
Υ
{
Υ−1βCν + ΓΦn(Aν +Bνϕ

⊤
n )
} 1

gn
x+

1

τ
γ
g

gn
dtotal

where the last equality comes from

ΥΓ(ΦnBν) = ΥΓBν = γ. (2.3.15)

From now on, we claim that the matrix in the bracket of the last law satisfies

Υ−1βCν + ΓΦn(Aν +Bνϕ
⊤
n ) = (Aν+lq −Υ−1αCν+lq)ΓΦn. (2.3.16)

Indeed, by the expression of β in (2.3.10), one has

Υ−1βCν + ΓΦn(Aν +Bνϕ
⊤
n ) (2.3.17)

=
(
−
clq
τν

Υ−1α+Aν
ν+lqΥ

−1γ − Γϕn

)
Cν + ΓΦn(Aν +Bνϕ

⊤
n )

= −
clq
τν

Υ−1αCν +Aν
ν+lqΥ

−1γCν + Γ
(
−ϕnCν +Φn(Aν +Bνϕ

⊤
n )
)
.

To proceed, we derive

− ϕnCν +Φn(Aν +Bνϕ
⊤
n )

=



−ϕn,ν 0 · · · 0 0

−ϕn,ν−1 0 · · · 0 0
...

...
...

...

−ϕn,2 0 · · · 0 0

−ϕn,1 0 · · · 0 0


+



0 1 0 0

0 −ϕn,ν
. . . 0 0

...
...

. . .

0 −ϕn,3 −ϕn,ν 1

ϕn,1 0 · · · 0 0



=



−ϕn,ν 1 0 0
...

...
. . .

...
...

−ϕn,3 −ϕn,4 1 0

−ϕn,2 −ϕn,3 · · · −ϕn,ν 1

0 0 · · · 0 0


= AνΦn. (2.3.18)
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From (2.3.18) and Cν = CνΦn, the last two terms in (2.3.17) are computed by

Aν
ν+lqΥ

−1γCν + Γ
(
−ϕnCν +Φn(Aν +Bνϕ

⊤
n )
)

= Aν
ν+lqΥ

−1γCν +
[
Aν−1

ν+lq
Υ−1γ · · · Υ−1γ

]
AνΦn

= Aν
ν+lqΥ

−1γCνΦn +
[
0ν+lq Aν−1

ν+lq
Υ−1γ · · · Aν+lqΥ

−1γ
]
Φn

= Aν+lqΓΦn. (2.3.19)

By applying (2.3.19) and

(Cν+lqΓ)Φn =
clq
τν
CνΦn =

clq
τν
Cν (2.3.20)

to (2.3.17), the claim is proved.

With the matrix equalities (2.3.16) and

p = τΥ−1η − ΓΦn
1

gn
x, w = η1 = Cν+lqη, (2.3.21)

it is easy to see that the time derivative of η in (2.3.14) becomes

η̇ =
1

τ
Υ
(
Aν+lq −Υ−1αCν+lq

)(
p+ ΓΦn

1

gn
x
)
+

1

τ

(
1− g

gn

)
γsw(w) +

1

τ
γ
g

gn
dtotal

=
1

τ
Υ
(
Aν+lq −Υ−1αCν+lq

)
τΥ−1η +

1

τ

(
1− g

gn

)
γsw(Cν+lqη) +

1

τ
γ
g

gn
dtotal.

(2.3.22)

Finally, substituting

ΥAν+lqΥ
−1 =

1

τ
Aν+lq , Cν+lqΥ

−1 =
1

τ
Cν+lq (2.3.23)

to (2.3.22) concludes the proof of the lemma.

We have observed that in the coordinate (2.3.11) for the state p, the actual

closed-loop system (2.1.1), (2.2.17), (2.2.20), and (2.2.21) is represented as a stan-

dard singular perturbation form with respect to the perturbation parameter τ ,
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consisting of (2.1.1a), (2.3.5) and (2.3.12). Following the convention of the sin-

gular perturbation theory [Kha96, KKO99], in what follows we call η as “fast”

variable, while the remaining variables z, χ, dtotal, r, and d as “slow” variables.

In order to analyze the nature of the fast variable η, we shall study the “bound-

ary layer” of the singularly perturbed system (2.1.1a), (2.3.5) and (2.3.12). For

this purpose, assume for now that all the slow variables are frozen as their initial

values (that is,

z = z(0) ∈ Z0, χ = χn(0) ∈ Z0
n ×X 0 × C0

n , (2.3.24)

z = z(0) ∈ Z0, χ = χn(0) ∈ Z0
n × X 0 × C0

n and dtotal = dtotal,n(0) ∈ Dtotal,n), and

compute a solution η⋆ = [η⋆1; · · · ; η⋆ν+lq
] of the degenerating equation

0 =
(
Aν+lq − αCν+lq

)
η⋆ +

(
1− g

gn

)
γ(θ; 0)sw

(
Cν+lqη

⋆
)

+
g

gn
γ(θ; 0)dtotal, (2.3.25)

which is derived by putting τ = 0 into the fast dynamics (2.3.12). In particular,

the last row of (2.3.25) is given by

0 = −a0η
⋆
1 +

(
1− g

gn

)
c0(θ; 0)sw

(
Cν+lqη

⋆
)
+

g

gn
c0(θ; 0)dtotal (2.3.26)

= a0

(
−η⋆1 +

(
1− g

gn

)
sw
(
η⋆1
)
+

g

gn
dtotal

)
where a0 = c0(θ; 0) is used. We note that the right-hand side of the last row is a

monotonically decreasing function of η⋆1, because for any a0 > 0 and 0 < g ≤ g ≤
g,

∂

∂η⋆1
a0

(
−η⋆1 +

(
1− g

gn

)
sw
(
η⋆1
)
+

g

gn
dtotal

)
= a0

(
−1 +

(
1− g

gn

)
∂sw
∂η⋆1

)
≤ −a0

g

gn
< 0, ∀η⋆1 ∈ R (2.3.27)

by the construction of sw. (See (2.2.30).) This yields that the solution η⋆1 of

(2.3.26) (and thus η⋆ of the overall equation (2.3.25)) is “uniquely” determined.
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Moreover, using the fact that the frozen variable dtotal satisfies sw
(
dtotal

)
=

dtotal ∈ Dtotal,n, one can easily find out the explicit form of η⋆ as

η⋆ =



1

aν+µ−1

...

aµ+1

0µ


dtotal =: α⋆dtotal. (2.3.28)

In accordance with the singular perturbation theory [Kha96, KKO99], η⋆ in

(2.3.28) is called the “quasi-steady-state” of the fast variable η.

We remark that if the fast variable η(t) lies on the boundary layer η = η⋆

from the beginning, then

w(t) = η1(t) ≡ η⋆1(t) = dtotal(t)

and therefore, the nominal performance is exactly recovered (as aforementioned

below (2.3.7).) Thus the singular perturbation theory [Kha96, KKO99] may say

that, as long as the stability of the slow and fast subsystems is guaranteed and

τ is chosen sufficiently small, the output y(t) of the χ-dynamics (2.3.5) converges

to and remains close to the nominal output yn(t) of the χn-dynamics (2.3.6).

However, this interpretation is not yet sufficient for the “asymptotic” NPR. One

of the obstacles we encounter is that the standard singular perturbation theory

[Kha96, KKO99] leads to approximate consequences in general, which makes it

vague whether or not y(t) “asymptotically” converges to yn(t) when [ru(t); du(t)] ≡
0.

As a remedy to this issue, from now on we extend the quasi-steady-state η⋆

in (2.3.28) in the sense that the effect of the modeled inputs rm(t) and dm(t)

comes out explicitly. For this, we first revisit the auxiliary output dtotal,n(t) of the

extended nominal closed-loop system (2.2.27) and (2.3.6). In accordance with the

linear system theory, the steady-state response of dtotal,n(t), denoted by d⋆total,n(t),
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can be decomposed as

d⋆total,n(t) = d⋆total,nu(t) + d⋆total,nm(t) (2.3.29)

where the partial steady-state response d⋆total,nu(t) and d⋆total,nm(t) correspond to

the unmodeled input [ru(t); du(t)] and the modeled one [rm(t); dm(t)], respectively.

In particular, the latter must have the sinusoidal form

d⋆total,nm(t) =M⋆
total,nm,0 +

nm∑
i=1

M⋆
total,nm,i sin(σit+ φ⋆

total,nm,i) (2.3.30)

for some constants M⋆
total,nm,i and φ⋆

total,nm,,i ∈ [0, π). Now let υ⋆m(t, θ; τ) be the

sufficiently smooth signal

υ⋆m =


υ⋆m,1

...

υ⋆m,ν+lq

 :=
(
γ(θ; τ)− γ(θ; 0)

)
d⋆total,nm − τα⋆ḋ⋆total,nm. (2.3.31)

At last, an extension of the quasi-steady-state η⋆ is given by

η⋆ext := η⋆ −



0

υ⋆m,1

τυ⋆m,1
(1) + υ⋆m,2

...∑ν+lq−1
j=1 τν+lq−1−jυ⋆m,j

(ν+lq−1−j)



= α⋆dtotal −



0

υ⋆m,1(t)

τυ⋆m,1
(1) + υ⋆m,2

...∑ν+lq−1
j=1 τν+lq−1−jυ⋆m,j

(ν+lq−1−j)


. (2.3.32)

The extended quasi-steady-state η⋆ext in (2.3.32) is slightly shifted from the tra-

ditional one η⋆(t) in (2.3.28), by an amount proportional to τ and [rm(t); dm(t)];

that is, if τ = 0 or there is no modeled input (i.e., [rm(t); dm(t)] ≡ 0), then the
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additional term in (2.3.32) disappears and thus η⋆ext = η⋆.

With the notion of the extended quasi-steady-state, we are now ready to

present an error dynamics to be used for the convergence analysis.

Lemma 2.3.2. In the coordinate changes

z̃ := z − zaux, χ̃ :=


z†n

x

c

−


zn

xn

cn

 , η̃ext := η − η⋆ext, (2.3.33)

in which η and η⋆ext are defined in (2.3.11) and (2.3.32), the closed-loop system

(2.1.1), (2.2.17), (2.2.20), and (2.2.21) is transformed into

˙̃z = Sz̃ +GCnχ̃, (2.3.34a)

˙̃χ = Anχ̃+ EχΩ
(
Cν+lq η̃ext, dtotal

)
, (2.3.34b)

ỹ := Cnχ̃, dtotal = dtotal,n(t) + Ctotal,1z̃ + Ctotal,2χ̃ (2.3.34c)

and

τ ˙̃ηext = (Aν+lq − αCν+lq)η̃ext +

(
1− g

gn

)
γ(θ; 0)Ω

(
Cν+lq η̃ext, dtotal

)
+ δ(t, η̃ext,1, dtotal; τ) (2.3.35)

where An, Cn, and Eχ are given in (2.1.5) and (2.3.4),

Ctotal,1 :=
1

g
ψ⊤, (2.3.36a)

Ctotal,2 :=
1

g

[
−ψ⊤

n (ϕ⊤ − ϕ⊤n )− (g − gn)KCν (g − gn)J
]
, (2.3.36b)

and

Ω(η̃ext,1, dtotal) := sw(w)− dtotal

= sw
(
Cν+lq η̃ext,1 + dtotal

)
− dtotal, (2.3.37a)

δ(t, η̃ext,1, dtotal; τ) :=

(
1− g

gn

)(
γ(θ; τ)− γ(θ; 0)

)
Ω(η̃ext,1, dtotal)
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+
(
γ(θ; τ)− γ(θ; 0)

)
(dtotal − d⋆total,nm(t))

− τα⋆(ḋtotal − ḋ⋆total,nm(t)). (2.3.37b)

♢

Proof. The slow error dynamics (2.3.34) is easily obtained by subtracting the

(zaux, χn)-dynamics (2.2.27) and (2.3.6) from the (z, χ)-dynamics (2.1.1a) and

(2.3.6) and by noting that

w = Cν+lqη = Cν+lq η̃ext + Cν+lqη
⋆
ext = Cν+lq η̃ext + dtotal.

In order to derive the fast error dynamics (2.3.35), we first consider an interme-

diate error variable η̃ := η − η⋆ with the original quasi-steady-state η⋆, which

satisfies

η̃ext,1 = η̃1, (2.3.38a)

η̃ext,i+1 = η̃i+1 + τ

i−1∑
j=1

τ i−1−jυ⋆m,j
(i−j) + υ⋆m,i, (2.3.38b)

∀i = 1, . . . , ν + lq − 1,

by definition. It follows from the η-dynamics (2.3.12) and (2.3.38a) that

τ ˙̃η = τ η̇ − τ η̇⋆ (2.3.39)

=
(
Aν+lq − αCν+lq

)
η̃ +

(
1− g

gn

)
γ(θ; 0)Ω(Cν+lq η̃, dtotal)

+

(
1− g

gn

)(
γ(θ; τ)− γ(θ; 0)

)
Ω(Cν+lq η̃, dtotal)

+
(
γ(θ; τ)− γ(θ; 0)

)
dtotal − τα⋆ḋtotal

=
(
Aν+lq − αCν+lq

)
η̃ +

(
1− g

gn

)
γ(θ; 0)Ω(Cν+lq η̃, dtotal)

+ υ⋆m(t, θ; τ) + δ(t, Cν+lq η̃, dtotal; τ).

Now, by differentiating η̃ext in (2.3.32) and by applying (2.3.39) and (2.3.38b) to
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the result, we have the η̃ext-dynamics as follows:

τ ˙̃ηext = (Aν+lq − αCν+lq)η̃ext +

(
1− g

gn

)
γ(θ; 0)Ω

(
Cν+lq η̃ext, dtotal

)
+ δ(t, Cν+lq η̃ext, dtotal; τ) +Bν+lq

ν+lq∑
j=1

τν+lq−jυ⋆m,j
(ν+lq−j). (2.3.40)

The proof of the lemma is then completed by showing that the summation in

(2.3.40) is actually zero. Indeed, each component of υ⋆m(t) in (2.3.31) is represented

by (for convenience, aν+lq := 1)

υ⋆m,j(t, θ; τ)

=


−τaν+lq+1−j ḋ

⋆
total,nm(t), j = 1, . . . , ν − 1,

(clq(θ; τ)− alq)d
⋆
total,nm(t)− τalq+1ḋ

⋆
total,nm(t), j = ν,

(cν+lq−j(θ; τ)− aν+lq−j)d
⋆
total,nm(t), j = ν + 1, . . . , ν + lq.

Hence, with the differential operator s := d/dt, one has

ν+lq∑
j=1

(τs)ν+lq−jυ⋆m,j(t, θ; τ)

=
ν−1∑
j=1

(τs)ν+lq−j
(
−aν+lq+1−j(τs)

)
d⋆total,nm(t)

+ (τs)lq
(
(clq(θ; τ)− alq)− alq+1(τs)

)
d⋆total,nm(t)

+

ν+lq∑
j=ν+1

(τs)ν+lq−j
(
cν+lq−j(θ; τ)− aν+lq−j

)
d⋆total,nm(t)

=
[
− aν+lq(τs)

ν+lq − aν+lq−1(τs)
ν+lq−1 − · · · − a0

+ clq(θ; τ)(τs)
lq + · · ·+ c0(θ; τ)

]
d⋆total,nm(t)

= −
[
Dq(s; τ)−Nq(s; τ)

]
d⋆total,nm(t)

where Nq(s; τ) and Dq(s; τ) are the numerator and denominator of Q(s; τ) in

(2.2.10). Since the coefficients ci(θ; τ) are chosen such that (2.2.7) holds for any

given ai and τ > 0 (as in Proposition 2.2.2), the sinusoid d⋆total,nm(t) in (2.3.30)
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(whose frequencies are σi) satisfies

ν+lq∑
j=1

(τs)ν+lq−jυ⋆m,j(t, θ; τ) = −
[
Dq(s; τ)−Nq(s; τ)

]
d⋆total,nm(t)

= −s

nm∏
i=1

(s2 + σ2i )Rq(s; τ)d
⋆
total,nm(t) = 0,

which concludes the proof of the lemma.

We also remark some properties of the nonlinear functions Ω and δ in (2.3.37),

which will be useful in the following analysis.

Lemma 2.3.3. Suppose that the inclusion

dtotal = dtotal,n + Ctotal,1z̃ + Ctotal,2χ̃ ∈ Dtotal,n (2.3.41)

holds. Then the following statements are satisfied.

(a) Ω(0, dtotal) = 0 and Ω(η̃ext,1, dtotal) belongs to the sector [0, 1] with respect

to the input η̃ext,1: that is,

0 ≤ ∂

∂η̃ext,1
Ω
(
η̃ext,1, dtotal

)
≤ 1 (2.3.42)

(b) For τ ∈ (0, 1),

∥δ
(
t, η̃ext,1, dtotal; τ

)
∥ ≤ τkδ,1∥z̃∥+ τkδ,2 ∥χ̃∥+ τkδ,3∥η̃ext∥

+ τkδ,4

(
sup

0≤ρ≤t

∥∥∥[ru(ρ); ṙu(ρ); du(ρ); ḋu(ρ)]∥∥∥)
+ τkδ,5e

−hδt

where kδ,j , j = 1, . . . , 4, and hδ are positive constants independent of τ .

♢

Proof. The item (a) is trivial, because of the construction of sw. For the item (b),
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we rewrite the difference between dtotal and d⋆total,nm as

dtotal − d⋆total,nm

= (dtotal − dtotal,n) + (dtotal,n − d⋆total,n) + (d⋆total,n − d⋆total,nm)

= Ctotal,1z̃ + Ctotal,2χ̃+ (dtotal,n − d⋆total,n) + d⋆total,nu. (2.3.43)

in which the last equality results from (2.3.29). It is noted that the second

term dtotal,n(t) − d⋆total,n(t) implies the transient response of dtotal,n(t) by defi-

nition, which vanishes exponentially as time goes on. On the other hand, for

the partial steady-state response d⋆total,nu(t) corresponding to [ru(t); du(t)], one

can obtain an upper bound of ∥[d⋆total,nu(t); ḋ⋆total,nu(t)]∥ that is proportional to

sup0≤ρ≤t ∥[ru(ρ); ṙu(ρ); du(ρ); ḋu(ρ)]∥. Consequently, the item (b) is derived from

the item (a), the (z̃, χ̃)-dynamics (2.3.34), the equality (2.3.43), and the fact

that ∥γ(θ; τ) − γ(θ; 0)∥ ≤ kγτ for a τ -independent constant kγ > 0 and for all

τ ∈ (0, 1).

2.3.2 Lyapunov Analysis

Based on the results of the previous subsection, the rest of this section is

devoted to prove Theorem 2.2.3 with the error dynamics (2.3.34) and (2.3.35).

To this end, we now present a Lyapunov function candidate for the singu-

larly perturbed system (2.3.34) and (2.3.40) as follows. For the slow subsystems

(2.3.34a) and (2.3.34b) whose system matrices S and An are Hurwitz, define

Vslow
(
z̃, χ̃
)
:= z̃⊤Pzz̃ + χ̃⊤Pχχ̃ (2.3.44)

where the matrices Pz = P⊤
z > 0 and Pχ = P⊤

χ > 0 are the solutions of the

Lyapunov equations

S⊤Pz + PzS = −I, A⊤
n Pχ + PχAn = −I. (2.3.45)

To obtain a Lyapunov function for the fast subsystem (2.3.32), let us consider the

“boundary-layer system” of the singular perturbation form (2.3.34) and (2.3.35),
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which is given by

d

dς
η̃ext = (Aν+lq − αCν+lq)η̃ext +

(
1− g

gn

)
γ(θ; 0)Ω

(
Cν+lq η̃ext, dtotal

)
(2.3.46)

where ς := t/τ is a scaled time variable, and the slow variable dtotal in (2.3.46) is

assumed to be frozen as dtotal = dtotal(0) ∈ Dtotal,n. We claim that the origin of

the boundary-layer system (2.3.46) is globally exponentially stable. Indeed, with

the symbols uη := −(g/gn − 1)Ω and yη := Cν+lq η̃ext, one can rewrite (2.3.46)

into the form of a Lur’e-type system [Kha96]

d

dς
η̃ext = (Aν+lq − αCν+lq)η̃ext + γ(θ; 0)uη, yη = Cν+lq η̃ext, (2.3.47a)

uη = −
(
g

gn
− 1

)
Ω
(
yη, dtotal(t)

)
. (2.3.47b)

where t = ς/τ . Notice that for the linear subsystem (2.3.47a) (from uη to yη), its

transfer function is given by

Cν+lq(sI −Aν+lq + αCν+lq)
−1γ(θ; 0)

=
alqs

lq + · · ·+ a1s+ a0

sν+lq + aν+lq−1sν+lq−1 + · · ·+ a1s+ a0
.

where the equalities ci(0) = ai(0), i = 0, . . . , nm are used. Then by the selection

of ai, it follows that

1 + (g/gn − 1)Cν+lq(sI −Aν+lq + αCν+lq)
−1γ(θ; 0)

1 + (g/gn − 1)Cν+lq(sI −Aν+lq + αCν+lq)
−1γ(θ; 0)

= Zν,lq(s)

is SPR [Kha96]. In addition, the item (a) of Lemma 2.3.3 and Assumption 2.1.1

imply that as long as dtotal is included in Dtotal,n (which is the case when the

slow variables are frozen), the nonlinear function (g/gn−1)Ω in (2.3.47b) belongs

to the sector [g/gn − 1, g/gn − 1] with respect to the input yη. As a result, the

circle criterion [Kha96, Theorem 7.1] concludes that the origin of the Lur’e-type

system (2.3.47) (and thus that of the boundary-layer system (2.3.46)) is globally
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exponentially stable; more precisely, there exists a quadratic Lyapunov function

Vfast(η̃ext) = η̃⊤extPηη̃ext (2.3.48)

with a positive definite matrix Pη = P⊤
η > 0 such that the time derivative of Vfast

along with (2.3.47) is given by

τ V̇fast =
(
(Aν+lq − αCν+lq)η̃ext + γ(θ; 0)uη

)⊤
Pηη̃ext (2.3.49)

+ η̃⊤extPη

(
(Aν+lq − αCν+lq)η̃ext + γ(θ; 0)uη

)
≤ −η̃⊤extη̃ext.

We note in advance that (2.3.49) is still valid even if dtotal(t) in (2.3.47) is not

frozen but slowly varying and satisfies (2.3.41). Finally, integrating two partial

candidates Vslow and Vfast into one, a Lyapunov function candidate for the overall

system (2.3.34) and (2.3.35) is presented as follows:

V
(
z̃, χ̃, η̃ext

)
:= Vslow(z̃, χ̃) + τVfast(η̃ext)

= z̃⊤Pzz̃ + χ̃⊤Pχχ̃+ τ η̃⊤extPηη̃ext (2.3.50)

For simplicity, in what follows we will use V (t) instead of V (z̃(t), χ̃(t), η̃ext(t))

(and Vslow(t) and Vfast(t) similarly).

Before going on further, it should be pointed out that the Lyapunov level set

V (0) may diverge as τ approaches zero, whereas Vslow(0) = 0 by definition. To

see this, we investigate the matrix Υ(τ)Γ(θ; τ) in (2.3.11), which is computed by

Υ(τ)Γ(θ; τ) =
[
Υ(τ)Aν−1

ν+lq
Υ−1(τ)γ(θ; τ) · · · Υ(τ)Υ−1(τ)γ(θ; τ)

]
=

[
1

τν−1
Aν−1

ν+lq
γ(θ; τ) · · · γ(θ; τ)

]
.

Since i-th component ci(θ; τ) of the vector γ(θ; τ) has the form of ci(θ; τ) =

ai+τ
2c̃i(θ; τ) (by Proposition 2.2.2), each component of the matrix is a polynomial
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of 1/τ whose order is possibly up to ν − 1. This incur that

η̃ext(0, θ; τ) =
1

τ
Υ(τ)q(0) +

1

τ
Υ(τ)Γ(θ; τ)Φn

1

gn
x(0)− η⋆ext(0, σ; τ)

=
ν∑

j=−(ν+lq)

vη,j
1

τ j
(2.3.51)

with constant vectors vη,j ∈ Rν+lq , j = −(ν + lq), . . . , ν, by which the claim is

obtained.

As an alternative way, we divide the entire time period into two subintervals.

For this purpose, take 0 < ϵ′ < ϵ/2 such that∥∥∥[Ctotal,1 Ctotal,2

]∥∥∥ ϵ′ < dist
(
Dtotal,n,Dtotal,n

)
(2.3.52)

and then select sufficiently small T ⋆ > 0 to be independent of τ and to satisfy

Vslow(t) ≤ λ
(
diag

(
Pz, Pχ

))ϵ′2
4
, ∀0 ≤ t ≤ T ⋆. (2.3.53)

This selection is always possible, because (a) the slow variables z̃ and χ̃ are ini-

tiated at the origin, and (b) the saturation function sw(w) in (2.3.34) makes the

velocity of z̃ and χ̃ bounded around the origin χ̃ = 0 (regardless of η̃ext and τ).

It is obtained from (2.3.52) and (2.3.53) that for all 0 ≤ t ≤ T ⋆,

∥z̃(t)∥2 + ∥χ̃(t)∥2 ≤ 1

λ
(
diag

(
Pz, Pχ

))(z̃⊤(t)Pzz̃(t) + χ̃⊤(t)Pχχ̃(t)
)
≤ ϵ′2

4

and therefore,

∥y(t)− yn(t)∥ = ∥Cnχ̃(t)∥ ≤ ϵ′

2
<
ϵ

2
and (2.3.54a)

dtotal(t) = dtotal,n(t) + Ctotal,1z̃(t) + Ctotal,2χ̃(t) ∈ Dtotal,n. (2.3.54b)

From now on, we investigate two important natures of the closed-loop system

(2.3.34) and (2.3.40) in the sense of Lyapunov, especially for the transient period

0 ≤ t < T ⋆ and the steady-state period T ⋆ ≤ t < ∞. The first one is about the

convergence of the fast variable η̃ext.
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Lemma 2.3.4. Suppose that Assumption 2.1.1 is satisfied. Then there exists

0 < τ1 < 1 such that for τ ∈ (0, τ1),

Vfast(T
⋆) ≤ −kη,1

τ2ν
e−(hη/τ)T ⋆

+ τkη,2 (2.3.55)

where kη,1, kη,2, and hη are τ -independent positive constants. ♢

Proof. Note that the hypothesis of Lemma 2.3.3 (and therefore (2.3.49)) naturally

holds during the transient period t ∈ [0, T ⋆]. Thus for all 0 ≤ t ≤ T ⋆, the time

derivative of Vfast along with the fast subsystem (2.3.40) and with τ ∈ (0, 1) is

computed as

τ V̇fast ≤ −η̃⊤extη̃ext + 2η̃⊤extPηδ
(
t, Cν+lq η̃ext, dtotal; τ

)
≤ −η̃⊤extη̃ext

+ τ∥η̃ext∥∥2Pη∥
[
kδ,1∥z̃∥+ kδ,2 ∥χ̃∥+ kδ,3∥η̃ext∥

+ kδ,4

(
sup

0≤ρ≤t

∥∥∥[ru(ρ); ṙu(ρ); du(ρ); ḋu(ρ)]∥∥∥)+ kδ,5e
−hδt

]
≤
(
− 1 + τk′δ,3

)
η̃⊤extη̃ext

+ τk′δ,1z̃
⊤z̃ + τk′δ,2χ̃

⊤χ̃+ τk′δ,4

(
sup

0≤ρ≤t

∥∥∥[ru(ρ); ṙu(ρ); du(ρ); ḋu(ρ)]∥∥∥)2

+ τk′δ,5e
−2hδt

where k′δ,i, i = 1, . . . , 5, are some positive constants. In particular, with τ taken

as τ ≤ τ1 := min{1, 1/(2k′δ,3)}, the last inequality turns out to be

V̇fast ≤ −hη
τ
Vfast +

k′δ,1
λ(Pχ)

z̃⊤Pzz̃ +
k′δ,2
λ(Pχ)

χ̃⊤Pχχ̃

+ k′δ,4

(
sup

0≤ρ≤t

∥∥∥[ru(ρ); ṙu(ρ); du(ρ); ḋu(ρ)]∥∥∥)2

+ k′δ,5e
−2hδt

≤ −hη
τ
Vfast + k′δ,12Vslow

+ k′δ,4

(
sup

0≤ρ≤t

∥∥∥[ru(ρ); ṙu(ρ); du(ρ); ḋu(ρ)]∥∥∥)2

+ k′δ,5e
−2hδt (2.3.56)
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where hη := 1/
(
2λ(Pη)

)
and k′δ,12 := max{k′δ,1/λ(Pχ), k

′
δ,2/λ(Pχ)}. Now, applying

the comparison lemma [Kha96] to (2.3.56), we obtain

Vfast(T
⋆) (2.3.57)

≤ e−(hη/τ)T ⋆
Vfast(0) +

∫ T ⋆

0
e−(hη/τ)(T ⋆−ω)

{
k′δ,12Vslow(ω)

+ k′δ,4

(
sup

0≤ρ≤ω

∥∥∥[ru(ρ); ṙu(ρ); du(ρ); ḋu(ρ)]∥∥∥)2

+ k′δ,5e
−2hδω

}
dω

≤ e−(hη/τ)T ⋆
Vfast(0) +

[
e−(hη/τ)T ⋆

(∫ T ⋆

0
e(hη/τ)ωdω

)

×

(
k′δ,12λ

(
diag

(
Pz, Pχ

))ϵ′2
4

+ k′δ,4(r
2 + d

2
) + k′δ,5

)]
≤ e−(hη/τ)T ⋆

Vfast(0) + τk′δ

where kδ > 0 is a constant. The lemma then follows from the fact that Vfast(0) =

η̃⊤ext(0)Pηη̃ext(0) is a polynomial of 1/τ due to (2.3.51).

Since the right-hand side of (2.3.4) gets decreased as τ becomes smaller,

Lemma 2.3.4 implies that the fast variable η(t) with small τ quickly approaches

near the extended quasi-steady-state η(t) = η⋆ext(t, θ; τ) as close as desired, with

little effect on the slow error variables z̃ and χ̃ for the transient period 0 ≤ t < T ⋆.

More specifically, one can select 0 < τ⋆1 < τ1 such that

V (T ⋆) = Vslow(T
⋆) + τVfast(T

⋆) (2.3.58)

≤ λ
(
diag

(
Pz, Pχ

))ϵ′2
4

+ τ

(
−kη,1
τ2ν

e−(hη/τ)T ⋆
+ τkη,2

)
≤ λ

(
diag

(
Pz, Pχ

))ϵ′2
2

for all τ ∈ (0, τ⋆1).

Next, the following lemma describes that, as long as the total disturbance

dtotal(t) remains in the compact set Dtotal,n for the steady-state period, the overall

system is stable in the ISS sense with respect to the partial inputs ru and du.
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Lemma 2.3.5. Suppose that Assumptions 2.1.2–2.1.3 and the inclusion (2.3.41)

hold. Then there exists 0 < τ2 < 1 satisfying that for τ ∈ (0, τ2),

V (t) ≤ e−hv(t−T ⋆)
(
V (T ⋆) + τkv,1

)
(2.3.59)

+ τkv,2

(
sup

0≤ρ≤t

∥∥∥[ru(ρ); ṙu(ρ); du(ρ); ḋu(ρ)]∥∥∥)2

, ∀t ≥ T ⋆

where kv,1, kv,2, and hv are positive constants independent on τ . ♢

Proof. The lemma can be easily proved by differentiating the Lyapunov function

V in (2.3.50) and applying the comparison lemma [Kha96] to the resulting V̇ in

a similar way of Lemma 2.3.4.

To complete the proof of the theorem, we now claim that when τ is selected

sufficiently small, the requirement (2.3.41) on dtotal is automatically satisfied for

t ≥ 0. Indeed, with τ3 := λ
(
diag

(
Pz, Pχ

))
ϵ′2/2(kv,1 + kv,2(r

2 + d
2
)), the above

two inequalities (2.3.58) and (2.3.59) yield that for all τ ≤ min{τ⋆1, τ2, τ3},

Vslow(t) ≤ V (t) ≤ e−hv(t−T ⋆)λ
(
diag

(
Pz, Pχ

))ϵ′2
2

+ τkv,1 + τkv,2

(
sup

0≤ρ≤t

∥∥∥[ru(ρ); ṙu(ρ); du(ρ); ḋu(ρ)]∥∥∥)2

≤ λ
(
diag

(
Pz, Pχ

))
ϵ′
2 (2.3.60)

as long as (2.3.41) is satisfied. The claim is then easily proved by contradiction,

using the statement (2.3.54) and the fact that dtotal(t) belongs to the desired set

Dtotal,n at least during the transient t ∈ [0, T ⋆]. In summary, we have shown that

with τ ≤ τ := min{τ⋆1, τ2, τ3}, both (2.1.10) and (2.2.8) are satisfied at once,

which proves Theorem 2.2.3.

To gain more insight on the proposed DOB scheme, we further note that

when the external input is fully modeled (i.e., r(t) = rm(t) and d(t) = dm(t)),

the DOB’s output w(t) can play a role as an “asymptotic” estimate of the total

disturbance dtotal(t).

Corollary 2.3.6. Suppose that Assumptions 2.1.1–2.1.4 hold and [ru(t); du(t)] ≡
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Figure 2.4: Bode plots of the open-loop transfer functions with the proposed
DOB (blue solid), the linear DOB in [KC03] (green dot-dashed),
and the EHO in [FK08] (red dashed) when all the saturation
functions are inactive

0. Then for τ ∈ (0, τ) with τ > 0 in Theorem 2.2.3,

lim
t→∞

∥[zaux(t);χ(t)]− [zn(t);χn(t)]∥ = 0, lim
t→∞

∥w(t)− dtotal(t)∥ = 0.

♢

2.4 Simulation: Mechanical Positioning Systems

In this section, simulation results are presented to clarify the validity of the

proposed controller (2.2.17), (2.2.20), and (2.2.21). In particular, we deal with

the same problem in [KC03] in which a mechanical plant

P(s) =
1

Js2 + Bs
(m/V)
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Figure 2.5: Nyquist plot of Z2,2(s) with ai obtained from BMI formulation

with the uncertain parameters J ∈ [0.2, 0.6] V/(m/s2) and B ∈ [0, 0.15] V/(m/s)

is taken into account. This plant is simply represented as a normal form (2.1.1)

with ϕ = [0;−(B/J)], g = 1/J, and no zero dynamics (2.1.1a). The input gain

g belongs to a bounded set [g, g] with g = 5/3 (m/s2)/V and g = 5 (m/s2)/V.

The state x(t) is initiated at x1(0) ∈ [−0.01, 0.01] m and x2(0) = 0 m/s. It is

assumed that the disturbance d(t) is bounded as |d(t)| ≤ 5 V and has the form of

d(t) = du(t) + dm(t) with a modeled part dm(t) =Mdm,0 +Mdm,1 sin(σ1t+φdm,1)

whose frequency σ1 is 30 rad/s.

Let us consider a nominal system

Pn(s) =
1

Jns2 + Bns
(m/V)

with the nominal values Jn = 0.6 V/(m/s2) and Bn = 0 V/(m/s), which is ex-

pressed in the state space as follows:

ẋn = A2xn +B2(ϕ
⊤
n xn + gnū), yn = C2xn (2.4.1)

where ϕn = [0; 0] and gn = 1/Jn = 5/3 (m/s2)/V. To stabilize the nominal plant
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yn(t) when d(t) = dm(t) = 2 sin(σ1t); the proposed DOB (blue
solid), the linear DOB in [KC03] (green dot-dashed), and the
EHO in [FK08] (red dashed)

(2.4.1) and to regulate its output yn to the set-point r(t) = rm(t) = 3 × 10−2 m

within 0.3 s for all xn,1(0) ∈ [−0.01, 0.01] m and xn,2(0) = 0 m/s, a proportional-

derivative (PD) controller is designed as

ū = −Kprop(yn − r)−Kderiv(ẏn − ṙ) (2.4.2)

where Kderiv = 15 and Kprop = 150.

From now on, we construct three different robust controllers for comparison.

One is the H∞-based DOB introduced in [KC03], which has the conventional

structure and consists of two 6th order Q-filters1. The main purpose of this DOB

is to suppress the disturbances that are dominant around the target frequency σ1.

1The Q-filter used in its design is given by QH∞(s) = (b⋆3s
3 + · · ·+ b⋆0)/(a

⋆
6s

6 + · · ·+ a⋆
0) with

(b⋆3, . . . , b
⋆
0) = (7.029×107, 6.035×109, 1.518×1011, 7.29×1010) and (a⋆

6, . . . , a
⋆
0) = (0.6, 8.257×

102, 5.571× 105, 7.297× 107, 6.533× 109, 1.518× 1011, 7.29× 1010).
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Another controller under consideration is the extended high-gain observer

(EHO), which is known as a robust control scheme that guarantees the (approx-

imate) NPR (i.e., the former notion in Definition 2.1.1). Following the design

procedure in [FK08], we construct an EHO for the nominal closed-loop system

(2.4.1) and (2.4.2) as follows:

[
ṗeho

ẇeho

]
=

[
A2 +B2ϕ

⊤
n B2

0 0

][
peho

weho

]

+

[
B2gn

0

]
u−Υ−1

3 (τeho)αeho(C2peho − (y − r)),

u = mehosat

(
1

mehogn

(
−weho − ϕ⊤n peho −

[
Kprop Kderiv

]
peho

))
(2.4.3)

where peho ∈ R2 and weho ∈ R are the states, sat(θ) := min(1,max(θ,−1)) stands

for a conventional saturation function, and Υ3(τ) = diag(τ, τ2, τ3) ∈ R3×3. The

design parameters are selected as αeho = [3; 3; 1] and meho = 2.8983. In addition,

we choose τeho = 0.00015 so that the control gain of the EHO is similar to that of

the linear DOB at the target frequency σ1. Such criterion on τeho could require

relatively large control bandwidth, because the EHO is designed without taking

any internal model into account.

Now, let us construct the proposed DOB-based controller to achieve the

asymptotic NPR in Definition 2.1.1. To avoid the derivative of the output, we

rewrite the existing nominal closed-loop system (2.4.1) and (2.4.2) as

ẋn =
(
A2 +B2

(
ϕ⊤n − gn

[
Kprop Kderiv

]))
xn +B2gnun, un = Kpropr (2.4.4)

with which there is no use of the output’s derivative in the control input un. The

system (2.4.4) now plays a role as (2.1.3) in the controller design. By repeated

simulations, we compute the bounds for the nominal state xn(t) for all initial

conditions xn(0) ∈ [−0.01, 0.01]× {0}, and find out

xn(t) ∈ [−0.01, 0.0307]× [−0.0047, 0.2683], ∀t ≥ 0.
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Time (s)
0 0.5 1 1.5 2

-0.01

0

0.01

(a) Difference between y(t) and yn(t) (m)

Time (s)
0 0.5 1 1.5 2

#10-4

-2

0

2

(b) Enlargement (m)

Figure 2.7: Differences between the actual output y(t) and the nominal one
yn(t) when d(t) = dm(t) + du(t) = 2 sin(σ1t) + sin(15t); the pro-
posed DOB (blue solid), the linear DOB in [KC03] (green dot-
dashed), and the EHO in [FK08] (red dashed)

This implies

dtotal,n(t) =
1

g
(ϕ⊤ − ϕ⊤n )xn(t) +

(
1− gn

g

)
un(t) + d(t)

∈ Dtotal,n ⊂ [−3.2731, 16.5730], ∀t ≥ 0

for all possible variations of B, J, and d. Using the bound of dtotal,n, we design

the saturation function sw(w) whose saturation level is set as Dtotal,n := [−4, 17]

(strictly larger than Dtotal,n). For the construction of ai, we solve the BMI problem

(A.1.15b) via PENLAB. This results in α = [0.8032; 0.4993; 0.0859; 0.0242] with

which Z2,2(s) is SPR. We choose the coefficients bi and ci as in (2.3.10) and

(2.2.26), respectively, where the design parameter τ to be used is determined as

τ = 0.0025 so that two DOBs have similar control bandwidths.

For simulation, set J = 0.2 V/(m/s2), B = 0.1 V/(m/s), and x(0) = [0.01; 0].
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Figure 2.8: Differences between the actual output y(t) and the nominal one
yn(t) when d(t) = dm(t)+du(t) = 2 sin(σ1t)+sin(15t) and there is
a measurement noise; the proposed DOB (blue solid), the linear
DOB in [KC03] (green dot-dashed), and the EHO in [FK08] (red
dashed)

The simulation results for various external signals are depicted in Figures 2.6

and 2.7. It can be observed in Figure 2.6 that both the proposed DOB and the

EHO guarantee acceptable transient performance, whereas the output trajectory

generated by the linear DOB experiences large initial peak. Beyond the tran-

sient behavior, the proposed DOB also eliminates the effect of the modeled input

[rm(t); dm(t)] on the NPR completely, and therefore, the output y(t) asymptoti-

cally converges to the nominal one yn(t). Notice that this is not the case for the

EHO for which no structural information on [rm(t); dm(t)] is used. Moreover, all

these advantages of the proposed controller are preserved even if additional un-

modeled disturbance du(t) = sin(15t) V enters the plant, as shown in Figure 2.7.

Figure 2.8 depicts the case when there exists a measurement noise which is uni-

formly distributed and whose maximum magnitude is 5 × 10−5 m. Notice that

the EHO loses its tracking performance, since its control bandwidth is too large
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to withstand the high-frequency noise. The performance of the linear DOB is also

degraded compared to the noiseless case, because of employing the PD controller

directly. The effect of the noisy measurement, however, is relaxed when the pro-

posed DOB is used.





Chapter 3

Recovery of Nominal Performance in
Asymptotic Sense: Part II - An
Extension with Adaptive Internal
Model

We have observed in the previous chapter that by embedding the internal model

into the (inverse model-based) DOB structure, the nominal tracking performance

can be recovered in the asymptotic sense (of Definition 2.1.1). In this design phi-

losophy, the exact knowledge on the generating model is of necessity. A question

arising here is: can we still recover the nominal performance asymptotically, even

if the generating model of the external input is not exactly known?

The main objective of this chapter is to address the problem for the (second-

order) uncertain mechanical systems. For the purpose, we extend the controller

design of Chapter 2 with a “frequency identifier” attached in the DOB loop. This

new component plays a role for estimating the unknown frequency of the total

disturbance in the steady-state period. Implemented with the frequency estimate,

the parameters of the internal model in the DOB structure are updated in an

“adaptive” fashion. The “adaptive internal model” embedded into the overall

controller allows to estimate and compensate the total disturbance asymptotically,

even without exact information on the frequency of the external input. We note

in advance that as the price to pay for the extension, in this work we restrict our

interest to the cases when a single sinusoidal input enters the system.

57
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As an industrial application of the proposed controller, this paper deals with

the track-following problem of optical disk drive (ODD) systems [Kim05, OMI+06,

Lu09, KSJ14]. For the ODD control systems, it is of utter importance to enforce

its pick-up to follow desired track on the disk with little oscillation or perturba-

tion. In the track-following problem, a challenging issue is to suppress the effect of

disk eccentricity on the pick-up. This issue can be recast as a regulation problem

in the presence of a sinusoidal disturbance (as well as model uncertainty), whose

frequency varies track by track in a constant linear velocity (CLV) or zoned CLV

operating mode. To achieve high-precision tracking performance against these un-

certainties, we propose a robust track-following control scheme by combining the

proposed add-on controller with a pre-installed lead-lag compensator. Simulation

and experimental results show that with the proposed control scheme, the track

error signal of the ODD is regulated to zero with suitable transient response.

3.1 Problem Revisited: Mechanical System with Un-

known Frequency of External Input

To begin, we focus our attention to the SISO linear mechanical system

Mÿ + Cẏ + Ky = u+ d (3.1.1)

where the generalized position (or angle) y ∈ R is the output, u ∈ R is the input,

d ∈ R is the disturbance that is of C1. Suppose that the parameters M, C, and K

are uncertain, as in the following assumption.

Assumption 3.1.1. The mass M > 0, the damping coefficient C ≥ 0, and the

spring coefficient K ≥ 0 are uncertain but bounded with known bounds; i.e.,

M ∈ [M,M], C ∈ [C,C], and K ∈ [K,K]. ♢

With the state x := [y, ẏ] ∈ R2, the mechanical system (3.1.1) is represented

in the state space as

ẋ = A2x+B2

(
ϕ⊤x+ g(u+ d)

)
, y = C2x (3.1.2)
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where x ∈ R2 is the state, Ai, Bi, and Ci are given in (2.1.2), g := 1/M > 0, and

ϕ = [ϕ1;ϕ2] := [−K/M;−C/M]. Note that the plant of interest (3.1.2) is thus the

very plant (2.1.1) in the Byrnes-Isidori normal form with no zero dynamics and

ν = np = 2, and satisfies Assumption 2.1.1 under Assumption 3.1.1. Suppose

that the initial conditions x(0) of the plant belong in a compact set X 0 ⊂ R2.

In addition, the following mechanical system with no uncertain quantity will

play the role as a nominal model of (3.1.2):

Mnÿn + Cnẏn + Knyn = un (3.1.3)

or equivalently,

ẋn = A2xn +B2

(
ϕ⊤n xn + gnun

)
, yn = C2xn (3.1.4)

where xn := [yn; ẏn] ∈ R2, un ∈ R and yn ∈ R are the state, input, and output

of the nominal system, respectively, gn := 1/Mn > 0, and ϕn = [ϕn,1;ϕn,2] :=

[−Kn/Mn;−Cn/Mn]. It is assumed that the nominal plant (3.1.4) is governed by

an output feedback controller

ċn = Ecn + F (r − yn) , un = Jcn +K (r − yn) . (3.1.5)

Here cn ∈ Rnc is the controller state, and r ∈ R is the reference signal for yn. The

dimension nc of the controller is allowed to be zero, with which (3.1.5) represents

a static controller. Similar to the previous chapter, we assume that xn(0) ∈ X 0

and cn(0) ∈ C0
n with a bounded set C0

n .

Assumption 3.1.2. The nominal closed-loop system (3.1.4) and (3.1.5) is inter-

nally stable; that is, the matrix

An :=

[
Aν +Bνϕ

⊤
n − gnBνKCν gnBνJ

−FCν E

]
(3.1.6)

is Hurwitz. ♢

The following assumption indicates that the external inputs r(t) and d(t) are

modeled as sinusoidal signals with an “uncertain” frequency.
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Assumption 3.1.3. The reference r(t) and the disturbance d(t) have the form

of the sinusoids

r(t) = rm(t) =Mrm,0, (3.1.7a)

d(t) = dm(t) =Mdm,0 +Mdm,1 sin (σt+ φdm,1) (3.1.7b)

where Mrm,0, Mdm,0, Mdm,1 > 0, φdm,1, and σ > 0 are possibly uncertain but

bounded with known bounds. In particular, 0 < σ ≤ σ ≤ σ, |d(t)| ≤ d, and

|r(t)| ≤ r for some constants d ≥ 0, r ≥ 0, σ > 0, and σ > 0. Moreover,

[r(t); d(t)] is not identically zero. ♢

Now, with the notion of NPR in asymptotic sense in Definition 2.1.1, the

problem considered in this chapter can be stated as follows.

Problem of Chapter 3. Given the plant (3.1.2), the nominal closed-loop system

(3.1.4) and (3.1.5), and a threshold ϵ > 0, to construct an output feedback con-

troller (2.1.8) that recovers nominal performance in an asymptotic sense within

ϵ-bound in the sense of Definition 2.1.1 under Assumptions 3.1.1–3.1.3. ♢

3.2 Disturbance Observer-based Controller Design with

Adaptive Internal Model

A solution to the problem is presented throughout this section. The underly-

ing idea for the controller design here is basically consistent with that in the pre-

vious chapter. However, the components of the DOB should be redesigned care-

fully, because the generating model of the external (modeled) inputs now cannot

be utilized directly.

As an additional key component, we employ the following frequency identifier

to adjust the frequency of the sinusoidal signal in an “adaptive” fashion:

˙̂
θ = κΞ⊤C⊤

3 (u− C3Ŵ ), (3.2.1a)
˙̂W = A3Ŵ +Ψuθ̂ + L(u− C3Ŵ ) + Ξ

˙̂
θ, (3.2.1b)

Ξ̇ = (A3 − LC3)Ξ + Ψu (3.2.1c)
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where θ̂ ∈ R, Ŵ ∈ R3, and Ξ ∈ R3 are the states, u ∈ R is the input of the

frequency identifier (which is the same as the control input in (3.1.2)), L ∈ R3×1

is chosen such that A3 − LC3 is Hurwitz, Ψu := [0;−u; 0] ∈ R3, and κ > 0 is a

small design parameter to be chosen later. We note in advance that θ̂ will serve

as an estimate of the unknown value θ = σ2. In this regard, we select the initial

condition θ̂(0) in the bounded set [σ2;σ2] ⊂ R, while Ŵ (0) and Ξ(0) are simply

set as Ŵ (0) = 0 and Ξ(0) = 0.

Remark 3.2.1. The structure of the frequency identifier (3.2.1) is inspired by

the “adaptive observer” presented in [BZ03, KSJ14]. It has been well-studied that

if the input u(t) of (3.2.1) is “exactly” generated by an exogenous model

Ẇu =

A3 −


0

σ2

0

C3

Wu, u = C3Wu.

(or equivalently, u(t) is a biased sinusoidal function whose frequency is σ), then

the estimate θ̂ in (3.2.1) will converge to the true value θ := σ2 as time goes

on. However, this is not true as long as u(t) is the control input generated by a

feedback controller. Alternatively, we will estimate the “steady-state response” of

u(t) (rather than u(t) itself), which could be sinusoidal by the properties of linear

systems. For this “slow” estimation in the steady-state period, the θ̂-dynamics

(3.2.1a) is realized with a low gain κ as above. ♢

From now on, we construct a DOB-based controller with the estimate θ̂ of the

true value θ, mainly by following the design method in Chapter 2 (but with some

modification). Firstly, we define

α :=


a3

a2

a1

a0

 , β(θ̂; τ) :=


b3(θ̂; τ)

b2(θ̂; τ)

b1(θ̂; τ)

b0(θ̂; τ)

 , γ(θ̂; τ) :=


0

c2(θ̂; τ)

c1(θ̂; τ)

c0(θ̂; τ)


whose components are determined below (while the parameter τ will be chosen

shortly). Using the design procedure in Appendix A.1, we select ai, i = 0, . . . , 3,
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such that the transfer function

Z2,2(s) =
s4 + a3s

3 + (g/gn)a2s
2 + (g/gn)a1s+ (g/gn)a0

s4 + a3s3 + (g/gn)a2s2 + (g/gn)a1s+ (g/gn)a0
(3.2.2)

is SPR. With such ai, take ci(θ̂; τ), i = 0, . . . , 2, as follows:

c0(θ̂; τ) := a0, (3.2.3a)

c1(θ̂; τ) :=W0(θ̂; τ)
−1W1(θ̂; τ)

[
a1

a3

]
= a1 − τ2a3θ̂, (3.2.3b)

c2(θ̂; τ) :=W0(θ̂; τ)
−1W1(θ̂; τ)

[
a2

1

]
= a2 − τ2θ̂ (3.2.3c)

where Wi are the Vandermonde matrices with nm = 1, defined in (2.2.24). Simi-

larly, we also choose bi(θ̂; τ), i = 0, . . . , 3, in the same way of (2.2.15) as

b3(θ̂; τ) := −c2(θ̂; τ)

τ2
a3 +

c1(θ̂; τ)

τ2
− c2(θ̂; τ)

τ
ϕn,2, (3.2.4a)

b2(θ̂; τ) := −c2(θ̂; τ)

τ2
a2 +

c0(θ̂; τ)

τ2
− c1(θ̂; τ)

τ
ϕn,2 − c2(θ̂; τ)ϕn,1, (3.2.4b)

b1(θ̂; τ) := −c2(θ̂; τ)

τ2
a1 −

c0(θ̂; τ)

τ
ϕn,2 − c1(θ̂; τ)ϕn,1, (3.2.4c)

b0(θ̂; τ) := −c2(θ̂; τ)

τ2
a0 − c0(θ̂; τ)ϕn,1. (3.2.4d)

Next, to obtain a saturation function sw for the DOB output, we consider a

nominal counterpart of the total disturbance

dtotal,n :=
1

g

(
(ϕ⊤ − ϕ⊤n )xn + (g − gn)

(
Jcn +K(r − yn)

)
+ gd

)
(3.2.5)

(which is the same as (2.2.28)). Since it follows from Assumption 3.1.2 that the

nominal closed-loop system (3.1.4) and (3.1.5) is internally stable and the initial

condition [xn(0); cn(0)] is located in a bounded region X 0×C0
n , it is clear that the

set

Dtotal,n :=
{
dtotal,n(t) in (3.2.5) : (3.2.6)
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Plant

Disturbance observer
(w/ internal model)

Frequency identifier

Figure 3.1: Overall configuration of closed-loop system with proposed con-
troller (3.2.1), (3.2.7), (3.2.8), and (3.2.9)

[xn(t); cn(t)] generated by (3.1.4) and (3.1.5),

[xn(0); cn(0)] ∈ X 0 × C0
n ,

∥[r(t); ṙ(t)]∥ ≤ r, ∥[d(t); ḋ(t)]∥ ≤ d, t ≥ 0
}
⊂ R

of all possible dtotal,n(t) is bounded. Let Dtotal,n be a compact set strictly larger

than Dtotal,n (that is, Dtotal,n ⊐ Dtotal,n). Then, we construct a saturation function

s̄w : R → R that is bounded, of C1, and satisfies (2.2.30) for the compact set

Dtotal,n in (3.2.6).

Finally, we propose the overall controller as the frequency identifier (3.2.1),

the baseline controller

ċ = Ec+ F (r − y), uBL = Jc+K(r − y), (3.2.7)

the (reduced-order) DOB implemented with θ̂

ṗ =
(
A4 −Υ−1

4 (τ)αC4

)
p−Υ−1(τ)γ(θ̂; τ)u+Υ−1(τ)β(θ̂; τ)

1

gn
y, (3.2.8a)

w = C4p+
c2(θ̂; τ)

τ2
1

gn
y (3.2.8b)

(where the square matrix Υ4(τ) is given in (2.2.18)), and the composite control
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law

u = uBL − sw(w). (3.2.9)

Here c ∈ Rnc and p ∈ R4 are the states of the baseline controller and the DOB,

respectively. The initial condition c(0) is set as in the compact set C0
n , while p(0)

can be any bounded value. Without loss of generality, let p(0) = 0.

The overview of the entire controlled system is given in Figure 3.1.

3.3 Performance Analysis

We present our main result first, while its detailed proof will be given through-

out the following two subsections.

Theorem 3.3.1. Suppose that Assumptions 3.1.1–3.1.3 are satisfied. Then for

given ϵ > 0, there exist κ > 0 and τ = τ(κ) > 0 such that the output feedback

controller (3.2.1), (3.2.7), (3.2.8), and (3.2.9) with κ ∈ (0, κ) and τ ∈ (0, τ(κ))

recovers the nominal performance in an asymptotic sense with ϵ-bound. ♢

3.3.1 Representation to Multiple-time Scaled Singular Perturba-

tion Form

The first step to prove the theorem is to represent the closed-loop system

(3.1.2), (3.2.1), (3.2.7), (3.2.8), and (3.2.9) into a singular perturbation form. As

an intermediate task, the following lemma is presented.

Lemma 3.3.2. In the coordinate change

η =
1

τ
Υ(τ)

(
p+ Γ(θ̂; τ)Φn

1

gn
x

)
where

Γ(θ̂; τ) :=


c2(θ̂; τ)/τ

2 0

c1(θ̂; τ)/τ
3 c2(θ̂; τ)/τ

2

c0/τ
4 c1(θ̂; τ)/τ

3

0 c0/τ
4

 , Φn :=

[
1 0

−ϕn,2 1

]
,
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the p-dynamics (3.2.8a) is converted into

τ η̇ = (A4 − αC4) η +

(
1− g

gn

)
γ(θ̂; τ)s̄ (C4η) (3.3.1)

+
g

gn
γ(θ̂; τ)dtotal +Υ(τ)Γ̇(θ̂; τ)Φn

1

gn
x

where

dtotal :=
1

g

(
(ϕ⊤ − ϕ⊤n )x+ (g − gn)uBL + gd

)
=

1

g

(
(ϕ⊤ − ϕ⊤n )x+ (g − gn)

(
Jc+K(r − C2x)

)
+ gd

)
. (3.3.2)

♢

Proof. The proof of the lemma is similar to that of Lemma 2.3.1 in the previous

chapter, and therefore we skip the details here.

Next, for ease of analysis, we will shift the equilibrium of the transformed

system in Lemma 3.3.2 to the origin. Let us define stacked variables

χ :=

[
x

c

]
∈ R2+nc , χn :=

[
xn

cn

]
∈ R2+nc (3.3.3)

and denote the steady-state response of χn as χ⋆
n. It is easily obtained from the

linear system theory that the steady-state responses of dtotal and un have the form

of

d⋆total,n := Ctotalχ
⋆
n + Dtotal

[
r

d

]
, u⋆n := Cunχ

⋆
n + Dun

[
r

d

]
, (3.3.4)

respectively, where

Ctotal :=
1

g

[
(ϕ⊤ − ϕ⊤n )− (g − gn)KCν (g − gn)J

]
, Cun :=

[
−KC2 J

]
Dtotal :=

1

g

[
(g − gn)K g

]
, Dun :=

[
K 0

]
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and both are sinusoids with the frequency σ. Their linear combination

u⋆ := u⋆n − d⋆total,n, (3.3.5)

thus can be expressed as the output of an (auxiliary) exogenous system

Ẇ =

A3 −


0

σ2

0

C3

W = A3W +Ψu⋆θ, u⋆ = C3W (3.3.6)

written in the observable canonical form. In addition, using the notion of the

extended quasi-steady-state variable η⋆ in the previous chapter, let us define

η⋆ext := α⋆dtotal −



0

υ⋆m,1

(τs)υ⋆m,1 + υ⋆m,2

(τs)2υm,1 + (τs)υm,2 + υm,3

(τs)3υm,1 + (τs)2υm,2 + (τs)υm,3 + υm,4


in which s := d/dt, α⋆ := [1; a3; 0; 0], and

υ⋆m(t, θ; τ) :=
(
γ(θ; τ)− γ(θ; 0)

)
d⋆total,n(t)− τα⋆ḋ⋆total,n(t).

We then obtain the following result, in which the overall system is expressed as

a “multiple-time scaled” singular perturbation form, with small design parameters

κ and τ .

Lemma 3.3.3. In the coordinate

θ̃ := θ̂ − θ, χ̃ := χ− χn, χ̃n := χn − χ⋆
n, (3.3.7a)

W̃ := Ŵ − W − Ξθ̃, η̃ext := η − η⋆ext, (3.3.7b)

the closed-loop system (3.1.2), (3.2.1), (3.2.7), (3.2.8), and (3.2.9), and the nom-

inal closed-loop system (3.1.4) and (3.1.5) are transformed into
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• slow subsystem

1

κ
˙̃
θ = −Ξ⊤C⊤

3 C3Ξθ̃ + Ξ⊤
(
Mθ,1χ̃+Mθ,2χ̃n +Mθ,3W̃ + EθΩ

)
(3.3.8)

• intermediate subsystem

˙̃χ = Anχ̃+ EχΩ, ˙̃χn = Anχ̃n, (3.3.9a)
˙̃W = (A3 − LC3)W̃ +MW ,1χ̃+MW ,2χ̃n + EW Ω, (3.3.9b)

• fast subsystem

τ ˙̃ηext = (A4 − αC4) η̃ext +

(
1− g

gn

)
γ(θ; 0)Ω + δ (3.3.10)

where Mθ,i, i = 1, 2, 3, MW ,j , j = 1, 2, Eθ, and EW are some constant matrices

(with appropriate dimensions) independent of τ and κ, Ξ is the solution of (3.2.1c),

Ω
(
t, χ̃, η̃ext,1

)
:= s̄w

(
η̃ext,1 + Ctotalχ̃+ dtotal,n(t)

)
−
(
Ctotalχ̃+ dtotal,n(t)

)
,

(3.3.11)

and δ is a continuous function of the time t ≥ 0, the state variables [θ̃; χ̃; χ̃n; W̃ ; η̃ext],

and the parameter τ ≥ 0 satisfying that

δ
(
t, 0; τ

)
= 0 and δ

(
t, θ̃, χ̃, χ̃n, W̃ , η̃ext; 0

)
= 0 (3.3.12)

for all t ≥ 0. ♢

Proof. In the proof, we will derive the slow, intermediate, and fast dynamics in

the lemma sequentially. First, let us differentiate θ̃ in (3.3.9) along with the θ̂-

dynamics (3.2.1a) as follows:

˙̃
θ =

˙̂
θ − θ̇ = −κΞ⊤C⊤

3 C3Ŵ + κΞ⊤C⊤
3 u− θ̇

= −κΞ⊤C⊤
3 C3

(
Ξθ̃ + W̃ + W

)
+ κΞ⊤C⊤

3 u

= −κΞ⊤C⊤
3 C3Ξθ̃ + κΞ⊤

(
−C⊤

3 C3W̃ + C⊤
3 (u− u⋆)

)
(3.3.13)
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in which u⋆ = C3W in (3.3.6) is used. It is further noted that

dtotal = Ctotalχ+ Dtotal

[
r

d

]
= Ctotalχ̃+ dtotal,n = Ctotalχ̃+ Ctotalχ̃n + d⋆total,n,

uBL = Cunχ+ Dun

[
r

d

]
= Cunχ̃+ un = Cunχ̃+ Cunχ̃n + u⋆n.

On the other hand, one has

s̄w(w) = s̄w

(
C4p+

c2
τ2

1

gn
C2x

)
(3.3.14)

= s̄w(C4η) = s̄w
(
C4η̃ext + dtotal

)
= s̄w

(
C4η̃ + Ctotalχ̃+ dtotal,n(t)

)
.

By the definition of Ω, the term u− u⋆ in (3.3.13) is computed by

u− u⋆ = uBL − s̄w(w)−
(
u⋆n − d⋆total,n

)
=
(
uBL − u⋆n

)
−
(
dtotal − d⋆total,n

)
−
(
s̄w(w)− dtotal

)
=
(
Cun − Ctotal

)
χ̃+

(
Cun − Ctotal

)
χ̃n − Ω

(
η̃ext,1, dtotal

)
. (3.3.15)

Putting (3.3.15) into (3.3.13), one can obtain the θ̃-dynamics as (3.3.8), with the

matrices Mθ,3 := −C⊤
3 C3, Mθ,1 = Mθ,2 := C⊤

3 (Cun − Ctotal), and Eθ := −C⊤
3 .

It is easy to compute the χ̃- and χ̃n-dynamics in (3.3.9). To carry out the

W̃ -dynamics, we first derive the time derivative of Ŵ − W as

˙̂W − Ẇ =
(
A3Ŵ +Ψuθ̂ + L(u− C3Ŵ ) + Ξ

˙̂
θ
)
−
(
A3W +Ψu⋆θ

)
= A3(Ŵ − W ) + L(u⋆ − C3Ŵ ) + Ξ

˙̂
θ +Ψu(θ̂ − θ)

+ L(u− u⋆)− (Ψu −Ψu⋆)θ

= (A3 − LC3)(Ŵ − W ) + Ξ
˙̃
θ +Ψuθ̃ + (L−Ψθ)(u− u⋆).

(In the computation, we use the equalities (Ψu−Ψu⋆)θ = Ψ(u−u⋆)θ = Ψθ(u−u⋆).)
Using the result, one has

˙̃W =
˙̂W − Ẇ − Ξ̇θ̃ − Ξ

˙̃
θ (3.3.16)
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= (A3 − LC3)(Ŵ − W ) + Ξ
˙̃
θ +Ψuθ̃ + (L−Ψθ)(u− u⋆)− Ξ

˙̃
θ − Ξ̇θ̃

= (A3 − LC3)(Ŵ − W ) + Ψuθ̃ + (L−Ψθ)(u− u⋆)− ((A3 − LC3)Ξ + Ψu) θ̃

= (A3 − LC3)(Ŵ − W − Ξθ̃) + (L−Ψθ)(u− u⋆)

= (A3 − LC3)W̃ + (L−Ψθ)(u− u⋆) (3.3.17)

Applying (3.3.15) to (3.3.17), we finally have the W̃ -dynamics as

˙̃W = (A3 − LC3)W̃ + (L−Ψθ)
(
(Cun − Ctotal)χ̃+ (Cun − Ctotal) χ̃n − Ω

)
= (A3 − LC3)χ̃+MW ,1χ̃+MW ,2χ̃n + EW Ω

where MW ,1 = MW ,2 := (L−Ψθ)(Cun − Ctotal) and EW := −(L−Ψθ).

Next, we differentiate τ η̃ext along with the η-dynamics (3.3.1) in Lemma 2.3.1

as follows:

τ ˙̃ηext = τ η̇ − τ η̇⋆ext

= (A4 − αC4)η +

(
1− g

gn

)
γ(θ̂; τ)s̄(C4η) +

g

gn
γ(θ̂; τ)dtotal

+Υ(τ)
∂Γ

∂θ̂

˙̂
θΦn

1

gn
x− τ η̇⋆ext

= (A4 − αC4)(η̃ + η⋆ext) +

(
1− g

gn

)
γ(θ̂; τ)s̄(C4η) +

g

gn
γ(θ̂; τ)C4η

⋆
ext

+Υ(τ)
∂Γ

∂θ̂

˙̂
θΦn

1

gn
x− τ η̇⋆ext

= (A4 − αC4)η̃ext +

(
1− g

gn

)
γ(θ; 0)

(
s̄(C4η̃ + C4η

⋆
ext)− C4η

⋆
ext

)
+ δ

= (A4 − αC4)η̃ext +

(
1− g

gn

)
γ(θ; 0)Ω + δ (3.3.18)

where δ is defined by

δ := (A4 − αC4)η
⋆
ext +

(
1− g

gn

)(
γ(θ̂; τ)− γ(θ; 0)

)
s̄(C4η) + γ(θ; 0)C4η

⋆
ext

+
g

gn

(
γ(θ̂; τ)− γ(θ; 0)

)
C4η

⋆
ext +Υ(τ)

∂Γ

∂θ̂

˙̂
θΦn

1

gn
x− τ η̇⋆ext. (3.3.19)

It is shown in Appendix A.2 that δ in (3.3.19) satisfies the desired properties,
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which completes the proof of the lemma.

3.3.2 Convergence Analysis

Since the transformed system (3.3.8), (3.3.9), and (3.3.10) in Lemma 3.3.3 is

not a standard singular perturbation form, the analysis in the previous chapter is

not suitable anymore. Instead, we here will separate the system into two groups

for the stability analysis; the slow and intermediate subsystems (3.3.8) and (3.3.9)

as a “slower” part, while the fast subsystem (3.3.10) as a “faster” part. Under

this grouping, the “slower” part of the three-time scaled system can be viewed

as a standard (two-time scaled) singular perturbation form with respect to the

perturbation parameter κ, to which the standard singular perturbation theory is

now applicable. Once κ is determined first, then one can conclude the stability of

the overall system by employing the singular perturbation theory once again, in

terms of another perturbation parameter τ .

One additional issue that has to be dealt with is the “initial peaking” of the

fast variable η̃ext, as discussed in the previous chapter. We readily observe that

the initial value

η̃ext(0) =
1

τ
Υ(τ)p(0) +

1

τ
Υ(τ)Γ(θ̂(0); τ)Φn

1

gn
x(0)− η⋆ext(0, θ; τ), (3.3.20)

has the form of a polynomial of 1/τ due to the structure of Υ(τ)Γ(θ̂; τ). Thus

the set of the initial condition η̃ext(0), denoted by E0(τ) (possibly dependent of τ ,

of course), gets larger as τ goes to zero. To tackle the second issue, let us divide

the entire time period into two parts; the transient period 0 ≤ t < T ⋆ and the

steady-state period t ≥ T ⋆ (as in the previous chapter) where T ⋆ will be selected

below. It is first noted that χ(t) and χn(t) are assumed to be initiated at the

same point in the statement of Definition 2.1.1, by which the initial condition of

the slow and intermediate variables [θ̃(t); χ̃(t); χ̃n(t); W̃ (t)] belongs to a compact

set

I0 ⊂
{[
θ̃(0); χ̃(0); χ̃n(0); W̃ (0)

]
: ∥χ̃(0)∥ = 0

}
.

Let Pχ = P⊤
χ > 0 be the solution of the Lyapunov equation A⊤

n Pχ + PχAn = −I,
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and also let 0 < ϵ′ < ϵ/2 be a constant satisfying that

∥Ctotal∥ ϵ′ < dist
(
Dtotal,n,Dtotal,n.

)
(3.3.21)

We take a larger compact set I0 satisfying I0
⊐ I0 with the distance larger than

(λ(Pχ)/λ(Pχ))ϵ
′. Then with the help of the saturation function sw again, one can

select a small time instant T ⋆ > 0 (independent of τ) such that

[
θ̃(t); χ̃(t); χ̃n(t); W̃ (t)

]
∈ I0

, ∀0 ≤ t ≤ T ⋆. (3.3.22)

In parallel with Lemma 2.3.4 in the previous chapter, the following lemma

indicates that the fast variable η̃ext(t) converges around its “quasi-steady-state”

η̃ext = 0 with small τ for the transient period.

Lemma 3.3.4. Suppose that Assumption 3.1.1 is satisfied. Then there exists

0 < τ1 < 1 such that for τ ∈ (0, τ1),

∥η̃ext(T ⋆)∥ ≤ −kη,1
τ2

e−(hη/τ)T ⋆
+ τkη,2 (3.3.23)

where kη,1, kη,2, and hη are τ -independent positive constants. ♢

Proof. The lemma is readily derived in the same way of Lemma 2.3.4.

Keeping the observations on the transient behavior in mind, the remainder of

this subsection is organized to analyze the overall system for the remaining time

period t ≥ T ⋆. To this end, by applying τ = 0 to the η̃ext-dynamics (3.3.10) and

by rewriting the result in the scaled time ς := (t−T ⋆)/τ with the slower variable

χ̃ being fixed, we obtain the “boundary-layer system (of the overall system)” as

follows:

d

dς
η̃ext = (A4 − αC4)η̃ext +

(
1− g

gn

)
γ(θ; 0)Ω

(
0, χ̃, η̃ext,1

)
(3.3.24)

the initial condition of (3.3.24) is assumed to belong in E0. By repeating the proof

of Lemma 3.3.4 along with (3.3.24), one obtains the following corollary.
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Corollary 3.3.5. The origin of the boundary-layer system (3.3.24) is exponen-

tially stable with the region of attraction containing E0. ♢

To discuss on the stability of the remaining part, we compute the “reduced

system (of the overall system)” (which is the “slower” part (3.3.8) and (3.3.9) of

the overall system on the boundary layer η̃ext = 0) as follows (to avoid confusion

on the terminology, we use ◦ in the superscript to indicate that the variable is for

the reduced system):

1

κ
˙̃
θ◦ = −Ξ◦⊤C⊤

3 C3Ξ
◦θ̃◦

+ Ξ◦⊤
(
Mθ,3W̃ ◦ +Mθ,1χ̃

◦ +Mθ,2χ̃
◦
n + EθΩ

◦
)
, (3.3.25a)

and

˙̃χ◦ = Anχ̃
◦ + EχΩ

◦, (3.3.25b)

˙̃χ◦
n = Anχ̃

◦
n, (3.3.25c)

˙̃W ◦ =
(
A3 − LC3

)
W̃ ◦ +MW ,1χ̃

◦ +MW ,2χ̃
◦
n + EW Ω◦ (3.3.25d)

where Ω◦(t, χ̃◦) := s̄w
(
Ctotalχ̃

◦ + dtotal,n
)
−
(
Ctotalχ̃

◦ + dtotal,n
)

and

Ξ̇◦ = (A3 − LC3)Ξ
◦

+


0

−1

0

 (u⋆ + (Cun − Ctotal)χ̃
◦ + (Cun − Ctotal) χ̃

◦
n − Ω◦) . (3.3.25e)

Then we are now ready to derive the stability of the reduced system.

Lemma 3.3.6. Suppose that Assumptions are satisfied. Then there exists κ > 0

such that for κ ∈ (0, κ),

(a) the partial state trajectory χ̃◦(t) of the reduced system (3.3.25) initiated in

I0 satisfies

∥χ̃◦(t)∥ < ϵ

2
, ∀t ≥ T ⋆; (3.3.26)
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(b) the origin of the reduced system (3.3.25) is exponentially stable with the

region of attraction containing I0.

♢

Proof. To prove the item (a), we take a look at the χ̃◦-dynamics

˙̃χ◦ = Anχ̃
◦ + EχΩ

◦ (3.3.27)

= Anχ̃
◦ + Eχ

(
s̄w
(
Ctotalχ̃

◦ + dtotal,n(t)
)
−
(
Ctotalχ̃

◦ + dtotal,n(t)
))

where the initial condition χ̃(T ⋆) satisfies ∥χ̃(T ⋆)∥ < ϵ′. For the analysis, let us

employ a Lyapunov function candidate Vχ(χ̃◦) := (χ̃◦)⊤Pχ(χ̃
◦) where Pχ is the

solution of the Lyapunov equation A⊤
n Pχ + PχAn = −I. We now claim that the

set

V :=

{
χ̃◦ : Vχ(χ̃

◦) < λ(Pχ)
ϵ′2

4

}
is positive invariant. The claim is proved by contradiction. Suppose that there

exists a finite time T ′ ≥ T ⋆ such that Vχ
(
χ̃◦(T ′)

)
> λ(Pχ)(ϵ

′2/4). Then by the

continuity of the solution, one can always find T ⋆ ≤ T ′′ < T ′ such that the

solution χ̃(t) encounters the boundary of V; that is, Vχ(χ̃◦(T ′′)) = λ(Pχ)(ϵ
′2/4).

On the other hand, it is clear that as long as χ̃◦(t) is located in V, ∥χ̃◦(t)∥ < ϵ′/2

and thus Ctotalχ̃
◦(t) + dtotal,n(t) ∈ Dtotal,n. This leads to

Ω◦(t, χ◦(t)) = s̄w

(
Ctotalχ̃

◦(t) + dtotal,n(t)
)
−
(
Ctotalχ̃

◦(t) + dtotal,n(t)
)
= 0

(3.3.28)

for T ⋆ ≤ t ≤ T ′′. Thus for that time period, we have

V̇χ(χ̃
◦(t)) =

(
Anχ̃

◦(t)
)⊤
Pχ

(
χ̃◦(t)

)
+
(
χ̃◦(t)

)⊤
Pχ

(
Anχ̃

◦(t)
)
< 0,

which yields that Vχ(χ̃◦(T ′′)) < Vχ(χ̃
◦(T ⋆)) ≤ λ(Pχ)(ϵ

′2/4). This contradicts

Vχ(χ̃
◦(T ′′)) = λ(Pχ)(ϵ

′2/4), which completes the proof of the claim, and thus

that of Item (a) since χ̃◦(T ⋆) ∈ V.

For the proof of the second item, we notice that the equalities (3.3.28) are

satisfied for all t ≥ T ⋆ (by the discussions so far). Thus the reduced system
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(3.3.25a)–(3.3.25d) (of the overall system) can be rewritten by the standard sin-

gular perturbation form (with a new scaled time ς := κt)

• slow subsystem (of the “reduced system” of the overall system)

d

dς
θ̃◦ = −Ξ◦⊤C⊤

3 C3Ξ
◦θ̃◦ + Ξ◦⊤

(
Mθ,1χ̃

◦ +Mθ,2χ̃
◦
n +Mθ,3W̃ ◦

)
, (3.3.29)

• fast subsystem (of the “reduced system” of the overall system)

κ
d

dς
χ̃◦ = Anχ̃

◦, (3.3.30a)

κ
d

dς
χ̃◦
n = Anχ̃

◦
n, (3.3.30b)

κ
d

dς
W̃ ◦ =

(
A3 − LC3

)
W̃ ◦ +MW ,1χ̃

◦ +MW ,2χ̃
◦
n. (3.3.30c)

It is obvious that the origin of the fast subsystem (3.3.30) is globally exponentially

stable. In accordance with the singular perturbation theory [Kha96, Theorem

11.4], it is enough for Item (b) to show that the origin of the following reduced

dynamics is exponentially stable, which is computed by putting the quasi-steady-

state (of the “reduced system” of the overall system) [θ̃◦; χ̃◦; χ̃◦
n; W̃ ◦] = 0 into

(3.3.29):

1

κ
˙̃
θ◦ = −Ξ◦⊤C⊤

3 C3Ξ
◦θ̃◦ (3.3.31)

where Ξ◦(t) is the solution of

κ
d

dς
Ξ◦ = (A3 − LC3)Ξ

◦ +


0

−1

0

u⋆(t)
and t = ς/κ. Note that the Ξ◦-dynamics is input-to-state stable (ISS) and its

input u⋆(t) = u⋆n(t) − d⋆total,n(t) is a bounded sinusoidal signal of the frequency

σ > 0. This yields that C3Ξ
◦(t) is “persistently exciting” [IS96, Thm. 5.2.1]; that
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is, there exist positive constants hΞ, hΞ, and ∆Ξ such that

0 < hΞ ≤
∫ t+∆Ξ

t
Ξ◦⊤(ρ)C⊤

3 C3Ξ
◦(ρ)dρ ≤ hΞ,

which implies that the origin of the θ̃◦-dynamics (3.3.31) is exponentially stable.

In summary, by the singular perturbation theory [Kha96, Thm. 11.4], there exists

κ > 0 such that the origin of (3.3.25) is exponentially stable for all κ ∈ (0, κ).

We have observed so far in Corollary 3.3.5 and Lemma 3.3.6 that the origin

of both the boundary-layer system (3.3.24) and the reduced system (3.3.25) (with

fixed κ ∈ (0, κ)) are exponentially stable. Thus the following lemma follows

from the singular perturbation theory [Kha96, Thm. 11.4] with respect to the

perturbation parameter τ .

Lemma 3.3.7. For given ϵ > 0 and κ ∈ (0, κ) with κ in Lemma 3.3.6, there exists

0 < τ = τ(κ) < τ1 such that for τ ∈ (0, τ(κ)), the singularly perturbed system

(3.3.8), (3.3.9), and (3.3.10), initiated at [θ̃(T ⋆); χ̃(T ⋆); χ̃(T ⋆); W̃ (T ⋆)] ∈ I0 and

η̃ext(T
⋆) ∈ E0, satisfies the following statements.

(a) the origin of the system is exponentially stable with the region of attraction

containing I0 × E0;

(b) the partial state trajectory χ̃(t) satisfies

∥χ̃(t)− χ̃◦(t)∥ < ϵ

2
, ∀t ≥ T ⋆ (3.3.32)

where χ̃◦(t) is the solution of (3.3.31) initiated at χ̃◦(T ⋆) = χ̃(T ⋆).

♢

The first item of Lemma 3.3.7 naturally implies that Cnχ̃(t) = y(t) − yn(t)

exponentially converges to zero as time goes on (or equivalently, (2.1.10) in Defi-

nition 2.1.1 holds with [ru(t); du(t)] ≡ 0). On the other hand, combining (3.3.32)

with Item (a) of Lemma 3.3.6, one has

∥χ̃(t)∥ ≤ ∥χ̃(t)− χ̃◦(t)∥+ ∥χ̃◦(t)∥ < ϵ

2
+
ϵ

2
= ϵ, ∀t ≥ T ⋆.
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Figure 3.2: Diagram of ODD systems for experiment

Note that ∥χ̃(t)∥ is smaller than ϵ/2 for the transient period 0 ≤ t ≤ T ⋆. These

facts conclude the proof of the theorem.

3.4 Industrial Application: Optical Disk Drive

In this section, we apply the proposed controller to an optical disk drive

(ODD) system. As shown in [Kim05], track following problem for ODD such

as CD-ROM or DVD-ROM is to control the position of pick-up (more precisely,

optical spot) so that it follows the desired track of disk media which is usually

deviated from the concentric circles due to the disk eccentricity. The position

of the pick-up is controlled by two cooperative actuators; a fine actuator and

a coarse actuator, which are briefly depicted in Figure 3.2. While the coarse

actuator moves slowly across the entire disk radius, the fine actuator has faster

response for a small displacement. For instance, the optical spot of CD-ROM must

follow the track within 0.1 µm while the displacement error caused by the disk

eccentricity amounts to more than 280 µm in the worst case. The fine actuator

should take care of relatively large disturbances, because the disturbance, whose

frequency is synchronized with the disk rotation, is too fast to be caught up by



3.4. Industrial Application: Optical Disk Drive 77

Sensor gain

Eccentric 
disturbance

Fine actuator
Baseline 
controller Tracking

error

(a) Track-following servo system of the ODD systems
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Figure 3.3: Configuration of ODD control system

the coarse actuator. For this reason, the fine actuator plays a central role for

track following. In what follows, we consider the fine actuator only.

The closed-loop system of the track-following servo system for the ODD sys-

tems is illustrated in Figure 3.3-(a). Here Pfine(s) is a fine actuator, C(s) is a

(pre-installed) baseline controller, and gsens is a sensor gain that converts the

position displacement into voltage. Since the fine actuator Pfine(s) is a linear

time-invariant system, we can consider that it is equivalent to the block diagram

(b) of Figure 3.3. In particular, the fine actuator is modeled by a mass-spring-

damper system (i.e., a second order system having full relative degree) and then
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its transfer function with the sensor gain P(s) := Pfine(s)× gsens can be described

as follows:

P(s) =
N0

s2 + D1s+ D0
× gsens (V/V). (3.4.1)

where D1, D0, and N0 are real numbers. Comparing (3.4.1) with (3.1.1), we have

M =
1

N0 × gsens
, C =

D1

N0 × gsens
, K =

D0

N0 × gsens
.

In Figure 3.3, the disturbance caused by the disk eccentricity can be regarded as

a sinusoidal signal with unknown magnitude and phase, which can be represented

by

d(t) =Mdm,1 sin (σt+ φdm,1)

where Mdm,1 and φdm,1 are some constants, and σ is the frequency that depends

on the rotation speed of the disk. Also, the reference r(t) in Assumption 3 is set

as zero in the usual ODD control systems.

3.4.1 Simulation Results

Now, we carry out a computer simulation in order to illustrate the effective-

ness of the proposed controller. From [KSJ14], we first consider the nominal pa-

rameters of M, C, and K as follows:

Mn =
1

818.22× gsens
, Cn =

64.73

818.22× gsens
, Kn =

166800

818.22× gsens
(3.4.2)

where the sensor gain gsens is 1.25 × 106 V/m. As the baseline controller (3.1.5)

that stabilizes Pn(s) with the parameters (3.4.2), we assume that the following

lead-lag compensator has already been designed:

C(s) =
0.4178s2 + 1316s+ 188000

s2 + 41860s+ 3134000
.

In order to show the robustness of the proposed controller, it is also assumed that

the parameters of the actual plant (3.4.1) are perturbed by ±50 % compared to
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Figure 3.4: Simulation results for the proposed add-on controller (3.2.1) and
(3.2.8). (a) Plant output y. (b) Control input u. (c) Frequency
estimate σ̂/(2π) (solid) and true value σ/(2π) (dashed).

its nominal values (3.4.2); for the simulation, D1 and D0 are set as 3/2 times their

nominal values, while N0 as 1/2 times its counterpart.

For simulation purposes, we assume that the disk rotation frequency σ is fixed

as 2π×68 rad/s, while its estimate σ̂ (defined by the square root of |θ̂|) is initiated

at 2π × 60 rad/s. Based on the nominal values (3.4.2), the design parameters of

the proposed controller are chosen as τ = 0.005, α = [4; 6; 4; 1], κ = 5.0 × 1017,

and L = [1.144 × 10−4; 1.655 × 10−1; 1.644] × 106. It is also supposed that the

output w of the proposed add-on controller is injected into the control loop at

0.3 s (that is, u(t) = uBL(t) for 0 ≤ t < 0.3 and u(t) = uBL(t) − sw(w(t)) for

0.3 ≤ t ≤ 0.6).1 The simulation results using MATLAB/Simulink are shown in

Figure 3.4. It is clear that the frequency estimate σ̂ approaches the true value σ

after 0.15 s and the plant output y (tracking error) converges to zero after 0.35 s.

This implies that the DOB-based controller eliminates the sinusoidal disturbance
1This is only for comparison between tracking performances with and without the add-on

controller and is not necessary for the proper operation of the add-on controller (as theoretically
proved in Theorem 3.3.1 and seen in Figure 3.7).
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Figure 3.5: Open-loop transfer functions of the ODD controlled systems with
the proposed add-on controller (blue solid), the conventional
DOB with τ = 0.005 (orange dashed), and the conventional DOB
with τ = 0.001 (green dash-dotted).

perfectly in the steady-state.

We note that the same conclusion cannot be made by the conventional DOB.

For comparison, let us construct a conventional DOB instead of the proposed

controller in Figure 3.3-(c). From the philosophy of the “high-order DOB” (or

“type-k DOB”) [CYC+03, PJSB12, YKIH97], a linear DOB is designed with the

inverse model P−1
n (s) of the nominal plant Pn(s) = 1/(Mns

2 + Cns+Kn) and the

4th-order Q-filter

Qtype−2(s; τ
′) =

6(τ ′s)2 + 4(τ ′s) + 1

(τ ′s)4 + 4(τ ′s)3 + 6(τ ′s)2 + 4(τ ′s) + 1

where τ ′ > 0 determines the cutoff frequency of Qtype−2(s; τ
′) (i.e., the smaller

τ ′ is, the larger the cutoff frequency is). Here, τ ′ is selected within the range

0.001 ≤ τ ′ ≤ 0.005 so that the control bandwidth is similar to that of the proposed

controller with τ = 0.005. (See Figure 3.5 for the corresponding open-loop transfer

functions.)

Now, we repeat the same simulation in Figure 3.4 with the (conventional)
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Figure 3.6: Simulation results for the conventional DOBs. (a) τ = 0.002. (b)
τ = 0.001.

Parameter Value Unit

Sample rate 88.2 kHz

Resolution 16 Bits

Input range ±2.5 V

Table 3.1: Specifications of A/D and D/A converter.

type-2 DOB above. The result can be seen in Figure 3.6. In the figure, the type-2

DOB seems to suppress the disturbance effectively as long as the bandwidth of

Qtype−2(s; τ
′) is sufficiently large; however, the effect of the disturbance cannot

be completely eliminated in all cases. The same conclusion on the performance of

the DOBs can be reached from the sensitivity function analysis with Figure 3.5.

Remark 3.4.1. As well-known in the literature, in Figure 3.5, it is not possible to

derive the exact open-loop transfer function when the nonlinear controller (3.2.8)

is used. Nonetheless, one can compute its approximation by assuming that (a) the

estimate θ̂ in (3.2.8) is fixed as its target value θ and (b) the saturation function

s̄w in (3.2.8) is inactive; so, the p-dynamics (3.2.8) turns out to be linear. It

should be noted that these assumptions are naturally satisfied in the steady-state

period, as shown in Theorem 3.3.1. ♢

Although our theoretical result was derived in terms of constant frequency
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Figure 3.7: Simulation results for the proposed add-on controller (3.2.1) and
(3.2.8) with slowly varying frequency. (a) Plant output y. (b)
Control input u. (c) Frequency estimate σ̂/(2π) (solid) and true
value σ/(2π) (dashed).

σ, we perform additional simulation for the case when the frequency σ is slowly

varying. Figure 3.7 depicts the simulation result where the proposed DOB-based

controller begins to operate at t = 0 s (i.e., u(t) = uBL(t) − sw(w(t)) for t ≥ 0)

and the actual frequency σ(t) moves from 2π × 68 rad/s to 2π × 60 rad/s during

0.3 ≤ t ≤ 0.7. It is shown that the estimate σ̂ catches up the time-varying σ, and

consequently the output y is rarely perturbed due to the proposed DOB-based

controller.

3.4.2 Experimental Results

The inner-loop part of the proposed DOB-based controller is implemented

using DSP (TMS320C6713 manufactured by Texas Instruments Incorporated)

with analog to digital (A/D) and digital to analog (D/A) converter, which is

depicted in Figure 3.2. The features of A/D and D/A converter are given in Table

3.1. In Figure 3.2, the low pass filter (LPF) is placed in front of A/D converter
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Figure 3.8: Experiment setup.

Parameter Value Unit

Operation voltage ±15 V

Slew rate 3000 V/µs

Unit gain bandwidth 100 MHz

Common mode rejection ratio (CMRR) 110 dB

Table 3.2: Specifications of operational amplifier.

because the measured tracking error signal contains high-frequency noise. The

filter is passive RC (resistor capacitor) type, and its cut-off frequency is about

338.6 Hz. A picture of the actual experiment setup is shown in Figure 3.8. We

perform an experiment where the proposed add-on controller is applied as in the

computer simulation of Figure 3.4. The experiment results in Figure 3.9 show the

convergence of σ̂ toward the actual frequency 2π × 68 rad/s and the regulation

of the plant output y, as expected in the simulation part. (The reason why the

tracking error y is not cancelled out perfectly might result from the added LPF

(to reduce the measurement noise at high frequency), the residual measurement

noise, and the quantization error of the A/D converter.)

Remark 3.4.2. As a matter of fact, several operational amplifiers (Op Amp,

LM6172 manufactured by Texas Instruments Incorporated) are used in voltage
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Figure 3.9: Experimental results for the proposed add-on controller (3.2.1)
and (3.2.8). (a) Plant output y. (b) Control input u. (c) Fre-
quency estimate σ̂/(2π) (solid) and true value σ/(2π) (dashed).

follower (called unity gain buffer) in front of LPF and the signal sum board.

Also, the LPF is implemented as a passive RC type, as aforementioned. These

components may introduce signal delay and distortion in the measurement signals

and the control input. For this reason, unlike the simulation results at 0.3 s, the

output y in the experiment results gradually decreases over about 0.05 s. The

features of the Op Amp are given in Table 3.2. ♢



Chapter 4

Guaranteeing Almost Fault-free
Performance from Transient to
Steady-state: Disturbance
Observer-based Fault Tolerant Control

In response to the growing need for assessing high-level objectives, modern control

systems usually have complicated structures. For instance, in the framework of

CPS, a variant of CT and DT components are integrated and collaborate with each

other, for the purpose of overcoming the limitations of traditional control systems

[Lee08]. Unfortunately, the increased complexity often puts these systems into a

dangerous situation resulting from faults and failures on the system components or

some malicious cyber-attacks injected through data networks. These undesirable

events not only degrade the overall performance of the system but also destabilize

the closed-loop system, which may threaten the safety of mankind as reported by

several catastrophic accidents [BFN+14, Gor09].

It is in this context that a tremendous research effort has been devoted to

develop fault tolerant control (FTC) schemes in the last two decades (see the

survey papers [ZJ08, YJ15] and the references therein). Two major approaches for

the FTC designs have emerged in literature: passive and active FTC approaches.

The first strategy is to employ a fixed controller during system operation without

any detection and isolation of faults, while the other one is to reconfigure the

controller structure via estimated information on the faults. Over the active FTC,

the passive FTC has advantages that the design is simpler and faster response

85
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may be ensured, at the cost of requiring knowledge on the faults in the design

stage. On the other hand, the active FTC schemes are able to handle even

unanticipated faults outside an expected boundary by adjusting sudden changes

of the system characteristics automatically, yet at the same time additional delays

may take place because of the use of fault detection/isolation algorithms. (See

[ZJ08, YJ15] and the references therein.)

While numerous researches in both directions have been performed in litera-

ture, the problem of guaranteeing a “transient” tracking performance at the mo-

ment of actuator faults still has not been fully dealt with yet. The management

of the transient behavior may be of particular importance to critical control sys-

tems such as power grids [LLC+17] and aircrafts, whose transient malfunctions

possibly result in considerable loss of efficiency and discomfort of mankind. To

the best of the authors’ knowledge, only a few studies have addressed the problem

[CM15, BSP14]. In [CM15], an active FTC scheme was proposed by combining an

adaptive sliding mode control with a backstepping control. While this approach

preserves a satisfactory post-fault transient response as much as desired, it inher-

ently leads to high computational complexity and requires the exact information

on the high-frequency gain matrix of the plant, which restricts the class of model

uncertainty dealt with. On the other hand, the authors of [BSP14] introduced an

adaptive-type FTC for the transient response control of spacecraft. Main draw-

backs of this scheme are that full state information is explicitly used in the con-

troller design and the transient response cannot be shaped arbitrarily.

In this chapter, we present an output feedback FTC scheme that recovers an

(almost) “fault-free” nominal tracking performance during the “entire” time pe-

riod, for a class of multi-input single-output (MISO) linear systems under actu-

ator faults, parametric uncertainty, and external disturbances. Our central idea

is to directly estimate a “lumped” signal representing all the effect of actuator

faults, model uncertainty, and external disturbance at once and compensate it

on-line, rather than try to detect the fault itself as in the traditional active FTC

approaches (which possibly introduce an additional delay). To implement the

idea, in this work a passive FTC is constructed by following the DOB approach.

It should be noted that when it comes to our problem, the inverse model-based
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DOB designs in the literature are not applicable directly. This is because (a) most

of the works dealt only with square systems, and (b) the DOB in [BS08, BS09]

requires the minimum phaseness of the plant, which may be lost when an actu-

ator fault happens. For this reason, a fixed control allocation (CA) law comes

into the picture in our FTC design [JF13]. In particular, provided that the MISO

plant is of minimum phase in an input-wise sense, we propose a design guideline

for the CA law, with which the plant (with a virtual “scalar” input) remains of

minimum phase robustly against any patterns of actuator faults and parametric

uncertainties. With the aid of the CA law, we propose a new inverse model-based

DOB design for the augmented SISO system in order to quickly compensate all

admissible abrupt changes of system caused by the actuator faults. It will be

proved via the singular perturbation theory [Hop66, KKO99] that the proposed

DOB-based FTC, consisting of the DOB and the CA law, resolves the problem

of interest.

A few additional remarks on the proposed FTC are: (a) our result is semi-

global so that any large (but bounded) parametric uncertainty and actuator faults

can be handled; and (b) without utilizing structural knowledge on the disturbance,

the performance recovery of the DOB-based FTC is approximate; however, the

approximation error can be made small arbitrarily.

4.1 Problem Formulation

We consider a MISO linear plant

ẋ = Ax+B(u+ d), y = Cx (4.1.1)

where x ∈ Rn is the state, y ∈ R is the output, d = [d1; . . . ; dm] ∈ Rm is

the disturbance, u = [u1; . . . ;um] ∈ Rm is the actuator input, and A ∈ Rn×n,

B =: [B1, . . . ,Bm] ∈ Rn×m, and C ∈ R1×n are unknown matrices satisfying that

(A,B) is controllable and (C,A) is observable. The disturbance d(t) is of C2,

and d(t) and its time derivative are bounded with known bounds. It is assumed

that the initial condition x(0) belongs to a bounded set.

Throughout this paper, we pay our attention to a particular class of MISO
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systems (4.1.1) that are of minimum phase in an “input-wise” sense, stated as

follows.

Assumption 4.1.1. Each SISO subsystem C(sI − A)−1Bi, i = 1, . . . ,m, of

(4.1.1) satisfies the following conditions:

(a) The system has the relative degree ν ≥ 1 uniformly on i = 1, . . . ,m; more

precisely, CAjBi = 0 for all j = 0, . . . , ν−2, and CAν−1Bi ̸= 0 with known

sign;

(b) The numerator of its transfer function, denoted by Ni(s), is included in the

set of Hurwitz polynomials

Ni :=
{
Ni(s) = Ni,n−νs

n−ν+Ni,n−ν−1s
n−ν−1+· · ·+Ni,0 : Ni,j ∈ [Ni,j ,Ni,j ]

}
(4.1.2)

where Ni,j and Ni,j are known constants.

♢

Without loss of generality, let CAν−1B > 0 for all i = 1, . . . ,m.

The first item of Assumption 4.1.1 admits a coordinate change[
x

ζ

]
:=

[
Tx

Tζ

]
x (4.1.3)

for the state x such that Tx := [C;CA; · · · ;CAν−1] ∈ Rν×n and [Tx;Tζ ] ∈
Rn×n is nonsingular. In the coordinate, the plant (4.1.1) of our interest is newly

represented as the form

ẋ = Aνx+Bν

(
ϕ⊤x+ ψ⊤z + g (u+ d)

)
, y = Cνx, (4.1.4a)

ζ̇ = Sζ +Gx+H (u+ d) , (4.1.4b)

Here, for an integer i ≥ 1, the matrices Ai, Bi, and Ci are defined as

Ai :=

[
0i−1 Ii−1

0 0⊤i−1

]
∈ Ri×i, Bi :=

[
0i−1

1

]
∈ Ri×1, Ci :=

[
1 0⊤i−1

]
∈ R1×i,
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while the matrices ϕ ∈ Rν , ψ ∈ Rn−ν , g := [g1, . . . , gm] ∈ R1×m, S ∈ R(n−ν)×(n−ν),

G ∈ R(n−ν)×ν , and H =: [H1, . . . ,Hm] ∈ R(n−ν)×m are uncertain by definition.

It is easy to see that gi = CAν−1Bi > 0, and 0 < g
i
≤ gi ≤ gi with positive

constants g
i
and gi. Under the assumptions, one can also see that x(0) ∈ X 0 and

ζ(0) ∈ S0 for some compact sets X 0 ⊂ Rν and S0 ⊂ Rn−ν . Keeping the equiva-

lence of (4.1.1) and (4.1.4) in mind, in what follows we mainly regard (4.1.4) as

the plant to be controlled.

We suppose that in addition to the model uncertainty and the external dis-

turbance, at most m−1 actuator faults may take place during the operation. For

its detailed description, let us define Ti > 0, i = 1, . . . ,m, as the time instant

when the i-th actuator is under fault. To prevent the controllability of (4.1.4)

from losing, it is natural to assume that there exists at least one i ∈ [m] satisfying

that Ti = ∞. Then

µ(t) := {i : t < Ti} ∈ 2[m] \ {∅} (4.1.5)

stands for the set of indices, of which the actuators operates normally at the

moment t. On the other hand, for given µ ∈ 2[m] \ {∅} the indicator matrix

Λµ ∈ Rm×m is defined as a diagonal matrix Λµ = diag(Λµ,1, . . . ,Λµ,m) where

Λµ,i = 1 if i ∈ µ and Λµ,i = 0 otherwise. With these symbols, the following

assumption on the actuator failure is made.

Assumption 4.1.2. The actuator input u(t) of the plant (4.1.4) is the form of

u(t) = Λµ(t)ucon(t) +
(
I − Λµ(t)

)
u⋆flt (4.1.6)

where µ(t) is defined as (4.1.5), ucon =: [ucon,1, · · · , ucon,m]⊤ ∈ Rm is the input

signal generated by a controller, and u⋆flt =: [uflt,1, . . . , uflt,m]⊤ ∈ Rm is an un-

known constant vector contained in an (arbitrarily large but) bounded set. More-

over, there exists a dwell time ∆dwell > 0 such that the failure moments Ti in

(4.1.5) satisfy mini,j∈[m](|Ti − Tj |) ≥ ∆dwell. ♢

Remark 4.1.1. The class of actuator faults considered in Assumption 4.1.2 in-

clude the lock-in-place (or stuck) fault (i.e., u⋆flt,i = ui(Ti)) and the floating fault

(i.e., u⋆flt,i = u⋆i for an unknown u⋆i ). ♢
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The main purpose of this chapter is to force the considered plant (4.1.4) to

behave as a “fault-free” nominal model, in view of the output trajectory. Since

the worst scenario we may encounter (in the sense of actuator failure) is that only

one healthy actuator is left, it would be reasonable to consider the following SISO

system as a nominal model of (4.1.4):

ẋn = Aνxn +Bν

(
ϕ⊤n xn + ψ⊤

n ζn + gnvn
)
, yn = Cνxn, (4.1.7a)

ζ̇n = Snζn +Gnxn +Hnvn (4.1.7b)

where xn ∈ Rν and ζn ∈ Rn−ν are the nominal states, vn ∈ R is the nominal

(scalar) input, and yn ∈ R is the nominal output. The matrices ϕn, ψn, Gn, Sn,

Mn, and Hn are nominal components, and the initial conditions xn(0) and ζn(0)

are located in X 0 above and a compact subset S0
n of Rn−ν , respectively. (For some

technical reason, let S0
n be larger than a bounded set {(Hn/gn)B

⊤
ν xn(0) : xn(0) ∈

X 0}.) It is supposed that without any uncertain factor, a (static or dynamic)

output feedback controller

ċn = Ecn + F (r − yn), vn = Jcn +K(r − yn) (4.1.8)

is constructed a priori for the nominal model (4.1.7), in which cn ∈ Rnc is the

controller state initiated in a compact set C0
n , r ∈ R is the reference signal for yn

such that r(t) is C2, and r(t) and ṙ(t) are bounded, and E, F , J , and K are some

matrices. We assume that the controller (4.1.8) stabilizes the nominal closed-loop

system (4.1.7) and (4.1.8) and ensures a satisfactory tracking performance.

Now, we are ready to state the problem under consideration.

Problem of Chapter 4: Provided that Assumptions 4.1.1 and 4.1.2 hold and a

threshold ϵ > 0 is given, to construct an output feedback fault tolerant controller

(FTC)

ϱ̇ = fftc(ϱ, y, r), ucon = hftc(ϱ, y, r) (4.1.9)

such that (a) the state [x(t); ζ(t)] of the closed-loop system (4.1.4), (4.1.6), and
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(4.1.9) is bounded during the system operation, and (b) its output y(t) satisfies

∥y(t)− yn(t)∥ < ϵ, ∀t ≥ 0, (4.1.10)

where yn(t) is an output trajectory of the nominal closed-loop system (4.1.7)

and (4.1.8) with x(0) = xn(0) ∈ X 0 (or equivalently, [yn(0), . . . , y
(ν−1)
n (0)]⊤ =

[y(0), . . . , y(ν−1)(0)]⊤) and some [ζn(0); cn(0)] ∈ S0
n × C0

n . ■

The second item in the problem statement, which is our primary concern,

means that the FTC (4.1.9) recovers a pre-defined “fault-free” tracking perfor-

mance of the nominal closed-loop system (4.1.7) and (4.1.8) in approximate but ar-

bitrarily accurate sense. More importantly, this recovery is desired to be achieved

for transient (as well steady-state) periods including the failure moments, t = Ti.

4.2 Design of Disturbance Observer-based Fault Toler-

ant Controller

In this section, we propose an output feedback FTC (4.1.9) that solves the

problem of this chapter, based on the DOB approach. It should be noted that the

usual DOB designs in the literature are not directly applicable to our problem.

This is because, the previous works mostly took into account square systems

(i.e., systems having the same number of inputs and outputs) with the number

of inputs known, whereas the plant (4.1.4) and (4.1.6) considered here has an

uncertain number of redundant inputs (in which such uncertainty follows from

possible actuator faults)

As a simple way to avoid this difficulty, we here employ an auxiliary “scalar”

input v ∈ R and allocate it into the control input ucon(t) of (4.1.4) as

ucon(t) = κv(t) (4.2.1)

where κ = [κ1; · · · ;κm] ∈ Rm×1 is a constant vector. The underlying rationale

behind the fixed CA law (4.2.1) is that the plant (4.1.4) and (4.1.6) augmented
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with (4.2.1), computed by

ẋ = Aνx+Bν

(
ϕ⊤x+ ψ⊤ζ + gΛµκv + g(1− Λµ)u

⋆
flt + gd

)
, y = Cνx, (4.2.2a)

ζ̇ = Sζ +Gx+HΛµκv +H(1− Λµ)u
⋆
flt +Hd, (4.2.2b)

now can be viewed as a SISO system with respect to the auxiliary input v; more

importantly, this property is invariant on the pattern of the actuator faults. An-

other advantage of (4.2.1) is that the design parameter κ explicitly appears in

the new input matrix [gΛµκ;HΛµκ] of the SISO system (4.2.2), which brings an

opportunity to handle the system zeros of (4.2.2). This is of utter importance to

us, since the DOB design basically follows the philosophy of high-gain technique

[BS08, BS09] where the controlled plant is necessarily of minimum phase. In the

next subsection, we will show that this requirement can always be obtained (even

in the presence of model uncertainty and actuator faults) by selecting κ appro-

priately.

4.2.1 Static Gain of Control Allocation Law

We start by introducing a natural definition of the minimum phaseness for

the system (4.2.2).

Definition 4.2.1. The system (4.2.2) with the switching signal µ(t) in (4.1.5)

is said to be of µ-invariant minimum phase if it is of minimum phase for any

constant µ ∈ 2[m] \ {∅}. ♢

The following lemma then provides a simple necessary and sufficient condition

for the µ-invariant minimum phaseness.

Lemma 4.2.1. All the systems (4.1.4) satisfying Assumption 4.1.1 are of µ-

invariant minimum phase if and only if, for the set

Kµ :=
{∑

i∈µ
κiNi(s) : Ni(s) ∈ Ni in (4.1.2)

}
, (4.2.3)

every polynomials in
⋃

µ∈2[m]\{∅}Kµ are Hurwitz. ♢
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Proof. The lemma can be easily proved by showing that for the transfer func-

tion of (4.1.4) with a constant set µ ∈ 2[m] \ {∅}, its numerator is the same as∑
i∈µ κiNi(s).

Motivated by the result of Lemma 4.2.1, the main goal of this subsection is

to design the static gain κ in (4.2.1) that makes every elements of
⋃

2[m]\{∅}Kµ

in Lemma 4.2.1 Hurwitz. In the following, such κ will be selected in an iterative

way. For this, let us consider the equality

⋃
2[k+1]\{∅}

Kµ = K{k+1} ∪
(⋃

µ∈2[k]\{∅}
Kµ

)
∪
(⋃

µ∈2[k]\{∅}
Kµ∪{k+1}

)
(4.2.4)

for k = 0, . . . ,m− 1, which presents a recursive decomposition of
⋃

2[k+1]\{∅}Kµ.

We here note that the set
⋃

µ∈2[k]\{∅}Kµ in the recursive relation (4.2.4) is well-

defined only with partial components κ1, . . . ,κk of κ. It is also pointed out that

for any polynomial Ni(s) ∈ Ni, its leading coefficient Ni,n−ν is the same as the

i-th component gi > 0 of the high-frequency gain matrix g of (4.1.4).

We now claim that if κi > 0, i = 1, . . . , k (with k ≤ m − 2), are chosen

such that the polynomials in
⋃

µ∈2[k]\{∅}Kµ are all Hurwitz, then there exists

κk+1 > 0 with which the polynomials in
⋃

µ∈2[k+1]\{∅}Kµ are also Hurwitz. Under

the hypothesis and Item (b) of Assumption 4.1.1, the first two sets in the right

hand-side of (4.2.4) naturally consist only of stable polynomials, regardless of the

vaule of κk+1. On the other hand, for each µ ∈ 2[k] \ {∅} an element of Kµ∪{k+1}

is the form of

Kµ∪{k+1}(s) := κk+1Nk+1(s) +
∑

i∈µ
κiNi(s). (4.2.5)

Notice that because κiNi,n−ν > 0 for all i = 1, . . . , k and the latter polynomial∑
i∈µ κiNi(s) in (4.2.5) is Hurwitz by definition, all the coefficients of Kµ∪{k+1}(s)

above must be positive. It is then obtained from the Kharitonov’s theorem

[BCK95] that for given µ ∈ 2[k] \ {∅} and κk+1 > 0, all the uncertain polyno-

mials Kµ∪{k+1}(s) in Kµ∪{k+1} are Hurwitz if and only if the following four ex-
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treme polynomials are Hurwitz:

K⋆
µ∪{k+1},j(s) := κk+1N

⋆
k+1,j(s) +

∑
i∈µ
κiN

⋆
i,j(s), ∀ j = a, b, c, d (4.2.6)

where for i = 1, . . . ,m,

N⋆
i,a(s) (4.2.7a)

:= Ni,n−νs
n−ν + Ni,n−ν−1s

n−ν−1 + Ni,n−ν−2s
n−ν−2 + Ni,n−ν−3s

n−ν−3 + · · · ,

N⋆
i,b(s) (4.2.7b)

:= Ni,n−νs
n−ν + Ni,n−ν−1s

n−ν−1 + Ni,n−ν−2s
n−ν−2 + Ni,n−ν−3s

n−ν−3 + · · · ,

N⋆
i,c(s) (4.2.7c)

:= Ni,n−νs
n−ν + Ni,n−ν−1s

n−ν−1 + Ni,n−ν−2s
n−ν−2 + Ni,n−ν−3s

n−ν−3 + · · · ,

N⋆
i,d(s) (4.2.7d)

:= Ni,n−νs
n−ν + Ni,n−ν−1s

n−ν−1 + Ni,n−ν−2s
n−ν−2 + Ni,n−ν−3s

n−ν−3 + · · · .

We emphasize that N⋆
i,j(s) in (4.2.7) are the very extreme polynomials of Ni(s) of

the set Ni in (4.1.2), all of which are thus Hurwitz by the Kharitonov’s theorem

and Item (b) of Assumption 4.1.2. It then follows from the root locus technique

that for each j ∈ {a, . . . , d}, there exists sufficiently large κµ∪{k+1},j > 0 such that

K⋆
µ∪{k+1},j(s) in (4.2.6) is Hurwitz for all κk+1 > κµ∪{k+1},j > 0. At last, take

κk+1 sufficiently large to satisfy

κk+1 > max
µ∈2[k+1]\{∅}

{
max

j={a,b,c,d}

{
κµ∪{k+1},j

}}
(4.2.8)

so that all the uncertain polynomials of
⋃

µ∈2[k+1]\{∅}Kµ∪{k+1} (and thus those of⋃
µ∈2[k+1]\{∅}Kµ in the left hand-side of (4.2.4)) are Hurwitz.

By repeating this routine up to m−1 steps, we propose a design guideline for

the static gain κ.

Procedure 4.2.2. (Static gain κ of control allocation law)

STEP 0 Take κ1 > 0 arbitrarily so that all the polynomials of
⋃

2[1]\{∅}Kµ (=

K{1}) are Hurwitz.
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STEP k (k = 1, . . . ,m − 1) For each µ ∈ 2[k+1] \ {∅} and each j ∈ {a, . . . , d},
select κµ∪{k+1},j > 0 such that with κi derived by the previous steps, the

extreme polynomials K⋆
µ∪{k+1},j(s) in (4.2.6) are Hurwitz for all κk+1 >

κµ∪{k+1},j > 0. Choose κk+1 to satisfy (4.2.8).

STEP m With κi selected in the above steps, take κ = [κ1; · · · ;κm].

♢

Theorem 4.2.3. Under Assumption 4.1.1, the SISO system (4.2.2) with κ com-

puted by Procedure 4.2.2 is of µ-invariant minimum-phase. ♢

Proof. The proof is trivial and thus it is omitted.

4.2.2 Representation to Byrnes-Isidori Normal Form

As a prerequisite for the DOB design, in this subsection we represent the

augmented system (4.2.2) and the nominal model (4.1.7) into a Byrnes-Isidori

normal form [Kha96, Chapter 11].

For the former dynamics, we first introduce a variable

zµ := ζ − 1

gΛµκ
HΛµκB

⊤
ν x = ζ − 1

gΛµκ
HΛµκxν ∈ Rn−ν . (4.2.9)

It is noted that with κi > 0,

0 < min
i∈{1,...,m}

{g
i
κi} ≤ gΛµκ =

∑
i∈µ

giκi ≤
∑m

i=1
giκi (4.2.10)

directly hold for all constant sets µ ∈ 2[m] \ {∅}. This implies that (4.2.9) is well-

defined for any µ(t) in (4.1.5). The following lemma then says that for a time

period within which no fault occurs, the composite variable (x, zµ) can serve as a

new coordinate that represents (4.2.2) into a Byrnes-Isidori normal form.

Lemma 4.2.4. Let T and T be positive constants such that µ(t) in (4.1.5) is fixed

for T ≤ t < T . Then during that period, the SISO system (4.2.2) is represented

in the coordinate change (x, zµ) with (4.2.9) as

ẋ = Aνx+Bν

(
ϕ⊤
µ x+ψ⊤

µ zµ + gµv + dx,µ
)
, y = Cνx, (4.2.11a)
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żµ = Sµzµ +Gµx+ dz,µ (4.2.11b)

where

ϕ⊤
µ := ϕ⊤ +

HΛµκ

gΛµκ
ψ⊤B⊤

ν , ψ⊤
µ := ψ⊤, gµ := gΛµκ,

Sµ := S − HΛµκ

gΛµκ
ψ⊤, Gµ := G− HΛµκ

gΛµκ
ϕ⊤ +

(
S − HΛµκ

gΛµκ
ψ⊤
)
HΛµκ

gΛµκ
B⊤

ν ,

Hµ := HΛµκ

and

dx,µ := G(1− Λµ)u
⋆
flt +Gd,

dz,µ :=

(
H(1− Λµ)−

HΛµκ

gΛµκ
g(1− Λµ)

)
u⋆flt +

(
H − HΛµκ

gΛµκ
g

)
d.

♢

Proof. The lemma is easily proved by differentiating zµ(t)(t) = zµ(t) along with

the (x, ζ)-dynamics (4.2.2), and we skip the details.

Note that all the matrices and the external signals in the (x, zµ)-dynamics

are uncertain but bounded with known bounds, as those in the original dynamics

(4.2.2) do. From this fact, one can find out some bounds for the uncertain pa-

rameters, uniformly on µ ∈ 2[k] \ {∅}; in particular, let Dx ⊂ R and Dz ⊂ R be

compact sets such that dx,µ(t)(t) ∈ Dx, and dz,µ(t)(t) ∈ Dz for all t ≥ 0 and all

admissible µ(t) in (4.1.5). On the other hand, we also observe that the set of the

initial conditions zµ(0)(0) = z{1,...,m}(0) is bounded by{
zµ(0)(0) = ζ(0)− Hκ

gκ
B⊤

ν x(0) : ζ(0) ∈ S0, x(0) ∈ X 0

}
⊂ Z0

for a µ-independent compact subset Z0 of Rn−ν .

A similar result can be derived for the nominal model (4.1.7). Indeed, in

considering a coordinate [xn; zn] where

zn := ζn −
1

gn
HnB

⊤
ν xn = ζn −

1

gn
Hnxn,ν , (4.2.12)
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one can readily express the nominal model (4.1.7) as the form

ẋn = Aνxn +Bν

(
ϕ⊤
n xn +ψ

⊤
n zn + gnvn

)
, yn = Cνxn, (4.2.13a)

żn = Snzn +Gnxn (4.2.13b)

where

ϕ⊤
n := ϕ⊤n +

1

gn
Hnψ

⊤
n B

⊤
ν , ψ⊤

n := ψ⊤
n , gn = gn,

Sn := Sn −
Hn

gn
ψ⊤
n , Gn := Gn −

Hn

gn
ϕ⊤n +

(
S − Hn

gn
ψ⊤
n

)
Hn

gn
B⊤

ν .

Similar to Z0, we denote the set of possible initial conditions zn(0) for all ζn(0) ∈
S0
n and xn(0) ∈ X 0 as Z0

n .

We note in advance that the bounds for the plant (4.2.11) and the nominal

model (4.2.13) will be utilized for the DOB design in the following subsection.

4.2.3 Disturbance Observer-based Controller

In this subsection, we complete the design of the FTC (4.1.9) by constructing

a DOB-based controller for the augmented SISO system (4.2.2). As in other

relevant works, the DOB-based controller to be proposed here consists of two

parts; baseline controller and DOB. Among them, the former part is designed by

duplicating the existing structure (4.1.8) with yn replaced by y as

ċ = Ec+ F (r − y), vBL = Jc+K(r − y) (4.2.14)

where c ∈ Rnc is the state of (4.2.14) initiated in C0
n . Hence, the remainder of this

subsection is devoted to construct the DOB.

As the first task for the DOB design, we choose ai, i = 0, . . . , ν− 1, such that

the transfer function

sν + aν−1s
ν−1 + · · ·+ a1s+ (g/gn)a0

sν + aν−1sν−1 + · · ·+ a1s+ (g/gn)a0
(4.2.15)
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is SPR [Kha96, Chapter 6] where

g := min

{
gn, min

i∈{1,...,m}
{g

i
κi}
}
> 0 and g := max

{
gn,

m∑
i=1

giκi

}
(4.2.16)

via the proposed design guidelines in Appendix A.1.

Next, based on the normal form expressions (4.2.11) and (4.2.13), we compute

some compact sets in which the nominal state [xn(t); zn(t); cn(t)] and the partial

actual state zµ(t)(t) are expected to remain during system operation. For the

former variable, it is noted in advance that the nominal closed-loop system (4.1.8)

and (4.2.13) will play a role as a (stable and time-invariant) reference model for

the switched system (4.1.9) and (4.2.11), which experiences at most m−1 switches

in the dynamics. To take into account the effect of switching dynamics, bounded

sets for the nominal states x(t), zn(t), and cn(t) are derived in a recursive way as

follows (for initialization, let X 0
⟨0⟩ := X 0, Z0

n,⟨0⟩ := Z0
n , and C0

⟨0⟩ := C0
n):

Procedure 4.2.5. (Bounds of nominal states xn, zn, and cn)

STEP j (j = 0, . . . ,m − 1) Select bounded sets X⟨j⟩ ⊂ Rν , Zn,⟨j⟩ ⊂ Rn−ν , and

Cn,⟨j⟩ ⊂ Rnc such that the solution [xn(t); zn(t); cn(t)] of (4.1.8) and

(4.2.13) initiated in X 0
⟨j⟩ ×Z0

n,⟨j⟩ × C0
n,⟨j⟩ belongs to X⟨j⟩ ×Zn,⟨j⟩ × Cn,⟨j⟩

for all admissible reference signal r. Then take large compact sets X ⟨j⟩,

Zn,⟨j⟩, and Cn,⟨j⟩ to satisfy

X⟨j⟩ ×Zn,⟨j⟩ × Cn,⟨j⟩
ϵ/m
⊏ X ⟨j⟩ ×Zn,⟨j⟩ × Cn,⟨j⟩. (4.2.17)

Set X 0
⟨j+1⟩ := X ⟨j⟩, Z0

n,⟨j+1⟩ := Zn,⟨j⟩, and C0
n,⟨j+1⟩ := Cn,⟨j⟩.

STEP m Take X := X⟨m−1⟩, X := X ⟨m−1⟩, Zn := Zn,⟨m−1⟩, Z := Zn,⟨m−1⟩,

Cn := Cn,⟨m−1⟩, and Cn := Cn,⟨m−1⟩.

♢

We note in advance that all the trajectories [xn(t); zn(t); cn(t)] of the nominal

closed-loop system in the analysis to come will belong to the bounded region

X ×Zn ×Cn. On the other hand, the slightly larger set X ×Zn ×Cn will be used
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as a bound for the actual counterpart [x(t); z†n(t); c(t)] (in the presence of up to

m− 1 actuator faults) of the nominal state, in which z†n will be presented shortly

in (4.2.21c).

From now on, we derive a bound for the partial state zµ of the actual plant

(4.2.11). The way of computing its bound is basically similar to that for the

nominal state above, whereas the main difference comes from the fact that zµ
may jump at every failure moments. To take a look at the jumping behavior, we

remark that the vector field of the (x, ζ)-dynamics (4.1.4) is piecewise continuous

on t, by which the solution [x(t); ζ(t)] is continuous on t [Kha96, Chapter 3]. From

the continuity of ζ(t), it follows that at each switching time t = T ∈ {T1, . . . , Tm},
zµ(t)(t) jumps from limt↗T zµ(t)(t) to

zµ(T )(T ) = ζ(T )−
HΛµ(T )κ

gΛµ(T )κ
B⊤

ν x(T )

= lim
t↗T

zµ(t)(t) + lim
t↗T

HΛµ(t)κ

gΛµ(t)κ
B⊤

ν x(t)−
HΛµ(T )κ

gΛµ(T )κ
B⊤

ν x(T ).

On the other hand, by the property of the Byrnes-Isidori normal form, the system

(4.2.2) is of µ-invariant minimum phase if and only if the matrix Sµ in (4.2.11)

is Hurwitz for all µ ∈ 2[m] \ {∅}. Therefore with κ obtained by the proposed

guideline and the external inputs x and dx,µ being bounded, the solution zµ(t) of

(4.2.11b) must belong to a bounded region during the time period between the

sequential failure moments. Summing up these findings, we compute a bound of

zµ as follows (let Z0
⟨0⟩ = Z0 for initialization):

Procedure 4.2.6. (Bound of actual state zµ)

STEP j (j = 0, . . . ,m− 1): Take a compact set Z⟨j⟩ ⊂ Rn−ν such that

Z⟨j⟩ ⊃
{
zµ(t) of (4.2.11b) initiated in Z0

⟨j⟩ : (4.2.18)

x ∈ X , dz,µ ∈ Dz, µ ∈ 2[m] \ {∅}
}
.

Choose a bounded set Z0
⟨j+1⟩ ⊂ Rn−ν satisfying that

Z0
⟨j+1⟩ ⊃

{
z +

1

gµ
HµB

⊤
ν x− 1

gµ
HµB

⊤
ν x :
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z ∈ Z⟨j⟩, x ∈ X , µ ∈ 2[m] \ {∅}
}
.

STEP m Take Z := Z⟨m−1⟩.

♢

To proceed, with the sets obtained via Procedures 4.2.5 and 4.2.6, we define

a set

Dtotal :=

{
dtotal,µ :=

1

gµ

(
ϕ⊤
µ x+ψ⊤

µ zµ + gµ
(
Jc+K(r − Cνx)

)
+ gµdx,µ

− ϕ⊤
n x−ψ⊤

n z
†
n − gn

(
Jc+K(r − Cνx)

))
: (4.2.19)

zµ ∈ Z, [x; z†n; c] ∈ X × Zn × Cn, dx,µ ∈ Dx, µ ∈ 2[m] \ {∅}
}
.

and take a larger compact set Dtotal ⊐ Dtotal. Using the compact sets W and X ,

we now design two saturation functions sw : R → R and sx : Rν → Rν that are of

C1, bounded, and satisfy

sw(w) = w, ∀w ∈ Dtotal, and 0 ≤ d

dw
sw ≤ 1, ∀w ∈ R, (4.2.20a)

sx(q) = q, ∀q ∈ X , and 0 ≤ d

dq
sx ≤ 1, ∀q ∈ Rν . (4.2.20b)

Integrating the components above into one, we propose a DOB as follows:

ṗ =
(
Aν −Υ−1

ν (τ)αCν

)
p+

a0
τν
Bνv, (4.2.21a)

q̇ =
(
Aν −Bνα

⊤Υν(τ)
−1
)
q +

a0
τν
Bνy, (4.2.21b)

ż†n = Snz
†
n +Gns̄x

(
q
)
, (4.2.21c)

w = −Cνp+
1

gn

(
q̇ν − ϕ⊤

n q −ψ⊤
n z

†
n

)
(4.2.21d)

= −Cνp+
1

gn

(
−α⊤Υν(τ)

−1q +
a0
τν
y − ϕ⊤

n q −ψ⊤
n z

†
n

)
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Uncertain plant

Actuator fault

Disturbance

Control allocation law

Disturbance observer

Baseline controller

Figure 4.1: Overall configuration of proposed DOB-based FTC consisting of
input allocation law (4.2.1), baseline controller (4.2.14), and DOB
(4.2.21)

where τ > 0 is a small design parameter that will be taken in Theorem 4.3.1,

α :=


a0
...

aν−1

 ∈ Rν , α :=


aν−1

...

a0

 ∈ Rν ,

Υν(τ) := diag(τ, τ2, . . . , τν) ∈ Rν×ν , and Υν(τ) := diag(τν , τν−1, . . . , τ) ∈ Rν×ν .

The initial conditions p(0) and q(0) are taken arbitrarily to be contained in a

compact set F0
pq ⊂ R2ν . On the other hand, for z†n(0) we take a slightly smaller

set Z0
n ⊂ Z0

n than Z0
n such that a nonempty and bounded set satisfies

z†n(0)−
1

gn
HnB

⊤
ν xn(0) ∈ S0

n (4.2.22)

for all z†n(0) ∈ Z0
n and xn(0) ∈ X 0. (Such nonempty Z0

n always exists by the

definition of S0
n .) With the set, choose z†n(0) ∈ Z0

n.

Remark 4.2.1. It can be readily seen that with sw and sx being inactive, the

proposed DOB (4.2.21) becomes simplified into the conventional structure pre-

sented in literature, whose Q-filter has the form of a low-pass filter Q(s; τ) =

a0/((τs)
ν + aν−1(τs)

ν−1 + · · ·+ a1(τs) + a0). ♢
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Summarizing the discussions so far, we construct the FTC (4.1.9) as the com-

bination of the fixed CA law (4.2.1), the baseline controller (4.2.14), the DOB

(4.2.21), and the composite control law

v = vBL − sw(w). (4.2.23)

The configuration of the overall system controlled by the proposed FTC is given

in Figure 4.1.

4.3 Performance Analysis

This subsection is organized to show that the proposed DOB-based FTC

(4.2.1), (4.2.14), (4.2.21), and (4.2.23) with small τ solves the problem of in-

terest, especially in the sense of the following theorem.

Theorem 4.3.1. Suppose that Assumptions 4.1.1 and 4.1.2 hold. Then for

given ϵ > 0, there exists τ > 0 such that for all τ ∈ (0, τ), the solution of

the closed-loop system (4.1.4), (4.1.6), (4.2.1), (4.2.14), and (4.2.21), initiated at

[x(0); ζ(0); z†n(0); c(0); p(0); q(0)] ∈ X 0×S0×Z0
n×C0×F0

pq, satisfies the following

statements:

(a) [x(t); ζ(t)] ∈ X × Sn for all t ≥ 0;

(b) ∥∥[x(t); z†n(t); c(t)]− [x⋆n(t); z
⋆
n(t); c

⋆
n(t)]

∥∥ < ϵ, ∀t ≥ 0 (4.3.1)

where [x⋆n(t); z
⋆
n(t); c

⋆
n(t)] is the trajectory [xn(t); zn(t); cn(t)] of the nominal

closed-loop system (4.1.7) and (4.1.8), initiated at [xn(0); zn(0); cn(0)] =

[x(0); z†n(0); c(0)] ∈ X 0 ×Z0
n × C0

n .

♢

We point out that in the coordinate [x; ζ†n; c] with ζ†n := z†n+(Hn/gn)B
⊤
ν xn(0),

the inequality (4.3.1) in Theorem 4.3.1 is rewritten by

∥∥[x(t); ζ†n(t); c(t)]− [x⋆n(t); ζ
⋆
n(t); c

⋆
n(t)]

∥∥ < ϵ



4.3. Performance Analysis 103

where ζ⋆n(t) := z⋆n(t) + (Hn/gn)B
⊤
ν x

⋆
n(t) initiated at

ζ⋆n(0) = z⋆n(0) +
1

gn
HnB

⊤
ν x

⋆
n(0) = z†n(0) +

1

gn
HnB

⊤
ν x(0) ∈ S0

n .

The theorem will be proved in the following steps. First, with a coordinate

transformation for p and q, we represent the overall system (together with the

Byrnes-Isidori normal form (4.2.11) and (4.2.13)) into the standard singular per-

turbation form (Lemma 4.3.2). In particular, it will be seen that on the bound-

ary layer in view of the singular perturbation theory, the (x, z†n, c)-dynamics, a

part of the slow subsystem, behaves as the nominal closed-loop system (i.e., the

(xn, zn, cn)-dynamics (4.2.11) and (4.1.8)) for any patterns of actuator failure.

Since the discontinuity on zµ makes the singular perturbation theory inappli-

cable for the entire time period, we alternatively apply the Tickonov’s theorem

[Hop66] to “each” subinterval of time between two sequential moments of failure

(Lemma 4.3.3). By doing so, we will see that the actual state [x(t); z†n(t); c(t)]

could remain close to a nominal trajectory [xn(t); zn(t); cn(t)] at least for a while,

even though the latter is not necessarily the same as [x⋆n(t); z⋆n(t); c⋆n(t)]. Nonethe-

less, the difference between these nominal trajectories is negligible due to stability

of the nominal closed-loop system, which concludes Theorem 4.3.1.

We begin the proof by representing the overall system into a singular pertur-

bation form [Kha96, KKO99].

Lemma 4.3.2. Let T > 0 and T > 0 be such that µ(t) in (4.1.5) is constant for

T ≤ t < T . Then with the coordinate changes (4.2.9) and

ξ := Υν(τ)
−1
(
Π(τ)q − x

)
, (4.3.2a)

η :=
1

τ
Υν(τ)p+

a0
gn

Υν(τ)
−1
(
Π(τ)q − x

)
=

1

τ
Υν(τ)p+

a0
gn
ξ (4.3.2b)

where

Π(τ) :=
1

a0


a0 a1τ · · · aν−1τ

ν−1

0 a0
. . .

...
...

. . . a1τ

0 · · · a0

 ∈ Rν×ν , (4.3.3)
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the closed-loop system (4.1.4), (4.1.6), (4.2.1), (4.2.14), (4.2.21), and (4.2.23) is

transformed into a standard singular perturbation form for T ≤ t < T , with

respect to the perturbation parameter τ :

• slow subsystems: the augmented plant (4.2.11) and

ż†n = Snz
†
n +Gns̄x

(
Π(τ)−1(x+Υν(τ)ξ)

)
(4.3.4a)

• fast subsystems:

τ ξ̇ = (Aν − αCν)ξ −Bν

(
ϕµx+ψ⊤

µ zµ + gµv + dx,µ

)
, (4.3.5a)

τ η̇ = (Aν − αCν)η (4.3.5b)

+ a0Bν

((
1− gµ

gn

)
v − 1

gn

(
ϕ⊤
µ x+ψ⊤

µ zµ + dx,µ

))

where

v = Jc+K(r − Cνx) (4.3.6)

− sw

(
−Cνη −

1

gn

(
ϕ⊤
n Π(τ)−1(x+Υν(τ)ξ) +ψ

⊤
n z

†
n

))
.

♢

Proof. It is easy to derive the slow subsystems (4.3.4) from Lemma 4.3.5 and

q = Π(τ)−1(x + Υν(τ)ξ), while the remaining part of the proof is devoted to

compute the fast subsystems (4.3.5). By definition, we have

q̇ν = − a0
τν
q1 −

a1
τν−1

q2 − · · · − aν−1

τ
qν +

a0
τν
x1 = −a0ξ1 (4.3.7)

and thus,

p1 −
1

gn
q̇ν = Cν(1/τ)Υν(τ)p+

a0
gn
Cνξ = Cνη.

Then the time derivative of ξi is computed by: for i = 1, . . . , ν − 1,

ξ̇i =
1

τν+1−i

( 1

a0

(
a0q̇i + τa1q̇i+1 + · · ·+ τν−i−1aν−i−1q̇ν−1 + τν−iaν−iq̇ν

)
− ẋi

)
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=
1

τ

(
1

τν−i

(
1

a0
(a0qi+1 + τa1q(i+1)+1 + · · ·+ τν−(i+1)aν−(i+1)qν)− xi+1

))
+

1

τ

aν−i

a0
q̇ν

=
1

τ
ξi+1 −

aν−i

τ
ξ1 (4.3.8)

while for i = ν,

ξ̇ν =
1

τ
(q̇ν − ẋν) = −1

τ
a0ξ1 −

1

τ

(
ϕ⊤
µ x+ψ⊤

µ zµ + gµv + dx,µ

)
. (4.3.9)

This gives (4.3.5a) and (4.3.6). On the other hand, to obtain the η-dynamics

(4.3.5b) we define an intermediate variable η̂ := (1/τ)Υν(τ)p, with which η :=

η̂ + (a0/gn)ξ. Using the p-dynamics (4.2.21a), one has

τ ˙̂η = Υν(τ)ṗ = Υν(τ)

((
Aν −Υ−1

ν (τ)αCν

)
τΥν(τ)

−1η̂ +
a0
τν
Bνv

)
= (Aν − αCν)η̂ + a0Bνv. (4.3.10)

Now, differentiating η = η̂ + (a0/gn)ξ with the η̂-dynamics (4.3.10) and the ξ-

dynamics (4.3.5a) leads to

τ η̇ =
(
(Aν − αCν)η̂ + a0Bνv

)
+

a0
gn

(
(Aν − αCν)ξ −Bν

(
ϕ⊤
µ x+ψ⊤

µ zµ + gµv + dx,µ

))
.

This directly implies (4.3.5b) and concludes the proof.

To figure out the quasi-steady-state behavior of the singularly perturbed sys-

tem (4.3.4)–(4.3.5), it is for now assumed that the slow variables µ, x, z†n, c, zµ,

dx,µ, and dz,µ are frozen as

µ ∈ 2[m] \ {∅}, [x; z†n; c] ∈ X × Zn × Cn, zµ ∈ Z, dx,µ ∈ Dx, dz,µ ∈ Dz. (4.3.11)

Under the hypothesis, we now compute a (possibly µ-dependent) solution ξ⋆µ =:

[ξ⋆µ,1; · · · ; ξ⋆µ,ν ] and η⋆µ =: [η⋆µ,1; · · · ; η⋆µ,ν ] of the following degenerating equation

(which is obtained by putting τ = 0 and [ξ; η] = [ξ⋆µ; η
⋆
µ] into the fast dynamics
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(4.3.5)):

0 = −aν−iξ
⋆
µ,1 + ξ⋆µ,i+1, ∀i = 1, . . . , ν − 1, (4.3.12a)

0 = −a0ξ
⋆
µ,1 −

[
ϕ⊤
µ x+ψ⊤

µ zµ + gµ
(
Jc+K(r − Cνx)

)
+ gµdx,µ

− gµsw

(
−η⋆µ,1 −

1

gn
(ϕ⊤

n x+ψ⊤
n z

†
n)

)]
and

0 = −aν−iη
⋆
µ,1 + η⋆µ,i+1, ∀i = 1, . . . , ν − 1, (4.3.12b)

0 = −a0η
⋆
µ,1 + a0

[(
1− gµ

gn

)(
Jc+K(r − Cνx)

)
−
(
1− gµ

gn

)
sw

(
−η⋆µ,1 −

1

gn
(ϕ⊤

n x+ψ⊤
n z

†
n)

)
− 1

gn
(ϕ⊤

µ x+ψ⊤
µ zµ + dx,µ)

]

(where Π(0) = I and Υν(0) = 0 are used). It can be seen that the degenerating

equation (4.3.12) admits a solution

ξ⋆µ,1 = − 1

a0

(
ϕ⊤
n x+ψ⊤

n z
†
n + gn

(
Jc+K(r − Cνx)

))
, (4.3.13a)

η⋆µ,1 =

(
gn
gµ

− 1

)(
Jc+K(r − Cνx) +

1

gn
(ϕ⊤

n x+ψ⊤
n z

†
n)

)
− 1

gµ
(ϕ⊤

µ x+ψ⊤
µ zµ + gµdx,µ), (4.3.13b)

ξ⋆µ,i = 0 and η⋆µ,i = 0, ∀i = 2, . . . , ν. (4.3.13c)

It should be emphasized that (4.3.13) is in fact the “unique” solution of (4.3.12),

because the right hand-side of the last row of (4.3.12b) is a strictly decreasing

function of η⋆µ,1 by the property of sw. In the computation of the solution, one

may verify that with the slow variables frozen (as in (4.3.11)), the input of sw

−η⋆µ,1 −
1

gn
(ϕ⊤

n x+ψ⊤
n z

†
n) = dtotal,µ (4.3.14)

belongs to Dtotal in (4.2.19) so that the saturation function is inactive.

It readily follows that on the boundary layer [ξ; η] = [ξ⋆µ; η
⋆
µ] and with τ =

0, the singularly perturbed system (4.3.4)–(4.3.5) becomes reduced into the zµ-



4.3. Performance Analysis 107

dynamics (4.2.11b) and

ẋ = Aνx+Bν

(
ϕ⊤
n x+ψ⊤

n z
†
n + gn(Jc+K(r − Cνx))

)
, (4.3.15a)

ż†n = Snz
†
n +Gnx, (4.3.15b)

ċ = Ec+ F (r − Cνx). (4.3.15c)

It should be emphasize that (4.3.15a)–(4.3.15c) is decoupled from the remaining

zµ-dynamics, having exactly the same dynamics as the (µ-independent) stable

nominal closed-loop system (4.1.8) and (4.2.13). Thus in the singular perturbation

theoretic point of view, one may expect that the two trajectories [x(t); z†n(t); c(t)]

and [xn(t); zn(t); cn(t)] might be close to each other with small perturbation pa-

rameter τ . This is indeed the case for the subintervals of time between two se-

quential moments of failure, as in the following lemma.

Lemma 4.3.3. Suppose that Assumptions 4.1.1 and 4.1.2 hold. Let P = P⊤ > 0

be the solution of the Lyapunov equation PAn + A⊤
n P = −I where An is the

system matrix of the nominal closed-loop system (4.1.8) and (4.2.13). Then for

given constant set µ′ ∈ 2[m] \ {∅} and ϵ > 0, there exists τµ′ > 0 such that if

• µ(t) = µ′ for a time period T ≤ t < T satisfying T − T > ∆dwell;

• [x(T ); z†n(T ); c(T )] ∈ X 0
⟨j⟩ × Z0

n,⟨j⟩ × C0
n,⟨j⟩, and zµ′(T ) ∈ Z0

⟨j⟩ for some j ∈
{0, . . . ,m− 1};

• [p(T ); q(T )] ∈ Fpq where Fpq ⊂ R2ν is a bounded set independent of τ ,

then the state trajectory of the closed-loop system (4.1.4), (4.1.6), (4.2.1), (4.2.14),

(4.2.21), and (4.2.23) satisfies the following statements for all τ ∈ (0, τµ′):

(a) for all T ≤ t < T , the partial state [x(t); z†n(t); c(t)] belongs to X ⟨j⟩×Zn,⟨j⟩×
Cn,⟨j⟩ and satisfies

∥∥[x(t); z†n(t); c(t)]− [xn(t); zn(t); cn(t)]
∥∥ < ϵ

m

√
λ(P )

λ(P )
(4.3.16)

where [xn(t); zn(t); cn(t)] is the solution of the nominal closed-loop system

(4.1.8) and (4.2.13) initiated at [xn(T ); zn(T ); cn(T )] = [x(T ); z†n(T ); c(T )];
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(b) zµ′(t) remains in Z⟨j⟩ for all T ≤ t < T ;

(c) there exists a τ -independent bounded set Fpq such that [p(T ); q(T )] ∈ Fpq.

♢

Proof. We here briefly sketch the proof (especially for Item (a)), while the de-

tailed proof is similar to that of the theorems in the previous chapters. Roughly

speaking, the lemma will be proved by applying the Tichonov’s theorem [Hop66]

to the singularly perturbed form (4.3.4)–(4.3.5). It is clear that the reduced sub-

system (4.3.15) is stable, because the internal dynamics (4.2.11) of the actual

plant is stable by the selection of κ. We now investigate the stability of the fast

subsystem (4.3.5), which is a requirement of the Tichonov’s theorem [Hop66]. To

this end, we define the error variables

ξ̃µ′ := ξ − ξ⋆µ′ and η̃µ′ := η − η⋆µ′ (4.3.17)

(where ξ⋆µ′ and η⋆µ′ are given in (4.3.13)). By differentiating (4.3.17) with respect

to a scaled time ς := t/τ and put τ = 0 to the resulting equations (so that the

slow variables are frozen in the time scale ς), one obtains the “boundary-layer

system” as follows:

d

dς
ξ̃µ′ = (Aν − αCν)ξ̃µ′ +Bνgµ′

(
sw
(
yη + dtotal,µ′

)
− dtotal,µ′

)
, (4.3.18a)

d

dς
η̃µ′ = (Aν − αCν)η̃µ′ − a0Bνuη,

yη := −Cν η̃µ′ , uη = −
(
gµ′

gn
− 1

)(
sw(yη + dtotal,µ′)− dtotal,µ′

)
(4.3.18b)

where dtotal,µ′ is defined in (4.3.14) and the origin is an equilibrium point of

(4.3.18). We now claim that the origin of the boundary-layer system (4.3.18) is

globally exponentially stable. Indeed, the transfer function of the linear subsystem

(from uη to yη) in (4.3.18b) is given by L(s) := a0/(s
ν + aν−1s

ν−1 + · · · + a0),

while the nonlinearity
(
gµ′/gn − 1

) (
sw(yη + dtotal,µ′)− dtotal,µ′

)
in uη belongs to

the sector [g/gn − 1,g/gn − 1]. Therefore, from the the circle criterion [Kha96,
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Theorem 7.1] and the fact that

1 + (g/gn − 1)L(s)

1 + (g/gn − 1)L(s)
=
sν + aν−1s

ν−1 + · · ·+ a1s+ (g/gn)a0
sν + aν−1sν−1 + · · ·+ a1s+ (g/gn)a0

(4.3.19)

is SPR, it is derived that the origin of the η̃µ′-dynamics (4.3.18b) is globally

exponentially stable. On the other hand, with the coefficients ai of the strictly

positive real transfer function (4.3.19) and with g/gn ≤ 1 ≤ g/gn, we have that

the characteristic polynomial sν+aν−1s
ν−1+ · · ·+a1s+a0 of the matrix Aν−αCν

is Hurwitz. This concludes the claim.

For the remainder of the proof, it is noted that the initial value [ξ(T ); η(T )]

of the fast variables may diverge as τ goes to zero. Nonetheless, one can deal

with this peaking phenomenon in a similar way in the previous chapters; that

is, by dividing the entire time period T ≤ t ≤ T into the transient period T ≤
t < T + ∆′ and the steady-state period T + ∆′ ≤ t ≤ T , with a small constant

0 < ∆′ < ∆dwell/2. We omit the details.

To proceed, take τ in the statement of Theorem 4.3.1 as

0 < τ < min
µ′∈2[m]\{∅}

{τµ′}.

In addition, denote the number of the actuator faults that occurs during system

operation as mflt ≤ m− 1. Then the moments Ti of actuator faults, i = 1, . . . ,m,

can be rearranged in chronological order by T⟨j⟩ ∈ {T1, . . . , Tm}, j = 1, . . . ,m,

to satisfy T⟨0⟩ := 0 < T⟨1⟩ < T⟨2⟩ < · · · < T⟨mflt⟩ < T⟨mflt+1⟩ = · · · = T⟨m−1⟩ =

T⟨m⟩ = ∞.

As the last step of the proof, we show that with τ < τ , the distance between

[x(t); z†n(t); c(t)] and [x⋆n(t); z
⋆
n(t); c

⋆
n(t)] is smaller than ϵ for each period T⟨j⟩ ≤ t <

T⟨j+1⟩. For this, by repeating Lemma 4.3.3 iteratively up to j = mflt, we obtain

that for T⟨j⟩ ≤ t < T⟨j+1⟩

∥∥[x(t); z†n(t); c(t)]− [xn,⟨j⟩(t); zn,⟨j⟩(t); cn,⟨j⟩(t)]
∥∥ < ϵ

m

√
λ(P )

λ(P )
≤ ϵ

m
(4.3.20)

where [xn,⟨j⟩(t); zn,⟨j⟩(t); cn,⟨j⟩(t)] stands for the trajectory [xn(t); zn(t); cn(t)] of
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the nominal closed-loop system (4.1.8) and (4.2.13) with the initial condition

[xn,⟨j⟩(T⟨j⟩); zn,⟨j⟩(T⟨j⟩); cn,⟨j⟩(T⟨j⟩)] = [x(T⟨j⟩); z
†
n(T⟨j⟩); c(T⟨j⟩)] (so that the solu-

tion is well-defined for the truncated time period T⟨j⟩ ≤ t < ∞). With a bundle

of the nominal trajectories, we define the error variables
x̃n,⟨j⟩

z̃n,⟨j⟩

c̃n,⟨j⟩

 :=


xn,⟨j⟩

zn,⟨j⟩

cn,⟨j⟩

−


xn,⟨j−1⟩

zn,⟨j−1⟩

cn,⟨j−1⟩

 (4.3.21)

for j = 1, . . . ,mflt, whose time derivative is computed by

d

dt


x̃n,⟨j⟩

z̃n,⟨j⟩

c̃n,⟨j⟩

 = An


x̃n,⟨j⟩

z̃n,⟨j⟩

c̃n,⟨j⟩

 , ∀T⟨j⟩ ≤ t < T⟨j+1⟩. (4.3.22)

Since [xn,⟨j⟩(T⟨j⟩); zn,⟨j⟩(T⟨j⟩); cn,⟨j⟩(T⟨j⟩)] = [x(T⟨j⟩); z
†
n(T⟨j⟩); c(T⟨j⟩)] by definition,

one has ∥∥∥∥∥∥∥∥

x̃n,⟨j⟩(T⟨j⟩)

z̃n,⟨j⟩(T⟨j⟩)

c̃n,⟨j⟩(T⟨j⟩)


∥∥∥∥∥∥∥∥ =

∥∥∥∥∥∥∥∥

xn,⟨j⟩(T⟨j⟩)

zn,⟨j⟩(T⟨j⟩)

cn,⟨j⟩(T⟨j⟩)

−


xn,⟨j−1⟩(T⟨j⟩)

zn,⟨j−1⟩(T⟨j⟩)

cn,⟨j−1⟩(T⟨j⟩)


∥∥∥∥∥∥∥∥

=

∥∥∥∥∥∥∥∥

x(T⟨j⟩)

z†n(T⟨j⟩)

c(T⟨j⟩)

−


xn,⟨j−1⟩(T⟨j⟩)

zn,⟨j−1⟩(T⟨j⟩)

cn,⟨j−1⟩(T⟨j⟩)


∥∥∥∥∥∥∥∥ <

ϵ

m

√
λ(P )

λ(P )

where the last inequality follows from (4.3.16) in the previous step j − 1. Now,

we differentiate the Lyapunov function candidate

Vn,⟨j⟩ :=


x̃n,⟨j⟩

z̃n,⟨j⟩

c̃n,⟨j⟩


⊤

P


x̃n,⟨j⟩

z̃n,⟨j⟩

c̃n,⟨j⟩


along with the j-th error dynamics (4.3.22), by which it is obtained that V̇n,⟨j⟩ =

−
∥∥[x̃n,⟨j⟩; z̃n,⟨j⟩; c̃n,⟨j⟩]∥∥2 ≤ −(1/λ(P ))Vn,⟨j⟩. Thus, the comparison lemma [Kha96,
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Solutions

Sets

Figure 4.2: Visualization of proof of (4.3.1) when mflt = 2

Lemma 3.4] implies that∥∥∥∥∥∥∥∥

x̃n,⟨j⟩(t)

z̃n,⟨j⟩(t)

c̃n,⟨j⟩(t)


∥∥∥∥∥∥∥∥ ≤

√
λ(P )

λ(P )
e−t/(2λ(P ))

∥∥∥∥∥∥∥∥

x̃n,⟨j⟩(T⟨j⟩)

z̃n,⟨j⟩(T⟨j⟩)

c̃n,⟨j⟩(T⟨j⟩)


∥∥∥∥∥∥∥∥ <

ϵ

m

for all T⟨j⟩ ≤ t < T⟨j+1⟩ and j = 1, . . . ,mflt. Finally, it results from Young’s

inequality, [xn,⟨0⟩(t); zn,⟨0⟩(t); cn,⟨0⟩(t)] = [x⋆n(t); z
⋆
n(t); c

⋆
n(t)], and (4.3.20) that

∥∥∥∥∥∥∥∥

x(t)

z†n(t)

c(t)

−


x⋆n(t)

z⋆n(t)

c⋆n(t)


∥∥∥∥∥∥∥∥ ≤

∥∥∥∥∥∥∥∥

x(t)

z†n(t)

c(t)

−


xn,⟨j⟩(t)

zn,⟨j⟩(t)

cn,⟨j⟩(t)


∥∥∥∥∥∥∥∥+

∑j

k=1

∥∥∥∥∥∥∥∥

x̃n,⟨k⟩(t)

z̃n,⟨k⟩(t)

c̃n,⟨k⟩(t)


∥∥∥∥∥∥∥∥

<
ϵ

m
+ j × ϵ

m
< ϵ

for all T⟨j⟩ ≤ t < T⟨j+1⟩, j = 0, . . . ,mflt ≤ m− 1. This completes the proof of the

theorem. An illustrative example for (5.1.1) is depicted in Figure 4.2.
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4.4 Simulation: Fault Tolerant Control of Boeing 747

As an example, we take into account the 4-th order linearized lateral model

of the Boeing 747 presented in [GY11, TCJ02]. In particular, with the un-

known parameters wx,i ∈ [0.7, 1.3] and wu,i ∈ [0.97, 1.03] that represents para-

metric uncertainty on the dimensional derivative of rolling moment, the sys-

tem considered here is represented as (4.1.4) where y = x ∈ R is the yaw

rate (rad/s), ζ1 is the side-slip angle (rad), ζ2 is the roll rate (rad/s), ζ3 is the

roll angle (rad), u = (u1, u2, u3) ∈ R3 is the the control input (rad) that ex-

presses the three rudder servos, and the matrices are defined as ϕ = −0.115wx,1,

ψ =
[
0.598wx,2,−0.0318wx,3, 0

]
, g =

[
0.4715wu,1, 0.5wu,2, 0.3wu,3

]
, and S, M , and

H are known matrices with suitable dimensions. (Without loss of generality, we

here multiply −1 into the original input matrix in [TCJ02] so that gi > 0 holds.)

We assume that x(0) ∈ [−0.04, 0.04], ζ(0) ∈ [−0.004, 0.004] × [−0.02, 0.02] ×
[−0.015, 0.015], ∆dwell ≥ 10 s, ∥di(t)∥ ≤ 0.005, ∥ḋi(t)∥ ≤ 0.025, and ∥u⋆flt,i∥ ≤ 0.1.

The problem under consideration is to ensure the output y(t) to track the refer-

ence signal r(t) = 0.02 sin(0.2t) rad/s in the presence of both model uncertainty

and actuator failures.

To address the problem, the proposed DOB-based FTC is constructed as

follows. First, we take a nominal model (4.1.7) as the system with Sn = S,

Mn = M , Nn = N3, Gn = G3, ϕn = ϕ, and ψn = ψ where the uncertain

parameters are set as wx = wu = 0. To achieve a satisfactory nominal tracking

performance, the nominal controller (4.1.8) is designed as a proportional-integral

(PI) controller with E = 0, F = 1, J = Kint := 17, K = Kprop := 3.4, and

cn(0) = 0. Next, by the proposed design algorithm in Subsection 4.2.1, we set

the gain κ of the input allocation law (4.2.1) as κ = [1/3; 1/3; 1/3]. After that,

the DOB-based controller (4.2.14) and (4.2.21) is built up with a0 = 1, τ = 0.04,

c(0) = 0, p(0) = q(0) = 0, z†n(0) = [0, 0, 0]⊤ and the saturation functions sw and

sx obtained by Dtotal := [−0.51, 0.51] and X = [−0.041, 0.041].

For comparison, we perform the simulations with two types of controllers;

one is the proposed DOB-based FTC, while the other is the PI controller with

the input allocation law (4.2.1) (i.e., the FTC without the DOB part). In the
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following simulations, a stochastic measurement noise under uniform distribution

enters the system whose maximum magnitude is 10−4 rad/s, while the input

disturbances are set as d1(t) = 0.0035 sin(1.05t), d2(t) = 0.004 sin(2.1t), and

d3(t) = 0.025 sin(4.5t). For the simulation, the uncertain parameters wx,i and

wu,i are taken as 0.7 and 0.97, respectively.

Figure 4.3 depicts the simulation result when two lock-in-place actuator faults

take place as: u⋆flt,3 = u3(T3) for T3 = 50 s and u⋆flt,2 = u2(T2) for T2 = 100 s. It is

shown that unlike the PI control-based FTC, our proposed FTC almost recovers

the fault-free tracking performance for entire time period, while all the state

variables remain bounded. A similar result can be found in Figure 4.4, in which the

actuator faults have the floating form of u⋆flt,2 = 0.06 for T2 = 50 s and u⋆flt,3 = 0.06

for T3 = 100 s, and additional output disturbance dy(t) = 0.002 sin(4t) rad/s

affects the system.
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Figure 4.3: Simulation results when two lock-in-place faults take place
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Figure 4.4: Simulation results when two floating faults sequentially occur





Chapter 5

Stability, Performance, and Designs of
Discrete-time Disturbance Observers
for Sampled-data Systems: A Fast
Sampling Approach

Although the physical plants, for which the DOB scheme is applied, are mostly

CT systems, the DOB-based controller is typically implemented in a digital device

with a “sampler” and a “holder” (usually zero-order holder (ZOH)). The imple-

mentation issue has encouraged a series of substantial researches on the design

of a DT-DOB, which are categorized mainly in two directions. The first one is

just to transform a pre-designed CT-DOB into its discrete-time counterpart via

various discretization methods [KC03, YCC03, TLT00]. The second one is, on the

other hand, to construct a DT-DOB directly for a discretized plant model like in

[WTS00, KK99], where the discretization takes into account inherent properties

of sampled-data systems. Despite the increased attention paid to the DT-DOB so

far, however, it seems that there is still some gap to the full understanding about

robust stability under plant uncertainties (as well as effective compensation of

external disturbances). Indeed, most of the existing results on robust stability

employed the small-gain theorem, so that only a sufficient condition for stability

is obtained. This makes it difficult to handle large uncertainties, and there lacks

a design procedure for Q-filters.

More recently, a new approach was proposed in [LJS12], which is based on

the CT result of [SJ09] that does not rely on the small-gain theorem. In the work

117
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of [LJS12], the real CT plant is approximately discretized for the analysis, under

the presumption that fast sampling will make the approximation error negligible

in practice. However, as we shall see in this chapter, it is not true in general

(especially for systems having relative degree greater than two) and the sampled-

data controlled system may become unstable when the sampling proceeds fast.

In this chapter, motivated by those works [LJS12, SJ09], we present an “almost

necessary and sufficient” condition for robust stability of DT-DOB-controlled sys-

tems under fast sampling. (Here it is “almost” since some degenerate cases still

remain inconclusive.) Since the analysis is based on the exact discretization of

the plant (and the DOB will be designed directly in the DT domain), our result is

not an approximation anymore. Development of the stability condition begins by

recalling the fact that fast sampling process may generate unstable “sampling ze-

ros" [HYA93, ÅHS84, YG14], in particular for the systems having relative degree

greater than two. In this work, we will reveal a strong connection between these

extra zeros and the stability of the DT-DOB controlled system, which cannot be

observed from the CT-DOB analysis or from any approximations.

More importantly, the result of this work presents a “generalized” framework

for robust stability analysis, in the sense that it is available (a) “in whichever way”

the DT-DOB is designed, and (b) no matter how the CT plant has “arbitrarily

large” model uncertainty. For the former, we generalize the DT-DOB structure

by using a generic form of the discretization methods. This generalization allows

us to deal with “a large class of” the DT-DOB designs, and also to emphasize the

importance of the discretized nominal model in the guaranteeing stability of the

overall system. For example, it will be seen that if the nominal model in the DOB

structure is “exactly” discretized (in the sense of zero-order holding operation), the

proposed stability condition incurs that the closed-loop system cannot be stable

with high relative degree of the CT plants, regardless of the Q-filter and model

uncertainties.

Based on the stability result, this work also provides new systematic design

procedures for the DT-DOB. A primary goal is to meet the robust stability condi-

tion always under “arbitrarily large” (but bounded) plant uncertainties and under

unstable sampling zeros. One of the main ingredients to establish the proposed
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Figure 5.1: Two-mass-spring system

robust stability condition is to “approximately” discretize the nominal plant model

(while the real plant model is exactly discretized for analysis) not to block the

effect of the sampling zeros on the DOB loop. Then the sampling zeros appear

in the proposed stability condition together with the coefficients of the Q-filter,

and they possibly do not cause much trouble as long as the Q-filter is suitably

designed. Moreover, inspired by the CT-DOB designs in Chapter 2, we propose

an advanced design guideline to embed the disturbance model into the DT-DOB

structure.

5.1 Motivating Example: Stability Issue of Disturbance

Observers in Sampled-data Frameworks

As an illustrative example that motivates the work of this chapter, we take

a look at the benchmark problem [WB92] with the CT two-mass-spring system

depicted in Figure 5.1. The plant under consideration is modeled by a 4th-order

system as

P(s) =
K

M1M2s4 + K(M1 +M2)s2
(5.1.1)

where M1 and M2 are masses of the carts, and K is the spring coefficient. It

is assumed that the parameters have bounded uncertainty as Mi ∈ [0.5, 2], and

K ∈ [0.8, 1.2].

The particular interest here is to investigate how the sampling process affects

the stability of the DOB controlled systems. To see this, we will build up two

types of the DOB-based controllers for comparison. The first one is a typical
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ZOH

Sampler

Figure 5.2: Overall controlled system with DT-DOB (blue dotted block):
Qd(z; ∆), Pd

n(z; ∆), and Cd(z; ∆) stand for DT Q-filter (5.3.4),
DT nominal model (5.3.2a), and DT controller (5.3.2b), respec-
tively.

CT-DOB-based controller (implemented in the CT domain) in Figure 1.2, whose

components are given as follows: the CT nominal model

Pn(s) =
Kn

Mn,1Mn,2s4 + Kn(Mn,1 +Mn,2)s2
(5.1.2)

with the nominal parameters Kn = 1 and M1 = M2 = 1; the CT baseline controller

C(s) =
−6.8308175s2 + 1.8486865s+ 0.28043397

s2 + 4.2752492s+ 6.0786141

(presented in [BHLO06]) which stabilizes the CT nominal closed-loop system; and

the CT Q-filter

Q(s; τ) =
1

(τs)4 + 4(τs)3 + 6(τs)2 + 4(τs) + 1
(5.1.3)

whose coefficients are selected simply as binomial ones, while τ = 0.015. On the

other hand, the second one is a DT-DOB-based controller that is implemented in

the “sampled-data” framework as in Figure 5.2, with
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Figure 5.3: Simulation results with CT-DOB controlled system (purple
solid), DT-DOB controlled system (black dotted), and CT nom-
inal closed-loop system (green dashed)

• sampler (where ∆ > 0 stands for the sampling period):

yd[k] = y(k∆); (5.1.4)

• zero-order holder (ZOH):

u(t) = ud[k], ∀k∆ ≤ t < (k + 1)∆; (5.1.5)

and the sampled reference rd[k] := r(k∆). In this example, the DT nominal model

Pd
n(z; ∆) and the DT baseline controller Cd(z; ∆) are obtained by discretizing the

CT counterparts via the forward difference method; i.e.,

Pd
n,fw(z; ∆) = Pn

(
z − 1

∆

)
, Cd

n,fw(z; ∆) = Cn

(
z − 1

∆

)
. (5.1.6)

In addition, we here employ the following “all-pass” filter (which is a prototypical
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low-pass filter in a sense) as the DT Q-filter Qd(z; ∆);

Qd(z; ∆) = Qd
all(z; ∆) =

1

z4
. (5.1.7)

We note that Qd
all(z; ∆) above also can be regarded as a discretization result of

(5.1.3) by the forward difference method.

For the simulation, we set P(s) = Pn(s) (i.e., there is no model uncertainty),

the input disturbance d(t) = sin(0.5t), the reference r(t) = 1, and ∆ = 0.015s.

The simulation results are depicted in Figure 5.3. The result is somewhat sur-

prising, since it tells that the stability of the DT-DOB controlled system is not

directly concluded by that of the relevant CT-DOB controlled system and even

violated only by the sampling process (e.g., without any model uncertainty). The

observation highlights the importance of further analysis on the DT-DOB con-

trolled systems in the sampled-data framework, which is the main concern of this

chapter.

5.2 Basics on Sampled-data Systems

As a prerequisite for the discussions to come, we briefly remind the natures of

the sampled-data systems first. Consider a CT plant written in the state space

ẋ = Ax+B(u+ d), y = Cx (5.2.1)

where x ∈ Rn is the state, u ∈ R is the control input, y ∈ R is the output, d ∈ R is

the disturbance, and A ∈ Rn×n, B ∈ Rn×1, and C ∈ R1×n are constant matrices.

With the Laplace transforms u(s) = L(u(t)), y(s) = L(y(t)), and d(s) = L(d(t))

of the CT signals, another expression of (5.2.1) is given by

y(s) = P(s)(u(s) + d(s)) (5.2.2)
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where P(s) = C(sI − A)−1B. For ease of explanation, we particularly rewrite

P(s) as, without loss of generality,

P(s) =
g
∏n−ν

i=1 (s− zi)∏n
i=1(s− pi)

=:
N(s)

D(s)
(5.2.3)

where ν is the relative degree of P(s), and zi, pi, and g > 0 are the zeros, poles,

and the high-frequency gain of P(s), respectively. Without loss of generality, the

polynomials N(s) and D(s) are assumed to be coprime.

In this setting, the sampled-data system consisting of the CT plant (5.2.1),

the sampler (5.1.4), and the ZOH (5.1.5) can be represented in time domain as

follows (throughout this chapter, we will use the superscript d to indicate that a

parameter or a variable is associated with the DT domain):

xd[k + 1] = Adxd[k] +Bdud[k] + d
d
[k], yd[k] = Cdxd[k] (5.2.4)

where xd[k] := x(k∆), ud[k] := u(k∆), yd[k] = y(k∆) (as in (5.1.4)), and

d
d
[k] :=

∫ (k+1)∆

k∆
eA((k+1)∆−ρ)Bd(ρ)dρ ∈ Rn, (5.2.5)

and the matrices Ad, Bd, and Cd are given by

Ad(∆) := eA∆, Bd(∆) :=

∫ ∆

0
eAρBdρ, Cd := C. (5.2.6)

Similar to (5.2.2), with the definitions ud(z) := Z{ud[k]}, yd(z) := Z{yd[k]},
and d

d
(z) := Z{dd[k]}, one can represent the sampled-data system (5.2.4) in the

frequency domain

yd(z) = Pd(z; ∆)ud(z) +W
d
(z; ∆)d

d
(z) (5.2.7)

where

Pd(z; ∆) := Cd
(
zI −Ad(∆)

)−1
Bd(∆) (5.2.8a)

= Z
(
1− e−∆s

s
P(s)

)
=:

Nd(z; ∆)

Dd(z; ∆)
,
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W
d
(z; ∆) := Cd

(
zI −Ad(∆)

)−1 (5.2.8b)

=:
1

Dd(z; ∆)

[
Nd

w,1(z; ∆) · · · Nd
w,n(z; ∆)

]
with some polynomials Nd(z; ∆), Nd

w,i(z; ∆), and Dd(z; ∆) of z.

From now on, we focus on the DT transfer function Pd(z; ∆) in (5.2.8a) from

ud(z) to yd(z). Since Pd(z; ∆) “exactly” represents the input-to-output relation of

the sampled-data system with the ZOH, it is often called ZOH equivalent model of

P(s). As a well-known consequence of the sampling process, the following lemma

highlights that the sampled-data model Pd(z; ∆) has ν − 1 “extra” DT zeros for

almost every ∆ > 0, compared with its CT counterpart P(s).

Lemma 5.2.1. [ÅHS84, YG14] For given CT plant P(s) in (5.2.3), there exists

a measure-zero set TP ⊂ R>0 such that the ZOH equivalent model Pd(z; ∆) in

(5.2.8a) has relative degree 1 for all ∆ ∈ R>0 \ TP: more precisely, for all ∆ ∈
R>0 \ TP, Pd(z; ∆) is of the form

P(z; ∆) =
Nd(z; ∆)

Dd(z; ∆)
=

gMd(z; ∆)

n−ν∏
i=1

z − zdi (∆)

∆

n∏
i=1

z − pdi (∆)

∆

(5.2.9)

where zdi : R>0 \ TP → C and pdi : R>0 \ TP → C are functions of ∆, and Md(z; ∆)

is a polynomial of z with order ν − 1. Moreover, as ∆ → 0+,

• pdi (∆) → 1 for i = 1, · · · , n,

• zdi (∆) → 1 for i = 1, · · · , n− ν,

• Md(z; ∆) → Eν−1(z)/ν! =: M⋆(z)

where

Eν−1(z) := Eν−1,ν−1z
ν−1 + Eν−1,ν−2z

ν−2 + · · ·+ Eν−1,0 (5.2.10)

is the Euler-Frobenius polynomial of order ν − 1, with the coefficients Eν−1,j :=∑ν−j
l=1 (−1)ν−j−llν

(
ν+1

ν−j−l

)
for j = 0, . . . , ν − 1. ♢
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We further note that zdi (∆) can be approximated by ezi∆ (with a suitable

rearrangement of zi) with sufficiently small ∆. In this regard, we call zdi (∆) as

the intrinsic zeros, while the remaining ones (i.e., the roots of Md(z; ∆) = 0) as

the sampling zeros. The above lemma points out that unlike the intrinsic zeros,

the limiting behavior of the sampling zeros is solely determined by the Euler-

Frobenius polynomial Eν−1(z). Some important properties of the polynomial are

summarized below.

Proposition 5.2.2. ([YG14]) The Euler-Frobenius polynomial Eν−1(z) in (5.2.10)

satisfies the following statements:

(a) Eν−1,0 = Eν−1,ν−1 = 1 and Eν−1,i = Eν−1,ν−i for all i = 0, . . . , ν − 1;

(b) Eν−1(1) = ν!;

(c) For ν ≥ 3, there exists at least one root of Eν−1(z) = 0 outside the unit

circle;

(d) All the roots of Eν−1(z) = 0 are single and negative real.

♢

A remarkable lesson from Lemma 5.2.1 and Proposition 5.2.2 is that with

high relative degree ν of P(s) (that is, ν ≥ 3), the sampled-data model Pd(z; ∆)

is “inherently” of non-minimum phase (in the DT domain) under fast sampling.

We will show shortly that this nature incurs a significant difference between the

stability results of the CT- and DT-DOB schemes in the end.

5.3 Generic Representation of Discrete-time Disturbance

Observer

We now turn our attention to the DT-DOB-based controller in Figure 5.2.

On top of the basic configuration in Figure 5.2, several ways to construct the DT-

DOB-based controller have been introduced in the literature, along with specific

design methods for Qd(z; ∆), Pd
n(z; ∆), and Cd(z; ∆). Rather than specifying the
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structure, in this chapter we are interested in taking various types of DT-DOB-

based controllers into account in the stability analysis. For this purpose, we here

present a “generic” representation of the DT-DOB-based control scheme.

Let us begin with the DT nominal model Pd
n(z; ∆) and the DT outer-loop

controller Cd(z; ∆). A common way to obtain them is to discretize a CT nominal

model

Pn(s) =
gn
∏nn−ν

i=1 (s− zn,i)∏nn
i=1(s− pn,i)

=:
Nn(s)

Dn(s)
(5.3.1a)

of P(s) and a CT baseline controller

C(s) =
gc
∏nc−νc

i=1 (s− zc,i)∏nc
i=1(s− pc,i)

=:
Nc(s)

Dc(s)
, (5.3.1b)

respectively, where gn > 0 and gc ̸= 0 are the high-frequency gains, zn,i and zc,i are

the CT zeros, pn,i and pc,i are the CT poles. It is assumed that C(s) is designed

to stabilize the CT nominal model Pn(s). Here, it should be noted that even for

fixed CT transfer functions Pn(s) and C(s), their discretized transfer functions

Pd
n(z; ∆) and Cd(z; ∆) may “not” be unique, because many discretization methods

are enabled in general. Keeping this in mind, the following assumption is made

to represent the discretization results Pd
n(z; ∆) and Cd(z; ∆) in explicit forms

“uniformly” in the discretization methods.

Assumption 5.3.1. The DT transfer functions Pd
n(z; ∆) and Cd(z; ∆) in Fig-

ure 5.2 have the form

Pd
n(z; ∆) =

Nd
n(z; ∆)

Dd
n(z; ∆)

:=

gdn(∆)Md
n(z; ∆)

nn−ν∏
i=1

z − zdn,i(∆)

∆

nn∏
i=1

z − pdn,i(∆)

∆

, (5.3.2a)

Cd(z; ∆) =
Nd

c(z; ∆)

Dd
c(z; ∆)

=:

gdc (∆)Md
c(z; ∆)

nc−νc∏
i=1

z − zdc,i(∆)

∆

nc∏
i=1

z − pdc,i(∆)

∆

(5.3.2b)

for all ∆ ∈ R>0 \ Tnc, in which Tnc is a measure zero subset of R>0 satisfying
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FDM BDM BT MPZ

gdn gn gn

∏n−ν
i=1 (1−∆zn,i)∏n
i=1(1−∆pn,i)

gn

∏n−ν
i=1

(
1− ∆zn,i

2

)
∏n

i=1

(
1− ∆pn,i

2

) gn

∏n
i=1

e∆pn,i − 1

∆pn,i∏n−ν
i=1

e∆zn,i − 1

∆zn,i

Md
n 1 zν

(z + 1)ν

2ν
(z + 1)ν

2ν

zdn,i 1+∆zn,i
1

1−∆zn,i

1 +
∆zn,i
2

1− ∆zn,i
2

e∆zn,i

pdn,i 1+∆pn,i
1

1−∆pn,i

1 +
∆pn,i
2

1− ∆pn,i
2

e∆pn,i

Table 5.1: Discretization (5.3.2a) of Pn(s) in (5.3.1a) resulting from various
methods; forward difference method (FDM), backward difference
method (BDM), bilinear transformation (BT), and matched pole
zero method (MPZ).

inf(Tnc) > 0, and Md
n(z; ∆) and Md

c(z; ∆) are polynomials of z with order 0 ≤
nmn ≤ νn and 0 ≤ nmc ≤ νc, respectively. The real numbers gdn and gdc , and the

complex numbers zdn,i, z
d
c,i, p

d
n,i, and pdc,i are functions of ∆ that are well-defined

for all ∆ ∈ R>0 \ Tnc. Moreover, as ∆ → 0+,

gdn(∆) → gn, gdc (∆) → gc, (5.3.3a)

Md
n(z; ∆) → M⋆

n(z), Md
c(z; ∆) → M⋆

c(z), (5.3.3b)

zdn,i(∆)− 1

∆
→ zn,i,

zdc,i(∆)− 1

∆
→ zc,i, (5.3.3c)

pdn,i(∆)− 1

∆
→ pn,i,

pdc,i(∆)− 1

∆
→ pc,i (5.3.3d)

where M⋆
n(z) and M⋆

c(z) are polynomials of order nmn and nmc satisfying M⋆
n(1) =

1 and M⋆
c(1) = 1, respectively. ♢

As a matter of fact, Assumption 5.3.1 is satisfied with many widely-used

discretization methods. Possible candidates include (but are not limited to) the

forward (s = (z − 1)/∆) and backward (s = (z − 1)/(∆z)) difference methods,
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the bilinear transformation (s = (2(z − 1))/(∆(z + 1))), and the matched pole

zero method [FPW98], all of which are associated with Tnc = ∅. The results of

these mentioned methods are summarized in Table 5.1.

On the other hand, similar to most of the previous works, we set the DT Q-

filter Qd(z; ∆) as a stable low-pass filter. Particularly, in order to gain additional

design freedom, it is allowed that the coefficients of Qd(z; ∆) possibly depend on

the sampling period ∆; in other words,

Qd(z; ∆) =
cdlq(∆)(z − 1)lq + · · ·+ cd0(∆)

(z − 1)nq + adnq−1(∆)(z − 1)nq−1 + · · ·+ ad0(∆)
=:

Nd
q(z; ∆)

Dd
q(z; ∆)

(5.3.4)

where cdi (∆) ∈ R and adi (∆) ∈ R are functions of ∆ satisfying that cdi (∆) → c⋆i and

adi (∆) → a⋆i as ∆ → 0+, cd0(∆) = ad0(∆) for all ∆ ∈ R>0, and c⋆0 = a⋆0 ̸= 0. (The

second condition is requested for the low-pass filtering property of the Q-filter.)

The relative degree nq − lq of Qd(z; ∆) is chosen as nq − lq ≥ max{ν − nmn, 1} so

that the block Pd
n(z; ∆)−1Qd(z; ∆) in Figure 5.2 is implementable and Qd(z; ∆)

itself is strictly proper.

We conclude this section by noting that the DT-DOB-based controller of our

interest has the structure depicted in Figure 5.3 and consists of the inverse of

the DT nominal model (5.3.2a), the DT baseline controller (5.3.2b), and the DT

Q-filter (5.3.4).

Remark 5.3.1. Another widely-employed realization of the DT-DOB scheme

is depicted in Figure 5.4 [CT12]. In the figure, a nd-step delay function z−nd

and a re-defined nominal model P̃d
n(z; ∆) := zndPd

n(z; ∆) are used (so that the

inverse P̃d
n(z; ∆)−1 can stand alone). Even though the two DT-DOB structures

in Figures 5.2 and 5.4 seem different from each other, they are in fact equivalent

in the input-to-output sense, by simply taking the Q-filter in the latter structure

to satisfy Qd(z; ∆) = z−ndQ̃d(z; ∆). In this regard, throughout this paper we will

focus on the DT-DOB structure in Figure 5.2. ♢
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ZOH

Sampler

Figure 5.4: An equivalent block diagram of DT-DOB

5.4 Almost Necessary and Sufficient Condition for Ro-

bust Internal Stability under Fast Sampling

5.4.1 Main Result

As the main result of this chapter, we now derive a robust stability condition

for the DT-DOB controlled system in Figure 5.2. We assume that the CT plant

P(s) has bounded parametric uncertainty.

Assumption 5.4.1. The CT plant P(s) in (5.2.3) is contained in the set of

uncertain systems

P :=

{
P(s) =

Nn−νs
n−ν + · · ·+ N0

sn + Dn−1sn−1 + · · ·D0
: Ni ∈ [Ni,Ni], Di ∈ [Di,Di]

}
(5.4.1)

where Ni, Ni, Di, and Di are known constants. ♢

We now take a look at the transfer function matrix from [rd(z); d
d
(z)] to

[ed(z); ud(z); yd(z)], which is computed by (hereinafter, we often omit the term
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(z; ∆) in DT transfer functions and polynomials when it is obvious.)

1

Qd(Pd − Pd
n) + Pd

n(1 + PdCd)


Qd(Pd − Pd

n) + Pd
n −W

d
Pd
n(1−Qd)

Pd
nC

d −W
d
(Pd

nC
d +Qd)

PdPd
nC

d W
d
Pd
n(1−Qd)

 .
(5.4.2)

The DT-DOB controlled system is said to be internally stable if all of the transfer

functions in (5.4.2) are Schur stable. The closed-loop system is said to be robustly

internally stable if the system is internally stable for all P(s) ∈ P in Assump-

tion 5.4.1. It is clear that the closed-loop system is robustly internally stable if

and only if the characteristic polynomial

Ψd :=
(
DdDd

c +NdNd
c

)
Nd

nD
d
q +Nd

qD
d
c

(
NdDd

n −Nd
nD

d
)

(5.4.3)

of (5.4.2) is Schur for all P(s) ∈ P. Note that by definition, for almost every ∆

the degree deg
(
Ψd(z; ∆)

)
of the characteristic polynomial is fixed as n+nc+nn+

nq − ν.

The main idea of our stability analysis is to investigate the “limiting” behavior

of the characteristic polynomial Ψd(z; ∆) (which is dependent of the sampling

period ∆) as ∆ approaches zero. The following technical lemma will play a

crucial role in the analysis.

Lemma 5.4.1. Let Xd(z) and Yd(z;T ) be polynomials of the complex variable

z where limT→0Y
d(z;T ) = 0. Assume that deg(Xd(z)) = n and deg(Yd(z;T )) =

l ≥ 0, and let x⋆i , i = 1, . . . , n, be the roots of Xd(z) = 0. Then n roots of

Xd(z) + Yd(z;T ) = 0, say xdi (T ), i = 1, . . . , n, satisfy limT→0 x
d
i (T ) = x⋆i (even if

Xd(z) + Yd(z;T ) = 0 may have more than n roots for T > 0). ♢

Proof. This lemma is a natural extension of [SJ09, Lemma 1] and can be proved by

the Rouche’s theorem [Fla83]. We omit the detailed derivation of the lemma.

In the following analysis, we will utilize the explicit form (5.2.9) of Pd(z; ∆)

given in Lemma 5.2.1 instead of the exact expression (5.2.8a), by relying on the

sufficiently small ∆. This idea might be clear as long as P(s) is fixed. Yet since
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a “bundle” of the uncertain CT plants in Assumption 5.4.1 should be considered

concurrently, it may be still questionable whether or not one small sampling period

∆ admits (5.2.9) “for all” P(s) ∈ P. Fortunately, this is not a hurdle in a sense,

as described in the following lemma.

Lemma 5.4.2. Suppose that Assumption 5.4.1 holds. Then for the sets TP in

Lemma 5.2.1 associated with P(s) ∈ P,

∆⋆
P := inf

(⋃
P(s)∈P

TP(s)
)
> 0. (5.4.4)

♢

Proof. By the definition of the relative degree of a DT transfer function, Pd(z;T )

has the relative degree larger than 1 for some T > 0 if and only if the DT step

response ydstep[k] of Pd(z;T ) is zero at k = 1, or equivalently, the CT step response

ystep(t) is zero at t = T (where the latter equivalence comes from the fact that

holding DT step input via the ZOH generates the CT step input.) Therefore,

TP(s) is the same as the set of these zero-crossing instants t = T of the CT step

response. From the calculus of variation, the zero-crossing instant T must satisfy

ystep(T ) = 0 where ystep(t) := C

∫ t

0
eA(t−ρ)Bdρ. (5.4.5)

It is obtained from [Kha96, Theorem 3.4] that the solution ystep(t) in (5.4.5) is

continuous on the variation of (A,B,C), and T also does. This concludes the

proof.

It is obvious that deg
(
Ψd(z; ∆)

)
= n + nc + nn + nq − ν is satisfied for all

∆ ∈ (0,∆⋆
P). As an intermediate step, the following lemma shows the limiting

behavior of the roots of Ψd(z; ∆) = 0 in the conventional z-domain.

Lemma 5.4.3. Let n := (n− ν) + nn + nc and

Ψd
fast(z) := M⋆

n(z)
(
D⋆

q(z)−N⋆
q(z)

)
+

g

gn
M⋆(z)N⋆

q(z) (5.4.6)

where N⋆
q(z) := lim∆→0+ Nd

q(z; ∆) and D⋆
q(z) := lim∆→0+ Dd

q(z; ∆). Then as ∆ →
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0+, n roots of Ψd(z; ∆) = 0 approach 1 + j0, while the remaining (deg(Ψd)− n)

roots converge to those of Ψd
fast(z) = 0. ♢

Proof. For ease of explanation, we define two polynomials

Ψd
1 :=

(
DdDd

c +NdNd
c

)
Nd

n and Ψd
2 :=

(
NdDd

n −Nd
nD

d
)
Dd

c ,

from which Ψd(z; ∆) in (5.4.3) is decomposed by Ψd(z; ∆) = Ψd
1(z; ∆)Dd

q(z; ∆)+

Ψd
2(z; ∆)Nd

q(z; ∆). By multiplying ∆n to these components, one can obtain that

for ∆ ∈ R>0 \ (TP ∪ Tnc) (where TP :=
⋃

P(s)∈P TP(s) for simplicity),

∆nΨd
1(z; ∆)

= (∆nDd)(∆ncDd
c)(∆

n−νNd
n) + ∆ν+νc(∆n−νNd)(∆nc−νcNd

c)(∆
n−νNd

n)

=
n∏

i=1

(
z − pdi

) nc∏
i=1

(
z − pdc,i

)
gdnM

d
n

n−ν∏
i=1

(
z − zdn,i

)
+∆ν+νcgMd

n−ν∏
i=1

(z − zdi )g
d
cM

d
c

nc−νc∏
i=1

(
z − zdc,i

)
gdnM

d
n

n−ν∏
i=1

(
z − zdn,i

)
,

∆nΨd
2(z; ∆)

= (∆n−νNd)(∆nDd
n)(∆

ncDd
c)− (∆n−νNd

n)(∆
nDd)(∆ncDd

c)

= gMd(z; ∆)
n−ν∏
i=1

(z − zdi )
n∏

i=1

(z − pdn,i)
nc∏
i=1

(z − pdc,i)

− gdnM
d
n

n−ν∏
i=1

(
z − zdn,i

) n∏
i=1

(
z − pdi

) nc∏
i=1

(
z − pdc,i

)
.

It is noted that as ∆ goes to zero, all the complex numbers zdi (∆), pdi (∆),

zdn,i(∆), pdn,i(∆), zdc,i(∆), and pdc,i(∆) converge to 1 + j0 (by Assumption 5.3.1

and Lemma 5.2.1). Thus one has

lim
∆→0+

∆nΨd
1(z; ∆) = gnM

⋆
n(z)(z − 1)n,

lim
∆→0+

∆nΨd
2(z; ∆) =

(
gM⋆(z)− gnM

⋆
n(z)

)
(z − 1)n.
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With these limits, we now have

lim
∆→0+

∆nΨd(z; ∆)

lim
∆→0+

∆nΨd
1(z; ∆)Dd

q(z; ∆) + ∆nΨd
2(z; ∆)Nd

q(z; ∆)

= gn(z − 1)n
(
M⋆

n(z)(D
⋆
q(z)−N⋆

q(z)) +
g

gn
M⋆(z)N⋆

q(z)
)

= gn(z − 1)nΨd
fast(z) (5.4.7)

where the degree of Ψd
fast(z) is given by deg(Ψd) − n. Noting that the roots

of ∆nΨd(z; ∆) = 0 are the same as those of Ψd(z; ∆) = 0 for any ∆ > 0,

the proof is concluded from Lemma 5.4.1 with Xd(z) = gn(z − 1)nΨd
fast(z) and

Yd(z; ∆) = ∆nΨd(z; ∆)− gn(z − 1)nΨd
fast(z).

For convenience, we denote the roots of Ψd(z; ∆) = 0 as xdi (∆), and rearrange

them to satisfy lim∆→0+ xdi (∆) = 1+ j0 for all i = 1, . . . , n without loss of gener-

ality. From the viewpoint of the DT singular perturbation theory, the first n roots

are called “slow modes” of the DT-DOB controlled system, while the remaining

ones as “fast modes”. Notice that Lemma 5.4.3 demonstrates the limiting behavior

of the fast modes only, whereas the stability of the slow modes (for the limiting

case) is not clear yet. For further discussion, we present the following lemma on

the slow modes.

Lemma 5.4.4. Suppose that Assumption 5.3.1 holds. Then for all i = 1, . . . , n,

sdi (∆) := (xdi (∆)− 1)/∆ converges to the roots s = s⋆i of the polynomial

Ψslow(s) := N(s)
(
Dn(s)Dc(s) + Nn(s)Nc(s)

)
= 0. (5.4.8)

♢

Proof. For the proof, we employ a complex variable

sd :=
z − 1

∆
(5.4.9)

which associates with the “incremental” operator [YG14]. With this symbol, the
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characteristic polynomial Ψd(z; ∆) of our interest is rewritten in sd-domain as

Ψi(sd; ∆) := Ψd(1 + ∆sd; ∆). (5.4.10)

Then the lemma is proved by showing that as ∆ → 0+, the roots of Ψi(sd; ∆) = 0,

given by sdi (∆), approach s⋆i for i = 1, . . . , n. After some computation, one can

readily obtain that

Ψi = (DiDi
c +NiNi

c)N
i
nD

i
q +Ni

qD
i
c(N

iDi
n −Ni

nD
i).

where each component is given by

Ni(sd; ∆) := Nd(1 + ∆sd; ∆), Di(sd; ∆) := Dd(1 + ∆sd; ∆),

Ni
n(s

d; ∆) := Nd
n(1 + ∆sd; ∆)

= gdn(∆)Md
n(1 + ∆sd; ∆)

n−ν∏
i=1

(
sd −

zdn,i(∆)− 1

∆

)
,

Di
n(s

d; ∆) := Dd
n(1 + ∆sd; ∆) =

n∏
i=1

(
sd −

pdn,i(∆)− 1

∆

)
,

Ni
c(s

d; ∆) := Nd
c(1 + ∆sd; ∆)

= gdc (∆)Md
c(1 + ∆sd; ∆)

nc−νc∏
i=1

(
sd −

zdc,i(∆)− 1

∆

)
,

Di
c(s

d; ∆) := Dd
c(1 + ∆sd; ∆) =

nc∏
i=1

(
sd −

pdc,i(∆)− 1

∆

)
,

Ni
q(s

d; ∆) := Nd
q(1 + ∆sd; ∆) = cdlq(∆)(∆sd)lq + · · ·+ cd0(∆),

Di
q(s

d; ∆) := Dd
q(1 + ∆sd; ∆) = (∆sd)nq + adnq−1(∆)(∆sd)nq−1 + · · ·+ ad0(∆).

Under Assumption 5.3.1, it follows that as ∆ → 0+,

Ni
n(s

d; ∆) → Nn(s
d), Di

n(s
d; ∆) → Dn(s

d),

Ni
c(s

d; ∆) → Nc(s
d), Di

c(s
d; ∆) → Dc(s

d),

while Ni
q(s

d; ∆) → c⋆0 = a⋆0, and Di
q(s

d; ∆) → a⋆0 by definition. On the other



5.4. Stability Analysis 135

hand, the DT sampled-data model represented in the incremental form converges

to the corresponding CT plant under fast sampling [YG14, Lemma 5.11]: that

is, as ∆ → 0+, Ni(sd; ∆) → N(sd) and Di(sd; ∆) → D(sd). Putting all the limits

together, we have

lim
∆→0+

Ψi(sd; ∆) = (DDc +NNc)Nna
⋆
0 + a⋆0Dc(NDn −NnD)

= a⋆0N(DDc +NNc) = a⋆0Ψslow(s
d).

The remainder of the proof can be derived in a similar way of Lemma 5.4.3, with

the help of Lemma 5.4.1.

Now, we are ready to present our main result on the robust stability.

Theorem 5.4.5. Suppose that Assumptions 5.3.1 and 5.4.1 hold. Then there

exists ∆ > 0 such that for almost every ∆ ∈ (0,∆), the DT-DOB controlled

system is robustly internally stable if the following conditions hold:

(a) C(s) internally stabilizes Pn(s) (that is, Nn(s)Nc(s) + Dn(s)Dc(s) is Hur-

witz);

(b) P(s) ∈ P is of minimum phase;

(c) The polynomial Ψd
fast(z) in (5.4.6) is Schur for P(s) ∈ P.

Moreover, the converse is also true except marginal cases (i.e., there is ∆
′
> 0

such that for any ∆ ∈ (0,∆
′
), the closed-loop system is not robustly internally

stable if some roots of Nn(s)Nc(s) + Dn(s)Dc(s) = 0 or some zeros of P(s) have

positive real part, or some roots of Ψd
fast(z) are outside the unit circle). ♢

Proof. Without loss of generality, let ns ≥ 0 be the number of the stable roots

s = s⋆i of Ψslow(s) = 0, and rearrange s⋆i and the corresponding sdi (∆) such

that s⋆i , i = 1, . . . , ns, are in the open left-half plane (in sd-domain), while s⋆i ,

i = ns + 1, . . . , n, are in the open right-half plane.

From now on, we claim that there exists ∆s > 0 such that for ∆ ∈ (0,∆s),

xdi (∆) = 1+∆sdi (∆), i = 1, . . . , ns, are located inside the unit circle (in z-domain).

Indeed, since all the s⋆i are not on the imaginary axis, one can choose ϵd > 0 such
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that for i = 1, . . . , n, each ball B(s⋆i , ϵ
d) (a) includes no root of Ψslow(s) = 0 except

s = s⋆i itself and (b) does not intersect with the imaginary axis (in s-domain). In

addition, by the limiting behavior of sdi (∆) = (xdi (∆)−1)/∆ in Lemma 5.4.4, there

exists ∆s,1 > 0 such that for ∆ ∈ (0,∆s,1), all the sdi (∆), i = 1, . . . , ns, remain

in B(s⋆i , ϵ
d). We also select sufficiently large numbers h1,i and h2,i, i = 1, . . . , ns,

such that

h1,i > (|Re(s⋆i )|+ ϵd)2 + (|Im(s⋆i )|+ ϵd)2 > 0 and h2,i > −Re(s⋆i )− ϵd > 0.

Using these terms, we finally take

∆s < min

{
2h2,1
h1,1

, · · · , 2h2,ns

h1,ns

,∆s,1

}
.

Then for ∆ ∈ (0,∆s) and for i = 1, . . . , ns, one has

Re(sdi (∆)) < Re(s⋆i ) + ϵd < −h2,i,

Re(sdi (∆))2 + Im(sdi (∆))2 < (|Re(s⋆i )|+ ϵd)2 + (|Im(s⋆i )|+ ϵd)2 < h1,i,

2h2,i > ∆h1,i.

and therefore, each 1 + ∆sdi (∆) satisfies

∥xd(∆)∥2 = ∥1 + ∆sdi (∆)∥2 =
(
1 + ∆Re(sdi (∆))

)2
+
(
∆Im(sdi (∆))

)2
= 1 + 2∆Re(sdi (∆)) + ∆2Re(sdi (∆))2 +∆2Im(sdi (∆))2

< 1− 2∆h2,i +∆2h1,i = 1−∆(2h2,i −∆h1,i) < 1.

This indicates that all xdi (∆) is inside the unit circle for all ∆ ∈ (0,∆s), which

completes the proof of the claim. On the other hand, it is obvious that for

∆ ∈ (0,∆s) and i = ns + 1, . . . , n, Re(1 + ∆sdi (∆)) > 1 + Re(s⋆i )− ϵd > 1 so that

xdi (∆) are located outside the unit circle.

We have shown that the ns roots z = xdi (∆) = 1 + ∆sdi (∆) of Ψd(z; ∆) = 0

remain inside (or outside, respectively) the unit circle for all ∆ ∈ (0,∆s) as

the corresponding s⋆i lies on the open left half-plane (or open right-half plane,

respectively). At last, combining this observation with Lemmas 5.4.1 and 5.4.3,
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one can conclude the proof of the theorem.

Remark 5.4.1. The stability condition described in Theorem 5.4.5 is less con-

servative than those in previous works in the following two senses. First, while

many earlier studies provided sufficient conditions for stability only (based on the

small gain theorem), Theorem 5.4.5 presents an almost necessary and sufficient

stability condition under fast sampling. Furthermore, due to the generalized DOB

structure in Section 5.3, a larger class of DT-DOB design methods can be taken

into account by Theorem 5.4.5. ♢

5.4.2 Issue 1: Exact vs. Approximate Discretization of Pn(s)

Similar to the CT-DOB cases, the discretization Pd
n(z; ∆) of Pn(s) will be

employed as a nominal model of the actual system Pd(z; ∆) in the DT-DOB

designs. Noting that mismatch between the actual and nominal models, Pd(z; ∆)

and Pd
n(z; ∆), usually yields model uncertainty to be compensated by the DOB,

a possible candidate for Pd
n(z; ∆) might be the ZOH equivalent model of Pn(s);

that is,

Pd
n(z; ∆) = Pd

n,ZOH(z; ∆) = Z

(
1− e−∆s

s
Pn(s)

)
(5.4.11)

(so that P(s) = Pn(s) implies Pd(z; ∆) = Pd
n(z; ∆)). However, our stability result

shows that this exact discretization of Pn(s) may not be enabled as long as the

CT plant P(s) has high relative degree (even if there is no uncertainty on the CT

plant).

Corollary 5.4.6. Suppose that P(s) satisfies Assumption 5.4.1 and ν ≥ 3, and

Pd
n(z; ∆) = Pd

n,ZOH(z; ∆) as in (5.4.11). Then there exists ∆
′
> 0 such that the

DT-DOB controlled system is not internally stable for any P(s) ∈ P and for all

∆ ∈ (0,∆
′
). ♢

Proof. The corollary directly follows from Theorem 5.4.5 with

Ψd
fast(z) =

Eν−1(z)

ν!

(
D⋆

q(z)−N⋆
q(z) +

g

gn
N⋆

q(z)

)
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and the fact that Eν−1(z) is not Schur for all ν ≥ 3 (by Proposition 5.2.2).

In short, in the DT-DOB design for high-order CT plants with ν ≥ 3, the

way of discretizing Pn(s) must be “approximate” (for instance, the discretization

methods in Table 5.1). We will come back to this point in Section 5.6 where

design guidelines for the DT-DOB are presented.

5.4.3 Issue 2: Importance of Q-filter Design

In the theory of CT-DOB, it has been reported that as long as the CT plant

P(s) is of minimum phase and has no model uncertainty, the CT-DOB controlled

system (in Figure 1.2) is inherently stable with “any” stable Q-filter [CYC+03].

Therefore, it might make sense in some ideal cases to select the Q-filter as a typical

CT low-pass filter

Q(s; τ) = Qbin(s; τ) =
abin,0

(τs)nq + abin,nq−1(τs)nq−1 + · · ·+ abin,0

where l ≥ ν, the coefficients abin,i are binomial (that is, abin,i =
( nq

i

)
, i =

0, . . . , nq), and τ > 0 is chosen “arbitrarily” to cover a frequency range of dis-

turbances.

When it comes to the DT-DOBs used for the sampled-data systems, however,

this is not the case anymore. Such a naive selection of the DT Q-filter can

violate the stability of the DT-DOB controlled system, even without any plant

uncertainty. To clarify this point, we set a “prototypical” stable low-pass filter

Qd(z; ∆) = Qd
bin(z) =

1

znq
, (5.4.12)

which is an all-pass filter in DT domain, as the DT Q-filter for a while. Then with

widely-used discretization methods for Pn(s), we obtain the following negative

results.

Proposition 5.4.7. Suppose that Assumption 5.4.1 holds and Qd(z; ∆) has the

form of (5.4.12). Then there exists ∆
′
> 0 such that the DT-DOB controlled

system is not internally stable for all ∆ ∈ (0,∆
′
) and for all P(s) ∈ P, if
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(a) ν ≥ 3 and Pd
n(z; ∆) is obtained by discretizing Pn(s) via the forward differ-

ence method, or

(b) ν ≥ 2 and Pd
n(z; ∆) is obtained by discretizing Pn(s) via the bilinear trans-

formation (or the matched pole zero method).

♢

Proof. The proposition is proved by showing that Ψd
fast(z) in Theorem 5.4.5 is not

Schur for all g/gn ∈ (0,∞). We here provide the proof of the second case (i.e.,

Item (b)) only, while the remaining case can be derived in a similar way. Notice

that the degree of Mn(z; ∆) = M⋆
n(z) is ν and thus Pd

n(z; ∆) under consideration is

biproper. From this, the degree nq of the Q-filter can be arbitrarily set as nq ≥ 1.

The Q-filter and the nominal model in the considered situation result in

Ψd
fast(z) = M⋆

n(z)(z
nq − 1) +

g

gn
M⋆(z)

=
1

2ν

[
(z + 1)ν(znq − 1) + kEν−1,ν−1z

ν−1 + · · ·+ kEν−1,0

]
where Eν−1,i are the coefficients of the Euler-Frobenius polynomial Eν−1(z) and

k := 2ν(g/gn)(1/ν!) > 0. Now, by applying the Jury’s stability test [PN07]

to the first two and the last two coefficients of the polynomial in the bracket

with Eν−1,0 = 1, it follows that Ψd
fast(z) above is Schur only if the following two

inequalities hold simultaneously:

|k− 1| < 1 and (5.4.13a)

|(k− 1)2 − 1| >

|(ν − 1)(k− 1)− ((1− ν) + kEν−1,1)| if nq = 1,

|ν(k− 1)− (−ν + kEν−1,1)| if nq ≥ 2.
(5.4.13b)

Notice that Eν−1,1 = 2ν−ν−1 and |(k−1)2−1| = −(k−1)2+1 for all k satisfying

|k− 1| < 1. Therefore, the inequalities in (5.4.13) can be rewritten by

0 < k < 2 and − k2 + 2k >

2νk if nq = 1,

(2ν − 1)k if nq ≥ 2.
(5.4.14)
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It is straightforward that under the constraint 0 < k < 2, the inequality (5.4.14)

is violated in both two cases for all ν ≥ 2, which completes the proof.

It is noted that Proposition 5.4.7 provides a theoretical analysis of the phe-

nomenon shown in the motivating example. Obviously, as highlighted by Theorem

5.4.5, the disparity between the stability results of the CT-DOBs and DT-DOBs

mainly follows from the “sampling zeros” which is an inherent characteristic of the

sampled-data systems.

Remark 5.4.2. Putting the emphasis on the structure of the prototypical Q-

filter, the finding in Proposition 5.4.7 also can be interpreted by a “rule-of-thumb”

that a high-gain and high-bandwidth control scheme may fail when it is applied

to a nonminimum-phase system. Indeed, as in the CT-DOB cases, the DT-DOB

structure in Figure also includes a hidden component 1/(1−Qd(ejω∆; ∆)) implic-

itly, which has an infinite gain at the low-frequency range. Unfortunately, at least

one zero of Pd(z; ∆) with ν ≥ 3 must lie outside the unit circle with fast sampling

(by Proposition 5.2.2). Thus according to the rule-of-thumb, with the all-pass

filter Qd
bin(z) = 1/zν which ensures Qd

bin(e
jω∆) ≈ 1 in a wide frequency range, the

high-gain property of the DOB will be problematic for the nonminimum-phase

system. ♢

5.4.4 Issue 3: Indirect vs. Direct Designs of Discrete-time Dis-

turbance Observers

The finding in the previous subsection enlightens that a naive discretization

of a CT-DOB may destabilize the closed-loop system in the sampled-data setting.

A relevant question is: is the indirect design of the DT-DOB (by discretizing

a well-designed CT-DOB) “fundamentally” insufficient to guarantee the overall

stability for the sampled-data system? To answer the question, we discretize a

CT Q-filter

Q(s; τ) =
clq(τs)

lq + · · ·+ c0

(τs)nq + anq−1(τs)nq−1 + · · ·+ a0
(5.4.15)
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by using the forward difference method as follows:

Qd(z; ∆) = Qd
ind(z; ∆) =

clq
(
r(z − 1)

)lq + · · ·+ c0(
r(z − 1)

)nq + anq−1

(
r(z − 1)

)nq−1
+ · · ·+ a0

(5.4.16)

where r := τ/∆ denotes the ratio between τ and ∆. Then the following propo-

sition points out that the stability condition of the associated DT-DOB (with

(5.4.16)) can be “simplified” into that of the CT-DOB (with the original Q-filter

(5.4.15)) in [SJ09], as long as the sampling process runs much faster than the

CT-DOB.

Proposition 5.4.8. Suppose that Assumption hold and the coefficients ai and

ci of the CT Q-filter (5.4.15) are selected such that

Ψfast,CT(s) = Dq(s; 1)−Nq(s; 1) +
g

gn
Nq(s; 1) (5.4.17)

is Hurwitz. Then there exists r > 0 such that for all r > r, the polynomial Ψd
fast(z)

in (5.4.6) corresponding to the DT Q-filter (5.4.16) is Schur. ♢

Proof. The proposition is derived by applying Lemma 5.4.1 to Ψd
fast(z) with T in

the lemma set as 1/r.

Proposition 5.4.8 inspires us to design the DT-DOB in an “alternative (or

indirect)” way; i.e., discretizing a CT-DOB without handling the stability con-

straints in Theorem 6.2.2 directly. Nonetheless, direct design methods possibly

have several advantages over such an indirect method, such as a relaxation of the

bandwidth constraint of the Q-filter. We will discuss more on this topic in the

simulation part.

5.5 Performance Analysis of Discrete-time Disturbance

Observers in Frequency Domain

In this section, we briefly look at the performance of the DT-DOB-based

controller in the frequency domain. In parallel with the analysis for the CT-
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DOBs, a particular interest here is to observe that the DT-DOB “recovers the

nominal performance” under fast sampling.

To see this, we remind the definition of the “scaled” DT Fourier transform of

a DT signal.

Definition 5.5.1. [FG12] For a sequence xd[k] and the sampling period ∆ > 0,

the scaled DT Fourier transform of xd[k] is given by

F∆(x
d[k]) := ∆

∞∑
k=−∞

xd[k]e−jω∆k. (5.5.1)

♢

With the scaled DT Fourier transform ud∆(e
jω∆) := F∆(u

d[k]) of ud[k], the

Fourier transform y(jω) of the CT plant’s output y(t) can be represented by

[YG14, FG12]

y(jω) =
1

∆
P(jω)H0(jω; ∆)ud∆(e

jω∆) + P(jω)d(jω) (5.5.2)

where P(s) = C(sI−A)−1B and H0(s; ∆) = (1−e−∆s)/s. In turn, one can write

the scaled DT Fourier transform yd∆(e
jω∆) := F∆(y

d[k]) of yd[k] in the “folded”

form:

yd∆(e
jω∆) =

∞∑
k=−∞

y

(
jω + j

2πk

∆

)

=

∞∑
k=−∞

(
1

∆
P
(
jω + j

2πk

∆

)
H0

(
jω + j

2πk

∆
;∆
)
ud∆(e

jω∆)

+ P
(
jω + j

2πk

∆

)
d
(
jω + j

2πk

∆

))
= Pd(ejω∆; ∆)ud∆(e

jω∆) + ddfold(jω; ∆). (5.5.3)

where

ddfold(jω; ∆) :=
∞∑

k=−∞
P

(
jω + j

2πk

∆

)
d

(
jω + j

2πk

∆

)
(5.5.4)

represents the influence of the CT disturbance d(t) on the DT output yd[k] under
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the “folding” (or “aliasing”) effect. On the other hand, in the DT-DOB-based

control structure (Figure 5.2), the (scaled) DT Fourier transform ud∆(e
jω∆) has

the form of

ud∆(e
jω∆) = ∆ud(ejω∆) = ∆

(
1

Pd
n(1−Qd)

(
Pd
nC

drd − (Qd + Pd
nC

d)yd
))

=
1

Pd
n(1−Qd)

(
Pd
nC

drd∆ − (Qd + Pd
nC

d)yd∆

)
(5.5.5)

in which rd∆(e
jω∆) := F∆(u

d[k]). Substituting (5.5.3) into (5.5.5), one has

ud∆(e
jω∆) = Td

ur(e
jω∆; ∆)rd∆(e

jω∆) + Td
ud,fold(e

jω∆; ∆)ddfold(jω; ∆) (5.5.6)

where

Td
ur :=

Pd
nC

d

Qd(Pd − Pd
n) + Pd

n(1 + PdCd)
, (5.5.7a)

Td
ud,fold := − Qd + Pd

nC
d

Qd(Pd − Pd
n) + Pd

n(1 + PdCd)
. (5.5.7b)

In short, putting the result into each (5.5.2) and (5.5.3), we obtain

• the “at-sample” response

yd∆(e
jω∆) = Td

yr(e
jω∆; ∆)rd∆(e

jω∆) + Td
yd(e

jω∆; ∆)ddfold(jω; ∆) (5.5.8)

where

Td
yr(z; ∆) := PdTd

ur =
PdPd

nC
d

Qd(Pd − Pd
n) + Pd

n(1 + PdCd)
, (5.5.9a)

Td
yd,fold(z; ∆) := PdTd

ud,fold + 1

=
Pd
n(1−Qd)

Qd(Pd − Pd
n) + Pd

n(1 + PdCd)
. (5.5.9b)

• the ‘inter-sample” response

yd(jω) =
1

∆
P(jω)H0(jω; ∆)Td

ur(e
jω∆; ∆)rd∆(e

jω∆) (5.5.10)

+
1

∆
P(jω)H0(jω; ∆)Td

ud,fold(e
jω∆; ∆)ddfold(jω; ∆) + P(jω)d(jω).
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For further analysis, we assume for now that the Fourier transforms d(jω) and

r(jω) of the CT external inputs d(t) and r(t) are dominant in a low-frequency

range ω ∈ [0, ω]: that is, d(jω) = 0 and r(jω) = 0 for all ω > ω. Under the

hypothesis, it follows that if ∆ is taken to satisfy 0 < ∆ < (2π)/ω, then for all

0 ≤ ω ≤ (π/∆) (i.e., the frequency range below the Nyquist frequency),

rd∆(e
jω∆) =

∞∑
k=−∞

r

(
jω + j

2πk

∆

)
= r(jω) (5.5.11a)

ddfold(jω; ∆) =
∞∑

k=−∞
P

(
jω + j

2πk

∆

)
d

(
jω + j

2πk

∆

)
= P(jω)d(jω). (5.5.11b)

In addition, we also suppose that ∆ is sufficiently small such that

Qd(ejω∆; ∆) ≈ 1 (5.5.12)

for all ω ∈ [0, ω]. Then for that low-frequency range, the at-sample response of

the output y(t) is approximated by

yd∆(e
jω∆) ≈ Pd

nC
d

1 + Pd
nC

d
(ejω∆; ∆)rd∆(e

jω∆) (5.5.13)

This indicates that under fast sampling, the performance of the nominal closed-

loop system is recovered at sampled outputs by the DT-DOB-based controller.

Moreover, similar conclusion can be obtained for the “inter-sample” response. To

see this, we further assume that in the frequency range ω ∈ [0, ω],

Pd
n(e

jω∆; ∆) ≈ Pn(jω), Cd(ejω∆; ∆) ≈ C(jω), (5.5.14a)

Pd(ejω∆; ∆) =
∞∑

k=−∞

1

∆
P
(
jω + j

2πk

∆

)
H0

(
jω + j

2πk

∆
;∆
)

≈ 1

∆
P(jω)H0(jω; ∆) ≈ P(jω) (5.5.14b)

(where all the approximations are possibly achieved by taking a small ∆). Then
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it is easy to derive from (5.5.10) and (5.5.14) that

y(jω) ≈ PnC

1 + PnC
(jω)r(jω) (5.5.15)

in the low-frequency range ω ∈ [0, ω].

It is also important to note that, as long as the CT disturbance d(t) is fully

modeled as sum of biased sinusoidal signals (as in (2.1.7b))

d(t) = dm(t) =Mdm,0 +

nm∑
i=1

Mdm,i sin
(
σit+ φdm,i

)
, (5.5.16)

its “perfect” (rather than approximate) rejection in the “at-sample” response would

be possible in a sense. Indeed, the Fourier transform d(jω) of the sinusoidal

function (5.5.16) has a non-zero value only at ω = 0 or ω = ±σi, i = 1, . . . , nm, and

its folded version ddfold(jω; ∆) in (5.5.11) also does below the Nyquist frequency

(with sufficiently small ∆ < ∆⋆
P). Therefore, if the DT Q-filter Qd(z; ∆) in (5.3.4)

is properly designed such that

Qd(e±jσi∆; ∆) = 1 + j0, ∀i = 1, . . . , nm, (5.5.17)

(while Qd(1;∆) = 1 + j0 naturally holds because a0 = c0), then we obtain that

Td
yd(e

jω∆; ∆)ddfold(jω; ∆) = 0 (5.5.18)

below the Nyquist frequency. In other words, the effect of the modeled disturbance

on the at-sample response yd in (5.5.8) is completely eliminated in the frequency

domain. We point out that another expression of (5.5.17) is

Dd
q(z; ∆)−Nd

q(z; ∆) = (z − 1)

nm∏
i=1

(
z2 − 2 cos(σi∆)z + 1

)
Rd

q(z; ∆) (5.5.19)

with a polynomial Rd
q(z; ∆) of z, which can be regarded as a “DT counterpart” of

(2.2.7).
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5.6 Direct Design Methods for Discrete-time Disturbance

Observers

The stability analysis in Section 5.4 reveals an explicit constraint on the DT-

DOB design (i.e., Item (c) of Theorem 5.4.5), and this requirement is not auto-

matically satisfied in general. As aforementioned, this is mainly because Ψd
fast(z)

to be Schur is influenced by the sampling zeros of Pd(z; ∆), the discretization

method for Pn(s), and the uncertain parameter g in a complicated form. Ob-

viously, all these factors should be taken into account carefully in the DT-DOB

design.

In this regard, in this section we present systematic design procedures of the

DT-DOB, provided that the plant (5.2.3) is uncertain in the sense of Assump-

tion 5.4.1. In particular, our design guidelines are of two types dependent of

whether the generating model of d(t) is explicitly used, both of which satisfies

Item (c) of Theorem 5.4.5 under the assumption.

To derive the design procedures, the following technical lemmas are required.

Lemma 5.6.1. Let hd(z) be a Schur polynomial and let gd(z) be a polynomial

whose roots have the real part smaller than 1. Then there exists k1 > 0 such that

hd(z)(z − 1) + kgd(z)

is Schur for all k ∈ (0, k1). ♢

Lemma 5.6.2. Suppose that the Nyquist plot of a transfer function

Ld(z) =
pd(z)

(z − 1)kqd(z)
(5.6.1)

does not cut the line E(g/gn, g/gn) where k is a positive integer, pd(z) is a polyno-

mial satisfying pd(1) > 0, and qd(z) is a Hurwitz polynomial. Then there exists

k2 > 0 such that the Nyquist plot of

pd(z)

(z − 1)kqd(z)
+ k

1

(z − 1)k+1qd(z)
(5.6.2)
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does not cut the line E(g/gn, g/gn) for all k ∈ (0, k2). ♢

The proofs of these lemmas are largely similar to Lemmas A.1.1 and A.1.2 in

Appendix A.1, and thus we omit the details.

5.6.1 Design with Simplest Structure of Q-filter

We set the DT Q-filter Qd(z; ∆) as the simplest form of the DT low-pass filter

Qd(z; ∆) = Qd
simp(z) :=

a⋆simp,0

(z − 1)nq + a⋆simp,nq−1(z − 1)nq−1 + · · ·+ a⋆simp,0

=:
Nd

q,simp(z)

Dd
q,simp(z)

(5.6.3)

where the constants a⋆simp,i, i = 0, . . . , nq − 1, are design parameters, and nq ≥
max{ν − nmn, 1} (so that P−1

n (z; ∆)Qd(z; ∆) is implementable). On the other

hand, the CT nominal model Pn(s) is discretized such that the associated limiting

polynomial M⋆
n(z) in Assumption 5.3.1 is Schur (e.g., the forward and backward

difference methods among the methods listed in Table 5.1).

With the DT Q-filter Qd(z; ∆) = Qd
simp(z), Ψ

d
fast(z) in (5.4.6) turns out to be

Ψd
fast,simp(z) := M⋆

n(z)
(
(z − 1)nq + a⋆simp,nq−1(z − 1)nq−1 + · · ·+ a⋆simp,0

)
+

g

gn
M⋆(z)a⋆simp,0.

We now show that for any given bound [g, g] of g, there exist a⋆simp,i, i = 0, . . . , nq−
1, satisfying that both Ψd

fast,simp(z) and Dd
q,simp(z) above are Schur for all g ∈ [g, g]

(where the latter polynomial is needed to be Schur because of the stability of

Qd(z; ∆)). Firstly, take a⋆simp,1, . . . , a
⋆
simp,nq−1 to make the polynomial (z−1)nq−1+

a⋆simp,nq−1(z − 1)nq−2 + · · ·+ a⋆simp,1 is Schur. Then both

hda(z) := M⋆
n(z)

(
(z − 1)nq−1 + a⋆simp,nq−1(z − 1)nq−2 + · · ·+ a⋆simp,1

)
(5.6.4a)

hdb(z) := (z − 1)nq−1 + a⋆simp,nq−1(z − 1)nq−2 + · · ·+ a⋆simp,1 (5.6.4b)

are Schur. On the other hand, it is obtained from Item (c) of Proposition 5.2.2

that all the roots of M⋆(z) =: gda(z) have the real part smaller than 1. Then by
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Lemma 5.6.1, one can choose ksimp > 0 such that

hda(z)(z − 1) + kgda(z) and hdb(z)(z − 1) + k (5.6.5)

are Schur for all k ∈ (0, ksimp). Now select a⋆simp,0 ∈
(
0,min{1, gn/g}ksimp

)
, from

which ksimp > a⋆simp,0 and ksimp > (g/gn)a
⋆
simp,0 ≥ (g/gn)a

⋆
simp,0 > 0 for all g ∈

[g, g]. It is concluded that Ψd
fast,simp(z) and Dd

q,simp(z) are Schur for all g ∈ [g, g].

We summarize the discussions so far as follows:

Procedure 5.6.3. (Design of DT-DOB-based controller with simplest structure

of Q-filter)

STEP 0 Select a CT nominal model Pn(s) and a CT baseline controller C(s) such

that the CT nominal closed-loop system is stable and the nominal track-

ing performance is satisfactory. Discretize the components to satisfy As-

sumption 5.3.1 and to make M⋆
n(z) Schur. Choose a⋆simp,1, . . . , a

⋆
simp,nq−1

such that hda(z) and hdb(z) in (5.6.4) are Schur.

STEP 1 Take ksimp > 0 satisfying that the two polynomials in (5.6.5) (with

gda(z) = M⋆(z)) are Schur for all k ∈ (0, ksimp) and select a⋆simp,0 ∈(
0,min{1, gn/g}ksimp

)
.

STEP 2 Construct the DT-DOB-based controller as in Figure 5.2 with the DT

nominal model Pd
n(z; ∆) and the DT baseline controller Cd(z; ∆) ob-

tained in Step 0, and with the Q-filter Qd(z; ∆) = Qd
simp(z) in (5.6.3)

whose coefficients a⋆simp,i are determined by Steps 0 and 1.

♢

Theorem 5.6.4. Suppose that Assumption 5.4.1 holds. Then the DT-DOB con-

troller obtained by Procedure 5.6.3 satisfies Item (c) of Theorem 5.4.5. ♢

5.6.2 Design to Embed Disturbance Model

As aforementioned, we here are interested in constructing a DT-DOB that

satisfies both Item (c) of Theorem 5.4.5 and the equality (5.5.19) at once. For
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ease of construction, we take the DT nominal model Pd
n(z; ∆) by discretizing Pn(s)

via the backward difference method; that is,

Pd
n(z; ∆) = Pd

n,bw(z; ∆) := Pn

(
z − 1

∆z

)
. (5.6.6)

Since Pd
n,bw(z; ∆) is biproper, it is allowed to employ the following DT Q-filter

that has the relative degree as 1:

Qd(z; ∆) = Qd
im(z; ∆) :=

cdim,nq−1(∆)(z − 1)nq−1 + · · ·+ cdim,0(∆)

(z − 1)nq + adim,nq−1(∆)(z − 1)nq−1 + · · ·+ adim,0(∆)

=:
Nd

q,im(z; ∆)

Dd
q,im(z; ∆)

(5.6.7)

where the degree nq is set as nq = 2nm + 1. Now, with the constants aim,i(∆) =

a⋆im,i to be designed shortly, we select the coefficients cim,i(∆) of the numerator of

the Q-filter as follows:

cim,i(∆) = a⋆im,i − c̃im,i(∆), ∀i = 0, . . . , 2nm, (5.6.8)

where c̃im,i are the coefficients of the polynomial

(z − 1)2nm+1 + c̃im,2nm(∆)(z − 1)2nm + · · ·+ c̃im,0(∆)

= (z − 1)

nm∏
i=1

(
z2 − 2 cos(σi∆)z + 1

)
= (z − 1)

nm∏
i=1

(
(z − 1)2 + (2− 2 cos(σi∆))(z − 1) + (2− 2 cos(σi∆))

)
(5.6.9)

By definition, it follows that the desired equality (5.5.19) is satisfied. Note that

all c̃i(∆) converge to zero as ∆ approaches 0, because the right-hand side of the

equality becomes (z − 1)2nm+1 when ∆ = 0.

The remaining design freedom, lying in the selection of a⋆im,i, will be used to
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make Ψd
fast(z) and Dd

q,im(z; ∆) Schur. Notice that Ψd
fast(z) is now computed as

Ψd
fast,im(z) = zν(z − 1)nq +

g

gn
M⋆(z)

(
a⋆im,nq−1(z − 1)nq−1 + · · ·+ a⋆im,0

)
(5.6.10)

in which M⋆
n(z) = zν is used. It is obtained from the bounded phase lemma

[BCK95, Lemma 2.1] that Ψd
fast,im(z) is Schur for all uncertain parameters g ∈

[g, g] if and only if

(a) the polynomial is Schur for at least one g among [g, g], and

(b) for the transfer function

Ld
im(z) :=

M⋆(z)
(
a⋆im,nq−1(z − 1)nq−1 + · · ·+ a⋆im,0

)
zν(z − 1)nq

, (5.6.11)

the Nyquist plot of

Zd
im(z) =

1 + (g/gn)L
d
im(z)

1 + (g/gn)Ld
im(z)

(5.6.12)

does not cut the negative real axis in the complex plane.

In particular, the latter condition is equivalent to:

(b′) the Nyquist plot of Ld
im(z) does not touch the line E(g/gn, g/gn).

To construct the coefficients in a recursive fashion, we define

pdim,i(z) := M⋆(z)
(
a⋆im,nq−1(z − 1)i−1 + a⋆im,nq−2(z − 1)i−2 + · · ·+ a⋆im,nq−i

)
and also

hda,i(z) := (z − 1)izν +
g

gn
pdim,i(z), Ld

im,i(z) :=
pdim,i(z)

(z − 1)izν
, and

hdb,i(z) := (z − 1)i + a⋆im,nq−1(z − 1)i−1 + a⋆im,nq−2(z − 1)i−2 + · · ·+ a⋆im,nq−i

for i = 1, . . . , nq. It is noted that hda,nq
(z) = Ψd

fast,im(z), h
d
b,nq

(z) = Dd
q,im(z; ∆),

and Ld
im,nq

(z) = Ld
im(z) by definition. We also observe that the following recursive
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relations are satisfied:

hda,i+1(z) = (z − 1)hda,i(z) +
g

gn
M⋆(z)a⋆im,nq−(i+1), (5.6.13a)

hdb,i+1(z) = (z − 1)hdb,i(z) + a⋆im,nq−(i+1), (5.6.13b)

Ld
im,i+1(z) = Ld

im,i(z) + a⋆im,nq−(i+1)

1

(z − 1)i+1zν
(5.6.13c)

(for all i = 1, . . . , nq − 1). Now, by applying Lemmas 5.6.1 and 5.6.2 recursively

up to nq steps, we obtain the following design guideline.

Procedure 5.6.5. (Design of DT-DOB-based controller to embed disturbance

model)

STEP 0 Select a CT nominal model Pn(s) and a CT baseline controller C(s)

such that the CT nominal closed-loop system is stable and the nom-

inal tracking performance is satisfactory. Discretize the components

to satisfy Assumption 5.3.1, especially using the backward difference

method for Pn(s) as in (5.6.6). Choose a⋆im,nq−1 sufficiently small such

that hda,1(z) and hdb,1(z) are Schur and the Nyquist plot of Ld
im,1(z) does

not cut the line E(g/gn, g/gn).

STEP j (j = 1, . . . , nq − 1) Take k1,nq−(j+1) > 0 satisfying that the polynomi-

als hda,j+1(z) and hdb,j+1(z) in (5.6.13a) and (5.6.13b) are Schur for all

a⋆im,nq−(j+1) ∈ (0, k1,nq−(j+1)) (by Lemma 5.6.1). Select k2,nq−(j+1) > 0

satisfying that the Nyquist plot of Ld
im,j+1(z) does not cut the line

E(g/gn, g/gn) for all a⋆im,nq−(j+1) ∈ (0, k2,nq−(j+1)) (by Lemma 5.6.2).

Finally, choose 0 < a⋆im,nq−(j+1) < min{k1,nq−(j+1), k2,nq−(j+1)}

STEP nq Construct the DT-DOB-based controller with the DT nominal model

Pd
n(z; ∆) and the DT baseline controller Cd(z; ∆) obtained in Step 0,

and with the Q-filter Qd(z; ∆) = Qd
im(z; ∆) in (5.6.7) where the coeffi-

cients have the form (5.6.8)

♢
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Figure 5.5: Simulation results for the proposed DT-DOB with simplest Q-
filter (Procedure 5.6.3): Sampled-data systems with baseline con-
troller Cd

fw only (black dash-dotted) and with the proposed DT-
DOB-based controller

(
Pd
n,fw,C

d
fw,Q

d
simp,fw

)
(blue solid), and CT

nominal closed-loop system (green dashed)

Theorem 5.6.6. Suppose that Assumption 5.4.1 holds. Then the DT-DOB-

based controller obtained by Procedure 5.6.5 satisfies Item (c) of Theorem 5.4.5

and the equality (5.5.19). ♢

5.7 Simulation Results: Two-mass-spring System Revis-

ited

In this section, we revisit the example in Section 5.1 to verify the validity of

our stability analysis and design procedures.

For a fair comparison with the simulation results in Section 5.1, we set the

DT nominal model Pd
n(z; ∆) and Cd(z; ∆) as (5.1.6). In addition, by following

Procedure 5.6.3, select the DT Q-filter Qd(z; ∆) as

Qd
simp,fw(z; ∆) =

0.24

z4 − z3 + 0.24
(5.7.1)
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(a) Roots of Ψd(z;∆) = 0 (blue) under vari-
ation of ∆ and of Ψd

fast(z) = 0 (red) (in z-
domain)

(b) Roots of Ψd(z;∆) = 0 (blue) under vari-
ation of ∆ and of Ψd

fast(z) = 0 (red) (in z-
domain, enlargement)
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(c) Roots of Ψi(sd;∆) = 0 (blue) under variation of ∆ and of
Ψslow(s

d) = 0 (green) (in sd-domain)

Figure 5.6: Location of roots of Ψd(z; ∆) = 0 ((a) and (b)) and roots of
Ψi(sd; ∆) = 0 ((c)) with

(
Pd
n,fw,C

d
fw,Q

d
simp,fw

)
: the brighter the

color is, the smaller ∆ is; and black triangles represent direction
of roots when ∆ gets smaller.

so that Ψd
fast(z) is Schur for all uncertain parameters. The simulation results with

K = 2, and M1 = M2 = 1 are given in Figure 5.5. (For simplicity, for now we often

represent a DT-DOB-based controller as the triplet
(
Pd
n,C

d,Qd
)
, and CT-DOB-

based controller similarly as
(
Pn,C,Q

)
.) It is seen in the figure that the baseline

controller Cd
fw(z; ∆) alone is insufficient to attenuate the disturbance, while the

DT-DOB with the proposed Q-filter Qd
simp,fw(z; ∆) recovers the nominal tracking

performance in the presence of external disturbance and model uncertainty.

To discuss further on the limiting behavior of the DT-DOB controlled system

with
(
Pd
n,fw,C

d
fw,Q

d
simp,fw

)
, we draw the location of the roots of Ψd(z; ∆) = 0
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Figure 5.7: Bode plot of DT Q-filters Qd
simp,fw (blue solid), Qd

ind,fast (red
dashed), and Qd

ind,slow (black dash-dotted)

under variation of ∆ ∈ [0.0001, 0.3] in Figure 5.6. As seen in the proof of Theorem

5.4.5, as ∆ → 0+, 4 roots of Ψd(z; ∆) = 0 approach those of Ψd
fast(z; ∆) = 0

(Figure 5.6-(a)), while the other 6 roots converge to the point (1, 0) remaining

inside the unit circle. Especially, each of the latter roots approaches 1+∆s⋆i where

s = s⋆i are the roots of Ψslow(s) = 0 (Figure 5.6-(b)), which is seen more clearly

in sd-domain (Figure 5.6-(c)).

In what follows, we set M1 = 0.8, M2 = 0.8, and K = 2 for the simulation pur-

pose. We now draw a comparison between the direct and indirect DOB designs,

studied in Subsection 5.4.4. For this purpose, consider a CT Q-filter

Qind(s; τ) =
a0

(τs)4 + a3(τs)3 + a2(τs)2 + a1(τs) + a0
(5.7.2)

with ai set as [a3, a2, a1, a0] = [2, 2, 1, 0.3]. From the selection, Ψfast,CT(s) in

(5.4.17) is Hurwitz for all Mi ∈ [0.8, 1.2] and K ∈ [0.5, 2]; this implies that the

CT-DOB controlled system in Figure 1.2 is robustly stable with sufficiently small

τ > 0 [SJ09]. By discretizing the CT Q-filters (5.7.2) with τ = 0.05 and τ = 0.025
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(a) Output y(t) of CT-DOB controlled system with(
Pn,C,Qind(s; 0.05)

)
(orange) and DT-DOB con-

trolled system with
(
Pd

n,fw,C
d
fw,Q

d
ind,slow

)
(black) and

with
(
Pd

n,fw,C
d
fw,Q

d
simp,fw

)
(blue)
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(b) Output y(t) of CT-DOB controlled system with(
Pn,C,Qind(s; 0.025)

)
(red) and DT-DOB controlled

system with
(
Pd

n,fw,C
d
fw,Q

d
ind,fast

)
(bright red)

Figure 5.8: Simulation results for direct and indirect DT-DOB designs: CT-
DOB controlled systems (Figure 1.2, dash-dotted), DT-DOB con-
trolled systems (Figure 5.2, solid), and CT nominal closed-loop
system (green dashed)

via the forward difference method, we obtain the following two DT Q-filters (in

an indirect way)

Qd
ind,fast(z; ∆) = Qind

(
z − 1

∆
; 0.025

)
, Qd

ind,slow(z; ∆) = Qind

(
z − 1

∆
; 0.05

)
.

We remind that the smaller τ is, the larger the bandwidth of Qind(s; τ) (and thus

that of its discretization) is (Figure 5.7). Figure 5.8 shows the simulation results

in time domain with the DT Q-filters Qd
simp,fw, Qd

ind,fast, and Qd
ind,slow (where the

latter two ones are obtained by the indirected design method). In the figure, one

can observe that too large bandwidth of the CT-DOB (even though it is stable in

the CT domain). One can obtain the same conclusion by the frequency domain

analysis with Figure 5.9.
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Figure 5.9: Sensitivity functions of DT-DOB controlled systems with DT Q-
filters Qd

simp,fw (blue solid), Qd
ind,fast (red dashed), and Qd

ind,slow

(black dash-dotted)

The following two simulations are made to show the relation between stability

and the discretization methods of Pd
n and Cd. In particular, for the former we

introduce additional two DT nominal models

Pd
n,bw(z; ∆) = Pn

(
z − 1

z∆

)
, Pd

n,bt(z; ∆) = Pn

(
2

∆

z − 1

z + 1

)
(each of which is the consequence of the backward difference method and the bilin-

ear transformation). After that, by applying Procedure 5.6.3 again to Pd
n,bw(z; ∆),

one can obtain a (first-order) DT Q-filter

Qd
simp,bw(z; ∆) =

0.15

(z − 1) + 0.15

(so that the DT-DOB with Pd
n,bw(z; ∆) and Qd

simp,bw(z; ∆) satisfies Item (c) of

Theorem 5.4.5). We point out that unlike the backward difference method case,

Pd
n,bt(z; ∆) cannot allow “any” first-order DT Q-filter to make Ψd

fast(z) Schur (even

if there is no uncertainty on the CT plant). The simulation results for the DT-

DOB-based controllers with different Pd
n(z; ∆) are provided in Figure 5.10. By

comparing the results of
(
Pd
n,bw,C

d
bw,Q

d
bw

)
and

(
Pd
n,bt,C

d
bt,Q

d
bw

)
, it can be con-

cluded that the way of discretizing the nominal model Pn(s) is also important
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Figure 5.10: Simulation results with different discretization methods for Pn:
DT-DOB controlled systems with

(
Pd
n,fw,C

d
fw,Q

d
fw

)
(blue solid),(

Pd
n,bw,C

d
bw,Q

d
bw

)
(red dash-dotted), and

(
Pd
n,bt,C

d
bt,Q

d
bw

)
(black dotted), and CT nominal closed-loop system (green
dashed)

for the robust stabilization. However, this is not the case for the DT baseline

controller Cd, as seen in Figure 5.11 where the three discretization results Cd
fw,

Cd
bw(z; ∆) := C

(
z − 1

z∆

)
, Cd

bt(z; ∆) := C

(
2

∆

z − 1

z + 1

)
are dealt with.

Now assume that the frequency σ = 0.5 of the CT sinusoidal disturbance

is available in the DT-DOB design. Then by following Procedure 5.6.5 we can

construct another type of DT-DOB-based controller, as
(
Pd
n,bw,C

d
bw,Q

d
im

)
with

the 3rd-order Q-filter

Qd
im(z; ∆) (5.7.3)

=

(
a⋆im,2 − 2(1− cos(σ∆))

)
(z − 1)2 +

(
a⋆im,1 − 2(1− cos(σ∆))

)
(z − 1) + a⋆im,0

(z − 1)3 + a⋆im,2(z − 1)2 + a⋆im,1(z − 1) + a⋆im,0
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Figure 5.11: Simulation results with various discretized baseline controller
Cd: DT-DOB controlled systems with

(
Pd
n,fw,C

d
fw,Q

d
fw

)
(blue

solid),
(
Pd
n,fw,C

d
bw,Q

d
fw

)
(pink dashed), and

(
Pd
n,fw,C

d
bt,Q

d
fw

)
(ivory dotted), and CT nominal closed-loop system (green
dashed)

and the coefficients [a⋆im,2; a
⋆
im,1; a

⋆
im,0] = [0.12; 0.01; 0.0002]. It is remarked that

with the coefficients of Qd
im(z; ∆) above, the Nyquist plots of the transfer functions

Ld
im,i(z), i = 1, 2, do not cut the line E(g/gn, g/gn) (as desired in Procedure 5.6.5).

We perform the time-domain simulation with the DT-DOB-based controller as in

Figure 5.12, which shows that the DT-DOB derived by Procedure 5.6.5 completely

eliminates the sinusoidal disturbance in the steady state period.
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Figure 5.12: Simulation results for the proposed DT-DOB with simplest
Q-filter (Procedure 5.6.5): DT-DOB controlled systems with(
Pd
n,bw,C

d
bw,Q

d
im

)
(red dash-dotted) and with

(
Pd
n,bw,C

d
bw,Q

d
bw

)
(dark blue solid), and CT nominal closed-loop system (green
dashed)





Chapter 6

Robust Zero-dynamics Attack on
Uncertain Cyber-physical Systems:
Malicious Use of Disturbance Observer

Modern control systems often have complex structures integrating physical plants

and digital devices, which are linked through communication networks. These

CPS offer great opportunities to achieve high cost efficiency and productivity

over traditional control systems [Lee08, LBK15]. Yet at the same time, CPS are

vulnerable to malicious attackers, as nowadays the data networks are easier to

access by anonymous users. Serious cyber threats to CPS already have taken

place in recent years, such as the attacks on the U.S. electric grid [Gor09] and the

Stuxnet malware [Rid12]. In this context, it is not surprising that security of the

CPS has attracted widespread attention with emerging resilient control and secure

estimation schemes [FTD14, TSSJ15b, PDB13, TSSJ15a, SNP+17, LSE15]. (See

Figure 6.1 where an overall configuration of the cyber-physical system is shown.)

With the increased interest, a variety of cyber attack scenarios have been

studied from a “control-theoretic” perspective; e.g., denial-of-service (DoS) at-

tack, replay attack [MS09], zero-dynamics attack [PDB13, TSSJ15b, TSSJ12],

bias injection attack [TSSJ15b], optimal linear attack [GSJS17], switching loca-

tion attack [LWLW17], multi-rate sampling attack [KPSE16], to name just a few.

Among various purposes of these attacks, “stealthiness” is of utter importance to

most adversaries: i.e., when an attack signal enters CPS, its impact should not

be detected by any anomaly detector. In view of the adversary, one approach

161
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Physical plant

Controller

Disclosure
Attacker

Model knowledge

Data network

Disruption

Figure 6.1: Overall configuration of cyber-physical system with malicious at-
tacker

for achieving stealthiness is to employ structural information of the plant in the

attack design. For instance, zero-dynamics attack is known as a model-based

attack strategy that remains stealthy [PDB13, TSSJ15b, TSSJ12]. In this at-

tack scenario, the adversary duplicates exactly the real unstable zero-dynamics

of non-minimum phase plants. As a result, the attack signal conceals itself in the

so-called output-nulling space, even if a large amount of false data are injected

into the plant [TSSJ15b, TSSJ12].

Model-based attacks may easily lose their stealthiness when the model knowl-

edge is not perfect. Indeed, even small mismatch between the real and estimated

models leaves the zero-dynamics attack detectable [TSSJ12]. This fundamental

limitation of model-based attacks has led to recent developments of attack pre-

vention strategies, such as structural modification schemes [TSSJ12, HZ16]. Fur-

thermore, exact model knowledge is not obtainable in many industrial problems,

which is another hurdle to the attacker. If so, are CPS be safe from these lethal

stealthy attacks thanks to model uncertainty?

Interestingly, we will show in this chapter that it may not be the case when

the attacker employs the DOB technique in their attack designs. Specifically,

we address the problem of constructing a “robust zero-dynamics attack” that is
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stealthy for “uncertain” non-minimum phase plants. Moving away from the tra-

ditional methods to construct the stealthy attack, our key idea is (a) to elimi-

nate the effect of model uncertainty and the real zero-dynamics from the input-

output relation in the plant’s dynamics, and (b) to build up an “auxiliary” nom-

inal zero-dynamics which replaces the role of the real counterpart. Then the ac-

tual zero-dynamics is left alone while being unstable, and thus its state trajectory

will diverge without being detected in a sense. Actually, all these features can

be achieved by applying a high gain-based DOB to non-minimum phase systems,

which allows the adversary to use the DOB as an attack generator maliciously.

Since the proposed attack policy is oriented from a feedback control scheme,

it is of necessity to utilize the control input and the plant’s output information

in the attack design. This is in fact the price to pay for robustness on the model

uncertainty. In other words, in view of the “cyber-physical attack space” in Fig-

ure 6.2, the proposed robust zero-dynamics attack requires more “disclosure re-

sources” [TSSJ15a]1. It is also worth mentioning that the robust zero-dynamics

attack is at entirely new location in the cyber-physical attack space.

6.1 Normal Form-based Interpretation of Zero-dynamics

Attack

Zero-dynamics attack is a systematic methodology to compromise a class of

CPS whose physical plants are of non-minimum phase [FTD14, TSSJ12, TSSJ15b].

The basic concept of the attack is that the attack generator produces a signal

based on the unstable zero-dynamics of the physical plant and injects its diverg-

ing output into the actuator channel. This consequently leads to two important
1Consider a linear system under actuator and sensor attacks, au and ay,

ẋ = Ax+B(uc + au), y = Cx+ ay.

Then the resources used in the attack design can be classified into the following three items:

• model knowledge indicates the knowledge on the triplet (A,B,C) of the plant.

• disclosure resource means the availability of the signals x(t), uc(t), and y(t).

• disruption resource stands for the ability to inject the attack signals au(t) and ay(t).

A more detailed explanation on the classification can be found in [TSSJ15a].
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Figure 6.2: Cyber-physical attack space [TSSJ15a] with model knowledge,
disruption, and disclosure resources: The robust zero-dynamics
attack is at entirely new location.

features: (a) the actual (zero-dynamics) state diverges as time elapses, and (b) the

plant’s state remains close to the output-nulling space so that the corresponding

output is almost zero. By the latter property, the zero-dynamics attack has been

known as a “stealthy attack”.

In this section, we re-interpret the conventional zero-dynamics attack first.

In particular, while the geometric control theory [TSSJ15b] usually has been em-

ployed as a tool for the analysis in the literature, we here present another way to

analyze the attack, based on the Byrnes-Isidori normal form [Kha96, Chapter 13].

This new approach will allow us to gain further insight on the attack, especially

on its fundamental limitation against model uncertainty.

6.1.1 System Description

Consider a linear SISO plant under an actuator attack, denoted by a(t), es-

pecially represented in the Byrnes-Isidori normal form

ż = Sz +Gy, (6.1.1a)
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ẋ = Aνx+Bν

(
ψ⊤z + ϕ⊤x+ g(uc + a)

)
, y = Cνx (6.1.1b)

where z ∈ Rl and x ∈ Rn−l are the states with the relative degree ν := n− l ≥ 1,

y ∈ R is the output, u ∈ R is the control input, and a ∈ R is the attack signal

that enters the actuator channel. For an integer i ≥ 1, the matrices Ai, Bi, and

Ci are given by

Ai :=

[
0i−1 Ii−1

0 0⊤i−1

]
, Bi :=

[
0i−1

1

]
, Ci :=

[
1 0⊤i−1

]
.

The matrices S, G, ψ and ϕ, and the scalar g are with suitable dimensions. With-

out loss of generality, it is supposed that (6.1.1) is controllable and observable,

and the high-frequency gain g is positive.

For now, it is assumed that at least one of the eigenvalues of S lies in the

open right half-plane (so that the plant (6.1.1) is of non-minimum phase). Then

without loss of generality, the z-dynamics (6.1.1a) can be rewritten (by applying

a suitable coordinate change for z) as

[
żu

żs

]
=

[
Su 0

0 Ss

][
zu

zs

]
+

[
Gu

Gs

]
y (6.1.2)

where Su ∈ Rlu×lu and Ss ∈ Rls×ls are square matrices with lu ≥ 1 and ls := l− lu,
such that all the eigenvalues of Su and Ss are located in the open right half-plane

and the closed left half-plane, respectively. The matrices Gu and Gs are constant

and satisfy G = [Gu;Gs].

The control input uc in (6.1.1) is supposed to be generated by an output

feedback controller

ċ = Ec+ L(r − y), uc = Jc+K(r − y). (6.1.3)

Here c ∈ Rnc is the controller state, and r ∈ R is the reference signal, which is

bounded and sufficiently smooth with bounded time derivatives, and E, L, J , and

K are some constant matrices. We assume that without the attack (i.e., a(t) ≡ 0),

the closed-loop system (6.1.1) and (6.1.3) is stable.
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As introduced in the previous works [TSSJ15b, TSSJ12], the zero-dynamics

attack is usually constructed by duplicating the zero-dynamics of the plant (6.1.1).

In particular, with the help of the normal form representation, one can express

the attack as

ża = Sza, aza = −1

g
ψ⊤za (6.1.4)

where za =: [zau; z
a
s ] ∈ Rlu+ls is the attacker’s state. (In what follows, the su-

perscript ‘a’ is used to indicate signals generated by the adversary.) To activate

the unstable mode of the za-dynamics (6.1.4), the initial condition zau(t0) of the

unstable part is selected as a nonzero vector. (Hereinafter, we denote the moment

when the attack a(t) enters the system as t = t0.)

6.1.2 Performance of Zero-dynamics Attack

We start the analysis of the attack (6.1.4) with a new variable χ := [x; c] ∈
Rν+nc .2 Then the actual stable closed-loop system (6.1.1) and (6.1.3) can be

rewritten in a more compact form

ż = Sz +GCχ, (6.1.5a)

χ̇ = Aχ+ B1r + B2

(
ga+ ψ⊤z

)
, y = Cχ (6.1.5b)

where the matrices A, B, and C are given by

A :=

[
Aν +Bν

(
ϕ⊤ − gKCν

)
gBνJ

−LCν E

]
, (6.1.6a)

B1 :=

[
gBνK

L

]
, B2 :=

[
Bν

0nc

]
, C :=

[
Cν 0⊤nc

]
. (6.1.6b)

For comparison, by putting a(t) ≡ 0 into (6.1.5) we obtain an (auxiliary) “attack-

free” closed-loop system

żo = Szo +GCχo, (6.1.7a)

2To take a closer look at the behavior of the nominal zero-dynamics state zan (to be presented
shortly), the stacked variable χ is defined in a reduced form [x; c] (rather than a larger one
[zan;x; c] as in the previous chapters).
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χ̇o = Aχo + B1r + B2ψ
⊤zo, yo = Cχo (6.1.7b)

where χo =: [xo; co] is the attack-free counterpart of χ.

Now, the nature of the zero-dynamics attack (6.1.4) is introduced in the fol-

lowing proposition.

Proposition 6.1.1. The solution [za(t); z(t);χ(t)] of the closed-loop system (6.1.5)

under the attack a = aza in (6.1.4), initiated in Rl ×Rl ×Rν+nc , satisfies the fol-

lowing statements:

(a) For any za(t0) ∈ Rl such that zau(t0) ̸= 0,

∥zu(t)∥ → ∞ as t→ ∞; (6.1.8)

(b) For the solution [zo(t);χo(t)] of the attack-free system (6.1.7) initiated at

[zo(t0);χo(t0)] = [z(t0);χ(t0)],

∥∥χ(t)− χo(t)
∥∥ ≤ kzae

−hza(t−t0)∥za(t0)∥, ∀t ≥ t0

where kza > 0 and hza > 0 are constant.

♢

Proposition 6.1.1 explicitly points out that the zero-dynamics attack (6.1.4)

is capable of damaging the internal state zu(t) of the plant. We also note that

just a small non-zero initial condition ∥zau(t0)∥ of the attack generator (6.1.4) will

do the job, while maintaining stealthiness in the sense that

∥y(t)− yo(t)∥ = ∥Cχ(t)− Cχo(t)∥ < ϵ, ∀t ≥ t0 (6.1.9)

with a given threshold ϵ > 0.

Proof. Let us define an error variable z̃ := z−za. It is trivial that ga+ψ⊤z = ψ⊤z̃.

It then follows that the closed-loop system (6.1.5) is transformed into

˙̃z = ż − ża = S(z − za) +GCχ = Sz̃ +GCχ, (6.1.10a)
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χ̇ = Aχ+ B1r + B2ψ
⊤z̃ (6.1.10b)

which has exactly the same (stable) dynamics as the attack-free one (6.1.7). Thus

for some positive constants kza and hza,

∥∥[z̃(t);χ(t)]− [zo(t);χo(t)]
∥∥

≤ kzae
−hza(t−t0)

∥∥[z̃(t0);χ(t0)]− [zo(t0);χo(t0)]
∥∥

= kzae
−hza(t−t0)∥za(t0)∥

where the last equality results from z(t0) = zo(t0) and χ(t0) = χo(t0). This di-

rectly implies the item (b). On the other hand, the attacker’s state za(t) gen-

erated by (6.1.4) with nonzero zau(t0) must diverge as time goes on. It means

that z(t) = za(t) + z̃(t) also diverges, because the state z̃(t) of the stable system

(6.1.10) remains bounded. This completes the proof.

Remark 6.1.1. From the analysis, it is clear that the lower-order dynamics

żau = Suz
a
u and aza = −(1/g)ψ⊤

u z
a
u (where ψu is a suitable partition of ψ) is

enough to realize the zero-dynamics attack. ♢

6.1.3 Limitation of Zero-dynamics Attack against Model Uncer-

tainty

It is important to note that exact model knowledge on the plant (6.1.1) is

of necessity in the design of the zero-dynamics attack (6.1.4). However, such a

requirement is quite unrealistic. This is because in most industrial systems, it

is not always possible for the attacker (nor for the defender) to obtain the exact

plant model. In other words, it is natural to assume that the physical plant (6.1.1)

has model uncertainty.

Assumption 6.1.1. The parameters S, G, ψ, ϕ, and g of the plant (6.1.1) are

uncertain, while the uncertain quantities are bounded and their bounds are known

to the attacker.3 In particular, 0 < g ≤ g ≤ g for some constants g and g. ♢

3The attacker need not know exact bounds of uncertainties. Overestimate would work.
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We assume that the controller (6.1.3) is appropriately designed to robustly

stabilize the uncertain plant satisfying Assumption 6.1.1.

From now on, we take a glance at the situation when the attacker tries to

design a zero-dynamics attack, in the presence of the model uncertainty in As-

sumption 6.1.1. Since the ideal structure (6.1.4) is not available at this stage, a

possible alternative would be

ża = Snz
a, aza = − 1

gn
ψ⊤
n z

a (6.1.11)

where Sn, ψn, and gn > 0 are selected as some nominal counterparts of S, ψ, and

g, respectively. Then, the attack signal aza(t) is exponentially diverging with rate

determined by the unstable modes of Sn. If these modes are different from the

zeros of (6.1.5) (i.e., the eigenvalues of S), then the output y(t) should diverge

with the same exponential rate as those modes. In fact, even arbitrarily small

differences will lead to a diverging output with fixed rate.

From the discussion so far, it may seem that CPS are safe from those stealthy

attacks because model uncertainty exists in practice. Unfortunately, we find in

the next section that there is another type of stealthy attack which is “robust

against model uncertainty”.

6.2 Robust Zero-dynamics Attack for Uncertain Cyber-

Physical Systems

6.2.1 Problem Revisited with Model Uncertainty

In what follows, we consider the closed-loop system (6.1.1) and (6.1.3) (or

equivalently, (6.1.5)) where the plant (6.1.1) of interest has parametric uncertainty

as in Assumption 6.1.1. Also, we suppose that the initial conditions z(t0) and

χ(t0) of the closed-loop system (6.1.5) belong to some compact sets Z0 ⊂ Rl and

X 0 × C0 ⊂ Rν+nc , respectively.
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The following (attack-free) “nominal” plant of (6.1.1) is taken into account:

żn = Snzn +Gnyn,

ẋn = Aνxn +Bν

(
ψ⊤
n zn + ϕ⊤n xn + gnun

)
, yn = Cνxn

(6.2.1)

where zn ∈ Rl and xn ∈ Rν are the nominal states, yn ∈ R is the nominal output,

and un ∈ R is the nominal input, which is generated by the existing control law

(6.1.3) as

ċn = Ecn + L(r − yn), un = Jcn +K(r − yn) (6.2.2)

where cn represents the nominal state of the controller. The parameters Sn, Gn,

ψn, ϕn, and gn > 0 are nominal counterparts of the actual (uncertain) S, G, ψ,

ϕ, and g > 0, respectively, and these are the attacker’s selection. The nominal

model (6.2.1) is of course different from the real plant (6.1.1), but it is assumed

that the parameters of (6.2.1) are within the uncertainty bounds of Assumption

6.1.1, so that both (6.1.1) and (6.2.1) have the same relative degree and the

same sign of high-frequency gains g and gn. It will be seen that the plant (6.1.1)

behaves like the nominal model (6.2.1) by the initiation of the proposed attack.

In this context, it may be better for stealthiness if the nominal model (6.2.1)

coincides with a design model used for designing the controller (6.1.3) (which,

however, requires that the design model is leaked to the attacker “a priori”). For

brevity, we often express the nominal closed-loop system (6.2.1) and (6.2.2) with

χn := [xn; cn] as

żn = Snzn +GnCχn, (6.2.3a)

χ̇n = Anχn + Bn,1r + Bn,2ψ
⊤
n zn, yn = Cχn (6.2.3b)

where An, Bn,1, and Bn,2 are the same as A, B1, and B2 defined in (6.1.6), with S,

G, ψ, ϕ, and g being replaced by their nominal counterparts.

We note in advance that similar to (6.1.7), the nominal closed-loop system

(6.2.3) (or equivalently (6.2.1) and (6.2.2)) will play the role of a reference system

in the attack design. For this, the nominal closed-loop system (6.2.3) is supposed
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to be stable; i.e., the matrix [
Sn GnC

Bn,2ψ
⊤
n An

]
(6.2.4)

is Hurwitz.

Now, motivated by Proposition 6.1.1, we formulate the problem of our interest

with respect to the uncertain plant.

Problem of Chapter 6: For given zu > 0 and ϵ > 0, to construct a “robust”

attack generator

ϱ̇a = f(ϱa, uc, y), a = h(ϱa, uc, y) (6.2.5)

that achieves the following properties simultaneously for all admissible model

uncertainties in Assumption 6.1.1:

(a) ∥zu(t)∥ becomes eventually larger than zu > 0 within a finite time t = tfin ≥
t0;

(b) ∥y(t)− yn(t)∥ is smaller than the threshold ϵ > 0 until the attack succeeds

(i.e., for all t0 ≤ t ≤ tfin). □

The items in Problem Statement can be interpreted as some refinements of

those in Proposition 6.1.1. On one hand, item (a) indicates the capability of the

attack (6.2.5) to damage the plant’s internal state z(t). Here, zu is one of the

attacker’s design specifications. On the other hand, a “new” notion of stealthiness

is introduced in item (b). Indeed, the actual output y(t) under attack is compared

with the output yn(t) of the “nominal” system (6.2.3), rather than with yo(t)

of the (attack-free) “uncertain” system (6.1.5) as in Proposition 6.1.1. At first

glance, it may seem that item (b) easily fails if the model uncertainty is large.

However, this is often not the case even for large model uncertainty, as long as

the existing controller (6.1.3) is robust against the parametric uncertainties of

Assumption 6.1.1. In fact, when a tracking or regulating problem is (robustly)

solved by (6.1.3) for both actual and nominal systems (with no attack), their

outputs yn(t) and yo(t) reach the same reference r(t) in the end. It means that
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Controller

Physical plantZero-dynamics attack

Data network

(a) Conventional zero-dynamics attack (6.1.4)

Controller

Physical plant
Robust zero-dynamics attack

Data network

(b) Robust zero-dynamics attack (6.2.5)

Figure 6.3: Configurations of two different attack scenarios: The zero-
dynamics attack (6.1.4) requires the exact model knowledge,
while the robust zero-dynamics attack (6.2.5) instead utilizes the
disclosure resources (i.e., uc and y).

yn(t) ≈ yo(t) during the steady-state operation of the system when the attack is

usually initiated. In summary, we claim in this paper that the new stealthiness is

also valid if the uncertainty is not large or if the attack (6.2.5) enters the system

in the steady state.

We further remark that, different from traditional zero-dynamics attack (6.1.4),

the attack generator (6.2.5) explicitly makes use of the signals uc and y. This is in

fact the price to pay for the “robustness” against model uncertainty; i.e., instead

of using less model knowledge, the attacker relies more on the input and output

information of the plant to adjust to uncertain environment on-line. In short,

more disclosure resources are needed as follows.

Assumption 6.2.1. The plant output y(t) and the control input u(t) are avail-
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able to attackers. ♢

In addition, for a technical reason, we restrict our attention on the non-

minimum phase systems with “hyperbolic” zero-dynamics.

Assumption 6.2.2. At least one of the eigenvalues of S lies in the open right

half-plane, and none of the eigenvalues are located on the imaginary axis of the

complex plane. ♢

To distinguish (6.2.5) from the (non-robust) zero-dynamics attack (6.1.4), we

call (6.2.5) a robust zero-dynamics attack. Overall configurations of these attack

scenarios are depicted in Figure 6.3.

6.2.2 Yet Another Attack Policy on Unstable Zero-dynamics: Ideal

Strategy

As an intermediate step, in this subsection we provide a new attack strategy

on the non-minimum phase plant (6.1.1). It is noted in advance that the method

to be provided here is not realizable yet, but we will shortly make it feasible in

the next subsection.

The first task is, using the information of the output y, to duplicate the

nominal zn-dynamics (6.2.6) as the form

żan = Snz
a
n +Gny (6.2.6)

where zan(t0) is chosen in Z0. With the auxiliary state zan and the nominal com-

ponents ψn, ϕn, and gn, one can rewrite the time derivative of xν in (6.1.1b) as

ẋν = ψ⊤z + ϕ⊤x+ g(uc + a) (6.2.7a)

= ψ⊤
n z

a
n + ϕ⊤n x+ gnu+ g(a− a⋆) (6.2.7b)

where a⋆ ∈ R is defined as

a⋆ :=
1

g

(
− ψ⊤z + ψ⊤

n z
a
n + (ϕ⊤n − ϕ⊤)x+ (gn − g)uc

)
. (6.2.8)
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Then the actual closed-loop system (6.1.5) (i.e., (6.1.1)–(6.1.3)) with the auxiliary

dynamics (6.2.6) can be equivalently represented using (6.2.8) by

ż = Sz +GCχ (same as (6.1.2)), (6.2.9a)

żan = Snz
a
n +GnCχ, (6.2.9b)

χ̇ = Anχ+ Bn,1r + Bn,2

(
g(a− a⋆) + ψ⊤

n z
a
n

)
, y = Cχ. (6.2.9c)

For now, we suppose that a⋆ is available to the attacker, from which the attack

signal a is constructed as

a(t) = a⋆(t), ∀t ≥ t0. (6.2.10)

It should be emphasized that under the attack a = a⋆, the (zan, χ)-dynamics

(6.2.9b)–(6.2.9c) is exactly the same as the nominal closed-loop system (6.2.3)

where the auxiliary zan-dynamics disguises as the plant’s internal dynamics. At

the same time, the attack a = a⋆ in (6.2.10) leaves the real (unstable) z-dynamics

(6.2.9a) decoupled from (6.2.9b)–(6.2.9c) so that the real internal state z(t) pos-

sibly diverges. The discussion so far is summarized in the following proposition.

Proposition 6.2.1. The solution [z(t); zan(t);χ(t)] of the closed-loop system (6.1.5)

under the attack (6.2.6), (6.2.8), and (6.2.10), initiated in Z0 × Z0 × X 0 × C0,

satisfies the following statements:

(a) For almost every [z(t0); z
a
n(t0);χ(t0)],

∥zu(t)∥ → ∞ as t→ ∞; (6.2.11)

(b) For the solution [zn(t);χn(t)] of the nominal system (6.2.3) initiated at

[zn(t0);χn(t0)] = [zan(t0);χ(t0)],[
zan(t)

χ(t)

]
=

[
zn(t)

χn(t)

]
, ∀t ≥ t0.

Moreover, [zs(t); z
a
n(t);χ(t)] ∈ Zs × Zn × X × C for all t ≥ t0 where Zs ⊂ Rls ,

Zn ⊂ Rl, X ⊂ Rν , C ⊂ Rnc are some compact sets. ♢
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Proof. The item (b) is trivial and omitted. From (b), the last statement also

follows straightforwardly since r(t) is uniformly bounded. Now, for (a), let us

define some matrices

Ps :=


Ss 0 GsC

0 Sn GnC

0 Bn,2ψ
⊤
n An

 , Rs :=
[
0⊤ls 0⊤l C

]
,

Qs,1 :=


0ls

0l

Bn,1

 , Qs,2 :=


0ls

0l

gBn,2

 . (6.2.12)

Notice that Ps is Hurwitz. By this, one obtains the “unique” solution T ∈
Rlu×(ls+l+ν+m) of the Sylvester equation

TPs − SuT+GuRs = 0. (6.2.13)

With these symbols and the coordination transformations

χs :=


zs

zan

χ

 and χu := zu + Tχs, (6.2.14)

we newly represent the overall system (6.2.9) as

żu = Suzu +GuRsχs (6.2.15)

χ̇s = Psχs + Qs,1r + Qs,2(a− a⋆). (6.2.16)

Differentiating χu along with these two dynamics gives

χ̇u = żu + Tχ̇s

= (Suzu +GuRsχs) + T (Psχs + Qs,1r + Qs,2(a− a⋆))

= Suχu + TQs,1r + TQs,2(a− a⋆). (6.2.17)
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It is then clear that under a(t) ≡ a⋆(t), the above χu- and χs-dynamics become

χ̇s = Psχs + Qs,1r, and χ̇u = Suχu + TQs,1r, (6.2.18)

respectively, so that both are decoupled from each other. Among them, the χu-

dynamics is anti-stable (i.e., Su is anti-Hurwitz) and the external signal r(t) is

bounded. Then, “almost all” trajectories χu(t) diverge as time goes on: more

precisely, the divergence of χu(t) occurs for all admissible initial condition χu(t0)

except only one point

χu(t0) = −
∫ ∞

t0

e−Su(ρ−t0)TQs,1r(ρ)dρ =: χ⋆
u,0 (6.2.19)

(which is well-defined because −Su is Hurwitz). This exceptional initial condition

generates the “bounded” solution of (6.2.17)

χ⋆
u(t) = −

∫ ∞

t
e−Su(ρ−t)TQs,1r(ρ)dρ, t ≥ t0. (6.2.20)

(The readers are referred to [HMS96, JD99] for more details on the bounded

solution χ⋆
u(t) for anti-stable system.)

Once χu(t) diverges as time goes on, zu(t) = χu(t)−Tχs(t) also does because

χs(t) is bounded. Finally, one can summarize the above arguments that (6.2.11)

holds if [z(t0); zan(t0);χ(t0)] ∈
(
Z0 ×Z0 ×X 0 × C0

)
\ L0

za with the set

L0
za :=

{[
z(t0); z

a
n(t0);χ(t0)

]
: zu(t0) + T

[
zs(t0); z

a
n(t0);χ(t0)

]
= χ⋆

u,0

}
,

which concludes the proof.

Remark 6.2.1. Item (a) of Proposition 6.2.1 highlights that unlike the conven-

tional attack (6.1.4), the present one (6.2.10) might fail to damage the internal

state zu(t) for the specific initial conditions [z(t0); z
a
n(t0);χ(t0)] ∈ L0

za, defined in

the proof above. Worse yet, it is rarely possible to compute L0
za “a priori”, since

χ⋆
u,0 is determined by the “future” information of the external input r(t) (so χ⋆

u(t)

is “non-causal”). Nonetheless, this may not be a big problem to the adversary.

Indeed, the Lebesgue measure of L0
za is zero, which means that this unwanted
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scenario hardly occurs. ♢

Remark 6.2.2. The effect of the attack (6.2.8) at time t0 is to replace the uncer-

tain parameters and the state z in (6.2.7a) with the nominal ones and the state

zan as in (6.2.7b). As a result, it is like replacing the zero-dynamics (6.2.9a) with

(6.2.9b) at time t0. In order to make this abrupt change as invisible as possible

from the output response, it would be better to have zan(t0) ≈ z(t0). This is pos-

sible in some situations: (a) the overall system is already in the steady state (i.e.,

y(t) ≈ r(t)) before the attack is injected so that the value of z is easily guessed

(at least approximately); or (b) the model uncertainty is not too large to run a

state observer before the initiation of the attack using the information of y and

u. If the attacker is not able to set zan(t0) close to z(t0), then a control action

of (6.1.3) may cause a transient from t = t0. More discussion can be found in

Section 6.3 with some simulations. ♢

Even though the new attack policy (6.2.10) seems to resolve the considered

problem directly (as in Proposition 6.2.1), there is still a huge gap between (6.2.10)

and the desired attack generator (6.2.5). This is because a⋆ used in (6.2.10)

is composed of uncertain parameters and unmeasured states and thus it is not

obtainable in general. Yet, surprisingly, we observe that the considered situation is

analogous to one in robust control theory. Indeed, a⋆(t) represents the discrepancy

between the actual and nominal plants, which has been known in the literature

under the name of “total disturbance” [SPJ+16, Han09]. From this viewpoint, the

problem of our interest can be converted into how to design a robust controller

that estimates and compensates the lumped disturbance a⋆. Motivated by this,

in the next subsection we will construct a DOB [SPJ+16, BS08] as the robust

attack generator (6.2.5). We note in advance that the disturbance observer to

be presented will estimate and compensate the lumped disturbance a⋆(t) quickly,

from which the ideal attack policy (6.2.10) will be recovered in a practical sense.
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6.2.3 Design of Robust Zero-dynamics Attack: Practical Imple-

mentation of New Attack Policy via Disturbance Observer

For the design of the attack generator (6.2.5), we first compute some bounds

for the state variables of the overall system. Take compact sets Zn
ϵ
⊐ Zn, X

ϵ
⊐ X ,

and C
ϵ
⊐ C where Zn, X , and C are presented in Proposition 6.2.1, and ϵ is given

in the problem of interest. We also choose a compact set Zs ⊃ Zs such that the

state trajectory zs(t) of (6.1.1a) belongs to Zs for all initial condition z(t0) ∈ Z0

and for all χ(t) ∈ X . In addition, select a positive constant zu to be larger than

the attack specification zu in the problem formulation. It will be shown shortly

that the state variable remains bounded as

∥zu(t)∥ ≤ zu and
[
zs(t); z

a
n(t);χ(t)

]
∈ Zs ×Zn ×X × C (6.2.21)

until the attack (6.2.5) succeeds (in the sense of item (a) in the problem formula-

tion).

With these bounds, we consider the set

A :=
{
a⋆ in (6.2.8) :

[
zu; zs; z

a
n;χ
]

is bounded as (6.2.21)
}

which contains all possible values of a⋆ of (6.2.8) with respect to the model uncer-

tainty, the (bounded) state variables, and the values of r(t). The set A is clearly

bounded under the assumptions. Since computing the exact A can be a difficult

task, we instead choose any compact set A strictly larger than A, which is enough

for the design of the attack generator.

On top of that, some components to be used in the DOB design are introduced

below. First, let us choose a saturation function s̄a : R → R that is C1 and

bounded, and satisfies4

s̄a(â) = â, ∀â ∈ A and 0 ≤ ∂s̄a
∂â

(â) ≤ 1, ∀â ∈ R. (6.2.22)

Also, for a positive integer i, define a diagonal matrix Υi(τ) := diag(τ, τ2, . . . , τ i) ∈

4In other words, s̄a is any smooth bounded function whose slope is limited by one and which
is identity on Â.
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Ri×i which is invertible for any positive constant τ . (Here, τ is a design parame-

ter to be determined in Theorem 6.2.2.) Next, by using the design guidelines in

Appendix A.1, choose ai, i = 0, . . . , ν − 1, such that the transfer function

Zν,0(s) =
sν + aν−1s

ν−1 + · · ·+ a1s+ (g/gn)a0
sν + aν−1sν−1 + · · ·+ a1s+ (g/gn)a0

(6.2.23)

is SPR where g and g are the bounds of g in Assumption 6.1.1.

Finally, by following the design methodology of [BS14] (or that of Chapter 2

with lq = 0), we propose the robust zero-dynamics attack (6.2.5) as the zan-

dynamics (6.2.6) and

ṗa =
(
Aν −Υ−1

ν αCν

)
pa +

a0
τν
Bν

(
uc + arza +

1

gn
ψ⊤
n z

a
n

)
+

a0
τν

1

gn

(
ϕn +Υ−1

ν α
)
y, (6.2.24a)

arza = s̄a

(
Cνp

a − a0
τν

1

gn
y

)
(6.2.24b)

where pa ∈ Rν and zan ∈ Rl are the states of the attack generator, ϕn :=

[ϕn,ν ; · · · ;ϕn,1] ∈ Rν and α := [aν−1; · · · ; a0] ∈ Rν . It is noted that the out-

put arza ∈ R will serve as an estimate of a⋆. We take pa(t0) in a compact set

F0
p ⊂ Rν while zan(t0) belongs to Z0. (While F0

p ⊂ Rν can be any compact set, for

example, F0
p = {0} would work, it is preferred to have zan(t0) ≈ z(t0) as discussed

in Remark 6.2.2.)

The following theorem describes our main result that the proposed attack

(6.2.6) and (6.2.24) recovers the attack performance of the ideal attack policy

(6.2.10) in a practical sense, while being robustly stealthy against model uncer-

tainty.

Theorem 6.2.2. Suppose that Assumptions 6.1.1–6.2.2 hold. Then for given

zu > 0 and ϵ > 0, there exists τ > 0 such that the solution [z(t); zan(t);χ(t); p
a(t)]

of the closed-loop system (6.1.5) under the robust zero-dynamics attack a = arza

in (6.2.6) and (6.2.24) with τ ∈ (0, τ), initiated in Z0 × Z0 × X 0 × F0
p , satisfies

the following statements:
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(a) For almost every [z(t0); z
a
n(t0);χ(t0); p

a(t0)], there exists tfin ≥ t0 such that

∥zu(tfin)∥ > zu; (6.2.25)

(b) For the solution [zn(t);χn(t)] of the nominal system (6.2.3) initiated at

[zn(t0);χn(t0)] = [zan(t0);χ(t0)],∥∥∥∥∥
[
zan(t)

χ(t)

]
−

[
zn(t)

χn

]∥∥∥∥∥ < ϵ (6.2.26)

for t0 ≤ t ≤ tfin.

♢

6.2.4 Proof of Main Result

The rest of this section is devoted to the proof of Theorem 6.2.2. To this end,

we represent the attacked closed-loop system into the singular perturbation form

[Kha96].

Lemma 6.2.3. With the coordinate changes (6.2.14) and

η̃1 = pa1 −
a0
τν

1

gn
y − a⋆, (6.2.27a)

η̃i = τ i−1

(
pa1

(i−1) − a0
τν

1

gn
y(i−1)

)
, i = 2, . . . , ν, (6.2.27b)

the overall system (6.1.5), (6.2.6), (6.2.24), and a = arza is transformed into the

standard singular perturbation form:

(6.2.16), (6.2.17), and

τ ˙̃η =
(
Aν −Bνα

⊤)η̃ + a0Bν

(
g − gn
gn

)
ã− τ

[
ȧ⋆

0ν−1

]
(6.2.28)

where α := [a0; · · · ; aν−1] ∈ Rν and

ã := −arza + a⋆ = −s̄a
(
Cν η̃ + a⋆

)
+ a⋆. (6.2.29)
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♢

The proof of Lemma 6.2.3 is largely similar to that of Lemma 2.3.2, and thus

we skip the detailed proof.

With τ regarded as a perturbation parameter, from now on we call η̃ the fast

variable, while the other states the slow variables. The following lemma indicates

that as long as the slow variables remain in the region of interest, the fast variable

η̃ approaches the boundary layer η̃ = 0 during transient period.

Lemma 6.2.4. Suppose that [z(t); zan(t);χ(t)] is bounded as in (6.2.21) for t ≥ t0.

Then η̃(t) satisfies

∥η̃(t)∥ ≤ kηe
−hη((t−t0)/τ)∥η̃(t0)∥+ κη(τ), ∀t ≥ t0, (6.2.30)

for some positive constants kη and hη, and a class-K function κη : R → R. ♢

Proof. The lemma can be derived in a similar way of Lemma 2.3.4.

For further analysis, we define an error variable

z̃an := zan − zn, χ̃ := χ− χn (6.2.31)

on the slow variables, whose time derivative is given (from (6.2.3) and (6.2.9)) by

[
˙̃zan
˙̃χ

]
=

[
Sn GnC

Bn,2ψ
⊤
n An

][
z̃an

χ̃

]
−

[
0

Bn,2g

]
ã. (6.2.32)

We remark that (6.2.32) is a stable linear system with an additional external signal

ã(t). In particular, one has a Lyapunov function Vs(z̃
a
n, χ̃) := [z̃an; χ̃]

⊤Ps[z̃
a
n; χ̃]

where Ps = P⊤
s > 0 satisfies

Ps

[
Sn GnC

Bn,2ψ
⊤
n An

]
+

[
Sn GnC

Bn,2ψ
⊤
n An

]⊤
Ps = −I.

By differentiating Vs along with (6.2.32), we readily have

V̇s < −hsVs + ks∥ã∥ (6.2.33)
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where hs and ks are some positive constants. We note that the initial value of

Vs is zero, because the nominal trajectory [zn(t);χn(t)] of interest is initiated at

the same point as the real one [zan(t);χ(t)]. In addition, due to the saturation

function s̄a, ã has a bounded value at t = t0 independent of η̃. From these facts,

one can select ttr > t0 sufficiently small such that

Vs
(
z̃an(t), χ̃(t)

)
<
ϵ2

2
λ(Ps), ∀t0 ≤ t ≤ ttr. (6.2.34)

Then the inclusions in (6.2.21) are satisfied for t0 ≤ t ≤ ttr. Notice that the

inequality (6.2.26) in Theorem 6.2.2 naturally holds during the transient period

t0 ≤ t ≤ ttr. Keeping this in mind, in what follows we focus on the reduced time

period t ≥ ttr.

Firstly, we claim that if the slow variables are bounded as in (6.2.21) for t ≥ ttr,

then the fast variable η̃(t) with small τ remains around the boundary layer η̃ = 0

for that time period. Indeed, it follows from (6.2.27) that η̃(t0) has the form of

a polynomial of 1/τ whose coefficients are determined by the initial conditions of

the state variables. In particular, with τ ∈ (0, 1) we have ∥η̃(t0)∥ ≤
∑ν

j=0 vη,j/τ
j

where positive constants vη,j , j = 0, . . . , ν, are independent of τ . Lemma 6.2.4

implies that

∥η̃(t)∥ ≤ kηe
−hη((ttr−t0)/τ)

ν∑
j=0

vη,j
τ j

+ κη(τ) =: κη(τ), ∀t ≥ ttr (6.2.35)

where κ : R>0 → R>0 is continuous on τ and satisfies κ(τ) → 0 as τ → 0 (because

ttr−t0 > 0). This concludes the claim. For further analysis, we particularly choose

0 < τ1 < 1 such that for all 0 < τ < τ1, the function κη(τ) satisfies

κη(τ) ≤ min

{
ϵη,

hs
ks
ϵ2λ(Ps)

}
(6.2.36)

where ϵη > 0 is a small constant such that

a⋆ ∈ A and ∥η̃∥ < ϵη ⇒ s̄a
(
a⋆ + Cν η̃

)
= a⋆ + Cν η̃.

Note that such ϵη always exists, since the saturation level set A of s̄a is selected
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strictly larger than A.

Next, we argue that for each 0 < τ < τ1, the inequality (6.2.26) holds (and

thus a⋆(t) belongs to A) until ∥zu(t)∥ ≤ zu is violated. To see this, it should be

noted that if (6.2.21) holds for t ≥ ttr, then it follows from (6.2.33), (6.2.35), and

(6.2.36) that

V̇s < −hs
(
Vs − ϵ2λ(Ps)

)
.

This implies that the set

V :=
{
[z̃an; χ̃] : Vs(z̃

a
n, χ̃) ≤ ϵ2λ(Ps)

}
is positively invariant. The proof of the argument is complete by noting that the

error variable [z̃an(t); χ̃(t)] is located inside V at t = ttr, and that∥∥∥∥∥
[
z̃an

χ̃

]∥∥∥∥∥ < ϵ ⇒

[
zan

χ

]
=

[
zn

χn

]
+

[
z̃an

χ̃

]
∈ Zn ×X × C.

At last, we complete the proof of the theorem by showing that with sufficiently

small τ , there exists a finite time t = tfin such that the partial state zu(t) satisfies

(6.2.25) for almost every [z(t0); z
a
n(t0);χ(t0); p

a(t0)] in Z0 ×Z0 ×X 0 ×C ×F0
p . It

is obvious from the arguments so far that as long as ∥zu(t)∥ ≤ zu and 0 < τ < τ1,

the saturation function s̄a is inactive for t ≥ ttr. Then one has ã = −Cν η̃ and

ȧ⋆ = Ea,1η̃+ Ea,2[χu;χs] + Ea,3[r; ṙ] for some constant matrices Ea,i, i = 1, 2, 3. It

follows that the overall (transformed) system (6.2.16), (6.2.17), and (6.2.28) turns

out to be “linear”; in particular,

τ ˙̃η =
(
Aν −Bνα

⊤
g + τEa,1

)
η̃ + τEa,2

[
χu

χs

]
+ τEa,3

[
r

ṙ

]
(6.2.37)

where

αg := α+
g − gn
gn

a0Cν = [
(
g/gn

)
a0; a1; · · · ; aν−1] ∈ Rν .
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For further analysis, let us consider the non-symmetric algebraic Riccati equation[
Qs,2

0

]
+ L
(
Aν −Bνα

⊤
g + τEa,1

)
− τ

[
Su 0

0 Ps

]
L− τLEa,2L = 0. (6.2.38)

Here, since the matrix Aν−Bνα
⊤
g is Hurwitz, it follows from [KKO99, Subsection

2.2] that there exists 0 < τ ≤ τ1 such that for fixed τ ∈ (0, τ), the solution

L = L(τ) of (6.2.38) is uniquely determined and its norm is bounded. Using this,

we now take τ ∈ (0, τ) and define a coordinate change

[
χ̂u

χ̂s

]
:=

[
χu

χs

]
+ τLη̃

Then with L =: [Lu; Ls] ∈ Rlu×ν × R(ls+n+m)×ν , it is easy to see that for t ≥ ttr,[
˙̂χu

˙̂χs

]
=

[
Su 0

0 Ps

][
χ̂u

χ̂s

]
+

[
TQs,1

Qs,1

]
r +

[
τLuE3

τLsE3

][
r

ṙ

]
. (6.2.39)

Observe that the above χ̂u-dynamics is an anti-stable linear system with the

bounded external signal r. Thus similar to the case of Proposition 6.2.1, one has

zu(t) = χ̂u(t)− Tχs(t)− τLuη̃(t)

diverges as time goes on, as long as

χ̂u(ttr) ̸= −
∫ ∞

ttr

e−Su(v−t)

(
TQs,1r(v) + τLuE3

[
r(v)

ṙ(v)

])
dv

=: χ̂⋆
u,tr.

To find out the exceptional case at the initial time t = t0 (rather than at t = ttr),

let us consider the “ backward” solution of the χ̂u-dynamics in (6.2.39). If the

solution is initiated at χ̂u(ttr) = χ̂⋆
u,tr, the corresponding value χ̂u(t0), denoted

by χ̂⋆
u,0, is uniquely determined. Using this, we can summarize that zu(t) must

diverge if [z(t0); zan(t0);χ(t0); pa(t0)] is not located in a Lebesgue measure zero set

L0
rza on which χ̂u(t0) = χ̂

⋆
u,0 holds.
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Droop characteristic

Governor Hydro-turbine Load & machine

Figure 6.4: Configuration of a power generating system with a hydro turbine
[Tan10]

6.3 Simulation: Power Generating Systems

We consider the scenario when a malicious attack enters a power generating

system with a hydro turbine [Kun94], [Tan10], as depicted in Figure 6.4. A state-

space representation of the plant is given by

ẋ1 = −(1/Tlm)x1 + (Klm/Tlm)(x2 − 2x3), (6.3.1a)

ẋ2 = −(2/Th)x2 + (6/Th)x3, (6.3.1b)

ẋ3 = −(1/Tg)x3 + (1/Tg)
(
u+ a− (1/R)x1

)
, (6.3.1c)

where u is the input, y = x1 is the output, and x := [x1; x2; x3] := [∆f ; ∆P +

2∆X; ∆X] is the state consisting of the frequency deviation ∆f (Hz), the change

in generator output ∆P (p.u.), and the change in governor valve position ∆X

(p.u.). The constants Tlm, Th, and Tg indicate time constants of load and machine,

hydro turbine, and governor, respectively, and R (Hz/p.u.) is the speed regulation

due to the governor action. The detailed parameters of the plants are given by

Klm = 1, Tlm = 6, Tg = 0.2, and R = 0.05, while Th ∈ [4, 6] is uncertain [Tan10].

To robustly regulate the output of the uncertain plant, the control input u is

generated by a (band-limited) PID-type controller K(s) = (1.8124s2−18.8558s+

0.1523)/(0.01s2 + s).
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(b) Change in valve position ∆X (p.u.)

Figure 6.5: Simulation results with the conventional zero-dynamics attack
(6.1.11) when Th = 4 = Th,n (black dashed), Th = 5 (red dash-
dotted), and Th = 6 (blue solid)

For the attack design, with a suitable coordinate change

x1 := x1,

x2 := −(1/Tlm)x1 + (Klm/Tlm)x2 − (2Klm/Tlm)x3,

z := x2 + (3Tlm/Th)(1/Klm)x1,

we transform (6.3.1) into the Byrnes-Isidori normal form (6.1.1). We omit the

description of the system in the normal form due to the page limit, but one can

verify that the resulting parameters ϕ, ψ, G, and S depend on Th, and thus, are

all uncertain, and that S = 1/Th > 0 so that the power generating system (6.3.1)

is of non-minimum phase. It can also be seen that ∆f = x1, ∆P is a linear

function of x1 and x2, and ∆X is a linear function of x1, x2, and z. Hence, with

diverging z(t), only ∆X(t) diverges when x1(t) and x2(t) are bounded. So, the

goal of the adversary is set to enforce the valve position ∆X to become larger

than 1 (p.u.) eventually, while the frequency deviation ∆f = y remains small as

|∆f | ≤ 0.02 (Hz). As a result, the attack leads to overuse of water in a forebay
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Figure 6.6: Simulation results with the proposed robust zero-dynamics at-
tack (6.2.6) and (6.2.24) when τ = 0.001, Th = 4 = Th,n (black
dashed), Th = 5 (red dash-dotted), and Th = 6 (blue solid)

for generating the same amount of power.

For comparison, we now construct two types of attack generator without

knowledge on the value of Th. One is the conventional zero-dynamics attack

(6.1.11) with a nominal value Th,n = 4. The other is the proposed robust zero-

dynamics attack (6.2.6) and (6.2.24) designed with the same Th,n, zu = 1.6, and a

saturation function s̄a(â) whose inactive region A is selected as {â : |â| ≤ 20000}.
Initial conditions are set za(t0) = 0.001 for (6.1.11), zan(t0) = −0.001 for (6.2.6),

and pa(t0) = [0; 0] for (6.2.24). Selection for zan(t0) is motivated by the fact that,

in the steady state, the regulated output ∆f = y = 0 so that the steady state

values for x and z are zero. (The effect of small mismatch between z(t0) and

zan(t0) will be observed as a small transient of y(t) in the simulation result around

t = t0.)

Figure 6.5 and 6.6 depict the simulation results of applying the conventional

attack (6.1.11) and the proposed attacks (6.2.6) and (6.2.24) with τ = 0.001 to the

uncertain plant (6.3.1) at the time instant t = t0 := 60 (sec). As shown in these

figures, when there is no uncertainty, both attacks work as desired and successfully
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Figure 6.7: Simulation results with the robust zero-dynamics attack (6.2.6)
and (6.2.24) where Th = 6 and τ = 0.005 (green dash-dotted)
and τ = 0.001 (blue solid)

spoils the plant. However, the conventional scheme (6.1.4) immediately fails to be

stealthy if it encounters the uncertain plant (Fig. 6.5), while the proposed attack

(6.2.6) and (6.2.24) remains robust against model uncertainty (Figure 6.6). It is

worth noting that ∆X with the robust zero-dynamics attack diverges at different

paces dependent on the value of Th. Indeed, this results from the fact that the

real z-dynamics under the robust zero-dynamics attack is left alone, so that the

divergence of z(t) depends on the unstable mode of its dynamics (i.e., S = 1/Th).

On the other hand, Figure 6.7 depicts the plant’s output y under the robust

zero-dynamics attacks with different τ . The figure points out that for success of

the attack, it is necessary for the adversary to take sufficiently small τ .

To investigate the presented attack further, we perform the same simulation

of Fig. 6.6 again, with Th = 6 and a “noisy” measurement y = C2x + ny. Here,

ny(t) is selected to have the maximum magnitude as 2 × 10−3 (Hz) and have

the uniform distribution. The simulation result is depicted in Figure 6.8, which

indicates that the robust zero-dynamics attack still remains stealthy even in the



6.3. Simulation: Power Generating Systems 189

0 20 40 60 80 100
-0.02

0

0.02

Figure 6.8: Frequency deviation ∆f under the robust zero-dynamics attack
(6.2.6) and (6.2.24) with noisy measurement

presence of measurement noise.





Chapter 7

Conclusion of Dissertation

The main objective of this dissertation is to bring new perspectives on the inverse

model-based disturbance observer, which allows to resolve several problems mod-

ern control systems often encountered. The details are listed as follows.

i) In Chapter 2, we addressed the problem of recovering the (pre-defined) nomi-

nal tracking performance in an “asymptotic” sense for uncertain and minimum-

phase linear systems. Motivated by the internal model principle, a standing

assumption was that a part of external inputs are generated by an exogenous

system. Under the hypothesis, we proposed a high-gain disturbance observer,

into which the internal model of the external inputs is implicitly embedded.

From the viewpoint of the singular perturbation theory with a modified no-

tion of the quasi-steady-state, we showed that the proposed disturbance ob-

server can capture the total disturbance quickly in transient and exactly in

the steady-state; from this the asymptotic recovery of nominal performance

is carried out.

ii) In Chapter 3, we extended the result of Chapter 2 (for linear mechanical

systems) with no information on the frequency of the sinusoidal external in-

put. Instead of utilizing the frequency explicitly in the disturbance observer

design, in this work we employed an additional frequency identifier to ad-

just the unknown frequency of the external input in the steady state. By

implementing the disturbance observer in Chapter 2 with the frequency esti-

mate, we presented an adaptive robust controller that includes an “adaptive

191
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internal model” into its structure. It was observed through simulation and

experiments that the proposed controller can serve as an effective solution

for the track-following problem of the optical disk drives.

iii) In Chapter 4, we dealt with the problem of constructing a output-feedback

fault tolerant controller that guarantees “fault-free” tracking performance un-

der actuator faults. Provided that the plant has redundant inputs and is of

minimum-phase in an input-wise sense, the central idea was to allocate a

virtual scalar input appropriately such that the minimum phaseness (in view

of the scalar input) is maintained under any patterns of the faults. We pre-

sented a systematic design procedure of the control allocation law available

under arbitrarily large (but bounded) model uncertainty. On top of that, a

disturbance observer-based controller was constructed for the virtual scalar

input, especially by taking into account the fact that the total disturbance (to

be compensated by the disturbance observer) may experience abrupt jumps

in the presence of faults.

iv) In Chapter 5, we presented a new “almost necessary and sufficient” condition

for robust stability of the discrete-time disturbance observer controlled sys-

tems in sampled-data setting, under fast sampling. In particular, this work

provided a “generalized” framework for robust stability analysis in the sense

that it is available (a) “in whichever way” the nominal model and the base-

line controller are discretized, and (b) no matter how the plant has “arbitrar-

ily large” parametric uncertainty. Our stability analysis revealed an explicit

constraint on the discrete-time disturbance observers, which may be violated

when the disturbance observer is designed without consideration of the (un-

stable) sampling zeros. In this regard, we introduced new design methodolo-

gies for the discrete-time disturbance observers in order to handle the sta-

bility constraint under large parametric uncertainty. Moreover, a systematic

design method to embed a disturbance model into the discrete-time distur-

bance observer was also proposed.

v) In Chapter 6, we addressed the problem of constructing a “robust” stealthy

attack that compromises “uncertain” cyber-physical systems having unstable
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zeros. Different from the conventional strategy, our key idea was to isolate

the real zero-dynamics from the plant’s input-output relation and to replace

it with an auxiliary nominal zero-dynamics. It was shown that this idea

can be realized in a practical sense, when the adversary maliciously uses the

disturbance observer technique in the design of the attack signal.





APPENDIX

A.1 Design Guidelines of ai for CT-DOBs

In this section, we will present two ways of constructing the coefficients ai

such that the associated Zk,j(s) in (2.2.23) is SPR for given constants g, g, and

gn.

A.1.1 Recursive Design Algorithm

We start by introducing two technical lemmas which will play an important

role in the main proof.

Lemma A.1.1. For given Hurwitz polynomial h(s), there exists k1 > 0 such that

the polynomial h′(s) := sh(s) + k is Hurwitz for all k ∈ (0, k1). ♢

Proof. The proof of the lemma is provided in [BS08].

Lemma A.1.2. Suppose that the Nyquist plot of a transfer function

L(s) =
p(s)

skq(s)
(A.1.1)

does not enter the disk D(g/gn, g/gn) where k is a positive integer, p(s) is a

polynomial satisfying p(0) > 0, q(s) is a Hurwitz polynomial. Then there exists

k2 > 0 such that the Nyquist plot of

L′(s) :=
p(s)

skq(s)
+ k

1

sk+1q(s)
(A.1.2)

also does not enter the disk D(g/gn, g/gn) for all k ∈ (0, k2). ♢
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To obtain Lemma A.1.2, we need to prove the following property first.

Lemma A.1.3. Assume that the hypothesis of Lemma (A.1.2) holds. Then for

given ϵ′ > 0, there exists ω > 0 such that the Nyquist plot L′(jω) of (A.1.2)

satisfies

∣∣L′(jω)
∣∣ = ∣∣∣∣ p(jω)

(jω)kq(jω)
+ k

1

(jω)k+1q(jω)

∣∣∣∣ > ϵ′ (A.1.3)

for all k > 0 and for all ω ∈ [0, ω]. ♢

Proof. Without loss of generality, one can express the frequency response p(jω)

of p(s) as p(jω) = peven(ω) + jpodd(ω) where peven(ω) and podd(ω) are some

even and odd polynomials of ω, respectively. Then the frequency response of the

“inverse” transfer function 1/L′(s) is computed by∣∣∣∣ 1

L′(jω)

∣∣∣∣ = ∣∣∣∣(jω)k+1q(jω)

jωp(jω) + k

∣∣∣∣ = ∣∣∣∣ (jω)k+1q(jω)

jω (peven(ω) + jpodd(ω)) + k

∣∣∣∣ (A.1.4)

=
ωk+1|q(jω)|√

(k− ωpodd(ω))
2 + (ωpeven(ω))

2

≤ ωk+1|q(jω)|√
(ωpeven(ω))

2
=
ωk|q(jω)|
|peven(ω)|

where the inequality holds for all ω ≥ 0 regardless of k. We note that p(0) =

peven(0) > 0 by the assumption. In addition, both |q(jω)| and |peven(ω)| are

continuous on ω ∈ [0,∞). Therefore, there exists ω > 0 such that

ωk|q(jω)|
|peven(ω)|

≤ 1

ϵ′
for all ω ∈ [0, ω], (A.1.5)

from which the lemma is proved.

With the above lemma, we are ready to derive Lemma A.1.2.

Proof of Lemma A.1.2. Let ϵ′ be ϵ′ > | − 1/κ| > 0. Then Lemma A.1.3 implies

that there is ω > 0 such that (A.1.3) holds for all ω ∈ [0, ω] and for all k > 0.

Notice that the inequality results in that L′(jω) does not meet with the disk

D(g/gn, g/gn) at least for a partial frequency range ω ∈ [0, ω] regardless of k > 0.
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To see the situation on the remaining frequency range ω ∈ [ω,∞), let us denote

the center and the radius of the disk D(g/gn, g/gn) as as cdisk + j0 (with a real

number cdisk) and rdisk, respectively. Then a lower bound of the distance between

L′(jω) and D(g/gn, g/gn) is computed by

inf
ω∈[ω,∞)

∣∣L′(jω)− cdisk
∣∣− rdisk

= inf
ω∈[ω,∞)

∣∣∣∣L(jω) + k
1

sk+1q(jω)
− cdisk

∣∣∣∣− rdisk

≥
(

inf
ω∈[ω,∞)

|L(jω)− cdisk| − rdisk

)
− k

(
sup

ω∈[ω,∞)

∣∣∣∣ 1

sk+1q(jω)

∣∣∣∣
)
. (A.1.6)

By the assumption, one has

inf
ω∈[ω,∞)

|L(jω)− cdisk| − rdisk ≥ inf
ω∈(−∞,∞)

|L(jω)− cdisk| − rdisk

=: ϵ′′ > 0. (A.1.7)

Moreover, since |1/
(
(jω)k+1q(jω)

)
| approaches zero as ω goes to infinity and

1/
(
sk+1q(s)

)
has no pole on the imaginary axis except the origin, |1/

(
(jω)k+1q(jω)

)
|

is bounded for all ω ∈ [ω,∞). Then it follows that there exists k2 > 0 such that

k

(
sup

ω∈[ω,∞)

∣∣∣∣ 1

sk+1q(jω)

∣∣∣∣
)
<
h

2
(A.1.8)

for all k ∈ (0, k2). Applying two inequalities (A.1.7) and (A.1.8) into (A.1.6) then

brings

inf
ω∈[ω,∞)

∣∣L′(jω)− cdisk
∣∣− rdisk >

ϵ′′

2
> 0 (A.1.9)

for k ∈ (0, k2), which means that the minimum distance between the Nyquist plot

L′(jω) and the disk D(κ, κ) for the remaining frequency range ω ∈ [ω,∞) is also

nonnegative.

Based on Lemmas A.1.1 and A.1.2, we now present a recursive design method
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for ai below. For this, let us define

pspr(s) := ajs
j + · · ·+ a0, (A.1.10a)

qspr(s) := sk−1 + ak+j−1s
k−2 + · · ·+ aj+1 (A.1.10b)

with which the transfer function Zk,j(s) in (2.2.23) is rewritten as follows:

Zk,j(s) =
1 + (g/gn)L(s)

1 + (g/gn)L(s)
(A.1.11)

where

L(s) :=
ajs

j + · · ·+ a0
sk+j + ak+jsk+j−1 + · · ·+ aj+1sj+1

=
pspr(s)

sj+1qspr(s)
. (A.1.12)

Notice that the SISO transfer function Zk,j(s) is SPR if the following two state-

ments hold:

(a) its denominator

h(s) := sj+1qspr(s) +
g

gn
pspr(s) (A.1.13)

is Hurwitz, and

(b) the Nyquist plot L(jω) of (A.1.12) does not enter the disk D((g/gn), g/gn).

For i = 1, . . . , j + 1, let

pspr,i(s) := ajs
i−1 + aj−1s

i−2 + · · ·+ aj+1−i, (A.1.14a)

hi(s) := siqspr(s) +
g

gn
pspr,i(s) and Li(s) :=

pspr,i(s)

siqspr(s)
. (A.1.14b)

so that hj+1(s) = h(s) and Lj+1(s) = L(s).

Now, a recursive design procedure for the coefficients is introduced below.

Procedure A.1.4. (Recursive algorithm for ai)

STEP 0 Choose ak+j−1, . . . , aj+1 such that qspr(s) in (A.1.10) is Hurwitz. Then

select a small aj > 0 satisfying that h1(s) is Hurwitz and the Nyquist

plot L1(jω) does not enter the disk D(g/gn, g/gn).
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STEP i (i = 1, . . . , j) Choose kj−i,1 > 0 such that hi+1(s) is Hurwitz for all

aj−i ∈ (0, kj−i,1) (by Lemma A.1.1), and take kj−i,2 > 0 satisfying that

the Nyquist plot of Li+1(s) does not enter the disk D(g/gn, g/gn) for all

aj−i ∈ (0, kj−i,2) (by Lemma A.1.2). Select 0 < aj−i < min{kj−i,1, kj−i,2}.

♢

It is further noted that the discussions so far in this subsection (and Proce-

dure A.1.4) serves as the proof of Theorem 2.2.1.

A.1.2 Bilinear Matrix Inequality-based Design

The recursive design procedure above is of particular importance, because it

guarantees the existence of the coefficients ai. At the same time, however, this

method is somewhat complicated in a sense and may bring a conservative value as

the coefficients are selected one by one (see also [KBP14] for a similar discussion

for the linear DOB case).

To overcome such drawbacks, we here present an optimization-based design

method. This alternative way relies on the well-known Kalman-Yakubovich-

Popov (KYP) lemma [Kha96], which implies that Zk,j(s) in (2.2.1) is SPR if

and only if there are a constant ϵz ∈ R and a square matrix Pz ∈ R(k+j)×(k+j)

such that the following matrix inequalities are satisfied at once:

ϵz > 0, Pz = P⊤
z > 0, (A.1.15a)[

PzAz +A⊤
z Pz + ϵzPz PzBz − C⊤

z

B⊤
z Pz − Cz −Dz −D⊤

z

]
≤ 0 (A.1.15b)

where the quadruple (Az, Bz, Cz, Dz) is a minimal realization of

Zk,j(s) =

sk+j + ak+j−1s
k+j−1 + aj+1s

j+1 +
g

gn
ajs

j + · · ·+ g

gn
a0

sk+j + ak+j−1sk+j−1 + aj+1sj+1 +
g

gn
ajsj + · · ·+

g

gn
a0

= 1 +

g − g

gn
ajs

j + · · ·+
g − g

gn
a0

sk+j + ak+j−1sk+j−1 + aj+1sj+1 +
g

gn
ajsj + · · ·+

g

gn
a0
.
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Without lose of generality, let (Az, Bz, Cz, Dz) be the observable canonical form

of Zk,j(s); i.e.,

Az = Ak+j − blockdiag

(
Ik−1,

g

gn
Ij+1

)
αCk+j , (A.1.16a)

Bz =
g − g

gn
blockdiag (Ok−1, Ij+1)α, Cz = Ck+j , Dz = 1. (A.1.16b)

It is important to note that the matrix inequalities in (A.1.15b) are not linear

but “bilinear” with respect to the matrix Pz and the vector α = [ak+j−1; · · · ; a0].
Therefore the problem of constructing ai can be recast as finding a solution of

the bilinear matrix inequalities (A.1.15b), which is enabled via some optimization

solvers (for instance, PENLAB [KBP14, FKS13]). We emphasize again that the

feasibility of this optimization problem is readily ensured by the theoretical result

in Theorem 2.2.1.

A.2 Properties of δ in (3.3.19)

For ease of explanation, we rewrite δ as

δ = δ1 + δ2 + δ3 + δ4

with the four sub-components

δ1 :=

(
1− g

gn

)(
γ(θ̂; τ)− γ(θ; τ)

)
s̄w(C4η) +

g

gn

(
γ(θ̂; τ)− γ(θ; τ)

)
C4η

⋆
ext,

δ2 :=

(
1− g

gn

)(
γ(θ; τ)− γ(θ; 0)

)
s̄w(C4η) +

g

gn

(
γ(θ; τ)− γ(θ; 0)

)
C4η

⋆
ext

+ γ(θ; 0)C4η
⋆
ext − γ(θ; τ)C4η

⋆
ext,

δ3 := Υ(τ)
∂Γ

∂θ̂

˙̂
θΦn

1

gn
x,

δ4 := γ(θ; τ)C4η
⋆
ext + (A4 − αC4)η

⋆
ext − τ η̇⋆ext.

We now show that each sub-component δi, i = 1, . . . , 4, is a continuous function

of the time t, the state variables, and the parameter τ such that (3.3.12) holds for
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all t ≥ 0; thus, their linear combination δ also does. Some useful equalities are

γ(θ̂; τ)− γ(θ; τ) = −τ2


0

1

a3

0

 θ̃ = −τ2A4α
⋆θ̃,

γ(θ; τ)− γ(θ; 0) = −τ2


0

1

a3

0

 θ = −τ2A4α
⋆θ,

Υ(τ)
∂Γ

∂θ̂
=


−τ 0

−a3τ −τ2

0 −a3τ
2

0 0

 = −
[
τα⋆ τ2A4α

⋆
]
.

After some computations, one has

δ1
(
t, θ̃, χ̃, η̃ext; τ

)
(A.2.1)

=
(
γ(θ̂; τ)− γ(θ; τ)

)((
1− g

gn

)
s̄(C4η) +

g

gn
C4η

⋆
ext

)
= −τ2A4α

⋆θ̃

((
1− g

gn

)
s̄w
(
C4η̃ext + Ctotalχ̃+ dtotal,n(t)

)
+

g

gn
(Ctotalχ̃+ dtotal,n(t))

)
,

δ2
(
t, χ̃, η̃ext; τ

)
(A.2.2)

=
(
γ(θ; τ)− γ(θ; 0)

)(
1− g

gn

)(
s̄w(C4η)− C4η

⋆
ext

)
= −τ2A4α

⋆θ

(
1− g

gn

)
×
(
s̄w

(
C4η̃ + Ctotalχ̃+ dtotal,n(t)

)
−
(
Ctotalχ̃+ dtotal,n(t)

))
= −τ2A4α

⋆θ

(
1− g

gn

)
Ω(t, χ̃, C4η̃ext),

δ3
(
t, θ̃, χ̃, χ̃n, ζ̃, η̃ext; τ

)
(A.2.3)
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= −
[
τα⋆ τ2A4α

⋆
]
˙̃
θΦn

1

gn

(
(x− xn(t)) + xn(t)

)
= −

[
τα⋆ τ2A4α

⋆
]
κ

×
(
−Ξ⊤(t)C⊤

3 C3Ξ(t)θ̃ + Ξ⊤(t)
(
Mθ,1χ̃+Mθ,2χ̃n +Mθ,3ζ̃ + EθΩ(t, χ̃, C4η̃ext)

))
× Φn

1

gn

( [
I O

]
χ̃+ xn(t)

)
.

From this, the arguments on the first three sub-components δ1, δ2, and δ3 are

readily obtained. For the last term, we first note that

dtotal − d⋆total,n = Ctotalχ̃+ Ctotalχ̃n,

ḋtotal − ḋ⋆total,n = Ctotal
˙̃χ+ Ctotal

˙̃χn

= CtotalAnχ̃+ CtotalEχΩ(t, χ̃, C4η̃ext) + CtotalAnχ̃n.

Using these equalities, δ4 can be expressed as

δ4
(
t, χ̃, χ̃n, η̃ext; τ

)

=


0

a2 − τ2θ

a1 − τ2a3θ

a0

C4η
⋆
ext +A4η

⋆
ext −


a3

a2

a1

a0

C4η
⋆
ext − τ η̇⋆ext

=


0

a2

a1

a0

 dtotal −


0

τ2θ

τ2a3θ

0

 dtotal +

a3

0

0

0

 dtotal −

a3

a2

a1

a0

 dtotal

+


τd⋆total,n

(1)

τ2d⋆total,n
(2) + τa3d

⋆
total,n

(1) + τ2θd⋆total,n

τ3d⋆total,n
(3) + τ2a3d

⋆
total,n

(2) + τ3θd⋆total,n
(1) + τ2a3θd

⋆
total,n

0

− τ


1

a3

0

0

 ḋtotal
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− τ


0

τd⋆total,n
(2)

τ2d⋆total,n
(3) + τa3d

⋆
total,n

(2) + τ2θd⋆total,n
(1)

τ3d⋆total,n
(4) + τ2a3d

⋆
total,n

(3) + τ3θd⋆total,n
(2) + τ2a3θd

⋆
total,n

(1)



= −τ2


0

θ

a3θ

0

 (dtotal − d⋆total,n)− τ


1

a3

0

0

 (ḋtotal − ḋtotal,n)

− τ


0

0

0

τ3d⋆total,n
(4) + τ2a3d

⋆
total,n

(3) + τ3θd⋆total,n
(2) + τ2a3θd

⋆
total,n

(1)


= −τ2A4α

⋆θ
(
Ctotalχ̃+ Ctotalχ̃n

)
− τα⋆

(
CtotalAnχ̃+ CtotalEχΩ

(
t, χ̃, C4η̃ext

)
+ CtotalAnχ̃n

)
−B4

(
(τs)4 + a3(τs)

3 + τ2θ(τs)2 + τ2a3θ(τs)
)
d⋆total,n(t).

It is noted that the last term of the equality is identically zero. Indeed, by

definition d⋆total,n(t) is a biased sinusoidal signal whose frequency is given by σ > 0.

This implies that

(
(τs)4 + a3(τs)

3 + τ2θ(τs)2 + τ2a3θ(τs)
)
d⋆total,n(t)

= τ2
(
s2 + σ2

)(
τs+ a3

)
d⋆total,n(t) ≡ 0. (A.2.4)

This completes the claim on δ4 and thus on δ.

A.3 Derivation of Normal Form Representation (6.3.1)

of Power Generating System

Let us consider a power generating system with a hybro turbine that consists

of (see also [Kun94, Tan10])
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• governor

Gg(s) =
1

Tgs+ 1
, (A.3.1a)

• hydro turbine

Gh(s) =
−Ths+ 1

0.5Ths+ 1
=

−2(0.5Ths+ 1) + 3

0.5Ths+ 1
= −2 +

3

0.5Ths+ 1
(A.3.1b)

• load and machine

Glm(s) =
Klm

Tlms+ 1
. (A.3.1c)

where the outputs of the components are given by the incremental frequency

deviation ∆f (Hz), the change in generator output ∆P (p.u.), and the change

in governor valve position ∆X (p.u.). The overall configuration of the power

generating system is depicted in Figure 6.4. With a coordinate transformation

x1 := ∆f, (A.3.2a)

x2 := ∆P + 2∆X, (A.3.2b)

x3 := ∆X, (A.3.2c)

one can easily represent the plant in the state space as:

ẋ1 = − 1

Tlm
x1 +

Klm

Tlm
∆P = − 1

Tlm
x1 +

Klm

Tlm
(x2 − 2x3), ∆f = x1,

(A.3.3a)

ẋ2 = − 2

Th
x2 +

6

Th
∆X = − 2

Th
x2 +

6

Th
x3, ∆P = x2 − 2x3,

(A.3.3b)

ẋ3 = − 1

Tg
x3 +

1

Tg

(
u− 1

R
∆f

)
= − 1

Tg
x3 +

1

Tg

(
u− 1

R
x1

)
, ∆X = x3.

(A.3.3c)



A.3. Derivation of (6.3.1) 205

To proceed further, we introduce an additional coordinate change

x1 := x1, (A.3.4a)

x2 := − 1

Tlm
x1 +

Klm

Tlm
x2 −

2Klm

Tlm
x3, (A.3.4b)

z := x2 +
3Tlm
Klm

1

Th
x1. (A.3.4c)

It is noted that in this coordinate, the state x = [x1; x2; x3] can be expressed as

x1 := x1, (A.3.5a)

x2 := z − 3Tlm
Th

1

Klm
x1 = z − 3Tlm

Klm

1

Th
x1, (A.3.5b)

x3 :=
Tlm
2Klm

(
−x2 −

1

Tlm
x1 +

Klm

Tlm
x2

)
= − Tlm

2Klm
x2 −

1

2Klm
x1 +

1

2

(
z − 3Tlm

Klm

1

Th
x1

)
=

(
− 1

2Klm
− 3Tlm

2Klm

1

Th

)
x1 −

Tlm
2Klm

x2 +
1

2
z. (A.3.5c)

By this, the time derivatives of xi in (A.3.3) are rewritten as

ẋ1 = − 1

Tlm
x1 +

Klm

Tlm
x2 −

2Klm

Tlm
x3

= − 1

Tlm
x1 +

Klm

Tlm

(
z − 3Tlm

Klm

1

Th
x1

)
− 2Klm

Tlm

((
− 1

2Klm
− 3Tlm

2Klm

1

Th

)
x1 −

Tlm
2Klm

x2 +
1

2
z

)
= x2, (A.3.6a)

ẋ2 = − 2

Th
x2 +

6

Th
x3

= − 2

Th

(
z − 3Tlm

Klm

1

Th
x1

)
+

6

Th

((
− 1

2Klm
− 3Tlm

2Klm

1

Th

)
x1 −

Tlm
2Klm

x2 +
1

2
z

)
=

(
− 3

Klm

1

Th
− 3Tlm
Klm

1

T 2
h

)
x1 −

Tlm
Klm

3

Th
x2 +

1

Th
z, (A.3.6b)

ẋ3 = − 1

Tg
x3 −

1

R

1

Tg
x1 +

1

Tg
u

= − 1

Tg

((
− 1

2Klm
− 3Tlm

2Klm

1

Th

)
x1 −

Tlm
2Klm

x2 +
1

2
z

)
− 1

R

1

Tg
x1 +

1

Tg
u
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=

(
1

Tg

1

2Klm
+

1

Tg

3Tlm
2Klm

1

Th
− 1

R

1

Tg

)
x1 +

1

2Tg

Tlm
Klm

x2 −
1

2Tg
z +

1

Tg
u.

(A.3.6c)

By differentiating the variables in (A.3.4) along with the x-dynamics (A.3.3), we

have

ẋ1 = ẋ1 = x2 (A.3.7a)

ẋ2 = − 1

Tlm
ẋ1 +

Klm

Tlm
ẋ2 −

2Klm

Tlm
ẋ3

= − 1

Tlm
x2 +

Klm

Tlm

((
− 3

Klm

1

Th
− 3Tlm
Klm

1

T 2
h

)
x1 −

Tlm
Klm

3

Th
x2 +

1

Th
z

)
− 2Klm

Tlm

((
1

Tg

1

2Klm
+

1

Tg

3Tlm
2Klm

1

Th
− 1

R

1

Tg

)
x1 +

1

2Tg

Tlm
Klm

x2 −
1

2Tg
z +

1

Tg
u

)
= ϕ1x1 + ϕ2x2 + ψz + gu, (A.3.7b)

ż = ẋ2 +
3Tlm
Klm

1

Th
ẋ1

=

(
− 3

Klm

1

Th
− 3Tlm
Klm

1

T 2
h

)
x1 −

Tlm
Klm

3

Th
x2 +

1

Th
z +

3Tlm
Klm

1

Th
x2

=

(
− 3

Klm

1

Th
− 3Tlm
Klm

1

T 2
h

)
x1 +

1

Th
z

= Sz +Gx1 (A.3.7c)

where

ϕ1 := − 3

TlmTh
− 3

T 2
h

− 2

TlmTg
− 3

TlmTh
+

1

R

2Klm

Tlm

1

Tg
,

ϕ2 := − 1

Tlm
− 3

Th
− 1

Tg
,

ψ :=
Klm

Tlm

1

Th
+
Klm

Tlm

1

Tg
,

g := −2Klm

Tlm

1

Tg
, S :=

1

Th
, G := − 3

Klm

1

Th
− 3Tlm
Klm

1

T 2
h

.
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국문초록

Theory of Disturbance Observers: A New Perspective
on Inverse Model-based Design

외란 관측기 이론 : 역동역학 기반 설계에 대한 새로운 관점

외란 관측기 (disturbance observer)는 직관적인 원리를 바탕으로 산업계에서

널리 사용되는 강인 제어 기법들 중 하나이다. 기존 문헌에서 제시된 다양한 설계

법들중,공칭시스템 (nominal system)의역동역학 (inverse dynamics)를기반으로

한 접근법은 외란 (disturbance) 및 모델 불확실성 (model uncertainty)에도 간단히

공칭 모델의 추종 성능을 복원해내는 장점을 지닌다. 하지만 설계의 단순함으로

인해 공칭 성능의 복원은 일반적으로 근사적 (approximate)이고, 시스템의 특성

(예를 들면 최소위상 (minimum phase))에 따라 활용이 제한적이다. 본 논문은 역

동역학 기반 외란 관측기 기법의 성능에서의 한계점을 개선하고, 제어 시스템이

처한 다양한 문제들에 대한 외란 관측기의 해석 및 활용 방안을 고찰하며 새로운

설계법을 이론적으로 제시한다.

구체적으로 본 논문에서는 다음의 다섯 가지 주제들을 다룬다. 첫 번째로,

본 논문은 외부 입력들의 생성 모델을 설계에 활용하여, 공칭 성능 복원 (nominal

performance recovery)을 정상 상태에서 완벽하게 이뤄내는 새로운 외란 관측기

설계 방법을 제시한다. 이에 대한 확장으로, 외부 입력들의 주파수 성분이 정확히

알려져 있지 않은 경우에도 주파수 추정 (frequency identification) 알고리듬을 도

입하면 공칭 성능의 점근적인 (asymptotic) 복원이 이뤄질 수 있음을 이론적으로

밝힌다. 또한 외란 관측기 기법에 제어 분배 (control allocation) 법칙을 접목하여,

잉여성 (redundancy)이 존재하는 액츄에이터 중 일부가 고장 (fault)이 발생할 수

있는 제어 시스템에 대해, 고장 직후에도 원하는 추종 성능을 유지하면서 구동할

수 있도록 하는 새로운 고장 허용 제어 (fault tolerant control) 기법을 제안한다.

한편 이산 시간 (discrete-time)에서 구현된 외란 관측기가 샘플링 주기가 충분히

빠른 샘플치 제어 시스템 (sampled-data control system)에 적용된 상황에서, 모델

불확실성에 강인 안정할 필요 충분 조건을 찾고, 이를 활용한 이산 시간 외란 관

측기의 새로운 설계법들을 제안한다. 마지막으로, 큰 대역폭의 Q-필터로 설계된
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역동역학 기반 외란 관측기가 필연적으로 비 최소위상 시스템을 불안정하게 만듬

에 주목하여, 불확실성이 있는 가상 물리 시스템 (cyber-physical system)에 검출

불가능한 (stealthy) 악의적인 공격 방법으로 활용 가능함을 이론적으로 밝힌다.

주요어 : 외란 관측기, 공칭 성능 복원, 샘플치 제어 시스템, 강인 제어, 가상 물리
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