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Abstract 

 

 

Statistical methods for the description of the 

structural transition in supercritical fluids 

 

Tae Jun Yoon 

Supercritical Fluid Process Laboratory 

School of Chemical and Biological Engineering 

Seoul National University 

 

Supercritical fluids have a wide range of applications in the chemical 

industries. This versatility is believed to come from its instantaneous 

tunability; a small change of pressure makes it possible to change various 

thermophysical properties of supercritical fluids such as the isobaric heat 

capacity, thermal expansivity, solubility, and diffusivity. This drastic change 

of thermophysical properties is believed to stem from the structural transition 

in supercritical fluids near the supercritical gas-liquid boundary. The 

existence of supercritical gas-liquid boundary casts us the following profound 

questions. What is liquid? What is gas? Can we define them based on the 

mathematical expressions? How can the structural transition be modeled and 

applied to the prediction of thermophysical properties of supercritical fluids? 

This dissertation attempts to answer these questions based on molecular 

simulations in conjunction with data science methodologies. 

This dissertation comprises of five chapters. In Chapter 1, some 

important concepts and previous works about the supercritical gas-liquid 

transition are introduced. In Chapter 2, two kinds of data science 

methodologies (statistical mixture models and probabilistic classification) are 

designed and tested for the quantitative examination of the structural 
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transition in supercritical Lennard-Jones (LJ) fluid. The characteristics of 

structural transition are analyzed based on the theory of random percolation 

and critical phenomena. In Chapter 3, the classification algorithm is used to 

find out the quasi-universality of the structural transition in simple fluid 

models. Supercritical gas-liquid boundaries of these simple and non-polar 

substances follow the same curve on the reduced density-temperature 

diagram, and the validity of three-parameter corresponding state principle is 

proven. In Chapter 4, the classification algorithm is applied to a dilute 

supercritical carbon dioxide mixture to explain the solvation structure and the 

origin of the negative partial molar volume in the supercritical mixture. The 

designed algorithm makes it possible to harmonize the conflicting viewpoints 

on the solvation structure of supercritical fluids around a solute. In Chapter 5, 

the academic significance of the proposed algorithm and the expected 

utilization of statistical methodology is discussed.  

Overall, the quasi-universality of the structural transition and the 

harmonization of conflicting viewpoints on the solvation structure 

substantiates the adequateness of the data science methodologies proposed in 

this dissertation. This method will be extended to explain the liquid-liquid 

criticality, rigid/non-rigid transition near the Frenkel line and critical Casimir 

force. Ultimately, the statistical methods proposed in this work would provide 

a theoretical basis for the theory of fluid polyamorphism and be applied to 

design and optimization of the supercritical fluid processes.  

 

Keyword : Supercritical fluid, molecular simulation, data science, structural 

transition 

Student Number : 2014-21529 
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Chapter 1. Introduction 
 

1.1. What is supercritical fluid? 
 

In physics, a phase is defined as a region of space where the physical 

properties of a matter are essentially uniform [1]. In our daily life, most of the 

substances exist as solid, liquid, or gas. Qualitatively, the competitive 

relationship between the cohesive force and diffusion of molecules is 

exploited to explain how the state of matter is decided at a thermodynamic 

condition. When temperature increases, the kinetic energy of molecule 

increases. Thus, molecules tend not to gather with each other, but to disperse. 

As a result, they become a gaseous state. When the pressure increases, 

intermolecular forces make the molecules close to each other, which results 

in the formation of solid and liquid. For instance, water in the form of vapor 

at the atmospheric pressure transforms into liquid as the pressure increases. 

However, when both temperature and pressure are beyond a certain 

thermodynamic condition called the critical point, the fluid phase does not 

show bulk phase transition. The state of matter that exists beyond the critical 

point is, thus, called supercritical fluid (Figure 1. 1). 

In general, supercritical fluids show thermophysical properties that are 

between gas and liquid. Specifically, the density of supercritical fluids is close 

to that of liquid, and viscosity is close to that of gas. As a result, the kinematic 

viscosity of supercritical fluids is lower than that of gas and liquid. This low 

viscosity enables supercritical fluid to transfer heat and mass more efficiently. 

The other important feature of the supercritical fluid is that the 

thermophysical properties of supercritical fluids are tunable depending on the 

thermodynamic conditions. Their thermophysical properties can be 

instantaneously and continuously tuned by changing the pressure without 

bulk phase transition. From the viewpoint of process engineers, this degree of 

freedom makes it easy to control the operating conditions. For instance, at 

subcritical conditions, an additional amount of substances should be 

introduced into a batch reactor using a pump when making the system 

pressure higher than the vapor pressure. In case of supercritical fluids, on the 

other hand, an arbitrary pressure can be easily accomplished by controlling 

the initial amount of substance. 
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Figure 1. 1. Phase diagram of supercritical fluid. 
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1.2. The versatility of supercritical fluids 
 

The continuous tunability of supercritical fluids is believed to facilitate 

the design of an energy-efficient chemical process in which supercritical 

fluids are used as a reaction medium or solvent. When a conventional liquid 

solvent is used to extract a target material, for example, the extract is obtained 

as a form of the solvent mixture. Therefore, an additional energy-intensive 

unit operation such as distillation and drying should be added to remove the 

solvent. When the supercritical solvent is used as the extraction solvent, on 

the contrary, it can be removed by a simple depressurization. By 

depressurization, the supercritical fluid becomes a gaseous state and loses its 

solvation power. At low pressure, a solute cannot be dissolved in gas. Thus, 

the depressurized solvent can be recycled directly by compression. Besides, 

the complete separation of solute and solvent after the chemical process 

makes it easy to reduce the solvent discharge. For instance, in the 

conventional textile dyeing process, a considerable amount of wastewater 

containing dye is produced. Thus, an additional wastewater treatment process 

is required. When the solvent is replaced with supercritical fluid, no 

wastewater is produced when impregnating the textile; supercritical fluid 

loses its solvation power by a simple depressurization step. Thus, supercritical 

fluids have found its industrial uses in a variety of physical and chemical 

processes. Some of the industrial applications of supercritical fluids to 

chemical processes are as follows. 

 

1.2.1. Carbon dioxide (CO2) 

The critical point of carbon dioxide is relatively lower than water and 

other substances utilized for supercritical fluid technologies (Table 1. 1). 

Because it is non-flammable, non-toxic and readily separable at ambient 

conditions, they are adequate for the supercritical fluid processes in the field 

of the food and pharmaceutical engineering. Hence, supercritical carbon 

dioxide is now commercially utilized as an extractant in supercritical fluid 

extraction (SFE) [2], a solvent or an antisolvent in the pharmaceutical 

precipitation processes [3–5], a carrier gas in supercritical chromatography.  

In SFE, supercritical CO2 is usually used with co-solvents such as 

alcohols (methanol and ethanol) methylene chloride, dimethyl sulfoxide, and 

N, N-dimethylformamide. 
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Table 1. 1. Critical points of substances. 
 

Substance Tc [K] pc [𝑏𝑎𝑟] ρc [𝑔/𝑐𝑚
3] 

Carbon dioxide 304.10 73.75 0.468 

Nitrous oxide 309.60 72.40 0.452 

Methane 190.58 46.04 0.162 

Ethane 305.42 48.80 0.203 

Propane 369.82 42.50 0.217 

Methyl alcohol 512.64 80.92 0.272 

Ethyl alcohol 513.92 61.37 0.276 

Dimethyl ether 400.38 53.37 0.274 

Water 647.14 220.5 0.322 
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A trace amount of co-solvents can significantly increase the solubility of 

solids in the supercritical solvent. Thus, SFE is more environmentally-

friendly than conventional liquid-liquid extraction processes. Moreover, 

significant tunability of supercritical CO2 makes it possible to control the 

solute solubility in supercritical CO2 finely. Hence, supercritical CO2 can be 

used for fractionation of natural products [6,7], separation of chiral 

compounds in supercritical chromatography [8,9], simulated moving bed 

(SF-SMB) process [10,11]. In the crystallization or precipitation process, 

supercritical CO2 is used as a solvent in Rapid Expansion of Supercritical 

Solution (RESS) process [12,13]. In this process, the solute is first dissolved 

in high-pressure CO2 and rapidly depressurized via a nozzle. Because gaseous 

CO2 at 1 atm  cannot dissolve solid compounds, the solutes dissolved in 

supercritical medium experience a large supersaturation, which results in the 

formation of micro- and nanoparticles. As most of the high molecular weight 

and polar solutes do not have significant solubility in supercritical CO2, 

supercritical CO2 is also used as antisolvent in Supercritical Antisolvent (SAS) 

process [5,14,15]. In SAS process, an organic solution containing solute and 

solvent is sprayed into flowing supercritical CO2. Because organic solvent is 

miscible with supercritical CO2 when the operating pressure is above the 

mixture critical point (MCP), the solute is rapidly precipitated. A large 

supersaturation induced by a complete mixing of solvent and antisolvent 

results in the formation of micron and submicron particles. Theoretical and 

practical aspects of supercritical CO2 antisolvent processes have been 

considerably advanced by Reverchon group [15–18]. They have proposed 

several antisolvent processes such as Supercritical Assisted Atomization 

(SAA) process and Supercritical Assisted Injection in Liquid Antisolvent 

(SAILA) process [19,20]. These antisolvent techniques are also used for the 

preparation of nanofabricated structures such as coprecipitated 

pharmaceuticals [21], membrane, filters and fibers [16,22,23]. 

    Supercritical CO2 is also used in conjunction with modern separation 

technologies utilizing ionic liquids (IL). The key property of ILs is their low 

volatility which makes it green solvents for various separation processes. 

However, this low volatility makes it hard to recover the solute after 

extraction. Here, supercritical CO2 is used for solute recovery after the IL 

extraction process because the solubility of supercritical CO2 in IL is very 

high, but the solubility of IL in supercritical CO2 is low. Thus, most of IL is 
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preserved after the supercritical CO2 recovery process [24]. Moreover, 

dissolved supercritical CO2 in IL decreases the melting point and viscosity, 

which facilitates the continuous process. For instance, the melting point of 

[NBu4][BF4] changes from 429 K to 309 K when exposed to 150 bar CO2 

[25].  

Supercritical CO2 has a high solubility in the amorphous polymer matrix 

including Poly(methyl methacrylate) (PMMA) [26,27], Polystyrene (PS) 

[28,29], Acrylonitrile-Butadiene-Styrene (ABS) terpolymer [30,31], 

fluoropolymers and their nanocomposites. Thus, it is also used as a blowing 

agent for the preparation of polymeric foams. In supercritical batch foaming 

process, supercritical CO2 is dissolved in the polymer matrix. This 

CO2/polymer mixture turns into polymer foam by rapid depressurization or 

thermal contrast method in which the polymer is dipped into hot oil bath for 

rapid bubble nucleation. After the foaming step, a nanostructured polymeric 

foam is obtained. This delicate structure can be used for various purposes such 

as heat insulation, sound absorption, and drug delivery system. Supercritical 

CO2 is also used for drying processes. Drying is the removal of moisture 

(water and volatile solvents) from solid, solutions, and slurries [32]. A 

conventional drying procedure exploits heat transfer to transform liquid into 

vapor. During this process, a large amount of energy should be entailed to 

overcome the heat of vaporization. Furthermore, this drying procedure cannot 

be applied to the delicate micro- or nanostructured materials because these 

materials are easily broken apart by the surface tension. In the supercritical 

drying process, on the other hand, water or volatile solvents are usually 

replaced with liquid carbon dioxide first. After the substitution step, carbon 

dioxide changes from liquid to supercritical fluid by elevating the temperature. 

Supercritical CO2 is then continuously transformed into gas and slowly 

depressurized. This route does not cross the first order phase boundary. Hence, 

no interfacial tension between liquid and gas exists, and the delicate structures 

are conserved. Therefore, the supercritical drying process is now widely used 

for the drying of nanostructured products such as semiconductor, catalyst 

carrier, metal organic frameworks, or thermolabile products including 

pharmaceuticals, cells, protein and so on. The other useful applications of 

supercritical CO2 technology would be supercritical power generation [33,34], 

enhanced oil recovery [35], textile dyeing [36], extrusion [37], and 

impregnation [21].  
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1.2.2. Water (H2O) and alcohols (CH3OH and C2H5OH) 

    Water is one of the most abundant substances on the earth. It is non-toxic 

to a human body, environmentally benign, nonflammable, and has high 

solvation power for ionic species and polar materials. When water becomes a 

supercritical state, its dielectric constant and ion product constant decrease 

because of the dissociation of hydrogen bonds among water molecules 

[38,39]. As a result, water behaves much less like a polar solvent in the 

supercritical state and the hydroxyl radical concentration increases. Thus, 

chlorinated hydrocarbons become soluble in water and are destroyed in a 

single-phase reaction. Thus, supercritical water is used for the oxidization of 

chemical wastes in Supercritical Water Oxidation (SCWO) process [40]. The 

ionic species are precipitated out of a solution rapidly. Therefore, rapid 

synthesis of metal oxides is possible in the supercritical state [39,41].  

In addition to water, methanol and ethanol are used for the hydrothermal 

synthesis. Methanol and ethanol are among the most produced substances in 

chemical industries. They are relatively cheap and have an excellent reactivity 

with other organic substances. Like water, they lose the hydrogen bond 

networks above the critical point and become much less like polar solvents. 

However, their utilization as a reaction medium or reactant is different from 

water. They are known to have a reducing power in the chemical reaction. 

Thus, the metallic salt obtained from supercritical alcohol is different from 

those from supercritical water [41]. Besides, it is used for biodiesel 

production [42], polymer de-crosslinking [43,44], and heavy oil cracking.  

 

1.2.3. Dimethyl ether (DME, CH3OCH3) 

    DME is more polar than supercritical CO2. Thus, near-critical or 

supercritical DME can be directly utilized to remove polar solvent and 

moisture in drying process without solvent replacement. The auto-ignition 

characteristics of DME (cetane number: 55) can be dangerous to utilize it for 

chemical processes, but this also enables to utilize it as alternative diesel fuel 

for compression-ignition (CI) engines [45,46]. 

 

1.2.4. Nitrous oxide (N2O) 

    Nitrous oxide has a similar property with supercritical CO2. Its critical 

point is close to that of CO2. Supercritical N2O is regarded as an alternative 
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supercritical drying medium because it does not make aqueous media acidic. 

Therefore, it can be used for supercritical drying process for both thermolabile 

and pH-sensitive protein. Furthermore, its bactericidal effect on common 

bacteria is known to be superior to supercritical CO2. As a result, it is utilized 

for low-temperature sterilization process for food, tableware, and medical 

devices [47]. 
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1.3. Anomalous phase behavior of supercritical fluids 
 

Despite the above tremendous advantages and a broad interest in the 

utilization of supercritical fluid in chemical processes, it is hard to understand 

and predict the phase behavior of supercritical fluids. This difficulty 

originates from the anomalous behavior of supercritical fluid at certain 

thermodynamic states. As shown in Figure 1. 2, thermophysical properties of 

supercritical fluids are either divergent or discontinuous at certain 

thermodynamic states [48]. This abnormal behavior was first discovered by 

Voronel and Sengers [49]. Voronel discovered that the isobaric heat capacity 

of argon at the critical point is infinite, and Sengers observed the divergence 

of thermal conductivity of supercritical CO2 along the isotherms near the 

critical region. These extraordinary discoveries were first wrongly interpreted 

based on the Landau mean-field theory, but it turned out that this transition 

behavior is universal for all the substances. Thus, van der Waals type EoS [Eq. 

(1.1)] which assumes the intermolecular potential as the hard sphere reference 

state and attractive force terms are inherently incorrect near the critical point 

without excessive additional parameters [50]. 

 

𝑝 =
𝑅𝑇

𝑣 − 𝑏
−
a

𝑣2
 

 

 

(1.1) 

 

Therefore, Wilson [51,52], Stanley [53,54], Fisher [55], and other 

researchers developed the theory of critical phenomena and renormalization 

group (RG) theory to explain these remarkable discoveries. Simple relations 

obtained from the RG theory well reflect the singularity of supercritical fluids 

near the critical point. However, the simple relations proposed in the theory 

of critical phenomena can only predict the behavior of fluids very near the 

critical point ( |1 − 𝑇𝑐/𝑇| < 10
−3 ). Thus, a correction term should be 

introduced to the simple thermodynamic relations when applied to a broad 

range of thermodynamic conditions [56]. Therefore, in most experimental 

works, the anomalous phase behaviors of supercritical fluids and their effects 

on the engineeringly useful properties (i.e., diffusivity, conductivity, and 

viscosity) were modeled and understood depending on various ad-hoc 

methods and empirical relations. For supercritical CO2, Bender equation, 

Altunin-Gadetski equation [57], Wagner equation and Huang equation have 
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been suggested [58,59]. In Huang equation, Bender’s analytic expression and 

Wagner’s functions are combined for the reliable prediction of 

thermodynamic properties (enthalpy, density, and vapor pressure) near the 

critical point. Along with these semi-empirical relations, classical cubic 

Equation of State (EoS) and molecular-based EoS also have been used to 

model the thermodynamic and transport properties of a specific supercritical 

system. Classical cubic EoS such as Soave-Redlich-Kwong (SRK) EoS, for 

instance, was modified by Prausnitz and Chueh [60,61] for the calculation of 

partial molar quantities. For the solubility estimation, they used the fugacity 

expressions obtained from the SRK EoS [62]. Statistical Associating Fluid 

Theory (SAFT) EoS, derived initially from Wertheim theory [63–66], was 

also used for the prediction of thermophysical properties of supercritical fluid 

far from the critical point. For instance, the associated perturbed anisotropic 

chain theory (APACT) EoS suggested by Smits et al. was used to calculate 

the thermophysical properties of supercritical water [67]. These empirical and 

modified mean-field approaches were satisfactorily fitted to the experimental 

data. However, an extension of EoS approach by addition of empirical terms 

makes it impossible to predict the thermophysical properties of the general 

supercritical system. 

Thus, it has been continuously attempted to incorporate the 

renormalization group theory proposed by Wilson [51,52] and the Equation 

of States (EoS). In this direction, Kiselev, Senger, Anisimov, Nicoll, Vega and 

other theorists [68] suggested the crossover theory. Here, the term 'crossover' 

is used to denote the transition from singular to mean-field critical behavior 

based on the Renormalization Group theory. The crossover term can be added 

to either classical equations (i.e., crossover Soave-Redlich-Kwong EoS, 

Kiselev crossover cubic EoS [69], isomorphic Peng-Robinson (PR) EoS [70]) 

or relatively modern equations (Statistical Associating Fluid Theory (SAFT) 

equation).  

Recently developed crossover EoS such as crossover soft-SAFT [71,72], 

crossover PC-SAFT are known to reflect the asymptotic behavior near the 

critical point well. However, the accuracy of some thermophysical properties 

such as isobaric heat capacity is poor compared to other properties, and the 

numerical implementation of the renormalization group term in the EoS is the 

most difficult part to develop the crossover EoS for process simulation [73]. 

Thus, a simplified crossover SAFT equation was proposed for easy 
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implementation and efficiency, but it sacrifices the high accuracy of EoS [74]. 

Addition of empirical terms was also attempted, but it decreases the 

predictability of the EoS as mentioned earlier. 

Other various kinds of methodologies were also suggested to fit the 

experimental data and predict the thermophysical properties of a supercritical 

fluid. Lashkarbolooki et al. built a multi-layer perceptron neural network 

model to predict the solubilities of aromatic hydrocarbons, aliphatic 

carboxylic acids and heavy aliphatic/aromatic alcohols in supercritical CO2. 

Compared to the conventional cubic Equation of State (EoS), the average 

relative deviation percent (AARD %) was much lower when the neural 

network was used for the prediction. This approach has also been utilized to 

obtain group contribution parameters for the prediction of Hansen Solubility 

Parameters (HSP) of various substances [75,76]. Kumar and Johnston [77], 

Sung and Shim [78] suggested a log-log relationship between solubility and 

CO2 density [Eq. (1.2)]. They excellently agree with the experimental data 

but have no predictability. Furthermore, they cannot explain the abrupt 

solubility increase near the critical density. 

 

ln 𝑦 = 𝐴′ +
𝐵′

𝑇
+ C′ ln 𝜌𝑏𝑢𝑙𝑘

𝐶𝑂2  

 

 

(1.2) 

 

In summary, most EoS approaches based on the mean-field 

approximations have been widely utilized for fitting the experimental results 

of a specific system in a limited range of thermodynamic conditions. These 

correlations will be extensively used for designing the relevant processes and 

reporting the experimental measurements for industrial applications. 

However, they are not predictive and inherently impossible to explain the 

critical anomalies. Crossover EoS which is developed rapidly by combining 

the Renormalization Group theory and the mean-field EoS seems more 

adequate to be used for process simulator [79], but it is hard to understand the 

physical meaning of the anomalous behavior from these EoS methods. 

Furthermore, it is difficult to implement the crossover SAFT that is possible 

to calculate the thermophysical and transport properties in reasonable time for 

the process simulation purpose without sacrificing the accuracy. Thus, the 

two-fluid approach in conjunction with the molecular simulation techniques 

has been under investigation for a better understanding of high-pressure 
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equilibria since the late 1980s. These simulation works are expected to be 

used to explain various critical phenomena in nature and to largely contribute 

to the rational improvement of EoS approaches.  
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Figure 1. 2. Anomalous behavior of supercritical fluids [48]. 
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1.4. Supercritical fluid as an inhomogeneous fluid 
 

The theory of fluid polyamorphism may provide some physical insights 

into the anomalous behavior of the supercritical fluids. Fluid polyamorphism 

is defined as the existence of two or more amorphous condensed states in a 

single-component fluid. Fluid polyamorphism is usually found or predicted 

in helium, sulfur, phosphorous, carbon, cerium, silicon, silicon dioxide, 

tellurium and hydrogen [80,81]. Recently, the theory of fluid polyamorphism 

was also utilized to discern two alternative forms of molecular arrangements 

that exist in supercooled liquid water [82,83]. The theory of fluid 

polyamorphism is formulated as follows. If the Gibbs free energy of a system 

follows a symmetric form [80], it becomes: 

 

        G = x1G1 + 𝑥2𝐺2 + 𝐺𝑚𝑖𝑥 

            = 𝑥1𝐺1 + 𝑥2𝐺2 + 𝑘𝐵𝑇(𝑥1 ln 𝑥1 + 𝑥2 ln 𝑥2) +𝑊𝑥1𝑥2 

 

 

(1.3) 

 

Here, 𝑊 is the parameter of nonideality of mixing. The end term on the right 

side of Eq. (1.3) reflects the divergence behavior of supercritical fluids near 

the critical point. 

One of the first studies on the two-fluid approach for the description of 

supercritical fluids would be the geometrical study of the structure of liquids 

by Bernal in 1954 [84,85]. Based on his metal ball experiments, Bernal 

suggested that the structure of fluid phase can be decomposed into four 

categories (gas, associated gas, expanded liquid, and liquid). In the gaseous 

state, all the molecules are freely translating in the system. In the associated 

gas, most of the molecules are freely moving, but some proportion of the 

molecules are cohesive. In the expanded liquid, bubble-like structures exist 

among the dense liquid phase. In the liquid, on the other hand, the molecules 

are highly correlated with their neighbors in disordered form. From the 

observation of the metal ball experiments, Bernal argued that there is a 

crossover line at the thermodynamic states located between the expanded 

liquid and associated gas. He coined this line as the hypercritical line (Figure 

1. 3). After Bernal suggested the existence of supercritical gas-liquid 

boundary (hypercritical line), hundreds of studies have been devoted to 

studying the characteristics of the supercritical gas-liquid boundary. These 

studies adopted the spectroscopic measurements [86–90], bulk 
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thermodynamic calculation [91,92], and fluctuation analysis [93] as tools to 

explore this thermodynamic region.  

First, in the field of molecular spectroscopy [88–90,94], small angle X-

ray scattering, neutron scattering, acoustic wave generation, Ultraviolet  

spectroscopy, Fourier Transform Infrared Spectroscopy, Fluorescence 

spectroscopy, and Raman spectroscopy have been used to calculate the local 

density enhancement in supercritical fluids. For instance, the spectroscopic 

shift (Δν) of 4-nitroaniline in supercritical CO2 is used to measure the local 

density augmentation of supercritical fluids around a solute based on the Eq. 

(1.4). 

 

Δ𝜈 =
𝑀𝑔
2 −𝑀𝑒

2

𝜎3
n2 − 1

2𝑛2 + 1
+
2Mg(Mg −Me)

𝜎3
(
η − 1

η + 2
−
n2 − 1

𝑛2 + 2
)  

 

 

(1.4) 

 

Here, 𝑀𝑔  and 𝑀𝑒  are the dipole moment of a solute at ground state and 

excited state, respectively, σ  is the spherical radius of a solute, η  is the 

dielectric constant, and n is the refractive index. Here, 𝑛2 is so small that 

these terms are ignored. Thus, Δν  is usually represented by a function of 

(η − 1) (η − 2)⁄  (Figure 1. 4, [95]). In a liquid, the spectrum shift is a linear 

function of (η − 1)/(η − 2), but near the critical point, it shows nonlinear 

behavior. This result is regarded to be one of the experimental evidence of the 

local density augmentation. The experimental scattering data are usually 

combined with fluctuation analysis to define the supercritical gas-liquid 

boundary as thermodynamic states where the correlation length diverges. For 

instance, Nishikawa et al. have focused on the spectroscopic characterization 

of supercritical fluids [88–90,96,97]. Based on the fluctuation analysis of 

near-critical CO2 and CHF3, Nishikawa et al. maintained that supercritical 

gas-liquid boundaries do not show significant substance dependence at the 

same reduced thermodynamic states (Figure 1. 5). In the fluctuation analysis, 

Nishikawa used the Ornstein-Zernike equation to correlate the SAXS 

measurements and the theory. According to Ornstein and Zernike [98], the 

scattering intensity at zero-angle is proportional to the density fluctuation as 

follows. 
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Figure 1. 3. A classification scheme of supercritical fluids suggested by 

Bernal [85]. 
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Figure 1. 4. Spectrum shift of 4-nitroaniline in supercritical CO2 [95]. 
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𝐼(0)

𝑁
= ℤ2

⟨(ΔN)2⟩

𝑁
= (

𝑁

𝑉
) 𝜅𝑇𝑘𝐵𝑇 

 

 

(1.5) 

 

In Eq. (1.5), 𝐼(0) is the zero-angle intensity, ℤ is the number of electrons 

in a molecule, 𝑁 is the number of molecules in the corresponding volume 

V, κT is the isothermal compressibility. They also obtained the correlation 

length from the SAXS experiment as follows. 

 

{
ln⟨(Δ𝑁)2/𝑁⟩ = 2.06(ln 𝜉) − 2.90 𝑤ℎ𝑒𝑛 𝜌𝐵𝑢𝑙𝑘 < 𝜌𝑐
ln⟨(Δ𝑁)2/𝑁⟩ = 2.13(ln 𝜉) − 2.52 𝑤ℎ𝑒𝑛 𝜌𝐵𝑢𝑙𝑘 > 𝜌𝑐

 

 

 

(1.6) 

 

In case of the bulk thermodynamic calculations, two kinds of 

thermodynamic variables have often been analyzed. The first variable is 

rigidity which is defined as (∂ρ 𝜕𝑝⁄ )𝑇 . Based on the rigidity calculation, 

Finney, Woodcock, and Heyes have proposed that two percolation transition 

loci exist in the supercritical region [91,92,99]. They defined these 

percolation transition loci as the thermodynamic conditions where the first 

derivative of the rigidity becomes discontinuous and maintained that these 

transition loci are the lines that distinguish the expanded liquid and the 

associated gas from liquid and gas, respectively. The second type of 

thermodynamic variables is thermodynamic response function including the 

thermal expansivity, isothermal compressibility, and heat capacities. As 

mentioned earlier, these thermodynamic response functions and transport 

properties of supercritical fluids show anomalous behavior near the critical 

point. Since the response functions are related to the structural characteristics, 

the divergence of response functions is believed to indicate the structural (gas-

like and liquid-like) transition in supercritical fluids. Independent from work 

by Bernal, Stanley defined the supercritical gas-liquid boundary as a set of 

thermodynamic states where the correlation length becomes maximum. He 

coined the supercritical gas-liquid boundary as the Widom line in honor of 

Benjamin Widom [53]. Because the correlation length can only be obtained 

from molecular simulations or spectroscopic measurements, Widom line near 

the critical point is usually approximated as a pseudo-boiling line where the 

response functions become maximum [93,100,101] (Figure 1. 6). Among the 

response functions, the isobaric heat capacity maxima are frequently used to 

define the supercritical gas-liquid boundary (pseudo-boiling line). Recently, 
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Banuti et al. proposed that the pseudo-boiling line follow the extended 

corresponding state principle [100].  

Many studies on the inhomogeneous structure of supercritical fluids also 

have been carried out in the field of molecular simulations. Molecular 

simulations have been used to define local parameters to quantify the density 

inhomogeneity in supercritical fluids based on the principles of statistical 

mechanics as well as calculate the bulk thermophysical properties. Before 

reviewing these studies, the basic principles of molecular simulations are 

briefly overviewed in next section.   
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Figure 1. 5. Density fluctuations of supercritical CO2 (●) and CHF3 (○) [88]. 
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Figure 1. 6. (a) Supercritical gas-liquid boundaries defined from the response 

functions of Neon [93] (b) Isobaric heat capacity maxima of supercritical CO2 

[102]. 
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1.5. Molecular simulations 
 

1.5.1. Background 

Molecular simulations of the near-critical and supercritical system have 

been performed since the late 1980s [5]. At the initial stage, the simulation 

techniques were utilized for either the property estimation or the acquisition 

of the reference data to verify the theory of statistical mechanics such as the 

Integral Equation Approximations (IEA) and the Fluctuation Theory of 

Solutions (FST). Currently, the emergence of the data science and the 

acceleration of the computing environment is making it possible for the 

molecular simulation techniques to lead the theoretical advancement of 

statistical thermodynamics. 

Classical Monte Carlo (MC) and Molecular Dynamics (MD) simulations 

are usually adopted to simulate the supercritical fluid system. In the classical 

MC simulations, molecular configurations of a system are generated by the 

pseudo-random number generators. The Metropolis algorithm is the most 

common method to accept or reject the generated configurations. The 

acceptance probability depends on the energy differences between old and 

new configurations. Thus, the energy of a system is minimized after the 

system reaches its equilibrium. Molecular Dynamics (MD) simulation is 

either a time-driven or event-driven Newtonian simulation. In the time-driven 

MD simulation, the initial configuration of molecules and their velocity 

(momenta) are provided. A set of the equation of motion are numerically 

solved for a given period. The timestep is usually on the order of 

femtoseconds (fs). In the event-driven Molecular Dynamics, configurational 

information is sampled when an event (i.e., molecular collision) happens. 

In molecular simulations, the interatomic potentials can be modeled with 

a variety of equations. Among them, Lennard-Jones (LJ) type interatomic 

potential with partial charge terms [Eq. (1.7)] are frequently used for this 

purpose. 

 

𝜙𝐿𝐽(𝑟𝑖𝑗) = 4ϵ [(
σij

𝑟𝑖𝑗
)

12

− (
𝜎𝑖𝑗

𝑟𝑖𝑗
)

6

] +
𝑞𝑖𝑞𝑗

4𝜋𝜖0𝑟𝑖𝑗
 

 

(1.7) 

 

In Eq. (1.7), 𝜎𝑖𝑗 indicates the interaction distance between the species 𝑖 and 
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𝑗 where the non-Coulombic term of interatomic potential 𝜙𝐿𝐽(𝑟) becomes 

zero, and 𝜖𝑖𝑗  is the energy parameter that equals to the minimum of the 

interatomic potential. 𝑞𝑖  is the partial charge of species 𝑖 , and ϵ0  is the 

vacuum permittivity. When the species 𝑖 is different from the species 𝑗, the 

Lorentz-Berthelot mixing rule [Eq. (1.8)] or the geometric mixing rule is 

frequently used. 

 

𝜎𝑖𝑗 =
𝜎𝑖 + 𝜎𝑗

2
; ϵij = √𝜖𝑖𝜖𝑗 

 

(1.8) 

 

As the LJ type potential approaches zero asymptotically, the tail of the 

interatomic potential should be dealt with for the calculation of the 

configuration energy [103]. Two methods are usually used to deal with the 

tail contribution. The first method is called the tail correction method. In this 

method, the tail correction term [utail in Eq. (1.9)] is added to the potential 

energy obtained by an integration of the interatomic potential (𝜙𝐿𝐽(𝑟)) and 

the radial distribution function (g(r)) from r = 0 to r = rc.  

 

utail =
1

2
∫ 4𝜋𝑟2𝑔(𝑟)𝜙𝐿𝐽(𝑟)
∞

𝑟𝑐

𝑑𝑟 
 

(1.9) 

 

The other method to deal with the tail contribution is shift and truncation. In 

this scheme, the interatomic potential is truncated at the cutoff radius and 

shifted upward so that the interatomic potential becomes zero at the cutoff 

radius [Eq. (1.10)].  

 

𝜙𝑡s(𝑟𝑖𝑗) = {
4ϵ [(

σij

𝑟𝑖𝑗
)

12

− (
𝜎𝑖𝑗

𝑟𝑖𝑗
)

6

] +
𝑞𝑖𝑞𝑗

4𝜋𝜖0𝑟𝑖𝑗
− 𝜙𝐿𝐽(𝑟𝑐) (𝑟 ≤ 𝑟𝑐)

0                                                                             (𝑟 > 𝑟𝑐)

 

 

 

(1.10) 

 

The truncated and shifted potential is usually used to decompose the attractive 

and repulsive forces and examine their influences on the structure and 

dynamics of a system. When rc is set to be 21/6𝜎ij, 𝜙𝑡s(𝑟𝑖𝑗) in Eq. (1.10) has 

no attractive potential well. Thus, the repulsive forces only exist between the 

molecules. This potential is called the Weeks-Chandler-Andersen (WCA) 
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potential (Figure 1. 7) [104].  

    The set of Lennard-Jones parameters, also called forcefield, is usually 

obtained based on the Born-Oppenheimer approximations. These parameters 

can be obtained by altering these parameters by comparing the simulation 

results with the experimental measurements. Two different approaches are 

usually taken to represent the interatomic potential of polyatomic molecules. 

The first approach is called all-atom forcefield in which each of the atoms in 

a molecule is treated as interaction site. This approach is realistic and 

adequate for the solid state, but computationally expensive. The second 

approach is called the united-atom approach which introduces pseudoatoms 

that represent CH4, CH3, CH2, CH, and C. Designing the forcefield, single-

component data such as vapor/liquid coexistence curve, critical points, radial 

distribution functions, and conformational statistics are first obtained from 

Gibbs Ensemble Monte Carlo (GEMC) simulations. These data are compared 

to the experimental measurements [105]. Thus, in the united-atom approach, 

almost same pseudoatom parameters (ϵi , σi , and qi ) are used for a wide 

range of chemicals. The examples are Optimized Potentials for Liquid 

Simulations (OPLS) and Transferable Potentials for Phase Equilibria 

(TraPPE).  

The other kind of method to generate the forcefield parameters is Ab 

initio method. In this method, electronic Schrödinger equation is solved to 

calculate the electron densities, energies, and interparticle potentials. Thus, it 

is the more fundamental method to simulate the real-world problems. 

However, the computational expense is much higher than the forcefield 

implementation based on the Born-Oppenheimer approximations. Thus, in 

classical MD simulations, the united-atom approach is primarily used to 

simulate and calculate the thermophysical properties of systems. 
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Figure 1. 7. Lennard-Jones type interatomic potentials (truncated and shifted 

(ts) / Weeks-Chandler-Andersen (WCA)). 
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1.5.2. Previous works 

    As stated above, the molecular simulation was first used to support the 

statistical mechanical theory. In the field of supercritical fluid science, the 

Integral Equation Approximations (IEA) in conjunction with the Fluctuation 

Theory of Solutions (FST) were actively studied to understand the solvation 

structure in dilute supercritical mixtures in the late 1980s [106–109]. IEAs 

are the numerical procedures to solve the homogeneous Ornstein-Zernike 

Equation [Eq. (1.11)] and the closure relations [98]. 

 

ℎ(𝑟12) = 𝑐(𝑟12) + 𝜌𝑏𝑢𝑙𝑘∫ ℎ(𝑟13)𝑐(𝑟23)𝑑𝑟13

∞

0

  
 

(1.11) 

 

In Eq. (1.11), h(r) indicates the total correlation function which is defined 

as the difference between the radial distribution function of the target system 

and the ideal gas (h(r) ≡ g(r) − 1 ). The radial distribution function g(r) 

indicates the spatial correlation between two atoms, c(r) means the direct 

correlation function, and ρbulk  is the bulk number density of the system. 

Thus, the Ornstein-Zernike Equation is composed of the direct correlation and 

the indirect correlation term. To obtain c(r), the closure relations such as the 

Percus-Yevick (PY) closure [Eq. (1.12)] or the Hypernetted Chain (HNC) 

closure [Eq. (1.13)] are utilized. 

 

𝑐(𝑟) = 𝑔(𝑟)[1 − exp(𝛽𝜙(𝑟))] (1.12) 

𝑔(𝑟) = exp[−𝛽𝜙(𝑟) + ℎ(𝑟) − 𝑐(𝑟)]  (1.13) 

 

Eq. (1.11), Eq. (1.12) and Eq. (1.13) are numerically solved simultaneously. 

There are several numerical methods including Picard’s method [50], Gillan’s 

method [110], Labik’s method [111] and Newton-GMRES method [112]. The 

correlation function obtained from IEA can be utilized to estimate the 

thermodynamic properties based on the Fluctuation theory of Solutions (FST) 

[107]. In FST, the pair correlation function integral, which is also called 

Kirkwood-Buff Integral (KBI) [Eq. (1.14)], plays an essential role to 

understand the thermodynamic behavior of the system. 

 

𝐺𝑖𝑗 = 4𝜋∫ 𝑟2(𝑔𝑖𝑗(𝑟) − 1)
∞

0

𝑑𝑟  
 

(1.14) 
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where gij(r) is the radial distribution function between species 𝑖 and j and 

r is the distance between them. For a binary mixture, KBI becomes: 

 

𝐺12 = 𝐺21 = 𝑅𝑇𝜅𝑇 −
�̃�1�̃�2
𝑣𝐷

;𝐷 = (
𝜕 ln 𝛾𝑖
𝜕𝑥𝑖

)
𝑝,𝑇

𝑥𝑖 + 1  
 

(1.15) 

𝐺𝑖𝑖 = 𝐺12 +
1

𝑥𝑖
(
�̃�𝑗

𝐷
− �̃�)  

 

(1.16) 

 

Here,  �̃�𝑖  is the partial molar volume of species 𝑖 , and  �̃�  is the molar 

volume of the mixture, 𝛾𝑖 is the activity coefficient, 𝑥𝑖 is the mole fraction. 

A Kirkwood-Buff inversion process proposed by Ben-Naim [113] and Smith 

[114] is usually adopted to relate the experimental data at any solution 

composition with the thermophysical properties. IEA provided some relations 

for the prediction of the divergence of the partial molar quantities near the 

critical point. In addition to this progress, the quantitative accuracy of IEA 

was greatly improved by considering the spherical inhomogeneous density 

based on the Attard equation [115]. Following the Attard equation, Eq. (1.11) 

is transformed as: 

 

ℎ(𝑟12) = 𝑐(𝑟12) + ∫ 𝜌(𝑟13)ℎ(𝑟13)𝑐(𝑟23)𝑑𝑟13

∞

0

  
 

(1.17) 

 

Because the Attard equation does not assume the spherical density 

homogeneity, the density profile of the third atom around the first atom should 

be considered. There are some exact relations between the radial distribution 

function and the density profile. Among them, Lovett-Mou-Buff-Wertheim 

equation given in Eq. (1.18) is usually adopted. 

 

𝜌′(𝑟1) = −βρ(r1)𝜙
′(𝑟1) +

4𝜋

3
𝜌(𝑟1)∫ 𝑟2

2ℒ(𝑐1)𝜌
′(𝑟2)𝑑𝑟2

∞

0

  
 

(1.18) 

 

Egorov showed that the insertion of an inhomogeneous term in the 

homogeneous Ornstein-Zernike equation greatly improved the quantitative 

accuracy of the Integral Equation Approximations near the critical point [116]. 
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Thus, the previous works based on the IEA and FST showed the great 

progress during past 30 years. However, they have several limits for the 

characterization of the supercritical fluid systems. First, the IEA could not 

extend its usage for the description of the intermolecular interactions between 

polyatomic species. Second, the Ornstein-Zernike equation is not adequate 

for the characterization of neat supercritical fluids. In a single-component 

near-critical fluid, the correlation functions only provide the average 

thermodynamic behavior of the system [117]. Therefore, Smith and his 

coworkers are now attempting to expand the FST approach by dealing with 

triplet and quadruplet number and energy fluctuations [118,119]. According 

to their recent work, the triplet number fluctuation of neat fluids is negative 

in vapor and gas, whereas it is positive in liquid and supercritical liquid-like 

region. Thus, the sign of the triplet number fluctuation will change across the 

supercritical gas-liquid boundary. Thus, the IEA and FST are heading towards 

the completion of the general theory of the supercritical fluids by considering 

the triplet and quadruplet fluctuations. 

    Independent from the IEA, there have also been many investigations to 

analyze the structural features of the near-critical fluids. Song et al. and 

Skarmoutsos et al. defined the local coordination number (𝑁𝑐𝑜), the effective 

local density (ρeff,l)  and the enhancement factor (Fenh)  to quantify the 

extent of the structural inhomogeneities observed in near-critical fluids [120–

122]. 

 

𝑁𝑐𝑜 = 4𝜋𝜌∫ 𝑟2𝑔(𝑟)
𝑟𝑐𝑢𝑡

0

𝑑𝑟 

 

(1.19) 

𝜌𝑒𝑓𝑓,𝑙 =
𝑁𝑐𝑜(𝜌)

𝑁𝑐𝑜(𝜌𝑟𝑒𝑓)
𝜌𝑟𝑒𝑓 

 

(1.20) 

𝐹𝑒𝑛ℎ =
𝜌𝑒𝑓𝑓,𝑙

𝜌
 

 

(1.21) 

 

The reference state density ρref is typically set to be two or three factors of 

the critical density (ρc ) where the compressibility of supercritical fluids 

becomes almost equal to that of liquid. rcut is set to be a distance where 

g(r) has its first minimum beyond the first coordination shell [94]. Tucker et 

al. firstly used this definition to introduce the local density distribution to 

understand the density inhomogeneities in supercritical fluids [123–126]. 
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They defined the local density as a ratio of the local coordination number to 

the volume of the cutoff sphere [Eq. (1.22)]. 

 

𝜌𝑙𝑜𝑐𝑎𝑙 =
𝑁𝑐𝑜
𝑉𝑐𝑢𝑡

=
4𝜋𝜌𝑏𝑢𝑙𝑘 ∫ 𝑟2𝑔(𝑟)

𝑟𝑐𝑢𝑡
0

𝑑𝑟

(4 3⁄ )𝜋𝑟𝑐𝑢𝑡
3  

 

(1.22) 

 

From the two-dimensional LJ simulations, Tucker et al. discovered that the 

distribution of 𝜌𝑙𝑜𝑐𝑎𝑙 changes from right-skewed asymmetric to almost 

symmetric distribution as ρbulk  increases. They also found that the local 

density distribution became most broad when the bulk density is close to the 

critical density (ρc) near the critical temperature.  

Independent from Tucker et al., Jedlovszky et al. have applied the 

Voronoi tessellation to interpret the local density information obtained from 

the molecular simulations [127–129]. Voronoi tessellation is one of the spatial 

tessellation algorithms [130]. When 𝑁  atoms are given as seeds, the 

simulation box is partitioned into 𝑁 Voronoi cells that are defined as a set of 

an infinite number of points closest to the given seeds (Figure 1. 8). Because 

it can define the free volume of a molecule, it has been actively used for the 

characterization of both real-world materials and simulation results. For 

instance, in material science, Wigner-Seitz cell is the Voronoi tessellation of 

a solid, which is frequently used for the characterization of polycrystalline 

microstructures of alloys [131]. In computational fluid dynamics (CFD), it is 

used to define the computational domains used in the finite volume methods 

[132]. It is also used in a wide range of fields including biology [133], single 

molecular spectroscopy [134], hydrology [135], network analysis of critical 

phenomena [136], and astrophysics [137]. Jedlovszky and his collaborators 

defined the local density of a molecule as a reciprocal of the volume of the 

Voronoi cells (ρlocal = 1/𝑣𝑣𝑜𝑟𝑜 ). They discovered that the local density 

distribution of real fluid models (NH3 , H2O , and CO2 ) obtained from the 

Voronoi tessellation follows the same behavior as Tucker et al. described. In 

addition to the local density distribution, they reported some polyhedral 

characteristics of Voronoi cells such as the number of faces, asphericity, and 

the distance distributions. For subcritical conditions, Fern et al. discovered 

that the local density distributions of ethanol at saturated vapor and liquid 

conditions are right-skewed and almost symmetric, respectively [138]. By 

comparing the local density distributions of the saturated vapor/liquid 
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systems obtained from Gibbs Ensemble Monte Carlo (GEMC) simulation 

results with those from independent NVT simulations, they could calculate 

the fraction of ethanol molecules in each phase.  
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Figure 1. 8. Random Voronoi tessellation. 
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1.6. Dissertation overview 
 

    As seen in section 1. 4 and 1. 5, previous works related to the two-fluid 

model of supercritical fluids have taken two methods to describe the structural 

inhomogeneity and transition in supercritical fluids. In the first methodology, 

the structural transition in supercritical fluids has been featured based on the 

critical anomalies. As shown in Figure 1. 6, however, this method has some 

limits. Each of the response functions has their thermodynamic states at which 

they are maximum. They only share same thermodynamic states near the 

critical point (𝑇 < 1.3𝑇𝑐) and start to deviate from each other far from the 

critical point. Therefore, the physical meaning of the divergence is unclear. 

The rigidity calculation does not suggest the existence of the supercritical gas-

liquid boundary. Instead, they propose the existence of the percolation 

transition loci that was not observed from the response functions. Thus, an 

alternative approach is required to locate both the supercritical gas-liquid 

boundary and the percolation transition loci in an integrated way. 

Previous works in the field of molecular simulations introduced in 

section 1. 5 have suggested some useful local parameters and geometrical 

features related to the density inhomogeneity in supercritical fluids, but also 

shown the following limits. The local parameters only quantitatively indicate 

the existence of density inhomogeneities. They do not reflect the mechanism 

behind the creation of inhomogeneous structure, and the characteristics of 

gas-like and liquid-like structure in supercritical fluids. The thermodynamic 

regions investigated so far is also limited; these studies only focus on the near-

critical region. Analyses on the local density distributions obtained from the 

Voronoi tessellation and the radial distribution functions and the polyhedral 

characteristics of Voronoi cells just indicate the existence of anomalies; they 

suggest neither the physical meaning nor the predictive model to describe the 

phase behavior of supercritical fluids. In the framework of the data science, 

therefore, the molecular simulation studies can be regarded as the Exploratory 

Data Analysis, a process stage for summarizing the main characteristics of the 

data for building a statistical model and hypothesis test [139]. Thus, an 

integrated model is necessary as a next step for the quantitative analysis based 

on the two-fluid model. 

The largest limitation that both methodologies share would be that they 

cannot answer the following profound question. How do we define liquid-like 
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(gas-like) properties of the supercritical fluid at arbitrary thermodynamic 

conditions? The two-fluid model given in Eq. (1.3) requires the fraction of 

gas-like and liquid-like molecules in the system. However, they cannot be 

obtained from the above two methodologies. Moreover, the structural 

transition in supercritical fluids occurs continuously unlike the first order 

phase transition. This indicates that the fraction of gas-like or liquid-like 

molecules of arbitrary supercritical systems should be defined in addition to 

the supercritical gas-liquid boundary for the application of the fluid 

polyamorphism theory to the supercritical fluids at arbitrary thermodynamic 

conditions. Hence, an alternative viewpoint on the structural transition in 

supercritical fluids that can integrate the conflicting points is required to 

answer the question. 

By combining previous works by Fern et al. [138], Jedlovszky et al. 

[128,129,140], and Tucker et al. [94,123–126], a clue for building an 

integrated model for the characterization of two-fluid properties of the 

supercritical fluid can be captured. When a chromatogram for a mixture is 

obtained, a single peak represents a substance in the mixture. If a local density 

distribution of saturated system and supercritical fluid is regarded as a 

‘chromatogram’ (Figure 1. 9), the gas-like fraction of supercritical fluid and 

a saturated system would be obtained by separating the overlapped peaks 

properly. 

Thus, in this dissertation, the local density distributions of subcritical 

and supercritical fluids are thoroughly examined to build an integrated 

methodology to understand the structural transition in supercritical fluids. The 

essential question presented above is first investigated; how do we define 

whether either a molecule or a system is liquid-like or gas-like? To answer 

this question, the local density distributions and geometric features of 

subcritical saturated vapor and liquid LJ fluids are examined at the beginning 

of Chapter 2. Based on the Exploratory Data Analysis on the geometric 

features, two statistical mixture models [141] are first introduced. 

Independent from these analytic models, a probabilistic classification 

algorithm is also designed and tested. By comparing these algorithms, the 

liquid-like and gas-like fractions of a system are defined as order parameters 

to examine the structural transition in supercritical fluids quantitatively.  
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Figure 1. 9. Unresolved peaks in chromatogram. 
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In Chapter 3, the designed algorithm is applied to the simple fluid models. As 

a result, the quasi-universality of the structural transition in supercritical 

mesophase and the three-parameter corresponding principles are verified for 

simple fluids. The simulation results are compared to the fluctuation analysis 

results based on the small angle X-ray scattering (SAXS) measurements and 

fluorescence spectroscopy measurements. In Chapter 4, the algorithm is 

utilized to reconcile the conflicting viewpoints on the solvation structure of 

CO2 around a solute in a dilute supercritical mixture. In the last Chapter, the 

significance and limitations of the methodology are evaluated, and 

perspective directions are discussed. 
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Chapter 2. Model establishment 
 

 

2.1. Overview 
 

In this chapter, statistical mixture models and probabilistic classification 

algorithm are designed to understand the structural transition in supercritical 

fluids. An LJ fluid is chosen as a model fluid because of the inexpensive 

computation cost and sufficient reference simulation data. NVT molecular 

simulations are first performed to estimate the critical point. After the 

estimation of the critical point, subcritical saturated and supercritical LJ fluid 

simulations are carried out to obtain the configurations. The configurations 

are first partitioned by the Voronoi tessellation. Then, an Exploratory Data 

Analysis (EDA) on the Voronoi cell information is conducted. Based on the 

EDA analysis, two kinds of statistical methods are proposed. 

    First, statistical mixture models are designed to obtain the analytic 

expressions of the local density distributions [141]. From the configuration of 

saturated vapor and liquid far below 𝑇𝑐, two-component statistical mixture 

models are proposed. Maximum likelihood estimation (MLE) and the Method 

of Moments (MoM) are both used to obtain the population parameters. The 

first model, Inverse Gamma-Normal mixture model, is well fitted to 

subcritical saturated systems. However, the goodness of fit decreases as the 

temperature approaches the critical point when the Inverse Gamma-Normal 

mixture model is used. Thus, Lognormal-Nakagami mixture model as an 

alternative parametric mixture model is introduced to fit the local density 

distributions of supercritical fluids. The model is well fitted to the near-

critical and supercritical conditions at T < 2.5 Tc. 

A probabilistic classification algorithm is independently designed based 

on the neighbor information analysis of subcritical fluids. The designed 

algorithm is applied to the supercritical LJ fluids at a wide range of 

temperatures. The local density distributions and percolation cluster structure 

obtained from the designed algorithm is quantitatively analyzed based on the 

percolation theory. The percolation transition loci and supercritical gas-liquid 

boundary are obtained from the classification results, and their physical 

meanings are unveiled. Two kinds of order parameters are newly defined and 

used to understand the phase behavior of supercritical mesophase. 
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    Overall, the statistical mixture models and probabilistic classification 

algorithm proposed makes it possible to define the gas-like (liquid-like) 

fraction of a supercritical fluid and provides a quantitative mean to answer 

the fundamental questions proposed in Chapter 1. 
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2.2. Simulation details 
 

For all the Molecular Dynamics (MD) simulations [142], the size and 

the energy parameters of the model fluid are given as σ = 1.0 and ϵ/kB =

1.0. They are used to make thermodynamic parameters dimensionless. The 

partial charge parameter (qi) is set to be 0.0. The LJ potential is truncated at 

the cut-off radius (rcut = 3.0𝜎) and the tail correction term in Eq. (1.9) is 

added. The number of molecules is maintained 2,000. The timestep is 0.001, 

and the systems are equilibrated for 100,000  steps. An additional data 

production run is conducted in 1,000,000 steps. During the production run, 

the configurational data of LJ particles are collected every 10,000 steps, and 

the pressure data is cumulatively averaged every 1,000 steps to calculate the 

equilibration pressure of a system. The critical point is estimated using the 

flat top proposal. According to the flat top proposal, the rigidity and its first 

derivative are zero at the critical point [92]. 

 

(
𝜕𝜌

𝜕𝑝
)
𝑇

= (
𝜕2𝜌

𝜕𝑝2
)
𝑇

= 0 at T = Tc, 𝑝 = 𝑝𝑐 

 

(2.1) 

 

Thus, NVT simulations at the temperatures from T = 1.33  to T = 1.345 

and from ρ = 0.20 to ρ = 0.42 are performed to estimate the critical point. 

After the critical point is estimated, NVT simulations of the saturated 

vapor/liquid equilibrium are carried out at Tr = 0.74, 0.82, 0.89  and 0.99. 

The SAT-TMMC (Grand-canonical transition-matrix Monte Carlo and 

histogram re-weighting) reference data provided by National Institute of 

Standards and Technology (NIST) are used to find out the saturation densities 

of vapor and liquid [143]. In supercritical conditions, NVT simulations are 

performed at Tr = 1.05 − 3.00 and ρr = 0.2 − 2.0. 
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2.3. Exploratory Data Analysis (EDA) 
 

2.3.1. Critical point estimation 

    Figure 2. 1 shows the vapor pressure data obtained from the MD 

simulations. The critical point estimated from the interpolation of the 

inflection point obtained from the fitted cubic equations is Tc = 1.343/kB, 

pc = 0.141, and ρc = 0.305. 

 

2.3.2. Local density distributions 

An EDA on the single variable (local density) distributions of subcritical 

vapor and liquid at Tr = 0.74 is first conducted to get insights into the model 

establishment. The mean, standard deviation, and the skewness of the 

distribution are defined as key statistical parameters to understand the phase 

behavior. When 𝑁  number of molecules are given, the mean of the local 

density distribution is expressed as: 

 

𝜇 =∑𝜌𝑖/𝑁

𝑁

𝑖

 

 

 

(2.2) 

 

The standard deviation and the skewness of the distribution can be calculated 

from the Eq. (2.3) and Eq. (2.4). 

 

𝜎2 =∑(𝜌𝑖 − 𝜇)
2/𝑁

𝑁

𝑖

 

 

 

(2.3) 

 

𝑆 =
∑ (𝜌𝑖 − 𝜇)

3/𝑁𝑁
𝑖

(∑ (𝜌𝑖 − 𝜇)2/𝑁
𝑁
𝑖 )3/2 

 

 

 

(2.4) 

 

When the skewness is positive, the distribution is right-skewed distribution. 

It is left-skewed when 𝑆 is smaller than zero. 

Figure 2. 2 shows the local density distributions of saturated vapor and 

liquid at Tr = 0.74. The skewness of the vapor distribution is 3.2361, and 

it has a heavy right tail. On the other hand, the density distribution of the 

liquid is almost symmetric (S = −0.0026).  

 



 

 40 

 

 

 

 

 

 

Figure 2. 1. Pressure-density diagram of LJ fluid near its critical point. 
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One of the Maxwell-Boltzmann hypotheses makes it possible to express the 

local density distribution of saturated vapor as a parametric distribution: the 

interatomic interactions are ignorable in the ideal gas. When no interatomic 

interaction exists, the configuration of the vapor resembles the randomly 

distributed seeds. The Voronoi diagram for the randomly distributed center 

points is called the Poisson Voronoi Diagram (PVD) [144,145], which has 

been investigated mainly by computational mathematicians. The distribution 

of Voronoi cell volumes from the PVD is usually expressed as the Gamma 

distribution. 

The local density distributions of vapor and liquid can also be estimated 

from the viewpoint of the percolation theory and stochastic dynamics 

[146,147]. Consider a situation at which 𝑁  empty square lattice sites are 

given. Among the sites, 𝑘 sites are going to be filled. The probability of a 

site being occupied is given as a constant 𝑝𝑓𝑖𝑙𝑙. This means that no interaction 

between the occupied sites exists. The probability that 𝑘 sites are occupied, 

and the other (N − k) sites are empty is thus given as: 

 

𝑃(𝑁, 𝑘) = (
𝑁
𝑘
)𝑝𝑓𝑖𝑙𝑙

𝑘(1 − 𝑝𝑓𝑖𝑙𝑙)
𝑁−𝑘

=
𝑁!

𝑘! (𝑁 − 𝑘)!
𝑝𝑓𝑖𝑙𝑙

𝑘(1 − 𝑝𝑓𝑖𝑙𝑙)
𝑁−𝑘

 

 

 

(2.5) 

 

Considering the local density 𝜌𝑙𝑜𝑐𝑎𝑙  as the occupying probability 𝑝 , the 

occupying probabilities of vapor is small (𝑝𝑓𝑖𝑙𝑙 ≪ 1 ) and the number of 

occupied sites is much smaller than the total number of sites (1 < 𝑘 ≪ 𝑁). In 

this case, the binomial probability distribution function [Eq. (2.5)] can be 

approximated by a Poisson distribution. 

 

𝑃(𝜆) =
𝜆!

exp (−𝜆)
 𝑤ℎ𝑒𝑟𝑒 𝜆 =∑𝑛𝑝𝑓𝑖𝑙𝑙

𝑁

𝑛

 

 

 

 

 

 

 

 

(2.6) 

 

Depending on λ , the Poisson distribution can be approximated as Inverse 

Gamma, Lognormal or Gamma distribution. On the other hand, when 𝑝𝑓𝑖𝑙𝑙 

is close to 0.5 and 𝑁 is sufficiently large, 𝑃(𝑁, 𝑘) is usually approximated 

as the Normal distribution.  

Thus, the local density distribution of vapor phase is first assumed to 

follow the Inverse Gamma distribution. For liquid, the distribution is assumed 
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to follow the Normal distribution. The Inverse Gamma distribution (𝑓𝐼𝑛𝑣𝐺𝑎𝑚) 

and the Normal distribution (𝑓𝑁𝑜𝑟𝑚𝑎𝑙) are expressed as follows. 

 

𝑓𝐼𝑛𝑣𝐺𝑎𝑚(𝜌; 𝛼, 𝛽) =
𝛽𝛼

Γ(𝛼)
𝜌−𝛼−1 exp (−

𝛽

𝜌
) ;  Γ(𝛼) = ∫

𝜌𝛼−1

exp (𝜌)
𝑑𝜌

∞

0

 

 

 

(2.7) 

𝑓𝑁𝑜𝑟𝑚𝑎𝑙(𝜌; 𝜇, 𝜎) =
1

√2𝜋𝜎2
exp [−

(𝜌 − 𝜇)2

2𝜎2
 ] 

 

 

 

(2.8) 

In Eq. (2.7), α and β mean the shape parameter and the scale parameter. 

The mean and the variance of the Inverse Gamma distribution are: 

 

𝜇 =
𝛽

𝛼 − 1
  

 

 

(2.9) 

𝜎2 =
𝛽2

(𝛼 − 1)2(𝛼 − 2 )
   (𝛼 > 2) 

 

 

(2.10) 

 

Maximum Likelihood Estimation (MLE) procedure is often used to fit the 

Inverse Gamma distribution and the Normal distribution to the local density 

distribution data. The likelihood is defined as a probability distribution (mass) 

function of the parameters of a statistical model given data (𝜌1, 𝜌2, … , 𝜌𝑁). 

Because a log function is a monotonically increasing function, log likelihood 

is usually used [Eq. (2.11)]. 

 

𝐿 =∏log 𝑓(𝜌𝑘|𝜃)

𝑁

𝑘

 

 

 

(2.11) 

 

In informal contexts, the likelihood can be understood as the value of a 

probability distribution function. When a probability mass function is used, 

the likelihood is equal to the probability. When multiple events occur, the 

probability that a single event occurs can be calculated by differentiating the 

likelihood by the probability of a single event.  

The following example helps one to understand how the MLE works. 

Consider a situation in which a biased coin is flipped one hundred times. Head 

and tail of the coin come out 60 times and 40 times, respectively. Intuitively, 

the probability that the head of the coin comes out (𝑝𝐻) is 0.6. This can be 

obtained mathematically by calculating the probability that maximizes the 
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likelihood of this event. The loglikelihood that this situation occurs will be: 

 

𝐿 = log (
100

60
) + 60 log 𝑝𝐻 + 40 log(1 − 𝑝𝐻) 

 

 

(2.12) 

 

𝑝𝐻 is thus obtained as the probability that maximizes Eq. (2.12).  

 

𝜕𝐿

𝜕𝑝𝐻
=
60

𝑝𝐻
−

40

1 − 𝑝𝐻
= 0; 𝑝𝐻 = 0.6 

 

 

(2.13) 

 

In this way, the population parameters of a distribution can be obtained from 

the MLE procedure. When MLE is applied to Normal distribution [Eq. (2.8)], 

mean and standard deviation are obtained. The loglikelihood of Inverse 

Gamma distribution is given as: 

 

𝐿 =∑𝛼 log𝛽 − log Γ(𝛼) − (𝛼 + 1) log 𝜌𝑘 −
𝛽

𝜌𝑘

𝑁

𝑘=1

 

 

 

(2.14) 

  

When MLE is applied to Inverse Gamma distribution, the following equations 

are obtained. 

𝜕𝐿

𝜕𝛼
= 𝑁 log𝛽 − 𝑁𝜓(𝛼) −∑ log 𝜌𝑘

𝑁

𝑘

= 0 

 

 

 

(2.15) 

𝜕𝐿

𝜕𝛽
=
𝛼

𝛽
−∑

1

𝜌𝑘

𝑁

𝑘

= 0 

 

 

 

(2.16) 

 

Here, 𝜓(𝑥)  is the digamma function. These equations should be 

simultaneously solved to obtain the population parameters for the Inverse 

Gamma distribution. Because Eq. (2.15) cannot be solved directly, the 

following numerical procedure is implemented to solve the equation. The 

population parameters α and β are initially estimated using Eq. (2.9) and 

(2.10). Then Eq. (2.15) is transformed into: 

 

α = ψ−1 (−
1

𝑁
∑ log 𝜌𝑘

𝑁

𝑘

+ log𝛽) 

 

 

 

(2.17) 
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Because the digamma function is a monotonically increasing function when 

its variable is larger than zero (Figure 2. 3), the inverse digamma function is 

solved by Newton iteration. 

 

𝑦 = 𝜓(𝑥) → 𝑥𝑛+1 = 𝑥𝑛 −
𝜓(𝑥𝑛) − 𝑦

𝜓′(𝑥(𝑛))
 

 

 

(2.18) 

Here, the initial estimation is calculated following the work by Minka [148]. 

 

𝑥1 =

{
 

 exp(𝑦) +
1

2
   𝑖𝑓 𝑦 ≥ −2.22

−
1

𝑦 + 𝜓(1)
   𝑖𝑓 𝑦 < −2.22

 

 

 

 

(2.19) 

As shown in Figure 2. 2, the local density distributions of vapor and 

liquid phases are well expressed by the Inverse Gamma and the Normal 

distribution. The mean square errors (MSE) of each phase defined in Eq. (2.20) 

are O(10−5), respectively. 

 

𝑀𝑆𝐸 =∑
𝐹𝑒𝑚𝑝(𝜌𝑖) − 𝐹(𝜌𝑖)

𝑁

𝑁

𝑖

 

 

 

(2.20) 

 

In Eq. (2.20), 𝐹𝑒𝑚𝑝  is the Kaplan-Meier estimate of the cumulative 

distribution function, which is defined as the fraction of the elements smaller 

than ρi [149]. 𝐹(𝜌𝑖) is a cumulative distribution function obtained from the 

integration of the parametric distribution.   
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Figure 2. 2. Local density distributions of (a) saturated vapor and (b) saturated 

liquid at Tr = 0.74. 
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Figure 2. 3. Digamma function. 
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2.3.3. Bivariate probability distributions 

In addition to the statistical mixture model, an EDA on the neighbor 

numbers and the neighbor local densities of the saturated vapor and liquid at 

Tr = 0.76  is carried out to design a probabilistic classification algorithm. 

Before conducting the EDA analysis, the definition of nearest neighbors 

should be first clarified. In previous works in the fields of the molecular 

simulations on the local density augmentation in supercritical fluids and the 

homogeneous bubble nucleation, the nearest neighbors were usually defined 

as the neighbor atoms within a certain threshold radius. One of the most 

recently proposed algorithm for this purpose is DBSCAN  (Density-based 

spatial clustering application with noise) [150]. In DBSCAN , two input 

parameters including the cutoff radius 𝑟𝑐 and the number of minimum points 

(𝑁𝑚𝑖𝑛𝑝) are used to detect the cluster structure. DBSCAN starts by randomly 

selecting a point. If the number of points inside a sphere of 𝑟𝑐 whose center 

is the selected particle is smaller than 𝑁𝑚𝑖𝑛𝑝, the point is classified as an 

outlier. If the particle is classified as the outlier, one of the other particles is 

again selected. When the number of points inside a sphere of the radius 𝑟𝑐 is 

larger than 𝑁𝑚𝑖𝑛𝑝, the point is classified as a core particle, and the points 

inside the sphere are regarded as core neighbors. Next, the numbers of 

neighbors of each core neighbors are examined. A core neighbor is classified 

as a border particle if their neighbor numbers are smaller than 𝑁𝑚𝑖𝑛𝑝 . 

Otherwise, it is classified as a core particle and their core neighbors are again 

investigated. This procedure is repeated until all the particles are classified 

(Figure 2. 4). Idrissi et al. applied DBSCAN  to supercritical argon for the 

characterization of cluster structure based on the Euclidean metrics [127]. At 

first sight, this algorithm seems valid for many situations. However, it seems 

not adequate to apply the Euclidean distance-based classification (cluster) 

analysis of the supercritical fluids for the following reasons. First, it is hard 

to select proper parameters to classify a molecule into gas-like or liquid-like 

one. For instance, DBSCAN  requires the cutoff radius and the minimum 

density for the classification. Idrissi et al. proposed to use the first minimum 

of the radial distribution function and the excess local coordination number 

as the criterion parameters. However, these criteria are poorly grounded since 

the radial distribution function is only a mean of the system.  
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Figure 2. 4. Density-based spatial clustering application with noise 

(DBSCAN). 
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Near the critical point, the radial distribution function of individual molecules 

greatly varies as Goodyear et al. stated [123]. Thus, bulk thermophysical 

properties of the near-critical system cannot be regarded as the representative 

of a system. Second, the Euclidean distance-based classification can either 

exclude or include an atom in the neighbor list which can be regarded as an 

improper neighbor. Figure 2. 5 demonstrates the example. When rc is too 

long, too many atoms are classified as neighbors. Although there exists a 

molecule which intervenes between the central molecule and another 

molecule, all these molecules are regarded as the same neighbors. On the 

contrary, when r𝑐  is too short, some of the molecules that do not have 

intervening molecules between the central atom and themselves are excluded 

from the neighbor list. Therefore, an alternative neighbor definition based on 

the Voronoi tessellation is used in this work. Voronoi nearest neighbors are 

defined as the particles whose Voronoi cells share a face with that of the 

central atom (Figure 2. 5b).  

Figure 2. 6a shows the heatmaps of the joint probability distribution of 

the number of Voronoi neighbors and the local density of a central atom. 

Average numbers of neighbors in the saturated vapor and liquid are 15.509 

and 14.766, respectively. The marginal distributions show that the neighbor 

number distribution of the saturated vapor is right-skewed same as the local 

density distribution. The neighbor number distribution of the saturated liquid 

is also like its local density distribution. In both cases, neighbor numbers and 

local densities have a negative correlation; a gas-like molecule has more 

neighbors than a liquid-like molecule does. Pearson correlation coefficients 

[𝑟𝑝𝑒𝑎𝑟𝑠𝑜𝑛(𝑋, 𝑌) in Eq. (2.21)] of the saturated vapor and liquid are −0.628 

and −0.616, respectively. 

 

𝑟𝑃𝑒𝑎𝑟𝑠𝑜𝑛(𝑋, 𝑌) =
∑ (𝑋𝑖 − 〈𝑋𝑖〉)(𝑌𝑖 − 〈𝑌𝑖〉)𝑖

√∑ (𝑋𝑖 − 〈𝑋𝑖〉)2𝑖 √∑ (𝑌𝑖 − 〈𝑌𝑖〉)2𝑖

 

 

 

(2.21) 

Figure 2. 6b shows the joint probability distribution of the local density and 

the mean local density of a central atom and its Voronoi neighbors. In this 

case, both systems showed the stronger positive linear relationship 

(𝑟𝑃𝑒𝑎𝑟𝑠𝑜𝑛,𝑣𝑎𝑝 = 0.740 and 𝑟𝑃𝑒𝑎𝑟𝑠𝑜𝑛,𝑙𝑖𝑞 = 0.714). Based on this correlation, 

the probabilistic classification algorithm is designed in section 2.5. 
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Figure 2. 5. Nearest neighbors defined from (a) the Euclidean metrics and (b) 

Voronoi tessellation. 
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Figure 2. 6. (a) Heatmaps of the saturated vapor (left) and liquid (right) for 

local density and neighbor numbers at Tr = 0.76 . (b) Heatmaps of the 

saturated vapor (left) and liquid (right) for local density and neighbor mean 

local density at Tr = 0.76. The colorbars indicate the probability density. 
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2.4. Statistical mixture models 
 

    Because the Inverse Gamma and the Normal distribution are well fitted 

to the vapor and liquid local density distributions at Tr = 0.74, it is further 

hypothesized that the Vapor-Liquid Equilibrium (VLE) data could be 

approximated as a two-component statistical mixture model, a linear 

combination of two distributions. 

 

2.4.1. Introduction to mixture model 

    A statistical mixture model is defined as a linear combination of 

parametric or non-parametric distributions. It is defined as: 

 

𝑓𝑚𝑖𝑥𝑡𝑢𝑟𝑒(𝜌𝑘|𝜃) =∑𝜋𝑗𝑓𝑗(𝜌𝑘|𝜃𝑗)

𝑛𝑐

𝑗=1

 

 

 

(2.22) 

 

In Eq. (2.22), 𝑛𝑐 is the number of the parametric distributions used for the 

mixture distribution, 𝜃𝑗   is a set of the population parameters of the 𝑗𝑡ℎ 

probability distribution function (𝑓𝑗), and 𝜋𝑗 is the mixture weight defined 

as the fraction of the 𝑗th  probability distribution function. A statistical 

mixture model is commonly implemented by using the Expectation-

Maximization (EM) algorithm (Figure 2. 7).  

To understand the EM algorithm, one should know the definition of 

conditional probability. Conditional probability is defined as the probability 

that an event occurs given the other event(s) occurs. Given that the probability 

an event A occurs is P(A), the probability that an event A and an event B 

occur is P(A ∩ B). Thus, the conditional probability that the event A occurs 

when an event B already occurred is: 

 

P(A|B) =
P(A ∩ B)

𝑃(𝐵)
 

 

 

(2.23) 

 

On the other hand, the probability that event B occurs when event A already 

occurred is P(B|A) = P(A ∩ B)/P(B). Because the probability that an event 

A occurs can be decomposed into two cases (Case 1: an event B occurs and 

Case 2: an event B does not occur), P(A) can be decomposed into: 
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(1) Set s = 0; Initialize  𝜃𝑗
(𝑠)

, 𝜋ො𝑗
(𝑠)

 

(2) Compute  �̂�jk
(𝑠)
  

(3) Maximize 𝐿 →  𝜃𝑗
(𝑠+1)

, 𝜋ො𝑗
(𝑠+1)

  

(4)∑อ
𝜃𝑗
(𝑠+1)

𝜃𝑗
(𝑠)

− 1อ

𝑗

≤ 𝜖? 

 

(5) s ← s + 1 

(6) 𝜃𝑗 ← 𝜃𝑗; 𝜋𝑗  ← 𝜋ො𝑗 

Yes 

No 

 

Figure 2. 7. A flowchart for Expectation-Maximization algorithm. 
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P(𝐴) = P(A|B) + P(A|Bc) (2.24) 

 

where P(Bc) indicates the probability that an event B does not occur. By 

combining these relations, one can obtain the Bayes rule which is expressed 

as: 

 

P(A|B) =
P(A ∩ B)

𝑃(𝐵)
=

𝑃(𝐵|𝐴)𝑃(𝐴)

𝑃(𝐵|𝐴) + 𝑃(𝐵|𝐴𝑐)
 

 

 

(2.25) 

 

    As a next step, it would be helpful to solve a simple example to 

understand the EM algorithm. Consider a situation that there are two sets of 

data generated from two independent Gaussian distributions whose 

population parameters are unknown (Figure 2. 8a). The information only 

given is that the dataset is composed of two Gaussian (Normal) distributions 

(Figure 2. 8b and Eq. (2.26)).  

 

𝑓𝑡𝑜𝑡𝑎𝑙 = πLeft𝑓𝐿𝑒𝑓𝑡 + 𝜋𝑅𝑖𝑔ℎ𝑡𝑓𝑅𝑖𝑔ℎ𝑡  

 

 

(2.26) 

To obtain the population parameters, therefore, the population parameters are 

estimated randomly in the first step (step (1) in Figure 2. 7). As a result, two 

Normal distributions with random population parameters are obtained as 

shown in Figure 2. 8b. After the population parameters are obtained, 𝑁 

number of samples are aligned and numbered as 𝜌1, 𝜌2, … , 𝜌𝑁 by ascending 

order. In this situation, it is highly probable that the smallest data 𝜌1 is more 

likely to be a member of the left distribution whose arithmetic means is lower 

than the right distribution. On the contrary, it is highly probable that the 

largest data 𝜌𝑁 would be a member of the right distribution. Thus, from the 

Bayes rule, the conditional probability that the k𝑡ℎ sample of the dataset is 

a member of the left distribution given that the population parameters (θLeft) 

of left distribution are μLeft and σLeft can be expressed as follows. 

 

P(𝜌𝑘 ∈ 𝑓𝐿𝑒𝑓𝑡 | 𝜃𝐿𝑒𝑓𝑡) =
P( 𝜃𝐿𝑒𝑓𝑡|𝜌𝑘 ∈ 𝑓𝐿𝑒𝑓𝑡 )𝑃(𝜌𝑘 ∈ 𝑓𝐿𝑒𝑓𝑡 )

P( 𝜃𝐿𝑒𝑓𝑡|𝜌𝑘 ∈ 𝑓𝐿𝑒𝑓𝑡 )𝑃(𝜌𝑘 ∈ 𝑓𝐿𝑒𝑓𝑡 ) + P( 𝜃𝑅𝑖𝑔ℎ𝑡|𝜌𝑘 ∈ 𝑓𝑅𝑖𝑔ℎ𝑡 )𝑃(𝜌𝑘 ∈ 𝑓𝑅𝑖𝑔ℎ𝑡 )
 

 

 

(2.27) 

This conditional probability is defined as the membership variable �̂�𝑗𝑘 (j =

Left, Right) that is presented in step (2) in Figure 2. 7.  
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Figure 2. 8. EM algorithm for the calculation of Gaussian mixture model. 
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When a probability distribution function is used, P(event) is turned into the 

likelihood because the probability distribution is continuous. Thus, Eq. (2.27) 

can be written in: 

 

�̂�𝑗𝑘 =
𝜋𝑗𝑓𝑗(𝜌𝑘|𝜃𝑗)

∑ 𝜋𝑗𝑓𝑗(𝜌𝑘|𝜃𝑗)
2
𝑗=1

 

 

 

(2.28) 

 

The hat notations are used to denote that the parameters are the estimated ones. 

As this step calculates the expected results from the given population 

parameters, it is called the Expectation step (E-step). After E-step, the 

population parameters 𝜃𝑗  are recalculated based on the membership variable. 

If only a single distribution is used, the arithmetic means, and standard 

deviation of the Normal distribution is calculated from Eq. (2.2) and Eq. (2.3). 

For the Gaussian mixture model, the average and standard deviation of the 

𝑗𝑡ℎ Normal distribution is calculated as: 

 

𝜇𝑗 =
∑ 𝑧𝑗,𝑘𝜌𝑘
𝑁
𝑘=1

∑ 𝑧𝑗,𝑘
𝑁
𝑘=1

 (𝑗 = 𝑅𝑖𝑔ℎ𝑡, 𝐿𝑒𝑓𝑡) 

 

 

(2.29) 

𝜎𝑗
2 =

∑ 𝑧𝑗,𝑘(𝜌𝑘 − 𝜇𝑗)
2𝑁

𝑘=1

∑ 𝑧𝑗,𝑘
𝑁
𝑘=1

 (𝑗 = 𝑅𝑖𝑔ℎ𝑡, 𝐿𝑒𝑓𝑡) 

 

 

(2.30) 

 

The weight parameters (𝜋ො𝐿𝑒𝑓𝑡 and 𝜋ො𝑅𝑖𝑔ℎ𝑡) are calculated by averaging the 

membership variables. These equations can be obtained either from the 

Maximum Likelihood Estimation (MLE) or the Method of Moments (MoM). 

In MLE, as shown in the section 2.3.2, the following expression is used to 

calculate the loglikelihood. 

 

𝐿 =∑∑𝑧𝑗𝑘log (𝜋𝑗𝑓𝑗(𝜌𝑘|𝜃𝑗))

2

𝑗

𝑁

𝑘

 

 

 

 

(2.31) 

Since the mixture model has a constraint that the sum of mixture weights 

should be one, Lagrange multiplier method is used to find the population 

parameters which maximizes the likelihood function in MLE. Therefore, this 

calculation step is called the Maximization Step (M-step).  
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𝐿′ =∑∑𝑧𝑗𝑘 log (𝜋𝑗𝑓𝑗(𝜌𝑘|𝜃𝑗))

2

𝑗

𝑁

𝑘

− 𝜆(∑𝜋𝑗

2

𝑗

− 1) 

 

 

 

(2.32) 

In MoM, the moments (mean and standard deviation) of distributions are used 

to obtain the population meters. After the M-step, the updated population 

parameters are used to recalculate the conditional probabilities (membership 

variables). These steps are repetitively conducted (Figure 2. 8c, d, and e) until 

the estimated parameters do not vary significantly (Figure 2. 8f). As a result, 

the parameters are obtained from the EM algorithm. Overall, the pseudocodes 

for the Gaussian mixture model can be generated following this procedure 

(see Appendix). 

 

2.4.2. Inverse Gamma-Normal mixture model 

For the Inverse Gamma (1)-Normal (2) mixture model, the maximum 

likelihood estimation (MLE) method is used to calculate the population 

parameters because many iterations are required for the method of moments. 

When Eq. (2.7) and Eq. (2.8) are inserted into Eq. (2.31), the following 

equation is obtained. 

 

𝐿′ =∑𝑧1𝑘 log [
𝛽𝛼

𝛤(𝛼)
𝜌
𝑘
−𝛼−1 𝑒𝑥𝑝(−

𝛽

𝜌
𝑘

)] + 𝑧2𝑘 log [
1

√2𝜋𝜎2
𝑒𝑥𝑝 [−

(𝜌 − 𝜇)2

2𝜎2
 ]]

𝑁

𝑘

− 𝜆(∑𝜋𝑗

2

𝑗

− 1) 

 

 

(2.33) 

 

By applying the Lagrange multiplier method, the following equations are 

obtained. 

 

𝜋ො𝑗 =∑
�̂�𝑗𝑘

𝑁

𝑁

𝑖

 

 

 

(2.34) 

ψ(α̂) = logα̂ + log (∑zො1k

𝑁

𝑘=1

) − log (∑zො1k 𝑡𝑘⁄

𝑁

𝑖=1

) − (∑zො1k𝑙𝑜𝑔𝑡𝑘

𝑁

𝑘=1

) (∑zො1k

𝑁

𝑘=1

)⁄  

 

 

(2.35) 

β = α̂∑zො1k

𝑁

𝑘=1

(∑zො1k 𝑡𝑘⁄

𝑁

𝑘=1

)⁄  

 

 

(2.36) 

�̂� = (∑zො2k

𝑁

𝑘=1

𝑡𝑘) (∑zො2k

𝑁

𝑘=1

)⁄  

 

 

(2.37) 
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𝜎ො = √[∑ �̂�2𝑘(𝑡𝑘 − �̂�2)
2

𝑁

𝑘=1

] (∑ �̂�2𝑘

𝑁

𝑘=1

)⁄  

 

(2.38) 

 

As shown in the MLE procedure for single Inverse Gamma distribution, Eq. 

(2.35) and Eq. (2.36) cannot be solved directly. Thus, the following numerical 

procedure is used to solve the simultaneous equations. First, the initial 

estimation of α is obtained by the Method of Moments [Eq. (2.39)]. Then a 

recursive relation [Eq. (2.40)] is used to calculate α [151]. 

 

𝛼ො𝑖𝑛𝑖𝑡 = (∑zො1k

𝑁

𝑘=1

𝑡𝑘)

2

(∑zො1k(𝑡𝑘 − �̂�1)
2

𝑁

𝑘=1

)⁄ + 2 

 

 

(2.39) 

𝛼ො ← ψ−1 (𝑙𝑜𝑔𝛼ො + log(∑zො1k

𝑁

𝑘=1

)− log(∑zො1k 𝑡𝑘⁄

𝑁

𝑖=1

) − (∑zො1k

𝑁

𝑘=1

𝑙𝑜𝑔𝑡𝑘) (∑zො1k

𝑁

𝑘=1

)⁄ ) 
 

(2.40) 

 

In addition to this conventional EM implementation, some additional steps 

are added. First, the initialization of population parameters is carried out by 

allocating the smaller mean as the arithmetic means of the Inverse Gamma 

distribution because the mean of the gas-like distribution (Inverse Gamma 

distribution) should always be smaller than that of the liquid-like distribution 

(Normal distribution). Second, these initial parameters are estimated by 

applying the Gaussian mixture model depicted in section 2.4.1. for faster 

convergence [152]. 

 

2.4.3. Test of the algorithm 

    The designed algorithm is first tested by applying it to a synthetic data 

set. First, a set of Inverse Gamma random numbers is generated by sampling 

100,000 random numbers from an Inverse gamma distribution with the shape 

parameter α = 10 and the scale parameter β = 100 (𝜇𝐼𝑛𝑣𝐺𝑎𝑚 = 11.1111 

and 𝜎𝐼𝑛𝑣𝐺𝑎𝑚 = 3.9284). A set of 10,000 random numbers are chosen from 

the Normal distribution with the mean of 𝜇𝑁𝑜𝑟𝑚𝑎𝑙 = 16  and the standard 

deviation of 𝜎𝑁𝑜𝑟𝑚𝑎𝑙 = 3 . These two sets of data are mixed to synthesize 

Inverse Gamma-Normal dataset with the proportions of πInvGam = 1.0, 0.8, 

0.6 , 0.4 , 0.2  and 0.0 . Then, the statistical mixture model is fitted to the 

synthetic data. The estimated fractions of the Normal distributions are 
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satisfactorily consistent with those of the synthetic data (Table 2. 1). The order 

of the magnitude of the MSE is O(10−6). Thus, the designed algorithm is 

further applied to the VLE system. 

 

2.4.4. Local density distributions of saturated vapor/liquid system 

Figure 2. 9 shows the local density distributions obtained from the NVT 

MD simulations at the vapor/liquid saturation curve and the Inverse Gamma-

Normal mixture fitting results. As the temperature approaches the critical 

point, the local density distributions of each phase become close to each other. 

The local density distributions of the saturated systems are bimodal. The 

Inverse Gamma-Normal mixture model is well fitted to the subcritical NVT 

MD simulation data (Table 2. 2). However, the difference between the 

simulations and the model increases as the temperature approaches the critical 

point. The reason for this increase can be inferred from the random 

percolation theory. As the temperature approaches 𝑇𝑐, the probability of a site 

being occupied in a vapor phase increases, whereas that in a liquid phase 

decreases. Thus, the Inverse Gamma-Normal mixture model is not adequate 

to describe the local density distributions of near-critical and supercritical 

fluids.   
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Table 2. 1. Mixture model estimation for the synthetic data. 
 

πNormal
𝑚𝑖𝑥𝑒𝑑  πNormal

𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 −𝐿 (× 105) 𝑀𝑆𝐸 (× 106) 

0.0 0.0200 1.3647 0.1789 

0.2 0.2031 1.5602 0.0625 

0.4 0.4071 1.6324 0.1799 

0.6 0.5951 1.6208 0.0506 

0.8 0.7981 1.5219 0.1179 

1.0 0.9800 1.3050 0.1013 
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Figure 2. 9. Local density distributions of saturated vapor/liquid systems at 

(a) Tr = 0.82, (b) 0.89 and (c) 0.97. 
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Table 2. 2. Statistical measures and Inverse Gamma-Normal model 

estimations for the Vapor-Liquid Equilibria (VLE) data. 
 

Tr 

Vapor phase Liquid phase MSE 

(×10-5) μGas σGas πGas μLiq σLiq πLiq 

0.74 
0.0378 

(0.0379) 

0.0238 

(0.0243) 

0.5000 

(0.4999) 

0.7131 

(0.7134) 

0.0914 

(0.0910) 

0.5000 

(0.5001) 
0.4410 

0.82 
0.0708 

(0.0711) 

0.0421 

(0.0443) 

0.5000 

(0.4996) 

0.6563 

(0.6573) 

0.0989 

(0.0982) 

0.5000 

(0.5004) 
1.3692 

0.89 
0.1272 

(0.1272) 

0.0689 

(0.0728) 

0.5000 

(0.5001) 

0.5841 

(0.5823) 

0.1076 

(0.1103) 

0.5000 

(0.4999) 
3.7218 

0.97 
0.1931 

(0.1764) 

0.0903 

(0.0799) 

0.5000 

(0.3848) 

0.4267 

(0.3932) 

0.1216 

(0.1370) 

0.5000 

(0.6152) 
3.2491 

a The values in parentheses indicate the estimated results from the statistical 

mixture model. 
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2.4.5. Lognormal-Nakagami mixture model     

Because the Inverse Gamma-Normal mixture model is not satisfactorily 

fitted to the near-critical saturated vapor/liquid systems, a different statistical 

mixture model is derived by considering the large density fluctuation. When 

a system is near the critical point, the density fluctuations in vapor and liquid 

make inhomogeneous structures in both phases. For vapor, the associated gas 

structure would be observed. For liquid, the large density fluctuation would 

generate low-density molecules which correspond to bubbles in an expanded 

liquid. A Lognormal distribution whose tail is not more substantial than the 

Inverse Gamma distribution is known to describe the Poisson distribution. 

Thus, a Lognormal distribution is used as an alternative analytic expression 

for the near-critical vapor phase. For the liquid density distribution, the 

Nakagami distribution whose skewness is larger than zero, but smaller than 

the Gamma distribution is used to describe the liquid-like distribution. 

 

𝑓𝐿𝑛(ρ; 𝜇𝑙 , 𝜎𝑙) =
1

√2𝜋𝜎𝑙𝜌
exp [−

(𝑙𝑜𝑔 𝜌 − 𝜇𝑙)
2

2𝜎𝑙
2 

]  

 

 

(2.41) 

𝑓𝑁𝑎𝑘𝑎𝑔𝑎𝑚𝑖(𝜌;𝑚, Ω) =
2𝑚𝑚

Γ(𝑚)Ω𝑚
𝜌2𝑚−1 exp (−

𝑚

𝛺
𝜌2) 

 

 

(2.42) 

Figure 2. 10 shows that the Lognormal and Nakagami distributions are well 

fitted to the saturated near-critical fluids at Tr = 0.97 . In case of the 

Lognormal-Nakagami mixture model, MoM  can be used to obtain the 

population parameters as follows. The first and second moments of the 

Lognormal distribution and the Nakagami distribution are defined as:  

 

�̂�𝐿𝑛 = exp (𝜇�̂� +
𝜎ො𝑙
2

2
 ) ; 𝜎ො𝐿𝑛

2 = {exp(𝜎ො𝑙
2) − 1}exp (2μl̂ + 𝜎ො𝑙

2) 
 

(2.43) 

 

�̂�𝑁𝑎𝑘𝑎𝑔𝑎𝑚𝑖 =
Γ(�̂� + 1 2⁄ )

Γ(�̂�)
(
Ω̂

�̂�
)

1/2

;  𝜎ො𝑁𝑎𝑘𝑎𝑔𝑎𝑚𝑖
2 = Ω̂ (1 −

1

�̂�
(
Γ(�̂� + 1 2⁄ )

Γ(�̂�)
)

2

) 

 

 

(2.44) 

From Eq. (2.43), the population parameters of the Lognormal distribution are 

obtained as: 
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Figure 2. 10. Local density distributions of saturated vapor and liquid at Tr =
0.97. 
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𝜎ො𝑙
2 = log (

𝜎ො𝐿𝑛
2

�̂�𝐿𝑛
2 + 1) ; �̂�𝑙 = log �̂�𝐿𝑛 −

𝜎ො𝑙
2

2
 

 

 

(2.45) 

Eq. (2.44) contains Gamma function Γ(m). Thus, the spread parameter Ω of 

the Nakagami distribution is first calculated and used to solve the following 

equation. 

 

Ω −
Γ2(m)mμNakagami

2

Γ2 (m +
1
2)

= 0 

 

 

(2.46) 

Because μNakagami  is always greater than zero and m  is usually smaller 

than ten (0 < m < 10), the second term in the left side of Eq. (2.46) is always 

monotonically decreasing function. Therefore, the initial value of m is set to 

be 10 and Newton-Raphson method is used to solve the equation. These 

population parameters are again used to obtain the first and second moments 

of the distribution. This procedure is repeated until the estimated parameters 

converge. 

Before applying the Lognormal-Nakagami mixture model to 

supercritical LJ fluids, the statistical measures and some characteristics of the 

local density distributions are analyzed. Figure 2. 11 shows some of the local 

density distributions of LJ fluid at Tr = 1.05 . Unlike the subcritical local 

density distributions, the local density distributions obtained at Tr = 1.05 

are unimodal and show continuous change from a right-skewed asymmetric 

to more symmetric distribution. Hence, the structural transition in the 

supercritical fluid is continuous unlike the first order phase transition 

observed in the subcritical region. It should also be noted that the standard 

deviation of the local density distribution becomes maximum near the critical 

density. Table 2. 3 shows the statistical measures of the local density 

distributions. The mean local density 〈𝜌〉 is defined as: 
 

〈𝜌〉 =∑
𝜌𝑖
𝑁

𝑁

𝑖

 

 

(2.47) 

 

The skewness decreases as ρbulk increases, but it is still positive. The 

positive skewness indicates that the Normal distribution cannot express the 

local density distribution of supercritical LJ fluid even at high density. 
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Table 2. 3. Statistical measure of the local density distributions of supercritical 

LJ fluids at Tr = 1.05. 
 

ρbulk (ρr) 〈ρ〉 σ S 

0.0611 (0.2) 0.0752 0.0394 2.080 

0.1222 (0.4) 0.1486 0.0708 1.4623 

0.1833 (0.6) 0.2178 0.0930 1.0843 

0.2443 (0.8) 0.2824 0.1068 0.7980 

0.3054 (1.0) 0.3431 0.1139 0.5778 

0.3665 (1.2) 0.4011 0.1161 0.4143 

0.4276 (1.4) 0.4577 0.1149 0.2916 

0.4887 (1.6) 0.5136 0.1108 0.2090 

0.5498 (1.8) 0.5700 0.1056 0.1696 

0.6108 (2.0) 0.6271 0.0995 0.1266 
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Figure 2. 12a shows the relationship between the bulk density and the 

mean local density. The difference between the bulk density and the mean 

local density becomes maximum at ρr = 0.8 . This change in the local 

densities is consistent with that obtained from the coordination number. The 

local density augmentations ( Δρeff 𝜌𝑐⁄ = (〈𝜌⟩ − 𝜌𝑏𝑢𝑙𝑘) 𝜌𝑐⁄  ) can also be 

calculated from the Voronoi tessellation. These parameters also showed 

similar behaviors compared to those calculated from the local coordination 

number (Figure 2. 12b). These results substantiate that the fundamental 

aspects of the local density defined by the Voronoi tessellation are same to 

that defined from the local coordination number.  

When Lognormal-Nakagami mixture model is applied to the local 

density distributions of near-critical fluids at Tr = 1.05, the mixture model 

is well fitted to the density distributions (Figure 2. 13 and Table 2. 4). From 

the Lognormal-Nakagami mixture model, the fraction of gas-like molecules 

(πGas ), the mixture weights of the gas-like distributions, is obtained as a 

function of ρr. πGas shows an inverse sigmoidal dependence on the reduced 

density (Figure 2. 14). 

 

π𝑔𝑎𝑠 = 1 −
1

1 + 𝑎exp(−𝑏𝜌𝑟)
    

 

(2.48) 

 

The fitting parameters a  and b  are 1809.05  and 8.352  at Tr = 1.05 , 

respectively. This inverse sigmoidal dependence can be explained by 

assuming the equilibrium between gas-like and liquid-like molecules: 

 

𝐴(𝑔) ⇋ 𝐴(𝑙); 𝐾𝑒𝑞 =
𝑋𝑙
𝑋𝑔
= exp(−

ΔG‡

kBT
) 

 

(2.49) 

 

Because ΔG‡  is proportional to (ρ − ρc)/𝜌c  near the critical point, the 

liquid-like fraction 𝑋𝑙 becomes: 

 

𝑋𝑙 =
1

1 + 𝑎𝑒𝑥𝑝(−𝑏𝜌𝑟)
 

 

(2.50) 
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Figure 2. 11. Local density distributions of Supercritical LJ fluid at Tr =

1.05. 
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Figure 2. 12. Bulk density dependence of (a) mean local densities and (b) 

local density augmentations and (c) enhancement factor of the LJ fluid at 

𝐓𝐫 = 𝟏. 𝟎𝟓 defined from the Voronoi tessellation. 
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Figure 2. 13. Lognormal-Nakagami mixture model for the supercritical fluids 

at Tr = 1.05. (a) ρr = 0.7 (b) ρr = 0.9 (c) ρr = 1.1. 
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Table 2. 4. Statistical measures and Lognormal-Nakagami mixture 

estimations for the supercritical LJ fluid at 𝑻𝒓 = 𝟏. 𝟎𝟓. 
 

Reduced 

density 

(ρr) 

Gas-like distribution Liquid-like distribution 
Gas-like 

fraction MSE 

(×10-5) μGas σGas μLiq σLiq πGas 

0.2 0.0743 0.0352 0.3050 0.0459 0.9970 1.3495 

0.4 0.1431 0.0637 0.3050 0.0732 0.9678 3.1328 

0.6 0.1998 0.0803 0.3050 0.1010 0.8589 0.8623 

0.8 0.2551 0.0970 0.3306 0.1030 0.6524 0.3534 

1.0 0.2957 0.0982 0.3885 0.1074 0.4619 0.2560 

1.2 0.3050 0.0790 0.4181 0.1118 0.1927 0.9973 

1.4 0.3050 0.0436 0.4639 0.1117 0.0355 1.4704 

1.6 0.3050 0.0167 0.5145 0.1097 0.0048 0.7420 

1.8 0.3050 0.0216 0.5715 0.1047 0.0012 0.2174 

2.0 0.3050 0.0162 0.6282 0.0995 0.0007 1.0197 
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Hence, the inverse sigmoid function suggests that the gas-like fraction can be 

used as an order parameter to define liquid-like and gas-likeness of a system; 

πgas is unity when a system is gas-like, whereas zero when the system is 

liquid-like. 

Despite its usefulness, however, the statistical mixture model shows 

some limits. Because it is based on the hypothesis that the liquid-like 

distribution and gas-like distribution should always follow the same 

parametric distributions regardless of the thermodynamic conditions, the 

Lognormal-Nakagami mixture model shows poorer fit when the temperature 

increases above the near-critical region. This comes from the fact that the 

local density distributions of liquid-like supercritical fluids cannot be 

perfectly symmetric even at high densities. As shown in the Figure 2. 15, the 

skewness of the local density distribution of supercritical fluids at high 

densities increases when the temperature increases. Gamma distribution can 

satisfactorily represent the local density distribution of high-density 

supercritical fluid at Tr = 2.5. Thus, another approach for defining the gas-

likeness (liquid-likeness) of supercritical fluids is designed, which is not 

based on the shape invariance hypothesis. 
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Figure 2. 14. Gas-like fraction estimated from the Lognormal-Nakagami 

mixture model at 𝐓𝐫 = 𝟏. 𝟎𝟓. 
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Figure 2. 15. Best-fitting parametric distributions for the high-density 

supercritical fluids (ρr = 2.0) at (a) Tr = 1.05 and (b) Tr = 2.50. 
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2.5. Probabilistic classification 
  

2.5.1. Algorithmic details 

   Based on the EDA on the bivariate probability distribution of the local 

density and the mean local density of the central atom and its nearest Voronoi 

neighbors, a probabilistic classification algorithm can be designed as follows.  

The algorithm starts by selecting a Voronoi cell randomly. The mean local 

density of the selected cell and its nearest neighbors (ρ̅ ) is calculated and 

compared to ρc . If it is higher than ρc , the central atom and its nearest 

neighbors are classified as liquid-like (state 1) particles. Otherwise, they are 

considered as gas-like (state 0) molecules. This sampling procedure is without 

replacement; the selected Voronoi neighbors and the central molecule are 

excluded from the next random selection of a Voronoi cell. This procedure is 

repeated until all the molecules in all the configurations obtained from the 

MD simulations are classified.  

As easily expected from this procedure, the classification result is not 

deterministic. An identity of a molecule can change depending on the order 

of the random selection. Thus, the algorithm is applied to each configuration 

for a given number of trials and the state numbers obtained are averaged. As 

a result, one can obtain a matrix of probability that a molecule is classified as 

liquid-like one. This probability information can be used as it is obtained, or 

a semi-probabilistic approach can be further applied: when the liquid-like 

probability of a molecule is higher than 0.5, it is regarded liquid-like. 

Otherwise, it is classified as a gas-like one. 

    After the classification is finished, an algorithm for the analysis of the 

percolation clusters named MergeCluster (Figure A. 9) is applied as follows. 

If a classified central atom has a neighbor whose identity is same to the central 

particle, they are merged as a cluster. When there is no neighbor whose 

identity is same to the cluster, a molecule among the non-visited molecules is 

chosen randomly, and the cluster analysis starts again. This procedure is 

repeated for all the atoms in the classified configurations. As a result, the 

percolation cluster structures of each configuration are obtained. 
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2.5.2. Test of the algorithm 

    The non-deterministic nature of the designed algorithm seems to be 

incomplete at first sight. However, this feature readily reflects the fuzzy 

nature of the supercritical fluid. Unlike the ferromagnetic transition, no 

dichotomous strategy exists to distinguish gas-like and liquid-like molecules. 

Instead, it should be given as a probability. Furthermore, it is quickly expected 

that the identity of a molecule changes vigorously near the critical point due 

to density fluctuations. 

    To validate the robustness of the algorithm and find out how many trials 

are required for the convergence, the convergence behavior is estimated by 

using Eq. (2.51). 

 

Δj =
1

𝑁𝑐
∑

∑ |𝜋𝑖,𝑘
𝑗
− 𝜋𝑖,𝑘

𝑗−1
|

𝑁𝑚
𝑖

𝑁𝑚
 

𝑁𝑐

𝑘

 

 

(2.51) 

 

Here, πi,k
𝑗

  indicate cumulative mean from the 1st  to jth  trial of the 

probabilities that the ith  molecule in the kth  configuration is liquid-like. 

Nc  is the number of configurations, Nm  is the number of molecules in a 

configuration. Figure 2. 16 shows Δj as a function of the number of trials 

and the bulk density. As the number of trials increases, Δj decreases. Small 

Δj  indicates that the identity of an individual molecule does not vary 

significantly when enough number of trials are given. The dependence of Δj 

on the bulk density reflects the existence of large density fluctuations near the 

critical point. When ρbulk is far above or below ρc, Δj rapidly converges 

to zero. For ρbulk ≅ 𝜌𝑐 , many trials are required for the convergence. 

Therefore, the algorithm is applied to all the simulation results for a hundred 

times. 
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Figure 2. 16. Convergence test of the designed classification procedure on the 

supercritical LJ system at Tr = 1.05. 
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2.5.3. Application 

    The probabilistic classification algorithm is first applied to the 

subcritical vapor and liquid. The fractions of gas-like molecules in the 

saturated vapor and liquid systems at Tr = 0.76 are obtained as 0.997 and 

5.0 × 10−4 . This demonstrates the validity of the procedure. Thus, the 

algorithm is further applied to the simulation results at supercritical 

conditions. When the semi-probabilistic approach is used to analyze the 

simulation results at Tr = 1.05 , πGas(𝜌𝑏𝑢𝑙𝑘)  follows the similar behavior 

observed when the Lognormal-Nakagami mixture model is applied (Figure 2. 

17a). It follows the inverse sigmoidal curve and is consistent with the 

estimation results from the Lognormal-Nakagami mixture model.  

Although this probabilistic classification strategy does not give the 

analytic expressions for the gas-like and liquid-like distributions, it seems that 

the probabilistic classification algorithm is superior to the Lognormal-

Nakagami mixture model for the following reasons. First, the algorithm 

makes it possible to assign the liquid-likeness of an individual atom. Second, 

the sum of gas-like and liquid-like distribution is always same to the total 

local density distribution. Third, it does not depend on the shape invariance 

hypothesis. Thus, the probabilistic classification algorithm is further applied 

to higher temperature simulation results.  

The slope of the πGas  curve at πGas = 𝜋𝐿𝑖𝑞 = 0.5  depends on the 

temperature. As the temperature increases, the slope increases and converges 

to a certain extent. This result indicates that the structural transition in 

supercritical fluids is primarily affected by the competition between the 

attractive interaction and kinetic energy of individual molecules. From the 

inverse sigmoidal curve, two percolation transition densities and the 

supercritical gas-liquid transition density can also be inferred. Because the 

supercritical gas-liquid boundary is defined as a set of thermodynamic states 

where the gas-like to liquid-like transition occurs, supercritical gas-liquid 

transition density (ρSGL) should be the density where πGas(= 𝜋𝐿𝑖𝑞) becomes 

0.5 . The percolation transition loci are believed to bound the supercritical 

mesophase where the supercritical gas-liquid transition mainly occurs [91,99]. 

Thus, the percolation transition loci are defined by the inverse sigmoidal 

curve as the densities where the tangential line at πGas = 0.5 meets πGas =

0 and πGas = 1. From Eq. (2.48), thus, the transition densities are calculated 

as: 
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ρPB =
log(𝑎) − 2

𝑏
; ρSGL =

log(𝑎)

𝑏
;  ρPA =

log(𝑎) + 2

𝑏
 

 

(2.52) 

 

Each of the percolation transition density is called the percolation transition 

density of the bonded clusters (ρPB) and the percolation transition density of 

the available volumes (ρPA).  

    The physical meanings of these transition densities (ρSGL, ρPB, and ρPA) 

can be more clearly inferred from the probabilistic approach. When the 

probabilistic classification algorithm is repeatedly applied to a configuration, 

one can find that some of the molecules do not change their identities 

regardless of the order of selection. These molecules can be called ‘perfectly 

liquid-like (gas-like)’ molecules. Figure 2. 17b and 2. 17c show the fraction 

of perfectly gas-like (πGas
𝑝𝑒𝑟𝑓𝑒𝑐𝑡

) and perfectly liquid-like (πLiq
𝑝𝑒𝑟𝑓𝑒𝑐𝑡

) molecules. 

Both are well expressed by an inverse sigmoidal and a sigmoidal curve. It can 

be easily seen that πLiq
𝑝𝑒𝑟𝑓𝑒𝑐𝑡

  starts to increase near ρPB  and πGas
𝑝𝑒𝑟𝑓𝑒𝑐𝑡

 

decreases to zero near ρPA  as ρbulk  increases. ρSGL  can be found as the 

density where πLiq
𝑝𝑒𝑟𝑓𝑒𝑐𝑡

 and πgas
𝑝𝑒𝑟𝑓𝑒𝑐𝑡

 meet each other. The invariance of the 

identities demonstrates that these particles are located at the center of the gas-

like/liquid-like structure obtained from the semi-probabilistic method. In 

other words, they are similar to the nuclei observed in the first order phase 

transition (condensation/evaporation). Thus, ρPB  is defined as the density 

where the bonded clusters (liquid-like clusters) appear when the density 

increases. ρPA is the density at which the gas-like bubbles appear as ρbulk 

decreases.  
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Figure 2. 17. (a) Gas-like fractions, (b) perfectly gas-like fractions, and (c) 

perfectly liquid-like fractions of supercritical LJ fluid estimated from the 

probabilistic classification.  
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    Figure 2. 18 shows the percolation transition loci and the supercritical 

gas-liquid boundary obtained at a wide range of temperatures. The transition 

densities show the power law dependence on the reduced temperature 

( ρtrans,r = 𝑎𝑇𝑟
𝑏 + 𝑐 , trans = SGL, PA, and PB ). As the temperature 

increases, ρSGL  converges to 0.95ρc . This convergence behavior can also 

be understood considering the dependence of the system mean local densities 

〈𝜌〉. In near-critical condition, the mean local densities are much higher than 

the bulk density due to the large density fluctuation near the critical point. 

When the temperature increases, the kinetic energy of a molecule becomes so 

high that the attractive forces lose its influence on the structure. Thus, the 

difference between 〈𝜌〉 and ρbulk decreases and the supercritical gas-liquid 

transition density approaches higher density; more particles per unit volume 

is required for the gas-liquid structural transition. The same explanation can 

be applied for the bubble nucleation at ρPA; the density fluctuation facilitates 

the formation of the bubble-like structure at high density near the critical point. 

Thus, ρPA  decreases to a certain extent as the temperature increases. The 

convergence densities of percolation transition loci are ρPB = 0.81ρc, and 

ρPA = 1.15ρc . These values are consistent with the percolation transition 

densities (ρPB
′ = 0.84 𝜌𝑐, ρPA

′ = 1.17 𝜌𝑐) that are estimated from the rigidity 

calculation of LJ fluid [92].  

The semi-probabilistic classification result enables us to visualize the 

liquid-like and gas-like percolation clusters (Figure 2. 19). The local density 

distribution of supercritical LJ fluids changes from skewed to almost 

symmetric distribution as ρbulk increases. The shapes of larger distributions 

at each condition are similar to those obtained from the Lognormal-Nakagami 

mixture model. However, the smaller distributions with low mixture weights 

are broader than those obtained in the statistical mixture model. At ρr = 0.72, 

the liquid-like droplets are dispersed in the space. As ρbulk increases, these 

droplets grow and form a single liquid-like structure. The shapes of the liquid-

like and gas-like structures near the critical density are not spherical. They are 

highly branched and intertwined with each other. At ρr = 1.31 , gas-like 

bubbles are dispersed in the dense liquid-like supercritical fluid. These 

morphological changes are consistent with those observed in the first order 

phase transitions as well as the two-dimensional lattice model. 
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Figure 2. 18. Supercritical gas-liquid transition lines on (a) pT diagram and 

(b) ρT diagram. 
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The only dissimilarity between the supercritical gas-liquid transition and the 

first-order phase transition is the continuity of the changes. In the first order 

phase transition, the structural change only occurs at a certain density. On the 

other hand, the transition occurs continuously as ρbulk increases. 

    The MergeCluster algorithm mentioned in section 2.5.1 is applied to 

examine the structural percolation in the supercritical fluid quantitatively. The 

average number of liquid-like percolation clusters reaches its maximum at 

𝜌𝑃𝐴, whereas that of gas-like percolation clusters is maximum near 𝜌𝑃𝐵. At 

ρSGL, the average numbers of gas-like and liquid-like percolation clusters are 

almost ones. In the percolation theory, it is known that the percolation cluster 

size distributions (P(ns)) follow the power law at the percolation threshold 

densities (ρ = ρc). 

 

P(n𝑠)~𝑠
−𝜏 (2.53) 

 

P(ns) is the probability that a cluster of size s is discovered among all the 

clusters and ns  is the number of these clusters. The random percolation 

theory states that the exponent τ is 2.18 in three- dimensional infinite lattice 

system. 

    Figure 2. 20 shows the dependence of P(ns,Liq) and P(ns,Gas) on the 

size of clusters at Tr = 1.05 and Tr = 2.50 near the percolation transition 

densities. At ρPA and ρPB, the size distributions of liquid-like and gas-like 

percolation clusters can be expressed by the power law relationship given in 

Eq. (2.53) as the random percolation theory states.  
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Figure 2. 19. Local density distributions and configurations of supercritical 

mesophase at Tr = 1.05 . (a) ρbulk,r = 0.6  (b) ρbulk,r = 0.8  and (c) 

ρbulk,r = 1.0. 
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Figure 2. 20. Percolation cluster size distributions of the configurations at 

Tr = 1.05 and Tr = 2.50. (a) Liquid-like clusters and (b) Gas-like clusters. 
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2.6. Summary 
 

    In this Chapter, data science models (statistical mixture model and 

probabilistic classification algorithm) are designed and tested to quantify the 

gas-like (liquid-like) fraction of supercritical LJ fluids. Two statistical 

mixture models (Inverse Gamma-Normal and Lognormal-Nakagami) are first 

designed based on the hypothesis that the gas-like and liquid-like distributions 

can be expressed as parametric distributions. The mixture models are well 

fitted to the subcritical conditions and supercritical fluids near the critical 

point. However, an increase of skewness in the liquid-like supercritical fluids 

at high temperature implies that the shape invariance hypothesis of the 

statistical mixture model is broken when the temperature is much higher than 

the critical temperature. Therefore, a probabilistic classification algorithm 

based on the neighbor information is designed from the Exploratory Data 

Analysis. The supercritical gas-liquid boundary and the percolation transition 

loci estimated from the classification algorithm are satisfactorily consistent 

with those obtained from the bulk thermodynamic calculations. The 

morphology of near-critical fluids is also consistent with the results from two-

dimensional lattice model and the first-order phase transition at subcritical 

conditions. These results verify the robustness of the designed algorithm. 

Therefore, in the following chapters, the probabilistic classification procedure 

is applied to the pure fluid models and the dilute supercritical mixture to 

explore their phase behavior in the supercritical mesophase. 
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Chapter 3. Simple fluids 
 

 

3.1. Overview 
 

In this Chapter, the probabilistic classification procedure designed in 

Chapter 2 is applied to simple real fluids. The simple fluid models studied 

include argon (Ar ), methane (CH4 ), ethane (C2H6 ), oxygen (O2 ), nitrogen 

(N2 ), and carbon dioxide (CO2 ). In the subcritical region, these fluids are 

known to follow the corresponding state principle. The corresponding state 

principle states that the thermodynamic behaviors of any substances are same 

at the same reduced temperature and pressure. By applying the designed 

algorithm, it is discovered that the supercritical gas-liquid boundaries of these 

substances show quasi-universal dependence on the temperature and density. 

The quasi-universality means that the structures and dynamics of simple 

fluids (fluids without excessive polar forces and hydrogen bonds) are same at 

the same thermodynamic conditions. From the pT  diagrams of these 

substances, it is also shown that the slope of the supercritical gas-liquid 

boundary is strongly correlated with the critical compressibility factor (Zc), 

which is also known as the function of the acentric factor. These results 

substantiate that the extended corresponding state principle is also valid for 

the non-polar substances over the supercritical region. 
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3.2. Simulation details 
 

For all the MD simulations, LJ type interatomic potential given in Eq. 

(1.7) is used. Table 3. 1 shows the forcefield parameters of the substances 

studied in this work. The forcefield parameters for  O2, N2, CH4, C2H6 and 

CO2  are from the Transferrable Potentials for Phase Equilibria (TraPPE) 

developed by Siepmann group [105,153,154]. TraPPE forcefield has been 

widely utilized for classical molecular simulations (Monte Carlo and 

Molecular Dynamics) of phase equilibria. Its performance has been proven 

by many works on subcritical and supercritical and regions [155–160]. For 

Ar, the forcefield parameters are taken from the work by Rowley, Nicholson, 

and Parsonage [161]. This forcefield has been used to simulate the phase 

behavior of sub- and supercritical Ar . For polyatomic species, the 

interatomic potential between different atoms is calculated by the Lorentz-

Berthelot combining rule given in Eq. (1.8). The same procedure used in 

Chapter 2 is used to estimate critical points and obtain the configurational 

information of all the substances. The cut-off radius is set to be rcut = 16.0 Å. 

An analytic tail contribution is calculated and added to the interatomic 

potential. The number of molecules is maintained 1,000 . The timestep is 

0.001 fs, and the systems are equilibrated for 100,000 steps. An additional 

data production run is conducted in 1,000,000  steps. The configurational 

data are collected every 10,000 steps, and the pressure data is cumulatively 

averaged every 1,000  steps to calculate the equilibration pressure of a 

system. 
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Table 3. 1. Forcefield parameters. 

 

Nonbonded interactions 

Molecule Pseudoatoms ϵ/kB [K] σ [Å] q [e] 

Ar Ar 119.8 3.405 0.000 

CH4 CH4 148.0 3.730 0.000 

C2H6 CH3 98.0 3.750 0.000 

C2H6 CH3 98.0 3.750 0.000 

O2 O 49.0 3.020 -0.113 

O2 Ma 0.0 0.000 0.226 

N2 N 36.0 3.310 -0.482 

N2 Ma 0.0 0.000 0.964 

CO2 C 27.0 2.800 0.700 

CO2 O 79.0 3.050 -0.350 

a M means point charge. 

Bond Parameters 

Molecule Stretch Length [Å] Harmonic constant b 

C2H6 CH3-CH3 1.540 None 

N2 N-M 0.550 None 

O2 O-M 0.605 None 

CO2 C-O 1.160 None 

Angle Parameters 

Molecule Stretch Angle [°] Harmonic constant b 

N2 N-M-N 180.0 Rigid 

O2 O-M-O 180.0 Rigid 

CO2 O-C-O 180.0 Rigid 

b TraPPE forcefield is a rigid model. 



 

 90 

3.3. Results and discussion 
 

3.3.1. Estimation of critical points 

    Table 3. 2 shows the critical points estimated from the flat top proposal 

and the law of the rectilinear diameters. According to the law of the rectilinear 

diameters, the critical point of a substance is estimated from the following 

equations [162]. 

 

1

2
(𝜌𝐿𝑖𝑞 + 𝜌𝑉𝑎𝑝) ≅ 𝜌𝑐 + 𝐴𝑓𝑖𝑡(𝑇𝑐 − 𝑇) 

 

(3.1) 

 

ρLiq − 𝜌𝑉𝑎𝑝 ≅ 𝐵(𝑇𝑐 − 𝑇)
𝛽 (3.2) 

 

The critical exponent β is usually set to be 0.333. Critical pressure (pc) is 

estimated from the Antoine equation. Because the saturated vapor/liquid 

system information can be easily obtained from the Gibbs Ensemble Monte 

Carlo (GEMC) simulation [163], the law of the rectilinear diameters has 

frequently been used to estimate the critical point by extrapolating Eq. (3.1). 

However, because the law of the rectilinear diameter uses the extrapolation 

scheme and its uncertainty increases depending on the choice of the critical 

exponent, the critical points estimated based on the flat top proposal are 

continuously used for the selection of the thermodynamic states in the 

supercritical region. 

 

3.3.2. Statistical measures 

    The configurations obtained from the NVT MD simulations are 

partitioned into 1,000 Voronoi cells to obtain the local density distributions 

and their statistical measures. The simple fluids chosen in this work are 

polyatomic molecules except for Argon. Thus, the center of mass (COM) of 

each substance is designated as the seed of a Voronoi cell. Figure 3. 1 shows 

the mean local density (〈𝜌〉) of the substances. At the same temperature, the 

reduced mean local densities of the simple fluids almost coincide with each 

other. The local density augmentation of each substance (Δρeff 𝜌𝑐⁄ ) are also 

calculated (Figure 3. 2).  
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Table 3. 2. Critical points of simple fluid models estimated from the flat top 

proposal. 
 

Molecules Tc [K] pc [bar] ρc [kg/m3] Zc 

Ar 164.3 63.9 471.3 0.402 

CH4 199.5 56.5 147.2 0.376 

C2H6 312.1 60.1 195.5 0.360 

O2 158.0 58.4 398.8 0.361 

N2 130.0 38.6 291.9 0.347 

CO2 312.0 86.5 452.3 0.329 
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Figure 3. 1. Bulk density dependence of the mean local densities of the model 

fluids at Tr = 1.05. 
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The local density augmentation decreases when the temperature increases as 

Tucker et al. reported in their work [94]. Non-polar substances (Ar, CH4 and 

C2H6 ) and O2  shows the similar local density augmentations. The local 

density augmentations of N2 and CO2 were slightly different from the non-

polar substances. This slight difference would come from the electrostatic 

interaction between molecules. As shown in Table 3. 1, O2 , N2  and CO2 

are modeled with point charges (𝑞𝑖). These electrostatic interactions provide 

an additional attraction between molecules, which results in slightly higher 

local density augmentations in these molecules [120]. 

 

3.3.3. Quasi-universality of supercritical gas-liquid transition 

    The gas-like fractions of non-polar supercritical fluids are calculated 

harnessing the designed classification algorithm. Figure 3. 3a and 3. 3b show 

the fractions of gas-like molecules at Tr = 1.05 and Tr = 1.30. πGas of all 

the substances follow the same behavior. This same behavior indicates that 

the existence of the weak electrostatic interactions between molecules does 

not significantly affect the structural transition in supercritical fluids. As 

shown in Chapter 2, the change in slope of the tangential line at πGas = 0.5 

at high temperature reflects the increase of the kinetic energy of individual 

molecules. 

Figure 3. 4 shows the transition densities (ρSGL, ρPA, and ρPB) of the 

simple fluids. Two kinds of quasi-universality of the supercritical structure 

transition can be observed. First, as expected in section 3.3.2, the transition 

densities of all the substances are very similar to each other at the ρr − 𝑇𝑟 

plane. Carbon dioxide shows the largest deviation from the averaged curve. 

This would originate from the quadrupolar moments of CO2 molecules. 

Second, the convergence behaviors of ρSGL  indicate that the hard sphere 

paradigm is practically valid above 3Tc. Hard sphere paradigm states that the 

dynamics and structure of liquid state can be satisfactorily represented by 

simple hard sphere potential, which is: 

 

𝜙𝐻𝑆(𝑟) = {
∞               (𝑟 ≤ 𝜎)
0                (𝑟 > 𝜎)

 

 

(3.3) 
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Figure 3. 2. Reduced local density augmentation of the model fluids at Tr =
1.10 − 1.30 (a) Ar, CH4, C2H6, O2 (b) N2 and CO2. 
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Figure 3. 3. Gas-like fractions of the simple fluid models at (a) Tr = 1.05 (b) 

Tr = 1.30. 
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When the temperature is high ( T ≥ 3Tc ), the supercritical gas-liquid 

transition densities do not vary significantly, which indicates that the 

repulsive interactions and entropic (depletion) force dominate the dynamics 

and structure of supercritical fluids. 

Figure 3. 5a shows the supercritical gas-liquid boundaries on the pT 

diagram. As observed in the supercritical LJ fluid (Chapter 2), the 

supercritical gas-liquid boundaries of all the substances on the pT diagram 

are linear. This result is not consistent with the pseudo-boiling lines defined 

by Banuti et al. (2016). According to Banuti et al., the system pressure at 

pseudo-boiling line near the critical point (𝑇𝑐 < 𝑇 < 1.3𝑇𝑐) is represented as 

an exponential function of the reduced temperature [100,101].  

 

pr = exp [
𝐴𝑆𝑅𝐾
𝑇𝑟

(𝑇𝑟 − 1)] 

 

 

(3.4) 

 

When the Soave-Redlich-Kwong (SRK) Equation of state is used, the 

slope ASRK is represented as: 

 

𝐴𝑆𝑅𝐾 = 5.51934 + 4.80640𝜔 − 0.537437𝜔2 (3.5) 

 

where ω is the acentric factor. As mentioned in Chapter 1, pseudo-boiling 

line only overlaps with the other supercritical gas-liquid boundaries defined 

by the other response functions near the critical point [164]. Furthermore, the 

acentric factor of the model fluids cannot be easily obtained from the MD 

simulations. Thus, the other parameters are used to explain the slope of the 

supercritical gas-liquid boundary obtained from the designed algorithm.  

To validate the three-parameter corresponding state hypothesis, 

therefore, the critical compressibility factor Zc  is used. It is hypothesized 

that the slope of the supercritical gas-liquid boundaries will be inversely 

proportional to Zc due to the following reasons. First, all the fluids selected 

in this work have its supercritical gas-liquid boundaries at the same ρr and 

Tr. Second, the convergence of the supercritical gas-liquid transition density 

at high temperature indicates that the compressibility factor of fluids on the 

supercritical gas-liquid boundary may also converge to a certain extent 

regardless of the substances. 
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Figure 3. 4. Supercritical gas-liquid boundaries and percolation transition 

lines of the simple fluid models on ρT diagram. 
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Figure 3. 5. (a) Supercritical gas-liquid boundaries and percolation transition 

lines of the simple fluid models on pT  diagram (b) Correlation between 

critical compressibility factor (Zc) and the slope of the supercritical gas-liquid 

boundary (pr/Tr).  
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Thus, the following simple relation is obtained. 

 

𝑝𝑟𝑣𝑟 =
𝑍𝑇𝑟
𝑍𝑐

→
𝑝𝑟
𝑇𝑟
=
𝜌𝑟𝑍

𝑍𝑐
  (high T) 

 

 

(3.6) 

 

Assuming the ideal gas assumption is also valid near the supercritical gas-

liquid boundary at high temperature (Z → 1), Eq. (3.6) becomes: 

 

𝑝𝑟,𝑆𝐺𝐿
𝑇𝑟,𝑆𝐺𝐿

=
0.95𝜌𝑐
𝑍𝑐

 ∝
1

𝑍𝑐
 (high T)  

 

 

(3.7) 

 

Figure 3. 5b shows the slopes of the supercritical gas-liquid boundaries on the 

pT diagram as functions of Zc
−1. The inverses of the compressibility factors 

and the slopes show strong linear relation. Because the pressure is not a strong 

function of density near the critical density, the supercritical gas-liquid 

boundaries obtained from the probabilistic classification algorithm has a form 

of pr,SGL = 𝐴(𝑇𝑟 − 1) + 1, where A = 3.00Zc
−1 − 3.75. This result not only 

demonstrates the validity of our hypothesis but also substantiates the three-

parameter corresponding state. Three-parameter corresponding state principle 

states that the structure and dynamics of fluids are same when the acentric 

factors (ω), reduced pressure (pr), and reduced temperature (Tr). Because the 

critical compressibility factor is also a function of the acentric factor, the 

sameness of the acentric factor implies the sameness of the critical 

compressibility factor [165]. 

 

Zc =
1

4.41 − 0.91exp (−2.1𝜔)
 

 

 

(3.8) 

 

 Inserting Eq. (3.8) into pr,SGL = 𝐴(𝑇𝑟 − 1) + 1, the following equation can 

be obtained. 

 

𝑝𝑟,𝑆𝐺𝐿 = (9.48 − 2.73 exp(−2.1𝜔))(𝑇𝑟 − 1) + 1 (3.9) 

 

Thus, this result substantiates the validity of the three-parameter 

corresponding state. 
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3.3.4. Comparison to experimental measurements 

    The classification results are compared to the experimental 

measurements to validate the results obtained from the designed algorithm. 

For the characterization of the inhomogeneous structure of supercritical fluids, 

as shown in Chapter 1, spectroscopic measurements are usually adopted 

[88,89,96,97,166]. Fluctuation theory of solutions (FST) is then utilized to 

analyze the spectroscopic measurements and calculate the ratio between local 

density (high density) and bulk density [109]. Ben Naim, Matteoli and 

Ruckenstein have proposed several definitions of the excess number of 

molecules around a molecule to quantify the local density augmentation of 

near-critical fluids [109,113,167]. Among them, the excess number definition 

proposed by Ruckenstein and Shulgin is known to be adequate for the analysis 

of the local density augmentation in near-critical fluids. Ruckenstein and 

Shulgin calculated the excess number of supercritical fluid molecules around 

a solvent and a solute molecule as: 

 

Δ𝑛𝑗𝑖 = 𝑐𝑗(𝐺𝑗𝑖 − 𝐺𝑗𝑖
𝑉) (3.10) 

 

where Gji
𝑉 is given as: 

 

{
𝐺12
𝑉 = 𝐺21

𝑉 = 𝑅𝑇𝜅𝑇 −
�̃�1�̃�2
�̃�

𝐺𝑖𝑖
𝑉 = 𝐺12

𝑉 + �̃�𝑗 − �̃�𝑖  (𝑖 ≠ 𝑗)
 

 

(3.11) 

 

Here, �̃�i is the partial molar volume of species 𝑖. From these expressions 

and the correlation length calculated by Nishikawa et al. [88,96], Ruckenstein 

and Shulgin calculated the excess density of supercritical fluid molecules and 

the ratio between local density and bulk density. 

The ratio between local density and bulk density should be calculated to 

compare the fluctuation analysis results with the molecular simulation results. 

How can one define the high-density region in supercritical fluids? Martinez 

et al. firstly attempted to define the high-density region in supercritical fluids 

[124]. They defined the high-density and low-density domains of two-

dimensional supercritical fluid as follows: 
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{

𝜌𝑙𝑜𝑐𝑎𝑙 = 𝜌ොℎ𝑖𝑔ℎ if 𝜌𝑙𝑜𝑐𝑎𝑙 > ⟨𝜌⟩ + 𝛿               

𝜌𝑙𝑜𝑐𝑎𝑙 = 𝜌ො𝑎𝑣𝑔 if ⟨𝜌⟩ − 𝛿 ≤ 𝜌𝑙𝑜𝑐𝑎𝑙 ≤ ⟨𝜌⟩ + 𝛿

𝜌𝑙𝑜𝑐𝑎𝑙 = 𝜌ො𝑙𝑜𝑤 if 𝜌𝑙𝑜𝑐𝑎𝑙 < ⟨𝜌⟩ − 𝛿                 

  

 

 

(3.12) 

 

 

where �̅� is the average number density defined as the number of molecules 

within a certain distance (𝜋𝑟𝑐𝑘
2 𝜌), and 𝛿 is 0.3�̅�. As easily expected, this 

definition is purely arbitrary. This difficulty would be attributed to the 

continuous Hamiltonian of the fluid phase. Thus, high-density and low-

density domain in supercritical fluids are newly defined based on the 

classification algorithm proposed in this work. High-density molecules (𝜌ොℎ𝑖𝑔ℎ) 

are defined as the ones whose local densities are higher than the mode of the 

liquid-like distribution characterized by the probabilistic classification 

algorithm. Low-density ones (𝜌ො𝑙𝑜𝑤) are the molecules whose local densities 

are smaller than the mode of the gas-like distribution. Thus, they are defined 

as: 

 

{
𝜌𝑙𝑜𝑐𝑎𝑙 ∈ 𝜌ොℎ𝑖𝑔ℎ 𝑖𝑓 𝜌𝑙𝑜𝑐𝑎𝑙 > 𝜌𝑙𝑖𝑞,𝑚𝑜𝑑𝑒
𝜌𝑙𝑜𝑐𝑎𝑙 ∈ 𝜌ො𝑙𝑜𝑤 𝑖𝑓 𝜌𝑙𝑜𝑐𝑎𝑙 < 𝜌𝑔𝑎𝑠,𝑚𝑜𝑑𝑒

 

 

(3.13) 

 

Table 3. 3 shows mean local density of high-density molecules, reduced bulk 

density and the ratio between 𝜌ොℎ𝑖𝑔ℎ and ⟨𝜌𝐿𝑜𝑐𝑎𝑙⟩. Like the gas-like fraction, 

the local density to bulk density ratio does not show significant substance 

dependence when it is calculated based on the reduced density and reduced 

temperature. When a power law equation is fitted to the ratio data, the 

following expression can be obtained. 

 

𝜌ොℎ𝑖𝑔ℎ ⟨𝜌𝐿𝑜𝑐𝑎𝑙⟩⁄ = 0.4078𝜌𝑏𝑢𝑙𝑘
−1.821 + 1.012 (𝜌𝑏𝑢𝑙𝑘,𝑟 > 0.35) (3.14) 

 

It should be noted that this power law expression is only valid when the 

reduced bulk density is larger than 0.35 because only a small fraction of 

supercritical fluid molecules is classified as liquid-like molecules when the 

bulk density is low. Figure 3. 6 shows the results from the fluctuation theory 

of solutions (FST) calculation results based on the spectroscopic 

measurements, obtained by Ruckenstein and Shulgin [108,109], and 

ρොhigh ⟨𝜌𝐿𝑜𝑐𝑎𝑙⟩⁄  from the simulation.   
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Table 3. 3. ρොhigh ⁄ (⟨ρLocal⟩) ratio of simple fluids at 𝑇𝑟 = 1.05. 

 

Fluids πGas ρr Ratio Fluids πGas ρr Ratio 

LJ 1.000 0.20 𝑛/𝑎 CH4 0.851 0.70 1.831 

LJ 0.991 0.40 3.114 CH4 0.609 0.85 1.563 

LJ 0.957 0.60 2.070 CH4 0.426 0.95 1.446 

LJ 0.727 0.80 1.612 CH4 0.258 1.05 1.372 

LJ 0.339 1.00 1.365 CH4 0.131 1.15 1.312 

LJ 0.072 1.20 1.264 CH4 0.028 1.30 1.255 

LJ 0.000 1.40 1.179 CH4 0.001 1.50 1.209 

LJ 0.000 1.60 1.179 CH4 0.000 1.70 1.179 

LJ 0.000 1.80 1.179 CH4 0.000 1.90 1.154 

LJ 0.000 2.00 1.179 CH4 0.000 2.10 1.132 

CO2 1.000 0.20 𝑛/𝑎 C2H6 1.000 0.20 𝑛/𝑎 

CO2 0.998 0.40 3.100 C2H6 0.998 0.40 3.066 

CO2 0.939 0.60 2.079 C2H6 0.948 0.60 2.093 

CO2 0.686 0.80 1.634 C2H6 0.693 0.80 1.639 

CO2 0.504 0.90 1.499 C2H6 0.514 0.90 1.504 

CO2 0.329 1.00 1.403 C2H6 0.337 1.00 1.405 

CO2 0.184 1.10 1.332 C2H6 0.180 1.10 1.338 

CO2 0.081 1.20 1.283 C2H6 0.084 1.20 1.288 

CO2 0.007 1.40 1.222 C2H6 0.007 1.40 1.228 

CO2 0.000 1.60 1.187 C2H6 0.000 1.60 1.192 

CO2 0.000 1.80 1.160 C2H6 0.000 1.80 1.163 

CO2 0.000 2.00 1.135 C2H6 0.000 2.00 1.141 

CH4 1.000 0.30 𝑛/𝑎 O2 0.995 0.25 2.724 

CH4 0.986 0.50 2.479 O2 0.900 0.45 1.952 
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Table 3.3 ρොhigh ⁄ (⟨ρLocal⟩) ratio of simple fluids at 𝑇𝑟 = 1.05 (Continued). 

 

Fluids πGas ρr Ratio Fluids πGas ρr Ratio 

O2 0.900 0.65 1.952 𝑁2 0.049 1.26 1.262 

O2 0.638 0.83 1.591 𝑁2 0.003 1.46 1.211 

O2 0.447 0.93 1.479 𝑁2 0.000 1.66 1.180 

O2 0.282 1.03 1.390 𝑁2 0.000 1.86 1.153 

O2 0.154 1.13 1.324 𝑁2 0.000 2.06 1.129 

O2 0.052 1.25 1.271 𝐴𝑟 1.000 0.35 3.875 

O2 0.003 1.45 1.221 𝐴𝑟 0.974 0.55 2.298 

O2 0.000 1.65 1.187 𝐴𝑟 0.783 0.75 1.727 

O2 0.000 1.85 1.160 𝐴𝑟 0.582 0.87 1.539 

O2 0.000 2.05 1.137 𝐴𝑟 0.390 0.97 1.435 

𝑁2 1.000 0.26 𝑛/𝑎 𝐴𝑟 0.226 1.07 1.358 

𝑁2 0.995 0.46 2.741 𝐴𝑟 0.108 1.17 1.303 

𝑁2 0.895 0.66 1.902 𝐴𝑟 0.013 1.35 1.243 

𝑁2 0.586 0.86 1.548 𝐴𝑟 0.000 1.55 1.208 

𝑁2 0.399 0.96 1.437 𝐴𝑟 0.000 1.75 1.177 

𝑁2 0.243 1.06 1.358 𝐴𝑟 0.000 1.95 1.153 
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SAXS and fluorescence spectroscopic measurements on the neat CO2 and 

CHF3 are almost consistent with each other when they are depicted in the 

reduced diagram as Nishikawa et al. presented [88]. Furthermore, they are 

also consistent with the classification results on the simulation data. These 

results also substantiate that the proposed algorithm is adequate for describing 

the structural inhomogeneities in simple fluids as well as those obtained from 

simulations. In addition to neat fluids data, it seems that ρොhigh ⟨𝜌𝐿𝑜𝑐𝑎𝑙⟩⁄  of 

the dilute mixture does not vary significantly even when a solute is inserted. 

The physical meaning of this experimental data is thoroughly examined in 

Chapter 4. 
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Figure 3. 6. Comparison of high local density and bulk density ratio from 

experimental measurements and that from the probabilistic classification 

algorithm. 
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3.4. Summary 
 

    In summary, the designed classification procedure shows the quasi-

universality of structural transition in simple supercritical fluids. It is known 

that the hard sphere paradigm is quasi-universal for these fluids, which states 

that the dynamics and structures of liquid state can be described by 

considering the repulsive interactions. The supercritical gas-liquid boundaries 

of the non-polar fluids detected by the designed algorithm also seem to follow 

the quasi-universal behavior in two aspects. First, these molecules show the 

supercritical gas-liquid transition at the same 𝜌𝑟  and 𝑇𝑟  even when their 

interaction parameters are different from each other. A hypothesis from the 

asymptotic relation, which states the slope of the supercritical gas-liquid 

boundary is proportional to the critical compressibility factor (𝑍𝑐), is verified 

for these simple fluids. Because the critical compressibility factor is a 

function of the acentric factor, this also proves the adequateness of the three-

parameter corresponding state principle. Second, this work also suggests the 

thermodynamic limit where the hard sphere paradigm is valid to describe the 

supercritical gas-liquid transition behavior. As observed in the Lennard-Jones 

fluid, the structural characteristics of supercritical fluids at 𝑇 > 3𝑇𝑐 would 

be described satisfactorily by the hard sphere potential from the critical 

density to the high-density region. 
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Chapter 4. Supercritical mixture 
 

4.1. Overview 
 

In Chapter 4, we explore the characteristics of the solvation structure of 

dilute supercritical mixture. From the 1980s, several conflicting hypotheses 

to explain how a solute is dissolved in the supercritical fluids have been 

proposed. These disagreeing arguments are first briefly introduced. Then, a 

supercritical CO2/naphthalene dilute mixture is simulated as a model system 

to understand the solvation mechanism in supercritical fluids. Intermolecular 

potentials between CO2 and naphthalene are modeled with the truncated and 

shifted potential and the Weeks-Chandler-Andersen potential to find out the 

influence of solute/solvent interaction on the solvation mechanism. The 

probabilistic classification algorithm designed in Chapter 2 is followingly 

applied to characterize the solvation structure of CO2 around a naphthalene 

molecule quantitatively. From the structure analysis, a hypothesis to elucidate 

the solvation mechanism in supercritical fluids is introduced. This hypothesis 

tries to harmonize the conflicting arguments by considering the pre-existing 

density fluctuation in neat supercritical fluids. The hypothesis is verified 

based on the designed classification algorithm and the radial Voronoi pair 

correlation function. The significance of the hypothesis for the design of 

universal solubility model is followingly discussed in Chapter 5. 
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4.2. Historical backgrounds 
 

As noted in Chapter 1, the supercritical fluid is often used as an 

extractant in supercritical fluid extraction (SFE) processes. Thus, many 

investigations have been devoted to understanding the solvation mechanism 

in the supercritical mixture. In these studies [14,168–172], it was observed 

that partial molar volume ( �̃�2
∞ ) of a solute either positively or negatively 

diverges near the critical point [116,173–176]. Thus, the physical meaning of 

the divergence of �̃�2
∞ has been extensively investigated since the late 1980s, 

but the solvation mechanism is still undisputed. 

    To interpret the phenomenon, Debenedetti et al. proposed that the sign 

of �̃�2
∞  largely depend on the solute/solvent interaction energy [169,177]. 

They suggested that the solutes can be classified into three categories 

including attractive, weakly attractive and repulsive solutes. Based on this 

classification, the distinct cluster formation mechanism was proposed 

[171,172]. For instance, Guggenheim quasi-chemical approach has been used 

to correlate the solubility and the solvation structure by regarding the cluster 

of n CO2 molecules and a solute molecule as a complex [169]. More recently, 

Noroozi et al. used Molecular Dynamics simulation to calculate the solvation 

free energy of ibuprofen and acetaminophen in supercritical CO2 [155]. They 

estimated �̃�2
∞  from the pressure derivative of the solvation free energy, 

regarding it as a measure of the cluster formation around the solute.  

From the early 1990s, however, many studies maintained that the density 

fluctuation in near-critical fluids, not a solute/solvent interaction, should be 

considered to understand the abrupt change of �̃�2
∞  near the critical point. 

From the Ornstein-Zernike relation, McGuigan and Monson stated that the 

density fluctuation in neat supercritical fluids is mainly responsible for the 

divergence [178]. Chialvo and Cummings decomposed �̃�2
∞ into short-range 

and long-range contributions based on the direct correlation function [106]. 

Stubbs et al. performed Monte Carlo (MC) simulations of naphthalene/CO2 

system. They calculated the radial distribution functions of CO2 molecules 

around a CO2 molecule and those of CO2 molecules around a naphthalene 

molecule. From the results, they stated that approximately 60 % of the volume 

decrease occurred in the vicinity of the solute and 40% of the shrinkage came 

from the uniform condensation from a distance [179]. Thus, both studies by 

Stubbs et al. and Chialvo and Cummings supported that both short-range and 
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long-range contributions should be considered. The decomposition of �̃�2
∞, 

however, does not provide whether the density inhomogeneities around a 

solute comes from the solute-induced local density augmentation or not. 

Ruckenstein and Shulgin suggested that a solute prefers to enter the pre-

existing high-density region in supercritical fluids [108,109]. They calculated 

the excess number of CO2 molecules around CO2 molecules employing the 

Fluctuation Solution Theory (FST) and compared the CO2/CO2 radial 

distribution function to CO2/naphthalene radial distribution function. 

These discrepancies indicate that the origin of the high-density and low-

density domain near the solute is not elucidated yet. It could come from the 

solute-induced effect or the density fluctuation of near-critical fluids. The 

hypothesis proposed by Ruckenstein and Shulgin is not also clearly stated. If 

a solute only preferred the high-density domain regardless of their 

interactions, the categories of solutes proposed by Debenedetti et al. would 

not affect the divergence of the �̃�2
∞. This expected result is not consistent 

with the experimental measurements. Hence, an interplay between 

solute/solvent interactions and the density fluctuation observed in neat near-

critical fluids should be considered for the mechanistic understanding of the 

divergence of the �̃�2
∞. 

Therefore, in this Chapter, an integrated explanation on the divergence 

of �̃�2
∞ and the origin of the heterogeneous structure of near-critical fluids 

around the solute is sought [180]. The model solute and solvent are 

naphthalene and CO2. First, the critical point of CO2 is estimated again 

because the truncated and shifted interatomic potential is used to model the 

solute/solvent and solvent/solvent interactions. Isothermal-isobaric (𝑁𝑝𝑇) 

MD simulations of dilute naphthalene/CO2 mixtures are performed at the 

reduced temperature of Tr = 1.03. From the simulations, the partial molar 

volume of naphthalene is calculated and compared to the experimental results. 

Two kinds of potentials are used to model the solute/solute and the 

solute/solvent interactions to understand the role of solute/solvent attraction. 
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4.3. Calculation details 
 

4.3.1. Simulations 

    𝑁𝑉𝑇 and 𝑁𝑝𝑇 simulations are carried out. For all the simulations, the 

timestep and cutoff radius are same to the simulations performed in Chapter 

3. Because the critical point is mainly dependent on the system size and the 

tail correction term, the critical point of CO2 modeled with the truncated and 

shifted potential (𝜙𝑡𝑠) is estimated again by performing 𝑁𝑉𝑇 simulations at 

T = 302 − 306 K and ρ = 300 − 620 kg/m3. The equilibration time step 

is 100,000 steps, and the pressure data are collected during an additional 

production run (1,000,000 steps). After the critical point of CO2 modeled with 

𝜙𝑡𝑠  is estimated, 𝑁𝑝𝑇  simulations are carried out at the constant 

temperature of 𝑇 = 313.15 𝐾. The Nose/Hoover algorithm is used to control 

the temperature and pressure [181,182]. To study the effect of the attractive 

interaction on the sign of �̃�2
∞ and the solvation structure, the truncated and 

shifted potential and the Weeks-Chandler-Andersen potential (𝜙𝑤𝑐𝑎) are used 

to model the solute/solvent interactions. When 𝜙𝑡𝑠(𝑟)  is used for all the 

pairs of molecules, the simulation pressures (𝑝𝑠𝑖𝑚) are 70, 82, 93, 120, 181, 

and 300 bar. At 𝑝 = 82, 93, 181, and 300 bar, different simulations where 

𝜙𝑤𝑐𝑎(𝑟)  is used for solute/solvent and solute/solute pairs and 𝜙𝑡𝑠(𝑟)  is 

used for solvent/solvent interactions are carried out. In each condition, the 

number of naphthalene molecules inserted is controlled to be 0, 1, and 2 to 

determine �̃�2
∞  of naphthalene. For all the 𝑁𝑝𝑇  simulations, the 

equilibration steps are 100,000 steps, and the data production is run for 

additional 5,000,000 steps. The total volume is tracked every step and 

averaged to get the mean system volume, and the system configurations are 

collected every 1,000 timesteps. Three parallel sets of the MD simulations are 

performed in this manner; then the entire system volumes are averaged to 

calculate �̃�2
∞ at the same pressures. 

 

4.3.2. Algorithm modification 

Because the dilute supercritical mixture contains a solute, the 

probabilistic classification designed in Chapter 2 should be modified to 

determine whether a CO2 molecule is gas-like or liquid-like. In the modified 

algorithm, it is assumed that the identity of CO2 molecule is not affected even 

when its nearest neighbor list contains a solute molecule.   
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4.4. Results and discussion 
 

4.4.1. Estimation of the critical point 

    The critical point of carbon dioxide modeled with the truncated and 

shifted potential is estimated as T𝑐 = 304.13 𝐾, pc = 80.57 𝑏𝑎𝑟, and ρc =

467.60 𝑘𝑔/𝑚3 . The simulation critical point was used to compare the 

experimental results and the simulation results in reduced units in the 

following NpT simulations. 

 

4.4.2. Partial molar volume 

    The partial molar volume is defined as: 

 

�̃�2
∞ = (

𝜕𝑉

𝜕𝑥2
)
𝑇,𝑝

 as x2 →  0 

 

 

(4.1) 

 

Thus, the partial molar volume can be calculated as a slope of a linear 

equation by fitting the time-averaged total volumes as functions of the 

number of naphthalene molecules as Stubbs et al. suggested [179]. Because 

only a small amount of experimental results were found at high pressure at 

𝑇𝑟 = 1.03, a modified Redlich-Kwong Equation of State (EoS) proposed by 

Prausnitz and Chueh is used for the comparison of the simulation results 

[60,61]. 

    The Redlich-Kwong Equation of State modified by Prausnitz and Chueh 

is: 

 

𝑝 =
𝑅𝑇

𝑣 − 𝑏
−

𝑎

𝑇0.5𝑣(𝑣 + 𝑏)
 

 

(4.2) 

 

where  

 

𝑎𝑖 =
Ωa𝑅

2𝑇𝑐𝑖
2.5

𝑝𝑐𝑖
, 𝑏𝑖 =

Ω𝑏𝑅𝑇𝑐𝑖
𝑝𝑐𝑖

 

 

 

(4.3) 

 

The dimensionless parameters Ωa and Ωb for pure CO2 are Ωa,1 = 0.4470 

and Ωb,1 = 0.0911 , and those for naphthalene are Ωa,2 = 0.4278  and 

Ωb,2 = 0.0867 . At infinite dilution, 𝑎 , 𝑏  and 𝑣  can be calculated as the 

pure CO2 parameters. Then, the partial molar volume can be obtained from 
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the Redlich-Kwong equation as follows. 

 

�̃�2
∞ =

RT
𝑣 − 𝑏1

(1 +
𝑏2

𝑣 − 𝑏1
) −

2𝑎12 − 𝑎𝑏2/(𝑣 + 𝑏)
𝑣(𝑣 + 𝑏)𝑇0.5

RT
(𝑣 − 𝑏)2

−
𝑎
𝑇0.5

2𝑣 + 𝑏
𝑣2(𝑣 + 𝑏)2

 

 

 

 

(4.4) 

 

Here, a12 is the cross term which is calculated as: 

 

𝑎12 =
(Ωa,1 + Ω𝑎,2)𝑅

2𝑇𝑐,12
2.5

2𝑝𝑐,12
 

 

 

(4.5) 

 

Each parameter in the Eq. (4.5) is calculated from the following equations. 

 

𝑝𝑐,12 = 𝑧𝑐,12𝑅𝑇𝑐,12/𝑣𝑐,12 (4.6) 

𝑧𝑐,12 = 0.291 − 0.04(𝑤1 + 𝑤2) (4.7) 

𝑇𝑐,12 = (𝑇𝑐1𝑇𝑐2)
1/2(1 − 𝑘12) (4.8) 

𝑣c,12 = 0.125(𝑣𝑐,1
1/3

+ 𝑣𝑐,2
1/3
)
3
 

 

 

(4.9) 

 

The acentric factors (ω) for pure substances were ω1 = 0.22394 and ω2 =

0.302. The binary interaction parameter k12 is set to be 0.0626. In Figure 

4. 1, �̃�2
∞ from the 𝑁𝑝𝑇 simulations with 𝜙𝑡𝑠(𝑟), experimental results and 

the modified Redlich-Kwong EoS are compared. In all conditions, �̃�2
∞ 

obtained from 𝜙𝑡𝑟(𝑟) with 2,000 CO2 molecules do not largely deviate from 

the results from the modified Redlich-Kwong equation and the 

chromatographic measurement [173]. The largely negative �̃�2
∞  of 

naphthalene was obtained at pr = 1.15  with �̃�2
∞ = −3233.81 ±

498.70 𝑐𝑚3/𝑚𝑜𝑙. Above pr = 1.15, �̃�2
∞ slowly increases and is close to 

zero at pr = 2.25. The simulation at pr = 3.72 yields a small and positive 

�̃�2
∞. On the contrary, all �̃�2

∞ data obtained from 𝜙𝑤𝑐𝑎 are positive (Table 4. 

1). It shows a large and positive maximum (�̃�2
∞ = 4838.73 ± 85.54 𝑐𝑚3/

𝑚𝑜𝑙) at pr = 1.15.  

 

 



 

 113 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 4. 1. Partial molar volumes (�̃�2

∞) of naphthalene in supercritical CO2 

at Tr = 1.03  from simulation (●), experimental measurements (○), and 

modified SRK EOS (line). 
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Table 4. 1. Partial molar volumes of naphthalene modeled with 𝜙𝑡𝑠(𝑟) and 

𝜙𝑤𝑐𝑎(𝑟) at near-critical conditions. 
 

pr solute/solvent potential �̃�2
∞ [cm3/𝑚𝑜𝑙] 

0.87 𝜙𝑡𝑠(𝑟) −1456.72 ± 450.30 

1.02 𝜙𝑡𝑠(𝑟) −1733.13 ± 90.29 

1.15 𝜙𝑡𝑠(𝑟) −3233.81 ± 498.69 

1.49 𝜙𝑡𝑠(𝑟) −344.46 ± 30.17 

2.25 𝜙𝑡𝑠(𝑟) 10.84 ± 20.39 

3.72 𝜙𝑡𝑠(𝑟) 75.88 ± 9.18 

1.02 𝜙𝑤𝑐𝑎(𝑟) 2487.09 ± 25.79 

1.15 𝜙𝑤𝑐𝑎(𝑟) 4838.73 ± 85.54 

2.25 𝜙𝑤𝑐𝑎(𝑟) 892.46 ± 33.31 

3.72 𝜙𝑤𝑐𝑎(𝑟) 76.00 ± 9.19 
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This result indicates that the sign of �̃�2
∞ is dependent on the magnitude of 

the solute/solvent attraction as Debenedetti et al. proposed. To understand 

how the solute/solvent interactions affect the system volume, the structural 

characteristics of the supercritical systems are further investigated. 

 

4.4.3. Structural features 

Figure 4. 2a shows the local density distributions of neat CO2 at 𝑝𝑟 =

0.87 − 3.72. As observed in previous chapters, the density distribution of the 

Voronoi cells changes from a right-skewed (gas-like) to symmetric (liquid-

like) distribution as the pressure increases. The standard deviation of the 

distribution is maximum when �̃�2
∞  became largely negative. Then it 

becomes narrower as the pressure increases. The fractions of gas-like 

molecules ( 𝜋𝐺𝑎𝑠 ) in each condition are calculated from the modified 

classification algorithm. As shown in Figure 4. 2b, 𝜋𝐺𝑎𝑠(𝜌𝑏𝑢𝑙𝑘)  shows 

inverse sigmoidal behavior and becomes close to 𝜋𝐺𝑎𝑠 ≅ 0.5 at 𝑝𝑟 = 1.15 

where the largest and negative �̃�2
∞ is observed when 𝜙𝑡𝑠(𝑟) is used. 

To find out whether the solute-induced local density augmentation exists, 

the local density distributions of CO2 from both 𝜙𝑡𝑠(𝑟) and 𝜙𝑤𝑐𝑎(𝑟) are 

obtained at 𝑝𝑟 = 1.15 and 𝑝𝑟 = 3.72. At 𝑝𝑟 = 1.15, The maximum of the 

distribution decreases and its tail becomes heavier when an attractive solute 

is used. (Figure 4. 3a) This implies that the fraction of high-density (liquid-

like) CO2 molecules increased around the critical point when naphthalene was 

added. On the other hand, the maximum of the distribution increased when 

𝜙𝑤𝑐𝑎(𝑟) is used. Thus, the gas-like fraction of CO2 molecules increases. On 

the contrary, at 𝑝𝑟 = 3.72 , this local density enhancement is not obvious 

(Figure 4. 3b). All the distributions are almost symmetric irrespective of the 

number of naphthalene molecules and the kind of the potentials between 

solute and solvent molecules. These results mean that �̃�2
∞ would diverge at 

the pressure where a system is highly compressible. Figure 4. 4a shows the 

gas-like and liquid-like distributions obtained at pr = 1.15  with 𝜙𝑡𝑠(𝑟) 

and 𝜙𝑤𝑐𝑎(𝑟) from the classification algorithm.  
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Figure 4. 2. (a) Local density distributions of neat supercritical CO2 at pr =

0.87, 1.02, 1.15, 1.48, 2.25 and 3.72 (b) πGas as a function of ρbulk. 
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Figure 4. 3. Dependence of the local density distributions of supercritical CO2 

on the number of naphthalene molecules and the intermolecular potentials. (a) 

pr = 1.15, (b) pr = 3.72. 
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Figure 4. 4. (a) Gas-like and Liquid-like distributions obtained at pr = 1.15 

(b) Dependence of πGas  on the interatomic potentials and the number of 

solutes. 
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The mean local density of a system (〈𝜌〉) and the modes of both distributions 

depend on the number of solutes and the kinds of potentials (Table 4. 2). They 

increase when the solute/CO2 attraction exists, and the changes in the low-

density domain are slightly higher than those in the high-density domain. This 

difference would imply that the low-density domain would be more 

influenced by insertion of a solute than the high-density domain. Figure 4. 4b 

shows the dependence of πGas  on the number of solutes (𝑁𝑁𝑎𝑝ℎ ) and the 

kinds of the potential. When 𝜙𝑤𝑐𝑎  is used, 𝜋𝐺𝑎𝑠  increases linearly as 

𝑁𝑁𝑎𝑝ℎ  increases. On the contrary, 𝜋𝐺𝑎𝑠  decreases when 𝜙𝑡𝑠  is used. 

Overall, these results substantiate the solute-induced local density 

augmentation exists. If a uniform shrinkage occurred through the entire 

system, the density distributions would shift to high density with no change 

in the shape of the distributions.  

However, this density augmentation is very weak; 𝜋𝐺𝑎𝑠 decreases only 

about 1.0 % when an attractive solute is inserted. This small variance implies 

that the change in the distribution would not come from the drastic change of 

solvent environment, but from the accumulative small density changes of all 

the molecules in the entire system. Figure 4. 5 shows the configuration of CO2 

molecules around a naphthalene molecule that illustrates the gradual change 

of local densities around a solute. A naphthalene molecule is drawn with white 

spheres and black bonds. Colored spheres denote the center of mass of CO2 

molecules, whose color is decided based on the liquid-likeness of a molecule. 

In most cases, naphthalene is not solvated with perfectly liquid-like molecules. 

Rather, these highly liquid-like molecules are dispersed around naphthalene. 

For the quantitative examination of the solvation structure, the radial 

mean local profile of CO2 molecules as a function of the distance from a 

molecular species k is defined as follows: 

 

�̅�𝑙𝑜𝑐𝑎𝑙
𝑘 (𝑟) =

1

𝑁𝑟
∑𝑣𝑖

𝑘(𝑟)−1

𝑁𝑟

𝑖=1

 

 

(4.10) 

 

 

In Eq. (4.10), 𝑣i(𝑟) means the local volume of the 𝑖𝑡ℎ CO2 molecule within 

a distance between 𝑟 and 𝑟 + 𝑑𝑟 away from a molecular species 𝑘 (𝑘 =

𝑁𝑎𝑝ℎ, 𝐶𝑂2), and 𝑁r is the number of CO2 molecules in the shell. 
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Table 4. 2. Mean local density of a system (〈ρ〉), and the statistical measures 

of gas-like and liquid-like distributions of near-critical carbon dioxide and 

carbon dioxide/naphthalene mixture. 

 

Solute/solvent 

interaction 
𝑁𝑁𝑎𝑝ℎ ρbulk [nm-3] 

〈ρ〉 

[nm-3] 

ρgas,mode 

[nm-3] 

ρliq,mode 

[nm-3] 

None 0 5.117 6.161 3.790 7.318 

𝜙𝑡𝑠(𝑟) 1 5.210 6.262 3.865 7.428 

𝜙𝑡𝑠(𝑟) 2 5.268 6.334 3.873 7.557 

𝜙𝑤𝑐𝑎(𝑟) 1 5.015 6.066 3.712 7.276 

𝜙𝑤𝑐𝑎(𝑟) 2 4.928 5.972 3.659 7.232 
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Figure 4. 5. Local structure of CO2 molecules around a naphthalene molecule 

and their liquid-likeness determined from the probabilistic classification 

algorithm. (a) r = 0 Å (b) r = 10 Å (a) r = 20 Å (a) r = 30 Å. The color 

bar indicates the liquid-like fraction estimated from the probabilistic 

classification algorithm. 
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Figure 4. 6 shows �̅�𝑙𝑜𝑐𝑎𝑙
𝑁𝑎𝑝ℎ(𝑟) obtained from 𝜙𝑡𝑠(𝑟) and 𝜙𝑤𝑐𝑎(𝑟) at 𝑝𝑟 =

1.15 . For the comparison, �̅�𝑙𝑜𝑐𝑎𝑙
𝐶𝑂2 (𝑟)  is averaged for all CO2 molecules in 

neat supercritical CO2 at 𝑝𝑟 = 1.15 . When 𝑟 < 3 Å , �̅�𝑙𝑜𝑐𝑎𝑙
𝑁𝑎𝑝ℎ(𝑟)  largely 

fluctuates for both potentials. For 𝜙𝑡𝑠(𝑟), �̅�𝑙𝑜𝑐𝑎𝑙
𝑁𝑎𝑝ℎ(𝑟) has its local maximum 

at 𝑟 = 3.5 Å. It has a steep decrease between 𝑟 = 3.5 Å and 𝑟 = 7.5 Å and 

slowly converges to the bulk mean density. �̅�𝑙𝑜𝑐𝑎𝑙
𝑁𝑎𝑝ℎ(𝑟) from 𝜙𝑤𝑐𝑎(𝑟) has its 

local maxima at 𝑟 < 3.5 Å  and a local minimum at 𝑟 = 7.5 Å . Then 

ρ̅local
𝑁𝑎𝑝ℎ(r)  slowly increases to 〈𝜌〉 . �̅�𝑙𝑜𝑐𝑎𝑙

𝐶𝑂2 (𝑟)  monotonically decreases to 

〈𝜌〉 . Thus, �̅�𝑙𝑜𝑐𝑎𝑙
𝑁𝑎𝑝ℎ(𝑟)  near the solute from 𝜙𝑡𝑠(𝑟)  and 𝜙𝑤𝑐𝑎(𝑟)  are very 

dissimilar. This dissimilarity imperatively comes from the existence or 

nonexistence of the solute/solvent attractive interaction. Higher local maxima 

of �̅�𝑙𝑜𝑐𝑎𝑙
𝑁𝑎𝑝ℎ(𝑟) from 𝜙𝑡𝑠(𝑟) than those from 𝜙𝑤𝑐𝑎(𝑟) at r < 7.5 Å indicate 

that the solute/CO2 attractive forces dampen the expulsion of CO2 near the 

solute. When a large solute is inserted, it creates an inaccessible space where 

CO2 cannot penetrate (excluded volume effect). Thus, some of the CO2 

molecules are excluded from the region. When an attractive interaction exists 

between solute and CO2, this exclusion contributes to the densification of CO2 

molecules around solute. However, this short-range densification near the 

solute cannot be a direct cause of the large and divergent �̃�2
∞ . A steep 

decrease of �̅�𝑙𝑜𝑐𝑎𝑙
𝑁𝑎𝑝ℎ(𝑟)  from 𝜙𝑡𝑠(𝑟)  between 𝑟 = 3.5 Å  and 𝑟 = 7.5 Å 

indicates that the solute-induced direct density augmentation only occurs at 

most 𝑟 < 7.5 Å, which is only approximately 0.36 % of the 𝑉𝑠𝑦𝑠. Therefore, 

�̅�𝑙𝑜𝑐𝑎𝑙
𝑁𝑎𝑝ℎ(𝑟)  beyond the first coordination shell should be studied for the 

explanation of the divergent �̃�2
∞ . A small change in the local density 

distributions by insertion of a solute observed in Figure 4. 4 proposes that the 

large dissimilarity between �̅�𝑙𝑜𝑐𝑎𝑙
𝑁𝑎𝑝ℎ(𝑟)  from 𝜙𝑡𝑠(𝑟)  and 𝜙𝑤𝑐𝑎(𝑟)  beyond 

𝑟 = 7.5 Å would not come from the solute-induced change of environment. 

Rather, the difference would originate from the preference of a solute on the 

specific environment as Ruckenstein and Shulgin proposed. This preference 

comes from the interplay between solute/solvent attraction and the density 

fluctuation in the neat CO2 system. 
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Figure 4. 6. Mean local densities as functions of the distance from the center 

of mass of naphthalene and carbon dioxide. 
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For the verification of this hypothesis, �̅�𝑙𝑜𝑐𝑎𝑙
𝐶𝑂2 (𝑟) in high-density (𝜌ොℎ𝑖𝑔ℎ) and 

low-density (𝜌ො𝑙𝑜𝑤) domains are calculated. The high-density and low-density 

domains are classified based on the classification scheme suggested in 

Chapter 3. Figure 4. 7a shows �̅�𝑙𝑜𝑐𝑎𝑙
𝐶𝑂2 (𝑟)  in the pure CO2 system at 𝑝𝑟 =

1.15 from the high-density domain, the low-density domain, and the entire 

system. Compared to �̅�𝑙𝑜𝑐𝑎𝑙
𝐶𝑂2 (𝑟)  averaged for the entire box, �̅�𝑙𝑜𝑐𝑎𝑙

𝐶𝑂2 (𝑟) 

obtained from the high-density domain is higher and slowly decreases to the 

system mean density as 𝑟 increases. On the other hand, �̅�𝑙𝑜𝑐𝑎𝑙
𝐶𝑂2 (𝑟) of 𝜌ො𝑙𝑜𝑤 

domain is much lower than the �̅�𝑙𝑜𝑐𝑎𝑙
𝐶𝑂2 (𝑟) of the total system and converges 

to its upper limit as the distance increases. Figure 4. 7b shows that �̅�𝑙𝑜𝑐𝑎𝑙
𝑁𝑎𝑝ℎ(𝑟) 

obtained from 𝜙𝑡𝑠(𝑟)  is almost same to �̅�𝑙𝑜𝑐𝑎𝑙
𝐶𝑂2 (𝑟)  from the high-density 

domain of 𝑁Naph = 1  system in which 𝜙𝑡𝑟(𝑟)  is used. On the contrary, 

�̅�𝑙𝑜𝑐𝑎𝑙
𝑁𝑎𝑝ℎ(𝑟)  whose solute/solvent interaction is modeled with 𝜙𝑤𝑐𝑎(𝑟)  is 

almost identical to �̅�𝑙𝑜𝑐𝑎𝑙
𝐶𝑂2 (𝑟)  of the low-density domain of 𝑁Naph = 1 

system when 𝜙𝑤𝑐𝑎(𝑟)  is used. In addition, the convergence behaviors of 

�̅�𝑙𝑜𝑐𝑎𝑙
𝑁𝑎𝑝ℎ(𝑟) ⟨𝜌⟩⁄   from dilute mixtures are almost identical to �̅�𝑙𝑜𝑐𝑎𝑙

𝐶𝑂2 (𝑟) ⟨𝜌⟩⁄  

for the high- and low-density domains from the neat near-critical system. This 

substantiates the hypothesis that high-density and low-density domains near 

a solute are not induced by the insertion of a solute. Rather, it would be more 

plausible that the solute enters the high-density and low-density domains 

which are pre-existent in the fluctuating neat CO2 system. As Ruckenstein 

and Shulgin proposed, an attractive solute would favor a high-density domain. 

However, not all the solutes prefer the high-density region. A solute selects 

its surroundings depending on the kinds of the interaction as Debenedetti 

suggested: the local densities of CO2 molecules around repulsive solute is 

lower than 〈𝜌〉. This preference of the solute on their environment could also 

be understood in terms of the exclusion effect and the intermolecular 

interactions. As mentioned earlier, when a large solute is inserted into a near-

critical system, it should hinder the pre-existent intermolecular interactions 

among CO2 molecules to create an inaccessible space. When strong 

solute/solvent attractive forces exist, the solute can enter the high-density 

region because the solute/solvent attractive forces can compensate the 

exclusion effect. On the other hand, when no intermolecular attraction exists 

between solute and CO2, the solute should be placed in the low-density 
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domain so that a small number of intermolecular interactions are hindered by 

the addition of a solute.  

It is also noteworthy that the �̅�𝑙𝑜𝑐𝑎𝑙
𝑁𝑎𝑝ℎ(𝑟) obtained from all the domains 

are slightly higher or lower than those from the neat CO2 system, depending 

on the kinds of the interaction between naphthalene and CO2. As shown in 

Table 4. 2, these changes are larger for �̅�𝑙𝑜𝑐𝑎𝑙
𝑁𝑎𝑝ℎ(𝑟) of the low-density domain. 

These results substantiate that the influence of the solute/CO2 interaction does 

not rely on the distance from the solute but on the local compressibility of the 

domain. As can be inferred from the decomposition of �̃�2
∞  proposed by 

Chialvo and Cummings, the propagation of the effect of the solvent/solute 

interaction would be possible via the density fluctuation. The intermolecular 

forces in a dilute and/or moderately condensed phase damp the dynamics of 

near-critical fluid outside the first coordination shell. The large density 

fluctuation near the critical point would lead this perturbation of local 

densities by insertion of the solute to propagate consecutively in the entire 

system. When an attractive solute is inserted, the dense CO2 structure around 

the first coordination shell will draw other CO2 molecules outside the shell, 

and these CO2 molecules attract CO2 molecules located farther from the 

naphthalene. Among all CO2 molecules, those in a gas-like region would be 

relatively much more influenced because of its high compressibility. On the 

contrary, when the repulsive solute is added to a system, it would get settled 

in a highly-compressible low-density domain. As no attraction exists between 

solute and CO2, the solute excludes CO2 molecules around it, and this effect 

would be propagated through the system. As such, the accumulative change 

in the local density of CO2 molecules results in the large decrease and increase 

of 𝑉𝑠𝑦𝑠 near the critical point when an attractive and a repulsive solute is 

added. 
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Figure 4. 7. Mean local densities as functions of the distance from the center-

of-mass of naphthalene and CO2 (r > 10 Å) (a) Neat CO2, (b) NNaph = 1 

(𝜙𝑡𝑠), (c) NNaph = 1 (𝜙𝑤𝑐𝑎). 
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4.5. Summary 
 

    In summary, MD simulation results in conjunction with the probabilistic 

classification suggest that bulk properties cannot be adopted to describe the 

solvation structure of near-critical dilute mixture. When an attractive solute is 

inserted into a near-critical system, it enters the high-density region and 

makes an inaccessible space which the solvents cannot penetrate. The 

excluded solvent molecules increase the local density around the solute, and 

this region attracts another solvent molecule. In this way, the consecutive 

propagation of the solute-induced effect results in the almost uniform 

shrinkage of the total system. On the other hand, the repulsive solute cannot 

be dissolved in the high-density region. It is dissolved in the low-density 

region and excludes only a few molecules. These excluded molecules cannot 

significantly contribute to the local density augmentation in the supercritical 

fluids. Therefore, the total volume of the near-critical mixture increases. This 

anomalous behavior can be easily understood based on the following analogy. 

Considering that supercritical fluid consist of gas-like and liquid-like 

molecules near the supercritical gas-liquid boundary, we can assume near-

critical fluid as a (pseudo)boiling fluid. The structure of near-critical fluid 

would be, thus, like the boiling water, which consists of bubbles (gas-like 

molecules) and liquid (liquid-like molecules). Let us assume a situation in 

which a glucose molecule is added to boiling water. Because the boiling point 

(vapor pressure) of glucose is higher than that of water, it will be dissolved 

not in the bubble growing in the water, but in the liquid phase. On the contrary, 

when a gas molecule (e.g., CH4 and CO2) is dissolved in the boiling water, 

it would come out with the bubbles. 
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Chapter 5. Conclusion and perspectives 
 

5.1. Significance 
 

Statistical methods designed in this work make it possible to understand 

the phase behavior of subcritical and supercritical fluids over a wide range of 

thermodynamic conditions. In our naked eye, supercritical fluid seems 

transparent and homogeneous fluid. However, as recent theoretical progress 

in the field of critical phenomena and molecular simulations and a substantial 

amount of experimental evidence denote, a supercritical fluid is NOT a single 

homogeneous fluid phase at the molecular level (Figure 5. 1a). Instead, 

supercritical fluids experience a "continuous structural transition" across the 

supercritical gas-liquid boundary. It should be noted that this structural 

transition is different from the first order phase transition. In subcritical first 

order phase transition, a vapor is changed to liquid across the vapor/liquid 

equilibrium 'line' on the pT diagram. In the supercritical fluid region, gas-

like to liquid-like transition occurs across the supercritical mesophase, which 

is represented as a thermodynamic 'plane' on the pT  diagram. At fixed 

pressure and temperature near the critical point, the structure of supercritical 

fluid changes ceaselessly due to large density fluctuation. However, the 

fractions of gas-like and liquid-like molecules do not fluctuate in a completely 

random manner; they fluctuate near the time-averaged values (Figure 5. 1b). 

Characterizing this continuous structural transition based on the conventional 

deterministic algorithm was difficult based on the mean-field approach due 

to the continuous Hamiltonian. On the contrary, the designed statistical 

methods, which reflect the fluctuation of the supercritical system, readily 

detect the structural transition in supercritical mesophase and provides the 

physical meaning of the supercritical gas-liquid boundary and the percolation 

transition loci. From the designed algorithm, it is inferred that supercritical 

gas-liquid transition is quasi-universal; the structural transition occurs at the 

same reduced density and temperature, and the critical compressibility factor 

can be used for the scaling of pressure-temperature relation at these transition 

conditions. Moreover, the inhomogeneous structural characteristics of 

supercritical fluids obtained from MD simulation and statistical methods are 

almost consistent with the spectroscopic measurements and FST.  
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Figure 5. 1. A scheme for the structural transition in supercritical fluids. 
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The application of this algorithm to an infinitely dilute mixture makes it 

available to harmonize the conflicting arguments on the solvation mechanism 

in near-critical fluids. The sign of the partial molar volume is deeply related 

to the local density of system domain at which a solute enters, and the 

magnitude of the divergence comes from the entropic depletion forces. 

Thus, the designed algorithm in this dissertation provides a solid 

theoretical background for the expected advances in two-fluid models. Recent 

works on the supercritical gas-liquid boundary and percolation transition loci 

can draw a new phase diagram which reflects the supercritical gas-liquid 

transition. However, they do not provide a practical method to quantify the 

fraction of gas-like (liquid-like) molecules at arbitrary thermodynamic 

conditions, which is essential for the calculation of physical properties of 

supercritical fluids from the viewpoint of two-fluid model. 

The theoretical significance of this dissertation can also be interpreted 

from the viewpoint of data science process. Data science process is defined 

as a framework (workflow) for making a data product which estimates or 

predicts real-world problems. Data science process consists of the Data 

Collection, Data Processing, Exploratory Data Analysis (EDA), Model 

Establishment, Data Visualization, and Data Product (Figure 5. 2). Previous 

works on the local density augmentation of supercritical fluids across the 

supercritical gas-liquid boundary are deemed as Exploratory Data Analysis 

(EDA) in a sense that they do not provide an integrated model to explain the 

physical meaning and characterize the structural transition. They just suggest 

quantitative order parameters to verify the existence of structural transition in 

supercritical fluids. Therefore, the statistical models presented in this work 

can be regarded the first step in a fundamental model establishment. Thus, the 

designed algorithm is expected to be extensively utilized for unveiling 

theoretically and industrially important problems in the following future 

investigations. 
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Figure 5. 2. Evaluation of dissertation in the framework of data science. 
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5.2. Perspectives 

 

Based on the data science process, the following research themes are 

expected to be investigated. 

 

Thermophysical property prediction based on the LJ reference data 

 

As shown in Chapter 3, simple fluids which are extensively exploited in 

industrial supercritical technologies follow the extended corresponding state 

principle which states that the gas-like fraction of supercritical mesophase is 

same at the reduced density-temperature conditions. This approach is not only 

fundamentally important for understanding the phase behavior of 

supercritical fluids, but also directly applicable to the engineering problems. 

Except for hydrocarbons, water and CO2, supercritical fluids that are 

potentially manifested for industrial applications (i.e., CH3OCH3 and N2O) 

do not have enough thermophysical property data. If the three-parameter 

corresponding state principle proposed in this work works for a variety of 

supercritical fluids, this lack of thermodynamic information can be overcome 

based on an accurate EoS of a substance such as water and CO2. Recently, 

Hobold and da Silva suggested a similar strategy proposed in this dissertation. 

Based on the NIST data, they formulated dimensionless heat and momentum 

equation for near-critical fluids by utilizing the pseudo-boiling line defined 

from 𝐶𝑝 maxima. The steady-state Navier-Stokes equation [Eq. (5.1)] and 

heat transfer equation [Eq. (5.2)] are usually made dimensionless to solve the 

heat and momentum transfer problems of constant-property fluids. 

 

�̃� ∙ ∇̃�̃� = −∇̃p̃ +
1

𝑅𝑒𝐿
∇̃ ∙ (∇̃�̃�)  

 

(5.1) 

�̃� ∙ ∇̃�̃� =
1

𝑃𝑟𝑅𝑒𝐿
∇̃ ∙ (∇̃�̃�) 

 

(5.2) 

 

Because the dimensionless number is not dependent on the kinds of 

substances, it is quietly useful to solve the transport equations. However, this 

non-dimensionalization strategy cannot apply to near-critical fluid because of 

the anomalous behavior of supercritical fluids; thermophysical properties of 

supercritical fluids greatly vary when it flows near the critical point. To 



 

 133 

resolve this problematic situation, Hobold and da Silva introduced a new 

dimensionless number, which is called supercritical Reynolds number and 

supercritical Prandtl number, to reflect the anomalous behavior of 

supercritical fluids [Eq. (5.3) and Eq. (5.4)].  

 

�̃��̃� ∙ ∇̃�̃�  = −∇̃𝑝 +
1

𝑠𝑅𝑒𝐿
∇̃ ∙ (μ̃∇̃�̃�) 

 

(5.3) 

�̃�𝑐�̃��̃� ∙ �̃��̃�  =
1

𝑠𝑃𝑟 𝑠𝑅𝑒𝐿
�̃� ∙ (�̃��̃��̃�) 

 

(5.4) 

 

Furthermore, they suggested the relationship between the 

thermophysical properties of different supercritical fluids based on the 

pseudo-boiling line and extended corresponding state principle. For instance, 

the following equations can be used to predict the isobaric heat capacity and 

pressure work within 4 % error for a variety of supercritical fluids. 

 

𝐶𝑝 = 𝑅𝑍𝑐
−2.318𝐴0.204(1 + ω)−0.977 

 

(5.5) 

𝑃 = 𝜌𝑐𝑍𝑐
0.345(1 + ω)−0.228 (5.6) 

 

As a result, they could solve the momentum transfer equation of near-critical 

CO2 not using the equation of state of water. It should be noted that Eq. (5.5) 

and Eq. (5.6) contain Zc  and ω , which are also derived as the essential 

parameter for the three-parameter corresponding state principle. Thus, this 

result implies that if a reliable two-fluid model for a specific substance is built, 

thermophysical properties of any arbitrary fluids can be satisfactorily 

predicted without a requirement to build a new equation of state for each 

substance. Hence, this procedure is expected to predict various 

thermophysical properties of arbitrary supercritical fluids when the various 

thermophysical properties of Lennard-Jones (LJ) fluid (i.e., diffusivity, 

viscosity, internal energy, Gibbs free energy) are translated by utilizing the 

gas-like property of a system (Figure 5. 3). 
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Figure 5. 3. Perspective utilization of Lennard-Jones (LJ) fluid data based 

on the corresponding state principle of simple fluids for the prediction of 

thermophysical properties of a supercritical fluid. 
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Rational improvement of crossover theory for molecular-based EoS 

 

As mentioned in Chapter 1, the practical implementation of the two-fluid 

approach for the thermophysical and transport properties of supercritical 

fluids over a wide range of thermodynamic conditions in process simulations 

would rely on the modern EoS such as Kiselev cubic EoS and crossover PC-

SAFT EoSs. However, as noted earlier, it is now faced with the difficulty of 

the implementation of RG theory. Because two-fluid approaches suggested in 

this work are relatively simple for the implementation and efficient for the 

calculation, it is expected that the implementation of crossover term in 

modern EoS approaches would benefit from the two-fluid approach. 

 

Applications 

[1] 'Quasi'-universality of structural transition 

    This dissertation is aimed to propose a statistical method for the 

characterization of structural transition in supercritical fluids regardless of the 

kinds of substance. For simple fluids, the designed algorithm discovers the 

universality of structural transition of supercritical fluids. The designed 

algorithm can be applied not only for these simple fluids but for complex 

fluids which contain hydrogen bond or strong polar forces. This strong 

hydrogen bond is expected to influence the structural transition in the 

supercritical fluid region. For instance, thermodynamic properties of 

supercritical water have been extensively investigated because of its 

anomalous properties. It is well known that strong hydrogen bond network is 

responsible for its anomalous properties. For instance, the slope of the 

pseudo-boiling line of water on pT  diagram is larger than most of the 

compounds. It also has a liquid-liquid transition line in the subcooled region. 

However, the relationship between the hydrogen bond network and the 

supercritical gas-liquid transition is not thoroughly studied yet. This is 

attributed to the ambiguity of the definition of the supercritical gas-liquid 

transition. Based on the definition proposed by this work, therefore, this 

research theme can be studied further. The liquid-liquid transition observed 

in water and Jagla fluids can also be investigated based on the data science 

methodologies proposed in this work [183,184]. 
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[2] Supercritical gas-liquid transition in mixture fluids 

    When supercritical fluids are applied to the chemical processes, neat 

supercritical fluids are rarely used. Instead, a trace amount of organic solvents 

such as acetone, methanol, and ethanol are introduced as co-solvents. This 

small amount of co-solvents largely enhance the solvation power of 

supercritical fluids by a factor of ten to hundreds [185,186]. This abnormal 

solubility increment suggests that the spatial distribution of co-solvents not 

be homogeneous. Thus, the conventional mixing rule without additional 

fitting parameters cannot describe the phase behavior of supercritical mixture 

well. It is believed that the theoretical description on the inhomogeneous 

distribution of co-solvents in supercritical fluids can be built based on the 

Widom line. Banuti et al. recently proposed that the number of pseudo-boiling 

lines in the supercritical fluids depends on the affinity between the species 

[187]. Two fluids which are miscible in the whole thermodynamic region 

have a single pseudo-boiling line, whereas those with either upper or lower 

critical solution temperatures (UCST/LCST) can have multiple Widom lines. 

Thus, the designed algorithm can be applied to these systems to find out a 

proper mathematical description of the phase behavior of supercritical 

mixture. 

 

[3] Rigid/non-rigid dynamic transition across the Frenkel line 

    The other remarkable phase transition observed in the supercritical fluid 

is the supercritical rigid/non-rigid transition near the Frenkel line. Frenkel line 

is defined as a set of thermodynamic states where the non-rigid/rigid 

transition behavior occurs [188]. When the temperature increases, these 

thermodynamic states follow the solid-supercritical fluid transition (melting) 

line. As the process technologies and equipment is developed, it is now 

available to operate the chemical processes (i.e., extraction, crystallization, 

and fractionation) at p = 1,000  bar. In this region, it is known that the 

solubility of solutes in supercritical fluid drastically decreases as the pressure 

increases [189]. Thus, the separation of extracted materials is possible by 

increasing the pressure.  

Unfortunately, our understanding of the phase behavior of this high-

pressure region is far from the completeness. Thus, it is required to explore 

this region. Statistical methodologies designed in this work is expected to be 

a useful tool in the progress of this high-pressure research. 
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[4] Critical Casimir effects 

    Quantum Casimir effect is the emergent phenomena in which an 

attractive interaction between two conducting plates brings about in a vacuum 

in the absence of currents. It was first observed in quantum mechanical 

experiments, and de Genre found that this Casimir effect is also observed in 

the binary fluid mixture. Besides, this Casimir force was recently measured 

in the neat near-critical carbon dioxide. Because these forces are relevant to 

the correlation length maxima induced by the critical fluctuation, the data 

science methodologies in this work would apply to investigate the phenomena. 

 

To conclude, the algorithmic procedures have a great potential to be used 

not only for the characterization of the supercritical gas-liquid transition but 

also for a variety of fields related with the fluid phase equilibria and the 

critical phenomena. Because the proposed algorithm is computationally 

inexpensive as well as easily understandable, various tasks are expected to be 

carried out by implementing and modifying the algorithm.  
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Appendix. Pseudocodes 
 

The followings are pseudocodes that are used to calculate the structural 

transition in supercritical fluids in this work. Some of these codes are going 

to be uploaded to my GitHub account (https://github.com/TaeJunYoon) and 

freely downloaded. The other codes will be uploaded after the relevant article 

is published.  

These codes are written in Matlab. If you use these codes, please cite one 

of the following articles. 

 

1. Yoon, T. J., Ha, M. Y., Lee, W. B., & Lee, Y.–W. (2017). Monte Carlo 

simulations on the local density inhomogeneities of sub-and supercritical 

carbon dioxide: Statistical analysis based on the Voronoi tessellation. The 

Journal of Supercritical Fluids, 119, 36-43. 

 

2. Yoon, T. J., Ha, M. Y., Lee, W. B., & Lee, Y.–W. (2017). Molecular 

dynamics simulation on the local density distribution and solvation structure 

of supercritical CO2 around naphthalene. The Journal of Supercritical 

Fluids, 130, 364-372. 

 

 

  

https://github.com/TaeJunYoon/mixturemodel
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Algorithm Inverse digamma function 

1 

 

 
 

2 
 

3 

4 

5 

6 

function InvPsi (𝑦); 

Input: value y 

Output: Inverse digamma solution, 𝑥 

𝐿 ← 1 

X ← exp(𝑦) + 1/2 

While 𝐿 > 10−6 do 

X ← 𝑋 + 𝐿 × 𝑠𝑖𝑔𝑛(𝑥 − 𝜓(𝑌)) 

return 𝑥 

 

Figure A. 1. Inverse digamma function. 
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Algorithm MLE for Inverse Gamma distribution 

1 

 

 

 
 

2 
 

3 

4 
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11 
 

12 
 

13 

14 

15 

function InvGamfit (Data, ϵ); 

Input: Data vector, D; tolerance, ϵ 

Output: Shape parameter, α 

       Scale parameter, β 

𝑁 ← length of D 

μ ← 1/𝑁∑ 𝐷(𝑖)𝑁
𝑖  

σ ← 1/(𝑁 − 1)∑ (𝐷(𝑖) − 𝜇)2𝑁
𝑖  

σ ← σ1/2 

α ← μ2/σ2 + 2 

C ← − log∑ 𝐷−1𝑁
𝑖 − 1/𝑁∑ log𝐷𝑁

𝑖  

oldμ ← −1 

oldσ ← −1 

oldα ← −1 

While |𝑜𝑙𝑑 𝛼 𝛼⁄ − 1| > 𝜖 do 

   oldα ← α 

   α ← ψ−1(log𝑁𝛼 + 𝐶) 

β ← Nα ∑ 𝐷(𝑖)−1𝑁
𝑖⁄   

return [α, β] 

 

Figure A. 2. Maximum likelihood estimation for the Inverse Gamma 

distribution. 
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function Gaussianmix (Data, ϵ); 

Input: Data vector, D; tolerance, ϵ 

Output: Arithmetic means, m 

       Standard deviations, s 

       Mixture weights, p 

𝑁 ← length of D 

oldμ, μ ← random sampling of two numbers from D 

oldσ, σ ← standard deviation of D 

old p, p ← random sampling of two numbers ∈ (0,1) 

𝑧 ← membership variables for distribution 1 and 2 

While |𝑜𝑙𝑑𝜇 𝜇⁄ − 1| + |oldσ σ⁄ − 1| + |𝑜𝑙𝑑 𝑝 𝑝⁄ − 1| > 𝜖 do 

𝑜𝑙𝑑𝜇 ← 𝜇;  oldσ ← σ; old p ← p 

for k in 𝑟𝑎𝑛𝑔𝑒(𝑁) do 

    𝑧1 ← p(1) √2𝜋𝑠(1)⁄ exp(− (𝐷(𝑘) − 𝜇(1))
2
2𝜎(1)2⁄ )  

𝑧2 ← p(2) √2𝜋𝑠(2)⁄ exp(− (𝐷(𝑘) − 𝜇(2))
2
2𝜎(2)2⁄ ) 

    𝑧(1, 𝑘) ← 𝑧1/(𝑧1 + 𝑧2)  

𝑧(2, 𝑘) ← 𝑧2/(𝑧1 + 𝑧2)  

  for j in [1,2] do 

  μ(j) ← ∑ 𝑧(𝑗, 𝑖)𝐷(𝑖)N
i /∑ 𝑧(𝑗, 𝑖)N

i  

σ(j) ← (∑ 𝑧(𝑗, 𝑖)(𝐷(𝑖) − 𝜇(𝑗))
2N

i ∑ 𝑧(𝑗, 𝑖)N
i⁄ )

1/2

 

    p(j) ← mean(z(j, : )) 

return [μ, σ, p] 

 

Figure A. 3. Gaussian mixture model. 
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function InvGamNorm (Data, ϵ); 

Input: Data vector, D; tolerance, ϵ 

Output: Arithmetic means, m 

       Standard deviations, s 

       Mixture weights, p 

𝑁 ← length of D 

𝜇,𝜎,p ← sort(𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛𝑚𝑖𝑥(𝐷𝑎𝑡𝑎, 𝜖)) 

α ← μ(1)2/𝜎(1)2 + 2  

𝑜𝑙𝑑𝜇, 𝑜𝑙𝑑𝜎, oldp ← −1 

𝑧 ← membership variables for distribution 1 and 2 

While |𝑜𝑙𝑑𝜇 𝜇⁄ − 1| + |𝑜𝑙𝑑𝜎 𝜎⁄ − 1| + |𝑜𝑙𝑑 𝑝 𝑝⁄ − 1| > 𝜖 do 

old𝜇 ← 𝜇; oldσ ← σ; old p ← p 

for k in 𝑟𝑎𝑛𝑔𝑒(𝑁) do 

    𝑧1 ← p(1) √2𝜋𝑠(1)⁄ exp(− (𝐷(𝑘) − 𝜇(1))
2
2𝜎(1)2⁄ )  

𝑧2 ← p(2) √2𝜋𝑠(2)⁄ exp(− (𝐷(𝑘) − 𝜇(2))
2
2𝜎(2)2⁄ ) 

    𝑧(1, 𝑘) ← 𝑧1/(𝑧1 + 𝑧2)  

𝑧(2, 𝑘) ← 𝑧2/(𝑧1 + 𝑧2)  

  for j in [1,2] do 

  μ(j) ← ∑ 𝑧(𝑗, 𝑖)𝐷(𝑖)N
i /∑ 𝑧(𝑗, 𝑖)N

i  

σ(j) ← (∑ 𝑧(𝑗, 𝑖)(𝐷(𝑖) − 𝑚(𝑗))
2N

i ∑ 𝑧(𝑗, 𝑖)N
i⁄ )

1/2

 

  𝑜𝑙𝑑𝛼 ← 𝜇(1)2/𝜎(1)2 + 2 

  While True do 

    C ← − log(∑ 𝑧(1, : )𝐷(𝑖)−1𝑁
𝑖 ) 

−∑ (𝑧(1, : ) log 𝐷(𝑖))𝑁
𝑖 /∑ 𝑧(1, 𝑖)𝑁

𝑖   

    𝛼 ← 𝜓−1(𝑙𝑜𝑔(𝑜𝑙𝑑𝛼 ∑ 𝑧(1, : )𝑁
𝑖 + 𝐶) 

    if |oldα − α| < 10−3 do 

      break 

p(j) ← mean(z(j, : )) 

𝛽 ← 𝛼∑ 𝑧(1, 𝑖)𝑁
𝑖 ∑ 𝑧(1, 𝑖)𝐷(𝑖)−1𝑁

𝑖⁄  

𝜇(1) ← 𝛽 (𝛼 − 1)⁄  

𝜎(1) ← 𝛽 [(𝛼 − 1)(𝛼 − 2)1/2]⁄  

return [μ, σ, p] 

 

Figure A. 4. Inverse Gamma-Normal mixture model. 
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Algorithm Lognormal-Nakagami mixture 
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function LognNakagami (D, 𝜌𝑐, 𝜖); 

Input: Data vector, D; critical density ρc, tolerance, ϵ 

Output: Arithmetic means, m 

       Standard deviations, s 

       Mixture weights, p 

𝑁 ← length of D 

𝜇,𝜎,p ← sort(𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛𝑚𝑖𝑥(𝐷𝑎𝑡𝑎, 𝜖)) 

Ω ← μ(2)2 + σ(2)2  

m ← 𝑓𝑧𝑒𝑟𝑜(Γ2(m + 1 2⁄ ) (𝑚Γ2(m))Ω − μ(2)2⁄ ,𝑚𝑖𝑛𝑖𝑡 = 10)   

m1 ← log(μ(1)2 √𝜎(1)2 + 𝜇(1)2⁄ )  

s ← √log(𝜎(1)2/𝜇(1)2) + 1  

𝑜𝑙𝑑𝜇, 𝑜𝑙𝑑𝜎, oldp ← −1 

𝑧 ← membership variables for distribution 1 and 2 

While |𝑜𝑙𝑑𝜇 𝜇⁄ − 1| + |oldσ σ⁄ − 1| + |𝑜𝑙𝑑 𝑝 𝑝⁄ − 1| > 𝜖 do 

𝑜𝑙𝑑𝜇 ← 𝜇;  oldσ ← σ; old p ← p 

for k in 𝑟𝑎𝑛𝑔𝑒(𝑁) do 

    𝑧1 ← p(1)Lognormal(D(k)|m1, s)  

𝑧2 ← 𝑝(2)𝑁𝑎𝑘𝑎𝑔𝑎𝑚𝑖(𝐷(𝑘)|Ω,𝑚) 

    𝑧(1, 𝑘) ← 𝑧1/(𝑧1 + 𝑧2)  

𝑧(2, 𝑘) ← 𝑧2/(𝑧1 + 𝑧2)  

  for j in [1,2] do 

  μ(j) ← ∑ 𝑧(𝑗, 𝑖)𝐷(𝑖)N
i /∑ 𝑧(𝑗, 𝑖)N

i  

s(j) ← (∑ 𝑧(𝑗, 𝑖)(𝐷(𝑖) − 𝜇(𝑗))
2N

i ∑ 𝑧(𝑗, 𝑖)N
i⁄ )

1/2

 

    p(j) ← mean(z(j, : )) 

if μ(1) >  𝜌𝑐 do 

  μ(1) ←  𝜌𝑐 

elseif μ(2) <  𝜌𝑐 do 

  μ(2)  ←  𝜌𝑐 

Ω ← μ(2)2 + σ(2)2  

m ← 𝑓𝑧𝑒𝑟𝑜(Γ2(m + 1 2⁄ ) (𝑚Γ2(m))Ω − μ(2)2⁄ )  

m1 ← log(μ(1)2 √𝜎(1)2 + 𝜇(1)2⁄ )  

s ← √log(𝜎(1)2/𝜇(1)2) + 1  

return [μ, σ, p] 

 

Figure A. 5. Lognormal-Nakagami mixture model. 
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Algorithm Probabilistic classification 
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function Probclass (Density, Neighbor, ρthr); 

Input: Voronoi volume matrix V,  

neighbor lists N, 

the threhold density Dthr 

Output: Classification index matrix Cmat 

Nmol ← number of molecules 

for each configuration in Density do 

 Visited ← False  

While Visited = False do 

   idx ← select an integer (0,Nmol] without replacement 

   if Visited [idx] = True then 

     continue 

   else 

  Nidx ← N [each configuration] [idx] 

     Nvol ← V [each configuration] [Nidx] 

     Cvol ← V [each configuration] [idx]  

     AverageD ← (Mean [[Cvol-1 Nvol-1]]) 

     if AverageD > Dthr then 

       Cmat [each configuration] [[idx Nidx]] ← ‘liquid’ 

     else 

Cmat [each configuration] [[idx Nidx]] ← ‘gas’ 

     Visited [[idx Nidx]] ← True 

return Cmat 

 

Figure A. 6. Probabilistic classification procedure. 
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function MergeCluster (Cmat, Neighbor); 

Input: Classification index matrix Cmat,  

neighbor lists N, 

the threhold density Dthr 

Output: Cluster matrix Cmat2 

Nmol ← number of molecules 

Cmat2 ← Cmat 

Liq_cluster_number ← 1 

Gas_cluster_number ← 1  

for each_configuration in Cmat2 do 

While ‘liquid’ not in Cmat2[each_configuration] do 

     central ← one of the ‘liquid’ atom indices 

     Nidx ← N [each configuration] [central] 

     lst ← [central Nidx] 

     oldlst ← [ ] 

     While len(oldlst) ≠ len(lst) do 

          oldlst ← lst 

        lst2 ← N [each configuration] [oldlst] 

        lst ← unique([lst lst2]) 

        lst ← ‘liquid’ atom indices 

     Cmat2 [configuration][lst] ← Liq_cluster_number 

     Liq_cluster_number ← Liq_cluster_number + 1 

While ‘gas’ not in Cmat2[each_configuration] do 

     central ← one of the ‘gas’ atom indices 

     Nidx ← N [each configuration] [central] 

     lst ← [central Nidx] 

     oldlst ← [ ] 

   While len(oldlst) ≠ len(lst) do 

          oldlst ← lst   

      lst2 ← N [each configuration] [oldlst] 

      lst ← unique([lst lst2]) 

      lst ← ‘liquid’ atom indices 

   Cmat2 [configuration][lst] ← Gas_cluster_number 

     Gas_cluster_number ← Gas_cluster_number + 1 

return Cmat2 

 

Figure A. 7. Cluster analysis procedure. 
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초    록 

 
초임계유체의 구조 전이의 기술을 위한 통계적 방법 

 

서울대학교 대학원 

공과대학 화학생물공학부 

윤 태 준 

 

초임계유체의 물성은 미세한 공정 변수의 조절을 통해 넓은 범위에서 조

절할 수 있어, 현재 다양한 화학공정에서 활용되고 있다. 이러한 초임계

유체의 특성은 초임계 액체/기체 경계에서 관찰되는 유체의 구조 전이와 

관련성이 큰 것으로 알려져 있다. 초임계 액체/기체 경계에서 일어나는 

다양한 임계 이상 현상들은 다음과 같은 의문들을 제기한다. 기체란 무

엇인가? 혹은 액체란 무엇인가? 초임계유체 내의 기체 같은 분자 혹은 

액체 같은 분자의 분율을 정량화할 수 있을까? 이 논문에서는 데이터 과

학적 방법론과 분자 시뮬레이션 기법을 활용하여 이러한 질문에 답하고

자 한다. 

이 논문은 5 장으로 구성되어 있다. 먼저, 제 1 장에서는 초임계 기체/액

체 전이 영역과 관련된 중요한 용어 및 기존 연구들에 대해 간략히 소개

하고자 한다. 초임계 기체/액체 전이 영역을 파악하고자 하는 기존의 연

구들을 살펴봄으로써 기존 연구들이 가지는 한계를 파악할 수 있다. 제 

2 장에서는 데이터 과학적 방법론에 근거하여 개발된 통계적 혼합 모델

과 확률적 분류법을 개발하고 이를 초(아)임계 Lennard-Jones 유체에 적

용한다. 그 결과 얻게 된 다양한 구조적 정보들은 스미기 상전이 이론과 

임계 현상 이론 등에 근거하여 해석할 수 있다. 제 3 장에서는 개발된 

확률적 분류 기법을 메탄, 아르곤, 에탄, 이산화탄소, 산소 및 질소 등 비

극성 단순 유체 모델에 적용한다. 그 결과 이러한 비극성 단순 유체들의 

경우 환산 밀도/환산 온도 열역학 평면에서 초임계 액체/기체 전이 경계

선이 일치하며 환산 압력/환산 온도 열역학 평면에서 확장된 대응 상태 

원리가 성립함을 확인할 수 있다. 제 4 장에서는 분류 알고리즘을 무한 

희석 초임계 이산화탄소 혼합물에 적용함으로써 용매화 구조 및 음의 부

분 몰랄 부피에 대한 해석을 시도한다. 이를 통해 용질 주변의 이산화탄

소 용매화 구조에 대한 기존의 대립되는 이론을 통합할 수 있는 새로운 
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시각을 제공하고자 한다. 제 5 장에서는 본 연구에서 제시된 확률적 알

고리즘이 가지는 의미와 향후 연구에서의 활용 방향에 대하여 논의하고

자 한다.  

결론적으로, 제 3 장과 제 4 장의 응용 사례 및 실험 결과와의 일치성은 

이 논문에서 개발된 데이터 과학적 방법론의 유용성을 입증한다고 할 수 

있다. 이러한 확률적 분류법은 추후 과냉각 물에서 관찰되는 액체/액체 

상전이, 고체/기체 상전이 지점에서 관찰되는 초임계유체의 거동, 초임계 

흡착 공정에서 관찰되는 임계점 부근의 카시미르 효과 등을 해석하는데 

쓰일 수 있다. 또한 이러한 연구들은 향후 Fluid Polyamorphism 이론에 기

반한 초임계유체의 열역학 및 이동 현상적 물성 해석과 초임계유체 공정

의 설계 및 최적화에 응용될 수 있을 것으로 기대된다. 

  

주요어 : 초임계유체, 분자 시뮬레이션, 데이터 과학, 구조 전이 

학   번 : 2014-21529 
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