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Abstract

Macroscopic Coherence in
Quantum Mechanics:

Quantification and Applications

Hyukjoon Kwon

Department of Physics and Astronomy

The Graduate School

Seoul National University

From the beginning of quantum mechanics, many physicists have raised

the question whether the superposition principle can also be applied in the

macroscopic regime. Quantum superposition between classically distinct

states may occur unexpected phenomena such as Schrödinger’s cat paradox,

and it has attracted interests from both theoretical and experimental aspects.

Recent developments in the field of quantum information science allow us to

understand quantum coherence as a resource to perform nonclassical tasks,

but how this quantum resource plays its role in the macroscopic regime has

not been well uncovered yet. In this dissertation, we study quantification of

macroscopic coherence in various physical systems based on quantum re-

source theory and investigate possible applications of macroscopic quantum

states in both fundamental and technological aspects.
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In order to quantify macroscopic coherence, the degree of coherence

and physical size of the system should be considered at the same time. To

this end, we suggest a weighted measure of coherence based on physical

distance between quantum states. By introducing a cut-off function, the mi-

croscopic contribution of coherence can be ruled out then only coherence

between macroscopically distinct states can be captured. Quantum state dis-

turbance caused by imperfect measurements, or coarse-grained reference

frames can be another way to quantify macroscopic coherence. At the same

time, it can be the key to resolve why it is hard to see superposition be-

tween macroscopic objects. Both approaches fit in the resource theory of

asymmetry that covariant operations cannot increase the degree of macro-

scopic coherence, and the connection between two different approaches is

established. Using this framework, the degree of macroscopic coherence

can be quantified for arbitrary physical systems, enabling us to investigate

when quantum objects lose their nonclassical properties and experience a

quantum-to-classical transition.

As a practical application of macroscopic coherence, we study a pre-

cise parameter estimation task, as known as quantum metrology. In particu-

lar, we focus on multi-mode optical fields in which macroscopic coherence

can be captured by the negative Glauber–Sudarshan P -distribution. In this

case, every pure nonclassical state can be directly utilized for multi-mode

quadrature estimation tasks. Based on this observation, we develop the re-

source theory of nonclassicality, in which the negative P -function becomes

a metrological resource that does not increase under linear optical elements.

In the fundamental point of view, we also show that hybrid entangle-
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ment between particle-like (or quantum) and wave-like (or classical) states

in optical fields can be used to observe the failure of local realism in quan-

tum mechanics. Optical hybrid states which contain entanglement between

polarization degree of freedom and continuous modes are shown to perform

loop-hole free Bell-Clauser-Horne-Shimony-Holt inequality tests with im-

perfect photodetection, and their generation schemes are proposed as well.

Finally, we investigate another aspect of macroscopic coherence in

many-body systems to reveal the role of coherence in quantum thermody-

namics. We show that coherence can have two different roles in quantum

thermodynamics. A certain type of coherence in many-body systems can

be utilized to extract work deterministically while the other type of coher-

ence can be interpreted as a clock resource. Interestingly, a trade-off relation

between clock/work resources can be established in many-body quantum

thermodynamics.

Keywords : Macroscopic coherence, Quantum metrology, Nonclassicality,

Nonlocality, Quantum Thermodynamics

Student Number : 2012-20355
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Ŝ(ξ)τ̂ Ŝ†(ξ) (dashed lines). Decoherence factors and

mean photon numbers in thermal states are given by

Γ = 0.01, 0.3, 0.7 and n̄th = 0.01, 0.1, 0.5, 1.0,

respectively (both starting from above). . . . . . . . . 81

xi



Figure 10. Bell inequality test using an optical hybrid state with

on/off and parity measurements. . . . . . . . . . . . . 104

Figure 11. Maximized Bell value |B|max for varying α with per-

fect detector efficiency. The solid curve refers to pho-

ton on/off measurements while the dashed curve to

photon number parity measurements. . . . . . . . . . . 108

Figure 12. (a) Maximized Bell value for on/off measurements |B|on/offmax

and (b) optimizing |α|opt for each coherent measure-

ment detection efficiency. (c) Maximized Bell value

for parity measurements |B|paritymax and (d) optimizing

|α|opt. In both the cases, the detection efficiency ηB

for the coherent-state part decreases by 0.1 from the

perfect value (ηB = 1) to ηB = 0.5. . . . . . . . . . . 110

Figure 13. Maximized Bell-CHSH functions in terms of detec-

tion efficiency η for both modes and coherent ampli-

tudeα for (a) on/off and (b) parity measurement schemes.

The detection efficiency threshold to violate the Bell-

CHSH inequality is about 67% when the coherent am-

plitude is low. . . . . . . . . . . . . . . . . . . . . . . 112

Figure 14. Maximum Bell value via detector efficiency with vary-

ing coherent amplitude from 0.1 to 0.5 for the on/off

measurement scheme. The right-hand-side figure rep-

resents the boxed region of the left-hand-side one. . . . 112

xii



Figure 15. Maximum Bell values against detection efficiency with

varying coherent amplitudes from 0.1 to 0.5 for the

parity measurement scheme. The right-hand-side fig-

ure represents the boxed region of the left-hand-side

one. . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

Figure 16. (a) Comparison of Bell violation |B|max (b) and opti-

mizing coherent amplitude |α|opt between on/off(solid

line) and parity(dashed line) measurements assuming

symmetric detector efficiency η. On/off measurements

give higher Bell value than parity measurements for

η < 0.9868. . . . . . . . . . . . . . . . . . . . . . . . 114

Figure 17. Maximized Bell-CHSH value as a function of detec-

tion efficiencies for (a) on/off and (b) parity measure-

ment schemes. Axis labels ηA and ηB refer to po-

larization (single photon) and coherent field measure-

ment efficiencies, respectively. The optimizing coher-

ent amplitudes were taken for each detection efficiency. 115

Figure 18. Subtracted value, |B|Paritymax −|B|On/off
max , values for dif-

ferent detection efficiencies ηA and ηB . Each |B|max

is obtained by taking its optimizing coherent amplitude. 116

xiii



Figure 19. Optimizing conditions for parity measurements with

detection efficiencies ηA and ηB . Shaded areas I and

II are regions where the Bell-CHSH inequality is vio-

lated. Region I has optimizing conditions with real ξ

and β, while region II has optimizing conditions with

|ξ| = π/4 and pure imaginary β. . . . . . . . . . . . . 118

Figure 20. Generation scheme for hybrid entanglement. The beam-

splitter reflectivity r and the amplitude αi of the SCS

determine the amplitude
√
rαi of the displacement op-

eration. . . . . . . . . . . . . . . . . . . . . . . . . . 123

Figure 21. Fidelity (solid curves) and total success probability

(dashed curves) of the hybrid entangled state |Ψπ(αf )⟩AB
for the beam-splitter transmissivity t. The amplitude

of the target hybrid state is assumed to be αf = 1,

and four cases are plotted with detection efficiencies

η = 0.7, 0.8, 0.9, and 0.99 (starting from the bottom). . 126

Figure 22. (a) Fidelity and (b) total success probability for state

|Ψπ(αf )⟩AB in terms of its amplitude (αf ) and de-

tection efficiency (η). The transmissivity of the beam

splitter is assumed to be t = 0.99. . . . . . . . . . . . 127

xiv



Figure 23. (a), (c) Fidelity and (b), (d) total success probability

for state |Ψπ(αf )⟩AB using photon-subtracted squeezed

states as approximate SCSs. The squeezing parame-

ters used to obtain the photon-subtracted squeezed states

are s = 0.161 (upper figures) and s = 0.313 (lower

figures). The transmissivity is t = 0.9 (dot-dashed

lines), t = 0.99 (dashed lines), and t = 0.999 (solid

lines), respectively. The vacuum portion of the polar-

ization entangled pair is assumed to be 1− z = 0.5. . . 130

Figure 24. Expected fidelity of the generated hybrid entanglement

when a squeezed single-photon state and a SPDC source

with interaction strength λ are applied to the scheme

using inefficient on-off detectors. The squeezing pa-

rameters are (a) s = 0.161 and (b) s = 0.313 while the

beam-splitter transmissivity is t = 0.99 for both cases.

The efficiencies of the on-off detectors are η = 0.9,

0.7, 0.5, 0.3, and 0.1 starting from the top. . . . . . . . 134

Figure 25. Schematic relationship between thermodynamic resources

for many-body quantum systems. . . . . . . . . . . . . 146

xv



Figure 26. Thermomajorization graph for the energy-block diag-

onal state D(|ψ⟩ ⟨ψ|) and its projection to an incoher-

ent state Π(|ψ⟩ ⟨ψ|) for a two-qubit state |ψ⟩ studied

in the text with coefficients p1 and p2. Z represents

the partition function of the system. (a) When p1eβω0

is the maximum among pieβEi , Wcoh is positive, but

(b) if another energy (e.g. p2e2βω0 in the plot) obtains

the maximum, Wcoh = 0. . . . . . . . . . . . . . . . 149

Figure 27. Trade-off between extractable work from coherence

and clock resource. The solid line refers to Eq. (6.10),

the dashed line refers to Eq. (6.13) for N = 2, and the

dotted line refers the tighter bound with N = 10. . . . 161

xvi



Chapter 1

Introduction

Quantum mechanics, originated from the wave-particle duality [1] has been

one of the most successful theories describing microscopic systems, espe-

cially of the atomic scale. Based on quantum theory, we now understand the

interference patterns in the double-slit experiment of single photons [2, 3]

and electrons [4, 5] as the wave-like nature of particle being in superposi-

tion between different physical states. As quantum theory does not exclude

superposition between even macroscopic objects, however, there can exist

seemingly counter-intuitive situations which are well illustrated by the fa-

mous Schrödinger’s cat paradox [6]. From the beginning of quantum me-

chanics, there have been numerous efforts to observe quantum interference

of further macroscopic objects in various physical systems including atom

[7–9], photon [10–15], optical cavity [16], and mechanical oscillator sys-

tems [17, 18]. In the double-slit experiment, interference of C60 molecules

has been observed [19], and even organic molecules have been designed [20]

and reported [21] to be in quantum superposition. Now many physicists be-

lieve that quantum superposition can exist between macroscopic objects,

although it may take still a huge amount of time and efforts to generate a

vivid superposition between literally alive and dead cat states.

Superposition in quantum mechanics can be further generalized into

quantum coherence that is given by off-diagonal elements of a density ma-

1



trix with respect to physical states. For instance, if we describe Schrödinger’s

cat state as |Ψ⟩ = |alive⟩ + |dead⟩, the off-diagonal terms |alive⟩ ⟨dead|

and |dead⟩ ⟨alive| in the density matrix ρ̂ = |Ψ⟩ ⟨Ψ| refer to quantum co-

herence. These coherence terms definitely do not have classical counterparts

that many quantum phenomena have been shown to emerge from this off-

diagonal elements. In physical systems with the microscopic degree of free-

dom, such as single or two-qubit systems, we can characterize and quantify

quantum coherence [22, 23] and correlations [24, 25], and its usefulness in

quantum information processing such as quantum key distribution [26–28],

computation [29–33], and communication [34–36] has been well verified.

However, it is difficult to characterize the properties of coherence when the

number of particles or the degree of Hilbert spaces increases, and practical

applications of such coherences are not well studied yet.

A number of proposals have been made to quantify the size of a macro-

scopic superposition or the so-called “quantum macroscopicity” [37–54].

In 1980, Leggett who is one of the pioneers in this field defined a mea-

sure called “disconnectivity” [37] to quantify an effective size of macro-

scopic superposition, such as Greenberger-Horne-Zeilinger (GHZ) states

based on genuine multipartite quantum correlations. Dür et al. [38] ex-

tended Leggett’s work by investigating the effective size of the general-

ized GHZ states and Shimizu and Miyadera [41] suggested a measure of

quantum macroscopicity based on correlations of local observables. In a

different point of view, an interference-based measure [40] has been studied

based on the sensitivity of quantum superposition for interferometric appli-

cations. Recently, quantum macroscopicity measures [44–46,51] have been
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suggested to quantify macroscopic quantum properties for general quantum

states in an arbitrary physical system. Those measures are from different

contexts, based on the phase space structures [44, 51], the quantum Fisher

information [45], and the minimal extension of quantum theory [46], yet

unified viewpoint has not been established. An axiomatic approach to quan-

tum macroscopicity that uses a similar framework to that of coherence [22]

has also been proposed [52], but it could be not sufficient for certain types

of states [53].

Meanwhile, Leggett and Garg [55] have raised a fundamental question

regarding macroscopic quantum superposition by introducing the concept

of “macrorealism” to describe a classical (macroscopic) physical objects

based on two postulates: Macrorealism per se and Noninvasive measurabil-

ity. Leggett-Garg inequality [55] shows that quantum mechanical superposi-

tion between macroscopically distinct physical states can violate the bound

given by the macrorealistic model, which is similar to the case of the viola-

tion of local hidden variable model by entangled quantum states [56]. The

concept of macrorealism has been recently developed into no-signaling-in-

time (NSIT) [57] in more rigorous ways.

In the previous discussion on Schrödinger’s cat state, it is important

to notice that macroscopic coherence between alive and dead cat should be

distinguished from its statistical mixture |alive⟩ ⟨alive|+|dead⟩ ⟨dead|. Fur-

thermore, coherence between macroscopic objects should lead to different

emergent properties which should be distinguished from the accumulation

of microscopic coherence [37], i.e., collecting coherences of individual elec-

trons composing the cat would not become a superposition of alive/dead cat
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states. Unfortunately, we cannot observe such Schrödinger’s cat-like states

in our real lives, and we also do not know much about how to characterize

and utilize macroscopic quantum states generated in the laboratory. Based

on this observation, it is natural to raise the following questions concerning

macroscopic coherence: 1. “How can we quantify it?” 2. “Why it is hard to

observe in our lives?” 3. “What can we do with it?” This dissertation aims

to study possible answers to these questions.

In Chapter 2 we review some basic concepts of coherence and intro-

duce recent approaches of coherence and asymmetry using the framework

of quantum resource theory. Adopting this concept, we study how to quan-

tify macroscopic coherence in a consistent and physically acceptable way

in Chapter 3. We suggest two different approaches of “weighted sum of

coherence” and “disturbance by measurement” and verify the connection

between them. This integrated viewpoint explains why it is hard to see such

macroscopic coherence in the presence of thermal environment.

We introduce possible applications of macroscopic coherence in im-

proving quantum technology and testing the foundation of physics. In Chap-

ter 4 we illustrate how macroscopic coherence can be utilized for enhanced

metrological tasks and introduce its connection to nonclassicality in multi-

mode optical fields. We study another application of macroscopic coher-

ence in Chapter 5, by investigating hybrid entanglement between micro-

scopic and macroscopic (or classical) systems in optical fields. We propose

a scheme to generate such hybrid entanglement and demonstrate how it can

be useful to test the loop-hole free Bell inequality violation. In Chapter 6,

we study the role of coherence in many-body systems which can be utilized
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as work and clock resources in the thermodynamic viewpoint. Concluding

remark are followed in Chapter. 7.
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Chapter 2

Resource theory of quantum
coherence and asymmetry

The contents of this chapter are largely based on Section II. and III. of [H.

Kwon, C.-Y Park, K.-C. Tan, D. Ahn, and H. Jeong, “Coherence, Asymme-

try, and Quantum Macroscopicity”, arXiv:1704.06469] Ref. [58].

2.1 Introduction

In this Chapter, we study that quantum features can be quantified as a “re-

source” to perform nonclassical tasks. To this end, we introduce a frame-

work of quantum resource theory which can be characterized by a set of

free states and free operations for a given nonclassical task. Free states are

the states which can be prepared without cost, thus cannot be utilized for

a given nonclassical task. Then free operations can be defined as classical

operations acting on quantum states, which maps every free state to another

free state. In other words, a quantum resource cannot be generated by acting

a free operation on free states. In order to quantify the amount of resources,

we define monotones (sometimes called measures) which give zero values

for free states and do not increase by free operations.

Entanglement theory [24, 25], which is the prototype of the quantum

resource theory, is a good example to illustrate the structure of the theory.
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Table 1: Various types of quantum resource theory

Resource theory Incoherent operation Incoherent state

Entanglement LOCC Separable state
Coherence Incoherent operation Incoherent state
Asymmetry Covariant operation Covariant state
Nonclassicality (in optics) Linear optical map Possitive P -function
Quantum Thermodynamics Thermal operation Gibbs state

In the resource theory of entanglement, free states and free operations are

given by separable states and local operation and classical communications

(LOCC), respectively. We can easily notice that entanglement cannot be

generated from separable states and LOCC, which means that a separable

state does not contain any entanglement resource. Moreover, we can quan-

tify the degree of entanglement by measures such as the relative entropy of

entanglement [59] and entanglement of formation [60], all of which do not

increase by free operations, so-called entanglement monotones [24].

Recently, Baumgratz et al. [22] proposed a general framework to quan-

tify quantum coherence with respect to a given set of preferred basis. As

the essence of quantum phenomena comes from quantum superposition,

or more generally quantum coherence between different physical states,

it has been shown that “coherence theory” has a connection to entangle-

ment [61, 62] and nonclassicality [33]. In this manner, one may say that

“coherence” lies in the heart of quantum resource theories.

On the other hand, there are several different viewpoints to understand

coherence in quantum states by which various types of quantum resource

theory could be constructed based on nonclassical tasks in concern (see Ta-
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ble 1 for some examples). In the remaining part of this chapter, we mainly

focus on the resource theory of coherence and asymmetry with related mea-

sures. These measures can be used to quantify the degree of quantum macro-

scopicity in Chapter 3.

2.2 Quantifying quantum coherence

2.2.1 Incoherent states and incoherent operations

Coherence in quantum physics, in general, refers to the interference between

different physical states. In the double-slit experiment, for example, each

particle can be in superposition between its states passing the upper slit (|↑⟩)

and the lower slit (|↓⟩) at the same time. More generally, if we take a set of

orthogonal basis {|i⟩} we can express a quantum state in a density matrix

form ρ̂ =
∑

i,j ρij |i⟩ ⟨j|. In this case, the off-diagonal terms ρij with i ̸= j

refer to coherence between different physical states |i⟩ and |j⟩.

Quantum coherence with respect to a given set of basis {|i⟩} has been

recently studied in the viewpoint of resource theory [22,23]. In the resource

theory of coherence, a set of incoherent states I is given by quantum states

which only contain diagonal terms, i.e., δ̂ =
∑

i pi |i⟩ ⟨i|, where pi ≥ 0

and
∑

i pi = 1. Then a set of incoherent operations EIC can be constructed

by a quantum channel which maps every incoherent state to another inco-

herent state, i.e., EIC(I) ⊂ I [22]. More precisely, an incoherent operation

can be characterized by Kraus operators as EIC(ρ̂) =
∑

n K̂nρ̂K̂
†
n, where

K̂nIK̂†
n ⊆ I and

∑
n K̂

†
nK̂n = 1.
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2.2.2 Measures of coherence

In order to quantify the amount of coherence in quantum states, we need a

faithful measure of coherence, so-called a coherence monotone. The follow-

ings are the conditions that coherence monotone C(ρ̂) should satisfy [22].

(C1) C(δ̂) ≥ 0 and C(δ̂) = 0 if and only if δ̂ ∈ I.

(C2a) (Weak monotonicity) C(ρ̂) ≥ C(EIC(ρ̂)) under a trace-preserving in-

coherent operation E .

(C2b) (Strong monotonicity) C(ρ̂) ≥
∑

n pnC(K̂nρ̂K̂
†
n/pn), where pn =

TrK̂†
nρ̂K̂.

(C3) (Convexity)
∑

i piC(ρ̂i) ≥ C(
∑

i piρ̂i).

(C1) condition verifies that a quantum state has coherence if and only

if it is not in the diagonal form with respect to a given set of basis {|i⟩}.

(C2a) and (C2b) conditions show that the amount of coherence cannot be

increased by trace preserving incoherent operations and selective incoherent

operations on average, respectively. (C3) convexity guarantees that classical

(statistical) mixing of quantum states does not increase the degree of coher-

ence. Note that (C2b) is stronger condition since (C2b) together with (C3)

leads to the weak monotonicity condition (C2a) [22].

Here, we introduce some examples of coherence monotones. First of

all, we can add every off-diagonal element with respect to a given basis
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{|i⟩}. By doing this, we obtain the l1-norm of coherence

Cl1(ρ̂) = ||ρ̂− ρ̂diag||l1 =
∑
i ̸=j
|ρij |,

where ρij = ⟨i|ρ̂ |j⟩. The l1-norm of coherence has been proven to be a

coherence monotone satisfying all the conditions (C1)–(C3) [22]. Similarly,

the l2-norm of coherence may be defined as Cl2(ρ̂) =
∑

i ̸=j |ρij |2. However,

this measure is not a valid coherence monotone since it does not satisfy

(C2b) [22].

Another good way to quantify quantum coherence is using a distance

function between quantum states, so-called a geometric measure of coher-

ence. This type of coherence measures quantifies how far a state is apart

from its closest incoherent state. Based on this concept, the relative entropy

of coherence

CR(ρ̂) := min
δ̂∈I

S(ρ̂||δ̂) = S(ρ̂diag)− S(ρ̂)

can be defined [22], where ρ̂diag =
∑

i ρii |i⟩ ⟨i| and S(ρ̂||τ̂) = Tr(ρ̂ log ρ̂−

ρ̂ log τ) is the quantum relative entropy. On the other hand, some of the ge-

ometric measures of coherence based on the Bures distance and the Hilbert-

Schmidt norm have been found not to satisfy condition (C2b) [63]. Recently,

another geometric measure

CF (ρ̂) := 1−max
δ̂∈I

F (ρ̂, δ̂)

has been studied by observing the connection between entanglement and
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coherence [64]. This measure has been proven to satisfy (C1)-(C3) [64],

where F (ρ̂, τ̂) = [Tr
√√

ρ̂τ̂
√
ρ̂]2 is the fidelity between two quantum states

ρ̂ and τ̂ .

In this dissertation, we introduce a new coherence measure based on

the quantum affinity A2(ρ̂, τ̂) := [Tr
√
ρ̂
√
τ̂ ]2. It has been noticed that the

quantum affinity and fidelity share similar information-theoretical properties

[65]. Based on this observation, we define the affinity based measure of

quantum coherence

CA(ρ̂) = 1−max
δ̂∈I

A2(ρ̂, δ̂). (2.1)

Alternatively, we can express this measures in the following forms

CA(ρ̂) =
∑
i ̸=j
|(
√
ρ̂)ij |2 = 1−

∑
i

(
√
ρ̂)2ii. (2.2)

This can be shown as follows: Suppose that a incoherent state is given by

δ̂ =
∑

i pi |i⟩ ⟨i|. ThenA(ρ̂, δ̂) =
∑

i

√
pi(
√
ρ̂)ii ≤

√∑
i pi

√∑
i(
√
ρ̂)2ii =√∑

i(
√
ρ̂)2ii by the Cauchy-Schwartz inequality. The inequality is satu-

rated when pi = (
√
ρ̂)2ii/

∑
i(
√
ρ̂)2ii. Thus we have maxδ̂∈I A(ρ̂, δ̂)

2 =∑
i(
√
ρ̂)2ii = 1− CA(ρ̂).

These equivalent expressions show that measure CA captures both prop-

erties from interference-based measures and geometric measures of coher-

ence. An interesting remark is that even though the l2-norm of coherence

for ρ̂ does not satisfy condition (C2b), the same measure for
√
ρ̂ obeys all

the condition (C1)–(C3). We also note that measure CA is bounded between
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0 and 1. The measure can be efficiently computable since the coherence of a

quantum state in any given basis can be obtained by computing the diagonal

elements of
√
ρ̂. Finally, we verify that CA is a proper measure of quantum

coherence.

Theorem 1 (Affinity-based measure of coherence). With respect to a basis

set {|i⟩}, CA(ρ̂) = 1 −maxδ̂∈I A
2(ρ̂, δ̂) =

∑
i ̸=j |(

√
ρ̂)ij |2 is a coherence

monotone satisfying conditions (C1) – (C3).

Proof: (C1) can be easily shown that C(ρ̂) = 0 if and only if ρ̂ only

contains diagonal terms. Note that A(ρ̂, τ̂) = 1 if and only if ρ̂ = τ̂ .

(C2a) can be proven by using the property A(ρ̂, τ̂) ≤ A(E(ρ̂), E(τ̂)) for

any trace-preserving map E . We then have CA(ρ̂) = 1 − A(ρ̂, δ̂∗)2 ≥

1 − A(EIC(ρ̂), EIC(δ̂∗))2 ≥ 1 − maxδ̂∈I A(EIC(ρ̂), δ̂)
2 = CA(EIC(ρ̂)),

where δ̂∗ maximizes A(ρ̂, δ̂) for δ̂ ∈ I. (C2b) can be proven by show-

ing
∑

n pnCA(K̂nρ̂K̂
†
n/pn) ≤ CA(ρ̂), for incoherent operator set {K̂n}.

We first show that A(ρ̂, τ̂) ≤
∑

nA(K̂nρ̂K̂
†
n, K̂nτ̂ K̂

†
n) for Kraus oper-

ators with
∑

n K̂
†
nK̂n = 1. A set of Kraus operators {K̂} can be ex-

pressed using ancillary state τ̂2: K̂nρ̂K̂
†
n = Tr2(1 ⊗ Π̂n)Û(ρ̂ ⊗ τ̂2)Û †(1 ⊗

Π̂n). Note that A(ρ̂, σ̂) is non-increasing under partial trace A(ρ̂12, σ̂12) ≤

A(Tr2ρ̂12,Tr2σ̂12) and satisfies following properties for a set of projection

operators {Π̂n}:
∑

nA(Π̂nρ̂Π̂n, Π̂nσ̂Π̂n) = A(
∑

n Π̂nρ̂Π̂n,
∑

n Π̂nσ̂Π̂n).
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Using these properties, we can show that

∑
n

A(K̂nρ̂K̂
†
n, K̂nσ̂K̂

†
n)

=
∑
n

A(Tr2(1⊗ Π̂n)Û(ρ̂⊗ τ̂2)Û †(1⊗ Π̂n),Tr2(1⊗ Π̂n)Û(σ̂ ⊗ τ̂2)Û †(1⊗ Π̂n))

≥
∑
n

A((1⊗ Π̂n)Û(ρ̂⊗ τ̂2)Û †(1⊗ Π̂n), (1⊗ Π̂n)Û(σ̂ ⊗ τ̂2)Û †(1⊗ Π̂n))

= A(
∑
n

(1⊗ Π̂n)Û(ρ̂⊗ τ̂2)Û †(1⊗ Π̂n),
∑
n

(1⊗ Π̂n)Û(σ̂ ⊗ τ̂2)Û †(1⊗ Π̂n))

≥ A(Û(ρ̂⊗ τ̂2)Û †, Û(σ̂ ⊗ τ̂2)Û †)

= A(ρ̂⊗ τ̂2, σ̂ ⊗ τ̂2)

= A(ρ̂, σ̂)A(τ̂2, τ̂2)

= A(ρ̂, σ̂).

(2.3)

We then have

∑
n

pnCA(K̂nρ̂K̂
†
n/pn) = 1−

∑
n

pnmax
δ̂n∈I

A(K̂nρ̂K̂
†
n/pn, δ̂n)

2

≤ 1−
∑
n

A(K̂nρ̂K̂
†
n, K̂nδ̂

∗K̂†
n/qn)

2

= 1−
∑
n

1

qn
A(K̂nρ̂K̂

†
n, K̂nδ̂

∗K̂†
n)

2

≤ 1−

[∑
n

A(K̂nρ̂K̂
†
n, K̂nδ̂

∗K̂†
n)

]2
≤ 1−A(ρ̂, δ̂∗)2

= CA(ρ̂),

(2.4)

where qn = TrK̂nδ̂
∗K̂†

n and δ̂∗ gives the maximum value of A(ρ̂, δ̂) for δ̂ ∈
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I. Finally, (C3) can be proven by noticing that CA(ρ̂) = 1 −
∑

i(
√
ρ̂)2ii =

1 −
∑

i Tr
√
ρ̂P̂i
√
ρ̂P̂i, where P̂i = |i⟩ ⟨i|. According to Lieb’s concavity

theorem [66], Tr
√
ρ̂P̂i
√
ρ̂P̂i is concave in ρ̂ for every i, which makes CA(ρ̂)

convex. □

2.3 Quantum coherence and asymmetry

In the resource theory of quantum coherence, a set of reference basis {|i⟩}

does not have any restriction, and the degree of coherence can vary on this

choice of basis. In order to construct a physically meaningful set of inco-

herent states, we can use one of the most fundamental concepts in physics,

conservation laws. We call a physical system has a symmetry when its La-

grangian is invariant under a group operation, and then there exists a con-

served quantity. For example, if the system has time-translation symmetry,

then its energy becomes a conserved quantity. However, in quantum theory,

different energy-eigenstates can be superposed then this kind of quantum

states contains broken symmetry, which we call asymmetry. Independently

from the resource theory of coherence, various studies have been done to

quantify quantum coherence in the context of asymmetry [67–70] and to

discover its applications including reference frame alignment [71], quantum

metrology [72,73], and quantum speed limits [74]. In this section, we study

a general structure of asymmetry and how they are related to the resource

theory of coherence.
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2.3.1 Asymmetry and reference frame

The resource theory of asymmetry allows us to quantify the degree of sym-

metry breaking of a quantum state under a given group transformation [69,

70, 75]. Here, we consider a unitary group transformation in quantum me-

chanics acting on a quantum state ρ̂

Ux(ρ̂) = Ûxρ̂Û
†
x = e−ixL̂ρ̂eixL̂, (2.5)

which is generated by a given observable L̂ with real values of x. We can

express the generator as L̂ =
∑

i λi |i⟩ ⟨i| using the eigen-decomposition,

where λi assigns some physical quantities to the specific eigenstates |i⟩. For

example, when we choose L̂ to be a Hamiltonian of the system, λi refers to

an energy-eigenvalue, and the related group operation becomes a time trans-

lation. From the resource theoretical point of view, we can specify free states

and free operations respect to this group translations Ûx. The free states can

be defined as a state which does not change by any given group transforma-

tion generated by L̂, i.e., Ux(ρ̂) = ρ̂ for all x, so-called the translationally-

covariant states. Then we define translationally-covariant operations as free

operations, which satisfies

Ux ◦ E = E ◦ Ux

for every value of x [70, 75]. The measure of asymmetry A(ρ̂) can be de-

fined to satisfy A(ρ̂) = 0 for translationally-covariant states and not to in-

crease under translationally-covariant operations [67]. Some measures of
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asymmetry including information-based measures [70, 75–77], the robust-

ness of asymmetry [76], and the asymmetry-weight [77] have been studied.

We introduce an interference-based measure of asymmetry, based on the

discussion in the previous section.

Theorem 2 (Interference-based measure of asymmetry). For a given ob-

servable L̂ =
∑

i λi |i⟩ ⟨i|,

AA(ρ̂) =
∑
λi ̸=λj

|(
√
ρ̂)ij |2 (2.6)

is an asymmetry monotone with respect to L̂.

Proof: For non-degenerate case (i.e. λi ̸= λj if and only if i ̸= j), the

proof is the same with Theorem 1. In the case of degeneracy, we write a

free state σ̂ =
∑

n pnσ̂n =
∑

n pn
∑

λ λ(n) |n, λ⟩ ⟨n, λ|, where each σ̂n is

translationally-covariant state and
∑

λ λ(n) |n, λ⟩ ⟨n, λ| is its eigndecompo-

sition. Then we can follow the proof of Theorem. 1 if we can always choose

a set of bases {|n, λ⟩} which gives

AA(ρ̂) = 1− max
{pn,λ(n),|n,λ⟩}

A2(ρ̂, σ̂) =
∑
λi ̸=λj

|(
√
ρ̂)ij |2.

Now consider a projection P̂n onto the states with λi = n. Using this pro-

jection, we can block-diagonalize
√
ρ̂ and we can take eigendecomposition

of each block P̂n(
√
ρ̂)P̂n in order to obtain the desired free state. □

This measure quantifies the interference between the different eigen-

states of L̂, while excluding the contributions of the interference between
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eigenstates with the same eigenvalues. Note that if an observable L̂ has non-

degenerate eigenvalues, the interference-based measure of asymmetry AA

coincides with the Affinity-based measure of coherence CA with respect to

the eigenbasis of the observable L̂.

2.3.2 Modes of asymmetry

The asymmetry of quantum states could be further decomposed into individ-

ual modes of asymmetry [69]. We first note that every quantum state can be

expressed in terms of the eigenbasis of L̂ =
∑

i λi |i⟩ ⟨i|, and can be further

decomposed into different modes of the eigenvalue spacing ω = λi − λj .

ρ̂ =
∑
i,j

ρij |i⟩ ⟨j| =
∑
ω∈Ω

ρ̂(ω), (2.7)

where ρ̂(ω) =
∑

λi−λj=ω ρij |i⟩ ⟨j| and Ω is a set composed of every pos-

sible spacing between the eigenvalues (i.e. ω = λi − λj) of the observable

L̂. This mode decomposition is useful to identify translationally-covariant

states as an equivalent expression of ρ̂ = ρ̂(0), for which coherence between

the eigenstates of different eigenvalues do not exist [52,69,70]. We can also

have an alternative expression of translationally-covariant operations as fol-

lows:

Proposition 1 (Covariant operations for modes of asymmetry). A quantum

operation E is a translationally-covariant operation if and only if E satisfies

E(ρ̂(ω)) = E(ρ̂)(ω) for every mode ω.
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Proof: We observe that Ux(ρ̂) = e−iL̂xρ̂eiL̂x =
∑

ω∈Ω e
−iωxρ̂(ω) by tak-

ing eigenbases of the observable L̂. Then we have

(E ◦ Ux)(ρ̂) = E

(∑
ω∈Ω

e−iωxρ̂(ω)

)
=
∑
ω∈Ω

e−iωxE
(
ρ̂(ω)

)
.

On the other hand, we have (Ux◦E)(ρ̂) =
∑

ω∈Ω e
−iωxE(ρ̂)(ω). Two expres-

sions are equal for translations Ux for all x if and only if E(ρ̂(ω)) = E(ρ̂)(ω)

which completes the proof. □

Using modes of asymmetry, the degree of coherence stored within each

mode ω can be individually quantified [69, 70]. The measure is given by

A(ω)
tr (ρ̂) = ∥ρ̂(ω)∥tr, (2.8)

where ∥X̂∥tr = Tr
√
X̂†X̂ is the trace norm. Note that ∥ρ̂(ω)∥tr is non-

increasing under covariant operations for every ω [69]. Furthermore, it can

be shown that any linear function of the modes forms a measure of asym-

metry, i.e.
∥∥∑

ω∈Ω c(ω)ρ̂
(ω)
∥∥
tr

is a measure of asymmetry for any complex

function c(ω) [70].

We take similar approach using the previously suggested interference-

based measure, by introducing a different type of mode decomposition and

a measure based on a different norm, given by follows:

A(ω)
HS (ρ̂) =

∑
λi−λj=ω

|(
√
ρ̂)ij |2 = ∥

√
ρ̂
(ω)
∥2HS, (2.9)

where ∥X̂∥HS = [TrX̂†X̂]1/2 is the Hilbert-Schmidt norm.

19



For both measures A(ω)
tr and A(ω)

HS , we observe that the total degree of

asymmetry is given by the sum over ω with ω ̸= 0, i.e.

A(ρ̂) =
∑

ω∈Ω−{0}

A(ω)(ρ̂), (2.10)

which is non-increasing by covariant operations. In this case, we define each

mode of coherence A(ω)(ρ̂) as ω-coherence.

Unlike the measure based on the trace normAtr, however, some modes

of A(ω)
HS (ρ̂) can increase by covariant operations. We give an example of the

case of increasingA(ω)
HS (ρ̂) by a covariant operation. Consider quantum state

|ψ⟩ = (|0⟩ + |1⟩ + |2⟩)/
√
3 which can be express in the form of a density

matrix,

ρ̂ =
1

3


1 1 1

1 1 1

1 1 1

 . (2.11)

Then we consider a partially-decohering map on ω = ±1, which a is translationally-

covariant operation. Under the operation, the state ρ̂ evolves into

Φ(ρ̂) =
1

3


1 0 1

0 1 0

1 0 1

 . (2.12)

In this case, we can calculate each mode of coherences A(ω)
HS for ρ̂ and

Φ(ρ̂), A(±1)
HS (ρ̂) = 2/9 and A(±1)

HS (Φ(ρ̂)) = 0, while A(±2)
HS (ρ̂) = 1/9 and

A(±2)
HS (Φ(ρ̂)) = 1/6. Thus, for ω = 2 we note that some modes of coherence
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are increased by a translationally-covariant operation. Meanwhile, the total

asymmetry does not increase under the partial decohering map: AA(ρ) =∑
ω∈{±1±2}A

(ω)
HS (ρ̂) = 2/3, whileAA(Φ(ρ̂)) =

∑
ω∈{±1±2}A

(ω)
HS (Φ(ρ̂)) =

1/3.

2.4 Remarks

Until now, we have studied coherence and asymmetry in the viewpoint of

quantum resource theory. Based on the concepts of free states and free op-

erations, quantum coherence can be characterized as the amount of non-

classical resources contained in quantum states. Furthermore, we illustrate

that asymmetry of quantum states can be considered as a resource for refer-

ence frame alignment task. These quantum resources can be quantified by a

measure based on the quantum affinity with respect to the basis {|i⟩} an ob-

servable L̂ =
∑

i λi |i⟩ ⟨i|. Moreover, we show that asymmetry of quantum

states can be decomposed into modes given through the eigenvalue spacings

ω = λi − λj .

In the following Chapter 3, we discuss quantum macroscopicity by ex-

tending the resource theory of asymmetry and see that modes of asymmetry

play an important role to quantify macroscopic coherence. Meanwhile, there

are other types of resource theories based on different nonclassical tasks, as

mentioned in the introduction of this chapter (Table. 1). In this dissertation,

we additionally study two different types of resource theories, where both

are connected to coherence and asymmetry. In Chapter 4, we introduce the

resource theory of nonclassicality in optical fields which can be considered
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as the extension of coherence theory to the continuous variable regimes. In

Chapter 6, we show that a certain type of coherence in quantum thermo-

dynamics is given by asymmetry with respect to energy eigenvalues of the

system Hamiltonian when possible thermal operations are given by energy-

preserving unitaries on a system coupled with a bath.
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Chapter 3

Quantifying macroscopic coherence

The contents of this chapter are largely based on Section IV. and V. of [H.

Kwon, C.-Y Park, K.-C. Tan, D. Ahn, and H Jeong, “Coherence, Asymme-

try, and Quantum Macroscopicity”, arXiv:1704.06469 (2017)] Ref. [58] and

[H. Kwon, C.-Y. Park, K.-C. Tan, and H. Jeong, “Disturbance-based mea-

sure of macroscopic coherence,” New J. Phys. 19, 043024 (2017)] Ref. [53].

3.1 Introduction

Quantum theory is one of the most successful theories in physics. Base on

the superposition principle, the theory describes properties of microscopic

systems, such as atoms and electrons with extremely high precision. As

illustrated in Schrödinger’s cat paradox [6], however, the quantum theory

could lead to some counter-intuitive situations since the theory does not ex-

clude quantum superposition between objects in the macroscopic regime.

From the beginning of quantum mechanics, many physicists questioned

whether macroscopic superposition could exist, how would it look like, and

why we cannot observe such macroscopic superposition in real lives.

Experimental efforts in various physical systems show that it is pos-

sible to superpose ever larger quantum systems [7–10, 16, 19], although it

seems to have a long way to go to superpose “macroscopic” objects such
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as alive/dead cats. In theory, on the other hand, it is an interesting issue to

characterize macroscopic superposition and quantify the degree of macro-

scopic coherence with a generalized framework [37–52]. The main obsta-

cle in this topic is that different physical systems have different properties,

which makes difficult to construct a unified view of macroscopic quantum

phenomena.

In this chapter, we study how to quantify quantum macroscopicity or

macroscopic coherence in the viewpoint of coherence and asymmetry. We

show that quantum macroscopicity could be quantified by taking account

of (size of the system) and (degree of coherence) at the same time. Also, a

scale parameter is introduced in order to exclude the accumulation of mi-

croscopic coherences, and then macroscopic coherence can be efficiently

quantified. In another point of view, we take a different approach to quan-

tify macroscopic coherence by measuring the disturbance of quantum states

via coarse-grained measurements. This approach provides an operational

meaning of macroscopic coherence, based on the relationship between the

measurement precision and disturbance of the quantum state. Examples in

N -particle spin systems and Bosonic systems are investigated to demon-

strate the validity of these two approaches. We also establish the connection

between two approaches and relate them to decoherence model which ex-

plains why a superposition between macroscopic objects cannot be observed

in our real lives.
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3.2 Properties of macroscopic quantum coher-
ence

We first review some preliminary concepts regarding macroscopic quantum

coherence. Let us consider a measurement observable described by a Hermi-

tian operator L̂ =
∑

i λi |i⟩ ⟨i|. The eigenstates of the observable L̂ define a

natural orthonormal basis {|i⟩}, which can be used to quantify the amount of

coherence in the system. Previous measures of quantum coherence [22, 64]

quantify the degree of coherence contained in the quantum state with respect

to the given basis {|i⟩}. However, these measures give the same value for

every superposition in the form of |i⟩+ |j⟩, without any regard for physical

measurement outcomes represented by components |i⟩ and |j⟩, which are

λi and λj respectively. In other words, they did not consider how correctly

|i⟩ and |j⟩ are discriminated by an actual measurement. In an attempt to

quantify macroscopic quantum coherence, however, we should give some

consideration to the outcomes of a physical measurement.

Recently, Yadin and Vedral [52] proposed a set of conditions that should

be satisfied by a proper measure of macroscopic coherence. In their pro-

posed resource theory of macroscopic coherence, the free operation E is

characterized as completely positive trace-nonincreasing operations satisfy-

ing the condition E(ρ̂(ω)) = E(ρ̂)(ω), where ρ̂(ω) =
∑

λi−λj=ω ρij |i⟩ ⟨j|.

Under such free operations, coherence terms |i⟩ ⟨j| with different modes

ω = λi − λj cannot be mixed together, by which a physical distance of

superposition |ω| cannot be increased freely, i.e. a transition from |0⟩ + |1⟩

to |0⟩ + |N⟩ is prohibited when λ1 ̸= λN . This type of free operations
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has been previously studied in the context of asymmetry in a quantum state

[67, 69, 75]. With respect to this set of free operations, the authors of [52]

proposed that any reasonable measure of macroscopic quantum coherence

M(ρ̂) based on the resource theory should satisfy the following conditions:

(M1) M(ρ̂) ≥ 0 and M(ρ̂) = 0 if and only if ρ̂ = ρ̂(0).

(M2a) Non-increasing under any trace-preserving free operation,M(E(ρ̂)) ≤

M(ρ̂).

(M2b) Non-increasing under any selective free operation,
∑

α pαM(Eα(ρ̂)/pα) ≤

M(ρ̂) for E =
∑

α Eα, where pα = TrEa(ρ̂).

(M3) Convexity, M(
∑

i piρ̂i) ≤
∑

i piM(ρ̂i).

(M4) M(|i⟩+ |j⟩) > M(|k⟩+ |l⟩) if |λi − λj | > |λk − λl|.

Here, (M1) identifies free states which do not contain any macroscopic

quantum coherence. (M2a) and (M2b) are required in a sense that one can-

not increase macroscopic quantum coherence freely (i.e. by free operations),

and often called weak and strong monotonicity conditions, respectively. The

condition (M3) guarantees that macroscopic quantum coherence does not

increase by mixing quantum states. Finally, condition (M4) is to quantify

the macroscopic size of a superposition based on the distance between com-

ponent states in terms of the difference between corresponding eigenvalues.

This additional condition (M4) restricts the set of asymmetry monotones

into a set of measures that discriminate macroscopic and microscopic su-

perpositions. In this sense, the resource theory of [52] may be understood
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as a type of an asymmetry (M1-M3) in addition to a size factor (M4). Yadin

and Vedral [52] pointed out that among two general measures of quantum

macroscopicity, one for bosonic systems [44] and the other for spin sys-

tem [45], only the latter [45] based on the quantum Fisher information satis-

fies all the conditions (M1)–(M4). Known examples of measures that satisfy

all these conditions are the quantum Fisher information and the Wigner-

Yanase-Dyson skew information [52].

3.3 Asymmetry and macroscopic coherence

3.3.1 Macroscopic observables and covariant opera-
tions

A macroscopic physical system involves a large number of particles or modes.

In order to quantify quantumness in a macroscopic system, it is natural to

consider an observable, often called a macroscopic observable [78], repre-

senting some collective physical quantity of a composite system, such as a

total Hamiltonian, angular momentum (or spin), and position/momentum.

The choice of an appropriate observable depends on the character of the

system and the physics in which we are interested.

We note that many of macroscopic observables are generators of the

(collective) group transformations in the macroscopic system. ForN -partite

system, generators of this types of group transformations can be expressed

as

L̂ =

N∑
n=1

L̂(n),
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where L̂(n) is a generator for each local party. For instance, the total Hamil-

tonian Ĥtot =
∑N

n=1 Ĥ
(n) gives rise to time translation e−iĤtott, total angu-

lar momentum J⃗tot =
∑N

n=1 J⃗
(n) gives rise to rotation e−iθn⃗·J⃗tot in a certain

direction n⃗, and the center-of-mass position x̂cm =
∑N

n=1 x̂
(n)/N or total

momentum p̂tot =
∑N

n=1 p̂
(n) translates a conjugate parameter e−ip0x̂cm or

e−ix0p̂tot , respectively. Moreover, the eigenvalue of collective generators L̂

can be highly degenerate since they are given by the sum of eigenvalues of

each local generator L̂(n).

In this sense, it is natural to consider the asymmetry relative to some

macroscopic observable, and its relationship to quantum macroscopicity. An

attempt to relate microscopic and macroscopic coherence phenomena via

the resource theoretic framework was proposed by Yadin and Vedral [52],

by disallowing quantum operations that allow macroscopic coherence and

microscopic coherence to be inter-converted. This is achieved by consid-

ering the modes of asymmetry via ω. In fact, we note by Proposition 1 in

Chapter 2 that free operations in this framework of quantum macroscop-

icity are equivalent to translationally-covariant operations with respect to

the given macroscopic observable. Especially, the quantum Fisher informa-

tion and the Wigner-Yanase-Dyson skew information are measures of asym-

metry that have been proven to satisfy the conditions to quantify quantum

macroscopicity suggested in Ref. [52].

3.3.2 Weighted measures of asymmetry

Following the method of quantifying macroscopic quantum superposition

within phase space presented in [44], we consider the characterization of
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quantum macroscopicity by performing a sum of the form (effective size)×

(degree of coherence) for every mode. In this scenario, the effective size of

the coherence is supplied by the eigenvalue spacing ω of an observable L̂

and the degree of coherence is given by the mode coherence(or asymmetry)

for each ω.

As such, we introduce the following weighted sum of ω-coherence as

a measure for quantifying quantum macroscopicity:

M(ρ̂) =
∑
ω∈Ω

f(ω)A(ω)(ρ̂) (3.1)

by using a mode of asymmetry (or coherence)A(ω) studied in Chapter 2 and

a given function f(ω) that characterizes the effective size of each mode ω.

In order for the measure to be consistent, we require that f(ω) = 0

when ω = 0 in order to ensure thatM(ρ̂) = 0 when ρ̂ is a translationally-

covariant (i.e. free) state with respect to L̂. For example, suppose we make a

simple choice of f(ω) = ω2/2 = |λi−λj |2/2 for the ω-coherence measure

A(ω)
HS . In this case, the weighted sum then gives rise to the Wigner-Yanse-

Dyson skew information: IW (ρ̂, L̂) = −(1/2)Tr[
√
ρ̂, L̂]2 [79] which has

been pointed out as a potential candidate for measuring quantum coher-

ence [80] and quantum macroscopicity [52]. Our approach then gives the

skew information based measure of quantum macroscopicity with the inter-

pretation of a weighted sum of mode coherences.

We generalize this concept by proposing the possible classes of weight

functions f(ω) in order to construct consistent measures of macroscopicity

via a weighted sum of ω-coherences.
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Theorem 3 (Weighted measure of asymmetry for the Hilbert-Schmidt norm).

Suppose f(ω) = ω2
∫
x∈X dx[sinc(ωx/2)]

2g(x) for g(x) ≥ 0 and X ⊂ IR.

Then

MHS(ρ̂) =
∑
ω∈Ω+

f(ω)A(ω)
HS (ρ̂) (3.2)

is a convex measure and is a monotone under covariant operations, where

Ω+ is the set of positive ω ∈ Ω.

In order to prove this, we first show that the following construction is

possible using the modes of asymmetry.

Proposition 2. ∑
ω∈Ω

(
1− e−iωx

)
A(ω)

HS (ρ̂) (3.3)

is a convex measure and monotone under covariant operations for every x.

Proof: We note that the Hellinger distance DH(ρ̂, τ̂)) = (1/2)Tr(
√
ρ̂ −

√
τ̂)2 = 1 − Tr

√
ρ̂
√
τ̂ between a quantum state ρ̂ and its symmetric trans-

formation Ux(ρ̂)

DH(ρ̂,Ux(ρ̂)) = 1− Tr[
√
ρ̂e−iL̂x

√
ρ̂eiL̂x] (3.4)

is a measure of asymmetry, i.e. convex and non-increasing under translationally-

covariant operations [75] for any x ∈ IR. Then by direct expansion on the

eigenbasis of L̂, we get DH(ρ̂,Ux(ρ̂)) = 1 −
∑

i,j |(
√
ρ̂)ij |2e−i(λi−λj)x =∑

ω∈Ω(1− e−iωx)A
(ω)
a (ρ̂). □

Now we prove the main theorem.
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Proof: Note that A(−ω)
HS (ρ̂) = A(ω)

HS (ρ̂) by the hermicity of the density

matrix, so the above quantity will always give rise to real values. To make

this explicit, we may alternatively perform the sum over Ω+, which is the

set of positive ω in Ω. We then have

∑
ω∈Ω

(1− e−iωx)A(ω)
HS (ρ̂) = x2

∑
ω∈Ω+

ω2[sinc(ωx/2)]2A(ω)
HS .

Then we not that the integration on x with multiplying a well-defined func-

tion g(x)/x2 ≥ 0,

∫
dxg(x)

∑
ω∈Ω+

ω2[sinc(ωx/2)]2A(ω)
HS

=
∑
ω∈Ω+

ω2

∫
dx[sinc(ωx/2)]2g(x)A(ω)

HS

does not change the monotonicity and convexity. Finally by defining f(ω) =

ω2
∫
dx[sinc(ωx/2)]2g(x), MHS(ρ̂) =

∑
ω∈Ω+ f(ω)A(ω)

HS (ρ̂) becomes a

convex measure, which is monotone under covariant operations. □

The above construction generalizes the Wigner-Yanase-Dyson skew

information based measure IW (ρ̂, L̂), which can be retrieved by choosing

g(x) = δ(x), where δ(x) is the Dirac-delta function. In this case f(ω) = ω2.

A quantum macroscopicity measure based on the trace norm can also

be constructed as follows, again by considering the sum over modes of the

form (effective size) × (degree of coherence):

Theorem 4 (Weighted measure of asymmetry for the trace norm). For f(ω) ≥
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0 for all ω and f(0) = 0,

Mtr(ρ̂) =
∑
ω∈Ω+

f(ω)A(ω)
tr (ρ̂) (3.5)

is a convex measure and monotone under covariant operations.

The proof is straightforward from the fact that A(ω)
tr (ρ̂) is convex and

monotone under covariant operations for every ω, and f(ω) is a non-negative

function. Similarly, we may take f(ω) = ω2 to construct a measure of quan-

tum macroscopicity based on the trace norm,Mtr(ρ̂) =
∑

ω∈Ω+ ω2||ρ̂(ω)||tr.

3.3.3 Ruling out microscopic coherences: Scaled mea-
sure of coherence

In previous section, we have discussed the weighted measure of ω-coherence

using some weight function f(ω). To quantify “macroscopic” coherence of

quantum states, we additionally require to impose an ordering between dif-

ferent eigenvalue spacings ω. To this end, we may take the effective size

f(ω) to be monotonically increasing when ω increases.

An important requirement for consistent quantum macroscopicity mea-

sures is that products of many microscopic superpositions should be dis-

tinguished from genuine superpositions of macroscopically distinct states

[37]. Examples of such accumulation of microscopic coherences are Bose-

Einstein condensates and superconductivity. In this sense, the conditions

for quantum macroscopicity suggested in Ref. [52] may not be sufficient

because there exist measures satisfying them that can give rise to higher

degrees of macroscopicity for product states ρ̂⊗n than the GHZ type en-
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tangled states when the former is a simple accumulation of coherence be-

tween microscopic states, while the latter superposes macroscopically dis-

tinct states [53]. This leads to an additional condition that proper weight

functions for macroscopic coherence measure should satisfy.

Here, we introduce a particular class of weight functions, parametrized

by the scaling parameter σ, that will enable us to distinguish GHZ states

from product states. We call this a scaled measure of quantum coherence

based on the Hilbert-Schmidt norm, which cuts off the microscopic contri-

bution to coherence by introducing a scale σ.

Definition 1 (Scaled measure of quantum coherence). For a given scale

parameter σ > 0, the scaled measure of quantum coherence is defined as

Mσ(ρ̂) =
∑
ω∈Ω

[
1− e−

ω2

8σ2

]
A(ω)

HS (ρ̂). (3.6)

It can be shown that the scaled measure Mσ is non-increasing under

translationally-covariant operations by applying Theorem. 3 with g(x) =

x2(
√
πτ)−1e−x

2/τ2 and taking τ = (
√
2σ)−1 . The scale parameter σ de-

termines an effective cutoff of the weight. To see this, note that for ω ≲ σ,

the weight 1− exp[−ω2/(8σ2)] is relatively small compared to the case of

ω ≳ σ. This cutoff may be used to exclude microscopic coherence. In the

limit where there is no cutoff imposed, i.e., σ → 0, the scaled measure of

coherence becomesMσ(ρ̂)→ AA(ρ̂), which is the standard “unweighted”

measure of asymmetry studied in Chapter 2.

This measure can also be interpreted as the deviation of a quantum state
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for a fuzzy reference frame [81, 82]. Note that

Mσ(ρ̂) =

∫
DH(ρ̂,Ux(ρ̂))

1√
πτ
e−x

2/τ2dx,

so the scaled measure of coherence has the interpretation of the average

Hellinger distance DH(ρ̂,Ux(ρ̂)) = (1/2)Tr
[√

ρ̂−
√
Ux(ρ̂)

]2
generated

by a group transformation Ux over the broadening by the Gaussian distribu-

tion, when the alignment of the reference frame is imperfect.

The scaled measure of coherence is also related to the measurement

process with a finite precision [82, 83] onto the eigenbasis of the macro-

scopic observable. For the given observable L̂ =
∑

i λi |i⟩ ⟨i|, the Gaus-

sian smoothing of the projections P̂i = |i⟩ ⟨i| are given by P̂i → Q̂σx =∑
i

√
qσi (x)P̂i, where qσi (x) = (

√
2πσ)−1e−(x−λi)2/(2σ2) with the domain

x ∈ (−∞,∞). In this case, the effect of the imperfect measurement pro-

cess Φσ(ρ̂) =
∫
dxQ̂σx ρ̂Q̂

σ†
x can be captured via the measurement-induced

disturbance suggested in Ref. [53, 82], which gives the lower bound of the

scaled measure of coherence,

1

2
DB(ρ̂,Φσ(ρ̂)) ≤Mσ(ρ̂) ≤ 1− e−

IW (ρ̂,L̂)

4σ2 , (3.7)

where DB(ρ̂, τ̂) = 2 − 2
√
F (ρ̂, τ̂) is the Bures distance. In the following

section, we will see that DB(ρ̂,Φσ(ρ̂)) itself becomes a valid measure of

quantum macroscopicity. The bounds in (3.7) can be proven as follows:
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Proof: Using the relation between the fidelity and the affinity [65], we

note that
1

2
DB(ρ̂,Φσ(ρ̂)) ≤ DH(ρ̂,Φσ(ρ̂)). (3.8)

The first inequality of Eq. (3.7) then can be proved by

DH(ρ̂,Φσ(ρ̂)) = 1− Tr
√
ρ̂

√∫
dxQ̂σx ρ̂Q̂

σ†
x

≤ 1−
∫
dxTr

√
ρ̂Q̂σx

√
ρ̂Q̂σ†x

= 1−
∑
i,j

∫
dx
√
qσi (x)q

σ
j (x)Tr

√
ρ̂P̂i
√
ρ̂P̂j

= 1−
∑
i,j

e−
(λi−λj)

2

8σ2 Tr
√
ρ̂P̂i
√
ρ̂P̂j

=
∑
ω∈Ω

[
1− e−

ω2

8σ2

] ∑
λi−λj=ω

Tr
√
ρ̂P̂i
√
ρ̂P̂j

=Mσ(ρ̂),

(3.9)

where the inequality comes from operator Jensen’s inequality [84] and not-

ing that Q̂σx = Q̂σ†x is unital operators. Also note that
∫
dx
√
qσi (x)q

σ
j (x) =

exp[−(λi − λj)2/(8σ2)] for qσi (x) = (
√
2πσ)−1e−(x−λi)2/(2σ2) and

∑
λi−λj=ω

Tr
√
ρ̂P̂i
√
ρ̂P̂j =

∑
λi−λj=ω

|(
√
ρ̂)ij |2 = A(ω)

HS (ρ̂).
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The second inequality holds by Jensen’s inequality

Mσ(ρ̂) =
∑
ω∈Ω

[
1− e−

ω2

8σ2

]
A(ω)

HS (ρ̂)

≤ 1− e−
∑
ω∈Ω

ω2

8σ2
A(ω)

HS (ρ̂)

= 1− e−
IW (ρ̂,L̂)

4σ2 ,

(3.10)

where 1− e−
ω2

8σ2 is a concave function of ω2. □

It is important to note that the skew information IW is additive for

a product state ⊗Nn=1ρ̂n with respect to a collective operator
∑N

n=1 L̂
(n),

i.e., IW (⊗Nn=1ρ̂n,
∑N

n=1 L̂
(n)) =

∑N
n=1 IW (ρ̂n, L̂

(n)) ≤ NL2
max/4, where

Lmax is the maximum among the eigenvalue differences of L̂(n). Then the

upper bound of (3.7) becomes

Mσ(⊗Nn=1ρ̂n) ≤ 1− exp[−NL2
max/(4σ)

2)]. (3.11)

If we take the cutoff to be σ =
√
N logN , we have limN→∞Mσ(⊗Nn=1ρ̂n)→

0, regardless of the local state ρ̂n when Lmax is bounded by a finite value.

Consequently, by the convexity ofMσ, microscopic coherences contained

in any separable multi-partite state are ruled out for the cutoff σ =
√
N logN

in the large particle limit of N ≫ 1. The bound (3.7) might be also be use-

ful for the direct detection of quantum macroscopicity in laboratories with

finite precision measurements [82].

We also show that a general form of a scaling function can be chosen

such that Mσ(ρ̂) =
∑

ω∈Ω f(ω
2/σ2)A(ω)

HS (ρ̂) is an asymmetry monotone

for a concave function f(x) ≥ 0 that is monotonically increasing with x ≥ 0
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and f(0) = 0. In this case, by taking a collective observable
∑N

n=1 L̂
(n) and

the cutoff σ =
√
N logN , we can rule out microscopic coherences from

every separable state ρ̂sep =
∑

i pi ⊗Nn=1 ρ̂
i
n in N -partite systems because

Mσ(ρ̂sep) ≤
∑
i

piMσ(⊗Nn=1ρ̂
i
n)

=
∑
i

pif

(∑
ω∈Ω ω

2A(ω)
HS (⊗Nn=1ρ̂

i
n)

N logN

)

=
∑
i

pif

(
2IW (⊗Nn=1ρ̂

i
n,
∑N

n=1 L̂
(n))

N logN

)

≤ f
(
L2
max

2 logN

)
(3.12)

becomes zero when N →∞ for a bounded Lmax.

3.3.4 Application to N -partite spin-1/2 systems

In this section, we investigate macroscopic coherence of an N -partite spin

state with respect to the total spin on z-axis Ŝz =
∑N

n=1 ŝ
(n)
z , where ŝ(n)z =

11⊗12⊗· · ·⊗1n−1⊗ŝz⊗1n+1⊗· · ·⊗1N is the local spin observable. Then

Ŝz has an eigenvalue spectrum {−N/2,−N/2+1, · · · , N/2−1, N/2} and

the maximum difference between eigenvalues is ωmax = N .

In order to test the consistency of our measure, we first compare a

general type of product states in N -particles spin system,

|θ, ϕ⟩ = (cos(θ/2) |0⟩+ sin(θ/2)eiϕ |1⟩)⊗N ,
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so-called a spin coherent state, with a generalized GHZ state

|ψGHZ⟩ = cos(θ/2) |0⟩⊗N + sin(θ/2)eiϕ |1⟩⊗N

for θ ∈ [0, π] and ϕ ∈ [0, 2π]. Each mode of asymmetry for the spin coher-

ent state is then given by

A(ω)
tr (|θ, ϕ⟩) =

N∑
k=ω

√(
N

k

)(
N

k − w

)
cos2N−2k+ω(θ/2) sin2k−ω(θ/2)

≈ 1

2
exp

[
− ω2

2N sin2 θ

]
erfc

(
ω − 2N sin2(θ/2)√

2N sin2 θ

)
,

A(ω)
HS (|θ, ϕ⟩) =

N∑
k=ω

(
N

k

)(
N

k − w

)
cos2(2N−2k+ω)(θ/2) sin2(2k−ω)(θ/2)

≈ 1

2
√
πN sin2 θ

exp

[
− ω2

N sin2 θ

]
erfc

(
ω − 2N sin2(θ/2)√

N sin2 θ

)
,

respectively, where erfc(x) = (2/
√
π)
∫∞
x e−t

2
dt is the complementary er-

ror function and the approximations are given when N ≫ 1 using the nor-

mal approximation of binomial distributions.

When we take the weight function f(ω) = ω2 for the both measures,

we have Mtr(|θ, ϕ⟩) ≈
√
π/2N3/2 sin3 θ ∝ N3/2 and MHS(|θ, ϕ⟩) ≈

(1/4)N sin2 θ ∝ N for a large number of N . On the other hand, for the

GHZ state |ψGHZ⟩, each mode of asymmetry is given by A(ω)
1 (|ψGHZ⟩) =

(1/2) sin θ(δN,ω+δN,−ω) andA(ω)
HS(|ψGHZ⟩) = (1/4) sin2 θ(δN,ω+δN,−ω),

respectively. In the case of f(ω) = ω2, both weighted measures are given

byMtr(|ψGHZ⟩) = (1/2)N2 sin θ andMHS(|ψGHZ⟩) = (1/4)N2 sin2 θ,

which both scale with N2. Figure 1 (a) and (b) show that the product state
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Figure 1: The degree of quantum macroscopcity for spin coherent states
|θ, ϕ⟩ and GHZ-states |ψGHZ⟩ based on the weighted measures of (a) l1
norm (M1) and (b) Hilbert-Schmidt norm (MHS) and (c) the scaled mea-
sure of coherence (Mσ) for σ =

√
N logN . Square symbols and cir-

cular symbols refer to the coherent states with (θ, ϕ) = (π/2, 0), and
(θ, ϕ) = (π/4, 0), respectively. Triangular symbols and diamond symbols
refer to the GHZ-states with θ = π/2, and θ = π/4, respectively.

and the GHZ state scales differently on the number of particles N , micro-

scopic coherence in the product state can be distinguished from macroscopic

coherence in the GHZ-state. Thus, for both measures, the choice of weight

function f(ω) = ω2 passes the basic consistency check, and they may be

considered appropriate candidates for quantifying quantum macroscopicity,

as GHZ states always have a larger macroscopicity than product states in the

macroscopic limit.

We can also adapt the scaled measure of quantum coherenceMσ for

the states discussed above. The scaled measure of coherence for a spin co-

herent state |θ, ϕ⟩ is given by

Mσ(|θ, ϕ⟩) ≈ 1− 1√
1 + (N sin2 θ/(8σ2))

.

Note that every spin coherent state |θ, ϕ⟩ are separable thus the macroscopc-

ity tends toMσ(|θ, ϕ⟩)→ 0 for a large value of N ≫ 1 by Eq. (3.11) when

σ =
√
N logN . Figure 1 (c) demonstrates how the product of microscopic
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Figure 2: The degree of quantum macroscopcity for the product state
|0⟩⊗N (dashed lines) and the GHZ-state |0⟩⊗N + |1⟩⊗N (solid lines)
with respect to the total spin measurement Ŝn⃗ for different n⃗ =
(sinϑ sinφ, sinϑ cosφ, cosϑ). The weighted measures of (a) the trace
norm (Mtr) and (b) the Hilbert-Schmidt norm (MHS) and (c) the scaled
measure of coherence (Mσ) for σ =

√
N logN are evaluated forN = 500.

All the measures do not depend on φ.

coherence in a spin coherent state |θ, ϕ⟩ behaves differently from that of the

GHZ-state |ψGHZ⟩ by taking the cutoff σ =
√
N logN . On the other hand,

the scaled measure of coherence for GHZ-state is given by

Mσ(|ψGHZ⟩) = (1/2) sin2 θ(1− exp[−N2/(8σ2)]).

Thus, even if we take σ =
√
N logN , the macroscopic coherence of the

GHZ stateMσ(|ψGHZ⟩) gives the larger value of for the larger value of N

(see Fig. 1). This can be interpreted as the evidence of genuine macroscopic

coherence in the N -partite spin system.

Quantum macroscopicity measures could be investigated for a gen-

eral product state |ψprod⟩ = ⊗Ni=1 |ψi⟩, where |ψi⟩ = cos(θi/2) |0⟩ +

sin(θi/2)e
iϕi |1⟩ with general total spin measurement Ŝn⃗ = n⃗ · S⃗ with

n⃗ = (sinϑ cosφ, sinϑ sinφ, cosϑ) and S⃗ := (Ŝx, Ŝy, Ŝz). In this case,

the Hilbert-Schmidt norm based measure with the choice of weight function

f(ω) = ω2 isMHS(|ψprod⟩) =
∑N

i=1Var(|ψi⟩ , ŝ
(i)
n⃗ ) = (1/4)

∑N
i=1 sin

2Θi,
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where Θi is an angle between two vectors m⃗i = (sin θi cosϕi, sin θi sinϕi, cos θi)

and n⃗. The scaled measure of coherence for every product stateMσ(|ψprod⟩)

vanishes by choosing the scale parameter σ =
√
N logN when N ≫ 1 by

Eq. (3.11).

On the other hand, quantum macroscopicity of the GHZ state |ψGHZ⟩

may scale differently depending on the choice of the measurement basis.

The trace norm based measure for the GHZ state tends to oscillate by chang-

ing measurement axis n⃗ which gives the highest value for ϑ ≈ π/4. The

Hilbert-Schmidt norm based measure of the GHZ state is given by

MHS(|ψGHZ⟩) = (1/4)N2 sin2 θ cos2 ϑ+ (N/4) sin2 ϑ

for N > 2. Thus, quantum macroscopicity measures for the GHZ-state give

significantly larger values than those for product states unless ϑ is near π/2.

When choosing the measurement axis Ŝx (ϑ = π/2, φ = 0), however,

quantum macroscopicity of the GHZ-state cannot be discriminated from

product states since both states contain small degrees of coherence between

distinct eigenstates of Ŝx with ω ∝ N which vanishes when N ≫ 1.

The scaled measure of coherence shows the similar behavior with the

other two measures, but it seems more robust against the choice of the mea-

surement basis n⃗. Especially, in the limit of the large system sizeN ≫ 1, the

scaled measure of coherence for the GHZ-state is given byMσ(|ψGHZ⟩) ≈

0.5 except for the narrow region near ϑ = π/2 while Mσ(|ψprod⟩) = 0

for product states. The difference of quantum macroscopicity between the

product state |0⟩⊗N and the GHZ-state |0⟩⊗N + |1⟩⊗N is shown in Fig. 2
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with respect to the total spin measurement axis n⃗.

3.3.5 Decoherence effect

In this section, we study how decoherence affects macroscopic coherence

of the N -particle spin system. We analyze the degree of macroscopic co-

herence when the system experience a decoherence channel given by the

following Lindblad form,

L(ρ̂) = dρ̂

dτ
= Âρ̂Â† − 1

2
(Â†Âρ̂+ ρ̂Â†Â). (3.13)

We first analyze the case of the depolarizing channel when Â = Ŝz . In

this case, the GHZ-state |ψGHZ⟩ evolves into

ρ̂GHZ(τ) = cos2(θ/2)(|0⟩ ⟨0|)⊗N + sin2(θ/2)(|1⟩ ⟨1|)⊗N

+
sin θ

2
e−

N2τ
2 (e−iϕ(|0⟩ ⟨1|)⊗N + eiϕ(|1⟩ ⟨0|)⊗N ),

after time τ . Note that the off-diagonal terms experience the exponential

decay exp[−N2τ/2] and the macroscopicity of the GHZ-state rapidly de-

grades under the depolarizing channel.

We also discuss the dissipation channel described in the Lindblad form

Eq. (3.13) by taking Â = Ŝ−, where Ŝ± =
∑N

n=1 ŝ
(n)
± are collective ladder

operators given by the sum of ladder operators for each local party ŝ(n)± =

ŝ
(n)
x ± iŝ(n)y .

Figure 3 demonstrates that macroscopic coherence is fragile under the

both dephasing and dissipation channels. These results imply that extremely

noisless environment is required in order to generate and manipulate quan-
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Figure 3: Decay of the scaled measure of quantum macroscopcity when the
initial state is given by the pure GHZ-states |ψGHZ⟩ = cos(θ/2) |0⟩⊗N +
sin(θ/2) |1⟩⊗N . The number of the particle is given by N = 50. Both (a)
the dephasing channel Â = Ŝz and (b) the dissipation channel Â = Ŝ−
lead to the rapid decay of macroscopic coherence, even starting with the
superposition |0⟩⊗N + |1⟩⊗N (θ = π/2). For the both figures, solid lines
refer to θ = π/2, dashed lines refer to θ = π/4, and dot-dashed lines refer
to θ = π/8.

tum states while preserving macroscopic quantum coherence. We also note

that the degree of macroscopic coherence decays faster under the dephsing

channel than the dissipation channel for a given characteristic time τ .
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3.4 Disturbance-based measure of macroscopic
coherence

In this section, we study a different type of quantum macroscopicity mea-

sures based on the state disturbance induced by a coarse-grained measure-

ment. We show that a family of disturbance-based measures, one of which

has already appeared in the previous section satisfies the criteria of macro-

scopic coherence [52]. In some cases, however, the criteria in Ref. [52]

cannot yield consistent results without additional constraints. This problem

is overcome by introducing coarse-graining of the measurement depend-

ing on the system size. We prove an inequality which relates the Wigner-

Yanase-Dyson skew information (and consequently, the quantum Fisher in-

formation) and the state disturbance induced by coarse-grained measure-

ment, from which we argue that an appropriate limit to yield a consistent

measure is the classical limit. We further show that our concept of quantum

macroscopicity corrsponds to the fragility of a quantum state under a certain

type of decoherence. Our operational viewpoint on quantum macroscopic-

ity allows one to effectively identify the quantum coherence between the

macroscopically-separated components of a superposition. This approach

can be applied to both spin and bosonic systems, and we present several

examples that lead to reasonable results in this section.
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3.4.1 Macroscopic coherence and coarse-grained mea-
surement

Based on the previous discussions, we may say that macroscopic coher-

ence is coherence of a quantum superposition between two macroscopi-

cally distinct states. In other words, the component states of the superpo-

sition are supposed to yield two distinct outcomes when a measurement

on a macroscopic scale is performed. We discuss the concept of a coarse-

grained measurement [78, 83, 85] introduced in the previous section further

to describe such a macroscopic measurement with respect to an observable

L̂ =
∑

i λi |i⟩ ⟨i|. We remind that a coarse grained measurement is defined

to be the following set of Kraus operators:

Q̂σx =
∑
i

√
qσi (x) |i⟩ ⟨i|. (3.14)

with some smoothing function qσi (x) depending on the measurement out-

come λi and the smoothing parameter σ. In the previous section, we have

introduced a coarse-grained measurement that has a Gaussian smoothing

function

qσi (x) =
1√
2πσ

e−
(λi−x)

2

2σ2 ,

where x is a continuous variable over the real line, as done in the previ-

ous section. The smoothing function qσi (x) is centered around measurement

outcome λi. The standard deviation σ determines the level of precision of

the measurement and therefore quantifies the amount of coarse graining of

the measurement. One may interpret the above measurement as an inter-
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action with the needle of a measuring apparatus that returns a normal dis-

tribution about the position ai when the system is in the space projected

by P̂i = |i⟩ ⟨i|. If σ → 0, the measurement process becomes projective,

while an increasing σ implies an increasingly imprecise measurement pro-

cess. One may verify that
∫∞
−∞ Q̂σ†x Q̂σxdx = 1 for any σ > 0 so it is

indeed a valid positive-operator valued measurement (POVM). In such a

case, the post measurement state is given by Φσ(ρ̂) =
∫∞
−∞ dxQ̂σx ρ̂Q̂

σ†
x =∑

ω∈Ω e
−ω2/(8σ2)ρ̂(ω), where Ω = {λi−λj} is a set of the spacing between

the eigenvalues of the observable L̂ =
∑

i λi |i⟩ ⟨i|.

There have been studies on quantifiers of the size of a superposition

based on the distinguishability between two components states with a fi-

nite measurement precision [43,47]. Reference [47] suggested a measure of

the size of macroscopic superpositions by quantifying the amount of noise

that can be tolerated by a coarse-grained photon number measurement. Ap-

plications of these measures, however, are limited only to pure states and

it is required to choose a specific decomposition (such as |A⟩ + |B⟩) that

represents the superposition. Here, we show that the quantum state distur-

bance caused by a coarse-grained measurement naturally leads to measures

of macroscopic coherence that are applicable to arbitrary forms of states and

that satisfy all conditions (M1)–(M4).

When one performs a non-selective projective (i.e. precise) measure-

ment on the state with the given measurement basis set, all coherence terms

between eigenstates of the different measurement outcomes will vanish.

However, when a coarse-grained measurement is performed, certain coher-

ence terms may survive depending on the precision of the measurement. It is
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therefore reasonable to expect that at a certain level of the measurement pre-

cision, only macroscopic coherence will be disturbed by the measurement

process. Towards this end, we propose the disturbance of the quantum state

induced by the coarse grained measurement process as a natural measure of

macroscopic quantum coherence.

In order to quantify quantum macroscopicity by quantum state distur-

bance, we will employ distance measures D(ρ̂, τ̂) between quantum states

ρ̂ and τ̂ that satisfy the following set of conditions.

(D1) D(ρ̂, τ̂) ≥ 0, where the equality is saturated if and only if ρ̂ = τ̂

(D2) Unitary invariance: D(Û ρ̂Û †, Û τ̂ Û †) = D(ρ̂, τ̂).

(D3a) Contractivity under a completely positive trace-preserving map E ,

D(ρ̂, τ̂) ≥ D(E(ρ̂), E(τ̂)) (Note that E is not necessarily a free oper-

ation).

(D3b) D(ρ̂, τ̂) ≥
∑

α pαD(Eα(ρ̂)/pα, Eα(τ̂)/pα), when pα = TrEα(ρ̂) =

TrEα(σ̂) and
∑

α Eα = E . (Note that Eα is not necessarily a free

operation).

(D4) Joint convexity : D(
∑

i piρ̂i,
∑

i piτ̂i) ≤
∑

i piD(ρ̂i, τ̂i).

Remarkably, despite starting from considerably different physical ar-

guments, the following theorem shows that the measurement disturbance

satisfies the set of conditions proposed by Yadin and Vedral [52].

47



Theorem 5 (Disturbance-based measure of macroscopic quantum coher-

ence). For any coarse-grained measurement process Φσ with σ > 0,

Mσ(ρ̂) := D(ρ̂,Φσ(ρ̂)) (3.15)

satisfies (M1) – (M4) when the distance measure D(ρ̂, τ̂) satisfies (D1) –

(D4).

Details and proofs can be found in the Appendix. Theorem 5 allows

us to define a new family of macroscopic quantum coherence measures

parametrized by the measurement precision σ. In the special case of σ = 0,

this type of measure becomes a measure of coherence with respect to the

eigenbasis {|i⟩} of the observable, suggested in [86], but does not satisfy

(M4) anymore. The Bures distance DB(ρ̂, τ̂) = 2 − 2
√
F(ρ̂, τ̂) defined

in terms of the fidelity between quantum states F(ρ̂, τ̂) = [Tr
√√

ρ̂τ̂
√
ρ̂]2

and the quantum relative entropy defined by S(ρ̂||τ̂) = Trρ̂ ln ρ̂ − Trρ̂ ln τ̂

are good examples satisfying all the conditions (D1) – (D4). For the rest

of the section, we focus on the the measure based on the Bures distance,

MB
σ (ρ̂) = DB(ρ̂,Φσ(ρ̂)).

However, we observe that the disturbance-based measure Mσ(ρ̂) with

certain values of σ may lead to unreasonable conclusions even when it satis-

fies all the conditions in [52]. The following example shows that a product of

microscopic superpositions has a larger value of Mσ than the Greenberger-

–Horne-–Zeilinger(GHZ)-state when σ is sufficiently small. This is contrary

to our understanding and previous results [44, 45, 51] that the latter state is

clearly in a macroscopic superposition while the former is not.
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Consider a magnetization measurement on a system ofN spin-1/2 par-

ticles, of the same type studied by Poulin [78]. The measurement is defined

by a Hermitian operator L̂ =
∑N

i=1 ŝ
(i)
z where s(i)z := σ̂z/2 and σ̂z is the

standard Pauli Z operator. The observable L̂ represents a collective mea-

surement of the overall spins rather than addressing each individual spin. We

compare the values of quantum macroscopicity measureM(ρ̂) between two

different quantum states, a product state ρ̂Np =
∣∣ΨN

p

〉
⟨ΨN

p | with
∣∣ΨN

p

〉
=

(cos θ |0⟩+ sin θ |1⟩)⊗N and the GHZ-state ρ̂NGHZ =
∣∣ΨN

GHZ

〉
⟨ΨN

GHZ| with∣∣ΨN
GHZ

〉
= 2−1/2

(
|0⟩⊗N + |1⟩⊗N

)
. The state ρ̂Np is a product of micro-

scopic superpositions (between |0⟩ and |1⟩) and does not contain long range

coherence between the spins in the system. Moreover, ρ̂Np is a kind of a spin

coherent state and its classicality has been studied in Refs. [83, 87]. On the

other hand, ρ̂NGHZ could be a typical model of Schrödinger’s cat state that

two components of the superposition give maximally different outcomes

(all spin up, all spin down), leading to a large variance for the observable L̂.

Also it contains multipartite quantum correlation between the spins in the

system [88].

In order to compare the quantum macroscpicity MB
σ (ρ̂), we first eval-

uate the fidelity between the pre- and post-measurement states. The fidelity

for the product state ρ̂Np is given by

F(ρ̂Np ,Φσ(ρ̂Np )) ≈ 1√
1 +N sin2(2θ)/(8σ2))

using the approximation of the binomial distribution to the normal distribu-

tion for N ≫ 1. On the other hand, in the case of the GHZ-state ρ̂NGHZ, we
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Figure 4: Disturbance-based coherenceMB
σ for measuring total magnetiza-

tion of N spin-1/2 system with N = 256. A product state (dot-dashed line),
a GHZ-state (double-dot-dashed line), and π/2-rotated Dicke states (solid
lines) are investigated. Upper line on rotated Dicke states (shaded region)
refers to k = N/2, while lower line refers to k = 1. Dashed lines refer to
the bound given by Eq. 3.17.

have

F(ρ̂NGHZ,Φσ(ρ̂
N
GHZ)) =

1

2

(
1 + e−

N2

8σ2

)
.

Note that for small enough values of σ ≪ 1,Mσ(ρ̂
N
p ) tends to the maximum

value of 2 for the product state, while Mσ(ρ̂
N
GHZ) is 2−

√
2 ≈ 0.586 for the

GHZ state (see Fig. 4). This suggests that an accumulation (i.e., direct prod-

uct) of microscopic superposition is more macroscopically-quantum than a

pure superposition of two macroscopically distinct states. The result clearly

demonstrates that the conditions proposed in [52] are not sufficient to pre-

scribe a completely consistent measure of macroscopic coherence.
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3.4.2 Quantum state disturbance and macroscopic co-
herence

In order to overcome the issues described in the previous section, we revisit

to the basic premise of macroscopic quantumness. As far back as Schrödinger

[6], a system is said to be macroscopic quantum when each state construct-

ing superposition is distinguished directly by a classical measurement. In

metrology, it is well known that the limit of a classical measurement is given

by σ ∝
√
N forN -particle systems, and quantum resources are necessary to

achieve higher efficiencies [72,73]. Previous studies of coarse-grained mea-

surement similarly argued that the condition σ ≫
√
N allows macroscopic

observables to be considered classical [78, 83].

The following theorem relating our disturbance-based measureMB
σ (ρ̂)

to the Wigner-Yanase-Dyson skew information IW (ρ̂, L̂) = (−1/2)Tr[
√
ρ̂, L̂]2

further reinforces our argument.

Theorem 6. Coarse-grained measurement disturbanceMB
σ (ρ̂) is lower bounded

by Wigner-Yanase-Dyson skew information IW (ρ̂, L̂),

MB
σ (ρ̂) ≤ 2

(
1− e−

IW (ρ̂,L̂)

4σ2

)
. (3.16)

For a pure state |ψ⟩, we have

MB
σ (|ψ⟩) ≤ 2

(
1− e−

Var|ψ⟩(L̂)

8σ2

)
, (3.17)

where Var|ψ⟩(L̂) = ⟨ψ|L̂2 |ψ⟩−⟨ψ|L̂ |ψ⟩2 is the variance of the observable

L̂, which is identical to IW (|ψ⟩ ⟨ψ|, L̂) for a pure state.
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In the case of mixed states, the proof is already given in the previous

section by Eq. (3.7) since MB
σ (ρ̂) = DB(ρ̂,Φσ(ρ̂)). Thus prove the second

inequality of Theorem 2 for pure quantum states.

Proof: In order to prove the upper bound ofMB
σ (ρ̂) = 2−2

√
F(ρ̂,Φσ(ρ̂)),

we show the lower bound of the fidelity
√
F(ρ̂,Φσ(ρ̂)). Note that when

one of the states are pure, the fidelity is given by F(|ψ⟩ ⟨ψ|, σ̂) = ⟨ψ|σ̂ |ψ⟩.

Then, we have for the coarse-grained measurement process,

F(|ψ⟩ ⟨ψ|,Φσ (|ψ⟩ ⟨ψ|)) =
∫ ∞

−∞
dx⟨ψ|Q̂σx |ψ⟩ ⟨ψ|Q̂σx |ψ⟩

=
∑
i,j

exp

[
−(λi − λj)2

8σ2

]
⟨ψ|i⟩⟨i |ψ⟩ ⟨ψ|j⟩⟨j |ψ⟩

≥ exp

[
−
∑

i,j(λi − λj)2|⟨ψ|i⟩|2|⟨ψ|j⟩|2

8σ2

]
.

(3.18)

Note that |⟨ψ|i⟩|2 is the probability of getting outcome ai, thus
∑

i,j(λi −

λj)
2|⟨ψ|i⟩|2|⟨ψ|j⟩|2 = 2Var|ψ⟩(L̂), then we finally get

√
F(ρ̂,Φσ(ρ̂)) ≥

exp[−Var|ψ⟩(L̂)/(8σ2)]. □

The above inequality reflects the intuition that the more precise the

measurements and the more coherence present within the system, the more

the measurement will disturb the quantum state.

A previous study [45] argued that scaling of the quantum Fisher infor-

mation with the number of particles N characterizes whether a N -particle

system is macroscopically quantum. Moreover, the Wigner-Yanase-Dyson

skew information is a closely related with the quantum Fisher information
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due to the following relation [65]

4IW (ρ̂, L̂) ≤ IF (ρ̂, L̂) ≤ 8IW (ρ̂, L̂), (3.19)

where the quantum Fisher information is given by IF (ρ̂, L̂) = 2
∑

i ̸=j(µi−

µj)
2/(µi+µj)|⟨ψi|L̂|ψj⟩|2 for eigendecomposition of ρ̂ =

∑
i µi |ψi⟩ ⟨ψi|.

We then note that the inequality (3.16) relates our measure to the previ-

ous suggested measure of quantum macroscopicity based on the quantum

Fisher information [45]. According to [45], quantum states with IF (ρ̂, L̂) =

O(N1) can be interpreted as classical(or at least microscopic quantum)

while the states with IF (ρ̂, L̂) = O(N2) may be considered macroscopic

quantum.

It is worth mentioning that a similar inequality was recently derived in

a separate study of macrorealism based on the Leggett-Garg inequality [82]

as

√
F(ρ̂,Φσ(ρ̂)) ≥ BF = e−

IF (ρ̂,L̂)

32σ2 − erfc

 √
2πσ√

IF (ρ̂, L̂)

 (3.20)

while the inequality Eq. (3.16) can be expressed as
√
F(ρ̂,Φσ(ρ̂)) ≥ BW =

e−
IW (ρ̂,L̂)

4σ2 . We point out that the bounds BF give negative values when

IF /σ
2 ≥ 37.806, which leads to the trivial boundBF < 0 ≤

√
F(ρ̂,Φσ(ρ̂)),

while our bound BW is positive for any IW and σ. In the case of a pure

state |ψ⟩, the bound given by Eq. (3.17) is always tighter than the bound

Eq. (3.20) given by the quantum Fisher information, since IF (|ψ⟩ , L̂) =

4Var|ψ⟩(L̂). In the case of a mixed state, the bound BF seems tighter than
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Figure 5: Comparison between the lower bounds BF (dot-dashed line) and
BW (solid line) of the fidelity

√
F(dashed line) for the decohered GHZ-state

ρ̂NΓ with N = 100 and Γ = 0.85.

BW when σ is large. However, in some regions of small σ, BW could be

tighter than BF .

We compare two different lower bounds of the fidelity between pre-

and post measurement states,
√
F(ρ̂,Φσ(ρ̂)) ≥ BF (W ) whereBF = e−

IF (ρ̂,L̂)

32σ2 −

erfc

( √
2πσ√

IF (ρ̂,L̂)

)
[82] and BW = e−

IW (ρ̂,L̂)

4σ2 , respectively. We evaluate both

the bounds for a decohered GHZ-state in a spin system given by

ρ̂NΓ =
1

2
(|0⟩ ⟨0|+ |N⟩ ⟨N |+ Γ(|0⟩ ⟨N |+ |N⟩ ⟨0|)) , (3.21)

where 0 ≤ Γ ≤ 1. The quantum Fisher information and Wigner-Yanase-

Dyson skew information are given by IF (ρ̂NΓ , L̂) = N2Γ2 and IW (ρ̂NΓ , L̂) =

N2

4 (1−
√
1− Γ2), respectively. When the coarse-grain parameter σ is large,

the second term of BF becomes negligible and BF gives a tighter bound

than BW (note that IF ≤ IW for any Γ). On the other hand, if the coarse-
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grain parameter σ is relatively small compared to IF and IW , the second

term of BF has a significant value while the first term becomes small. Thus,

there is some value of σ where the two bounds, BF and BW , meet as de-

scribed in Fig. 5. When the state is pure (Γ = 1), we can use the bound

Eq. (3.17), and our bound given by
√
F(ρ̂,Φσ(ρ̂)) ≥ B = e−

Var|ψ⟩(L̂)

8σ2 =

e−
N2

32σ2 is always tighter than BF = e−
N2

32σ2 − erfc
(√

2πσ
N2

)
.

3.4.3 Examples in spin and bosonic systems

Theorem 6 naturally manifests itself in the disturbance-based measure. Pro-

vided the level of coarse graining is chosen to be σ ∝
√
N , a state with

IW (ρ̂, L̂) = O(N1) will result in a measurement disturbance close to zero.

For example, the macroscopic coherence for a product of microscopic quan-

tum states ρ̂⊗N is close to zero according to our measure, since the Wigner-

Yanase-Dyson skew information scales with the order of O(N). In contrast,

a non-classical skew information IW (ρ̂, L̂) = O(N2), for example in the

case of a GHZ state, allows the measure MB
σ (ρ̂) to reach its maximum

value of 2 for N ≫ 1. This observation allows us to circumvent the in-

consistency observed in the previous section. We will therefore impose the

classical limit σ =
√
N as the appropriate level of coarse graining for our

disturbance based measure.

Another example in the spin system is a rotated Dicke state given by

R̂θ,ϕ |N, k⟩, where |N, k⟩ =
(
N
k

)−1/2∑
P P (| 0 · · · 0︸ ︷︷ ︸

N−k

1 · · · 1︸ ︷︷ ︸
k

⟩) is a sum over-

all all symmetric permutations P , and R̂θ,ϕ = eξĴ+−ξ∗Ĵ− is the rotation

operator with Ĵ± =
∑N

i=1(σ
(i)
x ± iσ

(i)
y ) and ξ = θeiϕ/2. In the case of
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θ = π/2 and ϕ = 0, the macroscopic coherence of the state depends on the

excitation number k. Such a state becomes a product state when k = 0 or

k = N .

Figure 4 compares the behavior of MB
σ between rotated Dicke, GHZ

and product states for varying levels of the coarse graining parameter σ. We

also observe that at the classical limit of σ =
√
N , rotated Dicke states

with excitation number k ≈ N/2 result in higher levels of macroscopic

coherence MB
σ than the GHZ-state. This property does not persist however,

if we were to continue decreasing the amount of measurement precision

(i.e. increase σ). For a sufficiently large σ, the GHZ-state tends to have

the highest level of macroscopic coherence among all the states considered.

Our disturbance-based measure appears to capture ideas from both the more

general quantum coherence measures given by [22] and the macroscopic

coherence measures based on the variance of the observable [44, 45, 48,

80] since it encodes information about how many states are currently in

superposition as well as how far apart these superposed states are with

respect to the given measurement observable and the measurement precision

σ.

We also apply the disturbance-based measure to bosonic systems de-

scribed by the annihilation operator â and the creation operator â†. Since

a bosonic system can contain many particles in a single mode, the system

may be considered macroscopic when the mean particle number n̄ = ⟨â†â⟩

is large. In this case, the particle number n̂ = â†â and the quadrature

X̂θ = (e−iθâ+ eiθâ†)/
√
2 are natural candidates for measurement observ-

ables. We now consider the value of MB
σ with respect to an X-quadrature
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Figure 6: Disturbance-based coherence measure MB
σ for quadrature mea-

surement for bosonic system with the same mean particle number n̄ = 25.
A Fock state (dot-dashed line), a superposition of coherent states (double-
dot-dashed line), and a coherent state (solid line) are investigated. Dashed
lines refer to the bound given by Eq. (3.17).

measurement X̂ = (â+â†)/
√
2. Figure 6 shows the disturbance-based mea-

sure MB
σ for typical states of a bosonic system. Again, we see that for small

values of σ, a bosonic coherent state |α⟩ contains non-trivial macroscopic

quantumness, which are not in agreement with our understanding. However,

MB
σ rapidly decreases with σ and becomes essentially zero at the imposed

classical limit of σ ≈ 1. This makes sense when we note that bosonic co-

herent states are the most classical states among all pure states [89, 90] and

the classical measurement is based on electric (or magnetic) fields which are

proportional to X̂θ. In the case of the X̂ measurement for coherent states, the

noise is given by Var(X̂) = 1/2, while the signal is given by ⟨X̂⟩ ∼
√
n̄.

Then the signal to noise ratio ⟨X̂⟩/
√

Var(X̂) scales by
√
n̄ which corre-

sponds to the measuring of the magnetization M̂ for the spin system with
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spin coherent states, ⟨M̂⟩/
√

Var(M̂) ∝
√
N . Based on this, the noise cor-

responding to the bosonic system, σ ∼
√
Var(X̂) ∼ 1, would be a proper

choice of the classical limit.

We also evaluate the values of MB
σ for a superposition of coherent

states (SCS) |α⟩+ |−α⟩ and the Fock state |n⟩. In the phase space, the dis-

tance between two bosonic coherent states, |α⟩ and |−α⟩, becomes greater

when amplitude α becomes larger. The two coherent states can then be dis-

tinguishable by a “classical-like” measurement such as a homodyne detec-

tion with a large degree of imprecision. Thus, a SCS for α ≫ 1 is often

exemplified as a typical example of a macroscopic superposition and even

called a Schrödinger cat state. It may not be immediately clear whether Fock

states |n⟩ are macroscopic superpositions. However, in the coherent state

representation, a Fock state of n ≫ 1 can also be understood as a super-

position of many coherent states where the coherent states are far separate

in the phase space. So, they may be possible candidates for macroscopic

superpositions when n≫ 1.

In comparison to coherent states, a SCS and the Fock state give non-

trivial values of MB
σ at the classical limit of σ (see Fig. 6). All these ob-

servations are compatible with the common expectation that coherent states

are classical, while SCS and the Fock states are considered macroscopically

quantum.
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3.4.4 Connection to a decoherence model

Decoherence in a particular basis can be regarded as a measurement per-

formed by the environment [91]. Based on this concept, we may consider

a connection between the quantum macroscopicity measure in the present

work and the fragility of a quantum state by a certain type of decoherence.

We show that a coarse-grained measurement of observable L̂ can be equiv-

alently modeled by a decoherence process under linear coupling between

the system observable L̂ and the environment operator p̂E . After time t, the

initial state of the system ρ̂0 evolves into

ρ̂(t) = TrEe−igL̂p̂Et (ρ̂0 ⊗ τ̂E) eigL̂p̂Et, (3.22)

where τ̂E is the initial state of the environment and g is a coupling constant.

By taking the eigenstates of p̂E to be |p⟩ with continuous variable p, we get

ρ̂(t) =
∑
ω∈Ω

ρ̂
(ω)
0

[∫
dpe−i(gt)pδ⟨p|τ̂E |p⟩

]
. (3.23)

Now we choose the environment state to have ⟨p|τ̂E |p⟩ ∝ e−µ
2p2 so that

ρ̂(t) =
∑

ω∈Ω ρ̂
(ω)
0 e

− (gt)2ω2

4µ2 . In this case, the state distance between the ini-

tial and final states D(ρ̂0, ρ̂(t)), which indicates the fragility of the initial

quantum state under this kind of decoherence, is exactly the state distur-

bance Mσ(ρ̂0) caused by a coarse-grained measurement for the correspond-

ing value of σ = µ/(
√
2gt).

For example, we suppose that the environment is in a thermal state

τ̂E = e−βĤE/ZE , where ZE = Tre−βĤE and β = (kBT )
−1 is an inverse
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temperature. For simplicity, we further assume that the thermal bath is a

single-mode harmonic oscillator with hamiltonian ĤE = ℏω0

(
â†E âE + 1

2

)
and the coupling with the system is given by the momentum operator, p̂E =

(âE−â†E)/(
√
2i). In this case, we have ⟨p|τ̂E |q⟩ ∝ exp[− tanh (βω0/2)p̂

2
E ],

and tanh(βω0/2)/(g
2t2) corresponds to 2σ2 in the coarse-grained measure-

ment. We then see that large values of σ correspond to short decoherence

times, weak coupling and/or low bath temperatures. In other words, a quan-

tum state with a large value of Mσ(ρ̂) for the classical limit of σ is easily

decohered by a thermal environment. This result is consistent with the previ-

ous research [92] that macroscopic coherence is fragile under decoherence

effects even if a bath is in the low temperature.

3.4.5 Appendix: Proof of Theorem 5

Proof: (M1) Note that Mσ(ρ̂) = D(ρ̂,Φσ(ρ̂)) = 0 if and only if ρ̂ =

Φσ(ρ̂). This is only achieved when Φσ is given by a convex sum of pro-

jections P̂n =
∑

λi=n
|i⟩ ⟨i|, thus this condition can be achieved when

ρ̂ = ρ̂(0).

(M2a) By using Proposition. 1, we show that

Mσ(E(ρ̂)) = D(E(ρ̂), (Φσ ◦ E)(ρ̂))

= D(E(ρ̂), (E ◦ Φσ)(ρ̂))

≤ D(ρ̂,Φσ(ρ̂))

=Mσ(ρ̂)

(3.24)

for trace-preserving free operation E .
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(M2b) Similarly, by using Proposition. 1 and the condition (D3b), we

show that

∑
α

pαMσ(Eα(ρ̂)/pα) =
∑
α

pαD(Eα(ρ̂)/pα,Φσ(Eα(ρ̂)/pα))

=
∑
α

pαD(Eα(ρ̂)/pα, Eα(Φσ(ρ̂))/pα)

≤ D(ρ̂,Φσ(ρ̂))

=Mσ(ρ̂),

(3.25)

where TrEα(Φσ(ρ̂)) = TrΦσ(Eα(ρ̂)) = TrEα(ρ̂) = pα, since Φσ is a trace

preserving map.

(M3) Convexity can be directly proven by using joint convexity of the

distance measure,

Mσ

(∑
i

piρ̂i

)
= D

(∑
i

piρ̂i,Φσ(
∑
i

piρ̂i)

)

= D

(∑
i

piρ̂i,
∑
i

piΦσ(ρ̂i)

)

≤
∑
i

piD(ρ̂i,Φσ(ρ̂i))

=
∑
i

piMσ(ρ̂i).

(M4) Now we prove that there is an ordering of M between two states

|ψ0⟩ = (|i⟩+ |j⟩)/
√
2 and |ψ1⟩ = (|k⟩+ |l⟩)/

√
2, i.e.M(|ψ0⟩) > M(|ψ1⟩)

in the case of |λi−λj | > |ak−al|. Note that we can always choose the uni-

tary operation Û , which transforms the bases |k⟩ → |i⟩ and |l⟩ → |j⟩. Then
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in {|i⟩ , |j⟩} basis, we can write the states, ρ̂0 = |ψ0⟩ ⟨ψ0| = 1
2

1 1

1 1

,

Φσ(ρ̂0) = 1
2

1 K

K 1

, Û ρ̂1Û † = ρ̂0, and ÛΦσ(ρ̂1)Û
† = 1

2

 1 J

J 1

,

where K = e−(λi−λj)2/(8σ2) and J = e−(λk−λl)2/(8σ2), respectively. Since

|λi − λj | > |λk − λl|, 0 ≤ K < J ≤ 1 for any σ > 0, then we can choose

0 < λ = 1−J
1−K < 1 such that ÛΦσ(ρ̂1)Û

† = λΦσ(ρ̂0) + (1 − λ)ρ̂0. Then

by the unitary invariance and joint convexity of the distance measure D, we

have

M(ρ̂1) = D(ρ̂1,Φσ(ρ̂1))

= D(Û ρ̂1Û
†, ÛΦσ(ρ̂1)Û

†)

= D(λρ̂0 + (1− λ)ρ̂0, λΦσ(ρ̂0) + (1− λ)ρ̂0)

≤ λD(ρ̂0,Φσ(ρ̂0)) + (1− λ)D(ρ̂0, ρ̂0)

= λD(ρ̂0,Φσ(ρ̂0))

< D(ρ̂0,Φσ(ρ̂0))

=M(ρ̂0),

(3.26)

which completes the proof. □

We also note that if a distance measure D(ρ̂, σ̂) satisfies all condi-

tions (D1)–(D4) without the property (D3b), the macroscopicity measure

Mσ(ρ̂) = D(ρ̂,Φσ(ρ̂)) based on D satisfies (M1)–(M4) except (M2b).

In the case of the Bures distance, DB(ρ̂, σ̂) = 2 − 2
√
F(ρ̂, σ̂), (D1),

(D2), (D3a), and (D4) can be easily proven by using the properties of the
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fidelity [93]. We can also prove the condition (D3b) by follows.

∑
α

pαDB(Eα(ρ̂)/pα, Eα(σ̂)/pα)

= 2
∑
α

pα

(
1−

√
F(Eα(ρ̂)/pα, Eα(σ̂)/pα)

)
= 2

(
1−

∑
α

√
F(Eα(ρ̂), Eα(σ̂))

)
,

(3.27)

by using
√
F(ρ̂/p, σ̂/p) =

√
F(ρ̂, σ̂)/p. In order to complete the proof,

we prove that
√
F(ρ̂, σ̂) ≤

∑
α

√
F(Eα(ρ̂), Eα(σ̂)) when

∑
α Eα = E .

Note that Eα(ρ̂) can be expressed using ancillary state τ̂2: Eα(ρ̂) = Tr2(1⊗

Π̂α)Û(ρ̂⊗ τ̂2)Û †(1⊗ Π̂α). Note that fidelity is non-decreasing under partial

trace
√
F(ρ̂12, σ̂12) ≤

√
F(Tr2ρ̂12,Tr2σ̂12) and satisfies following prop-

erties for a set of projection operators {Π̂n}:
∑

n

√
F(Π̂nρ̂Π̂n, Π̂nσ̂Π̂n) =√

F(
∑

n Π̂nρ̂Π̂n,
∑

n Π̂nσ̂Π̂n). Using these properties we can show that∑
α

√
F(Eα(ρ̂), Eα(σ̂)) ≥

√
F(Û(ρ̂⊗ τ̂2)Û †, Û(σ̂ ⊗ τ̂2)Û †) =

√
F(ρ̂, σ̂),

since fidelity is invariant under unitary operations.

The conditions (D1)–(D4) for the relative entropy S(ρ̂||σ̂) can be proved

similarly. (D1), (D2), (D3a), and (D4) directly comes from the elemen-

tary properties of relative entropy [93]. (D3b) can be proved by noting

that
∑

α pαS(Eα(ρ̂)/pα||Eα(σ̂)/pα) =
∑

α S(Eα(ρ̂)||Eα(σ̂)). Then (D3b)

can be proved a same argument above by using
∑

n S(Π̂nρ̂Π̂n||Π̂nσ̂Π̂n) =

S(
∑

n Π̂nρ̂Π̂n||
∑

n Π̂nσ̂Π̂n).
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3.5 Remarks

To conclude, we have pointed out that quantum macroscopicity could be

considered via the asymmetry with respect to some macroscopic observ-

able, which generates a collective group transformation on the total system.

We have suggested two different types of measures to quantify quantum

macroscopicity in general physical systems.

Weighted measures of macroscopic coherence can be constructed based

on the observation that multiple modes of ω contribute differently to the co-

herence as the system size gets larger. From this viewpoint, we define a class

of quantum macroscopicity measures characterized by a sum of the form

(effective size) × (degree of coherence) for all the modes of ω. Through

this, we demonstrate that many macroscopic measures of coherence may be

related to the total coherence of a system via a simple weighted sum.

We also discuss how it is desirable to exclude microscopic superpo-

sitions in order to implement a proper measure of macroscopic coherence,

which is not guaranteed simply by the conditions proposed in Ref. [52] as

shown in Ref. [53]. We then show how one may introduce a cutoff for micro-

scopic superpositions, leading what we call a scaled measure of coherence

where the coherence for each mode is differently weighted by appropriately

choosing a scaling parameter σ, which may be interpreted as a fuzziness in

measurement reference frame. This scaled measure can thus rule out micro-

scopic superpositions by virtue of the fact that they are not detectable for

a given degree of fuzziness. In this way, the measure assures that only the

coherence between macroscopically distinct states is considered. We then
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compared the degree of macroscopic coherence of a product state and a

GHZ-state in N -particle spin systems. Microscopic coherences in a product

state are effectively suppressed by introducing the cutoff σ =
√
N logN ,

and we have demonstrated that degree of macroscopic coherence in the GHZ

state is easily decayed by decoherence.

Another type of measures to quantify quantum macroscopicity is given

by disturbance-based measures under coarse-grained measurements. This

argument stems from physical grounds that a precise measurement will af-

fect all the coherence present in the system, while a sufficiently imprecise

measurement will affect only the portion of the coherence between classi-

cally distinct states. We demonstrated that our disturbance-based measure

satisfies a series of properties to quantify macroscopic coherence laid out in

[52]. In the process, we pointed out that conditions for macroscopic coher-

ence proposed in [52] is insufficient to yield consistent results without addi-

tional constraints. This inconsistency can be overcome by fixing the level of

coarse-graining to an appropriate classical limit. We also demonstrated an

inequality relating the measurement-induced disturbance and the Wigner-

Yanase-Dyson skew information and argued that this kind of classical limit

is necessary to produce a reliable measure of macroscopic coherence. Fur-

thermore, we establish the direct connection between the disturbance-based

quantum macroscopicity measure and the fragility of a quantum state under

decoherence.

We emphasize that the disturbance-based measure provides an oper-

ational point of view on macroscopic quantumness that can be quantified

by the degree of disturbance throughout the measurement of a given im-
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precision. The imprecision of the measurement allows us to focus on the

coherence between macroscopically distinct states by blurring the interfer-

ence below the measurement resolution. We can thus identify whether the

quantum state is in a macroscopic superposition by investigating the state

disturbance throughout the measurement only with a macroscopic resolu-

tion. As we have demonstrated for both spin and bosonic systems, our ap-

proach is not limited to a specific quantum system but can be applied to

arbitrary macroscopic observables and quantum systems with large particle

numbers.

Moreover, the arguments presented in this chapter are not limited to

any particular system, but may also be applied to any general macroscopic

observable L̂ for any macroscopic, composite systems. We expect that the

viewpoint concerning the state disturbance induced by coarse-grained mea-

surement may lead to greater insights on macroscopic quantum effects and

coherence.
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Chapter 4

Macroscopic coherence in optical
fields as a resource for quantum
metrology

The contents of this chapter are largely based on [H. Kwon, K. C. Tan, T,

Volkoff, and H. Jeong, “Nonclassicality of Light as a Quantifiable Resource

for Quantum Metrology” (in preparation).].

4.1 Introduction

The differences between classical and quantum physics have long been a

fruitful area of physical research. In recent decades, developments in the

area of quantum information have managed to introduce renewed impetus

in the the study of such differences, primarily because such differences be-

tween classical and nonclassical theories can be exploited to perform useful

informational tasks [27, 35, 94–97], but also because the quantum informa-

tion perspective have led to a proliferation of new techniques that simulta-

neously allows more light to be shed on age old questions.

One of the promising application in quantum optics is the parameter

estimation task beyond classical limit, as known as quantum metrology [72,

73]. For example, in the phase estimation task, the precision using classical
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states of light is bounded by the standard quantum limit, by using coherent

states as probe and reference fields. In this case, one can achieve a estimation

precision with the shot-noise limit, proportional to the mean photon number

in the field. On the other hand, if we have nonclassical resources of light,

such as squeezed states [98, 99], NOON states [100–102], or superposition

of coherent states [103–105], we can further achieve the Heisenberg limit,

which is proportional to the square of the mean photon number [72]. Even

when the noise-environment contaminates the states, it has been studied that

we can attain a better precision than the one that classical resources allows

[106].

In this chapter, we show that nonclassical states in optical fields can

be utilized as the parameter estimation task for displacement. Furthermore,

we demonstrate that every multi-mode pure nonclassical state with negative

Glauber-Sudarshan P distribution provides metrological enhancement over

all classical states when estimating the parameter generated by collective

quadrature operators. Moreover, we show that this metrological power can

quantify the degree of nonclassicality for a general mixed state. Based on

this concept, we establish the resource theory of nonclassicality in multi-

mode optical fields, which is monotone under linear optical elements, in-

cluding phase-shift, beam-splitter, and displacement operators. Our results

can be applied to nonclassicality detection and high-precision force sensing

tasks. Finally, we discuss that this nonclassicality is related to the macro-

scopic coherence in optical fields.
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4.2 Quantum metrology and quantum Fisher
information

Consider a situation to estimated the parameter ϕ generated by an observ-

able L̂ in quantum system. For instance, the phase in quantum optical fields

are obtained by taking L̂ = n̂, where n̂ is the number operator. In a general

situation, a given quantum state with an initial state ρ̂0 evolves into

ρ̂ϕ = e−iϕL̂ρ̂0e
iϕL̂.

Then, we can consider an estimator ϕ̂ in order to guess the actual value of

ϕ. In this case, precision of the estimation is defined as (∆ϕ)2 := ⟨(ϕ̂ −

ϕ)2⟩. The fundamental limitation of the precision is given by the so-called

quantum Carmér Rao bound [107]

(∆ϕ)2 ≥ 1

IF (ρ̂, L̂)
,

where IF (ρ̂, L̂) = 2
∑

i,j
(λi−λj)2
λi+λj

|⟨i|L̂ |j⟩ |2 is the quantum Fisher informa-

tion with respect to an observable Âwhen the eigenvalues and eigenstates of

ρ̂ are given by λi and |i⟩, respectively. The quantum Fisher information has

been also studied in quantum information theory to quantify multi-partite

entanglement [108–110] and macroscopic quantum coherence [54] based

on the usefulness of a quantum state for metrological tasks beyond the clas-

sical limit.

In this chapter, we focus on the parameter estimation of θ for a unitary
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dynamics generated by a collective quadrature observable. To illustrate the

situation briefly, we give an example in a single-mode case with one of the

quadrature operators given by X̂ = (â+ â†)/
√
2, where â is an bosonic an-

nihilation operator. Under the unitary dynamics generated by this quadrature

operator X̂ , an initial quantum state ρ̂0 evolves into

ρ̂θ = e−iθX̂ ρ̂0e
iθX̂ .

If we estimate the parameter θ using ρ̂θ, a tight bound for the variance of the

estimator (∆θ)2 is given by

(∆θ)2 ≥ 1

IF (ρ̂0, X̂)
, (4.1)

which is the quantum Cramér Rao bound with respect to the parameter esti-

mation of θ generated by X̂ .

4.3 Nonclassicality in multi-mode optical fields
as a resource for high-precision parameter
estimation

In light fields, the general nonclassicality could be defined as the positivity

of Glauber-Sudarshan P representation [111]. A multi-mode optical field is

described by using a set of bosonic operators {ân}, where ân is the annihila-

tion operator in n-th mode. Generally, a N -mode optical state ρ̂ in a Hilbert

70



spaceH is said to be classical when it has representation

ρ̂ =
1

πN

∫
d2NαP (α) |α⟩ ⟨α|

with positive P (α), where d2Nα = d2α1d
2α2 · · · d2αN |α⟩ = |α1⟩ ⊗

|α2⟩ ⊗ · · · ⊗ |αN ⟩. The set of coherent states

|αn⟩ = e−
|αn|2

2

∞∑
m=0

αmn√
m!
|m⟩

thus forms the basis for classical light [112]. In order to characterize and

quantify non-classically for optical states, various approaches including,

distance based measures [113, 114], the nonclassicality depth [115], entan-

glement potential [116–118], characteristic function methods [119], and op-

erational approaches [120, 121] have been suggested.

In a more recent development, it was demonstrated that the nonclassi-

cality of light fields may be characterized [122] using the language of the

resource theory of coherence [22], suggesting that nonclassical light and co-

herence are identical resources. Emerging from this characterization is the

so-called resource theory of linear optics, which is perhaps the most natural

set of “classical” optical operations that can be performed in the labora-

tory. With this recent formalization of a resource theory to characterize light

fields, one may therefore expect to find quantifiers of nonclassicality with

operational or other physical significance, paralleling the developments in

entanglement and coherence theory.

In this section, we show that nonclassicality of an optical quantum state
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Figure 7: (a) Linear optical unitary and (b) linear optical map.

can be understood as a resource for high-precision parameter estimation

tasks. To this end, we introduce the optimal and mean metrological powers

based on the quantum Fisher information and demonstrate that these mea-

sures fit into the resource theory of nonclassicality suggested in Ref. [122]

for both single-mode and multi-mode optical states.

4.3.1 Linear optical map and nonclassicality criteria

In order to construct a resource theory of nonclassicality, we introduce a

set of free operations as follows: We first define a general N -mode bosonic

operator âµ =
∑N

n=1 µnân with complex values µn = Re[µn] + iIm[µn],

and µ = (Re[µ1],−Im[µ1],Re[µ2],−Im[µ2], · · · ,Re[µN ],−Im[µN ])
T to

be a real 2N -dimensional unit vector satisfying ||µ||2 :=
∑N

n=1 |µn|2 = 1.

Consequently, a general collective quadrature operator in an N -mode opti-

cal system is given by X̂µ = (âµ+ â†µ)/
√
2. Then following Ref. [122], we

define multi-dimensional linear optical unitary operations to be ÛL, which

transforms âµ into âµ′ + ⊕Nn=1αn1n, satisfying the condition ||µ||2 =
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||µ′||2, and αn is some complex number and 1n is the identity operator on

the nth mode. Additionally, these operations could be realized by the Hamil-

tonian in a form Ĥ =
∑N

n=1Anân +
∑N

n=1A
∗
nâ

†
n +

∑N
n,m=1Bnmâ

†
nâm,

with complex values of An and Bnm satisfying Bnm = B∗
mn, which can

be implemented by only using local phase shifters, displacement, and beam

splitter operations.

Using linear optical unitary operations, we define a linear optical map

ΦL(ρ̂A) = TrE(ÛLρ̂A ⊗ σ̂EÛ †
L),

where σ̂E is a classical state. We also define a selective linear operation by

a set of Kraus operators {K̂i} satisfying
∑

i K̂
†
i K̂i = 1 when there exists

ÛL and classical ancilla σEE′ and some set of orthogonal vectors {|i⟩E′}

such that TrE(ÛLρ̂A ⊗ σ̂EE′Û †
L) =

∑
i piρ̂

i
A ⊗ |i⟩E′ ⟨i| for some density

matrices ρ̂iA, where piρ̂iA := K̂iρ̂AK̂
†
i and pi := Tr(K̂iρ̂AK̂

†
i ). Base on

these linear optical maps, following conditions that nonclassicality measure

should satisfy have been proposed [122] :

(Q1) Q(ρ̂) = 0 if and only if ρ̂ is classical.

(Q2) (a) (Weak monotonicity) Q is monotonically decreasing under lin-

ear optical operations ΦL, i.e. Q(ρ̂A) ≥ Q(ΦL(ρ̂A)).

(b) (Strong monotonicity)Q is non-increasing under a selective lin-

ear optical operations on average, i.e.Q(ρ̂) ≥
∑

i piQ(ρ̂i) where

pi := Tr(K̂†
i K̂iρ̂) and ρ̂i := (K̂iρ̂K̂

†
i )/pi.

(Q3) Q is convex, i.e. Q(
∑

i piρ̂i) ≤
∑

i piQ(ρ̂i).
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4.3.2 Metrological power of light

In order to quantify nonclassicality in optical fields, we focus on the pa-

rameter estimation of θ for a unitary dynamics generated by a collective

quadrature observable X̂µ. Under the unitary dynamics, an initial quantum

state ρ̂0 evolves into

ρ̂θ,µ = e−iθX̂µ ρ̂0e
iθX̂µ .

If we estimate the parameter θ using ρ̂θ,µ, a tight bound for the variance of

the estimator (∆θ)2µ is given by

(∆θ)2µ ≥
1

IF (ρ̂0, X̂µ)
=

1

µTFµ
, (4.2)

which is the so-called the quantum Cramér Rao bound. This can be derived

by using the decomposition

X̂µ =
N∑
n=1

(
µnân + µ∗nâ

†
n√

2

)
=

N∑
n=1

(
Re[µn]X̂

(2n−1) − Im[µn]X̂
(2n)
)
,

where X̂(2n−1) = (ân + â†n)/
√
2 and X̂(2n) = (ân − â†n)/(

√
2i) are the

local quadrature operators. We then get

IF (ρ̂, X̂µ) = 2
∑
i,j

(λi − λj)2

λi + λj
|⟨i|

N∑
n=1

(
Re[µn]X̂

(2n−1) − Im[µn]X̂
(2n)
)
|j⟩ |2

= (Re[µ1],−Im[µ1], · · · ,Re[µN ],−Im[µN ]) · {Fmn(ρ̂)}

· (Re[µ1],−Im[µ1], · · · ,Re[µN ],−Im[µN ])
T

= µTFµ,

74



Figure 8: Quantum metrology for a collective quadrature and a single
quadrature operator.

where F is a real symmetric 2N × 2N matrix

Fmn(ρ̂) := 2
∑
i,j

(λi − λj)2

λi + λj
⟨i|X̂(m) |j⟩ ⟨j|X̂(n) |i⟩

so-called the quantum Fisher information matrix.

For a multi-mode coherent state |α⟩, the quantum Fisher information is

given by IF (|α⟩ , X̂µ) = 2 for any µ. Then by the convexity of the quantum

Fisher information, the minimum variance of the estimator (∆θ)2 achieved

from any classical state is lower bounded by IF (|α⟩ , X̂µ)
−1 = 1/2, which

we call the standard quantum limit. As such, a quantum state ρ̂ with the

quantum Fisher information IF (ρ̂, X̂µ) larger than 2 will outperform all

classical states for metrological tasks associated with the dynamics of a col-

lective quadrature observable X̂µ. We also observe that quantum estima-

tion tasks of the parameter generated by a collective quadrature observable

are equivalent to estimating the parameter generated by a quadrature ob-

servable for a single mode up to a linear optical unitary operation. In other

words, one can always find an optical linear unitary operator ÛL such that

ÛLe
−iθX̂µÛ †

L = e−iθX̂
(k)

for any given k ∈ {1, 2, · · · , 2N} (See Fig. 8).

Also, a displacement operation in any mode does not change the value of

the quantum Fisher information with respect to X̂µ.
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Consequently, maxµ∈S µTFµ = λmax(F ) leads to Eq, (4.3). Also,

Eq. (4.4) can be derived using
∫
S
d2Nµ
Vol(S)(µ

TFµ) = 1
2NTr(F ), since F is a

real symmetric matrix.

Based on this observation, we introduce two different measures to quan-

tify the metrological power of multi-mode optical fields. First, one may

optimize the metrological power with respect to the quadrature among all

possible parametrizations µ.

Popt(ρ̂) :=
1

2
max
µ∈S

IF (ρ̂, X̂µ) =
λmax(F)

2
, (4.3)

where S = {µ|
∑N

n=1 |µn|2 = 1} and λmax(F) is the maximum eigenvalue

of F . This quantifies the maximum sensitivity of estimating θ, min
µ∈S

(∆θ)2µ =[
max
µ∈S

µTFµ

]−1

= (2Popt)
−1, which can be obtained by first performing

some linear optical unitary operation ÛL, followed by estimating θ with

respect to the single mode generator X̂(1). We may also define the mean

metrological power over all such parametrizations µ,

Pmean(ρ̂) :=
1

2

∫
S

d2Nµ

Vol(S)
IF (ρ̂, X̂µ) =

Tr(F)

4N
, (4.4)

where d2Nµ = d2µ1d
2µ2 · · · d2µN and Vol(S) =

∫
S d

2Nµ = 2πN/(N −

1)!. Normalization factors for both Eqs. (4.3) and (4.4) are chosen to such

that the metrological power of coherent states to be 1. Especially for Pmean

this normalization corresponds to (2 times) the standard quantum limit for

displacement estimation achievable by coherent states in N independent

sensors, i.e., N optical modes. Now we prove following properties of the
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metrological powers:

Proposition 3 (Metrological power of light).

1. For a pure state |ψ⟩, P(|ψ⟩) ≥ 1, where equality holds if and only if

|ψ⟩ is a coherent state |α⟩. For a mixed state ρ̂, P(ρ̂) ≤ 1 when ρ̂ is

classical.

2. Linear optical unitaries do not change the metrological power, i.e.

P(ÛLρ̂Û †
L) = P(ρ̂).

3. Combining two optical fields A and B cannot increase the overall

metrological power, i.e.P(ÛL(ρ̂A⊗σ̂B)Û †
L) ≤ max{P(ρ̂A),P(σ̂B)},

regardless of the number of modes in each field.

We use the notation P when describing both Popt and Pmean for simplicity.

All technical proofs in this chapter are presented in Appendix. It is important

to notice from Proposition 3 that “a pure quantum state outperforms all

classical states in the metrological power if and only if the state is non-

classical (i.e., contains negative P distribution).”

4.3.3 Quantifying nonclassicality via metrological power

Based on the above definitions, we introduce the following measure of non-

classicality for multi-mode optical states. For a pure state |ψ⟩ in bosonic

systems, we define

C(|ψ⟩) := Pmean(|ψ⟩)− 1 (4.5)
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as a non-classality measure. Then we extend this measure to quantify non-

classicality of any mixed state by taking convex roof of C:

Q(ρ̂) := min
{pi,|ψi⟩}

∑
i

piC(|ψi⟩), (4.6)

where {pi, |ψi⟩} is a pure state decomposition of ρ̂ satisfying ρ̂ =
∑

i pi |ψi⟩ ⟨ψi|

with pi ≥ 0 and |ψi⟩. The following is a key result of this chapter.

Theorem 7. Q is a nonclassicality measure, satisfying the conditions (Q1)–

(Q3).

We note that the value of nonclassicality is bounded from above byQ(ρ̂) ≤

2n̄, where n̄ = Tr
[∑N

n=1 â
†
nânρ̂

]
is the mean photon number.

In many general, the convex roof construction is complicated to com-

pute. In such cases, the optimal metrological power Popt can be considered

as another option to quantify nonclassicality,

M(ρ̂) = max {Popt(ρ̂)− 1, 0} . (4.7)

However, there is a compromise since this nonclassicality measure is not

faithful, so it does not strictly satisfy the conditions for a nonclassicality

measure which was previously defined. Nonetheless, it still has many useful

properties.

Theorem 8. The nonclassicality quantifier M satisfies following proper-

ties:

1. M(ρ̂) = 0 if ρ̂ is classical,
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2. M is invariant under linear optical unitaries ÛL and weakly mono-

tone under linear optical maps,

3. M is convex,

4. Multiple copies of the same state do not increaseM, i.e.M(ρ̂⊗M ) =

M(ρ̂). More generally,M(ρ̂A ⊗ σ̂B) = max {M(ρ̂A),M(σ̂B)}.

Therefore, this quantifier can witness nonclassicality, since any state

with non-zero M is nonclassical. Although M(ρ̂) = 0 does not guaran-

tee that ρ̂ is classical in general, this type of measure is easier to calcu-

late especially for Gaussian states. In particular, M(ρ̂) = 0 is also suf-

ficient condition for single-mode Gaussian states to be classical, i.e. the

measrure is faithful over single mode Gaussian states. We also observe that

the last property in Theorem 8 fulfills one of the proposed requirements

that is necessary to quantify the genuine quantum macroscopicity: the accu-

mulation microscopic quantum coherence should be distinguished from the

genuine macroscopic coherence present in states such as GHZ-states [37].

Similar quantum macroscopicity measures for optical systems have been

proposed in Ref. [123, 124] that are also based on the quantum Fisher in-

formation, for instance the quantity max
ϕ⃗
IF (ρ̂, X̂ϕ⃗

)/N using the sum of

quadratures X̂
ϕ⃗
=
∑N

n=1 X̂
(n)
ϕn

, where X̂(n)
ϕn

= cosϕnX̂
(n) + sinϕnP̂

(n)

and ϕ⃗ = (ϕ1, ϕ2, · · · , ϕN )T . In this case, however, we point out that a lin-

ear bosonic map can increase the measure, since X̂
ϕ⃗

in general does not

transform in a covariant way, i.e. Û †
LX̂ϕ⃗

ÛL ̸= X̂
ϕ⃗′ . Thus, measures of this

type do not fit into the resource theoretical description under linear optical

maps, although it may capture many properties of macroscopic coherence.
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4.3.4 Examples and applications

We demonstrate that well-known non-classical optical states such as Fock

states |n⟩, NOON-states |N⟩ |0⟩+ |0⟩ |N⟩, and optical cat states |α⟩+ |−α⟩

all achieve Q = 2n̄ which is the maximal allowed value for a given mean

photon number. Also, a decohered cat state ρ̂Γ = |α⟩ ⟨α| + |−α⟩ ⟨−α| +

Γ(|α⟩ ⟨−α|+ |−α⟩ ⟨α|) is non-classical unless Γ = 0, and alsoM(ρ̂) > 0

for non-zero Γ > 0, i.e., M is a faithful nonclassicality measure for de-

cohered cat states. Due to the invariance under linear optical unitary oper-

ations, we can also compare the quantum macroscopicity between an en-

tangled coherent state |α⟩1 |α⟩2 + |−α⟩1 |−α⟩2 and an optical cat state

|α⟩ + |−α⟩. Note that we can convert the entangled coherent state into

(
∣∣√2α〉

1
+
∣∣−√2α〉

1
) |0⟩2 using a 50 : 50 beam splitter. As such, the de-

gree of nonclassicality in terms of M for the entangled coherent state is

equivalent with an optical cat state with an amplitude
√
2α.

We also apply our result to Gaussian states. A single-mode Gaussian

state can be represented as ρ̂G = D̂(α)Ŝ(ξ)τ̂ Ŝ†(ξ)D̂†(α), by using a squeez-

ing operation Ŝ(ξ) = exp
[
−ξâ†2/2 + ξ∗â2/2

]
and a displacement oper-

ation D̂(α) = exp
[
αâ† − α∗â

]
on a thermal state τ̂ =

∑
n n̄

n
th/(1 +

n̄th)
n+1 |n⟩ ⟨n| with the mean photon number n̄th. Among single-mode

Guassian states, a pure displaced squeezed state D̂(α)Ŝ(ξ) |0⟩ gives the

maximum nonclassicality C = 2n̄. The optimal metrological power is given

by M(ρ̂G) = max {exp(2r)/(2n̄th + 1)− 1, 0}, which depends on the

mean photon number of the thermal state n̄th and the squeezing parameter

r = |ξ|. Note that a single-mode Gaussian state is classical (i.e., has a pos-
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Figure 9: Nonclassicality vs. mean photon number n̄. (a) C gives the max-
imum value 2n̄ (solid line) for NOON states |N⟩ |0⟩ + |0⟩ |N⟩, cat states
|α⟩+ |−α⟩, squeezed vacuum states Ŝ(ξ) |0⟩, and Fock states |n⟩. Also, su-
perposition between Fock state and coherent state |n⟩ + |α⟩ with n = |α|2
(dotted line), squeezed coherent states Ŝ(ξ) |α⟩ for ξ = 1.0 (dot-dashed
line), and photon-added coherent states â† |α⟩ (dashed line) are evaluated.
(b) Nonclassicality quantifierM for decohered cat states ρ̂Γ (solid lines) and
squeezed thermal states Ŝ(ξ)τ̂ Ŝ†(ξ) (dashed lines). Decoherence factors
and mean photon numbers in thermal states are given by Γ = 0.01, 0.3, 0.7
and n̄th = 0.01, 0.1, 0.5, 1.0, respectively (both starting from above).

itive P -representation) when rc ≤ (1/2) log(2n̄th + 1). Thus, the optimal

metrological power M(ρ̂G) is zero if and only if a single-mode Gaussian

state ρ̂G is classical.

We also provide an example of two mode squeezed states ρ̂TM =

ŜTM(ζ) |00⟩12, where ŜTM(ζ) = exp
[
−ζâ†1â

†
2 + ζ∗â1â2

]
. For this ex-

ample, local quadrature operator measurements do not appear to have any

quantum advantage over classical states since the local states are thermal

states. On the other hand, a two mode squeezed state can be converted into

the product of two single-mode squeezed states via a linear optical unitary

by using the 50 : 50 beam splitter, ÛBSŜTM(ζ)Û †
BS = Ŝ1(ζ) ⊗ Ŝ2(ζ). As

such, the nonclassicality of the two mode squeezed state and two single-

mode squeezed states, have the same metrological power. More generally,
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for any multi-mode Gaussian state ρ̂(V ,d) can be parametrized by the co-

variance matrix V and the displacement d, with its characteristic func-

tion χ(ξ) = Tr[D̂(ξ)ρ̂(V ,d)] = e−
1
2
ξTV ξ+ξTd. Then there exists the sym-

pletic matrix S such that V = S(V ⊕)ST , where V ⊕ = ⊕Nn=1νn1n with

SΩST = Ω for a block matrix Ω =

 0 1

−1 0

 ⊗ 1N×N . Using the fact

that every sympletic operation S has corresponding multi-mode unitary op-

eration ÛS (not necessarily be a linear optical map), we can express the state

as follows:

ρ̂(V ,d) = ÛS

(
⊗Nn=1τ̂n

)
Û †
S ,

where τ̂n is a thermal state of n-th mode with mean-photon number (νn −

1)/2. Then the quantum Fisher information with respect to X̂µ is given by

IF (ρ̂(V ,d), X̂µ) = IF (ÛS

(
⊕Nn=1τ̂n

)
Û †
S , X̂µ) = IF (⊗Nn=1τ̂n, Û

†
SX̂µÛS).

It is important to note that Û †
SX̂µÛS = X̂µ̃, where µ̃ = (S−1)Tµ, where

||µ̃||2 ̸= 1 in general.

Moreover, the quantum Fisher information matrix for a multi-mode

thermal state is given by F (⊗Nn=1τ̂n) = 2 ⊕Nn=1 ν
−1
n 1n = 2(V ⊕)−1 =

2STV −1S. Using the expression of Eq. (4.2), we get

IF (ρ̂(V ,d), X̂µ) = 2((S−1)Tµ)TF (⊗Nn=1τ̂n)(S
−1)Tµ

= 2µT (S−1STV −1S(S−1)T )µ.
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We then obtain the following closed form formula:

M(ρ̂(V ,d)) = max{λmax

[
S−1STV −1S(S−1)T

]
− 1, 0}. (4.8)

in terms of V and S.

Based on our result, nonclassicality can be detected in the laboratory by

accessing quantum Fisher information with respect to a collective quadra-

ture observables X̂µ. It has been suggested in Ref. [82] that one can es-

timate the value of quantum Fisher information by the following lower

bound M(ρ̂) ≥ 2θ−1 arccos2BΩ − 1, where BΩ =
∑

m

√
pmqm with

qm = Tr[Ω̂mρ̂] and qm = Tr[Ω̂me
−iθX̂µ ρ̂eiθX̂µ ] for a generalized mea-

surement given by a set of positive operators {Ω̂m}. Moreover, we can

adopt the quadrature measurement X̂(n)
ϕn

= (âne
−iϕn + â†neiϕn)/

√
2 on

each mode which can be realized by the local homodyne-detection. Note

that the unitary evolution generated by X̂µ is in fact just a a multi-mode

displacement operation, e−iθX̂µ = ⊗Ni=nD̂n(−iθµ∗n/
√
2), where D̂n are

displacement operators on n-th mode. This observation leads to BΩ =∫
dNx

√
p(x)p(x− χθ), where p(x) is a probability distribution for multi-

mode quadratures x = (xϕ11 , x
ϕ2
2 , · · · , x

ϕN
N )T and χ = (χ1, χ2, · · · , χN )T

with χn = Re[µn] sinϕn + Im[µn] cosϕn. For the limiting case of θ → 0,

M(ρ̂) ≥ max
µ∈S

[
lim
θ→0

2 arccos2BΩ

θ2

]
− 1 =

λmax[G]

2
− 1, (4.9)
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where G is a 2N × 2N real matrix with

Gkl =

∫
dNxp(x)−1∂p(x)

∂xϕnn

∂p(x)

∂xϕmm

×


sinϕn (k = 2n− 1)

− cosϕn (k = 2n)



sinϕm (l = 2n− 1)

− cosϕm (l = 2n)

 .

Therefore, only the probability distribution for a multi-mode quadrature ob-

servable is required to detect the nonclassicality of optical fields. Even in the

case of a limited measurement precision, Eq. (6) of Ref. [82] or Theorem 2

of Ref. [53] can be adopted to estimate the value ofM.

In practical sense, the following metrological procedure can be ap-

plied to a displacement sensing task. Note that estimation of the parame-

ter θ generated by a collective quadrature operators e−iθX̂µ is identical to a

displacement sensing task for ⊗Nn=1D̂i(−iθµ∗n/
√
2). In this task, the non-

classicality of a cavity field becomes a useful resource for a precise force-

sensing. In linearized optomechanical systems, the interaction Hamiltonian

is given by Ĥ(lin)
int = −ℏg0

√
n̄cav(δâ

† + δâ)(b̂ + b̂†), where g0 is the cou-

pling strength, n̄cav is the mean photon number in cavity, and â and b̂ are

annihilation operators for the cavity and the mechanical mode, respectively.

δâ denotes the fluctuation from the average coherent field â = ᾱ+ δâ with

ᾱ = ⟨â⟩ [125, 126]. When the position of the mirror x̂ = (b̂ + b̂†)/
√
2 is

considered classical, its deviation δx, generated for example by an external

force, is captured as a displacement D̂(iℏg0
√
n̄cavδx/2) on the cavity field.

Thus, higher degree of nonclassicality M in the cavity field might be an

important resource for high resolution force-sensing tasks.
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4.3.5 Appendix

4.3.5.1 Proof for Proposition 3

Proof: We first show that P(|ψ⟩) ≥ 1. Taking a collective quadrature

observable X̂µ and its conjugate operator P̂µ = (âµ − â†µ)/(
√
2i) = X̂µ̃,

with µ̃n = −iµn for every n. Then, we note that [X̂µ, P̂µ] = i. Then we

have

Var(ψ, X̂µ) + Var(ψ, P̂µ) ≥ 2

√
Var(ψ, X̂µ)Var(ψ, P̂µ)

≥ |⟨[X̂µ, P̂µ]⟩|

= 1,

where the second inequality is the Heisenberg uncertainty relation. Then,

using the fact that IF (|ψ⟩ , X̂µ) = 4Var(ψ, X̂µ),

Popt(|ψ⟩) =
1

2
max
µ∈S

IF (|ψ⟩ , X̂µ)

≥ 1

4

[
IF (|ψ⟩ , X̂µ) + IF (|ψ⟩ , P̂µ)

]
= Var(ψ, X̂µ) + Var(ψ, P̂µ) ≥ 1,

and

Pmean(|ψ⟩) =
1

2

∫
S

d2Nµ

Vol(S)
IF (|ψ⟩ , X̂µ)

=
1

4

[∫
S

d2Nµ

Vol(S)
IF (|ψ⟩ , X̂µ) +

∫
S

d2N µ̃

Vol(S)
IF (|ψ⟩ , X̂µ̃)

]
=

∫
S

d2Nµ

Vol(S)

[
Var(ψ, X̂µ) + Var(ψ, P̂µ)

]
≥ 1,
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since d2Nµ = d2N µ̃ when integrating over S.

We now show that the equality holds if and only if |ψ⟩ is a coherent

state. Note that Popt(|ψ⟩) = 1 or Pmean(|ψ⟩) = 1 is equivalent with the

condition (1/2)IF (|ψ⟩ , X̂µ) = 1 for any µ ∈ S. Then the “if ” part can be

verified by directly showing that for any coherent state |α⟩ = |α1α2 · · ·αN ⟩.

1

2
IF (|α⟩ , X̂µ) =

1

2
IF (|α1α2 · · ·αN ⟩ ,

N∑
n=1

(
µnân + µ∗nâ

†
n

)
/
√
2)

=
1

2

N∑
n=1

|µn|2IF (|αn⟩ ⟨αn|, X̂µn)

= 1,

where X̂µn = |µn|−1(µnân + µ∗nâ
†
n)/
√
2 is a single-mode quadrature op-

erator of the n-th mode. We used the fact that the quantum Fisher informa-

tion of any quadrature observable x̂θ = (âe−iθ + â†eiθ)/
√
2 is given by

IF (|α⟩ ⟨α|, x̂θ) = 2 for any single-mode coherent state |α⟩.

The “only if ” part can be proved as follows. The N -mode pure optical

state |ψ⟩ can be decomposed into one selected mode and remaining modes,

|ψ⟩ =
∑

j

√
λj |ϕ(1)j ⟩|ϕ

(2···N)
j ⟩, by the Schmidt decomposition. Then we
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note that

Var(ψ, X̂(1)) + Var(ψ, X̂(2))

=
∑
j

λj

[
⟨ϕ(1)j |x̂

2
1|ϕ

(1)
j ⟩+ ⟨ϕ

(1)
j |p̂

2
1|ϕ

(1)
j ⟩
]

−

∑
j

⟨ϕ(1)j |x̂1|ϕ
(1)
j ⟩

2

−

∑
j

⟨ϕ(1)j |p̂1|ϕ
(1)
j ⟩

2

≥
∑
j

λj

[
Var(ϕ

(1)
j , x̂1) + Var(ϕ

(1)
j , p̂1)

]
≥ 1,

where x̂1 = (â1+â
†
1)/
√
2 and p̂1 = (â1−â†1)/

√
2i are quadrature operators

on the first mode. The first inequality saturates only if every ⟨ϕ(1)j |x̂1|ϕ
(1)
j ⟩

gives the same value and ⟨ϕ(1)j |p̂1|ϕ
(1)
j ⟩ also gives the same value for all

j (⟨ϕ(1)j |x̂1|ϕ
(1)
j ⟩ and ⟨ϕ(1)j |p̂1|ϕ

(1)
j ⟩ are not necessarily to be the same).

The second inequality is the Heisenberg uncertainty and only coherent state

|ϕ(1)j ⟩ = |α(1)
j ⟩ reaches the bound 1. Thus, combining these two results,

(1/2)IF (|ψ⟩ , X̂µ) = 1 for all µ ∈ S implies Var(ψ, X̂(1))+Var(ψ, X̂(2)) =

1, thus |ψ⟩ should be written in the form |ψ⟩ =
∣∣α(1)

〉 ∣∣ϕ(2···N〉, since dif-

ferent coherence states αj have different values of ⟨x̂⟩ or ⟨p̂⟩. We can re-

peat the same process for each mode, then we finally conclude that |ψ⟩ =∣∣α(1)
〉
· · ·
∣∣α(N)

〉
is a multi-mode coherent state.

Now we prove that P(ρ̂) ≤ 1 when ρ̂ is classical. Note that a classi-

cal state can be expressed as a convex sum of multi-mode coherent states,

i.e. ρ̂ =
∑

i pi |αi⟩ ⟨αi| for positive pi satisfying
∑

i pi = 1. Then by the
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convexity of the quantum Fisher information, we get

IF (ρ̂, X̂µ) ≤
∑
i

piIF (|αi⟩ ⟨αi|, X̂µ) ≤ 2,

where IF (|αi⟩ ⟨αi|, X̂µ) = 2 for any coherent state |α⟩. Then by either

taking optimization over µ or averaging over S = {µ|
∑N

n=1 |µn|2 = 1},

we have Popt ≤ 1 and Pmean ≤ 1, respectively.

Next, we demonstrate that the metrological power P is invariant under

optical linear unitaries. Note that IF (ÛLρ̂Û
†
L, X̂µ) = IF (ρ̂, Û

†
LX̂µÛL) =

IF (ρ̂, X̂µ′), where there exist an 2N × 2N unitary matrix V such that µ′ =

V µ ∈ S . Moreover the unitary matrix V does not change the structure of

S , i.e. V SV † = S and |detV | = 1, which guarantees that the optimal and

mean metrological powers do not change by such unitaries.

Finally, we show that combining two-uncorrelated optical systems can-

not increase the metrological powers. Suppose that the optical field A and

B of N and M modes, respectively. Then a collective bosonic operator in

the combined system can be expressed using a 2(N + M) dimensional

real vector µ. Let us assume that the optimal metrological power Popt of

the combined system is given by Popt(ÛL(ρ̂ ⊗ σ̂)Û †
L) = Popt(ρ̂ ⊗ σ̂) =

(1/2)maxµ∈S IF (ρ̂⊗ σ̂, X̂µ)/2 = (1/2)IF (ρ̂⊗ σ̂, X̂µ̃), where maximum

is achieved at {µ̃n} and ÛL does not change the metrological power Popt.

Note that the quadrature X̂µ̃ can be divided into two parts X̂µ̃ =
√
λX̂µA⊗

1B +
√
1− λ1A ⊗ X̂µB , where

µA = λ−1/2(Reµ̃1,−Imµ̃1,Reµ̃2,−Imµ̃2, · · · ,Reµ̃N ,−Imµ̃N )T
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and

µB =
(Reµ̃N+1,−Imµ̃N+1,Reµ̃N+2,−Imµ̃N+2, · · · ,Reµ̃N+M ,−Imµ̃N+M )T√

1− λ

with λ =
∑N

n=1 |µ̃i|2. Note that |µA|2 = 1 = |µB|2. Then we have

Popt(ρ̂⊗ σ̂) =
1

2
IF (ρ̂⊗ σ̂, X̂µ̃)

=
1

2
IF (ρ̂⊗ σ̂,

√
λX̂µA ⊗ 1B +

√
1− λ1A ⊗ X̂µB )

=
1

2

[
λIF (ρ̂, X̂µA) + (1− λ)IF (σ̂, X̂µB )

]
≤ max{Popt(ρ̂),Popt(σ̂)},

(4.10)

where we used the fact that 1
2IF (ρ̂, X̂µA) ≤ Popt(ρ) and 1

2IF (σ̂, X̂µB) ≤

Popt(σ) and 0 ≤ λ ≤ 1 for the last inequality.

For the mean metrological power, we note that

Pmean(ρ̂) =
Tr(F)

4N
=

1

4N

2N∑
k=1

IF (ρ̂, X̂
(k)).

Then we have the same property for the mean metrological power,

Pmean(ρ̂⊗ σ̂) =
1

4(N +M)

2(N+M)∑
i=1

IF (ρ̂⊗ σ̂, X̂(n))

=
NPmean(ρ̂) +MPmean(σ̂)

N +M

≤ max{Pmean(ρ̂),Pmean(σ̂)}.

□
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4.3.5.2 Proof of Theorem 7

First, we prove the following statement:

Proposition 4. For a quantum classical state
∑

i piρ̂
(i)
A ⊗ |i⟩B ⟨i| with or-

thogonal basis {|i⟩B}, the quantum Fisher information with respect to the

given local observable L̂A is given by

IF

(∑
i

piρ̂
(i)
A ⊗ |i⟩B ⟨i|, L̂A ⊗ 1B

)
=
∑
i

piIF (ρ̂
(i)
A , L̂A). (4.11)

Proof: Note that eigenvalues of
∑

i piρ̂
(i)
A ⊗ |i⟩B ⟨i| are given by piλ

(i)
µ ,

where λ(i)µ are eigenvalues of ρ̂(i)A with corresponding eigenstates
∣∣∣ϕ(i)µ 〉. By

direct calculation, we have

IF

(∑
i

piρ̂
(i)
A ⊗ |i⟩B ⟨i|, L̂A ⊗ 1B

)

= 2
∑
i,j

∑
µ,ν

(
piλ

(i)
µ − pjλ(j)ν

)2
piλ

(i)
µ + pjλ

(j)
ν

|⟨ϕ(i)µ |A⟨i|B
(
L̂A ⊗ 1B

)
|ϕ(j)ν ⟩A |j⟩B |

2

= 2
∑
i,j

∑
µ,ν

(
piλ

(i)
µ − pjλ(j)ν

)2
piλ

(i)
µ + pjλ

(j)
ν

|⟨ϕ(i)µ |L̂A|ϕ(j)ν ⟩A|2|⟨i| |j⟩B |
2

= 2
∑
i

pi
∑
µ,ν

(
λ
(i)
µ − λ(i)ν

)2
λ
(i)
µ + λ

(j)
ν

∣∣∣⟨ϕ(i)µ |L̂A|ϕ(j)ν ⟩A∣∣∣2
=
∑
i

piIF (ρ̂
(i)
A , L̂A).

(4.12)

□

Now we prove Theorem. 7:
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Proof: We prove the condition (Q1): If ρ̂ is classical, the state can be rep-

resented as a convex sum of coherent states |α⟩, which leads to Q(ρ̂) = 0.

Conversely, if Q(ρ̂) = min{pi,ψi}
∑

i piC(|ψi⟩) = 0, there exists a pure

state composition of ρ̂ =
∑

i p
∗
i |ψ∗

i ⟩ ⟨ψ∗
i | that C(|ψ∗

i ⟩) = 0 for every i. Note

that C(|ψ∗
i ⟩) = 0 if and only if |ψ∗

i ⟩ is a coherent state by Proposition. 3, and

using this decomposition, ρ̂ can be expressed as a convex sum of coherent

states, i.e. ρ̂ is classical. Thus weQ(ρ̂) = 0 if and only if ρ̂ is classical. Also,

convexity (Q3) is guaranteed by the convex roof construction.

In order to prove the strong monotonicity (Q2b) of the mean metro-

logical power, we first show that
∑

i qiC(K̂i |ψ⟩ /
√
qi) ≤ C(|ψ⟩) for a

set of Kraus operators {K̂i} constructing a linear optical map and qi =

Tr⟨ψ|K̂†
i K̂i |ψ⟩. For simplicity, we let |ϕi⟩ = K̂i |ψ⟩ /

√
qi, then there exists

a classical state σ̂EE′ and a linear optical unitary ÛL, such that

TrEÛL (|ψ⟩ ⟨ψ| ⊗ σ̂EE′) Û †
L =

∑
i

qi |ϕi⟩ ⟨ϕi| ⊗ |i⟩E′ ⟨i|.
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Note that C(|ϕi⟩) = (4N)−1
∑2N

k=1 IF (|ϕi⟩ ⟨ϕi|, X̂(k))− 1, we get

∑
i

qiC(|ϕi⟩)

=
1

4N

∑
i

qi

2N∑
k=1

IF

(
|ϕi⟩ ⟨ϕi|, X̂(k)

)
− 1

=
1

4N

2N∑
k=1

IF

(∑
i

qi |ϕi⟩ ⟨ϕi| ⊗ |i⟩E′ ⟨i|, X̂(k) ⊗ 1E′

)
− 1

=
1

4N

2N∑
k=1

IF

(
TrEÛL (|ψ⟩ ⟨ψ| ⊗ σ̂EE′) Û †

L, X̂
(k) ⊗ 1E′

)
− 1

≤ 1

4N

2N∑
k=1

IF

(
ÛL (|ψ⟩ ⟨ψ| ⊗ σ̂EE′) Û †

L, X̂
(k) ⊗ 1EE′

)
− 1

≤
∑
j

pj
4N

2N∑
k=1

IF

(
ÛL
(
|ψ⟩ ⟨ψ| ⊗ |αj⟩EE′ ⟨αj |

)
Û †
L, X̂

(k) ⊗ 1EE′

)
− 1,

where σ̂EE′ =
∑

j pj |αj⟩ ⟨αj | is classical, and the first and second in-

equalities come from contractivity and convexity of the quantum Fisher in-

formation, respectively. We prove that

2N∑
k=1

IF

(
ÛL
(
|ψ⟩ ⟨ψ| ⊗ |αj⟩EE′ ⟨αj |

)
Û †
L, X̂

(k) ⊗ 1EE′

)
≤

2N∑
k=1

IF

(
|ψ⟩ ⟨ψ|, X̂(k)

)
.
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Suppose σ̂EE′ is a M -mode classical state. Then we have

2N∑
k=1

IF

(
ÛL
(
|ψ⟩ ⟨ψ| ⊗ |αj⟩EE′ ⟨αj |

)
Û †
L, X̂

(k) ⊗ 1EE′

)

=

2(N+M)∑
k=1

IF

(
ÛL
(
|ψ⟩ ⟨ψ| ⊗ |αj⟩EE′ ⟨αj |

)
Û †
L, X̂

(k)
)

−
2M∑
l=1

IF

(
ÛL
(
|ψ⟩ ⟨ψ| ⊗ |αj⟩EE′ ⟨αj |

)
Û †
L, 1⊗ X̂

(l)
EE′

)

≤
2(N+M)∑
k=1

IF

(
|ψ⟩ ⟨ψ| ⊗ |αj⟩EE′ ⟨αj |, X̂(k)

)
− 4M

=
2N∑
l=1

IF

(
|ψ⟩ ⟨ψ|, X̂(l)

)
+

2M∑
l=1

IF

(
|αj⟩EE′ ⟨αj |, X̂(l)

)
− 4M

≤
2N∑
k=1

IF

(
|ψ⟩ ⟨ψ|, X̂(k)

)
.

Finally, we get

∑
i

qiC(|ϕi⟩)

≤
∑
j

pj
4N

2N∑
k=1

IF

(
ÛL
(
|ψ⟩ ⟨ψ| ⊗ |αj⟩EE′ ⟨αj |

)
Û †
L, X̂

(k) ⊗ 1EE′

)
− 1

≤ (4N)−1
∑
i

qi

2N∑
k=1

IF

(
|ψ⟩ ⟨ψ|, X̂(k)

)
− 1

= C(|ψ⟩).

Now we prove the strong monotonicity of Q. Suppose

Q(ρ̂) = min
{pµ,ψµ}

∑
µ

pµC(|ψµ⟩) =
∑
µ

p∗µC(
∣∣ψ∗
µ

〉
),

93



where the minimum is achieved at ρ̂ =
∑

µ p
∗
µ

∣∣ψ∗
µ

〉
⟨ψ∗

µ|. Then we have

∑
i

qiQ(K̂iρ̂K̂
†
i /qi) ≤

∑
i

∑
µ

p∗µq
µ
i C
(
K̂i

∣∣ψ∗
µ

〉
/
√
qµi

)
≤
∑
µ

p∗µC(
∣∣ψ∗
µ

〉
)

= Q(ρ̂),

(4.13)

where K̂iρ̂K̂
†
i /qi =

∑
µ(p

∗
µq
µ
i /qi)

(
K̂i|ψ∗

µ⟩√
qµi

)(
⟨ψ∗
µ|K̂

†
i√

qµi

)
with qµi = ⟨ψ∗

µ|K̂
†
i K̂i

∣∣ψ∗
µ

〉
.

Finally, weak monotonicity can be derived by the strong monotonicity con-

dition and convexity of Q:

Q

(∑
i

K̂iρ̂K̂
†
i

)
≤
∑
i

piQ
(
K̂iρ̂K̂

†
i /pi

)
≤ Q (ρ̂) , (4.14)

where pi = Trρ̂K̂†
i K̂i. □

4.3.5.3 Proof of Theorem 8

Proof: Convexity is guaranteed by convexity of the quantum Fisher infor-

mation. We prove that M(ρ̂) = 0 when ρ̂ is classical. A classical quan-

tum state has a positive-P representation, which allows us to represent ρ̂ =

π−1
∫
d2αP (α) |α⟩ ⟨α| as a convex sum of coherent states. Then by con-

vexity ofM and using the fact thatM(|α⟩ ⟨α|) = 0 for any coherent states,

we haveM(ρ̂) = 0. Weak monotonicity could be proved as follows:

We note that the optimal metrological power is contractive under partial
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trace:

Popt(TrB ρ̂AB) =
1

2
max
µA∈SA

IF (TrB ρ̂AB, X̂µA)

≤ 1

2
IF (ρ̂AB, X̂µ̃A ⊗ 1B)

≤ 1

2
max

µAB∈SAB
IF (ρ̂AB, X̂µAB )

= Popt(ρ̂AB),

where µ̃A gives the maximum metrolgical power for TrB ρ̂AB . Note that a

linear optical map on ρ̂ can be realized by ΦL(ρ̂) = TrEÛL (ρ̂⊗ σ̂E) Û †
L,

where σ̂E is classical and ÛL is given by combinations of beam splitter

operations, phase rotations, and displacement operations. Then by Proposi-

tion 3, we have Popt(ΦL(ρ̂)) = Popt(TrEÛL(ρ̂⊗ σ̂E)Û †
L) ≤ Popt(ÛL(ρ̂⊗

σ̂E)Û
†
L) ≤ max{Popt(ρ̂),P(σ̂E)} ≤ max{Popt(ρ̂), 1}, since Popt(σ̂E) ≤

1. Then we get

M(ΦL(ρ̂)) = max{Popt(ΦL(ρ̂))− 1, 0}

≤ max {Popt(ρ̂)− 1, 0} =M(ρ̂).

We now show the final condition M(ρ̂⊗M ) = M(ρ̂). By Proposi-

tion 3, we have Popt(ρ̂⊗M ) ≤ Popt(ρ̂). Then we can always choose X̂µ =

X̂µ̃1
⊗ 12···M to achieve Popt(ρ̂⊗M ) = Popt(ρ̂), where µ̃1 gives the max-

imum metrological power for ρ̂. Thus we haveM(ρ̂⊗M ) =M(ρ̂). By the

same way, we can also show thatM(ρ̂A⊗ σ̂B) = max {M(ρ̂A),M(σ̂B)}.

□
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4.3.5.4 Derivation of Eq. (4.9)

Using the Taylor expansion of BΩ =
∫
dNx

√
p(x)p(x− χθ) with respect

to θ up to its second order, we get

BΩ =

∫
dNx

[
p(x)− θ

2
(χT∇xp(x)) +

θ2

8
χTH(p(x))χ

]
+O(θ3)

= 1− θ2

8
χT
[∫

dNxH(p(x))

]
χ+O(θ3),

where the linear term of θ vanishes since
∫
dNx∇xp(x) = 0 and H(p(x))

is a N ×N matrix with element Hmn = p(x)−1 ∂p(x)

∂xϕmm

∂p(x)

∂xϕnn
.

Then, arccos2(1− x) = 2x+O(x2) leads to

arccos2BΩ

θ2
=

1

4
χT
[∫

dNxH(p(x))

]
χ+O(θ2).

Thus, taking the limit of θ → 0 and χn = Re[µn] sinϕn + Im[µn] cosϕn,

we have

IF (ρ̂, X̂µ) ≥ lim
θ→0

4 arccos2BΩ

θ2
= µTGµ,

where G is a 2N × 2N real matrix with

Gkl =

∫
dNxp(x)−1∂p(x)

∂xϕnn

∂p(x)

∂xϕmm

×


sinϕn (k = 2n− 1)

− cosϕn (k = 2n)

×

sinϕm (l = 2n− 1)

− cosϕm (l = 2n)

 .

Finally, optimizing over µ ∈ S leads to Eq. (4.9).
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4.4 Remarks

In conclusion, we have introduced the metrological power as a non-classical

resource in multi-mode optical fields. From this point of view, the nonclas-

sicality of an optical quantum state can be understood as a resource for en-

hanced metrological power over the classical limit. The degree of nonclassi-

cality quantified by optimal and mean metrological powers does not increase

under linear optical maps, which can be implemented in laboratories by lin-

ear optical elements, in addition to classical states of light. It therefore be-

longs to the class of resource theoretical, nonclassicality measures suggested

in Ref. [122]. This approach has demonstrable usefulness both conceptually

and computationally, with concrete examples demonstrated for both single-

mode and multi-mode cases. The most efficient quantum states to perform

metrological task for quadrature operators (or displacement operations) are

squeezed states, Fock states, and optical cat states, all of which are known to

have macroscopic coherence according to the results in the previous chap-

ters. Suggested measures could possibly be applied to not only multi-mode

bosonic systems, but also arbitrary many-body quantum systems including

spin, atomic, or optomechanical systems as well as hybrid systems attached

to the optical field. This may lead to a unified description of quantum macro-

scopicity for both the discrete and continuous types of the system.
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Chapter 5

Nonlocality test using hybrid
entanglement of light

The contents of this chapter are largely based on [H. Kwon and H. Jeong,

”Violation of the Bell–Clauser-Horne-Shimony-Holt inequality using im-

perfect photodetectors with optical hybrid states,” Phys. Rev. A 88, 052127

(2013)] Ref. [127] and [H. Kwon and H. Jeong, ”Generation of hybrid en-

tanglement between a single-photon polarization qubit and a coherent state,”

Phys. Rev. A 91, 012340 (2015)] Ref. [128].

5.1 Introduction

Einstein, Podolsky and Rosen (EPR)’s argument provoked debates upon in-

compatibility between quantum mechanics and local realism [129]. Around

thirty years after EPR’s work was published, Bell in his celebrated paper

suggested an inequality that enables one to test quantum mechanics against

local realism [56]. Since then, various versions of Bell’s inequality have

been suggested including Clauser, Horne, Shimony, and Holt (CHSH)’s

one known as the Bell-CHSH inequality [130]. The Bell-CHSH inequal-

ity has been theoretically studied within the frameworks of N-dimensional

systems [131–133] and continuous variables in phase space [134–139].

Meanwhile, various experimental efforts have been made to observe
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violation of Bell’s inequality, yet no experiment has been found to be com-

pletely loophole-free. In general, experiments using atoms [140, 141] have

suffered from the locality loophole [142, 143], while optical experiments

[144–147] have not been free from the detection (or fair-sampling) loop-

hole [148]. In order to close the detection loophole for the Bell-CHSH

inequality test, 82.8% of detector efficiency is required when using max-

imally entangled bipartite system. It was shown that Bell type inequality

with non-maximally entangled states could lower the threshold efficiency

to 66.7% [149]. The experimental observation of Bell inequality violation

using partially entangled photon without the fair-sampling assumption was

reported lately [150].

In order to lower the detector efficiency threshold for a loophole-free

Bell test, schemes based on high dimensional states [151–155] and mul-

tiphoton states [156, 157] have been suggested. A study on an asymmetric

Bell type inequality, assuming perfect detection on one side, shows that 43%

of detection efficiency is required [158], while a scheme using qudit systems

requires 61.8% of threshold efficiency [155]. In principle, macroscopic en-

tanglement enables one to perform a Bell inequality test free from the detec-

tion inefficiency [157]. Continuous variable systems with homodyne detec-

tion have also been investigated to close the detection loophole [159–162].

Atom-fields entanglement to combine the advantages of both the atomic

and optical systems have been studied in the context of loophole-free Bell

inequality tests [158, 161, 163–168] and several related experiments have

been reported [169–171].

In this Chapter, we study optical hybrid entanglement between a polar-
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ized single photon and a coherent-state field for Bell inequality tests using

inefficient detectors. Especially, we are interested in an optical hybrid state

with entanglement between a polarized single photon and a coherent state,

|Ψ⟩ = 1√
2
(|H⟩A|α⟩B + |V ⟩A|−α⟩B) (5.1)

where |H⟩ and |V ⟩ refer to horizontal and vertical polarization state of a

photon each, and |±α⟩ are coherent states of amplitudes ±α. Such hybrid

entangled states have been proven to be particularly useful for determinis-

tic quantum teleportation and resource-efficient quantum computing using

linear optics [172]. In the viewpoint of quantum macroscopicity in Chap-

ter 3 and nonclassicality in Chapter 4, the optical hybrid state |Ψ⟩ contains

the high amount of nonclassical resources as much as the optical cat state

|α⟩ + |−α⟩ when the coherent state amplitude α is sufficiently large. For

example, it is straightforward to show that the nonclassicality measureM

in Chapter 4 for this state has its maximum valueM(|Ψ⟩) = 2α2 that scales

with the average photon number of the state when α ≫ 1. In the first part

of this chapter, we demonstrate that the optical hybrid entanglement can be

utilized to close the detection loophole in the Bell-CHSH inequality tests.

In the second part of this chapter, we propose a nondeterministic scheme

to generate an optical hybrid state between a polarized single photon and a

coherent-state field. Very recently, approximate implementations of hybrid

entanglement between a qubit of the vacuum and single photon and a qubit

of coherent states were demonstrated using the photon addition and subtrac-

tion techniques [14, 15]. The state explored in Ref. [14] was in the form of
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|0⟩ |α⟩+|1⟩ |−α⟩while a similar state of (|0⟩+|1⟩) |α⟩+(|0⟩−|1⟩) |−α⟩was

approximately demonstrated in Ref. [15], where |0⟩ is the vacuum, |1⟩ is the

single photon, and |±α⟩ are coherent states of amplitudes±α. However, the

state required to perform the aforementioned applications in Refs. [127,172]

was in fact in the form of |H⟩ |α⟩ + |V ⟩ |−α⟩; i.e., the first mode should

be in a definite single-photon state in the horizontal (H) or vertical (V )

polarization. This type of hybrid entanglement, despite its usefulness, can-

not be generated using the photon addition or subtraction as performed in

Refs. [14, 15] because the first mode should be in a single photon state with

definitely one photon. In principle, a cross-Kerr nonlinear interaction can be

used to generate the required form of hybrid entanglement [173, 174], but

it is a highly demanding task to achieve a clean nonlinear interaction using

current technology [175–181]. In this dissertation, we demonstrate that by

starting with a polarization-entangled state |H⟩ |V ⟩ + |V ⟩ |H⟩ and the op-

tical cat state |α⟩ + |−α⟩, we can possibly obtain a desired optical hybrid

state with a high fidelity by using displacement operators, beam splitters,

and on-off detectors.

5.2 Nonlocality test using optical hybrid states

In this section, we employ two different kinds of measurements for the

coherent-state field, photon on/off measurement and photon number par-

ity measurement, to investigate the Bell-CHSH inequality. We find that the

Bell-CHSH inequality is violated for low coherent amplitudes (|α| < 1.0)

with detection efficiency higher than 67%. When realistic detection effi-
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ciency is assumed (i.e., smaller than 98.68%), the scheme based on on/off

measurements gives larger Bell violation than the one based on photon

number parity measurements, while nearly perfect detector efficiency pro-

vides higher Bell values close to Cirel’son’s bound 2
√
2 for the parity mea-

surement scheme. However, threshold values for detection efficiencies over

which Bell violations occur are similar for both the measurement schemes.

5.2.1 Bell-CHSH inequality using on/off and parity mea-
surements

In order to perform Bell inequality tests (see Fig. 10), an entangled state

should be shared by two locally separate parties. With regard to the state in

Eq. (5.30), the single photon part with the polarization degree of freedom

and the coherent state part with amplitudes ±α are subscripted by A and

B, respectively. Each party may locally perform unitary operations and di-

chotomic measurements. In order to construct a Bell-CHSH inequality, each

measurement outcome is determined as either +1 or −1. We may choose

Π̂A = |H⟩ ⟨H| − |V ⟩ ⟨V | for polarization measurements for the single-

photon part and

Π̂B =


|0⟩ ⟨0| −

∞∑
n=1

|n⟩ ⟨n| (on/off)

∞∑
n=0

(|2n⟩ ⟨2n| − |2n+ 1⟩ ⟨2n+ 1|) (parity)

(5.2)

for on/off and photon number parity measurements each. Outcomes ±1 de-

note no-click/click events for on/off measurements and even/odd number
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Figure 10: Bell inequality test using an optical hybrid state with on/off and
parity measurements.

results for photon number parity measurements. An arbitrary unitary oper-

ation on a single photon qubit with the qubit basis of |H⟩ and |V ⟩ can be

represented by

Û (ξ) =

 cos |ξ| ξ
|ξ| sin |ξ|

− ξ∗

|ξ| sin |ξ| cos |ξ|


with complex variable ξ. The displacement operation, D̂ (β) = eβâ

†−β∗â, is

used a unitary operation on the coherent state part (i.e., modeB), where β is

a complex variable. A previous result shows that the displacement operator

approximately acts as a qubit rotation for a coherent-state qubit with basis

| ± α⟩ [139]. The expectation value of the joint measurement is obtained as

E (ξ, β) =
〈
ÔA ⊗ ÔB

〉
, (5.3)

where ÔA (ξ) = Û (ξ) Π̂AÛ
† (ξ) and ÔB (β) = D̂ (β) Π̂BD̂

† (β). The

Bell-CHSH inequality is then defined as |B (ξ1, ξ2, β1, β2)| ≤ 2 with the
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Bell function

B (ξ1, ξ2, β1, β2) = E (ξ1, β1) + E (ξ1, β2) + E (ξ2, β2)− E (ξ2, β1) .

(5.4)

We define ξ = −(θ/2)e−iϕ and β = |β| eiΦ with 0 ≤ θ < π, 0 ≤ ϕ

and Φ < 2π for simplicity. Without loss of generality, we take α to be real

because the phase of αmay absorbed by Φ. We obtain the expectation values

as

EOn/off (θ, ϕ, |β| ,Φ) = 2 cos θe−(|α|
2+|β|2) sinh (2 |α| |β| cosΦ)

+ 2 sin θe−(|α|
2+|β|2) cos (2 |α| |β| sinΦ− ϕ)

− sin θe−2|α|2 cosϕ,

(5.5)

EParity (θ, ϕ, |β| ,Φ) = cos θe−2(|α|2+|β|2) sinh (4 |α| |β| cosΦ)

+ sin θe−2|β|2 cos (4 |α| |β| sinΦ− ϕ)
(5.6)

by applying on/off and photon number parity measurements, respectively,

on the coherent-state part.

5.2.2 Photodetector efficiency and the detection loop-
hole

A physical model of an imperfect photodetector with detection efficiency

p is described by a beam splitter of transmission coefficient
√
p before a

perfect photodetector. In terms of positive operator valued measurement

(POVM) with the photon number basis, a photodetector with efficiency p

105



may be written as [182],

Ê(n)
p =

∞∑
m=0

(
n+m

n

)
pn(1− p)m |n+m⟩ ⟨n+m| . (5.7)

Then the effective on/off measurement of detection efficiency ηB becomes

Π̂
On/off
B,eff = Ê(0)

ηB
−

∞∑
n=1

Ê(n)
ηB

=

∞∑
m=0

[
2(1− ηB)m |m⟩ ⟨m|

−
∞∑
n=0

(
n+m

n

)
ηnB(1− ηB)

m |n+m⟩ ⟨n+m|
]
.

(5.8)

Similarly, the effective photon number parity measurement is given by

Π̂parity
B,eff = Ê

(even)
ηB − Ê(odd)

ηB

=

∞∑
m=0

∞∑
n=0

[(
2n+m

2n

)
η2nB (1− ηB)m |2n+m⟩ ⟨2n+m|

−
(
2n+1+m
2n+1

)
η2n+1
B (1− ηB)m |2n+ 1 +m⟩ ⟨2n+ 1 +m|

]
.

(5.9)

In order to avoid the detection loophole, we assign +1 for a “no-

detection” outcome on the polarization part. Provided the polarization mea-

surement detection efficiency is ηA, the expectation value for the combined

measurement is given by

Eeff = ηA

〈
ÔA ⊗ ÔB,eff

〉
+ (1− ηA) TrB

[
ÔB,eff ρ̂B

]
, (5.10)

where ρ̂B is a reduced density matrix obtained by tracing over polarization
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part A, i.e.

ρ̂B = TrA (ρ) =
1

2
(|α⟩ ⟨α|+ |−α⟩ ⟨−α|) . (5.11)

Each term in Eq. (5.9) could be directly calculated as

〈
ÔA ⊗ ÔOn/off

B,eff

〉
= 2 cos θe−ηB(|α|

2+|β|2) sinh (2ηB |α| |β| cosΦ)

+2 sin θe−(2−ηB)|α|2−ηB |β|2 cos (2ηB |α| |β| sinΦ− ϕ)

− sin θe−2|α|2 cosϕ,

(5.12)

TrB

[
Ô

On/off
B,eff ρ̂B

]
= 2e−ηB(|α|

2+|β|2) cosh (2ηB|α||β| cosΦ)− 1 (5.13)

for photon on/off measurements and

〈
ÔAÔ

Parity
B,eff

〉
= cos θe−2ηB(|α|2+|β|2) sinh (4ηB |α| |β| cosΦ)

+ sin θe−2(1−ηB)|α|2−2ηB |β|2 cos (4ηB |α| |β| sinΦ− ϕ) ,
(5.14)

TrB

[
ÔParity
B,eff ρ̂B

]
= e−2ηB(|α|2+|β|2) cosh (4ηB|α||β| cosΦ) (5.15)

for photon number parity measurements.

In order to observe violation of the Bell-CHSH inequality, it is impor-

tant to find optimizing conditions for local unitary variables under which

the Bell functions have largest values. The optimizing conditions presented

throughout this Chapter are numerically found [183], and wherever possi-

ble, we try to find corresponding analytical expressions.
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Figure 11: Maximized Bell value |B|max for varying α with perfect detec-
tor efficiency. The solid curve refers to photon on/off measurements while
the dashed curve to photon number parity measurements.

5.2.3 Perfect photodetector efficiency

We first suppose perfect efficiencies for all detectors used for Bell inequality

tests. In the case of photon on/off measurements, optimizing conditions can

be obtained as [166]

ξ1 = −
π

4
, ξ2 = 0, β1 = −β2 = −|β| (5.16)

with |β| satisfying

|β| (1 + sinh (2|α||β|)) = |α| cosh (2|α||β|) . (5.17)

We plot the Bell function in Fig. 11 and note that as the coherent amplitude

|α| increases the maximized Bell value increases up to |B|On/off
max ≈ 2.61

for |α| ≈ 0.664. However, Fig. 11 also shows that further increase of |α|

results in lower maximized Bell values. This can be attributed to the fact
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that the probability of “no-click” on a photodetector becomes lower when

|α| becomes larger [139].

We also find the optimizing conditions for photon number parity mea-

surements as

ξ1 = −
π

4
, ξ2 = i

π

4
, β1 = −β2 = −i|β| (5.18)

with |β| satisfying tan [4|α||β|] = (|α| − |β|)/(|α| + |β|) nearest to zero.

One may expect that Bell value would increase as |α| increases because

probabilities to have even and odd photon number in a coherent state be-

come equal as |α| → ∞. In practice, we note that Bell value of parity mea-

surements rapidly approaches to Cirel’son’s bound 2
√
2 when |α| ≫ 1.

5.2.4 Imperfect detection for coherent-state fields

Now we consider the situation of perfect polarization measurements (ηA = 1)

and imperfect coherent field measurements (ηB ̸= 1). Optimizing condi-

tions for photon on/off measurements can be obtained by ξ1 = −π/4,

ξ2 = 0 and β1 = −β2 = −|β| to be real with |β| satisfying

|β|e−2(1−ηB)|α|2+|β| sinh (2ηB|α||β|)−|α| cosh (2ηB|α||β|) = 0. (5.19)

In this case, the Bell value becomes

BOn/off (ξ1, ξ2, β1, β2)

= 4e−ηB(|α|2+|β|2)
[
e−(1−ηB)|α|2 + sinh (2ηB |α||β|)

]
− 2e−2|α|2 .

(5.20)
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Figure 12: (a) Maximized Bell value for on/off measurements |B|on/offmax and
(b) optimizing |α|opt for each coherent measurement detection efficiency.
(c) Maximized Bell value for parity measurements |B|paritymax and (d) opti-
mizing |α|opt. In both the cases, the detection efficiency ηB for the coherent-
state part decreases by 0.1 from the perfect value (ηB = 1) to ηB = 0.5.

Figure 12 shows that the maximum Bell value is obtained for 0.66 < |α| <

0.71 and the optimizing coherent amplitude |αopt| monotonically decreases

as the detector efficiency increases. Violation of the Bell-CHSH inequality

occurs until the detection efficiency reaches 0.5. This result is consistent

with the equivalent Bell inequality test using entanglement between an atom

and a coherent state in a cavity [166].

We find that optimizing conditions for photon number parity measure-

ments are ξ1 = −π/4, ξ2 = iπ/4 and β1 = −β2 = −i|β| to be pure

imaginary. Here, |β| is the solution of

tan (4ηB|α||β|) =
|α| − |β|
|α|+ |β|

(5.21)
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nearest to zero, and the Bell function is

BParity (ξ1, ξ2, β1, β2)

= 2e−2(1−ηB)|α|2−2ηB |β|2 (cos (4ηB|α||β|) + sin (4ηB|α||β|)) .
(5.22)

The optimizing coherent amplitude, |αopt|, increases when the detection ef-

ficiency becomes larger. This is opposite to the case on/off measurement

scheme, due to the fact when the efficiency of the photon number parity

measurement is low, |α| should be small to reduce the possibility of parity

flips. In most of imperfect detector efficiency conditions, the on/off mea-

surement scheme gives higher violation of the Bell-CHSH inequality than

the parity measurement scheme. However, the values of the detection effi-

ciency required to violate the Bell-CHSH inequality are the same (50%) for

both the schemes.

5.2.5 Imperfect detectors for both measurements

We now consider the most realistic case in which both the polarization mea-

surement and the coherent field measurement are imperfect (ηA < 1 and

ηB < 1). In this case, a nontrivial calculation is needed to obtain the op-

timizing conditions. It is still sufficient to take real ξ and β for optimizing

conditions of photon on/off measurements, but with |β1| ≠ |β2|. On the

other hand, the optimizing parameters for photon number parity measure-

ments tend to have different conditions by detection efficiency of photode-

tector. When the detection efficiency is high, we find |ξ1| = |ξ2| = π/4 and

β1, β2 to be pure imaginary for the optimization. If the detector efficiency is
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Figure 13: Maximized Bell-CHSH functions in terms of detection effi-
ciency η for both modes and coherent amplitude α for (a) on/off and (b)
parity measurement schemes. The detection efficiency threshold to violate
the Bell-CHSH inequality is about 67% when the coherent amplitude is low.

low, the optimizing conditions could be chosen to be the same with those of

the on/off measurement scheme (see Appendix).

We first assume the same detection efficiency ηA = ηB = η on the

polarization and the coherent field measurements. Figure 13 shows that the

degree of Bell violation and the optimizing coherent amplitudes for both the

measurement schemes decrease when the detector efficiency η decreases.
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Figure 14: Maximum Bell value via detector efficiency with varying co-
herent amplitude from 0.1 to 0.5 for the on/off measurement scheme. The
right-hand-side figure represents the boxed region of the left-hand-side one.
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Figure 15: Maximum Bell values against detection efficiency with varying
coherent amplitudes from 0.1 to 0.5 for the parity measurement scheme. The
right-hand-side figure represents the boxed region of the left-hand-side one.

For example, with η = 0.8, on/off measurements gives the maximum Bell

violation of |B|on/offmax ≈ 2.091 at |α| ≈ 0.458, while parity measurements

gives |B|paritymax ≈ 2.035 at |α| ≈ 0.293. If detector efficiency becomes

η = 0.7, the maximum Bell value and the optimizing coherent amplitude

decrease to |B|on/offmax ≈ 2.0022 (|α| ≈ 0.155) and |B|paritymax ≈ 2.0006

(|α| ≈ 0.078) for each the measurement scheme. Figure 14 and 15 reveal

that there is a trade-off between the degree of Bell violation and the detector

efficiency threshold by using different coherent amplitudes |α|. Employing

a low coherent amplitude demands low detection efficiency in order to see

Bell inequality violation but the degree of the violation would be small. Also

we note from Fig. 16(a) that with symmetric detector efficiency η lower

than 98.68%, on/off measurements provides higher Bell violation than par-

ity measurements.

We numerically find that the Bell-CHSH inequality violation occurs

until the detection efficiency reaches to 67% for both the measurement schemes

as presented in Fig. 13. This value of the detection efficiency is lower than

82.8% obtained by employing maximally entangled states and similar with
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Figure 16: (a) Comparison of Bell violation |B|max (b) and optimizing co-
herent amplitude |α|opt between on/off(solid line) and parity(dashed line)
measurements assuming symmetric detector efficiency η. On/off measure-
ments give higher Bell value than parity measurements for η < 0.9868.

the threshold efficiency for the Bell’s inequality test using non-maximally

entangled states [149]. We note that the maximum Bell violation occurs

at |α| < 0.664 for on/off measurements of any symmetric detector effi-

ciency higher than the threshold efficiency 67%. Similarly, the optimizing

coherent amplitude for parity measurements is within the range |α| < 1.0

when the detector efficiency is between the threshold (67%) and 97.7% (see

Fig. 16(b)).

In real experiments, actual values of the detection efficiency for the two

separate local measurements may be different. This realistic situation could

be studied by taking the effective joint measurement defined by Eq. (5.10)

with local detection efficiencies ηA and ηB . We plot the numerically opti-

mized Bell function together with threshold regions for each measurement

scheme in Fig. 17. The optimizing conditions have been found through non-

trivial calculations as detailed in Appendix. As presented in Fig. 18, the

on/off measurement scheme provides higher violation of the Bell-CHSH in-
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Figure 17: Maximized Bell-CHSH value as a function of detection effi-
ciencies for (a) on/off and (b) parity measurement schemes. Axis labels ηA
and ηB refer to polarization (single photon) and coherent field measurement
efficiencies, respectively. The optimizing coherent amplitudes were taken
for each detection efficiency.

equality than the parity measurement scheme for most values of the detector

efficiency. Only when the coherent field detection efficiency ηB is close to

1, parity measurements give higher Bell violation. Figure 17 shows that the

conditions for the Bell-CHSH inequality to be violated are similar for two

different measurement schemes. This can be attributed to the facts that the

probability distributions for two different measurement schemes (i.e. “click”

vs “no-click” for the on/off scheme and “odd” vs “even” or the parity one)

are similar for low coherent amplitudes and low detection efficiency leads

to the same optimizing conditions for both the measurement schemes.
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Figure 18: Subtracted value, |B|Paritymax − |B|On/off
max , values for different

detection efficiencies ηA and ηB . Each |B|max is obtained by taking its op-
timizing coherent amplitude.

5.2.6 Appendix: Optimization of the Bell value for on/off
and parity measurements

We have numerically found maximum Bell values and corresponding opti-

mizing conditions [183]. After numerical trials, we find that it is sufficient

to take real values of the unitary parameters, ξ and β, in order to obtain

those maximum Bell values for on/off measurements. Under this condition,

Eqs. (5.12) and (5.13) can be represented in terms of θ and |β| as
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〈
ÔA ⊗ ÔOn/off

B,eff

〉
= ∓2 cos θe−ηB(|α|2+|β|2) sinh (2ηB|α||β|)

− sin θe−2|α|2 + 2 sin θe−(2−ηB)|α|2−ηB |β|2 ,

TrB

[
Ô

On/off
B,eff ρ̂B

]
= 2e−ηB(|α|

2+|β|2) cosh (2ηB|α||β|)− 1,

(5.23)

where ∓ corresponds to negative/positive β. The Bell function B can be

constructed using Eqs. (5.4) and (5.10). In oder to find optimizing values,

we take derivatives of B to be zero with respect to each parameter as

{
∂B

∂θ1
,
∂B

∂θ2
,
∂B

∂β1
,
∂B

∂β2

}
= 0, (5.24)

which leads to a set of equations



tan θ1 =
e−2(1−ηB)|α|2

(
e−ηB |α|2−e−ηB |β1|

2−e−ηB |β2|
2
)

e−ηB |β1|2 sinh(2ηB |α||β1|)−e−ηB |β2|2 sinh(2ηB |α||β2|)
,

tan θ2 = −
e−2(1−ηB)|α|2

(
e−ηB |β1|

2−e−ηB |β2|
2
)

e−ηB |β1|2 sinh(2ηB |α||β1|)+e−ηB |β2|2 sinh(2ηB |α||β2|)
,

(|β1| sinh(2ηB|α||β1|)− |α| cosh(2ηB|α||β1|)) (cos θ1 − cos θ2)

−e−2(1−ηB)|α|2 |β1| (sin θ1 − sin θ2) = 0,

[(−|β2| sinh(2ηB|α||β2|) + |α| cosh(2ηB|α||β2|)) (cos θ1 + cos θ2)

−e−2(1−ηB)|α|2 |β2| (sin θ1 + sin θ2)
]

+2(1−ηA)
ηA

(−|β2| cosh(2ηB|α||β2|) + |α| sinh(2ηB|α||β2|)) = 0.

(5.25)

The scheme based on parity measurements undergoes two different op-
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Figure 19: Optimizing conditions for parity measurements with detection
efficiencies ηA and ηB . Shaded areas I and II are regions where the Bell-
CHSH inequality is violated. Region I has optimizing conditions with real
ξ and β, while region II has optimizing conditions with |ξ| = π/4 and pure
imaginary β.

timizing conditions subject to detection efficiencies ηA and ηB . Region I in

Fig. 19 corresponds to optimizing conditions for low efficiency detectors,

where real values of ξ and β are taken. We apply this condition to Eqs. (5.14)

and (5.15) and obtain the expectation value as

EParity,low
eff = ηA

[
∓2 cos θe−2ηB(|α|2+|β|2) sinh (4ηB|α||β|)

+ sin θe−2(1−ηB)|α|2−2ηB |β|2
]

+(1− ηA)e−2ηB(|α|2+|β|2) cosh (4ηB|α||β|) ,

(5.26)

where θ = −2ξ and∓ corresponds to negative/positive β. Using Eq. (5.24),

we obtain a set of equations,
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tan θ1 = −
e−2(1−2ηB)|α|2

(
e−2ηB |β1|

2
+e−2ηB |β2|

2
)

e−2ηB |β1|2 sinh(4ηB |α||β1|)−e−2ηB |β2|2 sinh(4ηB |α||β2|)
,

tan θ1 = −
e−2(1−2ηB)|α|2

(
e−2ηB |β1|

2−e−2ηB |β2|
2
)

e−2ηB |β1|2 sinh(4ηB |α||β1|)+e−2ηB |β2|2 sinh(4ηB |α||β2|)
,

(|β1| sinh(4ηB|α||β1|)− |α| cosh(4ηB|α||β1|)) (cos θ1 − cos θ2)

−e−2(1−2ηB)|α|2 |β1| (sin θ1 − sin θ2) = 0,

[(−|β2| sinh(4ηB|α||β2|) + |α| cosh(4ηB|α||β2|)) (cos θ1 + cos θ2)

−e−2(1−2ηB)|α|2 |β2| (sin θ1 + sin θ2)
]

+2(1−ηA)
ηA

(−|β2| cosh(4ηB|α||β2|) + |α| sinh(4ηB|α||β2|)) = 0,

(5.27)

and find the optimizing conditions.

Optimization for the high detection efficiencies (region II in Fig. 19)

can be obtained by taking |ξ1| = |ξ2| = π/4 and β as pure imaginary

number. The expectation value then becomes

EParity,high
eff = ηA e

−2(1−ηB)|α|2−2ηB |β|2 cos (4ηB|α||β| ± ϕ)

+(1− ηA)e−2ηB(|α|2+|β|2) cosh (4ηB|α||β|) ,
(5.28)

where ϕ is a phase factor of ξ and ± corresponds with negative/positive

−iβ. In this case, we take similar steps with Eq. (5.24) but using a set of

parameters of {ϕ1, ϕ2, |β1|,|β2|}, and find optimizing conditions by solving

a set of equations:
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e−2ηB |β1|2 sin (4ηB|α||β1|+ ϕ1)

= e−2ηB |β2|2 sin (4ηB|α||β2| − ϕ1) ,

e−2ηB |β1|2 sin (4ηB|α||β1|+ ϕ2)

= −e−2ηB |β2|2 sin (4ηB|α||β2| − ϕ2) ,

|β1| (cos(4ηB|α||β1|+ ϕ1)− cos(4ηB|α||β1|+ ϕ2))

+|α| (sin(4ηB|α||β1|+ ϕ1)− sin(4ηB|α||β1|+ ϕ2)) = 0,

|β2| (cos(4ηB|α||β2| − ϕ1) + cos(4ηB|α||β2| − ϕ2))

+|α| (sin(4ηB|α||β2| − ϕ1) + sin(4ηB|α||β2| − ϕ2))

+ 2(1−ηA)
ηA

|β2|e2(1−2ηB)|α|2 = 0.

(5.29)
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5.3 Generation of optical hybrid states

Entangled light fields have been extensively explored as tools for testing

quantum mechanics and resources for quantum information processing. An

intriguing challenge in this subject is to entangle different types of states of

light such as microscopic and macroscopic states or wavelike and particle-

like states [11–15, 184–188]. Some of those states have been found useful

for quantum information applications [127, 166, 172, 189]. Recently, hybrid

entanglement between a single photon in the polarization basis and a coher-

ent state was found to be particularly useful for loophole-free Bell inequal-

ity tests [127], deterministic quantum teleportation, and resource-efficient

quantum computation [172]. It was also shown that this type of hybrid

entanglement can be purified using linear optical elements and the parity

check gates [190]. While single photons are regarded as nonclassical states

as light quanta, coherent states are considered to be classical states as their

P functions are well defined [89] and they are robust against decoherence

as “pointer states” [90]. In this regard, the hybrid entanglement is closely

related to Schrödinger’s Gedankenexperiment, where the fate of a classical

object, the cat, is entangled with the state of a single atom [6].

In this section, we suggest a nondeterministic scheme to generate the

desired form of hybrid entanglement between a single-photon polarization

qubit and a coherent-state field. Our scheme requires a superposition of co-

herent states (SCS), |α⟩+ |−α⟩ [10,191–194], and a polarization entangled

photon pair, |H⟩ |V ⟩ + |V ⟩ |H⟩, as resources, in addition to beam split-

ters, the displacement operation and four photodetectors. We find that even

121



when inefficient detectors are used, an arbitrarily high fidelity can be ob-

tained by adjusting a beam-splitter ratio, and the displacement amplitude.

This proposal is experimentally feasible using a squeezed single photon (or

a squeezed vacuum state) as a good approximation of an ideal SCS [195].

Remarkably, reasonably high fidelities may still be obtained using on-off

detectors with low efficiencies and available resource states under current

technology.

5.3.1 Generation Scheme

We aim to generate the optical hybrid state with amplitude αf

|Ψφ(αf )⟩AB =
1√
2

(
|H⟩A |αf ⟩B + eiφ |V ⟩A |−αf ⟩B

)
, (5.30)

where | ± αf ⟩B are coherent states in the field mode B and φ is a rela-

tive phase factor. As discussed in the previous sections, this type of state

shows obvious properties as macroscopic entanglement when α is suffi-

ciently large. A classification of hybrid entanglement was attempted [196],

according to which the state in Eq. (5.30) is categorized as a discrete-variable-

like hybrid entanglement. This type of entanglement was also characterized

by a matrix Wigner function in the context of trapped ions [197].

In order to generate the hybrid entanglement, as shown in Fig. 20, we

first need to prepare a polarization entangled photon pair and a SCS as

|χ⟩12 ⊗ |SCSφ(αi)⟩3 , (5.31)
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φ

Figure 20: Generation scheme for hybrid entanglement. The beam-splitter
reflectivity r and the amplitude αi of the SCS determine the amplitude

√
rαi

of the displacement operation.

where |χ⟩12 = (|H⟩1 |V ⟩2+|V ⟩1 |H⟩2)/
√
2 and |SCSφ(αi)⟩3 = Nφ(|αi⟩3+

eiφ |−αi⟩3) with Nφ = (2 + 2e−2|αi|2 cosφ)−1/2. We suppose that αi

and αf are real without losing generality throughout this section. A beam

splitter of transmissivity t (reflectivity r = 1 − t) splits a coherent state

|α⟩ into |
√
rα⟩

∣∣√tα〉. The unbalanced beam splitter in Fig. 20 thus trans-

forms |SCSφ(αi)⟩3 into |
√
rαi⟩4

∣∣√tαi〉B + eiφ |−
√
rαi⟩4

∣∣−√tαi〉B . At

the same time, the displacement operation is performed on mode 2 as

D̂2(
√
rαi) (|H⟩A |V ⟩2 + |V ⟩A |H⟩2) ,

where D̂(α) = eαâ
†−α∗â, and â† and â are the creation and annihilation

operators. The state after the beam splitter and the displacement operation

can be expressed as
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[D̂4(
√
rαi)D̂B(

√
tαi) + eiφD̂4(−

√
rαi)D̂B(−

√
tαi)]

⊗ D̂2(
√
rαi)(â

†
1H â

†
2V + â†1V â

†
2H) |0⟩1 |0⟩2 |0⟩4 |0⟩B ,

(5.32)

in terms of operators acting on the vacuum states.

A 50:50 beam splitter as shown in Fig. 20 is then used to mix the re-

flected part of |SCSφ(αi)⟩3 (mode 4) and the displaced part of |χ⟩12 (mode

2) in order to erase ‘which path’ information. The unitary matrix corre-

sponding to the beam splitter can be represented as

 â6

â5

 =

 cos ξ −ieiϕ sin ξ

−ie−iϕ sin ξ cos ξ


 â4

â2

 , (5.33)

where we choose ξ = π/4 and ϕ = π/2 to model the 50:50 beam splitter.

The operators of modes 2 and 4 are then transformed as â2 → (â5+ â6)/
√
2

and â4 → (−â5 + â6)/
√
2, respectively, and it is also straightforward to

show D̂4(α)D̂2(β) → D̂5[(−α + β)/
√
2]D̂6[(α + β)

√
2] After passing

through a 50:50 beam splitter, the operators for modes 2 and 4 evolve as

D̂4(α)D̂2(β)â
†
2λ → D̂5

(
−α+ β√

2

)
D̂6

(
α+ β√

2

)
â†5λ + â†6λ√

2
, (5.34)

where λ indicates the polarization direction,H or V . By taking α = ±
√
rαi

and β =
√
rαi, only one of the displacement operators survives with ampli-

tude
√
2rαi in modes 5 and 6, while operators in the other modes, âA and

âB , remain the same. Using Eqs. (5.32) and (5.34), we find the state right
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before reaching the polarizing beam splitters (PBSs) in Fig. 20 as

|ψφ⟩ =
Nφ

2

[
|H⟩A D̂6(

√
2rαi) (|V ⟩5 |0⟩6 + |0⟩5 |V ⟩6)

∣∣∣√tαi〉
B

+ eiφ |H⟩A D̂5(
√
2rαi) (|V ⟩5 |0⟩6 + |0⟩5 |V ⟩6)

∣∣∣−√tαi〉
B

+ |V ⟩A D̂6(
√
2rαi) (|H⟩5 |0⟩6 + |0⟩5 |H⟩6)

∣∣∣√tαi〉
B

+ eiφ |V ⟩A D̂5(
√
2rαi) (|H⟩5 |0⟩6 + |0⟩5 |H⟩6)

∣∣∣−√tαi〉
B

]
.

(5.35)

The final step is to measure two single photons, one for mode 5 and the

other for mode 6, in different polarizations. The first measurement operator

can be expressed as

Π̂ = 1A ⊗ |0⟩ ⟨0|5H ⊗ |1⟩ ⟨1|5V ⊗ |1⟩ ⟨1|6H ⊗ |0⟩ ⟨0|6V ⊗ 1B. (5.36)

The second and third terms of Eq. (5.35) are excluded by the conditioning

measurement Π. It produces to the ideal hybrid state as

ρ̂ =
Tr56

[
Π̂ |ψφ⟩ ⟨ψφ|

]
⟨ψφ|Π |ψφ⟩

=
∣∣∣Ψ̂φ(αf )

〉
⟨Ψφ(αf )|AB (5.37)

where αf =
√
tαi. The success probability to obtain the hybrid state is

Pφ = ⟨ψφ|Π̂ |ψφ⟩

= N2
φ(1− t)α2

i e
−2(1−t)α2

i = N2
φ(

1

t
− 1)α2

fe
−2( 1

t
−1)α2

f .

(5.38)

The success probability for a given value of αi can be maximized by tak-

ing t = 1 − 1/(2α2
i ) with the hybrid state size αf =

√
α2
i − 1/2. In this
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Figure 21: Fidelity (solid curves) and total success probability (dashed
curves) of the hybrid entangled state |Ψπ(αf )⟩AB for the beam-splitter
transmissivity t. The amplitude of the target hybrid state is assumed to be
αf = 1, and four cases are plotted with detection efficiencies η = 0.7, 0.8,
0.9, and 0.99 (starting from the bottom).

case, Pφ approaches 1/(8e) ≈ 4.60% when the initial amplitude αi is large

enough.

The other measurement event of Π̂′ = 1A ⊗ |1⟩ ⟨1|5H ⊗ |0⟩ ⟨0|5V ⊗

|0⟩ ⟨0|6H⊗|1⟩ ⟨1|6V⊗1B results in the bit-flipped hybrid states |V ⟩A |αf ⟩B+

eiφ |H⟩A |−αf ⟩B . It can be converted to the target state by performing a

simple bit-flip operation on modeA or a π-phase shift on modeB. The total

success probability is therefore Pφtot = 2Pφ. We can also change the rela-

tive phase of |χ⟩12 in order to change the relative phase φ of the generated

hybrid state.
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Figure 22: (a) Fidelity and (b) total success probability for state
|Ψπ(αf )⟩AB in terms of its amplitude (αf ) and detection efficiency (η). The
transmissivity of the beam splitter is assumed to be t = 0.99.

5.3.2 Detection inefficiency and vacuum mixtures

We need to consider effects of imperfect photodetectors that may lower the

fidelity between the generated hybrid state and the ideal one. An imper-

fect photodetector with quantum efficiency η can be expressed as a positive

operator-valued measurement

Ê(n)
η =

∞∑
m=0

(
n+m

m

)
ηn(1− η)m |n+m⟩ ⟨n+m| (5.39)

in the photon number basis. The total measurement operator for our scheme

described in Fig. 1 then becomes

Π̂η = 1A ⊗ Ê(0)
η,5H ⊗ Ê

(1)
η,5V ⊗ Ê

(1)
η,6H ⊗ Ê

(0)
η,6V ⊗ 1B, (5.40)
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and the heralded state is given by

ρ̂η =
Tr56

[
Π̂η |ψφ⟩ ⟨ψφ|

]
⟨ψφ|Π̂η |ψφ⟩

. (5.41)

In the case of imperfect detection, the fidelity and the success probability

can be calculated as

Fφη =AB ⟨Ψφ|ρη |Ψφ⟩AB =
1

2

(
1 + e−2(1−η)( 1

t
−1)α2

f

)
(5.42)

and

Pφη,tot = 2⟨ψφ|Π̂η |ψφ⟩ = 2N2
φη

2(
1

t
− 1)α2

fe
−2η( 1

t
−1)α2

f , (5.43)

respectively. The fidelity and the success probability of the heralded state

depend on η, αf and t. We emphasize that as shown in Eq. (5.42), even

if the detection efficiency η is limited, the hybrid state can be generated

with an arbitrarily high fidelity by taking t → 1. The cost to obtain a high

fidelity is to tolerate a low success probability which becomes zero as the

fidelity reaches unity. Figures 21 and 22 show the fidelity and the success

probability by changing various parameters.

In a real experiment, the polarization entangled photon pair |χ⟩12 used

for our scheme may be mixed with the vacuum state |0⟩12 for modes 1 and

2. The effective form of such a mixed state is

ρ̂χ = z
(
|χ⟩ ⟨χ|

)
12

+ (1− z)
(
|0⟩ ⟨0|

)
12
, (5.44)
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where 0 < z ≤ 1. Remarkably, the vacuum component can be filtered

by the conditioning measurement Π. When states |0⟩12 ⊗ |SCSφ(αi)⟩3 are

initially prepared, the states for modes 5 and 6 will become
∣∣√2rαi〉5 |0⟩6 or

|0⟩5
∣∣√2rαi〉6 before the heralding measurement [see Eq. (5.35)], and one

of the modes will not contain any photons. Therefore, there is no chance

to get the successful measurement event (i.e., single-photon measurement

on both modes 5 and 6). Meanwhile, the success probability decreases by

factor z as the procedure starting with the vacuum state always fails.

5.3.3 Use of approximate resource states

The SCSs required as resources for our scheme have been experimentally

demonstrated while their fidelities and sizes are more or less limited [10,

191–194]. As an example, it has been shown that a photon-subtracted squeezed

state (or equivalently, a squeezed single photon [198]) well approximates an

ideal SCS, |SCSπ(α)⟩ ∝ |α⟩ − |−α⟩, for relatively small values of α [195,

199], and its experimental demonstrations have been reported [191–194]. A

squeezed single-photon state in the Fock basis is

Ŝ(s) |1⟩ =
∞∑
n=0

(tanh s)n

(cosh s)3/2

√
(2n+ 1)!

2nn!
|2n+ 1⟩ , (5.45)

where Ŝ(s) = e−(s/2)(â2−â†2) and s is the squeezing parameter. Its fidelity

to an ideal state |SCSπ(α)⟩ is

F(α, s) = |⟨SCSπ(α)|Ŝ(s) |1⟩ |2 =
2α2eα

2(tanh s−1)

(cosh s)3(1− e−2α2)
. (5.46)
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Figure 23: (a), (c) Fidelity and (b), (d) total success probability for state
|Ψπ(αf )⟩AB using photon-subtracted squeezed states as approximate SCSs.
The squeezing parameters used to obtain the photon-subtracted squeezed
states are s = 0.161 (upper figures) and s = 0.313 (lower figures). The
transmissivity is t = 0.9 (dot-dashed lines), t = 0.99 (dashed lines), and
t = 0.999 (solid lines), respectively. The vacuum portion of the polarization
entangled pair is assumed to be 1− z = 0.5.

For example, squeezing parameters s = 0.161 and 0.313 approximate |SCSπ(αi)⟩

with amplitudes αi = 0.7 and 1 with fidelities F = 0.9998 and 0.997, re-

spectively [195]. We choose these two values for our investigation.

We note that for a small squeezing parameter s, it is sufficient to reduce

the state (5.45) in the number basis with an appropriate cutoff number, ncut,

for our numerical calculations. For example, the amplitude ratio of n = 7

to n = 0 of state (5.45) is less than 0.0005 for s = 0.313 (and even smaller

for s = 0.161), thus we take the cut-off number ncut = 7, where the actual
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photon number cutoff is 2ncut+1 = 15 from Eq. (5.45). We can also model

the beam-splitter of transmissivity t (r = 1− t) in the photon number basis,

which transforms incoming modes i and j into outgoing modes i′ and j′ as

|n⟩i |m⟩j →
n∑
p

m∑
q

Bnm
pq |p+m− q⟩i′ |n− p+ q⟩j′ , (5.47)

whereBnm
pq =

(
n
p

)(
m
q

)√ (n−p+q)!(m−q+p)!
n!m!

√
t
p+q√

r
n+m−p−q

(−1)n−p. Nu-

merical calculations using ncut and the beam splitter model in the pho-

ton number basis are applied in order to calculate the fidelity and the suc-

cess probability with approximate resource states. Figure 23 shows that the

squeezing parameter of s = 0.161 (s = 0.313) and the vacuum portion

of z = 0.5 result in the fidelity of the heralded hybrid entanglement with

fidelity F > 0.996 (F > 0.986) and amplitude αf ≈ 0.7 (αf ≈ 1.0)

by taking transmissivity t ≥ 0.99 and assuming realistic detector efficiency

η ≥ 0.4. We emphasize that the two chosen amplitudes here, αf ≈ 0.7

and αf ≈ 1.0, for hybrid entanglement were suggested as the best val-

ues for a loophole-free Bell test [127] and for the hybrid-qubit quantum

computation [172], respectively. The success probability of the condition-

ing measurement with t = 0.99 varies from Ptot ≈ 10−4 to Ptot ≈ 10−3 by

increasing the detection efficiency η from 0.4 to 1.

In order to investigate a degree of entanglement for the heralded hybrid

states, we evaluate negativity of the partial transpose [200–202], E(ρ̂) =

||ρ̂TA || − 1 = −2
∑

i λ
−
i , where ρ̂TA is the partial transpose of ρ̂ and λ−i are

its negative eigenvalues. The degree E(ρ̂) ranges from 0 to 1, while an ideal

hybrid state of α ≫ 1 results in E(ρ̂) ≈ 1. The degrees of entanglement
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are E(ρ̂) = 0.922 (E(ρ̂) = 0.982) for squeezing parameters s = 0.161

(s = 0.313) by taking t = 0.99, z = 0.5, and η = 0.7. The entanglement

degrees can be compared with those of the ideal hybrid states with αf = 0.7

and αf = 1.0, i.e., E(ρ̂) = 0.927 and E(ρ̂) = 0.991, respectively.

5.3.4 Imperfect on-off detectors and SPDC sources

An on-off photodetector (e.g., avalanche photodiode) typically used in a

laboratory does not distinguish between a single photon and two or more

photons. Furthermore, a realistic polarized photon pair generated by sponta-

neous parametric down conversion (SPDC) contains undesired vacuum and

higher order terms in addition to state |χ⟩.

On-off photodetection changes the conditioning measurement of Eq. (5.40)

to

Π̂on−off
η = 1A ⊗ Ê(0)

η,5H ⊗ Ê
(click)
η,5V ⊗ Ê(click)

η,6H ⊗ Ê(0)
η,6V ⊗ 1B, (5.48)

where Ê(click) = 1 − Ê(0) =
∑∞

m=0[1 − (1 − η)m] |m⟩ ⟨m|. The polar-

ization entangled state created by SPDC can be represented by |SPDCχ⟩ =

exp(ξK̂+ + ξ∗K̂−) |0⟩12, where K̂+ = â†1H â
†
2V + â†1V â

†
2H and K̂− = K̂†

+

with the squeezing parameter ξ. The state can be simplified as

|SPDCχ⟩ =
√
1− λ2

∞∑
n=0

λn |Φn⟩12 , (5.49)

132



where λ = tanh |ξ| is the interaction strength and

|Φn⟩12 = (n+ 1)−1/2
n∑

m=0

|m⟩1H |n−m⟩1V |n−m⟩2H |m⟩2V

. In this case, the probability ratio for |Φn⟩ has an order of O(λ2n). Note

that |Φ0⟩ is the vacuum state and |Φ1⟩ = |χ⟩. The total success probability

of the final heralding measurement using the SPDC source then becomes

Ptot = (1− λ2)
[
Pvac + λ2P|χ⟩ + λ4P|Φ2⟩ +O(λ

6)
]
, (5.50)

where Pvac, P|χ⟩, and P|Φ2⟩ are success probabilities when the input state

was the vacuum, |χ⟩, and |Φ2⟩, respectively. Generally, λ in the SPDC

source has a small value so that higher order terms can be neglected. We

shall ignore O(λ6) in the following calculations.

The input state of |χ⟩ is the only desired state for generating the hybrid

entanglement and apparently successful heralding measurements of all the

other input states will degrade the fidelity of the generated state. The fidelity

Feff of the finally generated state under these more realistic conditions is

Feff =
(1− λ2)λ2P|χ⟩

Ptot
F

≈
P|χ⟩

λ−2Pvac + P|χ⟩ + λ2P|Φ2⟩
F .

(5.51)

We calculate Pvac, P|χ⟩ and P|Φ2⟩ using the numerical method in the num-

ber basis as explained in the previous section. We plot the final fidelitiesFeff

for several choices of on-off detection efficiencies η and the beam-splitter
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Figure 24: Expected fidelity of the generated hybrid entanglement when a
squeezed single-photon state and a SPDC source with interaction strength λ
are applied to the scheme using inefficient on-off detectors. The squeezing
parameters are (a) s = 0.161 and (b) s = 0.313 while the beam-splitter
transmissivity is t = 0.99 for both cases. The efficiencies of the on-off
detectors are η = 0.9, 0.7, 0.5, 0.3, and 0.1 starting from the top.
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transmissivity t = 0.99 in Fig. 5.3.4. Remarkably, the fidelities are insen-

sitive to inefficiency η of the on-off detectors even though it reduces the

success probabilities of the scheme. The fidelities are reasonably high for

large regions of experimentally relevant values of the interaction strength λ.

For example, we can obtain the hybrid state of αf = 0.7 and Feff ≈

0.939 using the SPDC source of λ = 2.2 × 10−2 and a squeezed single-

photon state of s = 0.161 with on-off detectors of 50% efficiency, while the

success probability is reduced to Ptot = 5.1 × 10−7. As another example,

the hybrid state of αf = 1 and Feff ≈ 0.842 can be generated using the

SPDC source of λ = 3.8 × 10−2 and a squeezed single-photon state of

s = 0.313 with the on-off detectors of 50% efficiency while the success

probability is Ptot = 2.4 × 10−6. Figure 5.3.4 shows that the fidelities are

still reasonably high even when the detection efficiency is as low as 10%.

We also note that dark counts during the heralding detection process may be

another factor to degrade the final fidelity, and photodetectors with ultralow

dark count rates compared to quantum efficiency [203–207] may be used for

high fidelities. On the other hand, we expect that the effects of dark counts

may be limited at a reasonable level using current technology as done for

this type of experiment [14, 15].
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5.4 Remarks

We have studied Bell inequality test with hybrid entanglement between po-

larization of a single photon and a coherent state field. We have investigated

two different kinds of measurements, on/off and photon number parity mea-

surement, on the coherent field to find Bell violations with optimizing con-

ditions with of perfect and realistic detectors. With perfect detectors, on/off

measurements give the maximum Bell violation of ≈ 2.61 at α ≈ 0.664,

while parity measurements give the violation approaching Cirel’son’s bound

(2
√
2) for large values of the coherent amplitude (α≫ 1).

In order to see the Bell-CHSH inequality violation without the detec-

tion loophole, the detector efficiency η > 67% is required for both on/off

and parity measurement schemes. It is important to note that small coherent

amplitudes for hybrid entanglement are needed to obtain the low required

efficiency while there is a trade-off between the threshold efficiency and

the degree of Bell violation in terms of the coherent amplitudes. Neverthe-

less, a coherent amplitude of |α| < 1.0 is sufficient to obtain the maximum

Bell violation for the most cases of the detection efficiency. Comparing two

different measurement schemes, we have found that on/off measurements

provide higher violation of Bell inequality than parity measurements under

realistic conditions (η < 98.68%), although the violation does not reach

Cirel’son’s bound. However, the threshold values of detection efficiency to

violate Bell inequality are similar between both the measurement schemes.

Our results may be used to experimentally explore loophole-free Bell

inequality tests. Required detection efficiency for a loophole-free Bell test
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is within reach of current technology [208–210]. The generation of hybrid

entanglement is a challenging task since it requires a clean cross-Kerr non-

linearity, while efforts are being made to obtain high fidelity cross-Kerr

interactions [177–179]. It is also possible, in principle, to approximately

generate arbitrary multimode entangled states using single-photon sources,

coherent states, and single-photon detectors [211]. In this context, a possi-

ble attempt for the generation of hybrid entanglement is to explore com-

binations of experimentally available photon addition and subtraction tech-

niques [212–215] as investigated for the generation of some exotic quantum

states [216–218].

It is interesting to note that coherent states are considered most clas-

sical among all pure states while single photons are typical microscopic

quantum systems. In this sense, Bell inequality tests using the optical hy-

brid states may reveal a significant feature of nonlocality between quantum

and classical systems. It will be an interesting future work to explore quan-

tum nonlocality with optical hybrid entanglement using “classical” mea-

surements [219, 220].

We have also suggested a scheme to generate hybrid entanglement be-

tween a single photon qubit and a coherent state qubit. Unlike previous pro-

posals [14, 15, 188], our scheme enables one to generate the exact form of

hybrid entanglement, without approximation, required for resource-efficient

optical hybrid quantum computation [172] and loophole-free Bell inequality

tests [127]. The required resources are an SCS, an entangled photon pair, the

displacement operation, four photodetectors, and beam splitters. Even when

photodetectors with limited efficiencies are used, hybrid entanglement with
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an arbitrarily high fidelity can be generated at the price of a lower success

probability. We have also analyzed fidelities of the generated states when

a SPDC source, an approximate SCS, and on-off detectors with low effi-

ciencies are used for the scheme. Even under these realistic assumptions,

hybrid entanglement with high fidelities may be obtained. According to our

analysis, experimental implementation of our scheme seems feasible using

current technology despite some expected experimental imperfections.
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Chapter 6

Many-body coherence in quantum
thermodynamics

The contents of this chapter are largely based on [H. Kwon, H. Jeong, D.

Jennings, B. Yadin, and M. S. Kim, “Clock/work trade-off relation for co-

herence in quantum thermodynamics”, arXiv: 1711.03395 (2017)] [221].

6.1 Introduction

Thermodynamics describes the physical nature of a macroscopic system

composed of a large number of particles. Based on its intimate relation with

information theory, expanding the domain of thermodynamics into the quan-

tum regime has raised interests. One of the questions in quantum thermody-

namics is the impact of quantum coherences on the laws of thermodynamics.

The cost of creating quantum coherences [222–226] and quantum correla-

tions [227–233] and extractable work from those quantum effects have been

studied.

The discovery of connections between entanglement and the second

law of thermodynamics has inspired recent attempts to describe thermo-

dynamics using quantum resource theories [234–246]. A resource theory

provides a tool to identify allowed transitions by a constrained operation,

which is often called a free operation. The theory of entanglement [24, 25]
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and the theories of quantum coherence [22,23], thermodynamics (athermal-

ity) [237, 239], and reference frame (asymmetry) [67–70, 247] have been

studied in the framework of the resource theory to quantify the amount of

resource contained in a given state. The free operation, the so-called ther-

mal operation (TO), in quantum thermodynamics can be characterized as a

unitary interaction between a system and a bath preserving the total system-

bath Hamiltonian, and the second law of thermodynamics has been studied

by introducing the free energies for quantum states [237, 238]. Lostaglio et.

al [235, 236] and Ćwikliński et. al [234] studied implications of the second

law of thermodynamics beyond the free energies to show that the quan-

tum coherences do not increase under TO’s, and that information-theoretic

analysis based on symmetry principles must be employed. However, quan-

tum thermodynamics under TO’s in many-body systems have not been well

studied especially for high dimensional quantum systems with coherence.

In this Chapter, we illustrate ways to understand quantum coherences

in many-body systems by the scope of quantum resource theory. We de-

scribe how thermodynamic coherence splits into two kinds – “internal” co-

herence that admits an energetic value in terms of thermodynamic work, and

“external” coherence that does not have energetic value, but instead corre-

sponds to the functioning of the system as a quantum clock. For the latter

form of coherence we provide dynamical constraints that relate to quantum

metrology and macroscopicity, while for the former, we show that quantum

states exist that have finite internal coherence yet with zero deterministic

work value. Finally, under minimal thermodynamic assumptions, we estab-

lish a clock/work trade-off relation between these two types of coherences.
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This can be viewed as a form of time-energy conjugate relation within quan-

tum thermodynamics that bounds the total maximum of clock and work re-

sources for a given system.

6.2 Resource theory of quantum thermodynam-
ics

6.2.1 Thermal operation and quantum free energy

First we construct the resource theory of quantum thermodynamics by char-

acterizing free states and free operations. Suppose the a given system with

Hamiltonian ĤS and a bath with its Hamiltonian ĤB . In the aspect of clas-

sical thermodynamics, the bath is in a equilibrium at temperature T that can

be described as a Gibbs state

γ̂B = Z−1
B e−βĤB ,

by which the entropy is maximized for a fixed energy. Then we can im-

pose the energy preserving condition to a thermal process acting on the total

system-bath state. We additionally assume that the total system-bath state is

closed system from other environments that every process in this joint sys-

tem can be described by a unitary operation. This operation is called a TO

on the system state ρ̂S that can be mathematically written as [234–238]

Λβ(ρ̂S) = TrB′

[
Û(ρ̂S ⊗ γ̂B)Û †

]
, (Free operation) (6.1)
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where γ̂B = Z−1
B e−βĤB is a Gibbs state at temperature T with the partition

function ZB = Tr[e−βĤB ], Û is any unitary operator satisfying

[Û , ĤS + ĤB] = 0,

and TrB′ refers to tracing out any subsystem of total system-bath. The in-

verse temperature parameter is given by β = (kBT )
−1 with kB being the

Boltzmann factor. Note that the resource-free state for a TO is the Gibbs

state of the system

γ̂ = Z−1
S e−βĤS (Free state)

with ZS = Tr[e−βĤS ], which is in equilibrium with the thermal bath.

In order to identify the amount of resource which does not increase

under TO’s, the quantum free energy function

F (ρ̂) = kBTS(ρ̂||γ̂)− kBT logZS = ⟨Ĥ⟩ρ̂ − kBTS(ρ̂) (6.2)

plays a central role in the regime of macroscopic systems [237, 238]. In the

language of resource theory, the quantum free energy becomes a monotone

under a TO, or the quantum thermodynamic process. Here, ⟨Ĥ⟩ρ̂ = Trρ̂Ĥ ,

S(ρ̂) = −Trρ̂ log ρ̂ is the von Neumann entropy, and S(ρ̂||σ̂) = Trρ̂(log ρ̂−

log σ̂) is the quantum relative entropy. A more general form of the free en-

ergy Fα(ρ̂) = kBTSα(ρ̂||γ̂) − kBT logZB based on the Renyi divergence
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Sα(ρ̂||γ̂) where

Sα(ρ̂||σ̂) =


1

α−1 logTr[ρ̂ασ̂1−α], α ∈ [0, 1)

1
α−1 logTr

[(
σ̂

1−α
2α ρ̂σ̂

1−α
2α

)α]
, α > 1,

were shown to be a complete set of monotones for classical states in the

presence of TOs with catalysts [238].

6.2.2 Many-body correlations in quantum free ener-
gies

In a many-body system, the free energy can be contained in the local parties

and their correlations. Furthermore, these correlations can be exchanged into

free energies in local parties. To this end, we define the correlation in the free

energy as the difference between the total free energy and the sum of free

energies in the local parties:

Cα(ρ̂1:2:···:N ) := (kBT )
−1

[
Fα(ρ̂)−

N∑
i=1

Fα(ρ̂i)

]
, (6.3)

where ρ̂i is a local state of i-th party given by tracing out all the remaining

parties. In the limiting case of α → 1, the free energy correlation becomes

the total correlation in terms of von Neumann entropy, limα→1Cα(ρ̂1:2:···:N ) =

S(ρ̂) −
∑N

i=1 S(ρ̂i) := I(ρ̂1:2:···:N ). Also, we note that the free-energy

correlations Cα(ρ̂1:2:···:N ) vanish for all α if the state is in a product form

ρ̂1 ⊗ ρ̂2 ⊗ · · · ⊗ ρ̂N .

In order to study the free energy transfer from correlations, we compare
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a product state |ψ⟩ = |0⟩1 |1⟩2 and an entangled state |ϕ⟩ = (|0⟩1 |1⟩2 +

|1⟩1 |0⟩2)/
√
2 for a bipartite two-level system with Hamiltonian Ĥ1(2) =

ω0 |1⟩ ⟨1| for each party. The sums of the local free energies are given by∑2
i=1 F (ψi) = ω0 and

∑2
i=1 F (ϕi) = ω0 − 2kBT , respectively. Although

the sum of the local free energies for |ψ⟩ is larger than that of |ϕ⟩, the differ-

ence matches to the free energy correlation difference between I(ψ1:2) = 0

and I(ϕ1:2) = 2kBT . This relation also holds for every α-free energy. Note

that the states ψ and ϕ are interconvertible under TOs, since they are in the

same energy eigenspace. Thus it is clear that by the process |ψ⟩ TO←→ |ϕ⟩,

some amount of local free energy is converted into entanglement, raising

correlation between the two parties, and vise versa.

Now we derive the free energy conditions when the system and bath

are interacting under a TO. When the system-bath interaction is given by an

unitary evolution Û satisfying the energy conservation [ĤS + ĤB, Û ] = 0,

we obtain the following conserved quantity:

∆Fα(ρ̂S) + ∆Fα(ρ̂B) + kBT∆Cα(ρ̂S:B) = 0. (6.4)

Note that Eq. (6.4) holds generally of systems and baths: the system and bath

can be initially coupled and the bath is not needed in thermal equilibrium.

By the above relation, we can understand that the free energy of the system

is leaked out by TO’s either through the free energy correlation between the

system and bath. In particular, when the system and the bath are initially un-

correlated, we retrieve the second law of thermodynamics [237, 238], given

by ∆Fα(ρ̂S) ≤ 0 for every α.
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6.3 The role of coherence in quantum thermo-
dynamics

6.3.1 Internal and external coherences in many-body
systems

In this section, we will focus on a N -partite system with non-interacting

subsystems. In this case, a Hamiltonian could be written as

Ĥtot =
N∑
i=1

Ĥi

and we additionally assume that each i-th local Hamiltonian Ĥi has an

non-degenerate energy spectrum of {Ei}with local energy-eigenstates |Ei⟩.

Then a quantum state of this system could be represented as

ρ̂ =
∑
E,E′

ρEE′ |E⟩ ⟨E′|,

where E = (E1, E2, · · · , EN ) is a string of local energies and |E⟩ =

|E1E2 · · ·EN ⟩ is a corresponding energy eigenstate. We also define the total

energy of the string EE :=
∑N

i=1Ei.

In order to describe classical thermodynamic properties of this system,

the energy distribution of local energies and the correlation between them

are both needed. This information is given by diagonal terms of density ma-

trix P (E) = Tr
[
Π̂E ρ̂

]
= ρEE , where Π̂E = |E⟩ ⟨E|. On the other hand,

a quantum system could contain more terms beyond classical energy dis-

tribution, given by coherence contained in off-diagonal elements |E⟩ ⟨E′|
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Figure 25: Schematic relationship between thermodynamic resources for
many-body quantum systems.

for E ̸= E′ (not necessarily EE ̸= EE′) in a density matrix. This coherence

can be further categorized into two types, coherence in the same energy level

EE = EE′ and between different energy levels EE ̸= EE′ . In this section,

we define them as internal coherence and external coherence, and study

how each can be utilized in work extraction process and high-resolution

time measurement, respectively.

As illustrated in Fig. 25, internal coherence may be used to extract

work, however it has been shown that external coherences obey a super-

selection rule (called “work-locking”) that forbids work extraction, and is

unavoidable if one wishes to explicitly account for all sources of coherence

in thermodynamics [235]. We study this phenomenon by defining the pro-

cess of extracting work purely from the coherence, without affecting the

classical energy statistics. We find the conditions under which work can be
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deterministically extracted in this way from a pure state.

Secondly, external coherences can be interpreted as ‘clock resources’

that can be used for quantum-mechanical tasks that require timing. This

metrological advantage can be quantified by the quantum Fisher information

[107] and the skew information [79] which give a new restriction of the state

transformation by a TO. Based on the discussions in previous Chapters 3 and

4 on macroscopic coherence, a quantum state with a high clock resource can

be interpreted as macroscopic quantum states. The result of this Chapter also

provides the intuition that entangled states with a large energy gap, such

as GHZ states that contains macroscopic coherences, cannot be generated

from a product state using a TO. Finally, we derive a fundamental trade-

off inequality between the quantum Fisher Information and the extractable

work from coherence demonstrating how a system’s potential for producing

work is limited by its ability to act as a clock and vice-versa.

6.3.2 Work extraction using quantum correlation and
coherence

The system-bath correlation in Eq. (6.4) may not be useful in thermody-

namic processes since we do not have full access to the bath, in general. On

the other hand, we can expect that the free energy correlations between the

subsystems might be useful in thermodynamic tasks. It have been studied

that thermodynamic work can be extracted from correlations [228–230,232,

233]. In particular, we demonstrate that extra work can be extracted from

many-body quantum coherences without changing the classical energy dis-
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tribution P (E) of the system.

We consider the following type of work extraction process

ρ̂⊗ |0⟩ ⟨0|W
TO−−→ σ̂ ⊗ |W ⟩ ⟨W |W ,

by which the energy level of a work qubit is raised |0⟩W to |W ⟩W with

a work Hamiltonian ĤW = W |W ⟩ ⟨W |W . In the case of energy block-

diagonal states, which only contains internal coherences, the maximum amount

of extractable work is given by [238]

Wρ̂→σ̂ = kBT inf
α

[Fα(ρ̂)− Fα(σ̂)] .

In order to construct work extraction preserving the energy statistics, we

investigate extractable work by TO from a energy block-diagonal state ρ̂

to its fully-dephased state ρ̂diag =
∑

E Π̂E ρ̂Π̂E =
∑

E P (E)Π̂E , which

has the same classical energy distribution P (E) with ρ̂. We assume that

Ĥtot =
∑N

i=1 Ĥi with non-degenerate local Hamiltonians Ĥi, then local

free energies of ρ̂ and ρ̂diag are the same, since ρ̂i = ρ̂diag,i for every lo-

cal party. Thus, the extractable work comes from the difference of the free

energy correlations:

Wcoh = inf
α

[Fα(ρ̂)− Fα(ρ̂diag)]

= kBT inf
α

[Cα(ρ̂)− Cα(ρ̂diag)] .

It is important to notice that ∆Cα(ρ̂) := Cα(ρ̂) − Cα(ρ̂diag) is the quan-

tum contribution to the free energy correlations since Cα(ρ̂diag) describes
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(a) (b)

Figure 26: Thermomajorization graph for the energy-block diagonal state
D(|ψ⟩ ⟨ψ|) and its projection to an incoherent state Π(|ψ⟩ ⟨ψ|) for a two-
qubit state |ψ⟩ studied in the text with coefficients p1 and p2. Z repre-
sents the partition function of the system. (a) When p1eβω0 is the maximum
among pieβEi , Wcoh is positive, but (b) if another energy (e.g. p2e2βω0 in
the plot) obtains the maximum, Wcoh = 0.

the classical correlations given by the energy statistics P (E). We also note

that ∆Cα(ρ̂) ≥ 0 for every α, thus there is always additional correlation

contained in equi-level quantum coherence.

For example, consider extracting work from coherence in the pure two-

qubit state

|ψ⟩ = √p0 |00⟩+
√
p1

(
|01⟩+ |10⟩√

2

)
+
√
p2 |11⟩ ,

where each qubit has local Hamiltonain Hi = ω0 |1⟩ ⟨1|. As shown in

Fig. 26 using the concept of thermomajorization [241], we have Wcoh > 0

only for sufficiently large p1.

Furthermore, we find the necessary and sufficient condition for pure

states to extract a non-zero amount of work deterministically from internal

coherences even if the state is not in energy block-diagonal:
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Observation 1. For an N -partite pure many-body quantum state with en-

ergy distribution P (E), a deterministic extraction of non-zero work is pos-

sible without changing energy distributions if and only if the state con-

tains internal coherence for E∗ such that E∗ = argmax
E

pEe
βE , where

pE =
∑
EE=E

P (E).

Proof: After energy block diagonalizing, the state can be written asD(|Ψ⟩ ⟨Ψ|) =∑
E pE |ψE⟩ ⟨ψE |, where |ψE⟩ are pure eigenstates of energy E . Suppose E∗

gives the maximum value of log pEeβE . Then we have

Wcoh = inf
α

[Fα(D(ρ̂))− Fα(Π(ρ̂))]

= inf
α

(
1

α− 1

)
log

[ ∑
E p

α
Ee

−β(1−α)E∑
E e

(1−α)Sα(ρ̂E−diag)pαEe
−β(1−α)E

]
,

(6.5)

where ρ̂E−diag = Π(|ψE⟩ ⟨ψE |) is a fully dephased state in the energy eigenspace

E . Then we notice that Sα(ρ̂E−diag)) > 0 for any α ∈ [0,∞), unless ρ̂E−diag

is incoherent (i.e. no internal coherence for E). This leads to Fα(D(ρ̂)) −

Fα(Π(ρ̂)) > 0 for any finite value of α. In the limit α → ∞, F∞(D(ρ̂)) −

F∞(Π(ρ̂)) = log pE∗eβE
∗ − maxE,λE pEλEe

βE > 0, unless ρ̂E∗−diag is in-

coherent. Here, λE are eigenvalues of ρ̂E−diag. Thus if a pure state does not

contain internal coherence for E∗, Wcoh ≤ F∞(D(ρ̂)) − F∞(Π(ρ̂)) = 0.

Conversely, if the state contains internal coherence for E∗, Fα(D(ρ̂)) −

Fα(Π(ρ̂)) > 0 for all α ∈ [0,∞), thus positive work can be extracted.

□

By applying this result to the pure two-qubit state discussed above, we

have the necessary condition p1 > (1 + eβω0 + e−βω0)−1 and the sufficient
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condition p1 > eβω0/(1 + eβω0) to extract positive amount of work from

coherence, i.e. Wcoh > 0 that is independent of p0 and p2.

We also consider the reverse process of generating quantum correlation

from work. For energy block diagonal state, the work cost to transform ρ̂

with internal coherence from ρ̂diag is given by Wcost = kBT supα∆Cα(ρ̂).

The relationWcoh ≤Wcost shows that we cannot have the cyclic process, in

general. Coherence-work interconversion is only possible in the following

case:

Observation 2. Given a many-body system with N subsystems, an equally

superposed state |Ψ⟩ =
∑

EE=E0
1√
d(E0)

|E⟩ within an energy eigenspace

with energy E0 and degeneracy d(E0) can be interconverted with the de-

cohered state ρ̂Ψdiag =
∑

EE=E0 d(E0)
−1 |E⟩ ⟨E| in a single-shot TO, with

kBT∆I = kBT log d(E0) amount of work extracted/consumed.

Here, ∆I is the total correlation difference between |Ψ⟩ and ρ̂Ψdiag

which coincides with ∆Cα for every α. For a two level N -particle sys-

tem, Dicke states |N, k⟩ =
(
N
k

)−1/2∑
P P (|1⟩

k |0⟩N−k) with permuta-

tions P between local parties, are good examples. In this case, the total

amount of quantum correlations extracted (generated) into (from) work un-

der a TO, i.e. W = kBT log
(
N
k

)
. When N ≫ 1 and the excitation rate

is given by r = k/N , work per particle is given by kBTH(r), where

H(r) = −r log r − (1 − r) log(1 − r) is a binary entropy. In other words,

a Dicke state with excitation rate r contains H(r) amount of correlation per

particle which gives extra thermodynamic resource beyond classical energy

distribution which can be interconverted into work.

151



We emphasize that this type of work extraction process directly con-

verts the coherence and correlations into work without any measurement

or information storage as in Maxwell’s demon [248, 249] or the Szilard

engine [229] in quantum regime. In other words, we do not need to con-

sider how does a system change during measurements, and the family of

the free energies is only needed quantity to evaluate the deterministic work

extraction process. Also our result could be compared to other previous stud-

ies [226, 233] that only quantum contribution of the free energy correlation

can be used in our work extraction process, without changing any classical

property P (E) of the system. We point out that this kind of work extraction

in a single-shot regime is due to internal coherences. The above compact

result does not generalize for external coherences, such as those we discuss

in the next section.

6.3.3 Coherence as a clock resource

Now we show a different aspect of quantum coherence as a “time refer-

ence” when a quantum state contains external coherences. Suppose we have

a superposition of different energy eigenstates |ψ0⟩ =
∑

E

√
P (E) |E⟩.

After the unitary evolution for time t, the state would evolve into |ψt⟩ =∑
E

√
P (E)e−iEEt/ℏ |E⟩. In order to estimate the evolution time t, we may

perform a set of measurement {M̂k} on the final state . In this case, the res-

olution of a quantum clock is given by (∆t)2 = ⟨(t̂ − t)2⟩, where t̂ is the

time estimator from the measurement set {M̂k}. It is known that the bound

of this clock resultion is given by the quantum Cramér -Rao bound [107]
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(∆t)2 ≥ (4IF (ρ̂, ĤS))
−1, where IF (ρ̂, ĤS) = 2

∑
i,j

(λi−λj)2
λi+λj

|⟨i|ĤS |j⟩ |2

is the quantum Fisher information when λi and |i⟩ are the eigenvalues and

eigenstates of ρ̂, respectively. This bound is saturated when we use the opti-

mal measurement set of {M̂k} to estimate the time. For this optimal setting,

the larger the quantum Fisher information, the higher the resolution of clock

possible.

We note that external coherences can act as a clock resource, with var-

ious frequency components with the frequency difference ∆ω = (EE −

EE′)/ℏ. The quantum state containing coherence between more distant en-

ergy states(i.e., high frequency ω) leads to more enhanced quantum clock

[250, 251], or equivalently a large value of the quantum Fisher informa-

tion. On the other hand, internal coherences cannot be used as this type

of clock since they are stationary under the time evolution. Another fam-

ily of relevant measures of the clock resolution is the skew information

Iα(ρ̂, ĤS) = Tr(ρ̂ĤS)−Tr(ρ̂αĤS ρ̂
1−αĤS) for 0 ≤ α ≤ 1, which coincides

with the quantum Fisher information for pure states, Iα(|ψ⟩ ⟨ψ|, ĤS) =

IF (|ψ⟩ ⟨ψ|, ĤS)/4 = Var(ψ, ĤS) = ⟨ψ|Ĥ2
S |ψ⟩−⟨ψ|ĤS |ψ⟩2 [70,79,107].

Recently, a similar approach on the “time reference” in quantum thermo-

dynamics have been suggested by using a different type of clock resource

[240].

We can show that even though a quantum state might very poor at pro-

viding work in the form of ordered energy, it can still function as a good

time reference. An important result from the time covariance of a TO is

that, in the absence of additional coherent resources, work cannot be ex-

tracted from coherence between different energy levels due to the “work
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locking” phenomenon [235]. Different protocols such as using collective

operation for n copies of the state [226, 237] or using ancillary coherence

resources [222, 223, 235, 237] are required to extract work from this type of

coherence. A canonical example of this is a “coherent Gibbs state”, which

is a pure state having the same energy distribution as the Gibbs state, |γ⟩ =∑
E

√
e−βE

ZS
|E⟩ for non-degenerate energy levels E. The extractable work

from the state is zero since the energy block-diagonalized state of |γ⟩ is the

Gibbs state. However, the state can still manifest a quantum advantage for

the task of the precise time measurement with IF (|γ⟩ , ĤS) = 4 ∂2

∂β2 logZS .

Furthermore, the quantum Fisher and skew information are based on

monotone metrics [252, 253], and monotonically decrease under covariant

operations with respect to the time translation [69]. Then it can be seen that

the resolution quantum clock gives an additional constraint on the second

law of quantum thermodynamics in following sense:

Observation 3. Under a TO given by Λβ , the quantum Fisher (skew) infor-

mation IF (α) of a quantum system always decreases, i.e.

∆IF (α) = IF (α)(Λβ(ρ̂S), ĤS)− IF (α)(ρ̂S , ĤS) ≤ 0. (6.6)

We highlight that this condition is independent from the ones discussed

previously given by the monotonicity of a family of asymmetry measures

Aα(ρ̂S) = Sα(ρ̂S ||D(ρ̂S)) [235] and modes of asymmetry
∑

EE−EE′=ω |ρEE′ |

[69, 236].

We present an example showing that our asymmetry quantifiers give

constraints on quantum thermodynamics independent from those due to the
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free energies Fα or the coherence measures Aα. Let us consider the trans-

formation by a thermal process of the initial state

ρ̂ =



0.5 0 0.1 0.1

0 0.2 0 0

0.1 0 0.25 0.1

0.1 0 0.1 0.05


to the final state

σ̂ =



0.5 0.099 0.099 0.099

0.099 0.25 0 0

0.099 0 0.2 0

0.099 0 0 0.05


with the Hamiltonian Ĥ =

∑3
n=0 nω |n⟩ ⟨n|. It can be checked that the free

energies Fα and coherence measures Aα of the initial state ρ̂ are larger than

those of the final state σ̂. Furthermore, each mode of coherence is decreased

from 0.1 to 0.099. However, the skew information values for α = 1/2 are

given by I1/2(ρ̂, Ĥ) = 0.153 and I1/2(σ̂, Ĥ) = 0.163; the quantum Fisher

information values are IF (ρ̂, Ĥ) = 0.843 and IF (σ̂, Ĥ) = 0.959 (all in

units of ω2). Thus a thermal process cannot transform ρ̂ into σ̂, but such

a transformation is not disallowed by the restrictions given by Fα or Aα.

This is due to that the coherence monotones given by the quantum Fisher

information and skew information capture not only the degree of coherence

between different energy eigenstates, but also take account of how much

155



energy level spacing exists in each coherence term.

We also illustrate the physical meaning of this condition in a many-

body system. We note that for a product state ρ̂⊗N with the same Hamilto-

nian Ĥ0 = Ĥi for each party, the quantum Fisher (skew) information are

additive: IF (α)(ρ̂
⊗N , Ĥtot) = NIF (α)(ρ̂, Ĥ0) ≤ N ||Ĥ0||2, where || · || is

the operator norm. On the other hand, the N -partite GHZ state σ̂N−GHZ =

2−1/2(|0⟩⊗N+ |1⟩⊗N ) gives quadratic scaling of the quantum Fisher (skew)

information on the system size, IF (α)(σ̂N−GHZ, Ĥtot) = O(N2). Thus the

restriction given by Eq. (6.6) well matches the physical intuition that TO’s

cannot transformation from a product state to a GHZ state. More generally,

it is known that IF (ρ̂) ≤ kN for k-producible states [109], thus genuine

multi-partite entanglement is necessary to achieve a large “clock resource”

of O(N2) in N -partite systems.

Let us now look at how these external coherences in a many-body quan-

tum state behave in the thermodynamic limit, by considering many copies

of them ρ̂⊗n, and compare our approach with the previous arguments [234–

236]. In the case of the asymptotic state transformation, the asymmetry mea-

sure given by Aα has a negligible effect on identifying the transformation

rate when many copies of the state is considered as lim
n→∞

Aα(ρ̂
⊗n)/n = 0,

for any α [235]. On the other hand, due to the additive nature of the quantum

Fisher (skew) information, we note that their regularizations do not vanish

lim
n→∞

IF (α)(ρ̂
⊗n, Ĥn)/n = IF (α)(ρ̂, Ĥ0) ̸= 0, unless the state is energy

bock-diagonal. This implies that this kind of resources remains as a signifi-

cant resource even in the thermodynamic limit.

Moreover, we consider the asymptotic state transformation rate by a
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TO from the state ρ̂ to σ̂, defined by

RTO(ρ̂→ σ̂) = sup{R : lim
n→∞

inf
Λβ
||Λβ(ρ̂⊗n)− σ̂⊗Rn||1 = 0},

which indicates how many copies of the target state can be generated from

the resource states; ρ̂⊗n → σ̂⊗Rn when n ≫ 1. For a special case of gap-

less(i.e., every successive pair of numbers in the spectrum is identical) pure

states |ψ⟩ and |ϕ⟩, the optimal rate of the asymptotic transition by a covari-

ant operation under the time translation is given by Rcov(|ψ⟩ → |ϕ⟩) =

Var(ψ, ĤS)/Var(ϕ, ĤS) [67]. Since every TO is a covariant under the time

translation [235], the state transformation rate without a coherent catalysis

is bounded by RTO(|ψ⟩ → |ϕ⟩) ≤ Rcov(|ψ⟩ → |ϕ⟩) = Var(ψ,ĤS)

Var(ϕ,ĤS)
. This

implies that the asymmetry based on the quantum Fisher (skew) informa-

tion provides an additional restriction beyond the free energy for the state

transformation rate in the asymptotic limit. Our result could be compared

with a previous study by Brandão et al. [237] that the optimal rate by a TO

is given byR∗
TO(ρ̂→ σ̂) = S(ρ̂||γ̂)/S(σ̂||γ̂),when the catalyst of the max-

imally coherent state |χ⟩ = |H|−1/2
∑
h∈H
|h⟩ with H = {0, . . . , 2n2/3} is

allowed to be used. Here, we point out that although the catalyst |χ⟩ has di-

mension sub-linear in n, it has a super-linear amount of coherent resources

IF (χ, ĤS) = (4/3)n2/3(n2/3 + 1) ∝ n4/3.
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6.4 Trade-off relation between work and clock
resources

Having examined the two types of thermodynamic coherence independently,

it is natural to ask if there is a relation between them. In this section, we

demonstrate that there is always a tradeoff between work and clock coher-

ence resources. We first observe that extractable work from coherence is

constrained by the number of degeneracies in the same energy eigenspaces.

More precisely, we can show following:

Proposition 5 (Work bound). For a given energy distribution pE , the ex-

tractable work from coherence is upper bounded as follows:

Wcoh ≤ kBT
∑
E
pE log gE , (6.7)

where gE is the dimension of the eigenspace of energy level E .

Proof: Note that

Wcoh = inf
α

[Fα(D(ρ̂))− Fα(Π(ρ̂))]

≤ F (D(ρ̂))− F (Π(ρ̂))

= kBT [S(Π(ρ̂))− S(D(ρ̂))] .

(6.8)

Since both Π(ρ̂) andD(ρ̂) are energy-block diagonal, we can express Π(ρ̂) =∑
E,λ p

Π
E,λ |E , λ⟩ ⟨E , λ| andD(ρ̂) =

∑
E,λ p

D
E,λ |E , λ⟩ ⟨E , λ| for λ = 1, 2, · · · , gE
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with
∑gE

λ=1 p
Π
E,λ =

∑
λ p

D
E,λ = pE . Then we have

S(Π(ρ̂))− S(D(ρ̂)) =
∑
E
pE

gE∑
λ=1

[
pDE,λ
pE

log
pDE,λ
pE
−
pΠE,λ
pE

log
pΠE,λ
pE

]

≤
∑
E
pE log gE ,

(6.9)

since S(ρ̂)− S(σ̂) ≤ log d for d-dimensional states ρ̂ and σ̂. □

6.4.1 Clock/work trade-off relation: Two-level local Hamil-
tonian systems

We show that extractable work from coherence is bounded by the quantum

Fisher information in an N -particle two-level system:

Theorem 9 (Trade-off between work–clock resources for a two-level sys-

tem). For an N -particle two-level system with the energy level difference

ω0, extractable work from coherence Wcoh and clock-resource given by the

quantum Fisher information IF satisfy following inequality:

Wcoh ≤ kBTN(log 2)Hb

1

2

1−
√
IF (ρ̂, Ĥ)

N2ω2
0

 , (6.10)

where Ĥ is the total Hamiltonian of the system and Hb(r) = −r log2 r −

(1− r) log2(1− r) is the binary entropy.

Proof: In an N -particle two-level system with energy difference ω0, the

degeneracy of the energy level E is given by gE =
(
N
n

)
, where E = ω0n. By
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using the fact that (
N

n

)
≤ 2NHb(

n
N )

for every N and n, we obtain

Wcoh ≤ kBT
∑
E
pE log

(
N

n

)
≤ NkBT (log 2)

∑
E
pEHb(n/N), (6.11)

where Proposition 5 has been applied to obtain the first inequality. Further-

more, we can express the binary entropy as

Hb(x) = 1− 1

2 log 2

∞∑
j=1

(1− 2x)2j

j(2j − 1)
.

For a given probability distribution px and j ≥ 1 we have

∑
x

px(1− 2x)2j ≥

[∑
x

px(1− 2x)2

]j
= (1− 2y)2j ,

where y = 1
2

[
1±

√
(1− 2x̄)2 + 4Varx

]
with x̄ =

∑
x pxx and Varx =∑

x px(x− x̄)2. Then we have

∑
x

pxHb(x) = 1− 1

2 log 2

∞∑
j=1

∑
x

px
(1− 2x)2j

j(2j − 1)

≤ 1− 1

2 log 2

∞∑
j=1

(1− 2y)2j

j(2j − 1)

= Hb(y).
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Figure 27: Trade-off between extractable work from coherence and clock
resource. The solid line refers to Eq. (6.10), the dashed line refers to
Eq. (6.13) for N = 2, and the dotted line refers the tighter bound with
N = 10.

By substituting this result into Eq. (6.11), we obtain

Wcoh ≤ NkBT (log 2)Hb

1

2

1±
√(

1− 2Ē

Nω0

)2

+
4VarĤ
N2ω2

0

 ,

(6.12)

where Ē = ⟨Ĥ⟩ρ̂ and VarĤ = ⟨(Ĥ − Ē)2⟩ρ̂. Note that Hb is symmetric

about x = 1/2 and monotonically increasing for x ≤ 1/2. We also note

that 4VarĤ ≥ IF (ρ̂, Ĥ) for every quantum state ρ̂. These observations lead

to Hb

(
1
2

[
1±

√(
1− 2Ē

Nω0

)2
+

4VarĤ
N2ω2

0

])
≤ Hb

(
1
2

[
1−

√
IF (ρ̂,Ĥ)
N2ω2

0

])
,

which completes the proof. □

This trade-off relation decribed in Fig. 27 shows that a quantum state

cannot contain maximum amount of both work and clock resources at the
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same time. Note that when the clock resource is the maximum IF = Nω2
0 ,

no work can be extracted from coherence Wcoh = 0. Conversely, if ex-

tractable work form coherent is the maximum, Wcoh = NkBT log 2, the

state cannot be utilized as a quantum clock as IF = 0. If N is an even

small number, we can tighten the bound by replacing kBTN(log 2) with

kBT log
(
N
N/2

)
. In particular, we derive a tighter trade-off condition when

N = 2,

Wcoh + (kBT log 2)

(
IF (ρ̂, Ĥ)

4ω2
0

)
≤ kBT log 2. (6.13)

Proof: Suppose the state has probability p0, p1, and p2 for each energy

level 0, ω0 and 2ω0. By using Eq. (6.11) for N = 2, we have Wcoh ≤

kBT (log 2)p1, since the state has a degeneracy in the energy-eigenspace

only for E = ω0. In this case, energy variance VarĤ is given by

VarĤ = ω2
0(−p21 + p1 − 4p22 + 4p2 − 4p1p2),

which leads to the maximum value of p1,

pmax
1 = 1−VarĤ/ω

2
0,

for a given value of VarĤ . Again, we can use 4VarĤ ≥ IF (ρ̂, Ĥ) to get

Wcoh ≤ kBT (log 2)pmax
1 = kBT (log 2)

(
1− IF (ρ̂, Ĥ)

4ω2
0

)
.

which is the desired inequality. □

We demonstrate that the GHZ-state |ψGHZ⟩ = 2−1/2(|0⟩⊗N + |1⟩⊗N )
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and Dicke states |N, k⟩ =
(
N
k

)−1/2∑
P P (|1⟩

k |0⟩N−k) with permutations

P between local parties, which are the limiting cases of this trade-off rela-

tion. Extractable work from coherence for a Dicke state is given by Wcoh =

NkBT log
(
N
k

)
≈ kBT (log 2)Hb(r) for a large number of N ≫ 1 and the

excitation rate r = k/N . Note that a Dicke state contains NHb(r) amount

of correlation due to coherence, given by the amount of total correlation∑N
i=1 S(ρ̂i) − S(ρ̂) subtracted by its classical correlation without coher-

ence
∑N

i=1 S(Π(ρ̂)i) − S(Π(ρ̂)), where we define σ̂i to be density matri-

ces for ith subsystems of σ̂ and S(σ̂) is the von Neumann entropy. This

observation validly shows that internal coherence yields extra thermody-

namic resource beyond classical energy distribution to extract work. How-

ever, any Dicke state does not contain clock resource (i.e., IF = 0) since

they are in energy eigenspace of E = kω0. In particular, when the half of

the particles are excited (k = N/2), extractable work reaches the maximum

Wcoh = NkBT log 2, saturating the bounds Eq. (6.10) and (6.13). On the

other hand, the GHZ-state behaves in an opposite way. Note that the GHZ-

state gives the maximum clock resource of IF (|ψGHZ⟩ , Ĥ) = N2ω2
0 , while

D(|ψGHZ⟩ ⟨ψGHZ|) does not contain internal coherences that no extra work

can be extracted from coherence, i.e., Wcoh = 0. In this case, we can also

see that the both bounds Eq. (6.10) and (6.13) in a different point.

6.4.2 Clock/work trade-off relation: General case

Furthermore, our two-level trade-off relation can be generalized into an ar-

bitrary N -particle system.
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Theorem 10. For an N -particle system with d(n)-level local energy spec-

trum {E(n)
1 , E

(n)
2 , · · · , E(n)

d(n)
} for nth particle (not necessarily to have equal

energy-level differences and can be degenerate) work and clock resource

satisfy following relation:

Wcoh + kBT

(
IF (ρ̂, Ĥ)

2∆2
E

)
≤ kBT

N∑
n=1

log d(n), (6.14)

where ∆2
E =

∑N
n=1(∆

(n)
E )2 with ∆

(n)
E to be the maximum energy difference

of the nth local party.

Proof: In this case, the degeneracy gE of the energy E is given by

gE =
N∏
n=1

d(n)fE ,

where fE =
∑

EE=E P (E) is a probability (or frequency) to have the energy

E in the N -particle system, since
∏N
n=1 d

(n) is total possible numbers of

E. Then fE can be considered as a probability distribution of a variable

XN =
∑N

i=nEn from the distribution of independent random variables of

En for nth party. In our case, En is strictly bounded by E
(n)
1 ≤ En ≤

E
(n)

d(n)
and it has the same probability P (En = E

(n)
i ) = 1/d(n) for every

i = 1, 2, · · · , d(n) and zero for all other cases. Hoeffding’s inequality [254],

then shows that

P (XN − µE ≥ t) ≤ exp

[
− 2t2

∆2
E

]
,
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where µE := E(XN ) = E

(
N∑
n=1

En

)
=

N∑
n=1

d(n)∑
i=1

(
E

(n)
i

d(n)

)
and ∆2

E =∑N
n=1(∆

(n)
E )2. Using this, the upper bound of fE is given by

fE = P (XN = E) ≤ P (XN ≥ E) ≤ exp

[
−2(E − µE)2

∆2
E

]
.

Again using Proposition 1, we have

Wcoh ≤ kBT
∑
E
pE log gE

= kBT
∑
E
pE log

(
N∏
n=1

d(n)fE

)

= kBT
N∑
n=1

log d(n) + kBT
∑
E
pE log fE

≤ kBT
N∑
n=1

log d(n) − 2kBT

∆2
E

∑
E
pE(E − µE)2

= kBT
N∑
n=1

log d(n) − 2kBT

∆2
E

VarĤ −
2kBT

∆2
E

(Ē − µE)2

≤ kBT
N∑
n=1

log d(n) − kBT

(
IF (ρ̂, Ĥ)

2∆2
E

)
,

(6.15)

where the last inequality is from the fact 4VarĤ ≥ IF (ρ̂, Ĥ). □

We point out that Theorem 10 provides less tight bound than the pre-

vious bounds for a two level system, since it is possible to have maximum

amount of clock resource (max[IF (ρ̂, Ĥ)] = N∆2
E) with nonzero amount

of work resource. Yet the bound again shows that any quantum state cannot

obtain both the maximum clock and work resources from thermodynamic

coherence.
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For systems with the same local d-level Hamiltonians our bound re-

duces into

w̄coh + kBT

(
IF (ρ̂, Ĥ)

2N2∆2
0

)
≤ kBT log d, (6.16)

where w̄coh = Wcoh/N is extractable work per particle and ∆2
E = N∆2

0

where ∆0 is the maximum energy difference between the local energy eigen-

values. In thermodynamic limit, an accumulation of microscopic coherences

given by a produce state ρ̂⊗N does not effect the ability to extract work from

coherence since IF (ρ̂⊗N , Ĥ)/N2 → 0 for N ≫ 1.

In real experimental situation, it is hard to access exact energy level

with prefect prevision, so we may impose finite energy gap ϵ in energy

levels. Under this assumption, we view states with an ϵ-energy gap to be

“essentially the same” energy and so can carry internal coherences for ap-

proximate work extraction. In order to introduce the energy gap ϵ, we divide

the energy spectrum into intervals

Em =



[
µE +

(
m− 1

2

)
ϵ, µE +

(
m+ 1

2

)
ϵ
)

form > 0(
µE +

(
m− 1

2

)
ϵ, µE +

(
m+ 1

2

)
ϵ
]

form < 0(
µE +

(
m− 1

2

)
ϵ, µE +

(
m+ 1

2

)
ϵ
)

form = 0

,

where each interval has an energy width ϵ.

Consequently, we define the energy distribution for mth interval pϵm =∑
E∈Em pE and its degeneracy gϵm =

∑
E∈Em gE , respectively. If we allow

the ϵ energy gap for internal coherences, the amount of extractable work is
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upper bounded by

W ϵ
coh ≤

∑
m

pϵm log gϵm

=
N∑
n=1

log d(n) +
∑
m

pϵm log f ϵm,

(6.17)

where f ϵm is the frequency to be in themth energy interval. The upper bound

of f ϵm is then given by

f ϵm = P (XN ∈ Em) ≤ P
(
|XN − (µE + ϵm)| ≥ 1

2
ϵ

)

≤


exp

[
−2(|m|−1/2)2ϵ2

∆2
E

]
(m ̸= 0)

1 (m = 0)

.

By following the same argument with Theorem 2, we have

W ϵ
coh ≤

N∑
n=1

log d(n) −
∑
m̸=0

pϵm

[
2(|m| − 1

2)
2ϵ2

∆2
E

]

=
N∑
n=1

log d(n) − 2

∆2
E

∑
m

pϵm|m|2ϵ2 − ϵ
∑
m

pϵ|m|+ 1

4
ϵ2
∑
m̸=0

pϵm

 .
(6.18)

When E ∈ Em, we use the fact that µE + (m − 1/2)ϵ ≤ E ≤ µE +

167



(m+ 1/2)ϵ to show

∑
E
pE(E − µE)2 =

∑
m

∑
E∈Em

pE(E − µE)2

≤
∑
m

(∑
E∈Em

pϵm

)(
m2ϵ2 + |m|ϵ+ 1

4
ϵ2
)

=
∑
m

pϵmm
2ϵ2 + ϵ

∑
m

pϵm|m|+
1

4
ϵ2.

By substituting this inequality into (6.18), then we finally get the following

trade-off relation by allowing a small energy gap ϵ,

W ϵ
coh + kBT

(
IF (ρ̂, Ĥ)

2∆2
E

)
≤ kBT

N∑
n=1

log d(n) +R(ϵ), (6.19)

where the correction term is given by

R(ϵ) =
2ϵ

∆2
E

∑
m

pϵm|m| −
ϵ2

2∆2
E

pϵ0.
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6.5 Remarks

In this chapter, we have studied that thermodynamic coherence in a many-

body system can be decomposed into time- and energy-related components.

The resource theory of quantum thermodynamics has been introduced to

analyze the role of quantum coherence. In this point of view, thermodynam-

ical properties of a quantum state cannot be entirely explained in terms of

“energy distribution”, but ”coherence” as a fully quantum property must be

additionally considered. Based on this observation, we have demonstrated

that many-body coherence contributing to the thermodynamic free energy

can be converted into work by a thermal process, without changing the clas-

sical energy statistics. We have illustrated that this work-yielding resource

comes from correlations due to coherence in a multipartite system. A differ-

ent aspect of coherences has been investigated in this chapter that external

coherences between different energy eigenstates can be utilized as a clock

resource and introduced quantitative measures of this resource given by the

quantum Fisher (skew) information. This new resource leads to additional

constraints for a state transformation by a TO, particularly in many-body

systems. As a result, a superposition between distinct energy states, such as

a GHZ-state cannot be generated using a TO. Remarkably, we have found a

trade-off relation between these two different thermodynamic coherence re-

sources. By following this trade-off relation, a quantum state cannot contain

both the maximum amount of work and clock resources at the same time.

Our results give new insights into how energy- and time-related properties

are related to each other in the quantum thermodynamics.

169



170



Chapter 7

Conclusion

In this dissertation, we have studied macroscopic quantum properties emerged

from quantum coherence between classically distinct physical states. Macro-

scopic quantum coherence can be quantified as a resource to perform non-

classical tasks, and can be used for various applications in both practical

and fundamental aspects. We summarize this dissertation by remarking the

following questions for macroscopic quantum coherence raised in the intro-

duction:

1. “How can we quantify it?”— We have reviewed some basic concepts

of coherence and introduce the recent approach of coherence and asymme-

try using the framework of resource theory. In this point of view, we have

suggested two different approaches to quantify macroscopic coherence. One

way to quantify macroscopic coherence is adding “weighted sum of coher-

ences” by which size of the system and degree of coherence can be captured

at the same time. Another possible measure has been suggested as a “dis-

turbance based measure of macroscopic coherence” , based on the physical

property that coarse-grained measurements cause intensive disturbance of

the coherences between physically distinct states. We have demonstrated

that both approaches can consistently quantify macroscopic coherence in

different types of physical systems including spin and bosonic system, and

we also have established the connection between them to construct a general
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framework for macroscopic quantumness.

2. “Why it is hard to observe in our lives?”— According to “Weighted

measure” and “disturbance based measure” of macroscopic quantum co-

herence, a quantum state with the large degree of macroscopic coherence

allows us to observe macroscopic quantum phenomena under the fuzzy ref-

erence frame alignment and coarse-grained measurement, respectively. At

the same time, however, these conditions would rapidly degrade the macro-

scopic coherence of quantum states, causing the quantum-to-classical tran-

sition even in a short timescale. We have pointed out that both kinds of

quantum-to-classical transition can be simultaneously explained by the de-

coherence model in which the system linearly interacts with a thermal bath.

This integrated approach demonstrates that it is hard to see such macro-

scopic coherence in the presence of thermal environment.

3. “What can we do with it?”— Meanwhile, macroscopic coherence

can be used to perform nonclassical tasks, including quantum metrology

and nonlocality tests. We have shown that the enhanced metrology in multi-

mode optical fields necessarily requires nonclassical resources such as op-

tical cat states containing macroscopic coherence. Another interesting ap-

plication has been suggested that hybrid entanglement between quantum

(particle-like) and classical (or wave-like) degree of freedom in optical fields

could be useful to test the detection-loop-hole free Bell inequality violation.

In connection with these questions, we also have investigated how many-

body coherence roles in quantum thermodynamics. We have shown that co-

herence in many-body systems can be decomposed into time and energy

components, where the former can be utilized as a resource for a quantum
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clock while the latter can extract extra work from the thermal bath. Fur-

thermore, these two different types of resources have been shown to obey

a trade-off relation that clock/work resources in quantum thermodynamics

compensate each other.

To conclude, we have revealed several novel properties and applica-

tions of macroscopic quantumness originated from the quantum coherence,

yet there are still many things unknown about macroscopic coherence in

both theoretical and practical aspects. I hope this dissertation can help re-

searchers to explore the essence of macroscopic quantumness from a fun-

damental viewpoint, with an eye towards possible applications in quantum

technology.
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arXiv:1605.05956 (2016).

[86] B. Yadin, J. Ma, D. Girolami, M. Gu, and V. Vedral, Phys. Rev. X 6,

041028 (2016).

181



[87] D. Markham and V. Vedral, Phys. Rev. A 67 042113 (2003).

[88] M. C. Tichy, C.-Y. Park, M. Kang, H. Jeong, and K. Mølmer, Phys.

Rev. A 93, 042314 (2016).

[89] L. Mandel, Phys. Scrip T12, 34 (1986).

[90] W. H. Zurek, S. Habib, and J. P. Paz, Phys. Rev. Lett. 70, 1187

(1993).

[91] P. Sekatski, N. Gisin, and N. Sangouard Phys. Rev. Lett. 113,

090403 (2014).

[92] A. Carlisle, H. Kwon, H. Jeong, A. Ferraro, and M. Paternostro,

Phys. Rev. A 92, 022123 (2015).

[93] M.A. Nielsen and I.L. Chuang, Quantum Computation and Quan-

tum Information, (Cambridge University Press, Cambridge, Eng-

land, 2010).

[94] C. H. Bennett and S. J. Wiesner, Phys. Rev. Lett. 69, 2881 (1993).

[95] T. K. Chuan and T. Paterek, New J. Phys. 16, 093063 (2013).

[96] S. Pironio, A. Acin, S. Massar, A. B. de La Giroday, D.N. Matsuke-

vich, P. Maunz, S. Olmschenk, D. Hayes, L. Luo, T. A. Manning, C.

Monroe, Nature 464, 7291 (2010).

[97] R. Raussendorf and H.J. Briegel, Phys. Rev. Lett. 86, 5188 (2001).
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[138] K. Banaszek, A. Dragan, K. Wódkiewicz, and C. Radzewicz, Phys.

Rev. A 66, 043803 (2002).

[139] H. Jeong, W. Son, M. S. Kim, D. Ahn, and Č. Brukner, Phys. Rev.
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국문초록

양자역학이정립된이래로,거시적인계에서도양자중첩이존재할수있

는지에대한의문은계속되어왔다.고전적인상태들의양자중첩은슈뢰

딩거 고양이 역설에서 잘 나타나듯이 일상적으로 이해하긴 힘든 현상을

유발하며, 이는 이론적 실험적인 관점 모두에서 큰 주목을 이끌어 왔다.

최근 양자 정보 분야의 발전으로 양자 중첩 혹은 결맞음을 비고전적인

작업을 수행하는데 필수적인 자원으로 이해할 수 있게 되었지만, 거시적

양자결맞음을비롯한다른양자자원들간의정확한연관관계들은아직

밝혀지지 않았다. 본 논문에서는 다양한 물리계에서의 거시적 양자 중첩

을 정량화하는 방법을 소개하고 이를 자연법칙의 기본을 탐구하는 기초

학문적인측면과훗날양자기술에활용될수있는기술적인측면에서어

떻게적용될수있는지살펴본다.

거시적양자중첩을정량화하기위해서는물리계의크기와결맞음의

정도 두 가지가 한꺼번에 고려되어야 한다. 이를 위해 우리는 양자 상태

들 사이의 물리적 거리에 기초하여 결맞음의 정도에 가중치를 둔 척도를

제시하는 한편, 미시적인 양자 중첩에 의한 효과를 배제하기 위한 차단

함수를 도입하여 거시적인 양자 중첩만을 측정하는 방법을 제시한다. 더

나아가,부정확한측정에의한양자상태의변동이거시적양자결맞음을

측정하는 다른 척도가 되며, 이를 통해 왜 우리가 일상생활에서 거시적

인 물체의 양자 중첩을 보기 힘든지를 설명하고자 한다. 두 가지의 접근

방법은 모두 비대칭성의 자원이론을 통하여 설명할 수 있으며, 대칭성을

보존하는 작용으로는 거시적인 양자 중첩을 증가시킬 수 없다는 사실을

보이고, 이 두 접근 방법 사이의 근본적인 공통점이 있음을 증명한다. 이
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러한이론적토대를바탕으로,거시적양자결맞음의정도를임의의계에

대해서측정할수있으며,언제양자상태가비고전적인성질을잃고양자-

고전전이를일으키는지에대한지식을얻을수있음을본논문을통하여

논의한다.

거시적양자결맞음의기술적응용중하나로,양자정밀측정이라고

알려진 정밀한 변수 추정 작업을 들 수 있다. 본 논문에서는 다중 모드의

광학적 계에서 거시적인 양자 중첩이 광학적 결맞음 상태들 사이의 결맞

음의정도로볼수있으며,이를다중모드변이변수를정밀추정하는데에

필요한자원이됨을밝혀낸다.이러한발견을토대로,글라우버-수다르샨

함수의 음의 값으로 표현되는 빛의 비고전적인 상태를 양자 정밀측정을

위한 자원의 측면에서 이해할 수 있으며, 빔스플리터, 위상변화계, 변이

작용으로 대표될 수 있는 선형 광학적 작용을 통해서는 증가할 수 없는

자원임을 알아본다. 한편, 기초 학문적인 관점에서는 빛의 (양자역학적)

입자성을 띠는 상태와 (고전역학적) 파동성을 가지는 상태 사이의 양자

얽힘은 양자이론의 비국소성을 보이는데 응용될 수 있다는 사실을 탐구

한다.우리는빛의편광상태와연속적인결맞음상태의이종얽힘상태를

사용한다면 부정확한 광자측정만 가능한 상황에서도 허점 없는 벨 부등

식 위배 될 수 있음을 살펴본다. 또한, 이러한 이종 얽힘 상태를 실제로

구현하는방법을구체적인실험적수치와함께제시한다.

마지막으로, 거시적 양자 결맞음의 또 다른 측면으로 많은 입자 계

에서의 결맞음이 양자 열역학에서 어떠한 역할을 하는지 알아본다. 많은

입자 계의 결맞음은 일을 할 수 있는 자원과 시간을 측정하는데 쓸 수 있

는 시계 자원 두 가지 종류로 분류될 수 있다. 흥미롭게도 본 논문에서는

이두일/시계자원에대한교환관계를밝혀내었으며,이는양자열역학의
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근본적인에너지-시간의불확정성을제시한다고볼수있다.

주요어 : 거시 양자성, 양자 결맞음, 양자 정밀측정, 비국소성, 비고전성,

양자열역학

학번 : 2012-20355
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