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Abstract 
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Full-waveform inversion (FWI) has become an effective tool to develop high-

resolution velocity models of the subsurface. Do to the numerous challenges of 

its non-linear data-fitting technique, it has become one of the most extensively 

studied procedures in modern day seismology. With a lack of quality low-

frequency information obtained in seismic data acquisition, traditional methods 

of waveform inversion have required initial velocity models close to the true 

model. Laplace-Fourier-domain waveform inversion (WI) was developed to 

help overcome some of the traditional limitations of FWI. While it allows for 

successful waveform inversion from simple linearly increasing or even 

homogenous starting velocity models, it can still experience some cycle 

skipping related artifacts when inverting real data in these cases.  
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This work attempts to address the cycle skipping issue in Laplace-Fourier-

domain WI in two ways. First, extrapolated low frequency information obtained 

from synthetic seismograms will be used to promote global convergence and 

avoid local minima. One of the primary limitations in seismic acquisition data 

is a lack of low-frequencies due to a poor signal-to-noise ratio. This study 

presents a new inversion workflow incorporating extrapolated low frequency 

information from synthetic seismograms. Synthetic seismograms are generated 

from inverted velocity models using reliable high frequency data. Low 

frequency seismic information is extrapolated from these synthetic 

seismograms and used to improve inversion results starting from a 2-layer 

homogeneous starting velocity model.  

This work goes on to suggest using previously disregarded high frequency 

information to improve both model resolution and in turn reduce the size and 

impact of cycle skipping related artifacts in the inverted velocity model. Three 

real data examples are shown with comparisons of velocity models inverted 

using frequencies up to 15 Hz juxtaposed to those using frequencies up to 30 

Hz. By expanding the frequency lists used in Laplace-Fourier-domain WI, 

improved inversion results can be seen with mitigated cycle skipping related 

artifacts. 
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Chapter 1  Introduction 

 

1.1 Background of Laplace-Fourier-domain WI 

 

The field of exploration seismology uses both 2D and 3D seismic surveys to 

examine the properties and structure of the rocks hidden beneath the surface of 

the earth. Seismic survey’s typical to oil and gas exploration typically produce 

seismic waves artificially using specially engineered equipment to propagate 

seismic waves down into the earth’s surface. Seismic surveys conducted on 

land use trucks equipped with a large vibrating plate, while marine surveys use 

naval vessels equipped with air guns (Harris et al., 2001). These artificially 

produced seismic waves propagate throughout the subsurface of the earth, 

reflect off the natural layers of the earth, travel back to the earth’s surface, and 

are recorded by a mesh of geophones (receivers). The manner in which seismic 

waves propagate and reflect through the Earth can provide information on the 

physical properties of the earth.   

Seismic waves propagate through the Earth with a predictable velocity. This 

velocity is governed by the physical properties of the rock though which it is 

traveling. Accurate estimation of the velocity in which seismic waves propagate 

through the various layers of the subsurface is critical in providing both 

accurate and detailed images of the subsurface. The conventional methods for 

analyzing subsurface velocities consist primarily to using ray-based traveltime 

tomography (Woodward et al., 2008). Yet, such methods were only able to 
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provide low-resolution velocity estimation due to the limited range of 

information they use. More recently, since first proposed by Tarantola (1984), 

full-waveform inversion (FWI) has become an effective method to develop 

high-resolution velocity models. It is capable of doing so by incorporating the 

full information content of the seismogram (Virieux and Operto, 2009). Unlike 

a linearized approach, such as the Born approximation, FWI retains its non-

uniqueness. FWI uses the full-wave equation to estimate subsurface properties 

such as velocity, impedance, and density. It does so by iteratively minimizing 

the differences between observed, recorded data, and synthetically generated 

modeled data. This occurs in a non-linear least squares sense that updates the 

model through efficient calculation of the gradient by back-propagation the 

residuals (Lailly 1983; Tarantola 1984). Figure 1.1.1 shows a generic full 

waveform inversion workflow for a velocity model case. 

The issue of nonlinearity in full-waveform inversion has led to extensive 

research and literature to develop multiscale strategies to overcome this 

limitation of FWI. Waveform inversion can be implemented in both the time 

domain and the frequency domain. Time domain full waveform inversion, 

however, is rarely used due to the incredibly resource intensive computations 

required for it. Additionally, traditional waveform inversion approaches 

struggle to recover long-wavelength information (Shin et al., 2010). One 

advantage of the frequency domain is that it allows for single or multiple 

frequencies to be inverted at a time.  (Virieux and Operto, 2009). 
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Figure 1.1.1: A generalized full-waveform inversion workflow of a velocity 

model. 

 

Shin et al., 2010, was able to successfully combine all Laplace, Laplace-

Fourier and conventional frequency domain waveform inversion approaches 

into a single process. The algorithm developed by Shin et al., 2010, for 

sequentially ordered single-frequency 2-D acoustic waveform inversion in the 

Laplace-Fourier domain has shown computational efficiency, stability, and 

robustness, as well as a low dependence on the initial model. Yet, for cases 

involving real data with complex subsurface structures, this algorithm still falls 

victim to cycle skipping related artifacts when the initial model is far from the 

true velocity model. This is particularly observable for the most extreme case 

of a homogenous starting velocity model. Cycle skipping remains one of the 

largest challenges to overcome in the field of seismic waveform inversion.  
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1.2 Addressing cycle skipping 

 The adverse effects of cycle skipping have been analyzed since the 

application of the born equation to seismology (Beydoun and Tarantola, 1988). 

If the observed travel times differ from that of the model greater than half the 

period, cycle skipping will occur as the model attempts to update in the opposite 

direction toward a local minimum (figure 1.2.1). When translated to the case of 

Full waveform inversion, Pratt et al., 2008, expressed this as a function of 

propagated wavelength, dt/TL < 1/Nλ. In other words, traveltime error must be 

less than 1% for offsets of 50 wavelengths. Due to the unlikelihood of this many 

studies have been conducted to address the cycle skipping phenomenon in FWI.

 

Figure 1.2.1: A diagram illustrating the effects of cycle skipping in FWI. If the 

initially predicted model (starting velocity model) has an error larger than ½ the 

period of the field data, the model will update in the wrong direction toward a 

local rather than global minimum. Excerpt from Viriex and Operto, 2009. 
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Pan et al, 2016, suggest a projection onto convex sets (POCS) algorithm to 

recover low frequency information via band-limited impedance inversion of 

well data. Warner and Gausch, 2014, attempt to reformulate FWI using Wiener 

filters and iterating until a zero-lag delta function is obtained. Wave-equation 

reflection traveltime inversion (WERTI) was developed by Ma & Hale, 2013, 

as a method of updating the low-wavenumber component of the velocity model. 

Many different attempts at applying envelope-based objective functions to 

mitigate cycle-skipping have been attempted including Chi and Dong, 2014. 

Even data deconstruction by inner muting has been attempted to limit the initial 

inversion as an attempt to ensure that the data of FWI fall within a difference 

of a half-cycle of the predicted data (Bi & Lin, 2014). All of these contributions, 

and many more have all helped to limit cycle skipping in different facets and in 

varying applications of Full-waveform inversion. Unlike the previously 

mentioned attempts, Laplace-Fourier-domain WI is capable of inverting from 

an extremely crude initial velocity model. As a result, the effects of cycle 

skipping in the Laplace domain are unique and new strategies should be made 

to tackle the cycle skipping problem in Laplace-Fourier-domain WI. 
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1.3 Outline 

This work attempts to combat the adverse effects of cycle skipping in 

Laplace-Fourier-domain WI by proposing two new frequency selection 

approaches to address the issues related to cycle skipping in Laplace-Fourier 

domain waveform inversion. First, in chapter 2, low frequency information is 

extrapolated from synthetically generated seismograms. This method pertains 

particularly to improved results in the homogenous starting velocity model case. 

To limit cycle skipping related artifacts in this case, synthetically generated 

low-frequency components of the wave field generated by Laplace-Fourier 

Domain waveform inversion are used. These low-frequency components are 

extrapolated from velocity models that more accurately represent the true 

velocity of the model. This low frequency information is then used to push the 

homogenous model toward global convergence rather than falling into local 

minima. A workflow of this procedure is presented along velocity model images 

showing step by step implementation with improved results.  

The second approach, presented in chapter 3, uses high frequency 

components of the wave field to suppress the cycle skipping. It does so by 

effectively increasing the resolution of the velocity model reducing the size of 

the cycle skipping related artifacts and their impact to the model. Three real 

data examples are given with comparisons of the inverted velocity model using 

a frequency range up to 15 Hz and the same inversion technique using 

frequencies up to 30 Hz. 
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Chapter 2  Using Extrapolated Low Frequencies 

 

2.1 Creating Synthetic Low Frequency Data 

To reduce the cycle skipping related artifacts in Laplace-Fourier-domain WI 

from a 2-layer homogeneous starting model, this work suggests using the low 

frequency components of synthetic seismograms generated from Laplace-

Fourier-domain WI starting with a linearly increases starting model. A linearly 

increasing velocity model is a typical starting model for Laplace-Fourier-

domain WI as it was first proposed in Shin and Cha, 2009. The general 

proceedings of this task is as follows. First, preprocessed streamer data was 

transformed via the Laplace-Fourier transform given by the expression 

 

as explained in Shin et al , 2010. Second, a linearly increasing velocity model 

was generated to be used as an initial velocity model for Laplace-Fourier-

domain WI. The spatial dimensions of the initial model used were selected 

based upon the acquisition parameters of the real data. Real data line #1 is 

composed of 1156 shots and 804 receivers spaced 12.5 meters apart with a 

maximum offset of 10,202.5 meters. The sampling rate of Real data line #1 was 

every 4ms over 15 seconds of recording per shot. The total length of the line in 

the x-direction is 46.275 km. This x-direction distance along with a 6km depth 

was used for the spatial dimensions of the initial linearly increasing velocity 
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model. A depth of 6km was chosen based on the commonly accepted maximum 

offset-to-depth ration of 2:1. A constant velocity of 1500 m/s was used for the 

water layer. A linearly increasing velocity model was used for the subsurface 

layer beginning at 1600 m/s and increasing at a rate of 1.3 per grid. The grid 

interval used was 25 meters. This was chosen as being twice the receiver 

interval of 12.5 meters. The maximum velocity of the model was set to 5000 

m/s. The initial linearly increasing starting velocity model can be seen in Figure 

2.1.1 

 

Figure 2.1.1: A linearly increasing velocity model used as the initial 

velocity model for Laplace-Fourier WI of Real Data line #1 

 

This initial linearly increasing velocity model was then updated using 

Laplace-Fourier domain WI inversion in the frequency domain. A complex 

frequency group ranging from 5 to 15 Hz with a Laplace damping constant of 

0.1 was used for a total of 101 total frequencies. An efficient selection strategy 

for Laplace constants can be seen in Kwon et al., 2017. Laplace-Fourier domain 

WI was implemented for a total of 50 complete iterations of the entire frequency 
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list. Progression of the Laplace-Fourier inversion can be seen in Figures 2.1.2 

through 2.1.5. Given the advantages of Laplace-Fourier WI, significant updates 

in the velocity model after just 1 iteration can be seen (Figure 2.1.2). However, 

as the model progresses through further iterations, cycle skipping related 

artifacts in the middle of the model can be seen at a depth of approximately 

3km. Figure 2.1.3 shows the velocity model after 10 iterations of the entire 

frequency list. Smoothing the velocity file such that constrained artifacts are 

effectively filled in by the dominate adjacent velocities is a common strategy 

to overcome cycle skipping. Figure 2.1.4 shows the velocity model after such 

smoothing effects and an additional 15 iterations of inversion were applied. 

Smoothing was conducted by the damped least square methods with an operator 

length of 30 in the x-direction and 90 in the z-direction. As a result, a drastic 

reduction in the cycle skipping effects is observable in Figure 2.1.5. Figure 

2.1.6 shows the final velocity model after 50 iteration of Laplace-Fourier-

Domain WI. While improved resolution has been successfully achieved, note 

the artifacts highlighted with red arrows. New vertically oriented artifacts 

reaching into lower depths of the model are now observable. Furthermore, there 

is a possible return of the same local minimum issue observed in Figure 2.1.3. 

Additional smoothing may be used in further attempts to minimize the cycle 

skipping issue. However, it is important to consider the increased computational 

costs related to smoothing. FWI attempts to create high resolution velocity 

models from simple initial models. Each time smoothing is applied the 

resolution of the velocity model is significantly reduced. Additional iterations 

of inversion will therefore be required for each application of the smoothing 
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effect. Furthermore, smoothing the velocity model only temporarily avoids the 

local minima and further iterations may result in additional cycle skipping 

related artifacts.  

 

 

Figure 2.1.2: A linearly increasing velocity model used as the initial 

velocity    model for Laplace-Fourier domain WI of Real Data line #1 

(gray-scale) 

 

 

Figure 2.1.3: The inverted velocity model after 1 full iteration 
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Figure 2.1.4: The inverted velocity model after 10 full iterations 

 

 

Figure 2.1.5: The inverted velocity model after smoothing applied and a 

total of 25 full iterations 

 

 

Figure 2.1.6: The inverted velocity model after 50 full iterations 

 

 



 

12 
 

To verify the effectiveness of the inversion and accuracy of the results it 

should be verified that the the offset domain common image gathers show flat 

reflectors and that the modeled synthetic shot gathers resemble the shot gathers 

of the real data within reason. Figure 2.1.7 shows the offset domain common 

image gather after 50 full iterations of Laplace-Fourier-domain WI 

corresponding to the velocity model in Figure 2.1.6. It can be seen from the 

gather that the reflectors are flat. Figures 2.1.8 and 2.1.9 show comparisons of 

synthetic and real shot gathers at 2 sifferent source positions. Kinematically, the 

real and synthetic seismograms match well indicating that the velocity model 

estimated by Laplace-Fourier-domain WI is reasonably accurate.  

 

 

Figure 2.1.7: The offset gather of Real Data line #1 after 50 full iterations 

of Laplace-Fourier-domain waveform inversion.  
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Figure 2.1.8: Comparison of the real and synthetic shot gather generated 

from the inverted velocity model at the 300th source position.  

 

Figure 2.1.9: Comparison of the real and synthetic shot gather generated 

from the inverted velocity model at the 600th source position  
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2.2 Inversion Incorporating Synthetic Low Frequencies 

The synthetic shot gathers generated from inversion can now be used to create 

an entire synthetic line that will be used to provide artificial low frequency 

components of the wavefield. The synthetic common shot gathers generated 

from the final velocity model produced from Section 2.1 were catonated. By 

doing so an entire synthetic seiesmic line composed of synthetic shot gathers 

similar to those seen in Figures 2.1.8 and 2.1.9 was created. Using this synthetic 

seimic line, Laplace-Fourier-Domain WI was implimented from a 2 layer 

homogeneous starting velocity model (Figure 2.3.1). The objective is to use the 

synthetic seismic data to provide an estimate for the low frequency information 

missing in the real data. However, it would be unadvised to use this synthetic 

data for the entire inversion process as it does not fully represent the real data. 

The synthetic shot gathers retain any and all error in the modeled data. Instead, 

only the low frequency component, less than 5 Hz, should be used to push the 

inversion in the right direction toward the global minima, rather than the local 

minima. To do this, a Laplace-Fourier transform is performed on both the real 

data, and contatonated synthetic data. The low frequency component from 0.1 

to 5 Hz of the synthetic data is then added to the transformed real data from 5-

15Hz to create a new frequency list from 0.1 to 15 Hz. The frequencies below 

5Hz are from the synthetic data obtained in section 2.1 and the frequency 

imformation from 5 to 15 Hz are from the real data. This new transformed 

frequency list is then used in the Laplace-Fourir domain WI algorithm, to 

generate an inverted velocity model from a homogeneous starting model. 
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Figure 2.2.1: A workflow for Laplace-Fourier Domain WI using extrapolated 

low frequencies from synthetically generated seismograms.  
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2.3 Results 

Figure 2.3.2 shows the velocity model after 1 full iteration of Laplace-

Fourier-domain WI using the traditional 5 to 15 Hz from a 2 layer homogenous 

starting velocity model. Notice the visible large scale cycle skipping related 

artifacts as a result of a lack of low frequency information available during 

inversion. Figure 2.3.3 shows the velocity model after 1 full iteration of 

Laplace-Fourier-domain WI using the 0.1 to 5 Hz information obtained from 

the synthetic shot gathers produced in section 2.1. Notice that while the cycle 

skipping visible in Figure 2.3.2 has been mitigated, the major artifact from 

inversion conducted in section 2.1 is clearly retained and visible in the velocity 

model. By combining both the synthetic low frequency component and real 

high frequency component, a high resolution velocity model via Laplace-

Fourier WI absent of any cycle skipping related artifacts is obtained. 

 

A 2-layer homogeneous starting velocity model with a constant velocity of 

1500 m/s for the water layer and 1600 m/s was used for the subsurface was used 

as an initial model.  Sea water depth information obtained from real data line 

#1 was used to create the 2-layer model.  It is possible to use a pure 

homogeneous model with 1500 m/s for both the water layer and subsurface 

layer. However, this leads to significantly longer computational time as it takes 

a large number of iterations for the Laplace-Fourier-domain inversion to locate 

the ocean bottom. Using the 2-layer homogeneous starting velocity model in 

Figure 2.3.1 and the concatenated synthetic common shot gathers obtained in 
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section 2.1 as the observed data, Laplace-Fourier-domain WI was conducted. A 

complex frequency group ranging from 0.1 to 15 Hz with an interval of 0.1Hz 

and a Laplace damping constant of 0.1 was used resulting in a complete 

complex frequency list of 150 frequencies. Figure 2.2.4 shows the updated 

velocity model after 10 full iterations. Note that the majority of the large scale 

cycle skipping artifacts seen after 1 iteration of inversion using 5-15 Hz have 

been significantly reduced and/or eliminated. However, the same artifacts 

present in the velocity model generated from inversion using 5-15 Hz from the 

linearly increasing velocity model can also be seen. Since the low frequency 

component of the transformed seismic data obtained in section 2.1 was used in 

place of the real data, any errors in the model will be retained. However, this is 

only true when the model has updated with strictly the low frequency 

component. When the higher frequency component corresponding with real 

data is inverted, the artifact retained from the synthetic data is suppressed.  

 

Figure 2.3.1: 2-layer homogenoues starting velocity model 
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Figure 2.3.2: Velocity model after 1 full iteration of Laplace-Fourier WI 

using the traditional 5 to 15 Hz.  

 

 

Figure 2.3.3: Velocity model after 1 iteration of Laplace-Fourier WI using 

the 0.1 to 5 Hz information obtained from the synthetic shot gathers 

produced in section 2.1. 

 



 

19 
 

 

Figure 2.3.4: Velocity model after 10 iterations of Laplace-Fourier-domain 

WI using the combined 0.1 to 5Hz information obtained from the synthetic 

shot gathers and 5 to 15 Hz information from the real data.  

 

Another limitation of Laplae-Fourier-domain WI is penetrating depth. The 

depth in which the model can update is limited based upon the shot-reciever 

maximum offset. For the case of a linearly inceasing starting velocity model 

this is less evident do the similar nature of velocity of the true earth model. 

However, for the homogenous starting velocity model case, it can be see clearly 

that the model has not updated below aproximately 4km depth. Based upon our 

understanding of the subsurface, velocities should increase with depth. It is 

possible to use smoothing techniques to force the model update lower depth 

velocities.  This can be done using a smoothing operator with increased range 

in the z-direction. To show the effectiveness, ssmoothing was conducted by the 

damped least square methods (Figure 2.3.5). After smoothing was applied 

Laplace-Fourier-domain WI was conducted for an additional 50 iterations for a 

total of 60 full iterations from the initial velocity model. Figure 2.3.6 shows the 

final velocity model after 60 iterations of Laplace-Fourier-domain WI using the 
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combined 0.1 to 15Hz frequency list with smoothing applied to increase the 

velocities at lower depths. Additional smoothing can be applied to further 

update lower depth velocities; though computational efficiency should be 

considered.  

 

Figure 2.3.5: Velocity model after smoothing  

 

 

Figure 2.3.6: Velocity model after 60 iterations of Laplace-Fourier-domain 

WI using the combined 0.1 to 15Hz frequency list 
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It should be noted that the frequencies of the real data between 5-15Hz 

supress the retained artifacts from the synthetic data after complete inversion 

of the entire frequency list. However, during each sequencially ordered iteration 

cycle of the lower 0.1Hz – 5Hz frequecies errors from the synthetic model 

return as the model updates in an incorrect direction. Figure 2.3.6 shows the 

velocity model after 60 full iterations of the entire 0.1 to 15 Hz frequency list 

and an additional partial iteration of only 0.1 to 5 Hz. Even after 60 full 

iterations, the artifact highlighted with a red arror returns. Once, the higher 

frequenies are inverted this artifact will again be removed. Regardless it is 

important to consider the error retained from the synthetic data.  

 

Figure 2.3.7: Velocity model after 60.3 iterations of Laplace-Fourier WI 

using the combined 0.1 to 15Hz frequency list. 

 

  

 



 

22 
 

Chapter 3  Using Frequencies up to 30 Hz 

Recent advances in technology and computational resources have lead to the 

acceptance of Full-waveform inversion as the oil & gas industry standard for 

developing detailed velocity models. As this technology continues to develop, 

the limits of the detail, accuracy, precision, and resolution of the earth model 

are continually expanding. Recently, this has led to more effort in encorporating 

high end frequencies previously thought to not have enough value to justify the 

cost. The difference in computational run time between a model encorprating 

up 20 Hz versus 40 Hz is 16 times larger; increase that again to 80Hz and now 

the computaional cost is 256 times greater. Recently, there has been a surge in 

industry spending on new technology and powerful supercomputers (Takahashi, 

2017).  

In this section, it will be shown that previously ignored high frequency 

components of the wavefield can be used effectively to not only improve the 

resolution of the velocity model, but also to suppress cycle skipping related 

artifacts. This is done by presenting the results of Laplace-Domain WI on 3 real 

data line examples. Each line will be inverted twice. Once using a frequency 

range of 5-15Hz with an interval of 0.1 Hz and a Laplace damping constant of 

0.1, and again using a frequency range of 5-30Hz with an interval of 0.1 Hz and 

a Laplace damping constant of 0.1. A comparison of real and synthetic 

seismograms as generated by Laplace-Domain WI will also be shown along 

with common offset gathers to verify flatness of the reflectors. Do to the 

confidential nature of the real data, the 3 examples will be referred to as Real 

Data Line #1, Real Data Line #2, and Real Data Line #3 

 



 

23 
 

Example 1 – Real Data Line #1 

Real data line #1 was inverted from a linearly increasing velocty model 

starting at 1500 m/s to a maximum velocity of 2500 m/s (Figure 3.1). The model 

has a grid size of 12.5 meters. The line has a maximum offfset of 10203 meters 

with 1156 shots and 804 recieves the sampling interval of the acquisition was 

4 ms. Laplace-Fourier-domain WI was used to invert the model from 5Hz to 

15Hz and 30Hz respectively with a frequency interval of 0.1 Hz and a damping 

constant of 0.1s^(-1). The result of inversion can be seen in Figures 3.2 for a 

frequency range of 5 to 15Hz and Figure 3.3 for 5 to 30 Hz. Figure 3.4 shows 

the common offset image gather with acceptable flat reflectors. A comparison 

between Real and Synthetic seismograms can be seen in Figure 3.5. The 

seismograms show satisfactorily comparable kinematics. Note the reduction in 

cycle skipping related artifact highlighted by a red arrow. In Figures 3.2 and 

3.3. 

 

Figure 3.1: Linearly increasing initial velocity model used for inversion of 

Real Data Line #1 
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Figure 3.2: Velocity model of Real Data Line #1 with frequencies from 5 

to 15 Hz after iterations. 

 

Figure 3.3: Velocity model of Real Data Line #1 with frequencies from 5 

to 30 Hz after iterations. 

 

Figure 3.4: The offset gather of Real Data line #1 after Laplace-Fourier-

domain waveform inversion with frequencies up to 30 Hz. 
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Figure 3.5: Comparison of the real and synthetic shot gathers generated 

from inversion of real data line #1 after Laplace-Fourier-domain 

waveform inversion with frequencies up to 30 Hz. 
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Example 2 – Real Data Line #2 

Real data line #2 was inverted from a linearly increasing velocty model 

starting at 1500 m/s to a maximum velocity of 2700 m/s (Figure 3.6). The model 

has a grid size of 12.5 meters. The line has a maximum offfset of 8123 meters 

with 1235 shots and 636 recieves the sampling interval of the acquisition was 

4 ms. Laplace-Fourier-domain WI was used to invert the model from 5Hz to 

15Hz and 30Hz respectively with a frequency interval of 0.1 Hz and a damping 

constant of 0.1s^(-1). The result of inversion can be seen in Figures 3.7 for a 

frequency range of 5 to 15Hz and Figure 3.8 for 5 to 30 Hz. Figure 3.9 shows 

the common offset image gather with acceptable flat reflectors. A comparison 

between Real and Synthetic seismograms can be seen in Figure 3.10. The 

seismograms show satisfactorily comparable kinematics. Note the reduction in 

cycle skipping related artifact highlighted by a red arrow. In Figures 3.7 and 

3.8. 

 

 

Figure 3.6: Linearly increasing initial velocity model used for inversion 

of Real Data Line #2 
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Figure 3.7: Velocity model of Real Data Line #2 with frequencies from 5 

to 15 Hz. 

 

Figure 3.8: Velocity model of Real Data Line #2 with frequencies from 5 

to 30 Hz. 

 

Figure 3.9: The offset gather of Real Data line #2 after Laplace-Fourier-

domain waveform inversion with frequencies up to 30 Hz. 
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Figure 3.10: Comparison of the real and synthetic shot gathers generated 

from inversion of real data line #2 after Laplace-Fourier-domain 

waveform inversion with frequencies up to 30 Hz. 
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Example 3 – Real Data Line #3 

Real data line #3 was inverted from a linearly increasing velocty model 

starting at 1500 m/s to a maximum velocity of 2500 m/s (Figure 3.11). The 

model has a grid size of 12.5 meters. The line has a maximum offfset of 6154 

meters with 1763 shots and 480 recievers. The sampling interval of the 

acquisition was 4 ms. Laplace-Fourier-domain WI was used to invert the model 

from 5Hz to 15Hz and 30Hz respectively with a frequency interval of 0.1 Hz 

and a damping constant of 0.1s^(-1). The result of inversion can be seen in 

Figures 3.12 for a frequency range of 5 to 15Hz and Figure 3.13 for 5 to 30 Hz. 

Figure 3.14 shows the common offset image gather with acceptable flat 

reflectors. A comparison between Real and Synthetic seismograms can be seen 

in Figure 3.15. The seismograms show satisfactorily comparable kinematics. 

Note the reduction in cycle skipping related artifact highlighted by a red arrow. 

In Figures 3.12 and 3.13. 

 

Figure 3.11: Linearly increasing initial velocity model used for inversion 

of Real Data Line #3 
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Figure 3.12: Velocity model of Real Data Line #3 with frequencies from 5 

to 15 Hz 

 

Figure 3.13: Velocity model of Real Data Line #3 with frequencies from 5 

to 30 Hz 

 

Figure 3.14: The offset gather of Real Data line #3 after Laplace-Fourier-

domain waveform inversion with frequencies from 5 to 30 Hz. 
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Figure 3.15: Comparison of the real and synthetic shot gathers generated 

from inversion of real data line #3 after Laplace-Fourier-domain 

waveform inversion with frequencies up to 30 Hz. 
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Chapter 4  Conclusion 

Two different approaches to reduce cycle skipping artifacts and improve 

overall quality of velocity models created by Laplace-Fourier-domain full-

waveform inversion have been shown.  

The first was using synthetically generated low frequency component to push 

a homogeneous starting velocity model toward convergence while avoiding 

cycle skipping. It showed that the 2-layer homogenous velocity model often 

leads to cycle skipping due to its extreme dissimilarity to the true subsurface 

velocity. However, with additional priory information, in this case synthetic low 

frequencies, an accurate high resolution velocity model can be found. There are 

two important issues to bear in mind to when considering the usefulness of this 

technique. The first is that developing the synthetic seismogram from which the 

low frequencies information is extrapolated requires an initial velocity model 

closer to the true velocity model than the homogeneous case. In the example 

presented, Real Data Line #1, the most desirable results Laplace-Fourier-

domain WI were generated using a linearly increasing starting velocity model. 

Therefore, the usefulness of such a technique beyond academic prowess is yet 

to be determined.  

The second consideration to be made regarding use of low frequencies 

extrapolated from synthetic seismic shot gathers is the inherent error which will 

be retained. Any and all error in the frequencies extrapolated will be retained 

and will affect the gradient direction of the velocity model update during the 

inversion of said frequencies. After a complete iteration of the entire frequency 
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list, these errors in the gradient direction are outweighed by the update of the 

model using the higher frequencies which are transformed from the real data. 

The goal of using extrapolated low frequencies is to “push” the model toward 

convergence and away from local minima. Once this objective is accomplished 

and the model is no longer experiencing cycle skipping issues, the extrapolated 

low frequencies are no longer of use and only hinder further iterations of the 

inversion. Further work should include investigating the optimal number of 

iterations of Laplace-Fourier-Domain WI necessary to avoid cycle skipping and 

then remove the synthetic data to improve optimization and accuracy of the 

velocity model at later iterations.  

It was also shown in Section 2.3 that including higher frequencies up to 30 

Hz can show improvement in the resolution of the model and in turn the 

suppression of artifacts related to cycle skipping. As computational resources 

continue to develop, the ability to conduct inversion at a greater resolution using 

higher frequencies will become less burdensome and the comprehensiveness of 

Laplace and Laplace-Fourier domain waveform inversion will be increasingly 

evident. This work showed inversion up to 30 Hz, however continuation of 

higher frequencies can and will be considered in the future. Current literature 

supports the notion that including lower frequencies below 5Hz will reduce the 

effect of cycle skipping. Further investigation should be made into the 

mechanism that drives the reduction of cycle skipping using higher frequencies. 
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초 록 

완전파형역산 (FWI)은 높은 해상도의 속도모델을 취득할 수 있는 

효과적인 방법이다. 완전파형역산이 가지고 있는 비선형 최적화 

문제에서 파생되는 여러 문제를 해결하기 위해 최근 지진학 

분야에서 완전파형역산에 대한 많은 연구가 진행되어 왔다. 

탄성파자료를 이용한 기존의 완전파형역산은 자료의 저주파수 

성분의 부재로 인해 실제 속도모델을 찾기 위해서는 그와 근사한 

초기모델이 필요하였다. 라플라스-푸리에 영역에서의 파형역산은 

기존에 존재하던 완전파형역산의 한계를 극복하기 위해 개발되었다. 

라플라스-푸리에 영역 파형역산은 초기모델을 균질매질이나 깊이에 

따라 선형적으로 증가하는 속도모델과 같이 간단한 속도모델을 

가정하여 역산을 진행하여도 속도모델 구축을 성공적으로 할 수 

있었지만 여전히 cycle-skipping과 관련된 인공잡음이 존재하였다. 

이 연구는 라플라스-푸리에 파형역산에서의 cycle-skipping과 관련된 

문제를 두 가지 방법으로 해결하는 작업흐름을 제안한다. 우선 

합성자료에서 얻어지는 저주파수 성분을 파형역산 잔차의 전역 

최소점을 찾는데 사용한다. 일반적인 탄성파자료는 저주파수 
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대역에서 낮은 신호 대 잡음 비 때문에 저주파수 성분을 사용할 수 

없지만 합성자료에서 얻어지는 저주파수 성분을 이용하여 역산을 

진행한다. 합성자료는 신호 대 잡음비가 높은 고주파수 성분을 

이용하여 구축 된 속도모델을 이용하여 구한다. 또한 저주파수 

합성자료를 이용하여 속도모델을 개선 한 이후에 다시 자료의 

고주파수 성분을 이용하여 속도모델의 해상도를 올리고 cycle-

skipping과 관련된 인공잡음을 줄이는 목적의 파형역산을 이어서 

진행한다.  

본 연구에서 세 개의 실측자료에 대하여 15Hz 까지와 30Hz 까지의 

주파수를 이용한 역산의 결과를 비교하였다. 라플라스-푸리에 

파형역산에 사용하는 주파수 대역을 확장하는 본 연구을 통해, 

합성자료를 통해 만들어진 저주파수 성분의 인공자료가 속도모델 

구축의 cycle-skipping을 완화하고 역산결과의 개선을 가져오는 것을 

확인하였다. 

키워드: 라플라스-푸리에 파형역산,주파수선택전략,Cycle skipping 

학번: 2016-22104 
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