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Abstract

Compressive sensing (CS), an area of signal processing, refers to the recon-

struction of sparse or compressible signals from a fewer measurement. When

we solve energy functional minimization problem for CS, the model consists

of the data fidelity term and the regularization term. The regularization term

is of importance as well as data fidelity term. In this thesis, we propose

CS model by employing a hybrid of nonconvex total generalized variation

(NTGV) and shearlet transform as a regularization tool. NTGV and shear-

let transform behave complementary each other in CS problem as a reg-

ularization tool. Moreover, this thesis also proposes a numerical algorithm

for proposed NTGV-Shearlet regularization based model by adopting itera-

tively reweighted L1 (IRL1) algorithm, one of the nonconvex optimization

algorithms. Alternating direction method of multipliers, a well-known convex

optimization problem, is also used to solve inner convex problem of our pro-

posed model. We compare numerical results of our NTGV-Shearlet based CS

model experiments to those of three other closely related state-of-the-art reg-

ularization tool based CS models experiments. Numerical results show that

our NTGV-Shearlet based CS model outperforms other three CS models both

visually and in terms of peak signal-to-noise ratio (PSNR).

Key words: Compressive Sensing, Total generalized variation, Shearlet trans-

form, Nonconvex regularization, Iteratively reweighted l1 algorithm, Alternat-

ing direction method of multipliers
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Chapter 1

Introduction

Compressive sensing (CS), a novel technology in signal processing which re-

constructs the signal with fewer measurements than required by the Nyquist-

Shannon theorem [4], has attracted considerable attention in areas of applied

mathematics, computer science, and electrical engineering. The problem of

a limited number of measurements can occur in multiple scenarios. For in-

stance, when we have restricted condition on the number of data capturing

devices, measurements are very expensive or slow to obtain such as magnetic

resonance imaging (MRI). Therefore, the study on the performance of the re-

construction schemes and on the possible application of CS is one of favorable

topics.

Most mathematical formulation of inverse problems, which include CS

problem, is usually in the form of

min
u
λF(u) +R(u) (1.0.1)

where Ω is a bounded and open domain and u : Ω→ R is an image. The func-

tional F and R are the data fidelity and the regularization term respectively.

The data fidelity term and the regularization term are intended to denoise

and smooth the measurements, respectively. λ is a tuning parameter which

balances two terms. The selection of each term is of importance to obtain fine

results. The most common data fidelity term, the same as used in proposed

model, is of form

F(u) =
1

2
‖G(u)− z‖2

2 (1.0.2)
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where z stands for the possibly error-prone data. G indicates the forward

modeling operator. For the cases of CS problems, G = Fp = PF where P be

a selection matrix and F be a Gaussian or Fourier transform matrix.

In this thesis, we will focus on the choice of the regularization term R,

which penalizes a certain property of u. One of the early proposals for a

choice was given in the [5]. It employs the total variation (TV) norm, which

has been widely used in various inverse problems such as compressive sensing

reconstruction, denoising, inpainting [6, 7, 8, 9] and so on.

TV regularization tool usually yields undesirable piecewise constant out-

puts, while TV regularization is remarkably effective at simultaneously pre-

serving edges and smoothing away noise in flat region. To overcome the lim-

itations of TV, piecewise constant effect, TV norm has been developed to

higher-order based regularizations [10, 11, 1]. In this thesis, we adopt the

total generalized variation (TGV)[1], which is one of the higher-order based

regularizations and the details of TGV will be discussed in Chapter 2.

It has also been studied [12, 13, 14, 3] that replacing convex penalty

function by nonconvex function usually leads to better results. Recently, it is

observed numerically that nonconvex versions of TV(NTV) [12, 13] regular-

izer show better ability to preserve edges or textures than TV. The nonconvex

version of TGV (NTGV) [14, 3] was also proposed and it yields a better trade-

off between sharp discontinuous and smoothness than its convex counterpart.

In other words, NTGV can denoise homogeneous regions very well with pre-

served edges. In this thesis, NTGV will be adopted as regularization term to

describe our proposed CS model.

Together with TV norm, the wavelet transform regularization [15, 16],

one of multi-scale representations for analysis of the information of signals

or images, has also been widely used in image processing problems because

it provides the locations of singularities. In this thesis, we employ shearlet

transform instead of the wavelet transform, which assigns penalty to high

dimension environment. The shearlet transform [17, 18] is more effective in

approximating piecewise smooth images containing rich geometric informa-

tion such as edges and corners, while the wavelet transform is not so effective

at dealing with singularities in higher dimension cases such as 2D images.

In this thesis, we propose a new minimization model for CS problem,
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which consists of a combination of NTGV and shearlet transform regulariza-

tion term as well as l2 data fidelity term. Each of NTGV and shearlet trans-

form in the regularization term behave complementary each other: NTGV

is effective at recovering sharp edges, keeping smooth and shearlet tranform

keeps directional geometric details effectively. Our proposed CS model will

be solved by employing iteratively reweighted l1 (IRL1) [14, 3], one of the

nonconvex optimization algorithms. Our proposed algorithm has the inner

convex subproblem that has the same formulation of TGV-Shearlet regular-

ization based CS model. Alternating direction method of multiplier (ADMM)

[19], one of the well known convex optimization algorithm, will be adopted

to solve the inner subproblem that our proposed model has. Numerical re-

sults of our proposed model, NTGV-Shearlet based CS model, are compared

to performances of three other closely related state-of-the-art regularization

terms based CS model: TGV, NTGV, and TGV-Shearlet. All numerical re-

sults show that our proposed model outperforms other three models both

visually and in terms of the peak signal-to-noise-ratio (PSNR).

The rest of this thesis is organized as follows. In Chapter 2, we pro-

vide preliminary background acknowledgements of methodology for proposed

regularization term and optimization algorithm which include TGV, shear-

let transform, IRL1 nonconvex algorithm, and ADMM convex algorithm. We

propose model description and algorithm in Chapter 3. In Chapter 4, we

compare numerical results of our proposed model with those of other three

models. Lastly, we summary the points made in this thesis in the Chapter 5.
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Chapter 2

Background

In this section, we represent some preliminaries which help us construct pro-

posed model and optimization algorithm for the Compressive Sensing (CS)

model problem. The materials of this section conclude acknowledgements of

regularization tool in proposed model, total generalized variation (TGV) and

shearlet transform, and algorithms to solve proposed CS model: alternating

direction method of multiplier (ADMM) and iteratively reweighted l1 (IRL1)

algorithm.

2.1 Total Generalized Variation

In this subsection, let us review the total generalized variation (TGV) reg-

ularization tool by defining it and comparing it to total variation (TV) reg-

ularization tool. To begin with, recall the definition of TV, which is, for a

given image u, usually expressed as

TV (u) =

∫
Ω

|∇u| dx (2.1.1)

and equivalently, by using norms on the gradient, the infimal convolution of

TV (ICTV) can be defined as follows.

ICTV (u) = sup

{∫
Ω

udivv dx | v ∈ C1
c (Ω,Rd), ‖v‖∞ ≤ 1

}
(2.1.2)
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While TV regularization, which has been widely used in various image

processing problems [5, 20, 21], is known to be effective at edge-preserving,

it turns out that TV regularization causes the staircasing phenomenon. The

staircasing effect refers to piecewise constant phenomenon which arises from

the images reconstucted on the basis of the TV regularization tool when the

image contains not only flat but also slanted regions.

The total generalized variation (TGV), a generalization of the ICTV and

second-order TV regularizers, was proposed by Bredies et al [1] to overcome

the piecewise constant effect and it is defined as follows.

TGV k
α (u) = sup

v

{∫
Ω

udivk(v) dx | v ∈ Ckc (Ω, Symk(Rd)),

‖divj(v)‖∞ ≤ αj, j = 0, ..., k − 1

}
, (2.1.3)

where Symk(Rd) is the space of symmetric k-tensors on Rd as

Symk(Rd) = {ξ : Rd × · · · × Rd | ξ is k-linear and symmetric},

and the Ckc (Ω, Symk(Rd)) represents the space of compactly supported sym-

metric tensor fields. Here, α = (α0, α1, ..., αk−1) is a fixed positive vector.

When k = 1, α0 = 1, the formulation of TGV is identical to that of TV,

which reminds us that TGV is the generalized version of TV.

Note that the TGV2
α regularization based model represents less piecewise

constant phenomenon than the TV regularization based model and conse-

quently generates the piecewise smooth result. In other words, the TGV regu-

larization does not lead to the staircasing effect that TV regularization usually

suffers from. Since TGV2
α(u) involves and balances higher-order derivatives of

u, the reconstructed images can be possible to avoid staircasing effect. This

observation will be seen in the below Figure 2.1 - 2.2.
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(a) clean image (b) noisy image (c) TV (d) TGV2
α

Figure 2.1: Reconstructed images from piecewise smooth clean images. (a)

256×256 clean original image with a red rectangle close-up region, (b) Noisy

image (Gaussian noise, σ = 10), (c) TV model, (d) TGV2
α model.

(a) Original (b) TV (c) TGV2
α

Figure 2.2: Three dimensional close-ups of the red box region containing some

discontinuities in the clean original image.

In order to observe how TGV2
α balances first- and second-order deriva-

tives, let us begin to reformulate TGVα
2 . By changing the variable divw = v

in (2.1.2), the discretized TGV2
α of u ∈ U can be written as follows.

TGV 2
α (u) = max

v∈V,w∈W
{〈u, divv〉 | divw = v, ‖w‖∞ ≤ α0, ‖v‖∞ ≤ α1}

where we define U, V,W as

U = C2
c (Ω,R), V = C2

c (Ω,R2), W = C2
c (Ω, S2×2).

By introducing the indicator functional of a closed set B,

IB =

{
0, x ∈ B,
∞, else,
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and applying I{0}(·) = −min
y
〈y, ·〉, then the discretized TGV2

α can be refor-

mulated as follows

TGV 2
α (u) = min

p∈V
max

‖w‖∞≤α0,w∈W
‖v‖∞≤α1,v∈V

〈u, divv〉+ 〈p, v − divw〉

= min
p∈V

max
‖w‖∞≤α0,w∈W
‖v‖∞≤α1,v∈V

〈−∇u, v〉+ 〈p, v〉+ 〈Ē(p), w〉

= min
p∈V

max
‖w‖∞≤α0,w∈W
‖v‖∞≤α1,v∈V

〈∇u− p, v〉+ 〈Ē(p), w〉

= min
p∈V

α1‖∇u− p‖1 + α0‖Ē(p)‖1

where ∇u and Ē(p) are denoted as

∇u =

[
∂xu

∂yu

]
, Ē(p) =

[
∂xp1

1
2
(∂yp1 + ∂xp2)

1
2
(∂yp1 + ∂xp2) ∂yp2

]
.

We simply approximate directional derivatives ∇1u and ∇2u by D1u and

D2u where D1 and D2 are the circulant matrices corresponding to the forward

finite difference operators with periodic boundary conditions along the x-axis

and y-axis, respectively. Then E(p), an approximation of Ē(p), becomes

E(p) =

[
D1p1

1
2
(D2p1 +D1p2)

1
2
(D2p1 +D1p2) D2p2

]
.

Consequently, we arrive at TGV2
α as follows:

TGV 2
α (u) = min

p∈V
α1‖Du− p‖1 + α0‖E(p)‖1 (2.1.4)

In this thesis, we employ second-order TGV (TGV2
α) since TGVk

α costs

a lot when k is greater or equal than three. It is also observed in [1] that the

relative ratio of running time between TGV1, TGV2, and TGV3 regularization

behaves roughly like 1:10:35.

2.2 Shearlet transform

The traditional wavelet transform, which is widely used as regularization term

in image problems, is known to identify the singularities. However, it is widely

7



acknowledged that the wavelet transform fails to describe the geometric reg-

ularity such as edge orientation. Several image representations have been

proposed [22, 23, 24, 25, 26] to capture the geometrical regularities of given

images. Among them, the shearlet transform is known as a directional repre-

sentation system that has ability to describe the much amount of geometrical

information. Let us begin with continuous shearlet transform.

Let GL2(R) be the group 2×2 invertible real matrices and G be the

subgroup of GL2(R)

G = {Mas| a ∈ I ⊂ R+, s ∈ S ⊂ R}

where

Mas =

[
a −

√
as

0
√
a

]
=

[
1 −s
0 1

] [
a 0

0
√
a

]
:= BsAa,

where Bs and Aa are shear operator and anisotropic dilation operator re-

spectively. With these definitions, we can obtain the affine system {ψast(x) =

|det(Mas)|−
1
2ψ(M−1

as (x − t)) | a > 0, s ∈ R, t ∈ R2} where ψ is called mother

shealet which can be written as

F(ψ)(ω1, ω2) = F(ψ1)(ω1)F(ψ2)

(
ω2

ω1

)
where ψ1, ψ2 ∈ L2(R) have the following properties: (1) ψ1 satisfies the

Calderón admissibility condition [27], (2) ψ2 satisfies
∫
R |ψ2(x)|2dx = 1.

The affine functions ψast [28] are called shearlets and depend on the three

parameters: the scale a, the shear s and the translation t. The continuous

shearlet transform based on ψ is defined as

SHψ(f)(a, s, t) = 〈f, ψast〉.

It has been proved that the shearlet transform is invertible if the ψ satisfies

the admissibility condition:∫
R2

|F(ψ)(ω1)(ω2)|2

|(ω1)|2
dω1dω2 <∞.

Note that shearlet transform regularization based image problem model

is so effective at preserving geometrical regularities. The geometrical direc-

tional textures in the below Barbara image are well preserved by employing

shearlet transform regularization while it fails to preserve some edges in the

images.
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Figure 2.3: Numerical outputs of denoising problems with shearlet transform

regularization model. Left is original Barbara (512×512) image. Middle is

Gaussian noisy image (σ = 30). Right is denoised image using shearlet trans-

form regularization tool.

2.3 Alternating Direction Method of Multi-

pliers

In this subsection, let us review alternating direction method of multiplier

(ADMM) [29, 30, 19], one of convex optimization algorithms, which can be

applied to the convex optimization problems with separable objective func-

tions in the following form of

min
x,y

F (x) +G(y) subject to Ax+By = b (2.3.1)

where F : Rn → R ∪ {∞} and G : Rm → R ∪ {∞} are convex, proper,

and lower semicontinuous functions, A ∈ Rk×n, B ∈ Rk×m, x ∈ Rn, y ∈
Rm, and b ∈ Rk.

The augmented Lagrangian function for minimization problem (2.3.1) is

LA(x, y, λ;µ) = F (x) +G(y)− λT (Ax+Bx− b) +
µ

2
‖Ax+By − b‖2

2

where λ ∈ Rk is a Lagrange multiplier vector and µ > 0 is a penalty parameter

that affects the speed of algorithm.

Generally, the classical augmented Lagrangian method minimizes LA
over x, y jointly and then updates λ so that it causes difficulties to solve the

9



subproblems over (x, y) in many cases. On the other hand, the alternating

direction method of multiplier (ADMM), which solves the joint minimization

problem by minimizing LA over x and y, one after another, converges faster

because of the much easier subproblems, as described below:
xk+1 = arg min

x
LA(x, yk, λk;µ)

yk+1 = arg min
y
LA(xk+1, y, λk;µ)

λk+1 = λk − γµ(Axk+1 +Bxk+1 − b)

where γ ∈ (0, 1+
√

5
2

), related to the convergence and speed in the algorithm,

assigns the step size for the update of λ. The convergence analysis on the

ADMM can be found in [19, 29].

2.4 Iteratively Reweighted L1 Algorithm

While most of image problems can be modeled with sufficient accuracy using

convex function, it is also known that it is required to use nonconvex objective

functions. In this subsection, iteratively reweighted l1 algorithm [3], which is

proposed to solve nonconvex optimization models, will be mainly introduced.

Let us consider the following nonconvex optimization problem.

min
x∈X

F (x) := min
x∈X

F1(x) + F2(G(x)) (2.4.1)

where F : X → R ∪ {∞} is a lower semicontinuous (lsc), extended, real-

valued, proper function, F1 : X → R ∪ {∞} is a proper, lsc, and convex

function, G is a coordinatewise convex function, and F2 is nonconvex.

The majorization-minimization (MM) algorithm, which includes IRL1

algorithm as a subclass, is suitable for solving the nonconvex minimization

problem (2.4.1). The key idea of the MM algorithm is to minimize majorizers

of the function instead of the function itself. The goal of the MM algorithm

aims to construct the majorizing functions that are easier to minimize than

the original functions. For the problem (2.4.1), the MM algorithm is to ma-

jorize F2 with a convex function F xk

2 that approximates F2 such that F xk

2 is

nondecreasing on G(X) that yields the convexity of the composition F xk

2 (G),

10



F xk

2 (y) ≥ F2(y) for all y ∈ G(X), and agrees with F2(G) at xk. As a result,

we arrive at xk+1 = arg min
x∈X

F1(X) + F xk

2 (G(x)).

The principle of iteratively reweighted (IR) convex algorithm, which

is a subclass of the MM algorithm and concludes the IRL1 algorithm, is

that it may be possible to find a single convex function that, weighted ap-

propriately, can serve as majorizer for F2 at each step of iterative convex

majorization-minimization method since the function F2 in the optimization

problem (2.4.1) does not change.

In previous works [31, 32, 33], the iteratively reweighted least squars

(IRLS) algorithm, an instance of IR convex algorithm, is proposed and has

been extend in many works. However, the IRLS algorithm can be applied

only if the nonconvex function can be well approximated from above with

quadratic functions. The IRLS could not cover our interesting functions such

as 1
µ

log(1 + µ|x|), which are not differentiable at zero.

Before we deal with the implementation of IRL1 algorithm, let us briefly

review some important terms. For a case of convex function f , a vector g

is called a subgradient or limiting-subgradient at point x if f(y) − f(x) −
gT (y − x) ≥ 0 for any vector y is satisfied. Subdifferential at x is the set

of all subgradients and denoted by ∂f(x). For a case of concave function

f̃ , equivalent to −f̃ is convex, the limiting-supergradient is the analogue of

limiting-subgradient in convex function case and the set of all supergradient

is called superdifferential and denoted by ∂̄f̃ := −∂(−f̃).

When F2 is convex on G(X) in the above equation (2.4.1), the iteratively

reweighted l1 algorithm (IRL1) will give us iterative optimal algorithm. The

following is iterative algorithm when IRL1 is applied to problem (2.4.1)

xk+1 = arg min
x∈X

F1(x) +
∥∥∥wxk ·G(x)

∥∥∥
1

(2.4.2)

where wx
k

is a limiting-supergradient of F2(x) at xk. If F2(x) is a differentiable

function, wx
k

is given by ∇F2.

By using the Karush-Kuhn-Tucker (KKT) condition, the convergence of

IRL1 was discussed in [14].

11



Chapter 3

Proposed Model and Algorithm

In this section, we propose our compressive sensing (CS) model and its al-

gorithm. Our model focuses on new regularization tool which employs the

nonconvex total generalized variation (NTGV) and shearlet transform. Our

proposed model is solved by adopting nonconvex optimization algorithm, it-

eratively reweighted l1 (IRL1) algorithm, especially. Also, algorithm for our

proposed model has the convex inner subproblem, which has the same formu-

lation of TGV regularization based CS model. Alternating direction method

of multipliers (ADMM), a well known convex optimization algorithm, solves

this convex inner subproblem.

3.1 Proposed Model

First, we propose the following minimization model, which consists of

shealet transform and the nonconvex version of second-order TGV as a reg-

ularization term and the l2 data fidelity term as follows:

min
u

β

2
‖Ku− b‖2

2 + λ
N∑
j=1

‖SHj(u)‖1 +NTGV 2
α (u), (3.1.1)

where the sampling matrix K = Fp = PF with P be a selection matrix and

F be Fourier transform matrix, SHj(u) is the jth subband of the shealet

transform of u. The parameter β > 0 is related to the noise level σ and λ is a

12



balancing effect parameter which depends on the gradients and the sparsity

of the image.

Since TGV regularization employs higher-order of derivatives, it can

avoid staircasing artifacts so that TGV based model is effectively applied

to piecewise smooth images that magnetic resonance (MR) images belong to.

However, TGV sometimes yields over smooth results in some cases of strong

noise or weak data terms. It turns out that the over smooth phenomenon can

be partially overcome by adopting NTGV as a regularizer. In other words,

NTGV regularization has an ability to better balance between sharp discon-

tinuous and smoothness than its convex counterpart and also NTGV can pre-

serve edges and details better. Along with shearlet transform, which is usually

known to preserve directional geometric details, proposed regularization tool

can yield fine results by preserving both directional geometric information

and edges and details. By introducing auxiliary variables xj (j = 1, ..., N)

and a quadratic penalty term for each l1 term, our proposed NTGV-shearlet

regularization based CS model (3.1.1) can be described as follows:

min
u,p,xj ,y,z

β

2
‖Ku− b‖2

2 + λ
N∑
j=1

‖xj‖1 + α1φ1(|y|) + α0φ1(|z|)

subject to xj = SHj(u), y = Du− p, z = E(p) (3.1.2)

where α0, α1 > 0 are parameters which balance the first- and the second-

order regularization terms and φi(i = 1, 2) is a nonconvex log function ,i.e.,

φi(s) = 1
ρi

log(1 + ρis) with parameter ρi > 0.

Note that the usual choices of nonconvex function in application are

1
p
‖x‖p, 1

µ
log(1 + µ|x|), µ|x|

1 + µ|x|
. We employ the log function as the non-

convex function since it is known that the log function is suitable for the

reconstruction of piecewise-smooth region.

3.2 Algorithm for Proposed Model

In order to apply IRL1 to our proposed model (3.1.1), we should check re-

quired conditions on the application of the IRL1 algorithm. In the proposed
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model, TGV first- and second-order derivative components, which are the co-

ordinatewise convex function, be G(x) and the rest terms including shearlet

transform and l2 data fidelity term, which are trivially convex functions, be

F1(x). Since our proposed model are satisfied with required conditions for ap-

plication of IRL1 algorithm, our proposed model (3.1.1) is numerically solved

by employing IRL1 algorithm, nonconvex optimization algorithm. After the

IRL1 algorithm is applied to the minimization problem (3.1.1) and splitting

NTGV components, the minimization problem evolves as follows:

min
u,p,xj ,y,z

β

2
‖Ku− b‖2

2 + λ
N∑
j=1

‖xj‖1 + α1‖ŷ · y‖1 + α0‖ẑ · z‖1 (3.2.1)

where ŷn := 1
ρ1|yn|+1

and ẑn := 1
ρ2|zn|+1

are weighted functions.

As a result, our algorithm for proposed model consists of two parts: one

is outer iteratively reweight loop part, and another is the reweighted inner

convex problem part. In order to derive overall algorithm for propose model,

let us consider algorithm for the inner convex problem described as follows.

min
u,p,xj ,y,z

β

2
‖Ku− b‖2

2 + λ
N∑
j=1

‖xj‖1 + α1‖y‖1 + α0‖z‖1

subject to xj = SHj(u), y = Du− p, z = E(p), (3.2.2)

where parameter conditions and details in each term are the same as those

in equation (3.1.2).

For the numerical implementation, above bandwise discrete shearlet trans-

forms can be easily computed using the fast Fourier transform (FFT) and its

inverse transform. Let H1 be the FFT of the discrete 2D scaling function, and

Hj(j ≥ 2) be those of the dicrete shearlets. Let us denote vec : Cn×n → Cn2

and mat : Cn2 → Cn×n be the vectorizing and the matricizing operators,

respectively. Then we have the following

SHj(mat(u)) = F−1(Hj ⊗F(mat(u))) = F−1(Hj) ∗mat(u)

where ⊗ is componentwise multiplication and ∗ is convolution. We can rewrite

the above matrix equation in a vectorized form using Kronecher product as

SHj(u) = vec(SHj(u)) = F ∗diag(vec(Hj))Fu := MHj
u,

14



where F is vectorized version of the FFT on complex n×n matrices and diag

is defined as

diag : CN → CN×N , diag(u)hj = uhδhj
where δhj = 0 if h 6= j and δhj = 1 if otherwise.

In order to employ ADMM to the convex inner model (3.2.2), we need

to consider the following equations for our model.


xn+1
j

yn+1

zn+1

 = arg min
xj ,y,z

LA(xj, y, z, u
n, pn, x̃nj , ỹ

n, z̃n; β), j = 1, ..., N,

(
un+1

pn+1

)
= arg min

u,p
LA(xn+1

j , yn+1, zn+1, u, p, x̃nj , ỹ
n, z̃n; β),

x̃n+1
j = x̃nj + µ(SHj(u

n+1)− xn+1
j ), j = 1, ..., N,

ỹn+1 = ỹn + µ(Dun+1 − pn+1 − yn+1),

z̃n+1 = z̃n + µ(E(pn+1)− zn+1).

(3.2.3)

After we solve the subproblem for (xj, y, z) in ADMM seperately, the itera-

tions of the subproblems are obtained as follows:

xn+1
j = arg min

xj

‖xj‖1 +
µ1

2
‖xj − SHj(u

n)− x̃nj ‖2
2, j = 1, ..., N,

yn+1 = arg min
y
‖y‖1 +

µ2

2
‖y − (Dun − pn)− ỹn‖2

2,

zn+1 = arg min
z
‖z‖1 +

µ3

2
‖z − E(pn)− z̃n‖2

2,

(un+1, pn+1) = arg min
u,p

λµ1

2

N∑
j=1

‖xn+1
j − SHj(u)− x̃nj ‖2

2,

+
α1µ2

2
‖yn+1 − (Du− p)− ỹn‖2

2 +
α0µ3

2
‖zn+1 − E(p)− z̃n‖2

2 +
β

2
‖Ku− b‖2

2,

x̃n+1
j = x̃nj + µ(SHj(u

n+1)− xn+1
j ), j = 1, ..., N,

ỹn+1 = ỹn + µ(Dun+1 − pn+1 − yn+1),

z̃n+1 = z̃n + µ(E(pn+1)− zn+1).

(3.2.4)

It is observed in [2] that the ADMM iteration (3.2.4) converges for fixed

µ1, µ2, µ3 > 0 and 0 < µ <
√

5+1
2

.
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Let us solve subproblems in the above algorithm (3.2.4). The first three

subproblems are similar each other and the solutions are explicitly given by

shrinkage function. The solution of x-subproblem is

xn+1
j = shrink(SHj(u

n) + x̃nj , 1/µ1), j = 1, ..., N, (3.2.5)

where shrink(v, γ) = sgn(v)⊗max(|v|-γ,0). The componentwise separable so-

lution to the y-subproblem becomes

yn+1 = shrink2(Dun(l)− pn(l) + ỹn(l), 1/µ2), l ∈ Ω, (3.2.6)

where yn+1(l) ∈ R2 represents the component of yn+1 located at l ∈ Ω and

the shrinkage operator is defined as

shrink2(a, µ) =

{
0, a = 0,

(‖a‖2 − µ) a
‖a‖2 a 6= 0,

where 0 is a 2 × 2 zero matrix. Similarly, we have the solution to the z-

subproblem as

zn+1 = shrinkF (E(pn)(l) + z̃n(l), 1/µ3), l ∈ Ω, (3.2.7)

where zn+1(l) ∈ S2×2 is the component of zn+1 corresponding to the pixel

l ∈ Ω and

shrinkF (b, µ) =

{
0, b = 0,

(‖b‖F − µ) b
‖b‖F

b 6= 0,

where ‖ · ‖F is the Frobenius norm of a matrix.

Let us consider optimal conditions of (u, p) subproblem in the (3.2.4)
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algorithm to obtain the solutions of u, p:

λµ1

N∑
j=1

M∗
Hj

(MHj
u− xn+1

j + x̃nj )

+α1µ2

2∑
j=1

DT
j (Dju− pj − yn+1

j + ỹnj ) + βK∗(Ku− b) = 0,

α1µ2(p1 −D1u+ yn+1
1 − ỹn1 ) + α0µ3

(
DT

1 (D1p1 − zn+1
1 + z̃n1 )

+1
2
DT

2 (D2p1 +D1p2 − 2zn+1
3 + 2z̃n3 )

)
= 0,

α1µ2(p2 −D2u+ yn+1
2 − ỹn2 ) + α0µ3

(
DT

2 (D2p2 − zn+1
2 + z̃n2 )

+1
2
DT

1 (D1p2 +D2p1 − 2zn+1
3 + 2z̃n3 )

)
= 0.

(3.2.8)

Let us obtain the closed form solution for (u,p) subproblem. From the

optimal conditions (3.2.8), we can generate the following linear system.d1 dT4 dT5
d4 d2 dT6
d5 d6 d3

up1

p2

 =

B1

B2

B3

 ,
where each block matrix component means the followings:

d1 = λµ1

N∑
j=1

M∗
Hj
MHj

+ α1µ2

2∑
j=1

DT
j Dj + βK∗K,

d2 = α1µ2I + α0µ3D
T
1 D1 + 1

2
DT

2 D2,

d3 = α1µ2I + α0µ3D
T
2 D2 + 1

2
DT

1 D1,

d4 = −α1µ2D1,

d5 = −α1µ2D2,

d6 = 1
2
DT

1 D2,
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and

B1 = λµ1

N∑
j=1

M∗
Hj

(xn+1
j − x̃nj ) + α1µ2

2∑
j=1

DT
j (yn+1

j − ỹnj ) + βK∗b,

B2 = α1µ2(ỹn1 − yn+1
1 ) + α0µ3

(
DT

1 (zn+1
1 − z̃n1 ) + 1

2
DT

2 (2zn+1
3 − 2z̃n3 )

)
,

B3 = α1µ2(ỹn2 − yn+1
2 ) + α0µ3

(
DT

2 (zn+1
2 − z̃n2 ) + 1

2
DT

1 (2zn+1
3 − 2z̃n3 )

)
.

And then, let us multiply a preconditioner matrix, a blockwise diagonal co-

efficient matrix, on the left of the linear system.F 0 0

0 F 0

0 0 F

d1 dT4 dT5
d4 d2 dT6
d5 d6 d3

F 0 0

0 F 0

0 0 F

∗ FuFp1

Fp2

 =

F 0 0

0 F 0

0 0 F

B1

B2

B3

 .
When we denote diag(FdjF

∗), diag(FdTj F
∗)=conj(diag(FdjF

∗)) by d̃j, d̃
T
j

respectively, we obtain the following equations:
d̃1 ⊗ (Fu) + d̃T4 ⊗ (Fp1) + d̃T5 ⊗ (Fp2) = FB1,

d̃4 ⊗ (Fu) + d̃2 ⊗ (Fp1) + d̃T6 ⊗ (Fp2) = FB2,

d̃5 ⊗ (Fu) + d̃6 ⊗ (Fp1) + d̃T3 ⊗ (Fp2) = FB3.
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As a result, we arrive at the following closed form solutions for (u,p)

subproblems by using Cramer’s rule.

u = F ∗

(∣∣∣∣∣∣∣∣
FB1 d̃T4 d̃T5

FB2 d̃2 d̃T6

FB3 d̃6 d̃3

∣∣∣∣∣∣∣∣
∗

.

/
denom

)
,

p1 = F ∗

(∣∣∣∣∣∣∣∣
d̃1 FB1 d̃T5

d̃4 FB2 d̃T6

d̃5 FB3 d̃3

∣∣∣∣∣∣∣∣
∗

.

/
denom

)
,

p2 = F ∗

(∣∣∣∣∣∣∣∣
d̃1 d̃T4 FB1

d̃4 d̃2 FB2

d̃5 d̃6 FB3

∣∣∣∣∣∣∣∣
∗

.

/
denom

)
,

(3.2.9)

where denom and | · |∗ are defined as

denom =

∣∣∣∣∣∣
d̃1 d̃T4 d̃T5
d̃4 d̃2 d̃6

d̃5 d̃6 d̃3

∣∣∣∣∣∣
∗

= d̃1(d̃2d̃3− d̃6d̃6)+ d̃T4 (d̃6d̃5− d̃4d̃3)+ d̃T5 (d̃4d̃6− d̃2d̃5).

For the inner convex problem in each outer loop, the model varies from

equation (3.2.2) as much as the values of weights. For this reason, the inner

subproblem should consider the only difference of two different subproblems

which are described as follows:

yn+1 = shrink2

(
Dun(l)− pn(l) + ỹn(l),

ŷn+1

µ2

)
,

zn+1 = shrinkF

(
E(pn)(l) + z̃n(l),

ẑn+1

µ3

)
.
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Consequently, we can obtain Algorithm 1, which describes the overall

algorithm for proposed model, by using IRL1 and ADMM algorithms, as

follows.

Algorithm 1 Nonconvex TGV2-Shearlet by IRL1 with ADMM

1: Select parameters α0, α1, β, λ, µj, µ, ρ1, ρ2

2: Initialize u0, p0
1, p

0
2, x

0
j , x̃

0
j(j = 1, ..., N), y0

j , ỹ
0
j (j = 1, 2), z0

j , z̃
0
j (j = 1, 2, 3)

3: Repeat

4: ŷn := 1
ρ1|yn|+1

5: ẑn := 1
ρ2|zn|+1

6: for k=1 to Min do

7: xn,k+1
j = shrink(SHj(u

n,k) + x̃n,kj , 1/µ1), j = 1, ..., N

8: yn,k+1 = shrink2(Dun,k(l)− pn,k(l) + ỹn,k(l), ŷn/µ2), l ∈ Ω

9: zn.k+1 = shrinkF (E(pn,k)(l) + z̃n,k(l), ẑn/µ3), l ∈ Ω

10: un,k+1, pn,k+1
1 , pn,k+1

2 are the same form as (3.1.9)

11: x̃n,k+1
j = x̃n,kj + µ(SHj(u

n,k+1)− xn,k+1
j ), j = 1, ..., N

12: ỹn,k+1 = ỹn,k + µ(Dun,k+1 − pn,k+1 − yn,k+1)

13: z̃n,k+1 = z̃n,k + µ(E(pn,k+1)− zn,k+1)

14: end for

15: until a stopping criterion is satisfied.

16: Returns u
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Chapter 4

Numerical Results

In this section, let us discuss the numerical results of our experiments. To do

so, we introduce the environment for experiments, how to obtain initial input

measurements, stopping and evaluation criterion.

We conduct compressive sensing (CS) experiments by reconstructing

from incomplete images with different Gaussian noise levels (σ = 0, 5, 10, 15, 20).

In this thesis, we compare the proposed algorithm, NTGV-Shearlet, with

three closely related methods: TGV, TGV-Shearlet, NTGV based model. Our

test set involves both magnetic resonance (MR) images (Brain, Ankle, Head)

and natural images (Lena, Barbara). All experiments were conducted using

MATLAB2017b with an Intel CPU at 3.20GHz, 16.0GB RAM, and 64-bit

Window 10 system.

For all our CS experiments, the sampling matrix K = Fp = PF with

P be a selection matrix and F be a Fourier transform matrix. To obtain the

incomplete measurements, we begin with a clean original image, resize it to

become a square matrix, and then apply the discrete Fourier transform. The

incomplete measurements b are obtained by remaining the transformed data

only at some selected locations, leaving the rest zero. We sample b along the

certain number of radial lines passing through the center of the Fourier data.

All used measurements are acquired from 120 radial sampling lines (sampling

rate about 45% - 50%). Lastly, in the transform domain, Gaussian noise is

added to test the robustness of reconstruction to the noise. We show and

compare the numerical results of four different methods including ours.
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For all experiments, the stopping criterion of the outermost loop for all

models is given by

‖uk − uk−1‖
‖uk‖

< 10−3 or k > M,

where M is the maximum iteration; M = 20 for nonconvex models (NTGV,

NTGV-Shearlet) and M = 300 for convex models (TGV, TGV-Shearlet).

Also, the maximum iteration of inner subproblem of nonconvex models is

fixed as Minner = 20.

The comparison for the quality of images is measured by the peak signal-

to-noise ratio (PSNR) value, which is defined as follows:

PSNR(u, u∗) = 10 log10

(
2552mn

‖u− u∗‖2
2

)
,

where u, u∗ ∈ Rm×n are the original clean image, the reconstructed image,

respectively. For all experiments, we tuned the parameters that give us the

maximum values of PSNR as well as the most visually natural images.

As above mentioned, in order to check the robustness of our CS model

to noise, we conducted CS experiments with different Gaussian noise levels;

images with σ = 5, 10, 15, 20 as well as noise-free images were tested on

both three MR images and two natural images. For all different noise level

experiments, it can be observed that the PSNR values of proposed algorithm

show greater than those of three other compared algorithms.

Figure 4.1: Original images. First two are natural images. Lena (256×256),

Barbara (402×402). Last three are MR images. Ankle(225×225), Brain

(256×256), Head (225×225).
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Figure 4.2: Reconstructed Lena, Barbara images from about 45% spectral

noisy samples (σ = 5). Each column from left to right: TGV [1], TGV-shearlet

[2], NTGV [3], NTGV-shearlet (ours).

Note that Figure 4.2 - 4.3 show the numerical results of four different

regularization tool based CS model including ours. Each column indicates

one specific CS model: the first to fourth columns are TGV, TGV-Shearlet,

NTGV, and NTGV-shearlet regularization based model, respectively. When

we compare the numerical results in NTGV and our model, reconstructed

images in our model preserve some details better because of the aid of shearlet

transform regularization. Moreover, numerical results of the proposed model

in the fourth column recover sharp edges, keeping smooth region better than

those of TGV-shearlet based model in the third column.

23



Figure 4.3: Each row is reconstructed Ankle-Brain-Head (top-middle-bottom)

MR images. Sampling rate of spectral noisy (σ = 5) measurements in each

row is about 45%-45%-50% (top-middle-bottom). Each column from left to

right: TGV [1], TGV-shearlet [2], NTGV [3], NTGV-shearlet (ours).

Figure 4.2 - 4.3 describe the reconstructed outputs from noisy spectral

samples when σ = 5. Each column shows outputs with different regularization

tool. Along with the differences from the close-up views on the outputs, it is

also observed that the PSNR values in Table 4.1 - 4.2 show that our model

outperforms three other regularization models. Therefore, the effectiveness of

our proposed model is observed through numerical experiments.
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Table 4.1: Comparison results of natural images for PSNR

Model TGV TGV-Shl NTGV NTGV-Shl

Image PSNR PSNR PSNR PSNR

Noise σ = 0

Barbara 19.96 20.99 20.03 25.06

Lena 28.95 28.98 29.20 29.41

Noise σ = 5

Barbara 17.19 18.66 18.67 19.57

Lena 25.51 26.72 26.11 27.46

Noise σ = 10

Barbara 16.75 17.76 18.19 18.65

Lena 23.82 24.16 24.24 24.76

Noise σ = 15

Barbara 16.29 17.38 17.49 17.84

Lena 21.94 22.51 22.21 23.93

Noise σ = 20

Barbara 15.70 16.65 16.64 16.84

Lena 20.15 21.44 20.36 21.80
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Table 4.2: Comparison results of MR images for PSNR

Model TGV TGV-Shl NTGV NTGV-Shl

Image PSNR PSNR PSNR PSNR

Noise σ = 0

ankle 23.89 23.94 25.61 25.63

head 27.54 27.64 30.00 31.74

brain 30.03 30.55 31.55 31.79

Noise σ = 5

ankle 17.99 19.78 19.98 21.18

head 21.87 21.87 23.76 23.80

brain 19.64 21.77 21.15 22.66

Noise σ = 10

ankle 15.92 18.08 18.75 18.81

head 19.70 19.71 19.97 20.13

brain 18.23 19.09 19.17 19.24

Noise σ = 15

ankle 15.11 16.95 17.22 17.36

head 17.53 17.55 18.26 18.44

brain 17.01 17.03 17.07 17.24

Noise σ = 20

ankle 14.18 15.57 15.69 15.90

head 15.64 15.66 16.64 16.82

brain 14.97 15.16 15.18 15.45
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Chapter 5

Conclusion

The purpose of this thesis is to yield look better and desirable results of

compressive sensing (CS) problems by employing appropriate regularization

term. Our model employs nonconvex version of total generalized variation

(NTGV) and shearlet transform as a regularization term. This combination

of regularization term is suitable for handling piecewise smooth region such

as magnetic resonance (MR) images that CS problem usually deal with. The

proposed model shows better results in terms of PSNR value and the ef-

fectiveness of our model can be observed with close-up views on numerical

results. Future works involve applying proposed model to another image pro-

cessing problem such as deconvolution. It is achieved by replacing K operator

by others since K operator is a critical element to determine kinds of image

processing problem.
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국문초록

신호 처리영역의 한 분야인 압축센싱은 적은 수의 측정 값으로부터 압축신호

를 재구성하는 것을 의미한다. 압축센싱을 모델링한 식은 정확도 항과 정규화

항의 합으로 구성되는데, 이 문제를 해결할 때에 정확도 항뿐만 아니라 정규화

황의 선택이 매우 중요하다. 본 논문에서는 비볼록 일반적 총변이와 쉬어렛 변

환을 함께 새로이 정규화 항으로 적용한 압축센싱 모델을 제시하였다. 제시된

정규화 항을 구성하는 두 성분은 상호 보완하는 관계로써 압축센싱 모델에서

작용한다. 또한, 본 논문은 제시된 압축센싱 모델을 해결하기 위한 알고리즘에

관하여 기술한다. 제시된 압축센싱 모델은 비볼록 문제를 해결하는 기법 중

하나인 반복적 재가중치 l1 알고리즘을 사용하여 수치적으로 계산된다. 그리고

제시된압축센싱모델의알고리즘은내부에볼록최적화문제를포함하고있고,

그 내부 문제는 교대방향 승수방법이라는 잘 알려진 볼록 함수 최적화 기법에

의해 수치적으로 계산된다. 본 논문에서 새로이 제시된 비볼록 일반적 총변이-

쉬어렛변환기반모델의수치적인결과는세가지다른정규황(일반적총변이,

비볼록 일반적 총변이, 일반적 총변이-쉬어렛 변환)을 기반으로 한 압축센싱의

수치적인 결과와 비교 하였다. 결과의 비교는 시각적인 자연스러움 과 최대

신호 대 잡음 비의 값으로 수행되었으며 제시된 비볼록 일반적 총변이-쉬어렛

변환 기반 압축센싱 모델이 다소 우수함을 보여준다.

주요어휘: 압축센싱, 일반적 총변이, 쉬어렛 변환, 비볼록 정규화, 반복적 재가

중치 l1 알고리즘, 교대방향 승수방법

학번: 2016-20467
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