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Abstract 

 

In the petroleum industry, seismic survey which is the one of 

geophysical survey methods is implemented to discover the subsurface 

structure. After obtaining the subsurface media velocity values which are 

gained from the Full Waveform Inversion, it is able to operating the numerical 

acoustic waveform simulation. Forward wavefield which is simulated wave 

field from the source and backward wavefield which is simulated wavefield 

from the receiver wavefield are convoluted to obtain the reverse time 

migration image. In full waveform Inversion and reverse time migration 

calculation process, the numerical wavefield result causes the significant 

condition of the result. In this paper, the pseudo spectral method which is 

based on the Jacobi-Anger expansion is implemented as the solution of 

Hyperbolic type PDE(Partial Differential Equation). By using the method, 

several problems of numerical solution-stability and dispersion- are 

effectively solved and the error between the numerical result and analytic 

result is considerably diminished at the same time. 

Still there are several problems of reverse time migration result 

caused by the low wavenumber contamination that the inherent problem of 

RTM and unclear image condition on the image pixel boundary, by using the 

above effective numerical wave equation solution as the method of reverse 

time migration process. To solve above problems, this research uses the 

method of ‘Poynting vector decomposition’ to eliminate the low wavenumber 

contamination and Laplacian filtering which is equal to the second derivative 

of image value to illuminate the pixel boundary. The result is verified in two 

numerical examples, the one is the Marmousi synthetic velocity model which 

contains the complicate geological structure such as fault, folds and salt dome 
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intrusion, the other one is the BP salt dome synthetic velocity model which 

low wavenumber contamination effect severely occurs on the salt dome. 

Marmousi model result shows the complicate geological structure image is 

clearly shown by Laplacian filtering and BP salt dome model result presents 

the result that low wavenumber contamination image values are eliminated.   

 

Keywords: Jacobi-Anger expansion, Pseudo spectral method, Dispersion, 

Stability, Reverse time migration, Poynting vector, Image filtering 

 

Student Number : 2016-20472 

  



 

 
３ 

 

Contents 

Chapter 1 Introduction ............................................................................. ８ 

Chapter 2 Theory ................................................................................... １０ 

2.1 The first order system acoustic wave equation ......................... １０ 

2.2 Jacobi-Anger expansion based on pseudo spectral method wave 

equation modeling ............................................................................... １３ 

2.2.1 Stability condition ..........................................................１６ 

2.2.2 Accuracy analysis ...........................................................２１ 

2.3 Application in reverse time migration ....................................... ２３ 

2.3.1 RTM with wavefield decomposition ..............................２４ 

2.3.2 Laplacian Imaging Filtering ...........................................２７ 

Chapter 3 Numerical examples ............................................................ ２９ 

3.1 Wave equation solution using Jacobi-Anger based pseudo spectral 

method ................................................................................................. ３０ 

3.1.1 Homogeneous velocity model ........................................３０ 

3.1.2 Heterogeneous velocity model – Marmousi 2 ................３９ 

3.2 Reverse time migration image .................................................. ４７ 

3.2.1 Marmousi-2 velocity model ...........................................４８ 

3.2.2 BP 2004 velocity model .................................................５０ 

Chapter 4 Conclusions .......................................................................... ５２ 

Appendix .................................................................................................... ５５ 

A.1 Absorbing boundary condition ..................................................... ５５ 

A.2 Analytic Solution .......................................................................... ５８ 

A.3 Jacobi-Anger based PSM Matlab code ......................................... ６１ 



 

 
４ 

 

References .................................................................................................. ６５ 

국 문 초 록 ............................................................................................... ６７ 

 

 

 

 

  



 

 
５ 

 

List of Figures 

Figure 1. Sliced plane of 3-Dimensional volume. The arrow mark represents 

the fluid output vector. ........................................................................１０ 

Figure 2. Flow chart of reverse time migration imaging process. ...............２６ 

Figure 3. Two Laplacian imaging filter kernels. .........................................２８ 

Figure 4. Snapshot of 2-Dimensional wave equation with time step length 

value 10ms in 5km/s homogeneous media. Numeric solution (a) and 

analytic solution (b) at 2 sec. The interval of taking snapshot is 0.5 sec.３

２ 

Figure 5. Snapshot of 2-Dimensional wave equation with time step length 

value 20ms in 5km/s homogeneous media. Numeric solution (a) and 

analytic solution (b) at 2 sec. The interval of taking snapshot is 0.4 sec.３

３ 

Figure 6. Snapshot of 2-Dimensional wave equation with time step length 

value 40ms in 5km/s homogeneous media. Numeric solution (a) and 

analytic solution (b) at 2 sec. The interval of taking snapshot is 0.4 sec.３

４ 

Figure 7. Snapshot of 2-Dimensional wave equation with time step length 

value 10ms in 7km/s homogeneous media. Numeric solution (a) and 

analytic solution (b) at 2 sec. The interval of taking snapshot is 0.5 sec.３

５ 

Figure 8. Snapshot of 2-Dimensional wave equation with time step length 

value 20ms in 7km/s homogeneous media. Numeric solution (a) and 

analytic solution (b) at 2 sec. The interval of taking snapshot is 0.5 sec.３

６ 

Figure 9. Snapshot of 2-Dimensional wave equation with time step length 

value 40ms in 7km/s homogeneous media. Numeric solution (a) and  

analytic solution (b) at 2set. The interval of taking snapshot is 0.4 sec. ３

７ 

Figure 10. Synthetic Marmousi-2 velocity model used in Matlab code. .....４０ 



 

 
６ 

 

Figure 11. Seismogram of Marmousi-2 model wave propagation without 

absorbing boundary condition. Each time step value is 10ms (a), 20ms 

(b), and 40ms (c) .................................................................................４２ 

Figure 12 Seismic traces(periodic boundary condition experiments) of each 

receiver position. .................................................................................４３ 

Figure 13. Seismogram of Marmousi-2 model wave propagation with 

absorbing(PML) boundary condition. Each time step value is 10ms (a), 

20ms (b), and 40ms(c) .........................................................................４４ 

Figure 14 Seismic traces(absorbing boundary condition experiments) of each 

receiver position. .................................................................................４５ 

Figure 15. Poynting vector values of Marmousi-2 model snapshot. (a) 

represents the horizontal direction and (b) represents the vertical 

direction. ..............................................................................................４６ 

Figure 16. Marmousi-2 velocity model for RTM experiment. Synthetic 

velocity model (a), migration image without filtering (b), and filtered 

migration image (c). ............................................................................４９ 

Figure 17. BP 2004 salt dome velocity model for RTM experiment. Synthetic 

velocity model (a), RTM image without filtering process (b), and filtered 

RTM image (c). ...................................................................................５１ 

Figure 18. Idea of PML layer. While the amplitude of wavefield is conserved 

inside of PML area, the amplitude is dissipated at the PML boundary. . ５

７ 

 

 

 

 

 

 

 



 

 
７ 

 

List of Tables 

Table 1 Parameter for 2-D wave equation simulation. Both experiment 

environments are implemented in homogeneous media and three time 

step length value are used for each experiment. ..................................３１ 

Table 2. L-∞ error norms between numerical solution and analytic solution of 

1
st
 Experiment and 2

nd Experiment for each time step length. ............３８ 

Table 3. Parameters used in synthetic heterogeneous Marmousi-2 velocity 

model. ..................................................................................................４１ 

 

 



 

 
８ 

 

Chapter 1 Introduction 

 

In seismic survey, it is mandatory to obtain the numerical wave equation 

simulation without error for accurate and clear results. Especially, the 

imperative degree of forward waveform modeling accuracy has been 

highlighted in aspect of obtaining seismic inversion and migration (Baysal et 

al. 1983; Tarantola 1983; Tarantola 1984; Pratt et al. 1998; Shin and Cha 2008; 

Shin and Cha 2009). Two imaging survey for subsurface imaging condition 

are highly dependent on the waveform modeling scheme, since the two 

surveys use the data of numerical wave equation modeling; the purpose of 

seismic inversion is to minimize the error between the real exploration data 

and the numerical data, and the goal of migration is to obtain a subsurface 

image by using forward waveform modeling data and backward waveform 

modeling data. 

Since numerical methods have developed, thousands of wave equation 

modeling scheme has been developed by many geophysicists and 

mathematicians. From 1950s, FDM scheme developed and it is operated to 

simulate many engineering and nature science problems. Although FDM 

scheme is useful, aspects of easy to understand the derivative terms by using 

discretized derivative operator. However, in hyperbolic PDE (Partial 

Differentiation Equations) problems, FDM scheme has a problem with the 

correlation between spatial and temporal derivative terms. Since the 

correlation contaminates the solution, FDM has its own vulnerable point in 

terms of stability condition and dispersion problem. To overcome the 

dispersion error and stability conditions, many researches developed special 

scheme (i.e, Lax-Wendroff, Lax-Friedrich. ENO, WENO etc). In geophysical 

academics, Marfurt(1984) introduced the 5-point FDM schemes for 

simulating the wave equation and analyzing dispersion problem.  
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From 1970s, thanks to the development of pseudo spectral method 

(PSM), Ordinary Differential Equation (ODE) or PDE problem accuracy is 

highly increased due to the accuracy of Fast Fourier Transform (FFT) based 

differential operator. Compared to the FD scheme, FFT algorithm has its own 

advantage in terms of accuracy which is purely depend on the machine ability 

and pure errorless at spatial differential operator in mathematical approach. 

Tal-Ezer(1986) developed the hyperbolic PDE strategies which is PSM based 

on. Tal-Ezer method is head to obtain the exact numerical solution which 

overcome the errors in spatial and temporal terms. Although Spatial term error 

in conventional PSM converges to zero by FFT based differential operator, the 

temporal differential term error has remained since it doesn’t consider the 

phase aspects. To overcome this problem, Tal-Ezer introduced the Jacobi-

Anger expansion method in time derivative terms in advection equation, so 

that he proved his method is highly accurate and has minute error which is 

bounded for machine error in the stability condition area. 

 To apply this beneficial method in hyperbolic PDE problem into the 

seismic problems, it is mandatory to modulate 2
nd

 order system wave equation 

into two 1
st
 order system advection equations, due to the fact that Tal-Ezer 

method is based on the advection equation.  Thanks to 2
nd

 order acoustic 

wave equation is 1
st
 order system of pressure field and particle velocity, it is 

able to apply this Tal-Ezer method into these two combined 1
st
 order system 

of acoustic wave equation.  

To explain the idea of this paper, this paper is constructed as three parts. 

First part is the explanation of first order system wave equation, Second part 

is the solution review of hyperbolic equation based on Jacobi-Anger 

expansion, and Third part is the reverse time migration (RTM) application 

which uses above modeling scheme and additional condition to eliminate low 

wavenumber problem of RTM. 
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Chapter 2 Theory 

 

2.1 The first order system acoustic wave equation  

To derive 1
st
 order system acoustic wave equation, it is able to assume 

the given 3-Dimensional volume (Figure 1).  

 

 

Figure 1. Sliced plane of 3-Dimensional volume. The arrow mark represents 

the fluid output vector. 

 

where 𝛿𝑉 is a given volume, 𝑆 is a surface of given volume, and �⃗�  

is the outward normal vector to 𝛿𝑉. 
The acoustic wave equation is derived by the conservative relation of 

fluid motion. As a first step, let’s consider the mass conservation law as 

follows: 

 
𝛿𝑉
𝜕𝜌

𝜕𝑡
= −∫ 𝜌0𝑣 ∙ �⃗� 𝑑𝑠

𝑆

 

 

Equation 2-1 

where 𝛿V is the volume element, 𝜌 is the density of perturbation field, 𝜌0 is 

the gauge density of the media, 𝑣  is the particle (outflow) velocity vector, 

 𝛿𝑉 

�⃗�  

𝑆 
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and �⃗�  is the normal vector. Applying the Divergence Theorem, above 

equation becomes 

 

𝜕𝜌

𝜕𝑡
= −𝜌0∇ ∙ 𝑣 . 

 

Equation 2-2 

 As a next step, it is easy to consider that new physical relationship 

equation about the momentum conservation law in the domain. This equation 

could be written as follows: 

 
𝜌0

𝜕�⃗� 

𝜕𝑡
= −∇𝑝, 

 

Equation 2-3 

where 𝑝 is the pressure field. In the acoustic media, the wavefield is equal to 

the distribution of the density in the media which is weakly perturbed. The 

relationship between density and pressure is given as follows: 

 𝑝 =
𝜕𝑝

𝜕𝑡
𝜌 = 𝑐2𝜌 ,  Equation 2-4 

   

where 𝑐 is the wave propagation speed. Combined above equations the 1
st
 

order system wave equation is given as follows: 

 
𝜕𝑝

𝜕𝑡
= −ρ𝑐2∇ ∙ 𝑣  Equation 2-5 

 

 

𝜕𝑣

𝜕𝑡
= −1/𝜌∇p. 

 

Equation 2-6 

Thus, Equation 2-5  and Equation 2-6 can be expressed as combination of vector 

and matrix system as follows: 

 
𝜕

𝜕𝑡
*
𝑝

𝑣 
+ = [

0 −𝜌𝑐2∇ ∙
−1/𝜌∇ 0

] *
𝑝

𝑣 
+ Equation 2-7 
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Also, Equation 2-7 can be rewritten as follows: 

 
𝜕𝑦

𝜕𝑡
= 𝑀𝑦 Equation 2-8 

where  

 𝑦 = *
𝑝

𝑣 
+ Equation 2-7 

 

and 

 
𝑀 = [

0 −𝜌𝑐2∇ ∙
−1/𝜌∇ 0

] 

 

Equation 2-8 

 

This re-description is for the further analysis at the following chapter. 
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2.2 Jacobi-Anger expansion based on pseudo spectral 

method wave equation modeling 

 

In this sub-section, this paper reviews the solution algorithm of 

hyperbolic system using Jacobi-Anger Expansion orthogonal polynomial 

approach proposed by Tal-Ezer (1986). Basically, Tal-Ezer implemented 

orthogonal polynomial approach to solve temporal phase problem which is 

weakly based on analytic solution in ODE problem and to solve spatial 

derivative problem by combining PSM 

Given a simple hyperbolic equation, advection equation, as follows:  

𝑢𝑡 − c𝑢𝑥 = 0, 𝑥 ∈ ℝ 

  𝑢(𝑥, 0) = 𝑢0(𝑥). Equation 2-11 

 

Applying Fourier transform in Equation 2-11, the analytic solution of above 

hyperbolic equation in the wavenumber domain as follows: 

 𝑢(𝑥, 𝑡) = 𝑒𝐺𝑁𝑡𝑢0(𝑥), Equation 2-12 

 

where 𝐺𝑁  is the differential operator based on Fourier transform in N 

number of discrete node or the differential matrix. The exponential term in the 

Equation 2-12 could be rewritten as a Jacobi-Anger expansion polynomial form as 

follows: 
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  𝑢(𝑥, 𝑡) = 𝐻𝑚(𝐺𝑁𝑡)𝑢0(𝑥), Equation 2-9 

 

where 

  𝐻𝑚(𝐺𝑁𝑡) = ∑ 𝐶𝑘𝐽𝑘(𝑅)𝑄𝑘(𝐺𝑁𝑡/𝑅)
𝑚
𝑘=0 . Equation 2-14 

 

where 𝐶𝑘 is a weighting value, 𝐽𝑘(𝑅) is the Bessel function of 𝑘𝑡 order, 

𝑄𝑘(𝐺𝑁𝑡/𝑅) is the modified Chebyshev polynomial, and 𝑅 =
𝜋𝑐𝑚𝑎𝑥

√𝑑𝑥2+𝑑𝑧2
 in 2-

Dimensional system. Weighting value and modified Chebyshev polynomial 

are given as follows: 

𝐶𝑘 = {
1,      𝑘 = 0
2,      𝑘 ≠ 0

 

𝑄0(𝑤) = 1,             𝑄1(𝑤) = 𝑤, 

             𝑄𝑘+2(𝑤) = 2w𝑄𝑘+1(𝑤) + 𝑄𝑘(𝑤). Equation 2-15 

 

In this paper algorithm, the upper limit of summation value, m, follows the 

Tal-Ezer method. The bigger the upper limit of summation is, the more the 

numerical solution converges to analytic solution. Considering the balance 

between computational cost and accuracy of solution, m is given as the 125% 

of R value. 

Tal-Ezer demonstrated the Jacobi-Anger expansion polynomial based on 

pseudo spectral method is a rigorous modeling scheme in terms of accuracy, 

stability, and dispersion (in his paper, he mentioned as a resolution). Thus, it is 

thought that Jacobi-Anger expansion based pseudo spectral method in 

waveform modeling is highly effective in reverse time migration Problem in 

terms of accuracy, stability, and dispersion problem which is closed to the 

problem of frequency band. In this paper, this algorithm is verified very 
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effective in not just advection equation, but also a combined 1
st
 order system 

wave equation in terms of accuracy. 
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2.2.1 Stability condition 

 

In the process of Tal-Ezer based hyperbolic system PDE equation, 

stability condition was analyzed in the advection equation. Although the 

agenda of this paper is heading to the wave equation, the analysis process is 

not different from the Tal-Ezer scheme.  

 Since the agenda of this paper is a system hyperbolic PDE problem, 

it is mandatory to analyze the matrix system. Thanks to system matrix is 

diagonalizable matrix, it is easy to analyze the stability condition. Following 

process is the decomposing step which is needed to solve the system 

hyperbolic PDE problem. To begin with, the 1-dimensioin based wave 

equation system matrix can be descripted as follows: 

 𝑈𝑡 + 𝐴𝑈𝑥 = 0, Equation 2-16 

 

where subscripts mean the partial derivative of time and space domain 

respectively, 𝑈 is a vector of system objects, and 𝐴 is a matrix of system 

property. In case of matrix A is diagonalizable matrix, Equation 2-16 can be 

descripted as follows: 

 𝑈𝑡 + 𝑃
−1𝐷𝑃𝑈𝑥 = 0, Equation 2-17 

 

where 𝑃 matrix is the eigenvector matrix of 𝐴, 𝐷 matrix is the diagonal 

matrix which each components is the eigenvalue of matrix 𝐴. After taking 

simple manipulation assortment process, Equation 2-17 is rewritten as follows: 

𝑃𝑈𝑡 + 𝐷𝑃𝑈𝑥 = 0, 

 
    𝑊𝑡 + 𝐷𝑊𝑥 = 0, 

 
Equation 2-18 
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where 𝑊 is equal to the vector, which is multiplied by 𝑃 matrix and 𝑈 

vector. Then, the system can be separated as follows: 

𝑊1,𝑡 + 𝐷1𝑊1,𝑥 = 0, 

        𝑊2,𝑡 + 𝐷2𝑊2,𝑥 = 0, Equation 2-19 

 

where 𝑊1 and 𝑊2 are the component of 𝑊 matrix, and 𝐷1 and 𝐷2 are 

the component of 𝐷 matrix, which is equal to the eigenvalue of the property 

matrix in the given PDE problem. 

 After taking above step into the 1
st
 order system acoustic wave 

equation in 1dimension problem, separated systems can be descripted as 

follows: 

 𝐴 = [
0 −𝜌𝑐2

−1/𝜌 0
] = 𝑃−1𝐷P, Equation 2-20 

 

where 

 𝑃 =
1

√1 + (𝜌𝑐)2
*
−𝜌𝑐 𝜌𝑐
1 1

+, Equation 2-21 

 𝐷 = *
𝑐 0
0 −𝑐

+. Equation 2-23 

 

Hence, the final system of Hyperbolic PDE is as follows: 

𝑃𝑈𝑡 + 𝐷𝑃𝑈𝑥 = 

=
1

√1 + (𝜌𝑐)2
[
𝜕

𝜕𝑡
*
−𝜌𝑐 𝜌𝑐
1 1

+ *
𝑝

𝑣
+

+
𝜕

𝜕𝑥
*
𝑐 0
0 −𝑐

+ *
−𝜌𝑐 𝜌𝑐
1 1

+ *
𝑝

𝑣
+] 

                                     = 0. Equation 2-24 
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 To descript Equation 2-24 as separated components with removed 

constant terms, it is equal to as follows: 

𝐶𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 1. 

𝜕

𝜕𝑡
(𝑣 − 𝑝) + 𝑐

𝜕

𝜕𝑥
(𝑣 − 𝑝) = 0, 

𝐶𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 2. 

         
𝜕

𝜕𝑡
(𝑣 + 𝑝) − 𝑐

𝜕

𝜕𝑥
(𝑣 + 𝑝) = 0. Equation 2-25 

 

Since both component forms are equal to simple hyperbolic PDE (i.e. 

advection equation), the stability condition of 1
st
 order system acoustic wave 

equation is satisfied when eigenvalues of the spatial discretization operator, 

which is scaled by time step length, ∆𝑡, lie in the stability region of the time-

discretization operator. In the advection equation, spatial differential operator 

which is operated by PSM in this paper can be descripted as matrix form as 

follows: 

 𝐺𝑁 =

(

 
 
 
 
 
 
 
 
 

0 ⋯

−
1

2
𝑐𝑜𝑡



2
⋱

⋯ −
1

2
𝑐𝑜𝑡



2

⋱
1

2
𝑐𝑜𝑡

2

2
1

2
𝑐𝑜𝑡

2

2
⋱

−
1

2
𝑐𝑜𝑡

3

2
⋮

1

2
𝑐𝑜𝑡



2

⋱
⋱
⋯

⋱ −
1

2
𝑐𝑜𝑡

3

2

⋱
⋱
⋯

⋮
1

2
𝑐𝑜𝑡



2
0

)

 
 
 
 
 
 
 
 
 

, Equation 2-26 

 

where  is a spatial grid size, and the size of matrix is equal to square of 𝑁 

that the number of nodes in the given domain. And, the eigenvalues of above 
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matrix is equal to  

  𝜆𝑘 = 𝑖𝑘, −𝑁 ≤ 𝑘 ≤ 𝑁 Equation 2-27 

 

hence, the spectral radius is equal to as follows: 

  
𝑟𝑠𝑝𝑒𝑐𝑡𝑟𝑎𝑙 = max

𝑘
|𝑖𝑘| = 𝑁 − 1. 

Equation 2-28 

 

 In case of considering FD scheme, it is obviously spectral method 

stability region is more generous. As an example, it can be thought that one of 

FD scheme, Leapfrog method. Leapfrog method in advection equation is 

given as follows: 

 
𝑢𝑚+1−𝑢𝑚−1

2𝑘
= 𝜆𝑢𝑚, Equation 2-29 

 

where subscript m is the order of space domain grid, superscript n is the order 

of time step, and k is the time step length. 

After taking spatial differential operator matrix, the stability region of Leap-

frog method is equal to as follows: 

 𝜆𝑘 = 𝑖
sin (𝑘)


, −𝑁 ≤ 𝑘 ≤ 𝑁 Equation 2-30 

 

And the radius of Leap-frog method is as follows: 

 𝑟𝐿𝑒𝑎𝑝𝑓𝑟𝑜𝑔 = max
𝑘
|𝑖
sin (𝑘)


| =

𝑁

𝜋
. Equation 2-31 
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Thus, the spectral method stability region is more generous compared 

to the FD scheme, considering following relationship: 

 

𝑟𝑠𝑝𝑒𝑐𝑡𝑟𝑎𝑙

𝑟𝐿𝑒𝑎𝑝𝑓𝑟𝑜𝑔
= 𝜋

𝑁−1

𝑁
≈ 𝜋. 

Equation 2-32 
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2.2.2 Accuracy analysis 

 

As above theory mentioned, it is verified that spatial differential term is 

highly accurate within machine accuracy. In order to verify the accuracy of 

wave equation solution, temporal differential term which is based on the 

Jacobi-Anger should be demonstrated.  

Bessel function inequality is given as follows: 

 𝐽𝑚(∅𝑚) ≤ |
∅𝑒√1−∅

2

1+√1−∅2
|

𝑚

. Equation 2-10 

 

Since our agenda is concentrated on the variable 𝑅 =
𝜋𝑐𝑚𝑎𝑥

√𝑑𝑥2+𝑑𝑧2
, Equation 2-11 

becomes as follows: 

 (2.2.2.2) 

 𝐽𝑚(𝑅) ≤ ||
𝑅

𝑚
𝑒
√1−(

𝑅
𝑚
)
2

1+√1−(
𝑅

𝑚
)
2|
|

𝑚

,    |
𝑅

𝑚
| < 1. 

 

Equation 2-34 

 

Since m is given as 125% of R, m-th order Bessel function converges to the 

zeros. Now, it is able to verify the Bessel function term in the Equation 2-14 

converges to zeros. Let’s take alternative equation as follows: 

 
α = |

∅𝑒√1−∅
2

1 + √1 − ∅2
|, 

 

Equation 2-35 

 

and its derivative function is given as follows: 
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𝜕𝛼

𝜕∅
=

{
 

     
√1−∅2𝑒√1−∅

2

1+√1−∅2
,      ∅ ≥ 0

−
√1−∅2𝑒√1−∅

2

1+√1−∅2
,     ∅ < 0

. 

 

Equation 2-36 

 

Equation 2-14 means 𝛼 is a function that monotone decreasing when −1 ≤ ∅ <

0, and monotone increasing when 0 ≤ ∅ < 1. And considering that 

 α(0) = 0, α(1) = α(−1) = 1, Equation 2-37 

 

It is clear that 

 0 ≤ α < 1. Equation 2-38 

 

Thus, it is verified that the Bessel function converges to zeros when the 

number of power, 𝑚, is high enough. Also this verification means this 

converges that Equation 2-14 converges to the analytic solution.  
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2.3 Application in reverse time migration  

 

In this chapter, the idea of reverse time migration (RTM) is discussed. 

The RTM result gives us the information of subsurface by using the simple 

calculation process between forward wavefield which is propagated from 

source and backward wavefield which is propagated from receiver. The idea 

of backward propagation (Baysal, 1983) is considering each receiver as a new 

source with regarding wavefield data as source wavelet. The 2-dimensional 

based RTM image value can be written as follows: 

 𝐼(𝑧, 𝑥) =∑ 𝑓(𝑧, 𝑥, 𝜏)𝑔(𝑧, 𝑥, 𝑇𝑚𝑎𝑥 − 𝜏)
𝑇𝑚𝑎𝑥

𝜏=0
, Equation 2-39 

 

where 𝐼(𝑧, 𝑥) is a RTM image value, 𝑓(𝑧, 𝑥, 𝑡) is a forward wavefield in 

time domain, and 𝑔(𝑧, 𝑥, 𝑡) is a backward wavefield in time domain. Since 

the forward wavefield and backward wavefield is dependent on the numerical 

modeling method, image value accuracy is also highly dependent on the 

numerical modeling method.  

 Even if the calculation process of RTM is considerably simple, there 

is one thing that algorithm developer should consider among the RTM 

calculation process. The problems is the existence of low wavenumber 

contamination (Yoon and Marfurt, 2006; Faqi et al, 2011). To eliminate the 

contamination of RTM, the idea of Poynting vector will be discussed and 

operated in following chapter.  

 Also, it is not enough to obtain the high quality image through the 

RTM algorithm itself. Image filtering skill is needed to enhance the image 

quality to better. So, Laplace filtering algorithm is going to be explained in the 

following sub chapter. 
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2.3.1 RTM with wavefield decomposition 

 

The amplitude of acoustic wavefield is inversely proportional to the 

distance with square power in the 2 dimension region. In other words, 

somewhat large amount of information of both forward wavefield and 

backward wavefield is concentrated near the shallow part of velocity model. It 

also means the undesirable cross-correlation and desirable cross-correlation 

between forward wavefield and backward wavefield.  

Yoon and Marfurt(2006) demonstrated that the low wavenumber image 

contamination is focused on the shallow depth part of velocity structure. To 

effectively eliminate the low wave number image contamination, the idea of 

Poynting vector is implemented. Poynting vector is defined as follows: 

 𝑃𝑜𝑦𝑛𝑡𝑖𝑛𝑔 𝑣𝑒𝑐𝑡𝑜𝑟 =  −𝑣𝑝 =  −∇𝑝
𝜕𝑝

𝜕𝑡
𝑝. Equation 2-40 

 

The low wavenumber contamination effect occurs when angle between 

forward wavefield Poynting vector and backward wavefield Poynting vector 

is larger than 120𝑜. Here, the angle between the forward wavefield and 

backward wavefield can be calculated by using the vector dot product as 

follows: 

  𝜃 = 𝑐𝑜𝑠−1 (
𝑃𝑓.𝑃𝑏

|𝑃𝑓||𝑃𝑏|
), 

Equation 2-41 

 

where 𝜃 is an angle between the forward wavefield and backward wavefield, 

𝑃𝑓 is a poynting vector of forward wavefield, and 𝑃𝑏 is a poynting vector of 
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backward wavefield. So, It is easy to eliminate the wavenumber 

contamination effect by using weighting function given as follows: 

 𝑤(𝜃) = {
1,               𝜃 ≤ 120𝑜

0,             𝑜𝑡𝑒𝑟𝑤𝑖𝑠𝑒
. Equation 2-42 

 

Thus, final RTM algorithm can be written as follows: 

 𝐼(𝑧, 𝑥) =
∑𝑓(𝑧,𝑥,𝜏)𝑔(𝑧,𝑥,𝑇𝑚𝑎𝑥−𝜏)𝑤(𝜃)

∑𝑓(𝑧,𝑥,𝜏)2
. Equation 2-43 

 

And its algorithm is descripted in Figure 2. 
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Figure 2. Flow chart of reverse time migration imaging process. 
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2.3.2 Laplacian Imaging Filtering 

 

  In imaging process, image resolution choice is considerably 

imperative; sometimes image magnifying power is unwanted for 

concentrating the background form, or other case image magnifying power is 

highly counted to focus the clear boundary of imaging condition. Since the 

RTM image process focused on the boundary of different media properties-  

such as velocity value, fault or fold boundary, or other material intrusion, the 

more resolution of RTM image is high, the more result of image condition is 

improved.  

 To increase the resolution of RTM image, Laplacian image filter 

method is implemented. Literally, Laplacian image filter is employing the 

Laplacian operator (i.e second derivative operator) to increase the cleavage 

of RTM image. Laplacian imaging filtering can be written as follows: 

 ∇2𝑓 =
𝜕2𝑓

𝜕𝑥2
+
𝜕2𝑓

𝜕𝑧2
, Equation 2-44 

 

where 𝑓 is an image value. There are two kernels to simulate the Laplacian 

imaging filtering algorithm in 2-dimensional discretized image variable. 

Figure 3 shows two Laplacian kernels that can be implemented into the 

discretized image variable. Figure 3-(a) is simply focused on the second 

derivative of x-axis and z-axis. Figure 3-(b) shows the kernel uses more 

information of adjacent image node not just horizontal and vertical values, 

but also the information of diagonal values. Algorithms of those two kernels 

can be expressed as follows: 
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(a) 

 

(b) 

Figure 3. Two Laplacian imaging filter kernels.  

 

1
st
 Kernel  

 
∇̃2𝑓(𝑥𝑖, 𝑦𝑗) = −(𝑓(𝑥𝑖−1, 𝑦𝑗) + 𝑓(𝑥𝑖+1, 𝑦𝑗) +

𝑓(𝑥𝑖 , 𝑦𝑗−1) + 𝑓(𝑥𝑖, 𝑦𝑗+1)) + 4𝑓(𝑥𝑖 , 𝑦𝑗), 
 

2
nd

 Kernel 

  

∇̃2𝑓(𝑥𝑖, 𝑦𝑗) = −(𝑓(𝑥𝑖−1, 𝑦𝑗−1) + 𝑓(𝑥𝑖−1, 𝑦𝑗) +

𝑓(𝑥𝑖−1, 𝑦𝑗+1) + 𝑓(𝑥𝑖, 𝑦𝑗−1) + 𝑓(𝑥𝑖 , 𝑦𝑗+1 +

𝑓(𝑥𝑖+1, 𝑦𝑗−1) + 𝑓(𝑥𝑖+1, 𝑦𝑗) + 𝑓(𝑥𝑖+1, 𝑦𝑗+1)) +

8𝑓(𝑥𝑖, 𝑦𝑗), 

Equation 2-45 

 

where tilda accented Laplacian means Laplacian operator which omits the 

spatial grid term. 
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Chapter 3 Numerical examples 

 

In this chapter, numerical examples of wave equation solution and 

reverse time migration image which explained in previous chapter are 

presented. Since this paper is structured with modeling part and RTM 

construction, sub-sections are enumerated with PSM modeling part and RTM 

image part.  

In the first sub-section, Numerical solutions of wave equation using 

Jacobi-Anger based PSM in the homogeneous compared by analytic solution 

and numerical wave equation solutions in heterogeneous velocity model (i.e 

synthetic velocity model) are given. In the sub-section, snapshots of several 

time step and receiver data which is obtained by modeling method are given. 

As a Next, RTM result is given in the second sub-section. In this experiment 

synthetic velocity model, Marmousi-2, velocity model is implemented to 

obtain RTM image.  

 

  



 

 
３０ 

 

3.1 Wave equation solution using Jacobi-Anger based 

pseudo spectral method 

 

3.1.1 Homogeneous velocity model 

 

  In this experiment, homogeneous velocity model is implemented to 

evaluate the correctness of Jacobi-Anger based PSM. Since time variable is 

considerably imperative parameter due to the stability condition in hyperbolic 

system PDE problem, several different ∆𝑡 values are used to demonstrate 

how much Jacobi-Anger based PSM is robust in terms of ∆𝑡 value and 5km/s 

and 7km/s homogeneous velocity media. Figure 4-9 shows the snapshot when 

time elapsed 5s. Table 1 shows the parameter value which is implemented in 

this experiment. Table 2 shows the L-∞ error norm between the numerical 

solution and the exact solution. Table 2 shows the numerical solution (Jacobi-

Anger based PSM) is highly accurate, even though the time step calculation is 

highly operated.  
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Table 1 Parameter for 2-D wave equation simulation. Both experiment 

environments are implemented in homogeneous media and three time step 

length value are used for each experiment.    

 1
st
 Experiment  2

nd
 Experiment  

Velocity 5km/s 7km/s 

Nx 500 500 

Nz 500 500 

Grid size 12.5m 12.5m 

Time step length 10ms,20ms,40ms 10ms,20ms,40ms 

Maximum time 2 sec 2 sec 
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(a)                                                       (b) 

Figure 4. Snapshot of 2-Dimensional wave equation with time step length value 10ms in 5km/s homogeneous media. Numeric solution (a) and 

analytic solution (b) at 2 sec. The interval of taking snapshot is 0.5 sec. 
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(a)                                                       (b) 

Figure 5. Snapshot of 2-Dimensional wave equation with time step length value 20ms in 5km/s homogeneous media. Numeric solution (a) and 

analytic solution (b) at 2 sec. The interval of taking snapshot is 0.4 sec. 
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(a)                                                       (b) 

Figure 6. Snapshot of 2-Dimensional wave equation with time step length value 40ms in 5km/s homogeneous media. Numeric solution (a) and 

analytic solution (b) at 2 sec. The interval of taking snapshot is 0.4 sec. 
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(a)                             (b)  

Figure 7. Snapshot of 2-Dimensional wave equation with time step length value 10ms in 7km/s homogeneous media. Numeric solution (a) and 

analytic solution (b) at 2 sec. The interval of taking snapshot is 0.5 sec. 
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(a)                (b) 

Figure 8. Snapshot of 2-Dimensional wave equation with time step length value 20ms in 7km/s homogeneous media. Numeric solution (a) and 

analytic solution (b) at 2 sec. The interval of taking snapshot is 0.5 sec. 
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(a)               (b) 

Figure 9. Snapshot of 2-Dimensional wave equation with time step length value 40ms in 7km/s homogeneous media. Numeric solution (a) and  

analytic solution (b) at 2set. The interval of taking snapshot is 0.4 sec. 
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Table 2. L-∞ error norms between numerical solution and analytic solution of 

1
st
 Experiment and 2

nd Experiment for each time step length. 

  

 10ms 20ms 40ms 

 

1
st
 Experiment 

 

4.313e-02 

 

2.3878e-03 

 

1.4457e-05 

 

2
nd

 Experiment 

 

9.502e-03 

 

3.294e-04 

 

5.3763e-05 
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3.1.2 Heterogeneous velocity model – Marmousi 2 

 

In this sub-section experiment, heterogeneous velocity model is used to 

evaluate the modeling scheme. Basically, Marmousi 2 velocity model (2006) 

is a synthetic velocity model to model a sub-surface environment which is 

highly feasible to simulate the environment that gas or oil is excavated.  

In the Marmousi 2 velocity model, the range of acoustic wave velocity 

value is from 1.028km/s to 4.7km/s with computational 1320x280 node size. 

With this velocity environment, ∆𝑡 value of this experiment is implemented 

as 10ms. Figure 11 and Figure 13 show the seismograms when shot is 

exploded at the center position of free-surface and demonstrate there is no 

dispersion effect on the seismogram. Also, 4 virtual receivers  are placed at 

the 4 diagonal positions from the center of velocity model area. Figure 12 and 

Figure 13 show the four seismic traces in the periodic boundary condition and 

absorbing boundary condition environments.  

By using poynting vector algorithm which is suggested by Yoon and 

Marfurt(2006), poynting vector values are given at Figure 13. Poynting vector 

values are presented as shadow tone, which means the vector values are right 

and down direction when the color values are blight, and the darker color 

means the vector values are left and up direction. 
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Figure 10. Synthetic Marmousi-2 velocity model used in Matlab code. Fliped black triangles represent four receivers 
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Table 3. Parameters used in synthetic heterogeneous Marmousi-2 velocity 

model

 1
st
 Experiment 2

nd
 Experiment 

Domain size 1320x280 1320x280 

Grid size 12.5m 12.5m 

Time step length 10ms, 20ms, 40ms 10ms, 20ms, 40ms 

Maxtime 3sec 3sec 

Boundary condition Periodic B.C Absorbing B.C 
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(a) 
 

(b) 
 

(c) 

Figure 11. Seismogram of Marmousi-2 model wave propagation without absorbing boundary condition. Each time step value is 10ms (a), 

20ms (b), and 40ms (c) 
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 12 Seismic traces(periodic boundary condition experiments) of each receiver position.  
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Figure 13. Seismogram of Marmousi-2 model wave propagation with absorbing(PML) boundary condition. Each time step value is 10ms (a), 

20ms (b), and 40ms(c) 

 
(a) (b) (c) 
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 14 Seismic traces(absorbing boundary condition experiments) of each receiver position. 
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(a) 

 
 

(b) 

Figure 15. Poynting vector values of Marmousi-2 model snapshot. (a) represents the horizontal direction and (b) represents the vertical 

direction.  
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3.2 Reverse time migration image 

 

In this sub-section, RTM image of two experiment is given, the one is 

Marmousi-2 velocity model and the other one is BP-2004 bench mark 

synthetic model. As mentioned above, Marmousi-2 model is highly feasible to 

simulate the subsurface, since Marmousi-2 velocity model has complicated 

geological properties; such as fold, fault, and salt intrusion that has a high 

chance to conserve oil and gas. Also, BP-2004 velocity model is meaningful 

synthetic velocity model, due to the fact that BP model is challenged velocity 

structure, because the amount of salt intrusion is almost half of its synthetic 

velocity area. Thus, both synthetic velocity models are challenged and 

meaningful in the subsurface imaging condition. 

In both experiments, RTM image without any special condition is given 

firstly, after that the snapshot of Poynting vector in modeling process, final 

Poynting vector filtered RTM image is given.  
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3.2.1 Marmousi-2 velocity model 

 

Unlike above chapter, this experiment object is focused on the most 

complicate part, especially fold, fault, and salt intrusion gathered velocity part. 

In this experiment, Ricker wavelet is implemented for the source wavelet. 

Gaussian function is given to source; 𝑓(𝑧, 𝑥) = 𝑒−240((𝑥−𝑠𝑜𝑢𝑟𝑐𝑒)
2+(𝑧−𝑑𝑒𝑝𝑡)2). 

Model parameters are as follows: node size-370x120, grid size-0.0125(km), 

max time value-2.5(sec), time step length-0.01(sec). Since the time step length 

is given as 10ms, nyquist frequency that depends on the time step length is 

50Hz. After obtaining the unfiltered image data, Laplacian filtering which 

diagonal information contained kernel algorithm is implemented. Figure 14-a 

shows unfiltered RTM image. As shown, image condition is somewhat blurred 

in fault and fold structures are concentrated image part. Figure 14-c shows 

Laplacian filtered RTM image. Compared to the Figure14-b, RTM filtered 

image offers the more cleared image condition so that fault, fault and salt 

intrusion structure is highlighted.
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(a) 

 
(b) 

 
(c) 

Figure 16. Marmousi-2 velocity model for RTM experiment. Synthetic velocity 

model (a), migration image without filtering (b), and filtered migration image (c).  
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3.2.2 BP 2004 velocity model 

 

In BP experiment, parameters are used as follows: node size-700x190, 

grid size-0.0125(km), max time value-2.5(sec), time step length-0.01(sec). 

Since time step length is 10ms, nyquist frequency is 50Hz as same as previous 

experiment. Also, Ricker wavelet is implemented for the source wavelet and 

Gaussian function is given to source; 𝑓(𝑧, 𝑥) = 𝑒−240((𝑥−𝑠𝑜𝑢𝑟𝑐𝑒)
2+(𝑧−𝑑𝑒𝑝𝑡)2).  

Figure 14-a shows BP velocity model which is used for this experiment. 

Figure 14-b shows normal RTM image that contains low-frequency 

contamination effect occurs. After taking Poynting vector decomposing and 

filtering process, the low-frequency contamination is considerably eliminated 

in upper part of salt dome, as shown at Figure 14-c. Thus, vector decomposing 

and imaging filtering is highly effective to eliminate the low-frequency 

contamination in BP velocity model as shown, and deeper part is not 

contaminated because of the Jacobi-Anger based PSM accuracy.  
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(a) 

(b) 

(c) 

Figure 17. BP 2004 salt dome velocity model for RTM experiment. Synthetic 

velocity model (a), RTM image without filtering process (b), and filtered RTM 

image (c). 
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Chapter 4 Conclusions 

 

In this paper, new algorithm of RTM in time domain wave equation 

modeling method based on Jacobi-Anger expansion PSM algorithm. PSM is 

highly accurate modeling scheme, in terms of space. To calculate the wave 

equation exactly in terms of time, Jacobi-Anger expansion based modified 

mathematical equation is used for the wave equation simulation.  

By comparing the numerical solution and analytical solution, the Jacobi-

Anger expansion based PSM gives us the highly accurate numerical wave 

equation solution. Also, time step length variable condition, one of the most 

imperative variables in the hyperbolic equation, is more generous compared to 

the other FDM, since the stability region of PSM is larger than that of FDM. 

Due to this factor, wave equation can be solved with highly stable and 

accurate and free of dispersion, even if taking high time step variable value. 

However, further researches are needed to simulate somewhat complicate 

environment which occurs in the subsurface, since the wave equation 

modeling method is based on PSM – wave equation is naturally cycles in the 

PSM at the imagine computation boundary without any special boundary 

condition. Thanks to 1
st
 order system wave equation is easy to construct the P 

erfectly Matched Layer (i.e PML) boundary condition, wave equation 

modeling in the unlimited half space domain operates, so that this perspective 

is able to act the one of effective and accurate modeling method to building 

FWI(Full Waveform Inversion) and RTM.  

 As a second part of this paper, RTM has discussed. To build the 

Migration image, forward wavefield and backward wavefield are required. 
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Accuracy and clearance of image condition highly depends on the modeling 

scheme, since both wavefield could be obtained by computational calculation. 

Unlike FD scheme, PSM source addition should act on the Gaussian area. The 

reason is that pressure value distorts when point source value which acts as a 

delta function invades wavenumber domain boundary during Fourier 

transformation. To seek the stability condition in the source addition problem, 

the more Gaussian curve smooth, the better value is acquired. However, sharp 

and clear image condition also depends on the sharpness of Gaussian function. 

Since two properties of Gaussian source function at the PSM conflict each 

other, further research is needed to find out the optimal Gaussian function 

value.  

 Conventionally, RTM has its own weakness due to the low-

wavenumber noise problem which mostly occurs at the shallow part of 

velocity model and upper part of salt. To eliminate this problem, wavefield 

decomposition method based on the poynting vector method. Reflection angle 

is obtained by simple dot product calculation and improved image value in 

terms of clearness with reflection angle condition. BP 2004 salt model is one 

of the typical example of RTM noise condition. The poynting vector based 

wavefield decomposing RTM result shows pointing vector based 

decomposing method considerably eliminates the contaminating image value. 

 Even though the PSM wave equation simulation has several virtues 

such as high accuracy and generous time step length variable condition, PSM 

modeling scheme and RTM process are needed to be modified, because of its 

tremendous computational cost. Since Jacobi-Anger based PSM wave 

equation modeling scheme seeks temporal accuracy with expansion power, 

the computational cost is increased naturally. To reduce this computational 
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cost, Alternative expansion method for approximating exponential term in 

analytic solution form of hyperbolic system should be researched. It is 

expected that RTM computational cost would be decreased considerably 

perhaps alternative PSM based wave equation modeling scheme which 

guarantee the accuracy of wave equation solution and generous time step 

variable is developed.  
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Appendix 

A.1 Absorbing boundary condition 

 

In the engineering simulation problem, the utmost purpose of modeling 

scheme is simulating nature phenomenon without any awkward. In this paper, 

the main idea of modeling scheme is heading to simulating wave equation, 

which occurs in the subsurface. In the nature environment, the pressure field 

propagates in the almost unlimited boundary area. It means there are no 

reflection waves or periodically repeated wave at the imaginary boundary that 

separate between objective area and unwanted area in the subsurface. 

Unfortunately, the wavefield which is modeled by pseudo spectral method is 

naturally periodically repeated at the imaginary boundary. Without eliminate 

this unwanted wavefield, no matter how the modeling scheme is perfect, the 

final results, such as wave form inversion or migration, would be 

contaminated by these unwanted wavefields that only occurs at the computer 

based modeling calculation. Thus, it is mandatory to apply special method 

that eliminates these unwanted wavefields naturally as much as possible. In 

this chapter, Perfectly Matched Layer (i.e. PML) boundary condition is 

discussed for simulating the absorbing boundary condition. 

To apply the PML boundary condition, the process that changes the 

partial derivative operator which makes the amplitude of wavefield decaying 

exponentially as follows:  

 
𝜕

𝜕�̃�
=

1

1+
𝜎(𝑥)

𝑖𝜔

𝜕

𝜕𝑥
, 

Equation A-1 
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where 𝑖 is imaginary number (i.e 𝑖 = √−1), 𝜔 is an angular frequency, and 

damping term, 𝜍(𝑥), is a conditioned positive number which is defined as 

follows: 

 

 

𝜍(𝑥)

= {
 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑛𝑢𝑚𝑏𝑒𝑟, 𝑥 = 𝑖𝑛𝑠𝑖𝑑𝑒 𝑜𝑓 𝑎𝑏𝑠𝑜𝑟𝑏𝑖𝑛𝑔 𝑎𝑟𝑒𝑎

0, 𝑥 = 𝑜𝑢𝑡𝑠𝑖𝑑𝑒 𝑜𝑓 𝑎𝑏𝑠𝑜𝑟𝑏𝑖𝑛𝑔 𝑎𝑟𝑒𝑎
. 

Equation A-2 

 

The term, 𝜍(𝑥), means that wave equation propagates naturally in the inside 

of absorbing area and wave equation is absorbed exponentially in the inside of 

PML area. The ‘exponentially absorbed’ description can be induced by simple 

calculation as follows:  

𝜕𝑝

𝜕𝑡
= −𝜌𝑐2

𝜕𝑢

𝜕�̃�
 

 
                        = −𝜌𝑐2

1

1+
𝜎(𝑥)

𝑖𝜔

𝜕𝑢

𝜕𝑥
, 

 

Equation A-3 

 

𝜕𝑢

𝜕𝑡
= −1/𝜌

𝜕𝑝

𝜕�̃�
 

 
                               = −1/𝜌(

1

1+
𝜎(𝑥)

𝑖𝜔

)
𝜕𝑝

𝜕𝑥
. 

 

Equation A-4 

 

After taking the fourier transformation in the time variable and modulating 

several variables Equation A-5 and Equation A-6 changed into respectively as 

follows: 

 𝑖𝜔�̃� = −𝜌𝑐2
𝜕�̃�

𝜕𝑥
− 𝜍(𝑥)�̃�, Equation A-5 
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 𝑖𝜔�̃� = −1/𝜌
𝜕�̃�

𝜕𝑥
− 𝜍(𝑥)�̃�, Equation A-6 

 

where tilda accented variables represent the fourier transformed variable. 

Finally, Equation A-5 and Equation A-6 can be combined and descripted into time-

space domain after taking the inverse fourier transformation process wave 

equation system equation as follows: 

 
𝜕

𝜕𝑡
*
𝑝
𝑣
+ = [

−𝜍(𝑥) −𝜌𝑐2
𝜕

𝜕𝑥

−1/𝜌
𝜕

𝜕𝑥
−𝜍(𝑥)

] *
𝑝
𝑣
+. Equation A-7 

 

Since the damping term is positive number in absorbing area and the solution 

form of 1
st
 order differential equation, pressure field and particle velocity 

amplitude exponentially decreased in the absorbing area. Thus, the solution of 

this equation system can be enumerated by following Figure 20. 

 

 

Figure 18. Idea of PML layer. While the amplitude of wavefield is conserved 

inside of PML area, the amplitude is dissipated at the PML boundary. 
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A.2 Analytic Solution 

 

  It is able to derive the analytic wave equation solution in the 

homogeneous model by using PS method. In this appendix, the analytic 

solution of wave equation in the 1D condition is discussed. Although it is able 

to expand to the higher dimension wave equation, higher dimension 

discussion is omitted since it demands a lot of description and it can be 

followed by the 1D inducement approach. This paragraph descripted the 

analytic solution which combining periodic boundary condition. 

    1 dimensional system of equation can be descripted as follows: 

 
𝜕

𝜕𝑡
*
𝑝
𝑣
+ = [

0 −𝜌𝑐2
𝜕

𝜕𝑥

−1/𝜌
𝜕

𝜕𝑥
0

] *
𝑝
𝑣
+. Equation A-8 

 

As a next step, Equation A-9 can be transformed by taking the fourier 

transformation as follows: 

 
𝜕

𝜕𝑡
*
�̃�
�̃�
+ = [

0 −𝜌𝑐2𝑖𝑘𝑥
−𝑖𝑘𝑥/𝜌 0

] *
�̃�
�̃�
+, Equation A-9 

 

where 𝑖 is complex number (i.e 𝑖 = √−1),  and tilda accented variables 

represent Fourier transformed variables. Then Equation A-9 can be rewritten as 

simple linear equation form into the combination of vector and matrix as 

follows: 

 

𝜕�̃�

𝜕𝑡
= 𝑀�̃�. 

 

Equation A-10 
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It is possible to derive following equation as follows: 

 �̃� = 𝑒𝑀𝑡�̃�0. Equation A-11 

 

In order to progress further step, the exponential combined matrix 

elements should be defined. Thanks to diagonal matrix decomposition, those 

elements can be induced by several calculation steps. Matrix 𝑀  is 

diagonalizable matrix, so that it is descripted to as follows: 

 𝑀 = 𝑋𝐷𝑋−1 Equation A-12 

 

where 𝑋 is eigenvector matrix, and 𝐷 is eigenvalue diagonal matrix. Before 

apply this diagonalizable property in to the Equation A-13, exponential matrix 

can be written by taking Taylor expansion step as follows: 

𝑒𝑀 = 𝐼 + 𝑋𝐷𝑋−1 +
1

2!
𝑋𝐷2𝑋−1 +⋯

1

𝑛!
𝑋𝐷𝑛𝑋−1 

= 𝑋 [𝐼 + 𝐷 +
1

2!
𝐷2 +⋯

1

𝑛!
𝐷𝑛] 𝑋−1 

                  = 𝑋𝑒𝐷𝑋−1, Equation A-14 

 

where 𝐼 is an identity matrix. Among this variables, the time, 𝑡, acts as a 

constant value. Thus, Equation A-15 is equal to as follows: 

 

                 �̃� = 𝑒𝑀𝑡�̃�0 

=
1

√1 + (𝜌𝑐)2
*
−𝜌𝑐 𝜌𝑐
1 1

+ [𝑒
𝑖𝑐𝑘𝑥𝑡 0
0 𝑒−𝑖𝑐𝑘𝑥𝑡

]
√1 + (𝜌𝑐)2

2
*
−𝜌𝑐 𝜌𝑐
1 1

+ �̃�0 

 =
1

2
*
(𝜌𝑐)2𝑒𝑖𝑐𝑘𝑥𝑡 + (𝜌𝑐)𝑒−𝑖𝑐𝑘𝑥𝑡 −(𝜌𝑐)2𝑒𝑖𝑐𝑘𝑥𝑡 + (𝜌𝑐)𝑒−𝑖𝑐𝑘𝑥𝑡

−(𝜌𝑐)𝑒𝑖𝑐𝑘𝑥𝑡 + 𝑒−𝑖𝑐𝑘𝑥𝑡 (𝜌𝑐)𝑒𝑖𝑐𝑘𝑥𝑡 + 𝑒−𝑖𝑐𝑘𝑥𝑡
+ �̃�0. Equation 0-16 
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So far, this equation is deployed in the time-wave number domain. 

The last step to obtain analytic solution is taking the inverse fourier 

transformation. Thus, the final form of analytic solution of acoustic wave 

equation is as follows: 

           y(t)= 

 𝐹𝐹𝑇−1 (
1

2
*
(𝜌𝑐)2𝑒𝑖𝑐𝑘𝑥𝑡 + (𝜌𝑐)𝑒−𝑖𝑐𝑘𝑥𝑡 −(𝜌𝑐)2𝑒𝑖𝑐𝑘𝑥𝑡 + (𝜌𝑐)𝑒−𝑖𝑐𝑘𝑥𝑡

−(𝜌𝑐)𝑒𝑖𝑐𝑘𝑥𝑡 + 𝑒−𝑖𝑐𝑘𝑥𝑡 (𝜌𝑐)𝑒𝑖𝑐𝑘𝑥𝑡 + 𝑒−𝑖𝑐𝑘𝑥𝑡
+ 𝐹𝐹𝑇(y0)). 

Equation 
A-17 
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A.3 Jacobi-Anger based PSM Matlab code  

 

clc; clear all; close all; 

  
% parameter setting 
thickness = 20; 

  
Nx = 500+2*thickness; 
Nz = 500+2*thickness; 
dx = 0.0125; 
dz = 0.0125; 

  
Lx = Nx*dx; 
Lz = Nz*dz; 

  
x       = dx*[1:Nx]'; 
z       = dz*[1:Nz]; 
[xx zz] = meshgrid(x,z); 

  
kx0     = 2*pi/Lx*[0:Nx/2-1 0 -Nx/2+1:-1]; 
kz0     = 2*pi/Lz*[0:Nz/2-1 0 -Nz/2+1:-1]; 
[kx kz] = meshgrid(kx0,kz0); 

  
dt   = 0.01; 
Tmax = 3; 
nt=round(Tmax/dt); 

  
dum=vel; 

  
% variable setting 
presx_pres  = zeros(Nz,Nx); 
presx_post  = zeros(Nz,Nx); 
presz_pres  = zeros(Nz,Nx); 
presz_post  = zeros(Nz,Nx); 
vx_pres      = zeros(Nz,Nx); 
vx_post      = zeros(Nz,Nx); 
vz_pres      = zeros(Nz,Nx); 
vz_post      = zeros(Nz,Nx); 
presx_cheb1 = zeros(Nz,Nx); 
presx_cheb2 = zeros(Nz,Nx); 
presx_cheb3 = zeros(Nz,Nx); 
presz_cheb1 = zeros(Nz,Nx); 
presz_cheb2 = zeros(Nz,Nx); 
presz_cheb3 = zeros(Nz,Nx); 
vx_cheb1     = zeros(Nz,Nx); 
vx_cheb2     = zeros(Nz,Nx); 
vx_cheb3     = zeros(Nz,Nx); 
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vz_cheb1     = zeros(Nz,Nx); 
vz_cheb2     = zeros(Nz,Nx); 
vz_cheb3    = zeros(Nz,Nx); 

  
% initial setting 
presx_pres  = exp(-240*((xx-(Nx/2)*dx).^2+(zz-

(Nz/2)*dz).^2)); 
presz_pres  = presx_pres; 

  
% physical material properties 
density   = ones(Nz,Nx); 
vel       = 5*ones(Nz,Nx); 

  
for ix=thickness+1:Nx-thickness 
    for iz=thickness+1:Nz-thickness 
         vel(iz,ix) = dum(iz-thickness,ix-thickness); 
    end 
end 
clear dum 

  
for iz=1:thickness 
    vel(iz,:)       = vel(thickness+1,:); 
    vel(Nz-(thickness-iz),:) = vel(Nz-thickness,:); 
end 
for ix=1:thickness 
    vel(:,ix)       = vel(:,thickness+1); 
    vel(:,Nx-(thickness-ix)) = vel(:,Nx-thickness); 
end 

  
% PML condition 
sig_x   = zeros(Nz,Nx); 
sig_z   = zeros(Nz,Nx); 
strength= 0.5*max(max(vel))/dx;  

 
for ix = 1 : Nx 
    for iz = 1 : Nz 
        if ix <= thickness 
            sig_x(iz,ix) = strength * ((thickness-

ix)/thickness).^2; 
        elseif ix >= Nx-thickness+1 
            sig_x(iz,ix) = strength * ((ix-(Nx-

thickness+1))/thickness).^2; 
        elseif iz <= thickness 
            sig_z(iz,ix) = strength * ((thickness-

iz)/thickness).^2; 
        elseif iz >= Nz-thickness+1 
            sig_z(iz,ix) = strength * ((iz-(Nz-

thickness+1))/thickness).^2; 
        end 
    end 
end 
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R    = pi*max(max(vel))*sqrt(1/dx^2+1/dz^2); 
n_pd = ceil(R*dt/0.8)+1  

  
% time calculation 
for it = 1:nt 

     
    % K = 0 
    besJ        = besselj(0,R*dt); 
    presx_cheb1 = presx_pres; 
    presz_cheb1 = presz_pres; 
    vx_cheb1    = vx_pres; 
    vz_cheb1    = vz_pres; 
    presx_post  = 1*besJ*presx_cheb1; 
    presz_post  = 1*besJ*presz_cheb1; 
    vx_post     = 1*besJ*vx_cheb1; 
    vz_post     = 1*besJ*vz_cheb1; 

     
    % K = 1 
    besJ        = besselj(1,R*dt); 
    presx_cheb2 = 1/R*(-sig_x.*presx_pres-

density.*vel.^2.*real(ifft2(i*kx.*fft2(vx_pres))+ifft2(i*

kz.*fft2(vz_pres)))); 
    presz_cheb2 = 1/R*(-sig_z.*presz_pres-

density.*vel.^2.*real(ifft2(i*kz.*fft2(vz_pres))+ifft2(i*

kx.*fft2(vx_pres)))); 
    vx_cheb2    = 1/R*(-sig_x.*vx_pres-

1./density.*real(ifft2(i*kx.*fft2(presx_pres)))); 
    vz_cheb2    = 1/R*(-sig_z.*vz_pres-

1./density.*real(ifft2(i*kz.*fft2(presz_pres)))); 
    presx_post  = presx_post+2*besJ*presx_cheb2; 
    presz_post  = presz_post+2*besJ*presz_cheb2; 
    vx_post     = vx_post+2*besJ*vx_cheb2; 
    vz_post     = vz_post+2*besJ*vz_cheb2; 

     
    % K polynomial expansion 
    for k= 2 : n_pd 
        besJ        = besselj(k,R*dt); 
        presx_cheb3 = 2/R*(-sig_x.*presx_cheb2-

density.*vel.^2.*real(ifft2(i*kx.*fft2(vx_cheb2))+ifft2(i

*kz.*fft2(vz_cheb2))))+presx_cheb1; 
        presz_cheb3 = 2/R*(-sig_z.*presz_cheb2-

density.*vel.^2.*real(ifft2(i*kz.*fft2(vz_cheb2))+ifft2(i

*kx.*fft2(vx_cheb2))))+presz_cheb1; 
        vx_cheb3    = 2/R*(-sig_x.*vx_cheb2-

1./density.*real(ifft2(i*kx.*fft2(presx_cheb2))))+vx_cheb

1; 
        vz_cheb3    = 2/R*(-sig_z.*vz_cheb2-

1./density.*real(ifft2(i*kz.*fft2(presz_cheb2))))+vz_cheb

1; 
        presx_post  = presx_post+2*besJ*presx_cheb3; 
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        presz_post  = presz_post+2*besJ*presz_cheb3; 
        vx_post     = vx_post+2*besJ*vx_cheb3; 
        vz_post     = vz_post+2*besJ*vz_cheb3; 

         
        % Chebyshev polynomial marching 
        presx_cheb1 = presx_cheb2; 
        presx_cheb2 = presx_cheb3; 
        presz_cheb1 = presz_cheb2; 
        presz_cheb2 = presz_cheb3; 
        vx_cheb1    = vx_cheb2; 
        vx_cheb2    = vx_cheb3; 
        vz_cheb1    = vz_cheb2; 
        vz_cheb2    = vz_cheb3; 
    end 

     
    presx_pres = presx_post; 
    presz_pres = presz_post; 
    vx_pres    = vx_post; 
    vz_pres    = vz_post; 

     
end 
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국 문 초 록 

 

석유산업에서 지하 매질의 구조를 파악하기 위하여 물리적인 

탐사의 방법의 일환인 탄성파 탐사를 이용한다. 탐사 데이터와 완전 

파형 역산법을 이용하여 얻어낸 지하매질의 탄성파 속도값을 

획득한 뒤 수치적인 음향파동방정식을 수행 할 수 있다. 송신원에서 

파원이 퍼져나가는 방법을 모사한 전향 파동장과, 수신기에서 

획득한 데이터를 파원으로 퍼져나가는 방법을 모사한 후향 

파동장을 서로 컨볼루션(Convolution)의 연산을 수행하여 역시간 

구조보정 영상을 획득 할 수 있다. 완전파형역산의 단계와 역시간 

구조보정 영상을 획득하는 과정에서 파동방정식의 수치적 풀이에 

대하여 정확도가 그 결과에 지대한 영향을 미치게 된다. 본 

연구에서는 편미분방정식의 문제 중 쌍곡형문제의 풀이로써 

‘자코비-앵거(Jacobi-Anger)’ 전개의 방식을 기본으로 한 유사 

스펙트럼방법을 이용하였다. 위 방법을 통하여 파동방정식의 수치적 

해법에 따라 나올 수 있는 문제점인 안정성과 분산의 문제가 

획기적으로 줄어듬과 동시에 해석해와의 오차가 상당히 작은 

수준으로 낮아짐을 확인하였다.  

위의 정확한 파동방정식의 수치해법을 이용하여 역시간 

구조보정을 시행하였을 때, 특별한 조작이 없이는 역시간 

구조보정의 영상에서 발생하는 문제점인 저주파수 잡음문제와 
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영상값의 경계값이 뚜렷이 나타나지 않는 점이 풀어야할 

문제점으로 남아있다. 본 연구에서는 이 문제를 해결하기 위하여 

‘포인팅 벡터’를 이용하여 저주파수의 잡음을 없애고, 영상값의 

이차미분값을 이용한 ‘라플라시안 필터링’을 이용하여 영상값의 

경계값들이 더욱 선명해지는 효과를 두 개의 합성속도모델 

실험에서 확인하였다. 첫번째 합성 속도모델인 Marmousi 

모델에서는 단층, 습곡 및 암염 침투구조의 경계선이 뚜렷이 나타나 

주어진 속도구조처럼 영상값의 해상도가 상당부분 높아짐을 확인 

하였으며, BP salt dome모델에 대하여 암염돔 층 위에서 크게 

나타나는 저 주파수 잡음의 현상이 효과적으로 사라지는 것을 

확인하였다.  

 

주요어: 자코비-앵거 전개법, 유사 스펙트럼 미분법, 수치 분산, 수치 

안정성, 역시간 구조보정, 포인팅 벡터, 영상 필터링 

학번 : 2016-20472 
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