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Abstract  
 

 

In reactor core analyses, Direct Whole Core (DWC) calculations employing no 

essential approximations are now feasible owing to the continued advance in 

computer performance. Nonetheless, the conventional two-step (2S) core calculation 

procedure has indispensable merits due to its far lower cost than DWC calculations. 

Since two-step core analyses employing B1 critical leakage correction provides 

acceptable accuracy, it has been adopted as the standard procedure for reactor design 

analyses in the nuclear industry for a long period of time. However, it has not drawn 

sufficient attention that the neighbor-irrelevant correction of B1 induces biased 

reactivity errors and checkerboard-like power distribution errors. In this work, it is 

demonstrated the drawbacks of the B1 method need to be overcome by better leakage 

correction to improve the accuracy of the two-step core analyses. 

Previously, Palmtag devised the Spectral Correction Method which assumes 

that the difference in few-group constants (GCs) between zero leakage and non-zero 

leakage cases is proportional to the leakage-to-removal ratio. However, as the 

method adopted the B1 method to simulate leakage conditions, it was impossible to 

properly reflect the leakage effects in actual cores. In this regard, an advanced 

leakage correction method named Leakage Feedback Method (LFM) is devised here 

which uses checkerboard colorsets as better representations of the actual core 

conditions. One novelty of the new method is to use both fast and thermal leakage 

fractions as the functionalization parameters based on the observation that the fast 

group cross-sections show strong dependency on thermal leakage as well. Another 

uniqueness of the method is the special treatment for peripheral assemblies which 

have quite different leakage characteristics than the interior assemblies due to the 

presence of the reflector. The Peripheral Assembly Treatment (PAT) scheme devised 

here employs spectral index (SI) shift as a measure of the shift in the fast-to-thermal 

flux ratio as an additional functionalization parameter. 
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LFM with PAT is implemented in the nTRACER-RENUS two-step core 

analysis system. The performance of the advanced two-step method is evaluated 

through a series of assessments for various problems including the BEAVRS and the 

VERA benchmark cores, AP1000 and APR1400 core, and also a small modular 

reactor core. Especially for the APR1400 core model, thermal feedback, depletion, 

and control rod insertion cases are additionally analyzed. Through all the cases, it is 

verified that RENUS augmented with the new leakage feedback method renders 

reactivity errors less than 50 pcm and assembly-wise power RMS errors less than 

0.8 % when compared against the nTRACER direct whole core calculation results. 

It is noted that the corresponding values of the conventional approach are 150 pcm 

and 1.5 %, respectively. 

Considering the advantage of the low cost of the transport calculations for two-

dimensional checkerboard problems needed for the generation of the leakage 

correction functions and the simple concept and implementation procedure of the 

LFM method, it is possible to effectively enhance the accuracy of a two-step 

procedure. As a transitional method between the assembly-wise two-step method 

and the DWC method, the pin-wise two-step calculation methods are being 

developed these days for the next-generation practical core analysis codes. The 

concepts of LFM and PAT can be adapted to the pin based two-step procedure. 

Meanwhile, some of the DWC codes achieved execution times less than 5 minutes 

for a single state core calculation on massively parallel cluster machines. But it might 

take at least a decade to make it possible to utilize that kind of huge machines for 

routine design calculations. Thus, this advanced two-step method will remain 

effective in the industry for a sufficiently long time. 
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Chapter 1. Introduction 
 

 

The recent trend in the development of reactor analysis methods is to refine core 

calculation by employing high fidelity models such as the Direct Whole Core (DWC) 

calculation or the pin-by-pin Simplified P3 (SP3) models. This is to enhance the 

solution accuracy by overcoming the inherent limitations of the conventional two-

step (2S) procedure through the use of better models on high-performance computers 

which becomes more affordable. There is, however, still a clear need for two-step 

calculations due to its fastness which is essential in actually conducting core design. 

Note that tens of thousands of core calculations are necessary during the stage of fuel 

loading pattern design and for the generation of various core characteristics data for 

the selected design. It is thus beneficial to improve the accuracy of the conventional 

two-step procedure to exploit the advantage of fast execution with a better prediction 

capability. 

The error involved in the 2S calculation, which can be defined as the difference 

between a two-step solution and the corresponding DWC solution, comes from the 

following inherent limitations:  

- lower order governing equation (diffusion approximation) 

- homogenization and group condensation of assembly-wise cross sections 

(XS) without proper consideration of leakage 

- single channel assembly thermo-hydraulic (T/H) calculation and fuel 

temperature feedback with effective temperature 

- homogenized and simplified depletion  

- flux separability assumption (pin power reconstruction) 
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Among these, the most important cause of the error in the two-step calculation 

is the use of homogenized few-group XSs because the energy spectrum and spatial 

distribution used in the condensation and homogenization procedure are quite 

different from the actual ones realized in the core calculation. Although the B1 

critical leakage correction is widely used to account for global leakage, it is not 

sufficient in that it is not able to capture group dependent leakage which can occur 

in opposite directions for the fast and thermal energy groups. In this regard, the 

Leakage Feedback Method (LFM), which is to correct the homogenized two-group 

(2G) XS by reflecting the actual group dependent leakage in the core, is set as the 

major topic in this work. The dependence of homogenized 2G XS on group-wise 

leakages is investigated thoroughly and a proper functionalization scheme is devised 

with a proper feedback scheme. Especially, for peripheral assemblies (PAs) whose 

leakage characteristics are quite different from the interior ones, a separate 

functionalization scheme is applied because it turned out that even small errors in 

the XSs of the PAs can result in nontrivial radial power tilt. In the final leakage 

correction model, a spectral index (SI) shift is used as an additional parameter for 

the functionalization for PAs.   

For the performance assessment, analyses of various problems starting from a 

simple checkerboard to a 3D full power depletion are performed. In this work, the 

nTRACER-RENUS code system of Seoul National University [1,2] is used. 

nTRACER [1] is a direct whole core calculation code employing the planar method 

of characteristics (MOC) within the three-dimensional (3D) coarse mesh finite 

difference (CMFD) formulation. nTRACER can provide the DWC reference 

solution and also the homogenized and condensed few-GCs through assembly lattice 

calculations or core calculations. RENUS [2] is a nodal code that solves the multi-

group (MG) neutron diffusion equation employing the source expansion nodal 

method (SENM) within the two-level CMFD framework. Between nTRACER and 

RENUS, there is a linkage code called N2R (nTRACER-to-RENUS) [3] [4] that 
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generates tabulated few-GCs libraries from nTRACER outputs.  

The novelty of this work is in the systematic validation of advanced leakage 

feedback correction method in various conditions ranging from the base condition 

without thermal feedback to full power depletion and control rod inserted problems. 

The consistent use of the code system helps the rigorous validation of the newly 

devised method as isolated as possible from the unintended source of errors. 

Systematic error analyses on the two-step procedure would be valuable for the 

further study since the nuclear industries seldom published subtle details of the two-

step procedure while keeping them as their know-how. During the error analyses, the 

reason for the acceptable errors of the conventional B1 method is revealed and that 

was due to a proper correction on down-scattering XS for peripheral assemblies 

while the errors for other XSs canceled out each other. The application of this work 

is not limited to conventional assembly-wise two-step calculations but also has an 

open possibility to be applied to pin-wise two-step calculations which have potential 

merits in enhancing the accuracy of pin wise information. 
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1.1 Previous Researches 
 

 

According to the Generalized Equivalence Theory (GET) [5], it is possible to 

generate an accurate a two-step procedure solution this is equivalent to a direct whole 

core transport solution (higher order solution) although the two-step procedure 

employs lower order methods such as diffusion or SP3 methods involving 

homogenization and group condensation. But it is possible only when the followings 

are known: exact few-group XSs obtained from the higher order flux solutions and 

proper equivalence factors such as flux Discontinuity Factors (DFs) or SuPer 

Homogenization factor (SPHs). It is not, however, possible to know in advance the 

core solution in the practical application of two-step approach. Thus numerous 

methods were developed to properly obtain and correct few-group XSs and also 

equivalence factors. 

For the generation of few-group XSs, assembly-wise infinite lattice calculations 

are performed to approximate the core condition. However, since there is no leakage 

in the single assembly (SA) infinite lattice condition, single assembly based 

homogenized and group condensed few-group constants (SA GCs) are different from 

the Core-generated-GCs (Core GCs or Reference GCs) that are generated at an actual 

core condition.  

The approaches for the correction can be categorized into three: 1) spectral 

correction which is to obtain a pseudo core spectrum for the group condensation, 2) 

the spatial correction which is to catch the heterogeneity inside an assembly, and 3) 

the combined correction which does both spectral and spatial correction at the same 

time. Since the difference between the assembly and core based XSs basically comes 

from the leakage along the lattice boundary due to the presence of non-identical 

neighbors in the core, the corrections are called leakage correction. In some 

researches, the word neighbor is used instead of leakage. Various leakage correction 
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methods were developed to properly obtain and correct GCs to be similar as Core 

GCs. 

For the spatial correction, Smith [6] introduced a rehomogenization technique 

which is based on the flux separability assumption. The flux separability assumption 

is one of the important ideas of the two-step procedure claiming that the 

heterogeneous flux can be expressed by the product of the homogeneous flux and 

the form function. 

 ( ) ( ) ( )Het FF Hom   r r r . (1.1) 

The most common spectral correction that has been employed for a long time 

is the B1 critical leakage correction method [7]. To evaluate the B1 critical spectrum, 

critical buckling iteratively is searched for a 0-dimensional problem constructed with 

homogenized multigroup XSs. But this method has a limitation that the group 

independent buckling is used throughout the whole energy range. Both that the 

direction and amount of leakage must be group dependent in a heterogeneous reactor. 

Smith also mentioned on that “B1 spectrum calculation should not be used in 

commercial LWR analysis.” [8] 

Instead of using the conventional B1 critical spectrum, alternative methods were 

developed by Palmtag [9] in order to properly reflect the leakage effect induced by 

neighbors. He suggested the method to perform spectral correction on homogenized 

XSs. Prior to the spectral correction, the improved rehomogenization method was 

adopted. The only difference in the improved rehomogenization is that it uses 

reconstructed heterogeneous flux instead of homogenous flux. The spectral 

correction consists two parts: the leakage correction and the asymptotic spectrum 

correction. The leakage correction was based on the assumption that XS differences 

are linearly proportional to the leakage-to-removal fraction (the term in brackets in 

Eq. (1.2)) of its own group as:  
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The target of this leakage correction was limited to the fast group cross-sections. 

There were two reasons. First, from several test studies, he noticed that the thermal 

absorption and the thermal fission cross-section errors induce the opposite 

directional error on the core solution which results in the error cancellation. Secondly, 

since the mean-free-paths of thermal neutrons cover a smaller range than the 

homogenization domain, the cross-section at the inner part of assembly does not 

affect much the leakage effect. However, thermal cross-sections were corrected via 

asymptotic spectrum correction. The asymptotic spectrum correction assumes that 

the cross-section follows the distribution of the fractional change of the spectral 

index (SI) which is thermal-to-fast flux ratio defined as Eq. (1.3):  
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He fitted the fractional change of the SI in the homogeneous UO2-MOX 1D 

slab problem to obtain coefficients in Eq. (1.4): 
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Two corrections Eqs. (1.2) and (1.4) lead the final corrected cross-section to 

be Eq. (1.5) which now is spatially dependent:  
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The cross-sections are expanded into quadratic or quartic polynomials to be 

used in nodal solutions and iteratively updated because of its non-linearity. Since the 

corrected cross-sections are spatially dependent, it was required to implement or 

modify the nodal method which can treat spatially dependent cross-section which 

makes a hurdle to adopt their method.  

Rahnema [10] suggested a different approach for the spatial correction since the 

rehomogenization technique does not allow for the correction of the flux 

discontinuity factor. Also, the accurate reconstructed intra-nodal flux distribution is 

required to obtain a good estimation of correction. Rahnema [10] tabulated the few-

group cross-section and also the discontinuity factor as a function of albedo 

boundary conditions. The method can successfully reduce the homogenization error 

but still the spectral correction is required.  

Clarno [11] showed the significance of neighborhood effect while proving that 

the perturbed albedo boundary condition in a single assembly can improve few-

group XSs. Herrero [12] suggested the method to correct interface discontinuity 

factors (IDFs) considering neighborhood effects for pin-wise calculations. Leakages 

in a face normal direction and transverse direction and buckling of its own cell were 

used for the parameters counting neighborhood effects. 

Kim [13] followed the approach of Rahnema and Clarno to functionalize fuel 

assembly interface discontinuity factor with albedo boundary condition. And 

extended their approach to the few-group XSs [14] [15] then named the method as 

APEC, Albedo-corrected Parameterized Equivalent Constant. The subject of the 

correction is the whole XS error, in other words, a collective error which includes 

both spatial and spectral error, thus there is no need of additional consideration of 

correction. Additionally, Kim [16] improved APEC by increasing the order of fitting 

to the second-order polynomial.  

Ban [17] devised Leakage Feedback Method (LFM) following the similar 

functionalization as Palmtag while improving the method on two points. The method 
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corrects on a collective error as APEC but the subject of functionalization is a relative 

XS difference. Using relative difference is a much physical assumption for the 

extension to HFP applications. The few-group XS is not only the function of the 

leakage of its group but also depends on the leakage of the other group, especially 

for the fast group XS which are highly affected by the thermal leakage as expressed 

in Eq. (1.6). And the importance of Peripheral Assembly Treatment (PAT) is 

emphasized because of its sensitiveness on power tilt. The details of this method and 

its updates will be introduced in Chapter 4.  

 G
G F G T

G

a l b l


 


. (1.6) 

Since then, Kim [18] updated APEC adopting new ideas. Two points which 

were presented in Ban [17], both group leakages for the functionalization and 

separate treatment on peripheral assemblies were adopted in APEC. Moreover, a SI 

which is a fast-to-thermal flux ratio introduced in Palmtag [9] is additionally used as 

a functionalization parameter resulting in the XS difference of APEC as Eq. (1.8) 

for inner fuel assemblies and Eq. (1.9) for peripheral assemblies while the leakage 

factor is defined as Eq. (1.7): 
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On the other hand, some studies mainly focused on the generation of diffusion 

coefficients. A diffusion or Simplified P3 (SP3) solution cannot be as accurate as a 

transport solution even when the exact few-group XSs are known from the higher 

order solution as an ideal case. It is because of its physically lower order 

approximation adopted in a diffusion or an SP3. The diffusion approximation is valid 

only when the angular flux profile can be expanded into the first-order polynomial. 

Thus, when there is a strong anisotropy in the angular flux distribution, a diffusion 

solution cannot properly follow the transport solution. However, the difference can 

be partially overcome by well-defined diffusion coefficients which are to be closer 

to the transport. Or, in some researches, depending on their topics, the role of well-

defined diffusion coefficients is taken by the equivalence factors which can force the 

lower order solution to be equivalent to the higher order solution with an additional 

degree of freedom in the lower order equation, irrelevant to the diffusion coefficient.  

Most recently, Choi [19] studied on transport correction methods for a diffusion 

coefficient generation and critical spectrum methods for spectral correction while 

combining them and comparing the results in between Monte Carlo, DWC transport, 

and the two-step method. Inflow transport correction was better than the outflow and 

no correction case. For the spectral correction, the CM method adopted in CASMO-

4E was the best among the B1 and P1 methods.  
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1.2 Objectives and Scopes 
 

 

So far, most of the improved two-step methods compared their results with a 

reference which has no consistency with the code that is used for the generation of 

few-GCs. The major reason for that is because there was no DWC solution exists 

when the methods were fiercely developed and the research trend was shifted to the 

development of DWC codes, with a cool down of the interest in the two-step methods. 

The most severe problem of the use of inconsistent reference was that unintended 

errors induce a cancellation on the error so that it makes the result seems perfect even 

though it should not be. Moreover, the inconsistency in a thermo-hydraulic feedback 

and a depletion induces more error cancellation or sometimes enlarges the difference 

even larger. Because of the obstacles as mentioned, although several methods that 

are similar to LFM have been introduced, yet none of them verified its accuracy for 

HFP depletion calculations. 

Thus, in this work, the objective is set to the development of an accurate leakage 

correction method that should be rigorously validated in a HFP depletion with a help 

of the consistent nTRACER-RENUS code system. In order to achieve this objective, 

RENUS solutions with LFM are first generated and assessed at the base condition, 

and then the accuracy of the solution is examined at HFP depletion conditions. 

Thorough error analyses are accompanied to be freed from the unintended error 

cancellation. 

The major target of interest is limited to the leakage correction on homogenized 

few-group XSs since there are so many aspects to be covered. Thus, other elements 

that directly or indirectly affect the accuracy of two-step solutions are briefly 

discussed while adopting as recent and accurate method as possible. On the diffusion 

coefficient generation, the inflow based transport correction with infinite medium 

spectrum is used while the leftover difference is covered by equivalence factors. On 
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the discontinuity factor, the traditional definition was used. Identical simple 1D 

closed channel T/H solver is used for both nTRACER and RENUS. And a simplified 

depletion chain is used in RENUS while using a consistent decay library with 

nTRACER.  

 

 

 

1.3 nTRACER-N2R/RENUS System 
 

 

In this series of work, all the few-group constant generations and the reference 

core calculations were done with the same version of nTRACER. Moreover, the 

properties that are used in a thermo-hydraulic feedback and a depletion calculation 

were consistently used for both nTRACER and RENUS including thermo-hydraulic 

solver, steam table, decay constants and yield data. 

Figure 1.1 depicts the schematic flow chart of the whole nTRACER-

N2R/REUNS code system. First, a user runs nTRACER depletion calculation with 

a base condition of single assembly. nTRACER generates two restart files called 

GEO and MAT files which are a part of the nTRACER input that holds geometry 

and material information during depletion calculation. nTIG (nTRACER Input 

Generator) reconstructs nTRACER inputs for restart calculation using GEOMAT 

files with branch conditions as additional lines in the input. nTIG also provides the 

executable script to run the bunch of branch inputs. For each depletion branch 

condition, nTRACER generates AGL files which stand for Assembly-wise Group 

Constants Library. N2R gathers all the AGL files and tabulate few-GCs and 

equivalent factors with LFM coefficients. 
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Figure 1.1 Flowchart of the nTRACER-N2R/RENUS code system. 
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Chapter 2. Conventional Two-step Method 
 

 

Although every detail procedure is important in two-step calculations since they 

affect the final result, subtle details are seldom included in papers. For example, a 

proper generation of the reflector GCs are critical to in-out power tilt, however, the 

method that is used in their studies are not usually presented with details in papers. 

Introducing this kind of detail is highly essential for succeeding researches to 

correctly follow up what has been done. Thus, in this chapter, the conventional two-

step procedure, which is the base of this work, is introduced from the basics to the 

details with remarks. Details of the first step of conventional two-step procedure are 

introduced mainly on the generation of group constant libraries. And conventionally 

used methods for a reflector XS generation and T/H tabulation are followed after. 

 

 

2.1 Homogenization  
 

 

Heterogeneity of the domain is simplified in the very first step of the few-GCs 

generation by homogenization. First, we can obtain homogenized flux by volume 

weighting as Eq. (2.1). The flux appears in following equations are the solution of 

the lattice calculation which is usually an infinite medium, or also known as a 

reflective boundary, single assembly calculation.  
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The homogenization can be done while preserving the reaction rate of the 

homogenizing domain as Eq. (2.2). RR  stands for the total Reaction Rate in 

volume V . The subscripts x  and g  denote reaction type and multi-group index 

and i  is for region index in a heterogeneous medium. The mathematical meaning 

of the homogenization is the flux-volume weighted average. Simply dividing flux-

volume for both LHS and RHS lead the final equation of homogenization for reaction 

XSs as Eq. (2.3):   

 , , , , , , ,

V V

x g g x g x g g i i x g i g i i

i i

V RR V V         , (2.2) 

 

, , ,
,

,

,

V

x g i g i i
x g i

x g V

g
g i i

i

V
RR

V
V








  



. (2.3) 

The fission XS requires a careful homogenization since it is multiplied by the 

neutron emission per fission  (nu) for the fission source generation. Homogenized 

fission XS and homogenized nu-fission XS is obtained first with Eq. (2.4) and (2.5) 

then   is obtained from the ratio between those two as written in Eq. (2.6). The 

power per fission   follows the same procedure as  . 
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Moreover, the fission spectrum   (chi) also needed to be careful in the 

homogenization process since it is also not a XS as   and  . The fission source 

  should be used as a weighting factor for the homogenization of the fission 

spectrum    as given in Eq. (2.7):  
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2.2 B1 Critical Leakage Spectrum 
 

 

The B1 critical leakage correction method is the most commonly and 

traditionally used method for the spectral correction and the generation of diffusion 

coefficients. The B1 method is based on the assumption that the flux gradient in space 

is proportional to the buckling. The multi-group formulation of the B1 equation can 

be written as Eq. (2.8) where the buckling is defined as B  and superscripts on the 

scattering XS are denoting the order of scattering and the buckling dependent 

variable   is defined as Eq. (2.9): 
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Form the second equation of Eq. (2.8), the relation between the current J  and 

the flux   can be written as Eq. (2.10). And the equation can be rearranged to 

obtain the current as Eq. (2.11): 
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The equation is similar to Fick’s law which assumes that the current is 

proportional to the gradient of the flux while defining the diffusion coefficient as a 

proportional constant as given in Eq. (2.12). The B1 diffusion coefficient is defined 

as Eq. (2.13): 
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In a matrix format, Eq. (2.8) can be converted to Eq. (2.14). Moving the 

scattering source term to the LHS leads the final form of the B1 equation for the 

critical buckling search as Eq. (2.15): 
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  2+ B ψ tΣ D S Φ χ .  (2.15) 

After the homogenization process, with a homogenized XSs, the critical 

buckling search is performed to find a certain buckling that makes the system critical, 

in this case, LHS becomes equal to be RHS. Obtained flux spectrum from the critical 

buckling search is the B1 leakage corrected critical spectrum that is used for the group 

condensation in the conventional two-step procedure.  

However, the B1 critical spectrum cannot guarantee that it is closer to an actual 

core spectrum. Here is the example of a checkerboard problem using two assemblies 

(1.60 w/o and 3.10 w/o) from BEAVRS benchmark [20]. A checkerboard 

configuration is to represent the core loading. As the method is to catch the difference 

in the spectra between a single assembly infinite medium spectrum and a spectrum 

in a core, the corrected spectrum should be closer to the checkerboard. However, as 

shown in Figure 2.1 and Figure 2.2, the relative spectrum differences of the critical 

spectrum to the checkerboard are larger than the infinite medium spectrum with no 

correction at all. It is because constant buckling assumption through whole energy 
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group does not valid in LWR cores. Thus, Smith mentioned that “B1 spectrum 

calculation should not be used in commercial LWR analysis.” [8] 

 

 

Figure 2.1 Spectra of 1.60 w/o assembly from the BEAVRS checkerboard problem 

(left) and its relative difference to the checkerboard case as a reference (right).  

 

 

Figure 2.2 Spectra of 3.10 w/o assembly from the BEAVRS checkerboard problem 

(left) and its relative difference to the checkerboard case as a reference (right). 
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2.3 Group Condensation 
 

 

Condensation in energy group has a much critical role in a practical and a 

physical calculation. It is because, a homogeneous material or medium can exist in 

real but the nature of neutron behavior is highly energy-dependent, especially for the 

diffusion or the transport in LWR cores. A neutron spectrum which will be used as a 

weighting factor for group condensation can be obtained from the homogeneous flux 

from Eq. (2.1) or from the B1 critical spectrum. The group condensation can be done 

in the same manner as homogenization, preserving the reaction rate as Eq. (2.16) 

and (2.17). The subscript G  denotes the few-group or condensed-group index. The 

expression g G  means a sum for all the multi-group g  included in a few-group 

structure of G .  
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Since the scattering matrix, or also called scattering kernel, has two indexes for 

the group, the condensation should be done with Eq. (2.18): 
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The condensation of nu, fission and nu-fission XSs follows the same strategy 

as homogenization. First, obtain a condensed fission and nu-fission then take the 

ratio between two for the nu: 
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The fission spectrum   is just a sum of 
g  inside the few-group structure 

since the fission source has no dependency on a group: 
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2.4 Diffusion Coefficients  
 

 

Diffusion coefficients and transport XSs are the decisive of neutron migration 

effect. Conventionally, multi-group transport XSs are first homogenized as Eq. (2.23) 

then converted to multi-group diffusion coefficients as following Eq. (2.24). The 

few-group diffusion coefficients can be condensed from the multi-group diffusion 

coefficients written in Eq. (2.25):  
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Since both diffusion coefficients and transport XSs are not a reaction XS, Eq. 

(2.23) to (2.25) do not have any physical preservation. It is also possible to obtain 

condensed a few-group transport XS then convert it to a few-group diffusion 

coefficient. However, the former method is known to have a better result than the 

latter thus the former is conventionally used. As mentioned in Choi [19], the use of 

a proper transport corrected XS is important to both the DWC result and the 

generation of diffusion coefficients. In nTRACER, the inflow based transport XS is 

used as a default. 
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2.5 Assembly Discontinuity Factors  
 

 

Assembly Discontinuity Factor, ADF is used to catch the difference between 

the homogeneous and the heterogeneous flux distribution. The conventional 

definition of ADF is the surface flux over the node average flux as Eq. (2.26). In 

general cases, assemblies are symmetric in octant so four radial sides have the 

identical ADF value. The origin and the validity of this definition will be discussed 

in Chapter 3 with details. 

 

surface
ADF G

G average

G

f



 .  (2.26) 

 

2.6 Reflector Group Constants 
 

 

A proper estimation of the core leakage is the key to obtain an accurate power 

profile in the radial direction. The leakages at fuel-reflector interfaces highly affected 

by Reflector Group Constants (RGCs). A random use of RGCs will lead to a severe 

in-out power tilt. However, in many studies, the generation of RGCs is not treated 

importantly as it should be. In LWR cores, there are three kinds of reflector blocks 

depending on the configuration of the shroud as shown in Figure 2.3. Note that R0, 

R1 and R2 notation is used in this work representing the number of the shroud faces. 

 

Figure 2.3 Three types of reflectors. R0: corner, R1: I-shape, R2: L-shape or nook. 

 



 

 
23 

Since there is no fissile material in reflector blocks, the sole eigenvalue 

calculation is impossible. Thus, fuel-reflector local problems are solved instead. The 

most elementary configuration is a fuel-reflector two-node problem as represented 

in Figure 2.4. For the neighboring fuel assembly, representative assembly from the 

core is used with full 2D heterogeneous configuration but in some procedures, a 

homogenized fuel is used instead to perform the 1D calculation. After the eigenvalue 

calculation in a local configuration, a flux solution at the reflector is used for the 

homogenization and condensation of RGCs.  

 

Figure 2.4 Fuel-reflector two-node local configuration for the R1-type reflector. 

 

For the R0- and R2-type reflector, in some procedures, the same GCs were used 

while simply adjusting the number density of shroud and moderator following the 

configuration. However, it is definitely better to solve local problems rather than a 

number density adjustment. Figure 2.5 shows the 2×2 local configurations used for 

the generation of R0 and R2 type reflector blocks.  

 

  

Figure 2.5 Fuel-reflector 2×2 local configurations for the R0-(left) and the R2-type 

reflectors (right). 
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The most important element of RGCs is Reflector Discontinuity Factors (RDFs) 

at fuel-reflector interfaces. RDFs are defined as a certain discontinuity factor of 

reflector side that makes a two-step solution of the homogenized few-group 

calculation in the fuel-reflector local problem same as the reference solution that is 

used to generate RGCs. From the definition of interface discontinuity factor, 

discontinuous fluxes at the fuel-reflector interface can be written as Eq. (2.27). The 

equation seems to have two additional degrees of freedom per interface as there are 

two discontinuities introduced, but eventually, the additional degree of freedom per 

interface is one as the equation can be rewritten as Eq. (2.28): 

 DF DF

fuel fuel refl reflf f   ,  (2.27) 

 

DF

refl

fuel reflDF

fuel

f

f
   .  (2.28) 

In a core calculation, ADF comes in as a discontinuity of the fuel side, thus to 

retain a certain discontinuity as Eq. (2.28), the final RDF is defined as (2.30). Since 

ADF varies depending on the type of fuel assembly, RDF must follow the difference 

with respect to that as written below:  
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2.7 Branch Calculations  
 

 

For hot full power calculations or the cases with T/H feedback and depletion, 

few-GCs should be tabulated in terms of branch conditions. Conventionally used 

variables for branches are as follows: burnup, fuel temperature, moderator 

temperature, moderator density and boron concentration. In the conventional method, 

the average fuel temperature and the average moderator temperature at hot full power 

are applied uniformly for the base condition. Depletion calculation is performed at 

the base condition. At each depletion point, GCs are generated and for several branch 

points, variation calculations are performed as denoted in Figure 1.1. Since the 

accuracy of the interpolation between tabulated points highly case-dependent and 

also interval-dependent, a linear interpolation is generally used because of its 

simplicity and inherent stability not to have unexpected values from second or higher 

order polynomials. 

Since the temperature and the density of moderator are dependent to each other, 

the variation effect under the constant pressure (operating pressure) is counted as a 

total derivative of moderator temperature variation while the density variation plays 

a role as to catch the effect when the pressure varies. This will lead to the tabulation 

of microscopic XSs as Eq. (2.31). Note that this approach is valid only when the 

consistent steam table is used for both a few-GCs generation and a core calculation. 
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Chapter 3. Analyses of Two-step Error 
 

 

In this chapter, the conventional two-step approach is analyzed with the 

discussion on the origin of errors and the limitations of the traditional approach. It is 

to figure out the most sensitive factor that can improve the accuracy of the solution 

effectively when a proper correction is applied. Not only the study has a meaning 

itself, but also this kind of error analyses are necessary for the elimination of error 

cancellations for the rigorous validation of the method. Sections in this chapter deal 

with fuel GCs, assembly discontinuity factors and reflector GCs for steady state fixed 

thermal condition calculations, and also cover thermal feedback effects and 

depletions briefly for practical power reactor core calculations. 

 

 

3.1 Error of Fuel Group Constants 
 

 

The major source of two-step solution is the error from fuel assembly GCs. Fuel 

group constants (SA GCs) generated at a single assembly (SA) condition are different 

from the core group constants (Core GCs) which are homogenized and group 

condensed with a reference solution. In this section, the sources of SA GC error are 

introduced and analyzed in detail. In Subsection 3.1.4, it is verified why the 

conventional leakage correction which uses a B1 critical spectrum is valid despite its 

unrealistic assumptions.  
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3.1.1 Spatial and Spectral Error 

 

As mentioned in the introduction, there are two kinds of errors, spatial and 

spectral, in fuel GCs. The correction on fuel GCs can be done for each one of them 

or for both at once. In this subsection, spatial, spectral and cross-error terms are 

introduced to clarify the target of the correction so that one should not to commit a 

duplicated correction or missing the other mistakenly. The definitions of the spatial 

and spectral error are introduced first and then the magnitude of the errors are 

evaluated for the assembly sets from four kinds of cores. 

For derivation, first, we normalize a few-group flux into a unity so that Eq. 

(2.17) becomes Eq. (3.1): 
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 .  (3.1) 

When the reference solution is known, we can obtain exact few-GCs as Eq. 

(3.2): 

 * * *

G g g

g G




   . (3.2) 

The error of few-GCs comes from the difference in the homogenized XS which 

is *

g  and the spectrum *

g  between a single assembly condition and a core 

condition. We can separately analyze the sources of error into two parts, spatial error 

from homogenization and spectral error form group condensation. The 

homogenization XS error can be defined as represented in Eq. (3.3). And the 

spectrum difference between a single assembly infinite medium condition and a core 

condition as Eq. (3.4):  
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 * SA

g g g    ,  (3.3) 

 * SA

g g g     .  (3.4) 

If we insert Eqs. (3.3) and (3.4) into Eq. (3.1), then we get Eq. (3.5): 
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G g g g g

g G

 


     . (3.5) 

Each component in Eq. (3.5) can be expanded as follows: 
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 (3.6) 

The second term in Eq. (3.6) can be understood as a spectral error which is due 

to the error of spectrum. In the same manner, the third term in Eq. (3.6) becomes a 

spatial error. The last term is negligible compared with two major sources of errors.  

The errors defined as Eq. (3.7) are evaluated for the assemblies that appear in 

VERA2D, BEAVRS2D-S and APR1400 in two temperature conditions are 

summarized in Table 3.1 through Table 3.4. Each spatial and spectral errors are 

evaluated from a series of checkerboard calculations for each assembly and then 

RMS values through checkerboard cases were obtained for each GC as (3.7): 
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Then the values are averaged through all assemblies. The group condensation 

errors are larger than the homogenization errors for all group constant types and for 

all cases. For diffusion coefficient, fast absorption XS and out-scattering XS, the 

spectral error is definitely dominant than the spatial error. However, for thermal 

absorption and fission XS which are shaded in the tables, also the spatial error takes 

a certain portion. This implies unshaded GCs can be well corrected when a spectrum 

that is used for the condensation is similar to the core spectrum. On contrary, shaded 

GCs require not only spectral correction but also spatial correction. And the cross-

term 
2( )O E  are always smaller than 10-3 % which is 1 pcm for all cases. This 

implies that a separate correction on the spatial and spectral error would work 

properly.  

Interesting remarks is that the error level of APR1400 at HZP and HFP are very 

similar. Based on the fact, the errors are dependent on a reactor type which 

determines the assembly design such as enrichment and a pattern of fuel pin loading 

rather than the thermal condition of reactor. Also one can expect that the errors do 

not increase much between HZP and HFP.  
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Table 3.1 Relative group condensation error and relative homogenization error of 

each GC averaged through the assemblies in VERA2D 

 (%) D  a  f  
out scattering  

Condensation 
Fast 0.173 0.416 0.235 0.849 

Thermal 0.213 0.227 0.244 1.879 

Homogenization 
Fast 0.011 0.014 0.047 0.016 

Thermal 0.019 0.099 0.123 0.008 

 

 

Table 3.2 Relative group condensation error and relative homogenization error of 

each GC averaged through the assemblies in BEAVRS2D-S 

 (%) D  a  f  
out scattering  

Condensation 
Fast 0.257 0.470 0.201 0.773 

Thermal 0.338 0.347 0.371 3.323 

Homogenization 
Fast 0.017 0.016 0.093 0.014 

Thermal 0.018 0.104 0.183 0.007 

 

 

Table 3.3 Relative group condensation error and relative homogenization error of 

each GC averaged through the assemblies in APR1400 at HZP 

 (%) D  a  f  
out scattering  

Condensation 
Fast 0.265 0.504 0.203 0.831 

Thermal 0.304 0.305 0.318 2.774 

Homogenization 
Fast 0.026 0.021 0.100 0.008 

Thermal 0.010 0.073 0.143 0.004 

 

 

Table 3.4 Relative group condensation error and relative homogenization error of 

each GC averaged through the assemblies in APR1400 at HFP 

 (%) D  a  f  out scattering  

Condensation 
Fast 0.266 0.507 0.203 0.833 

Thermal 0.300 0.302 0.314 2.774 

Homogenization 
Fast 0.026 0.020 0.101 0.008 

Thermal 0.010 0.074 0.145 0.001 

  



 

 
32 

3.1.2 XS Sensitivity on Reactivity 

 

In some studies, like Palmtag [9], the target of correction is limited to a certain 

type of reaction. That is based on the assumption that a pair of reaction XSs that will 

give an opposite direction of error so that eventually cancel out. In this subsection, 

the XS sensitivity of each reaction type on reactivity is evaluated to verify the 

validity of the assumption.  

The sensitivity was evaluated in no leakage condition. The k  , which is the 

eigenvalue in an infinite medium condition can be analytically obtained from Eq. 

(3.8). Doing a simple math on the equation will lead the partial derivative of each 

reaction XS as like given in the equations from Eq. (3.9) to Eq. (3.13): 
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A practical index of sensitivity is ‘a reactivity change per unit relative XS 

difference’ defined as Eq. (3.14):  
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Table 3.5 shows its actual values for fresh assemblies from APR1400 with 500 

ppm boron concentration. From the values, it can be noticed that the sensitivity of 

thermal fission and thermal absorption are weirdly well matching in a different sign. 

This is not a coincidence. Assuming that 21  is relatively small so that it can be 

negligible, Eq. (3.10) and (3.12) becomes Eq. (3.15) and Eq. (3.16) which are 

identical. Thus, if the relative XS differences due to the leakage are the same for 

those two XSs, eventually the error on the reactivity will cancel out: 
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Table 3.5 Reactivity difference due to 1 % increment of XS for APR1400 

assemblies. 

Type k  1f  
2f  

1a  2a  12  

A0 1.09931 145 765 -280 -764 135 

B0 1.28156 148 632 -266 -632 118 

B1 1.08827 197 721 -318 -722 121 

B2 1.07708 198 731 -320 -731 122 

B3 1.03531 216 749 -337 -750 121 

C0 1.30995 152 611 -267 -611 115 

C1 1.13578 198 683 -314 -683 116 

C2 1.08585 215 706 -331 -707 116 

C3 1.07568 215 715 -332 -716 117 

Average 187 701 -307 -702 120 

 

 

However, it is not desirable to hope the XS shifts will be in the same magnitude 

to cancel out. The computing environment nowadays can sufficiently support to 

carry the variables for the correction of all types of XSs. Thus, in recent works, there 

is no reason to choose which reaction type to selectively corrected although it 

becomes a different story in pin-wise calculations which needs handle a bunch more 

data.  

 

 

3.1.3 Position Sensitivity in a Core 

 

In the very first stage of nTRACER-RENUS development, RENUS suffered 

from a severe in-out power tilt compared with nTRACER. To verify the reason why 

the two-step results with various GC sets have been compared with DWC transport 

result. For the test problem, 1D array of assemblies from ARP1400 with HFP fixed 

temperature condition with 1200 ppm boron is chosen. The reference k-eff of this 

8.5 assemblies problem is 0.99492 and the power distribution is as shown in Table 

3.6. 

Table 3.6 Reference power distribution of a 1D array of assemblies from APR1400. 
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With Core GCs and Core DFs which will be introduced in Subsection 3.2.3, the 

reference solution can be regenerated with the two-step. The first test was performed 

based on this Core GCs and Core DFs from the nTRACER reference while replacing 

the GC of one assembly at each position with SA GC.  

The above in Table 3.7 shows the results of the replacement. Especially for the 

A0 assembly located at the center, there was no difference at all since it is surrounded 

by the same assembly which makes SA infinite medium condition and the core 

condition similar. Other replacements made less than 2.2 % RMS and 3.2 % 

maximum assembly-wise power error except for the peripheral assembly. The 

peripheral assembly B0, induced over 10 % of maximum error which was just the 

same as the observed power tilt. 

The second test is a reversal of the first test. SA GCs are the base and one of 

them is replaced with Core GC. With all SA GCs and locally generated RGCs, the 

reactivity error and the power error are 45 pcm and 6.6 % RMS, 12.2 % maximum.  

As given in the below of Table 3.7, unlike most of the other assemblies did not 

improve results much, the peripheral assembly B0 reduced its error up to 1.8 % in 

RMS and 2.9 % in maximum. Concluding those two test results, the most decisive 

GC is the GC of peripheral assembly. This leads to the need for special treatment on 

peripheral assemblies to improve the final results which will be introduced in Section 

4.2. 

 

Table 3.7 Reactivity and RMS and maximum of assembly-wise power error when 

the assembly at each position are replaced from Core GC to SA GC (above) and 

from SA GC to Core GC (below) in the 1D array of APR1400 assemblies. 
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3.1.4 Validity of the B1 leakage correction 

 

Although the assumptions from the B1 leakage correction are not physically 

valid, so far, the conventional procedures which adopted the method worked pretty 

well and used for designing numerous cores. In this subsection, the reason why the 

B1 leakage correction properly worked is explained.  

From Section 2.2, the invalidity of the B1 leakage correction for checkerboard-

like inner core condition is proved. However, since the most effective assembly is 

the peripheral assembly as we concluded in Subsection 3.1.3, if the B1 leakage 

correction properly follows the leakage of peripheral assembly, then this explains 

why.  

For the same test problem introduced in Subsection 3.1.3, this time, among all 

Core GCs, the GC of peripheral assembly B0 is replaced to SA GC and B1 GC. As 

shown in Table 3.8, the replacement of B1 GC as peripheral assembly showed a good 

agreement with the reference just like as the conventional results. 

Additionally, a percent of increment on the XS of the peripheral assembly is 

applied as a perturbation. Table 3.8 also shows the result when the perturbation 

applied on the absorption (A1, A2), nu-fission (F1, F2) of each group and down-

scattering XS (S1). The power distribution shift due to the perturbation is monotonic 

tilt. If we assume that the cross effects from two kinds of perturbations are negligible, 

the error of each SA GC and B1 GC can be expressed as a superposition of its XS 

error multiplied by the power shift from a unit XS shift.  

Table 3.10 and Table 3.11 show the relative XS difference of SA and B1 GC 

compared with the Core XS given in Table 3.9. The errors of thermal XSs are 

relatively smaller than the fast group for both SA and B1 GCs. The numbers right to 

the XS difference in tables are the number multiplied by the maximum error when 

1% perturbation applied. From the XS sensitivity study on the reactivity in 

Subsection 3.1.2, the down-scattering XS showed +120 pcm error per a percent 
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increment of XS which was the weakest among reaction types. However, in a global 

power, as the error of SA down-scattering XS is over 3.2 %, this results in a severe 

overestimation of power at peripheral assemblies. And this much of error reduces 

when using the B1 leakage corrected XS although there is an overshoot of correction. 

The results from Table 3.11 implies that the B1 leakage correction is partially valid 

for the peripheral assembly, especially for the fast group.  

 

 

Table 3.8 Reactivity difference and assembly-wise power distribution error of when 

SA and B1 GC are used for the peripheral assembly B0 and when with 1 % 

increment on a certain type of Core XS.  

 

 

Table 3.9 Core XSs of the peripheral assembly (B0). 

 a   f  
12  

Fast 9.157E-3 6.426E-3 1.701E-2 

Thermal 8.642E-2 1.249E-1 - 

 

Table 3.10 Relative XS difference (left, %) and its impact on a power shift 

(right, %) of SA GC of the peripheral assembly (B0). 

 a  f  
12  

Fast 1.65 -8.0 0.78 2.8 3.21 13.7 

Thermal 0.28 -3.4 0.32 4.8 - - 

 

Table 3.11 Relative XS difference (left, %) and its impact on a power shift 

(right, %) of B1 GC of the peripheral assembly (B0). 

 a  f  
12  

Fast -0.44 2.1 -0.51 -1.8 -0.76 -3.2 

Thermal 0.20 -2.5 0.24 3.6 - - 

 

k-eff del_rho A0 A0 C3 A0 B1 A0 B3 C2 B0

REF 0.99495

SA 0.99566 72 -4.1 -4.0 -4.3 -3.1 -2.2 -0.2 2.1 5.7 10.1

B1 0.99490 -5 0.3 0.3 0.3 0.2 0.2 0.1 0.0 -0.2 -1.1

A1 0.99449 -46 2.5 2.4 2.6 1.8 1.2 -0.1 -1.6 -3.8 -4.8

A2 0.99390 -106 6.0 5.9 6.3 4.3 2.9 -0.2 -3.9 -9.1 -12.1

F1 0.99527 33 -1.8 -1.8 -1.9 -1.3 -0.9 0.0 1.2 2.8 3.6

F2 0.99630 137 -7.1 -6.9 -7.5 -5.2 -3.6 0.0 4.4 10.8 15.0

S1 0.99527 33 -1.9 -1.8 -2.0 -1.4 -1.0 0.0 1.1 2.8 4.3
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3.1.5  Bias Effect of XS 

 

In the last test cases, the effect of a constant bias over all assemblies is evaluated. 

Table 3.12 shows what will happen when there is 1 % positive bias in the thermal 

absorption XSs for 1) all assemblies, 2) only for a peripheral assembly, 3) or reflector 

based from the Core GC and the DF set. The interesting remark from the results is 

that the power error of the first is lesser than the second. This implies that a constant 

bias does not make much power tilt. However, the reactivity of the former case is 

much larger. Thus, when a two-step result has a high reactivity error but low power 

error, one should suspect the XS bias. This is the reason for the large reactivity bias 

observed in the conventional method using the B1 leakage correction although the 

power distribution agrees well. The effect of XS shift in the reflector, the third case, 

was so subtle that there is no need for the correction on the reflector XS.  

 

Table 3.12 Reactivity error and RMS and maximum of assembly-wise power error 

when a perturbation on thermal absorption applied on the 1D array of APR1400 

assemblies.  

Perturbation subject  (pcm) RMS (%) Max (%) 

on all fuel assemblies -779 0.9 1.4 

on peripheral assembly only -103 6.8 12.2 

on reflector -2 0.1 0.3 
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3.1.6 Multi-group Constants 

 

Additionally, in this subsection, the possibility of the accuracy improvement 

due to the use of more number of groups is evaluated. The B1 leakage correction has 

nothing to do when there is no group condensation since the B1 leakage correction is 

solely a spectral correction.  

For the APR1400 2D HZP core, reactivity and assembly-wise power are 

evaluated varying the number of few-groups from two which is a conventional group 

structure, to 47 which is a default group structure of nTRACER. The results are 

summarized in Table 3.13. Even without group condensation, SA GC with ADF case 

showed 2.6 % of RMS error. There are two remaining sources of error: ADF and a 

spatial homogenization error. From Core GC with ADF case, ADF error is about 1.0% 

in RMS and the homogenization error is about 1.4 % from SA GC with Core DF. 

And the increment of error from 47-groups to condensed groups can be considered 

as a spectral error. They are 3.9, 1.8 and 1.1 % in RMS for each condensed group. 

As also mentioned in Subsection 3.1.1, spectral errors are the most dominant source 

of the error. 

 

Table 3.13 Reactivity and assembly-wise power error of APR1400 2D HZP core 

with difference few-group structure. 

Fuel GC  Group effk    RMS Max 

SA GC 

& ADF 

47 0.99154 -65 2.6 6.0 

8 0.99181 -37 3.3 7.5 

4 0.99188 -31 4.1 8.7 

2 0.99256 39 6.4 12.5 

SA GC 

& Core DF 

47 0.99119 -100 1.4 2.9 

8 0.99146 -73 2.5 5.4 

4 0.99152 -67 3.2 6.6 

2 0.99214 -4 5.3 10.3 

Core GC 

& ADF 

47 0.99254 37 1.0 2.2 

8 0.99254 37 0.8 1.6 

4 0.99253 36 1.1 2.4 

2 0.99260 43 1.4 2.8 
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3.2 Error of Assembly Discontinuity Factors 
 

 

In this section, four different derivations of ADF are introduced. The one is the 

original derivation from Smith [5] [21]. And two more approaches are introduced to 

help in understanding the nature of ADF. Finally, the new definition of Smith [8] is 

introduced. However, none of those definitions can make the two-step solution 

exactly follow the heterogeneous transport solution. Thus, additionally, Core 

Discontinuity Factors (CDFs) are introduced to evaluate the difference comes from 

the ADF although it is not practical. 

 

 

3.2.1 Derivation of Assembly Discontinuity Factor 

 

(1) Old definition 

 

In the very beginning, ADF was first introduced to catch the difference between 

heterogeneous and homogeneous medium. Superscript L+ and R- in Eq. (3.17) 

denote for the right(+) side of the left(L) node and the left (-) side of the right(R) 

node. Discontinuity factors are defined to have identical surface flux between 

heterogeneous and homogeneous flux in a core calculation. However, as mentioned 

several times, the heterogeneous core solution cannot be done prior to the generation 

of GCs. Thus, the core condition for DF generation is approximately replaced by a 

single assembly lattice calculation, while the homogeneous surface flux becomes the 

node average flux which is a flat and the heterogeneous flux becomes the surface 

flux from the lattice calculation. And this becomes the conventional definition of 

ADF (ADF) as given in Eq. (3.18):  

 
L L L L surf R R R R

Hom DF Hom Het Het Het DF Hom Homf f                   ,  (3.17) 
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.

surf surf surf

Het Het SA
DF ADFsurf surf avg

Hom Hom SAcore SA

f f
  

  
    . (3.18) 

 

(2) From the origin of Discontinuity 

 

Another derivation of ADF starts from the origin of flux discontinuity. Among 

the two-step approximations, there is a flux separability assumption, that a 

heterogeneous flux can be expressed as a superposition of the homogeneous flux and 

a heterogeneous form function as written in Eq. (3.19). The form function which is 

a normalized heterogeneous flux shape can be obtained from the single assembly 

calculation where the homogeneous flux is a constant as Eq. (3.20) while Figure 3.1 

shows the example of the UO2 infinite lattice in 1D simplified geometry: 

 

 ( ) ( ) ( )HET HOM FF

g g gr r r    ,  (3.19) 
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r 



 


. (3.20) 

Moving on to the heterogeneous configuration, not a single assembly, Figure 

3.2 shows the results of the UO2-MOX problem. The dashed black line is a 

heterogeneous result. Using Eq. (3.21), homogeneous flux can be obtained. 

Although it is not the solution from the homogeneous calculation, it is the true 

solution that homogeneous calculation should follow for the exact reproduction of 

pin power based on the flux separability assumption.  

 ) ( )) /( (HEHOM FF

g gg

Tr r r  .  (3.21) 
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The blue line shows the discontinuity at the interface as much as represented in 

black arrow, and this is the reason why discontinuity factors are needed. The 

discontinuity factor can be obtained from the surface value of Eq. (3.19) and the 

surface form function is ADF which is the same as Eq. (3.18). 

 
, ,,,

HOM HOM

g s

HE

urf

FF

g s g surf

T

g surf ADFurf f     , (3.22) 

 
surf

ADF SAf  . (3.23) 

 

Figure 3.1 Heterogeneous (black dash), homogeneous (blue) flux and the form 

function (red) of the thermal group in the 1D UO2 infinite lattice.  

 

Figure 3.2 Heterogeneous (black dash), homogeneous (blue) flux and the form 

function (red) of thermal group in the 1D UO2(left)-MOX(right) problem. 
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(3) Het-Hom approach 

 

In the Het-Hom approach, ADF is defined to have an identical result in between 

the Het-Het case and the Het-Hom case. Figure 3.3 shows the example for this 

approach. A heterogeneous medium is defined while having a bit higher absorbing 

material inside than periphery. The Het-Het solution will be the left of Figure 3.3, 

twice repeated dipped shape. If only the right node is homogenized while the left 

node is remaining heterogeneous, with a proper ADF, the solution should be like the 

right of Figure 3.3 to be same as the left. Then the solution between the Het-Hom 

interface should be discontinuous as much as the surface flux from the heterogeneous 

solution since the average solution is unity, resulting in the same definition as the old 

derivation. 

 

Figure 3.3 Het-Het (left) and Het-Hom (right) solution of the simple 1G-1D 

problem. 

 

 

(4) New definition 

 

Smith [8] recently published a paper that mentions the conventional definition 

is not correct in 2D lattice transport calculations and introduced the modification. 

Although the new approach has been adopted in CASMO-4/SIMULATE-3, for the 

sake of its subtleness, it was not published for a long time. The sequence of the 

method introduced in the paper is as follows: 1) heterogeneous transport calculation 

is performed, 2) peripheral pins are homogenized and currents at peripheral pin 

boundaries are tallied, 3) using pin-wise XS and currents as a boundary condition, 
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perform lower order calculation for each peripheral pin, 4) get average surface flux 

over the assembly boundaries to obtain newly defined ADF. In short, it is to convert 

a heterogeneous transport problem to pin-wise homogenized (but still heterogeneous 

in assembly) diffusion problem and use the surface flux from pin-homogenized 

heterogeneous solution as ADF.  

 

 

3.2.2 Validity of ADF in a Core Calculation 

 

There are two sources of the difference between heterogeneous transport and 

homogeneous diffusion or SP3. One is the loss of information from heterogeneous 

configuration to homogenized medium, the other is a lower order solution such as 

transport to diffusion or fine mesh to coarse mesh. Figure 3.4 shows those two 

sources for an example of a fuel-reflector problem. In traditional two-step methods, 

the same order of solver for both the first and the second step was used, 

homogenization was the only source. Thus, the old ADF worked properly. However, 

nowadays, since heterogeneous transport solver is commonly used for the lattice 

calculation, the old definition of ADF induces a difference. The new ADF, however, 

also cannot catch the whole difference represented as a green arrow in Figure 3.4. 

The discontinuity factor that preserves heterogeneous transport result in 

homogeneous diffusion should include the factor counting both homogenization and 

solution simplification. 
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Figure 3.4 Sources of Discontinuity Factor. 
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3.2.3 Definition of Core Discontinuity Factor 

 

In this subsection, the method to obtain Core Discontinuity Factors (Core DFs) 

that force the nodal two-step solution exactly the same as a reference DWC solution 

is introduced. In SENM, the number of unknowns per node per group per direction 

is two. If the two constraints are given, the solution is uniquely determined for a 

single node. If we consider a set of two nodes, then there will be four unknowns. If 

any of four constraints from the reference solution is chosen, the unique nodal 

solution is determined. First, A) we give two surface currents for both ends for both 

nodes as boundary conditions. The solution for two nodes will be uniquely 

determined. As there is no constraint on an interface flux continuity in A), there is 

no guarantee that the solution at the interface is continuous. Then, B) we choose four 

constraints from the solution of A): two average fluxes, interface current continuity 

and the flux discontinuity as much as the discontinuity from A). This also will lead 

to the unique solution. The reference solution, and both A) and B) are the identical 

unique solution which means three solutions are the same. As a result, the 

discontinuity at interface obtained from A) is the Core DF that make the solution in 

B) to be equal to the reference solution. 
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Figure 3.5 Generation of Core Discontinuity Factor  
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3.3 Error of Reflector Group Constants 
 

 

In PWR cores, a core is surrounded by water to moderate neutrons and put them 

back into a core and also to cool down the reactor. At the boundaries of cores, right 

next to peripheral assemblies, there is shroud which is to reflect neutrons leaking 

toward outside. Since those reflector regions become such like boundary conditions 

of a core, GCs of reflectors are decisive of in-out power tilt of core solutions. Thus, 

in this section, characteristics of Reflector GCs especially on Reflector DFs are 

introduced.  

 

3.3.1 Reflector Discontinuity Factors 

 

Most of the reflectors of LWR have a shroud, usually made of stainless steel, 

along with the boundary of cores. Although the role of a reflector is to reflect 

neutrons at peripheries, it does not reflect neutrons but rather absorbs because of the 

shroud as shown in Figure 3.6. A high heterogeneity due to the shroud in reflectors 

makes the difference between a homogeneous solution and a heterogeneous solution 

without discontinuity large.  

 

Figure 3.6 Fast and thermal flux distribution in the homogeneous fuel-reflector 

problem without (left) and with (right) shroud. The arrows depict the direction of 

the thermal current. 
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As the role of the discontinuity factor is to catch the difference, the discontinuity 

increases when the difference is large. Figure 3.7 shows the reference equivalent 

discontinuous homogeneous solution with and without shroud following the 

procedure from Subsection 3.2.3. First of all, the discontinuity of thermal flux is 

definitely larger than the fast. Also, the difference between R0- and R1-type reflector 

is much larger in the thermal flux. With shroud, the discontinuity at the interface is 

0.35 which is noticeably large in contrast to ADFs.  

 

Figure 3.7 Fast (left) and thermal (right) flux distribution of the fuel-reflector two-

node problem with R0-type (no shroud, solid line) and R1-type (with shroud, 

dashed line). 

 

 

3.3.2 External Boundary Condition 

 

The zero-incoming current condition is commonly used for the external 

boundary condition of the fuel-reflector local problem for the generation of R1 type 

Reflector GCs. Although the same physical representation of zero-incoming current 

condition is applied to both the reference and nodal calculations, actual leakages 

through the external boundaries can be different from one another. To properly 

generate Reflector GCs that can make the nodal solution same as the reference at 

least in the local problem, one must also apply a proper boundary condition also for 

the external boundary. However, for some cases, it becomes impossible to properly 

obtain a converged solution because of the negative surface flux which appears in 
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the nodal solution as shown in Figure 3.8. Thus, in this work, for nTRACER-RENUS 

calculations, zero-net current conditions are used instead. A difference in the 

boundary condition does not make a large difference in the flux of fuel side but it 

does in the thermal flux of the reflector side. As summarized in Table 3.14, the 

difference makes less than 2 % difference in reflector DFs.  

 

Figure 3.8 Fast (left) and thermal (right) flux distribution in the fuel-reflector two-

node problem with a zero net current (dashed) and a zero incoming current (solid) 

for the external boundary condition. Horizontal line depicts the average flux level. 

 

 

Table 3.14 RDFs and k-effs of the two external boundary conditions and its 

difference in the fuel-reflector two-node local problem. 

 0netJ   0inJ   Rel. Diff. (%) 

effk  0.97670 0.97622 -48 pcm 

RDF

Fastf  1.0722 1.0540 1.70 

RDF

Thermalf  0.2349 0.2397 -2.05 

 

 

 

3.3.3 Size of Local Problem for R1-type Reflector 

 

As mentioned in Section 2.6 and Figure 2.4, RGCs are obtained in a local 

problem to represent a core. In this subsection, evaluated Reflector DFs from various 

size of local problems in 1D to check whether the conventionally used a single fuel-

reflector local problem is enough or not. The test problem is a 1D array of assemblies 
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from the BEAVRS benchmark as shown in Figure 3.9. While increasing the number 

of assemblies starting from C4-R1, A0-C4-R1, … up to a whole 1D array, evaluated 

Reflector DFs and compared with the reference which is the last case. Although there 

was 0.47 % difference in the fast group DF, a single fuel-reflector local domain was 

enough for the generation of R1-type reflector GCs. 

 

 

Figure 3.9 Configuration of the 1D array of BEAVRS assemblies for local problem 

size test. 

 

Table 3.15 Fast and thermal RDF and its relative difference to the reference 

depending on the number of assemblies used for the local configuration. 

# of FA 
RDF

Fastf  Rel. Dif. (%) 
RDF

Thermalf  Rel. Dif. (%) 

8 1.0590 (reference) 0.2399 (reference) 

7 1.0590 0.00 0.2398 0.00 

6 1.0588 0.02 0.2398 -0.01 

5 1.0588 0.02 0.2398 -0.01 

4 1.0593 -0.03 0.2398 0.01 

3 1.0594 -0.04 0.2397 0.02 

2 1.0592 -0.02 0.2398 0.00 

1 1.0540 0.47 0.2397 0.02 

 

 

 

3.3.4 Effect of Neighboring Fuel Assembly 

 

In the conventional methods, a representative fuel assembly of the core is 

chosen for the fuel-reflector local problem. In this subsection, the sensitivity of the 

reflector DF on the neighboring assembly is evaluated. In Figure 3.10, the fast and 

the thermal reflector DFs are plotted in 2D space with various assemblies. First of 

all, at BOC, fast group RDFs are in the similar level but not in the thermal. During 

the depletion, fast discontinuities decrease while the thermal increases which means 

getting further from 1.0.  
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Figure 3.10 Fast and thermal RDFs of the R1-type reflector with various 

neighboring assemblies from APR1400. 

 

 

 

3.3.5 Size of Local Problem for R0- and R2-type Reflectors 

 

For R0- and R2-type reflectors, 2-by-2 local problems are conventionally 

solved. In the same manner as Subsection 3.3.3, evaluated the accuracy of Reflector 

DFs varying the size of the local problem, to be more precise, increasing the number 

of fuel assemblies in a local problem. Figure 3.11 depicts configurations named after 

the number of fuel assemblies. Case F1 is the conventional method. And for Case F2 

where R2 does not appears, used the same R2 RDFs from Case F1. 

 

Figure 3.11 Configurations of local problems for R0 and R2 RDFs generation. 
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The evaluations were done for 2D APR1400 core using a whole set of Core 

GCs including Core generated Reflector XSs but just differing the reflector GCs. 

The results are summarized in Table 3.16. With a whole set of Core GCs, it is 

possible to exactly regenerate the reference. Regardless of the number of FAs, the 

error using locally generated RDFs are in the similar level. Moreover, Case F3 

showed slightly larger error than Case F1. One interesting remark is that using core 

averaged RDFs for each reflector type induced 1.9 % of maximum power tilt. This 

implies that there is that much of unavoidable error induced by using only three types 

of RDFs (R0, R1 and R2, one for each) even with its best estimation from the 

reference calculation. 

 

Table 3.16 Reactivity difference and RMS and maximum of the assembly-wise 

relative power difference of the 2D APR1400 core with a whole set of Core GC 

except for the variation on RGCs from various local configurations. 

Local Configuration effk    (pcm) RMS (%) Max (%) 

F1 (conventional) 0.99251 34 1.2 2.9 

F2 0.99243 26 1.0 2.8 

F3 0.99181 -37 1.9 4.8 

F4 0.99207 -11 0.9 2.2 

F5 0.99211 -7 0.9 2.2 

Avg. Core DF 0.99214 -4 0.6 1.9 

Reference 0.99218 0 0 0 

 

 

 

3.3.6 Transverse Leakage for Reflector DF Generation in 2D 

 

In RENUS, three 1D nodal calculations in x, y, and z-direction are performed 

in order to do the 3D calculation. For each direction, coupling effects from 

orthogonal directions are considered through integrated transverse leakages. Second-

order polynomials are commonly used to expand transverse leakage terms.  

Concerning the generation of Reflector DFs for L-type, the 2D local problem 

should be solved. Once GCs from 2D local configuration are generated from 

nTRACER, equivalent factors are calculated from RENUS following the procedure 
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introduced in Subsection 3.2.3. Since GCs are obtained in assembly-wise, also the 

generation of Reflector DFs is done with an assembly-sized nodal mesh which is 1 

box per assembly. However, in a practical calculation, 2-by-2 nodal submesh which 

is 4 boxes per assembly is commonly applied to catch a proper transverse leakage 

effect and to consider proper intra-nodal power distribution. This mismatch in nodal 

submesh size between a generation of Reflector DFs and a core calculation induces 

inconsistency thus an error appears in a core result. 

However, it is not possible to obtain DFs that preserve a reference solution in 

4-box scheme while still using as a single value for each surface which is a 

conventional definition of assembly-wise GCs. In this subsection, a method to reduce 

the errors from the mismatch is introduced although it cannot perfectly rid of them.  

 

Transverse Leakage Scheme in RENUS 

 

Transverse leakage in RENUS is expanded to second-order polynomials. Three 

constraints for the second-order polynomial coefficients are as follows: node average 

of the transverse leakage of its own node and two neighbor nodes. Figure 3.12 

represents three constraints.  

 

Figure 3.12 Second-order expansion of transverse leakage with a full assembly 

width for the constraint of neighboring averages. 
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Modified Transverse Leakage Scheme for 1-box node 

 

Modified transverse leakage scheme adopted in RENUS for the generation of 

DFs is to use three constraints as follows: node average of its own node which is the 

same constraint as original, and node average of its two neighbor nodes but only for 

half of the node size as represented in Figure 3.13. As half-node-wise transverse 

leakages are used in 4-box scheme, this modification has a less mismatch than the 

original. 

 

 

Figure 3.13 Second-order expansion of transverse leakage with a half assembly 

width for the constraint of neighboring averages. 

 

 

For the ideal case that average of the whole node and the half-node are the same, 

the modified scheme can perfectly follow the transverse leakage that is expanded 

with a half node size. Figure 3.14 depicts a transverse leakage in checkerboard-like 

condition. The reference transverse leakage will be a sine function as like a dotted 

line in the figure. An original 1-box scheme (1×1, black solid line) cannot properly 

represent sine-shaped reference transverse leakage shape. Using a 4-box scheme 

(2×2, red solid line) shows a better representation that the 1-box. The modified 

scheme that uses half node size for neighbor node average (1×1H, green dashed line) 

perfectly follows the one from 4-box scheme.  
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Figure 3.14 Example of transverse leakage expended under 1 (black) and 2 (red) 

submeshes with full-width and 1 submesh with half-width (green dashed). 

 

To evaluate the effectiveness of the modification, Core GCs with two sets of 

Reflector DFs from the original scheme and modified half-width scheme, 2D 

APR1400 core calculation is performed in 1- and 4-box scheme. Results are 

summarized in Table 3.17. When the full-width RDFs is used in 1-box scheme, 

RENUS follows the same solution as nTRACER as it is originally meant to be. When 

a 4-box scheme is applied which is the conventional result, there was 1 % RMS error 

induced by the mismatch. When with RDFs from half-width, RMS error is halved. 

Although the modification is not an ideal solution to get rid of the mismatch, it can 

effectively reduce the error from the inconsistent submesh condition. Moreover, 

since RDFs have inherent sources of error since it is generated from a local 

configuration, the modification might be sufficient enough. 

 

Table 3.17 Reactivity difference and assembly-wise power errors using Core DFs 

generated from full and half-width under 1×1 and 2×2 submeshes for the APR1400 

core at BOC, 500 ppm base condition with Core GCs.  

Case    RMS Max 

Full-width, 1×1 1 0.0 0.1 

Full-width, 2×2 -18 0.9 2.1 

Half-width, 1×1 22 1.2 3.1 

Half-width, 2×2 5 0.5 1.9 
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Figure 3.15 Assembly-wise power distribution error under 1×1 submesh (left) and 

2×2 submesh (right) using Core GCs with Core DFs generated from full-width for 

the APR1400 core at BOC, 500 ppm base condition with Core GCs.  

    

Figure 3.16 Assembly-wise power distribution error under 1×1 submesh (left) and 

2×2 submesh (right) using Core GCs with Core DFs generated from half-width for 

the APR1400 core at BOC, 500 ppm base condition with Core GCs. 
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3.4 Evaluation of Errors in APR1400 2D Core 
 

 

From Section 3.1 to 3.3, three major sources of two-step errors are discussed. 

In this section, the actual magnitude of error is evaluated for the 2D APR1400 core 

without thermal feedback. In Subsection 3.1.3, it was pointed out that peripheral 

assemblies are quite decisive of the result. Thus, four kinds of variation target are 

set: Inner Assembly and Peripheral Assembly GCs, ADF and Reflector GCs. From 

Case A to B, use of Core generated PA GCs decreased to 3.2 % of RMS error which 

is a half of the base case. If Core GCs are used for IAs, the error reduces 1.8 %. A 

use of properly generated fuel GCs can reduce 5.0 % of RMS error in total. 

Remaining 1.4 % RMS in Case D is induced by ADF and RDF error. Subtracting the 

error of Case D from G, the error from RDF can be obtained as 0.9 % thus the leftover 

0.5 % is from ADF. Figure 3.17 shows their portion as a pie chart in a significance 

order. For an efficient correction, targeting a fuel assembly first and then RDFs is a 

proper priority order.  

 

Table 3.18 Reactivity and assembly-wise RMS and maximum power errors of 

RENUS for the 2D APR1400 core at HZP for various combination of GC sets. 

CASE IA GC PA GC ADF RGC   RMS Max 

A SA SA SA Local 39 6.4 12.5 

B SA Core SA Local -60 3.2 7.2 

C Core SA SA Local 138 4.6 8.0 

D Core Core SA Local 33 1.4 2.8 

E SA Core SA Core -93 2.2 5.4 

F Core SA SA Core 104 3.7 7.1 

G Core Core SA Core 10 0.5 1.1 

H Core Core Core Core 0 0 0 
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Figure 3.17 Fraction of the source of errors for the 2D APR1400 core at HZP. 
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3.5 Error of Thermal Feedback Modeling 
 

 

In a full power condition, the power peaking in the radial direction is smaller 

than the zero power condition since the power distribution is flattened due to Doppler 

broadening. The error of the two-step result is considered to be decreased in this 

manner. However, errors of the few-GCs from T/H variation can induce non-

negligible error since T/H variations induce more than a percent of change in few-

GCs. Thus, a careful treatment on T/H tabulation must be followed to achieve high 

accuracy at HFP calculations.   

 

 

3.5.1 Few-group Constants variation in T/H variation 

 

The average of the XS difference due to the leakage was about 0.5 % for all 

types of XS except for down-scattering which is about 1.0 %. GC variations induced 

by T/H variation are greater than that from leakage effect.  

Table 3.19 shows the magnitude of relative XS difference due to each variation 

case. Fuel temperature variation shows similar or smaller variation than the leakage 

effect except for fast absorption XS which highly perturb by Doppler broadening. 

Moderator temperature effect is the most forceful variation among T/H variations. 

The case of -300 K variation for cold power state induces over 24 % variation on 

scattering XS. Even for + and – 20 K case for operating conditions, variations were 

leading the difference.  
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Table 3.19 RMS of relative macroscopic XS differences induced by T/H variations 

from the base condition (uniform HFP, 500 ppm) of the APR1400 fresh assemblies.  

 (%) D  a  f  out  

Fuel -300 K 
Fast 0.002 1.855 0.048 0.534 

Thermal 0.093 0.269 0.337 8.933 

Fuel +300 K 
Fast 0.002 1.581 0.063 0.431 

Thermal 0.093 0.267 0.334 8.855 

Mod -300 K 
Fast 9.442 3.112 2.360 24.470 

Thermal 17.712 9.359 7.495 24.107 

Mod -20 K 
Fast 2.682 0.894 0.692 6.538 

Thermal 4.984 2.026 1.489 4.678 

Mod +20 K 
Fast 3.680 1.245 0.981 8.530 

Thermal 6.909 2.319 1.601 4.804 

Boron 0 ppm 
Fast 0.009 1.186 0.100 0.542 

Thermal 0.167 5.592 0.664 5.022 

Rho +4 % 
Fast 0.186 0.062 0.050 0.448 

Thermal 0.334 0.076 0.034 0.008 

 

 

3.5.2 Effective Fuel Temperature 

 

For T/H feedback calculations, in the nodal codes like RENUS, GCs are 

obtained from the tabulated library. To get a proper value from the tabulation, first, 

it needs to obtain equivalent T/H state variables as nTRACER. A global state 

variable such as boron concentration, pressure can be obtained without any 

approximation. As we use assembly-wise averaged burnup for the generation of GCs, 

the burnup exposure also can be obtained. However, temperature conditions are 

different. Since GCs are tabulated under a uniform temperature distribution for both 

fuel and moderator, a single temperature should be obtained to get values from the 

tabulation. In feedback calculations with nTRACER, the temperature distributions 

of fuels and moderators are non-uniform overall pin cells and even inside a pellet as 

shown in Figure 3.18. Thus, Effective Fuel Temperature (EFT) which is the 

equivalent temperature that makes the same reactivity with a uniform temperature 

distribution is defined for the T/H feedback in nodal codes.  
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Figure 3.18 Intra-pellet fuel temperature profile from the simple 1D T/H solver. 

The number of subdivision is 20 for fuel, 2 for cladding and 1 for moderator.  

 

 

Figure 3.19 shows fuel temperatures at each power level. At zero power, all 

temperatures are at a uniform temperature which is equivalent to the coolant 

temperature. As the power level increases, temperatures also increase but the 

gradients are different. EFT is in between the centerline temperature and the surface 

temperature which are the maximum and the minimum temperature of fuel pellet. 

Thus, in traditional codes, EFT was obtained by the interpolation between those 

which can be expressed as Eq. (3.24). And an optimum weight factor is obtained 

which is defined to have least RMS error through all power levels and assembly 

types.  

  1eff NEA center NEA surfaceT T T    . (3.24) 
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Figure 3.19 Power level dependency of center-line, volume-weighted average, 

surface and the effective fuel temperature. 

 

 

Instead of using the center-line temperature, Grandi [22] introduced ‘Studsvik 

Formula’ to use the volume weighted average fuel temperature for the interpolation 

which can be expressed as Eq.(3.25). Hursin [23] mentioned that Studsvik formula 

can achieve less RMS error than ‘NEA formula’.  

   . .1eff Std surface Std V avgT T T    . (3.25) 

Figure 3.21 and Figure 3.22 show both NEA and Studsvik EFT weight factors 

evaluated for single pins and single assemblies from APR1400 at BOC. Except for 

the gadolinium pin, all other data are gathered in a bundle. The maximum-minimum 

difference of factor itself in both type and power level for NEA formula is smaller 

than the Studsvik. However, the estimated error of the optimum weight for Studsvik 

formula is a bit smaller than the NEA which means the Studsvik is much accurate as 

shown in Figure 3.20. It is because of using centerline temperature. The centerline 

temperature becomes quite high when the power level goes up and even a small 
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perturbation on the weight factor is multiplied by that high temperature and induces 

error on estimated EFT. Thus, Studsvik formula is much preferable.  

 

Figure 3.20 Estimated reactivity errors using NEA formula (red, left) and Studsvik 

formula (black, right). Solid lines for maximum and dashed lines for RMS. 

 

Figure 3.21 NEA weight factors depend on power level for single pins and single 

assemblies from APR1400. The max-min difference in assembly type: 0.9%, in 

power level: 6% 
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Figure 3.22 Studsvik weight factors depend on power level for single pins and 

single assemblies from APR1400. The max-min difference in assembly type: 1.7%, 

in power level: 10% 

 

 

3.5.3 Tabulation of EFT weight factor 

 

To obtain optimum weight factor, several numbers of test runs for assembly 

types and power levels must be preceded. In Hursin [23] and also in traditional 

methods, two sets of test runs were performed. The first set of calculations is to 

obtain references reactivity for a few power levels with T/H feedback so that there 

are temperature profiles. And the second set is performed in several different fixed 

uniform temperatures which are obtained from a test range of weight factor. Then 

the optimum factor is obtained so that it achieves a minimum level of average 

reactivity error for all power levels and fuel types. 

In the nTRACER-RENUS system, the optimum value is not searched but the 

EFT weight factors are tabulated for each assembly type and power level. Because 

the additional cost for the tabulation is almost zero. One more difference in 

nTRACER-RENUS is that nTRACER is capable to search EFT automatically by the 

following procedure: 
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1) Perform a reference calculation with T/H feedback 

2) Run for a uniform temperature 1T  and evaluate the reactivity error 1e   

3) Run for a uniform temperature 2T  and evaluate the reactivity error 2e   

4) Estimate EFT based on the assumption that reactivity varies proportionally 

to the square root of the fuel temperature as Eq. (3.26): 

  2
2 2 1

2 1

eff

e
T T T T

e e
  


.  (3.26) 

5) Run for a uniform temperature 
effT  and evaluate whether the error meets the 

criteria. If not, repeat 3) ~ 5). 

 

Two temperatures for step 2) and 3) can be efficiently determined from pre-

entered estimated weight factors. For most of the cases, the errors from step 2) and 

3) are within 100 pcm and the reactivity is truly proportional to the square root of 

the fuel temperature so only a single iteration is enough to obtain EFT within a pcm 

error criteria. Figure 3.23 and Figure 3.24 show EFT weight factors for APR1400 

C0 assembly for various power level and burnup. They are from identical data set 

but burnup and power level on the x-axis are replaced with one another. 
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Figure 3.23 Effective Fuel Temperature weight factors of the APR1400 C0 

assembly (500 ppm boron) in burnup with various power levels.  

 

 

Figure 3.24 Effective Fuel Temperature weight factors of the APR1400 C0 

assembly (500 ppm boron) in power level at various burnup points. 
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3.5.4 Non-uniform Moderator Effect 

 

There is one more unique feature in nTRACER-RENUS on tabulating effective 

T/H properties. It is the consideration of Non-Uniform Moderator Effect (NME). In 

conventional methods, the reference calculations are performed under an infinite 

flow rate condition with an average coolant temperature so there is no temperature 

rise. However, in actual calculations of DWC calculation, there is a temperature 

distribution in a moderator. Here introduce three different temperature conditions as 

represented in Figure 3.25: Case A is the reference, T/H feedback on, fully 

heterogeneous case. In Case B, after performing the reference case, retaining the 

temperature distribution of all fuel pins including the intra-pellet profiles but set an 

average moderator of reference case as a uniform moderator temperature and fix the 

temperature. In Case C, reset all T/H properties and re-do the T/H calculation but set 

the average moderator temperature from the Case A as an inlet temperature with an 

infinite mass flow rate to make moderator temperature distribution uniform. Case A 

and B have the identical fuel temperature distribution but the difference in a 

moderator distribution. Case B and C have the same uniform moderator condition 

but have a difference in a fuel temperature.  

Case A is the final goal for the nTRACER equivalent RENUS result. Case C 

which is a reference case of optimum EFT weight in conventional methods cannot 

be equivalent to Case C because of the fuel temperature difference. In RENUS, Case 

B which has the same fuel temperature distribution as Case A is set to be a reference 

for EFT tabulation. However, still, there is an inconsistency between Case B and A 

due to the difference in a moderator distribution. 
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Figure 3.25 Explanation of the equivalent thermal feedback modeling of RENUS. 
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Figure 3.26 and Figure 3.27 show the reactivity difference for APR 1400 C0 

and C2 assembly in 2D under 500 boron. For C0 assembly, the differences between 

case B-A and case C-A is negligible. However, for C2 assembly with Gd pins which 

has low power thus cold moderator temperature in a closed channel T/H solver, there 

is over 30 pcm difference induced from non-uniform moderator temperature effect. 

The difference between B and A (ref) solely comes from the moderator temperature 

effect.  

 

Figure 3.26 Reactivity difference of the uniform moderator condition (case B) and 

the infinite flow condition (case C) to the reference (case A) for the APR1400 C0 

assembly with 500 ppm boron concentration at BOC. 

 

Figure 3.27 Reactivity difference of the uniform moderator condition (case B) and 

the infinite flow condition (case C) to the reference (case A) for the APR1400 C2 

assembly with 500 ppm boron concentration at BOC. 
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The non-uniform temperature effect in closed channel T/H model causes 

thermal absorption XS shift of Gd pin due to more moderation by cold water in Gd 

pin channel. Thus, the correction modifies the thermal absorption XS to preserve the 

reaction rate via a shift of the XS as much as Eq. (3.27). Based on Eq. (3.8), the k-

eff of thermal absorption perturbed system can be written as Eq. (3.28): 

  2 2 1a a NME    , (3.27) 

 
1 2 2 12 1 2

1 2 12 2 1 2

f r f f a NME

NME

a r a r a NME

k
   



       


     
. (3.28) 

With a little manipulation, the equation can be re-arranged to obtain ENE 

correction factor 
NME  as Eq. (3.29): 

 1 2
12

1 1 2

ref a r
NME

ref r f a

k k

k




    
  

    
. (3.29) 

The correction factor is tabulated in power, burnup and also boron concentration 

which affects the moderator effect.  

 

 

3.5.5 Evaluation of T/H feedback in Single Assembly 

 

The accuracy of the T/H feedback capability of RENUS is evaluated for single 

assembly problems first with 2D nTRACER results with T/H feedback as references. 

Table 3.20 and Table 3.21 show summary of reactivity and its error for each C0 and 

C2 assembly from APR1400. For C0 assembly, without Gd pin, showed almost no 

error for both conventional and new thermal feedback modeling. However, for C2 

assembly, with Gd pin, showed 30 pcm bias when without a proper correction of 
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NME. With NME correction, the biased reactivity error can be reduced up to 3 pcm. 

In 3D single assembly calculations, as shown in Table 3.22, the equivalent 

thermal feedback modeling equipping EFT tabulation and NME correction showed 

slightly better results than the conventional thermal feedback modeling. For C0 

assembly which has negligible NME, the difference between the conventional and 

the new one was subtle.  

 

Table 3.20 Reactivity and its errors (pcm) of RENUS with the conventional, EFT, 

EFT with NME correction for thermal feedback for the 2D APR1400 C0 assembly. 

Boron nTRACER Conv. EFT NME Corr. 

0 1.38530 2 2 0 

500 1.31086 1 1 1 

1000 1.24507 0 0 1 

1500 1.18650 -1 -1 1 

 

Table 3.21 Reactivity and its errors (pcm) of RENUS with the conventional, EFT, 

EFT with NME correction for thermal feedback for the 2D APR1400 C2 assembly. 

Boron nTRACER Conv. EFT NME Corr. 

0 1.13776 34 36 -2 

500 1.08628 31 32 1 

1000 1.04006 27 29 3 

1500 0.99832 23 25 2 

 

 

Table 3.22 Comparison of the results between nTRACER and RENUS for the 3D 

APR1400 C0 and C2 single assembly under zero power (T/H off) and full power 

(T/H on) with the conventional and the equivalent thermal feedback modeling.  

Assembly   (pcm) P (%) 

C0 

T/H off 52 0.2 

Conv. 10 0.6 

Equi T/H 10 0.6 

C2 

T/H off 66 0.5 

Conv. 0 1.2 

Equi T/H 35 0.8 
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3.6 Error of Simplified Depletion 
 

 

The few-group constant libraries for two-step methods are stored in isotope-

wise data for each assembly type with all branch derivatives. In the recent version of 

RENUS, 26 isotopes plus Lumped Fission Products (LFPs) are separately considered 

in a depletion. Since minor isotopes are lumped to LFP, a bit of error, but tolerable, 

exists even in a single assembly condition which was used for the generation of GCs. 

In this section, the update of RENUS depletion chain and its accuracy is presented. 

 

3.6.1 Depletion chain of RENUS 

 

Figure 3.28 and Figure 3.29 show the simplified depletion chains of RENUS. 

The previous version of the RENUS depletion module tracked only 11 heavy 

nuclides and 4 fission products which are in a pink (for fissile) and a white color. 

Utilizing the linearized chain, the analytic solution of the Bateman equation was 

implemented in the old version. During the developmental stage of N2R, Jeong [4] 

find out that the old version of RENUS depletion had up to 250 pcm positively biased 

reactivity due to the lack of Sm-149 even with the consistent decay data. In the 

updated version of RENUS, 4 more isotopes for Samarium chain, 7 more heavy 

nuclide isotopes for alpha decays with CRAM [24] and few more chains have been 

added to catch the difference. Here are a few find outs from the update of the chain: 

- capture from 
148

61 Pm , 
148

61

m Pm  takes about 40 % of total 
149

61 Pm source 

- (n,2n) of 
238

92 U  takes non-negligible portion of 
237

92 U  source 

- 
234

92 U must be tracked for 
235

92 U  generation  

- decay of 
242

96 Cm  and 
238

94 Pu  are the most important alpha decays 
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Figure 3.28 Simplified heavy nuclide depletion chain of RENUS. 



 

 
75 

 

Figure 3.29 Fission product chain of RENUS. Grey-shaded isotopes are lumped. 

 

3.6.2 Error in Single Assembly Depletions 

 

Figure 3.30 shows the error of single assembly depletion results for APR1400 

assemblies. RENUS can achieve ±100 pcm accuracy with only 26 isotopes where 

nTRACER which follows 373 isotopes. Within a single core cycle burnup, the errors 

are in ±30 pcm boundary.  

 

Figure 3.30 Reactivity difference of the RENUS depletion at full power for the 

single assemblies of APR1400.  
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Chapter 4. Leakage Feedback Correction  
 

 

Based on the fact that the group constant difference between the core 

environment and the single assembly infinite medium condition is due to the leakage 

effect, it is assumed that the difference is proportional to the leakage fraction that 

represents how much neutron leaks out from the region per removal reactions. This 

assumption is based on the observation of the empirical correlation between the 

corrected XS and the leakage fractions. In this chapter, the leakage fraction (LF) is 

defined as the group-wise volumetric leakage rate relative to the group-wise removal 

rate of a region.  

A big difference from the previous studies is that it directly considers the 

leakage effect of a group to the other group by using both fast and thermal group LF 

as the functionalization parameters for all XSs. In order to functionalize the GCs 

over the LFs, several sets of CB problems need to be solved in advance to yield 

different leakage conditions. The functionalized GC library is then used in a leakage 

corrected core calculation procedure where the GCs are iteratively updated using the 

group-wise LFs obtained from the core calculation. In addition, a special attention is 

made to the leakage correction of the peripheral fuel assemblies facing the reflector 

that experiences much higher leakage rate the interior fuel assemblies.  
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4.1 Functionalization of GCs with respect to Leakage 

Fractions 
 

 

The basic concept of the LFM is originated from the local leakage correction 

for a non-asymptotic part of the Palmtag’s spectral correction [9] which is an 

advanced form of the method that has been used for the MOX fuel analysis in 

SIMULATE3 [25]. Based on the observation that the fractional change is 

proportional to the leakage-to-removal fraction, the correction was done with the 

following relation:  

 

2
, , 1 1

, 1 1

SA

x g x g

gSA

x g r

D 




    
  

  
. (4.1) 

where the superscript SA stand for single assembly (SA) and subscript x  

denotes reaction type. This correction is done only for down-scattering, fast 

absorption and thermal fission XSs with the leakage-to-removal fraction of fast 

neutrons that has large mean free paths. Here we try to correct all types of XSs and 

to extend the functionalization parameter to the leakage fractions of both groups. In 

the spectral correction, the effect of thermal group in leakage correction was 

considered indirectly with the SI, that is defined as the thermal to fast flux ratio, in 

asymptotic part of the correction. We propose to account the effect of both fast and 

thermal leakages directly. In addition, the removal XS in the denominator which is 

allowed to vary during the iterative correction procedure is replaced with the SA 

value in order to prevent the oscillation during the convergence. The physical 

meaning of the correction factor becomes a leakage-to-removal fraction and the final 

expression becomes: 
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2 2

, ,

SA

g g F F T T
g gSA SA SA

g r F F r T T

D D 
 

 

        
    

        
, (4.2) 

  ( , ) 1SA

G F T G G F G Tl l l l      . (4.3) 

where F and T stand for the fast and thermal group, respectively, and Fl  and 

Tl  are the leakage fractions defined by the terms in the brackets. In the following, 

the rationale to functionalize GCs with the two parameters are provided.  

 

 

4.1.1 Fitting Results 

 

To examine the relation between the relative XS change and LFs, the fuel 

assemblies of APR1400 with a different number of burnable absorber rods, a total of 

9 fuel assembly types, were used.  

A single assembly lattice calculation is performed to obtain SA GC with zero-

leakage. Then a set of 2×2 CB (CB) calculations are performed considering 

neighboring assemblies. For example, there can be 8 CB configurations for one type 

of assembly to account for the actual core fuel loading. From the CB calculations, it 

can obtain 8 additional sets of the two-GCs and LFs. With those 9 points, the fitting 

can be done with a least-square-method. Forcing to have the exact result in a single 

assembly calculation, there is a constraint to make fitting pass the SA case. 

For the C0 assembly which can have 8 types as the neighboring assembly in the 

CB, the change in the down-scattering XS from the SA to the CB configurations is 

plotted in Figure 4.1with the two LFs as a fitting parameter. It is noted in this figure 

that the XSs of the CB can be fitted on a plane quite well.   
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Figure 4.1 Functionalization of the down-scattering cross-section of the APR1400 

C0 assembly with two-group LFs and the original values from the CB calculations. 

 

To assess the fitting performance, the goodness-of-fitting (GoF) is defined as 

Eq. (4.4) so that it becomes unity if the fitting is perfect. Table 4.1 shows the GoF 

value for all cases. These observations suggest that the functionalization of the XS 

over leakage can be properly done by using the two LFs as the interpolation 

parameters. 
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.  (4.4) 

Table 4.1 Goodness of Fitting for the APR1400 assemblies 

 A0 B0 B1 B2 B3 C0 C1 C2 C3 

D1 0.993 0.995 0.994 0.994 0.994 0.995 0.994 0.994 0.994 

D2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

A1 0.987 0.989 0.988 0.988 0.988 0.989 0.989 0.988 0.988 

A2 1.000 1.000 0.999 0.998 0.999 1.000 0.999 0.999 0.998 

F1 0.983 0.960 0.952 0.948 0.952 0.963 0.958 0.958 0.953 

F2 1.000 1.000 1.000 0.999 1.000 1.000 1.000 1.000 1.000 

DS 0.983 0.986 0.985 0.985 0.984 0.986 0.985 0.985 0.985 

US 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
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In an aspect of XS itself besides of fitting, the RMS error of evaluated XS from 

the fitting can be calculated as Eq. (4.5). Table 4.2 shows the RMS of relative XS 

error in a pcm unit. For thermal group XS, except for the up-scattering XS which is 

a minor, the error is less than 10 pcm. For the fast group, down-scattering showed 

around 80 pcm error. Note that 80 pcm is 0.08 % which is negligible based on the 

sensitivity study from Subsection 3.1.2. 

 

2

( , )
/RMS CB F T

LFM

SA

l l
E N

  
  

 
.  (4.5) 

Table 4.2 RMS of fitting errors in pcm for the APR1400 assemblies. 

 A0 B0 B1 B2 B3 C0 C1 C2 C3 

D1 14 12 13 13 13 11 12 13 13 

D2 2 3 3 3 3 3 3 3 3 

A1 42 38 42 41 43 38 41 42 42 

A2 2 2 9 10 9 4 8 9 9 

F1 21 28 31 30 32 30 32 33 32 

F2 3 3 9 7 9 4 8 9 7 

DS 84 74 81 81 83 72 78 81 81 

US 20 18 13 12 13 19 13 13 12 
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4.1.2 Spectral Index as a Fitting Parameter  

 

In APEC [18], Spectral Index (SI) defined as a fast-to-thermal flux ratio, Eq.  

(4.6) is used as a functionalization parameter for inner assemblies. However, that is 

not a reasonable approach since SI is a function of thermal leakage fraction. From 

the balance equation of thermal group as Eq. (4.7), SI can be derived as Eq. (4.8). 

Both thermal removal and down-scattering XSs are a function of leakage fractions 

thus also SI becomes a function of leakage fractions. Indeed, a relative SI difference 

can be fitted in a plane just like other XS as shown in Figure 4.2. Thus, LFM does 

not include SI as a functionalization parameter. 

 
1

2




  ,  (4.6) 

 2 2 2 12 1r L     ,  (4.7) 
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Figure 4.2 Relative SI difference from SA with respect to the leakage fractions for 
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the APR1400 fresh C0 assembly. 

 
4.1.3 Leakage Feedback Method (LFM) 

 

To perform the leakage correction with functionalized XSs, the LFs of a node 

should be obtained in the core calculation prior to the correction and it can be 

obtained from the partially converged solution. The extent of partial convergence 

can be determined empirically. Within the CMFD framework employing SENM 

nodal kernels, one nodal update involves several CMFD outer iteration and LF can 

be invoked periodically after a certain number of the nodal update n, as shown in 

Figure 4.3 which shows the core calculation flow with LF. With n =2, it appeared 

that all the cases converge well.  

 

 

Figure 4.3 Schematic core calculation flowchart of Leakage Feedback Method. 
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4.2 Treatment on Peripheral Assemblies 
 

 

As already mentioned several times in previous sections, peripheral assemblies 

are decisive of core results. The condition of peripheral assemblies is quite different 

from the inner core assemblies since these are next to reflectors. With LFM 

coefficients from checkerboard configurations, PA GCs can be partially corrected 

since the direction of correction is the same but that cannot assure the accuracy of 

the estimation. Thus, a special treatment on peripheral assemblies is necessary.  

 

4.2.1 Functionalization for Peripheral Assemblies 

 

For the modeling of PA GCs, PAT-SI which uses Spectral Index shift as an 

additional fitting parameter is adopted as a final model of PAs. When devising PAT-

SI, several trial models for Peripheral Assembly Treatment (PAT) are devised with 

their own reasons. In this subsection, not only the final model but also trial models 

are introduced for understanding the phenomena in peripheral assemblies near 

reflectors.  
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Trial A: Simple Weighted Averaged (PAT-SWA) 

 

A first PAT devised in Ban [17] simply assumed that the GCs of peripheral 

assemblies are between the checkerboard LFM GCs and a fuel-reflector locally fitted 

GCs as expressed in Eq. (4.9) and Figure 4.4. The term 
FF  is the functionalized 

XS from checkerboards where the subscript stands for fuel-fuel.
FR  is a linearly 

fitted XS from fuel-reflector two node problem as written in Eq. (4.10) based on the 

assumption that the XS shift due to the reflector is proportional to the fast leakage 

which is dominant. It is because there is not enough point for two variable fitting. 

  ( , ) 1 ( , ) ( )PA F T FF F T FR Fl l l l l       ,  (4.9) 

 ( ) 1
local

FR SA
FR F SA Flocal

SA F

l l
l

   
        

.  (4.10) 

 

Figure 4.4 Concept of Simple Weighted Averaged PAT. 

 

The method worked properly for BEAVRS benchmark [17] but slightly over-

corrected in VERA benchmark case. It was because of asymmetric assembly 

appeared in BEAVRS. PAT-SWA corrected the effect of the asymmetric assemblies 

to reduce the errors at PAs but cannot properly reflect the effects from reflectors. 

Thus the method cannot guarantee a proper correction for general cases. 
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Trial B: Peripheral Assembly Spectral Correction (PASC) 

 

As the spectral error is a dominant source of error and the spectrum shift at 

peripheral assemblies are much significant than in inner fuel assemblies, the method 

that corrects PA GCs with a pseudo spectrum is devised. The basic idea of Peripheral 

Assembly Spectral Correction method is that the spectral shift due to the reflector is 

constant through any conditions as expressed in Eq. (4.11).  

Figure 4.5 shows relative spectrum shift obtained from fuel-reflector two node 

problem for APR1400 assemblies. Although the configurations and enrichments are 

all different, the spectrum shifts are in the similar level. The A0 assembly has a bit 

larger difference but also shows the same tendency of the shift. Moreover, A0 

assembly is not used for PA since it is a low enrichment assembly.  

 ( / 1)FR SA

g g g gC      .  (4.11) 

 

Figure 4.5 Relative spectrum shifts from the single assembly to the fuel-reflector 
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two-node problem for the APR1400 assemblies. 

 

This assumption is valid even for the depleted fuel assembly. Figure 4.6 and 

Figure 4.7 show the spectrum shift at each burnup step for A0 assembly and C3 

assembly. The dashed line is the ghost of the BOC. As the spectrum shift remains in 

the similar shape, once we obtain the spectrum shift at BOC, we can obtain a pseudo 

spectrum for burnt fuel-reflector configuration. Even it is possible to perform only 

one type of fuel-reflector problem with a representative assembly because the 

tendency was similar for all assemblies.  

As shown in Figure 4.8, PASC pseudo leakage corrected spectrum depicted in 

black solid line matches well with an actual core spectrum from APR1400. Plots in 

Figure 4.9 show the same results for VERA benchmark 2D core. For C0 assembly 

case, PASC showed good agreement with a reference but for C2 assembly which 

bares burnable absorber rods, even the SA or B1 spectrum were closer to the 

reference core spectrum. So the method perfectly worked for the assemblies that do 

not have BA rods but did not for who have.  

 

  



 

 
88 

 

Figure 4.6 Relative spectrum shift from a single assembly to a fuel-reflector two-

node problem two-node problem of the APR1400 A0 assembly at BOC, MOC, and 

EOC. 

 

 

Figure 4.7 Relative spectrum shift from a single assembly to a fuel-reflector two-

node problem two-node problem of the APR1400 C3 assembly at BOC, MOC, and 

EOC. 
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Figure 4.8 Relative spectrum difference of SA, B1 and PASC for the APR1400 B0 

assembly compared with the core spectrum at [A,9] (left) and [B,9] (right) from the 

2D core as a reference.  

 

 

Figure 4.9 Relative spectrum difference of SA, B1 and PASC for the VERA C0 

assembly compared with the core spectrum at [B,8] (left) [A,8] (right) from the 2D 

core as a reference. 
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Trial C: Separate functionalization for Edge and Corner (PAT-E&C) 

 

The third trial was to directly functionalize the PA XSs from colorset problems 

shown in Figure 4.10. In fact, the configuration is 2.5×2.5 size problem but for its 

simplicity, it is denoted as 3×3. A similar approach has been adopted in APEC [18] 

but one novelty of this method is in the separate functionalization for edge PAs and 

corner PAs depending on that facing only 1 side (at [1,2]) or 2 sides (at [2,2]) toward 

reflectors. 

 

Figure 4.10 Configuration of the 3×3 colorset problems.  

 

Similar to the fact that the leakage effects from fuel-to-fuel and fuel-to-reflector 

are different, it was empirically found that the effect from one side of the reflector 

facing interface and the two sides are different. Here is an explanation of how they 

are different. First, the XS change due to the spectrum shift can be expressed as Eq. 

(4.12) from the spectral error part of Eq. (3.6). Superscript ‘~’ stands for normalized 

value: 

 

* SA
Con SAG G
G g gSA

g GG Con

E 


  
    

 
 . (4.12) 

The fact that the GCs can be functionalized with leakage fractions implies that 

the term in Eq. (4.12) also can be expressed as a function with respect to leakage 

fractions. Since the term 
SA

g  is a constant, the spectrum shift g  is the term that 
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can be functionalized as Eq. (4.13): 

 ( , )g F T g F g Fl l l l     . (4.13) 

Figure 4.11 shows the coefficients 
g  in blue and 

g in red line which are 

fitted from fuel-fuel checkerboard points. The GoF was always higher than 0.95 for 

any cases. The fitting coefficients from fuel only 2×2 checkerboard colorset and 3×3 

colorset are different. Even in 3×3 colorset, the edge fuel assembly at [1,2] which 

facing only a single side toward reflector and the corner one at [2,2] facing two sides 

are different. The difference cannot be easily distinguished via coefficients itself but 

it can be when we plot the relative spectrum difference. 

 

Figure 4.11 Fast (blue) and thermal (red) coefficient of the functionalized spectrum 

shift from the fuel-fuel checkerboards of APR1400 assemblies. 

 

We can obtain pseudo leakage corrected spectra for each three difference 

coefficient set when two leakage fractions are known then compare that with actual 



 

 
92 

core values as a reference. Figure 4.12 and Figure 4.13 show the relative spectrum 

difference for the edge and the corner assembly appear in the APR1400 2D core. It 

is clearly shown that the pseudo spectrum obtained from a checkerboard set cannot 

properly represent the leakage effect of peripheral assembly for both two cases. But 

spectra from each edge and corner colorsets reduced the difference noticeably. 

The difference in spectrum shift obviously makes a difference also in XS. 

Figure 4.14 to Figure 4.15 show the fitting results for C0 assemblies from APR1400. 

Blue lines and points denote fitting results from fuel only checkerboard points, 

magentas from the edge and reds from the corner. Note that for the edge and the 

corner PAs, used Eq. (4.14) which includes a constant term 
Gc  because as you can 

see from the figures, red and magenta points show parallel shifted tendency from the 

blues:  

  ( , ) 1SA

G F T G G F G GTl l cl l       . (4.14) 

One remark on the result is that for fast absorption XSs, edge points shows 

similar tendency as checkerboard points while corner points are floating and for fast 

fission XSs, corner points are closer to checkerboard points. And for down-scattering 

XSs, checkerboard points were in between edge and corner points. 

Black ‘x’ marks and ‘+’ marks are the points from a core problem while each of 

them representing edges and corners. Separate fitting from the 3×3 colorset problems 

makes a good approximation for the core reference points. However, still, there is a 

bit of a discrepancy between actual values and the fitting.   
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Figure 4.12 Relative spectrum difference of evaluated spectrum from checkerboard 

and a 3×3 local problem for the APR1400 C0 assembly compared with the core 

spectrum at [B,9] from the 2D core as a reference. 

 

Figure 4.13 Relative spectrum difference of evaluated spectrum from checkerboard 

and a 3×3 local problem for the APR1400 C0 assembly compared with the core 

spectrum at [D,9] from the 2D core as a reference. 
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Figure 4.14 Relative fast absorption XS difference from checkerboards (blue), 

edges (magenta) and corners (red) of the APR1400 C0 assembly with respect to 

leakage fractions and Core XS appeared in the 2D core (black, × for the edge, + for 

the corner). 

 

Figure 4.15 Relative down-scattering XS difference from checkerboards (blue), 

edges (magenta) and corners (red) of the APR1400 C0 assembly with respect to 

leakage fractions and Core XS appeared in the 2D core (black, × for the edge, + for 

the corner). 
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Trial D: Spectral Index (PAT-SI, Final Model) 

 

One last trial was to use Spectral Index as an additional functionalize parameter. 

The problem of using SI in fuel-fuel checkerboards was mentioned in Subsection 

4.1.2. However, in fuel-reflector colorsets, SI shift is not simply a function of two 

group leakage fractions. Figure 4.16 shows the relative SI shift from SA with edge 

PAs and corner PAs points from 3×3 colorsets and its fitting with respect to leakage 

fractions. Two fittings are almost parallel to each other which means they are not in 

a single plane and thus cannot be fitted at the same time. Figure 4.17 shows the same 

figure from a different viewpoint. From this observation, the SI shift is thought to 

have a certain relation with PA GCs that makes Edge PAs and Corner PAs different. 

So, in PAT-SI, PA GCs are fitted using Eq. (4.15) where   is a relative SI shift 

from SA SI:  

  ( , ) 1SA

G F T G GG F G Tl l l l        . (4.15) 

Table 4.3 shows RMS errors evaluated with five different PA functionalization 

for C0 assemblies from APR1400 2D core. For thermal group XSs, the errors of all 

cases were less than 15 pcm. Note that the fitting for thermal group XSs is similar 

for every case of colorsets. However, in the fast group, with LFM or single type of 

PA fitting, the errors were over 100 pcm. Using two separate functionalizations 

reduced the error up to 100 pcm level except for the down-scattering which has still 

212 pcm. Moreover, using SI for additional parameter make it possible to achieve 

less than 30 pcm error for all types of GCs.  
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Figure 4.16 Relative SI shift with respect to leakage fractions from 3×3 local 

problem and core for the APR1400 C0 assembly – view A. 

 

Figure 4.17 Relative SI shift with respect to leakage fractions from 3×3 local 

problem and core for the APR1400 C0 assembly – view B. 

 

Table 4.3 RMS errors in pcm of evaluated PA GCs using core leakage fractions for 

APR1400 C0 assemblies from the 2D core. 

 1D   
1a   

1f   
12   

2D   
2a   

2f   

LFM 224 390 174 402 15 14 11 

PAT-S 24 114 104 212 4 3 5 

Edge only 136 488 284 755 13 3 6 

Corner only 105 274 114 392 6 4 5 

PAT-SI 15 21 13 27 3 4 5 
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4.2.2 Effect of Axial Periphery 

 

In most types of reactors, heterogeneity in the axial direction is lesser than the 

radial. Although the power peaking in the axial direction is in the similar level as it 

is in the radial, the spatial variation of the solution is much mildly varying. Less 

heterogeneity of solution leads less deviation also in few-group XSs. Here are two 

sample problems from APR1400 assemblies. The reference calculations were 

performed with nTRACER in full 3D heterogeneous geometry for a given 

configuration in Figure 4.18. Since both nTRACER and RENUS use the same axial 

nodal solver, SENM, the only difference between the two is pin-wise leakage effect. 

Both codes used 19.05 cm of axial meshes resulting 22 planes in total. RENUS used 

SA GC for fuel but took the reflector XS from the reference calculation. Note that 

there is no need of considering DFs in the axial direction. And in the same manner 

as the test cases performed in Subsection 3.1.3, replaced the GC of the axially 

peripheral layer as highlighted in Figure 4.18. 

 

 

Figure 4.18 Configuration of 1D (3D) problem for the APR1400 single assembly. 
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The results are summarized in Table 4.4. As there is almost zero heterogeneity 

in the axial direction, even with SA can achieve high accuracy solution. Reactivity 

error only a few pcm. Using PA GC improved the result slightly but it was subtle. 

Thus, axially peripheral regions are not specially treated.  

 

Table 4.4 Reactivity difference and RMS of axial power profile for APR1400 A0 

and C2 assembly with or without using axial peripheral assembly GC.  

case 
nTRACER 

effk  

SA GC only Axial PA GC 

 (pcm) RMS  (pcm) RMS 

A0 0.97927 2.5 0.2 3.1 0.1 

C2 1.01445 2.4 0.0 2.4 0.1 

 

Figure 4.19 Relative axial power profile error of RENUS for the APR1400 A0 

assembly in the axial 1D configuration. 

 

Figure 4.20 Relative axial power profile error of RENUS for the APR1400 C2 

assembly in the axial 1D configuration. 
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4.3 LFM coefficients in Branch Calculations 
 

 

In this sections, a variation of LFM coefficients in depletion, T/H variation 

branches and control inserted cases are discussed. As a result, T/H variations are not 

considered because of its calculation burden and also ineffectiveness of its correction 

since the errors from T/H variation itself. Since LFM coefficients depend on its 

multigroup XS, burnup, and control rod insertion affected the coefficients thus they 

are tabulated in burnup and control rodded branches. Following subsections evaluate 

the magnitude of coefficient change due to branches. 

 

 

4.3.1 Tabulation in Burnup 

 

LFM coefficient generation in depletion can be done in the same manner as it 

is done for T/H branches along the depletion. A set of checkerboard calculations are 

performed for coarse burnup points. Figure 4.21 and Figure 4.22 show the coefficient 

variation tendency in burnup. The left figures are 
G  and the right figures are 

G . 

There is a drastic change of coefficients for fast group XSs around 20 MWD/kgU. 

Contrary to that, thermal coefficient of thermal XSs mildly vary. Note that fast 

leakage dependency of thermal XSs are nearly negligible thus a sudden change of 

coefficient of thermal diffusion coefficient can be ignored.  
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Figure 4.21 Fast (left) and thermal (left) LFM coefficients in depletion for fast 

group XSs of the APR1400 C0 assembly. 

    

Figure 4.22 Fast (left) and thermal (left) LFM coefficients in depletion for thermal 

group XSs of the APR1400 C0 assembly. 
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4.3.2 Tabulation in T/H variations 

 

Moreover, the evaluation of cross-term between leakage effects and branch 

conditions justifies the application of LFM at HFP conditions. The first evaluation 

was performed by simply comparing LFM coefficients obtained from the 

checkerboards with T/H variations. Table 4.5 shows the RMS of the relative 

coefficient difference through APR1400 assemblies in four different T/H variation 

cases based on hot temperature with 500 ppm boron concentration. Interestingly, fuel 

temperature variations in + and – 300 K did not make over 2 % of the coefficient 

change. On the other hand, moderator change and boron concentration affect the 

coefficient up to 7 %. Based on the fact that leakage effect on XS is around a percent 

and that will induce a few hundred pcm error in reactivity, LFM coefficient 

difference in T/H variation will induce less than 7% of that resulting under 100 pcm 

error. Considering that -100 K of moderator temperature variation does not need to 

be covered in operating conditions, and also the cost for the colorset problems, the 

cross effect from T/H and leakage is neglected in LFM. 

 

Table 4.5 RMS of relative difference of fast (left) and thermal (right) LFM 

coefficient at various conditions for APR1400 fresh assemblies. 

 Boron +500 ppm Fuel -300 K Fuel +300 K Mod -100 K 

D1 0.1 1.6 0.0 0.1 0.0 0.1 3.9 0.3 

D2 0.1 3.6 0.0 1.9 0.0 1.9 0.9 6.9 

A1 0.4 3.0 0.4 0.2 0.3 0.2 3.8 0.9 

A2 0.5 2.5 0.1 1.0 0.0 0.9 1.4 5.2 

F1 0.5 6.8 0.6 0.2 0.7 0.2 4.7 2.2 

F2 0.2 3.1 0.0 0.9 0.0 0.8 2.1 7.3 

S1 0.1 3.6 0.0 0.1 0.0 0.1 3.8 2.2 

S2 0.1 0.7 0.1 0.4 0.1 0.7 0.4 2.7 
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Following the same strategy as Eq. (3.5), we can expand the reference XS with 

leakage and T/H effects to prove that the cross terms are actually negligible. The XS 

change term due to T/H effect can be written as Eq. (4.16) and (4.17). Note that the 

terms are purely induced by T/H effect without any leakage effect thus it is obtained 

in a SA condition just like as the terms 
L

g  and 
L

g  are obtained under a fixed 

T/H condition. Then the cross effect terms between leakage and T/H effect are 

defined as Eq. (4.18) and (4.19). Putting all those definitions into Eq. (3.5) will lead 

Eq. (4.20):  

 
,TH TH SA SA

g g g    , (4.16) 

 
,TH TH SA SA

g g g     , (4.17) 

  , ,TH L TH L SA TH L

g g g g g         , (4.18) 

  , ,TH L TH L SA TH L

g g g g g           , (4.19) 

   * , ,SA L TH TH L SA L TH TH L

G g g g g g g g g

g G

   


         .  (4.20) 

Eq. (4.20) can be expanded as Eq. (4.21) when we introduce the term 
all

g

and 
all

g  as the sum of all three delta terms from the leakage, T/H and the cross 

effect. Except for the first order terms colored in blue and red, cross effect terms and 

second-order terms can be lumped as a second-order error 2( )O E . This kind of 

neglecting cross effects are common in T/H tabulation which ignores cross effects 

between fuel, moderator temperature, and boron effects.  
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 (4.21) 

With a slight manipulation, the equation can be rearranged and group condensed 

as Eq. (4.22) to be a relative XS difference in a few-group structure which is an 

actual target of functionalization: 

 

* *
2( )

SA SA

G G G G

SA S G

TH

GA

L

G

G G

E E O E
  

   
 

.  (4.22) 

For -100 K and +20K of moderator temperature variation case which showed 

the most significant change in the coefficient, evaluated each term in Eq. (4.22). The 

former is to represent the most severe condition among all T/H variation conditions 

and the latter is to represent the most severe condition under normal operating 

condition. The results for each variation are summarized in Table 4.6 and Table 4.7. 

For -100 K case, the largest value among cross terms was the down-scattering XS 

and it was 155 pcm. When it is compared with the leakage effect, it is a non-

negligible error. However, since the effect comes from T/H itself is dominant, both 

leakage and its cross effects are subtle. The effect of the cross term under the 

operating condition is much smaller. Thus, to reduce the calculation burden for the 

generation of LFM coefficients, the cross effect between the leakage and T/H 

variation is neglected. 
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Table 4.6 RMS of XS difference due to leakage and from the base condition to -

100K moderator temperature variation for APR1400 assemblies. 

 (%) D  a  f  
out scattering  

T/H 
Fast 9.442 3.112 2.360 24.470 

Thermal 17.712 9.359 7.495 24.107 

Leakage 
Fast 0.232 0.526 0.243 0.902 

Thermal 0.340 0.394 0.514 3.438 

O(E2) 
Fast 0.017 0.055 0.049 0.155 

Thermal 0.048 0.042 0.053 0.898 

 

 

Table 4.7 RMS of XS difference due to leakage and from the base condition to 

+20K moderator temperature variation for APR1400 assemblies. 

 (%) D  a  f  
out scattering  

T/H 
Fast 3.680 1.245 0.981 8.530 

Thermal 6.909 2.319 1.601 4.804 

Leakage 
Fast 0.232 0.526 0.243 0.902 

Thermal 0.340 0.394 0.514 3.438 

O(E2) 
Fast 0.008 0.025 0.022 0.069 

Thermal 0.026 0.026 0.029 0.371 

 

 

4.3.3 Tabulation in Control Rod Insertion 

 

One another important tabulation of GC library is the control rodded XS. In the 

conventional two-step approach, a control rod XS is obtained from the configuration 

given in the left of Figure 4.23. As a reflective boundary condition is applied for 

single assembly GC generation, a physical interpretation of the configuration is an 

infinitely rodded case which is not realistic at all. Control rod banks are designed to 

keep a distance with each other to prevent a high power peaking at unrodded 

assemblies. And since a control rod is a strong absorber, there is a large leakage 

toward rodded assembly. To properly represent a realistic condition with a leakage, 

checkerboard-like problems as shown in the right of the figure are used for the 

generation of control rod XS. From this configuration, leakage effects of a rodded 
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XS can be considered via LFM. Because a change in a composition affects LFM 

coefficients, different LFM coefficients from the unrodded case are obtained for 

control rodded assemblies following the same procedure as what is done for fuel 

assembly GCs. A fixed point fitting is done by setting a GC from the left 

configuration with no leakage as a base condition. 

 

Figure 4.23 Local configurations for control rod inserted assembly GC generation, 

the conventional (left) and LFM (right). 

 

For the validation of LFM GCs for control rodded assemblies, evaluated the 

RMS errors of control rodded assemblies defined as Eq. (4.23), a difference from 

control rodded cores which will be introduced in Section 5.5, assessments on control 

rodded cores. The results are summarized in Table 4.8. Unlike no correction or B1 

critical corrected GCs, LFM effectively reduced the error of control rodded 

assemblies for all types of reaction XSs. One remark is that SA GCs have a large 

down-scattering XS error and B1 correction reduced its error where still the error of 

other reaction types remains in the similar level. This results in an affordable 

accuracy of the conventional two-step method even in control rod inserted core 

problems which will be introduced in Section 5.5. 
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Table 4.8 Estimated XS error of control inserted assemblies from Single Assembly, 

B1 corrected and LFM GCs in a pcm unit. 

 
1a  2a  1f  

2f  
12  

SA 1378 155 772 763 3162 

B1 1153 180 753 745 1856 

LFM 300 47 252 22 752 
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Chapter 5. Performance Analyses 
 

 

Performance of RENUS is evaluated through simple 2D checkerboard to 3D 

core problems. For each problem, three or more sets of GCs are used: Single 

Assembly generated GCs (SA GC) for the case without any leakage correction, B1 

critical leakage corrected GCs (B1 GC) for the conventional two-step solution and 

LFM GCs with various PATs for the advanced two-step solution. The RENUS 

solutions are compared with the nTRACER reference solution generated under the 

same calculation condition so that the error that comes solely form the two-step 

procedure can be evaluated. 

The major targeting core model is APR1400 since it is a Korean standard 

nuclear power plant. But, not only for APR1400 but also BEAVRS, VERA and 

AP1000 cores which have their own different characteristic have been assessed. 

Unlike APR1400 adopts 16-by-16 pin assembly with large guide tube occupying 

four pins, others adopt 17-by-17 pin assembly with a single-pin-sized guide tube. 

The BEAVRS core has larger heterogeneity in enrichment deviation than other cores. 

In the AP1000 core, there are very low enrichment assemblies at peripheries to use 

them as a reflector. Details of each core will be briefly introduced in each subsection.  

For the validation of its application in a practical reactor design, thermal 

feedback effect, depletion calculations, and rod insertion cases are also considered 

for APR1400 which is a target core of interest. Additionally, assessment on the small 

modular reactor is performed to evaluate the performance in high leakage core. 

Analyses under various conditions and Analyses on various types of cores validate 

the general application of LFM for LWR cores. 
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In the first section, summarized calculation conditions for both GC generation 

and reference solution. In Section 5.2, series of checkerboard problems in 2D and 

3D with various conditions are analyzed. In Section 5.3, four difference core 

problems are introduced and analyzed. In the following two Subsections 5.4 and 5.5, 

analyzed small reactor cases and control rodded cases to evaluate the performance 

in high leakage problems. The last section summarizes those series of assessment 

results. 

 

 

5.1 Calculation Conditions 
 

Calculation condition for both nTRACER GC generation and reference 

calculations are as follows: 

- Calculation scheme: Group major ordered TCP0 MOC with GC CMFD Acc. 

- XS Library: 47G RPL library, in-scatter based transport corrected P0  

- Ray-spacing: 0.05 cm, 16 azimuthal, 4 polar angles per octant sphere 

- Convergence: 10-6 < k-eff, 10-5 < MOC Residual, 10-5 < Fission source 

 

For the generation of LFM coefficients, checkerboard colorsets using appeared 

assemblies in a core are performed. For the example of APR1400, as there are 9 

types of assemblies in BOC, 9 problems including one single assembly calculation 

and 8 checkerboards are performed. And for PAT coefficients, the same number of 

calculations is performed for the 3×3 local configuration shown in Figure 4.10. 

Addition to that, the same number of calculations for control rodded configurations 

in Figure 4.23 is performed. For the core with N of assembly types, 3N2 of local 

calculations are done for full LFM coefficient tabulation for one state. 

For RENUS calculation, same convergence criteria as nTRACER are used. All 

the cases were performed with 4-box scheme which subdivides an assembly into 2-

by-2 submeshes. 
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5.2 Assessment on Checkerboard Problems 
 

 

Prior to a core size problem, series of checkerboard problems in various 

conditions are performed to verify the validity of LFM. In checkerboard problems, 

since there is no reflector, the error only from the fuel GCs can be evaluated. 

Checkerboards appearing in this section are from APR1400 which will be introduced 

in Subsection 5.3.1 with thermal branch conditions. 

 

5.2.1 Burnt Neighboring Assemblies 

 

After the initial core cycle, once or multiple burnt assemblies are loaded in a 

restart core. In this subsection, the effect of burnt neighbor assembly on LFM is 

assessed. As like shown in Figure 5.1, fresh and burnt assemblies are loaded in 

checkerboard core and its results are summarized in Table 5.1. Burnt assemblies are 

obtained from a single assembly depletion, not a checkerboard depletion.  

 

Figure 5.1 Configurations of APR1400 A0/C2 checkerboard problems with 

different burnup exposure distributions. 

 

At BOC, without any leakage correction, the error exceeds 250 pcm but it can 

be effectively correction by LFM. However, without DFs, even LFM case showed 

1.9 % power-sharing error. With Core DFs which can preserve a reference solution 

with Core GCs, LFM showed almost no error. When fresh and burnt assemblies are 

loaded together, a role of DF becomes larger. 

For B-F case which is burnt A0 assembly and fresh C2 assembly checkerboard, 
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a bit large error is observed. In fact, this checkerboard is unrealistic loading since A0 

is a low enrichment assembly and there is no such case that once burnt low 

enrichment assemblies are loaded next to a fresh fuel because that will induce a 

severe power peaking. Except for that case, LFM retained its accuracy even when 

with burnt neighbor assemblies. 

 

Table 5.1 Reactivity and power-sharing error of RENUS using SA GC and LFM 

with different ADF sets for the APR1400 A0/C2 checkerboards with different 

burnup exposures (F: Fresh, B: Burnt). 

Case 
GC 

ADF w/o DF Core DF 

refk    P    P    P  

F-F SA -257 0.8 -274 0.8 -253 1.0 

1.09437 LFM 20 0.2 41 1.9 10 0.0 

F-B SA 52 0.6 60 0.1 38 0.9 

1.09144 LFM 51 0.4 58 1.1 37 0.0 

B-F SA -36 0.2 38 1.5 -14 0.3 

1.00922 LFM 77 0.1 204 1.4 79 0.1 

B-B SA 15 0.3 48 0.6 16 0.2 

1.00792 LFM 8 0.1 46 0.5 1 0.0 

 

 

5.2.2 2D Checkerboard with Depletion 

 

The fresh-fresh checkerboard configuration from the previous subsection is also 

used for this subsection. For this time, depletion calculation for checkerboard itself 

is done. Reactivity and power-sharing errors are plotted in each Figure 5.2 and Figure 

5.3.  

With LFM, reactivity error at BOC is 50 pcm and its accuracy is retained 

through a cycle while SA and B1 case showed over 250 pcm error. In the aspect of 

power sharing between assemblies, the error of LFM was 0.3 % but it approaches 

zero as power distribution is flattened as core depletes. B1 showed 0.6 % bias power-

sharing through a whole cycle.  
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Figure 5.2 Reference k-eff (right y-axis) and reactivity difference of RENUS using 

SA, B1 and LFM GCs (left y-axis) for the APR1400 A0C2 checkerboard fixed 

temperature depletion. 

 

 

Figure 5.3 Reference power-sharing of high enrichment assembly (right y-axis) and 

its relative difference of RENUS using SA, B1 and LFM GCs (left y-axis) for the 

APR1400 A0C2 checkerboard fixed temperature depletion. 

 

 

5.2.3 2D Checkerboard with Hot Full Power Depletion under fixed boron 

 

In this subsection, LFM accuracy in hot full power depletion is assessed with 

the same checkerboard from Subsection 5.2.2. Boron concentration is fixed through 

a cycle so that the errors from a boron effect can be excluded and solely thermal 

feedback effect can be counted.  
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The tendency of the results was the same as without the thermal feedback case. 

At BOC, the error of LFM case was less than 50 pcm where the conventional case 

showed 250 pcm error. However, there was a slight increment of error for all cases 

due to the build-up of simplified depletion error with a thermal feedback.  

 

 

Figure 5.4 Reference k-eff (right y-axis) and reactivity difference of RENUS using 

SA, B1 and LFM GCs (left y-axis) for the APR1400 A0C2 checkerboard HFP 

depletion. 

 

 

Figure 5.5 Reference power sharing of high enrichment assembly (right y-axis) and 

its relative difference of RENUS using SA, B1 and LFM GCs (left y-axis) for the 

APR1400 A0C2 checkerboard HFP depletion. 
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5.2.4 3D Checkerboard 

 

In this subsection, the effect of axial leakage on LFM is assessed. The 

checkerboard from Subsection 5.2.2 with the axial configuration from Figure 4.18 is 

used for the evaluation. The results are summarized in Table 5.2. Same as evaluations 

in 2D problems, LFM reduced reactivity and power-sharing error effectively while 

B1 having over 300 pcm reactivity bias. One remark from the 3D test is that the 

radially integrated axial power error for all cases was in the similar level. This 

implies that the axial leakage effect is independent to the leakage correction in the 

radial direction. Thus, the power-sharing error in the axial direction is almost 

constant through axial direction for all cases as shown in Figure 5.6. 

 

Table 5.2 Reactivity error and assembly-wise power error in % unit for the 

APR1400 A0C2 3D checkerboard problem under fixed temperature, 500 ppm. 

 effk     

(pcm) 

3D Asy Power 1D Asy Power 

RMS Max RMS Max 

nTRACER 1.09023 (reference) 

SA 1.08706 -268 1.07 1.93 0.42 0.63 

B1 1.08655 -310 0.83 1.56 0.45 0.67 

LFM 1.09060 31 0.53 1.08 0.43 0.64 

 

 

Figure 5.6 Plane-wise radial power-sharing errors of RENUS with SA, B1 and 

LFM GC for the APR1400 A0C2 3D checkerboard at fixed temperature, 500 ppm. 
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5.3 Assessment on Core Problems  
 

 

In reactor cores, there is a reflector which does not exist in checkerboards. 

Radial reflector possesses a different physics as a checkerboard where only fuel 

exists and that affects a core solution significantly. In this section, evaluation of LFM 

with PATs introduced in Subsection 4.2.1 for various core problems is done.  

 

5.3.1 APR1400 

 

The main evaluation target of the work is APR1400 core. [26] The core loading 

pattern is as shown in Figure 5.7. The enrichment of the assembly varies from 1.72 

to 3.65 w/o as given configuration in Table 5.3.  

 

Figure 5.7 Configuration of the APR1400 core loading. 

  

1 2 3 4 5 6 7 8 9 10

A A0 A0 C3 A0 B1 A0 B3 C2 B0 R1

B A0 B3 A0 B3 A0 B1 A0 B3 C0 R1

C C3 A0 C2 A0 C3 A0 C3 B1 B0 R1

D A0 B3 A0 B3 A0 B3 A0 B2 C0 R1

E B1 A0 C3 A0 C2 A0 B1 C0 R2 R0

F A0 B1 A0 B3 A0 B3 C1 C0 R1

G B3 A0 C3 A0 B1 C1 C0 R2 R0

H C2 B3 B1 B2 C0 C0 R2 R0

J B0 C0 B0 C0 R2 R1 R0

K R1 R1 R1 R1 R0
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Table 5.3 Configuration of the APR1400 assemblies 

Assembly Type Enrichment (w/o) # of BA rods 

A0 1.72 - 

B0 3.14 - 

B1 3.14/2.65 12 

B2 3.15/2.64 12 

B3 3.14/2.64 16 

C0 3.64/3.14 - 

C1 3.64/3.14 12 

C2 3.65/3.14 16 

C3 3.64/3.14 16 

 

 

For thermal feedback calculations, following conditions are used: inlet 

temperature is 291.3 °C, the mass flow rate is 85.29 kg/s, assembly-wise power is 

16.527 MW and pressure at exiting point is 15.514 MPa. Concerning branch 

calculations for GC generation, conditions as given in Table 5.4 to cover various 

power conditions based on HFP condition are used for the tabulation of GCs. HFP 

base condition is obtained from a volume-averaged temperature of single assembly 

2D HFP calculation. Since the pressure drop is not considered, the moderator density 

is solely dependent on its temperature. For minimum boron variation case, if zero 

boron is used then there will be no boron XS so 1 ppm is used. 

 

 

Table 5.4 Base and Branch conditions for the APR1400 GC generation. 

 Base Branches  

fT  (K) 879.83 -300 +50 +100 +300 

mT  (K) 582.09 -100 -50 -20 +20 

0 , mP T  (g/cc) 
0.7072 0.8649 0.7988 0.7485 0.6544 

- +22% +12% +6% -7% 

Boron (ppm) 500 1 1200   
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(1) 2D HFP BOC 

 

For the evaluation of RENUS with a thermal feedback, 2D HFP APR1400 core 

with 500 ppm boron is analyzed with various GC sets. The nTRACER reference 

power distribution for this core is as shown in Figure 5.8. Results are summarized in 

Table 5.5.  

 

Table 5.5 Summary of the 2D APR1400 core results at HFP, BOC with 500 ppm. 

GC   RMS Max 

nTRACER 1.07895 - - 

SA -73 4.1 6.9 

B1 -224 1.0 1.9 

LFM 16 0.6 1.4 

PAT-E&C 3 0.5 1.3 

PAT-SI 8 0.5 1.1 

 

 

Without any leakage correction, SA GC showed over 4 % of RMS assembly-

wise power error. As shown in Figure 5.9, there is a severe in-out power tilt. When 

with B1 leakage correction which is the conventional two-step, the power tilt can be 

significantly improved as shown in Figure 5.10. However, the reactivity error is -224 

pcm which is worse than the SA GC case.  

With LFM, RENUS can achieve highly accurate results not only in assembly-

wise power distribution but also in reactivity. PAT can reduce a bit more of reactivity 

error and assembly-wise power error than without PAT case. The final model PAT-

SI achieved less than 10 pcm reactivity error which is far much better than the 

conventional B1 GC case.  
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Figure 5.8 Reference power distribution for the 2D APR1400 core at HFP, BOC 

with 500 ppm. 

 

Figure 5.9 Assembly-wise power distribution error of RENUS using SA GC for the 

2D APR1400 core at HFP, BOC with 500 ppm. 

 

Figure 5.10 Assembly-wise power distribution error of RENUS using B1 GC for 

the 2D APR1400 core at HFP, BOC with 500 ppm. 

 

Figure 5.11 Assembly-wise power distribution error of RENUS using LFM with 

PAT-SI for the 2D APR1400 core at HFP, BOC with 500 ppm. 
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(2) 2D Core Depletion with fixed T/H 

 

For the evaluation of RENUS in depletion calculation, performed 2D APR1400 

core depletion calculation under a fixed thermal condition with various GC sets. The 

nTRACER reference power distributions at BOC and EOC are as shown in Figure 

5.12 and Figure 5.15. Results are summarized in Table 5.6 for BOC and Table 5.7 

for EOC.  

At BOC, the error tendency for each GC set is similar to that at HFP. 

Conventional two-step showed -196 pcm reactivity error while LFM with PAT-SI 

achieved 36 pcm reactivity error. However, at EOC, the reactivity error of B1 seems 

better than that of LFM cases while assembly-wise power errors are in the similar 

level. In fact, from Figure 5.18 which are reactivity error plot in burnup, it can be 

noticed that there is an increment of error due to the simplified depletion which also 

can be found in the result of A0 assembly from Figure 3.30 which is the most 

abundant type of assembly. Improvement of the depletion module of RENUS can 

reduce the error. The reactivity error of B1 varies from -196 pcm to 89 pcm which is 

nearly 300 pcm difference while LFM with PAT case showed about 100 pcm 

increment. This tendency of reactivity error implies the later has a much consistent 

result with the nTRACER reference. 

In depletion calculations, high power assembly depletes faster than low power 

assembly thus the distribution gets flattened. So even though the power distribution 

in a previous depletion step had a large error, the solution converges to the flattened 

power distribution. This can be observed even in SA GC case from Figure 5.19 which 

shows assembly-wise power error in burnup. However, LFM with PAT cases shows 

a slight increment of error at EOC. The reason is the variation of reflector DFs in 

burnup as mentioned in Subsection 3.3.4. Because of RDF error at EOC, there is 

obvious in-out power tilt in PAT-SI case as shown in Figure 5.17 while B1 in Figure 

5.16 shows still checkerboard-like power distribution at the inner core region.  

  



 

 
120 

Table 5.6 Summary of the 2D APR1400 core depletion at 0 MWD/kgU. 

GC   RMS Max 

nTRACER 1.07866 - - 

SA -48 5.8 9.8 

B1 -196 1.1 2.1 

LFM 43 0.9 2.0 

PAT-E&C 30 0.7 1.7 

PAT-SI 36 0.7 1.6 

 

 

Figure 5.12 Reference power distribution for the 2D APR1400 core depletion at 0 

MWD/kgU. 

 

 

Figure 5.13 Assembly-wise power distribution error of RENUS using B1 GC for 

the 2D APR1400 core depletion at 0 MWD/kgU. 

 

 

Figure 5.14 Assembly-wise power distribution error of RENUS using LFM with 

PAT-SI for the 2D APR1400 core depletion at 0 MWD/kgU. 
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Table 5.7 Summary of the 2D APR1400 core depletion at 12 MWD/kgU. 

GC   RMS Max 

nTRACER 1.01045 - - 

SA 128 0.4 0.8 

B1 89 0.7 1.3 

LFM 157 0.6 1.1 

PAT-E&C 143 0.5 1.3 

PAT-SI 148 0.6 1.2 

 

 

Figure 5.15 Reference power distribution for the 2D APR1400 core depletion at 12 

MWD/kgU. 

 

 

Figure 5.16 Assembly-wise power distribution error of RENUS using B1 GC for 

the 2D APR1400 core depletion at 12 MWD/kgU. 

 

 

Figure 5.17 Assembly-wise power distribution error of RENUS using LFM with 

PAT-SI for the 2D APR1400 core depletion at 12 MWD/kgU. 
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Figure 5.18 Reactivity error in burnup for the APR1400 depletion at 500 ppm 

boron fixed T/H condition. 

 

Figure 5.19 Assembly-wise power RMS (solid) and maximum (dashed) error in 

burnup for the APR1400 depletion at 500 ppm boron fixed T/H condition. 
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(3) 3D HFP at BOC 

 

For the evaluation of RENUS in 3D calculations, 3D HFP APR1400 core is 

analyzed. Axially integrated radial power distribution is as given in Figure 5.20. The 

distribution is almost the same as in 2D HFP from Figure 5.8. Figure 5.21 shows the 

radially integrated axial power profile which is bottom-skewed due to the less 

moderation in an upper core. Results in reactivity and both radial and axial power 

profile are summarized in Table 5.9. 

 

Table 5.8 Summary of the 3D APR1400 core results at HFP, BOC with 500 ppm. 

case   Radial P Error (%) Axial P Error (%) 

 pcm RMS Max RMS Max 

nTRACER 1.07243 - - - - 

SA -70 4.0 6.8 0.7 1.4 

B1 -226 1.0 2.0 1.3 2.1 

LFM 10 0.7 1.7 1.4 2.2 

PAT-EC 4 0.7 1.6 1.5 2.2 

PAT-SI 10 0.6 1.5 1.4 2.2 

 

In radial power distribution, the tendency of the error was the same as in 2D. In 

axial power distribution, all cases showed the similar level of error except for the SA 

GC case. The tendency coincides with the result from 3D checkerboard introduced 

in Subsection 5.2.4. Again, leakage correction has an impact on the solution in the 

radial direction but there is no difference in the axial solution. 
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Figure 5.20 Reference power distribution for the 3D APR1400 core at HFP, BOC 

with 500 ppm. 

 

 

Figure 5.21 Axial power profile of the reference 3D nTRACER for the 3D 

APR1400 at HFP, BOC, 500 ppm boron concentration. 

          

Figure 5.22 Axial power profile absolute error of RENUS for the 3D APR1400 at 

HFP, BOC, 500 ppm boron concentration. 
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(4) 3D HZP with critical boron concentration 

 

For control rod evaluations, the core is set to be critical under HZP with all rods 

out (ARO). In this part, 3D HZP APR1400 core under a critical condition with 

critical boron concentration is analyzed. First, from the nTRACER reference 

calculation, critical boron concentration is searched and it is 1203 ppm. The same 

boron concentration is applied for all RENUS calculations. Same as in the previous 

part, errors in radial and axial directions are separately evaluated and summarized in 

Table 5.9. 

 

Table 5.9 Summary of the 3D APR1400 results at HZP, BOC with 1203 ppm. 

case   Radial P Error (%) Axial P Error (%) 

 pcm RMS Max RMS Max 

nTRACER 1.00000 - - - - 

SA 20 6.1 12.7 1.1 1.8 

B1 -135 1.9 4.6 1.1 1.8 

LFM 29 1.0 2.3 1.1 1.8 

PAT-EC 4 0.9 2.3 1.1 1.8 

PAT-SI 15 0.7 1.6 1.1 1.8 

 

 

First of all, errors in axial direction were same since the power distribution in 

HZP is a chopped cosine. In the radial direction, the power distribution as shown in 

Figure 5.23 is much drastic than that at HFP condition since there is a power defect 

induced by the Doppler effect at HFP. Thus, the errors of two-step much clearly 

appear. In this case, LFM with PAT-SI case showed the best results among all unlike 

in HFP case where the difference between PAT-E&C and PAT-SI is negligible.  
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Figure 5.23 Reference power distribution for the 3D APR1400 core at HZP, BOC 

with 1203 ppm. 

 

 

Figure 5.24 Assembly-wise power distribution error of RENUS using B1 GC for 

the 3D APR1400 core at HZP, BOC with 1203 ppm. 

 

 

Figure 5.25 Assembly-wise power distribution error of RENUS using LFM for the 

3D APR1400 core at HZP, BOC with 1203 ppm. 

 

 

Figure 5.26 Assembly-wise power distribution error of RENUS using LFM with 

PAT-SI for the 3D APR1400 core at HZP, BOC with 1203 ppm. 
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5.3.2 VERA Benchmark 2D Core 

 

VERA [27] [28] is a suite of benchmark problems for V&V of reactor core 

analyses codes. Among VERA benchmarks, problem #5-2D BOC Quarter Core 

which has core loading as Figure 5.27 is chosen for the analyses. Its enrichment 

varies from 2.1 to 3.1 w/o and deviation is smaller than the others. Since the HZP 

condition already has been analyzed in the previous study [17], analyses on full 

power temperature condition without thermal feedback is done.  

 

Figure 5.27 Configuration of the VERA benchmark 2D core problem. 

 

Results are summarized in Table 5.10. Same as it was in APR1400 cores, also 

in 17-by-17 pin assemblies, LFM with PAT showed improvement both on reactivity 

and power distribution. One remark from this benchmark is that due to less 

heterogeneity of the core, the conventional method also showed good agreement 

with the reference. 

 

Table 5.10 Summary of the 2D VERA benchmark core results. 

GC   RMS Max 

nTRACER 1.00623 - - 

SA -14 3.4 7.1 

B1 -110 1.2 2.9 

LFM 28 0.7 1.7 

PAT-E&C 17 0.5 1.6 

PAT-SI 23 0.6 1.6 
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Figure 5.28 Reference power distribution for the 2D VERA benchmark core. 

 

Figure 5.29 Assembly-wise power distribution error of RENUS using B1 GC for 

the 2D VERA benchmark core. 

 

Figure 5.30 Assembly-wise power distribution error of RENUS using LFM for the 

2D VERA benchmark core. 

 

Figure 5.31 Assembly-wise power distribution error of RENUS using LFM with 

PAT-SI for the 2D VERA benchmark core. 
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5.3.3 BEAVRS-Symmetric 2D Core 

 

BEAVRS benchmark core [20] [29] has similar reactor configuration to the 

VERA benchmark but its enrichment varies from 1.6 to 3.1 w/o. Modeling for 

nTRACER already has been done by Ryu [30] so utilized the input from the previous 

study. In BEAVRS benchmark core, there are asymmetric assemblies at peripheries 

as marked in reds in Figure 5.32 due to the position of burnable absorber rod. From 

the previous study [17], those asymmetric assemblies are known to induce a large 

homogenization error and the error fortunately canceled out by PAT-SWA which is 

the first trial model of PAT. Thus, the core has been modified not to have asymmetric 

assemblies by replacing them with existing assemblies. Additionally, to reduce the 

high peaking at the 5th diagonal assembly, put 12 BA rodded assembly. The right of 

Figure 5.32 shows the configuration of the symmetrically modified BEAVRS core. 

Same as VERA in Subsection 5.3.2, uniform full power temperature is applied 

without thermal feedback.  

 

Figure 5.32 Configuration of the original BEAVRS (left) and the symmetrically 

modified BEAVRS (right) 

 

 

Results are summarized in Table 5.11. The reactivity of SA GC shows the 

closest value to the reference among GC sets although the power error is large. This 

implies that there is an error cancellation in reactivity. Thus power distribution 
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should be the index of evaluation. The RMS and the maximum error of assembly-

wise power distribution of B1 and LFM only case are similar. However, in the aspect 

of error distribution from the right of Figure 5.33 and Figure 5.34, B1 shows 

checkerboard-like error while LFM shows in-out power tilt due to PA and RDF errors. 

The tilt error can be reduced by PAT-SI as shown in the right of Figure 5.34.  

 

Table 5.11 Summary of the 2D BEAVRS-S benchmark core results. 

GC   RMS Max 

nTRACER 0.99943 - - 

SA -1 4.4 10.2 

B1 -88 1.0 2.2 

LFM 38 1.0 2.3 

PAT-E&C 21 0.6 1.8 

PAT-SI 29 0.7 1.9 

 

  

Figure 5.33 Reference power distribution (left) and assembly-wise power 

distribution error of RENUS using B1 GC (right) for the 2D BEAVRS-S 

benchmark core. 

 

  

Figure 5.34 Assembly-wise power distribution error of RENUS using LFM (left) 

and LFM with PAT-SI (right) for the 2D BEAVRS-S benchmark core. 
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5.3.4 AP1000®  PWR First Core in 2D 

 

AP1000®  PWR first core [31] is loaded with 157 fuel assemblies with 

enrichment ranging from 0.74 (natural U, denoted as ‘1’ in Figure 5.35) to 4.80 w/o. 

The core has high heterogeneity both in radial and axial direction compared with 

traditional PWR cores. However, in this test, axial heterogeneity is ignored and only 

the middle plane without a grid spacer is analyzed in the 2D quarter core model. 

Modeling of the core has already been done by Hong [32]. Uniform hot temperature 

is applied without thermal feedback. 

 

Figure 5.35 Configuration of AP1000.  

 

At natural uranium assemblies, powers are very low as given in the nTRACER 

reference power distribution, Figure 5.36. Also, the power difference between 

neighboring assemblies is much larger than other cores. Despite large heterogeneity, 

RENUS two-step results showed good agreement with nTRACER as summarized in 

Table 5.12. The B1 leakage correction, the conventional approach, cannot properly 

catch the neighboring effects from high heterogeneity. On the other hand, LFM with 

PAT-SI showed less than a percent RMS error in assembly-wise power distribution 

while also achieving only 27 pcm error in reactivity.  
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Table 5.12 Summary of the 2D AP1000 core results. 

GC   RMS Max 

nTRACER 1.00241 - - 

SA 244 3.2 6.5 

B1 150 1.5 2.7 

LFM 30 0.8 1.9 

PAT-E&C 13 0.9 2.0 

PAT-SI 27 0.8 2.0 

 

 

Figure 5.36 Reference power distribution for the 2D AP1000 core. 

 

Figure 5.37 Assembly-wise power distribution error of RENUS using B1 GC for 

the 2D AP1000 core. 

 

Figure 5.38 Assembly-wise power distribution error of RENUS using LFM with 

PAT-SI for the 2D AP1000 core. 
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5.4 Assessment on Small Reactors 
 

Not only there are large power reactors such as APR1400 or OPR1000, but also 

there are reactors that are called Small Modular Reactors or Small and Medium 

Reactors (SMR). Because of the small size of SMR, it is known in common sense 

that leakage rate through the outside of core is higher than larger cores. Assessment 

on SMRs in this section is to validate LFM in high leakage cores. In the first 

subsection, 1D arrays of assembly problems which are introduced in Subsection 

3.1.3 but with 500 ppm boron is analyzed varying the number of assemblies. In the 

next subsection, analyses on 330MWth-size SMR core is done for practical 

application of LFM. 

 

5.4.1 Various Size of the 1D Cores 

 

To evaluate the effectiveness of LFM in various size of cores, a sensitivity test 

on core size is done for the cores with the 1D array of assemblies from Subsection 

3.1.3 reducing the number of assemblies from the center of the core so that always 

have the same peripheral assembly. Since symmetric boundary condition is applied 

at the leftmost center assembly, the core is originally 17-assembly-sized in a whole 

and 8.5-assembly-sized in a half but simply noted as ‘9’ FAs in Table 5.13.  

 

Table 5.13 Summary of the sensitivity test on various size of the 1D cores. 

#
F

A 

effk   
nT    (pcm) RMS P (%) 

nTRACER pcm SA B1 LFM PAT SA B1 LFM PAT 

9 1.08722  -42 -107 14 13 2.1 1.2 0.3 0.3 

8 1.08411 -264 -44 -124 18 16 3.4 1.0 0.3 0.3 

7 1.08316 -81 -23 -118 20 16 3.1 1.4 0.3 0.3 

6 1.08177 -119 8 -109 21 16 2.4 1.8 0.4 0.3 

5 1.07779 -341 38 -128 27 18 2.5 1.6 0.5 0.4 

4 1.07267 -443 86 -150 36 22 2.1 1.4 0.5 0.5 

3 1.07475 181 148 -143 44 26 1.3 1.7 0.4 0.5 

2 1.08455 840 218 -217 80 52 0.9 1.3 0.6 0.6 

1 0.85836 -24297 1535 -86 -363 -403 - - - - 
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Reactivity difference due to the decrement of core size is noted as nT  in the 

table. As a number of assemblies decreases, reactivity also decreases but from 4-to-

3 and 3-to-2, there is an increment of reactivity. At those stages, removing low 

enriched assembly affect more than the increment of core leakage.  

 

Figure 5.39 Tendency of reactivity errors in core size for each GC set. 

 

 

Figure 5.40 Tendency of assembly-wise power errors in core size for each GC set. 
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Two figures above represent the tendency of error in reactivity and assembly-

wise power. Without any corrections, reactivity error decreases as core size increases. 

As core becomes larger, the effect from the reflector is reduced and it is more like 

infinite medium condition for fuel assemblies. On the other hand, the power error 

increases as core size increases. It is because the power tilt becomes significant in 

large cores. In extreme case such as only one assembly core which does not appear 

in the figures, there cannot be a power error since it is a unity. Conventional results 

with B1 GC showed always over 100 pcm biased reactivity also over 1 % of power 

distribution error. Among various GC sets, LFM with PAT-SI showed the best results 

in reactivity and power distribution for whole cases regardless of core size as shown 

in Figure 5.39 and Figure 5.40. The errors of the advanced two-step results become 

smaller for larger cores. Even for the small cores, LFM with PAT-SI still achieves 

less than 52 pcm error except for the single assembly case which is truly unrealistic.  

 

 

5.4.2 Small Modular Reactor 

 

A test SMR core is modeled with 17-by-17 pin assembly with 2.8 and 4.8 w/o 

enrichment. In total 57 fuel assemblies are loaded in a whole core and thermal power 

is set to be 330 MW. Active core height is 200 cm without any heterogeneity in the 

axial direction. The size of the core is 1/8 in volume than that of APR1400. Boron 

concentration is fixed at 500 ppm and the uniform hot temperature is applied without 

thermal feedback.  

Calculations are done for both 2D and 3D model and results are summarized in 

Table 5.14 and Table 5.15. Tendencies for 2D and 3D in radial solution are similar 

and as mentioned several times, there was no difference in axial solution depending 

on GCs since there is no consideration of thermal feedback. 

Unlike in large cores, SA GC cases showed less error in power distribution and 

it is in the similar level as B1 GC cases. On top of that, the maximum error of B1 GC 
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is larger than SA GC. This implies that neighbor-irrelevant correction of B1 cannot 

properly reflect leakage effects.  

Reference power distribution in the 3D core is as shown in the left of Figure 

5.42. As the distribution is more like a cosine shape rather than a checkerboard which 

usually appears in large cores, the error distributions which are given in Figure 5.42 

and Figure 5.43 are also like in-out power tilt. LFM with or without PAT can 

effectively reduce those in-out power tilt errors. Even in 3D SMR core, advanced 

two-step can achieve less than a percent error with less than 33 pcm reactivity error. 

In fact, SMR is not a proper case for a large leakage core. Because a portion of 

neutrons leak out to the non-fuel regions including reflectors is only a few percents. 

It is 4 % for APR1400 and 6 % for this SMR core. Thus, even other GC cases can 

achieve higher accuracy than that in large cores because of the reasons mentioned in 

Subsection 5.4.1. 

 

Table 5.14 Summary of the 2D SMR core results. 

GC   RMS Max 

nTRACER 1.10207 - - 

SA 118 1.7 2.8 

B1 -105 1.6 3.2 

LFM 43 0.7 1.1 

PAT-E&C 32 0.7 1.0 

PAT-SI 33 0.7 1.0 

 

Table 5.15 Summary of the 3D SMR core results. 

GC   
Radial P Error (%) Axial P Error (%) 

RMS MAX RMS MAX 

nTRACER 1.08772 - - - - 

SA 115 1.8 2.9 0.6 0.8 

B1 -135 1.6 3.3 0.6 0.8 

LFM 27 0.7 1.1 0.6 0.8 

PAT-E&C 18 0.7 1.0 0.6 0.8 

PAT-SI 19 0.7 1.0 0.6 0.8 
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Figure 5.41 Configuration of the small modular reactor. 

 

   

Figure 5.42 Reference power distribution (left) and assembly-wise power 

distribution error of RENUS using SA GC for the 3D SMR core. 

 

   

Figure 5.43 Assembly-wise power distribution error of RENUS using B1 GC (left) 

and LFM with PAT-SI (right) for the 3D SMR core. 

  

1.29 1.20 1.18 1.12 0.89

1.20 1.23 1.06 1.05 0.74

1.18 1.06 1.08 0.76

1.12 1.05 0.76

0.89 0.74

-2.3 -2.7 -1.1 -0.3 2.9

-2.7 -1.8 -1.0 0.3 2.5

-1.1 -1.0 -0.5 2.3

-0.3 0.3 2.3

2.9 2.5

1.6 1.4 1.1 -0.1 -2.3

1.4 1.3 1.5 -0.3 -3.3

1.0 1.5 0.1 -0.6

-0.1 -0.3 -0.6

-2.3 -3.3

-0.9 -1.0 -0.7 0.8 0.5

-1.0 -0.8 -0.4 0.8 -0.3

-0.7 -0.4 0.7 0.7

0.8 0.8 0.7

0.5 -0.3



 

 
138 

5.5 Assessment on Control Rod Problems 
 

Since rod insertion strongly distorts the power distribution and neutron 

spectrum as it locally absorbs thermal neutrons, control rodded cores are difficult 

problems than small cores. For the assessment on control rodded cores, rod insertion 

cases for the 3D APR1400 core without axial heterogeneity are analyzed. 

 Control rod configuration is as represented in Figure 5.44. There are 5 

regulating banks (R5 to R1) and 2 shutdown banks (SB and SA). Three regulating 

banks R5 to R3 can be inserted during normal operation and they are 4-fingers rod. 

Leftover banks, R2, R1, SB, and SA are 12-fingers rod to effectively suppress power 

when it is needed. The base core condition is HZP critical state by 1203 ppm boron 

which is obtained from the 3D nTRACER reference CBC search calculation. 

Evaluation of the base critical condition is already introduced in Subsection 5.3.1. 

Each bank is fully inserted individually under the constant boron concentration.  

 

Figure 5.44 Control rod bank configuration of APR1400 for RG5~1, SB, and SA. 
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Reference k-effs and the bank worth which is a reactivity difference from the 

unity and errors of RENUS using SA, B1 GC and LFM with PAT-SI are summarized 

in Table 5.16. Rod worths for each bank are plotted in Figure 5.47. All three GC sets 

showed less than 20 pcm rod worth error except for R1 and SB. Especially without 

any leakage correction, rod worth error exceeds 200 pcm for SB case. The large rod 

worth error can be reduced when with the B1 leakage correction. However, in the 

aspect of the error if reactivity itself, not a worth, B1 GC cases have larger error than 

SA GC cases as depicted in Figure 5.48. Despite over 100 pcm negative biased 

reactivity of the conventional two-step results, as they cancel out when obtaining rod 

worth which is a reactivity difference of two cases from two-step solutions, the 

conventional leakage correction method can achieve less than 64 pcm rod worth error. 

In the aspect of GC itself, as given in Table 4.8 which evaluated rodded GC errors, 

B1 GCs have a better agreement with Core GCs in down-scattering XS. In the same 

manner as mentioned in Subsection 3.1.4, the conventional two-step can achieve an 

acceptable level of accuracy also in control rodded problems so far. 

Advanced leakage correction method, LFM with PAT-SI achieved less than 16 

pcm worth error which has been improved by a factor of four than the conventional 

method. Also in reactivity itself for rodded cores, LFM guaranteed accurate k-eff 

within 26 pcm boundary without bias that appears in the convention results. For 

regulating bank insertion cases, the advanced two-step results show less than 1.7 % 

error in RMS. For shutdown bank B and A, since the power distributions are 

extremely distorted as depicted in Figure 5.45 and Figure 5.46, power errors in both 

relative or absolute are exaggerated. Nevertheless, the errors of LFM in all cases 

including both shutdown bank cases are always less than a half of the conventional 

results which means that the method can improve assembly-wise power distribution 

by the factor of two even in control rodded cases.  
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Table 5.16 Summary of reactivity for the control rod problems of APR1400. 

 nTRACER worth Worth Error (pcm) Reactivity Error (pcm) 

 k-eff pcm SA B1 LFM SA B1 LFM 

ARO 1.00000 - - - - 20 -135 15 

R5 0.99751 249 -10 4 -2 30 -139 17 

R4 0.99655 346 3 2 1 17 -137 14 

R3 0.99462 541 -20 -14 -11 40 -121 26 

R2 0.99267 738 -14 7 10 34 -142 5 

R1 0.99100 908 -76 -11 1 96 -124 14 

SB 0.97561 2500 208 64 10 -188 -199 5 

SA 0.97863 2184 -6 20 16 26 -155 -1 

 

Table 5.17 Summary of assembly-wise power errors for the control rod problems 

of APR1400. 

 Assembly P. RMS (%) Assembly P. Max (%) 

 SA B1 LFM SA B1 LFM 

ARO 6.1 1.9 0.7 12.7 4.6 1.6 

R5 6.5 2.2 1.0 17.4 7.8 4.4 

R4 6.5 2.2 0.8 13.0 6.8 3.3 

R3 6.4 3.0 1.3 16.7 10.6 4.8 

R2 5.8 2.2 1.0 15.1 8.7 4.2 

R1 8.5 3.6 1.7 18.7 8.0 3.4 

SB 6.6 3.4 2.7 15.7 6.5 4.9 

SA 5.7 3.0 1.9 12.2 8.4 4.6 

 

Figure 5.45 Reference P. distribution of the 3D APR1400 core with SB insertion. 

 

  

Figure 5.46 Reference P. distribution of the 3D APR1400 core with SA insertion. 
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0.34 0.26 0.48 0.48 0.96 1.01 1.26 1.11 1.17

0.26 0.33 0.48 0.87 0.95 1.18 0.81 0.62 0.55

0.79 0.61 0.96 0.95 1.38 1.17 1.30 0.98

1.04 1.26 1.01 1.18 1.17 1.43 1.54 1.04

1.47 1.24 1.26 0.81 1.30 1.54 1.27

1.89 1.59 1.11 0.62 0.98 1.04

1.88 1.79 1.17 0.55
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Figure 5.47 Rod worth errors for each rod bank of the 3D APR1400 core. 

 

Figure 5.48 Reactivity itself errors for each rod bank of the 3D APR1400 core. 

 

Figure 5.49 Assembly P. RMS errors for each rod bank of the 3D APR1400 core. 
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5.6 Summary of Results 
 

 

Table 5.18 summarizes overall results from Section 5.2 to Section 5.5. Averages 

of errors denoted in shades are obtained in RMS excluding two cases from the table: 

the EOC case marked with ‘*’ since yet the simplified depletion model is not accurate 

enough to clearly show the effectiveness of the new method and control rodded case 

marked with ‘**’ as the power distribution distorted thus the error exaggerated. 

Depletion module of RENUS is being improved in following studies.  

From the series of assessments, the advanced two-step method equipping LFM 

with PAT-SI proved its effectiveness. From Figure 5.50, it is clearly shown that LFM 

results denoted in ‘×’ are much closer to the origin (0,0) which is the reference than 

the conventional results denoted in ‘ㆍ’ scattered widely far from the origin. Except 

for the mentioned two cases, depletion and control rodded case colored in black from 

the figure, the advanced two-step procedure guaranteed less than 50 pcm reactivity 

error and 0.8 % RMS, 2.0 % Max assembly-wise power distribution error which was 

250 pcm and 1.9 %, 4.6 % when with the B1 critical leakage correction. The method 

can reduce large reactivity bias of conventional results remarkably by a factor of six 

and reduce assembly-wise power distribution error by a factor of two. 
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Table 5.18 Overall summary of the conventional and the advanced two-step 

solutions. 

Case 
  (pcm) RMS Error (%) Max Error (%) 

Conv. Adv. Conv. Adv. Conv. Adv. 

A
P

R
1

4
0

0
 

 BOC -196 36 1.1 0.7 2.1 1.6 
*EOC 89 148 0.7 0.6 1.3 1.2 

HFP -244 8 1.0 0.5 1.9 1.1 

HZP -135 15 1.9 0.7 4.6 1.6 
**CR-R5  -139 16 2.2 1.0 7.8 4.4 

VERA-2D -110 23 1.2 0.6 2.9 1.6 

BEAVRS-S2D -88 29 1.0 0.7 2.2 1.9 

AP1000-2D 150 27 1.5 0.8 2.7 2.0 

SMR-2D -105 33 1.6 0.7 3.2 1.0 
*, **RMS Avg. 156 26 1.4 0.7 2.9 1.6 

Ratio 6.0 2.0 1.9 

 

  

Figure 5.50 Plot of the reactivity and assembly-wise power RMS errors of the 

conventional two-step and the advanced two-step results in x- and y-axis. 

  



 

 
144 

5.7 Additional Calculation Burden 
 

 

One said that there is no free lunch. There is an additional cost to adopt LFM 

for accuracy enhancement. The additional cost can be categorized into two parts: 1) 

calculation burden for the generation of GCs for LFM coefficient tabulation, and 2) 

LFM feedback iteration during nodal core calculations.  

To obtain LFM coefficients for both inner and peripheral assemblies, several 

sets of checkerboard colorset problems should be solved. For the core that has N-

types of assembly, following three categories of colorset calculations should be done: 

1) N(N-1)/2 kinds of checkerboard colorsets for inner fuel assemblies, 2) N(N-1) 

kinds of checkerboard colorsets for control rodded fuel assemblies, and 3) N2 kinds 

of 3×3 local configuration colorsets for peripheral assemblies. In fact, colorsets for 

inner fuel assemblies can be replaced by 3×3 colorset problems thus ~2N2 of 

calculations are required additionally. Since the size of colorset problems is larger 

than a single assembly, additional calculation burden in practical is [(4 for 

checkerboards) + (6.25 for 3×3 colorset)]×N2≒10 N2. The current version of 

nTRACER takes 20 seconds for a single assembly calculation with 16 threads. For 

7 kinds of assemblies, it takes 2.7 hours and for 9 kinds of assemblies, it takes 4.5 

hours for the generation of GC and leakage data for a whole LFM coefficient 

generation for a single state of one assembly. Since the GC library does not need to 

be regenerated every time when it is once set, the time cost for GC library generation 

is affordable. Moreover, with a development of the massive parallelization of DWC 

codes, the time cost for GC generation can be reduced. [33] Note that nTRACER has 

been equipping GPU acceleration recently and it is showing good performances 

recently. [34] [35] [36]  

In nodal core calculations, the leakage feedback iteration increases calculation 

burden mainly in the outer iteration number. Without thermal feedback, since 
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leakage feedback iteration requires 3 to 5 updates, total outer iteration number 

increases about 3 times. However, when with thermal feedback, as thermal feedback 

iteration also requires 3 to 5 iterations to be converged, leakage feedback iteration 

can be hidden. So, for practical calculation conditions with thermal feedback, 

calculation burden increment due to leakage feedback iteration can be neglected. On 

the top of that, a nodal calculation for a 3D core with thermal and leakage feedback 

costs less than 5 seconds in PC without parallelization so the time cost is almost 

nothing in contrast to DWC calculations from the beginning. 

Concluding the evaluation of the additional burden in two parts, the only 

additional burden is the cost for the generation of GC datasets for LFM coefficients 

generation. As it is already mentioned, the time cost is affordable with a computation 

resource in these days and even that can be reduced significantly more when with a 

GPU acceleration. And usually, the calculation cost for the generation or preparation 

of XS library is not counted as a calculation time when evaluating the performance 

of DWC codes. Thus, LFM is a truly effective method that can enhance the two-step 

accuracy with a negligible cost so that it highly can be adopted in industries 

practically. It is nearly a free lunch. 
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Chapter 6. Conclusions 
 

 

In this work, systematic error analyses on the conventional two-step method 

were performed first in order 1) to identify how the traditional method worked 

properly, and 2) to sort out the most sensitive and decisive factors on the core results 

before newly devising an effective correction method. It turned out that the 

conventional B1 method as a leakage correction reduced the large errors in down-

scattering XSs of the peripheral assemblies. Since the errors in the peripheral 

assembly XSs become the major cause of the radial power tilt while the errors of 

other types of reaction XSs cancel out mutually, the conventional two-step method 

could achieve acceptable accuracy so far. Despite the acceptable accuracy in the 

power distribution of B1, however, the conventional method always showed 100 to 

200 pcm biased reactivity due to its neighbor irrelevant correction when compared 

to DWC solutions. 

From the error analyses, the homogenized and group condensed XS of fuel 

assemblies is turned out to be a dominant source of two-step errors. Thus, the work 

focused on the generation and the use of proper few-GCs. To overcome the limitation 

of the conventionally used B1 correction method, advanced leakage feedback 

correction method, LFM is devised through a functionalization of GCs with respect 

to both fast and thermal leakage-to-removal fractions. Functionalization of GCs 

noticeably reduced homogenization and group condensation errors as it showed 

excellent fitting results. For burnt or control rod inserted cases, different LFM 

coefficients are used since the change of composition altered the tendency of the XS 

shift due to leakages. However, the dependencies of thermal branch conditions are 
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ignored since the cross effect between leakage and temperature effect is negligible 

near around hot base conditions. LFM can successfully functionalize the GCs of fuel 

assemblies through various conditions and reactors types.  

For peripheral assemblies adjacent to reflectors, a different functionalization 

scheme is employed since a distinctive tendency of XS shift appears in contrast to 

inner assemblies. Four different peripheral assembly treatment schemes are 

introduced and the method using a SI shift as an additional fitting parameter most 

effectively reduced the fitting error from edge to corner peripheral assemblies thus 

it is chosen to be a final model of PAT. 

Discontinuity factors of radial reflectors are the major source of the two-step 

errors followed after fuel GCs. Since the discontinuity is one of the equivalence 

factors that artificially adjust the lower order solution to be equivalent to the higher 

order solution, it is impossible to obtain exact discontinuity corresponds to every 

core state and condition. Thus, there is unavoidable RMS 0.5 % of error in assembly-

wise power induced by reflector DFs and also fuel ADFs. However, discontinuity 

factors obtained with a proper consideration of core condition diminish its error as 

low as possible. 

Advanced leakage feedback method employing LFM and PAT is implemented 

on the nTRACER-RENUS two-step code system with the assist of N2R, the GC 

library generation code. Taking the advantage of the fact that both are the in-house 

codes developed in SNURPL, it was possible to achieve high consistency between 

two codes in obtaining equivalence factors, decay data, and thermal feedback 

modeling. For thermal feedback modeling, RENUS is designed to follow the closed 

channel T/H model of nTRACER. Unlike the conventional approach used an 

optimized EFT weight factor, RENUS adapts tabulated EFT weight factors with non-

uniform moderator effect correction factors in function of power level, burnup, and 

boron. A consistent comparison between DWC transport solution form nTRACER 

and two-step solution from RENUS using GCs from nTRACER make it possible to 
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evaluate two-step accuracy without unintended or unresolved biases that can exist 

when compared with other DWC solutions such as Monte Carlo or experimental data.  

On checkerboard problems from the base condition to the full power depletion, 

LFM guaranteed to obtain almost zero-like error when with proper discontinuity 

factors. Through various reactors, APR1400, AP1000 cores, BEAVRS, VERA 

benchmark cores and small size cores, the error of LFM stayed under 50 pcm 

reactivity error and 0.8 % RMS assembly-wise power distribution error. Noting that 

0.5 % of RMS error appeared even for the case with Core GCs obtained from the 

reference calculation, the sole error induced from GC errors of LFM is thought to be 

around 0.3 % in RMS based on the assumption that the errors from GCs and DFs are 

independent and super-positioned in a core solution. 

In 3D problems, although there was no noticeable difference in the radially 

integrated axial solutions, LFM still well-estimated power-sharings in the radial 

direction. With thermal feedback, a bit of error increased but still the total error was 

less than a percent in RMS. Remark that the calculation time increment due to 

leakage feedback iteration can be hidden when with thermal feedback since both 

leakage and thermal XS updates require a similar number of iterations to be 

converged. Since LFM coefficients are generated for few burnup points just like as 

thermal branches, the method worked well also for full power depletion calculations 

although there was a bit of cumulating error as burnup proceeds which comes from 

the simplified depletion of RENUS. 

Assessment on small size cores and control rodded cores are performed to 

validate the method in large leakage cores. LFM proved its effectiveness for various 

sizes of the core including a 3D SMR core. For control rodded cores, the 

conventional method showed over 100 pcm reactivity bias for both rodded and 

unrodded cores. Despite the biased results of the conventional method, on the aspect 

of control rod worth, it seems to be acceptable due to the error cancellation of two 

biased results. On the other hand, LFM achieved high accuracy for both reactivity 
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and rod worth within 26 and 16 pcm each.  

Through a series of assessments, the new method proved its effectiveness for 

various cores and various conditions. For the estimation of critical boron 

concentration or critical rod position, it is necessary to properly estimate the 

reactivity of each core state. In this aspect, it can be said that the disadvantage of 

traditional two-step employing the B1 method which has a reactivity bias is definitely 

overcome by equipping the new leakage correction method. Once GC libraries 

including LFM coefficients are set, the additional cost of applying LFM in nodal 

core calculation is almost zero when with a thermal feedback. The advanced two-

step procedure has a huge merit than a DWC calculation in a computation cost since 

still the later usually takes an hour or takes more than a minute even with an 

enormously large parallel devise. Of course, the conventional assembly-wise two-

step procedure bears its limitation such as a pin power estimation but recently, a 

development trend is shifting to pin-wise two-step codes such as SPHINCS to 

resolve the problem. As a two-step procedure can attain surprisingly accurate results 

with the advanced method, it is expected to remain active in nuclear industries for a 

few more decades as LFM and PAT, my works become a part of it.  
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초 록 
  

 

컴퓨터 성능이 꾸준한 향상된 덕택에 이제는 근본적인 근사가 없는 

원자로 노심 해석법인 전노심 직접 계산이 가능해졌다. 그러나, 기존의 

이단계 노심 해석법은 전노심 직접 계산 대비 절대적으로 계산이 

저렴하기 때문에 여전히 포기할 수 없는 장점을 지닌다. B1 임계 누설 

보정을 사용하는 기존의 이단계 해석은 공학적으로 허용 가능한 수준의 

정확도를 유지했기에 오랜 시간 동안 산업계에서 원자로 설계의 표준적인 

절차로 채용되어 왔다. 그러나, 그래왔기에 이웃과 전혀 무관하게 

행해지는 누설 보정으로 인한 기존 B1 방법의 편향된 반응도 오차 및 

체커보드 같은 출력 오차는 크게 주목받지 못했다. 본 연구는 이단계 

해석의 정확성 향상을 위해서는 B1 방법의 단점이 더 나은 방법을 통해 

극복되어야 함을 입증해 보였다. 

기존 연구에서 Palmtag은 누설이 없을 때와 있을 때의 군정수 차이가 

제거반응대비 누설량에 비례한다는 가정을 도입한 Spectral Correction 

이라는 방법을 고안하였다. 그러나, 이 방법은 누설 상황을 모사하기 위해 

여전히 B1 방법을 사용하였기에 실제 노심 내에서의 누설 효과를 제대로 

반영하는 것이 불가능했다. 이를 해결하기위해 실제 노심 장전 모형과 

더욱 비슷한 체커보드 문제 집합을 기반으로 한 개선된 방법인 누설 

궤환법 (LFM)을 고안했다. 이 방법의 새로운 점은 고속 핵반응단면적이 

열중성자 누설에도 강하게 영향을 받음에 근거하여 고속 및 열 중성자 

누설률 모두를 함수화인자로 사용하였다는 것이다. 더불어, 반사체로 인해 

안쪽 집합체와는 조금은 다른 누설 특징을 가지는 외곽 집합체에 대하여 

별도의 처리를 해준다는 또다른 특별한 점이 있다. 이 외곽 집합체 

(PAT)는 열중성자 대비 고속중성자량으로 정의되는 스펙트럼 인자의 

변화량을 추가적인 함수화 인자로 사용한다.  

외곽 집합체 처리를 동반한 누설 궤환법은 nTRACER-RENUS 이단계 

코드 체계에 구현되었다. BEAVRS와 VERA 벤치마크 노심, AP1000® , 
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APR1400 그리고 소형 노심을 어우르는 다양한 문제를 대상으로 고등 

이단계 계산법의 성능을 평가하였다. 특별히 APR1400 노심 모형에 

대해서는 열궤환, 연소 및 제어봉 삽입문제까지 추가로 수행하였다. 새 

방법론이 추가된 RENUS는 모든 검증 노심에 대해서 nTRACER 전노심 

계산 대비 50 pcm 미만의 반응도 오차, 0.8 % 미만의 집합체 단위 출력 

RMS 오차를 달성하였다. 참고로 기존의 방법론은 150 pcm 대의 반응도 

오차, 1.5% 대의 RMS 오차를 가졌다.  

군정수 생산에 필요한 2차원 체커보드 계산이 저렴하다는 장점을 

활용하여 LFM의 간단한 개념과 코드 구현으로 이단계 계산법의 정확성을 

효과적으로 제고할 수 있었다. 최근 과도기적인 방법으로 집합체 단위 

이단계와 전노심 직접 계산의 중간쯤 되는 봉단위 이단계 노심 설계 

코드가 차세대 실용 핵설계 코드로 개발이 진행되고 있는데 누설 

궤환법과 외곽 집합체 처리법의 개념은 이 차세대 이단계 방법에도 

적용될 수 있다. 한편, 최근 들어 몇몇 전노심 직접 계산 코드들이 GPU 

가속기를 장착한 초병렬 클러스터에서 단일 상태에 대한 노심 계산을 5분 

이내에 달성하였지만 이런 거대한 계산 장비를 설계에 실질적으로 

활용하기 위해서는 적어도 10년 이상은 걸릴 것으로 생각된다. 따라서 이 

고등 이단계 방법은 그러한 장비 보급이 실현화 되기 전까지 오랜 시간 

동안 산업계에 현역으로 활용될 것이다.  

 

 

주요어:  

 이단계 해석 

 균질화 군정수 

 누설 궤환 보정 

 외곽 집합체 처리 
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