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Abstract

Dualities in Two-dimensional Quantum Field Theories

with (0,2) Supersymmetry

Dongwook Ghim

Department of Physics and Astronomy

The Graduate School

Seoul National University

This thesis aims to understand infrared dualities of two-dimensional (0, 2)

supersymmetric quantum field theories, called (0, 2) trialities, within string-

theoretic and geometric frameworks. First, we concentrate on the low-energy dy-

namics of D1-brane, whose transverse geometry is a non-compact toric Calabi-

Yau 4-fold. A class of emergent 2d (0, 2) quiver gauge theories on such D1-branes

are called Brane Brick models. Combinatorial and geometric tools, like brane

brick and elliptic genus, make it possible to translate the infrared dynamics

of 2d (0, 2) gauge theories in terms of the geometry of toric Calabi-Yau 4-fold

and vice-versa. In the rest of the thesis we outline recently discovered connec-

tions among infrared dualities of different dimensions based on compactification

with topological twist. Along this line, we derive 0d N = 1 gauged matrix model

equivalence named quadrality from 2d (0, 2) triality by zero-mode counting.

Keywords: Supersymmetry, Duality, D-brane, String theory, Elliptic genus,

Topological twist
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Chapter 1

Introduction

Quantum field theories have proved their strength in various branches of physics

ranging from condensed matter physics to high-energy physics. Their remark-

able success in past decades has leaned on the strength of perturbative com-

putations. A perturbation theory assumes that a coupling constant g of inter-

action in a system is small so that we could compute a physical quantity in

terms of perturbative series in g as a correction to well-understood—usually

a non-interacting system. In spite of utility of perturbative analysis, many in-

teresting physical systems show non-perturbative phenomena, which cannot

be explained in terms of perturbative analysis. The most famous example

in high-energy physics would be Quantum Chromodynamics, abbreviated to

QCD, which describes strong interactions among quarks and gluons. More-

over, strongly-interacting system which a perturbative analysis fails to explain

has been getting attention in condensed matter physics. In parallel, the non-

perturbative analysis is of particular importance in the research of interacting
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conformal field theories (CFTs) as well. According to the Wilsonian perspec-

tive, most quantum field theories are lying on a RG flow which is initiated and

terminated at conformal fixed points described by CFTs. Thus, understand-

ing interacting CFTs is a challenging and essential problem in the research of

quantum field theories.

Along this line, two-dimensional or (1+1)-dimensional quantum field theo-

ries are interesting subjects in particular. Above all, the two-dimensional quan-

tum field theory is minimal but a wild competition stage of non-perturbative

techniques. To be specific, a two-dimensional field theory is minimal in a sense

that there is single space and time direction each. However, the low-energy

regime of generic two-dimensional theories experiences large quantum correc-

tions due to strong coupling dynamics, requiring a non-perturbative approach

to analyze them. This makes their full quantum behaviors highly interesting

but quite challenging to understand. This thesis aims at broadening our un-

derstanding of two-dimensional quantum field theories with recently developed

techniques of string theory and supersymmetric quantum field theories.

Before proceeding, we would like to comment about other motivations for

studying 2d quantum field theories. First, 2d quantum field theory is ubiqui-

tous in a sense that co-dimension-2 defects in a higher-dimensional field theory

are effectively described by two-dimensional field theories. Widely spread belief

that a local operator defined at a point of spacetime is not enough to character-

ize a field theory supports the importance of 2d theories along this line. To be

specific, surface defects in four dimensions and instanton strings in six dimen-

sions are both described by effective 2d field theories. Second, 2d CFTs located

at end points of RG flow has been massively studied than CFTs in other dimen-

sions. Since the discovery of analytic solution to Ising CFT by Onsager, many
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algebraic techniques have been developed to understand 2d CFTs. Combined

with the first motivation and Wilsonian perspective, understanding the infrared

dynamics of 2d theories will shed light on the research of infrared—or ultravi-

olet, depending on the dimension of theory we are interested in— dynamics of

theories in other dimensions.

In past three decades, numerous appealing tools have been suggested in or-

der to theoretically probe non-perturbative aspects of quantum field theories

both at analytic and numerical frontier. Most of them technically rely on an

additional symmetry assumption such as conformal symmetry and supersym-

metry. Above other things, this thesis is devoted to a technique based on super-

symmetry. Since four-dimensional N = 1 supersymmetric QCD, abbreviated

to SQCD, was suggested by Seiberg [1] in order to simulate non-perturbative

phenomena like chiral symmetry breaking and fermion condensation of non-

supersymmetric QCD on a basis of analytic computation, supersymmetric the-

ories have led the precision study of non-perturbative field theories.

Inspired by emergent phenomena in low-energy regime such as quark con-

finement, people have paid attention to the vacuum structure and the low-

energy dynamics of supersymmetric theories. In particular, the vacuum struc-

ture of supersymmetric theories is robust under the continuous deformation of

parameters unless the deformation does not drastically change the asymptotic

behavior of theory. This makes it possible to study the low-energy dynamics of

supersymmetric theory on a quantitative basis. The research on the phases of

various supersymmetric gauge theories has been conducted with the robustness

of supersymmetric theories kept in mind for past decades.

Two useful tools has flourished the study of supersymmetric theories and is

going to be utilized throughout this thesis: holomorphy and localization tech-
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niques. Holomorphy refers to a control over the quantum correction to inter-

actions by means of holomorphic superpotential. When the number of super-

symmetry in given theory is many enough, a notion of holomorphy works and

we obtain non-renormalization theorem to potential. This has been extensively

utilized in the study of 4d N = 1 gauge theories and their cousins in lower

dimensions such as 3d N = 2 and 2d (2, 2) theories in order to account for the

quantum effects therein.

Localization is another technology which has accelerated the research of

supersymmetric theories recently. This was initiated in a pioneering work by

Pestun [2] regarding 4dN = 2 theoreis on S4 and has been extended to a variety

of supersymmetric theories on various manifolds. Several observables such as a

partition function, a twisted partition function and a correlation function are

computed in this way when an enough number of supersymmetries are given.

Infrared dualities are widely observed interesting phenomena in supersym-

metric theories, which were first discovered in 4d N = 1 SQCD [1, 3]. This

duality means that two different ultraviolet (UV) descriptions share the same

infrared (IR) dynamics, in spite of apparently different details in ultraviolet

degrees of freedom. This concept has been of importance for phenomenological

reason; when we construct a UV theory describing interactions among elemen-

tary particles in high-energy physics, its specific detail may not be important.

Rather, several different theories belonging to a certain universality class can

result in the same infrared theories that accommodate the Standard Model.

Technically, the physics proof of infrared duality involves both holomorphy and

localization techniques.

The main object of this thesis is two-dimensional supersymmetric gauge the-

ory with (0,2) supersymmetry, abbreviated to 2d (0, 2) gauge theory. A strong
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motivation is that 2d (0, 2) theory has a minimal amount of supersymmetry

with holomorphic control. In a view of utility, (0, 2) theories have been used

in construction of heterotic model building in string phenomenology [4]. More

recently, a classification of 4-manifold based on 2d supersymmetric observables

has been tried in a series of papers [5, 6]. In particular, a recently suggested

order-3 duality among 2d (0, 2) gauge theories, known as (0, 2) triality [7], has

drawn attention and motivated the series of research contained in this thesis.

A (0, 2) triality involves three distinct 2d (0, 2) SQCDs which flow to the

same infrared fixed point. This is different from Seiberg duality of 4d N = 1

gauge theory which connects two different UV gauge theories in that its order

is three. However, both duality can be depicted in terms of a combinatorial

transformation on a quiver diagram called quiver mutation. In spite of such

a common feature, in contrast to Seiberg duality which has been extensively

studied in past two decades, (0, 2) trialities and general aspects of 2d (0, 2)

theories still remain mystified. This thesis aims to broaden our understanding

of (0, 2) trialities and (0, 2) gauge theories with geometry and string theory.

First and foremost, this work concentrates on the realization of 2dN = (0, 2)

theories in terms of branes, a solitonic object of string theory. Our first goal

is to understand in detail the gauge theories on D1-branes probing arbitrary

toric singular Calabi-Yau 4-folds and to develop T-dual brane setups for them

analogous to brane tilings. The study of 4d N = 1 gauge theories on D3-branes

probing toric singular Calabi-Yau 3-folds in terms of brane tilings [8,9] has been

an extreme success until now, laying out a path to follow for 2d (0, 2) theories.

In order to guide our quest for 2d (0, 2) theories, let us recount the main

developments that culminated in the discovery of brane tilings. At first, un-

derstanding gauge theories living on D3-branes probing singularities of abelian
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orbifolds of C3 [10–12] led to the identification of gauge theories for non-orbifold

singularities via partial resolution [13–15]. The resulting large catalogue of ex-

plicit examples paved the way towards understanding basic structures of quiver

gauge theories corresponding to various toric Calabi-Yau 3-folds [15–19]. In par-

allel, it was argued in [20, 21] that brane boxes, which are periodic arrays of

orthogonal NS5-branes on T 2 from which stacks of D5-branes are suspended, are

related by T-duality to D3-branes on C3/Zn × Zm orbifolds. Brane boxes pro-

vided valuable insights towards better understanding the brane constructions

under T-duality, but can be seen now as little more than efficient bookkeeping

devices for the restricted set of orbifold theories.

The true breakthrough came with the discovery of brane tilings [8,9]. Brane

tilings are the actual configurations of NS5- and D5-branes that are T-dual

to D3-branes on arbitrary toric CY3 singularities.1 Moreover, they have shed

light on the connection between the geometry of the toric singularities and the

corresponding gauge theories, in both directions [8, 9, 22–25].

In contrast, our knowledge about the 2d counterpart of this was limited to

D1-branes over abelian orbifolds of C4 [26] and the T-dual configurations of

brane boxes on T 3 [27].2 In recent years there has been substantial progress

in our understanding of the field theory side, making the quest for a brane

realization of these theories even timelier. An incomplete list of recent devel-

opments includes c-extremization [28, 29], localization techniques to compute

elliptic genera [30, 31] and new ideas on dimensional reduction from 4d N = 1

theories [32–35]. This thesis step by step presents progresses devoted to filling

this gap, introducing the tools for constructing the 2d theories on D1-branes

1Brane boxes can be regarded as certain degenerate limits of the brane tilings associated
with orbifolds.

2While inspiring, 2d brane boxes suffer from limitations that are similar to the ones of their
4d counterparts.
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over arbitrary toric Calabi-Yau 4-folds and relating (0, 2) trialities to other

known infrared dualities in 4d and in matrix models.

This thesis is organized as follows.

In Chapter 2 we review the basic structure and properties of 2d (0, 2) gauge

theories. Then we describe the exact results in 2d (0, 2) gauge theories. For

illustrative examples of exact computation, ’t Hooft anomaly and elliptic genus

are presented with detail and their application to non-perturbative proof of

(0, 2) trialities among three different (0, 2) SQCD.

In Chapter 3 armed with the non-perturbative tools introduced in the pre-

vious chapter, we explore a string-theoretic realization of (0, 2) trialities by fo-

cusing on D1-branes whose transverse geometry is given by non-compact toric

Calabi-Yau 4-fold. A class of 2d (0, 2) gauge theories emerging at such D1-

branes are referred by Brane Brick models. We sketch the basic of brane brick

models and show how geometry of Calabi-Yau is associated to the dynamics of

2d (0, 2) quiver gauge theories with combinatorial tools such as periodic quivers,

brick matchings and brane brick configurations. In the rest of Chapter 3, we

dive into the quantum regime of brane brick models by computing their elliptic

genera with localization technique. A novel way to capture the elliptic genus

of brane brick model is suggested as well. The latter is based on the property

of toric Calabi-Yau 4-folds the D1-branes are probing without refering to the

detail of gauge theory emerging therein. The implication of geometric formula

will be studied.

In Chapter 4 we outline the inter-dimensional connetions among infrared

dualities by means of sphere compactification and topological twist. The ex-

amples of infrared dualities in other dimensions we are interested in are two:

Seiberg duality in 4d N = 1 SQCD and quadrality in 0d N = 1 gauged matrix
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models. We introduce topological twist which can be interpreted as a novel way

to compactify d-dimensional supersymmetric theories into d − 2-dimensional

supersymmetric theories with the half number of original supersymmetry sur-

viving. Drawing on this method, we summarize how to derive (0, 2) trialities

from 4d Seiberg duality with a few corrections to earlier works. Furthermore we

show that recently suggested the quadrality among 0d N = 1 gauged matrix

models can be understood as a consequence of 2d (0, 2) trialities by compacti-

fying 2d (0, 2) SQCD on a sphere with half-twist.
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Chapter 2

Exact results in two-dimensional
(0, 2)-supersymmetric theories

This section introduces well-established exact results in two-dimensional gauge

theories with (0, 2) supersymmetry. First and foremost, we review supersym-

metric structures of 2d (0, 2) theory: mulitplets, anomalies and quiver nota-

tions. Then we present the statement of (0, 2) trialities, an infrared equiva-

lence of three distinct 2d (0, 2) gauge theories [7]. In following sections, we

review two basic toolkits applicable to two-dimensional (0, 2)-supersymmetric

quantum field theories: ’t Hooft anomaly matching condition [36] and elliptic

genus [37, 38]. Both are protected under RG flow thus can be used to describe

infrared dynamics in terms of ultraviolet degrees of freedom.

2.1 The structure of 2d (0, 2) gauge theory

This section reviews the general structure of 2d (0, 2) weakly coupled gauge

theories. We aim to establish notations of spacetime, fields and supersymmetry
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algebra for later sections. We refer the reader to [7, 27,32,38] for details.

2.1.1 Superspace and superalgebra

We mainly work on 2d (0, 2) superspace with Minkowski signature. The (0, 2)

superspace are parametrized by bosonic coordinates (x±, θ+, θ
+
), where space-

time coordinates are given by x± = x0 ± x1, and fermionic coordinates θ+, θ
+
.

For later convenience, we define chiral coordinate variables: y+ = x+ − iθ+θ
+

and y− = x−. The supercharge Q and covariant derivative D are given by

Q+ =
∂

∂θ+
+ iθ

+
∂+ , Q+ = − ∂

∂θ
+ − iθ+∂+ ,

D+ =
∂

∂θ+
− iθ

+
∂+ , D+ = − ∂

∂θ
+ + iθ+∂+ .

(2.1)

The non-trivial anti-commutators are

{Q+Q+} = −2i∂+ , {D+D+} = 2i∂+ . (2.2)

The supersymmetric variation is defined by δ = ϵ−Q+ + ϵ−Q+ .

An important global symmetry in the 2d (0, 2) theory is R-symmetry, which

acts on the supercharge Q as

[R,Q+] = −Q+ , [R,Q+] = +Q+ , (2.3)

so that R [θ+] = +1, R [θ̄+] = −1, R [ϵ−] = 1 and R [ϵ̄−] = −1. As a conse-

quence, for a given supersymmetric multiplet Φ with R-charge r, we have

X (xµ, θ+, θ
+
) → eirαX (xµ, eiαθ+, e−iαθ

+
) . (2.4)

under R-symmetry rotation by angle α.

2.1.2 Supersymmetric multiplets

Three types of multiplets are necessary to construct a 2d (0, 2) gauge theory.1

1 We follow the conventions of [27], except
√
2ψthere

+ = ψhere
+ , λthere

− /
√
2 = λhere

− ,
Λthere/

√
2 = Λhere.
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• Vector multiplet V

The vector multiplet contains the gauge boson vµ (µ = 0, 1), the adjoint

chiral fermions χ−, χ̄− and an auxiliary field D. They couple to matter

fields through minimal coupling in a covariant derivative. The real-valued

vector multiplet can be expanded as

V = v0 − v1 − iθ+χ− − iθ
+
χ− + θ+θ

+
D . (2.5)

The gauge-invariant field strength multiplet is Υ = [D+, D0 −D1], where

D0 −D1 = ∂0 − ∂1 + iV . The field strength multiplet Υ is a specific kind

of Fermi multiplet we shall describe below.

• Chiral multiplet Φ

The expansion of chiral multiplet in superspace is given by

Φ = ϕ+ θ+ψ+ − iθ+θ̄+D+ϕ , D+Φ = 0 , (2.6)

where the on-shell degrees of freedom are a complex scalar ϕ and a chiral

fermion ψ+, and D+ is a super-covariant derivative. In (2.6), D+ is a

gauge-covariant derivative along x+ bosonic coordiate.

• Fermi multiplet Λ

The third type is the Fermi multiplet whose chirality condition can be de-

formed by a holomorphic function of chiral fields E(Φi), which introduces

interactions among matter fields. We have

Λ = λ− − θ+G− iθ+θ̄+D+λ− − θ̄+E , D+Λ = E(Φi) . (2.7)

Here, G is an auxiliary field and the chiral fermion ψ− is the only on-shell

degree of freedom.
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The kinetic terms for the chiral multiplets are given as

Lc = − i

2

∫
d2y d2θΦ (D0 −D1) Φ , (2.8)

packaging minimal coupling with gauge fields, their superpartners and D-term

interactions. The kinetic terms for the Fermi multiplets and some interactions

are included in

LF =

∫
d2y d2θ

∑

a

(
Λ̄aΛa

)
, (2.9)

where a runs over all Fermi fields in the theory. In particular, the kinetic term

for gauge multiplet is

LV =
1

4g2

∫
d2y d2θ trΥΥ . (2.10)

Another way to add interactions is to use a (0, 2) analog of the superpoten-

tial,

LJ = −
∫
d2y dθ+

∑

a

(ΛaJa(Φi)|θ̄+=0)− h.c. , (2.11)

where the Ja(Φi) are holomorphic functions of chiral fields. In a gauge theory, Ea

has the same gauge quantum numbers as Λa while Ja has the conjugate gauge

quantum numbers. The deformed chirality condition (2.7) and the chirality

of LJ in (2.11) requires J and E-terms to satisfy an overall constraint called

vanishing trace condition,

∑

a

tr [Ea(Φi)Ja(Φi)] = 0 . (2.12)

For the 2d (0, 2) theories which we consider throughout the thesis, the constraint

(2.12) is explicitly checked and confirmed. Remark that discrete symmetry ex-

ists under the individual exchanges Ja ↔ Ea, which accompanies exchanging
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Λa for Λ̄a. This is called the redundancy in the description of Fermi multi-

plets. Every statement about 2d (0, 2) gauge theory is compatible with this

redundancy.

Upon integrating out the auxiliary fields Ga, LF and LJ produce the scalar

potential

Vs =
∑

a

(
tr|Ea(ϕ)|2 + tr|Ja(ϕ)|2

)
, (2.13)

as well as interactions between scalars and pairs of fermions

VY = −
∑

a,i

tr

(
λ̄−a

∂Ea
∂ϕj

ψ+j + λ−a
∂Ja
∂ϕj

ψ+j + h.c.

)
, (2.14)

which include the usual Yukawa couplings.

2.1.3 Anomalies

Anomalies play a central role in the analysis of quantum field theories. This

section reviews anomalies in 2d (0, 2) gauge theories. Anomalies associated with

gauge symmetry should vanish for consistency. Global symmetry anomalies do

not necessarily vanish but have physical meaning as an exact quantity. This

will be summarized in Section 2.3. In two-dimensions, anomalies follow from

one-loop diagrams of the form shown in Figure 2.1.

Gauge groups we will consider throughout this thesis are U(Ni) = SU(Ni)×
U(1)i and its products. Below we consider the anomalies that do not automat-

ically vanish, focusing on those groups and representations that appear in the

2d quiver theories of this thesis.

Let us first consider SU(Ni)
2 anomalies, where SU(Ni) might be global or

gauged. The corresponding anomaly is given by

Tr γ3JSU(Ni)JSU(Ni), (2.15)
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Figure 2.1 A generic 1-loop diagram to compute anomalies in 2d.

where γ3 is the chirality matrix in 2d and JSU(Ni) indicates the generator of

the symmetry group in the representations in which each field transforms. The

contributions of fields in different representations to (2.15) are shown in (2.16).

Not surprisingly, given that anomalies are quadratic in 2d, things work quite

differently than in 4d. Two of the most notable differences we observe in (2.16)

are that the sign of the anomalies does not depend on the orientation of arrows

and that the contributions from chiral adjoints and vector multiplets are non-

vanishing.

Multiplet Rep. Contribution

Chiral □ or □ 1/2

adj Ni

Fermi □ or □ −1/2

adj −Ni

Vector adj −Ni

(2.16)

In addition, 2d theory is possible to have U(1)2i anomalies, given by

Tr γ3Q
2
i , (2.17)

and mixed U(1)i × U(1)j anomalies, given by

Tr γ3QiQj . (2.18)

As before, the U(1) groups under consideration might be either global or gauged.
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Indeed, the theories we study generically have non-vanishing abelian gauge

anomalies. In theories on D1-branes at singularities, we expect them to be

cancelled by a generalized anomaly-inflow mechanism via interactions with bulk

RR fields, as shown in [26] for orbifolds of C4 and in [39] for a class of (0, 2)

theories constructed by F-theory.2 In Section 3.3.2 we consider the modular

bootstrap method to cancel the anomaly and to obtain a consistent elliptic

genus.

2.1.4 Quiver representations

Throughout the thesis, we mostly focus on 2d (0, 2) quiver gauge theories whose

matter contents and their representations under symmetry groups are noted by

a combinatorial graph, called a quiver diagram. A quiver mainly consists of two

elements: nodes and arrows.

• Node

A node in a quiver diagram stands for a symmetry group of a gauge the-

ory. The symmetry can be either global (flavor-like) or gauged. In our

convention, a yellow circular node means a gauge group whereas a red

square node stands for a flavor symmetry group. Unless there is a partic-

ular mention, all the symmetry groups in a quiver are implicitly assumed

to be unitary groups U(N). Rank of symmetry groups are determined by

an additional note or by a context.

• Arrow

An arrow in a quiver diagram stands for a matter fields. Throughout the

thesis, all the matter multiplets are either bifundamental or adjoint under

2An alternative, or field theoretic approach, to the cancellation of abelian gauge anomalies
is the addition of appropriate matter, as explained in [7]. We are not going to pursue this
direction.
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the gauge or flavor symmetry group. When a given arrow starts and ends

at different nodes, each starting and ending node refers to a symmetry

group the corresponding matter field is charged under fundamental and

anti-fundamental representation, respectively. When a given arrow starts

and ends at an identical node, the corresponding matter field is charged

under adjoint representation of the symmetry group the node stands for.

In our convention, 2d (0, 2) chiral multiplets are noted by a black arrow while

2d (0, 2) Fermi multiplets are noted by a red dashed line. Figure 2.2 illustrates

this convention when two fields are fundamentally charged under U(Nc) gauge

group and anti-fundamentally charged under U(Nf ) flavor group. Since Fermi

multiplet Λ with holomorphic interactions (E, J) has an equivalent description

in terms of its complex conjugate Λ and swapped holomorphic interactions

(J,E), the direction of Fermi multiplet arrow is not relevant so can be omitted

for brevity.

�⇤

NfNc NfNc

⇤⇤

Figure 2.2 A quiver diagram of (0, 2) bifundamental chiral and fermi multiplet.
Red dashed line denoting Fermi multiplet has no direction due to the redun-
dancy in the description of Lagrangian.

2.2 (0, 2) trialities

Consider a two-dimensional (0, 2) gauge theory with U(Nc) gauge group, N1

chiral multiplets Φ in the fundamental representation,N2 chiral multiplets Φ
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in the anti-fundamental representation, N3 Fermi multiplets Λ in the funda-

mental representation and two Fermi multiplets Ω± in the det±1 representation

of U(Nc), as summarized in Table 2.1. All the Fermi multiplets have vanishing

E- and J-term superpotentials. We must have:

Nc =
N1 +N2 −N3

2
, (2.19)

in order to cancel the gauge anomalies. We call this supersymmetric gauge

theory 2d (0, 2) SQCD, or just SQCD, if there is no confusion with its cousins

in other dimensions.

The flavor group of SQCD is:

GF =
U(N1)× U(N2)× U(N3)

U(1)
. (2.20)

Here the quotient is by the overall U(1) ⊂ U(Nc) gauge symmetry. The theory

also has a right-moving R-symmetry U(1)R, which assigns R-charge ±1 to the

supercharges Q+ and Q+, respectively. For future reference, it is useful to allow

generic R-charges, as indicated in Table 2.1, which generally breaks the flavor

group (2.20) to its maximal torus. The vanishing of the mixed U(1)R-gauge

anomaly requires:

N1∑

i=1

(ri − 1)−
N2∑

j=1

(r̃j − 1)−
N3∑

I=1

rI −Ncr+ +Ncr− = 0 . (2.21)

The flavor indices i, j, I run over the U(N1), U(N2) and U(N3) flavor groups,

respectively.

Note that our definition of 2d (0, 2) SQCD differs slightly from the one

[7]. The original definition also involves N1N2 additional gauge-singlet Fermi

multiplets Γij with:

EΓi
j
= 0 , JΓi

j
= Φ j Φ i , (2.23)
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U(Nc) U(N1) U(N2) U(N3) SU(2) U(1)R
Φ□ i Nc N1 1 1 1 ri
Φ□

j Nc 1 N2 1 1 r̃j
Λ□ I Nc 1 1 N3 1 rI
Ω± det±1 1 1 1 2 r±
Γij 1 N1 N2 1 1 rΓ

(2.22)

Table 2.1 Charges of the matter fields in 2d (0, 2) SQCD. The last line denotes
the Fermi gauge singlet Γ-meson in Γ-SQCD. R-charge is determined by c-
extremization.

for the (0, 2) interactions, where the gauge indices are kept implicit. This su-

perpotential ensures that, in the appropriate range of parameters, the theory

flows to an SCFT with a normalizable vacuum. We will call this theory, with

the gauge-singlet Fermi multiplet added, “Γ-SQCD”. The superconformal R-

charges of Γ-SQCD were determined in [7] using c-extremization [28]. Both

types of N = (0, 2) SQCD’s we discussed so far are shownin Figure 2.3.

⇤⇤

N2

N1

�⇤

�⇤

N3

⇤⇤

N2

N1

�⇤

�⇤

N3

�

(a) 2d (0,2) SQCD (b) 2d (0,2)  -SQCD�

Figure 2.3 The quiver diagram of 2d (0, 2) (a) SQCD and (b) Γ−SQCD. The
Fermi fields Ω± in the determinant representation of U(Nc) are omitted to avoid
clutter.
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First triality move. It was argued in [7] that 2d (0, 2) SQCD has two other

dual descriptions, forming a so-called triality of gauge theories with identical

infrared physics. The first dual theory is a U(N ′
c) theory with:

N ′
c = N2 −Nc =

N2 +N3 −N1

2
, (2.24)

and the matter content:

U(N ′
c) U(N1) U(N2) U(N3) U(1)R

Λ′
i

N′
c N1 1 1 r′i

Φ′
j

N′
c 1 N2 1 r̃′j

Φ′ I N′
c 1 1 N3 r′I

Ω′
± det±1 1 1 1 r′±

M j
i 1 N1 N2 1 rM

Γ′ j
I 1 1 N2 N3 r′Γ

(2.25)

The duality operation changes the gauge group, and permutes the (anti-) fun-

damental matter according to:

Φ −→ Φ′ , Φ −→ Λ′ , Λ −→ Φ′ . (2.26)

The dual theory also contains “mesonic” gauge-singlet, the chiral multiplets

M j
i and the Fermi multiplets Γ′ j

I , which are identified with gauge invariant

operators in the original theory:

M j
i = Φ j Φ i , Γ′ j

I = Φ j Λ I . (2.27)

Importantly, the Fermi multiplets of the dual theory have non-trivial superpo-

tentials:

EΛ′
i
= Φ′

j
M j

i , JΛ′
i
= 0 ,

EΓ′ j
I
= 0 , JΓ′ j

I
= Φ′ I

Φ′
j
. (2.28)
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The duality operation can be conveniently summarized in terms of quiver dia-

grams, as shown in Figure 2.4.

It is useful to think of this duality operation as a “local” operation on the

gauge group U(Nc), which might be part of a more general theory. In particular,

there might be additional superpotential terms of EΛ and JΛ in the original

theory. In that case, the duality move introduces the interaction terms [40,41]:

EΛ′
i
= Φ′

j
M j

i , JΛ′
i
=

(
∂EΛI

∂Φ i

)
Φ′ I

,

EΓ′ j
I
= −M j

i

(
∂EΛI

∂Φ i

)
, JΓ′ j

I
= Φ′ I

Φ′
j
− ∂JΛI

∂Φ j
, (2.29)

where we sum over repeated indices. The determinant fields Ω± are spectators

in these dualities.

The dual theory for Γ-SQCD is similar, albeit simpler. After this duality

move, the gauge-singlet fields Γ and M are massive, due to the superpotential

(2.23), which becomes JΓ =M after the duality. After integrating them out, the

dual theory looks identical to the original Γ-SQCD theory, up to the reshuffling

of the flavor parameters (N1,N2,N3) → (N2,N3,N1).

Second triality move. By applying the duality operation (2.26)-(2.29) a

second time, to the theory (2.25), we find another “dual” theory. This is a

U(N ′′
c ) theory with:

N ′′
c = N3 −N ′

c =
N3 +N1 −N2

2
, (2.30)

20



and the following matter content:

U(N ′′
c ) U(N1) U(N2) U(N3) U(1)R

Φ′′ i N′′
c N1 1 1 r′′i

Λ′′
j

N′′
c 1 N2 1 r̃′′j

Φ′′
I

N′′
c 1 1 N3 r′′I

Ω′′
± det±1 1 1 1 r′′±

M j
i 1 N1 N2 1 rM

Γ′′ I
i 1 N1 1 N3 r′′Γ

(2.31)

This theory still contains mesonic gauge-singlet, the chiral multiplets M j
i

and another Fermi multiplets Γ′′ I
i, which are given by:

M j
i = Φ j Φ i , Γ′′ I

i = Φ′ I
Λ′

i
, (2.32)

in terms of the fields in the first and second theory, respectively. The Fermi

multiplets have the non-trivial superpotentials:

EΛ′′
j
= 0 , JΛ′′

j
=M j

iΦ
′′ i ,

EΓ′′ I
i
= 0 , JΓ′′ I

i
= Φ′′ iΦ′′

I
. (2.33)

Here, we have already integrated out some massive mesons. 3

One can similarly check that a third triality move gives back exactly the

original SQCD theory. The duality operation can be conveniently summarized

in terms of quiver diagrams, as shown in Figure 2.4.

3A direct application of (2.26)-(2.29) leads to a theory with the mesonic chiral fields M
and M ′, and the mesonic Fermi multiplets Γ′ and Γ′′. We then have:

EΛ′′ = Φ′′ M ′ , EΓ′′ = −M ′M , EΓ′ = 0 ,

JΛ′′ =MΦ′′ , JΓ′′ = Φ′′ Φ′′ , JΓ′ =M ′ .

a The last line states thatM ′ and Γ′ are massive, and can be integrated out by settingM ′ = 0.
This leads to (2.33).
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N3
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⇤

triality move

�0
⇤

⇤⇤

N2

N1

�⇤

�⇤

N3

�0
⇤

⇤0
⇤

�0

M

N1

N2 N3

Figure 2.4 The triality cycle for 2d N = (0, 2) SQCD. The Fermi fields Ω± in
the determinant representation of U(Nc) are omitted to avoid clutter.

2.3 ’t Hooft anomaly matching condition

Let us consider a Lagrangian density L of two-dimensional theory defined at a

scale µUV with a non-anomalous global symmetry group GF whose current is

noted by jµF . Since the current jµF mediates a global symmetry, its two-point

correlation function can possess non-trivial coefficient. Let us call the coefficient

AUV. When this global symmetry GF is weakly gauged by adding new gauge

field AµF to a Lagrangian through minimal coupling as follows

L(1) = L − 1

4gF 2
TrFµνF

µν + jµFAFµ , (2.34)
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this theory is inconsistent due to non-trivial AUV which is now interpreted as

gauge anomaly.

In order to recover the consistency in gauged global symmetry GF , we need

to add spectator massless fermion fields ψs, which transform in representations

of GF so that it exactly cancels the gauge anomaly AUV. In other words, spec-

tator fermions are supposed to generate gauge anomaly As = −AUV with their

number and representations of gauged symmetry GF being carefully tuned. The

deformed theory whose Lagrangian density is given by

L(2) = L − 1

4gF 2
TrFµνF

µν + ψs/∂ψs + (jµF + jµs,F )AFµ , (2.35)

where jµs,F denotes the spectator fermions’ contribution to gauge symmetry

current associated to the symmetry GF , is anomaly-free.

Consider a low-energy dynamics of this theory at energy scale µ < µUV.

Because the coupling gF is freely tunable at µUV, we can assume the low-

energy dynamics of the theory (2.35) is the sum of the low-energy dynamics

of (2.34) and the arbitrarily weakly coupled spectator fermion theory. Since

anomaly-free theory does not show gauge anomaly in the middle of RG flow,

anomaly at low-energy regime A(2) = AIR + As vanishes, where AIR denotes

the gauge anomaly from the low-energy degrees of freedom in (2.34). Thus we

have

AUV = AIR . (2.36)

The upshot is that anomaly coefficients associated with global symmetry

currents are scale-independent in quantum field theories. In other words, their

high-energy and low-energy values should agree. This is known as ’t Hooft

anomaly matching condition. An immediate corollary is that if a UV description

of given theory possesses non-trivial ’t Hooft anomaly for a global symmetry,
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the theory does not exhibit mass gap in the IR. Otherwise, there is no degree

of freedom in the infrared regime that can contribute to non-trivial AIR.

2.4 Twisted partition function and localization

Supersymmetric index or twisted partition function plays a significant role in

field theory research. Basically, these are partition functions of quantum theory

weighted by (−1)F operator so that they count bosonic and fermionic states

in Hilbert space with alternative sign. Twisted partition functions have diverse

names and facets depending on the dimension and the topology of manifolds on

which a theory of interest is defined. Among various partition functions, elliptic

genus will be of particular importance throughout the thesis, which is a twisted

partition function of two-dimensional supersymmetric field theories on a torus.

In this section we review the concept of elliptic genus and how to compute

it via localization technique for 2d (0, 2) gauge theories. Before proceeding,

for a pedagogical purpose, we review Witten index, an 1-dimensional twisted

partition function, for short in order to show the robustness of index.

2.4.1 Witten index

Supersymmetric quantum mechanics, defined on a compact manifold like S1,

has the following supersymmetry algebra

{Qi , Q∗
j} = 2δijH , {Qi , Qj} = {Q∗

i , Q
∗
j} = 0 , (2.37)

where Qi, Q
∗
i are supercharges that are complex conjugate to each other. H

denotes the Hamiltonian of a system. Let us define a new supercharge Q as

follows,

Q =
1√
2
(Q+Q∗) . (2.38)
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Then Q2 = H holds. This has a consequence that energy eigenvalue is non-

negative since Q is Hermitian. For a set of Hamiltonian eigenstates {|Ei⟩} with

given eigenvalue E, one can further classify the states according to the eigen-

value of (−1)F operator since {Q, (−1)F } = 0 holds by definition of fermionic

number operator F . Let us call states whose (−1)F eigenvalues are +1 bosonic

and the rests fermionic. Bosonic states are labelled by |EB⟩ and fermionic states

by |EF ⟩. Then we have

Q|EB⟩ =
√
E|EF ⟩ , Q|EF ⟩ =

√
E|EB⟩ . (2.39)

(2.39) shows that, for excited states (E > 0), bosonic and fermionic states are

perfectly paired. On the other hand, unless supersymmetry is broken, a ground

state (E=0) must be invariant under the action of supercharge Q. Thus, it is

not necessarily paired to other states by Q. The converse is also true; a state

annihilated by Q is ground state (E = 0).

Thus, when we define a twisted partition function as follows

I(β) = TrH(−1)F e−βH , (2.40)

this is β-independent since only ground state with E = 0 contributes. Witten

index is defined as low-temperature limit of (2.40),

I = lim
β→∞

TrH(−1)F e−βH = NB|E=0 − NF |E=0 . (2.41)

The final remark is that the quantity (2.41) is robust under the deformation

of continuous parameters. This is because only paired states can form excited

states due to (2.39) and the theory is gapped due to a finite volume of man-

ifold on which it is defined. The interesting applications of Witten index has

been discussed in [42–45] in the context of Atiyah-Singer index theorem and

gauge/gravitational anomaly.
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2.4.2 Elliptic genus and its localization computation

Elliptic genus is a twisted partition function of 2d supersymmetric quantum

field theories that is protected along the RG flow. While a heuristic way to

compute the elliptic genus of 2d conformal field theory has been studied since the

mid 80’s [37,38,46], it was recent that several groups [30,31,47] independently

derived a widely applicable localization formula that captures elliptic genus of a

2d (0, 2) gauge theory. In particular, this has provided a non-perturbative proof

of Gadde-Gukov-Putrov triality [7]. This section summarizes how to compute

the elliptic genus of 2d gauge theory following a modern approach [30,31].

The elliptic genus is defined by the trace over the Ramond-Ramond (R-R)

sector, in which fermionic fields satisfy periodic boundary condition, as follows4:

I(q, xi) = TrRR(−1)F qHLqHR
∏

a

xKa
a , (2.42)

where Ka are the Cartan generators for the global flavor symmetry group. The

parameter q and the fugacities xa have logarithmic counterparts defined as

q = e2πiτ and xa = e2πiwa . Given a charge vector ρ, we have xρ =
∏
a x

ρa
a =

e2πiρ
awa . Note that (0, 2) supersymmetry ensures that the q-dependence drops

out of (2.42).

For a 2d (0, 2) gauged linear sigma model (GLSM), (2.42) can be evaluated

in terms of a contour integral of a meromorphic (r, 0)-form Z1-loop,

I(q, xi) =
1

(2πi)r

∮

C
Z1-loop . (2.43)

where r is the rank of gauge group G. Z1-loop is defined on the moduli space M

of flat connections of gauge group G over T 2, where the contour C in (2.43) is an

4One can use the NS-NS boundary condition instead to define the elliptic genus [47]. For
2d (2, 2) theories, spectral flow can be used to compare the results from different boundary
conditions. This is not the case for 2d (0, 2) theories. We will focus on the R-R boundary
condition, which makes it easier to compare with the geometric formula in Section 3.3.3
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r-dimensional cycle in M. Each 2d (0, 2) multiplet contributes to the integrand

in a multiplicative way; Z1-loop =
∏
Zmultiplets. Let Φ, Λ, V denote chiral, Fermi

and vector multiplets, respectively. Their one-loop determinants are

ZΦ =
∏

ρ∈R
i

η(q)

θ1(q, xρ)
, ZΛ =

∏

ρ∈R
i
θ1(q, x

ρ)

η(q)
, ZV |G=U(1)r =

r∏

i=1

2πη(q)2

i
dui ,

(2.44)

where ρ are the weights for the representation R of the gauge and flavor groups

in which the chiral and Fermi multiplets transform. Note that for the vector

multiplet contribution with gauge group G = U(1)r, we do not have Jacobi

theta function factor involving zi = e2πiui with i = 1, . . . , r. The integral in

(2.43) is evaluated over ui. The definition of the Jacobi theta function θ1(q, y)

and Dedekind eta function η(q) in (2.44) are stated in appendix A.

The contour integral in (2.43) is evaluated by following the Jeffery-Kirwan

(JK) residue prescription [48]. The physical motivation for the prescription is

given in [30,31]. The prescription gives a formula for the elliptic genus as follows.

I(q;xi) =
1

|W |
∑

u∗∈M∗
sing

JK-Res
u=u∗

(Q|u∗ , η) Z1-loop(q, u, ai) , (2.45)

where |W | is the order of the Weyl group W of the gauge group G. In addition,

Q|u∗ is the set of charges labeling bosonic fields that give rise to the pole at

u = u∗. Each charge is a normal covector of a singular hyperplane. η is a generic

charge covector that selects a set of poles u∗ that contribute to the JK residues

in (2.45) upon their covectors Q|u∗ .

A pole is called non-degenerate when it is located at the intersection of

exactly r hyperplanes. Assuming a pole is at the origin (u∗ = 0), we can label

these r hyperplanes by their charge covectors Qi ∈ Rr, since the i-th hyperplane

is defined as Qi(u) = 0. The JK residue for a non-degenerate pole at u∗ = 0
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then takes the form

JK-Res
u=0

(Q|0, η)
du1 ∧ · · · ∧ dur
Qj1(u) · · ·Qjr(u)

=





1
|det(Qj1

···Qjr )|
if η ∈ Cone(Qj1 ,· · · ,Qjr)

0 otherwise
,

(2.46)

where Cone(Qj1 ,· · · ,Qjr) is a subspace of Rr spanned by Qj1 ,· · · ,Qjr with pos-

itive coefficients. Let us make two important observations regarding the role of

η. First, it determines which poles contribute to the index. Second, the final

answer to the integral is independent of the choice of η. In other words, indi-

vidual poles would contribute to the index differently upon the choice of η, but

the final sum over all residues is independent of the choice.

One can also have a situation where l > r hyperplanes intersect at u∗ = 0.

We call the corresponding poles degenerate. In Appendix B, we present the

so-called flag method [31] for resolving the JK residue for degenerate poles.

The flag method generalizes the JK residue formula in (2.46) for any type of

pole and arbitrary high rank r of the gauge group. In fact, the computational

complexity in the JK residue formula increases extremely fast with the rank r.

For the present paper, this is not an issue since we focus on abelian theories

with gauge group U(1)r for small values of r.

2.5 The evidence of (0, 2) triality from exact results

Several non-perturbative checks of (0, 2) triality have been made in literature

[7, 49, 50] since its discovery. We focus on two of the checks in this section: ’t

Hooft anomaly matching for global symmetry current and the agreement in

elliptic genus. Moreover, we discuss Γ-SQCD in this section for the coherence

with the original paper [7].

28



’t Hooft anomaly

There are two kinds of ’t Hooft anomaly in Γ-SQCD, distinguished by the

type of symmetry it originates from. One originates from flavor symmetry and

another comes from R-symmetry of (0, 2) superconformal algebra.

Non-abelian flavor anomalies. The simplest check is to see non-abelian

flavor anomaly of SU(Ni) part of global symmetry current (i = 1, 2, 3). For

Γ-SQCD shown in (b) of Figure 2.3, flavor symmetry anomalies can be read off

as

ASU(N1) = NcTΦ( )−N2TΓ( ) = −(−N1 +N2 +N3)/4

ASU(N2) = NcTΦ( )−N1TΓ( ) = −(N1 −N2 +N3)/4 ,

ASU(N3) = −NcTΛ( ) = −(N1 +N2 −N3)/4 .

(2.47)

according to (2.15). These expressions are indeed invariant under cyclic permu-

tations of Ni (i=1,2,3). Thus, other Γ-SQCD obtained by triality moves show

the same flavor symmetry anomaly coefficient.

Central charges. A central charge of 2d (0, 2) superconformal theory is given

in terms of R-charge at superconformal fixed point, determined by an extrem-

ization process [29];

cR = 3Tr γ3RR , cR − cL = Tr γ3 . (2.48)

For a trial R-charge in Table 2.1 set by ri = r , r̃j = r and rI = rΛ in order

to respect flavor symmetries, right-moving central charge is

cR
3

= Nc

(
N1(r − 1)2 +N2(r − 1)2 −N3r

2
Λ

)
−N1N2r

2
Γ − r2± +

cR(G)

3
,

(2.49)
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where cR(G) = −3N2
c is a fixed contribution from the gaugino in U(Nc) vector

multiplet. After an extremization under a constraint from J-term of Γ-meson

(ri + r̃j + rΓ = 1), we have

cR
3

=
(−N1 +N2 +N3)(N1 −N2 +N3)(N1 +N2 −N3)

4(N1 +N2 +N3)
,

cL = cR − 1

4
(N2

1 +N2
2 +N2

3 − 2N1N2 − 2N2N3 − 2N3N1) + 2 .

(2.50)

Again, these are all invariant under the cyclic permutation of Ni’s. This sup-

ports the infrared equivalence of three Γ-SQCD linked by triality move.

elliptic genus

The one-loop determinant of Γ-SQCD is

Z1-loop =
η(q)2Nc

Nc!

∏

α ̸=β
θ1(

uα
uβ

)

∏
a,s θ1(xs/ya)

∏
α,i θ1(zi/uα)

∏
± θ1(w

±∏
α uα)∏

α,s θ1(uα/xs)
∏
α,a θ1(ya/uα)

,

(2.51)

where we adopt a multiplicative notation for jacobi theta function and introduce

fugacities {ya}, {xs}, {zi} and w for SU(N1), SU(N2), SU(N3) and SU(2)

flavor symmetries with natural normlization, respectively. The τ argument in

θ1 are asummed implicitly.

Let us pick η to be (1, · · · , 1) ∈ ZNc . The surviving poles in {uα} are

classified by injective map σ : {uα} → {xs} . Denoting {x̃α} the image of this

map, the poles are at {uα = x̃α}. The sum over residue at these poles are

I =
∑

{x̃α}⊂{xs}

∏

α ̸=β
θ1(

x̃α
x̃β

)

∏
a,s θ1(xs/ya)

∏
α,i θ1(zi/x̃α)

∏
± θ1(w

±∏
α x̃α)∏

xs ̸=x̃α θ1(x̃α/xs)
∏
α,a θ1(ya/x̃α)

.

(2.52)

By introducing a dual variable {xβ} = {xs} \ {x̃α} and using a theta function
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identity θ1(a) = −θ1(1/a) , we have

I =
∑

{xα}⊂{xs}

∏

α ̸=β

θ1(
xα
xβ

)

∏
a,β θ1(xβ/ya)

∏
s,i θ1(xs/zi)

∏
± θ1(w

±∏
α xα)∏

xs ̸=xα θ1(xα/xs)
∏
α,a θ1(xα/zi)

.

(2.53)

This is identical (up to overall sign) to the residue of

Z̃1-loop =
η(q)2N

′
c

N ′
c!

∏

α ̸=β

θ1(
uα
uβ

)

∏
i,s θ1(zi/xs)

∏
α,a θ1(uα/ya)

∏
± θ1(w

±∏
α uα)∏

α,s θ1(xs/uα)
∏
α,i θ1(uα/zi)

,

(2.54)

which is the one-loop determinant of U(N ′
c) SQCD with N ′

c = N1 − Nc =

(N3 + N1 − N2)/2. Its quiver is presented in the lower middle of Figure 4.6.

Choosing η in opposite direction results in the elliptic genus of the other SQCD

whose quiver is drawn in the upper right side of Figure 4.6.
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Chapter 3

(0, 2) triality and its
string-theoretic realization

The main goal of this chapter is to explore a string-theoretic realization of 2d

(0, 2) gauge theories and (0, 2) triality. This approach will enable us to inter-

pret infared dualities of two-dimensional gauge theories in terms of (10 − d)-

dimensional geometry which string theory naturally incorporates. Among var-

ious possibilities in string theory, we concentrate on a realization in terms of

D1-branes. The low-energy effective description of D1-brane, whose transverse

geometry is given by non-compact toric Calabi-Yau 4-fold, is known to have two

chiral supersymmetry [26,27] we aim at. A class of 2d gauge theories engineered

this way is called Brane Brick models [51, 52], which will be the main topic of

this chapter.

In the first section we clarify how the gauge theory is determined by the

geometry of CY4 and, conversely, how the CY4 is captured by the gauge the-

ory. Then the second section is devoted to combinatorial and graphical tools for
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understanding the dynamics of brane brick models in terms of CY geometry;

the notion of periodic quiver, brick matching and brane brick are presented.

Furthermore, (0, 2) triality is realized as a local transformation of brane brick

configuration, which connects different gauge theories whose classical mesonic

moduli space is identical. The last section studies quantum properties of Brane

Brick gauge theories using elliptic genus, a twisted partition function on a torus.

This supports classical arguements in first two sections with quantitative evi-

dence.

3.1 D1-branes on a non-compact
toric Calabi-Yau 4-fold

Type IIB string theory on R1,1 × CY4 with parallel D1-branes spanning R1,1

preserves (0, 2) supersymmetry (SUSY) on the worldvolume of the D1-branes.

Non-chiral SUSY enhancement occurs when the putative CY4 contains C fac-

tors; C4, CY2 × C2, CY3 × C preserve (8, 8), (4, 4), (2, 2) SUSY, respectively.

The D1-brane theory in these cases can be obtained from the dimensional re-

duction of a higher dimensional D-brane theory. Chiral enhancement to (0, 4)

SUSY arises from CY2 ×CY2. Further chiral enhancement to (0, 6) or (0, 8) is

possible for particular orbifold geometries.

Among all CY4 geometries, we restrict our attention to toric CY4 cones.

The tools from toric geometry make it easier to find the map between gauge

theories and CY4 geometries. The methods we use are similar to those from

previous work on D3-branes probing toric CY3 cones or M2-branes probing

toric CY4 cones [8,9,22–25,53,54]. A notable difference is that the D3-brane or

M2-brane theories at large N offer examples of AdS/CFT in the weakly coupled

gravity description, whereas the D1-brane theories under consideration here do
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not [55].

The main diagnostics we use to check the map between gauge theories and

geometries are following three: the classical mesonic moduli space of gauge the-

ory, T-dualized picture of brane configuration and the elliptic genus of gauge

theory. The classical mesonic moduli space is the geometry underlying the chi-

ral ring of gauge-invariant single-trace operators modulo the relations coming

from J- and E-terms. The moduli space is expected to reproduce the probed

Calabi-Yau geometry. Though the notion of moduli space is ill-defined in two-

dimensional field theories for the absence of spontaneous symmetry breaking, we

abuse the terminology as a clear analogy with three- and four-dimensional the-

ories. T-dualized brane configuration, further explained in Section 3.2, assigns

a combinatorial object on a 3-torus encoding field theory data and the geo-

metric feature of singularity at the tip of Calabi-Yau manifold simultaneously.

The third tool, elliptic genus is a twisted partition function of two-dimensional

theories on a torus T 2, introduced in Section 2.4.2. This quantity, as well, is

expected to reflect the probed Calabi-Yau geometry.

In order to fully understand the theories on D1-branes over general toric sin-

gularities, we first work our way through geometries for which the corresponding

gauge theories are already well understood. To begin with, we consider orbifold

theories in Section 3.1.2. Next, in Section 3.1.3 we study the 2d (0, 2) theories

obtained by partial resolution of orbifold theories. Understanding both classes

of theories is going to help us to develop the main ideas that apply to the

generic case. In addition, these theories are connected to the ones for general

toric singularities through RG flows.

Our analysis is going to be classical until Section 3.2. The underlying Calabi-

Yau cone is expected to capture robust properties of the quantum field theory.
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Though quantum behavior of 2d (0, 2) theories of our interest is in part explored

in Section 3.3, we do not have a full understanding of the quantum effects in

these theories in terms of branes at present. Early attempts in this direction

can be found in [56]. This is certainly a direction worth studying in the future.

3.1.1 Geometric aspects of toric Calabi-Yau 4-fold

By definition, the isometry group of a toric CY4 contains U(1)4. This isometry

translates into a global symmetry of the gauge theory. A linear combination of

the four U(1)’s accounts for the R-symmetry of (0, 2) SUSY. The non-R U(1)3

symmetry, which we call the mesonic flavor symmetry, is going to be exploited

in later sections in order to introduce the notion of a periodic quiver.

For some geometries, the isometry group is enhanced to a non-abelian

group. For instance, the isometry of the Q1,1,1 geometry, to be discussed in

Section 3.2.3, is U(1)R × SU(2)3. In this example, the non-abelian global sym-

metry is not manifest at the level of the Lagrangian, but the chiral ring elements

can be organized in multiplets of the global symmetry. It is convenient to enu-

merate the elements of the chiral ring by the Hilbert series [57]. The Hilbert

series is a function in terms of fugacities for the U(1)4 global symmetry. When

the global symmetry is non-abelian, the Hilbert series can be expanded in char-

acters of the non-abelian group. Hilbert series of some theories are presented

in [52].

On a toric manifold, there is a singularity that some isometries become de-

generate, like the origin of C4, a fixed point of U(4) rotations. We can classify

toric manifolds according to the algebraic property of this singularity. A toric

diagram is a convex polytope in an integral lattice Zn which encodes a singular-

ity data of complex n-dimensional toric manifold. Mathematical fact tells that

SL(n,Z) transformation over Zn lattice does not change the geometry of toric
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manifold. In other words, given toric manifold allows different toric diagrams

that are equivalent under SL(n,Z) reparametrization.

It is known that Calabi-Yau condition imposes a restriction on the form of

toric diagram that all the external points of polytope lie in a codimension-1

hyperplane Zn−1 for toric Calabi-Yau n-folds. Thus, we will deal with convex

polytopes in Z3-lattice in this chapter, which describe various toric Calabi-Yau

4-folds. Furthermore, geometric operations on toric Calabi-Yau 4-folds, like orb-

ifolding and partial resolution, deform a toric diagram into a different kind. For

instance, orbifolding enlarges a toric diagram without the change in the num-

ber of external vertices and surfaces. Blow-up or partial resolution tessellates

external vertices, changing the number of external vertices and surfaces. In the

rest of this chapter, we will see how physical theories on D1-branes reflect the

geometrical operation on the toric Calabi-Yau 4-folds and vice-versa.

Before proceeding, we emphasize two known facts regarding a class of 2d

(0, 2) gauge theories emerging at D1-branes which are located at the tip of toric

Calabi-Yau 4-fold.

• Classical mesonic moduli space

In fact, there is no moduli space of vacua in two-dimensions. The classical

mesonic moduli spaces we compute should be regarded, in the spirit of the

Born-Oppenheimer approximation, as a target space of non-linear sigma

models without quantum correction taken into account. At the classical

level, J-, E-terms and D-terms are considered when we take a quotient of

ambient space of gauge singlet combination of chiral scalars. It is known

that the classical mesonic moduli space of 2d (0, 2) gauge theories in our

interest is the toric Calabi-Yau 4-fold the brane is probing. This is the

generalization of well-established facts in Brane Tiling program pursued
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in [24], which describes a low-energy dynamics of D3-brans at the tip of

non-compact toric Calabi-Yau 3-folds.

In Section 3.1.4 we introduce how to compute the classical mesonic moduli

space from the data of gauge theories. Afterwards, we clarify and refor-

mulate the notion of classical mesonic moduli space in terms of elements

in forward algorithm conversely in Section 3.1.5.

• Binomial condition on J- and E-interactions

Toric condition of the classical mesonic moduli space imposes an algebraic

constraint on holomorphic interactions J- and E-terms. We call this con-

dition toric or binomial. It requires J and E-terms of matter fields to be

a difference of two monomials as follows;

J(Φi) = J+(Φi)− J−(Φ) , E(Φi) = E+(Φi)− E−(Φi) , (3.1)

where J± and E± are holomorphic monomials of chiral fields Φi’s.

3.1.2 Orbifold theories

This section studies a simple way to engineer various (0, 2) gauge theories from

geometric properties of non-compact toric Calabi-Yau 4-folds. First, we study

the gauge theories on D1-branes over orbifolds of C4, which have been origi-

nally considered in [26, 27]. This infinite family of theories gives a nice class of

examples to start developing our ideas in the following sections. We investigate

orbifolds in further detail, explaining how the geometry arises as the mesonic

moduli space of the corresponding gauge theories.

Anomalies for quiver gauge theories

The specific theories we are interested in are quiver theories whose nodes cor-

respond to U(Ni) gauge groups. Let us now study in further detail the cancel-
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lation of non-abelian anomalies in the case of quivers. In order to allow for the

possibility of multiple fields between a given pair of nodes, it is convenient to

define: nχij := number of chiral arrows from node i to node j, nFij := number of

Fermi lines stretching between node i and node j,1 a
χ/F
i := number of adjoint

chiral/Fermi lines attached to node i. Cancellation of SU(Ni)
2 anomalies then

requires

∑

j ̸=i

(
nχjiNj + nχijNj − nFijNj

)
+ 2(aχi − aFi )Ni = 2Ni, (3.2)

for every node i.

In this article, we focus on the case in which all ranks are equal, i.e. Ni =

N , which corresponds to a stack of N regular D1-branes.2 In this case, (3.2)

simplifies to

nχi − nFi = 2. (3.3)

In this expression, nχi and nFi indicate the total number of incoming plus out-

going chiral and Fermi fields at node i, respectively. Since adjoint fields are

represented in the quiver by lines that start and end on the same node, each of

them contributes 2 to these numbers.

It is interesting to notice that constructing quiver theories for which (3.3)

is satisfied for all gauge groups without the addition of flavors (i.e. of matter in

e.g. purely fundamental or anti-fundamental representations of gauge groups)

and the associated flavor symmetries they would introduce is a challenging

combinatorial problem. Remarkably, (3.3) is automatically satisfied by all the

theories we construct.

1Recall that, due to the symmetry between Λa and Λ̄a, Fermi fields are represented in a
quiver diagram by lines without orientation.

2It would be very interesting to investigate more general anomaly-free rank assignments
and their correspondence to fractional D1-branes. We leave this question for future work.
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D1-branes over C4

Let us first consider the simplest gauge theory engineered with D1-branes, that

of a stack of D1-branes on C4, whose toric diagram is shown in Figure 3.1.

Figure 3.1 Toric diagram of C4.

This theory can be obtained by dimensional reduction of 4d N=4 SYM.3

The 2d theory has an enhanced (8, 8) non-chiral SUSY. In (0, 2) language,

the theory contains the vector multiplet associated with a single U(N) gauge

group, four chiral fields (X, Y , Z and D) and three Fermi fields (Λ(i), i =

1, 2, 3), all transforming in the adjoint representation of the gauge group. All

this information can be summarized in the quiver shown in Figure 3.2.

Figure 3.2 The quiver diagram for N D1-branes over C4. It consists of a single
U(N) gauge node, four adjoint chiral fields (shown in black) and three Fermi
fields (shown in red).

3Dimensional reduction was discussed at length in [51], here we just present the result.
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The corresponding J- and E-terms are as follows

J E

Λ(1) : Y · Z − Z · Y D ·X −X ·D
Λ(2) : Z ·X −X · Z D · Y − Y ·D
Λ(3) : X · Y − Y ·X D · Z − Z ·D

(3.4)

This theory nicely agrees with general discussion in previous sections and in

literature [26,51,58]. To recapitulate a part of discussion, the single gauge group

is in agreement with the fact that the toric diagram in Figure 3.1 consists of

a single unit tetrahedron. In addition, the relations in (3.4) have the general

structure anticipated for theories corresponding to toric Calabi-Yau 4-folds.

Abelian orbifolds of C4

Abelian orbifolds of CD have been extensively studied from a geometric view-

point for various dimensions D in [59–63]. These take the most general form

C4/Zn1 × Zn2 × Zn3 where the order of the orbifold group is n = n1n2n3. C4

is parameterized by complex coordinates xk with k = 1, . . . , 4 and the orbifold

action is determined by three integer 4-vectors

(a1, a2, a3, a4) , (b1, b2, b3, b4) , (c1, c2, c3, c4) , (3.5)

where ak, bk and ck relate to the coordinate action on C4 as follows

xk 7→ e
2πi

(
ak
n1

+
bk
n2

+
ck
n3

)
xk . (3.6)

The action satisfies

4∑

k=1

ak = 0 mod n1 ,

4∑

k=1

bk = 0 mod n2 ,

4∑

k=1

ck = 0 mod n3 . (3.7)
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A simple sub-class of orbifolds of C4 is C4/Zn, with orbifold action (a1, a2, a3, a4).

The action on the C4 coordinates xk is given by

xk 7→ e2πi
ak
n xk . (3.8)

Let us now determine how the orbifold action on C4 translates into the

corresponding gauge theory. First, there are four types of bifundamental chiral

fields in the quiver of the 2d (0, 2) theory which we are considering. These are

related to the four complex coordinates of C4,

x1 ↔ Xi,j , x2 ↔ Yi,j , x3 ↔ Zi,j , x4 ↔ Di,j , (3.9)

where the subindices i and j indicate that the corresponding field transforms

in the fundamental representation of U(N)i and in the anti-fundamental rep-

resentation of U(N)j . For the most general orbifolds with n1, n2, n3 > 1, we

take the gauge group indices i and j to carry three components, i = (i1, i2, i3),

j = (j1, j2, j3) where ik, jk = 0, . . . , nk−1. The four types of chiral fields connect

gauge groups according to the following rule:

Xi,j : j = i+ (a1, b1, c1) mod (n1, n2, n3) ,

Yi,j : j = i+ (a2, b2, c2) mod (n1, n2, n3) ,

Zi,j : j = i+ (a3, b3, c3) mod (n1, n2, n3) ,

Di,j : j = i+ (a4, b4, c4) mod (n1, n2, n3) . (3.10)

One can always map the 3-vector labels i, j to single integer labels such that

i, j = 1, . . . , n. Note that this map is trivial for C4/Zn orbifolds. In addition,

there are three types of Fermi fields in bifundamental representations, which
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can be labeled

Λ
(1)
i,j : j = i− (a2 + a3, b2 + b3, c2 + c3) mod (n1, n2, n3) ,

Λ
(2)
i,j : j = i− (a3 + a1, b3 + b1, c3 + c1) mod (n1, n2, n3) ,

Λ
(3)
i,j : j = i− (a1 + a2, b1 + b2, c1 + c2) mod (n1, n2, n3) . (3.11)

It is also possible to write the J- and E-terms associated with Fermi fields for

an arbitrary orbifold in a closed form. For simplicity, let us take C4/Zn with

orbifold action (a1, a2, a3, a4) with
∑

k ak = 0 mod n, and a single component

index i defined modulo n. The J- and E-terms are

Λ
(1)
i,i−a2−a3 : J

(1)
i−a2−a3,i = Yi−a2−a3,i−a3 · Zi−a3,i − Zi−a2−a3,i−a2 · Yi−a2,i ,

E
(1)
i,i−a2−a3 = Di,i+a4 ·Xi+a4,i−a2−a3 −Xi,i+a1 ·Di+a1,i−a2−a3 ,

Λ
(2)
i,i−a3−a1 : J

(2)
i−a3−a1,i = Zi−a1−a3,i−a1 ·Xi−a1,i −Xi−a1−a3,i−a3 · Zi−a3,i ,

E
(2)
i,i−a3−a1 = Di,i+a4 · Yi+a4,i−a3−a1 − Yi,i+a2 ·Di+a2,i−a3−a1 ,

Λ
(3)
i,i−a1−a2 : J

(3)
i−a1−a2,i = Xi−a1−a2,i−a2 · Yi−a2,i − Yi−a1−a2,i−a1 ·Xi−a1,i ,

E
(3)
i,i−a1−a2 = Di,i+a4 · Zi+a4,i−a1−a2 − Zi,i+a3 ·Di+a3,i−a1−a2 .

(3.12)

These expressions are extended to general orbifolds of C4 straightforwardly.

Clearly, all abelian orbifolds of C4 satisfy the condition (3.3) for the cancellation

of non-abelian anomalies as well as toric conditions for J- and E- terms.

3.1.3 Higgsing

Let us consider the effect of turning a non-zero VEV for the scalar component

of a bifundamental chiral field Xij in a gauge theory of dimension d > 2. In the

abelian theory, this follows from turning on FI terms of equal magnitude and

opposite signs for nodes i and j. As a result, the gauge groups associated with
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nodes i and j are higgsed to the diagonal subgroup, while the anti-diagonal

combination becomes massive. In terms of the quiver, the Xij arrow is removed

and nodes i and j are condensed into a single one, as schematically shown in

Figure 3.3. At the same time, we replace Xij by its VEV, which for simplicity

can be taken to be 1, in all holomorphic interactions like superpotential. We

mimic this idea in two-dimensions in order to obtain a (0, 2) gauge theory whose

classical mesonic moduli space is general toric Calabi-Yau manifold beyond C4

and its orbifolds. Though the detail in the procedure will be described in a

language of higgsing in a higher dimension d > 2, we need to understand this

as an analogy. The physically relevant is the deformed holomorphic E- and J-

interactions, resulting in a new (0, 2) quiver gauge theory with different matter

contents.

2

3 1

X23

X31

2

3/1

X23

Figure 3.3 Effect of bifundamental higgsing on the quiver. The chiral field with
a non-zero VEV, in this case X31, disappears from the quiver and the two nodes
connected by it are condensed into a single one.

Massive fields

As usual, a possible additional outcome of higgsing is the generation of masses

for some of the matter fields. For 2d (0, 2) theories, such massive fields corre-

spond to Fermi-chiral pairs. Massive pairs arise when either a J- or E-term

develops a linear term. For concreteness, let us consider the case of an J-term
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with a linear term. The case of a linear E-term is identical, due to the symme-

try under the exchange of J- and E-terms. This situation arises when, before

turning on a VEV for Xij , the original J-term for Λki takes the general form

given on the left of

Jik = XijXjk − fik(X) −→ Xjk − fik(X), (3.13)

where fij(X) indicates a product of scalar fields associated with an oriented

path of chiral fields in the quiver connecting nodes i and k. The right hand side

of (3.13) shows Jik after the VEV. The massive pair in this case consists of the

Fermi field Λki (the one for which the J-term becomes linear) and the chiral

field Xjk (the one in the linear term). Notice that after higgsing identifies nodes

i and j, Λki and Xjk end up connecting the same pair of nodes, transforming

in conjugate representations. It is straightforward to see that all the on-shell

degrees of freedom in Λki and Xjk become massive. Plugging (3.13) into bosonic

potential V , we obtain a mass term for ϕjk. Masses for the fermions ψ+,jk and

λ−,ki arise from replacing (3.13) in Yuakwa interaction VY .

At low energies, we can integrate out Λki and Xjk. When doing so, the

terms Jik and Eki associated with the Fermi field Λki are removed from the

Lagrangian. We explicitly set Jik to zero, using (3.13) to make the replace-

ment Xjk → fik(X) wherever it appears in the Lagrangian. Eik also disappears

with the Fermi field. The process of generating a massive pair by higgsing and

integrating it out is schematically illustrated in Figure 3.4.

Vanishing trace condition

As reviewed in Section 2.1, the J- and E-terms must satisfy

∑

a

Tr(EaJa) = 0 , (3.14)
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1

4

2

3

1/4

2

3

1/4

X12

X23

X43

X14

⇤31

J13 : X12 · X23 � X14 · X43 = 0 , . . . J13 : X12 · X23 � X43 = 0 , . . .

⇤31

X12

X23

X43

Figure 3.4 An example showing the appearance of a Fermi-chiral massive pair
when higgsing and how it is integrated out. Let us consider the original J-term
for Λ31 is J13 = X12 · X23 − X14 · X43. Turning on a VEV for X14 condenses
nodes 1 and 4. In addition, we get J13 = X12 · X23 − X43, which results in a
massive pair consisting of Λ13 and X43. When integrating out these fields, we
set J13 = 0 replacing X43 → X12 ·X23.

where the sum runs over Fermi fields. We call this requirement the vanishing

trace condition. Recall that for the theories under consideration the J- and

E-terms take the toric form

Ea = E(+)
a − E(−)

a , Ja = J (+)
a − J (−)

a , (3.15)

where E
(±)
a and J

(±)
a are products of matrices. The contribution of a Fermi field

to the trace above has the following general form

Tr(EaJa) = Tr(E(+)
a J (+)

a ) + Tr(E(−)
a J (−)

a )− Tr(E(+)
a J (−)

a )− Tr(E(−)
a J (+)

a ) .

(3.16)

The vanishing trace condition holds because there is a pairing of terms in (3.14)

of the form

Ema J
n
a − Ekb J

l
b = 0 , (3.17)
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where m,n, k.l = (±) such that the product is mnkl = (−). For conciseness,

we have left out the trace.

Let us assume (3.14) is true for a theory with all the terms in the trace being

paired as in (3.17). When a chiral field X gets a non-zero VEV, the following

scenarios apply to the vanishing trace condition in (3.14):

• No massive fields: The simplest situation occurs when turning on VEV

⟨X⟩ = m, does not produce masses for other matter fields. In this case,

(3.14) takes the form

Ema J
n
a − Ekb J

l
b

∣∣∣
⟨X⟩=m

= m
(
Ẽma J̃

n
a − Ẽkb J̃

l
b

)
. (3.18)

This contribution vanishes provided that (3.17) is true prior to giving the

VEV. Accordingly, the vanishing trace condition holds when chiral fields

receive VEVs,

Ema J
n
a − Ekb J

l
b = 0 ⇒ Ẽma J̃

n
a − Ẽkb J̃

l
b = 0 . (3.19)

• Massive fields: As we discussed earlier, ⟨X⟩ = m can sometimes result in

a Fermi-chiral massive pair. This is reflected in a linear J- or E-term. For

concreteness, let us consider the case in which

Ec

∣∣∣
⟨X⟩=m

= mẼ(+)
c − E(−)

c , Jc

∣∣∣
⟨X⟩=m

= J (+)
c − J (−)

c , (3.20)

where Ẽ
(+)
c corresponds to a single chiral field that, following the discus-

sion in the previous section, becomes massive. When integrating it out,

we impose

Ẽ(+)
c =

1

m
E(−)
c , (3.21)

which implies

Ec

∣∣∣
⟨X⟩=m

= 0 . (3.22)
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As a result, the contribution to the trace condition (3.14) associated with

the massive Fermi field vanishes,

Tr(EcJc)
∣∣∣
⟨X⟩=m

= 0 . (3.23)

We thus have

∑

a

Tr(EaJa)
∣∣∣
⟨X⟩=m

=
∑

a̸=k

Tr(EaJa)
∣∣∣
⟨X⟩=m

. (3.24)

Assuming that the vanishing trace condition is satisfied in the original

theory, (3.19) and (3.24) imply that it continues to hold after higgsing,

i.e.

∑

a

Tr(EaJa) = 0 ⇒
∑

a̸=k

Tr(EaJa)
∣∣∣
⟨X⟩=m

= 0 , (3.25)

The argument holds even if there are multiple massive fields that are

integrated out.

The vanishing trace condition has been shown to hold for abelian orbifolds of

C4 in [27]. Since, as we explained in the previous section, the gauge theory for

any toric Calabi-Yau 4-fold can be obtained from that of an abelian orbifold

via higgsing, the arguments we have just presented imply that the vanishing

trace condition continues to hold for them.

Cancellation of non-abelian anomalies in general toric theories

It is possible to use the previous ideas regarding higgsing to show that all

gauge theories on D1-branes probing toric CY 4-folds are free of non-abelian

anomalies. To do so, we exploit once more the fact that any such theory can be

obtained as a partial resolution of an appropriate abelian orbifold of C4. Since,

as discussed in section Section 3.1.2, all orbifold theories are free of non-abelian

anomalies, it is sufficient to show that higgsing preserves the cancellation.
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Consider higgsing a parent theory by an expectation value for the scalar

in a bifundamental chiral field which, without loss of generality, we can call

X12. To start, let us assume that this VEV does not result in any massive field.

Hence, the only anomaly cancellation conditions we should care about are the

ones for nodes 1 and 2, since the other ones remain unaltered. In the parent

theory, nodes 1 and 2 satisfy (3.3), i.e.

nχ1 − nF1 = 2

nχ2 − nF2 = 2 .
(3.26)

Giving a VEV to X12 higgses nodes 1 and 2 into a single one, which we call

1/2. X12 is removed from the theory, which results in nχi decreasing by one

for i = 1, 2. In addition, the Fermi fields originally charged under nodes 1 and

2 remain unaffected. We thus conclude that the combined node 1/2 is free of

non-abelian anomalies, since

nχ1/2 = nχ1 + nF1 − 2

nF1/2 = nF1 + nF2



 ⇒ nχ1/2 − nF1/2 = 2 (3.27)

Let us now consider what happens if massive fields are generated while higgsing.

In this case, both the anomaly cancellation conditions of node 1/2 and other

nodes can be affected. However, every massive pair consists of a chiral field and

a Fermi field stretching between the same pair of nodes. The net contribution

of such a pair of fields to the non-abelian anomaly is zero, so the theory remains

free of non-abelian anomalies after integrating them out.

3.1.4 Forward algorithm and Brick matching

So far we reviewed two physical deformation of (0, 2) quiver gauge theories.

This section provides toolkits for a translation of gauge theory into a geometric

language. As mentioned in Section 3.1.1, it is known that the classical mesonic
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moduli space of (0, 2) gauge theory in our construction is toric Calabi-Yau 4-

fold the brane probes. In order to support this claim, we illustrate a systematic

procedure to solve classical moduli space out of gauge theory data, called for-

ward algorithm. Along this way, a new combinatorial tool called brick matching

is suggested [52] to expedite the computation. To make a distinction with a for-

ward algorithm without brick matching, the one with brick matching is called

fast forward algorithm. All the necessary is a quiver diagram of 2d (0, 2) gauge

theory and its J- and E-terms. It is convenient to illustrate the implementa-

tion of algorithm in terms of an explicit example. We consider C4/Z4 (1, 1, 1, 1)

theory whose quiver diagram are sketched in Figure 3.26 with toric diagram

corresponding to C4/Z4 (1, 1, 1, 1) geometry. Its J- and E-terms are presented

in (3.29).

Figure 3.5 Toric and quiver diagrams of the C4/Z4(1, 1, 1, 1) model.

• Holomorphic binomials and the K-matrix.

The first step in the algorithm is to take the J- and E-terms associated

with all Fermi fields. A special feature of the theories under consideration

is that these relations equate a monomial to a monomial, as discussed in

Section 3.1.1 named by binomial or toric condition.
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Let us denote by Xm, with m = 1, . . . , nχ, all the chiral fields in the

quiver.4 Remarkably, the space of solutions to the vanishing J- and E-

terms can be expressed in terms of G + 3 independent chiral fields vk,

with G being the number of gauge groups in the quiver. Xm can thus be

expressed as

Xm =
∏

k

vKmk
k , (3.28)

wherem = 1, . . . , nχ and k = 1, . . . , G+3.K is an nχ×(G+3)-dimensional

matrix which precisely encodes the relations from the vanishing J- and

E-terms. In toric geometry, the K-matrix defines a cone M+ generated

by non-negative linear combinations of nχ K⃗m vectors in ZG+3.

For the example C4/Z4 (1, 1, 1, 1), the J- and E-terms are given by

J E

Λ1
13 : X34 · Y41 − Y34 ·X41 D12 · Z23 − Z12 ·D23

Λ2
13 : Y34 · Z41 − Z34 · Y41 D12 ·X23 −X12 ·D23

Λ3
13 : Z34 ·X41 −X34 · Z41 D12 · Y23 − Y12 ·D23

Λ1
31 : X12 · Y23 − Y12 ·X23 D34 · Z41 − Z34 ·D41

Λ2
31 : Y12 · Z23 − Z12 · Y23 D34 ·X41 −X34 ·D41

Λ3
31 : Z12 ·X23 −X12 · Z23 D34 · Y41 − Y34 ·D41

Λ1
24 : Z41 ·X12 −X41 · Z12 D23 · Y34 − Y23 ·D34

Λ2
24 : X41 · Y12 − Y41 ·X12 D23 · Z34 − Z23 ·D34

Λ3
24 : Y41 · Z12 − Z41 · Y12 D23 ·X34 −X23 ·D34

Λ1
42 : X23 · Y34 − Y23 ·X34 D41 · Z12 − Z41 ·D12

Λ2
42 : Y23 · Z34 − Z23 · Y34 D41 ·X12 −X41 ·D12

Λ3
42 : Z23 ·X34 −X23 · Z34 D41 · Y12 − Y41 ·D12

(3.29)

4For simplicity, in what follows, we often use chiral fields as synonyms of their scalar
components.
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where on the left there are the corresponding Fermi fields.

All chiral fields can be expressed in terms of 4 + 3 = 7 variables vk as

follows

D12 = v1 , D23 = v2 , D34 = v3 , D41 = v4 ,

X12 = v5 , X23 =
v2v5
v1

, X34 =
v3v5
v1

, X41 =
v4v5
v1

,

Y12 = v6 , Y23 =
v2v6
v1

, Y34 =
v3v6
v1

, Y41 =
v4v6
v1

,

Z12 = v7 , Z23 =
v2v7
v1

, Z34 =
v3v7
v1

, Z41 =
v4v7
v1

.

(3.30)

We then define K following (3.28) and obtain

(Kt)(G+3)×E =




D12 D23 D34 D41 X12 X23 X34 X41 Y12 Y23 Y34 Y41 Z12 Z23 Z34 Z41

v1 = D12 1 0 0 0 0 −1 −1 −1 0 −1 −1 −1 0 −1 −1 −1

v2 = D23 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0

v3 = D34 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0

v4 = D41 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1

v5 = X12 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0

v6 = Y12 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0

v7 = Z12 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1




.

(3.31)

• The dual cone and the P -matrix.

Entries in the K-matrix are integers but can be negative. This means

that the chiral fields can involve negative powers of the independent fields

vk. Such negative powers can be avoided by constructing a new set of

variables as follows. We define the dual cone N+ in terms of vectors T⃗m,

m = 1, . . . , c, which can be combined into a (G+3)×c-dimensional matrix

that we call T .5 This matrix has positive integer entries and is defined

through the condition

K⃗ · T⃗ ≥ 0 . (3.32)

5Notice that the number of independent vectors c spanning the dual cone is a priori un-
known and results from the actual computation.
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We can now use T to trade the independent chiral fields vk for a new set

of fields pα, α = 1, . . . , c, such that only positive powers are involved,

vk =
∏

α

pTkαα . (3.33)

The pα are interpreted as GLSM fields [38] in the toric description of the

moduli space.6

Combining (3.28) and (3.33), all chiral fields can be expressed in terms of

the GLSM fields according to

Xm =
∏

α

pPmα
α , (3.34)

where we have defined the nχ × c-dimensional P -matrix as

Pnχ×c = Knχ×(G+3) · T(G+3)×c . (3.35)

Above, the labels on the matrices indicate their dimensions. The map

in (3.34) only involves positive powers and is fully controlled by the P -

matrix, which is going to play a central role in connecting gauge theory

and geometry in the following sections.

For the C4/Z4 example, T is given by

T =




p1 p2 p3 p4 q1 q2 q3 q4

v1 = D12 1 0 0 0 1 0 0 0

v2 = D23 1 0 0 0 0 1 0 0

v3 = D34 1 0 0 0 0 0 1 0

v4 = D41 1 0 0 0 0 0 0 1

v5 = X12 0 1 0 0 1 0 0 0

v6 = Y12 0 0 1 0 1 0 0 0

v7 = Z12 0 0 0 1 1 0 0 0




. (3.36)

6We will reserve the term GLSM for the theories constructed via the forward algorithm
which, unlike the original 2d quivers, involve unconstrained fields.
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This matrix encodes the following map

v1 = p1q1 , v2 = p1q2 , v3 = p1q3 ,

v4 = p1q4 , v5 = p2q1 , v6 = p3q1 , v7 = p4q1 .
(3.37)

The resulting P -matrix is given by

P =




p1 p2 p3 p4 q1 q2 q3 q4

D12 1 0 0 0 1 0 0 0

D23 1 0 0 0 0 1 0 0

D34 1 0 0 0 0 0 1 0

D41 1 0 0 0 0 0 0 1

X12 0 1 0 0 1 0 0 0

X23 0 1 0 0 0 1 0 0

X34 0 1 0 0 0 0 1 0

X41 0 1 0 0 0 0 0 1

Y12 0 0 1 0 1 0 0 0

Y23 0 0 1 0 0 1 0 0

Y34 0 0 1 0 0 0 1 0

Y41 0 0 1 0 0 0 0 1

Z12 0 0 0 1 1 0 0 0

Z23 0 0 0 1 0 1 0 0

Z34 0 0 0 1 0 0 1 0

Z41 0 0 0 1 0 0 0 1




. (3.38)

This implies the following map between GLSM and chiral fields

D12 = p1q1 , D23 = p1q2 , D34 = p1q3 , D41 = p1q4 ,

X12 = p2q1 , X23 = p2q2 , X34 = p2q3 , X41 = p2q4 ,

Y12 = p3q1 , Y23 = p3q2 , Y34 = p3q3 , Y41 = p3q4 ,

Z12 = p4q1 , Z23 = p4q2 , Z34 = p4q3 , Z41 = p4q4 .

(3.39)

• The brick matching and the P -matrix.

The P -matrix in the previous section can be constructed in a different
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combinatorial way called brick matching [52]. Brick matching is 2d anal-

ogy of the perfect matchings for four-dimensional theories on D3-branes in

Brane Tilings [22]. Before proceeding, it is helpful to introduce augmented

J̃- and Ẽ-terms, by multiplying them by the associated Fermi multiplet

Λ or Λ. This is an algebraic operation related to closing connected edges

of plaquettes, which will be introduced in Section 3.2.1. A brick match-

ing is defined as a collection of chiral, Fermi and conjugate Fermi fields

contributing to every monomial in J̃- and Ẽ-terms in the theory exactly

once as follows:

1. The chiral fields in a brick matching cover — i.e. give a factor to

either each of the two Ja-term monomials or each of the two Ea-

term monomials exactly once for every Fermi multiplet Λa.

2. If chiral fields in a brick matching cover the monomials of certain Ja-

term, Λa is not included in the brick matching. Otherwise, it would

produce a double contribution to the monomials of J̃a. Instead, Λ̄a

is included in the brick matching. As a consequence, each of the two

monomials associated to Ẽa-term is covered exactly once.

3. If chiral fields in a brick matching cover the monomials of certain Ea-

term, Λa is not included in the brick matching. Otherwise, it would

produce a double contribution to the monomials of Ẽa. Instead, Λa

is included in the brick matching. As a consequence, each of the two

monomials associated to J̃a-term is covered exactly once.

Let us illustrate this procedure with our example, C4/Z4 model. Pick up a

brick matching p1 = {D12, D23, D34, D41,Λ
1,2,3
13 ,Λ1,2,3

31 ,Λ1,2,3
24 ,Λ1,2,3

42 }. The
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contributions to the monomials can be shown as

J̃ Ẽ

Λ1
13 ·X34 · Y41 − Λ1

13 · Y34 ·X41 Λ
1
13 ·D12 · Z23 − Λ

1
13 · Z12 ·D23

Λ2
13 · Y34 · Z41 − Λ2

13 · Z34 · Y41 Λ
2
13 ·D12 ·X23 − Λ

2
13 ·X12 ·D23

Λ3
13 · Z34 ·X41 − Λ3

13 ·X34 · Z41 Λ
3
13 ·D12 · Y23 − Λ

3
13 · Y12 ·D23

Λ1
31 ·X12 · Y23 − Λ1

31 · Y12 ·X23 Λ
1
31 ·D34 · Z41 − Λ

1
31 · Z34 ·D41

Λ2
31 · Y12 · Z23 − Λ2

31 · Z12 · Y23 Λ
2
31 ·D34 ·X41 − Λ

2
31 ·X34 ·D41

Λ3
31 · Z12 ·X23 − Λ3

31 ·X12 · Z23 Λ
3
31 ·D34 · Y41 − Λ

3
31 · Y34 ·D41

Λ1
24 · Z41 ·X12 − Λ1

24 ·X41 · Z12 Λ
1
24 ·D23 · Y34 − Λ

1
24 · Y23 ·D34

Λ2
24 ·X41 · Y12 − Λ2

24 · Y41 ·X12 Λ
2
24 ·D23 · Z34 − Λ

2
24 · Z23 ·D34

Λ3
24 · Y41 · Z12 − Λ3

24 · Z41 · Y12 Λ
3
24 ·D23 ·X34 − Λ

3
24 ·X23 ·D34

Λ1
42 ·X23 · Y34 − Λ1

42 · Y23 ·X34 Λ
1
42 ·D41 · Z12 − Λ

1
42 · Z41 ·D12

Λ2
42 · Y23 · Z34 − Λ2

42 · Z23 · Y34 Λ
2
42 ·D41 ·X12 − Λ

2
42 ·X41 ·D12

Λ3
42 · Z23 ·X34 − Λ3

42 ·X23 · Z34 Λ
3
42 ·D41 · Y12 − Λ

3
42 · Y41 ·D12

(3.40)

where we indicate chiral and Fermi fields in blue and green, respectively.

One can find other seven brick matchings {p2,3,4 , q1,2,3,4} in a similar way.

It is straightforward to construct the P -matrix from brick matchings; we

assign +1 to chiral fields that appeared in a particular matching and 0 to

the others.

However, it has been observed that, the two matching does not always

give the same P -matrices for generic toric Calabi-Yau 4-folds. The thesis

skip the discussion regarding this issue. For interested readers we refer

to [52] for the detail and more examples of brick matching associated

with toric Calabi-Yau 4-folds.

• GLSM charges from J- and E-terms.
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As already mentioned, the GLSM fields pα encoded in the P -matrix can

be considered as a new basis of fields parameterizing the space of solutions

to the vanishing J- and E-terms. The resulting relations between chiral

fields can be neatly implemented by introducing U(1) gauge symmetries

to the GLSM and assigning appropriate charges to its fields. These charges

are encoded in a (c− (G+3))× c -dimensional charge matrix QJE which

is the kernel of the P -matrix,

(QJE)(c−(G+3))×c = ker(P ) . (3.41)

For our C4/Z4 example, we get

QJE =


 p1 p2 p3 p4 q1 q2 q3 q4

1 1 1 1 −1 −1 −1 −1


 . (3.42)

Above, a single U(1) symmetry is necessary in order to capture the J-

and E-terms.

• GLSM charges from D-terms.

The final step in the computation of the moduli space is to impose the

vanishing D-terms. Recall, we are focusing on the abelian theory. The U(1)

gauge charges of the chiral fields are encoded by the G× nχ-dimensional

incidence matrix d of the quiver, where G is the number of nodes. The

incidence matrix is defined as follows

dai =





+1 if Xi is a fundamental of node a

−1 if Xi is an anti-fundamental of node a

0 if Xi is an adjoint of node a

(3.43)

Since in the theories under consideration all chiral fields always transform

in bifundamental or adjoint representations, the incidence matrix satisfies

∑

a

dai = 0 . (3.44)
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As a result, only G−1 rows of the incidence matrix are independent. It is

thus sufficient to focus on a (G− 1)×nχ-dimensional matrix ∆, obtained

from d by deleting any of its rows.

Next, it is possible to establish U(1) charges for the GLSM fields pα that

would result in the desired charges for the chiral fields via the map in

(3.34). The U(1) charges of the pα’s are summarized in a (G − 1) × c-

dimensional matrix QD that satisfies

∆(G−1)×nχ = (QD)(G−1)×c · P tc×nχ . (3.45)

Notice that, in general, this equation does not fix QD uniquely. The final

moduli space is however independent of which solution is used.

From Figure 3.5, we determine the following quiver incidence matrix d.

Combining this (3.38) and, we obtain the following possible QD matrix

for the GLSM fields

QD =




p1 p2 p3 p4 q1 q2 q3 q4

0 0 0 0 −1 1 0 0

0 0 0 0 0 −1 1 0

0 0 0 0 0 0 −1 1




. (3.46)

• CY4 moduli space and its toric diagram.

We have translated the relations associated with vanishing J- and E-

terms into U(1) charges given by the matrix QJE . Similarly, D-terms are

captured by the charges in QD. We define the total charge matrix

(Qt)(c−4)×c = ((QJE)(c−(G+3))×c , (QD)(G−1)×c) (3.47)

as the concatenation of QJE and QD. The total charge matrix is (c−4)×c-
dimensional, with c being the number of GLSM fields.
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We can now determine the moduli space of the gauge theory. The kernel

of QD is a 4× c-dimensional matrix,

G = ker(Qt) . (3.48)

This matrix should be interpreted as determining the toric diagram of

the moduli space, which is a toric Calabi-Yau 4-fold. Every column in G

corresponds to a GLSM field and determines the position in Z4 of the

corresponding point in the toric diagram.

For the C4/Z4 (1, 1, 1, 1) gauge theory, we obtain

G =




p1 p2 p3 p4 q1 q2 q3 q4

1 1 1 1 1 1 1 1

−1 0 0 1 0 0 0 0

0 1 0 −1 0 0 0 0

0 0 1 −1 0 0 0 0




. (3.49)

We note that the GLSM fields q1, q2, q3 and q4 correspond to the same

point in the toric diagram. We say that this point has multiplicity 4. The

toric diagram associated with (3.49) is shown in Figure 3.5. Since all 4-

vectors corresponding to toric points live on a 3-dimensional hyperplane,

it can be drawn in Z3. The toric diagram in Figure 3.5 corresponds to the

C4/Z4 (1, 1, 1, 1) orbifold. Remarkably, we obtained it as the moduli space

of the corresponding gauge theory. Notice that four unit tetrahedra fit into

this toric diagram, in agreement with the fact that the corresponding

quiver has four nodes.

3.1.5 Algebraic Varieties

This section gives an overview of the algebraic structure of the Calabi-Yau

moduli spaces. Afterwards, we discuss the mathematical meaning of higgsing.
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The Master Space and the Mesonic Moduli Space. The chiral fields

Xij , which are subject to the vanishing J- and E-term relations, form an affine

algebraic variety

F ♭ = Cn
χ
[X1, . . . Xnχ ]/⟨Ja, Ea⟩ . (3.50)

The quotienting ideal ⟨Ja, Ea⟩ is over the relations Ja = 0 and Ea = 0 corre-

sponding to all Fermi fields Λa. We refer to this variety as the master space, in

analogy to the master space of 4d N = 1 theories, which is the space of vanish-

ing F-terms [64]. For the 2d theories under consideration, the master space is a

G+ 3-dimensional toric Calabi-Yau, where G is the number of gauge groups.

The mesonic moduli space M is obtained by further quotienting the master

space by the U(1)G gauge charges carried by the chiral fields

M = F ♭//U(1)G . (3.51)

Note that one of the U(1) gauge symmetries is redundant in the 2d quiver

gauge theory of our interest. M is a toric Calabi-Yau 4-fold and it is precisely

the space probed by the D1-brane whose worldvolume theory is the 2d quiver

gauge theory.

The Mesonic Moduli Space as a Kähler Quotient. The forward al-

gorithm, reformulates the vanishing J- and E-terms as a set of complexified

U(1)c−G−3 charges on GLSM fields pa. These charges are summarized in the

matrix QEJ (c−G−3)×c as defined in (3.41). Combined with the U(1)G gauge

charges on the GLSM fields, which are summarized in the matrix QD (G−1)×c

as shown in (3.45), the Calabi-Yau 4-fold mesonic moduli space can be expressed

as the following Kähler quotient

M = (C[p1, · · · , pc]//QJE)//QD , (3.52)
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where C[p1, · · · , pc] is the freely generated c-dimensional space of GLSM fields

pa defined in (3.35). In other words, the mesonic moduli space is the space of

U(1)c−4 invariant operators in terms of GLSM fields pa.

From (3.51) and (3.52), we conclude that M can be expressed in terms of

chiral fields subject to J- and E-term relations and U(1)G invariance, or in

terms of GLSM fields invariant under QJE and QD.

Partial Resolution via Higgsing

This section interprets higgsing we introduced in Section 3.1.3 in terms of geo-

metric operation at a singularity of Calabi-Yau 4-fold. Different toric singular-

ities can be connected by partial resolution, which corresponds to the removal

of some points in the toric diagram. Partial resolution translates into higgsing

in the gauge theory. From this viewpoint, the change in the singularity corre-

sponds to the change in the mesonic moduli space after higgsing. This strategy

for generating gauge theories associated with new geometries from known ones

has been successfully exploited for the determination of 4dN = 1 gauge theories

on D3-branes over toric Calabi-Yau 3-folds [14,15]. Based on this precedent, we

extend its application to the 2d (0, 2) theories on D1-branes over toric Calabi-

Yau 4-folds.

As explained earlier, every point in the toric diagram corresponds to one

or various GLSM fields. In turn, GLSM fields are related to chiral fields in the

quiver via the map (3.34), which is controlled by the P -matrix introduced in

Section 3.1.4 as part of the forward algorithm. Giving a VEV to a chiral field

corresponds to eliminating all the GLSM fields that contribute to it.7 A point

in the toric diagram is removed once all the GLSM associated with it disappear.

7If these GLSM fields contain all the ones in another chiral field, the latter also gets a VEV.
The additional VEV would be the result of relations coming from vanishing J- and E-terms.
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The P -matrix thus gives us a systematic method for identifying the chiral field

whose VEV implements any desired partial resolution.

The method we just outlined is illustrated in Figure 3.6 for the partial

resolution SPP × C → C × C. In this example, the point associated with p4

can only be removed by giving a VEV to X12 which, in turn, also requires the

removal of q1. Deleting q1, however, does not result in the elimination of an

additional point in the toric diagram due to the presence of q2.

p1

p2

p3

q1, q2

p4

s

P =

0
BBBBBBBBBBBBBBBB@

p1 p2 p3 p4 q1 q2 s
X23 1 0 0 0 0 0 0
X11 1 1 0 0 0 0 0
X32 0 1 0 0 0 0 0
X13 0 0 1 0 1 0 0
X21 0 0 1 0 0 1 0
X12 0 0 0 1 1 0 0
X31 0 0 0 1 0 1 0
�11 0 0 0 0 0 0 1
�22 0 0 0 0 0 0 1
�33 0 0 0 0 0 0 1

1
CCCCCCCCCCCCCCCCA

Figure 3.6 Higgsing the 2d theory for SPP×C to the theory for C×C. According
to the P -matrix noted here for convenience, giving a VEV to the chiral field
Z12 corresponds to removing the GLSM fields p4 and q1.

In summary, partial resolution corresponds to removing points in the toric

diagram that, in turn, translates into the Higgs mechanism in the gauge theory.

This provides us with a systematic algorithm for constructing gauge theories

associated with arbitrary toric singularities: they can be obtained by higgsing

from theories whose toric diagram contains the one we are interested in. Of

course such an approach would not be of much use if determining the gauge

theory for the original singularity were difficult. However, there is a standard

choice for the starting point. Any toric diagram can be embedded into the one

for a C4/Zn1 ×Zn2 ×Zn3 orbifold with action (1, 0, 0,−1)(0, 1, 0,−1)(0, 0, 1,−1)

61



for sufficiently large n1, n2 and n3. In this case the toric diagram is a tetra-

hedron of length n1, n2 and n3 along the three axes. The gauge theories for

these orbifolds can be straightforwardly constructed using the ideas in section

Section 3.1.2. Figure 3.7 shows an example of a toric diagram embedded into

the one of such an orbifold.

p1

p2

Figure 3.7 The black toric diagram of C × C can be embedded into the toric
diagram of C4/Z2 × Z2, shown in grey. Consequently, its gauge theory can be
obtained via higgsing from that for the orbifold.

3.2 Brane Brick construction and triality

3.2.1 Periodic Quivers

Periodic quivers for 2d theories were originally introduced in [27] in the context

of orbifolds of C4. They are standard quivers living on a 3-torus. For orbifolds,

they are motivated by the Type IIA brane box constructions consisting of D4-

branes and three kinds of NS5-branes [27] that are, roughly speaking, dual to

the quiver.

In this section we review the periodic quivers for orbifolds of C4 following [27]

and add some new insights to their construction. We will later see that all gauge
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theories on D1-branes over toric CY 4-folds are associated with a periodic quiver

on T 3. In fact, the three periodic directions of the torus correspond to the U(1)3

mesonic flavor symmetry of the gauge theory that follows from three of the U(1)

isometries of the toric CY4, with the fourth one being related to the R-symmetry

of the gauge theory. In following sections, we will fully explore how periodic

quivers are dual to brane configurations that generalize, and improve, brane

box models. These brane set-ups are introduced in Section 3.2.2. T-dualizing

such brane configuration along the three periodic directions of the 3-torus, one

obtains the stack of D1-branes at the toric CY4 singularity.

C4 and general orbifolds

Let us first consider the periodic quiver for D1-branes over C4. The correspond-

ing 2d theory has been reviewed in section Section 3.1.2 with the corresponding

J- and E-terms given in (3.4). The standard quiver in Figure 3.2 can be turned

into the periodic one shown in Figure 3.8.

Y

Z

D

X

Figure 3.8 A unit cell of the periodic quiver of C4, which is periodically identified
along the three axes.

A remarkable illustration of the power of periodic quivers is that the gauge

theories for arbitrary abelian orbifolds of C4 can be constructed by appropri-

ately stacking n copies of the quiver in Figure 3.8, with n being the order of the
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orbifold group. The precise way in which these cubes are stacked is determined

by the action of the orbifold group given in (3.10) and (3.11).

For illustration, Figure 3.9 shows the local structure of the periodic quiver

for an arbitrary C4/Zn orbifold with action (a1, a2, a3, a4), where a4 = −a1 −
a2 − a3. All integer labels on the gauge nodes of the periodic quiver are con-

sidered modulo n. A unit cell in this quiver contains n nodes. Its precise shape

depends on the orbifold action, and is determined by the periodicity of the

resulting node labels.

+a1

+a2

+a3

+a1

+a2

+a3

+a2

+a1

+a3

+a3

+a1
+a2

+a4

Figure 3.9 The local structure of the periodic quiver for an arbitrary C4/Zn
orbifold with action (a1, a2, a3, a4), where a4 = −a1−a2−a3. All integer labels
on the gauge nodes of the periodic quiver are considered modulo n. On the
chiral field arrows, we indicate the shift in the node label between the two
endpoints.

Example

In order to show how the general local structure of the orbifold periodic quiver

shown in Figure 3.9 determines a unit cell, let us consider the example of C4/Z2

with action (1, 0, 0, 1). It is equally straightforward to apply our results to more

general orbifold actions. This example is particularly simple, since the orbifold

group acts only on two of the complex planes. In other words, the orbifold
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takes the form C2/Z2 × C2, which has SU(2) holonomy, leading to enhanced

(4, 4) SUSY. In fact, the theory can be obtained by dimensional reduction from

a 4d N = 2 orbifold theory. The corresponding periodic quiver is shown in

Figure 3.10.

1

1

1

1

2 2

2 2

1 1

1 1

X12

X21

Y11

Z22

Z11 Y22

Figure 3.10 A unit cell in the periodic quiver for C4/Z2 with action (1, 0, 0, 1).

The corresponding J- and E-terms are given by

J E

Λ11 : Y11 · Z11 − Z11 · Y11 D12 ·X21 −X12 ·D21

Λ22 : Y22 · Z22 − Z22 · Y22 D21 ·X12 −X21 ·D12

Λ1
12 : Z22 ·X21 −X21 · Z11 D12 · Y22 − Y11 ·D12

Λ1
21 : Z11 ·X12 −X12 · Z22 D21 · Y11 − Y22 ·D21

Λ2
12 : X21 · Y11 − Y22 ·X21 D12 · Z22 − Z11 ·D12

Λ2
21 : X12 · Y22 − Y11 ·X12 D21 · Z11 − Z22 ·D21

(3.53)

Plaquettes from J- and E-terms

J- and E-terms are conveniently encoded in terms of plaquettes. A plaquette is

defined as a closed loop in the quiver consisting of an arbitrary number of chiral
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fields and a single Fermi field. The chiral fields in a plaquette form an oriented

path with two endpoints, which are connected by the Fermi field, closing the

loop.

The relative orientation between the path of chiral fields in a plaquette and

the gauge quantum numbers of the corresponding Fermi field depend on whether

it corresponds to a J- or an E-term. Since E-terms are auxiliary components

of Fermi fields, they share the same gauge quantum numbers. Hence, the path

of chiral fields in a plaquette representing a contribution to an Eij term has the

orientation of the corresponding Fermi field Λij . Conversely, J-terms transform

in the conjugate representation of the corresponding Fermi field. As a result, a

contribution to a Jji term associated with a Fermi field Λij corresponds to a

plaquette in which the path of chiral fields goes from node j to i.

Keeping our discussion general, we allow plaquettes to have arbitrary num-

bers of chiral fields. For the special case of orbifolds, every plaquette has two

chiral fields. As we discussed in Section 3.1, the J- and E-terms in toric theo-

ries have a special form: they are differences of two monomials in chiral fields.

This implies that in these theories every Fermi field participates in four pla-

quettes, which separate into two pairs with opposite orientations. Figure 3.11

schematically shows the basic structure of plaquettes for a given Fermi field.

A remarkable property of periodic quivers, which we study in the following

sections, is that periodic quivers beautifully encode the J- and E-terms of the

theory in terms of certain “minimal” plaquettes. This is the 2d analogue of

the fact that plaquettes in periodic quivers on a 2-torus precisely encode the

superpotential of 4d toric theories [9].8

8For 4d theories, plaquettes are defined as closed oriented loops of chiral fields.
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i Jji

Eij

j

Figure 3.11 Schematic representation of the four plaquettes giving rise to the
J- and E-terms associated with a Fermi field Λij .

3.2.2 T-duality and brane brick configuration

This section constructs a new type of brane configuration that serves as a

more direct bridge connecting toric CY4 singularities to the 2d (0, 2) quiver

gauge theories that arise on the D1-branes probing them [52,65]. Such a brane

configuration explicitly encodes the 2d gauge theory with its defining quiver

and J- and E-terms. It also bypasses the intricacies of the forward algorithm,

which indeed becomes computationally demanding for moderately complicated

geometries. This brane construction corresponds to a periodic tessellation of the

3-torus that we call brane brick. Brane bricks are analogous to the brane tilings

for 4d N = 1 quiver gauge theories on D3-branes over toric CY 3-folds [9], to

which we have referred throughout this work. It is thus instructive to review a

few more facts about them before embarking on the construction of brane brick

models.
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Brane Tilings

Brane tilings, also known as dimers [9], are bipartite periodic graphs on T 2 that

encode a class of 4d N = 1 gauge theories. Faces, edges and nodes of the graph

represent gauge groups, chiral fields and superpotential terms respectively.

One of the important features of brane tilings is that they allow a direct

connection with the underlying CY3 geometry. Similarly to brick matchings

of 2d (0, 2) quiver gauge theories in Section 3.1.4, solutions to F- and D-term

constraints of the 4d supersymmetric gauge theory are encoded in terms of

perfect matchings, providing an extremely efficient combinatorial alternative

to the forward algorithm [9, 24]. Conversely, it is straightforward to construct

brane tilings starting from geometry in terms of so-called zig-zag paths [22,23].

From the point of view of string theory, a brane tilings represents a con-

figuration consisting of an NS5- and D5-branes in Type IIB string theory. The

NS5-brane extends in the 0123 directions and wraps a holomorphic curve em-

a b c

X

Y
Z

Z

X

Y

Figure 3.12 Dualizing the 4d periodic quiver on T 2 into the brane tiling for the
C3 example. (a) The periodic quiver can be fitted into a unit cell of T 2 which
is taken to be a square here. (b) When the periodic quiver is drawn such that
the symmetry of the quiver is manifest, the unit cell is not necessarily a square
anymore. (c) The dual graph of the periodic quiver is the brane tiling on T 2.
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bedded in the 4567 directions (with 5 and 7 compactified in a T 2). The D5-

branes span 012357 and are suspended inside holes of the NS5-brane like soap

bubbles. These configurations are connected to D3-branes over toric Calabi-Yau

3-folds by T-duality. It is also important to note that the brane tiling is the

graph dual to the periodic quiver of the 4d N = 1 toric theory, as illustrated in

Figure 3.12 for C3. Table 3.1 summarizes the T-dual configuration of D3-branes

at the tip of toric CY3.

0 1 2 3 4 5 6 7 8 9

D5 × × × × · × · × · ·
NS5 × × × × —— Σ —— · ·

Table 3.1 Brane tiling configuration of branes.

A string-theoretic link between NS5 branes and CY3 singularity comes from

the fact that a bunch of NS5 branes are mapped, by T-duality, to a bunch

of Kaluza-Klein monopoles, which are described by a multi-center Taub-Nut

metric along the transverse direction of original NS5 branes. In particular, n

mutually separated parallel NS5 branes induce a Taub-NUT metric with singu-

larities of type An−1 along the T-dual coordinates. This singularity structure

is generalized to a class of singularities of CY3, called abelian orbifolds C3/Γ.

Later, this was further generalized to a full class of toric CY3 thanks to other

field theoretic methods such as higgsing.

Brane Bricks

We have discussed at length the periodic quivers on T 3 associated with 2d (0, 2)

toric theories. In analogy to the construction of brane tilings in 4d, brane brick

models can be obtained by dualizing the periodic quivers on T 3. This procedure

is illustrated in Figure 3.13 for C4. The corresponding periodic quiver, which

has been presented in Section 3.1.2, can be drawn in a manifestly symmetric
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way such that it takes the form of the body-centered cubic (bcc) lattice.9 The

graph dual to the bcc lattice, which is also known as the Voronoi tessellation,

gives the bitruncated cubic honeycomb. It is a space-filling tessellation of T 3

that is composed of truncated octahedra, as shown in Figure 3.14.

Y

Z

D

X
Y

Z

D
X

a b c

Figure 3.13 Dualizing the 2d periodic quiver on T 3 into the brane tiling for
the C4 example. (a) The periodic quiver of the C4 theory can be manifestly
symmetrized to give (b) the bcc lattice. (c) The graph-dual of the bcc lattice is
the bitruncated cubic honeycomb composed of truncated octahedra.

A truncated octahedron consists of 8 hexagonal and 6 square faces as il-

lustrated in Figure 3.14. They map respectively to the chiral fields and Fermi

fields of the C4 theory. The interior of the truncated octahedron corresponds

to the single gauge group of the theory. Following our convention for 2d quiver

diagrams, we have colored faces corresponding to chiral fields and Fermi fields

respectively in black and red. As discussed in section Section 3.2.1, the periodic

quivers for abelian orbifolds of C4 can be constructed by stacking together copies

of the one for C4. As a result, the brane brick model for such an orbifold is the

bitruncated cubic honeycomb with several truncated octahedra corresponding

9Notice that in order to make the bcc symmetry of the lattice on the covering space
manifest, the region displayed in Figure 3.13 (b) has twice the volume of the unit cell in the
periodic quiver.
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Figure 3.14 A single brane brick for the C4 theory and its tessellation on T 3.

to nodes of the quiver diagram. The brane brick dictionary for abelian orbifolds

of C4 is given in Table 3.2.

Brane Brick Brane Brick for C4/Γ Gauge Theory

Solid Brick truncated octahedron Gauge group

Brick Face (chiral) hexagon bifundamental or adjoint
chiral field

Brick Face (Fermi) square bifundamental or adjoint
Fermi field

Table 3.2 Incomplete Dictionary for Brane Brick Models. The table gives an
incomplete dictionary for a general brane brick model, the brane brick model
for the C4/Γ theory and the corresponding quiver gauge theory.

A brane brick model represents a Type IIA configuration consisting of an

NS5-brane and D4-branes. The NS5-brane extends in the 01 directions and

wraps a holomorphic surface (with four real dimensions) embedded in the

234567 directions (with 3, 5 and 7 compactified in a T 3). The D4-branes span

01357 and are suspended from the NS5-brane.
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Although in this section we have concentrated on orbifolds, the brane brick

construction is fully generalizable to non-orbifold theories. This is the subject

of another work [52] which is out of the scope of this thesis.

Amoeba and Coamoeba

A direct connection between toric geometry of the Calabi-Yau 4-fold, the brane

brick model and the periodic quiver can be established in terms of the coamoeba.

It is useful to start by reviewing similar ideas that have been exploited in the

context of brane tilings [23]. The toric diagram for a CY3 cone is associated

with a complex curve defined by the Newton polynomial as follows

∑

(a,b)∈V

c(a,b) x
ayb = 0 , (3.54)

where V is the set of all vertices of the toric diagram, and (x, y) take val-

ues in (C∗)2. This is the curve on which the NS5-brane of the brane tiling is

wrapped. The projection of the curve onto the radial part (log |x|, log |y|) ∈ R2

defines the amoeba, which is a thickened version of the (p, q)-web dual to the

toric diagram [66–68]. The projection of the same curve onto the angular part

(arg(x), arg(y)) ∈ T 2 defines the coamoeba. To get an idea of the structure of

the coamoeba, it suffices to examine the asymptotics of the Newton polynomial.

This is achieved by considering lines that are normal to the segments connecting

external points in the toric diagram.

Let us illustrate this construction for C3. Its toric diagram and the corre-

sponding normal lines on T 2 are shown in Figure 3.15. The resulting coamoeba

is shown in Figure 3.16. The complement of the coamoeba is a disjoint union

of domains in T 2. The brane tiling is the skeleton of the coamoeba.

It is straightforward to generalize the notions of amoeba and coamoeba to

the Calabi-Yau 4-fold setup. We consider the complex surface defined by the
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X

Y Z

Figure 3.15 Left: toric diagram for C4. Right: the lines on T 2 normal to the
external edges of the toric diagram become the boundary of the coamoeba.

X

Y Z

X

Y Z

X

Y Z

a b c

Figure 3.16 Coamoeba and Brane Tiling for C3. (a) The coamoeba and its
complement are indicated in blue and red, respectively. (b) The brane tiling
is the skeleton of the coamoeba. (c) The periodic quiver on T 2 is obtained by
dualizing the brane tiling.

Newton polynomial,

∑

(a,b,c)∈V

c(a,b,c) x
aybzc = 0 , (3.55)

where V is the set of all vertices of the toric diagram and (x, y, z) take values

in (C∗)3. This is the surface wrapped by the NS5-brane. For illustration, let

us consider the example of C4, for which all coefficients can be removed by

rescalings. Hence, we have

1 + x+ y + z = 0 . (3.56)

Once again, it is sufficient to study the asymptotic behavior of the Newton
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polynomial. In this case, it amounts to considering the 2-planes that are normal

to the external edges of the toric diagram.10 Figure 3.17 shows the toric diagram

for C4.

Figure 3.17 Toric diagram for C4. We have colored its external edges to identify
the normal 2-planes in the coamoeba.

Figure 3.18 shows the six 2-planes normal to the edges of the toric diagram.

When combined, they carve out a single rhombic-dodecahedron (RD) in T 3 as

the complement of the coamoeba. In analogy with brane tilings, we identify

the bulk of the RD with the gauge group, and its vertices with the matter

fields. The RD has eight 3-valent vertices and six 4-valent vertices, which nicely

matches the fact that the C4 theory has four chiral fields and three Fermi fields

as illustrated in Figure 3.19.

The same ideas can be applied to produce the brane brick models corre-

sponding to other orbifold and non-orbifold toric CY4 geometries [52].

T-dual configuration

Finally we are ready to represent the 2d (0,2) quiver gauge theory that lives

on the worldvolume of D1-branes probing a toric CY4 by a brane brick model

10More generally, we should consider 2-cycles in T 3 whose homology is determined by the
external edges of the toric diagram.
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Figure 3.18 Coamoeba for Brane Brick Model for C4. The six 2-planes in T 3

corresponding to the six edges of the toric diagram of C4 and the asymptotic
boundary of the coamoeba. We use the same colors for the planes and their
normal vectors in Figure 3.17. The planes cut out a rhombic-dodecahedron in
T 3 that is the complement of the coamoeba.

Y

Z

D

X

Figure 3.19 Rhombic-dodecahedron. The six 2-planes in Figure 3.18 cut out
a rhombic dodecahedron in T 3. It has eight 3-valent vertices and six 4-valent
vertices, which correspond to the 4 chiral and 3 Fermi fields of the C4 theory,
respectively. We precisely recover the periodic quiver in Figure 3.13.

[50–52, 65]. When we T-dualize the D1-branes at the CY4 singularity, we ob-

tain a Type IIA brane configuration of D4-branes wrapping a 3-torus T 3 and
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suspended from an NS5-brane that wraps a holomorphic surface Σ intersect-

ing with T 3. This Type IIA brane configuration, which we call the brane brick

model, is summarized in Table 3.3. The holomorphic surface Σ encodes the ge-

ometry of the probed toric Calabi-Yau 4-fold and originates from the zero locus

of the Newton polynomial of its toric diagram.

0 1 2 3 4 5 6 7 8 9

D4 × × × · × · × · · ·
NS5 × × ———– Σ ———— · ·

Table 3.3 Brane brick model configuration of branes.

The brane brick model encodes all the data needed to write down the full

Lagrangian of the gauge theory. Moreover, it combines geometric and combina-

torial data in a powerful way that enables us to analyze various properties of

the gauge theory. Sometimes, it is more convenient to work with the periodic

quiver, which is the graph dual of the brane brick model. Being graph dual,

they contain exactly the same information. The incomplete dictionary in Ta-

ble 3.2 between the brane brick model and the gauge theory is extended and

summarized in Table 3.4.

Brane Brick Model Gauge Theory Quiver diagram

Brick Gauge group Node

Oriented face Bifundamental chiral field Oriented (black) arrow
between bricks i and j from node i to node j from node i to node j

Unoriented square face Bifundamental Fermi field Unoriented (red) line
between bricks i and j between nodes i and j between nodes i and j

Edge Interaction by J- or E-term Plaquette encoding
a J- or an E-term

Table 3.4 Dictionary between brane brick models and 2d gauge theories.
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3.2.3 Cubic movement and (0, 2) triality

This section summarizes a generalized triality proposal fit to brane brick models.

For a detailed discussion which is in part omitted for brevity, we refer readers

to [65]. For the sake of simplicity, it is assumed that all the resulting gauge

theories after triality action remains in a brane brick type, i.e. all the gauge

groups are U(N) with the same rank.

Triality operation. Triality operation on SQCD (2.24), (2.26), (2.27), (2.29)

is generalized into brane brick-type quiver where all the flavor nodes around

a gauge node on which triality operation acts are gauged. Consider a triality

operation acting on node k. As a generalization of (2.24), the rank of gauge

group associated to node k is shifted as

N ′
k =

∑

i ̸=k
nχikNi −Nk , (3.57)

where nχik is the number of chiral fields Φik from node i to node k. The rank of

other gauge groups remain unaltered.

The field content mutation rule is the same as (2.26);

Φik −→ Φ′
ki , Φkj −→ Λ′

kj , Λkj or jk −→ Φ′
jk . (3.58)

Note that fundamentally-charged chiral fields Φkj can be mutated into Λ′
jk

depending on our choice. Apart from the field content mutation, new elementary

meson-like (node k-neutral here, precisely) fields are introduced.

Mij = Φik Φkj , Γ′
ij = Φik Λkj (or Γ

′
ij = ΦikΛjk) . (3.59)

In the last step we need to remove all chiral-Fermi pairs generated in the above

steps. The interaction terms are generated according to (2.29). Note that it is

interesting future project to see whether temporarily suggested rule in [65] is

compatible with (2.29) for general brane brick quivers.
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Constraints on rank and quiver. The assumption on the rank N of gauge

group U(N) imposes an additional constraint on the number of chiral fields nχ

and that of Fermi fields nF for each gauge node. In order for the rank of node

k to remain unaltered, the number of incoming chiral fields to node k is fixed

by two,

∑

i ̸=k
nχik = nχk,in = 2 . (3.60)

Recall the SU(N) anomaly cancellation (3.3) translates into

nχk,in + nχk,out − nFk = 2 , (3.61)

where nFk stands for the number of Fermi fields linked to node k. Combining

(3.60), we conclude that the gauge node on which triality acts must have11

nχk,out = nFk . (3.62)

Extending this argument, we derive another constraint on the number of

Fermi fields nFk . After a single triality operation on node k, the resulting number

of incoming chiral fields n′χk,in becomes equal to the number of Fermi fields of

node k before triality action nFk due to the mapping rule (3.58). When we further

assume that full triality chain does not violate the brane brick condition on the

rank of node k gauge group, the quiver must have

nFk = 2 . (3.63)

An example 7-nodal quiver which satisfies the constraints (3.60), (3.62) is

presented in Figure 3.20. Note that this is not just a simplest quiver compatible

with (0, 2) susy, but the only local quiver whose three distinct quivers induced

by full triality chain respect the identical gauge group rank condition.

11There is the lower bound to nχ
k,out from SUSY breaking condition. It is known that

nk,out ≥ 2 to avoid SUSY breaking [7, 65].
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Figure 3.20 Local triality action on a brane brick-type quiver. In this example
quiver, nχin = ncouthi = nF = 2.

Cubic move. A brane brick configuration, dual to the local quiver in Fig-

ure 3.20, is called cubic brick as it accomodates six faces associated to 2 × 3

matter fields charged under node k gauge group U(N). Each pair of parallel

faces is under the same kind of representation and statistics. We refer to Figure

9 of [65] for graphical introduction to cubic brick.

A triality-dual brane brick configuration is also depicted in the right hand

side of Figure 9 of [65]. The triality operation replaces original cubic brick

with a new, smaller cube consisting of chirals and Fermis. Moreover, eight new

diagonal faces appear, which connect a subset of the edges of the original cube

to edges in the new cube. The orientation analysis on new surfaces determines

the statistics (chiral or Fermi) of new (meson-like) fields, which are all consistent

with generalized triality action.

The discussion made so far can be extended to non-toric models of 2d (0, 2)

quiver gauge theories, whose gauge group nodes have different rank Ni by re-

laxing the assumption nF = 2. For case studies in this direction of research,

we refer to [65]. They computed variants of Q1,1,1 theory, starting from stan-

dard brane brick model construction in Section 3.1.3, which exhibit unequal
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gauge group ranks between gauge nodes. The brane or stringy interpretation of

the rank shift under generalized triality is worth investigating through future

project.

3.3 Elliptic genera of Brane Brick models

The discussion made so far has focused on geometric but classical aspect of

brane brick models and (0, 2) triality. This section we shall dive into quan-

tum regime of brane brick models and investigate the triality there. The useful

machinary that can probe quantum regime is elliptic genus we introduced in

Section 2.4.2. However, we need to prepare more before applying the content

in Section 2.4.2 to brane brick models.

3.3.1 U(1) decoupling and the modified elliptic genus

Abelian gauge theories from brane brick models have gauge group G = U(1)r,

with matter fields transforming either in bifundamental or in adjoint repre-

sentation. As a consequence, the overall diagonal U(1) part of gauge group G

decouples from the rest of the theory, leaving U(1)r−1 with the gauge dynam-

ics. The decoupling can be easily implemented by the following redefinition of

gauge holonomy variables,

u′0 =
r∑

i=1

ui , u′j = uj − ur (i = 1, · · · , r − 1) . (3.64)

We may discard the decoupled U(1) vector multiplet at the classical level and

compute the elliptic genus for the G′ = U(1)r−1 theory. However, we find it

useful to maintain the decoupled U(1) as elaborated below.

A naive inclusion of the decoupled U(1) makes the elliptic genus vanish.

From the path integral point of view, the vanishing is due to the gaugino zero
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modes. In the contour integral formula (2.45), we have du′0 in the measure, but

the integrand is independent of u′0, leading to a vanishing result.

In order to avoid the trivially vanishing result, we modify the definition

of the index following the spirit of [69]. The key idea is to include the R-

symmetry fugacity in the definition in (2.42) by inserting bR = e2πiβR into the

trace. Setting β = 0 (b = 1) gives the original index, which we call I0(q;xi).
Because the R-charge does not commute with supercharges, for β ̸= 0, the new

twisted partition function is not protected by supersymmetry. However, we can

consider its first derivative

I1(q;xi) ≡
∂I(q;xi, b)
2πi ∂β

∣∣∣∣
β=0

, (3.65)

which under suitable conditions has a chance to become a supersymmetric in-

dex.

Generally, checking whether I1(q;xi) qualifies as a supersymmetric index is

challenging. In our case, however, the derivative in (3.65) can be directly associ-

ated to the U(1) decoupling. Since the free U(1) decouples from the interacting

part, any twisted partition function should factorize as follows

I(q;xi, b) = Ifree(q; b)× Iint(q;xi, b) . (3.66)

The free part, Ifree(q; b), is exact and q̄-independent for arbitrary values of β,

since the theory is free. This exactness does not rely on supersymmetry. Su-

persymmetry does imply Ifree(q; b = 1) = 0. The interacting part, Iint(q;xi, b),
becomes an index only if b = 1. When b ̸= 1, it is not protected by supersym-

metry. Therefore, it may depend on q̄ and get considerably renormalized.

81



Going back to the first derivative in (3.65), we set β = 0 to obtain

I1(q;xi) =
∂I(q;xi, b)
2πi ∂β

∣∣∣∣
β=0

= Iint(q;xi, b)
∂Ifree(q; b)
2πi ∂β

∣∣∣∣
β=0

+ Ifree(q; b)
∂Iint(q;xi, b)

2πi ∂β

∣∣∣∣
β=0

.

(3.67)

Since Ifree(q; b = 1) = 0, the second term on the right-hand side vanishes. The

remaining term qualifies as a supersymmetric index. In the rest of this paper,

we will loosely call the first derivative I1(q;xi) the elliptic genus (or the index)

and denote it by I(q;xi) without any subscript.

Figure 3.21 Toric and quiver diagrams for C4. Black and red lines indicate
chiral and Fermi fields, respectively.

Canonical example : C4

We present here the elliptic genus for the simplest abelian brane brick model

corresponding to C4 [27, 51].12 The theory has a single U(1) gauge group. Its

toric and quiver diagrams are shown in Figure 3.21. The full global symmetry is

SU(3)×U(1)R, where we assign fugacities x, y, z to each of the U(1) factors in

12The elliptic genera of its SU(N) or U(N) generalizations were thoroughly studied in [70].
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the Cartan subalgebra of SU(3).13 Table 3.5 summarizes the global symmetry

charges carried by the chiral and Fermi fields of the theory.

field X Y Z D Λ1 Λ2 Λ3

U(1)x +1/2 −1/2 −1/2 +1/2 1 0 0
U(1)y −1/2 +1/2 −1/2 +1/2 0 1 0
U(1)z −1/2 −1/2 +1/2 +1/2 0 0 1

U(1)R +1/2 +1/2 +1/2 +1/2 0 0 0

Table 3.5 Global charges of matter fields in the C4 theory.

The one-loop integrand from the matter sector is given by

Z1-loop =
−iη(q)θ1(q, x)θ1(q, y)θ1(q, z)

θ1(q,
√
bxyz)θ1(q,

√
bx/yz)θ1(q,

√
by/xz)θ1(q,

√
bz/xy)

. (3.68)

The gaugino from the decoupled U(1) contributes

∂Ifree
2πi ∂β

∣∣∣∣
β=0

= η(q)2 , (3.69)

since the elliptic genus of the free fermion reads

Ifree = i
θ1(q, b)

η(q)
. (3.70)

Following the prescription in (3.67), we have

IC4(q;x, y, z) =
−iη(q)3θ1(q, x)θ1(q, y)θ1(q, z)

θ1(q,
√
x/yz)θ1(q,

√
y/xz)θ1(q,

√
z/xy)θ1(q,

√
xyz)

=
−iη(q)3θ1(q, x1)θ1(q, x2)θ1(q, x3)
θ1(q, s1)θ1(q, s2)θ1(q, s3)θ1(q, s4)

.

(3.71)

In the second line, for later convenience, we introduced the shorthand notation,

x1 = x , x2 = y , x3 = z .

s1 =
√
x/yz , s2 =

√
y/zx , s3 =

√
z/xy , s4 =

√
xyz .

(3.72)

13It is important to note that the global symmetry of a 2d (0, 2) gauge theory depends
not only on its quiver, but also on its J- and E-terms. For brevity, throughout the paper
we will often provide only quiver diagrams, but the full theories are taken into account in
our computations. Unless explicitly noted, the complete information about the theories we
consider can be found in our earlier works [50–52,65,71].
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Poles in fugacity variables

Since θ1(q, y) has a simple zero at y = 1, the index IC4 has simple zeroes at

xa = 1 and and simple poles at si = 1. Let us examine the q-expansion of the

index:

IC4(q;x, y, z) =
(1− x)(1− y)(1− z)√

xyz
F(q;x, y, z) ,

F(q;x, y, z) = − 1∏4
i=1(1− si)

q0 + 1 · q1 +
(
1 +

4∑

i=1

(si + s−1
i )

)
q2 +O(q3)

≡
∞∑

k=0

Fkqk .

(3.73)

The F0 term inherits the poles at si = 1. In contrast, F1 and F2 do not share

the poles, and are Laurent polynomials in si. We can show that the poles are

absent in Fk for all k ≥ 1. Without loss of generality, we may focus on the pole

at s4 = 1. Setting z = e2πiϵ/xy and taking the limit ϵ→ 0, we obtain

IC4 |ϵ→0 =
−iη(q)3

θ1(q, e+πiϵ)

θ1(q, x)θ1(q, y)θ1(q, e
2πiϵ/xy)

θ1(q, xe−πiϵ)θ1(q, ye−πiϵ)θ1(q, eπiϵ/xy)
=

1

πiϵ
(1 +O(ϵ)) ,

(3.74)

where we used the identity (A.9). Comparing (3.73) and (3.74), we deduce that

all Fk≥1 belong to the O(ϵ) part of (3.74), thereby proving the absence of the

pole. Note that this proof relies crucially on the η(q)3 factor in the numerator

which originates from the definition of the modified elliptic genus (3.67).

In the next section, we will show that the absence of poles for Fk≥1 gener-

alizes to all toric CY4.

3.3.2 GLSM formula by bootstrapping gauge anomaly

In 2d (0, 2) gauge theories, the difference in the spectrum of left-moving and

right-moving fermions can potentially lead to anomalies. As explained in [51,
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52, 65], gauge theories associated to brane brick models are automatically free

of non-abelian gauge anomalies. But, depending on the particulars of matter

multiplets, they may appear to suffer from abelian gauge anomalies.

These gauge theories can be embedded in string theory [50,52,65]. So, there

must exist an anomaly cancelling mechanism involving open string modes on

branes and closed string modes away from branes. Although we have not iden-

tified the precise anomaly cancelling mechanism, we have found an ansatz for

an anomaly cancelling factor in the contour integral formula.

To set the stage for the anomaly cancelling factor, we should recall the rela-

tion between abelian gauge anomaly and modularity. In a theory with abelian

gauge symmetry U(1)r, the anomaly matrix is defined by

Aij = Trchiral(QiQj)− TrFermi(QiQj) (i, j = 1, · · · , r) . (3.75)

The same information is encoded in the anomaly polynomial defined by

A(u) =
r∑

i,j=1

Aijuiuj , (3.76)

where ui are the gauge holonomy variables.

In the context of the elliptic genus, the abelian anomaly is tied to the modu-

larity. We recall the modular properties of the θ and η functions in the additive

notation:

θ1(−1/τ |z/τ)
η(−1/τ)

= ieπiz
2/τ θ1(τ |z)

η(τ)
. (3.77)

For the gauge theories under consideration, the elliptic variable z denotes gauge

holonomy variables or flavor fugacities. It follows that the abelian gauge anomaly

of the matter sector of the gauge theory is reflected in the modular prop-

erty of the one-loop determinant ZΦZΛ. Under the transformation (τ, ui) →
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(−1/τ, ui/τ), the one-loop determinant picks up a multiplicative factor whose

exponent is proportional to the anomaly polynomial (3.76).

The contour integral for the elliptic genus (2.43) is well-defined only if the

theory is anomaly-free. If we naively integrate an anomalous integrand, the

result fails to exhibit definite modularity. So, we must “cure” the anomaly

before the integration.

In the next subsection, we will present an anomaly cancelling factor that

works for some class of gauge theories. Since one of our main results in this

paper is to compare the gauge theory and the geometric computations, let us

briefly digress to discuss the potential anomaly of the geometry formula

In the additive notation, each term in the geometric formula takes the form

−iη(q)3 θ1(τ |z1) θ1(τ |z2) θ1(τ |z3)
θ1(τ |y1) θ1(τ |y2) θ1(τ |y3) θ1(τ |y4)

, (3.78)

where the fugacities satisfy the relation,

za =
1

2
(y4 − y1 − y2 − y3) + ya (a = 1, 2, 3) . (3.79)

The anomaly polynomial, reflected in the modular property, is

y21 + y22 + y23 + y24 − z21 − z22 − z23 =
1

4
(y1 + y2 + y3 + y4)

2 . (3.80)

This factor vanishes as long as the triangulation of the toric diagram lives

entirely in the CY hyperplane. We cannot compare the elliptic genus of the

gauge theory with the geometric formula before determining how to cancel the

anomaly of the gauge theory.

An ansatz for anomaly cancelling factor

Our ansatz works for theories in which the net contribution of chiral fields is

greater than that of Fermi fields in such a way that the anomaly polynomial

can be written as a sum of squares with unit positive coefficients.
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To illustrate the point, let us consider a one-parameter family of orbifolds

denoted by C4/Zn(1, 1,−1,−1):

(z1, z2, z3, z4) ∼ (ωnz1, ωnz2, ω
−1
n z3, ω

−1
n z4) , ωn ≡ e2πi/n . (3.81)

The anomaly polynomial of an arbitrary Zn orbifold was computed in [26]. The

result for the C4/Zn(1, 1,−1,−1) is

A(u) = 4
∑

i

(ui − ui+1)
2 −

∑

i

(ui − ui+2)
2

=
∑

i

(ui−1 + ui+1 − 2ui)
2 ≡

∑

i

ũ2i .
(3.82)

Here, the sum runs from 1 to n and a cyclic identification mod n is understood.

The change of variables from ui to ũi is not one-to-one, so rewriting A(u) in

terms of ũ is not equivalent to the standard diagonalization of a real symmetric

matrix.

Our ansatz for the anomaly cancelling factor for C4/Zn (1, 1,−1,−1) is

Wn(ui; v) =

∏
i θ1(q, vũi) +

∏
i θ1(q, v/ũi)

2θ1(q, v)n
. (3.83)

This factor has a few peculiar features. First, it has its own “anomaly” which

cancels precisely against the anomaly from the matter sector (3.82). Second, it

depends on an auxiliary variable v. Remarkably, once we integrate over the u

variables, the v-dependence completely disappears. Third, since the u-variables

appear only in the numerator, the pole structure of the elliptic genus, which

depends on the flavor fugacities, is not affected by the insertion of the anomaly

cancelling factor. Fourth, the normalization ofWn is such that when we expand

the elliptic genus in a power series of q, the leading term is not affected by the

insertion of Wn.

We discovered the factor Wn in (3.83) “experimentally” while working on

the orbifold models C4/Zn (1, 1,−1,−1) with n = 2, 3. We will discuss these
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two examples in detail in Section 3.3.4. But, further experiments revealed that

it can be applied to a much larger class of theories. We conjecture that it works

for all theories in which the anomaly polynomial admits the rewriting

A(u) =
∑

i

ũ2i , (3.84)

where ũi are linear combinations of ui with integer coefficients.

We can easily generalize the ansatz (3.83) to a larger class of orbifolds

that include C4/Zn (1, 1,−1,−1). According to [26], the anomaly matrix of

the Zn orbifold, whose action is labeled by integers (a1, a2, a3, a4) satisfying

0 ≤ ai ≤ n− 1 and
∑

i ai ≡ 0 (mod n), is given by

Aij = 2δij −
4∑

µ=1

δj,i+aµ −
4∑

µ=1

δi,j+aµ +
3∑

µ=1

δj,i+a4+aµ +
3∑

µ=1

δi,j+a4+aµ . (3.85)

A large subset of these orbifolds, C4/Zn(a, b,−b,−a), admit the rewriting (3.84),

A(u) =
∑

i

(
4u2i − 4uiui+a − 4uiui+b + 2uiui+b−a + 2uiui−b−a

)

=
∑

i

(ui − ui+a − ui+b + ui+a+b)
2 ≡

∑

i

ũ2i .
(3.86)

Thus the anomaly cancelling factor (3.83) is applicable to these orbifolds. Set-

ting a = b = 1 brings us back to the C4/Zn(1, 1,−1,−1) orbifolds considered

earlier.

There is yet another large class of orbifolds to which the anomaly cancelling

factor (3.83) applies: C2/Zm (a,−a) × C2/Zn (b,−b). We can use a pair of

indices (i, j) (i ∈ {1, 2, · · · ,m}, j ∈ {1, 2, · · · , n}) to label gauge nodes and
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their holonomy variables. The anomaly matrix is given by [62]

A = 41m ⊗ 1n − δi2,i1+a ⊗ 1n − δi2,i1−a ⊗ 1n − 1m ⊗ δj2,j1+b − 1m ⊗ δj2,j1−b

− δi1,i2+a ⊗ 1n − δi1,i2−a ⊗ 1n − 1m ⊗ δj1,j2+b − 1m ⊗ δj1,j2−b

+ δi2,i1+a ⊗ δj2,j1−b + δi1,i2+a ⊗ δj1,j2−b + δi2,i1−a ⊗ δj2,j1−b + δi1,i2−a ⊗ δj1,j2−b .

(3.87)

After multiplying by mn holonomy variables {u(i,j)}, we can reorganize the

anomaly polynomial as follows,

A(u) =
∑

i,j

[
4u2(i,j) − 2u(i+a,j)u(i,j) − 2u(i−a,j)u(i,j) − 2u(i,j+b)u(i,j) − 2ui,j−b)u(i,j)

+u(i+a,j−b)u(i,j) + u(i−a,j+b)u(i,j) + u(i−a,j−b)u(i,j) + u(i+a,j+b)u(i,j)
]

=
∑

i,j

(u(i,j) − u(i+a,j) − u(i,j−b) + u(i+a,j−b))
2 ≡

∑

i,j

ũ2(i,j) .

(3.88)

In Section 3.3.4, we will show how the anomaly cancelling factor works in con-

crete examples with small values of m,n.

Following the general discussion about the localization-based computation

of elliptic genus in Section 2.4.2, we suggest an augmented JK-residue formula

for elliptic genus of Brane Brick models as follows.

I(q;xi) =
1

|W |
∑

u∗∈M∗
sing

JK-Res
u=u∗

(Q|u∗ , η) Z1-loop(q, u, ai)Wa.c(u; v) , (3.89)

where Wa.c(u; v) denotes an anomaly cancellation factor introduced in (3.83).

When a theory is anomaly-free by itself Wa.c = 1. For theories whose anomaly

polynomial admits a quadratic allignment like (3.84), Wa.c is given as

Wa.c.(ui; v) =

∏
i θ1(q, vũi) +

∏
i θ1(q, v/ũi)

2θ1(q, v)n
, (3.90)
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where ũi are given in terms of quadratic allignment (3.84). It would be worth

investigating a string-theoretic origin of anomaly cancellation ansatz (3.90) for

a class of Brane Brick theories. Furthermore, it is still unknown how to consis-

tently cancel the gauge anomaly whose form does not fit into (3.84). We hope a

microscopic origin of cancellation ansatz to shed a light on a path towards the

answer to the second question.

3.3.3 Geometric formula

In this section, we propose a geometric formula for computing the elliptic genus.

This formula only depends on the toric diagram of the Calabi-Yau 4-fold. The

proposal for such a geometric formula is motivated by two relevant results

known in the literature. The first comes from the equivariant localization ap-

proach to the computation of the elliptic genus for non-linear sigma models

in [72]. The second is based on the computation of the equivariant index, which

counts holomorphic functions on a Calabi-Yau cone, in [73]. This index is the

Hilbert series of the coordinate ring formed by the holomorphic functions and

has been shown to relate to the volume function of the base Sasaki-Einstein

manifold.

Martelli-Sparks-Yau Formula for Hilbert Series

We begin with a brief review of the geometric formula of [73] derived by Martelli-

Sparks-Yau (MSY), specialized to a CY4; see also [57]. We denote the CY cone

by X and the Sasaki-Einstein base by Y : X = C(Y ).

The toric diagram of X is defined by a collection of integer valued vectors

vI = (v1I , v
2
I , v

3
I , v

4
I ) ∈ Z4. The subscript I runs from 1 to the number of external

vertices of the toric diagram. The Calabi-Yau condition makes it possible to

work in an SL(4,Z) basis in which v4I = 1 for all I. Projecting vI to the non-
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trivial components, we can visualize the toric diagram as a convex polytope in

Z3.

The toric diagram also defines a solid cone △X ≡ {yi ∈ R4; (vI · y) ≥
0 for all I}. Then X is a U(1)4 bundle over △X . Geometrically, the Hilbert

series for X enumerates lattice points on the solid cone △X ,

HX(t) =
∑

{m}

4∏

i=1

tm
i

i ({m} ∈ △X ∩ Z4) . (3.91)

It was shown in [73] that the normalized volume of the base Y as a function of

the Reeb vector bi can be derived from the Hilbert series via

VY (b) ≡
Vol(Y )

Vol(S7)
= lim

ϵ→0

[
ϵ4HX(ti = e−ϵb

i
)
]
b4=4

. (3.92)

The minimum of this function gives the volume of the Sasaki-Einstein base:

Vol(Y )

Vol(S7)
= VY (b∗) . (3.93)

Let us consider the simplest example, X = C4, for which Y = S7. In this

case, we have

(vI
i) =




1 0 0 1

0 1 0 1

0 0 1 1

0 0 0 1



. (3.94)

The Hilbert series is

HC4(t) =
1

(1− t1)(1− t2)(1− t3)(1− t4/t1t2t3)
. (3.95)

The volume function,

VS7(b) =
1

b1b2b3(4− b1 − b2 − b3)
, (3.96)
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is minimized at

b∗ = (1, 1, 1) . =⇒ VS7(b∗) = 1 . (3.97)

Up to an SL(4,Z) basis change,

t1 = s1 , t2 = s2 , t3 = s3 , t4 = s1s2s3s4 , (3.98)

the Hilbert series in (3.95) agrees with the standard formula for Cn

HCn(s) =
n∏

i=1

1

1− si
, (3.99)

where each si independently counts holomorphic monomials of C. The key idea

of the MSY formula for the Hilbert series is to triangulate the toric diagram by

a set of minimal tetrahedra, treat each tetrahedra as a C4 and compute H for it,

and sum all these individual contributions. Concretely, consider a triangulation

TX consisting of minimal tetrahedra, {a} ∈ TX ,

⟨va1 , va2 , va3 , va4⟩ = ϵijklv
i
a1v

j
a2v

k
a3v

l
a4 = 1 . (3.100)

Introduce a dual vector for each face of a minimal tetrahedron:

(wap)i =
1

(3!)2
ϵapaqarasϵijklv

j
aqv

k
arv

l
as . (3.101)

The set of dual vectors gives a formula for the Hilbert series:

HX(t) =
∑

{a}∈TX

4∏

p=1

1

1−∏i t
(wap )i
i

. (3.102)

The rigorous derivation of this formula, which is explained in [73], is an appli-

cation of the Duijstermaat-Heckman localization formula [74].
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Elliptic genus from NLSM

On general grounds, we expect that the abelian GLSM’s under consideration

flow to NLSM’s with CY4 target spaces. As shown in [72] in a similar but

different context, it is possible to write down the NLSM and derive a formula

for the elliptic genus from the path integral via localization. Let us sketch the

derivation of the elliptic genus from the NLSM, leaving the details for a future

work.

The field content of the NLSM of our interest is as follows. The bosonic

fields ϕi, ϕ̄ı̄ (i = 1, 2, 3, 4) represent complex coordinates on the CY4. The right-

moving ψi, ψ̄ı̄ describe the tangent bundle. The left-moving λa (1 = 1, . . . , 6)

describe a vector bundle in the 6 (real) representation of the SU(4) holonomy

group of the CY4. Finally, there are left-moving singlets χ, χ̄, which are the

NLSM counterpart of the decoupled U(1) gaugini in the GLSM.

The classical action of the NLSM contains suitably covariantized kinetic

terms and a 4-Fermi (ψψ̄λλ) curvature term. To compute the elliptic genus via

path integral, one separates the zero modes and the quantum fluctuation around

the zero modes. Supersymmetry ensures that the one-loop determinants, which

capture the leading quantum fluctuations, become exact. The final result is a

finite-dimensional integral over bosonic and fermionic zero modes, where the

integrand is product of one-loop determinants over fluctuations.

In computing the one-loop determinants, both the kinetic terms and the

curvature term contribute. The dependence on the λ zero-modes is cancelled

in an intermediate step, so that the final result is a function of Riȷ̄ψ
i
0ψ̄

ȷ̄
0, where

Riȷ̄ is a contracted version of the curvature tensor. As usual, the Fermion zero

modes ψ0, ψ̄0 are interpreted as differential forms dϕ, dϕ̄. Hence, the elliptic

genus becomes a (q-dependent) characteristic class integrated over the manifold.
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So far, we have sketched how to compute the unflavored elliptic genus of the

NLSM. To compute the flavored elliptic genus, we should deform the NLSM to

include terms that depend on the Killing vectors for the U(1)3 isometry of the

toric CY4. The path integral then localizes on the fixed points of the Killing

vectors. The localization is similar to that used in the MSY formula we reviewed

above. A crucial point is that the triangulation of the toric diagram amounts to

dividing the CY4 into a number of C4 patches, and that the localization simply

collects contributions from each patch.

Synthesis: Flavored Elliptic Genus from Triangulation

Combining the elements reviewed above, we are now ready to present the ge-

ometric formula for the elliptic genus of a CY 4-fold cone. For chiral fields,

the key idea is to replace each 1/(1 − t) in the Hilbert series by iη(q)/θ1(q, t)

for the elliptic genus. To account for Fermi fields, we supplement it by factors

of iθ1(q, z)/η(q). Finally, the non-zero modes of the singlet Fermis contribute

η(q)2.

The elliptic genus of C4 serves as the building block of the whole construc-

tion. For C4, the GLSM and the NLSM are equivalent and we can copy the

result (3.71):

IC4 =
−iη(q)3θ1(q, x)θ1(q, y)θ1(q, z)

θ1(q,
√
x/yz)θ1(q,

√
y/zx)θ1(q,

√
z/xy)θ1(q,

√
xyz)

. (3.103)

To implement the SL(3,Z) basis change in the triangulation, we rewrite this as

JC4(t) =
−iη(q)3θ1(q,

√
t4/t2t3)θ1(q,

√
t4/t3t1)θ1(q,

√
t4/t1t2)

θ1(q, t1)θ1(q, t2)θ1(q, t3)θ1(q, t4/t1t2t3)
. (3.104)

The relation between ti and (x, y, z) for X = C4 is (see (3.72) and (3.98))

t1 =
√
x/yz , t2 =

√
y/zx , t3 =

√
z/xy , t4 = 1 . (3.105)
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Given a triangulation T (X) of the toric diagram for an arbitrary X, we first

compute the “pre-index”

JX(t) =
∑

{a}∈T (X)

−iη(q)3∏3
e=1 θ1

(
q, z

{a}
e (t)

)

∏4
p=1 θ1

(
q, y

{a}
p (t)

) . (3.106)

The arguments in the denominator are the same as for the Hilbert series:

y{a}p (t) =

4∏

i=1

t
(wap )i
i . (3.107)

The arguments in the numerator are

z
{a}
1 (t) =

√
y1y4
y2y3

, z
{a}
2 (t) =

√
y2y4
y3y1

, z
{a}
3 (t) =

√
y3y4
y1y2

. (3.108)

At the final stage, we translate ti into fugacities and turn off the R-symmetry

fugacity:

IX(x, y, z) = JX
(
ti =

3∏

a=1

(xa)
mia

)
, (3.109)

where xa = (x, y, z) as in (3.72).

The exponents mia in (3.109) is determined by the requirement that the

bosonic part of the chiral ring matches between the gauge theory and the ge-

ometry. For this purpose, we can go back to the Hilbert series reviewed earlier

in this section.

Recall that for C4, we expressed ti in terms of si in (3.98). For orbifolds of

C4, to be discussed in (orbifold section), we can similarly rewrite ti in terms

of si by comparing the Hilbert series computed from triangulation with the

Hilbert series computed from the Molien sum which implement the method of

images. For example, for the orbifold C4/Z2(0, 0, 1, 1), the triangulation gives

(see Figure 3.22)

H(t) =
1

(1− t1)(1− t2)

(
1

(1− t3)(1− t4/t1t2t3)
+

1

(1− 1/t3)(1− t3t4/t1t2)

)
,

(3.110)
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while the Molien sum gives

H(s) =
1

(1− s1)(1− s2)

(
1

(1− s3)(1− s4)
+

1

(1 + s3)(1 + s4)

)
, (3.111)

The two results agree if we change the variables as

t1 = s1 , t2 = s2 , t3 = s3/s4 , t4 = 1 . (3.112)

The same principle applies to all orbifolds.

For non-orbifolds, the Molien sum is not available, but we can still compare

the chiral rings using the methods explained in [51,52].

Index theory and fixed point formula

Our discussion leading to the geometric formula (3.109) relied heavily on the

toric nature of the target space. Here we briefly digress to understand the for-

mula from the standard index theory in a way less dependent on toric geometry.

The elliptic genus of a general (0, 2) sigma model was derived in [75]. The

sigma model consists of a d dimensional Kähler target space X equipped with

a rank r holomorphic vector bundle E. Anomaly cancellation gives restrictions

on the first and second Chern classes of E and those of the tangent bundle T .

If we use the splitting principle to write formally,

c(E) =

r∏

i=1

(1 + vi) , c(T ) =

d∏

j=1

(1 + wj) , (3.113)

the elliptic genus turns out to be [75]

ZX,E =

∫

X

r∏

i=1

P (τ, vi)

d∏

j=1

wj
P (τ,−wj)

, P (τ, z) =
θ(τ |z)
η(τ)

. (3.114)

Relating this to our formula takes a few steps. The most crucial step is to apply

the standard fixed point formula to the characteristic class above by means of
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the toric isometry. Then, the integral over the target space is replaced by the

sum over fixed points, and the curvature eigenvalues vi and wj are replaced by

our fugacity variables xi and sj . Additional care should be taken to incorporate

the decoupled Fermi multiplets. A detailed derivation along this line will be a

future project worth investigating.

Poles and zero modes

Consider the q-expansion of the index obtained from the geometric formula,

I = P
∞∑

k=0

Fkqk . (3.115)

where the prefactor P carries all zeroes of I, but has no poles except at x, y, z =

0,∞.

In the previous section, for the index of C4, we observed that F0 has codi-

mension 1 simple poles in (x, y, z) but all Fk≥1 have no such poles and are

Laurent polynomials in (x, y, z). Combining that observation and the fact that

the geometric formula sums up contributions from triangulation, we deduce

that, for all toric CY4, the codimension 1 poles are present only in F0 and

absent from all Fk≥1.

Physically, from the NLSM point of view, the poles stem from the fact

that the target space is non-compact. Without the fugacities, the “center of

momentum” degree of freedom moving in the non-compact direction will cause a

divergence. The fugacities regulate the divergence. It is comforting to notice that

all “oscillator” degrees of freedom for k ≥ 1 are not affected by the divergence.

3.3.4 Examples with detailed computation

In this section, we compute the elliptic genera of a few orbifold models and

a non-orbifold model, called D3. We find perfect agreement between the geo-
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metric computation and the gauge theory computation, even when the latter

includes the anomaly cancelling factor. The results also agree with an indepen-

dent computation using the standard orbifold CFT method.

Sketch of orbifold CFT formula

The orbifold CFT method expresses the elliptic genus in terms of a sum over

twisted sectors. To be concrete, consider the C4/Zn(a1, a2, a3, a4) orbifolds. The

four integers ai satisfy 0 ≤ ai ≤ n − 1 and
∑

i ai ≡ 0 (mod n). It is useful to

introduce the following notations,

b1 = a1 + a4 , b2 = a2 + a4 , b3 = a3 + a4 . (3.116)

and recall the definition of xa and si from (3.72).

To incorporate the twisted boundary conditions, it is convenient to use the

generalized theta functions:

θ[αβ ](q, y) =
∑

n∈Z
q

1
2
(n+α)2e2πi(n+α)(z+β) , q = e2πiτ , y = e2πiz . (3.117)

For integer/half-integer values of α, β, they reduce to the familiar θa(τ, z) (a =

1, 2, 3, 4):

θ1 = −θ[1/21/2] , θ2 = θ[
1/2
0 ] , θ3 = θ[00] , θ4 = θ[ 0

1/2] . (3.118)

Additional information on the theta functions are collected in appendix Sec-

tion A.

The orbifold form of the elliptic genus is given by

IC4/Zn(ai) =
1

n

n−1∑

k,l=0

ck,l
Nk,l(ba;xa)

Dk,l(ai; si)
, (3.119)
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where the numerator and denominator are

Nk,l(ba;xa) = iη(q)3
3∏

a=1

θ[
1/2+ba(k/n)
1/2+ba(l/n)

](q, xa) ,

Dk,l(ai; si) =
4∏

i=1

θ[
1/2+ai(k/n)
1/2+ai(l/n)

](q, si) .

(3.120)

The phase factors ck,l in (3.119) are fixed by requiring that the index should

have a definite modular property and quasi-periodicity in shift of the fugacity

variables according to the orbifold action. Barring the possibility of discrete

torsion, these requirements should fix ck,l uniquely, as we verify in a number of

examples. We will not discuss discrete torsion in this thesis.

Example 1 : C4/Z2 (0, 0, 1, 1)

This is the simplest orbifold in the sense that the GLSM has two gauge nodes

and that the gauge anomaly is absent. The toric diagram for the orbifold and

the quiver diagram for the GLSM are shown in Figure 3.22.

Figure 3.22 Toric and quiver diagrams of the C4/Z2(0, 0, 1, 1) model.
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Geometric Formula. To apply the geometric formula, we have to specify

how to triangulate the toric diagram. For orbifold models, the toric diagram

is a tetrahedron with a non-minimal volume. We assign labels A, B, C, D to

the four external vertices and call the whole toric diagram T (ABCD). The

orientation is important here. Any even permutation of (ABCD) is equivalent

to (ABCD), but an odd permutation implies an orientation reversal, which

would flip the sign of the index.

Triangulation splits the toric diagram into a set of minimal tetrahedra. For

the toric diagram in Figure 3.22, the result can be summarized as

T (ABCD) = △(OABD) +△(OACB) , (3.121)

where the symbol △ denotes a minimal tetrahedron. Again, it is important

to keep the orientation of all tetrahedra in a uniform way. The pre-index J(t)

explained in Section 3.3.3 can be computed directly from the triangulation:

J (t) =− iη(q)3θ1(q,
√
t4/t1t2)

θ1(q, t1)θ1(q, t2)
×

[
θ1(q,

√
t4/t2t3)θ1(q,

√
t4/t3t1)

θ1(q, t3)θ1(q, t4/t1t2t3)
+
θ1(q,

√
t4t3/t2)θ1(q,

√
t4t3/t1)

θ1(q, 1/t3)θ1(q, t3t4/t1t2)

]
.

(3.122)

The relation between ti and (x, y, z) for this orbifold is

t1 = s1 =
√
x/yz , t2 = s2 =

√
y/zx , t3 = s3/s4 = 1/xy , t4 = 1 ,

(3.123)

where si are defined in (3.72). The index is then

I =
iη(q)3θ1(q, z)

θ1(q,
√
x/yz)θ1(q,

√
y/xz)

×
[
θ1(q,

√
x3yz)θ1(q,

√
xy3z)

θ1(q, xy)θ1(q, xyz)
+
θ1(q,

√
x3y/z)θ1(q,

√
xy3/z)

θ1(q, xy)θ1(q, xy/z)

]
.

(3.124)
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Orbifold CFT formula. The orbifold CFT computation gives

I =− iη(q)3θ1(q, z)

θ1(q,
√
x/yz)θ1(q,

√
y/xz)

×

1

2

(
θ1(q, x)θ1(q, y)

θ1(q,
√
z/xy)θ1(q,

√
xyz)

−
4∑

a=2

θa(q, x)θa(q, y)

θa(q,
√
z/xy)θa(q,

√
xyz)

)
.

(3.125)

Remarkably, the two results (3.124) and (3.125) agree perfectly.

GLSM formula. We take the orbifold such that X, Y , X ′, Y ′ become ad-

joints while Z, D, Z ′, D′ become (anti-)bifundamentals. Then the integrand

becomes

Z1-loop =
2πiη(q)4θ1(q, z)

2

θ1(q,
√
x/yz)2θ1(q,

√
y/xz)2

× θ1(q, ux)θ1(q, x/u)θ1(q, uy)θ1(q, y/u)

θ1(q, u
√
z/xy) θ1(q, u−1

√
z/xy)θ1(q, u

√
xyz)θ1(q, u−1√xyz)

,

(3.126)

where u = u12 = u1/u2 is the non-trivial gauge holonomy variable after the

overall U(1) decoupling. Evaluating the JK residues with η = +1, we obtain

I =
iη(q)3θ1(q, z)

θ1(q,
√
x/yz)θ1(q,

√
y/xz)

×
[
θ1(q,

√
x3yz)θ1(q,

√
xy3z)

θ1(q, xy)θ1(q, xyz)
+
θ1(q,

√
x3y/z)θ1(q,

√
xy3/z)

θ1(q, xy)θ1(q, xy/z)

]
.

(3.127)

The two terms in (3.127) match precisely the two tetrahedron contributions in

the geometric computation.

Example 2 : C4/Z2 (1, 1, 1, 1)

This is the simplest orbifold with non-vanishing gauge anomaly from the matter

sector. Its Toric and quiver diagrams are shown in Figure 3.23.
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Figure 3.23 Toric and quiver diagrams of the C4/Z2(1, 1, 1, 1) model.

Geometric formula (with subtraction). The triangulation needed for the

subtraction method can be summarized as

T (ABCD) = △(OABD) +△(OBCD) +△(OCAD)−△(OABC) . (3.128)

The pre-index following from the triangulation is

J (t) = cyclic

[
− iη(q)

3θ1(q,
√
t4/t2)θ1(q,

√
t4/t1)θ1(q,

√
t4t

2
3/t1t2)

θ1(q, t1/t3)θ1(q, t2/t3)θ1(q, t3)θ1(q, t3t4/t1t2)

]

+
iη(q)3θ1(q,

√
t4/t2t3)θ1(q,

√
t4/t3t1)θ1(q,

√
t4/t1t2)

θ1(q, t1)θ1(q, t2)θ1(q, t3)θ1(q, t4/t1t2t3)
.

(3.129)

Here, we defined a cyclic sum as

cyclic[f(t1, t2, t3)] = f(t1, t2, t3) + f(t2, t3, t1) + f(t3, t1, t2) . (3.130)

The relation between ti and (x, y, z) for this orbifold is

t1 = s1s4 = x , t2 = s2s4 = y , t3 = s3s4 = z , t4 = 1 . (3.131)
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The final result of the geometric computation is

I = −i
[
η(q)3θ1(q, x)θ1(q, y)θ1(q,

z2

xy )

θ1(q,
x
z )θ1(q,

y
z )θ1(q, z)θ1(q,

z
xy )

+
η(q)3θ1(q, y)θ1(q, z)θ1(q,

x2

yz )

θ1(q,
y
x)θ1(q,

z
x)θ1(q, x)θ1(q,

x
yz )

+
η(q)3θ1(q, z)θ1(q, x)θ1(q,

y2

zx)

θ1(q,
z
y )θ1(q,

x
y )θ1(q, y)θ1(q,

y
xz )

− η(q)3θ1(q, xy)θ1(q, yz)θ1(q, zx)

θ1(q, x)θ1(q, y)θ1(q, z)θ1(q, xyz)

]
.

(3.132)

Orbifold CFT formula. The orbifold CFT computation gives

I = − i

2

4∑

a=1

(−1)a+1η(q)3θ1(q, x)θ1(q, y)θ1(q, z)

θa(q, s1)θa(q, s2)θa(q, s3)θa(q, s4)
. (3.133)

It is straightforward to prove that (3.133) is equal to (3.132).

GLSM formula. The C4/Z2 (1, 1, 1, 1) model is the simplest model with

non-vanishing gauge anomaly. The anomaly polynomial is

A(u) = 8(u1 − u2)
2 = 2(2u12)

2 ≡ 2(2u)2 . (3.134)

Following the general proposal of Section 3.3.2, we insert the anomaly cancelling

factor,

W (u2; v) =
θ1
(
q, vu2

)
θ1
(
v/u2

)

θ1 (q, v)
2 , (3.135)

into the JK integral formula. The integrand of the JK integral is

Z1-loop =
2πiη(q)4θ1(q, x)

2θ1(q, y)
2θ1(q, z)

2

∏4
i=1 θ1(q, siu)θ1(si/u)

W (u2; v) . (3.136)

With the choice η = +1, the elliptic genus is the collection of four residues,

I = iη(q)3θ1(q, x)θ1(q, y)θ1(q, z) tetra

[
W (xyz; v)

θ1(q, xy)θ1(q, yz)θ1(q, zx)θ1(q, xyz)

]
,

(3.137)
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where we defined a sum reflecting the tetrahedral symmetry of the toric dia-

gram,

tetra[g(x, y, z)] = g(x, y, z) + g(x, y−1, z−1) + g(x−1, y, z−1) + g(x−1, y−1, z) .

(3.138)

Remarkably, despite the appearance, (3.137) is independent of the auxiliary

variable v and is equal to (3.132) and (3.133).

Example 3 : C4/Z2 × Z2 (0, 0, 1, 1)(1, 1, 0, 0)

Figure 3.24 Toric and quiver diagrams of the C4/Z2 × Z2(0, 0, 1, 1)(1, 1, 0, 0)
model.

Geometric formula. If we choose not to use any subtraction, there is a

unique way to triangulate the toric diagram. In the notation of Figure 3.24, the

triangulation reads

T (ABCD) = △(OPAD) +△(OBPD) +△(OCAP) +△(OBCP) . (3.139)

The pre-index (with t4 = 1) is

J (t) = xy-parity

[
− iη(q)

3θ1(q, 1/t3)θ1(q, t2/t1t3)θ1(q, 1/t1t2)

θ1(q, t1)θ1(q, t2)θ1(q, t3/t2)θ1(q, 1/t1t3)

]
, (3.140)

104



where we defined the “xy-parity sum” as

xy-parity[h(t1, t2)] = h(t1, t2) + h(t−1
1 , t2) + h(t1, t

−1
2 ) + h(t−1

1 , t−1
2 ) . (3.141)

Upon substitution,

t1 = s4/s3 = xy , t2 = s1/s2 = x/y , t3 = s1s2 = 1/z , (3.142)

we obtain

I = − iη(q)3θ1(q, z)

θ1(q, xy)θ1(q, x/y)

[
θ1(q, x

2)θ1(q, y
2/z)

θ1(q, y/xz)θ1(q, z/xy)
− θ1(q, x

2z)θ1(q, y
2)

θ1(q, y/xz)θ1(q, xyz)

− θ1(q, x
2/z)θ1(q, y

2)

θ1(q, x/yz)θ1(q, z/xy)
+

θ1(q, x
2)θ1(q, y

2z)

θ1(q, x/yz)θ1(q, xyz)

]
.

(3.143)

Some symmetries of the index are manifest from the formula:

I(x, y, z) = −I(1/x, y, z) = −I(x, 1/y, z) = −I(x, y, 1/z) = +I(y, x, z) .
(3.144)

Orbifold CFT formula. The orbifold CFT method gives the index in the

form

I = − iη(q)
3θ1(q, z)

4

4∑

a,b=1

ca,b θa∗b(q, x)θa∗b(q, y)

θa(q, s1)θa(q, s2)θb(q, s3)θb(q, s4)
. (3.145)

The phase factors ca,b and the labels a∗b for the theta functions in the numerator

are

ca,b =




+ − − −
+ − + +

+ − + +

+ − − −



, a ∗ b =




1 2 3 4

2 1 4 3

3 4 1 2

4 3 2 1



. (3.146)
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We can regard the C4/Z2×Z2 model as a Z2 orbifold of either the C4/Z2(0, 0, 1, 1)

model or the C4/Z2(1, 1, 1, 1) model. In (3.146), the first rows of the matrices

correspond to the C4/Z2(0, 0, 1, 1) model, whereas the diagonal elements corre-

spond to the C4/Z2(1, 1, 1, 1) model. See (3.125) and (3.133).

It is straightforward (but tedious) to prove that (3.143) and (3.145) agree

perfectly.

GLSM formula. The anomaly polynomial is

A(u) = 4(u1 − u2 + u3 − u4)
2 . (3.147)

The anomaly cancelling factor is given by

V (u; v1, v2) =W (u; v1)W (u; v2) , W (u; v) =
θ1(q, vu)θ1(q, v/u)

θ1(q, u)2
. (3.148)

The parameters v1 and v2 in (3.148) are unconstrained except that v1,2 ̸= qn

(n ∈ Z).

The one-loop integrand with the anomaly cancelling factor V (ui; vj) is

(uij = ui/uj)

Z1-loop = −i(2π)3η(q)10 θ1(q, z)4
θ1(q, xu24)θ1(q, xu42)θ1(q, yu24)θ1(q, yu42)∏2

i=1 θ1(q, siu12)θ1(q, siu21)θ1(q, siu34)θ1(q, siu43)

θ1(q, xu13)θ1(q, xu31)θ1(q, yu13)θ1(q, yu31)∏4
i=3 θ1(q, siu23)θ1(q, siu32)θ1(q, siu41)θ1(q, siu14)

V (u1u3/u2u4; v1, v2) .

(3.149)

The charge plane contains eight vectors±(u12, u23, u34, u41) with the obvious

constraint u12 + u23 + u34 + u41 = 0. By taking any three linearly independent

vectors out of the eight, we can make 32 cones. Some of the cones overlap with

each other.
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Figure 3.25 Charge vectors of the C4/Z2 × Z2 theory with η = (1, 1, 1).

We will say that a choice of η is generic if it does not lie on the boundary

of any of the cones. For any generic choice, four cones contribute to the JK-

calculus. Up to symmetries of the gauge theory, there are two inequivalent

choices of η. Let us call them branch A and branch B. On both branches, two

out of the four cones give vanishing contributions to the JK-integral. So the

effective number of cones is two.

On branch A, all non-vanishing residues come from degenerate poles with

four planes intersecting. The two cones, which look different a priori, both land

on the same degenerate poles. The end result is that there are four non-vanishing

residues, which match the geometric formula (3.143) term by term. At the four

poles, the V gives a trivial contribution, V (u = 1; v1, v2) = 1.

On branch B, there are 16 non-vanishing residues, all with non-trivial con-

tributions from the V function. The 16 residues can be divided into four groups

of four terms. Each group matches a term in the geometric formula (3.143). A
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key step in proving the equality can be written as

θ1(z)
2

θ1(y/x)

[
θ1(x)V (y)

θ1(yz)θ1(y/z)θ1(y)
− θ1(y)V (x)

θ1(xz)θ1(x/z)θ1(x)

]

+
θ1(z)

θ1(z2)
V (z)

[
θ1(xyz)

θ1(xz)θ1(yz)
+

θ1(xy/z)

θ1(x/z)θ1(y/z)

]
=

θ1(xy)

θ1(x)θ1(y)
.

(3.150)

We can verify this identity by plugging in the proposed form of V (3.148) and

using the following identity (3.151) repeatedly,

θ1(vw)θ1(v/w)θ4(1)
2 = θ1(v)

2θ4(w)
2 − θ1(w)

2θ4(v)
2 . (3.151)

Example 4 : C4/Z4 (1, 1, 1, 1)

Figure 3.26 Toric and quiver diagrams of the C4/Z4(1, 1, 1, 1) model.

Geometric formula. The toric diagram has four external vertices at (1, 0, 0),

(0, 1, 0), (0, 0, 1), (−1,−1,−1), and an internal vertex at (0, 0, 0). It can be

triangulated in the usual way,

T (DABC) = △(OABC) +△(DABO) +△(DBCO) +△(DCAO) . (3.152)
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so the geometric formula works well without using the subtraction method. The

pre-index (with t4 = 1 inserted) is

J (t) =− iη(q)3θ1(q, 1/t1t2)θ1(q, 1/t2t3)θ1(q, 1/t3t1)

θ1(q, t1)θ1(q, t2)θ1(q, t3)θ1(q, 1/t1t2t3)

− cyclic

[
iη(q)3θ1(q, t

2
1/t2t3)θ1(q, t

2
1/t2)θ1(q, t

2
1/t3)

θ1(q, 1/t1)θ1(q, t2/t1)θ1(q, t3/t1)θ1(q, t31/t2t3)

]
,

(3.153)

where the cyclic sum was defined in (3.130). The relation between ti and (x, y, z)

for this orbifold is

t1 = s1/s4 = 1/yz , t2 = s2/s4 = 1/zx , t3 = s3/s4 = 1/xy . (3.154)

The geometric index can be summarized as

I = tetra

[
iη(q)3θ1(q, x

2yz)θ1(q, xy
2z)θ1(q, xyz

2)

θ1(q, xy)θ1(q, yz)θ1(q, zx)θ1(q, x2y2z2)

]
, (3.155)

where the tetrahedral sum was defined in (3.138).

Orbifold CFT formula. If we apply the orbifold CFT formula (3.119) di-

rectly to this orbifold, we find a sum of 42 = 16 terms. Since the shift parameters

are multiples of 1/4, the result is not particularly illuminating.

We can take an alternative route to find something simpler. The key idea is

that C4/Z4(1, 1, 1, 1) can be regarded as a Z2 orbifold of C4/Z2(1, 1, 1, 1). The

index of the latter satisfies an interesting identity—see (3.133),

I = − i

2

4∑

a=1

(−1)a+1η(q)3θ1(q, x)θ1(q, y)θ1(q, z)

θa(q, s1)θa(q, s2)θa(q, s3)θa(q, s4)

= − iη(q)3θ1(q, x
2)θ1(q, y

2)θ1(q, z
2)

θ1(q, s21)θ1(q, s
2
2)θ1(q, s

2
3)θ1(q, s

2
4)
.

(3.156)

In other words, we may say that Z2(1, 1, 1, 1) orbifolding resulted in squaring

the fugacity variables. By applying the same orbifolding once again, we can
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deduce that

I = − i

2

4∑

a=1

(−1)a+1η(q)3θ1(q, x
2)θ1(q, y

2)θ1(q, z
2)

θa(q, s21)θa(q, s
2
2)θa(q, s

2
3)θa(q, s

2
4)

= − iη(q)3θ1(q, x
4)θ1(q, y

4)θ1(q, z
4)

θ1(q, s41)θ1(q, s
4
2)θ1(q, s

4
3)θ1(q, s

4
4)
.

(3.157)

To summarize, starting from the single term formula of the C4/Z2(1, 1, 1, 1)

orbifold and applying further Z2 orbifolding, we derived a new single term

formula (3.157) for the C4/Z4(1, 1, 1, 1) orbifold. It is straightforward to prove

that (3.157) agrees perfectly with (3.155).

GLSM formula. The anomaly polynomial is

A(u) = 4(u12 + u34)
2 − 2(u13)

2 − 2(u24)
2 . (3.158)

Since it has some negative terms, we cannot use the ansatz for the anomaly

cancelling factor proposed in Section 3.3.2. Taking a leap of faith, we propose

a new anomaly cancelling factor for this example,

U(ui; v1, v2) =
θ1(q, v1u12u34)θ1(q, v1/u12u34)θ1(q, v2u12u34)θ1(q, v2/u12u34)

θ1(q, v1u13)θ1(q, v1/u13)θ1(q, v2u24)θ1(q, v2/u24)
.

(3.159)

The one-loop integrand is (uij = ui/uj)

Z1-loop =
−i(2π)3η(q)10∏3

a=1 θ1(q, xau13)θ1(q, xa/u13)θ1(q, xau24)θ1(q, xa/u24)∏4
i=1 θ1(q, si/u12)θ1(q, si/u23)θ1(q, si/u34)θ1(q, si/u41)

U(ui) .

(3.160)

The charge vectors from the chiral multiplets are depicted in Figure 3.27. By

choosing three out of four vectors, we can form four different cones. For any

generic choice of η, only one cone contains η inside it. The four cones are related

by the tetrahedral symmetry of the toric diagram, so it is guaranteed that the

result will be independent of the choice of η.
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Figure 3.27 Charge vectors of the C4/Z4 (1, 1, 1, 1) theory with η = (1, 1, 1).

Choosing η = (1, 1, 1), the naive counting gives 43 = 64 poles, among which

40 are normal and 24 are degenerate. A closer look reveals that the residues

from the 24 degenerate poles all vanish, while all but four residues from the 40

normal poles also vanish. Interestingly, the anomaly cancelling factor (3.159)

becomes 1 at the four surviving poles. The final result is a sum of four terms,

which match the geometric formula (3.155) term by term.

Example 5 : a non-orbifold model D3

Geometric formula. The toric diagram of the D3 theory is shown in Fig-

ure 3.28. There are six different ways to triangulate it without subtraction. If

we choose to triangulate it as

T (D3) = △(OABC) +△(ABCE) +△(ACDE) , (3.161)
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Figure 3.28 Toric and quiver diagrams for the D3 model.

the pre-index with t4 = 1 is

J (t) = −iη(q)3
[

θ1(q, t1t2)θ1(q, t1t3)θ1(q, t2t3)

θ1(q, t1)θ1(q, t2)θ1(q, t3)θ1(q, t1t2t3)

+
θ1(q, t2)θ1(q, t3)θ1(q, t

2
1t2t3)

θ1(q, t1)θ1(q, t1t2)θ1(q, t1t3)θ1(q, t1t2t3)

+
θ1(q, t1)θ1(q, t3/t2)θ1(q, t1t2t3)

θ1(q, t2)θ1(q, t3)θ1(q, t1t2)θ1(q, t1t3)

]
.

(3.162)

We set the other fugacities to be

t1 = x , t2 = y , t3 = z , (3.163)

so that we have

I = −iη(q)3
[

θ1(q, xy)θ1(q, xz)θ1(q, yz)

θ1(q, x)θ1(q, y)θ1(q, z)θ1(q, xyz)

+
θ1(q, y)θ1(q, z)θ1(q, x

2yz)

θ1(q, x)θ1(q, xy)θ1(q, xz)θ1(q, xyz)
+

θ1(q, x)θ1(q, z/y)θ1(q, xyz)

θ1(q, y)θ1(q, z)θ1(q, xy)θ1(q, xz)

]
.

(3.164)

The symmetries of the toric diagram are reflected in the index. The S3 subgroup

is generated by the two elements:

(x, y) → (y, x) , (x, y) → (y, 1/xy) . (3.165)
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Another subgroup, Z2, acts as z → 1/z. Not all symmetries are manifest in

(3.164).

The q-expansion of the index reads

I = −1 + x+ y + x2y + xy2 + x2y2 − 6xy

(1− x)(1− y)(1− xy)
− 2(1− x)(1− y)(1− xy)

xy
q +O(q2) .

(3.166)

As expected from the discussion in Section 3.3.3, the leading term contains

codimension 1 poles, whereas the next term is a Laurent polynomial in (x, y, z).

Curiously, both terms are independent of z. In fact, we can prove that the index

is completely z-independent. Then we may set z to any convenient value to

simplify the answer. For instance, setting z = y and applying the symmetry

(3.165), we obtain

I =
−iη(q)3

θ1(q, xy)θ1(q, x/y)

[
θ1(q, x)

2θ1(q, y
2)

θ1(q, y)2
− θ1(q, y)

2θ1(q, x
2)

θ1(q, x)2

]
. (3.167)

GLSM formula. The quiver diagram of the D3 theory is shown in Fig-

ure 3.28. The theory consists of three adjoint chirals, six bifundamental chirals

and six bifundamental Fermis. Their charges under the global symmetry are

summarized in Table 3.6.

After the overall U(1) decoupling, we have the integrand

Z1-loop =
i(2π)2η(q)7

θ1(q, x) θ1(q, y) θ1(q, 1/xy)

∏

a=±1

[
θ1(q.(u2z

1/3)ay
√
x)

θ1(q, (u2z1/3)a
√
x)

×θ1(q, (u1z
−1/3)a/(x

√
y)) θ1(q, (u12z

1/3)a
√
x/y)

θ1(q, (u1z−1/3)a
√
y) θ1(q, (u12z1/3)a/

√
xy)

]
.

(3.168)

Figure 3.29 shows the charge covectors of six singularity lines. When we

take η to be (1, 1), three out of twelve singularities contribute to the elliptic

genus. By adding the residues from three cones {X13, X23}, {X13, X21} and
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field X23 X31 X12 X32 X13 X21 Y11 Y22 Y33 Λ23 Λ31 Λ12 Λ32 Λ13 Λ21

U(1)x +1/2 0 −1/2 +1/2 0 −1/2 +1 0 −1 +1/2 −1 +1/2 +1/2 −1 +1/2
U(1)y 0 +1/2 −1/2 0 +1/2 −1/2 0 +1 −1 +1 −1/2 −1/2 +1 −1/2 −1/2
U(1)z +1/3 +1/3 +1/3 −1/3 −1/3 −1/3 0 0 0 +1/3 +1/3 +1/3 −1/3 −1/3 −1/3

Table 3.6 Global charges of matter fields in the D3 theory.

Figure 3.29 Charge vectors of the D3 theory. For η = (1, 1), residues from three
cones contribute to the index: {X13, X23}, {X13, X21} and {X12, X23}.

{X12, X23}, we obtain

I = iη(q)3
[

θ1(q, z) θ1(q, xy) θ1(q, xz/y)

θ1(q, x) θ1(q, y) θ1(q, y/z) θ1(q, xz)

+
θ1(q, x) θ1(q, y/z) θ1(q, xyz)

θ1(q, y) θ1(q, z) θ1(q, xy) θ1(q, xz)

− θ1(q, y) θ1(q, xz) θ1(q, xy/z)

θ1(q, x) θ1(q, z) θ1(q, xy) θ1(q, y/z)

]
.

(3.169)

It can be shown to be equal to (3.164).

Note that the charge vectors in Figure 3.29 divide the plane into six regions.

There is a one-to-one map between the six regions and six different ways to

triangulate the toric diagram (without subtraction) in Figure 3.28, such that

the equality between the GLSM result and the geometric result become manifest

without any change of variables or theta function identity.
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3.3.5 Check of (0, 2) triality among Brane Brick models

Let us now consider an example that has not previously appeared in the litera-

ture. The toric diagram for this geometry is shown in Figure 3.30 and we refer

to it as H4.

Figure 3.30 Toric diagram for H4.

Geometric formula. In the notation of Figure 3.30, we use the triangulation

T (H4) = △(OAEC) +△(CAED) +△(OEBC) +△(CEBD) . (3.170)

With the change of variable,

t1 = x , t2 = y t3 = 1/z , t4 = 1 , (3.171)

we obtain

I =
−iη(q)3
θ1(x/y)

[
θ1(x)θ1(x/yz)θ1(y/z)

θ1(y)θ1(z)θ1(z/x)
− θ1(y)θ1(y/xz)θ1(x/z)

θ1(x)θ1(z)θ1(z/y)

+
θ1(x)θ1(z)θ1(xz/y

2)

θ1(y)θ1(y/z)θ1(xz/y)
− θ1(y)θ1(z)θ1(yz/x

2)

θ1(x)θ1(x/z)θ1(yz/x)

]
.

(3.172)

Its lowest terms in the q-expansion are

I = − (x− y)2z(1 + z)

(1− z)(xz − y)(yz − x)
+

(x− y)2(1− z2)

xyz
q +O(q2) . (3.173)
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GLSM formula. The H4 model has several toric phases. Figure 3.31 shows

the periodic quivers for two of them and how they are related by triality. For

a detailed discussion on how triality is realized on the periodic quiver, we refer

the reader to [51,52,65].
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3
<latexit sha1_base64="FFyX5uWdGYTgIcfXg17PFRE2tr8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVq13kcRTiBUzgHD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBegmMqw==</latexit><latexit sha1_base64="FFyX5uWdGYTgIcfXg17PFRE2tr8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVq13kcRTiBUzgHD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBegmMqw==</latexit><latexit sha1_base64="FFyX5uWdGYTgIcfXg17PFRE2tr8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVq13kcRTiBUzgHD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBegmMqw==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="6Pwl12jejF9uuEStoU140VCLziE=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCozutCl4MZlC/YB7VAy6Z02NpMZkjtCKf0Fblwo4t9y578xfSy09UDg45yE3HuiTElLvv/tFba2d3b3ivulg/Lh0XHlpNyyaW4ENkWqUtOJuEUlNTZJksJOZpAnkcJ2NL6f5+1nNFam+pEmGYYJH2oZS8HJWY3rfqXq1/yF2CYEK6jCSvV+5as3SEWeoCahuLXdwM8onHJDUiiclXq5xYyLMR9i16HmCdpwuhh0xi6cM2BxatzRxBbu7xdTnlg7SSJ3M+E0suvZ3Pwv6+YU34ZTqbOcUIvlR3GuGKVsvjUbSIOC1MQBF0a6WZkYccMFuW5KroRgfeVNaF3VAr8WNHwowhmcwyUEcAN38AB1aIIAhBd4g3fvyXv1PpZ1FbxVb6fwR97nD2v2i2Q=</latexit><latexit sha1_base64="6Pwl12jejF9uuEStoU140VCLziE=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCozutCl4MZlC/YB7VAy6Z02NpMZkjtCKf0Fblwo4t9y578xfSy09UDg45yE3HuiTElLvv/tFba2d3b3ivulg/Lh0XHlpNyyaW4ENkWqUtOJuEUlNTZJksJOZpAnkcJ2NL6f5+1nNFam+pEmGYYJH2oZS8HJWY3rfqXq1/yF2CYEK6jCSvV+5as3SEWeoCahuLXdwM8onHJDUiiclXq5xYyLMR9i16HmCdpwuhh0xi6cM2BxatzRxBbu7xdTnlg7SSJ3M+E0suvZ3Pwv6+YU34ZTqbOcUIvlR3GuGKVsvjUbSIOC1MQBF0a6WZkYccMFuW5KroRgfeVNaF3VAr8WNHwowhmcwyUEcAN38AB1aIIAhBd4g3fvyXv1PpZ1FbxVb6fwR97nD2v2i2Q=</latexit><latexit sha1_base64="NhYKz2pAKR0i5X0hvECYb128Jo0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0kUqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeT0oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXdCv1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeMmMpw==</latexit><latexit sha1_base64="FFyX5uWdGYTgIcfXg17PFRE2tr8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVq13kcRTiBUzgHD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBegmMqw==</latexit><latexit sha1_base64="FFyX5uWdGYTgIcfXg17PFRE2tr8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVq13kcRTiBUzgHD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBegmMqw==</latexit><latexit sha1_base64="FFyX5uWdGYTgIcfXg17PFRE2tr8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVq13kcRTiBUzgHD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBegmMqw==</latexit><latexit sha1_base64="FFyX5uWdGYTgIcfXg17PFRE2tr8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVq13kcRTiBUzgHD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBegmMqw==</latexit><latexit sha1_base64="FFyX5uWdGYTgIcfXg17PFRE2tr8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVq13kcRTiBUzgHD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBegmMqw==</latexit><latexit sha1_base64="FFyX5uWdGYTgIcfXg17PFRE2tr8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVq13kcRTiBUzgHD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBegmMqw==</latexit>

4<latexit sha1_base64="AFgaSpHuu7MOXqSW/UJtw12Uf4E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir16zyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4Ae42MrA==</latexit><latexit sha1_base64="OZ8LT1EyC+7GS+BdBOVeHTZmgsk=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Vjw4rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBsWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrzugyjCqdwBhfgww004R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABFPi4I=</latexit><latexit sha1_base64="OZ8LT1EyC+7GS+BdBOVeHTZmgsk=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Vjw4rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBsWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrzugyjCqdwBhfgww004R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABFPi4I=</latexit><latexit sha1_base64="OZ8LT1EyC+7GS+BdBOVeHTZmgsk=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Vjw4rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBsWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrzugyjCqdwBhfgww004R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABFPi4I=</latexit> 4<latexit sha1_base64="AFgaSpHuu7MOXqSW/UJtw12Uf4E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir16zyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4Ae42MrA==</latexit><latexit sha1_base64="OZ8LT1EyC+7GS+BdBOVeHTZmgsk=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Vjw4rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBsWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrzugyjCqdwBhfgww004R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABFPi4I=</latexit><latexit sha1_base64="OZ8LT1EyC+7GS+BdBOVeHTZmgsk=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Vjw4rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBsWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrzugyjCqdwBhfgww004R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABFPi4I=</latexit><latexit sha1_base64="OZ8LT1EyC+7GS+BdBOVeHTZmgsk=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR9Vjw4rGCaQttKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPW7rNFcMA5aKVHUjqlFwiYHhRmA3U0iTSGAnmtzN/c4zKs1T+WimGYYJHUkec0aNlR6uBrW61/AWIOvEL0kdSrQGta/+MGV5gtIwQbXu+V5mwoIqw5nAmdvPNWaUTegIe5ZKmqAOi8WhM3JulSGJU2VLGrJQf08UNNF6mkS2M6FmrFe9ufif18tNfBsWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ+3Lhu81/HrzugyjCqdwBhfgww004R5aEAADhBd4g3fnyXl1PpaNFaecOIE/cD5/ABFPi4I=</latexit>
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triality move
(on Node 4)

Figure 3.31 Quiver diagrams for two toric phases of H4.

Phase A

This phase has 13 chiral fields and 9 Fermi fields. The plaquettes in the periodic

quiver correspond to following relations:
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J E

Λx11 : D14 ·X41 −X13 ·D32 ·D21 Y13 ·D34 · Z41 − Z12 · Y21
Λy11 : D14 · Y41 − Y13 ·D32 ·D21 Z12 ·X21 −X13 ·D34 · Z41

Λz11 : D14 · Z41 − Z12 ·D21 X13 ·D32 · Y21 − Y13 ·D34 ·X41

Λx13 : D32 ·X21 −D34 ·X41 Y13 · Z33 −D14 · Z41 · Y13
Λy13 : D32 · Y21 −D34 · Y41 Z12 ·D21 ·X13 −X13 · Z33

Λx42 : X21 ·D14 −D21 ·X13 ·D34 Z41 · Y13 ·D32 − Y41 · Z12

Λy42 : Y21 ·D14 −D21 · Y13 ·D34 X41 · Z12 − Z41 ·X13 ·D32

Λ23 : Z33 ·D32 −D32 ·D21 · Z12 Y21 ·X13 −X21 · Y13
Λ43 : Z33 ·D34 −D34 · Z41 ·D14 X41 · Y13 − Y41 ·X13

(3.174)

The global charges of the fields are given in Tables 3.7 and 3.8.

field D21 D32 D34 D14 X21 Y21 Z21 X13 Y13 Z33 X41 Y41 Z41

U(1)x −1/4 −1/4 1/4 −1/4 −1/4 3/4 1/4 −1/2 1/2 0 −3/4 1/4 1/4
U(1)y −1/4 −1/4 1/4 −1/4 3/4 −1/4 1/4 1/2 −1/2 0 1/4 −3/4 1/4
U(1)z −1/4 −1/4 1/4 −1/4 3/4 3/4 −3/4 1/2 1/2 −1 1/4 1/4 −3/4

Table 3.7 Global charges of chiral fields in phase A of H4.

field Λx11 Λy11 Λz11 Λx13 Λy13 Λx42 Λy42 Λ23 Λ43

U(1)x 1 0 0 1/2 −1/2 1/2 −1/2 1/4 −1/4
U(1)y 0 1 0 −1/2 1/2 −1/2 1/2 1/4 −1/4
U(1)z 0 0 1 −1/2 −1/2 −1/2 −1/2 5/4 3/4

Table 3.8 Global charges of Fermi fields in phase A of H4.

The anomaly polynomial is

A(u) = 2(2u1 − u2 − u4)
2 , (3.175)

so we can use the ansatz (3.83) for the anomaly cancelling factor at n = 2.
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Figure 3.32 Charge vectors in phase A of H4 with η = (−2,−3,−1) and
η = (−6, 2, 3).

The JK residue computation with η = (−2,−3,−1) leads to

IA =
−iη(q)3
θ1(x/y)

[
θ1(x)θ1(x/yz)θ1(y/z)

θ1(y)θ1(z)θ1(z/x)
− θ1(y)θ1(y/xz)θ1(x/z)

θ1(x)θ1(z)θ1(z/y)

+
θ1(x)θ1(z)θ1(xz/y

2)

θ1(y)θ1(y/z)θ1(xz/y)
− θ1(y)θ1(z)θ1(yz/x

2)

θ1(x)θ1(x/z)θ1(yz/x)

]
,

(3.176)

which agrees with (3.172) term by term. For this particular choice of η, the

W -function becomes trivial at each of the four contributing poles.

For a different choice, say, η = (−6, 2, 3), we obtain a more complicated

expression,

IA =
−iη(q)3θ1(x)θ1(y)θ1(z)

θ1(x/y)θ1(v)2
×

[(
θ1(vx)θ1(v/x)

θ1(x)2
+
θ1(vy)θ1(v/y)

θ1(y)2
− θ1(vz)θ1(v/z)

θ1(z)2

)

×
(

θ1(y/xz)

θ1(z/y)θ1(xz)
− θ1(x/yz)

θ1(z/x)θ1(yz)

)

+
θ1(vx/yz)θ1(vyz/x)

θ1(x/yz)θ1(z/x)θ1(yz)
− θ1(vy/xz)θ1(vxz/y)

θ1(y/xz)θ1(z/y)θ1(xz)

]
.

(3.177)

Despite its appearance, it can be shown to be independent of v and agree with

(3.172).
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Phase B

This phase has 10 chiral fields and 6 Fermi fields. The plaquettes in the periodic

quiver correspond to

J E

Λx23 : D32 · Y24 ·D41 · Z12 − Z34 ·D41 · Y13 ·D32 D21 ·X13 −X24 ·D43

Λy23 : Z34 ·D41 ·X13 ·D32 −D32 ·X24 ·D41 · Z12 D21 · Y13 − Y24 ·D43

Λz23 : D32 ·D21 · Z12 − Z34 ·D43 ·D32 X24 ·D41 · Y13 − Y24 ·D41 ·X13

Λx14 : D43 ·D32 ·X24 ·D41 −D41 ·X13 ·D32 ·D21 Y13 · Z34 − Z12 · Y24
Λy14 : D43 ·D32 · Y24 ·D41 −D41 · Y13 ·D32 ·D21 Z12 ·X24 −X13 · Z34

Λz14 : D43 · Z34 ·D41 −D41 · Z12 ·D21 X13 ·D32 · Y24 − Y13 ·D32 ·X24

(3.178)

The global charges of the fields are given in Table 3.9.

field D21 D32 D43 D41 X13 Y13 X24 Y24 Z12 Z34 Λx23 Λy23 Λz23 Λx14 Λy14 Λz14
U(1)x −1/4 −1/4 −1/4 1/4 −1/2 1/2 −1/2 1/2 1/4 1/4 −3/4 1/4 1/4 3/4 −1/4 −1/4
U(1)y −1/4 −1/4 −1/4 1/4 1/2 −1/2 1/2 −1/2 1/4 1/4 1/4 −3/4 1/4 −1/4 3/4 −1/4
U(1)z −1/4 −1/4 −1/4 1/4 1/2 1/2 1/2 1/2 −3/4 −3/4 1/4 1/4 5/4 −1/4 −1/4 3/4

Table 3.9 Global charges of fields in phase B of H4.

The anomaly polynomial is

A(u) = 2(u1 − u2 − u3 + u4)
2 , (3.179)

so we can use the W -function as the anomaly cancelling factor.

The JK residue computation with the choice η = (2, 3, 6) gives

IB =
−iη(q)3
θ1(x/y)

[
θ1(x)θ1(x/yz)θ1(y/z)

θ1(y)θ1(z)θ1(z/x)
+
θ1(y)θ1(z/x)θ1(xz/y)

θ1(x)θ1(z)θ1(y/z)

+
θ1(x)θ1(z)θ1(xz/y

2)

θ1(y)θ1(y/z)θ1(xz/y)
+

θ1(y)θ1(z)θ1(x
2/yz)

θ1(x)θ1(z/x)θ1(x/yz)

]
,

(3.180)

which agrees with (3.172) term by term. Again, the particular choice of η makes

the W function trivial at each of the four contributing poles.
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Figure 3.33 Charge vectors in phase B of H4 with η = (2, 3, 6) and η =
(−7,−1,−5).

Instead, choosing η = (−7,−1,−5), we obtain

IB =
−iη(q)3θ1(x)θ1(y)θ1(z)

θ1(x/y)θ1(v)2
×

[
θ1(vx)θ1(v/x)θ1(y/xz)

θ1(x)2θ1(z/y)θ1(xz)
− θ1(vy)θ1(v/y)θ1(x/yz)

θ1(y)2θ1(z/x)θ1(yz)

+
θ1(vx/yz)θ1(vyz/x)

θ1(x/yz)θ1(z/x)θ1(yz)
− θ1(vy/xz)θ1(vxz/y)

θ1(y/xz)θ1(z/y)θ1(xz)

− θ1(x/y)θ1(xyz)

θ1(xy)θ1(xz)θ1(yz)

(
θ1(vz)θ1(v/z)

θ1(z)2
− θ1(vxyz)θ1(v/xyz)

θ1(xyz)2

)]

+
iη(q)3θ1(xy)θ1(xz)θ1(yz)

θ1(x)θ1(y)θ1(z)θ1(xyz)
.

(3.181)

Again, the elliptic genus proves to be independent of auxiliary parameter v and

to agree with (3.172).
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3.4 Discussion

In this chapter we introduced a comprehensive investigation of the 2d (0, 2)

quiver gauge theories arising on D1-branes probing toric CY4 cones, at the

classical and quantum level. The Calabi-Yau 4-fold, transverse to the D1-branes,

arises as the classical mesonic moduli space of the worldvolume gauge theory.

Furthermore, this class of theory seems to flow towards non-linear sigma model

in infrared with target space being a probed CY4.

In order to efficiently calculate the classical mesonic moduli spaces of the

class of gauge theories under consideration, we developed the fast forward al-

gorithm. We applied our ideas to a variety of geometries, including abelian

orbifolds of C4 and generic toric singularities. We also introduced a systematic

procedure for constructing gauge theories associated with arbitrary toric singu-

larities by means of partial resolution, which translates to higgsing in the gauge

theory. We showed how the gauge theories for several geometries are connected

by geometric deformation on Calabi-Yau 4-fold, triggered by VEVs for bifunda-

mental scalars. We also explained how to use the P-matrix of the parent theory

to identify the set of VEVs producing a desired partial resolution. At each stage,

the forward algorithm to verify that the classical mesonic moduli space of the

gauge theory agrees with the Calabi-Yau 4-fold under consideration.

We discussed how toric 2d gauge theories are fully captured by periodic

quivers on T 3, which were originally introduced in [27] in the context of orb-

ifolds. Periodic quivers not only encode the gauge symmetry and matter content

of the theory, but also its J- and E-terms. In theories corresponding to toric

geometries, these terms have a special structure involving contributions coming

from pairs of plaquettes in the quiver. In the case of the 2d (2, 2) theories for
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toric CY3 × C geometries, a lifting algorithm was introduced in [51] so that it

produces the periodic quiver on T 3 from the periodic quiver on T 2 associated

with the 4d N = 1 theory on D3-branes over the corresponding CY3.

Partial resolution is an efficient method for obtaining gauge theories for ar-

bitrary toric singularities, but it becomes considerably involved for complicated

geometries. Similarly, determining the probed geometry as the classical mesonic

moduli space of the corresponding gauge theory by means of the forward al-

gorithm also turns computationally intensive as the complexity of the gauge

theory is increased. It is thus desirable to establish a more direct connection

between geometry and gauge theory. For this purpose, we introduced brane

brick models, which are T-dual to the D1-CY4 system. A brane brick model

consists of stacks of D4-branes suspended from an NS5-brane wrapping a holo-

morphic surface, tessellating a 3-torus. Bricks correspond to gauge groups and

their faces represent chiral or Fermi fields. Brane brick models can be obtained

from the periodic quivers by graph dualization. In addition, we sketched an

algorithm for constructing brane brick models directly from geometric data in

terms of the coamoeba. A thorough study of brane brick models, including ad-

ditional combinatorial tools for connecting geometry to gauge theory, has been

conducted in following works [52,65,71,76].

An interesting utility of this new diagrammatic tool is to establish how tri-

ality [7] is realized in terms of dynamics on branes. Triality among brane brick

gauge theories are reflected over a cubic move on T-dual brane brick configu-

ration. It is worth making a comment that another different interpretation of

triality was reported in [50] in terms of mirror description of given CY4.

We computed the elliptic genera for a class of 2d (0, 2) brane brick gauge

theories using two independent methods. First, we calculated the elliptic genus
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using the JK residue integral formula based on the GLSM quiver description,

known from Section 3.1 and Section 3.2 on brane brick models. Afterwards, we

proposed a new formula for the elliptic genus based on the CY4 target space

geometry that the NLSM is expected to describe in the IR. For both methods,

we regulated divergences arising from the non-compactness of the target space

by introducing appropriate U(1)3 global symmetry fugacities. It was shown

in several examples that the two methods lead to the same result. We hence

conclude that quantum effects, which are expected to be present in the IR, do

not drastically alter the correspondence between the target space geometry and

the 2d (0, 2) gauge theories of brane brick type.

In the localization-based computation, gauge anomaly brings about incon-

sistency in a computational sense. For such 2d (0, 2) gauge theories that suffer

from abelian gauge anomalies, anomaly cancelling ansatze were introduced in

the integral formula of elliptic genus. Using this extra factor, we verified the

agreement between the two computations based on the target space geometry

and on the gauge theory, respectively.

We also provided further evidence for triality of 2d (0, 2) theories by match-

ing the elliptic genera of brane brick models with the same target space ge-

ometry. For brane brick models, the target space of the NLSM is the classical

mesonic moduli space of the corresponding 2d (0, 2) quiver gauge theory. Our

results suggest that the mesonic moduli space is a good IR observable for the

examples considered in this paper. However, this is far from being the case for

more general 2d (0, 2) theories unrelated to brane brick models. It would be

desirable to expand our investigation to more examples.

A natural question, which we leave for future work, is whether the elliptic

genus formula proposed in this paper based on the triangulation of the toric
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diagram can be extended to more general geometries. For instance, non-toric

CY4 form a rich class of geometries yet to be studied in the context of 2d (0, 2)

theories.

In addition, it would be desirable to obtain a stringy explanation for the

anomaly cancelling factor in the GLSM computation of the elliptic genus. We

expect that there is a stringy anomaly inflow mechanism that cancels the nao-

maly. This would be in line with our derivation of the anomaly cancelling term

in the integral formula for the elliptic genus, which relies on its modular prop-

erties and holomorphy.

Given that throughout the thesis we have restricted ourselves to abelian

brane brick models, it would be interesting to study their non-abelian exten-

sions. Following [77], one can expect that the elliptic genus of such a non-abelian

theory relies on a symmetric product of the target space of the corresponding

abelian theory. However, a recent study of 2d maximal super-Yang-Mills with

C4 as its target space showed that the naive symmetric product of C4 is not

enough to obtain the elliptic genus of the non-abelian theory [70]. We hope to

return to non-abelian brane brick models in the near future.

Finally, it would be interesting to find observables that are more refined than

the elliptic genus, such as the ones proposed in [78], for brane brick models.
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Chapter 4

Infrared dualities in various
dimensions

This chapter aims at associating 2d (0, 2) trialities with other known infrared

dualities in other dimensions. Supersymmetric field theories in various dimen-

sions can often be related by dimensional reduction; one obtains a d-dimensional

theory from a (d+ n)-dimensional theory by supersymmetric compactification

on a n-manifold Mn, by sending the size R of Mn to zero. While one can always

perform such reductions at the level of the classical Lagrangian, renormaliza-

tion group flows across dimensions can be rather subtle [79–82]. For instance,

in the case of the S1 reduction of 4d N = 1 theories, the R → 0 limit does

not commute with the infrared (IR) limit [80]. There is no guarantee, in gen-

eral, that infared dualities between (d+n)-dimensional theories lead to infared

dualities between their dimensionally-reduced d-dimensional cousins.

To avoid this issue, one may consider a compactification with a topologi-

cal twist. By construction, observables of the (partially) topologically twisted
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theory should be independent of the size R of the compactification manifold.

Therefore one should be able to safely flow to the IR. A prime example of this

procedure is the compactification of 4d N = 1 gauge theories on R2 × S2 with

a topological twist on S2 [34,35,83,84]. This preserves 2d N = (0, 2) supersym-

metry over R2. Using this setup, it has been argued that N = 1 Seiberg duality

in 4d implies N = (0, 2) triality in 2d [34, 35]. We consider this reduction with

detail and with a few correction to earliear works in Section 4.4.1.

Besides 4d theories, we are interested in a highly degenerate case: a ’field

theory’ in zero dimension—that is, a matrix model. More precisely, we are in-

terested in gauged matrix models with one supersymmetry, as recently studied

by [50, 85]. Such models arise naturally from D-instantons in type IIB string

theory; in particular, D(−1)-branes at the tip of a Calabi-Yau fivefold singular-

ity preserve 0d N = 1 supersymmetry, and it is expected that their low-energy

dynamics is captured by a quiver N = 1 gauged matrix model—see in particu-

lar [40,41,85] for recent studies.

For example, we review a specific gauged matrix model, called 0d N = 1

SQCD. 0d N = 1 SQCD has four inequivalent descriptions that are conjectured

to denote the formally same matrix integration. This diversity in description

for given matrix integration is called quadrality [85].

The claim is that 0d N = 1 quadrality can be inferred from 2d (0, 2) triality.

In order to obtain 0d SQCD from two-dimensional theory, we consider 2d (0, 2)

SQCD on S2 with a half-topological twist. This compactification preserves the

right-moving R-symmetry U(1)R of the 2d theory, by turning on a non-trivial

background U(1)R gauge field as follows

1

2π

∫

S2

dA(R) = −1 . (4.1)

By a convenient choice of R-charge, and restricting to the zero-modes—the
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lowest modes on S2 with one unit of U(1)R flux— we directly reproduce the

0d SQCD studied in [85]. More precisely, this holds in a topological sector with

vanishing gauge flux.1 Three of the four dual formulations of 0d SQCD follow

from the triality in 2d. The fourth formulation of the gauged matrix model can

be recovered by consistency.

This chapter is organized as follows. In Section 4.1 we review 4d N = 1

gauge theories and Seiberg duality briefly. In Section 4.2 a short survey of 0d

N = 1 gauged matrix model is presented with the detail of quadrality. In

Section 4.3, we introduce topological twist of 2d (2, 2) theories and half-twist

of (0, 2) theories. This enables us to derive 2d (0, 2) triality and 0d N = 1

quadrality from 4d N = 1 Seiberg duality and 2d (0, 2) triality, respectively, in

Section 4.4.

4.1 Seiberg duality in 4d N = 1 gauge theories

This section summarizes the phase structure of 4d SU(N) SQCD with N = 1

supersymmetry, whose quiver diagram is given as Figure 4.1. The analysis of its

phase structure for the different number of flavors Nf inspired the discovery of

Seiberg duality, which delves a weakly-coupled infrared description for SQCD

whereas original quiver description remains strongly coupled in the infrared.

The Lagrangian of 4dN = 1 SQCD is given as follows in superfield notation;

L =

∫
d4θ

(
Φ□e

V Φ□ +Φ□e
−V Φ□

)
+

∫
d2θ

( τ

32πi
TrWαWα +W(Φ)

)
+ h.c. ,

(4.2)

1We only briefly comment on the dimensionally-reduced theory in the non-trivial topolog-
ical sectors, where the gauge group is broken explicitly to a Levi subgroup.
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c = Nf � Nc

Figure 4.1 Seiberg duality of 4d N = 1 SQCD.

where Φ□ and Φ□ denote fundamental and anti-fundamental chiral matter fields

charged under SU(Nc), respectively. Holomorphic superpotential is noted byW.

For original SQCD, W = 0. The complexified Yang-Mills coupling τ is defined

in terms of Yang-Mills coupling g and θ-label of topological vacua;

τ =
θ

2π
+

4π

g2
. (4.3)

The beta-function of Yang-Mills coupling g is given as

µ
∂g

∂µ
= −3Nc −Nf

16π2
g3 +O(g5) , (4.4)

whose solution results in one-loop running of Yang-Mills coupling g2 at given

energy scale µ as

8π2

g2(µ)
= (3Nc −Nf ) log

(µ
Λ

)
, (4.5)

where Λ is defined as thes cale where the one-loop coupling diverges when

Nf < 3Nc. Note that SQCD flows to infrared free theory when Nf > 3Nc. This

IR-free phase at Nf > 3Nc is denoted by ’electrically free’ phase. In the rest

of this section, we discuss the phases of N = 1 SQCD, varying the number of

flavors and the rank of gauge group. The material presented in this section has

its origin in [3].
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N = 1 pure SYM (Nf = 0). Without any charged matter field but just with

supersymmetric partner of gauge field, we have N = 1 Super Yang-Mills (SYM)

theory. Due to mixed anomaly between R-symmetry and gauge symmetry, U(1)

R-symmetry is explicitly broken to discrete R-symmetry Z2Nc
2. The discrete

R-symmetry is spontaneously broken to ZNc due to a non-perturbative effect

called gaugino condensate.

〈
trλ2

16π2

〉
= Λ3 (4.6)

A widely known heuristics for (4.6) was that an instanton in Euclidean 4d

space generates a vacuum expectation value of ⟨(trλ2)Nc⟩(x1, · · ·xNc) due to

2Nc fermionic zero-modes therein. Assuming the factorization of operators trλ2

under the large separation among the insertion points {xi}, we have (4.6). This
factorization argument, however, turned out to be wrong3.

An alternative explanation comes from Wilson-loop instanton on S1 × R3

[86, 87]. An effective 3d N = 2 theories on R3 accomodates Nc − 1 distinct ’t

Hooft-Polyakov monopole instantons with the identification of A4 (gauge field

along the circle) to Higgs field in the original papers [88,89]. Furthermore, due

to compactness of S1, gauge-inequivalent Kaluza-Klein type monopole solution

also appears. The sum of topological charge k = 1
8π2

∫
trF ∧ F of Nc-kinds

of solutions is equal to that of single instanton whereas the sum of magnetic

charge vanishes. This obsevation convinces that a Yang-Mills instanton can be

interpreted as a composite of Nc monopole solutions on S1 × R3. A superpo-

tential induced by Nc 3d monopole instantons render perturbatively massless

gaugino condensated. To conclude we have a distinct Nc vacua, permuted by

discrete R-symmetry rotation ZNc in SYM case.

2A finite shift of θ in a complexified coupling τ can cancel the anomalous contribution from
R-symmetry rotation of gaugino zero-modes.

3For more discussion, refer to [86] and references therein.
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SQCD with Nf ≤ Nc − 1. When there is a few pair of matter fields Φ

and Φ , a vacuums structure drastically differs from SYM case. To be specific,

with respect to meson operators Mij (i, j = 1, · · · , Nf ), Affleck-Dine-Seiberg

superpotential (4.7) is generated. All the vacua then runs away; Mij → ∞,

which means that there is no supersymmetric vacua in this theory.

WADS = (Nc −Nf )

(
Λ3Nc−Nf

detMij

) 1
Nc−Nf

. (4.7)

As a consistent check, a mass term for quark δW = mΦ Φ can be added

in order to integrate out quarks Φ and Φ and to recover the result of SYM case

(4.6). Conversely, continuous RG flow condition across the mass scale µ ∼ m

gives a scale mutation factor before/after integrating-out Φ’s. This then leads

to (4.7) from the gaugino-condensate of N = 1 SYM.

SQCD with Nf = Nc . For an enough number of flavors, baryonic degrees of

freedom play a role in defining moduli space. A classical constraint on a moduli

space coordinates B, B̃ andM is dressed by an instanton effect. Then quantum

corrected moduli space is given as

detMij −BB̃ = Λ2Nc . (4.8)

Thus we have finite and smooth moduli space without a classical singularity at

origin M = 0. This induces a chiral symmetry breaking as squarks get vacuum

expectation value.

SQCD with Nf > Nc . For Nf = Nc+1, an effective superpotential in terms

of gauge-invariant variables,

W =
1

Λ2Nc−1

(
detM −BiMijB̃j

)
, (4.9)
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is known to describe moduli space. Unlike Nf = Nc case, the constraint origi-

nated from (4.9) allows singularity at originM = B = B̃ = 0. This point marks

confinement without chiral symmetry breaking.

For Nf > Nc+1, we have an alternative weakly-coupled description, called

magnetic SQCD, as a consequence of Seiberg duality. Its quiver is drawn in the

right hand side of Figure 4.1. In the dual description, elementary quarks are

noted by Φ′ that transform under conjugate representation of Φ. In addition,

meson M becomes an elementary particle charged by SU(Nf )L × SU(NF )R

flavor symmetry. Furthermore, the gauge group changes into SU(Nf − Nc).

Additional superpotential Wm exists in a magnetic theory as follows.

Wm =MΦ′ Φ′ . (4.10)

Confining nature of original theory is reflected in the status of mesonic fieldM ,

which is no more a composite of quarks but an elementary field. Remark that

matter contents in dual description is invariant under SU(Nc) (gauge group of

original theory) gauge transformation. The beta function of the dual coupling

g′ of dual theory is given as

µ
∂g′

∂µ
= −3(Nf −Nc)−Nf

16π2
g′3 +O(g′5) = −2Nf − 3Nc

16π2
+O(g′5) . (4.11)

Thus, for Nf <
3
2Nc, magnetic SQCD provides a weakly-coupled description

in the infra-red regime unlike original SQCD that apparently seems strongly-

coupled in the infra-red.

SQCD with 3Nc > Nf >
3
2Nc . In spite of one-loop running at Nf ̸= 3Nc,

higher loops in principle cancel the running of coupling constant at a finite

value g∗ with a careful choice on Nc and Nf . This hypothetical fixed point at

finite g∗ is called Banks-Zak’s fixed point. While this seemed possible to happen
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for small one-loop running coefficient Nf ∼ 3Nc, Seiberg duality broadens the

regime of Nf and Nc that allows this cancellation to a conformal window at

3
2Nc < Nf < 3Nc. The upper and lower bound of conformal window is the

point where one-loop running of coupling vanishes in original and dual theory,

respectively.

For the superconformal algebra of 4d N = 1 theory, a scaling dimension ∆

of operator O is bounded by its superconformal R-charge,

∆[O] ≥ 3

2
|R [O]| , (4.12)

and in particular, an equality saturates for chiral operator. Consider a meson

M . a-maximization [90] of 4d N = 1 CFTs dictates the R-charge of meson in

terms of Nf and Nc as

R[M ] = R[Φ ] +R[Φ ] = 2
Nf −Nc

Nf
. (4.13)

In a conformal window, this value satisfies unitarity bound for scalar operator

∆ ≥ 1, which saturates for free scalar field at Nf = 3
2Nc.

’t Hooft anomaly. A strong evidence of Seiberg duality is ’t Hooft anomaly

matching of two theories. ’t Hooft anomaly in 4d is a straightforward gener-

alization of 2d version discussed in Section 2.3. After a-maximization of R-

charge, we have ’t Hooft anomalies for global symmetries—two flavor symme-

tries SU(Nf )L,R, baryonic symmetry U(1)B and R-symmetry U(1)R as follows.

trSU(Nf )
2
LU(1)B =

1

2
Nc ,

trU(1)2BU(1)R = −2N2
c ,

trU(1)3R = −2N4
c /N

2
f +N2

c − 1 .

(4.14)
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4.2 Quadrality in N = 1 supersymmetric gauged ma-
trix models

4.2.1 Supersymmetric gauged matrix models

Gauged matrix models (GMM) with N = 1 supersymmetry are matrix models

of c-number variables φ and Grassmanian variables ψ that transform under

a single supersymmetry transformation, which we assume to be nilpotent. By

abuse of notation, we will call the integration variables φ and ψ the “bosons”

and “fermions,” respectively.

Supermultiplets

Any N = 1 GMM can be defined using the following supersymmetry multi-

plets: 4

• Chiral multiplet Φ

The 0d N = 1 chiral multiplet Φ has components and supersymmetry

transformations:

Φ = (ϕ, ϕ, ψ) with δϕ = 0 , δϕ = ψ , δψ = 0 (4.15)

Note that δ2 = 0. Obviously, ϕ and (ϕ, ψ) are independent supersym-

metry multiplets, but we consider the boson ϕ as a complex variables,

with ϕ its complex conjugate—a particular contour of integration on

the ϕ-plane should be part and parcel of the definition of the matrix

model. The fermion ψ should be considered an independent complex,

anti-commuting variable. The superfield Φ can be charged under some

4Our definition of a 0d Fermi multiplet differs slightly from [85]. Our present definition is
naturally inherited from (0, 2) Fermi multiplets in two dimensions upon sphere compactifica-
tion.
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U(1) symmetry, with charge Q, which means that the fields (ϕ, ϕ, ψ) have

charges (Q,−Q,−Q), respectively.

It should be noted that the “target space” spanned by the integration

variables ϕ is a complex space by construction. Moreover, the supersym-

metry δ is naturally identified with the Dolbeault operator ∂ on target

space,

• Fermi multiplet Λ

The 0d Fermi multiplet Λ has a single complex fermion λ, which can be

charged. The supersymmetry transformation is determined by

δλ = FΛ(ϕ) . (4.16)

Here, FΛ is an “N = 1 superpotential,” which is an holomorphic function

of the bosons ϕ in chiral multiplets. We have δ2λ = 0 in virtue of (4.15).

The superpotential FΛ must be specified for each Fermi multiplet Λ.

• Gaugino multiplet V

The gaugino multiplet V is of the form:

V = (χ0, D0) , δχ0 = D0 (4.17)

for some gauge group G. The “gaugino” χ0 and the real “auxiliary” field

D0 are valued in the the adjoint representation of g = Lie(G).

Interaction terms

Consider a “linear” N = 1 matrix model consisting of chiral multiplets Φi and

Fermi multiplets ΛI , with ϕi valued in C. We have the supersymmetric action:

SF = F
I
(ϕ)FI(ϕ) + ψ

i∂F
I

∂ϕ
i
λI (4.18)
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where FI is the superpotential for ΛI . Incidentally, the action is δ-exact:

SF = δ
(
F
I
λI

)
. (4.19)

In particular, if F (ϕ) is linear in ϕ, the action (4.18) is a “mass term” and

the matrix-model integral is Gaussian. Another interaction term is available at

second order in the fermions:

SH = HIJ(ϕ)λIλJ . (4.20)

The holomorphic potential HIJ = −HJI must satisfy the condition HIJFI = 0.

It is not δ-exact.

Next, consider any continuous symmetry group G acting on the fields (and

commuting with δ), preserved by the potential terms. One can “gauge” this

symmetry by introducing the corresponding g-valued gaugino multiplet with

the action:

Sgauge = SD + Sξ + Sϕϕ =
1

2
D2

0 − iξD0 + iϕD0ϕ− iψχ0ϕ , (4.21)

coupling the “matter fields” to the gaugino multiplet, with ξ a Fayet-Iliopoulos

(FI) term. These terms are also δ-exact:

SD = δ

(
1

2
D0χ0

)
, Sξ = δ (−iξχ0) , Sϕϕ = δ

(
iϕχ0ϕ

)
. (4.22)

Integrating out D0, we have:

D = −i
(
ϕϕ− ξϕ

)
≡ −iµ , (4.23)

where µ is the moment map for the G action on field space. We then obtain:

Sgauge ∼= µ2 − iψχ0ϕ . (4.24)

Since one can tune the coefficient of Sgauge at will (at least formally), one finds

that the matrix integral receives only contributions from µ = 0. In other words,

the gauging leaves us with a target space described as a Kähler quotient of flat

space.
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Anomalies and selection rules

Consider a matrix model defined by the schematic integral:

Z =

∫ ∏

i

dϕi dϕi dψi

∫ ∏

I

dλI

∫
dχ0 dD0 e

−S(ϕ,ϕ,ψ,λ,χ0,D0) . (4.25)

Here, ϕ, ϕ and D denote complex and real bosons, respectively, while ψ, λ, χ0

are fermions, while the action S is the sum of the terms (4.18), (4.20) and

(4.21). In such a model, a symmetry—which leaves S invariant, by definition—

can be “anomalous” if the integration measure fails to be invariant as well. One

can check that this can only happen for an abelian symmetry. Consider a U(1)

symmetry that assigns charges Qi and QI to the chiral multiplets Φi and Fermi

multiplets ΛI , respectively. The integration measure has the U(1) charge:

AU(1) =
∑

i

Qi −
∑

I

QI . (4.26)

This anomaly must vanish if U(1) is a gauge symmetry. For a global symmetry,

on the other hand, a non-zero anomaly—that is, a ‘t Hooft anomaly—implies

a selection rule. Consider the observable:

⟨O(Φ,Λ)⟩ =
∫
dΦdΛdV O(Φ,Λ) e−S , (4.27)

where the integration measure is the same as in (4.25), and O is a gauge in-

variant function of the variables. This vanishes whenever Q[O]+AU(1) ̸= 0 [85]

because Grassmann integration measure cannot be saturated by the expansion

of symmetry-invarinat action.

0d N = 1 SQCD and Γ̃-SQCD

Let us define zero-dimensional N = 1 SQCD as the supersymmetric GMM

with U(Nc) gauge symmetry which associates gaugino multiplet coupled to N1
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chiral multiplets Φ□ in the fundamental representation, N2 chiral multiplets

Φ□ in the anti-fundamental representation, N3 Fermi multiplets Λ□ in the anti-

fundamental representation, and N4 Fermi multiplets Λ□ in the fundamental

representation. The fields are summarized in Table 4.1. In order to cancel the

gauge anomaly, we must have:

N1 −N2 +N3 −N4 = 0 . (4.28)

All the Fermi multiplets have vanishing potentials, FI = 0 and HIJ = 0.

U(Nc) U(N1) U(N2) U(N3) U(N4)

Φ□ i Nc N1 1 1 1

Φ□
j Nc 1 N2 1 1

Λ□
I Nc 1 1 N3 1

Λ□ J Nc 1 1 1 N4

Γ̃ji 1 N1 N2 1 1

Table 4.1 Matter fields in 0d N = 1 SQCD. The last line is the gauge-singlet
in 0d Γ̃-SQCD. We use i, j, I, J for the U(N1)×U(N2)×U(N3)×U(N4) flavor
indices.

This matrix model is a somewhat ill-defined since the bosonic integral gen-

erally diverges, while the fermionic measure is not adequately saturated. Nev-

ertheless, it is interesting to study 0d SQCD formally, as a particularly simple

starting point. We will consider a better-behaved model shortly.

Similarly to Γ-SQCD in two dimensions, the zero-dimensional Γ̃-SQCD is

defined as a U(Nc) GMM with the (anti-) fundamentally charged fields in-

troduced above, together with additional gauge-singlet Fermi fields Γ̃ji with

non-trivial N = 1 superpotential:

F
Γ̃j

i
= ϕ□

j ϕ□ i . (4.29)
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Figure 4.2 Quiver diagrams of two different 0d N = 1 SQCD.

This implies that, in addition to the gauge interactions, the action contains the

term:

S
Γ̃
= ϕ□ j ϕ□

i
ϕ□

j ϕ□ i + ψ□ j ϕ□
i
Γ̃ji − Γ̃ji ϕ□ j ψ□

i
(4.30)

The ϕ4 term provides a damping factor. Both SQCD and Γ̃-SQCD are summa-

rized in Figure 4.2.

4.2.2 Matrix model quadrality

It has been conjectured that 0d SQCD has four equivalent descriptions [85],

related by a so-called quadrality. The first dual theory is a U(N ′
c) theory, with

dual rank:

N ′
c = N2 −Nc . (4.31)

The matter content is given as follows:

Here the symbols Λ, Γ̃ and Ξ denote fermions, while the symbols Φ and M

denote bosons. The non-vanishing superpotentials are:

FΛ′
i
= Φ′

□ jM
j
i , F

Γ̃′ I
j
= Φ′

□
I
Φ′
□ j . (4.32)
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for Λ′
□ i and Γ̃′ I

j , respectively. We also have H-terms that couple Λ′
□
J and ΞjJ ,

according to:

HΞj
J Λ′ J

= Φ′
□ j , ⇒ SH = Φ′

□ j Ξ
j
J Λ

′
□
J
. (4.33)

The quadrality move

We can think of quadrality as a particular operation on a 0d N = 1 quiver,

which is locally like the SQCD quiver in Figure 4.2. The quadrality move can be

summarized as follows: First of all, the (anti)-fundamental fields are permuted

according to:

Φ□ −→ Φ′
□ , Φ□ −→ Λ′

□ , Λ□ −→ Λ′
□
, Λ□ −→ Φ′

□
. (4.34)

The gauge group rank transforms according to Nc → NA − Nc, where NA is

the number of anti-fundamental chiral multiplets in the original theory. (In the

present case, NA = N2.) One also introduce the gauge-singlet M , Γ̃ and Ξ,

which are identified with “mesons” in the original theory:

M j
i = Φ□

j Φ□ i , Γ̃′ I
j = Λ□

I ϕ□ j , ΞjJ = Φ□
j Λ□ J . (4.35)

In the absence of interactions in the original theory, the new interactions are

U(Nc) U(N1) U(N2) U(N3) U(N4)

Λ′
□ i Nc N1 1 1 1

Φ′
□ j Nc 1 N2 1 1

Φ′
□
I Nc 1 1 N3 1

Λ′
□
J Nc 1 1 1 N4

M j
i 1 N1 N2 1 1

Γ̃′ I
j 1 1 N2 N3 1

ΞjJ 1 1 N2 1 N4

Table 4.2 Matter fields in quadrality-mutated 0d N = 1 SQCD.
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Figure 4.3 The quadrality cycle for 0d N = 1 SQCD.

specified by (4.32) and (4.33). More generally, consider the interaction terms:

FΛJ
, FΛI , FΘ , HΛIΛJ , HΛJΘ , HΛIΘ , (4.36)

in the original theory, where Θ denote any other Fermi multiplets that are

not charged under the U(Nc) gauge theory. All the superpotential terms (4.36)

are holomorphic in Φ□ i, Φ□
j and in any other chiral multiplets X in the larger

theory. In the dual theory obtained after one quadrality move, the new F -terms

are given by:

FΛ′
i
= Φ′

□ jM
j
i , FΛ′J = HΛIΛJΦ′

□
I
,

F
Γ̃′ I

j
= Φ′

□
I
Φ′
□ j − ∂FΛI

∂Φ□
j
, FΞj

J
= −M j

i
∂FΛJ

∂Φ□ i
. (4.37)
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For the spectator Fermi multiplets Θ, the potentials FΘ are the same as in the

original theory after substituting the gauge-invariant combination ΦjΦi with

the “meson” singlet M j
i. The non-zero H-term potentials are given by: 5

HΛ
′JΛ′

i =
∂FΛJ

∂Φ□ i
, HΞj

JΛ
′J

= Φ′
□ j , H Γ̃′ I

j Ξ
j
J = −HΛIΛJ ,

HΛ′
i Θ =

∂HΛIΘ

∂Φ□ i
Φ′
□
I
, HΞj

J Θ =
∂HΛJΘ

∂Φ□
j
, H Γ̃′ I

j Θ = −M j
i
∂HΛJΘ

∂Φ□
j
.

(4.38)

These transformations rules for the interactions were first discussed in [40].

The quadrality cycle

With the rules summarized above, it is straightforward to apply the quadrality

move successively. After four quadrality moves, one recovers the original the-

ory. The field content can be conveniently summarized in quiver notation, as

depicted in Figure 4.3. (The interactions are essentially given by all the allowed

cycles in each quiver. Two-cycles are mass terms, and the relevant fields should

be “integrated out.”) The gauge group rank transforms as:

N ′
c = N2−Nc , N ′′

c = N3−N ′
c , N ′′′

c = N4−N ′′
c , N ′′′′

c = N1−N ′′′
c = Nc ,

(4.39)

where the last equation follows from (4.28). One can also check that the four

matrix models have the same ’t Hooft anomalies [85]. The quadrality cycle for

Γ̃-SQCD can be constructed similarly—its quadrality cycle is almost identical

to Figure 4.3, except that there are no chiral multiplet mesons M at any step.

5This is given up to some signs, which can be fixed for consistency with Tr(HIJFI) = 0 in
any given example.
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’t Hooft anomaly and quadrality

The notion of ’t Hooft anomaly can be extended to matrix integration. It is

evidence of quadrality that ’t Hooft anomalies of four different descriptions of

0d N = 1 SQCD quiver agree. In this thesis, we compute ’t Hooft anoma-

lies associated with three U(1) global symmetries, not with SU(Ni)’s. This is

because a global symmetry, whose generator is traceless, does not appear in

matrix integral ’t Hooft anomaly. Thus relevant symmetry group is three U(1)

subgroups in total global symmetry GF . For a single quadrality move, the ’t

Hooft anomaly shows as follows.

trU(1)1 = −N1Nc = N1(−N2 +N ′
c) ,

trU(1)2 = N2Nc = N2(N1 −N4 +N3 −N ′
c) ,

trU(1)3 = −N3Nc = N3(N
′
c −N2) ,

(4.40)

where N ′
c = N2−Nc as (4.39). Therefore, all the independent pieces of ’t Hooft

anomaly match across the quadrality action. For second and third move, the

check is straightforward.

String-theoretic approach to quadrality

For a detailed discussion of string-theoretic approach to matrix model quadral-

ity, we refer to [50, 85]. They begin the discussion with a mirror description

of Calabi-Yau 4- and 5-folds. They argue that a redundancy in a description

of given Calabi-Yau manifold allows several distinct quiver gauge theories de-

scriptions, which are connected by quiver mutation equivalent to triality or

quadrality move.
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4.3 Topological twisting

On a curved manifold, it is not allowed to preserve all the supersymmetries,

initially defined on a Minkowski or Euclidean spacetime, without modification in

Lagrangian. In order to deal with supersymmetric theories on a curved manifold,

a notion of twisting has been delved [91,92]. A strategy is to turn on a well-tuned

connection AF associated with global symmetry F so that a constant spinor

satisfies Killing spinor equation (4.41) in spite of the curvature of manifold.

Since the left-hand-side of (4.41) determines the variation of gravitino, it must

vanish for supersymmetry to be preserved on a curved background. Note that

Killing spinor equation is defined in terms of covariant derivative with respect

to both global symmetry connection AFµ and spin connection ωµ after twist.

(
∂µ + iωµ + iAFµ

)
ϵ = 0 (4.41)

With AFµ = −ωµ, (4.41) admits a constant for its solution. Therefore, the cor-

responding supersymmetry is preserved.

In particular, in 2d (0, 2)- and (2, 2)-supersymmetric theories we use R-

symemtry, present in their superconformal algebra, in order to define a twist.

This procedure is called a topological twisting. For (2, 2) theories, there are two

types of twist, called A- and B-twist, involving U(1)V and U(1)A (vector and

axial R-symmetry) respectively. For (0, 2) theories, we have a half-twist, involv-

ing U(1)R R-symmetry. For A- and B-twist defined on (2, 2)-supersymmetric

theories, we refer to [92] for a concise and self-contained review. This section

focuses on half-twist of (0, 2)-supersymmetric theories.

In half-twist, we tune a R-symmetry-associated gauge field ARµ as follows.

ARµ =
1

2
ωµ , ϵ− = 0 , ∂µϵ− = 0 . (4.42)

143



Thus, Q+, corresponding to a spinor ϵ− is a conserved supercharge on a curved

background. Furthermore, R-symmetry flux through 2d Riemann surface has

to be quantized in terms of Dirac quantization condition;

1

2π

∫

Σ
dAR = − 1

8π

∫

Σ
d2x

√
gR = g − 1 . (4.43)

In view of spin connection ωµ, half-twist is interpreted as the assignment of

effective spin s such that

s = s0 +
1

2
r (4.44)

to spin-s0 and R-charge-r operators.

The other important feature of a topologically twisted theory is that the

twisted energy momentum tensor is given by

T̃µν = Tµν +
1

4
(ϵλµ∂λj

R
ν + ϵλν∂λj

R
µ ) , (4.45)

with modification depending on R-symmetry cuurent jR. For a 2d genus-g

Riemann surface Σg, the twisted energy momentum tensor reads in a (anti-

)holomorphic coordinate (z, z̄) as follows.

T̃zz = Tzz −
i

2
∂zj

R
z , T̃zz = Tzz −

i

2
∂zj

R
z , T̃zz = Tzz +

i

2
∂zj

R
z , (4.46)

which are conserved because both Tµν and jRµ are conserved. The operator T̃zz

is Q+-closed, while the other components of T̃ are Q+-exact.

According to standard arguments, correlation functions of Q+-closed oper-

ators are robust under the deformation of Hermitian structure of 2d manifold

Σ, while they in general depend holomorphically on its complex structure mod-

uli [38]. Furthermore, Q+-exact correlation functions are holomorphic functions

of couplings that appear in holomorphic superpotentials J- and E-terms. For

the localization computation of correlation functions of half-twisted theories,
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we refer to [78]. In this thesis, we focus on spectrum analysis after topological

twist.

4.4 Sphere compactification with topological twist

4.4.1 4d-to-2d reduction

We briefly present the result of zero-mode analysis on S2 × R2 with 4d N = 1

theory. In particular, S2 ×R2 in which [34,35] were interested is a special case

with g = 0. For each 4d N = 1 chiral multiplet Φi whose representation under

symmetry transformation is Ri, one define a following quantity we call effective

flux:

ri = ρi(m)− ri + 1 (4.47)

for weight ρi of the representation Ri. Then the zero-mode analysis on S2 with

A-twist tells that we can map the zero-mode on S2 to a 2d (0, 2) multiplet as

follows:

Φ
(4d chiral)
i →




ri 2d (0, 2) chiral multiplet Φia, if ri > 0.

−ri 2d (0, 2) Fermi multiplet Λia, otherwise.

(4.48)

For a 4d N = 1 vector multiplet, we repeat a similar analysis and map the

zero-mode on S2 to a set of 2d (0, 2) multiplets:

4d N = 1 vector multiplet V → 2d (0, 2) vector multiplet V (4.49)

This result will play a significant role in the deduction of 2d (0, 2) SQCD quiver

from 4d N = 1 SQCD quiver.

Furthermore, the sphere reduction assigns holormorphic J-terms for some

Fermi multiplets in the effective 2d theory. Unlike the torus reduction (dimen-

sional reduction) that assign both E-and J-terms, the sphere compactification
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with twist does not generate tree-level E-terms. When a 4d parent theory has

a superpotential W(Φi), the 2d theory has non trivial J-terms

Ji,a = ∂iW . (4.50)

The subscript a runs for {1, · · · ,−ri} for 4d chiral field Φi such that ri < 0.

In last, let us focus on the U(1) gauge anomaly cancelation of 2d effective

SQCD, which is automatically guaranteed by the cancellation of the mixed

anomaly between the gauge and the R-symmetry in 4d;

∑

i

T (□)(ri − 1) =
∑

chiral

T (□)−
∑

Fermi

T (□) = 0 , (4.51)

where i runs over the 4d chiral multiplets. The condition (4.51) renders 4d R-

symmetry anomaly-free. Simultaneously, it implies that the 2d gauge anomalies

(2.16) vanish. More generally, integration of the 4d anomaly polynomial, 6-forms

on S2 with the U(1)R flux makes this feature manifest. If FR and FG denote

the U(1)R and U(1) field strengths in 4d, the relevant terms are:

∫

S2×R4

tr(FRFGFG) = −2π

∫

R4

tr(FGFG) , (4.52)

so that any Tr(RQQ) cubic anomaly in 4d reduces to the quadratic Tr(QQ)

anomaly in 2d. See for instance [35,93] for further discussions in similar contexts.

4.4.2 (0, 2) triality from Seiberg duality

It has been widely aimed at revisiting GGP trilaity from the dimensional reduc-

tion or compactification of 4d N = 1 Seiberg duality [34,35]. In this section we

briefly review previous attempts and introduce a different R-charge assignment

leading to GGP trialities in IR.

A basic strategy is as follows: we assign different integer R-charge to each

chiral multiplet so that two flavor symmetry groups in the original 4d SQCD

146



are divided into several subgroups according to the R-charge of matter fields.

Three of them would give rise to three flavors symmetry nodes in GGP triality

quiver in the end. Since all the R-charges are integer, it is possible to put

the theory on S2 with topological twist. After compactification with twist, we

have infinitely many topological sectors labeled by magnetic flux through S2.

Fortunately, we can isolate zero flux sector only with the careful choice on

the R-charge assignment. The truncation condition was discussed by [35] and

would be summarized later in this section. Then we take zero-modes of fields

to read off two-dimensional degree of freedom surviving in IR limit according

to the reduction rule in Section 4.4.1. The degrees of freedom we had allows

us to construct an effective two-dimensional description of the 4d theories on

S2 × R2 when we take the limit that the size of sphere shrinks to zero. Note

that flavor subgroups in a deformed 4d quiver with chiral fields of unit R-charge

disappear in the reduction procedure. Because a pair of 4d theory we begin with

is related to each other by IR duality, we infer that their 2d descriptions are

also intertwined by IR duality in two dimension.

A technical subtlety comes from the fact that 2d GGP triality involves

U(Nc) gauge group while 4d Seiberg duality involves SU(Nc) gauge group.

Thus, we need to take an additional action on the original 4d quivers to make 2d

gauge group have U(Nc) gauge group. The easiest way is to gauge the baryonic

symmetry U(1)B in 4d before compactification. It is known that U(1) gauge

group dynamics in 4d theory is decoupled in IR limit, leaving Landau pole in

ultra-violet (UV) limit that makes the theory ill-defined in UV. However, this

ill-definedness does not matter in our scope because we only focus on the IR

behavior of 4d theory, not on UV behavior. A pair of dual theories can be

interpreted as an effective description of 4d gauge theory which IR behaviors

are identical.
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However, there is further anomaly constraints if we consider U(Nc) gauge

group; mixed anomaly of R-symmetry and U(1) subgroup. It was not clear that

R-charge assignment in previous attempts [34, 35] creates no mixed anomaly.

To cancel the mixed anomaly, we introduce two chiral multiplets Ω± which

follow (anti-) determinant representation under U(Nc) with R-charge two, re-

spectively. They induce SU(2) doublet of Fermi multiplets in two dimensions

after compactification.

Nf Nf

Nc
Seiberg-dual

 

P

�
P 0 �0

 0

�0

M 0

fNc

triality-dual

N2 = Nf

N1 = Nc

N2 = Nf

N1 = Nc

Q̃
Q1

Q2
q

q̃1,2

M1

M2

Nc

Nf � Nc Nf � Nc

Nc

2

N3 = Nf � Nc N3 = Nf � Nc

⌦± ⌦±

2

Figure 4.4 The S2-compactification of deformed 4d N = 1 SQCD quivers that
leads to 2d (0, 2) SQCD quivers. The above two 4d theories are in Seiberg dual
while the below two 2d theories are related by GGP triality. We omit Ω± chiral
fields in (anti-) determinant representation of gauge group from 4d quivers for
brevity though they cancel U(1)R × U(1)2 anomaly without affecting other
mixed anomalies that have already vanished.

In the rest of this section we sketch the detailed procedure which induces

GGP triality from Seiberg duality and its non-trivial evidence as well. The

compactification procedure is summarized in Figure 4.4. We first divide one
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of SU(Nf ) flavor symmetry group into SU(Nc) and SU(Nf − Nc) in a given

theory. We take the following R-charge assignment to chiral matter fields which

is free of mixed anomaly for this 4d theory:

RQ1 = 0 , RQ2 = 2 , RQ̃ = 0 , RΩ± = 2 . (4.53)

The R-charge of dual 4d gauge theory is fully fixed by anomaly constraints and

superpotential W =Mqq̃ as follows:

Rq̃1 = 2 , Rq̃2 = 0 , Rq = 0 , RM1 = 0 , RM2 = 2 RΩ̃±
= 2 . (4.54)

It is remarkable that every matter field has non-negative R-charge so we could

truncate all the non-zero magnetic flux sectors in the compactification. Refer

to the discussion in [35] for the derivation of truncation condition. Two 2d

quiver diagrams in Figure 4.4 are obtained from zero-flux sector. We flip the

representation of Ω− into the determinant representation with the freedom in

(0, 2) Fermi multiplet so that we have SU(2) doublet in two dimension.

We provide non-trivial checks of Seiberg duality between two 4d theories

with the above R-charge assignment as well as its quantum consistency check.

Anomaly constraints

In order for a gauge theory to be well-defined quantum mechanically, gauge and

mixed anomaly should vanish. In four dimensions, we can track the anomaly of

theory by anomaly coefficients tr(TaTbTc) with Ta’s are generators of symmetry

group.

gauge anomaly. SU(Nc) gauge anomaly is not affected by the deformation

we have discussed so far. It is also straightforward to see U(1) anomaly vanish

because we have same amount of fields in given and conjugate representation.

In particular, Ω± cancel the contribution to anomaly coefficient each other.
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mixed anomaly. We have three non-trivial mixed anomaly to check.

tr U(1)R SU(Nc)
2 = T(□) (Nc · (−1) + (Nf −Nc) +Nf · (−1)) + T(adj) = 0 ,

(4.55)

where T(□) = 1/2 and T(adj) = Nc for SU(Nc) subgroup of U(Nc) gauge

group.

tr U(1)R U(1)2 = Nc

(
Nc · (−1) + (Nf −Nc) +Nf · (−1) · (−1)2

)
+ 2N2

c = 0 .

(4.56)

The last term comes from chiral fields Ω± in (anti-) determinant representation.

tr U(1)2R U(1) = Nc

(
Nc · (−1)2 + (Nf −Nc) +Nf · (−1)2 · (−1)

)
= 0 . (4.57)

For the dual theory, we can repeat a similar analysis and obtain the same result.

’t Hooft anomaly matching. It is known that two theories that are IR dual

to each other share the same amount of ’t Hooft anomaly for global symmetries.

We compute R-anomaly and R3-anomaly for each theory and compare them.

For given theory we have

tr U(1)R = Nc(−Nc + (Nf −Nc)−Nf ) + (N2
c − 1) + 2 = −N2

c + 1 , (4.58)

which agrees with its counterpart of dual theory as

tr U(1)R = Ñc(Nc − (Nf −Nc)−Nf ) + (Ñc
2 − 1) + 2 = −N2

c + 1 , (4.59)

where we used the relation between the rank of two theories; Ñc = Nf −Nc.

For R3-anomaly, we have

tr U(1)3R = Nc(Nc · (−1)3 + (Nf −Nc) +Nf · (−1)3) + (N2
c − 1) + 2 · 13

= −N2
c + 1 .

(4.60)
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On the dual theory side, we have

tr U(1)3R = Ñc(Nc + (Nf −Nc) · (−1)3 +Nf · (−1)3) + (Ñc
2 − 1) + 2 · 13

+NfNc · (−1)3 +Nf (Nf −Nc) · 13 = −N2
c + 1 ,

(4.61)

which nicely agrees with its counterpart of original theory (4.60). The R-flavor

mixed anomalies of both theories agree as well,

tr U(1)R SU(Nf )
2 = −T(□)Nc = −T(□)Ñc − T(□)Nc +T(□)(Nf −Nc) .

(4.62)

S2 × T 2 partition function

It is possible to compute S2 × T 2 indice [94] for the pair of 4d N = 1 theories

above. As long as we consider U(Nc) gauge theory, we can label topological

sector by turning on the FI-parameter ζFI and keep track of theories sector by

sector in IR limit. According to the logic of [35], we can focus on the zero-flux

sector (m = 0) as non-zero-flux sector does not contribute to the index. The

original computation was done by [34]. A slight modification to their argument

can be easily reflected in localization computation of S2×T 2 partition functions

of 4d SQCD quiver with our R-charge assignment (4.53).

One may wonder how we could infer the existence of third theory in a 2d

triality cycle by 4d Seiberg duality which relates two theories, not three. We

can take charge conjugation of 4d quivers in Figure 4.4 and follow a similar

procedure to extract another ’protocol’ that links two different theories in a

duality chain. By generlizing this protocol and applying it to one of the original

pair of 2d theories in Figure 4.4, we obtain the third theory of 2d triality cycle.

Though it is not manifest that the third theory conjectured by generalized
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protocol is IR-dual indeed, we could verify it by looking at its elliptic genus

as [7] did.

This ad-hoc prescription lead us to a doubt on the power of this approach

to relating 4d dualities with 2d trialities. For instance, our approach cannot

answer the question; why we have order-3 feature in 2d trialities, instead of

order-2 nature of 4d dualities. In other words, where the third theory in a

triality cycle comes from still remains as a puzzling question.

4.4.3 2d-to-0d reduction

Consider an N = (0, 2) gauge theory on a sphere, S2, with the half-twist, as

studied e.g. in [78]. We are interested in what happens when we send the radius

of S2 to zero. On general ground, one expect that only the zero-modes survive.

For a neutral scalar field, that would just be the s-wave; more generally, any

field has a zero-modes if it is valued in some holomorphic vector bundle over

S2 which admits holomorphic sections.

The counting of zero-modes goes as follows [78]. Consider first the 2d N =

(0, 2) vector multiplet. There exists a supersymmetric configuration for any

choice of integer-quantized gauge fluxes m through S2:

1

2π

∫

S2

da = m , (4.63)

where aµ is the 2d gauge field and m is valued in ΓG∨ , the magnetic flux lattice

of G. Let ea (a = 1, · · · , rank(G)) denote a basis of ΓG∨ such that ρ(ea) ∈ Z

for any weight ρ. Consider G = U(Nc) for simplicity. The gauge flux m = mae
a,

with:

(ma) = (m(1), · · · ,m(1),m(2), · · · ,m(2), · · · ,m(s), · · · ,m(s)) , m(l) ∈ Z ,

(4.64)
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breaks U(Nc) to the Levi subgroup
∏s
l=1 U(nl), with

∑s
l=1 nl = Nc.

Upon reduction on the sphere, the gaugino has a zero-mode, leading to a

0d gaugino multiplet: 6

χ̃(2d) = χ0 , D(2d) − 2if11 = iD0 . (4.65)

In the presence of the gauge flux (4.64), we obtain a matrix model with gauge

group
∏
k U(nl). The 2d “W-bosons” become 0d Fermi multiplets in bifun-

damental representations (connecting different U(nl) factors). In the zero-flux

sector, m = 0, we simply obtain a 0d matrix model with gauge group U(Nc).

This is the sector we will focus on.

The zero-modes of the 2d matter fields are similarly accounted for. We refer

to Appendix C of [78] for more detail. Given a 2d N = (0, 2) chiral multiplet

Φi in the representation Ri of g, with ρi ∈ R the weights of the representation,

and with R-charge ri, let us define the integer:

nρi = ρi(m)− ri + 1 . (4.66)

for each field component Φρi . Upon reduction on S2, we obtain a number of 0d

chiral and/or Fermi multiplets, depending on the sign of nρi :

Φρi →




nρi 0d chiral multiplets Φρi if nρi ≥ 0 ,

−nρi 0d fermi multiplets Λρi if nρi < 0 .

(4.67)

In particular, in the zero-flux sector, the 2d chiral multiplet Φi gives rise to 0d

chiral or a Fermi multiplets in the same representation Ri of G depending on

whether ri < 1 or ri > 1, respectively.

6Here we have set to one the dimensionful parameter
√

vol(S2)/e2, with e2 the 2d gauge
coupling.

153



Given a 2d N = (0, 2) fermi multiplet ΛI in the representation RI of g and

with R-charge rI , let us define the integer:

nρI = ρi(m)− rI . (4.68)

for each field component ΛρI . Upon reduction, we have:

ΛρI →




nρI 0d fermi multiplets ΛρI if nρI ≥ 0 ,

−nρI 0d fermi multiplets ΛρI if nρI < 0 ,

(4.69)

where ρI ∈ RI denote the weights of the conjugate representation. In particular,

in the zero-flux sector, a 2d Fermi multiplet in a representation R gives rise to

0d Fermi multiplets in the representation R if rI < 0, or in the conjugate

representation R if rI > 0.

The 2d holomorphic potentials E and J give rise to the 0d holomorphic

potentials F and H. Let us denote by (ϕi, ψi, ϕ
i
, ψ

i
) and by (λI , λ

I
) the 2d fields

in chiral and Fermi multiplets, respectively, with superpotentials EI = EI(ϕ)

and JI = JI(ϕ) such that Tr(JIEI) = 0. The 2d interactions are given by:

Lpot = JIJ
I+E

I
EI+

(
ψ
i∂E

I

∂ϕ
i
+
∂JI

∂ϕi
ψi

)
λI−

(
ψi
∂EI
∂ϕi

+
∂JI

∂ϕ
i
ψ
i

)
λ
I
, (4.70)

from which one can read off the interaction terms in the matrix model. Let us

expand the 2d indices i, I into:

i→ (j,K) , I → (M,N) , (4.71)

where the righ-hand-side index j runs over the 0d chiral multiplets, and the

right-hand-side indices K,M,N run over the 0d Fermi multiplets, obtained

according to (4.67) and (4.69). 7 In two dimensions, we have δΛI = EI and

7That is, the 0d fermions λK come from the second line in (4.67), and the 0d fermions λM

and λN come from the first and second line of (4.69), respectively.
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δΛ
I

= JI (on-shell) under the one supersymmetry that survives the half-

topological twist. Therefore, to obtain a consistent reduction to 0d, we need

that:

JM
∣∣
S2 = 0 , EN

∣∣
S2 = 0 . (4.72)

In that case, we have the 0d Fermi multiplets given in terms of the 2d zero-

modes by:

λK = ψK , λM = λM , λN = λ
N
, (4.73)

with the 0d holomorphic potentials:

FK = 0 , FM = EM , FN = JN , HMK =
∂JM

∂ϕK
, HNK =

∂EN
∂ϕK

.

(4.74)

In particular, the supersymmetric condition FMH
MK + FNH

NK = 0 follows

from the 2d condition JIEI = 0.

Finally, let us note that the cancellation of the U(1) gauge anomalies for

the 0d GGM follows from the cancellation of the mixed anomaly between the

U(1)’s and the R-symmetry in two dimensions:

∑

i

Qi(ri − 1)−
∑

I

QIrI = 0 , (4.75)

where i and I run over the 2d chiral and Fermi multiplets, respectively, as

above. The condition (4.75) is necessary for the 2d R-symmetry to exist, and

thus for the half-twist to exist. Given the 0d fields obtained upon reduction on

S2, one easily checks that (4.75) implies that the 0d gauge anomalies (4.26)

vanish. This can be also understood, more generally, in terms of the reduction

of the anomaly polynomial of the 2d theory on S2 with the U(1)R flux. If FR

and FG denote the U(1)R and U(1) field strengths in 2d, the relevant terms are:

∫

S2×R2

tr(FRFG) = −2π

∫

R2

tr(FG) , (4.76)
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so that any Tr(RQ) quadratic anomaly in 2d reduces to the linear Tr(Q)

anomaly in 0d. See for instance [35, 93] for further discussions in similar con-

texts.

4.4.4 quadrality from triality

With the above rules, it is straightforward to study the dimensional reduction

of 2d SQCD to 0d. We focus on the zero-flux sector. Consider 2d SQCD with

the R-charges:

Φ□ i Φ□
j Λ□ I Λ□ J Λ□ L Ω±

U(1)R 0 0 1 −1 0 0
(4.77)

This choice of R-charges breaks down the U(N3) factor of the 2d flavor group

to:

U(N3) → U(N3)× U(N4)× U(N5) , N5 ≡ N3 −N3 −N4 , (4.78)

where we labelled the indices I → (I, J, L) with I = 1, · · ·N3, J = 1, · · · , N4

and L = 1, · · · , N5. We also take N1 = N1 and N2 = N2, with indices i and

j, respectively. By restriction to the zero-modes, we exactly obtain 0d SQCD

with the field content of Table 4.1.

If we consider 2d Γ-SQCD instead, we must choose the R-charge assignment:

rΓi
j
= 1 , (4.79)

for the gauge-singlet Fermi multiplets Γij , consistently with the J-potential

(2.23). This directly leads to 0d Γ̃-SQCD. The potential term (4.29) follows

from (2.23) together with (4.74)—we simply have F
Γ̃
= JΓ in this case.

The analysis of the other 2d theories related to SQCD by triality is simi-

lar. Consider the theory (2.25) obtained after one triality move. The R-charge
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(a) deformed 2d (0,2) SQCD quiver (b) 0d N=1 SQCD quiver
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N5 = N3 � N3 � N4
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�⇤

⇤I
⇤⇤⇤J

N1

Figure 4.5 The reduction with the half-topological twist from (a) deformed 2d
N = (0, 2) SQCD to (b) 0d N = 1 SQCD.

assignment dual to (4.77) reads:

Λ′
□ i Φ′

□ j Φ′
□
I Φ′

□
J Φ′

□
K M j

i Γ′ j
I Γ′ j

J Γ′ j
L

U(1)R −1 0 0 2 1 0 1 −1 0
(4.80)

Upon reduction, this gives exactly the matrix model obtained from 0d SQCD

after one quadrality move, with matter content in Table 4.2 and the interaction

terms (4.32)-(4.33). Moreover, 0d ’t Hooft anomaly matching directly follow

from the matching of the 2d anomalies under triality.

We can similarly consider the third theory in the triality chain in 2d. The

corresponding R-charge assignment reads:

Φ′′
□
i Λ′′

□ j Φ′′
□ I Φ′′

□ J Φ′′
□K M j

i Γ′′ I
i Γ′′ J

i Γ′′L
i

U(1)R 0 −1 2 0 1 0 −1 1 0
(4.81)

One can check that this exactly recovers three out of the four 0d theories in the

quadrality cycle. This is summarized in Figure 4.6.

From this discussion, we see that we recover most the quadrality, but we are

still missing the lower-right corner in Figure 4.3. However, if we think about
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Figure 4.6 The triality (order-3) cycle of 0d N = 1 SQCD. From the first move
interpreted as acting on the 0d theory, one can recover the full quadrality cycle
of Figure 4.3.

the triality and quadrality “moves” as particular operations on a U(N) gauge

theory, as described above, we can simply recover one single quadrality move

from one triality move. Indeed, consider 2d SQCD with the R-charge assign-

ment (4.77) and generic interactions such that (4.72) holds. Upon reduction,

we obtain 0d SQCD with interaction terms:

FI = JI , FJ = EJ , HII = HJJ = HIJ = 0 . (4.82)

A triality move gives rise to a new theory with the new 2d interactions (2.29).

Reducing this dual theory to 0d with the dual R-charge assignment (4.80) and

using (4.74), one can check that the new interactions in the 0d theory are exactly
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given by (4.37)-(4.38), in the special case where H = 0 in the original theory.

This gives a simple derivation of the 0d quadrality move from the 2d triality

move, including all interaction terms. One can then check that the quadrality

move is indeed an operation of order four on the 0d theory. This completes the

derivation of quadrality from triality.

4.5 Discussion

In this chapter we introduced a novel way of dimensional reduction involving

a sphere with a topological twist and a quasi-topological half-twist. 4d N = 1

Seiberg duality, in turn, leads to 2d (0, 2) triality on a sphere with topological

twist as long as we made an appropriate R-charge assignment so that low-

energy spectrum on a sphere resembles 2d (0, 2) SQCD. With the choice on

the R-charge in Section 4.4.1, all the gauge and mixed anomaly both in 4d

and 2d effective theory vanish. Moreover, the choice in Section 4.4.1 reflects

the observation of [35] in a sense that non-trivial magnetic flux sectors with

m ̸= 0 do not accommodate the supersymmetric vacua under our R-charge

assignment, thus they make no contribution to the S2×T 2 indices and 2d low-

energy effective description. The holomorphic J-term of 2d (0, 2) Γ−SQCD and

the elliptic genus proof of (0, 2) triality are recovered from the 4d superpotential

and S2 × T 2 indice of 4d N = 1 SQCD, respectively.

In addition, we have seen that 0d SQCD, a U(Nc) gauged matrix model,

describes the zero-mode sector of 2d N = (0, 2) SQCD on a half-twisted sphere,

in the absence of gauge fluxes—or, for that matter, of any background flux for

the flavor symmetries8. On the other hand, 2d observables on the sphere are

8Or, we may think of the R-charge assignments as being the results of certain flavor fluxes,
that explicitly break the 2d flavor group down to the 0d flavor group as specified above.
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expected to receive contributions from an infinite number of flux sectors, in

general. Using the rules above, one can easily write down the matrix model

that one obtains by dimensional reduction in the presence of some particular

gauge flux (4.64). It is essentially a quiver GMM with gauge group
∏
l U(nl),

with bifundamental Fermi multiplets connecting the nodes (coming from the 2d

W -bosons). In addition, the 2d fields Ω± give rise to 0d fermions that couple all

the U(nl) gauge factors together. It might be interesting to study those more

complicated matrix models systematically.

We introduced a convenient way to construct supersymmetric matrix mod-

els, also known as 0d N = 1 “quantum field theories,” by compactification of 2d

N = (0, 2) supersymmetric theories on a sphere with the half-topological twist.

In this setup, one can naturally derive quadrality relations among 0d theories

from 2d Gadde-Gukov-Putrov triality. Together with the results of [34,35] and

those of Section 4.4.1, this leads to an interesting unification of Seiberg-like

dualities in even dimensions by twisted compactification. Assuming that the

topological twisting commutes with the RG flow in two dimensions, our results

provides a field theory “derivation” of matrix-model quadrality, which can be

understood as a property of a subsector (the zero-instanton sector) of 2d SQCD.

In contrast, previous evidence for quadrality mostly relied on its string theory

embedding [50,85].

It would be interesting to study such twisted compactifications more thor-

oughly, in a number of dimensions and with various amounts of supersymmetry.

In the present context, it would be important to study the non-zero gauge flux

sectors systematically. It would also be crucial to actually compute general ob-

servables in 0d SQCD. This is essentially a toy-model for the direct computation

of the 2d N = (0, 2) half-BPS observables on the sphere, which encode rather
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important chiral algebras—see e.g. [7, 95–97]. We hope for this result to be a

modest step toward that ambitious goal.
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Appendix A

Jacobi theta functions

Theta Functions

To make the thesis self-contained, we collect some well-known properties of

Dedekind eta and Jacobi theta functions. We follow the standard conventions

shared by various physics textbooks, including [98,99] and consistent with [31].

The Dedekind eta function is

η(τ) = q1/24
∞∏

n=1

(1− qn) , q = e2πiτ , Im(τ) > 0 . (A.1)

Its modular properties are

η(τ + 1) = eπi/12η(τ) , η

(
−1

τ

)
=

√
−iτ η(τ) . (A.2)

The Jacobi theta functions with arbitrary twists have a sum representation,

θ[αβ ](τ |z) =
∑

n∈Z
q

1
2
(n+α)2e2πi(n+α)(z+β) , α, β ∈ R , (A.3)
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and a product representation,

θ[αβ ](τ |z)
η(τ)

= e2πiα(z+β)q
α2

2
− 1

24

∞∏

n=1

(
1 + qn+α−

1
2 e2πi(z+β)

)(
1 + qn−α−

1
2 e−2πi(z+β)

)
.

(A.4)

They have quasi-periodicity in α and β,

θ[α+1
β ](τ |z) = θ[αβ ](τ |z) = e−2πiαθ[ αβ+1](τ |z) , (A.5)

as well as quasi-periodicity in z,

θ[αβ ](τ |z + 1) = e2πiαθ[αβ ](τ |z) , θ[αβ ](τ |z + τ) = e−2πi(z+β)θ[αβ ](τ |z) . (A.6)

Their modular properties are

θ[αβ ](τ + 1|z) = eπiα(1−α)θ[ α
α+β− 1

2

](τ |z) ,

θ[αβ ]

(
−1

τ

∣∣∣∣
z

τ

)
=

√
−iτ e2πiαβ+πi z

2

τ θ[ β−α](τ |z) .
(A.7)

When α, β are restricted to 0 or 1/2, they reduce to the more familiar θa

(a = 1, 2, 3, 4) functions:

θ1(τ |z) = −θ[1/21/2](τ |z) = −iq 1
8 (y

1
2 − y−

1
2 )

∞∏

k=1

(1− qk)(1− yqk)(1− y−1qk) ,

θ2(τ |z) = θ[
1/2
0 ](τ |z) = q

1
8 (y

1
2 + y−

1
2 )

∞∏

k=1

(1− qk)(1 + yqk)(1 + y−1qk) ,

θ3(τ |z) = θ[ 0
0 ](τ |z) =

∞∏

k=1

(1− qk)(1 + yqk−
1
2 )(1 + y−1qk−

1
2 ) ,

θ4(τ |z) = θ[ 0
1/2](τ |z) =

∞∏

k=1

(1− qk)(1− yqk−
1
2 )(1− y−1qk−

1
2 ) ,

(A.8)

where y = e2πiz.
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As mentioned in (...), the definition and computation of the (modified) el-

liptic genus often makes use of the following identity,

∂

∂z
θ1(τ |z)

∣∣∣∣
z=0

= 2π η(τ)3 . (A.9)

Throughout the main body of this paper, we mostly use the multiplica-

tive (exponential) notation with variables q and y. Sometimes, when we discuss

the anomaly polynomial, it is more convenient to use the additive (logarith-

mic) notation with variables τ and z. Switching between the two notations is

straightforward:

θa(τ |z) = θa(q = e2πiτ , y = e2πiz) . (A.10)

Hopefully, which notation we are using is always clear from the context.

Proving theta function identities

We have encountered a number of theta function identities in the main text.

Here we sketch a proof for them. Consider a function F (τ |z) holomorphic in τ

and meromorphic in z. Suppose F (τ |z) is quasi-periodic in z in the following

sense:

F (τ |z + 1) = F (τ |z) , F (τ |z) = eiγ(τ)−2πiδzF (τ |z) , (A.11)

where γ(τ) is some linear function of τ , and δ is an integer. For example,

θa(τ |z)2, θa(τ |2z) (a = 1, 2, 3, 4) are quasi periodic holomorphic functions. Their

ratio is in general a quasi-periodic meromorphic function. When two or more

functions have the same periodicity, their linear combinations are also quasi-

periodic.

Suppose we want to prove an identity of the type

FL(τ |z) = FR(τ |z) , (A.12)
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where FL and FR are known to have the same periodicity.

A standard way to prove this is to show that FL and FR have the same sets of

zeros and poles, counted with multiplicity. Then FL/FR would be a holomorphic

function that is strictly periodic (γ = 0 = δ) on the torus z ∼ z+1 ∼ z+ τ . An

elementary theorem in complex analysis asserts that a holomorphic function

on a compact connected manifold must be a constant. Thus, to complete the

proof, it suffices to show that FL/FR = 1 at some convenient value of z.

For the identities in this paper, the poles and residues of FL,R are easy to

find, but the zeros are not. Suppose we have shown that the poles and residues

match. Then we know that ∆F = FL − FR is holomorphic. If ∆F is strictly

periodic (γ = 0 = δ), then the theorem mentioned above guarantees that ∆F

is a constant, which can be determined by evaluating ∆F at some z.

Let us make a slight digression. When δ ̸= 0, F (τ |z) is not really a function

but a section of a holomorphic line bundle over the torus. The integer δ is the

first Chern number. Intuitively, δ counts the number of zeros minus the number

of poles of F (τ |z) on the torus, with multiplicity.

Returning to the main problem, if FL and FR have δ < 0, it follows that

∆F must be a holomorphic section which has more poles than zeros. To avoid a

contradiction, it must be that ∆F = 0, completing the proof. All the identities

in the main text have either γ = 0 = δ or δ < 0. Hence this proof applies to all

of them.

The following identity between θ1 and θ4, in the multiplicative notation, is

used many times in the main text:

θ1(q, ab)θ1(q, a/b)θ4(q, 1)
2 = θ1(q, a)

2θ4(q, b)
2 − θ4(q, a)

2θ1(q, b)
2 . (A.13)
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Appendix B

Degenerate Poles and
Jeffrey-Kirwan Residue

To deal with degenerate poles in Jefferey-Kirwan (JK) residue computation, we

need a new technique. Degenerate poles appear when, for gauge group U(1)r,

more than r hyperplanes corresponding to the charge vectors of the JK integral

meet at a point. Such poles are regulated by flag we review this section. The

flag-based JK residue computation was explained in detail in [31].

A degenerate pole u∗ is associated to l > r singular hyperplanes identified

by the charge vectors Qu∗ = {Q1, · · · , Qr, · · · , Ql}. We first choose a subset of

r vectors from Qu∗ and order them to form a temporary basis B;

B(F) = {Qi1 · · ·Qir} ⊂ Qu∗ . (B.1)

Let Fk be the vector space whose basis is given by the first k vectors in B(F).

The vector spaces Fk, with k = 1, . . . , r, form a sequence F such that

F = [F0 = {0} ⊂ F1 · · · ⊂ Fr = Cr] , dim(Fk) = k . (B.2)
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This is known as a flag F , whose elements’ basis are given by an ordered set

B(F). A set B(F) is not necessarily unique for a degenerate pole with Qu∗ .

Hence, we have a finite set of all flags F for a given Qu∗ , called FL(Qu∗).

Once constructing FL(Qu∗), define an ordered set κF for each flag F ∈
FL(Qu∗) as

κF =





∑

Qi∈Qu∗∩Fk

Qi

∣∣∣ k = 1, · · · , r



 . (B.3)

Imposing the strong regularity condition on a trigger η [31], we finally determine

the JK residue. For flags satisfying the positivity condition with respect to κF ,

the JK residue reads

JK-Res
u=u∗

=
∑

F∈FL+(Qu∗ )

ν(F) Res
F

, (B.4)

where FL+(Qu∗ , η) = {F ∈ FL(Qu∗)|η ∈ Cone(κF1 , · · · , κFr )} and ν is a sign

factor associated to the flag F ; ν(F) = sgn
(
det(κF1 , · · · , κFr )

)
. The functional

ResF on the right hand side of (B.4) is known as the iterative residue, which is

simply the residue computed in the ordered basis B(F). The iterative residue

is defined under the following coordinate transformation

ũk = Qik · u , (B.5)

for k = 1, · · · , r. The r-form integrand ω is transformed into ω = ω̃1···r dũ1 ∧
· · · ∧ dũr. Of course, we should not forget the Jacobian factor from the coor-

dinate transformation. The iterative residue becomes straightforward in the ũ

coordinates

Res
F
ω = Res

ũr=ũ∗r
· · · Res

ũ1=ũ∗1
ω̃1···r , (B.6)

where the Res on the right hand side is the single variable residue obtained by

assuming that all the other variables are generic.
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초록

이논문은 2차원 (0,2)초대칭이론에서의낮은에너지양면성,특히Gadde-Gukov-

Putrov 삼면성을 다각도에서 이해하기 위한 끈이론 및 기하학적 방법론을 소개한

다. 첫 번째 방법은 IIB 끈이론 상에서 원환 칼라비-야우 4차원 다양체의 특이점에

놓인 D1-막을살펴보는것으로,막의낮은에너지유효이론이 2차원 (0,2)화살게

이지 이론으로 기술되는 점에 착안한다. 이로부터 만들어지는 일련의 2차원 (0,2)

화살 게이지 이론은 브레인 벽돌 모형이라고 불린다. 주기적 화살 도표, 벽돌 도표

와 같은 조합론적 도구와 타원 지표와 같은 분배함수 계산이라는 해석적 방법을

통해 브레인 벽돌 모형의 고전적 및 양자적 거동을 이해한다. 특히 타원 지표의

삼각화 성질을 통해 브레인 벽돌 모형의 낮은 에너지 극한이 칼라비-야우 다양체

를 진단하는 비선형적 시그마 모형에 의해 기술됨을 보인다. 또한 벽돌 도표 상의

변환으로 브레인 벽돌 모형들 사이의 삼면성을 이해하고, 타원 지표를 통해 이를

정량적으로 검증한다.

두 번째 방법은 위상수학적 비틀기를 이용해 2차원 (0,2) 초대칭 이론의 양면

성을다른차원의초대칭이론의양면성과연결지어이해하는것이다.구체적으로,

Seiberg 양면성을 보이는 4차원 N = 1 초대칭 양자색역학 이론을 위상수학적 비

틀기가 적용된 구면에 컴팩트화 하면 삼면성을 이루는 2차원 (0,2) 색역학 이론을

얻는다. 이를 확장하여, 0차원 초대칭 게이지 행렬 모형의 사면성을 2차원 (0,2)

색역학이론의삼면성에서얻는다.이방법은알려진다양한초대칭이론들의낮은

에너지 양면성들 사이의 보다 깊은 관련성을 시사한다.

주요어: 초대칭, 양면성, 분배 함수, 끈이론, 타원 지표, 위상수학적 비틀기
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