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Abstract

EKF-based Visual-Inertial Navigation on
Matrix Lie group with Improved

Consistency

Sejong Heo

Department of Mechanical and Aerospace Engineering

The Graduate School

Seoul National University

Visual-inertial navigation system (VINS) is one of enabling technologies for

autonomous systems such as self-driving cars, unmanned aerial vehicles and

space robots. While most VINS algorithms rely on point features due to their

simplicity and abundance in the general environment, line features are alter-

native visual information in the low-texture environment compared to point

features. In principle, the combination of point and line features would provide

more geometric constraints about the structure of the environment than either

one, which motivates us to design robust VINS algorithm with point and line

features.

A system observability plays an key role in analyzing the consistency of

the state estimator. A state estimator is consistent, if the estimator errors are

un-biased and have covariance equal to the one calculated by the filter. The

nonlinear observability analysis for the VINS algorithms was carried out by
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finding the right null space of the observability matrix generated from the lin-

earized system and measurement model. Many researches have been reported

that the conventional VINS algorithms su↵er from the inconsistent state esti-

mates caused by obtaining spurious information along the unobservable direc-

tion, especially under the rotation about gravity direction.

In this dissertation, we present a novel visual-inertial navigation algorithm

using points and lines for low-cost and computationally constrained system in

GPS-denied environment. To improve the consistency and robustness, we model

the state space as a matrix Lie group, based on the recent theory of the invari-

ant Extended Kalman filter (IEKF) and simultaneously exploit the points and

lines as visual information for the VINS algorithm. The state-transition ma-

trix and the observation models using points and lines on matrix Lie group

are designed and described in details. In particular, as the main theoretical

contributions, we prove that the proposed estimator has a consistent property

for the rotation about gravity direction without any artificial remedies by cor-

responding observability analysis. This means that the proposed methods on

matrix Lie group using points and lines naturally enforces the state vector to

exist in the state space that maintains the unobservability characteristics. To

validate the performance of the proposed methods, simulations with synthetic

and real-world dataset are performed and the simulation results are matched

with the observability analysis.

Keywords: Visual-Inertial Navigation, Lie group, Invariant Extended Kalman

Filter, Observability Analysis

Student Number: 2014-31047
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Chapter 1

Introduction

1.1 Motivation and background

Navigation is the task of determining the pose (position and orientation) of

a sensing platform, using sensor measurements. An inertial navigation system

(INS) has been widely used to estimate the six degree-of-freedom (DOF) pose.

Most INSs generally use three-axis linear accelerations and angular velocities

measured by an inertial measurement unit (IMU) rigidly attached to the sensing

platform. It can provide the information about fast and highly dynamic motion

over a short period of time. However, it also su↵ers from unbounded errors

caused by integrating noisy IMU measurements [7, 8].

To overcome this problem, many INSs are aided with additional sensors or

systems that are capable of bounding the INS errors [9–11], like Global Posi-

tioning System (GPS). However, GPS might be unavailable or unreliable in the

environment where satellite signals can be interrupted, such as an urban canyon

or an indoor environment [12,13]. Various navigation systems have been devel-

oped in a GPS-denied environment. A common characteristic of these systems

is that they rely on high-quality sensors, and often require significant process-

ing power. However, in many applications like smart phone, mobile robot and

micro aerial vehicle (MAV), there are strict limitations for the size, weight,

computing power, and etc that excludes the use of high-end and high-quality
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Figure 1.1: The drone and autonomous car with cameras and IMUs

sensors [14, 15].

A camera is a small, light-weighted and low-power sensor that provides

rich information about the environment around the sensing platform. There-

fore, vision-based navigation systems have been extensively studied in recently

years [16]. With one camera, we can obtain the up-to-scale relative motion with

bounded errors [17–19]. Therefore, vision-based navigation systems need addi-

tional information or sensors that make it possible to provide absolute scale

information, like stereo vision [20,21], range sensors [22–24], and IMUs [25–27].

As a result, the fusion of IMU and camera information are attractive, because

it would enable mutual compensation of errors during GPS-outage [28–31]. In

addition, both IMUs and cameras do not require any external infrastructure.

Therefore, the resulting system has an advantage that can operate in any envi-

ronment.

The methods that fuse the information from cameras and IMUs for navi-

gation purpose are often called visual-inertial navigation system (VINS) meth-

ods [32–34]. The VINS is one of enabling technologies for autonomous systems

such as self-driving cars, unmanned aerial vehicles and space robots. For VINS

methods, the cameras detect and track the key visual features, which may

include points, lines, planes, or other features [35, 36]. Subsequently, the mea-
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surements of the IMU are used to predict the current rigid body motion and

corresponding uncertainties. While most VINS algorithms rely on point fea-

tures due to their simplicity and abundance in the general environment, line

features are alternative visual information in the low-texture environment com-

pared to point features [37–39] . In principle, the combination of point and line

features would provide more robust geometric constraints about the structure

of the environment than either one, which motivates us to design robust VINS

algorithm with point and line features.

On the other hand, many researches have been reported that the conven-

tional VINS algorithms su↵er from the inconsistent state estimates caused by

obtaining spurious information along the unobservable direction, especially un-

der the rotation about gravity direction. A system observability plays an key

role in analyzing the consistency of the state estimator. A state estimator is

consistent, if the estimator errors are un-biased and have the covariance equal

to the one calculated by the filter. The nonlinear observability analysis for VINS

was carried out by finding the right null space of observability matrix generated

from the linearized system and measurement model. And the breakdown of null

space characteristics due to the linearization error is known as the main cause of

the inconsistent VINS estimator. Many researches have been doing to improve

the consistency of VINS estimator. The most famous method is Observability-

constrained method that enforces the estimator to maintain the observability

characteristics. However, they requires additional memory and computation for

matrix optimization [40–42].

Recently, matrix Lie group representation for rigid body motion has been

successfully applied in handling the uncertainty of the rigid body motion more

precisely [1, 35, 36, 43]. Especially, in [43] and [1], it has shown that the uncer-

tainty propagation under SE(2) naturally represents the banana-shaped uncer-
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Figure 1.2: The uncertainty distributed in R
2 and SE(2) [1].

tainty distribution without performing the nonlinear propagation of the uncer-

tainty, like unscented transformation. The reasons for this success are minimal

representation without singularity and natural consideration of the underlying

structure of the rigid body motion. Fig. 1.2 shows the benefits of the matrix Lie

group to represent the 2D rigid body motion; the red contour means the XY

position distribution; the blue contour means the projected position distribu-

tion from the manifold; the blue dots are the samples of the resulting rigid body

motion with uncertainties. As can been seen, the blue contour matches the sam-

pling result better than the red contour. This shows that the uncertainties of

rigid body motion can be appropriately handled on the manifold. With the natu-

ral capability handling the rigid body motion and associated uncertainty, matrix

Lie group representation have been widely used to solve the optimization-based

VINS methods. Especially, Barrau et al. [6,44,45] proposed the invariant EKF

(IEKF) that possesses symmetric-preserving properties which means that the

error of the system is invariant under any transformation.
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Our aim is to implement a consistent VINS algorithm using points and lines

for low-cost and computationally constrained system in GPS-denied environ-

ment that is capable of running in real-time using not expensive hardware. It is

assumed that GPS measurements are not available, like the case for indoor or ur-

ban environments. Additionally, we assume that the sensors are well-calibrated

and corresponding parameters are known. The method should give an accu-

rate estimate of current pose and be consistent, which means that estimated

uncertainty of the current estimator is unbiased and matched with actual one.

Additionally, the algorithm should be able to work properly in any situation,

such as in the presence of moving objects, or low-texture environments like in-

door and urban areas. To improve the consistency and robustness, we model the

state space as a matrix Lie group, based on the recent theory of the invariant

Extended Kalman filter (IEKF) and simultaneously exploit the points and lines

as visual information for the VINS algorithm.

1.2 Objectives and contributions

The purpose of this study is to improve the performance and consistency of

the filter-based VINS algorithm for low-cost and computationally constrained

system through the recent theory of the invariant EKF and the corresponding

observability analysis.

The majority of VINS algorithms are developed for specialized robotic sys-

tems with high-end sensors and processors. In these systems, optimization-based

VINS methods are generally used, because of the availability of high-quality

sensor and high-computational ability. The optimization-based VINS method

performs iterative re-linearization, unlike the filter-based VINS method. By

contrast, in the resource constrained system, filter-based VINS methods are
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popular because of their light computational complexity.

In this dissertation, we propose the filter-based VINS algorithms for ad-

dressing the improvement of the performance and consistency using point and

line features. The main contributions of this dissertation are as follows:

• The state on the matrix Lie group and the error-state and the corre-

sponding uncertainties on the matrix Lie algebra are modeled to derive

a EKF-based VINS using points and lines. By handling the states on

matrix Lie group and linearize the nonlinear dynamic system with the

error-states on corresponding Lie algebra, the natural characteristics of

rigid body motion can be taken into account appropriately. Through this

modeling on the manifold, the uncertainties of the state can be invariant

under any constant transformation.

• The system and measurement model for the VINS methods using point

and line features are derived based on invariant EKF theory. IEKF has

been created by a combination of the symmetry-preserving theory and

EKF with geometrically adapted error-state. The system model for VINS

with right-invariant error is derived in detail. The point features are

parametrized with XYZ coordinates and the corresponding errors is rep-

resented with the position error and world orientation error. The line fea-

tures are parametrized with the Plücker coordinates that is represented

with the 6 dimensional vector. But, corresponding error is handled with

the orthonormal representation of 4 DOF. In particular, as the main the-

oretical contribution, we drive the line measurement model with minimal

parametrization on matrix Lie group, for the first time.

• The observability analysis of the IEKF-based VINS using points and lines

is performed, for the first time. The observability analysis of conventional
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EKF-based VINS is well studied. The main cause of the inconsistency in

conventional EKF-based VINS is the linearization error in the state esti-

mate. Due to the linearization error in the state, there will be a di↵erence

between the null space of the ideal case and that of real case. As a result,

the conventional EKF-based VINS mistakenly think that unobservable

subspace can be observed. By leveraging the IEKF theory to the VINS,

this phenomenon can be fixed. Small number of researches have been con-

ducted on the consistency improvement of IEKF-based VINS using point

features. Most of them are proved that the state of the filter is invariant

under any stochastic rigid body transformation. However, in this disserta-

tion, we proved the consistency improvement of the IEKF-based VINS by

computing the right null space of the observability matrix. With analytic

solution of the state transition matrix of IEKF-based VINS, we show that

the right null space of the IEKF-based VINS using point and line features

are independent of the linearization error. This consistency improvement

is also verified with the Monte-Carlo simulation and real-world datasets.

1.3 Organization of the dissertation

The remainder of the dissertation is organized as follows.

In chapter 2, we begin with an overview of the related literatures on VINS.

The brief explanation and concept are provided from the visual odometry (VO)

to recent visual-inertial SLAM (VI-SLAM) methods. With this background, we

will focus the EKF-based VINS for the small, light-weight, resource-constrained

system.

In chapter 3, we introduce some mathematical preliminary knowledge on

matrix Lie group and Lie algebra, which will be used in the following chapters.
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After reviewing matrix Lie group, we will provide the fundamental knowledge

about IEKF with matrix Lie group. IEKF follows the general EKF framework,

while the state and error-state are handled on Lie group and corresponding

Lie algebra, respectively. By considering the geometric structure of the state

space, the symmetric-preserving property can be achieved. Roughly speaking,

the symmetric-preserving property means that the solution of the system re-

mains in the same group. With this property, the system error dynamics are

independent of state variables. This makes that the observability matrix of the

VINS on manifold has more simple structure than that of conventional VINS.

Chapter 4 contains a detailed derivation of the IEKF-based VINS using

point features over the sliding window. We choose the multi-state constraint

Kalman filter (MSCKF) as the basic framework of our VINS methods. The

computational complexity of MSCKF is linear in the number of features and it

does not su↵er from assumptions about the nature of the features. Instead of

estimating the feature parameters in the filter, it maintains a sliding window

of corresponding poses from which features are accurately triangulated. The

feature information is just used as constraints between the poses over the sliding

window. The observability analysis of the MSCKF is mathematically identical

to that of EKF-SLAM. However the analysis of sliding window method is more

complex than that of EKF-SLAM. As a result, the introduction of EKF-SLAM

is provided for the observability analysis. And the detailed explanation of the

conventional MSCKF is also provided for comparison with proposed IEKF-

based MSCKF. Finally, the proof of the consistency improvement is derived by

computing the right null space of IEKF-based VINS.

Chapter 5 contains a detailed derivation of the IEKF-based VINS using line

features over the sliding window. We choose the Plücker coordinates to represent

the 3D line. The Plücker line has 6 DOF, but the 3D line is known to have 4

8



DOF. In this dissertation, the minimal parametrization based on orthonormal

representation is used to represent the error-state of the 3D line. By leveraging

this representation, the linearized line measurement model on matrix Lie group

is derived for the first time, to the best of our knowledge. After the detailed

derivation of the line measurement model, we proved that the right null space

of the IEKF-based VINS using line features is independent of the linearization

error in the state estimate.

Finally, in chapter 6, the major contributions of this dissertation is reviews

and an overview of the future research directions are presented.
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Chapter 2

Related Works

In this dissertation, we focus on navigation using an low-cost IMU and monoc-

ular camera because these sensors are suitable for small, light weight, resource-

constrained system. The methods that fuse IMUs and cameras for naviga-

tion are often termed visual-inertial navigation system (VINS) method. In this

framework, the cameras are used to detect and track the visual features, which

can be points, lines, planes or etc. Subsequently, these features are compared

compared with a existing map. These information are fused with the IMU mea-

surements to estimate the motion of the sensing vehicle. In this chapter, we

provide the literature survey of related techniques as follows: first, we explain

the two techniques for the estimation of the motion from visual information,

are visual SLAM and visual odometry (VO) [19]; After that, the visual-inertial

navigation methods are discussed. the visual-inertial navigation methods can

be classified into two types according to the estimation method: filter-based

methods and nonlinear-optimization methods. We briefly review the two tech-

niques. Finally, the literatures about the invariant extend Kalman filter (IEKF)

are described.
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Figure 2.1: NASA’s Mars rover [2] that performed stereo VO method.

2.1 Visual Odometry

Visual odometry (VO) is a technique that estimates the relative motion be-

tween more than two frames obtained from cameras. The focus of technique

is solely the estimation of ego-motion; the real-time VO was first successfully

implemented by Nister et al. [2] for the Mars rover. The monocular systems

have several advantages over stereo systems in terms of cost, flexibility and

computational e�ciency. Despite this advantages of monocular systems, the

monocular visual system only provides bearing only information of visual fea-

tures. Therefore, the monocular VO su↵ers from the scale ambiguity as well as

an estimation drift, and a large amount of research is underway to solve these

problems [19, 46, 47]. In example, the bundle adjustment technique is used to

refine the motion estimation between multiple frames. It tries to optimize the

pose of the cameras but, in addition, it also optimizes the 3D feature parame-

ters at the same time by tracking the features in multiple frames. However, the

VO methods only provides up-to-scale relative motion in local environment.
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Figure 2.2: The snapshot of monoSLAM [3].

2.2 Visual SLAM

Visual SLAM is a technique that simultaneously estimates both the vehicular

motion and the surrounding environments, and this is generally based on the

optimization techniques over multiple keyframes. Visual SLAM can be treated

as an extension of VO methods with loop-closure [48, 49]. Loop-closure is the

process of finding association between the current features and existing maps.

With the help of loop closure, the estimation errors during VO can be e�ciently

eliminated.

Regarding visual SLAM, Davison et al. [3] first proposed the method for the

monocular vision system, and naming it monoSLAM. The algorithm uses an

EKF to estimate pose and map. Due to the computational complexity, it only

uses approximately 100 features in the map for constant time computation. This

caused a slight reduction in accuracy in exchange for real-time implementation.

Also, it is still limited to a small area because of small feature capability. Ad-

ditionally, MonoSLAM su↵ers from the inconsistency and numerical instability

due to the parameterization of features. The inverse depth parametrization has

been proposed in [50] to improve the consistency and numerical stability of the

12



(a) (b)

Figure 2.3: The snaphots (a) and flowchart (b) of PTAM [4].

estimator. Expressing point features with inverse depth allows for handling the

uncertainty more appropriately with the high degree of linearity.

The parallel tracking and mapping (PTAM) [4] proposed the idea that vi-

sual SLAM can be implemented in real-time by running tracking of pose and

mapping of the environment in two simultaneous pipelines. Unlike [3], PTAM

can handle thousands of feature in real-time by separating the mapping process.

On the other hand, to separate the mapping process, the correlation between

the pose and map are simplified.

Although, there have been many researches for visual SLAM to improve the

feature capability and performance, monocular visual SLAM methods have the

same weakness of the inability to provide the scale information.

2.3 Filter-based VINS

As mentioned above, monocular VO and V-SLAM su↵ers from scale ambiguity.

Because the projective model of a single camera removes depth information from

13



the 3D scene. Many vision-based navigation algorithms, such as PTAM, have an

initial scale information obtained from prior information or other sensors. How-

ever, as error accumulates during estimation process, the scale estimate drifts

over time. Therefore, visual-inertial navigation system (VINS) methods , which

fuse the information from cameras and IMUs can be attractive as explained in

the introduction. VINS methods can be interpreted as an extension of the VO

technique that incorporates inertial measurements to improve the robustness

and accuracy of the system without the limitation of the scale ambiguity.

Among various VINS methods, the filter-based approach is preferred be-

cause of its low computational complexity.

The visual-inertial odometry (VIO) is the VINS method that estimate only

current pose of a sensing vehicle. VIO attains low computational complexity by

focusing pose estimation without the overhead of building a feature map. The

term visual inertial odometry was first mentioned by Li and Mourikis [51]. The

main di↵erence with respect to visual-inertial SLAM (VI-SLAM) is the absence

of the loop-closure process, which uses the estimated feature correspondence to

form a bound for the accumulated errors during the motion estimation process.

Same as V-SLAM, VIO methods have the drawback that the motion estimation

error would not be bounded due to the absence of loop-closure, As a result, the

focus of many VIO researches comprises the way that the filter consistency can

be increased and the and slowing down of the increasing errors [40,51]. However,

VIO methods are considered as more suitable for a resource-constrained system

because of the large computational complexity of the loop closure process

The EKF-based VIO algorithms can be classified into two types according

to the construction of the state variables: SLAM-based methods and sliding-

window methods. In the former class, state vector contains the navigation pa-

rameters and the 3D feature positions visible to the camera [30,31]. On the other
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Figure 2.4: The illustration of concepts of VIO methods.

hand, state vector of the latter class contains the sliding window of the poses

when the images are captured, instead of the 3D feature positions. The EKF-

SLAM and multi-state constraint Kalman filter (MSCKF) are a well-known

EKF-based VIO algorithm that can be classified into each type, respectively.

Conventional EKF-based VINS algorithms are known to be inconsistent

[52,53], because they tend to obtain the spurious information despite the unob-

servable transformation. In various papers [51,53,54], conventional EKF-based

VINS algorithms are known to underestimate the uncertainties of the unob-

servable states, leading to inaccurate estimates. The works of Hesch et al. [41],

Huang et al. [54] have proved that the EKF-based VINS algorithms cannot

observe the global translation and the rotation about the gravity direction.

And the works of Li et al. [51] and Huang et al. [53] have shown that the key

cause of this inconsistency is related with the breakdown of the unobservablility

characteristics. To tackle this problem, the observability-constrained algorithms
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are proposed to improve the consistency of the conventional EKF-based VINS

by enforcing the estimator to be unobservable under an unobservable trans-

formation. To exploit observability-constraints, several artificial remedies are

proposed, like changing the linearization points for the state transition matrix

and measurement matrix [51], or changing the matrices themselves [53]. How-

ever, to perform observability-constrained methods, additional computations in

the measurement-update of the EKF framework are required.

2.4 Optimization-based VINS

Visual-inertial SLAM (VI-SLAM) was developed to provide a scale information

to V-SLAM methods by using measurements from IMUs. Most of VI-SLAM

methods are based on key-frame optimization. While exploring a map, it esti-

mate the pose and feature map with key-frame that is a sparse set of important

images describing the environment. One advantage of key-frame optimization

is that it retains outdated information for explicit use, instead of marginaliz-

ing old landmarks and camera poses. This make it possible to perform SLAM

methods over the large area. Each key-frame could be represented as a node

in a graph with local euclidean constraints. There have been multiple proposed

methods for optimizing this graph for real-time large scale SLAM.

Firstly, Kelly and Sukhatme integrated IMUmeasurements into the monoSLAM

motion- estimation process [55]. Leutenegger et al. [56] proposed a visual-

inertial SLAM based on nonlinear optimization methods, where not only the re-

projection error of the features from the visual measurements, but also the rela-

tive motion error from the inertial measurements, are minimized. This method

employs a windowed bundle adjustment that incorporates a set of keyframe

images and inter-keyframe IMU measurements that are recorded over a sliding
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Figure 2.5: The illustration of concepts of IMU pre-integration methods [5].

window in a probabilistic manner using a propagation of motion uncertain-

ties with IMU measurements. To avoid a repeated integrations of IMU mea-

surements between two consecutive keyframes and to infer them into a single

relative motion constraints, IMU pre-integration was first proposed by Lup-

ton et al. [57] and Forster. et al [5] to improve the performance of the visual

SLAM through consideration of the uncertainties on the state manifold and

the bias corrections. Fig. 2.5 shows the illustrative explanation of the IMU-pre-

integration methods. With the help of IMU pre-integration, IMU measurements

can be easily integrated with the existing V-SLAM methods.

2.5 Invariant extended Kalman Filter

Recently, manifold representation of the state variables has been rising in popu-

larity in the field of computer vision and robotics. Especially, matrix Lie group

representation for rigid body motion has been successfully applied in handling

the uncertainty of the rigid body motion more precisely. In example, Barfoot et

al. [43] and Gilitschenski et al. [1] have shown that the uncertainty propagation

under SE(2) group naturally represents the banana-shaped uncertainty distri-

bution without performing the nonlinear propagation of the uncertainty, as in
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(a)

(b)

Figure 2.6: The concepts of IEK((a): uncertainty on manifold, (b): flowchart [6].

unscented transformation. The reasons for this success are minimal represen-

tation without singularity and natural consideration of the underlying struc-

ture of the rigid body motion. With the natural capability handling the rigid

body motion and associated uncertainty, matrix Lie group representation have

been successfully utilized to solve the optimization-based visual-inertial SLAM.

Forster et al. [5] proposed IMU-preintegration method on manifold that deals

with the preintegrated IMU measurement error in a probabilistic manner to

achieve better convergence and accuracy.

For filter-based algorithms, multiplicative EKF (MEKF) [58, 59], widely

used in the field of aerospace and robotics, is the ad-hoc modification of the
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classical EKF designed to operate in the Euclidean space, to handle the rotation

in SO(3). Barrau and Bonnable [45] proposed the invariant EKF (IEKF), as

the nonlinear observer that possesses symmetric-preserving properties. Roughly

speaking, the Lie group symmetry means that the solution of the system re-

mains in the same group. Bourmaud et al. [60] proposed the EKF on matrix

Lie groups that can be applied discrete system, but they did not guarantee the

preservation of the symmetries.

The IEKF have been applied to the inertial navigation [61] and 2D EKF-

SLAM [62] and 3D EKF-SLAM [63, 64]. Especially, Barrau et al. [62] proved

the consistency improvement in the 3D SLAM by the analysis that Fisher in-

formation always decreases along the unobservable direction with information

matrix and Brossard et al. [64] applied the matrix Lie group structure to EKF

and UKF for the 3D SLAM. Wu et al. [65] also showed the consistency im-

provement in the 3D SLAM using point features by the analysis that IEKF is

invariant under any unobservable transformation defined by the author. Unlike

the above approach, we exploit points and lines simultaneously and proved the

consistency improvement by the observability analysis, which is frequently used

in the control and estimation field.
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Chapter 3

Preliminaries

Many navigation problems require proper operation that handles the attitude or

pose, which have nonlinear properties. A traditional method that parameterizes

the attitude is a vector that consists of Euler angles. However, the attitude is

not a Euclidean vector space, actually it is a non-Euclidean matrix space that

has a special structure. Generally, a parameterization on non-Euclidean space

into the Euclidean space may lead to representation singularity and non-proper

metric comparison.

Actually, the attitude and pose are the Lie group, SO(3) and SE(3), respec-

tively [5, 66]. The Lie group is a group that also has the structure of a smooth

manifold that group composition and inverse operation are smooth. Due to

handle this nonlinear property of SO(3) and SE(3), the optimization on the

manifold is known for providing successful and robust optimal solution in the

field of computer graphics and vision. Recently, Many researchers in robotics

and SLAM community are trying to apply the strategy which perform the op-

timization on the manifold for motion estimation or interpolation. The matrix

Lie group concept has the advantages that we can directly handles the SO(3)

and SE(3) as the state without a vectorized parametrization and naturally take

into account the constraints that they have. Therefore, we can obtain more

accurate and robust estimation results.
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In this section, the notations and properties for matrix Lie group and the

associated Lie algebra that will be used for EKF-based VIO algorithm are

provided. For more formal introduction of the concepts that are introduced in

this manuscript, interested readers can refer to [43] and [67].

3.1 Lie group and Lie algebra

Figure 3.1: The concept of manifold (2D case)

A manifold is a set M with an associated 1-1 map ' : U ! M from an

open subset U ⇢ R
m called global chart or global coordinate for M. M is a

topological space where every point p 2 M is endowed with a local Euclidean

space. Informally, a manifold is built by gluing together small pieces of Rm:

topological set + set of charts. However, the global structure is not Euclidean.

A chart is the bijective parametrization of a m-dimensional manifold into R
m.

They enables doing calculus on manifolds. An atlas is a collection of charts that

covers the entire manifold.

A smooth manifold is a pair (M,A) where

• M is a set.

• A is a family of 1-1 global charts ' : U ! M from some open subset

U ⇢ R
m.

• For any two charts, ' : U ! M and  : V ! M in A, their corresponding

changes of variables is a smooth di↵eomorphism  �1
� ' : U ! V 2 R

m.
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Figure 3.2: The concept of smooth manifold (2D case)

Figure 3.3: The smooth map between manifold

Note that f : x 2 R
n
! y 2 R

m is Cr di↵eomorphism, if n = m, f is 1-1

and f, f�1
2 Cr(Cr: smooth(continuous di↵erentiable) function to rth order).

The smooth manifold is important because we can define smooth map between

manifolds.

A Lie group G is a group which also has a structure of smooth manifold such

that group composition and inversion are smooth operations [68]. If G ⇢ R
n⇥n

is a matrix Lie group, G is a subset of squared invertible matrices that satisfies

following properties:

• Closure: g1 · g2 2 G, 8g1,g2 2 G

• Associativity: g1 (g2 · g3) = (g1 · g2)g3, 8g1,g2,g3 2 G,
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• Identity: There exists unique I 2 G such that I · g = g · I = g, 8a 2 G.

• Invertibility: There exists an inverse g�1
2 G such that g�1

· g = g ·

g�1 = I, 8g 2 G.

A Lie group has an interesting property that they can be locally identified

with a tangent space. The Lie algebra g associated with Lie group G ⇢ R
n⇥n

is the tangent space of G at the identity I. The tangent space of a matrix Lie

group has the same structure at all group elements, through group action. In the

case of matrix Lie group, the group action of G is just a matrix multiplication.

The basis of the Lie algebra are called generator. The tangent space of G can

be represented as the linear combination of the generators. In other words, the

tangent space can be parameterized with an Euclidean vector space in R
n. This

vector space associated with Lie algebra g is called the chart of Lie group G.

To express this linear mapping, the ^ and _ operators are used as follows:

(·)^ : Rn
! g; (·)_ : g ! R

n (3.1)

Importantly, the tangent space associated with a Lie group provides optimal

space in which to represents di↵erential quantities of the group. Therefore, with

Figure 3.4: The tangent space of manifold and corresponding Euclidian space

(chart).
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Figure 3.5: The exponential and logarithm map between the manifold and cor-

responding tangent space with geodesics

the Lie algebra, we can treat the matrix Lie group dynamics maintaining the

underlying special structure of the group. The exponential map and logarithm

map are the smooth maps between a Lie group and Lie algebra.

3.1.1 Exponential map

The exponential map associates the elements in the tangent space exactly into

the elements in the group. We can define the logarithm map as the inverse

mapping of the exponential map, because exponential map is locally bijection.

For more notational convenience, we define the mapping between the Lie group

and the chart, as follows:

expG : Rn
! G (3.2)

logG : G ! R
n (3.3)

For any matrix Lie group, exponential map (at identity) can be represented

as follows:

expG(⇠) =
1X

k=0

1

k!
Ak (3.4)
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where ⇠ 2 R
n and A = ⇠^ 2 g. expG(⇠) is the point in G that can be reached

by traveling along the geodesic pasing through the geodesic passing through

the identity I in direction A, for a unit of time.

3.1.2 Logarithm map

The logarithm map can be also represented as follows:

logG(X) =

" 1X

k=1

(�1)k+1

k
(X� I)k

#_
(3.5)

where X 2 G ⇢ R
n⇥n. To use the tangent space at any element in G, the trans-

formation of a tangent vector from one tangent space to another is necessary.

The adjoint representation AdG : Rn
! R

n performs this transformation as

follows:

AdG (⇠) =
�
G⇠^G�1

�_
(3.6)

exp (AdG (⇠)) = Gexp (⇠)G�1 (3.7)

We can extend this adjoint mappint to the chart of G, by the mapping

adG : Rn
! R

n⇥n, as follows:

adG
�
⇠^1
�
⇠2 =

⇥
⇠^1 , ⇠

^
2

⇤_
(3.8)

where the binary operator [·, ·] is the Lie bracket.

3.1.3 Jacobian of exponential map

The matrix Lie groups are not generally commutative and require the (left)

Jacobian Jl of the exponential map with respect to the corresponding chart to

handle this property as follows:

expG (x+ y) ⇡ expG (Jl(y)x) expG (y) (3.9)
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In this case, we assume x is small.

Jl(x) =
1X

k=0

1

(k + 1)!

�
x^�k

⇡ In +
1

2
x^ (3.10)

The additive increments in the Lie algebra can be converted to multiplicative

increments in the Lie group. A similar first-order approximation for small x

holds for logarithm map:

logG (expG(x)expG(y)) ⇡ J
�1
l (y)x+ y (3.11)

These mappings are computationally expensive. Therefore, we define retraction

and lifting as an approximations with � : G ⇥ R
n
! G and � : G ⇥ G ! R

n

operators as follows:

a� ⇠ ⇡ expG(⇠)a, 8a 2 G, ⇠ 2 R
n (3.12)

a� b ⇡ logG(ba�1), 8a,b 2 G (3.13)

A retraction is required to be tangent to geodesics on the manifold G at

a. We can define many retractions for G and the choice of retraction has a

significant impact on the performance and consistency of the filter [65].

Based on the basic knowledge of an matrix Lie group, the properties of some

matrix lie group that will be used in the later chapters.

3.1.4 SO(3)

The special orthogonal group SO(3) as a 3-dimensional manifold is also called

rotation matrix group, defined as

SO(3) = {R 2 R
3⇥3

|R|R = I3, det(R) = 1}. (3.14)

Generally, an element in SO(3) is usually used to represent the orientation of a

coordinate system, etc or the transformation of vector rotation.
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The Lie algebra of SO(3) is so(3) that can be parmetrized as R
3 and is

defined as follows:

so(3) =
�
⌦ 2 R

3⇥3
|⌦+⌦T = 0

 
(3.15)

where

⌦ = �^ =

2

6664

0 ��3 �2

�3 0 ��1

��2 �1 0

3

7775
,� =

2

6664

�1

�2

�3

3

7775
2 R

3 (3.16)

The exponential map (at the identity) of SO(3) is

exp (�) = I+
sin(k�k)

k�k
�^ +

1� cos(k�k)

k�k2
�
�^�2 (3.17)

if k�k ⇡ 0, then the exponential map can be approximated as follows:

exp (�) ⇡ I + �^ (3.18)

The logarithm map of SO(3) is

log(R) =


'(R�RT )

2sin(')
,' = cos�1

✓
tr(R)� 1

2

◆�_
(3.19)

The left Jacobian and its inverse is:

Jl =
1X

k=0

1

k + 1

�
�^�k =

Z 1

0
R↵d↵

= I +
1� cos(k�k)

k�k2
�^ +

k�k � sin(k�k)

k�k3
�
�^�2

(3.20)

J�1
l =

1X

k=0

Bk

k!

�
�^�k

= I �
1

2
�^ +

✓
1

k�k2
+

1 + cos(k�k)

2k�ksin(k�k)

◆�
�^�2

(3.21)

Note that Bk is the Bernoulli number.
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3.1.5 SE(3)

The special Euclidean group SE(3) is a 6-dimensional manifold, defined as

SE(3) :=

8
<

:

2

4 R r

01⇥3 1

3

5 2 R
4

������
{R, r} 2 SO(3)⇥ R

3

9
=

; (3.22)

Generally, an element in SE(3) is usually used to represent the pose of a coor-

dinate system or rigid body transformation. The Lie algebra of SE(3) is se(3)

that can be parametized as R6.

se(3) :=

8
<

:⌅ = ⇠^ =

2

4 �^ ⇢

01⇥3 0

3

5 2 R
4

������
⇠ =

2

4⇢

�

3

5 2 R
6

9
=

; (3.23)

where � is related with so(3), ⇢ is related with translation r, ⇢ = J lr.

The exponential and logarithm Map(at the identity) cannot be explicitly

unlike SO(3). Therefore, they are computed by using the series form directly.

exp(⇠) =
1X

n=0

1

n!

�
⇠^
�n

=
1X

n=0

1

n!

2

4 �^ ⇢

01⇥3 0

3

5
n

=

2

4
P1

n=0
1
n!

�
�^�n

⇣P1
n=0

1
(n+1)!

�
�^�n

⌘
⇢

01⇥3 1

3

5

=

2

4 R Jl⇢

01⇥3 1

3

5 = {exp(�),Jl⇢}

(3.24)

To apply transform directly to se(3), another Operator f and g are required.

⇠f =

2

4 �^ ⇢^

03⇥3 �^

3

5 (3.25)

�
⇠f
�g

= ⇠ (3.26)
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Figure 3.6: The uncertainties on the manifold that has gaussian uncertainty in

the tangent space (S)3 case).

The left Jacobian and its inverse is:

Jl(⇠) =
1X

n=0

1

(n+ 1)!

�
⇠^
�n

=

2

4Jl Ql

03 Jl

3

5 (3.27)

where

Ql =
1X

n=0

1X

m=0

1

(n+m+ 2)!

�
�^�n ⇢^ ��^�m (3.28)

3.2 Uncertainties on Matrix Lie Group

The simple additive noise strategy cannot be used to deal with the gaussian

uncertainties in matrix Lie group G, because G is not a simple Euclidean vector

space. Instead, we consider the gaussian uncertainties on the vector space R
n

associated with Lie algebra g (the tangent space at identity) and transform

them by exponential map. We can define the Gaussian random distribution

XR ⇠ NR(X̄,⌃) as follows [43]:

XR , expG(⇠) · X̄, ⇠ ⇠ N (0,⌃) (3.29)

where the subscript R means that the Gaussian distribution on G is invariant

with the right multiplication. As can be seen, NR is not exact Gaussian distri-
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bution. The distribution of random variable X 2 G can be computed explicitly

from the properties of pdf,
R
p(⇠)d⇠ = 1:

1 =

Z
p(⇠)d⇠

=

Z
1p

(2⇡)ndet(⌃)
exp

✓
�
1

2
⇠T⌃�1⇠

◆
d⇠

=

Z
1p

(2⇡)ndet(⌃)
exp

✓
�
1

2
(log(X�1X̄))T⌃�1(log(X�1X̄))

◆
1

|det(J )|
dX

(3.30)

Note that dX = |det(J (⇠)| d⇠

With the assumption that ⇠ 2 R
n is su�ciently small and consequently,

an infinitesimal volume element in G is equal to that in R
n, |det(J (⇠)| can be

approximated as 1. As a result, the probability density function of X can be

approximated as follows:

pR(X) = �(X)e�
1
2klogG(⌅)k⌃2 (3.31)

where ⌅ = XRX̄�1 = expG(⇠) is the right-invariant error in G and �(X) =

1/
p
(2⇡)ndet(⌃).

This is referred to as the concentrated Gaussian distribution (CGD) in [60].

The advantage of CGD is that we can easily transform the uncertainty in the

chart of G↵ into the uncertainty in G↵. In other words, the mean of the Gaus-

sian distribution on the manifold can be computed in manifold, maintaining the

special structure of the manifold, while the associated uncertainties can be han-

dled in the chart of the manifold [60]. And also, any right matrix multiplication

applied to XR cannot change the covariance matrix ⌃.

3.3 Invariant Extended Kalman Filter

In this section, a brief introduction to the invariant extended Kaman filtering

(IEKF) [45] is described. The state estimation problem for on aided-inertial
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navigation systems is a typical nonlinear problem. The EKF-based approaches

generally su↵ers from handling the nonlinearity, because the Gaussian uncer-

tainty of the system becomes non-Gaussian when passing through the nonlinear

system. However, when the system possesses the geometric characteristics with

symmetries under a group transformation, the system can be designed to have

the property that the uncertainty of the system remains same under a group

transformation, namely the invariant observer, which is originally proposed by

Bonnabel et al. [31,32].

The invariant observer theory was first proposed by S. Bonnabel et al. Al-

though several researchers have applied the invariant observer approach in the

development of GPS aided inertial navigation in outdoor environments [12],

and SLAM frameworks for mobile robots [13], we seek to adapt the systematic

approach to the design of the invariant observer as IEKF to solve the state esti-

mation problem for a vision-aided inertial navigation application in GPS-denied

environments. Especially, we focus on the right invariant extened Kalman Fil-

ter (RI-EKF). RI-EKF follows the general EKF framework, except that state

correction and the calculation of Jacobians are made in the manifold. With the

foundation of theoretical concepts of manifolds, we can now proceed to derive

the linear error propagation model from the continuous time dynamics of the

manifold.

The primary feature of the invariant observer is that it is built upon the sys-

tem’s symmetry geometry and yields an invariant form of the state estimation

error, which significantly simplifies the derivation of the observer gains and con-

vergence analysis, making the observer particularly suitable for computationally

constrained systems, like MAVs and mobile robots.
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3.3.1 System Symmetries

Consider the following dynamics of a non-linear system:

Ẋ = f (X ,u)

y = h (X ,u)
(3.32)

where X denotes the state which belongs to a n-dimensional smooth man-

ifold M , the input u and the output y belongs to the manifold U and Y,

respectively. (3.32) can be seen as as smooth map F : M ⇥ U ! M. Let G

be a Lie group associated with the system, consider the transformation group

actions on M and U , which is defined by [45]:

'g : G⇥M ! M,  g : G⇥ U ! U where g 2 G (3.33)

The system is defined to be G-invariant, if the system dynamics satisfies [45]:

f('g(x), g(u)) = d'g(x) � f(x, u), 8g 2 G, 8x 2 M, 8u 2 U (3.34)

d

dt
'g(x) = f('g(x), g(u)), 8g 2 G, 8x 2 M, 8u 2 U (3.35)

The system output is defined to be G-equivariant, if the system output h(X ,U)

satisfies [45]:

h('g(x), g(u)) = ⇢g(h(x, u)), 8g 2 G, 8x 2 M, 8u 2 U (3.36)

where ⇢g : G⇥ Y ! Y is a transformation group action acting on U .

For a system with G-invariant dynamics and G-equivariant output, there

exists an invariant observer ˙̂x = F(x̂, u, y), that has the following property:

'g � F(x̂, u, y) = F ('g(x), g(u), ⇢g(y)) (3.37)

Therefore, the observer is unchanged by transformation and preserve the sym-

metries of the system.
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3.3.2 Invariant error

Let G and g ⇢ R
n⇥n be a matrix Lie group and corresponding Lie algebra,

respectively. We consider invariant dynamic systems

d

dt
X t = f (X t,ut) = fut (X t) , 8X t 2 G (3.38)

Consider two distinct trajectories X t and X̂ t of (8) as a true trajectory and

estimated trajectory, respectively. Define the left-invariant and right-invariant

errors ⌅L
t and ⌅R

t between as the deviation between the true state X t 2 G and

the estimated state X̂ t 2 G, as follows:

⌅L
t , X

�1
t X̂ t (left invariant error) (3.39)

⌅R
t , X̂ tX

�1
t (right invariant error) (3.40)

The invariant error can be modeled with the corresponding Lie algebra g as

follows:

⌅ = exp (⇠t) , 8⇠t 2 R
n (3.41)

⇠t , X t � X̂ t (3.42)

The left and right terminology stems from the invariance of the left and

right transformation. The invariant errors have state-trajectory independent

propagation property, if they satisfy a error-state dynamics:

d

dt
⌅t = gut(⌅t) (3.43)

3.3.3 Invariant extended Kalman filter

In general, the error-state dynamics is a complicated function depending on

ut and both estimated trajectory X t and true trajectory X̄ t. The Theorem 1
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in [45] shows the condition where the system is invariant.

• The left(right) invariant error is trajectory-independent.

• For all t > 0 and a,b 2 G, fut(ab) = fut(a)b+afut(b)�afut(Id)b, where

Id denotes the identity matrix.

If system is invariant, we can get invariant error-state dynamics as follows:

d

dt
⌅L

t = gL
ut
(⌅L

t ), where gL
ut
(⌅) = fut(⌅)� fut(Id)⌅ (3.44)

d

dt
⌅R

t = gR
ut
(⌅R

t ), where gR
ut
(⌅) = fut(⌅)�⌅fut(Id) (3.45)

To consider process and measurement noise, we can rewrite the dynamic

model on a matrix Lie groupG and associated observation model with equations

of follows:

d

dt
X t = f (X t,ut,⌘t) = fut (X t) +M(X t)⌘

^
t (3.46)

zn = h (X n, ✏n) = h (X n) +N(X n)✏
^
n (3.47)

where fut is the manifold dynamic system with input ut and state matrix Xt 2

G; ⌘t 2 R
n is the continuous white noise whose covariance matrix is Qt; zn is

the measurement at time tn in m-dimensional manifold G0
⇢ R

m⇥m and ✏n 2

R
m

⇠ N (0,Rn) is the white gaussian measurement noise. Note that system

model in (3.46) is the matrix di↵erential equation. With the consideration of

process noise, we can rewrite the linearized error-state dynamics as follows:

d

dt
⌅L

t = gL
ut

�
⌅L

t

�
� ⌘^

t M(⌅L
t ) (3.48)

d

dt
⌅R

t = gR
ut

�
⌅R

t

�
�

⇣
X̂ t⌘

^
t X̂

�1
t

⌘
M(⌅R

t ) (3.49)
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The linearized invariant error-state dynamic model is derived from a first-

order approximation of the nonlinear system associated to the error around X̂t

and can be re-writed as follows:

d

dt
X t = FtX t +Gt⌘t (3.50)

where Ft and Gt are the Jacobians with respect to the right-invariant error

and system noise in Lie group, respectively. The linearized observation model

is modeled by adapting the right invariant error, as follows:

z̃ = zn � ẑn = h
⇣
exp(⇠n)X̂ n, ✏n

⌘
� h

⇣
X̂ n, 0

⌘

⇡ Hn⇠n + Ln✏n

(3.51)

where Hn and Ln are the Jacobians with respect to the right-invariant error

and measurement noise.

Once the corresponding Jacobians are determined, the computation of the

state estimate and corresponding covariance is the same as a general EKF

framework. However, the nominal-state update is performed by the defined

retraction:

X̂ n|n = X̂ n|n�1 � ⇠n (3.52)

In contrast to the conventional EKF, the IEKF preserves the system symmetries

in that it uses an invariant output error-based correction term, and it yields a

simplified form of the error-state dynamics by using the invariant estimation

error. More over, the Jacobian matrices in (3.50) and (3.51) depend only the

invariant error. This makes the IEKF more computationally e�cient for practi-

cal applications and more robust under highly nonlinear system or observation.

Therefore, we apply the IEKF to the visual-inertial navigation and solve the

inconsistency problems caused by the breakdown of the unobservablility char-

acteristics of the system.
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Chapter 4

IEKF-based VIO using point features

In this chapter, a new approach for EKF-based VIO using point features is

presented. Recently, Lie group representation for rigid body motion has be-

come popular in vision-based localization. They can achieve better convergence

and accuracy for both filter-based algorithms and the nonlinear optimization-

based methods, because of their symmetric-preserving properties. In this case,

symmetry means that the error of the system is invariant under any transfor-

mation. The invariant extended Kalman filter (IEKF) is the combination of

the symmetry-preserving theory and the extended Kalman filter (EKF) which

makes the traditional EKF possess the invariant properties by using a geomet-

rically adapted stochastic error term. In [62], the right-invariant EKF (RIEKF)

for 2D SLAM is proposed, which also uses the Lie group representation for 2D

motion, and improved consistency is proven based on the analysis using the

Fisher information matrix. With the help of the RIEKF methodology, we de-

velop a sliding-window-based EKF for the VIO on matrix Lie group using point

features and prove the improvement of consistency and accuracy by observabil-

ity analysis. In the following sections, the proposed methods will be described

in detail.
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4.1 Introduction

The goal of the visual-inertial odometry is to estimate the current rigid body

motion of the sensing platform by using the visual and inertial information. It

only focuses the current motion estimation, unlike visual-inertial SLAM which

incrementally build the 3D model of the surrounding environment. The term

visual inertial odometry was firstly mentioned by Li and Mourikis. The main

di↵erence with respect to visual-inertial SLAM is the absence of the loop-closure

process, which uses the estimated feature correspondence to form a bound for

the accumulated errors during the motion estimation process. Due to the ab-

sence of loop-closure, the VIO techniques have the drawback that the motion

estimation error would not be bounded. As a result, the focus of many VIO

researches comprises the way that the consistency of the estimator can be in-

creased and the and slowing down of the increasing errors. Because of the large

computational complexity of the loop closure process, however, the VIO tech-

niques are considered as more suitable for a resource-constrained system.

Especially, the EKF-based visual-inertial navigation system (VINS) algo-

rithm can be classified into two types according to the method of building of

the measurement model. The loosely coupled methods simply fuse the visual

information with the inertial information by using the poses that are calculated

from the vision systems, and these operate independently by using structure-

from-motion(SFM) algorithms [30,69]. The loosely-coupled methods are simple

and easy to implement, but these techniques generally su↵er from the conver-

gence issue, if the scale-parameter initialization is inaccurate [70]. The tightly-

coupled methods directly fuse the visual and inertial information by employing

the feature information that is extracted from the image sequences.

The tightly-coupled EKF-based VIO algorithms can be classified into two
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(a) Loosely-coupled

(b) Tightly-coupled

Figure 4.1: EKF-based tightly/loosely coupled visual-inertial fusion

types according to the construction of the state variables: SLAM-based meth-

ods and sliding-window methods. In the former class, state vector contains the

navigation-related variables and the 3D feature positions visible to the cam-

era [31, 70]. On the other hand, state vector of the latter class contains the

sliding window of the poses when the images are captured, instead of the 3D

feature positions. The multi-state constraint Kalman filter (MSCKF) performs

a tightly-coupled fusion, thereby constraining the sliding window of poses in

the state vector in a probabilistic way without building a map [25, 51]. The

state vector of the MSCKF is made up of the parameters related with naviga-

tion and several past cloned poses over a sliding window. The MSCKF alter-

nates the state-propagation step, in which the inertial information is integrated

into the state vector and the covariance, and the measurement-update step, in

which the visual information refines the state vector and the covariance. To
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(a) EKF-SLAM

(b) MSCKF

Figure 4.2: The conceptual di↵erence between EKF-SLAM and MSCKF

calculate residuals for the measurement-update, the structure-only estimation

that reconstructs the no-longer visible 3D points or lines is performed with

the feature observations and their correspondence over the sliding window. The

sliding window plays a key role in the reduction of the estimation drift over time

by conjugating the visual-inertial information and providing the baseline; this

helps the MSCKF in the maintenance of the lower computational complexity

compared to the visual-inertial SLAM.

From the optimization perspective, the MSCKF minimizes the reprojec-

tion errors that are computed from structure-only estimation by using camera

measurements and camera states in the sliding window. During this procees,

conventional MSCKF (MSCKF-Conv) only considers the rotation in SO3, not
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considering the rigid body motion in SE3. In this chapter, we introduce the

conventional MSCKF using point features and describe the changes in the pro-

posed method in detail. Then, we analyze the observability properties of both

methods, especially by deriving the nullspace of the observability matrix. With

the help of above analysis, we can easily prove the improvement of the proposed

method.

Prior to entering the description of this chapter, the IMU and the EKF-

SLAM method should be discussed first. As above mentioned, the IMU-related

parameters are included in the state vector of the EKF-based VINS. We will

explain the IMU and related error model in the next subsection.

4.1.1 IMU State

An inertial navigation systems (INS) have been widely used to estimate the

six degree-of-freedom (DOF) pose of a sensing platform. Most INSs generally

use three-axis angular velocities and the accelerations measured by an iner-

tial measurement unit (IMU) that is rigidly attached to the sensing platform.

The INS su↵ers from unbounded errors which are caused by the integration of

noisy IMU measurements [7]. Modern MEMS IMU are cheap and widely used

for smartphones, small aerial vehicles and robots. Because the IMU captures

specific force and angular velocity, their measurement are generally used to pre-

dict the motion in the estimator. However, to predict the uncertainties of the

predicted motion, the noise modeling and characteristics of the IMU becomes

important.

IMU error model

An accelerometer measures specific force: the acceleration relative to a state of

free-fall with respect to the world frame. Actually, gravity does not cause linear

40



acceleration. Therefore, an accelerometer in free-fall measures zero acceleration,

while an accelerometer at rest on the surface of the earth, pointing upward

measures g, where is approximately 9.81 m/s2. These signals provide us with

information about the velocity change expressed in the local IMU frame. As

a result, to extract the linear acceleration from the accelerometer, accelerom-

eter measurements should be gravity-compensated before use for the motion

prediction.

Generally, an IMU consists of three accelerometers and three gyroscopes

that are all mounted orthogonally. The accelerometer measurement, Ĩf , which

are represented in the IMU frame, can be modeled as follows:

Ĩf = If + ba + na = WRI
T �Wa�

Wg
�
+ ba + na (4.1)

where Wa is the true linear acceleration of the IMU in the world frame; Wg is

the gravitational acceleration in the world frame; If are the true specific force in

the local IMU frame; ba and na are the bias and the noises of the accelerometer.

The noise na is a zero mean normally distributed random variable, na ⇠

N (0,⌃a). The bias, ba, generally changes over time and can be modeled as

a random walk process driven by the integration of the noise vector nba ⇠

N (0,⌃ba). Accelerometers can also su↵er from misalignment and scale errors.

However, for the simplicity of the model, misalignment and scale errors are

ignored in this manuscript.

The gyroscope measures angular velocity, I!, of the IMU with respect to

the world frame. Same as the accelerometer, it can be modeled by considering

bias and noise. The misalignment and scale error are ignored for the simplicity

of the modeling.

I!̃ = I! + bg + ng (4.2)

The noise ng is a white Gaussian noise such that ng ⇠ N (0,⌃g). The bias, bg, is
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modeled as a random walk process driven by the integration of the noise vector

nbg ⇠ N (0,⌃bg). Using these measurements, we can only infer the relative

rotation of the IMU between two time instants.

IMU State

The IMU state is defined with respect to a world reference frame {W}. The

coordinate frame {I} is a�xed to the IMU. Conventionally, to describe the

navigation information properly, corresponding quantities forms the IMU state

as follows:

xIk ,

2

6666666664

qWIk

WpIk

WvIk

bak

bgk

3

7777777775

(4.3)

The rotation from the world frame to the IMU frame at time step k is described

by the unit quaternion qWIk and can be parametrized into a rotation matrix

as R(qWIk) = WRIk . The position and velocity of the IMU with respect to

the world frame are represented by WpIk 2 R
3 and , WpIk 2 R

3, respectively.

Additionally, the biases of the accelerometer and gyroscope are represented

by bak 2 R
3, and bgk 2 R

3. For the notational convenience, we assume that

the camera frame {C} is aligned with the IMU frame {I} and drop out the

superscripts related with the world frame and the subscripts related with the

IMU frame hearafter.

Generally, the error state of the position, velocity and the calibration pa-

rameters can be modeled easily as the di↵erence between the true state and

the estimated nominal state, e.g. x̃ = x � x̂. However, the quaternion can’t

be represented by simple subtraction, because the quaternion which represents
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the rotation is not in the vector space. We define the error quaternion which

describes the di↵erence between true orientation and estimated orientation as

follows:

q
.
= q̂⌦ �q (4.4)

where �q s the error quaternion to match the estimated body frame to the true

one and ⌦ denotes quaternion multiplication. Generally, the orientation error

can be modeled minimally as the small di↵erence angles in three dimension, �✓.

Under the small angle assumption, �q can be approximated with �✓ as follows:

�q = q̂�1
⌦ q ⇡

2

4 1

1
2�✓

3

5 (4.5)

With above error definition, the IMU and camera pose error states are

defined as follows:

x̃Ik ,

2

6666666664

✓̃k

p̃k

ṽk

b̃ak

b̃g,k

3

7777777775

=

2

6666666664

vq (�qk)

pk � p̂k

vk � v̂k

bak � b̂ak

bg,k � b̂g,k

3

7777777775

(4.6)

where vq(�q) = �✓ is the mapping from the error quaternion to small angle

error.

4.2 EKF-SLAM

Prior to entering the this chapter, the EKF-SLAM method should be discussed

first, because the the EKF-SLAM is easier to analyze than the MSCKF in

analyzing the observability, however the observability property of the EKF-

SLAM is identical with that of the MSCKF [51].
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In EKF-SLAM algorithms, the total state vector is comprised of the IMU

state and the 3D feature positions. When the EKF-SLAM is used for the VIO,

the features that are no longer visible are removed from the state vector and

new features are added, in order to keep the computational complexity fixed.

The EKF-SLAM algorithm has an indirect Kalman filter form, of which the

state vector is divided into nominal state and error-state. With this framework,

the error-state dynamics can be approximated as a linear system. This property

o↵ers a great convenience that we can use linear Kalman filter framework to

perform EFK framework. The EKF-SLAM alternates the state propagation

step, in which inertial informations are integrated into the state vector and

covariance, and the measurement correction step, in which visual information

refines the state vector and the covariance. We first describe the state vector

and coordinate frames for the EKF-SLAM. Thereafter, the state propagation

and measurement correction of the EKF-SLAM are presented.

4.2.1 State representation

The state vector of the EKF-SLAM at time step k is defined as follows:

xk ,

2

6666664

xIk

pf1
...

pfM

3

7777775
(4.7)

where pfi , i = 1, 2, · · · ,M are the 3D position of the point features that are

visible at time step k. The point features can be parametrized in di↵erent ways

and this will lead to di↵erent estimate performance [71]. However, the e↵ect of

this parametrization has no critical impact to the estimation performance.
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4.2.2 State-propagation

In the state-propagation step, the inertial measurements from the IMU are used

to propagate the state and corresponding uncertainty.

By applying the IMU model (4.1) and (4.2), the continuous-time dynamics

are given as follows:

ṗ = v

v̇ = Rf + g

q̇ =
1

2
q⌦ ! =

1

2
⌦(!)q

ḃa = nba

ḃg = nbg

(4.8)

where nbaand nbg are the white Gaussian noise that derives bias drift of the

accelerometer and the gyroscope, respectively, and ⌦(!)is the quaternion right

multiplication matrix that is defined as follows:

⌦(!) ,

2

40 �!T

! b�!c⇥

3

5 (4.9)

where b!c⇥ is the skew symmetric matrix that is generated from !.

Linearizing at the continuous time dynamics can easily be derived by ap-

plying the hat operator (̂·) that means expectation of the state. By applying

the expectation on both sides of continuous dynamics equation, we can obtain

the continuous time state estimate model as follows:

˙̂p = v̂

˙̂v = R̂f̂ + g

˙̂q =
1

2
q̂⌦ !̂ =

1

2
⌦(!̂)q̂

˙̂ba = 03⇥1

˙̂bg = 03⇥1

(4.10)
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with f̂ = f̃ � b̂a and !̂ = !̃ � b̂g.

The features are assumed to be stationary, so the 3D positions of the point

features are not propagated from the inertial measurements. To propagate the

uncertainty of the state, the linearization of the dynamics is required. This can

be obtained by finding the linear system related with the error-state of the

EKF-SLAM.

The linearized continuous-time error-state equation is

˙̃x =

2

4 FI 015⇥3M

03M⇥15 I3M

3

5 x̃+

2

4 GI

03M⇥12

3

5⌘

= Fx̃+G⌘

(4.11)

where I3M denotes the 3M ⇥ 3M identity matrix that represents the M 3D

feature positions are stationary, FI is the continuous-time error-state transition

matrix corresponding the IMU state, and GI s the continuous-time system noise

matrix.

FI =

2

6666666664

(�!̂)^ 03 03 03 �I3

03 03 �I3 03 03

�R(q̂)(f̂)^ 03 03 �R(q̂) 03

03 03 03 03 03

03 03 03 03 03

3

7777777775

(4.12)

Note that FI depends on the IMUmeasurements. As a result, the state-transition

matrix between time steps depends on the trajectory of the sensing platform.

GI =

2

6666666664

03 �I3 03 03

03 03 03 03

�R(q̂) 03 03 03

03 03 I3 03

03 03 03 I3

3

7777777775

(4.13)
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GI is the Jacobian with respect to the IMU noise parameters ⌘I .

⌘ =

2

6666664

na

ng

nba

nbg

3

7777775
(4.14)

The system noise ⌘ ⇠ N (0,Qc) is the white Gaussian noise that has the corre-

sponding covariance matrixQc. The system noise covariance matrixQc depends

on the IMU noise characteristics and is computed based on the data sheet.

In practice, the IMU measurement and observations from the sensors are

generally sampled discretely. Therefore, to derive state-propagation, it is gen-

erally assumed that IMU measurement at time tk remain constant or change

linearly before new measurements are received. These assumptions will intro-

duce approximations, which will be small if the sample rate is su�ciently high.

We can propagate the IMU state by numerical integration of continuos-time dy-

namics. In order to propagate covariance, we compute the discrete-time state

transition matrix �k+1|k from time tk to tk+1, as the solution of the following

matrix di↵erential equation:

�̇(⌧, tk) = Fc(⌧)�(⌧, tk), ⌧ 2 [tk, tk+1] (4.15)

where �(tk, tk) = I. This can be solved analytically or numerically. We also

compute the discrete noise covariance Qdk mantrix as follows:

Qdk =

Z tk+1

tk

�(tk+1, ⌧)GcQcG
T
c �(tk+1, ⌧)

Td⌧ (4.16)

With this discrete noise covariance Qdk , the propagated covariance of the state
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is computed as follows:

Pk+1|k = �k+1|kPk|k�
T
k+1|k +Qdk (4.17)

=

2

4�Ik+1|kPIk|k�
T
Ik+1|k

+QIdk �Ik+1|kPIFk|k

PFIk|k�
T
Ik+1|k

PFk|k

3

5 (4.18)

where PIk|k is the covariance matrix of the IMU state at time tk, PFk|k is

the covariance matrix of the features and PIFk|k is the cross-covariance matrix

between the IMU state and the features.

4.2.3 Measurement-update

In EKF-SLAM algorithms using point features, the measurement-update occurs

when a new point features are obtained from the camera. The location of each

point feature in the image is determined from the association procedure like

feature tracking and compared to the corresponding reprojected location in

the image based on the current IMU state. The set of residuals corresponding

the visible features is then used in measurement-update. Since point feature

measurement model is nonlinear, a linearized approximation is used to obtain

a linearized residual.

Point features

The observation of the feature i at time tk is the location of the point feature

in the image. The pinhole camera model is generally exploited to build up

the visual observation model. Assuming a well-calibrated perspective camera of

which we know the information about the intrinsic and extrinsic parameters, a

visual measurement z = [u, v]T is the pixel position which is extracted from an

image as a key information. z(i)k can be modeled from the position of the ith
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feature in the camera frame at time tk, Ckpfi =
h
x(i)k y(i)k z(i)k

iT
as follows:

z(i)k =

2

4u
(i)
k

v(i)k

3

5

= ⇡
⇣
xIk|k ,

Ckpfi

⌘

=


uc +

fux
(i)
k

z
(i)
k

vc +
fvy

(i)
k

z
(i)
k

�T
+ n(i)

k (4.19)

where [uc, vc]T is the principle point of the camera, [fu, fv]T are the focal

length of image plane x, y axis and n(i)
k is the white Gaussian noise which is

caused by tracking error and image noise. For simplicity, we assume that camera

frame {C} coincides with the IMU frame {I}. Ckpfi is easily defined from the

spatial relation ship between the position of the ith feature and the position

and orientation of the IMU at time tk in the world frame as:

Ckpfi =
CkR̂W (p̂fi � p̂Ik) (4.20)

where p̂fi is the position of the ith feature at time tk in the world reference

frame.

Point feature measurement model

We employ the residual between the visual measurement and the reprojection

and its linearilized approximation:

r(i)k = z(i)k � ẑ(i)k (4.21)

=
@⇡

@x̃Ik|k

⇣
x̂Ik|k ,pfi

⌘
x̃k|k + n(i)

k (4.22)

= H(i)
I x̃Ik|k +H(i)

f p̃fi + n(i)
k (4.23)

where @⇡
@x̃Ik|k

⇣
x̂Ik|k ,pfi

⌘
is the Jacobian matrix of perspective projection func-

tion ⇡() with respect to the EKF-SLAM state, x̂Ik|k . It can be partitioned as
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the H(i)
I and H(i)

f that are the Jacobians with respect to x̂Ik|k and f̂i, respec-

tively. This is a sparse matrix, containing nonzero blocks only at the locations

corresponding to the IMU state (position and orientation) and the ith feature:

H(i)
k =

h
H(i)

✓ H(i)
p 02⇥9 · · · H(i)

f · · · 02⇥3

i
(4.24)

where H✓, Hp and Hfi are the Jacobians of the measurement model with re-

spect to the orientation, position and ith feature, respectively. This linearized

measurement error model is used, independently for each feature. Then, the

residual vectors from N features are stacked together.

2

6664

r(1)k
...

r(N)
k

3

7775
=

2

6664

H(1)
k
...

H(N)
k

3

7775
x̃k +

2

6664

n(1)
k
...

n(N)
k

3

7775
(4.25)

rk = Hkx̃k + nk (4.26)

Kalman gain & state correction

The covariance of the residual is computed :

Sk = HkPk|k�1Hk
T +Rk (4.27)

and Kalman gain,

Kk = Pk|k�1HkS
�1
k (4.28)

Employing the residual and Kalman gain, we compute the error-state estimate

and covariance as follows:

x̃k|k = Kkrk (4.29)

Pk|k = Pk+1|k+1 �KkSkK
T
k (4.30)
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After the error-state estimated, this is used for the correction of the current

state estimate,

xk+1|k+1 , xk+1|k � x̃k|k (4.31)

=

2

66666666666666666664

qk ⌦ [1, 12 ✓̃k]T

p̂k + p̃k

v̂k + ṽk

b̂ak + b̃ak

b̂gk + b̃gk

p̂f1 + p̃f1
...

p̂fM + p̃fM

3

77777777777777777775

(4.32)

where � is the binary operator that update the state vector with the error-state.

As can be seen, except the orientation, it is just an additive operator. When

point features are first observed in EKF-SLAM, we initialize them into the fea-

ture map. To accomplish this, we compute an initial estimate, along with co-

variance and cross-correlations, by solving a structure-only bundle-adjustment

over a short time window.

4.3 Conventional MSCKF using point features

In this section, we describe the MSCKF methods using point features. Unlike

EKF-SLAM, the MSCKF contains the sliding window poses instead of the 3D

position of the features. The MSCKF utilizes the feature information over the

sliding window to constraint the state vector in a probabilistic way without

building a map [25,51]. However, it still requires the the 3D position of feature

point to perform measurement-update process. In this process, sliding window

poses in the state vector are used to estimate the 3D position of the feature
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Figure 4.3: The MSCKF flowchart

by using a least-square minimization technique for each individual track of

the feature over the sliding window. The 3D position of the point feature is

reprojected back to each image corresponding to the sliding window and the

residuals which will be used in the measurement-update is calculated. Just same

as the EKF-SLAM, the MSCKF alternates the state-propagation, in which

inertial informations are integrated into the state vector and covariance, and

the measurement-update, in which visual information refines the state vector

and covariance.

Fig. 4.3 shows the flowchart of the MSCKF. New IMU measurements are

used to propagate the IMU state. If a new image is received from monocu-

lar camera, feature tracking is performed, and this information is sent to the

feature track database. Simultaneously, the current camera pose is augmented

and added to the sliding window from the current IMU state. The feature-track

database computes the dead-tracks which means the related features are no
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Figure 4.4: The coordinate frames of the MSCKF

longer tracked. This dead-track information is sent to the MSCKF as visual

measurements, and thereafter, measurement-update step is performed to cor-

rect the state of the MSCKF. We first describe the state vector of the MSCKF.

Thereafter, the state-propagation and measurement-update of the MSCKF are

presented.

4.3.1 State representation

Fig. 4.4 shows the relationship between the coordinate frames and the concept

of the MSCKF sliding window. The state vector of the MSCKF at time step k

consists of the IMU state, xIk and the set of the sliding window poses xSi , for

i = k �M · · · , k � 1, where M is the width of the sliding window:

xk ,

2

6666664

xIk

xSk�M

...

xSk�1

3

7777775
(4.33)
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The sliding-window pose state xSk is defined as follows:

xSk ,

2

4qk

pk

3

5 (4.34)

where pk and qk are the pose of IMU when the image is received at time k,

respectively.

4.3.2 State-propagation

The IMU state and covariance propagation of the MSCKF is the same as EKF-

SLAM. The 3D position of the point feature is independent of the IMU mea-

surements. Similarly, the sliding-window pose is independent of the current IMU

measurements, because they are related with past IMU state. As a result, the

linearized continuous-time error-state equation is as follows:

˙̃x =

2

4 FI 015⇥6M

06M⇥15 I6M

3

5 x̃+

2

4 GI

06M⇥12

3

5⌘ (4.35)

= Fx̃+G⌘ (4.36)

Note that the sliding-window error-state has 6 dimension.

The propagated covariance is computed as follows:

Pk+1|k = �k+1|kPk|k�
T
k+1|k +Qdk (4.37)

=

2

4�Ik+1|kPIk|k�
T
Ik+1|k

+QIdk �Ik+1|kPISk|k

PSIk|k�
T
Ik+1|k

PSk|k

3

5 (4.38)

where PIk|k is the covariance matrix of the IMU state at time tk, PSk|k is the

covariance matrix of the sliding-window poses and PISk|k is the cross-covariance

matrix between the IMU state and the sliding-window poses.
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Figure 4.5: The dead-tracks: measurement of the MSCKF

4.3.3 Measurement-update

Through the state-propagation process, the predicted state of the MSCKF is

estimated. However, the errors in IMU measurements make the estimated re-

sults worse and worse in the process of time. The point feature observations

from a camera(cameras) are used to refine the predicted state using the IMU

measurements.

Point feature measurement model

The measurement model corresponding the ith feature and the j th sliding-

window pose is the same as EKF-SLAM, except it uses the trajectory of the

point features in the image sequences over the sliding window. Fig 4.5 shows

the concept of the dead-tracks generated from point features. The each column

means the features that captures from the same image and each row means the

feature tracks over the sliding window.
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r(i)j = H(i)
Sj
x̃Sj +H(i)

fj
p̃fi + n(i)

j (4.39)

H(i)
Sj

and H(i)
fj

are the Jacobians with respect to the sliding-window pose x̂Sj

and the 3D feature position Wp̂fi , respectively. By stacking all residuals related

with the j th feature in the sliding window, we obtain:

r(i) = H(i)
S x̃S +H(i)

f p̃fi + n(i) (4.40)

Null-space marginalization

Unlike the EKF-SLAM, the positions of the point features are not included in

the state vector of the MSCKF. As a result, we cannot directly apply the mea-

surement model for the measurement-update of EKF framework. The MSCKF

solves this problem by nullspace marginalization approach. By projecting the

residuals to the left null-space of H(i)
f , we can obtain the modified measurement

model for the MSCKF as follows:

r(i)L = LT
fir

(i)

= LT
fi

⇣
H(i)

S x̃S +H(i)
f p̃fj + n(i)

⌘

= H(i)
L x̃S + LT

fin
(i)

(4.41)

Note that Lfi is the matrix whose columns form a basis of the left null-space

of H(i)
f , therefore LT

fi
H(i)

f = 02M⇥3. Now, the residual vector is now indepen-

dent of the feature position and can be used to perform measurement-update

process. This is the key di↵erence between the MSCKF and EKF-SLAM. By

this nullspace marginalization, the MSCKF has the ability to process a large

number of features with a fixed number of state variables.

Outlier rejection

Once r(i)L and H(i)
L are computed, we perform a statistical gating test to remove

outliers. The entire residual vector from a feature is designated an inlier or
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an outlier and all outliers are discarded. The outlier occurs when the feature

tracker fails and matches features incorrectly or when the tracked feature is

not static, such as on a moving car or pedestrian. The outlier rejection is very

important for the robustness and consistency of the filter. If the outlier is used

for measurement-update process, the filter will be degenerated, and in the worst

case, it may diverge. The Mahalanobis gating test is a commonly used test to

check whether a hypothesis fits an observation that has Gaussian uncertainties.

The Mahalanobis distances were computed as follows:

�i = r(i)L

T
✓
H(i)

L Pk|k�1H
(i)
L

T
+ LT

fiR
(i)Lfi

◆
r(i)L (4.42)

where R(i) is the covariance of the image observation noise, n(i). As you can see

in above equation, �i has the �2 distribution. If the �i is under the threshold

that is determined by the trust probability and dimension of the residual, it is

used for measurement-update. We use the threshold given by the 95 % of the

�2 distribution with 2M � 3 degrees of freedom. If �i is large, then it is clear

that some or all of the observations are far from the hypothesis than predicted

by the MSCKF. After the outliers are removed, the remaining residual vectors

from all N inlier features are stacked together.

2

6664

r(1)L
...

r(N)
L

3

7775
=

2

6664

H(1)
L
...

H(N)
L

3

7775
x̃k +

2

6664

LT
f1
n(1)

...

LT
fN

n(N)

3

7775
(4.43)

rk = Hkx̃k + nk (4.44)

Computation reduction based on QR decomposition

If rk has a large dimensions, the complexity of the measurement-update grows

very large. To reduce the complexity, we exploits the QR decomposition of Hk.
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Because Hk has the sparse structure, the QR decomposition of Hk reveals that

much of the dimension can be removed.

Hk =
h
Q1 Q2

i
2

4Tu

0

3

5 (4.45)

The Q part of the QR decomposition is dividied into the matrices Q1 and Q2

that are unitary matrix and form the basis for the range and nullspace of H,

respectively. The R part of the QR decomposition is divided into an upper

triangular matrix Tu and zero matrix. Because Q1 and Q2 are unitary, we can

re-wirte equation as follows:

rk =
h
Q1 Q2

i
2

4Tu

0

3

5 x̃k + nk (4.46)

By multiplying the transpose of the Q part and remove the nullspace, we can

reduce the dimension of the measurement residual.

h
Q1 Q2

iT
rk =

2

4Tu

0

3

5 x̃k +
h
Q1 Q2

iT
nk (4.47)

QT
1 rk = Tux̃k +QT

1 nk (4.48)

As a result, final residual and measurement model are computed as follows:

rq,k = Tux̃k + nq,k (4.49)

It is now clear that we can reduce the dimension of the residual to rank(Hk) =

rank(Q1). Finally, the measurement-update take places with the new residual

and Jacobian matrix.

Kalman gain & state correction

The covariance of the residual is computed :

Sk = TuPk|k�1Tu
T +Rq,k (4.50)
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and Kalman gain,

Kk = Pk|k�1TuS
�1
k (4.51)

Employing the residual and Kalman gain, we compute the error-state estimate

and covariance as follows:

x̃k|k = Kkrq,k (4.52)

Pk|k = Pk|k�1 �KkSkK
T
k (4.53)

After the error-state estimated, this is used for the correction of the current

state estimate,

xk+1|k+1 = xk+1|k � x̃k+1|k+1 (4.54)

After the error-state estimated, this is used for the correction of the current

state estimate,

xk+1|k+1 , xk+1|k � x̃k+1|k+1 (4.55)

=

2

66666666666666666666666664

qk ⌦ [1, 12 ✓̃k]T

p̂k + p̃k

v̂k + ṽk

b̂ak + b̃ak

b̂gk + b̃gk

qSk�M ⌦ [1, 12 ✓̃Sk�M ]T

p̂Sk�M + p̃Sk�M

...

qSk�1 ⌦ [1, 12 ✓̃Sk�1 ]
T

p̂Sk�1 + p̃Sk�1

3

77777777777777777777777775

(4.56)

where � is the binary operator that update the state vector with the error-

state. As can be seen, unlike EKF-SLAM, the sliding window poses in the state
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vector are updated. However, similar to the EKF-SLAM, it is just an additive

operator except the orientation.

4.4 IEKF-based MSCKF using point features

The convential MSCKF (MSCKF-Conv) follows the state update rule of multi-

plicative EKF (MEKF). In other words, the IMU state (4.3) can be interpreted

as the combined matrix Lie group, M = SO(3) ⇥ R
3
⇥ R

3
⇥ R

3
⇥ R

3 and the

sliding-window pose (4.34) can be interpreted as S = SO(3) ⇥ R
3. Therefore,

the retraction of the MSCKF is defined as follows:

xI = x̂I �M ⇠I (4.57)

=
h
R̂Iexp(⇠I✓), p̂I + ⇠Ip , v̂I + ⇠Iv , b̂a + ⇠Iba , b̂g + ⇠Ibg

i
(4.58)

xS = x̂S �S ⇣S =
h
R̂sexp(⇣S✓), p̂s + ⇣Sp

i
(4.59)

where the binary operators �M and �S represent the retractions of the IMU

state and sliding window state, respectively; and ⇠I , ⇣S are the error states

related with IMU and sliding window state, defined in the Lie algebra, respec-

tively. The error-state of the MSCKF-Conv is defined by using ⇠I and ⇣S as

follows:

x̃ ,
h
⇠I

T ⇣Sk�n
T

· · · ⇣Sk�1
T
iT

(4.60)

The MSCKF deals with the rotation in SO(3), and the remaining state

variables in the Euclidean space. However, it does not take into account the

natural characteristics of rigid body motion that can be derived in SE(3). In

this section, we propose the MSCKF on matrix Lie group by using specially

defined Lie group L based on the theory of the IEKF, as described in [45, 62].

Detailed explanations are provided, including the derivation of the Jacobians

for observability analysis. These Jacobians will be used for analyzing the con-
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sistency improvement of the MSCKF on matrix Lie group using point features

(P-MSCKF-LG).

4.4.1 State representation

In this paper, we construct the matrix Lie group for the IMU state, considering

the rigid body motion, instead of simply considering the rotation. The proposed

group structure is based on the SE2(3) proposed in [23] that treats the orien-

tation, velocity and position for navigation on flat earth. The proposed state

structure L = SE2(3)⇥R
3
⇥R

3 treats the IMU state as the combination of one

SE2(3) element and two 3D vectors for the accelerometer and gyro bias.

XL =

8
>>><

>>>:

2

6664

R p v

0 1 0

0 0 1

3

7775
,ba,bg

9
>>>=

>>>;
=

2

6666666664

R

p

v

ba

bg

3

7777777775

L

(4.61)

Note that unlike conventional IMU state, the proposed IMU state, (4.61), is

the matrix state that is able to express the natural structure of the rigid body

motion.

The retraction of the IMU state are modeled based on that of SE(3). For

SE(3), the exponential map can be expressed as follows:

exp

0

@

2

4!

v

3

5

1

A =

2

4exp(!) Jl(!)v

0 1

3

5 (4.62)

In this manuscript, the first order approximation of the exponential map is

used as the retraction for computationally e�ciency. The retraction of SE(3) is
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generally defined as follows:

a� ⇣ ,

2

4exp(⇣✓) ⇣p

0 1

3

5

2

4R p

0 1

3

5

=

2

4 exp(⇣✓)R

exp(⇣✓)p+ ⇣p

3

5

SE(3)

, 8a =

2

4R p

0 1

3

5 2 SE(3)

(4.63)

Similarly, the retraction of SE2(3) is defined as:

a� ⇠ ,

2

6664

exp(⇠✓) ⇠p ⇠v

0 1 0

0 0 1

3

7775

2

6664

R p v

0 1 0

0 0 1

3

7775

=

2

6664

exp(⇠✓)R

p+ ⇠p

v + ⇠v

3

7775

SE2(3)

, 8a =

2

6664

R p v

0 1 0

0 0 1

3

7775
2 SE2(3)

(4.64)

Therefore, the retraction of Lie group L is defined based on (4.65):

XI
4
= X̄I �L ⇠ =

2

6666666664

exp(⇠✓)R

exp(⇠✓)p+ ⇠p

exp(⇠✓)v + ⇠v

ba + ⇠ba

bg + ⇠bg

3

7777777775

L

(4.65)

4.4.2 State-propagation

The continuous-time dynamics (4.10) can be represented in L, as follows:

f[a,!] :

2

6666666664

R

p

v

bg

bg

3

7777777775

L

!

2

6666666664

R(! � ba)^

v

R(a� ba) + g

ba

bg

3

7777777775

L

(4.66)
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Note that the superscript and subscript related with coordinate frame are

dropped out for the simplicity of the notation. By considering the right in-

variant error of SE2(3), the error-state ⌅ in L is linearized as follows:

X̃I , {⌅, �ba, �bg}

=

8
>>><

>>>:

2

6664

I3 + ⇠^✓ ⇠p ⇠v

0 1 0

0 0 1

3

7775
, �ba, �bg

9
>>>=

>>>;

(4.67)

The right invariant error ⌅ can be linearized with ⇠ 2 R
9.

⌅ ⇡ I5 + ⇠^ (4.68)

When only considering IMU noise, the right invariant error ⌅ in SE2(3) has the

continuous-time dynamics from (3.49):

d

dt
⌅ = gu (X )�

⇣
X̂⌘^

t X̂
�1
⌘
⌅ (4.69)

In this dissertation, we expand the above equation to consider the IMU bias

error state as follows:

d

dt
⌅ = gu (⌅)�

⇣
X̂⌘^

t X̂
�1
⌘
⌅+

⇣
X̂BX̂

�1
⌘
⌅ (4.70)

By substitute (4.68) into (4.69), we can compute the following linear equation

as follows:
d

dt
⇠ = FI⇠ +GI⌘ (4.71)

where the Jacobian FI and GI are

FI =

2

6666666664

03 03 03 03 �R

03 03 I3 03 �p^R

g^ 03 03 �R �v^R

03 03 03 03 03

03 03 03 03 03

3

7777777775

(4.72)
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GI =

2

6666666664

03 R 03 03

03 p^R 03 03

R v^R 03 03

03 03 I3 03

03 03 03 I3

3

7777777775

(4.73)

The detailed derivation of (4.71), (4.72) and (4.73) are provided in Appendix

A.

4.4.3 Measurement-update

Due to changes in retraction strategy, the linearized measurement error model

also changes.

Hs =
@⇡

@x
=

@⇡

@ Cpf
R(qCI)

h
03 �RT

i

Hf =
@⇡

@ Wpf
=

@⇡

@ Cpf
R(qCI)R

T
(4.74)

Similarly, due to the absence of the point feature parameters, MSCKF-LG

using points also uses the null-space marginalization on (4.41). As a result, mea-

surement model has the same form of (4.44). However, MSCKF-LG using points

does not require any additional computation, while observability-constraint al-

gorithms need the projection of the measurement Jacobian and state-transition

matrix onto the space that maintains the observability characteristic of the

VINS algorithm using points.

4.5 Observability and consistency analysis

In this section, the observability analysis of the MSCKF-LG is performed, and

the consistency improvement of the MSCKF-LG is proved based on this analy-

sis. In [53] and [51], the influence of the observability properties on the consis-
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tency is well-proved. When using a linearized estimator, errors in the lineariza-

tion process a↵ect to the Jacobians that is related with the direction of the

information is acquired from the measurements. If this erroneous information

due to linearization errors exists along an unobservable direction, it leads to

small uncertainties, even though it is impossible to observe. First, we introduce

the observability property of the MSCKF-Conv, and then analyze the observ-

ability property of the MSCKF-LG. Especially, we proved that the unobservable

subspace of the MSCKF-LG is independent of the linearization errors that exist

in the estimated states.

The observability matrix for the linearized EKF-system over the time-step

[1, k] is defined as a function of the discrete-time state-transition matrix � and

the linearized measurement matrix H:

O(x) =

2

6666664

H1

H2�2,1

...

Hk�k,1

3

7777775
(4.75)

It has been shown in [53] and [51] that observability property of the MSCKF is

the same as that of the EKF-SLAM and the nullspace of O for the EKF-SLAM

is ideally of dimension 4, and is spanned by the column vectors of the matrix in

(4.76). For the convenience of analysis, we assume that the state of the EKF-

based VINS only contains one feature position in addition to the IMU state.

65



N(x) =

2

6666666666664

03 RT
1 g

I3 � (p1)
^ g

03 � (v1)
^ g

03 03⇥1

03 03⇥1

I3 � (pf )
^ g

3

7777777777775

(4.76)

Note that the first three columns of N in (4.76) are associated with the global

translation, while last column corresponds to the global rotation about the grav-

ity direction. Ideally, the VINS estimator should have an unobservable subspace

spanned by these column vectors. However, when the measurement matrix and

state-transition matrix are linearized around the estimated state x̂, not for true

state x, the matrix N(x̂) is no longer same with N(x). This means that the

estimator no longer remains in the unobservable subspace N(x). As you can

see in (4.76), this e↵ect is most pronounced in the last column which is related

with the rotation about gravity. To address this problem, several remedies are

proposed to enforce the measurement matrix and state-transition to remain in

the unobservable subspace. The observability-constrained methods change the

linearization points for the measurement and state-transition matrix or change

the matrices themselves.

Due to the di↵erent retraction of the MSCKF-LG compared to the MSCKF-

Conv, the measurement matrix and state-transition matrix have di↵erent forms.

As a result, the observability matrix of the MSCKF-LG has a di↵erent unob-

servable subspace with respect to the MSCKF-Conv. To compute and analyze

the observability matrix of the MSCKF-LG, We first derive the structure of the

MSCKF-LG state-transition matrix. The state-transition matrix satisfies the
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following matrix di↵erential equation:

�̇k,1 =

2

4FIk 03

03 I3

3

5�k,1 where�1,1 = I18 (4.77)

where FIk is defined in (4.72). By conducting a block-by-block examination

of (4.77), its analytic solution can be obtained, which will be used for our

observability analysis. It has the following structure:

�k,1 =

2

6666666666664

I3 03 03 03 �15 03
1
2�t2kg

^ I3 �tkI3 �24 �25 03

�tkg^ 03 I3 �34 �35 03

03 03 03 I3 03 03

03 03 03 03 I3 03

03 03 03 03 03 I3

3

7777777777775

(4.78)

where �tk = tk � t1, is the time di↵erence between the time step 1 and k.

We represents the simple block directly in the (4.78). Note that the first three

columns related with the orientation, position and velocity have the simple

form and are independent with the estimated states. The remaining blocks are

computed in closed form as follows:

�15 = �

Z tk

t1

R(⌧)d⌧

�24 = �

Z tk

t1

✓Z ⌧

t1

R(s)ds

◆
d⌧

�25 = �

Z tk

t1

p(✓)^R(✓))+

Z ✓

t1

✓
v(⌧)^R(⌧) + (g)^

Z ⌧

t1

R(s)ds

◆
d⌧

�
d✓

�34 = �15

�35 = �

Z tk

t1

✓
v(⌧)^R(⌧) + (g)^

Z ⌧

t1

R(s)ds

◆
d⌧

(4.79)
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Using the block-structure of (4.78), the kth block row, Ok , for any k > 1

can be expressed as follows:

Ok = Hk�k,1

= JhR(qCkW )
h
03 �I3 03 03 03 I3

i
�k,1

= JhR(qCkW )
h
�

1
2�t2kg

^
�I3 ��tkI3 ��24 ��25 I3

i

(4.80)

where Jh = @h
@Cpf

is the Jacobian of the reprojection model (4.19). By applying

row operation to O, we can obtain the matrix O
0 which has the same rank with

O as:

O
0 =

2

6666666666664

g^ 03 03 03 03 03

03 I3 03 03 03 �I3

03 03 I3 03 03 03

03 03 03 I3 03 03

03 03 03 03 I3 03

03 03 03 03 03 03

3

7777777777775

(4.81)

As you can see in the first row of (4.81), 1 rank is unobservable among the

orientation errors. Especially, if the world frame is leveled, yaw error is not

observable. In the second row, positions of the IMU and the point feature are

correlated with each other. Also, we can see that feature position (or IMU

position) is unobservable from the last row. These result shows the same result

as the null space analysis of the observability matrix mentioned below.

It is very straightforward to verify that the nullspace of (5.24) spans the
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following unobservable subspace:

N(x) =

2

6666666666664

03 g

I3 03⇥1

03 03⇥1

03 03⇥1

03 03⇥1

I3 03⇥1

3

7777777777775

(4.82)

Now, comparing (4.76) and (4.82), we can see the last column of (4.82) is inde-

pendent of the estimated state, unlike that of (4.76). Therefore, the MSCKF-

LG remains in the unobservable subspace regardless of the linearization errors.

Therefore, the MSCKF-LG does not obtain any spurious gain along the direc-

tion of unobservable subspace from the measurements and have the improved

consistency property without any artificial remedies.

4.6 Simulations & Experiments

To check the consistency improvement of the proposed MSCKF-LG, a com-

parison between the MSCKF-LG and the MSCKF-Conv was made with two

datasets: One is the synthetic dataset which includes the IMU and the image

measurements that were generated in the virtual field, and the other is the

KITTI dataset [72] that is generated from real-world urban driving.

4.6.1 Synthetic Data

We perform 30 Monte Carlo runs, and evaluate the performance and consistency

by computing the root mean squared error (RMSE) and normalized estimation

error squared (NEES), for the comparison of the MSCKF-LG to the MSCKF-

Conv. For synthetic dataset, a vehicle equipped with an IMU and one camera
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was considered. It was assumed that the IMU is the Mti-1 of Xsens, which

can be used for aerial vehicles and robots, while the camera pixel resolution is

640⇥ 480. We assume that the vehicle traversed a circular trajectory of radius

5 meters at an average speed of 0.8 m/s for 270 seconds. The 324 landmarks are

generated along the cylinder wall with radius 8 meters and height 12 meters.

Fig. 4.6 shows the trajectory as blue line, the landmarks as green circles,

and the position where images are captured as red stars. The IMU and cam-

era measurement are generated at 100 and 10 Hz, respectively. The standard

deviation of the camera measurement noise is set as 1 px.

In each Monte-Carlo run, the IMU and camera measurements are newly

generated with random noise from the sensor noise setting. The sliding window
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Figure 4.6: The trajectory(blue line) and the landmarks(green circle). The po-

sition at which images are captured is represented as red star.
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Table 4.1: Simulation conditions for Monte-Carlo simulation

# of Monte-Carlo runs # of points Initial uncertainties(1�)

50 324

orientation : 0.1 [deg]

position : 1 [mm]

velocity : 0.01 [m/s]

width was set as 10 and the landmarks captured more than 5 times within the

sliding window are used for measurement-update.

Computation of the RMSE and the averaged NEES were performed to com-

pare the estimation performance and consistency. Fig. 4.7 and 4.8 shows the

RMSE comparison between the MSCKF-LG and the MSCKF-Conv. The result

of MSCKF-LG are expressed with blue solid line and that of MSCKF-Conv are

expressed with red dashed-single dotted line. The averaged NEES over N inde-

Table 4.2: Sensor errors parameters for Monte-Carlo simulation

Sensor Error source Value (1�)

Accelerometer

Bias repeatability 50 [mg]

Bias instability 10 [deg/hr]

Velocity random walk 0.2 [mg/
p
Hz]

Gyroscope

Bias repeatability 0.1 [deg/s]

Bias instability 0.1 [mg]

Angle random walk 0.01 [deg/s/
p
Hz]

Camera Tracking noise 1 [px]
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pendent Monte-Carlo runs can be computed as follows:

⌘̄k =
1

N dim(✏ik)

NX

i=1

✏Tik⌃
�1
✏ik✏ik (4.83)

where ✏ik and ⌃✏ik are the estimation error and covariance at time k of ith run.

As a result, if the estimator is consistent, the ⌘̄k has the value of 1. We can

compute the confidence bound of averaged NEES from the inverse chi-square

cumulative distribution. The horizontal red dashed lines shows the upper and

lower confidence bound of averaged NEES. As you can see in Fig. 4.9 and

4.10, the averaged NEES of the MSCKF-LG remains in the confidence bound

around the ideal value of 1, however that of the MSCKF-Conv grows over time

and exceeds the confidence bound. Especially the averaged orientation NEES

of the MSCKF-Conv increases steeply with time. This shows the accuracy and

consistency of the MSCKF-LG outperforms the MSCKF-Conv.
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Figure 4.7: The RMSE for position
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Figure 4.8: The RMSE for orientation
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Figure 4.9: The averaged NEES for position
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Figure 4.10: The averaged NEES for orientation
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4.6.2 Publicly Available Datasets

A validation of the MSKCF-LG was further performed using a publicly available

real experimental dataset, the KITTI benchmark suite [72]. Especially, we ex-

ploit the KITTI raw dataset, which was captured around the city of Karlsruhe,

Germany. The vehicle traveled a total distance of 4234 m for 536 seconds. The

IMU and camera measurements were collected from a vehicle at a 100 Hz and

10Hz, respectively. The well-calibrated camera and the extrinsic parameters be-

tween the IMU and camera were also provided. The front-end visual processing

was simply designed. First, an extraction of the corner features from the image

was implemented using the features from the accelerated segment test (FAST)

corner detector. The main advantage of the FAST is the balance between the

accuracy and e�ciency performances. Further, these corners were tracked with

the employment of the Kanade-Lucas-Tomasi (KLT) feature tracker. If the num-

ber of features is low due to the tracking failures, an extraction of additional

corners was performed and they were added to the tracking process. For the

outlier rejection, the chi-square test which is a commonly used test to check

whether a hypothesis fits an observation was performed. Fig. 4.11 shows an

example of the feature tracking process with the KITTI datasets.

The results from the KITTI dataset are presented in Fig. 4.12 and Fig. 4.13.

Fig. 4.12 shows the 2D trajectory estimates on a satellite image. The green line

is the true trajectory from the KITTI dataset, which is obtained GPS-aided

INS. Because of GPS outages, the ground truth results in the bottom center

slightly drifted. The red and blue lines are the trajectories estimated using the

MSCKF-LG and the MSCKF-Conv, respectively. Fig. 4.13 shows the position

and orientation errors over time. As can be seen, the proposed methods shows

a better accuracy than the MSCKF-Conv. The large errors that are evident
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Figure 4.11: Sample image of feature tracking in the KITTI dataset

Trajectory

ground truth

MSKCF-LG

MSCKF-Conv

Figure 4.12: 2D trajectory estimates plotted on a satellite image, with the

KITTI 2011 09 30 drive 0028 raw dataset
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Figure 4.13: The position and orientation error over time

0 60 120 180 240 300 360 420 480 540

Time [s]

-20

-15

-10

-5

0

5

10

15

20

[d
e
g
]

Yaw Error and Uncertainty

MSCKF-LG
MSCKF-Conv
MSCKF-LG 3
MSCKF-Conv 3
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between 75 and 112.5 s were caused by the drift of ground truth that is caused

by GPS outage. Fig. 4.14 shows the yaw error and the 3� boundary of the

both methods. As you can see, the yaw error of the MSCKF-Conv exceeds the

3� boundary. However, that of the MSCKF-LG remains in the boundary. This

clearly shows the e↵ect of the incorrect gain along the unobservable subspace

that cause the yaw uncertainty of the MSCKF-Conv to be underestimated.
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Chapter 5

IEKF-based VIO using line features

The traditional approach using visual information is to minimize the repro-

jection errors between the observed and projected features after tracking the

features between frames. While the vision-inertial navigation system (VINS)

method using point features has been extensively studied [25, 28–31], much

less work has been studied using line features. Generally, points are known

to provide more information than lines [17]. For instance, there are no pose

constraints imposed by line correspondences from two views, while there are

well-known epipolar geometry constraints for point correspondences from two

views. In fact, lines and points provide complementary information about the

image [73]. There are many low-texture scenes where the point features are low

and unreliable while the lines matches are rich and reliable.

Handling the line features is not as straightforward as point features, be-

cause they are di�cult to represent and require high computational complexity

for detection and matching. However, with the recent advance of the robust edge

detector [74] and descriptors [39], motion estimation based on line observations

has begun to study widely. Kottas et al. [75] proved that EKF-based VINS

algorithm using line features is also inconsistent under the rotation about grav-

ity direction. In [75], the observability-constrained algorithms are modified to

enforce the estimator using line features to be unobservable after an unobserv-
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Figure 5.1: The geometry of Plücker line

able transformation. However, to perform observability-constrained methods,

additional system and measurement matrix optimization is required.

5.1 Line features

During moving in structured environments, line features can be e�ciently used

to provide the relative motion constraints to aid the INS. Because lines have

multi-pixel measurements, they can be more robustly and accurately matched

between two frames than point features under low-texture environments. How-

ever, two challenges arise to use line features; the first is that spatial line has

4 DOF, therefore they have minimal 4-parameter representation; the second

is that spatial line is often over-parametrized for the convenience of transfor-

mation. In [75], 4-parameter representation of the spatial line was used by the

orientation and distance. However, this kind of representation is not suitable

for intuitive transformation and projection into the image. Hartley and Zisser-

man [17] gave a summary about the 3D line representation. And Bartoli and

80



Strum [76] proposed the structure-from-motion algorithm that uses the over-

parametrized representation for the 3D line but updates them with minimal

4-parameter representation. In this dissertation, we exploit this idea to solve

the motion estimation problem based on MSCKF.

5.1.1 Plücker line representation

The Plücker representation is used for the representation of the line features; it

expresses the 3D line as a 6 dimensional vector by using two 3D points on the

line as follows:

L =

2

4ps ⇥ pe

pe � ps

3

5 =

2

4n

d

3

5 (5.1)

where ps and pe is the start and end point on the line, respectively; n is the

normal vector of the plane determined by two vectors pointing the start and end

point; and d is the direction vector of the line [76]. While The Plücker represen-

tation over-parametrizes the 3D line as 6-dimensional vector, the transformation

and projection of the lines can be easily expressed with simple equations. Since

the 3D line is known as having 4 DOF, the estimation using Plücker repre-

sentation generally su↵ers from the internal gauge freedom which may induce

numerical instabilities. As a result, the error-state for the 3D line need to be

four dimension.

5.1.2 Orthonomal representation

To tackle this problem, we use the Plücker orthonormal representation as the

minimal parametrization proposed in [76]. We can obtain the orthonormal ma-
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Figure 5.2: The geometry of 3D line and it’s projection into an image

trix (U,W) 2 SO(3)⇥ SO(2) from (5.1).

L = [n d] =
h

n
knk

d
kdk

n⇥d
kn⇥dk

i

2

6664

knk 0

0 kdk

0 0

3

7775
(5.2)

where we can represent:

U =
h

n
knk

d
kdk

n⇥d
kn⇥dk

i
= expSO3

(✓^
L) (5.3)

W =

2

4knk �kdk

kdk knk

3

5 = c · expSO2
(�^L) (5.4)

With the definition (5.2), we can update the line with the 4-dim vector �xL =

[�✓L, ��L]T .
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5.1.3 Transformation and projection

The Transformation of the 3D line represented in the Plücker coordinates from

the world frame to the camera frame is as follows:

CL = W
HC

WL =

2

4
WRC

T
�

WRC
T � WpC

�^

03 WRC
T

3

5 WL (5.5)

The projection of the 3D line into the image plane is computed as follows, with

the known intrinsic parameters of camera:

l = K
Cn =

2

6664

fy 0 0

0 fx 0

�fycx �fxcy fxfy

3

7775
Cn (5.6)

where fx and fy is the focal length in X, Y direction of the image, respectively;

[cx, cy]T is the principal point in the image plane; Cn is the normal vector of

the line represented in the camera frame.
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5.2 IEKF-based MSCKF using line features

In this section, an introduction of the conventional MSCKF (MSCKF-Conv)

using line features is described. The MSCKF using line features is the same as

the MSCKF using point features in the state representation and propagation

process. Therefore, we focus on the description of the measurement model for

processing the line features.

5.2.1 Line measurement model

Assume that the intrinsic and extrinsic parameters of a camera is known. A

visual measurement related with a line feature can be modeled in various ways.

In [71], various types of line parametrization have been introduced like Plücker

line (PL), anchored Plücker line (APL), homogeneous point-lines (HPL), an-

chored homogeneous point-lines (AHPL) and etc. When using Plücker line, the

line observation from a image is modeled as the two points on the line in image:

zl =

2

4us ue

vs ve

3

5 (5.7)

A visual measurement related with a line feature is the distance between

Figure 5.3: The visual measurements related with an line feature.
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the two points on the line in image and the estimated 2D line that is projected

from the estimated 3D line:

zl =


x̄T
s l̂

p
l21+l22

x̄T
e l̂

p
l21+l22

�T
(5.8)

where l = [l1, l2, l3]T is the line in image; x̄s = [us, vs, 1]T and x̄e = [ue, ve, 1]T

are the start and end points in homogeneous image coordinates, respectively. To

simplify the notation, we dropout the superscript and subscript corresponding

the sliding window pose and feature. Then, the linearized line measurement

error model can be represented as follows:

z ⇡ Hsx̃S +Hlx̃l + ✏ (5.9)

where Wx̃l is the state that is corresponding the feature parameters (points or

lines); Hs and Hl are the measurement Jacobians with respect to the corre-

sponding sliding window state and feature parameters in world frame, respec-

tively.

The line feature parameters, however, are not included in the MSCKF state

vector; as a result, a direct application of (5.9) for the measurement-update

cannot be implemented. The MSCKF solves this problem by marginalizing

out the error term related with feature parameters. By projecting the visual

measurements to the left nullspace of Hf , the visual measurement model can

be obtained as as follows:

z̃L = LT
l z̃

= LT
l (HSx̃S +Hlx̃l + ✏)

= HLx̃+ LT
l ✏

(5.10)

where Ll is the matrix whose column vector forms a basis of the left nullspace

of Hl. For the detailed description of the Jacobian matrices above, see [41]

and [75].
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Line measurement Jacobian

The Jacobian is important when using the EKF-based approach to slove the es-

timation problem. The line measurement Jacobians can be derived from the var-

ious line representation. However, in many cases, they are not represented with

minimal representation. In general, most approaches using over-parametrized

line representation employ the numerically computed Jacobians, which cause

more numerical computations and errors. In contrast, we derive the analytical

Jacobians with respect to the minimal representation of the line. They can be

obtained from the chain rule.

The Jacobians of line measurements with resect to the sliding window pose

can be decomposed by chain rule as follows:

Hsl =
@zl
@x̃s

=
@zl
@l

@l

@CL

@CL

@x̃s
(5.11)

It is hard to compute the partial derivative of line in the camera frame with

respect to pose. Therefore, we perturb the pose according to the retraction of

SE3 and compute the first order error term of line measurements corresponding

to the pose errors. As a result, we can compute the analytical Jacobian of line

measurements with respect to the sliding window pose as follows:

Hsl = JLKRT
h
(n^

� p^d^) d^
i

(5.12)

JL =
@zl
@l

=
1

ln

2

4us �
l1zl1
l2n

vs �
l2zl1
l2n

1

ue �
l1zl2
l2n

ve �
l2zl2
l2n

1

3

5 (5.13)

where l = [l1, l2, l3]T is the line in the image; zl = [zl1, zl2]T is the line measure-

ment in (5.8); and ln =
p
l21 + l22.

The Jacobians of line measurements with resect to the line parameters also
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can be decomposed by chain rule as follows:

Hfl =
@zl
@x̃L

=
@zl
@l

@l

@CL

@CL

@WL

@WL

@x̃L
(5.14)

@CL
@WL

can be easily computed from the line parameter transformation. However,

It is hard to compute the partial derivative of the line in world frame with

respect to the orthonormal representation of Pl”̆cker line. To obtain the partial

derivative, we perturb the orthonormal representation U and W as follows:

U =
�
I3 + �✓^

L

�
Û (5.15)

W =
�
I2 + ��^L

�
Ŵ =

2

4 1 ���L

��L 1

3

5Ŵ (5.16)

As a result, the Jacobian with respect to the line parametrization can be

computed as follows:

Hfl = �JLKRT
h
n^

� p^d^
⇣
kdk
knkn+ knk

kdkp
^d

⌘i
(5.17)

For more detailed derivation, see Appendix B.

5.2.2 Measurement-update

Due to changes in retraction strategy, the linearized measurement error model

also changes from the MSCKF-LG. For simplicity, we assume that camera frame

C coincides with the IMU frame I. By considering the retraction in (4.65) and

applying first-order approximation, the analytical Jacobian of point measure-

ments with respect to the sliding-window pose is computed as follows:

Hsp =
@zp
@xs

= Jp

h
03 �RT

i
(5.18)
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where Cpp = [x, y, z]T is the position of the point feature in the camera frame.

The Jacobian of point measurements with respect to the point feature is com-

puted as follows:

Hfp =
@⇡

@Wpf
= JpR

T (5.19)

The Jacobian of line measurements with respect to the line parameters

is derived in [77] for the graph optimization using line features. However, it is

derived by consider left invariant error. In this paper, it is derived by considering

right invariant error, as follows:

Hsl =
@zl
@xs

= JLKRT
h
(n^

� p^d^) d^
i

(5.20)

The Jacobian of line measurements with respect to the line parameters is com-

puted as follows:

Hfl =
@zl
@WL

= �JLKRT
h
n^

� p^d^
⇣
kdk
knkn+ knk

kdkp
^d

⌘i (5.21)

Once these analytical Jacobians of points and line measurements are com-

puted, we can compute the error-state of the MSCKF. Due to the absence of

the line feature parameters, MSCKF-LG using lines also uses the null-space

marginalization on (4.41). Therefore, we can form the residual vector from Np

point features and Nl line features stacked vertically as follows:

2

66666666666664

r(1)p

...

r
(Np)
p

r(1)l
...

r(Nl)
l

3

77777777777775

=

2

66666666666664

L(1)
fp

T
H(1)

sp

...

L
(Np)
fp

T
H

(Np)
sp

L(1)
fl

T
H(1)

sl
...

L(Nl)
fl

T
H(Nl)

sl

3

77777777777775

x̃k +

2

66666666666664
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T
n(1)
p

...

L
(Np)
fp

T
n
(Np)
p

L(1)
fl

T
n(1)
l

...

L(Nl)
fl

T
n(Nl)
l

3
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(5.22)
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As a result, even when the points and the lines are used simultaneously, the

measurement model (5.22) has the same form of (4.44). Similar to the MSCKF-

LG using points, the MSCKF-LG using points and lines does not require any

additional computation, while observability-constraint algorithms need the pro-

jection of the measurement Jacobian and state-transition matrix onto the space

that maintains the observability characteristic of the VINS algorithm.

5.3 Observability and consistency analysis

In this section, the observability analysis of the PL-MSCKF-LG is performed,

and the consistency improvement of the PL-MSCKF-LG is proved based on

this analysis. In [53] and [51], the influence of the observability properties on

the consistency for the VINS is well-proved. When using a linearized estimator,

errors in the linearization process a↵ect to the Jacobians that is related with

the direction of the information is acquired from the measurements. If this er-

roneous information due to the errors exists along an unobservable direction, it

leads to small uncertainties, even though it is impossible to observe. In 4.5, we

proved that the unobservable subspace of the MSCKF-LG using point features

is independent of the linearization errors that exist in the estimated states [78].

In this section, we focus on finding the unobservable subspace of the MSCKF-

LG using line features and improve the consistency. Kottas et al. [75] proved

that the conventional VINS algorithm has five(four) unobservable directions

for single(multiple) line feature(s) and improved the consistency by exploiting

the observability-constraints method. Similar to 4.5, we introduce the observ-

ability property of the MSCKF-Conv using line features, and then analyze the

observability property of the MSCKF-LG using line features. To the best of our

knowledge, this is the first attempt analyzing the observability property of the

89



invariant EKF-based VIO using line features.

The observability matrix for the linearized EKF-system over the time-step

[1, k] is defined as a function of the discrete-time state-transition matrix � and

the linearized measurement matrix H. Kottas et al. [75] proved that the null-

space ofO for the VINS using one line feature is ideally of five dimension and ,for

non-parallel multiple line features, it has four dimensions. For the convenience

of analysis and simplicity of notations, we assume that the state of the EKF-

based VINS only contains one line parameter in addition to the IMU state and

drop out the super and subscript for the coordinate frames. In that case, the

nullspace of the MSCKF-Conv is derived as follows [75]:

N(x) =

2

6666666666666664

RTg 03⇥1 03⇥1 03⇥1 03⇥1

�p^g u1 u2 u3 03⇥1

�v^g 03⇥1 03⇥1 03⇥1 u2

03⇥1 03⇥1 03⇥1 03⇥1 03⇥1

03⇥1 03⇥1 03⇥1 03⇥1 03⇥1

�g �
kdk
knku2 03⇥1 03⇥1 03⇥1

0 0 0 kdk2
knk2+kdk2 0

3

7777777777777775

(5.23)

where ui is the ith column of matrix U in (5.3). This result is slightly di↵erent

from that of [75]. (5.23) is the result of deriving the null-space of [75] using the

orthonormal representation of Plücker line.

Note that the first column of N in (5.23) is associated with the rotation

about gravity direction and next three columns are associated with the global

translation, while last column corresponds to the global velocity along the line

direction. Ideally, the VINS estimator should have an unobservable subspace

spanned by these column vectors. However, when the measurement matrix and

state-transition matrix are linearized around the estimated state x̂, not for true

state x, the matrix N(x̂) is no longer same with N(x). This means that the
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estimator no longer remains in the unobservable subspace N(x). As you can

see in (5.23), this e↵ect is most pronounced in the first column which is corre-

sponding to the rotation about gravity. The observability-constrained methods

change the linearization points for the measurement and state-transition matrix

or change the matrices themselves.

Due to the di↵erent retraction of the MSCKF-LG compared to the MSCKF-

Conv, the measurement matrix and state-transition matrix have di↵erent forms.

As a result, the observability matrix of the MSCKF-LG using line features has

a slightly di↵erent unobservable subspace with respect to the MSCKF-Conv.

To compute and analyze the observability matrix of the MSCKF-LG using the

line feature, we use the analytic state-transition matrix of the MSCKF-LG in

(4.72).

Using the block-structure of (4.78), the kth block row, Ok , for any k > 1

can be expressed as follows:

Ok = Hk�k,1

= JlKRT
h
�1 d^ 03⇥9 ��1 �2

i
�k,1

= JlKRT

h
�1 +

1
2�t2g^d^ d^ �td^ �3 �4 ��1 �2

i

(5.24)

where

�1 =
�
n^

� p^d^� (5.25)

�2 = �

✓
kdk

knk
n+

knk

kdk
p^d

◆
(5.26)

�3 = d^�24 (5.27)

�4 = �1�15 + d^�25 (5.28)

It can be verified that the nullspace of (5.24) spans the following unobservable
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subspace:

N(x) =

2

6666666666666664

g 03⇥1 03⇥1 03⇥1 03⇥1

03⇥1 u1 u2 u3 03⇥1

03⇥1 03⇥1 03⇥1 03⇥1 u2

03⇥1 03⇥1 03⇥1 03⇥1 03⇥1

03⇥1 03⇥1 03⇥1 03⇥1 03⇥1

g kdk
knku2 03⇥1 03⇥1 03⇥1

0 0 0 kdk2
knk2+kdk2 0

3

7777777777777775

(5.29)

For more detailed derivation, see Appendix C.

Now, comparing (5.23) and (5.29), we can see the first column of (5.29) is in-

dependent of the estimated state, unlike that of (4.76). Therefore, the MSCKF-

LG using line features remains in the unobservable subspace corresponding to

the rotation about gravity regardless of the linearization errors. Therefore, the

MSCKF-LG using line features does not obtain any spurious gain along the

direction of unobservable subspace from the line measurements and have the

improved consistency property without any artificial remedies, similar to the

MSCKF-LG using point features. The proof of the null-space is covered in detail

in Appendix D

5.4 Simulations & Experiments

To analyze the e↵ect of line features and manifold state representation, the fol-

lowing six cases are compared: MSCKF-Conv using point features (P-MSCKF-

Conv); MSCKF-Conv using line features (L-MSCKF-Conv); MSCKF-Conv us-

ing point and line features (PL-MSCKF-Conv); MSCKF-LG using point fea-

tures (P-MSCKF-LG), MSCKF-LG using line features (L-MSCKF-LG); MSCKF-

LG using point and line features (PL-MSCKF-LG). To check the consistency

improvement of the proposed methods, a comparison between the MSCKF-LG
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family and the MSCKF-Conv family was made with two datasets: One is the

synthetic dataset which includes the IMU and the image measurements that

were generated in the virtual field, and the other is the KITTI dataset [72] that

is generated from real-world urban driving.

5.4.1 Synthetic Data

We perform 30 Monte Carlo runs with initial uncertainties in table 5.1, and

compare the performance and consistency by computing the root mean squared

error (RMSE) and the averaged normalized estimation error squared (NEES),

respectively. Note that the averaged NEES over N independent Monte-Carlo

runs is computed as the mean of the normalized estimation error with corre-
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Figure 5.4: The trajectory(blue line), point features (green circle) and line fea-

tures (blue dashed line)
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sponding covariance. As a result, if the estimator is consistent, the ideal aver-

aged NEES has the value of 1.

For synthetic dataset, a vehicle equipped with an IMU and one camera was

considered. We assumed that the IMU is the Mti-1 of Xsens, which is low-

cost MEMS IMU and can be used for small and low-cost aerial vehicles and

robots, while the camera pixel resolution is 640 ⇥ 480. The IMU and camera

measurement are generated at 100 and 10 Hz, respectively. The Gaussian white

noise with variance 1 pixel are added to the point features and the start/end

point of line features, respectively. The trajectory is generated by assuming

that the vehicle traversed a circular trajectory of radius 5 meters at an average

speed of 0.8 m/s for 270 seconds. The 326 point features are generated along the

cylinder wall with radius 8 meters and height 10 meters. And 216 line features

including horizontal, vertical and oblique direction are also generated.

Fig. 5.4 shows the trajectory as black solid line, the point features as green

circles, the line features as blue dashed line and the position where images are

captured as red cross. The sliding-window width was set to 5 and the point and

line features captured more than 3 times within the sliding window are used for

measurement-update. The features captured more than sliding window width

are treated as a newly captured features to minimize the measurement-loss.

Table 5.1: Simulation conditions for Monte-Carlo simulation

# of Monte

Carlo runs
# of points # of lines Initial uncertainties(1�)

50 324 216

orientation : 0.1 [deg]

position : 1 [mm]

velocity : 0.01 [m/s]
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Figure 5.5: Comparison of position RMSE
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Figure 5.6: Comparison of orientation RMSE
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Figure 5.7: Comparison of position averaged NEES
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Figure 5.8: Comparison of orientation averaged NEES

96



Table 5.2: Sensor error parameters for Monte-Carlo simulation

Sensor Error source Value (1�)

Accelerometer

Bias repeatability 50 [mg]

Bias instability 10 [deg/hr]

Velocity random walk 0.2 [mg/
p
Hz]

Gyroscope

Bias repeatability 0.1 [deg/s]

Bias instability 0.1 [mg]

Angle random walk 0.01 [deg/s/
p
Hz]

Camera
Point tracking noise 1 [px]

Line end-point noise 1 [px]

Fig. 5.5 and Fig. 5.6 show the RMSE comparison between six cases. In Fig.

5.5 and 5.6, the methods using point features performs better than the methods

using only lines and the methods using points and lines are slightly better than

the methods using only points. Also, we can observe that the MSCKF-LG family

is more accurate than the MSCKF-Conv family, if the same measurements are

used. Fig. 5.7 and 5.8 show the averaged NEES of the six cases to compare the

consistency. In Fig. 5.7 and 5.8, the averaged position NEES of the MSCKF-LG

family seems to maintain a value of about 1, however those of the MSCKF-Conv

family grows slightly larger values than 1 over time. Especially, this phenomenon

is evident in Fig. 5.8. The averaged orientation NEES of the MSCKF-LG family

also maintains a value of about 1, however, that of the MSCKF-Conv family

increases steeply with time. This shows the consistency of the MSCKF-LG

family outperforms the MSCKF-Conv family.
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5.4.2 Publicly Available Datasets

A validation of the proposed methods were further performed using a publicly

available real experimental dataset, the KITTI benchmark suite [72]. This long-

term land-vehicle dataset that was gathered by traveling a total distance of 4234

m for 536 seconds is suitable for observing the consistency improvement of the

MSCKF-LG, related with the rotation about gravity direction. The IMU and

camera measurements collected from a vehicle are provided at a 100 Hz and

10Hz, respectively. And also, the intrinsic and extrinsic parameters related with

the cameras are also provided.

The front-end visual processing was simply designed. The detection of the

point features from image was implemented using the features from the accel-

erated segment test (FAST) corner detector [79]. Further, these corners were

tracked with the Kanade-Lucas-Tomasi (KLT) feature tracker. The line features

are detected by line segment detector (LSD) [80] that is robust to image noise

and matched by line band descriptor (LBD) [39], which has a 256 dimensional

descriptor vector. The distance between the two descriptor is used as criterion

for matching two lines extracted in the images captured at di↵erent timestamps.

If the number of features is low due to the tracking failures, an detection and

tracking of additional features was performed. Fig. 5.9 shows an example of the

feature tracking with the KITTI datasets. The point features are expressed as

a circle and line features are expressed as a line. The live-features that are still

being tracked are represented as green and the dead-tracks that are no more

tracking or reach a maximum number of sliding window are represented as red.

The results from the KITTI dataset are presented in Fig. 5.4 and Fig. 5.11.

Fig. 5.10 shows the 2D trajectory estimates on a satellite image. The green line

is the true trajectory from the KITTI dataset, which is obtained GPS-aided
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Figure 5.9: The point and line tracking result. The point feature and line feature

are represented with circle and the line, respectively. The green means that the

feature is currently being tracked and the red means that the feature is no

longer begin tracked.

ground truth
PL-MSCKF-Conv
PL-MSCKF-LG

Figure 5.10: 2D trajectory estimates plotted on a satellite image, with the

KITTI 2011 09 30 drive 0028 raw dataset. The red line corresponds to the

PL-MSCKF-LG, the blue solid line corresponds to the PL-MSCKF-Conv and

the green line corresponds to the ground truth.
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INS. Because of GPS outages, the ground truth results in the bottom center

slightly drifted. The red and blue lines are the trajectories estimated using PL-

MSCKF-LG and PL-MSCKF-Conv, respectively. Fig. 5.11 shows the position

and orientation errors over time. As can be seen, if the same measurements are

used, the MSCKF-LG family shows a better accuracy than the MSCKF-Conv

family. And the MSCKF using points and lines are more accurate in orientation

than the MSCKF using points only. However, the position accuracy of MSCKF

using points and lines are slightly lower than the MSCKF using only points.

The large errors that are evident between 75 and 112.5 s were caused by the

drift of ground truth that is caused by GPS outage.

To compare the performance of the 4 cases, we summarize the result into

Table 5.3. The best results are represented as bold text. We adopts two metrics,

relative pose error (RPE) and absolute trajectory error (ATE) [81]. The RPE

represents the local accuracy of the trajectory over a fixed time interval. In

our case, we set the time interval as 1 second. The RPE corresponds to the

drift of the trajectory, which is particular useful for the evaluation of the VO

methods. On the other hand, the ATE represents the global accuracy of the

trajectory. By comparing the RPE and ATE, we can evaluate the local and

global accuracy of the methods. As you can see in Table 5.3, PL-MSCKF-LG

shows best performance. And the MSCKF-LG family shows better accuracy

than the MSCKF-Conv family, if the same measurements are used.

Table 5.3: The position and orientation errors using real experimental datasets.

P-MSCKF-Conv P-MSCKF-LG PL-MSCKF-Conv PL-MSCKF-LG

RPE Trans [m/s] 0.1690 0.1301 0.1493 0.12768

RPE Rot [�/s] 0.1604 0.1318 0.1375 0.1146

ATE [m] 9.4421 7.7007 8.2719 7.1131
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Fig. 5.12 shows the yaw error and the 3� boundary of the both methods. As

you can see, the yaw errors of the MSCKF-Conv family exceed the 3� boundary.

However, those of the MSCKF-LG family remains in the boundary. This clearly

shows the e↵ect of the incorrect gain along the unobservable subspace that cause

the yaw uncertainty of the MSCKF-Conv family to be underestimated.
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Figure 5.11: The position and orientation error over time.
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Chapter 6

Conclusions and Future Works

6.1 Summary of the contribution

In this dissertation, the visual-inertial navigation algorithms using points and

lines with improved consistency were proposed and this improved consistency

were proved through observability analysis by deriving the null-space of observ-

ability matrix.

The conventional visual-inertial navigation algorithms using points and lines

have inherently inconsistent property. This is because the estimation errors

causes the changes of the structure of the observability matrix. Due to these

changes, the spurious information gain occurs along the unobservable directions.

While point features are simple and rich visual information, line features are

alternative visual information in the low-texture environment, like indoors or

urban areas, when compared to the point features. To improve the robustness

and consistency, the points and lines are simultaneously exploited as visual

information for the VINS algorithm and model the state space as a matrix

Lie group, based on the recent theory of the invariant Extended Kalman filter

(IEKF).

The proposed algorithms modeled the navigation-related variables on ma-

trix Lie group o derive a EKF-based VINS using points and lines. Through

modeling the states on the manifold, the error-state and the corresponding
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uncertainties can be properly handled on the corresponding Lie algebra. Es-

pecially, the natural characteristics of rigid body motion can be taken into

account appropriately and the uncertainties of the state can be invariant under

any constant transformation.

The system and measurement models for the VINS algorithms using points

and lines are derived based on invariant extended Kalman filter theory. Invariant

extended Kalman filter has been created by a combination of the symmetry-

preserving theory and Kalman filter with geometrically adapted error-states.

The system model for VINS with right-invariant error is derived in detail. The

point and line measurement model are derived with minimal parametrization of

each measurements. The point features are parametrized with XYZ coordinates

and the corresponding errors is represented with the position error. The line

features are parametrized with the Plücker coordinates that is represented with

the 6 dimensional vector. But, corresponding error-state is handled with the

orthonormal representation of 4 DOF. Through these minimal parametrization,

the error-state and corresponding uncertainties can be handled more precisely

and robustly.

The observability analysis of the IEKF-based VINS using points and lines

is performed, for the first time. Due to the linearization error in the state, there

will be a di↵erence between the null space of the ideal case and that of real case.

As a result, the conventional EKF-based VINS mistakenly think that unobserv-

able subspace can be observed. By leveraging the IEKF theory to the VINS,

this phenomenon can be fixed. In this dissertation, we proved the consistency

improvement of the IEKF-based VINS by computing the right null-space of the

observability matrix. With analytic solution of the state transition matrix of

IEKF-based VINS, we show that the right null space of the IEKF-based VINS

using point and line features are independent of the linearization error. This
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consistency improvement is also verified with the Monte-Carlo simulation and

real-world datasets.

The VINS algorithms using points and lines proposed in this dissertation

can provide improved consistency and performance. And this improved consis-

tency is proved by computing the right null-space of the observability matrix.

Implications of this property on the consistency of the estimator are also dis-

cussed.

6.2 Future works

The proposed algorithm can be improved on the two aspects.

• Front-end

A reliable and robust front-end can improve the performance of the VINS

algorithms. Recently, more robust features like planes, manhattan world

structure and small image patches have been proposed for the VINS al-

gorithms. Especially, intensity-based approaches using photometric er-

rors are gaining popularity, instead of feature-based approaches []. Also,

more robust vision sensors have been developed. In example, dynamic vi-

sion sensors can provide event information related with intensity changes,

thereby having robust characteristic for high-speed motion. The MSCKF-

LG has the potential to combine with above mentioned sensors or front-

end processing.

• Strategy

MSCKF-LG does not provide some essential details about the manage-

ment of keyframes and the tracked point such that hovering is not well

handled. By carefully handling key-frames, MSCKF-LG has the potential
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to use the loop-closing measurements. Also, the earth can be treated as

ellipsoid manifold. As a result, the position can be parametrized with lat-

itude, longitude and height (LLH) instead of XYZ parametrization. This

can provide the capability to handle large-scale navigation prolbems.
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e�cient approach to onboard stereo vision system pose estimation,” IEEE

Transactions on Intelligent Transportation Systems, vol. 9, no. 3, pp. 476–

490, 2008.

[21] D. Murray and J. J. Little, “Using real-time stereo vision for mobile robot

navigation,” autonomous robots, vol. 8, no. 2, pp. 161–171, 2000.

[22] C. H. Tong, S. Anderson, H. Dong, and T. D Barfoot, “Pose Interpolation

for Laser-based Visual Odometry,” Journal of Field Robotics, vol. 31, no. 5,

pp. 731–757, 2014.

109
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Appendix A

Derivation of IEKF system model

The continuous-time dynamic model of IMU state represented using SE2(3) can

be represented as follows:

d

dt
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(A.1) can be represented as follows:
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d

dt
� = fu (�)� �B� �N (A.4)

where
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The right-invariant error is defined as:

⌘ = �̂��1 (A.6)

From the definition of right-invariant error A.6, we can compute the cor-

responding system model that considers the biases of accelerometer and gyro-

scope, as follows:
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In the particular case where � = Id, then, (A.7) can be simplified as follows:

d

dt
⌘ = fu(⌘)� ⌘fu (Id)� �̂�B�̂�1⌘ + �̂N�̂�1⌘
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(A.8)

The right-invariant error ⌘ can be linearized with the vector that is related

corresponding Lie algebra.
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By using A.9, we can compute gu, �̂N�̂�1⌘ and �̂�B�̂�1⌘, respectively, as

follows:
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As a result, we can obtain the linear system of the error-vector on tangent

space of SE23
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This can be represented with IMU error-state as follows:
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Appendix B

State-transition matrix

We can analytically calculate the elements of state transition matrix �

d

dt
� = F� (B.1)

from the continuous time error-state system model, given by

F =

2
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(B.2)

The derivation starts from the fourth and fifth row, because they are zero;

from (4.78), we have

d

dt
�(4:5,:) = 0 (B.3)

So, we can calculate the fourth and fifth row of �, easily.
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The first row of � can be calculated as follows:

d

dt
�(1,1) = 0 ) �(1,1) = I3 (B.5)

d
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Before calculating the second row, we need to know third row. The third

row of � can be calculated as follows:

d

dt
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Then, the second row of � can be calculated as follows:
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d
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As a result, we can obtain the analytically calculated state trainsition matrix

with simple structure, as follows:

� =
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Appendix C

Derivation of Line measurement

Jacobian

This appendix will explain the Jacobian related with line observation. First, we

derive the Jacobian with respect to the sliding window pose and then Jacobian

with respect to the line parameters.To derive the first-order approximation, the

exponential map of SO3 is approxiamted as follows:

exp(✓) ⇡ I3 + ✓^, 8✓ 2 R
3 (C.1)

The Jacobians of line measurements with resect to the sliding window pose

can be decomposed by chain rule as follows:

Hsl =
@zl
@x̃s

=
@zl
@l

@l

@CL

@CL

@x̃s
(C.2)

From (5.6)

@l

@CL
=
h
K 03

i
(C.3)

It is hard to compute the partial derivative of line in the camera frame with

respect to pose. Therefore, we perturb the pose according to the retraction of
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SE3. From (5.5) and (4.65), we can rewrite the CL as follows:
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From (C.5), the partial derivative of line in the camera frame with respect

to the pose is computed as follows:

Hsl = JLKRT
h
(n^

� p^d^) d^
i

(C.6)

The Jacobians of line measurements with resect to the line parameters also

can be decomposed by chain rule as follows:

Hfl =
@zl
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=
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From (5.5)
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Similar to (C.4), we can perturb U and W.
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By using (C.9) and (C.10), L can be computed as follows:

L =
h
n d

i
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Then, the partial derivative of line in world frame with respect to line pa-

rameters can be computed:

@WL
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As a result,
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h
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Appendix D

Null-space of line observability matrix

In (5.29), the first, third and last column can be derived straight forward.
✓
�1 +

1

2
g^d^�t2

◆
g � �1g = 03⇥1 (D.1)
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d⇥ d

kdk
= 03⇥1 (D.2)
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The second column can be derived:
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kdk
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The third column is a bit complicated to derive.

JLKRT

✓
d^u3 �

kdk2

knk2 + kdk2
�2

◆

= JLKRT

✓
kdku1 �

kdk2

knk2 + kdk2
�
kdku1 � knkp^u2

�◆

=
knkkdk

knk2 + kdk2
JLKRT

�
knku1 � kdkp^u2

�

=
knkkdk

knk2 + kdk2
JLKRT

�
n� p^d

�
= 03⇥1

(D.5)

Note that JLKRT (n� p^d) = 03⇥1 from (5.5), (5.6) and (5.13).
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ıÑ∞tî�0�î�\ıÑ∞¸|X\‰îÉDX¯\‰. VINSL‡¨ò@

D � ‹§\ ✏ !�X ®xD �¿‡ à0 L8–, U• |Ã D0(Extented

Kalman Filter, EKF)| ¨©Xî Ω∞,  �T– 0⇠XÏ ��!â,D ›1X

å ⌧‰. EKF0⇠ VINS L‡¨òX ��!π1@ t⌥å  �T\ ‹§\ ✏

!�X â,D t©XÏ ��!â,D ƒ∞X‡, t â,X∞! �ı⌅D Ñ�h

<\h l⇠»‰. Œ@ l‰t 0tX VINS L‡¨òt î�0X ‰⌧ $(

ıÑ∞¸ î� ıÑ∞t |XX¿ Jî D|�1D �¿‡ à‰‡ Ù‡X‡ à‰.

tî  �T ¸�–⌧ ⌧›Xî $(\ xXÏ î�0� ⌘% )• å⌅– �\

D�!h–ƒ àlX‡ ��!X‰‡ )�XÏ, ‰⌧Ù‰ $(X àU‰1D ¸

å…�X0 L8<\ L$8à‰.
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¯|8–⌧îπ’⇣¸π’ D¨©XÏ�x1D•¡‹§p,Ÿ‹–0t

X L‡¨òt �¿‡ àî D|�1D t∞XÏ |�1 ✏ 1•D •¡‹§î )

H– �\ l| ⇠âX�‰. |�1D •¡‹§0 ⌅XÏ ¡‹¿⇠| ¨-â,p

¡–⌧ ®x¡X‡, �(⌧ $( ✏ ıÑ∞D ¨ �⇠ ¡–⌧ ®x¡X�‰. t|

0⇠<\ \¸ ⌧H⌧ à¿ U• |Ã D0 (invariant extended Kalman filter)

X t`D �©XÏ ‹§\ ®x ✏ π’⇣¸ π’ D t©\ !�X ®xD $

ƒX�‰. $ƒ⌧ ‹§\ ✏ !�X ®xD t©XÏ ��! â,X Ñ��<\

 ƒX�<p, t| 0⇠<\ ⌧H⌧ 0ïX ��!1 Ñ�D ⇠âX�‰. πà,

t¸�DµXÏ⌧H⌧0ïtx⌅�xî�pX∆t⌘%)•å⌅–�XÏ

D�!Xp,t\xXÏ0tX0ï–DXÏ|�1✏1•t•¡⌧‰îÉD

t`�<\ ùÖX�<p, tî ¯ |8X ¸î 0Ï⇣t‰.

⌧H⌧ 0ïX |�1 ✏ 1• •¡D UxX0 ⌅XÏ, ›1 pt0| t©\

¨L|\ ‹¨�tX¸ ı⌧ pt0 KD t©\ ‰pt0 Ñ�D ⇠âX�<p,

¯ ∞¸¸ ¯ |8D µXÏ ùÖ\ ∞¸@ |XhD UxX�‰.

¸î¥: �¡-�1 mï, ¨-p, à¿ |Ã D0, ��!1 Ñ�

Yà: 2014-31047
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