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Abstract 

 

Application of Slow Time Acceleration of 
Variable Geometry Dual Thrust Motors 
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Seoul National University 

 

Numerical Studies have been carried out on a 2D-axisymmetric Dual thrust 

Solid Rocket Motors(DTMs) to analyze and predict the Pressure transient of 

the motor with the advent of Slow Time Acceleration Method. Numerical 

Studies in the field of Solid Propellant Rocket Motors(SRMs) involves many 

parametric components that needs to be analyzed before computation. One of 

the key components in parametric analysis for Computational Fluid 

Dynamics(CFD) are the Time Scales present in the system.  Persistent studies 

in application of CFD solvers in problems involving SRMs would easily show 

the importance of these time scales and their involvement in ascertaining the 

physical time required for the computation to complete. In the case of SRMs 

there exist a large disparity between these time scales and understanding this 
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disparity and successful mitigation of this disparity could essentially decrease 

the overall physical time and ergo, making the solver more efficient. Slow 

Time Acceleration is one such methodology which is designed to mitigate this 

disparity in timescales, by essentially employing multi-scale asymptotics.  

 Numerical Studies have been carried out on the 2-D axisymmetric 

variable-geometry Dual Thrust Solid Rocket Motors(DTMs) with high length-

to-diameter(L/d) ratio to test the application of Slow Time Acceleration on the 

internal ballistics properties such as, starting pressure transient using 

Euler/RANS system of equations with SST K-Omega turbulence Model. The 

possible occurrence of  internal throat choking have been confirmed, as have 

been stated in previous research. Present Study concentrates on the internal 

ballistics of DTM as well as other Simple geometry rocket motors with the 

successful application of slow time acceleration and furthermore, exploring 

the difficulties as well as the instabilities involved with this method. 

 

 

Keywords: Dual Thrust Solid Rocket Motors( DTMs ), Slow Time Acceleration, 

,Multi-Scale Asymptotics, Pressure Transient.  
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Chapter 1 

Introduction 

 

1.1 Background 

The Mechanics involved in flame spreading of a variable geometry DTM is 

inherently complex; furthermore, the existence of a fluid throat effect, as 

suggested in previous research makes more complications in analytical 

predictions for internal ballistics of such motors. Usually in SRMs, the flame 

spreading process is achieved with an igniter system with the employment of 

an ignition gas which also acts as an aide to the initial chamber filling process. 

Further complications can arise due to heat transfer rates onto the propellant 

surface, the operating burn model, propellant compositions and so on. DTMs 

with single chamber for combustion and chamber filling are very well known 

to have differential or variable geometries; furthermore, the propellant in 

different sections of the variable geometries can also have variable chemical 

properties to either increase or decrease the rate of flame spreading. The 

propellants on different sectors work in tandem, One sector ignites slow and 

the other ignites fast, giving a very fast pressure rise and thus providing these 

types of motors with an initial thrust boost. Observations from previous 

research have pointed out the possibility of a flow re-attachment and this 

effect could cause a secondary point of ignition which can result in more than 

one flame fronts to travel in opposing directions. The secondary flame fronts 

have the tendency to decrease the initial pressurization time. Several 
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numerical studies have been carried out on the predictions of internal 

ballistics of DTMs in past researches. These numerical studies usually 

involves multiple standard cylindrical geometry types with a variable cone 

type to joining them. The propellants walls are predominantly fixed, or 

slightly moving for a small thickness. Sanal Kumar et.al [5-8]reported the 

possibility of an internal throat, which has been confirmed to exist on several 

papers that followed[3]. The Internal shock tend to create a larger magnitude 

of pressure at the head end of the geometry than at the nozzle entrance.  

The advent of Computational Fluid Dynamics(CFD) in simulating the 

internal ballistics of an SRM is considered a routine in recent years. With the 

increasing computer power available to scientists and engineers, it is now 

considered a routine to simply run simulations for fluid dynamic problems. 

The flow phenomenon in an SRM, to be simulated, must be done with due 

diligence. Apart from the burn model, several factors could compromise the 

accuracy of the internal ballistics. For most problems, using CFD comes at 

what is known as a 

computation cost, Usually, 

this cost is computer hours. In 

the particular problem with 

SRMs several factors 

influence this expense. In-order to explain it further, one needs to analyze the 

system under the scope of spatial and temporal scales present. The SRM is a 

special type of problem where the dominant dynamic properties evolve on a 

time scale much faster than the evolution of the bulk properties[1]. The 

Figure.1 The possibility of a fluidic 
throat for large L/d ratio motors. 
Ref[9] 
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Dominant Fast Scale processes on long periods of time produces the slow 

evolution of the entire system, the system evolved in slow time will change 

the dynamic fast scales[1]. These time scales present in the SRM usually have 

large disparities within them and these disparities lead to large computational 

time. In the scenario of straight forward numerical simulation the slow time 

scale properties grow in accordance with the fast time scale properties, thus 

one can come under the conclusion that the overall simulation cost is directly 

proportional to the ratio of these time-scales. 

A.Haselbacher et.al [1]developed a methodology in which one is able to 

mitigate the disparity of time scales with the aid of multi-scale asymptotics. 

Literature review suggests that systems that show large disparity in time-

scales can be treated with multi-scale asymptotics[1]. Although, this method is 

used in finding analytical solution in power series with suitable treatment of 

singular terms or singular behavior of solutions, complex flow phenomenon 

such as SRMs require numerical treatment in approximating a solution. The 

way slow time acceleration is modeled varies from standard multi-scale 

asymptotic problems, the governing equations, after putting them under the 

scope of multi-scale asymptotic analysis, is modified and the new system will 

hold the condition of asymptotic similarity to that of the previous system with 

one variance: The small parameter ε is now multiplied with a constant β. This 

constant will accelerate the slowly varying properties by a factor of β, thus 

reducing the total time by the same factor β. In Summary, Classical multi-

scale asymptotic procedure is not used in the development of slow time 

acceleration method. 
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The Fastest Time scale in a DTM for explicit schemes is of order -10 for 

RANS simulation and -8 for Inviscid Euler Simulation. The complete running 

of the simulation is very disadvantageous when it is run in explicit. A suitable 

trade in accuracy vs. computational speed are implicit methods with similar 

implications to that of an accelerated explicit solver. 

 

1.2 Outline of thesis 

In the Present Study the Slow Time Acceleration method extended to RANS 

system of equations with SST K-Omega turbulence model and implicit 

LUSGS method. The stability of these methods are extensively studied in the 

case of DTM and other simple geometry SRMs. The primary focus of this 

study is the extension as well as the instabilities and possible ways one maybe 

able to subdue the solution in-case of a growing instability. 
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Chapter 2 

Numerical Methods 

 

2.1 Governing equations for fluid flow.  

In this paper, a single phase fluid flow simulation is used, the In viscid flow 

governing equation, also known as the Euler Equation, and the viscous 

turbulent flow equation otherwise known as the Reynolds Averaged Navier 

Stokes(RANS) Equation with SST-K-Omega as turbulence model. The 

governing equation composes of three different equations which obey the law 

of conservation, they are: continuity, momentum and Energy Equations. In the 

Case of RANS two additional equations are solved to compute the eddy 

viscosity. The present study is done with stationary mesh ( non moving 

boundaries ) hence the volume of each cell remains the same throughout the 

simulation.  

Assuming a constant control volume Ω  with control Surface ∂Ω ,the 

governing equations expressed in the integral form as 

 

∂

𝜕𝑡
𝑸𝑑Ω + [(𝑭𝒄 − 𝑭𝒗) ∙ 𝒏]𝑑𝑆 =  𝑺𝑑Ω (2.1) 

 

Where, Q is conservative field vector, 𝐅𝐜is convective flux tensor and 𝐅𝐯is 

viscous flux vector flux tensor and S is the volumetric source terms.  
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𝐐 = [ρ ρu ρv ρw ρE ] 

F =

⎣
⎢
⎢
⎢
⎡

ρu ρv ρw

𝜌𝑢 + 𝑝 ρuv ρuw

ρuv 𝜌𝑣 + 𝑝 ρvw

ρuw ρvw 𝜌𝑤 + 𝑝
ρuH ρvH ρwH ⎦

⎥
⎥
⎥
⎤

,   F =

⎣
⎢
⎢
⎢
⎡

0 0 0
𝜏 𝜏 𝜏
𝜏 𝜏 𝜏
𝜏 𝜏 𝜏

𝜃 𝜃 𝜃 ⎦
⎥
⎥
⎥
⎤

 
(2.2) 

 

In which 𝑝, ρ, 𝐸 , 𝐻 represents fluid pressure, density, total energy, total 

enthalpy and (u, v, w) constitutes the velocity vector.  

𝜃 , 𝜃 , 𝜃  is defined as 

 

𝜃 =  𝑢𝜏 + 𝑣𝜏 + 𝑤𝜏 + 𝑞  

𝜃 = 𝑢𝜏 + 𝑣𝜏 + 𝑤𝜏 + 𝑞  

𝜃 = 𝑢𝜏 + 𝑣𝜏 + 𝑤𝜏 + 𝑞  

(2.3) 

 

q is the heat flux and τ  is the viscous stress tensor. The fluid is assumed to 

be a Newtonian, i.e. shear stress tensor is computed as  

τ = 𝜇
𝜕𝑢

𝜕𝑥
+

𝜕𝑢

𝜕𝑥
−

2

3

∂u

 𝜕𝑥
𝛿  (2.4) 

 

q =  −𝑘
𝜕𝑇

𝜕𝑥
 (2.5) 

Where, μ represents the total viscosity coefficient which consists of the sum 

of laminar viscosity and turbulent viscosity, which is computed from 

Sutherland law and SST-K-Omega Model. Heat flux q  is computed by 

Fourier’s lawor law of heat conduction with k as the thermal conductivity 

coefficient. 

 



15 

2.2 Spatial discretization method 

2.2.1 RoeM 2 ( Convective Flux Scheme ) 

The presence of shock due to the fluidic throat effect demands that the 

spatial discretization scheme to be stable, robust and accurate. Thus RoeM 2 

flux scheme was used to compute the principal convection flux. Preliminary 

studies shows the existence of an oscillating shock train present in the DTM 

motor. This shock train tend to oscillate leading the so-called phenomenon of 

shock dancing. For the 2D-Axisymmetric case,  

 

F =
𝑏 × 𝐹  −  𝑏 ×  𝐹

𝑏  −  𝑏
+

𝑏 × 𝑏

𝑏 − 𝑏
∆𝑄∗ 

−𝑔
b × b

b − b
×

1

1 + |𝑀|
𝐵∆𝑄  

(2.6) 

 

F  is the flux at the interface, 𝑏  and 𝑏  are defined as 

𝑏 =  𝑚𝑎𝑥(0, 𝑈 + �̂�, 𝑈 + �̂�); 𝑏 =  𝑚𝑖𝑛(0, 𝑈 − �̂�, 𝑈 − �̂�)        (2.7) 

𝑈 𝑎𝑛𝑑 �̂� represents the velocity and speed of sound at the flux interface. 

∆Q = ∆

ρ
ρu
ρv
ρH

,    B∆Q = (∆ρ − 𝑓
∆𝑝

�̂�
)

1
u
v
H

+ ρ

0
∆u − n ∆U
∆v − n ∆U

∆H

 

(2.8) 

 

 

g =  |M|
,

 , M ≠ 0

    1               .     M = 0 

 

 

f =  
1 , u + v = 0

|M| ,       elsewhere 
 

 

(2.9) 
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h = 1 − min(   p
,

, p , ( / ( / ), , p
.
, 

p ( / ), , p ( / ), ) 

𝑝 , ( / ) = 𝑚𝑖𝑛
𝑝 ,

𝑝 ,

𝑝 ,

𝑝 ,
 

(2.10) 

 

2.2.2 Viscous Flux Scheme.  

Viscous flux is computed from the pre-computed gradient. The gradients for 

velocity and temperature are computed using weighted least squires method. 

Since the gradients have already been computed, the cell gradients are 

extended to face midpoint by simple averaging.   

∇U = (∇U + ∇U )  (2.11) 

 

However, this method at its present stage is inaccurate and leads to large 

error. The method is improved by using a directional derivative along the 

vector connecting the cell-centroids.  

 

𝜕𝑈

𝜕𝑙
≈

U − U

l
 (2.12) 

 

 

 

l  represents the distance between the cell centers I and J. let the vector 

defined between cell I and J be r⃗ ; unit vector t⃗ =
⃗

 

∇U = ∇U −  ∇U . t⃗ −
𝜕𝑈

𝜕𝑙
t⃗  (2.13) 

Once the face centered gradients are computed, then the Viscous flux tensor 

is directly computed with the equations given by (2.2, 2.3, 2.4, 2.5) 
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2.3 Time integration method 

General discretization of the governing equations of fluid flow (2.1) 

 

( )
= − ∮ [(𝑭𝒄 − 𝑭𝒗) ∙ 𝒏]𝑑𝑆 +  ∫ 𝑺𝑑Ω = -R (2.14) 

The time derivative is approximated by the following non linear scheme[12] 

Ω

∆𝑡
∆𝑄 = −

𝛽

1 + 𝜔
�⃗� −

1 − 𝛽

1 + 𝜔
�⃗� +

𝜔𝛺

(1 + 𝜔)∆𝑡
∆𝑄  

∆𝑄 = 𝑄 − 𝑄  

(2.15) 

  

𝛽 and 𝜔 determines whether explicit or implicit method is required to solve 

the system. Different explicit and implicit methods can be derived from this 

basic non-linear scheme.  

The explicit unsteady Euler/RANS system of equations were solved using 

Total Variation Diminishing(TVD) Range Kutta(Rk) method ( TVDRk). The 

explicit formulation is given by putting𝛽 = 0 and 𝜔 = 0 into equation (2.15). 

Ω

∆𝑡
∆𝑄 = −�⃗�  (2.16) 

 

Dual Time Stepping with LUSGS: The Euler/RANS system of equations are 

rewritten and instigated with 𝛽 = 0 and 𝜔 = 1/2. 

3𝛺𝑄 − 4𝛺𝑄 + 𝛺𝑄

2∆𝑡
=  −𝑅  (2.17) 

 

𝑄  Represents the conservative variable of stencil I and 𝑅  is Residual of 

cell I. Equation (2.17) represents the 3-point backward-difference 
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approximation. Pseudo time stepping strategy is used to solve the above 

system where 𝜏 is the pseudo time variable.  

∂𝛺𝑄
∗

∂𝜏
=  −�⃗�

∗
(�⃗�

∗
) 

�⃗�∗ �⃗�∗ =  �⃗� 𝑄∗ + 
3

2∆𝑡
𝛺𝑄∗ − 𝑆∗ 

𝑆∗ =
2

∆𝑡
𝛺𝑄 −

1

2∆𝑡
𝛺𝑄  

(2.18) 

 

Where 𝑅 ∗(𝑄 ∗) is the unsteady Residual and when this value approaches 

zero 𝑄
∗

=  𝑄 .  

[12] Dual Time Stepping for implicit formulation is achieved by  

∂𝛺𝑄
∗

∂𝜏
=  −(�⃗�∗)  

(�⃗�∗) ≈ (�⃗�∗) +
∂R⃗

∂Q⃗∗
∆Q⃗∗ 

(2.19) 

1

∆𝜏
+

3

2∆𝑡
𝛺 +  

∂R⃗

∂Q⃗∗
∆Q⃗∗ = (�⃗�∗)  (2.20) 

∆Q⃗∗ = Q⃗ − Q⃗  (2.21) 

 

Lower Upper Symmetric Gauss Seidel Method(LUSGS) is employed to solve 

the above system (2.20.). The implicit operator is factorized into three 

components, the L- consisting of terms in the lower triangular matrix, U- 

Upper triangular and D- The Diagonal terms. 
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            (𝐷 + 𝐿)𝐷 (𝐷 + 𝑈)∆𝑄 =  −�⃗�               (2.22)  

Two step inversion is used which aides us in using forward sweep and 

backward sweep to accurately approximate the solution.  

(𝐷 + 𝐿)∆�⃗� =  −�⃗�  

(𝐷 + 𝑈)∆𝑄 =  −𝐷∆�⃗�  

 

(2.23) 

 

 

LUSGS method for unstructured grid is used [12] 

𝐿 =  �̅� + (�̅� )

∈ ( )

∆𝑆  

𝑈 =  �̅� + (�̅� )

∈ ( )

∆𝑆  

𝐷 =  
𝛺

∆𝑡
𝐼 +  

𝜔

2
(𝛬 ) + (�̅� ) ∆𝑆 − 

∂𝛺S⃗

∂Q⃗∗
 

(2.24) 

 

L(i) and U(i) represents the nearest neighbors of node i in the lower and upper 

matrix. The diagonal matrix was formed by approximating the convective flux 

Jacobian as    

(�̅�±∆𝑆)∆Q⃗ ≈  
1

2
∆�⃗� ∆𝑆 ±  𝑟 𝐼∆̅Q⃗  (2.25) 

The Viscous flux Jacobian can be approximated as the viscous spectral radii.  

(�̅� ) ∆𝑆 =  (𝛬 )  (2.26) 
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2.4 Turbulence model 

Since there is mass choking at the throat, due to fluidic throat effect[5-7], the 

wake created after the mass blockade at the throat section gives rise to 

turbulent flow. It can be seen from previous research the large re-circulation 

regions as well was the high turbulent intensities in the duct-region requires 

the treatment of turbulent models to be stable as well as accurate[3]. In this 

study, 𝑆𝑆𝑇 𝑘 − 𝜔  model by Menteret al.[15] is used to estimate the eddy 

viscosity associated with turbulent flow.  

𝑆𝑆𝑇 𝑘 − 𝜔 turbulence model is a two equation transport model with the 

variables being turbulent kinetic energy (k) and turbulent dissipation rate (𝜔). 

These equations are solved alongside the Original system of equations with 

the same time integration scheme. The model has properties of both 

transformed k − ϵ turbulence model and 𝑘 − ω  turbulence model and the 

dominant effect of the models are determined by the blending function.  

The model equations are.  

 

𝜕(𝜌𝑘)

𝜕𝑡
+

𝜕 𝜌𝑘𝑢

𝜕𝑥
= 𝑃 − 𝛽∗𝜌𝜔𝑘 +

𝜕

𝜕𝑥
(𝜇 + 𝜎 𝜇 )

𝜕𝑘

𝜕𝑥

𝜕(𝜌𝜔)

𝜕𝑡
+

𝜕 𝜌𝜔𝑢

𝜕𝑥
= 𝜌

𝐶

𝜇
𝑃 − 𝛽 𝜌𝜔 +

𝜕

𝜕𝑥
(𝜇 + 𝜎 𝜇 )

𝜕𝜔

𝜕𝑥
+ 2𝜌(1 − 𝐹 )𝜎

1

𝜔

𝜕𝑘

𝜕𝑥

𝜕𝜔

𝜕𝑥

 (2.27) 

 

where,  

 

𝑃 = min 𝜏 𝑆 , 10𝛽∗ 𝜌𝑘𝜔  

(2.28) 
τ = 2μ 𝑆 −

2

3
𝜇

𝜕𝑢

𝜕𝑥
𝛿 −

2

3
𝜌𝑘𝛿  
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μ =
a ρ 𝑘

max 𝑎 𝜔, 𝐹 2𝑆 𝑆
 

S =
1

2

𝜕𝑢

𝜕𝑥
+

𝜕𝑢

𝜕𝑥
 

The blending function (F ) defined by equation (2.30) determines the model 

coefficients β , C , σ , σ .  

 

𝜙 = 𝐹 𝜙 + (1 − 𝐹 )𝜙  (2.29) 

 

Here, ϕ , ϕ  denote the coefficient of 𝑘 − 𝜔  and𝑘 − 𝜖  turbulence model 

respectively. 

The coefficients for each model is given by Subscript 1 and 2 represents𝑘 −

𝜔 and𝑘 − 𝜖 model. 

 

𝛽 = 0.075  𝐶 = 5/9  𝜎 = 0.85 𝜎 = 0.5     
𝛽 = 0.0828 𝐶 = 0.44 𝜎 = 1.0  , 𝜎 = 0.856

 (2.30) 

 

The blending function is given by 

 

F = tanh (arg ) 

(2.31) 

arg1 = min 𝑚𝑎𝑥
√𝐾

0.09𝜔𝑑
,
500𝜇

𝜌𝜔𝑑
,
4𝜌𝜎 𝐾

𝐶𝐷 𝑑
 

CD = max 2
ρσ

ω

∂K

∂x

∂ω

∂x
, 10  

F = tanh (arg )  

arg2 = max
2√𝐾

𝛽∗𝜔𝑑
,
500𝜇

𝜌𝜔𝑑
 

 

‘d’ is the cell wall distance, or distance to the nearest wall.  
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Turbulent boundary conditions:  

U

10 𝑅𝑒
< 𝐾 <

U

10𝑅𝑒
 

(2.32) 

U

𝐿
< 𝜔 <

10𝑈

𝐿
 

K = 0 

ω =
60μ

𝛽 𝜌 𝑑
 

 

2.7 Slow Time Acceleration.  

2.7.1 Slow time acceleration on Explicit solver[1]. 

The governing equations of flow given by (2.1) is recast into a simple 

equation omitting the vector symbol and integrating volume into the 

conservative variable. 

𝑑(𝑄𝛺 )

𝑑𝑡
= − 𝑄 �⃗� − �⃗� . 𝑛. 𝑑𝑆 + 𝑆(𝑄)𝑑𝛺 (2.33) 

where �⃗� is the relative velocity in a moving mesh( if the SRM propellant 

boundary was moving ), in the present study �⃗� = 0.  

We assume the volume averaged Conservative variable as : 𝑄 = ∫ 𝑄𝑑𝛺 

𝑑(𝜌�⃗�)

𝑑𝑡
= − 𝜌�⃗� �⃗� . 𝑛. 𝑑𝑆 + 𝑝. 𝑛. 𝑑𝑆 + �̿�. 𝑛. 𝑑𝑆 + 𝑆  

𝑑(𝜌𝐸)

𝑑𝑡
= − 𝜌𝐸 �⃗� . 𝑛. 𝑑𝑆 + 𝑝(�⃗�. 𝑛). 𝑑𝑆 + 𝜏̿. �⃗�. 𝑛. 𝑑𝑆

+ 𝑘∆𝑇. 𝑛. 𝑑𝑆 + 𝑆𝑏𝑜𝑑𝑦 

(2.34) 
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The above equations represent the Navier Stokes equation and the Energy 

equation. Both can be recast into a simple from by applying the divergence 

rule to the pressure flux and similarly procedures is done in the Energy 

equation. 

𝛺
𝑑𝑄

𝑑𝑡
= − 𝑄 �⃗� . 𝑛. 𝑑𝑆 + (𝑄 − 𝑄 ) �⃗� . 𝑛. 𝑑𝑆 + 𝑆  (2.35) 

the second integral is zero since the mesh is non-moving.  

Multi-scale asymptotics are applied on the above equation by assuming the 

conservative quantity 𝑄 to be a function of both Slow Time and fast time. 

𝑄 = 𝑄(𝑡, 𝑇) 

Asymptotic form of RANS system of equations.  

𝛺
∂𝑄

∂𝑡
+ 𝜀𝛺

∂𝑄

∂𝑇
= − 𝑄 �⃗� . 𝑛. 𝑑𝑆 + 𝑆  

− 𝑄 �⃗� . 𝑛. 𝑑𝑆 + 𝑆 = 𝑅  

(2.36) 

A secondary equation for the globally averaged conservative properties is 

computed as 

𝜀𝐷
𝑑𝑄

𝑑𝑇
= − 𝑄 �⃗� . 𝑛. 𝑑𝑆 + 𝑆̅  

− 𝑄 �⃗� . 𝑛. 𝑑𝑆 + 𝑆̅ = 𝑅 

(2.37) 

the globally averaged conservative variable is assumed to depend only on the 

Slow time scale and independent of the fast time-scale. 

𝛺
∂𝑄

∂𝑡
+ 𝜀𝛺

∂𝑄

∂𝑇
= −𝑅  (2.38) 
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𝑅 = 𝑅 −
𝛺

𝐷
𝑅; 𝑄 = 𝑄 −

𝛺

𝐷
𝑄 

Acceleration is achieved by replacing 𝜀 with 𝛽𝜀, here 𝛽 is a constant, and 

the equations are given, an added asymptotic source term, which will make 

the accelerated modified system of equations asymptotically similar to the un-

accelerated solution(𝛽 = 1). 

𝛺
∂𝑄

∂𝑡
+ 𝛽𝜀𝛺

∂𝑄

∂𝑇
= −𝑅 + 𝑆  

𝛽𝜀𝐷
𝑑𝑄

𝑑𝑇
= −𝑅 + 𝑆̅ 

𝑆̅ = −(𝛽 − 1)𝑅;  𝑆 = (𝛽 − 1)𝛺
∂𝑄

∂𝑇
 

(2.39) 

The asymptotic time-scales ( fast time-scale and slow-time scales ) are 

connected through the small parameter 𝜀 by 𝑇 = 𝜀𝑡; when accelerated 𝑇 =

𝛽𝜀𝑡, where 𝛽 is the acceleration parameter, 𝛽 = 1 is un-accelerated solution.  

The final form of the accelerated equation is given by 

𝛺
𝑑𝑄

𝑑𝑡
+ (1 − 𝛽)𝜀𝛺

∂𝑄

∂𝑇
= − 𝑅 + (𝛽 − 1)

𝛺

𝐷
𝑅  

 

(2.40) 

2.7.2 RANS analogies 

As stated above the pressure flux terms and viscous flux terms are combined 

into the source terms to get the simple form, making equation (2.40) 

analogous to the RANS equation. However, the SST-Model is left un-

accelerated, refer the numerical results section for details.  

Thus the above equation can be solved explicitly without any additional 

complexity, All explicit computation in this study is run using TVDRK at a 
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CFL 0.95.  

2.7.3 Implicit Extension 

Re-writing equation (2.40) 

𝛺
𝑑𝑄

𝑑𝑡
+= −𝑅 − 𝛺 (1 − 𝛽)𝜀

∂𝑄

∂𝑇
+ (𝛽 − 1)

𝛺

𝐷
𝑅  

𝛺 (1 − 𝛽)𝜀
∂𝑄

∂𝑇
+ (𝛽 − 1)

𝛺

𝐷
𝑅 = 𝑆  

(2.41) 

The new equation is analogous to the original system of equations, 

represented in the implicit solution. We assume the new solution to take form  

𝛺
𝑑𝑄

𝑑𝑡
+= −𝑹 

𝑹 = 𝑆 + 𝑅  

(2.42) 

The implicit simulation requires the treatment of R as an unsteady variable.  

𝑹𝒏 𝟏 = 𝑆 + 𝑅  (2.43) 

where 𝑅  can be estimated the same way as done in LUSGS, 

however,𝑆  requires special treatment. The derivative of the slow-time 

source term with respect the conservative variables are required in-order to 

solve the system.  

Since the dominant term in the slow-time source term 𝑆  is the sum of 

boundary flux in the domain, we assume the derivative of the slow time 

derivative with respect to the conservative variables to be small. 

𝑆 = 𝑆 +
𝑑𝑆

𝑑𝑄
 

𝑑𝑆

𝑑𝑄
≈

( 𝛽 − 1)

𝐷

𝑑𝑅

𝑑𝑄
 

(2.44) 



26 

𝑑𝑅

𝑑𝑄
=

𝑑 ∑ 𝐹𝑙𝑢𝑥

𝑑𝑄
 

The assumption made to compute the 

derivative  are: 

1.) The asymptotic source derivative 

is zero for the interior cells. 

2.) Only boundary Cells have 

dominant slow-time source derivative present. 

3.) + + + . . . ..i.e. Cell 

"i" has the one dominant asymptotic source derivative, its own boundary flux 

derivative and several subdominant asymptotic source boundary( domain 

boundaries of other cells). 

These assumptions make up the unsteady slow-time source term to be  

𝑆 , = 𝑆 ,  +  
𝑑𝐹

𝑑𝑄
 , 𝑖𝑓 𝐶𝑒𝑙𝑙 𝑖 𝑖𝑠 𝑎 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝑐𝑒𝑙𝑙 

𝑆 , = 𝑆 ,   , 𝑖𝑓 𝐶𝑒𝑙𝑙 𝑖 𝑖𝑠 𝑎 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑐𝑒𝑙𝑙 

(2.45) 

with these assumptions the implicit operator in LUSGS can be re-written to 

include the slow-time Source terms. 

The derivative can be computed similar to the LUSGS formulation[12].  

𝑑𝐹

𝑑𝑄
= (𝐴± + �̅� )∆𝑆 

(�̅�±∆𝑆)∆Q⃗ ≈  
1

2
∆�⃗� ∆𝑆 ±  𝑟 𝐼∆̅Q⃗  

(2.46) 

It is very difficult to find a suitable approximate for ∆�⃗� ∆𝑆 as one needs the 

solution of the accelerated time to estimate this, thus an assumption is made 

Figure.2 Derivative of the asymptotic 
source term: relevant cells are 
boundary cells 
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that: this term be assigned zero. Note that, this is a very rudimentary 

assumption. This assumption could impose serious convergence issues for the 

implicit sub-iterations in Dual Time Stepping. 

4.) For Boundary Cells alone: The additional Diagonal Element for slow-time 

source derivative is added to the diagonal term.  

i.e. Diagonal Term(Slow Time) = Diagonal + �̅� + (�̅� ) ∆𝑆  for the 

boundary cells 

𝐿 =  �̅� + (�̅� )

∈ ( )

∆𝑆  

𝑈 =  �̅� + (�̅� )

∈ ( )

∆𝑆  

𝐷 =  
𝛺

∆𝑡
𝐼 +  

𝜔

2
(𝛬 ) + (�̅� ) ∆𝑆 −  

∂𝛺S⃗

∂Q⃗∗
  

+
𝝎

𝟐
(𝜦𝒄)𝒊,𝒃𝒄𝒆𝒍𝒍 

𝑹𝒏 = 𝑆 + 𝑅  

(𝐷 + 𝐿)𝐷 (𝐷 + 𝑈)∆𝑄 =  −𝑹𝒏 

(2.47) 

Interior cells have no change in their implicit formulations. 

2.7.4 Boundary Conditions[1]. 

1.) Boundary Condition for the propellant injection boundary is give by  

�̇�  =  �̇�  + 
𝛽 − 1

𝛽
𝜌. 𝑤 . 𝑛 (2.48) 

�̇�  is the accelerated mass flow rate from the injection boundary of the 

propellant wall( after ignition ), �̇�  is the un-accelerated injection mass, 

. 𝑤  is the accelerated relative velocity of the propellant wall ( moving wall 



28 

case), n is the normal vector.  

2.) Injection Boundary condition ( for the  ) remains unchanged if the  is 

kept at a constant boundary conditions( constant mass flow rate). If the 

boundary condition is varying with time, then one must compute the change 

in  mass based on the accelerated time scale.   

2.7.4 Slow Derivatives[1]. 

∂Q

∂T
≈

1

𝑐

𝑑𝐴

𝑑𝑇
𝑄 (2.49) 

 where 𝐴 is the amplitude of fluctuations[1]. For Simple geometries, like the 

cylindrical grain, ~𝑄 . 

One alternative to the slow time derivative is to use a quasi 1-D simulation to 

compute the cross-sectionally averaged continuity, axial momentum and 

Energy. Cross-sectionally averaged radial momentum is assumed to be zero. 

The model equations for building a solver is available in ref[4].  

2.6 Equations of state (EOS) 

Ideal Gas formulation is used as the working fluid, with the Gas Constant R 

= 281.26933 J/kg for all simulations and adiabatic heat coefficient gamma 

=1.143.  

 

2.7 Solid propellant Burn model 

Standard aPn model was used to approximate the burn rate ṙ, the injection 

mass boundary condition of the ignited propellant is computed from the burn 

rate ṙ. The propellant surface which are not ignited either acts as an Inviscid 
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wall in the case of Inviscid Euler Simulation or acts as a viscous wall in 

RANS simulation. The model constants for aPn are a = 0.00803 & n =0.3345.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



30 

Chapter 3 

Numerical study on the application of slow time 

acceleration of SRMs  

 

3.1 SRM test Cases, Geometry and Boundary conditions.   

3.1.1 Case 1 : Cylinder with No , Open Nozzle.  

The Cylinder has a bore radius of 0.2 meters, axisymmetric motor, The 

nozzle throat radius is 

0.03332 meters. 

Boundary Conditions: 

All cases run in 3.1.1  

has no  system present, 

instead the propellant is 

ignited instantaneously 

at the start of simulation. The case is initially set to uniform temperature of 

3000 K. This case is primarily used to study the oscillations, when slow time 

acceleration is applied. The mesh is all triangle unstructured mesh with 13383 

Cells with suitable refinement near the nozzle throat and near the propellant 

walls.   

3.1.2 Case 2 : Cylinder with , Open Nozzle 

A smaller version of the geometry used in case 3.1.1, primarily used to verify 

the effects of  boundary condition. A constant mass of 0.25 kg/sec at a  total 

Figure.3Case 1, Cylinder.  
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temperature of 3000 K is used to heat up the propellant. The motor is 

initialized to standard atmospheric conditions( Pressure = 101325.15 pa, 

Temperature = 300 K ). the mesh size is 8400 Cells with suitable grid 

stretching near the propellant walls and at the nozzle throat. The Nozzle 

Throat radius = 0.03335 m 

 

3.1.3 Case 3 : Dual Thrust Motor : Primary Case.  

Primary test case, Three case studies:  

(i)  Inviscid Euler First Order with instantaneous ignition. Note that, this case 

is similar to case 3.1.1 the motor is assumed to have an initial temperature of 

3000 K at standard pressure.  

(ii) RANS solver with MLP_u1 limiter, the motor has the same conditions as 

that of case (i) but it uses explicit TVDRK to solve turbulence equations (SST 

K-Omega) and is Second order solution with MLP_u1 limiter. 

(iii) RANS  case: Primary Study Case, Fully implicit Unsteady Reynolds 

Averaged Navier Stokes equation is solved to simulate the internal ballistics 

of the Rocket motor. The Dual time stepping methodology is used for 

unsteady compute the unsteady characteristics, all implicit cases are run with 

pseudo Courant Freidrich Levy(CFL) number of 5. The  has constant mass 

flow rate of 0.25 kg/sec, at a total temperature of 3000 K. The motor is 

Figure.4 Case 2, Cylinder.  
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initialized to standard atmosphere and pressure. Slow Time acceleration is 

activated after the internal throat is un-choked in a fully implicit scheme. 

DTM motors in explicit solvers are very inefficient as can be seen from case 

3.1.2_(ii). The  is run only with implicit dual time stepping with varying 

values of acceleration parameter 𝛽. 

Geometry Details: Port Length = 1.19 m; Port Diameter = 0.045 m 

Duct Length = 0.75 m; Duct Diameter = 0.11 m 

Nozzle Throat Diameter = 0.066652 m or Radius = 0.03332 m 

 

There is a shock train present at the duct of the motor for the  case, possible 

reasons, as suggested by previous research, the fluidic throat effect[5-7]. Slow 

time acceleration is applied after the throat is un-choked. The mesh consists of 

41064 cells with suitable stretching near propellant walls to accurately capture 

the boundary layer effects. Further refinement is also done near the nozzle 

throat. Second order solution with unsteady Barth limiter.  

3.2 Numerical Results 

3.2.1 Preliminary Studies for DTM ( Inviscid Euler ). 

Numerical Studies were carried out on first order Invisicid Euler system of 

equations to study the effects of slow time acceleration on predicting the 

 

 
Figure.5 Case 3, Dual Thrust Motor. Geometry and Mesh.  
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internal ballistics of the solid rocket motor. The preliminary test was done to 

confirm the stability and accuracy of the methodology for first order on this 

motor. Previous research into the numerical simulation of DTM shows the 

motor is very much sensitive to fluid dynamic effects. It has been found in 

previous research [3] that the turbulent viscosity in the duct region is high 

compared to the molecular viscosity, computed from by the Sutherland 

formulation by several orders of magnitude. The second order simulation of 

the Inviscid Euler simulation was found to be highly oscillatory with large 

magnitudes of pressure fluctuations at the duct section. The computation 

carried out with Slow time acceleration was found to be unstable for all values 

of 𝛽 > 1. The simulation is run with explicit TVD RK with CFL = 0.95 

    Fig.6 shows the pressure transient at the head end of the motor. It can be 

 

 
Figure.6 First Order Euler Solution for various 𝜷  values. Pressure 
transient at the head end of the motor.  
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seen from preliminary studies that higher values of beta, can create erroneous 

results. The slow time acceleration methodology is applied after the un-

chokcing of the throat. The reason to which is, The methodology was 

formulated with a fundamental assumption that the entire system has a 

particular asymptotic tendency. When the throat is choked this creates a mass 

blockade, with high unsteadiness at the duct section of the motor. Thus if one 

were to apply slow time acceleration during choked flow, the solution, even 

though stable, will be erroneous as averaging will take place between the two 

systems( the port and the duct ). The nozzle is closed, assuming a membrane 

nozzle, with the nozzle membrane rupture pressure- determined by pressure 

sensor at the head end of the geometry is specified to be 2.3 MPa. When the 

nozzle ruptures the duct section of the motor depressurizes while the port does 

not, this inequality when globally averaged will create an error as pressure 

diffuses in the port when globally averaged source terms are applied.   

Table.1 Shows the time taken for the explicit solver to compute the 

simulation through the accelerated sections of the simulation. All simulations 

were run with the same computational power. 

 

3.2.2 Preliminary Studies for DTM (RANS). 

Numerical Studies were carried on to analyze the behavior of slow time 

acceleration on DTM with the SST K-Omega turbulence model. The 

 

 
Table.1 Time taken for computation in the accelerated region.   
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simulation is second order explicit with MLP_u1. TVDRK was used for time 

integration with CFL = 0.95. The exit nozzle, like the previous case is 

assumed to be closed with the membrane rupture, determined by the pressure 

sensor at the head end of the DTM, is specified as 2.3 MPa.  

SST K-Omega model, turbulent kinetic energy and turbulent dissipation rate, 

were left un accelerated. In DTM the turbulent flow is only dominant at the 

duct region of the solver, with the port having very low magnitudes of 

Turbulent Kinetic Energy and Eddy Viscosity. Fig.7 Shows the Turbulent 

Kinetic Energy(TKE) and Eddy Viscosity at the duct section of the motor. 

Since slow time acceleration methodology assumes a globally averaged 

solution, the globally averaged TKE will inevitably increase the magnitude of 

TKE in port section of the motor. The magnitude of TKE at the port section of 

the motor is of Order -1, the accelerated solver pushes this magnitude to 2. 

The magnitude, although low when compared to the highest values at the duct, 

will create an error in the Eddy Viscosity limiter defined in SST K-Omega 

model[10]. 

 

 
Figure.7 Turbulent Kinetic Energy(TKE) and Eddy Viscosity of the un-
accelerated solution.   
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μ =
a ρ 𝑘

max 𝑎 𝜔, 𝐹 2𝑆 𝑆
  

 

All the variables included in the limiter are subdominant in the port section 

including the Turbulent dissipation rate 𝜔. This imbalance created due to slow 

time acceleration method will cause the eddy viscosity to grow to unphysical 

values crippling the solution. One possible way to mitigate the unphysical 

behavior of the solution is to use restrict slow time acceleration method to 

regions where eddy viscosity and TKE have large orders of magnitude. 

However persistent analysis have shown that the Eddy Viscosity of un-

accelerated solution is asymptotic to the accelerated solution with The SST-

Model left un-accelerated. To minimize complexity slow time acceleration 

was disabled for the SST K-Omega model in RANS equation. This was 

 
 
Figure.8 Pressure transient at the head, for different for 𝜷 values.  
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relatively better choice as the method had erroneous effects on Eddy Viscosity. 

Fig. 8 shows the pressure plot at the head end of the motor. as can be 

seen from the difference from the peak pressure time in head and the 

transition region, suggests the membrane rupture creates a depressurization 

effect which cannot be predicted accurately by the slow time acceleration 

methodology. Thus slow time acceleration was disabled after membrane 

rupture. Fig.10 shows the pressure transient at the entrance of the nozzle or 

tail section of the motor. 

 

 
Figure.9 Pressure transient at the transition region(interior throat), for 
different 𝜷 values.  
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Fig.11 Shows the Pressure contours before acceleration, Fig 12 showing 

interior throat choking with the mach number contour. 

 

 
Figure.11 Pressure Contour for before acceleration.    

 

 
Figure.10 Pressure transient at the nozzle entrance(tail), for different 𝜷 
values.  
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Figure.13 Comparison of pressure contour for various 𝜷 values at time t 
= 5 ms.  

 

 
Figure.12 Mach Number Contour before acceleration.    
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Fig. 13 & 14 shows the pressure contour comparison for different 

acceleration parameter  𝛽 . The contours shows the error being high for 𝛽 =

50. Thus further studies in DTM will omit any values of 𝛽 greater than 20. 

Fig 15 shows the mach number contour for different acceleration parameter, 

the methodology shows reasonable accuracy for the sensitive motor. Fig 17 

shows the pressure transient at the head end of the motor. The implicit 

 
 
Figure.14 Comparison of pressure contour for various 𝜷 values at time t 
= 7 ms. 
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formulation shows similar trend to that of the explicit formulation. The 

implicit formulation, BDF2 (with LUSGS), was run with a time step size of 

5E-7 and a Pseudo CFL = 5 with target relative error,  for sub iterations, = 

1E-5. The implicit formulation runs much faster than the Explicit 

 

 
Figure.15 mach number contour comparison for various 𝜷 values at time 
6 ms and 7 ms.   
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formulations. 

 

 

3.2.3 Implicit formulation with slow time acceleration.  

Numerical studies were carried out on first order Inviscid Euler system of 

equations using BDF2 (with LUSGS) time integration scheme to study the 

effects of slow time acceleration on symmetric simple cylindrical grain 

geometry as shown in case 3.1.2. Fig.17 shows the pressure transient at the 

head end of the motor.  

 

 
Table.2 Time taken for computation in the accelerated region & Exit 
nozzle membrane rupture time.   

 
 
Figure.16 Pressure transient comparison between Implicit Dual Time 
Stepping(BDF2 with LUSGS) and Explicit TVDRK scheme for 𝜷 = 𝟏𝟎.  
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Slow time acceleration, as referenced by [1], is most accurate when the 

temperature is reasonably uniform within the motor. In the motor test cases 

with an Igniter system initialized to standard atmospheric condition, one must 

wait for several conditions to get a good and accurate solution. The exit 

nozzle throat choking is very important as it determines the asymptotic 

tendency of the motor as well the small parameter 𝜀. 

3.2.4 Studies on Instability and Remedy.  

The Cylinder in the test case 3.1.1 is once again pursued with the intention of 

finding clarity on the instability caused when the solution is second order 

accurate. Persistent analysis indicates that, the instability has no known or 

 
 
Figure.17 Pressure transient comparison at head end of the motor for vario
us values of 𝜷.  

 
Table 3. Total time taken for simulation with implicit solver.  
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obvious trigger variable or pattern. Several conjectures were made with 

regards to the possible reasons that cause this instability, one of which was the 

invalidity of our assumption that, the globally averaged value is only 

dependent on the slow-time scale. Other conjectures include, the inaccurate 

approximation for slow-time derivatives, possible occurrence of a standing 

normal shocks etc.. Several tests pursued in-order to solve the issue of 

instability caused by the asymptotic source terms. 

The present system of equations with the slow time acceleration method was 

rewritten to find an analogy so that one may implement implicit formulations. 

How-ever as seen from Fig.16 & 17, The implicit and explicit formulations 

ended up giving the same results. The implicit method was only able to only 

postponed the instability, a complete closure was unattained. 

The secondary conjecture of inaccurate slow-time derivative was tackled 

with the approximation of the slow derivatives done using a 1D quasi-steady 

state solver. Applying the Euler system of equations on a 1D grid copied from 

the axis ( boundary ) of the SRM, was used to simulate the quasi-1D solution. 

The quasi-1D was run un-accelerated and the cross-sectionally averaged 

values of continuity, axial momentum, and Energy were computed( radial 

momentum was assumed to be zero ) and transferred to the 2D-axisymmetric 

Euler/RANS system of equations solver. Although the instability was delayed, 

it still persisted. 

A final analysis was done on the conservative variables themselves, 

assuming that the trigger might be related to the order of magnitudes of the 

conservative variable present in the system. Fig(19-22) shows the behavior of 
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conservative variables on particular cells in the SRM domain. The cells were 

chosen to showcase the oscillation. As it can be seen when the acceleration 

parameter 𝛽 greater than 1, the axial momentum equation ( Fig 20 )  and 

the radial momentum equation ( Fig 21 ) were found to have very high 

instability. Further analysis into this case tend to follow the pattern where, 

smaller is the order of magnitude of momentum the larger is the oscillation 

with slow-time acceleration. 

 

 

 

 
Figure.19 Conservative Variable Density, with Slow Time Acceleration, at 
regions of lower order momentum variable.  

 

 
Figure.18 Contour Showing the X-Momentum Conservative Variable.    
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Figure.21 Conservative Variable Y-Momentum, with Slow Time 
Acceleration, at regions of lower order momentum variable.      

 

Figure.20 Conservative Variable X-Momentum, with Slow Time 
Acceleration, at regions of lower order momentum variable.    
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The fig(19-22) were selectively chosen to show case the X-Momentum  

particularly having order of magnitude to be -4. The largest order of 

magnitude for the X-Momentum was found to be -2. Nearly all cells with the 

magnitude below the maximum order showed oscillations, i.e. if the max 

order of magnitude of X-Momentum was 1, then all cells with X-Momentum 

with order less than 1 (0.1 and below) show rampant oscillations which 

ultimately causes the system to fluctuate. 

The Figures (23-26) are cells where the X-Momentum is of highest order in 

the domain. Careful observations would point out that, the oscillations that 

cause the higher order X-Momentum to fluctuate actually come from the 

lower orders which were found on the upstream of the domain(near the head).     

 

 
Figure.22 Conservative Variable Energy, with Slow Time Acceleration, in 
the region of lower order momentum variables.  
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Figure.24 Conservative Variable X-Momentum, with Slow Time 
Acceleration, at regions of highest order momentum variable    

 

 
Figure.23 Conservative Variable Density, with Slow Time Acceleration, at 
regions of highest order momentum variable    
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Figure.26 Conservative Variable Energy, with Slow Time Acceleration, at 
regions of highest order momentum variable    

 

 
Figure.25 Conservative Variable Y-Momentum, with Slow Time 
Acceleration, at regions of highest order momentum variable    
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The observations made from these results suggests a new assumption which 

could be used to subdue the solution. One simple assumption would be to 

assume that the Momentum equation with orders of magnitude less than that 

of the maximum order within the domain, be asymptotic to the un-accelerated 

solution.    

This aspect was further expanded to find a new limiter to the current system 

of equations with the added slow-time acceleration source terms. To mitigate 

the unphysical oscillations which were otherwise not found on un-accelerated 

solver, a non-trivial assumption was made. The accelerated momentum 

equations with cells having lower orders of magnitude is asymptotically 

similar to same system of equations with the slow-time source terms either 

nullified or reduced to an order smaller than actual source term.   

φ = 𝛿 + (1 − 𝛿) ∗ 𝛤 (3.1) 

where φ takes on a value which will be multiplied to the asymptotic source 

term and consequently reducing its order. 𝛤  is assumed to  as an 

rudimentary assumption to achieve the objective.  

𝛤 =
1

𝛽
   (3.2) 

Figure.27 shows the plot for the new limiter φ with varying values of delta 

with changing acceleration parameter 𝛽. One additional requirement is the 

smoothing of the limiter between the orders. Sudden shift in the limiter can 

create unwanted fluctuations. Hence an additional requirement is selected to 

smooth the limiter from φ to 1. This is a simple rudimentary technique, at 

the moment as the objective was robustness. Smoothing for φ requires 
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bounds were the smoothing should take place.  

 A simple linear function is chosen to keep the smoothing of the limiter 

between the orders. The 

lower bound and upper 

bound can be reasonably 

estimated as with the 

absolute maximum 

value of the 

conservative variables 

themselves and the 

order with which they 

should be reduced. In the Present Study 𝛿 = 0.001 is used with the upper 

bound being 1 and lower bound being 0.1. The regions were the momentum 

 

 
Figure.27 Variation of 𝛗 with respect to 𝜹 and 𝜷. 

 

 
Figure.28 Variation of 𝛗  with respect to 𝜹 
and 𝜷. 
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conservative variables have order less or 0.1*max(abs(X-Momentum )) will 

have the limiter φ multiplied to the slow-time source terms and in the 

momentum equation and orders of magnitude of largest momentum 

conservative variables will be multiplied with the value 1.  

φ = 𝛿 + (1 − 𝛿) ∗ 𝛤 (2.4) 

𝛺
𝑑𝑄

𝑑𝑡
= −𝑅 +  𝑆 𝑆  

𝑆 = 1 𝑖𝑓 𝑎𝑏𝑠 𝜌. �⃗� ≥ 𝑢𝑏 

𝑆 = φ 𝑖𝑓 𝑎𝑏𝑠 𝜌. �⃗� ≤ 𝑙𝑏 

𝑆 = φ + 
(1 − φ)

𝑢𝑏 − 𝑙𝑏
𝑎𝑏𝑠 𝜌. �⃗� − 𝑙𝑏   𝑖𝑛 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 

𝑢𝑏 stands for upper bound and 𝑙𝑏 stands for lower bound 

( present study ub = 1*max(𝑎𝑏𝑠 𝜌. �⃗� ) and 

𝑙𝑏=0.1*max(𝑎𝑏𝑠 𝜌. �⃗� ) 

(2.3) 

Thus the new limiter together with the implicit formulation is applied to 

DTM with igniter boundary condition. Fig. 29 shows the pressure transient for 

the Cylindrical case ( Case 3.1.1) after the application of the limiter in 

Explicit TVDRK with CFL = 0.95. Barth limiter was used for Second order 

accuracy.  

 

3.2.5 Application of Slow time Acceleration on DTM.   

Dual Thrust motor [5-8] are motors known very well for its sensitiveness to 

fluid dynamic effect; furthermore, the presence of a choked flow at the throat 

further complicates the application of slow time acceleration. The 
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methodology is developed for systems that show a dominant asymptotic 

behavior. As seen in the preliminary test cases DTM type motors with large 

propellant loading capacity can in-fact have axially varying trends. One such 

trend is seen in the preliminary test case with membrane nozzle. When the 

nozzle ruptures the duct part of the motor immediately depressurizes, but the 

head still pressurizes for several milliseconds before depressurizing. 

Additionally oscillations occurring in the motor have the tendency to be 

secluded, or the transfer of these oscillation is not proper. When the 

oscillation reaches upstream, the down-stream might be oscillation free. To 

apply Slow Time acceleration on a sensitive motor, it cannot be applied when 

the motor has varying tendencies throughout. In the case of throat choking, 

the mass blockade in the throat will cause a very high pressurization of the 

port, while turbulent supersonic flow flows through the duct, which does not 

 

 
Figure.29Pressure Transient at the head end of the SRM: Case 3.1.1 
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pressurizes in the same rate as that of the port. At present it is unclear if the 

methodology of Slow time acceleration is applicable to systems with varying 

behaviors throughout. further research is needed in this field to check the 

possibility of treating the systems ( the port and the duct ) and two 

independent systems with independent behavior.  

Numerical Studies have been carried out on a 2-D axisymmetric, fixed 

propellant wall DTM with SST K-Omega turbulence model. Barth limiter was 

used for in simulating second order solution. Slow Time acceleration was 

applied after the un-choking of the interior throat. Table 3 indicates the 

different propellant chemical properties used in different sections, to speed up 

the flame spreading process. A quicker ignition is preferable as it diffuse the 

choking effect in the throat. Slow time acceleration cannot be applied before 

full-ignition as it may produce an erroneous result. 

 

Figure 30 shows the Mach number plot for DTM with constant , It can be 

seen from the plot that the throat gets unchoked at time t = 25 ms. Slow Time 

acceleration is activated at this time. Fig .31 shows the pressure contours at 

various time intervals, for the un-accelerated case. 

 

 
Table.4 Propellant properties used for fast heat up ( Ignition Temperature  
= 385 K )    
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Figure.31 Case 3.1.3, DTM with igniter system, 𝜷 = 𝟏 (unacclerated), 
Pressure contour.  

 

 
Figure.30 Case 3.1.3, DTM with igniter system, 𝜷 = 𝟏 (unacclerated), 
Axial Mach number.  
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Figure.33 Case 3.1.3, DTM with igniter system, Pressure transient at the 
head end 

 

 
Figure.32 Case 3.1.3, DTM with igniter system, 𝜷 = 𝟏(un-accelerated), 
Mach Number contour.  



57 

 

 

 
Figure.35 Case 3.1.3, DTM with igniter system, Pressure transient at 
the tail(Nozzle Entrance). 

 

 
Figure.34 Case 3.1.3, DTM with igniter system, Pressure transient at 
the transition region(fluidic throat) 
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Figure. 37 Axial Mach Number Variation at time t = 50 ms for various 
𝜷 values. 

 

 
Figure. 36 Axial Pressure Variation at time t = 50 ms for various 𝜷 
values. 
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Figure 32. shows the mach number contour showing the throat choking and 

un-choking. Figure 33 shows the pressure transient at the head end for various 

acceleration parameters 𝛽. Figure 34 shows the pressure transient at the 

throat of the motor, and figure 35 shows the pressure transient at the nozzle 

entrance or tail of the rocket motor. The accuracy is reasonable and the 

solution is stable. Figure 36 shows the axial pressure plot at time t = 50 ms for 

the different acceleration parameter 𝛽 values, Figure 37 shows the axial 

Mach number plot at time t = 50 ms for different acceleration parameter 𝛽 

values. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Table.5 Time taken for the simulation to run from t = 25 ms to 50 ms 
( DTM with igniter system)     
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Chapter 4 

Conclusion 

4.1 Summary 

The application of slow time acceleration method for variable geometry dual 

thrust solid rocket motors was successful. The method was found to be 

reasonably accurate. Several stability limitations were encountered during this 

study. The advent of a rudimentary limiter for reducing the order of magnitude 

of the asymptotic source terms in-order to subdue the simulation was 

successful; however, the effect of this limiter on accuracy of the final solution 

is still unclear. DTM is a very sensitive motor, but under reasonable 

conditions such as no-choking within the motor(interior throat), slow time 

acceleration was found to be reasonably accurate to the extent of increased 

computational speed. The implicit formulation with slow time acceleration 

greatly reduced the overall computation from months to days. RANS 

simulation on DTM on an explicit solver was never carried out as the lowest 

time step was of order -11 and the highest was of order -10. Although the 

method has been extended to implicit formulations, the fundamental 

assumptions made while deriving it such as the delta flux = 0, needs revisiting 

as it is still unsure whether this condition will trigger convergence issues on 

other SRMs. 

DTMs running with the proposed method had no problems in terms of 

accuracy, robustness and computational speed.   
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4.2 Future works 

The Slow time acceleration methodology, although capable of speeding up 

simulations, suffer from very high instabilities. The limiter provided was able 

to instigate some form of stability but the effect of this limiter on accuracy is 

still unclear. Future work will look into the drawbacks of the limiter, and will 

aim to build a general purpose limiter to satisfy all conditions on any given 

motor. The methodology is only accurate when the entire system behaves with 

a particular pattern. The extension of this method into a multiple system or 

single system but with different behaviors within the system requires more 

analysis and research.   
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국문초록 

Slow Time Acceleration 방법을 이용하여 모터의 압력 변화를 분석

하고 예측하기위해 axisymmetric Dual thrust Solid Rocket 

Motors(DTMs) 에대한수치적연구를수행하였다.고체 추진제 로켓모터

(SRM) 분야의수치적연구를 위해서는 계산 이전에 많은 파라메트릭 

요소에 대한 분석이 필요하다.전산유체역학에대한파라메트릭분석의

핵심구성요소중하나는시스템에존재하는시간척도이다.전산유체역학 

해석자를사용한 SRM관련문제에대한지속적인연구는이러한시간척도

의중요성과계산에 필요한 물리적인 시간을 추정하는 것에 대한 시

간 척도의 관련성을 쉽게 보여준다.SRM의경우이러한시간척도간에큰

차이가있으며이러한차이를이해하고성공적으로완화하면근본적으로전

체 소요 시간을 줄일 수 있으며,따라서 더 효율적인 해석자를 개발 

할 수 있다.Slow Time Acceleration은 근본적으로 multi-scale 

asymptotics을사용하여시간 척도의이러한차이를줄이도록설계된방법

중하나이다.시동 시 압력 변화와 같은 탄도 내부 물성치를 계산하는

데 있어서 slow time acceleration을 적용하기 위해 길이 대 직경(L/d) 

비가 큰2차원 축 대칭 가변 형상 Dual Thrust Solid Motors(DTMs)에 



66 

대해 SST K-Omega 난류 모델을 사용한 Euler/RANS를 사용하여 수

치적 해석을 수행하였다.이전연구에서언급한바와같이내부 목에서의 

질식 현상의발생가능성이확인되었다.본연구는 DTM의내부탄도 뿐만 

아니라다른단순한 형상의 로켓모터에대한slow time acceleration의 

성공적인 적용에 초점을 맞춘다.또한 이와 더불어 slow time 

acceleration의 문제점과 불안정성에 대한 탐색 또한 포함한다.  

 

주요어 :Dual Thrust Solid Rocket Motors( DTMs ), Slow Time Acceleration, 

,Multi-Scale Asymptotics, Pressure Transient.  

학번 :,2016-23920 

 

 

 

 

 

 

 

 

 

 



67 

Acknowledgement 

Special Thanks to my advisor professor Kim Chongam for providing me 

with the opportunity to work on a challenging topic and for his valuable 

guidance throughout this research work. Special Thanks to Mr Lee Chongsoo 

for providing me with a platform from which I was able to build my tool, with 

which this study was possible. Special thanks to all of colleagues at the 

Aerodynamic Simulation and Design Lab who, in the course of this research, 

showed me great patience and tolerance, and aided me in the time of my need, 

and helped me in many ways with my research. 

      Sukumaran Ajith 


	Abstract
	Contents
	List of Tables
	List of Figures
	Chapter 1 Introduction 
	1.1 Background 
	1.2 Outline of thesis .

	Chapter 2 Numerical Method .
	2.1 Governing equations of fluid flows 
	2.2 Spatial discretization method .
	2.2.1 RoeM 2 ( Convective flux scheme) .
	2.2.2 Viscous Flux Scheme 

	2.3 Time integration method 
	2.4 Turbulence model .
	2.5 Slow Time Acceleration .
	2.6 Equations of state (EOS) 

	Chapter 3 Numerical Study: Application of slow time acceleration on DTMs .
	3.1 SRM test Cases, Geometry and Boundary Conditions .
	3.1.1 Case 1:Cylinder with No , Open Nozzle 
	3.1.2 Case 2:Cylinder with Igniter, Open Nozzle.
	3.1.3 Dual Thrust Motor: Primary Case .

	3.2 Numerical Results 
	3.2.1 Preliminary Studies for DTM (Inviscid Euler ) 
	3.2.2 Preliminary Studies for DTM (RANS) .
	3.2.3 Implicit Formulation with Slow Time Acceleration 
	3.2.4 Studies on Instability and Remedy 
	3.2.5. Application of Slow Time Acceleration on DTM 


	Chapter 4 Conclusion .
	4.1 Summary 
	4.2 Future works .

	References .
	국문초록 


<startpage>4
Abstract 1
Contents 3
List of Tables 5
List of Figures 6
Chapter 1 Introduction  9
 1.1 Background  9
 1.2 Outline of thesis . 12
Chapter 2 Numerical Method . 13
 2.1 Governing equations of fluid flows  13
 2.2 Spatial discretization method . 15
  2.2.1 RoeM 2 ( Convective flux scheme) . 15
  2.2.2 Viscous Flux Scheme  16
 2.3 Time integration method  17
 2.4 Turbulence model . 20
 2.5 Slow Time Acceleration . 22
 2.6 Equations of state (EOS)  28
Chapter 3 Numerical Study: Application of slow time acceleration on DTMs . 30
 3.1 SRM test Cases, Geometry and Boundary Conditions . 30
  3.1.1 Case 1:Cylinder with No , Open Nozzle  30
  3.1.2 Case 2:Cylinder with Igniter, Open Nozzle. 30
  3.1.3 Dual Thrust Motor: Primary Case . 31
 3.2 Numerical Results  32
  3.2.1 Preliminary Studies for DTM (Inviscid Euler )  32
  3.2.2 Preliminary Studies for DTM (RANS) . 34
  3.2.3 Implicit Formulation with Slow Time Acceleration  42
  3.2.4 Studies on Instability and Remedy  43
  3.2.5. Application of Slow Time Acceleration on DTM  52
Chapter 4 Conclusion . 60
 4.1 Summary  60
 4.2 Future works . 61
References . 62
국문초록  65
</body>

