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Abstract 

A study on the optimization of the gyro structure 

considering the time-lagging thermoelastic dissipation 

 

Jung-Hwan Kim 

Department of Mechanical and Aerospace Engineering 

The Graduate School 

Seoul National University 

 

Vibration characteristics of a gyro structures are mainly studied with the 

thermoelastic damping (TED) considering the non-Fourier heat conduction 

in the thesis. Firstly, the TED with the time-lagging effect is introduced 

with respect to the finite-speed heat flux. Then the solution is obtained by 

the temperature profile of 3-dimensional heat conduction equation using 

Bessel function of 1st kind. Thus, the TED can be defined using the quality 

factor (𝑄𝑄) with respect to the complex numbers. Moreover, the peak of the 

inverse value of 𝑄𝑄  is obtained with respect to the frequency, and the 

simplified expressions are suggested according to the frequency, lagging 

time, and geometrical factors. In here, the lagging time is set by the second 

sound velocity. Furthermore, the TED can be simplified by an equivalent 

coefficient of the linear damping in single cycle. And the temperature 

profile is graphically described to illustrate the delay of the heat flux. 
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And the Rayleigh-Ritz method based on Hamilton’s principle is applied to 

obtain the equation of motion including imperfect masses and rotating 

effect. Then the eigenfrequency for inextensible ring is obtained by solving 

the result with a virtual density with respect to lumped masses. Furthermore, 

a transfer function is derived by Laplace transform in order to represent the 

random vibration. And the spectral density (SD) is obtained according to 

the function, then applications for random vibration are suggested by the 

standard deviation (StDev). Moreover, the peak factor is introduced to 

predict the maximum deflection value. Additionally, the frequency 

trimming method is studied as the modifying additional mass to compensate 

the split due to the imperfections. 

The numerical data are presented as factors in thesis, and the optimization 

concept is suggested by analyzing the peak of inverse of 𝑄𝑄. In order to find 

the peak, the factors with respect to the frequency and thickness are used 

according to the cross-sections. Then the radii are obtained as the function 

of thickness, and other properties. The dissipation is maximum on the peak 

point, but the difference with respect to the imperfection is smallest. Finally, 

the peak can be useful to design in conservative point of view.  

Keywords: Gyro structure; Thermoelastic damping (TED); Non-

Fourier heat conduction; In-plane vibration; Quality factor; Spectral 

density (SD); Frequency trimming 

Student Number: 2014-31044 
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Chapter 1 Introduction 

1.1 Background and motivation 

The MEMS and NEMS (Micro- and Nano-Electro-Mechanical Systems) 

are important industrial components in modern technology, such as 

aerospace, mechanical engineering, etc. For the precision parts, the 

minimalized machineries are strongly required in UAVs (Unmanned Aerial 

Vehicles) or autonomous cars. Then, the controlling motion is crucial issue 

in the moving vehicles. In this regard, the gyro sensor can be used to have 

the stability during the travel in the way. Figs. 1.1 and 1.2 show an actual 

MEMS beam resonator and the modeling of the resonator with electrode, 

respectively. 

The ring structure is mainly used in various industrial parts, such as sensor 

or resonator, etc. And the model is topologically and geometrically stable 

and symmetric due to the circularly continuous structure, thus the ring is 

suitable for the MEMS or NEMS. Moreover, the structure is one of the 

extension of the simple beam, thus the model can be easily investigated and 

applied in a various actual purposes. For example, Fig. 1.3 represents a 

MEMS toroidal ring gyroscope. Moreover, the ring structure can be 

manufactured by bending thin element easily. In this regard, Figs. 1.4 (a) 

and (b) show experimental diagrams of an actual models of rings based on 

a triangular- and circular-cross-sectional nano-wire structures, respectively. 

While, the circular-cross-section is more popular than any other shapes, 

thus the toroidal ring can be potentially developable structural model in near 
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future. 

For the vibration, the dissipation can affect the reduction of the efficiency 

during the motion. Generally, the damping can be classified into the 

extrinsic and intrinsic attenuations. The example reasons, respectively, of 

former are the gas, the squeeze-film, the supportings, the eddy-current, etc., 

and latter are thermoelastic, dipole resonance, and Gilbert’s damping due 

to a spin-pumping in the magnetic field, etc. Moreover, the intrinsic 

dissipation is more difficult to control rather than extrinsic ones due to the 

scale of the structure. And the thermoelastic damping (TED) is the most 

important intrinsic attenuation, thus the TED is main issue of the work. In 

this regard, the vibration mode shapes and temperature distributions are 

important point for analysis as Fig. 1.5. 

The statistical investigation is the relationship between free- and actual 

forced-vibration models. Typically, the spectral density (SD) is useful to 

describe the frequency-domain analysis based on Gaussian white noise. The 

noise is consisted with all continuous frequencies as zero to infinite with 

the same amplitude, thus the input force can be modeled with generalized 

characteristic. 

Moreover, the imperfection affects the frequency split and irregularity 

during the motion for the ring model. An addition makes asymmetric modes 

in the structure, thus the vibration characteristics are separated into two 

modes due to the distortion. The frequency split makes the inaccuracy for 

the motion, then the deviation should be corrected to ensure the precision 
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of the structure. In this regard, the “trimming method” is a simple and 

suitable way to coincide the split of the frequencies by eliminating the 

difference. 
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1.2 Thermoelastic damping 

Generally, the attenuation is derived from various kinds of external 

dissipation mechanisms, such as Coulomb friction [1], viscous damping [2], 

etc. And the classifications of dissipations can be categorized as two major 

topics as “extrinsic” and “intrinsic” dampings. [3][4] The extrinsic one is 

related to an external elements of the structure, e.g. squeeze-film damping 

[5], support losses [6], air- or gas-damping [6], surface loss [6], Kelvin-

Voigt’s model [7], etc. On the other hand, the intrinsic one is originated 

from material characteristics, such as thermoelastic damping (TED) [8][9], 

Akhiezer dissipation due to thermal phonons [10], and Gilbert’s damping 

due to a spin-pumping in the magnetic field [11], etc. 

Especially, the intrinsic damping is more difficult to control rather than 

extrinsic ones. And the TED is one of the largest factor of the intrinsic 

attenuation, thus the damping is dealt with in this work. The dissipation is 

originated from frictions between multiple molecules during the expansion 

due to the motion of the structure, and dominant in the micro- or nano-

scaled model. [9] In order to express the TED numerically, the quality factor 

(Q-factor; 𝑄𝑄) or the loss factor is mainly used as the ratio of the maximum 

to loss energies per a cycle. Moreover, the inverse of the 𝑄𝑄 is frequently 

adopted to emphasize the loss effect rather than the 𝑄𝑄. 

Additionally, the velocity of the heat flux is finite in the actual model. In 

the room temperature or lower frequency, the speed of heat flux can be 

assumed as infinite, thus the time-lagging can be neglected in classical 
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Fourier heat conduction equation. [12] However, the time-lagging effect 

should be considered in the extremely low temperature or higher frequency 

because the delay of the flux cannot follow the motion (i.e. time-lagging is 

longer). [13][14] Usually, the TED is sufficiently smaller in nearby 0 [K] 

rather than the air damping, etc. [15]. The paradox can be compensated by 

the non-Fourier heat conduction [16][17], thus the work can be applied into 

the high-frequency atmosphere or extremely low temperature, such as a 

superconductor. [18][19][20] 

As the practical point of view, the optimization can be applied into the topic. 

One of a useful theorem is the “Debye peak” [9], known as the maximum 

loss factor (i.e. maximum Q-1). But the peak is useful to avoid the effect due 

to the imperfection [21]. In this regard, “Debye peak” is discussed to design 

the ring on the conservative point of view. 

Furthermore, the general TED mechanism has been studied by numerous 

investigators such as: Duwel et al. [22] experimentally presented the TED 

in beam-shaped MEMS gyros. Wong et al. [23] proposed the application of 

the damping mechanism based on Zener’s model. Nayfeh and Younis [24] 

performed the attenuation of the micro-plate based on the Love’s equation 

of motion. Sun et al. [25] examined the damping for an Euler-Bernoulli 

beam including non-Fourier heat conduction. Lu et al. [26] described the 

TED of a tubular shell through the thickness direction using Donnell–

Mushtari–Vlasov approach. Kim et al. [27] considered the damping for a 

micro-ring with an effect of rotating. Choi et al. [28] studied the weak form 
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of a thermoelasticity based on the virtual-work principle. Sharma [29] 

discussed the TED of micro- or nano-scaled beam with the non-Fourier heat 

conduction equation. Guo et al. represented the TED of a beam [30] and 

plate [31] models with dual-phase-lagging for heat flux and temperature 

distribution. Moreover, Senkal et al. [32] studied the parametric drive of a 

MEMS-integraing toroidal ring gyroscopes. Kim and Kim dealt with the 

TED for a micro-ring model including local deviations [33] based on Refs. 

[34] and [35], and rotating ring with point masses [36]. Li et al. [37] 

examined the dissipation for a toroidal solid ring model based on Zener’s 

result. Alghamdi and Youssef [38] analyzed the dual-phase-lagging TED 

for a rotating micro- or nano-ring model. Fang and Li [39] represented the 

thermoelastic loss for a micro-ring with two-dimensional heat conduction. 

Kim et al. [40] studied the splitting of the damping for a micro-ring 

according to lumped masses. Moreover, Kim and Kim presented the 

difference of the TED from point masses for a toroidal ring [21] and 

cylindrical shell [41], respectively. And Zhou et al. investigated a micro-

beam model with rectangular [42] and circular [43] cross-section based on 

the CV equation.  
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1.3 Model and vibration analysis 

A ring is simple and topologically stable model due to the circular shape 

based on a smooth-curved beam [44]. And the less space is required rather 

than the beam with the same stiffness, thus the advantage of the structure is 

outstanding. Moreover, higher frequency is another significant 

characteristic, thus the model is suitable to minimalize for MEMS or NEMS 

elements. In this work, Love’s equation of motion [36] based on Flugge’s 

strain-displacement relationship, and inextensional theory [45] are mainly 

used to simplify the analysis with constant centerline during the motion. 

The theories can be valid in a thin ring based on Euler-Bernoulli’s beam 

model. Furthermore, the vibration mechanism can be classified as in- and 

out-of-plane [46] motions with respect to the torsional twist motion. 

However, only the in-plane vibration is analyzed using the expression as 

two dimensional mode shapes for radial and tangential components. 

Basically, Williams [1] presented the equations of motion for a thin ring 

based on Hamilton’s principle. Kirkhope [47] developed the in-plane 

vibration of the thick ring according to the rotary inertia and shear effects. 

Endo et al. [48] investigated the flexural vibration of a thin ring considering 

centrifugal and Coriolis forces due to the rotation. Suzuki [49] analyzed the 

in-plane vibration for the inextensible thick ring. Bickford and Reddy [50] 

performed the rotational effect on the thick ring. Huang and Soedel [51] 

proposed the effect of Coriolis acceleration for thick rotating on elastic 

foundations. Charnley et al. [52] discussed the extensional and 
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inextensional rings with rectangular cross-section considering the torsion. 

Hong and Lee [34] predicted the effect due to the local deviations with 

variations for finite mass and stiffness. Eley et al. [46] examined the 

Coriolis coupling on the vibration of a rotating ring with distortion. Ellison 

and Ahmadi [53] dealt with the passive control of an airborne equipment 

with a circular ring and concentrated mass. Yoon and Lee [54] extended the 

study in [34] into the structure including multiple deviations. Bisegna and 

Caruso [55] discussed frequency split due to imperfections based on a 

perturbation method. Park et al. [35] represented the mode pairs for a ring 

including multiple local deviations. 

And the ring with circular cross-section, known as toroidal ring, is one of 

potential model for a NEMS resonator. The manufacturing of the toroidal 

ring is difficult in nowadays for the MEMS, but the model can be potentially 

established in near future. In this regard, the beams with various cross-

sections including circular shape have been studied by numerous 

investigators such as: Hu et al. [56] examined epitaxial semiconducting 

heterostructures based on triaxial nanowires. Bartolomé et al. [57] 

represented indium-oxide micro-rods with various cross-sections. 

Anguiano et al. [58] demonstrated circular and square micro-pillar 

resonators within high frequency range. Moreover, the application of the 

micro- or nano-ring is experimentally investigated based on a beam 

structure. For example, Pauzauskie et al. [59] experimentally represented 

the nanowire ring resonator with triangular cross-section. Additionally, Gu 
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et al. [60] introduced a hybrid plasmonic pseudo-ring resonator made with 

nanowire, which can be assumed as perfect ring. Thus, the toroidal ring can 

be established easily and freely for the cross-section, then the model can be 

potentially developable on the MEMS or NEMS. And the analysis of the 

rectangular-cross-sectional ring is easier than the toroidal ring, but the 

toroidal one is easier for manufacturing by bending the straight structure. 
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1.4 Random vibration 

For the theoretical studies, the deterministic functions are mainly studied to 

investigate the vibration characteristics. In this regard, the free vibration is 

important issue, then the frequency analysis is mainly discussed as a 

limitation. On the other hand, the response value of the future time cannot 

be estimated because an actual case of the input force is non-deterministic 

[61]. Despite the uncertainty, the averaging procedure based on the 

statistical regularity can be applied by collecting much enough samples. As 

a familiar assumption, a general input is consisted with the same amplitude 

on various range of the frequencies [62] known as “Gaussian white noise”. 

The distribution is continuous, then the random vibration analysis can be 

classified using the bandwidth. Then, the average, standard deviation 

(StDev) or expected maximum of the response can be predicted by the 

transfer function obtained by using the Laplace transform. [63] The result 

can be extended to the estimation of the fatigue life, such as [64][65]. 

In this regard, the random vibration analysis is performed by numerous 

investigators, such as: Elishakoff and Livshits analyzed the random 

vibration of Euler-Bernoulli [66] and Timoshenko [67] beam models. 

Gopalakrishnan et al. [68] performed a matrix method for spectrum of wave 

propagation in multiple-connected Timoshenko beams. Chang [69] 

presented the analysis of the Timoshenko beam with elastic foundations. 

Birgersson et al. [70] investigated the vibration of plates based on the 

turbulent boundary layer excitation. Barbato and Conte [71] established the 
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definitions of spectral characteristics for stationary and non-stationary 

processes extended to general complex-valued non-stationary random 

processes. Wang [72] performed the modal analysis on a continuous beam 

model subject to generic forms of actuation forces and sensing devices. 

Ricciardi [61] studied the stochastic response of a beam excited by moving 

loads with random amplitude. Zhang et al. [73] formulated the random 

vibration of a long-span bridge. Araújo and Laier [74] operated 

transmissibility matrices based on modal analysis of the power spectral 

density (PSD). Zavoni et al. [75] developed a formulation of the modal 

response for multi-support structures using a random vibration. Moreover, 

Braccesi et al. [76] suggested a frequency-domain criterion for the 

predicting a damage based on the autocorrelation function (ACF). 

Awrejcewicz et al. [77] proposed the chaotic dynamics and responses of 

flexible beams due to the white noise. Li et al. [78] examined the analysis 

for a cylindrical shell considering the axial compression. 

Additionally, the modal cross-spectral density (cross-SD) is usually 

neglected when the damping is slight and the neighborhood 

eigenfrequencies are well separated for the system. However, the cross-SD 

should be considered in the narrowband random excitation, especially in 

the vicinity of the eigenfrequency range. [79] In here, an antiresonance is 

one of the most important effects in the modal analysis, but the direct-SD 

which is the simplified model by neglecting the coupling effect of the 

different modes cannot detect the phenomenon because the truncation error 
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diminished. [80] Thus the comparison between the both SDs are 

represented in this work. 
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1.5 Frequency trimming method 

Inevitably, actual models including the nonuniformities due to the errors 

from manufacturing, structural defection, attached devices such as sensors 

[81], or other factors. [21] The imperfection can be modeled with 

Rayleigh’s quotient [45], by compensation of the limitation in Love’s 

equation of motion. [40] Generally, the imperfection consists with point 

masses, radial and torsional springs without any masses. For the structural 

specialty of the circular ring, two vibration mode shapes appear with respect 

to the distorted angles of orientations. [45] And the eigenfrequencies are 

bifurcated into two values according to the orientations as “symmetric” and 

“asymmetric” modes. [35] 

In order to correct the split, additional elements are needed to eliminate the 

bifurcation of the modes. By assuming that the both separated 

eigenfrequencies are the same, the terms of imperfection can be written as 

a function of the mass and the angular positions. [45] The general result is 

an open-ended answer, thus the “trimming” method can be specified as 

single- or multi-modes [82] and including pre-selected locations. [83] To 

simplify the analysis in this work, the additional element is only lumped 

mass without any spring, and the only single-mode trimming is introduced 

with one additional point mass. And the applications can be classified as: 

Wang et al. [84] investigated the frequency trimming in MEMS resonators 

by localized filament annealing. Rourke et al. [85] proposed the eliminating 

frequency splits between a pair of in- and out-of-plane modes of imperfect 
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ring model. Moreover, Kim and Kim [86] studied the trimming method for 

a hemispherical ring with lumped masses. Behbahani and M'Closkey [87] 

analyzed the eigenfunctions of the non-uniform ring with perturbation 

expansions method. 
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1.6 Thesis scope & outline 

In this work, a micro toroidal ring is mainly discussed by the thermoelastic 

damping, random vibration analysis, and the frequency trimming method. 

Firstly, the heat conduction equation including the time-lagging effect is 

introduced to model the thermoelastic damping (TED). The cross-section 

of the structure is circular, thus the cylindrical coordinate is proper to obtain 

the temperature profile. Thus, the solutions of the temperature shape are 

expressed as complex numbers. The maximum-strain- and loss-of-energies 

are defined as per cycle, and then the ratio known as quality factor (Q-factor) 

is adopted to describe the characteristics of the ring. 

Furthermore, the equation of motion is applied to obtain the eigenfrequency 

of the model. To compensate the slight imperfection term based on 

Rayleigh’s quotient, the virtual density is assumed as a function of kinetic 

energy and ordinary material density. In here, vibration mode shapes are 

assumed as inextensional condition with the constant length of center line, 

and in-plane motion without torsion. Precisely, the inextensional 

assumption is inaccuracy in the higher mode because curves of the mode 

shape appear during the vibration. However, the amplitude goes smaller in 

the higher mode as shown in the transfer function, thus the assumption can 

be used to estimate the characteristics of the vibration and TED. 

Next, imperfections are described as lumped masses as zero-volume, thus 

the strain energy is independent to the additions. The virtual density is 

obtained from the Rayleigh’s quotient, and then the result is the function of 
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the magnitudes and angular positions of the masses. Moreover, the transfer 

function is obtained to represent the spectral density (SD) in the forced 

vibration model. In order to simplify the analysis, Gaussian white noise is 

used as an input function, and the average value of the square-deformation 

is obtained as estimation of the response. 

The basic analysis of the structure is shown as eigenfrequencies with the 

function of imperfection as the virtual density. Additionally, the TED is 

investigated as the Q-factor, and linearized as the constant value. 

Moreover, the random vibration is studied using the linear damping 

coefficient, and the trends of the responses are shown graphically. For the 

first time, the relationship between the input force and output response is 

expressed using the transfer function via Laplace transform. Then the 

standard-deviation (StDev) is the same as the square-root of the average of 

the square deformation when the mean value of the average can be assumed 

as zero. Then the spectral density (SD) based on the Gaussian white noise 

is obtained as ideal case of the random vibration analysis. Moreover, the 

bandwidth of the response is represented by using the spectral moment. 

Then the number of peaks and zero-cross points, and Crest factor (CF) as a 

peak factor (PF) can be calculated as the characteristics of the fatigue failure.  

The optimum design concept of the ring model is represented using the 

“Debye peak” with the minimum Q-factor. On the other hand, the peak can 

be usefully investigated as conservative point as insensible characteristic 

with respect to the imperfection. Moreover, the trimming method is 
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introduced to control the split frequencies into a single value. Finally, the 

goal of this work is the explicit form of the peak point for the 𝑄𝑄−1 on the 

toroidal micro-ring model. 
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Fig. 1.1 MEMS beam resonator [88] 
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Fig. 1.2 Modeling of a beam resonator with electrode [89] 
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Fig. 1.3 MEMS toroidal ring gyroscope [32] 
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(a) 

 

(b) 

Fig. 1.4 (a) Schematic of ring structures showing the triangular cross-

section of the nanowires [59], 

(b) Schematic picture of hybrid plasmonic ring-resonator. (𝑅𝑅0=1000, 

𝑟𝑟0=100 [nm]) [60]  
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Fig. 1.5 Vibration mode shape and temperature distribution from 

COMSOL® [89]  
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Chapter 2 Thermoelstic damping 

2.1 Constitutive equations 

Firstly, Cattaneo and Vernotte (CV) [13][14] independently suggested an 

equation of heat conduction considered a time-lagging with respect to a heat 

flux vector 𝐪𝐪. When the deviation of temperature is small enough, 𝐪𝐪 can 

be defined as a gradient of the temperature profile as [12] 

 

𝐪𝐪 = −𝑘𝑘∇𝑇𝑇F                                              (2.1.1) 

 

Moreover, the gradient of 𝐪𝐪 is set to a heat conduction equation as 

 

∇𝐪𝐪 = −𝑘𝑘∇2𝑇𝑇F = −𝐶𝐶𝑣𝑣
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
− 𝐸𝐸𝐸𝐸𝜕𝜕�a

1−2𝑣𝑣
𝜕𝜕�̂�𝑒
𝜕𝜕𝜕𝜕

                            (2.1.2) 

where the Laplacian operator and cubic dilatation, respectively, are [37] 

 

∇2= 𝜕𝜕2

𝜕𝜕𝑅𝑅2
+ 1

𝑅𝑅
𝜕𝜕
𝜕𝜕𝑅𝑅

+ 1
𝑅𝑅2

𝜕𝜕2

𝜕𝜕𝜕𝜕2
+ 𝜕𝜕2

𝜕𝜕𝑧𝑧2
                               (2.1.3) 

�̂�𝑒 = 𝜀𝜀𝜕𝜕 + 𝜀𝜀𝑅𝑅 + 𝜀𝜀𝑧𝑧                                          (2.1.4) 

 

To modify the paradox of infinite velocity peculiar in the classical Fourier’s 

theory, the general heat flux with the time derivative term should be 

regarded in order to obtain the CV’s heat conduction equation, known as 

non –Fourier equation, as: 
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�1 + 𝜏𝜏CV
𝜕𝜕
𝜕𝜕𝜕𝜕
� 𝐪𝐪 = −𝑘𝑘∇𝑇𝑇                                  (2.1.5) 

where ∇𝑇𝑇 = �1 + 𝜏𝜏CV
𝜕𝜕
𝜕𝜕𝜕𝜕
�∇𝑇𝑇F , and especially ∇𝑇𝑇 = ∇𝑇𝑇F  when 𝜏𝜏CV = 0 

(i.e. classical Fourier heat conduction). 

 

Then, the improved heat conduction equation with the relaxation time 𝜏𝜏CV 

is obtained as: 

 

�1 + 𝜏𝜏CV
𝜕𝜕
𝜕𝜕𝜕𝜕
� ∇𝐪𝐪 = −𝑘𝑘∇2𝑇𝑇 = −�1 + 𝜏𝜏CV

𝜕𝜕
𝜕𝜕𝜕𝜕
� �−𝐶𝐶𝑣𝑣

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
− 𝐸𝐸𝐸𝐸𝜕𝜕�a

1−2𝑣𝑣
𝜕𝜕�̂�𝑒
𝜕𝜕𝜕𝜕
� (2.1.6) 

in here, 𝐶𝐶𝑣𝑣 and 𝐸𝐸𝐸𝐸𝜕𝜕
�𝑎𝑎

1−2𝑣𝑣
 are not functions with respect to time. 

 

The micro- or nano-toroidal ring model is presented in Fig. 2.1 with global 

(𝑅𝑅 ,𝜃𝜃 ,𝑍𝑍 ) and local coordinates (𝑥𝑥 ,𝑦𝑦 ,𝑧𝑧 ) with local angle 𝛽𝛽 . And the i-th 

imperfect masses 𝑚𝑚𝑖𝑖 including the trimming masses are located at 𝜃𝜃 = 𝜃𝜃𝑖𝑖. 

Moreover, the effects from the shear deformation and rotary inertia are 

neglected in order to simplify the model. Then, the variation of temperature 

field in Eq. (2.1.2) is given as 

 

𝑇𝑇(𝑅𝑅,𝜃𝜃, 𝑧𝑧, 𝑡𝑡) = 𝑇𝑇�(𝑅𝑅,𝜃𝜃, 𝑧𝑧, 𝑡𝑡) − 𝑇𝑇�𝑎𝑎 = 𝑇𝑇0(𝑅𝑅,𝜃𝜃, 𝑧𝑧) exp(j𝜔𝜔𝑡𝑡)           (2.1.7) 

 

Moreover, the circumferential, radial, and axial strains, respectively, can be 

represented as [37] 
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𝜀𝜀𝜕𝜕 = 𝜎𝜎𝜃𝜃
𝐸𝐸

+ 𝜀𝜀𝜕𝜕thermal                                      (2.1.8a) 

𝜀𝜀𝑅𝑅 = 𝜀𝜀𝑧𝑧 = −𝑣𝑣𝜎𝜎𝜃𝜃
𝐸𝐸

+ 𝜀𝜀𝑅𝑅thermal                                (2.1.8b) 

 

where the thermal strains are 

 

𝜀𝜀𝜕𝜕thermal = 𝜀𝜀𝑅𝑅thermal = 𝛼𝛼𝑇𝑇(𝑅𝑅,𝜃𝜃, 𝑧𝑧, 𝑡𝑡)                         (2.1.9) 

 

The circumferential strain is proportional to the local coordinate x from 

inextensional assumption, thus 

 

𝜀𝜀𝜕𝜕 = − 𝑥𝑥
𝑅𝑅02

�𝜕𝜕
2𝑢𝑢

𝜕𝜕𝜕𝜕2
+ 𝑢𝑢�                                    (2.1.10) 

 

Where the general mode shape as the homogeneous solution can be 

assumed as 

 

𝑢𝑢(𝜃𝜃, 𝑡𝑡) = 𝐴𝐴𝑢𝑢 exp�j𝑛𝑛𝜃𝜃 + j𝑛𝑛𝜓𝜓𝑗𝑗 + j𝜔𝜔𝑡𝑡�                         (2.1.11) 

 

Using Eqs. (2.1.8) to (2.1.6), the circumferential stress can be expressed as 

 

𝜎𝜎𝜕𝜕 = − 𝐸𝐸𝑥𝑥
𝑅𝑅02

�𝜕𝜕
2𝑢𝑢

𝜕𝜕𝜕𝜕2
+ 𝑢𝑢� − 𝛼𝛼𝐸𝐸𝑇𝑇                               (2.1.12) 

 

Substituting Eqs. (2.1.12) to (2.1.6), the detail equation of heat conduction 
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is 

 

�𝜒𝜒∇2 − �1 + 2(1+𝑣𝑣)
1−2𝑣𝑣

𝛥𝛥𝐸𝐸� �
𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜏𝜏CV
𝜕𝜕2

𝜕𝜕𝜕𝜕2
��𝑇𝑇  

= −𝛥𝛥𝐸𝐸
𝐸𝐸
� 𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜏𝜏CV
𝜕𝜕2

𝜕𝜕𝜕𝜕2
� � 𝑥𝑥

𝑅𝑅02
�𝜕𝜕

2𝑢𝑢
𝜕𝜕𝜕𝜕2

+ 𝑢𝑢��                      (2.1.13) 

in here, 𝜒𝜒 = 𝑘𝑘
𝐶𝐶𝑣𝑣

 as thermal diffusivity �m
2

sec
�, and 𝛥𝛥𝐸𝐸 = 𝐸𝐸𝐸𝐸2𝜕𝜕�𝑎𝑎

𝐶𝐶𝑣𝑣
≪ 1 as the 

relaxation strength, respectively. The definition of the 𝛥𝛥𝐸𝐸 is the relative 

difference between the adiabatic and isothermal values of Young’s modulus 

[44]. 

 

Thus the second term in Eq. (2.1.13) can be reduced as 

 

�𝜒𝜒∇2 − � 𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜏𝜏CV
𝜕𝜕2

𝜕𝜕𝜕𝜕2
��𝑇𝑇 = −𝛥𝛥𝐸𝐸

𝐸𝐸
� 𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜏𝜏CV
𝜕𝜕2

𝜕𝜕𝜕𝜕2
� � 𝑥𝑥

𝑅𝑅02
�𝜕𝜕

2𝑢𝑢
𝜕𝜕𝜕𝜕2

+ 𝑢𝑢��   (2.1.14) 

 

Using the Laplacian, the specific 3-dimensional heat conduction can be re-

written as 

 

𝜒𝜒 �𝜕𝜕
2𝜕𝜕

𝜕𝜕𝑅𝑅2
+ 1

𝑅𝑅
𝜕𝜕𝜕𝜕
𝜕𝜕𝑅𝑅

+ 1
𝑅𝑅2

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2

+ 𝜕𝜕2𝜕𝜕
𝜕𝜕𝑧𝑧2

� − �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜏𝜏CV
𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2

�  

= −𝛥𝛥𝐸𝐸
𝐸𝐸
� 𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜏𝜏CV
𝜕𝜕2

𝜕𝜕𝜕𝜕2
� � 𝑥𝑥

𝑅𝑅02
�𝜕𝜕

2𝑢𝑢
𝜕𝜕𝜕𝜕2

+ 𝑢𝑢��                       (2.1.15) 

 

From the component of radial coordinate, 𝑅𝑅 = 𝑅𝑅0 + 𝑥𝑥 [37], then 
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𝜒𝜒 �𝜕𝜕
2𝜕𝜕

𝜕𝜕𝑥𝑥2
+ 1
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𝜕𝜕𝜕𝜕
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+ 1
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𝜕𝜕2𝜕𝜕
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𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2
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= −𝛥𝛥𝐸𝐸
𝐸𝐸
� 𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜏𝜏CV
𝜕𝜕2

𝜕𝜕𝜕𝜕2
� � 𝑥𝑥

𝑅𝑅02
�𝜕𝜕

2𝑢𝑢
𝜕𝜕𝜕𝜕2

+ 𝑢𝑢��                       (2.1.16) 

 

The radius is sufficiently larger than the thickness, then the 1st order 

differential term 1
𝑅𝑅0+𝑥𝑥

𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

 can be neglected [17], and 𝑅𝑅0 + 𝑥𝑥 ≅ 𝑅𝑅0, thus 
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2𝜕𝜕

𝜕𝜕𝑥𝑥2
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𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2

+ 𝜕𝜕2𝜕𝜕
𝜕𝜕𝑧𝑧2

� − �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜏𝜏CV
𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2

�  

= −𝛥𝛥𝐸𝐸
𝐸𝐸
� 𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜏𝜏CV
𝜕𝜕2

𝜕𝜕𝜕𝜕2
� � 𝑥𝑥

𝑅𝑅02
�𝜕𝜕

2𝑢𝑢
𝜕𝜕𝜕𝜕2

+ 𝑢𝑢��                       (2.1.17) 

where the separation of the time variable in the temperature profile as 

 

𝑇𝑇 = 𝑇𝑇(𝑥𝑥, 𝑧𝑧,𝜃𝜃, 𝑡𝑡) = 𝑇𝑇0(𝑥𝑥, 𝑧𝑧,𝜃𝜃) exp(j𝜔𝜔𝑡𝑡)                       (2.1.18) 

 

And the general coordinate transformation is represented as 

 

�𝑥𝑥𝑧𝑧� = 𝑟𝑟 �sin(𝛽𝛽)
cos(𝛽𝛽)�                                     (2.1.19a,b) 

 

Substituting Eqs. (2.1.18) and (2.1.19) into Eq. (2.1.17), thus 

 

𝜒𝜒 �𝜕𝜕
2𝜕𝜕
𝜕𝜕𝑟𝑟2

+ 1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟

+ 1
𝑟𝑟
𝜕𝜕2𝜕𝜕
𝜕𝜕𝛽𝛽2

+ 1
𝑅𝑅02

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2

� − �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜏𝜏CV
𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2

�  

= −𝛥𝛥𝐸𝐸
𝐸𝐸
� 𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜏𝜏CV
𝜕𝜕2

𝜕𝜕𝜕𝜕2
� �𝑟𝑟 sin(𝛽𝛽)

𝑅𝑅02
�𝜕𝜕

2𝑢𝑢
𝜕𝜕𝜕𝜕2

+ 𝑢𝑢��                    (2.1.20) 



２８ 
 

 

The coordinate of Eq. (2.1.18) can be transformed as 

 

𝑇𝑇(𝑟𝑟,𝛽𝛽,𝜃𝜃, 𝑡𝑡) = 𝑇𝑇0(𝑟𝑟,𝛽𝛽,𝜃𝜃) exp(j𝜔𝜔𝑡𝑡)                         (2.1.21) 

 

Moreover, the boundary condition (BC) as no heat flux on the surface of 

the ring as 

 

𝜕𝜕𝜕𝜕0
𝜕𝜕𝑟𝑟

= 0  at 𝑟𝑟 = 𝑟𝑟0                                        (2.1.22) 

 

And the continuity condition of the circumferential coordinate is 

 

𝑇𝑇0(𝑟𝑟,𝛽𝛽,𝜃𝜃) = 𝑇𝑇0(𝑟𝑟,𝛽𝛽,𝜃𝜃 + 2𝜋𝜋)                             (2.1.23) 

 

The radial displacement is given in Eq. (2.1.11), thus Eq. (2.1.20) can be 

re-arranged as 

 

𝜒𝜒 �𝜕𝜕
2𝜕𝜕0
𝜕𝜕𝑟𝑟2

+ 1
𝑟𝑟
𝜕𝜕𝜕𝜕0
𝜕𝜕𝑟𝑟

+ 1
𝑟𝑟
𝜕𝜕2𝜕𝜕0
𝜕𝜕𝛽𝛽2

+ 1
𝑅𝑅02

𝜕𝜕2𝜕𝜕0
𝜕𝜕𝜕𝜕2

� − (j𝜔𝜔𝑛𝑛 − 𝜏𝜏CV𝜔𝜔2)𝑇𝑇0  

= −(j𝜔𝜔 − 𝜏𝜏CV𝜔𝜔2) 𝛥𝛥𝐸𝐸
𝐸𝐸
𝑟𝑟 sin(𝛽𝛽)
𝑅𝑅02

(1 − 𝑛𝑛2)𝑈𝑈�𝑛𝑛 sin(𝑛𝑛𝜃𝜃)               (2.1.24)  
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2.2 Solution of the heat conduction equation: Temperature profile 

In the previous section, the governing equation of thermoelastic dissipation 

is obtained with harmonic vibration. The solution of the temperature profile 

expressed by cylindrical coordinate can be described by “k-th order Bessel 

Function of 1st kind” as [37] 

 

𝑇𝑇0(𝑟𝑟,𝛽𝛽,𝜃𝜃) =  

∑ ∑ ∑ 𝐽𝐽𝑘𝑘 �
𝑎𝑎𝑘𝑘𝑘𝑘
𝑟𝑟0
𝑟𝑟� �

𝐴𝐴𝑘𝑘𝑞𝑞𝑘𝑘 sin(𝑘𝑘𝛽𝛽)
+𝐵𝐵𝑘𝑘𝑞𝑞𝑘𝑘 cos(𝑘𝑘𝛽𝛽)� sin(𝑚𝑚𝜃𝜃)inf

𝑞𝑞=1
inf
𝑘𝑘=0

inf
𝑘𝑘=0           (2.2.1) 

 

Substituting Eq. (2.2.1) to Eq. (2.1.24), then 𝐴𝐴𝑘𝑘𝑞𝑞𝑘𝑘 ≡ 𝐶𝐶1𝑞𝑞𝑘𝑘 remains when 

𝑘𝑘 = 1  only, otherwise all 𝐴𝐴𝑘𝑘𝑞𝑞𝑘𝑘  and 𝐵𝐵𝑘𝑘𝑞𝑞𝑘𝑘  terms diminish. Then the 

temperature profile is 

 

𝑇𝑇0(𝑟𝑟,𝛽𝛽,𝜃𝜃) = ∑ ∑ 𝐽𝐽1 �
𝑎𝑎1𝑘𝑘
𝑟𝑟0
𝑟𝑟� �𝐶𝐶1𝑞𝑞𝑘𝑘 sin(𝛽𝛽)� sin(𝑚𝑚𝜃𝜃)inf

𝑞𝑞=1
inf
𝑘𝑘=0        (2.2.2) 

 

In here, 𝐶𝐶1𝑞𝑞𝑘𝑘 is a constant, which can be obtained by substituting the BC 

into (2.2.2). Thus, multiplying 𝑟𝑟𝐽𝐽1 �
𝑎𝑎1𝑘𝑘
𝑟𝑟0
𝑟𝑟� sin(𝛽𝛽) sin(𝑛𝑛𝜃𝜃)  into the 

Equation, and the integrating from (0,0,0)  to (2𝜋𝜋, 2𝜋𝜋, 𝑟𝑟0)  through 

(𝜃𝜃,𝛽𝛽, 𝑟𝑟), respectively, then the coefficient when 𝑚𝑚 = 𝑛𝑛 is obtained as 

 

𝐶𝐶1𝑞𝑞𝑛𝑛 = 2𝑟𝑟0
𝑅𝑅02

Δ𝐸𝐸�1−𝑛𝑛2�𝑈𝑈�𝑛𝑛
𝐸𝐸

1
�𝑎𝑎1𝑘𝑘2−1�𝐽𝐽1�𝑎𝑎1𝑘𝑘�

�j𝜔𝜔−𝜏𝜏CV𝜔𝜔2�𝜏𝜏𝑘𝑘
1+𝑔𝑔(j𝜔𝜔−𝜏𝜏CV𝜔𝜔2)𝜏𝜏𝑘𝑘

            (2.2.3a) 
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𝐶𝐶1𝑞𝑞𝑛𝑛 = 0 (𝑚𝑚 ≠ 𝑛𝑛)                                     (2.2.3b) 

where Eq. (2.2.3b) occurs due to the orthogonality of sin(𝑚𝑚𝜃𝜃)  and 

sin(𝑛𝑛𝜃𝜃). And 𝑔𝑔 ≡ 𝑔𝑔�𝑎𝑎1𝑞𝑞 ,𝑛𝑛, 𝑟𝑟0,𝑅𝑅0� = � 𝑛𝑛𝑟𝑟0
𝑎𝑎1𝑘𝑘𝑅𝑅0

�
2

. 

 

Furthermore, 𝑎𝑎1𝑞𝑞  can be numerically obtained from the BC, thus (all 

terms independent with 𝑟𝑟 are omitted) 

 

𝜕𝜕
𝜕𝜕𝑟𝑟
�𝐽𝐽1 �

𝑎𝑎1𝑘𝑘
𝑟𝑟0
𝑟𝑟��

𝑟𝑟=𝑟𝑟0
= 𝑎𝑎1𝑘𝑘

2𝑟𝑟0
�𝐽𝐽0�𝑎𝑎1𝑞𝑞� − 𝐽𝐽2�𝑎𝑎1𝑞𝑞�� = 0                (2.2.4) 

 

Table 2.1 shows the results of first 5 terms and some more for 𝑎𝑎1𝑞𝑞. 

 

Substituting Eq. (2.2.3a) into Eq. (2.2.2), then 

 

𝑇𝑇0(𝑟𝑟,𝛽𝛽,𝜃𝜃) = 2𝑟𝑟0
𝑅𝑅02

Δ𝐸𝐸�1−𝑛𝑛2�𝑈𝑈�𝑛𝑛
𝐸𝐸

sin(𝛽𝛽) sin(𝑛𝑛𝜃𝜃)  

× ∑ �
𝐽𝐽1�

𝑎𝑎1𝑘𝑘
𝑟𝑟0

𝑟𝑟�

�𝑎𝑎1𝑘𝑘2−1�𝐽𝐽1�𝑎𝑎1𝑘𝑘�
�j𝜔𝜔−𝜏𝜏CV𝜔𝜔2�𝜏𝜏𝑘𝑘

1+𝑔𝑔(j𝜔𝜔−𝜏𝜏CV𝜔𝜔2)𝜏𝜏𝑘𝑘
�inf

𝑞𝑞=1                        (2.2.5) 

 

where 𝜏𝜏𝑞𝑞  is the relaxation time, the thermal diffusion time through the 

thickness coordinate [9], as 

 

𝜏𝜏𝑞𝑞 = 1
𝜒𝜒
� 𝑟𝑟0
𝑎𝑎1𝑘𝑘
�
2
                                           (2.2.6) 
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Furthermore, the Real and Imaginary parts of Eq. (2.2.5) can be easily re-

written as 

 

�Real[𝑇𝑇0(𝑟𝑟,𝛽𝛽,𝜃𝜃)]
Imag[𝑇𝑇0(𝑟𝑟,𝛽𝛽,𝜃𝜃)]� = 2𝑟𝑟0

𝑅𝑅02
Δ𝐸𝐸�1−𝑛𝑛2�𝑈𝑈�𝑛𝑛

𝐸𝐸
sin(𝛽𝛽) sin(𝑛𝑛𝜃𝜃) ×  

∑ �
𝐽𝐽1�

𝑎𝑎1𝑘𝑘
𝑟𝑟0

𝑟𝑟�

�𝑎𝑎1𝑘𝑘2−1�𝐽𝐽1�𝑎𝑎1𝑘𝑘�
× {𝐀𝐀𝐀𝐀}

�1+𝑔𝑔−𝜏𝜏CV�𝜔𝜔2𝜏𝜏𝑘𝑘��
2+�𝜔𝜔𝜏𝜏𝑘𝑘�

2�inf
𝑞𝑞=1                  (2.2.7) 

 

where 

 

{𝐀𝐀𝐀𝐀} = �
�𝜔𝜔𝜏𝜏𝑞𝑞�

2 �1 − 𝑔𝑔 𝜏𝜏CV
𝜏𝜏𝑘𝑘
� − 𝜔𝜔2𝜏𝜏CV𝜏𝜏𝑞𝑞�1−𝜔𝜔2𝜏𝜏CV𝜏𝜏𝑞𝑞�

(1 + 𝑔𝑔)𝜔𝜔𝜏𝜏𝑞𝑞
� . 
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2.3 Quality factor 

The definition of the quality factor (Q-factor) is the ratio of maximum 

energy to dissipated energy during a cycle, thus the form can be described 

as [37] 

 

1
𝑄𝑄TED

= 1
2𝜋𝜋

Δ𝑊𝑊
𝑊𝑊max

                                          (2.3.1) 

 

The max. elastic energy stored in the ring structure, and energy loss per 

cycle from TED, respectively, are 

 

𝑊𝑊max = 1
2∭ 𝜎𝜎𝜕𝜕𝜀𝜀𝜕𝜕d𝑉𝑉𝐶𝐶 = 1

2∭ 𝜎𝜎𝜕𝜕𝜀𝜀𝜕𝜕(𝑅𝑅0 + 𝑥𝑥)d𝑆𝑆d𝜃𝜃𝐶𝐶           (2.3.2a) 

Δ𝑊𝑊 = −𝜋𝜋∭ 𝜎𝜎𝜕𝜕Imag�𝜀𝜀𝜕𝜕𝜕𝜕ℎ𝑒𝑒𝑟𝑟𝑘𝑘𝑎𝑎𝑒𝑒�d𝑉𝑉𝐶𝐶   

= −𝜋𝜋∭ 𝜎𝜎𝜕𝜕Imag[𝛼𝛼𝑇𝑇0]d𝑉𝑉𝐶𝐶                               (2.3.2b) 

 

And the damping is sufficiently small, the strain and stress can be reduced 

in order to calculate easily, thus 

 

𝜀𝜀𝜕𝜕 ≈
𝜎𝜎𝜃𝜃
𝐸𝐸

                                               (2.3.3a) 

𝜎𝜎𝜕𝜕 ≈ − 𝐸𝐸𝑥𝑥
𝑅𝑅02

�𝜕𝜕
2𝑢𝑢

𝜕𝜕𝜕𝜕2
+ 𝑢𝑢�                                     (2.3.3b) 

 

Substituting Eqs. (2.2.7b), and (2.3.3) into Eq. (2.3.2), then 
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𝑊𝑊max = 1
2∭ 𝜎𝜎𝜕𝜕𝜀𝜀𝜕𝜕(𝑅𝑅0 + 𝑥𝑥)d𝑆𝑆d𝜃𝜃𝐶𝐶 =  

𝐸𝐸
2
��1−𝑛𝑛

2�𝑈𝑈�𝑛𝑛
𝑅𝑅02

�
2
∫ ∫ 𝑥𝑥2(𝑅𝑅0 + 𝑥𝑥)d𝑧𝑧d𝑥𝑥𝑧𝑧=+�𝑟𝑟𝑜𝑜2−𝑥𝑥2

𝑧𝑧=−�𝑟𝑟𝑜𝑜2−𝑥𝑥2
𝑥𝑥=+𝑟𝑟0
𝑥𝑥=−𝑟𝑟0

  

× ∫ [sin(𝑛𝑛𝜃𝜃)]2d𝜃𝜃𝜕𝜕=2𝜋𝜋
𝜕𝜕=0 = 𝜋𝜋𝐸𝐸𝜋𝜋𝑅𝑅0

2
��1−𝑛𝑛

2�𝑈𝑈�𝑛𝑛
𝑅𝑅02

�
2
                   (2.3.4a) 

Δ𝑊𝑊 = −𝜋𝜋∭ 𝜎𝜎𝜕𝜕Imag[𝛼𝛼𝑇𝑇0]d𝑉𝑉𝐶𝐶 = 2𝜋𝜋𝐸𝐸𝑟𝑟0𝛥𝛥𝐸𝐸 �
�1−𝑛𝑛2�𝑈𝑈�𝑛𝑛

𝑅𝑅02
�
2
  

× ∑ �∫ 1
�𝑎𝑎1𝑘𝑘2−1�𝐽𝐽1�𝑎𝑎1𝑘𝑘�

�
(1+𝑔𝑔)𝜔𝜔𝜏𝜏𝑘𝑘

�
1+𝑔𝑔

−𝜏𝜏CV�𝜔𝜔2𝜏𝜏𝑘𝑘�
�
2
+�𝜔𝜔𝜏𝜏𝑘𝑘�

2
� 𝑟𝑟2𝐽𝐽1 �

𝑎𝑎1𝑘𝑘
𝑟𝑟0
𝑟𝑟�d𝑟𝑟𝑟𝑟=𝑟𝑟0

𝑟𝑟=0 �inf
𝑞𝑞=1   

× ∫ {𝑅𝑅0 + 𝑟𝑟 sin(𝛽𝛽)}[sin(𝛽𝛽)]2d𝛽𝛽𝜕𝜕=2𝜋𝜋
𝜕𝜕=0 × ∫ [sin(𝑛𝑛𝜃𝜃)]2d𝜃𝜃𝜕𝜕=2𝜋𝜋

𝜕𝜕=0   

= 𝑊𝑊max ∑ �
2𝜋𝜋𝛥𝛥𝐸𝐸

8
𝑎𝑎1𝑘𝑘2�𝑎𝑎1𝑘𝑘2−1�

×
(1+𝑔𝑔)𝜔𝜔𝜏𝜏𝑘𝑘

�1+𝑔𝑔−𝜏𝜏CV�𝜔𝜔2𝜏𝜏𝑘𝑘��
2+�𝜔𝜔𝜏𝜏𝑘𝑘�

2

�inf
𝑞𝑞=1                      (2.3.4b) 

 

Using Eq. (2.3.1), the Q-factor can be re-written as 

 

1
𝑄𝑄TED

= ∑ �𝑏𝑏1𝑞𝑞𝛥𝛥𝐸𝐸
(1+𝑔𝑔)𝜔𝜔𝜏𝜏𝑘𝑘

�1+𝑔𝑔−𝜏𝜏CV�𝜔𝜔2𝜏𝜏𝑘𝑘��
2+�𝜔𝜔𝜏𝜏𝑘𝑘�

2�inf
𝑞𝑞=1                    (2.3.5) 

where 𝑏𝑏1𝑞𝑞 = 8
𝑎𝑎1𝑘𝑘2�𝑎𝑎1𝑘𝑘2−1�

  , and 𝜏𝜏𝑞𝑞 = 1
𝜒𝜒
� 𝑟𝑟0
𝑎𝑎1𝑘𝑘
�
2

= 𝐶𝐶𝑣𝑣
𝑘𝑘0
� 𝑟𝑟0
𝑎𝑎1𝑘𝑘
�
2
. 

 

This is the expression of the function of the eigenfrequency. 

Moreover, 𝑏𝑏11 = 0.987 ≈ 1  when 𝑞𝑞 = 1  as a simplification, and other 

𝑏𝑏1𝑞𝑞s (𝑞𝑞 > 1) can be neglected, thus 
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1
𝑄𝑄TED.Simple

= 𝛥𝛥𝐸𝐸
(1+𝑔𝑔)𝜔𝜔𝜏𝜏1

{1+𝑔𝑔−𝜏𝜏CV(𝜔𝜔2𝜏𝜏1)}2+(𝜔𝜔𝜏𝜏1)2                      (2.3.6) 

 

Where the relaxation time 𝜏𝜏1 = 1
𝜒𝜒
� 𝑟𝑟0
𝑎𝑎11
�
2

= 𝐶𝐶𝑣𝑣
𝑘𝑘0
� 𝑟𝑟0
𝑎𝑎11
�
2

= 0.294989 𝐶𝐶𝑣𝑣𝑟𝑟02

𝑘𝑘0
. 

 

Additionally, the peak of the 𝑄𝑄−1 is one of the most important factor for 

the optimization or design to avoid higher dissipation. For a beam based on 

the Zener’s model [8], the single peak appears as 

 

𝑄𝑄−1

𝛥𝛥𝐸𝐸𝐵𝐵𝑛𝑛
= 𝜔𝜔𝜏𝜏

1+(𝜔𝜔𝜏𝜏)2                                            (2.3.7) 

 

By solving ∂
∂𝜔𝜔
� 𝑄𝑄

−1

𝛥𝛥𝐸𝐸𝐵𝐵𝑛𝑛
� = 0, thus 𝜔𝜔𝜏𝜏 = 1 can be obtained easily. 

 

Moreover, the 𝑄𝑄TED_Simple as the present work is stated in Eq. (2.3.6), then 

the differential is similarly performed as ∂
∂𝜔𝜔
��𝑄𝑄TED.Simple�

−1

𝛥𝛥𝐸𝐸
� = 0 and the 

normalized lagging time 𝛽𝛽CV = 𝜏𝜏CV
𝜏𝜏1

 , thus the frequency of the peak 

�𝑄𝑄TED.Simple�
−1 is [42][43] 

 

�𝜔𝜔peak,𝑛𝑛�
2 = 1

𝜏𝜏CV2
𝑓𝑓(𝛽𝛽CV)
6𝛽𝛽CV

                                  (2.3.8) 
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with 

 

𝛽𝛽CV × 𝑓𝑓(𝛽𝛽CV) = 2𝛽𝛽CV(1 + 𝑔𝑔) − 1  

+�(2𝛽𝛽CV − 1)2 + 12𝛽𝛽CV
2 + 4𝑔𝑔�8𝛽𝛽CV

2 − 𝛽𝛽CV + 4𝛽𝛽CV
2𝑔𝑔�        (2.3.9) 

 

Substituting Eq. (2.3.8) into Eq. (2.3.6), the peak of �𝑄𝑄TED.Simple�
−1 is 

 

1
𝑄𝑄TED.Simple

= 𝛥𝛥𝐸𝐸
{1+𝑔𝑔}�𝑓𝑓�𝛽𝛽CV�6𝛽𝛽CV

�1+𝑔𝑔−𝑓𝑓�𝛽𝛽CV�6 �
2
+𝑓𝑓�𝛽𝛽CV�6𝛽𝛽CV

                          (2.3.10)  

 

The peak value of �𝑄𝑄TED.Simple�
−1 is not longer 0.5𝛥𝛥𝐸𝐸 based on Zener’s 

model [8] because of the time lagging. In here, 𝑔𝑔 is the unique term of the 

toroidal ring. The result is much similar to the Ref. [42][43] when 𝑔𝑔 is 

neglected, thus the results of the thin ring and beam are the same forms. 

Moreover, the simple approximations of Eq. (2.3.9) can be obtained by 

using Taylor’s expansion and limitation forward infinity into 𝑓𝑓(𝛽𝛽CV) as: 

 

𝑓𝑓(𝛽𝛽CV) ≈ 6𝛽𝛽CV(1 + 𝑔𝑔)2 for small 𝛽𝛽CV                     (2.3.11a) 

lim
𝛽𝛽CV→inf

{𝑓𝑓(𝛽𝛽CV)} = 6(1 + 𝑔𝑔) for large 𝛽𝛽CV                  (2.3.11b) 

 

Substituting these results into Eqs. (2.3.8) and (2.3.10), thus the peak 
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frequencies and the values of 𝑄𝑄−1s are: 

 

�𝜔𝜔peak,𝑛𝑛�
2 = 1

𝜏𝜏CV2
(1 + 𝑔𝑔)2 for small 𝛽𝛽CV                  (2.3.12a) 

�𝜔𝜔peak,𝑛𝑛�
2 = 1

𝜏𝜏CV2𝛽𝛽CV
(1 + 𝑔𝑔) for large 𝛽𝛽CV                 (2.3.12b) 

1
𝑄𝑄TED.Simple

= 𝛥𝛥𝐸𝐸
1

[1−𝛽𝛽CV(1+𝑔𝑔)]2+1
  for small 𝛽𝛽CV                (2.3.13a) 

1
𝑄𝑄TED.Simple

= 𝛥𝛥𝐸𝐸�𝛽𝛽CV(1 + 𝑔𝑔) for large 𝛽𝛽CV                 (2.3.13b) 

 

The results are summarized in Table 2.2. 

Additionally, the single-phase-lagging time 𝜏𝜏CV  is suggested for the 

material properties as [12] 

 

𝜏𝜏CV = 𝜒𝜒
𝐶𝐶𝐶𝐶2/3

= 𝜒𝜒
(𝐶𝐶2nd)2                                     (2.3.14) 

 

In here, 𝑉𝑉𝐶𝐶 = �𝐸𝐸/𝛿𝛿 is the velocity of the general phonon in the medium, 

known as the “first” or “ordinary” sound velocity. Furthermore, 𝑉𝑉2nd is 

the finite speed of the heat propagation, so called as the “second” sound 

velocity. Both normally hearable sound and heat are much similar waves, 

thus 𝑉𝑉2nd can be regarded as another acoustics. This is the key difference 

between the classical Fourier’s and non-Fourier (i.e. CV’s) heat conduction 

models [12]. 

Fig. 2.2 shows the normalized 𝑄𝑄−1 based on Eqs. (2.3.5) as the summation 
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and (2.3.6) as 𝑞𝑞 = 1 only, respectively. In the model, 𝑅𝑅0 = 10[𝜇𝜇m] and 

the range of 𝑟𝑟0 is 10−7.5 to 10−5.5, respectively. The summation of 𝑄𝑄−1 

is the main factor of the TED, and the case of 𝑞𝑞 = 1 can be represented as 

the simplification. And the Zener’s model (i.e. neglected non-Fourier effect) 

can be valid when the radial thickness is small, but the result on the thick 

ring is not accurate more than the peak, known as “Debye peak”. 

Fig. 2.3 shows the elements of the TED with respect to various 𝑞𝑞s for the 

same model. In each mode of 𝑞𝑞 , there is only single peak, and the 

summation of the TED makes multiple peaks when the ring is thick. And 

large 𝛽𝛽CV causes the peaks more significantly with respect to the 𝑞𝑞 [43]. 

Fig. 2.4 represents the percentage difference of the 𝑄𝑄−1  in only 𝑞𝑞 = 1 

according to the summation of 𝑄𝑄−1. As shown in Fig. 2.1, thinner ring than 

the peak shows much little difference. On the other hand, the difference 

goes larger when the ring is much thicker than the peak point. 

Fig. 2.5 shows the peak frequency �𝜔𝜔peak,𝑛𝑛� based on Eq. (2.3.8). And 

Fig. 2.6 presents the normalized �𝑄𝑄TED.Simple�
−1𝛥𝛥𝐸𝐸 for the 3-D and 2-D 

rings. The mode number 𝑛𝑛 = 20, and the global radius is 1000 [nm]. For 

the thin ring with 𝑟𝑟0 → 0, both graphs are the same as [42] [43] for beam 

models. The final expression of the beam is strictly different from present 

work with thin ring, but the process of non-dimensionalization is exactly 

the same. When the ring is thick, the peak frequency goes larger due to the 

effect of the thickness. As represented in (b), the �𝑄𝑄TED.Simple�
−1  is 
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nearby 0.5ΔE when the lagging time is short or unconsidered [9][23]. On 

the contrary, the lagging time is long, �𝑄𝑄TED.Simple�
−1  goes extremely 

larger for the thick structure. 

Fig. 2.7 shows the plots of Eq. (3.3.11) with 𝑓𝑓(𝛽𝛽CV) for rings as 𝑟𝑟0
𝑅𝑅0

=0 

(i.e. beams with rectangular [42] or circular [43] cross-sections, or 2-D ring), 

0.05, and 0.1 with 𝑛𝑛 = 20 , and the approximations. As stated in the 

paragraph, the approximations as 𝑔𝑔 = 0  for beam and thin ring models 

can be compared in here. Moreover, the special term in the 3-D toroidal ring 

model can be affect the deviation of the 𝑓𝑓(𝛽𝛽CV), and the range are moved 

toward smaller 𝛽𝛽CV. Then, Eq. (2.3.11) can be used in small or large 𝛽𝛽𝑛𝑛 

for the 3-D ring too. However, the inflection point is the function of g, thus 

the range of the curve should be checked to ensure the accuracy of the 

simplification.  
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2.4 Damping coefficient for random vibration 

To simplify the expression of the transform function, the damping 

coefficient can be equivalently linearized as 𝑐𝑐 proportional with respect to 

the velocity. In here, the external force is much larger than the intrinsic 

dissipation, the energy loss per cycle can be expressed as an integral term. 

From the basic equation of motion and chain rule, the dissipated energy in 

one cycle is [91] 

 

ΔWeq.mot. = ∮�𝐹𝐹damping�d𝑥𝑥 = ∫ ∫ [−𝑐𝑐(𝑛𝑛2 + 1)�̇�𝑢] �d𝑥𝑥
d𝜕𝜕
�d𝑡𝑡

2𝜋𝜋
𝜔𝜔
𝜕𝜕=0

2𝜋𝜋
𝜕𝜕=0 d𝜃𝜃  

= −𝑐𝑐(𝑛𝑛2 + 1)∫ ∫ (�̇�𝑢)2d𝑡𝑡
2𝜋𝜋
𝜔𝜔
𝜕𝜕=0

2𝜋𝜋
𝜕𝜕=0 d𝜃𝜃                            (2.4.1) 

 

Substituting the mode shape into Eq. (2.4.1), and then 

 

ΔWeq.mot. = −𝑐𝑐(𝑛𝑛2 + 1)∫ ∫ �(j𝜔𝜔)𝑈𝑈�2{sin(𝑛𝑛𝜃𝜃)}2|exp(j𝜔𝜔𝑡𝑡)|2�d𝑡𝑡
2𝜋𝜋
𝜔𝜔
𝜕𝜕=0 d𝜃𝜃2𝜋𝜋

𝜕𝜕=0   

= 2π2(𝑛𝑛2 + 1)𝑈𝑈�2𝑐𝑐𝜔𝜔                                     (2.4.2) 

 

From the TED equation, Eqs. (2.3.4b) and (2.4.2) are the same, thus the 

damping coefficient � kg
sec
� is 

 

𝑐𝑐 = 𝑐𝑐(𝜔𝜔) = 𝐸𝐸𝜋𝜋
2𝜔𝜔

�1−𝑛𝑛2�
2

𝑅𝑅03(1+𝑛𝑛2)  
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× ∑ � 8𝛥𝛥𝐸𝐸
𝑎𝑎1𝑘𝑘2�𝑎𝑎1𝑘𝑘2−1�

{1+𝑔𝑔}𝜔𝜔𝜏𝜏1
{1+𝑔𝑔−𝜏𝜏CV(𝜔𝜔2𝜏𝜏1)}2+(𝜔𝜔𝜏𝜏1)2�

inf
𝑞𝑞=1                    (2.4.3) 

 

As shown in here, the damping coefficient is a function of the eigenvalue 

and input frequency. Moreover, the modified damping coefficient goes 

lower when the eigenfrequency is much higher. The assumption and result 

are well agreement with the general damping, such as Coulomb friction, etc. 

Fig. 2.8 shows the damping coefficient of the ring with respect to the radial 

thickness. To simplify the data, 𝑞𝑞 is investigated only 1 in this Figure. As 

stated in former Section, the results from CV’s equation can be valid when 

the ring is thin. However, the damping coefficient goes smaller when the 

ring is thicker more than the peak due to the time-lagging. 
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2.5 Normalized temperature profile 

To simplify the analysis, the non-dimensional parameters of the frequency, 

the lagging time, and the radius are adopted as [43] 

 

Ω�𝑛𝑛𝑞𝑞 = 𝜔𝜔𝜏𝜏𝑞𝑞 , �̂�𝜏 = 𝜏𝜏CV
𝜏𝜏𝑘𝑘

, 𝑅𝑅� = 𝑟𝑟
𝑟𝑟0

                          (2.5.1a,b,c) 

 

Then, the normalized Real and Imaginary parts of the Eq. (2.2.7) are 

 

�
Real�𝑇𝑇�0(𝑟𝑟,𝛽𝛽,𝜃𝜃)�
Imag�𝑇𝑇�0(𝑟𝑟,𝛽𝛽, 𝜃𝜃)�

� = �Real[𝑇𝑇0(𝑟𝑟,𝛽𝛽,𝜃𝜃)]
Imag[𝑇𝑇0(𝑟𝑟,𝛽𝛽,𝜃𝜃)]�/�

2𝑟𝑟0
𝑅𝑅02

Δ𝐸𝐸�1−𝑛𝑛2�𝑈𝑈�𝑛𝑛
𝐸𝐸

� 

= sin(𝛽𝛽) sin(𝑛𝑛𝜃𝜃) × ∑ � 𝐽𝐽1�𝑎𝑎1𝑘𝑘𝑅𝑅��
�𝑎𝑎1𝑘𝑘2−1�𝐽𝐽1�𝑎𝑎1𝑘𝑘�

{𝐀𝐀𝐀𝐀}

�1+𝑔𝑔−Ω�𝑛𝑛𝑘𝑘
2𝜏𝜏��

2
+Ω�𝑛𝑛𝑘𝑘

2�
inf
𝑞𝑞=1       (2.5.2) 

 

where 

{𝐀𝐀𝐀𝐀} = �
Ω�𝑛𝑛𝑞𝑞

2(1 − 𝑔𝑔�̂�𝜏) −Ω�𝑛𝑛𝑞𝑞
2�̂�𝜏 �1 − Ω�𝑛𝑛𝑞𝑞

2�̂�𝜏�

Ω�𝑛𝑛𝑞𝑞(1 + 𝑔𝑔)
�                (2.5.3) 

 

In here, the results in the notation “Σ” are similar to the case of a beam [13] 

with circular cross-section for 𝑔𝑔 = 0 . And the entire results without �̂�𝜏 

terms are the same as the case of the toroidal ring with classical Fourier heat 

conduction [53]. 

Fig. 2.9 shows the non-dimensionalized temperature profiles obtained from 

Eq. (2.5.2). The time lagging effect makes the delay of the heat flux, known 
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as the definition of the non-Fourier heat conduction. When the NF is 

neglected as [37], the temperature profile is exactly flat. But the delay can 

be visualized by swells on the temperature profiles. Moreover, both “Real” 

and “Imag” parts of the surfaces are symmetric with respect to the 

centerline due to the inextensional condition. 
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Table 2.1 Solutions of the Bessel function 

𝑞𝑞  𝑎𝑎1𝑞𝑞  
𝑎𝑎1q
𝑞𝑞𝜋𝜋

  𝐾𝐾1𝑞𝑞 = 8
𝑎𝑎1𝑘𝑘2�𝑎𝑎1𝑘𝑘2−1�

  

1 1.841177 0.586065 0.987444 
2 5.331456 0.848528 0.010263 
3 8.536351 0.905735 0.001528 
4 11.70600 0.931534 0.000429 
5 14.86358 0.946245 0.000165 

10 30.60192 0.974090 9.13E-06 
20 62.03233 0.987275 5.40E-07 
50 156.2886 0.994964 1.34E-08 

100 313.3711 0.997491 8.30E-10 

infinite 𝑞𝑞𝜋𝜋  1.000000 
8

(𝑞𝑞𝜋𝜋)4−(𝑞𝑞𝜋𝜋)2 → 0  
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Table 2.2 Comparisons of the approximations 

 for small 𝛽𝛽CV for large 𝛽𝛽CV 

𝑓𝑓(𝛽𝛽CV) 

Eq. (2.3.11) 
6𝛽𝛽CV{1 + 𝑔𝑔}2 6{1 + 𝑔𝑔} 

�𝜔𝜔peak,𝑛𝑛�
2 

Eq. (2.3.12) 

1
𝜏𝜏CV2

{1 + 𝑔𝑔}2 
1

𝜏𝜏CV2𝛽𝛽CV
{1 + 𝑔𝑔} 

1
𝑄𝑄TED.Simple𝛥𝛥𝐸𝐸

 

Eq. (2.3.13) 

1
[1 − 𝛽𝛽CV{1 + 𝑔𝑔}]2 + 1

 �𝛽𝛽CV{1 + 𝑔𝑔} 
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Fig. 2.1 Toroidal ring model 
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Fig. 2.2 𝑄𝑄−1 with respect to 𝑟𝑟0 
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Fig. 2.3 Each component of 𝑄𝑄−1 with respect to 𝑟𝑟0 
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Fig. 2.4 % difference of 𝑄𝑄−1 for summation and 𝑞𝑞 = 1 only 
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Fig. 2.5 Peak frequencies with respect to 𝛽𝛽CV 
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Fig. 2.6 𝑄𝑄−1 on the peak frequencies 
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Fig. 2.7 Function 𝑓𝑓(𝛽𝛽CV) with respect to 𝛽𝛽CV 
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Fig. 2.8 Damping coefficients  
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Fig. 2.9 Normalized temperature profiles 
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Chapter 3 Ring structure 

3.1 Constitutive equations 

The rotating thin ring structure with constant angular velocity as �̇�𝜃 = Ω 

with respect to Z-axis is a special case of arches [4] as Fig. 2.1, and the 

equation of motion can obtained by reduction from Love’s shell equation 

and Hamilton’s Principle. [90] In the ring, the thickness is sufficiently 

thinner than the mean radius, thus Euler-Bernoulli beam theory can be 

applied into the ring. [44] Additionally, the virtual density including point 

masses should be obtained by perturbation method further. In here, the 

lumped masses only affect kinetic energy nor strain energy, thus 𝛿𝛿 can be 

changed only as 𝛿𝛿imp [36] nor 𝐸𝐸, 𝐼𝐼, and 𝐴𝐴. Firstly, the kinetic and strain 

energies are given as [90] 

 

𝐾𝐾 = ∫
𝜌𝜌imp𝐴𝐴𝑅𝑅0

2
[(�̇�𝑢 − 𝑣𝑣Ω)2 + (�̇�𝑣 + (𝑢𝑢 + 𝑅𝑅0)Ω)2]d𝜃𝜃2𝜋𝜋

𝜕𝜕=0            (3.1.1a) 

𝑈𝑈 = 1
2 ∫ ∫ ∫ (∑𝜎𝜎𝜀𝜀)𝑧𝑧𝜕𝜕 d𝑉𝑉𝑅𝑅                                  (3.1.1b) 

 

The variations of both energies can be expressed as 

 

∫ δ𝐾𝐾d𝑡𝑡𝜕𝜕1
𝜕𝜕0

=  

∫ ∫
𝜌𝜌imp𝐴𝐴𝑅𝑅0

2
�
(−�̈�𝑢 + 2�̇�𝑣Ω + 𝑢𝑢Ω2 + 𝑅𝑅0Ω2)𝛿𝛿𝑢𝑢

+(−�̈�𝑣 − 2�̇�𝑢Ω + 𝑣𝑣Ω2)𝛿𝛿𝑣𝑣
�d𝜃𝜃2𝜋𝜋

𝜕𝜕=0 d𝑡𝑡𝜕𝜕1
𝜕𝜕0

        (3.1.2a) 
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∫ δ𝑈𝑈d𝑡𝑡𝜕𝜕1
𝜕𝜕0

= ∫ ∫ �

𝐸𝐸𝜋𝜋
𝑅𝑅04

�𝜕𝜕
3𝑣𝑣

𝜕𝜕𝜕𝜕3
− 𝜕𝜕4𝑢𝑢

𝜕𝜕𝜕𝜕4
� − 𝐸𝐸𝐴𝐴

𝑅𝑅02
�𝜕𝜕𝑣𝑣
𝜕𝜕𝜕𝜕

+ 𝑢𝑢� δ𝑢𝑢

+ 𝐸𝐸𝜋𝜋
𝑅𝑅04

�𝜕𝜕
2𝑣𝑣

𝜕𝜕𝜕𝜕2
− 𝜕𝜕3𝑢𝑢

𝜕𝜕𝜕𝜕3
� + 𝐸𝐸𝐴𝐴

𝑅𝑅02
�𝜕𝜕

2𝑣𝑣
𝜕𝜕𝜕𝜕2

+ 𝜕𝜕𝑢𝑢
𝜕𝜕𝜕𝜕
� δ𝑣𝑣

�d𝜃𝜃2𝜋𝜋
𝜕𝜕=0 d𝑡𝑡𝜕𝜕1

𝜕𝜕0
(3.1.2b) 

 

Furthermore, the external forces per unit length are composed with damping 

coefficient 𝑐𝑐 and external forces are 

 

𝑞𝑞𝑢𝑢 = −𝑐𝑐 𝜕𝜕𝑢𝑢
𝜕𝜕𝜕𝜕

+ 𝑓𝑓𝑢𝑢(𝜃𝜃, 𝑡𝑡)                                     (3.1.3a) 

𝑞𝑞𝑣𝑣 = −𝑐𝑐 𝜕𝜕𝑣𝑣
𝜕𝜕𝜕𝜕

+ 𝑓𝑓𝑣𝑣(𝜃𝜃, 𝑡𝑡)                                     (3.1.3b) 

 

Using the Hamilton’s principle into Eq. (3.1.2), the equation of motion for 

the ring with damping is 

 

𝐸𝐸𝜋𝜋
𝑅𝑅4
�𝜕𝜕

3𝑣𝑣
𝜕𝜕𝜕𝜕3

− 𝜕𝜕4𝑢𝑢
𝜕𝜕𝜕𝜕4

� − 𝐸𝐸𝐴𝐴
𝑅𝑅2
�𝜕𝜕𝑣𝑣
𝜕𝜕𝜕𝜕

+ 𝑢𝑢�  

+𝛿𝛿imp𝐴𝐴(�̈�𝑢 − 2�̇�𝑣Ω − 𝑢𝑢Ω2 − 𝑅𝑅Ω2) + 𝑞𝑞𝑢𝑢 = 0                  (3.1.4a) 

𝐸𝐸𝜋𝜋
𝑅𝑅4
�𝜕𝜕

2𝑣𝑣
𝜕𝜕𝜕𝜕2

− 𝜕𝜕3𝑢𝑢
𝜕𝜕𝜕𝜕3

� + 𝐸𝐸𝐴𝐴
𝑅𝑅2
�𝜕𝜕

2𝑣𝑣
𝜕𝜕𝜕𝜕2

+ 𝜕𝜕𝑢𝑢
𝜕𝜕𝜕𝜕
�  

+𝛿𝛿imp𝐴𝐴(�̈�𝑣 + 2�̇�𝑢Ω − 𝑣𝑣Ω2) + 𝑞𝑞𝑣𝑣 = 0                        (3.1.4b) 

 

Moreover, the circumferential strain, forces (𝑞𝑞𝜕𝜕, 𝑞𝑞3) and inertia terms can 

be neglected in the equation, thus the center-line of the ring is always 

constant, as well knows as inextensional condition by 𝜕𝜕𝑣𝑣
𝜕𝜕𝜕𝜕

+ 𝑢𝑢 = 0. Then, 
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𝐸𝐸𝜋𝜋
𝑅𝑅4
�𝜕𝜕

6𝑢𝑢
𝜕𝜕𝜕𝜕6

+ 2 𝜕𝜕4𝑢𝑢
𝜕𝜕𝜕𝜕4

+ 𝜕𝜕2𝑢𝑢
𝜕𝜕𝜕𝜕2

�  

+𝛿𝛿imp𝐴𝐴 �
𝜕𝜕4𝑢𝑢

𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕2
− 𝜕𝜕2𝑢𝑢

𝜕𝜕𝜕𝜕2
+ 4Ω 𝜕𝜕2𝑢𝑢

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
+ Ω2 �𝑢𝑢 − 𝜕𝜕2𝑢𝑢

𝜕𝜕𝜕𝜕2
�� = 𝑞𝑞𝑢𝑢′′ + 𝑞𝑞𝑣𝑣′       (3.1.5) 

 

where 

 

𝑞𝑞𝑢𝑢′′ = −𝑐𝑐 𝜕𝜕4𝑢𝑢
𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕2

+ ∂2

∂𝜕𝜕2
[𝑓𝑓𝑢𝑢(𝜃𝜃, 𝑡𝑡)]                             (3.1.6a) 

𝑞𝑞𝑣𝑣′ = −𝑐𝑐 𝜕𝜕𝑣𝑣
′

𝜕𝜕𝜕𝜕
+ ∂

∂𝜕𝜕
[𝑓𝑓𝑣𝑣(𝜃𝜃, 𝑡𝑡)] = 𝑐𝑐 𝜕𝜕𝑢𝑢

𝜕𝜕𝜕𝜕
+ ∂

∂𝜕𝜕
[𝑓𝑓𝑣𝑣(𝜃𝜃, 𝑡𝑡)]               (3.1.6b) 

 

Then, Eqs. (3.1.5) and (3.1.6) can be re-arranged as 

 

𝐸𝐸𝜋𝜋
𝑅𝑅04

�𝜕𝜕
6𝑢𝑢

𝜕𝜕𝜕𝜕6
+ 2 𝜕𝜕4𝑢𝑢

𝜕𝜕𝜕𝜕4
+ 𝜕𝜕2𝑢𝑢

𝜕𝜕𝜕𝜕2
� + 𝑐𝑐 𝜕𝜕

𝜕𝜕𝜕𝜕
�𝜕𝜕

2𝑢𝑢
𝜕𝜕𝜕𝜕2

− 𝑢𝑢�  

+𝛿𝛿imp𝐴𝐴 �
𝜕𝜕4𝑢𝑢

𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕2
− 𝜕𝜕2𝑢𝑢

𝜕𝜕𝜕𝜕2
+ 4Ω 𝜕𝜕2𝑢𝑢

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
+ Ω2 �𝑢𝑢 − 𝜕𝜕2𝑢𝑢

𝜕𝜕𝜕𝜕2
��  

= 𝜕𝜕
𝜕𝜕𝜕𝜕

[𝑓𝑓𝑣𝑣(𝜃𝜃, 𝑡𝑡)] + 𝜕𝜕2

𝜕𝜕𝜕𝜕2
[𝑓𝑓𝑢𝑢(𝜃𝜃, 𝑡𝑡)]                               (3.1.7) 

 

The only external circumferential force can be assumed as 

 

𝑓𝑓𝑢𝑢(𝜃𝜃, 𝑡𝑡) = 𝐹𝐹0
2𝜋𝜋𝑅𝑅0

𝛿𝛿�𝜃𝜃 − 𝜃𝜃𝑓𝑓� exp(j𝜔𝜔𝑡𝑡)                           (3.1.8) 

In here, the tangential force is neglected, thus 𝑓𝑓𝑣𝑣(𝜃𝜃, 𝑡𝑡) = 0. 

 

Applying Eq. (3.1.7) to Eq. (3.1.6), thus 
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𝐸𝐸𝜋𝜋
𝑅𝑅04

�𝜕𝜕
6𝑢𝑢

𝜕𝜕𝜕𝜕6
+ 2 𝜕𝜕4𝑢𝑢

𝜕𝜕𝜕𝜕4
+ 𝜕𝜕2𝑢𝑢

𝜕𝜕𝜕𝜕2
� + 𝑐𝑐 𝜕𝜕

𝜕𝜕𝜕𝜕
�𝜕𝜕

2𝑢𝑢
𝜕𝜕𝜕𝜕2

− 𝑢𝑢�  

+𝛿𝛿imp𝐴𝐴 �
𝜕𝜕4𝑢𝑢

𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕2
− 𝜕𝜕2𝑢𝑢

𝜕𝜕𝜕𝜕2
+ 4Ω 𝜕𝜕2𝑢𝑢

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
+ Ω2 �𝑢𝑢 − 𝜕𝜕2𝑢𝑢

𝜕𝜕𝜕𝜕2
��  

= 𝐹𝐹0
2𝜋𝜋𝑅𝑅0

𝛿𝛿′′�𝜃𝜃 − 𝜃𝜃𝑓𝑓� exp(j𝜔𝜔𝑡𝑡)                               (3.1.8) 

 

Moreover, the free vibration can be modeled by eliminating 𝐹𝐹0 as 

 

𝐸𝐸𝜋𝜋
𝑅𝑅04

�𝜕𝜕
6𝑢𝑢

𝜕𝜕𝜕𝜕6
+ 2 𝜕𝜕4𝑢𝑢

𝜕𝜕𝜕𝜕4
+ 𝜕𝜕2𝑢𝑢

𝜕𝜕𝜕𝜕2
� + 𝑐𝑐 𝜕𝜕

𝜕𝜕𝜕𝜕
�𝜕𝜕

2𝑢𝑢
𝜕𝜕𝜕𝜕2

− 𝑢𝑢�  

+𝛿𝛿imp𝐴𝐴 �
𝜕𝜕4𝑢𝑢

𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕2
− 𝜕𝜕2𝑢𝑢

𝜕𝜕𝜕𝜕2
+ 4Ω 𝜕𝜕2𝑢𝑢

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
+ Ω2 �𝑢𝑢 − 𝜕𝜕2𝑢𝑢

𝜕𝜕𝜕𝜕2
�� = 0          (3.1.9) 
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3.2 Solutions – eigenfrequencies 

In this Section, the solutions of the eigenfrequencies are represented using 

the method in the previous section. Substituting Eq. (2.1.11) into Eq. (3.1.9), 

then the eigenvalue of the rotating ring is 

 

�𝜔𝜔imp,Ω� = 2Ω𝑛𝑛
𝑛𝑛2+1

± �� 2Ω𝑛𝑛
𝑛𝑛2+1

�
2
− Ω2 + �𝜔𝜔imp�

2                 (3.2.1) 

 

where the eigenfrequency of the non-rotating ring 𝜔𝜔imp is 

 

�𝜔𝜔imp�
2 = 𝐸𝐸𝜋𝜋

𝜌𝜌imp𝐴𝐴𝑅𝑅04
�𝑛𝑛2−1�

2𝑛𝑛2

𝑛𝑛2+1
                              (3.2.2) 

 

In order to obtain the eigenfrequency of the imperfect ring, the virtual 

density 𝛿𝛿imp  can be represented using perturbation method. Firstly, the 

density can be divided into well-known material density (𝛿𝛿0 ) and the 

density function as [55] 

 

𝛿𝛿imp = 𝛿𝛿0 + 𝛿𝛿𝛿𝛿(𝜃𝜃)                                        (3.2.3) 

In here, the variation is performed as a weak form including the virtual 

density function [55], then 𝛿𝛿imp can be obtained by the integration based 

on Fourier transform, known as perturbation method. Then the result of the 

function is 
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�𝜔𝜔imp�
2 = (𝜔𝜔𝑛𝑛)2 1

1+∑ �𝐸𝐸𝑖𝑖�1+
𝑛𝑛2−1
𝑛𝑛2+1 cos�2𝑛𝑛�𝜕𝜕𝑖𝑖−𝜓𝜓𝑗𝑗����𝑖𝑖

                 (3.2.4) 

where (𝜔𝜔𝑛𝑛)2 = 𝐸𝐸𝜋𝜋
𝜌𝜌0𝐴𝐴𝑅𝑅04

�𝑛𝑛2−1�
2𝑛𝑛2

𝑛𝑛2+1
  and 𝛼𝛼𝑖𝑖  are the square of the 

eigenfrequency for the uniform ring and the ratio of the point mass with 

respect to the mass of the perfect ring, respectively. And the results obtained 

from the Rayleigh-Ritz [45] and perturbation [55] methods are the same 

analytically when there is no imperfection of the stiffness. 

 

And the shift angle is 

 

𝜓𝜓𝑗𝑗 = 1
2𝑛𝑛

arctan ∑ (𝑘𝑘𝑖𝑖 sin{2𝑛𝑛𝜕𝜕𝑖𝑖})𝑖𝑖
∑ (𝑘𝑘𝑖𝑖 cos{2𝑛𝑛𝜕𝜕𝑖𝑖})𝑖𝑖

+ 𝑗𝑗𝜋𝜋
2𝑛𝑛

                          (3.2.5) 

where 𝑗𝑗 = 0  or 1 is the orientation mode, and the whole process using 

Rayleigh-Ritz method is stated in [45]. 

 

Thus, Eq. (3.2.3) can be re-written with respect to the imperfections as: 

 

𝛿𝛿imp = 𝛿𝛿0 + 𝛿𝛿0 ∑ �𝛼𝛼𝑖𝑖 �1 + 𝑛𝑛2−1
𝑛𝑛2+1

cos�2𝑛𝑛�𝜃𝜃𝑖𝑖 − 𝜓𝜓𝑗𝑗����𝑖𝑖            (3.2.6) 

 

Fig. 3.1 shows the eigenfrequency with respect to the mode numbers for 

normalized properties except the mode numbers. Thus 𝜔𝜔𝑛𝑛 consists of only 

𝑛𝑛 , and the approximation of the frequency can be set as 𝜔𝜔𝑛𝑛 = 𝑛𝑛2  for 
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higher mode number. In here, 𝜔𝜔𝑛𝑛 = 𝑛𝑛2 for an ultra-high frequency ring 

can be reasonable more than 𝑛𝑛 = 40 because the difference is less than 

0.1%. Additionally, the actual resonator is used in 𝑛𝑛 =3 or lower mode. 

However, the predictions of the data in high modes are shown in this work 

for various future purposes. 

The accuracy of the inextensional assumption of the ring is not ensured in 

the higher mode generally. The amplitude goes smaller in the higher mode 

as shown in the transfer function. However, the multiple dimensional heat 

conduction can compensate the characteristics of the TED in the higher 

mode with respect to the result of FEM. [39] Thus, the present work as the 

toroidal ring with 3-D heat conduction equation can be applied in the higher 

mode, too. And the FEM results can ensure the theoretical data of the 

inextensional condition in higher number of the modes. [37] 

Fig. 3.2 represents the effect of angular rotational velocity with respect to 

𝜔𝜔𝑛𝑛 as the same model in Fig. 3.1. The words “backward” and “forward” 

are the directions of the wave-traveling during the motion. For the cases as 

𝑛𝑛 = 2, both lines are the asymptotic curves for other mode numbers. And 

when 𝑛𝑛 increases, the difference of an eigenfrequency of rotating structure 

with respect to the non-rotating one goes smaller than lower mode number. 

Moreover, the frequency goes lower significantly when the rotational 

velocity is high. In the case, the rotating effect is dominant rather than the 

eigenfrequency. 

Fig. 3.3 shows the percentage difference of the eigenfrequencies of the 
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same normalized models with attached point mass at 0 [deg] only. The 

difference goes almost proportional with respect to the mass ratio, and 

converges when the mode number is high. For the data, the main factor of 

the difference is mass ratio, and mode number in lower modes. 

Figs. 3.4 and 3.5 represent the mode shapes of the model with single 

attached mass for 𝑛𝑛 =2 and 3, respectively. The orientation angle makes 

the distortion in the vibrational mode shape with respect to the shape on 

uniform ring models. 
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3.3 Transfer function of the forced vibration 

For the modal analysis, the mode shape of the vibration can be expressed 

as the summation of various responses as 

 

𝑢𝑢(𝜃𝜃, 𝑡𝑡) = ∑ Ψ𝑛𝑛(𝜃𝜃) exp(j𝜔𝜔𝑡𝑡)inf
𝑛𝑛=2                               (3.3.1) 

 

Where Ψ𝑛𝑛(𝜃𝜃) is the mode shape of each 𝑛𝑛 given as 

 

Ψ𝑛𝑛(𝜃𝜃) = 𝑈𝑈𝑛𝑛 cos(𝑛𝑛𝜃𝜃 + 𝑛𝑛𝜓𝜓𝑒𝑒)                                 (3.3.2) 

 

Substituting Eqs. (2.1.11) and (3.3.2) into Eq. (3.3.1), thus ( exp(j𝜔𝜔𝑡𝑡) 

omitted in both sides) 

 

∑ �
𝐸𝐸𝜋𝜋
𝑅𝑅04

(−𝑛𝑛6 + 2𝑛𝑛4 − 𝑛𝑛2) − j𝑐𝑐𝜔𝜔(𝑛𝑛2 + 1)

+𝛿𝛿imp𝐴𝐴[(𝑛𝑛2 + 1)𝜔𝜔2 − 4𝑛𝑛Ω𝜔𝜔 + Ω2(𝑛𝑛2 + 1)]
�inf

𝑛𝑛=2   

= 𝐹𝐹0
2𝜋𝜋𝑅𝑅0

𝛿𝛿′′�𝜃𝜃 − 𝜃𝜃𝑓𝑓�                                      (3.3.3) 

 

To use the orthogonality of eigenfunction, Eq. (3.3.3) can be integrated after 

multiplying by cos�𝑛𝑛𝜃𝜃 + 𝑛𝑛𝜓𝜓𝑗𝑗�  through 𝜃𝜃 = 0  to 2𝜋𝜋  similarly as Ref. 

[80] as 
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∫

⎣
⎢
⎢
⎡
∑

�
𝐸𝐸𝜋𝜋
𝑅𝑅04

(−𝑛𝑛6 + 2𝑛𝑛4 − 𝑛𝑛2)− j𝑐𝑐𝜔𝜔(𝑛𝑛2 + 1)

+𝛿𝛿imp𝐴𝐴[(𝑛𝑛2 + 1)𝜔𝜔2 − 4𝑛𝑛Ω𝜔𝜔 + Ω2(𝑛𝑛2 + 1)]
�

× Ψ𝑛𝑛(𝜃𝜃) cos�𝑛𝑛𝜃𝜃 + 𝑛𝑛𝜓𝜓𝑗𝑗�

inf
𝑛𝑛=2

⎦
⎥
⎥
⎤
𝑎𝑎d𝜃𝜃2𝜋𝜋

0   

= ∫

⎣
⎢
⎢
⎡
∑

�
𝐸𝐸𝜋𝜋
𝑅𝑅04

(−𝑛𝑛6 + 2𝑛𝑛4 − 𝑛𝑛2)− j𝑐𝑐𝜔𝜔(𝑛𝑛2 + 1)

+𝛿𝛿imp𝐴𝐴[(𝑛𝑛2 + 1)𝜔𝜔2 − 4𝑛𝑛Ω𝜔𝜔 + Ω2(𝑛𝑛2 + 1)]
�

× 𝑈𝑈𝑛𝑛 cos�𝑛𝑛𝜃𝜃 + 𝑛𝑛𝜓𝜓𝑗𝑗� cos�𝑛𝑛𝜃𝜃 + 𝑛𝑛𝜓𝜓𝑗𝑗�

inf
𝑛𝑛=2

⎦
⎥
⎥
⎤
𝑎𝑎d𝜃𝜃2𝜋𝜋

0   

= ∫ � 𝐹𝐹0
2𝜋𝜋𝑅𝑅0

𝛿𝛿′′�𝜃𝜃 − 𝜃𝜃𝑓𝑓� cos�𝑛𝑛𝜃𝜃 + 𝑛𝑛𝜓𝜓𝑗𝑗�� 𝑎𝑎d𝜃𝜃2𝜋𝜋
0                    (3.3.4) 

 

The result of integrations in Eq. (3.3.4) can be obtained by the term 𝑈𝑈𝑛𝑛 as 

 

𝑈𝑈𝑛𝑛 = 𝑛𝑛2𝐹𝐹0 cos�𝑛𝑛𝜕𝜕𝑓𝑓+𝑛𝑛𝜓𝜓𝑗𝑗�

𝜌𝜌imp𝐴𝐴(𝑛𝑛2+1)2𝑅𝑅0𝜋𝜋2�𝜔𝜔𝑛𝑛2−𝜔𝜔2+ j𝑐𝑐𝜔𝜔
𝜌𝜌imp𝐴𝐴

−Ω2+4𝑛𝑛Ω𝜔𝜔𝑛𝑛2+1�
                 (3.3.5) 

 

with 𝑐𝑐
𝜌𝜌imp𝐴𝐴

≡ 𝛽𝛽𝑑𝑑 �
1
sec
�. 

 

Eq. (3.3.3) can be re-written by using Eq. (3.3.5), thus the summation of 

mode shapes is 

 

𝑢𝑢(𝜃𝜃, 𝑡𝑡) =  

∑ 𝑛𝑛2 cos�𝑛𝑛𝜕𝜕𝑓𝑓+𝑛𝑛𝜓𝜓𝑗𝑗� cos�𝑛𝑛𝜕𝜕+𝑛𝑛𝜓𝜓𝑗𝑗�

𝜌𝜌imp𝐴𝐴(𝑛𝑛2+1)𝜋𝜋�𝜔𝜔𝑛𝑛2−𝜔𝜔2+j𝜔𝜔𝛽𝛽𝑑𝑑−Ω2+4
𝑛𝑛Ω𝜔𝜔
𝑛𝑛2+1�

𝐹𝐹0
2𝜋𝜋𝑅𝑅0

exp(j𝜔𝜔𝑡𝑡)inf
𝑛𝑛=2           (3.3.6) 

 

On the forced vibration, the response with respect to the force is defined as 
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a transfer function as 

 

𝐻𝐻�𝜃𝜃𝑠𝑠,𝜃𝜃𝑓𝑓 ,𝜔𝜔� = 𝑢𝑢(𝜕𝜕,𝜕𝜕)
𝑓𝑓

                                       (3.3.7) 

In here, 𝜃𝜃𝑠𝑠 is the angular position of the sampling point for the ring model. 

 

For the present ring model, the transfer function can be written as 

 

𝐻𝐻�𝜃𝜃𝑠𝑠,𝜃𝜃𝑓𝑓 ,𝜔𝜔� = 𝐻𝐻 = ∑ 𝑛𝑛2 cos�𝑛𝑛𝜕𝜕𝑓𝑓+𝑛𝑛𝜓𝜓𝑗𝑗� cos�𝑛𝑛𝜕𝜕+𝑛𝑛𝜓𝜓𝑗𝑗�

𝜌𝜌imp𝐴𝐴(𝑛𝑛2+1)𝜋𝜋�𝜔𝜔𝑛𝑛2−𝜔𝜔2+j𝜔𝜔𝛽𝛽𝑑𝑑−Ω2+4
𝑛𝑛Ω𝜔𝜔
𝑛𝑛2+1�

inf
𝑛𝑛=2      (3.3.8) 
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3.4 Random excitation 

The random vibration can be modeled by using the spectral density. In order 

to simplify the analysis, the “Gaussian white noise” assumption is adopted 

to idealize the distribution of frequencies due to the input force as constant 

𝑆𝑆𝑓𝑓𝑓𝑓 = 𝑆𝑆0. The SD of response 𝑆𝑆𝑦𝑦𝑦𝑦(𝑥𝑥1,𝑥𝑥2,𝜔𝜔) for a longitudinal coordinate 

is defined as [80] 

 

𝑆𝑆𝑦𝑦𝑦𝑦(𝑥𝑥1,𝑥𝑥2,𝜔𝜔) = 𝑆𝑆0 ×  

∫ conj�𝐻𝐻longi�𝑥𝑥1, 𝑠𝑠𝑗𝑗,𝜔𝜔��d𝑠𝑠𝑗𝑗
𝑠𝑠𝑗𝑗=𝐿𝐿
𝑠𝑠𝑗𝑗=0

× ∫ 𝐻𝐻longi(𝑥𝑥2, 𝑠𝑠𝑘𝑘,𝜔𝜔)d𝑠𝑠𝑘𝑘
𝑠𝑠𝑘𝑘=𝐿𝐿
𝑠𝑠𝑘𝑘=0

     (3.4.1) 

where 𝐻𝐻longi,  𝑥𝑥1 , and 𝑠𝑠𝑗𝑗  are the transfer function of longitudinal 

coordinate, 1st detection point of the response, and the jth interaction point 

of force, respectively. 

 

Similarly, the SD can be modified with respect to the angular coordinate as 

 

𝑆𝑆𝑢𝑢𝑢𝑢(𝜃𝜃𝑠𝑠1,𝜃𝜃𝑠𝑠2,𝜔𝜔) = 𝐻𝐻�𝜃𝜃𝑠𝑠1,𝜃𝜃𝑓𝑓1,−𝜔𝜔� × 𝑆𝑆0 × 𝐻𝐻�𝜃𝜃𝑠𝑠2,𝜃𝜃𝑓𝑓2,𝜔𝜔�         (3.4.2) 

in here, the transfer functions are different from Eq. (3.4.1) because the 

integral of the ring is already operated in Section 3.3, thus the dimensions 

are different, too. And the both functions have relationship as a complex 

conjugate (i.e. conj�𝐻𝐻�𝜃𝜃𝑠𝑠,𝜃𝜃𝑓𝑓 ,𝜔𝜔�� = 𝐻𝐻�𝜃𝜃𝑠𝑠,𝜃𝜃𝑓𝑓 ,−𝜔𝜔�). 

 

Substituting Eq. (3.3.8) into Eq. (3.4.2), thus 
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𝑆𝑆𝑢𝑢𝑢𝑢(𝜃𝜃𝑠𝑠1,𝜃𝜃𝑠𝑠2,𝜔𝜔) = 𝐻𝐻�𝜃𝜃𝑠𝑠1,𝜃𝜃𝑓𝑓1,−𝜔𝜔� × 𝑆𝑆0 × 𝐻𝐻�𝜃𝜃𝑠𝑠2,𝜃𝜃𝑓𝑓2,𝜔𝜔� = 𝑆𝑆0 ×  

∑ ∑
�
𝑛𝑛12 cos�𝑛𝑛1𝜕𝜕𝑓𝑓1+𝑛𝑛1𝜓𝜓𝑗𝑗,𝑛𝑛1�×

cos�𝑛𝑛1𝜕𝜕𝑠𝑠1+𝑛𝑛1𝜓𝜓𝑗𝑗,𝑛𝑛1�
�

�
𝜌𝜌imp,𝑛𝑛1𝐴𝐴(𝑛𝑛12+1)𝜋𝜋×

�𝜔𝜔𝑛𝑛12−𝜔𝜔2+j𝜔𝜔𝛽𝛽𝑑𝑑−Ω2+4
𝑛𝑛1Ω𝜔𝜔
𝑛𝑛12+1

�
�

inf
𝑛𝑛2=2

�
𝑛𝑛22 cos�𝑛𝑛2𝜕𝜕𝑓𝑓2+𝑛𝑛2𝜓𝜓𝑗𝑗,𝑛𝑛2�×

cos�𝑛𝑛2𝜕𝜕𝑆𝑆2+𝑛𝑛2𝜓𝜓𝑗𝑗,𝑛𝑛2�
�

�
𝜌𝜌imp,𝑛𝑛2𝐴𝐴(𝑛𝑛22+1)𝜋𝜋×

�𝜔𝜔𝑛𝑛22−𝜔𝜔2+j𝜔𝜔𝛽𝛽𝑑𝑑−Ω2+4
𝑛𝑛2Ω𝜔𝜔
𝑛𝑛22+1

�
�

inf
𝑛𝑛1=2   

(3.4.3) 

Where the variables with subscript 𝑛𝑛1 or 𝑛𝑛1 are the value with respect to 

𝑛𝑛 = 𝑛𝑛1, and the similar calculation can be applied as 𝑛𝑛 = 𝑛𝑛2. 

 

When the damping is sufficiently small, and the difference of both adjacent 

eigenfrequencies are sufficiently large [80], Eq. (3.3.8) can be simplified by 

applying an approximation as 𝑛𝑛1 = 𝑛𝑛2 = 𝑛𝑛 . Then, the modal cross-SD 

terms can be neglected, thus 

 

[𝑆𝑆𝑢𝑢𝑢𝑢(𝜃𝜃𝑠𝑠1,𝜃𝜃𝑠𝑠2,𝜔𝜔)]approx ≅ 𝑆𝑆0 ×  

∑ �𝑛𝑛
2 cos�𝑛𝑛𝜕𝜕𝑓𝑓+𝑛𝑛𝜓𝜓𝑗𝑗�
𝜌𝜌imp𝐴𝐴(𝑛𝑛2+1)𝜋𝜋

�
2

inf
𝑛𝑛=2 � cos�𝑛𝑛𝜕𝜕𝑠𝑠1+𝑛𝑛𝜓𝜓𝑗𝑗� cos�𝑛𝑛𝜕𝜕𝑠𝑠2+𝑛𝑛𝜓𝜓𝑗𝑗�

�𝜔𝜔𝑛𝑛2−𝜔𝜔2−Ω2+4𝑛𝑛Ω𝜔𝜔𝑛𝑛2+1�
2
+(𝜔𝜔𝛽𝛽𝑑𝑑)2

�           (3.4.4) 

in here, the cross-spectral components as the off-diagonal terms are 

neglected in the approximate SD, thus the truncation error between both 

SDs are important in this work. 

 

Then, the modal truncation based on the direct-SD as 𝜃𝜃𝑠𝑠1 = 𝜃𝜃𝑠𝑠2 = 𝜃𝜃𝑠𝑠 is 

applied, but the modal cross spectral terms still valid because 𝑛𝑛1 ≠ 𝑛𝑛2, thus 
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𝑆𝑆𝑢𝑢𝑢𝑢(𝜃𝜃𝑠𝑠,𝜔𝜔) = 𝐻𝐻�𝜃𝜃𝑠𝑠,𝜃𝜃𝑓𝑓 ,−𝜔𝜔�× 𝑆𝑆0 × 𝐻𝐻�𝜃𝜃𝑠𝑠,𝜃𝜃𝑓𝑓 ,𝜔𝜔� = 𝑆𝑆0 ×  

∑ ∑
�
𝑛𝑛12 cos�𝑛𝑛1𝜕𝜕𝑓𝑓+𝑛𝑛1𝜓𝜓𝑗𝑗,𝑛𝑛1�×

cos�𝑛𝑛1𝜕𝜕𝑠𝑠+𝑛𝑛1𝜓𝜓𝑗𝑗,𝑛𝑛1�
�

�
𝜌𝜌imp,𝑛𝑛1𝐴𝐴(𝑛𝑛12+1)𝜋𝜋×

�𝜔𝜔𝑛𝑛12−𝜔𝜔2+j𝜔𝜔𝛽𝛽𝑑𝑑−Ω2+4
𝑛𝑛1Ω𝜔𝜔
𝑛𝑛12+1

�
�

inf
𝑛𝑛2=2

�
𝑛𝑛22 cos�𝑛𝑛2𝜕𝜕𝑓𝑓+𝑛𝑛2𝜓𝜓𝑗𝑗,𝑛𝑛2�×

cos�𝑛𝑛2𝜕𝜕𝑠𝑠+𝑛𝑛2𝜓𝜓𝑗𝑗,𝑛𝑛2�
�

�
𝜌𝜌imp,𝑛𝑛2𝐴𝐴(𝑛𝑛22+1)𝜋𝜋×

�𝜔𝜔𝑛𝑛22−𝜔𝜔2+j𝜔𝜔𝛽𝛽𝑑𝑑−Ω2+4
𝑛𝑛2Ω𝜔𝜔
𝑛𝑛22+1

�
�

inf
𝑛𝑛1=2   

(3.4.5) 

[𝑆𝑆𝑢𝑢𝑢𝑢(𝜃𝜃𝑠𝑠,𝜔𝜔)]approx ≅ 𝑆𝑆0 ×  

∑ �𝑛𝑛
2 cos�𝑛𝑛𝜕𝜕𝑓𝑓+𝑛𝑛𝜓𝜓𝑗𝑗� cos�𝑛𝑛𝜕𝜕𝑠𝑠+𝑛𝑛𝜓𝜓𝑗𝑗�

𝜌𝜌imp𝐴𝐴(𝑛𝑛2+1)𝜋𝜋
�
2

inf
𝑛𝑛=2 � 1

�𝜔𝜔𝑛𝑛2−𝜔𝜔2−Ω2+4𝑛𝑛Ω𝜔𝜔𝑛𝑛2+1�
2
+(𝜔𝜔𝛽𝛽𝑑𝑑)2

� (3.4.6) 

 

To analyze the motion of the ring model, statistical data are needed from 

the SD. The average of 𝑢𝑢2 can be obtained by integrating the SD through 

the frequencies as [80] 

 

𝐸𝐸[𝑢𝑢2(𝜃𝜃, 𝑡𝑡)] = ∫ 𝑆𝑆𝑢𝑢𝑢𝑢(𝜃𝜃𝑠𝑠,𝜔𝜔)d𝜔𝜔inf
−inf                            (3.4.7) 

 

In here, the frequency band is limited between 𝜔𝜔1 ≤ |𝜔𝜔| ≤ 𝜔𝜔2 , thus 

 

𝑆𝑆𝑓𝑓𝑓𝑓(𝜔𝜔) = 𝑆𝑆0                                            (3.4.8) 

otherwise, 𝑆𝑆𝑓𝑓𝑓𝑓(𝜔𝜔) = 0. 

 

Substituting Eqs. (3.4.5) and (3.4.6) into Eq. (3.4.7) with the band-

limitation, thus 
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𝐸𝐸[𝑢𝑢2(𝜃𝜃, 𝑡𝑡)]exact = 2𝑆𝑆0 × ∫ Real�∑ ∑ [(𝐻𝐻𝐻𝐻)exact]inf
𝑛𝑛2=2

inf
𝑛𝑛1=2 �d𝜔𝜔𝜔𝜔2

𝜔𝜔1
   (3.4.9) 

 

where 

(𝐻𝐻𝐻𝐻)exact =  

⎣
⎢
⎢
⎢
⎡ �

𝑛𝑛12 cos�𝑛𝑛1𝜕𝜕𝑓𝑓1+𝑛𝑛1𝜓𝜓𝑗𝑗,𝑛𝑛1�×
cos�𝑛𝑛1𝜕𝜕+𝑛𝑛1𝜓𝜓𝑗𝑗,𝑛𝑛1�

�

�
𝜌𝜌imp,𝑛𝑛1𝐴𝐴(𝑛𝑛12+1)𝜋𝜋×

�𝜔𝜔𝑛𝑛12−𝜔𝜔2+j𝜔𝜔𝛽𝛽𝑑𝑑−Ω2+4
𝑛𝑛1Ω𝜔𝜔
𝑛𝑛12+1

�
�

�
𝑛𝑛22 cos�𝑛𝑛2𝜕𝜕𝑓𝑓2+𝑛𝑛2𝜓𝜓𝑗𝑗,𝑛𝑛2�×

cos�𝑛𝑛2𝜕𝜕+𝑛𝑛2𝜓𝜓𝑗𝑗,𝑛𝑛2�
�

�
𝜌𝜌imp,𝑛𝑛2𝐴𝐴(𝑛𝑛22+1)𝜋𝜋×

�𝜔𝜔𝑛𝑛22−𝜔𝜔2+j𝜔𝜔𝛽𝛽𝑑𝑑−Ω2+4
𝑛𝑛2Ω𝜔𝜔
𝑛𝑛22+1

�
�
⎦
⎥
⎥
⎥
⎤
        (3.4.10) 

 

Moreover, the simplified form by neglecting the modal cross-SD in the 

expression is: 

 

𝐸𝐸[𝑢𝑢2(𝜃𝜃, 𝑡𝑡)]approx =  

2𝑆𝑆0 ∫

⎩
⎪
⎨

⎪
⎧
∑

⎝

⎜
⎛
�𝑛𝑛

2 cos�𝑛𝑛𝜕𝜕𝑠𝑠+𝑛𝑛𝜓𝜓𝑗𝑗� cos�𝑛𝑛𝜕𝜕𝑓𝑓+𝑛𝑛𝜓𝜓𝑗𝑗�
𝜌𝜌imp𝐴𝐴(𝑛𝑛2+1)𝜋𝜋

�
2

× � 1

�𝜔𝜔𝑛𝑛2−𝜔𝜔2−Ω2+4𝑛𝑛Ω𝜔𝜔𝑛𝑛2+1�
2
+(𝜔𝜔𝛽𝛽𝑑𝑑)2

�
⎠

⎟
⎞inf

𝑛𝑛=2

⎭
⎪
⎬

⎪
⎫

d𝜔𝜔𝜔𝜔2
𝜔𝜔1

         (3.4.11) 

 

To obtain the maximum deflection, experiential equations are mainly 

applied as in Ref. [80]. The SD for the velocity and acceleration of the 

deflection are given as 

 

𝑆𝑆�̇�𝑢�̇�𝑢(𝑥𝑥,𝜔𝜔) = 𝜔𝜔2𝑆𝑆𝑢𝑢𝑢𝑢(𝑥𝑥,𝜔𝜔) , 𝑆𝑆�̈�𝑢�̈�𝑢(𝑥𝑥,𝜔𝜔) = 𝜔𝜔4𝑆𝑆𝑢𝑢𝑢𝑢(𝑥𝑥,𝜔𝜔)         (3.4.12a,b) 
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Moreover, the maximum deflection obtained from the statistical 

experiences can be expressed as 

 

𝐸𝐸[𝑢𝑢max(𝜕𝜕)]
𝜎𝜎𝑢𝑢

≡ (𝐶𝐶𝐹𝐹)                                        (3.4.13) 

 

In here, (𝐶𝐶𝐹𝐹)  is Crest factor or the peak factor with Euler–Mascheroni 

constant (γ ≈0.577216) defined as [79] 

 

(𝐶𝐶𝐹𝐹) = �2 ln(𝑁𝑁mean) + 𝛾𝛾
�2 ln(𝑁𝑁mean)

+ (higher order terms)   (3.4.14) 

 

Furthermore, the numbers of mean values with respect to the zero-crossing-

frequency, and maxima with respect to the peak-frequency, respectively, are: 

  

𝑁𝑁mean = 𝑁𝑁max�1 − 𝜀𝜀𝑏𝑏2, 𝑁𝑁max = � 1
2𝜋𝜋

𝜎𝜎�̈�𝑢
𝜎𝜎�̇�𝑢
𝑇𝑇�               (3.4.15,16) 

 

The Vanmarcke’s bandwidth parameter for the response known with 0 (i.e. 

extremely narrowband) to 1 (i.e. extremely broadband) is 

 

𝜀𝜀𝑏𝑏 = �1 − 𝑘𝑘𝑠𝑠𝑠𝑠.22

𝑘𝑘𝑠𝑠𝑠𝑠,0𝑘𝑘𝑠𝑠𝑠𝑠,4
                                     (3.4.17) 

 

where the 𝚤𝚤-̂th (i=0,2,4) spectral moments are given as: 
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𝑚𝑚𝑠𝑠𝑘𝑘,�̂�𝚤 = ∫𝜔𝜔�̂�𝚤𝑆𝑆𝑢𝑢𝑢𝑢(𝜔𝜔)d𝜔𝜔                                   (3.4.18) 

 

The PF and parameter can be used as independent variables to estimate the 

fatigue life, but the specific experimental equations are omitted in this work. 

The modal coupling effect is due to the square term in the definition of the 

spectral density. In here, the various modes of the response can be 

multiplied, thus the off-diagonal terms (i.e. different modes) affect the 

characteristics of the exact-SD, such as antiresonance. To simplify the 

model, only diagonal terms can be multiplied as the approximated-SD, but 

the antiresonance cannot be detected as the limitation. In this work, the 

sampling point is just one as the direct-SD to simplify the cross-SD, but the 

multiple modes of the response are still valid to get the antiresonance. 

Fig. 3.6(a) shows the spectral densities (SD) of the normalized ring and 

beam models. The SD of the non-vibrational (i.e. 𝜔𝜔 = 0) structures are set 

as 1, and the exact (solid lines) and approximated (dotted lines) densities 

are presented in the graphs. For the exact SDs, the antiresonances appear in 

the Figure as the local minimum points. On the contrary, the antiresonance 

diminished in the approximated SDs as Eq. (3.4.6), due to the neglect of the 

off-diagonal terms in Eq. (3.4.5). Moreover, the larger damping coefficients 

makes the difference of the amplitude on SDs lower, but the eigenfrequency 

as resonance point is almost the same. And Fig. 3.6(b) indicates the 

magnitude plot for 𝜔𝜔=0 to 20. 



７１ 
 

And Fig. 3.7 represents the phase angles of the same models. The 

eigenfrequencies and antiresonance points are located as the angle is 

±0.5𝜋𝜋  for getting larger and smaller, respectively. This paragraph can 

show the characteristics of the SD more clearly, thus the antiresonance and 

transient area can be depicted more easily. 

Fig. 3.8 shows the normalized standard deviations (StDevs) of the response 

for displacement based on exact- and approximated SDs for the ring and 

beam models. The differences for the ring are more significant nearby the 

impact point, but can be neglected in other points. As similarly with the 

beam model, the antiresonance is important issue in the ring model. 

Fig. 3.9 represents the StDevs with respect to the range of input frequencies. 

Exactly, the wide range input makes the displacement larger, and the error 

goes smaller than the case based on the narrow range input force. 

Fig. 3.10 shows the peak factors for the ring and beam models. The factor 

can be used to estimate the maximum displacement with respect to the 

StDevs. As stated in previous Figures, the damping coefficient is less 

important in the factor. On the contrary, the input frequency and the 

approximation are significant factors in the analysis. Thus, Fig. 3.11 

represents the expectation value of the deflection obtained from Eq. (3.4.9). 

The trends are almost similar to the Fig. 3.9 (a) because the deviation of the 

PF is much smaller than the StDevs.  
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3.5 Frequency trimming method 

In Section 3.2, the frequency deviation is investigated with imperfection by 

using Raileigh-Ritz method. Based on the orientation angle 𝜓𝜓𝑗𝑗, the kinetic 

energy term (i.e. 𝛿𝛿imp ) includes two values. And then, the splitted 

eigenfrequencies and the mode shapes are bifurcated, thus the inaccuracy 

occurs in the structure. To compensate the error, the extra positive mass or 

hole (i.e. negative mass) can be added, and thus the bifurcated frequencies 

into single value. [82][83] 

From Eq. (3.2.5) with modified orientation angle 𝜓𝜓𝑗𝑗,trm and correction of 

mass, the bifurcated frequencies are 

 

�𝜔𝜔trm,1�
2 = (𝜔𝜔𝑛𝑛)2 1

(1+𝐸𝐸𝑖𝑖)−
�1−𝑛𝑛2�
�1+𝑛𝑛2�

∑ �𝐸𝐸𝑖𝑖�cos�2𝑛𝑛�𝜕𝜕𝑖𝑖−𝜓𝜓𝑗𝑗����𝑖𝑖
             (3.5.1a) 

�𝜔𝜔trm,2�
2 = (𝜔𝜔𝑛𝑛)2 1

(1+𝐸𝐸𝑖𝑖)+
�1−𝑛𝑛2�
�1+𝑛𝑛2�

∑ �𝐸𝐸𝑖𝑖�cos�2𝑛𝑛�𝜕𝜕𝑖𝑖−𝜓𝜓𝑗𝑗����𝑖𝑖
           (3.5.1b) 

 

Eliminating 𝜔𝜔𝑛𝑛 in both equations, then 

 

∑ �𝛼𝛼𝑖𝑖�cos�2𝑛𝑛�𝜃𝜃𝑖𝑖 − 𝜓𝜓𝑗𝑗����𝑖𝑖 = 𝜆𝜆trm                            (3.5.2) 

where 𝜆𝜆trm = �1+𝑛𝑛
2

1−𝑛𝑛2
� (1 + 𝛼𝛼𝑖𝑖)

(𝜔𝜔trm1)2−(𝜔𝜔trm2)2

(𝜔𝜔trm1)2+(𝜔𝜔trm2)2. 

In the special case for single trimming mass, �cos�2𝑛𝑛�𝜃𝜃𝑖𝑖 − 𝜓𝜓𝑗𝑗��� = 1, thus 

 

𝑚𝑚trm = ∓𝑀𝑀P(1 + 𝛼𝛼𝑖𝑖)𝜆𝜆trm                                  (3.5.3) 
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with the negative and positive signs for orientation angles as 𝜓𝜓0 and 𝜓𝜓1, 

respectively. 

 

To eliminate the frequency split, there are two ways to modify the 

frequencies. Firstly, the negative sign is removing mass from the imperfect 

ring. On the contrary, the positive sign means adding point mass into the 

structure. Thus, the prediction of the trimming methodology can be applied 

to modify the irregularity of the sensor or resonator. Moreover, the 

frequency trimming of the hemispherical shell [86] can be modeled by the 

similar way. 

Table 3.1 represents the data of the trimming method with the same mass 

ratios and angles in Ref. [45], but the radii are given as 𝑅𝑅0 = 10[𝜇𝜇m] and 

𝑟𝑟0 = 1[𝜇𝜇m], and the temperature is 80[K]. The trimming masses and the 

orientation angles are the same as [45], and the percentage errors are the 

same, too. Thus, the trimming method can be applied into any scale of the 

ring. However, the trimmed frequencies are not exactly the same because 

of the numerical error during the calculation. 

Based on the model in Table 3.1, Fig. 3.12 shows the normalized 

frequencies of the rotating ring with imperfection and trimming. And Fig. 

3.13 represents the 𝑄𝑄−1 of the same models. And the trimmed values are 

not the same exactly, but the graphs are much similar for each 𝜓𝜓. Moreover, 

the rotation can control the difference of the frequency and 𝑄𝑄−1.  
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Table 3.1 The additional mass and frequencies after the trimming 

 Initial Trimmed 
with 𝜓𝜓1  

Trimmed 
with 𝜓𝜓2  

𝜔𝜔𝑛𝑛 (e+8)   1.1433 1.1433 1.1433 

Masses 
at 45 [deg] 0,20,70 -6.949  38.051  

% Point masses 
according to the 

perfect ring  
1.35, 2.7, 4.05 -2.522  2.522  

𝜔𝜔 of H-mode 
(e+8) 1.1074 1.1136 1.1118 

𝜔𝜔 of L-mode 
(e+8) 1.0920 1.0879 1.0862 

Error %(H) 
according to the 

perfect ring 
-3.139  -2.597  -2.758  

Error %(L) 
according to the 

perfect ring 
-4.4857  -4.8471  -4.9972  

  



７５ 
 

 

(a) 

 

(b) 

Fig. 3.1 Eigenfrequency with respect to the mode numbers 

(a) 𝜔𝜔𝑛𝑛2 = 𝑛𝑛2�𝑛𝑛2−1�
2

𝑛𝑛2+1
 , (b) % difference from an eigenvalue of a beam  
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Fig. 3.2 Eigenfrequency with respect to the angular rotational velocity 

(Eq. (3.2.2)) 
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Fig. 3.3 Eigenfrequency with respect to the imperfection (n=2) (Eq. 

(3.2.4)) 
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(a) 

 

(b) 

Fig. 3.4 Vibrational mode shape considered the orientation angle (Eq. 

(2.1.11)) with 𝑛𝑛 = 2 (a) H-mode (b) L-mode  
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(a) 

 

(b) 

Fig. 3.5 Vibrational mode shape considered the orientation angle with 

𝑛𝑛 = 3 (a) H-mode (b) L-mode  
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(a) 

 

(b) 

Fig. 3.6 Normalized SD for ring and beam models 

(a) 𝜔𝜔=0~200, (b) magnified plot of 𝜔𝜔=0~20  
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Fig. 3.7 Phase angles of the models  
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(a) 

 

(b) 

Fig. 3.8 (a) Normalized StDev of the response for displacement based on 

exact- and approximated SDs, (b) % errors between both SDs.  
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(a) 

 

(b) 

Fig. 3.9 (a) Normalized StDev of the response for displacement with 

respect to the input frequencies, (b) % errors between both SDs.  
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Fig. 3.10 Peak factors 
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Fig. 3.11 Expectation value of the deflection (Eq. (3.4.9)) 
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Fig. 3.12 Difference of eigenfrequencies after attaching trimming masses 

for the rotating ring  



８７ 
 

 

Fig. 3.13 𝑄𝑄−1 for the ring model after attaching trimming masses for the 

rotating ring  
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Chapter 4 Numerical analysis 

4.1 Rectangular cross-sectional ring 

The result of the rectangular ring is already analyzed as [44], [40], and so 

on. In this section, thermoelastic damping for the rectangular ring is simply 

introduced by the results from literatures. 

The motion for in-plane vibration of a rectangular-cross-sectional beam and 

ring show linear distribution during the vibration. Thus, the complex 

eigenfrequencies for beam [9] and ring [44] models can be written using 

the modified Young’s modulus as 

 

(𝜔𝜔beam)2 = 𝐸𝐸𝜋𝜋
𝜌𝜌𝐴𝐴
𝜆𝜆𝑛𝑛

4{1 + Δ𝐸𝐸[1 + 𝑓𝑓(𝜔𝜔)]} = 𝐸𝐸𝜔𝜔𝜋𝜋
𝜌𝜌𝐴𝐴

𝜆𝜆𝑛𝑛
4  

= �𝜔𝜔iso,beam�
2{1 + Δ𝐸𝐸[1 + 𝑓𝑓(𝜔𝜔)]}                          (4.1.1a) 

�𝜔𝜔ring�
2 = 𝐸𝐸𝜋𝜋

𝜌𝜌𝐴𝐴𝑅𝑅04
𝑛𝑛2�𝑛𝑛2−1�

2

𝑛𝑛2+1
{1 + Δ𝐸𝐸[1 + 𝑓𝑓(𝜔𝜔)]} = 𝐸𝐸𝜔𝜔𝜋𝜋

𝜌𝜌𝐴𝐴𝑅𝑅04
𝑛𝑛2�𝑛𝑛2−1�

2

𝑛𝑛2+1
  

= �𝜔𝜔iso,ring�
2{1 + Δ𝐸𝐸[1 + 𝑓𝑓(𝜔𝜔)]}                           (4.1.1b) 

where the subscript “iso” indicates the isothermal frequency obtained by 

neglecting the TED. 

 

Overall, 𝐸𝐸𝜔𝜔 is the modified Young’s modulus in each model which is the 

function of the eigenfrequency. In here, 𝜆𝜆𝑛𝑛 is the normalized eigenvalues 

of a beam model. For example, 𝜆𝜆𝑛𝑛 = 𝑛𝑛𝜋𝜋
𝐿𝐿

 and 𝜆𝜆1 = 4.73
𝐿𝐿

 are the value of a 

simply-supported and clamped-clamped beams with length as 𝐿𝐿 , 
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respectively. 

To simplify the implicit function, Δ𝐸𝐸 can be assumed as sufficiently small, 

thus 𝑓𝑓(𝜔𝜔) ≅ 𝑓𝑓(𝜔𝜔iso) and Taylor’s Series can be applied in the equation, 

then 

 

𝜔𝜔 = 𝜔𝜔iso �1 + Δ𝐸𝐸
2

[1 + 𝑓𝑓(𝜔𝜔0)]�                              (4.1.2) 

 

where 

 

𝑓𝑓(𝜔𝜔) = 24
(ℎ𝑘𝑘� )3 �

ℎ𝑘𝑘�

2
− tan �ℎ𝑘𝑘

�

2
��                                (4.1.3) 

 

and 

 

𝑘𝑘� = (1 + j)�
𝜔𝜔iso
2𝜒𝜒

                                          (4.1.4) 

 

And the complex number can be separated into the Real and Imaginary 

parts as: 

 

Real(𝜔𝜔) = 𝜔𝜔iso �1 + Δ𝐸𝐸
2
�1 − 6

𝜉𝜉3
sinh(𝜉𝜉)−sin(𝜉𝜉)
cosh(𝜉𝜉)+cos(𝜉𝜉)��               (4.1.5a) 

Imag(𝜔𝜔) = 𝜔𝜔iso �
Δ𝐸𝐸
2
� 6
𝜉𝜉3

sinh(𝜉𝜉)+sin(𝜉𝜉)
cosh(𝜉𝜉)+cos(𝜉𝜉) −

6
𝜉𝜉2
��                   (4.1.5b) 
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with a coefficient as  

 

𝜉𝜉 = ℎ�
𝜔𝜔iso
2𝜒𝜒

                                             (4.1.6) 

 

By the definition of the Q-factor, Eq. (4.1.5) can be rearranged as 

 

𝑄𝑄−1(𝜉𝜉) = 𝛥𝛥𝐸𝐸 �
6
𝜉𝜉2
− 6

𝜉𝜉3
sinh(𝜉𝜉)+sin(𝜉𝜉)
cosh(𝜉𝜉)+cos(𝜉𝜉)�                          (4.1.7) 

 

This is the simple form of 𝑄𝑄−1 for the rectangular beam model. 

 

When imperfections and rotation are added in the ring, the virtual density 

as Eq. (2.2.4) can be applied into the eigenfrequency. Thus, Eq. (4.1.5) can 

be modified based on Eq. (2.2.2) as: 

 

𝜉𝜉imp = ℎ��𝜔𝜔imp�
2𝜒𝜒

                                          (4.1.8) 

 

Then, 𝑄𝑄−1 is modified as the function of �𝜉𝜉imp� [40] as: 

 

𝑄𝑄−1�𝜉𝜉imp� = 𝛥𝛥𝐸𝐸 �
6

�𝜉𝜉imp�
2 −

6

�𝜉𝜉imp�
3
sinh�𝜉𝜉imp�+sin�𝜉𝜉imp�
cosh�𝜉𝜉imp�+cos�𝜉𝜉imp�

�         (4.1.9) 

 

Table 4.1 shows the experimental data [23] are stated as the Q-factor. In the 
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literature, the gas damping is controlled by the air pressure as 0.001[Torr] 

(i.e. 0.133 [Pa]). Moreover, the number of the legs is almost independent, 

and the other dissipation mechanisms (e.g. air, anchor) are assumed as the 

same. And the factors of the differences are the uncertainty of the material 

properties, and of the surface treatment effects which can affect local 

surface stresses. Thus, the difference can be considered as the Q-factor only 

due to the TED.  
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4.2 Circular cross-sectional ring 

As stated in the previous Section, the temperature distribution is linear in 

the rectangular cross-sectional beam or ring. However, the circular cross-

sectional beam or ring does not show the linear deformation during the 

motion due to the irregular shape, thus Eq. (4.1.1) is not valid for the cross-

sectional beam or toroidal ring. Using Section 2.2 to 2.3, the quality factor 

can be obtained as Eq. (2.3.5), thus the form is similar to the Zener’s form. 

Similarly, the 𝑄𝑄−1 of the imperfect ring with the eigenfrequency with Eq. 

(3.2.2) as: 

 

1
𝑄𝑄TED,imp

= ∑ �𝑏𝑏1𝑞𝑞𝛥𝛥𝐸𝐸
�1+𝑔𝑔2��𝜔𝜔imp�𝜏𝜏𝑘𝑘

�1+𝑔𝑔2−𝜏𝜏CV��𝜔𝜔imp�
2𝜏𝜏𝑘𝑘��

2
+��𝜔𝜔imp�𝜏𝜏𝑘𝑘�

2�
inf
𝑞𝑞=1        (4.2.1) 

 

Fig. 4.1 shows the quality factors of the silicon toroidal ring models in n=2 

and 3. The result is performed by Eq. (4.2.1) with respect to the 

eigenfrequencies, then the peaks appear according to each line. Moreover, 

the regions can be classified as the peaks, then the optimization can be 

established as in Chapter 5. Moreover, the peak moves toward the thinner 

and larger region when the mode number is larger. 

Fig. 4.2 represents the deviation of 𝑄𝑄−1 with respect to the imperfections 

using an expression in the graph as 𝑄𝑄�𝜉𝜉imp�−𝑄𝑄(𝜉𝜉)
𝑄𝑄(𝜉𝜉) × 100[%]  with (a) for 

𝑛𝑛 = 2 and (b) for 𝑛𝑛 = 3, respectively. The trends show reversely from the 

lines in the Figures, thus the concept will be represented in the next Chapter. 
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And the asymmetric mode performs the smaller deviation because the 

single point mass acts as the pivot point, thus the characteristics of the 

vibration is similar to the uniform ring. 

Fig. 4.3 shows the percentage difference of the 𝑄𝑄  with respect to the 

imperfection and mode numbers. As known from Eq. (3.2.4), the main 

factors of the difference are the mass ratio, mode number, and angular 

position. Furthermore, when 𝑛𝑛  goes larger, the difference converges 

specific value when the single point mass attached on the structure. 

Fig. 4.4 shows (a) 𝑄𝑄−1, (b) % difference of 𝑄𝑄−1 for the toroidal ring with 

𝑟𝑟0 = 1[𝜇𝜇m]  and 𝑅𝑅0 = 100[𝜇𝜇m]  for 𝑇𝑇 = 298[K] , respectively. And the 

material properties [31] are shown in Table 4.2. When the mode number is 

sufficiently high, the NF effect appears clearly in spite of the high 

temperature as (a). Moreover, the trend of % difference goes reversely with 

respect to the peak of 𝑄𝑄−1 as (b). And the differences of Σ(Q−1) are a 

little smaller than the simplified data of 𝑞𝑞 = 1 because of the NF effect on 

higher order terms. 

Fig. 4.5 shows the 𝑄𝑄−1  for only 𝑞𝑞 = 1  on 80 [K] with respect to the 

rotational speed on (a) 𝑛𝑛 = 2 , (b) 𝑛𝑛 = 10 , (c) magnified plot of (b), 

respectively. For the higher mode number as (b), 𝑄𝑄−1 goes down rapidly 

with higher Ω because the Coriolis effect is significantly large. In addition, 

the effect of NF makes shift from 𝑄𝑄−1  of 𝑞𝑞 = 1  only, thus the time 

lagging should be considered when the frequency is ultra-high. And Fig. 

4.6 shows the eigenfrequency with respect to Ω for (a) 𝑛𝑛 = 2, (b) 𝑛𝑛 =



９４ 
 

10, respectively. The overall trends are similar to the Fig. 4.5, as shown as 

the rectangular-cross-sectional Rings [40]. 

  



９５ 
 

Table. 4.1 Experimental data of the rectangular-cross-sectional ring [23] 

𝑎𝑎𝑟𝑟  3 3 2 2 2 

ℎ  120 117 50 52 38 

No. of legs 8 16 8 6 ``6 

𝜔𝜔𝑛𝑛  13.8 13.49 12.97 13.49 9.85 

𝑄𝑄 (Experimental) 

[23] 
10500 10000 24000 22000 48000 

𝑄𝑄 [23] 10600 10400 21800 19600 47300 

𝑄𝑄 (Present) 10730 10464 22029 19866 47979 

% Error from 

Experimental data 
2.190 4.640 -8.213 -9.700 -0.044 
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Table 4.2 Material properties of the silicon [31] 

𝑇𝑇�𝑎𝑎[K] 40 80 160 293 400 

𝐸𝐸[109Pa] 169.3 169.2 168.5 165.9 163.1 

𝛿𝛿[kg/m3] 2330 2330 2330 2330 2327 

𝜅𝜅[W/(mK)] 3660 1360 375 156 105 

𝛼𝛼 [106/K] -0.164 -0.472 0.689 2.590 3.253 

𝐶𝐶𝑣𝑣[106 J
m3K

] 0.10275 0.43804 1.06248 1.66129 1.82670 

𝜏𝜏CV[10−12sec] 1470.64 128.263 14.6416 3.95649 2.46029 
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Fig. 4.1 𝑄𝑄−1 of the circular-cross-sectional ring in various modes 
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(a) 

 

(b) 

Fig. 4.2 Deviation of the Q with respect to the imperfection for the 

circular-cross-sectional ring (a) 𝑛𝑛 = 2 (b) 𝑛𝑛 = 3  
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Fig. 4.3 Deviation of the Q with respect to the mode number for circular-

cross-sectional ring 
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(a) 

 

(b) 

Fig. 4.4 (a) Deviation of the Q with respect to the imperfection for 

circular-cross-sectional ring (b) % difference from uniform ring  
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(a)                        (b) 

 

(c) 

Fig. 4.5 Deviation of the 𝑄𝑄−1 with respect to the rotation for circular-

cross-sectional ring (a) 𝑛𝑛 = 0, (b) 𝑛𝑛 = 10, (c) magnified plot of (b) 
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(a) 

 

(b) 

Fig. 4.6 Deviation of the 𝜔𝜔𝑛𝑛 with respect to the rotation for circular-

cross-sectional ring (a) 𝑛𝑛 = 2, (b) 𝑛𝑛 = 10  
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Chapter 5 Optimizations 

5.1 Concepts 

For the general thermoelastic dissipation with a small value, the energy lost 

per cycle with respect to the total energy per cycle can be expressed as the 

quality factor. The expression of the inverse value is given as [8] 

 

𝑄𝑄−1 = 𝛥𝛥𝐸𝐸
𝜔𝜔𝜏𝜏

1+(𝜔𝜔𝜏𝜏)2                                        (5.1.1) 

where 𝛥𝛥𝐸𝐸 and 𝜏𝜏 are the relaxation strength and time, respectively. 

 

The value of 𝑄𝑄−1  is maximum (i.e. minimum 𝑄𝑄 ) with 𝑄𝑄−1 = 0.5𝛥𝛥𝐸𝐸 

when 𝜔𝜔𝜏𝜏 = 1. This phenomenon is so called as “Debye peak”, then the 

transient point of the two characteristics for the thermoelastic vibration. 

Firstly, when 𝜔𝜔 is much smaller than 1
𝜏𝜏
, then the energy dissipation is so 

little and the system remains equilibrium. On the contrary, 𝜔𝜔  is much 

larger than 1
𝜏𝜏
 , the relaxation time is extremely short but the energy 

dissipation is small, too. On the other hand, a specific frequency makes the 

highest damping in the constant length or radius of the structure. To find the 

value, a differential of 𝑄𝑄−1 with respect to the frequency can be used as: 

 

𝜕𝜕
𝜕𝜕𝜔𝜔

(𝑄𝑄−1) = 0                                           (5.1.2) 

 

The expression of the solution is designated as (𝑄𝑄−1)max = 𝑄𝑄min at 𝜔𝜔 =
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𝜔𝜔𝑄𝑄,min. In here, the absolute value of the differential is much small on the 

point nearby 𝜔𝜔 = 𝜔𝜔𝑄𝑄,max . Thus, to reduce the error caused by 

nonuniformity, the optimization concept using 𝜔𝜔𝑄𝑄,max is necessary in the 

gyro structure. 

Additionally, the isothermal eigenfrequencies of the beam and ring models, 

again, are: 

 

(𝜔𝜔beam)2 = 𝐸𝐸𝜋𝜋
𝜌𝜌𝐴𝐴

𝜆𝜆𝑛𝑛
4

𝐿𝐿4
                                      (5.1.3a) 

�𝜔𝜔ring�
2 = 𝐸𝐸𝜋𝜋

𝜌𝜌𝐴𝐴
1
𝑅𝑅04

𝑛𝑛2�𝑛𝑛2−1�
2

𝑛𝑛2+1
                               (5.1.3b) 
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5.2 Application to a ring model with rectangular cross-section 

Firstly, the concept of the optimization for a beam model is introduced in 

this paragraph. In here, the idea is valid only when the cross-section is 

rectangular because the temperature profile distributes just 1-dimensional 

coordinate. As the matter of fact, the temperature profile of a ring model 

with rectangular cross-section can be expressed as the multiple of the 

Young’s modulus in the case as [44]. In here, 𝑄𝑄−1  is maximum when 

𝜉𝜉max = 2.224555  from Eq. (4.1.5b), thus 𝑄𝑄−1 = 0.494179𝛥𝛥𝐸𝐸 . [8] Fig. 

5.1 shows the results based on Eq. (4.1.5) for both parts of the complex 

numbers. Using the eigenfrequency with the maximum 𝑄𝑄−1, Eq. (4.1.7) 

can be written as 

 

(𝜉𝜉max)4 = ℎ4 (𝜔𝜔0)2

4𝜒𝜒2
= ℎ4

4𝜒𝜒2
𝑛𝑛2�𝑛𝑛2−1�

2

𝑛𝑛2+1
𝐸𝐸𝜋𝜋

𝜌𝜌𝐴𝐴𝑎𝑎4
                      (5.2.1) 

 

Then the modified expression with a radius of gyration as �𝑟𝑟gyr�
2 = 𝜋𝜋

𝐴𝐴
=

ℎ2

12
 is 

 

𝑅𝑅04 = 1
1175.476𝜒𝜒2

�𝑛𝑛
2�𝑛𝑛2−1�

2

𝑛𝑛2+1
𝐸𝐸
𝜌𝜌
� ℎ6                             (5.2.2) 

 

As shown in here, the optimized thickness can be obtained as a 

deterministic diameter of the ring is constant. 
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Moreover, the result for optimum design on the beam model can be 

obtained similarly, then 

 

𝐿𝐿4 = 1
1175.476𝜒𝜒2

�𝜆𝜆𝑛𝑛
4 𝐸𝐸
𝜌𝜌
� ℎ6                                 (5.2.3) 

 

Figs. 5.2 (a) and (b) show the normalized 𝑄𝑄−1  and the percentage 

difference of the Zener’s and Lifshitz’s models, respectively. When 𝜉𝜉 is 

smaller than the Debye peak, the percentage difference is almost constant. 

On the contrary, the difference goes larger in the region of the larger 𝜉𝜉 

because of the truncation error of the function. In here, Zener’s result [8] 

can be obtained by using Eq. (4.1.6), then 

 

𝑄𝑄−1

𝛥𝛥𝐸𝐸
=

2𝜉𝜉2

𝜋𝜋2

1+�2𝜉𝜉
2

𝜋𝜋2 �
2                                             (5.2.4) 
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5.3 Application to a toroidal ring: Simplified model of TED 

Generally, Eq. (5.2.2) can be used only when the cross-section is 

rectangular due to the 1-D coordinate. However, the cross-section of the 

toroidal ring shows two-dimensional temperature profile due to the bending 

mode shape. Thus Eq. (5.2.1) is not valid longer, then the new approach of 

the Debye peak should be adopted to state the optimization. The Q-factor 

of a toroidal ring is 

 

(𝑄𝑄2D)−1 = 𝑏𝑏11𝛥𝛥𝐸𝐸
𝜔𝜔𝜏𝜏1

1+(𝜔𝜔𝜏𝜏1)2 ≅ 𝛥𝛥𝐸𝐸
𝜔𝜔𝜏𝜏1

1+(𝜔𝜔𝜏𝜏1)2                    (5.3.1) 

 

In here, 𝑏𝑏11 is a solution from Bessel Function, thus 𝑏𝑏11 ≈ 0.987428. 

 

By a simple numerical algebra, the maximum value of (𝑄𝑄2D)−1 is 

 

[(𝑄𝑄2D)−1]max = �𝑄𝑄2D,min�
−1 = 𝛥𝛥𝐸𝐸

𝜔𝜔𝜏𝜏1
1+(𝜔𝜔𝜏𝜏1)2 = 𝛥𝛥𝐸𝐸

2
              (5.3.2) 

 

And the relaxation time with respect to the radius of the cross-section is 

given as 

 

𝜏𝜏1 = 1
𝜒𝜒

 � 𝑟𝑟0
𝑎𝑎11
�
2

= 𝐶𝐶𝑣𝑣
𝑘𝑘0

 � 𝑟𝑟0
𝑎𝑎11
�
2
≈ 0.294989 𝐶𝐶𝑣𝑣

𝑘𝑘0
𝑟𝑟02                 (5.3.3) 

 

Substituting Eq. (5.3.3) into (5.3.2), thus 
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𝜔𝜔0×0.294989𝐶𝐶𝑣𝑣𝑘𝑘0
𝑟𝑟02

1+�𝜔𝜔0×0.294989𝐶𝐶𝑣𝑣𝑘𝑘0
𝑟𝑟02�

2 = 1
2
                                  (5.3.4) 

 

The radius of gyration for a toroidal ring is �𝑟𝑟gyr�
2 = 𝜋𝜋

𝐴𝐴
= 0.25𝑟𝑟02, thus 

the form of eigenfrequency is re-written as 

 

(𝜔𝜔0)2 = �𝑛𝑛
2�𝑛𝑛2−1�

2

𝑛𝑛2+1
𝐸𝐸
𝜌𝜌
� 𝑟𝑟02

4𝑅𝑅04
                                  (5.3.5) 

 

Using the new form of 𝜔𝜔0, Eq. (5.3.4) can be re-arranged with 

 

𝑅𝑅04 = 1
45.9673𝜒𝜒2

�𝑛𝑛
2�𝑛𝑛2−1�

2

𝑛𝑛2+1
𝐸𝐸
𝜌𝜌
� 𝑟𝑟06                            (5.3.6) 

 

In the result, the optimized radius of the cross-section can be calculated for 

a specific material and mean-radius. For the comparison with the equation 

of the Section 5.2, the coefficient number is different due to the approaching 

method and radius of gyration. But other geometrical and material 

coefficients are the same in both cases. 

Similarly, new form of Eq. (5.3.4) for beam can be obtained as: 

 

𝐿𝐿4 = 1
45.9673𝜒𝜒2

�𝜆𝜆𝑛𝑛
4 𝐸𝐸
𝜌𝜌
� 𝑟𝑟06                                 (5.3.7) 
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Fig. 5.3 shows the relationships between thickness and radius for a 

normalized ring model with 1
45.9673𝜒𝜒2

𝐸𝐸
𝜌𝜌

= 1 in Eq. (5.3.6). As the mode 

number goes larger, the radius goes extremely larger. Moreover, the radii 

should be considered to be larger than the actual thickness. The reference 

line is suitable to set the limitation for the design. 

Table 5.1 represents the results from Eqs. (5.2.2), (5.2.3), (5.3.6), and 

(5.3.7). As shown in here, the coefficients are the same as the same shape 

of the model. Thus the results can be classified as the Table for beam or ring, 

and the cross-sections. 
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5.4 Application to a toroidal ring: with respect to the known lagging 

time 

When the lagging time 𝜏𝜏CV is known, the non-dimensional value 𝛽𝛽CV =

𝜏𝜏CV
𝜏𝜏1

 is useful as shown in Section 3.3. Thus, the peak of �𝑄𝑄TED.Simple�
−1 

can be obtained as the function of the 𝛽𝛽CV. Firstly, the peak frequency is 

shown in Eq. (3.3.8) as [42][43] 

 

�𝜔𝜔peak,𝑛𝑛�
2 = 1

𝜏𝜏CV2
𝑓𝑓(𝛽𝛽CV)
6𝛽𝛽CV

                                  (5.4.1) 

 

The general form of the eigenfrequency in Eqs. (5.3.5) and (5.3.7) can be 

equipollent with the peak frequency, thus 

 

�𝐿𝐿opt(𝛽𝛽CV)�4 = 3
2
�𝜆𝜆𝑛𝑛

4 𝐸𝐸
𝜌𝜌
� 𝛽𝛽CV𝜏𝜏CV

2

𝑓𝑓(𝛽𝛽CV) 𝑟𝑟0
2                        (5.4.2a) 

�𝑅𝑅0,opt(𝛽𝛽CV)� 4 = 3
2
�𝑛𝑛

2�𝑛𝑛2−1�
2

𝑛𝑛2+1
𝐸𝐸
𝜌𝜌
� 𝛽𝛽CV𝜏𝜏CV

2

𝑓𝑓(𝛽𝛽CV) 𝑟𝑟0
2                   (5.4.2b) 

 

In here, 𝜏𝜏1 = 𝑟𝑟02

𝜒𝜒𝑎𝑎112
 and 𝜏𝜏CV = 𝜒𝜒𝜌𝜌

3𝐸𝐸
 are known as Eqs. (2.2.6) and (2.3.14) 

for the geometrical and material properties respectively. 

Fig. 5.4 shows the optimum design for radii with respect to 𝛽𝛽CV for 𝑛𝑛 =

2 (dark lines) and 20 (bright lines), respectively. And the radii as 𝑟𝑟0 and 

𝑅𝑅0 are 1 and 10 [𝜇𝜇m], respectively. As known in the previous Sections, 

the effects of the time-lagging is important in results from higher mode 
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number. And the optimum radius converges when the lagging time is longer. 

Fig. 5.5 represents the normalized 𝑄𝑄−1 for the same model in Fig. 5.4 for 

optimized model. In here, the dissipation due to the time-lagging is 

significant when the lagging is longer. But in the 3-D ring in 𝑛𝑛 = 2 mode, 

the line goes reversely because of the characteristic for Debye peak. Again, 

the geometrical properties are important because the characteristics appear 

in the opposite direction to the peaks.  
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Table 5.1 Comparisons of the results for optimization 

Cross-section 

Rectangular 

1
1175.476𝜒𝜒2

𝐸𝐸
𝛿𝛿

× 

Circular 

1
45.9673𝜒𝜒2

𝐸𝐸
𝛿𝛿

× 

Beam 

𝐿𝐿4 = 
�𝜆𝜆𝑛𝑛

4�ℎ6 �𝜆𝜆𝑛𝑛
4�𝑟𝑟06 

Ring 

(𝑅𝑅0)4 = 
�
𝑛𝑛2(𝑛𝑛2 − 1)2

𝑛𝑛2 + 1 �ℎ6 �
𝑛𝑛2(𝑛𝑛2 − 1)2

𝑛𝑛2 + 1 �𝑟𝑟06 
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Fig. 5.1 optimization concept of the rectangular cross-sectional ring: ξ to 

the complex numbers 
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(a) 

 

(b) 

Fig. 5.2 (a) Comparison of 𝑄𝑄−1 between Zener’s and Lifshitz’s models, 

(b) % difference between both models  
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Fig. 5.3 Optimum radii with respect to the radial thickness 
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Fig. 5.4 Optimum radii with respect to 𝛽𝛽CV 
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Fig. 5.5 𝑄𝑄−1 with respect to 𝛽𝛽CV on optimum points 

  



１１８ 
 

Chapter 6 Conclusions 

The micro- or nano-ring structure is one of a useful model for gyroscope, 

sensor, or actuator, etc. Firstly, the internal friction effect during the motion 

should be considered for the micro- or nano-scaled model, e.g. 

thermoelastic dissipation. Additionally, the time delay of heat flux is mainly 

analyzed to compensate the limitation of the assumption of the infinity 

velocity of the flux for the ultrahigh frequency or extremely low 

temperature. To describe the temperature profile, the Bessel function of 1st 

kind is used with adiabatic boundary condition. And the inverse value of 

quality factor is defined to evaluate the energy loss to the total energy of 

single cycle. Moreover, the peak point of the 𝑄𝑄 is investigated with respect 

to the lagging time or frequency. And the equivalent damping coefficient of 

the cycle is represented to describe the linear dissipation model. 

Furthermore, the expressions of the eigenfrequency of the ring with point 

masses are investigated by Rayleigh-Ritz method. In here, the inextensional 

assumption is applied as the constant centerline of the ring. And then, the 

spectral density of the structure is represented based on the forced vibration 

model. Furthermore, the characteristics of the random vibration is 

investigated by maximum deflection, velocity, and acceleration of 

deflection. 

For the optimization concept, the maximum value of 𝑄𝑄−1  (i.e. 

minimum value of 𝑄𝑄) can be obtained by the characteristics of the TED. In 

the rectangular-cross-sectional model, the explicit function of Real and 
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Imaginary parts are obtained by solving the differential equation. On the 

contrary, the clear form of the TED for the circular-cross-sectional model 

cannot be defined because the temperature profile is not linear during the 

motion. Thus, the optimization of the structure should be stated by the 

Zener’s model based on the relaxation time. Both models are compared and 

the concept is represented with respect to the geometrical properties. 

Generally, the point indicates minimum 𝑄𝑄, but the deviations due to the 

external causes are smallest in this situation. Thus the point is important to 

design the actual ring resonator by the conservative point of the view. 

The summarizations of the present works are given as follows: 
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6.1 Summary 

1. Thermoelastic dissipation (TED) is one of the internal friction due to 

the motion on the molecular scale. And the heat flux is finite velocity, but 

the classical researches have been investigated as ideal flux with infinite 

velocity. Thus, Cattaneo and Vernotte’s non-Fourier heat conduction is 

mainly discussed with respect to the gradient of the temperature profile.  

The advanced model of the conduction is available at ultralow temperature 

or high-frequency resonators, e.g. superconductor. For the circular cross-

section, the Laplacian is given as cylindrical coordinate. And the 

geometrical and thermal strains are defined by using inextensional 

assumption and thermal expansion coefficient. Then the heat conduction 

equation is established according to the local coordinate, and the solutions 

of the profile is obtained by Bessel’s function of 1st kind with the adiabatic 

boundary condition on the surface of the model. Thus, the temperature 

profiles are clearly obtained as 3-dimensional expression. The important 

characteristic of the result is the thickness effect of the toroidal ring. 

The TED can be described by the ratio of loss energy to the total energy 

per cycle, thus the quality factor (Q-factor, 𝑄𝑄 ) is introduced as inverse 

value. By performing the integral through the cycle using the strain and 

temperature profiles, the summation of Q is obtained with respect to the 

Bessel function. Moreover, the peak of 𝑄𝑄−1 is suggested according to the 

frequency and lagging time in order to analysis the characteristic of the 

structure in terms of the optimal design. Furthermore, the equivalent linear 
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damping coefficient is obtained by the definition of the equation of motion. 

The result can be applied into the analysis of the random vibration, etc. 

2. Rayleigh-Ritz method is consisted with kinetic and strain energies. 

And the rotating effect is included in the kinetic energy, then the variations 

can be applied into the both energies. Then an assumption as inextensional 

condition is considered to simplify the motion as constant centerline. The 

general mode shape as the homogeneous solution is introduced, and the 

eigenfrequency with rotating is obtained as backward and forward trips of 

wave motions. Furthermore, the imperfection is modeled as a virtual 

density and distorted angle with respect to the function of the angular 

position and mode number. 

Moreover, the external input and linear damping forces per length are 

introduced as the component of the equations of motion. Solving the forced 

vibration, the summation of the mode shapes is obtained with respect to the 

mode numbers. Thus, the form of the transfer function is obtained in order 

to describe the response of the irregular motion. Then, the spectral density 

(SD) of the structure is presented as the response function. To simplify the 

analysis, the approximation of the SD can be used by eliminating the off-

diagonal terms in the SD. But the antiresonances disappear because of the 

truncation error. Furthermore, the average deflections are obtained on the 

specific band of the output frequencies. And the Crest factor (or peak factor) 

is applied to estimate the maximum deflections during the motion based on 

the standard deviation (StDev). Finally, the Vanmarcke’s bandwidth 
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parameter and spectral moments are introduced to obtain the StDev. 

The frequency trimming is a method of the compensating the split of the 

eigenfrequencies due to the imperfection, based on Rayleigh-Ritz method. 

Eliminate the eigenfrequency of the uniform structure, then the actual 

frequencies can be set the same value. Thus, the angular position and the 

amount of point masses can be obtained as the correction factors. 

3. The optimization concept of the ring considering the TED is 

represented in the last paragraph. For the rectangular-cross-sectional ring, 

the simplified forms of the 𝑄𝑄−1 with Real and Imaginary parts are used 

with respect to the eighenfrequency and thickness. The result is the function 

of the thickness, thus the TED can be described as the modified Young’s 

modulus. As the result, the relationship of the radius and thickness is clearly 

obtained as the peak points. 

On the other hand, the result cannot be applied into circular-cross-

sectional ring due to the bending shape on the cross-section, thus the first 

relaxation time is more suitable in the analysis, rather than the modified 

Young’s modulus. Solving the same way based on the relaxation time with 

the rectangular-cross-sectional ring, the relationship is established similar 

to the previous case. Finally, the Debye peak is a physically important point 

for an optimization approach for the characteristics of the TED with time 

delay.  
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6.2 Future works 

Although this thesis suggests that the characteristics of micro- or nano-ring 

model and optimization based on the thermoelastic dissipation, there are 

more challenging further works as follows: 

1. The random vibration of the ring considering the thermoelastic 

characteristics can be investigated as the estimation of the fatigue life. The 

temperature properties are much important in the MEMS, thus the topic will 

be suitable to research in the near future. And this subject is one of the 

connection to the actual structure, thus the work will be interesting. 

2. The time-domain analysis is more advanced topic in the part of the 

investigation. The method can supplement actual motion in frequency-

domain analysis, and visually describe the dissipation and stability more 

clearly. 

3. The effects caused by the imperfect mass and stiffness can be studied for 

the ultralow temperature. The effects due to the elements show difference 

results with respect to the various environments. 

4. Non-Fourier heat conduction can be extended to the cylindrical shell 

model. The estimation of the result for a cylindrical shell can be good 

investigation to maintain continuity of the whole works. 

5. The dual-phase-lagging effect is one of an interesting topic for the TED. 

The main difference from present work is that the time-lagging exists in not 

only heat-flux but also the thermal gradient. 

6. Finally, the overlapped multiple effects of the former physical 
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characteristics can be suggested as the future studies.  
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국문초록 

시간지연 열-탄성 감쇠를 고려한 자이로 구조물의 

최적화 설계에 대한 연구 

김정환 

서울대학교 대학원 

기계항공공학부 

본 학위논문에서는 비(非) 푸리에 열전도를 고려한 열-탄성 감쇠 

자이로 구조물의 진동 특성을 주로 연구하였다. 먼저, 유한 

열유속 속도로 인한 시간지연 현상이 포함된 열-탄성 감쇠를 

보여주었다. 그 해로써 1종 베셀함수에 의한 3차원 열전도 

방정식을 풀어서 온도 형상을 구하였다. 그리하여 열-탄성 

감쇠는 복소수로 구성된 양질계수로 정의될 수 있음을 

확인하였다. 또한 진동수의 함수로서 양질계수의 역수를 

구하였고, 진동수, 시간지연, 기하학적 형상에 의해 정해지는  

간략화된 결과식 역시 도출하였다. 여기서 시간지연은 

2차음속으로 정의될 수 있다. 또한 열-탄성 감쇠는 1회 

진동에서 선형 감쇠계수로 근사화될 수 있음을 확인하였다. 온도 

형상은 열 유속의 시간지연을 기하학적으로 묘사하였다. 

다음으로, 불균일 질량과 회전 효과를 고려한 진동의 

지배방정식을 도출하기 위해 해밀톤 원리에 의한 레일라이-리츠 
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방법을 적용하였다. 그 다음 늘어나지 않는 고리의 고유진동수를 

불균일 질량에 대한 가상밀도로 구하였다. 또한 불규칙 진동 

현상을 묘사하기 위하여 라플라스 변환에 의한 전달함수를 

유도하였다. 전달함수에 대한 스펙트럼밀도를 구하였고 

표준편차를 사용한 불규칙 진동의 응용을 제안하였다. 그리고 

최대변위를 예측하여 피로예측 인자 등에 사용 가능한 파고율을 

소개하였다. 그리고 부착질량으로 인한 진동수 갈라짐을 

보정하는 진동수 트리밍 방법을 연구하였다. 

본 논문에서는 양질계수의 역수를 해석하는 최적화 방법을 

제안함으로써 수치적 데이터를 보여주고 있다. 극점을 찾기 위해 

진동수와 단면 두께에 연관된 인자를 사용하였다. 그리고 

반지름과 기타 물성치를 두께의 함수로 표현하였다. 극점에서는 

감쇠가 최대이지만 불균일 질량에 의한 변화는 가장 작다. 또한 

이러한 시점에서, 극점은 보수적 설계에 적합할 수 있음을 

확인하였다.  

주요어: 자이로 구조물; 열-탄성 감쇠, 비(非) 푸리에 열전도; 

평면 진동; 양질 계수; 스펙트럼 밀도; 주파수 트리밍 

학번: 2014-31044 
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