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ABSTRACT

Geometric Methods for Dynamic Model-Based
Identification and Control of Multibody Systems

by

Taeyoon Lee

Department of Mechanical and Aerospace Engineering

Seoul National University

Multibody mechanical systems constitute a large and important class of input-output

systems that are the subject of model-based planning and control. Model-based con-

trol and planning methods in robotics have recently gained more attention, as complex,

high-dimensional robots, e.g., humanoids and quadruped robots, are beginning to per-

form highly dynamic tasks. While the performance of these methods is in general af-

fected by the accuracy of the model, common situations for complex high-dimensional

systems raise a number of difficulties in estimating the model parameters in a robust

and generalizable manner.
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In this thesis, we demonstrate that many of the challenges can be mitigated by ap-

pealing to coordinate-invariant, differential geometric methods. The key lies in the find-

ing that mass-inertial parameters reside in a curved space of positive definite matrices

endowed with a natural Riemannian metric which captures the distance between the

parameter pairs in a physically meaningful, coordinate-invariant way. Taking this geo-

metric perspective as our point of departure, we present geometric, coordinate-invariant

algorithms that allow robust estimation of the parameters in various stages and situations

of estimation.

We first propose geometric formulations and algorithms for robust offline parameter

identification of multibody mechanical systems. In particular, we provide a convex pro-

gramming approach to the geometric dynamic parameter identification through the use

of second-order approximations of the Riemannian distance. Not only does this allow

for the use of fast convex optimization algorithms that are guaranteed to converge to

a global solution, but also ensures coordinate-invariance while allowing for the inclu-

sion of additional convex constraints as imposed by physical considerations and other

practical requirements. Our geometric identification methods are validated through ex-

tensive experiments on a wide range of systems ranging from a robot manipulator to a

legged robot and a human subject. The results show markedly improved robustness and

generalizability vis-à-vis existing vector space methods.

Then we address the problem of generating optimal excitation trajectories for param-

eter identification. We suggest a new set of optimality criteria that encodes the informa-

tion from the trajectory samples in a coordinate-invariant way. The resulting optimal ex-

citation trajectories are coordinate invariant and can be obtained efficiently and robustly

using recursive analytic gradients of the criteria. The proposed geometric framework

is also used to devise a coordinate-invariant algorithm for characterizing the effectively

identifiable set of parameters given a set of excitation trajectory samples. The suggested
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method is particularly useful for robust identification of high-dimensional systems like

humanoid robot that can execute only a limited range of feasible trajectories. The im-

proved robustness and accuracy of our geometric approach in comparison to existing

methods is demonstrated through numerical experiments involving industrial manipula-

tors and a humanoid robot.

Finally, we propose a geometric parameter adaptation law for adaptive control of

robot manipulators. Toward deriving our geometric adaptation law, we extend the way

of defining Riemannian manifold structure on the space of feasible inertial parameters

to more general types of mechanical parameters including, e.g., joint frictions and stiff-

ness. Then we show that a coordinate-invariant choice of a Lyapunov function that can

be naturally defined on the so-called Hessian manifold of mechanical parameters leads

to an adaptation law that can be viewed as a natural gradient descent flow on the cor-

responding manifold. Perhaps most importantly, our geometric approach considerably

reduces the degree to which engineering choices must be made in the adaptation gain

matrix compared to the existing methods. Our geometric adaptive control framework is

further extended to robust adaptive control where arbitrary convex constraints imposed

on the parameters can be taken into account with geometric projection methods. The ef-

ficacy of our method is verified with adaptive trajectory tracking control task involving

a seven-dof robot manipulator through both simulation and real experiment.

Keywords: System identification, Adaptive control, Optimal experimental design, Op-

timal trajectory generation, Convex optimization, Matrix manifolds, Riemannian

geometry.

Student Number: 2015-20749
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1
Introduction

Accurate dynamic models are becoming increasingly necessary for robots performing

highly dynamic tasks. Simplified dynamic models (e.g., the inverted pendulum, articu-

lated point mass models, or centroidal dynamics models [1]) are easy to compute, and

often quite effective for robots performing a narrow range of tasks like bipedal walk-

ing. However, for robots to perform a wider and more versatile set of tasks requiring

fast and accurate motions, or physical interactions involving contact forces, complete

multibody dynamic models are often essential [2, 3, 4, 5, 6]. Efficient robot dynamics

algorithms and advances in current computing technology make real-time computation

of the dynamics possible for even moderately complex, high-dof robots [7, 8, 9]. Accu-

rate complete dynamic models are also essential for builiding a high-quality simulator;

not only can simulators be used for test beds for hand-designed controllers, they can

also be used to provide a virtual environment in which robots learn complex controllers

on their own by repeated trial and error [10, 11, 12, 13]. There are many other applica-

tions in which dynamic modeling is important as well as for robot control. Particularly,

human can also be modeled and represented as a rigid multibody system like robots,

1
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and estimating subject-specific dynamic models is important for the dynamic analysis

of human gait and sports motions [14].

Of course, it goes without saying that a dynamic model is only as good as the ac-

curacy of the model parameters like mass-inertial parameters, friction parameters, etc.

Not surprisingly, there is an extensive literature on estimating dynamic model param-

eters, commonly referred to as system identification or dynamic calibration, with most

approaches exploiting the fact that the dynamic equations are linear in the parameters

[15]; the equations of motion for mechanical systems are second-order differential equa-

tions of the form

τ = M(q, p)q̈ + b(q, q̇, p) = Y (q, q̇, q̈)p, (1.0.1)

where (q, q̇) ∈ Rn × Rn is the state, τ ∈ Rn is the control input, M(q, p) ∈ Rn×n

is the symmetric positive-definite mass matrix, p ∈ RN are the model parameters, and

b(q, q̇, p) ∈ Rn captures potential, Coriolis, and other terms as governed by the laws of

physics; these terms can be collected and represented as Y (q, q̇, q̈)p, where Y (q, q̇, q̈) ∈

Rn×N . System identification typically proceeds by first taking measurements of τ , q, q̇,

q̈ at multiple time instances t1, . . . , tm along some reference trajectory, and formulate

the calibration problem as a least-squares estimation problem for p

One reason why this problem is less straightforward is that the p cannot assume any

arbitrary vector value, but rather must satisfy a set of complex nonlinear constraints dic-

tated by physics, e.g., masses cannot be negative, and inertia tensors must be symmetric

positive-definite. Further complicating matter is that in practice the measurement con-

ditions and the quality of reference trajectories significantly impact the accuracy of the

identification. The measurements should be sufficiently complete and reliable, and the

reference trajectory should be sufficiently rich so as to excite the full spectrum of the
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dynamics, which can be high-dimensional and quite complex; the number of parame-

ters N can range from 30-60 for a typical industrial manipulator to several hundred

for a humanoid robot. Importantly, the set of admissible reference trajectories may be

restricted by stability, safety, and other considerations (e.g., a humanoid robot should al-

ways maintain postural stability, and the actuators must be capable of generating needed

torques). Moreover, for such high-dimensional systems, the available measurements may

be limited by the number and location of the sensors (e.g., only a subset of a robot’s

joints may be equipped with torque sensors). Also, with the growing emphasis on mak-

ing robots more affordable, measurements obtained from low-cost sensors typically will

be incomplete and quite noisy.

The problem of estimating the dynamic parameters of a robot can become even

more complicated, when the dynamic parameters change from the initial values during

the task. A typical case involves many of the recent lightweight robot manipulators for

which loading moderately heavy object at the end-effector can largely change the dy-

namic behaviors. Then the mass-inertial parameters need to be consistently re-identified

in an online manner. Similarly, for mobile-base robots that can be used for cargo trans-

portation, the ability to sense and immediately adapt to different payload conditions

will be highly required for maintaining dynamic balance. This type of problem can be

generally framed as adaptive control in which real-time closed-loop stability of the con-

trolled system must be taken into account in the design of both the online parameter

estimator and the model-based controller. While many robot adaptive control algorithms

have been developed toward theoretically ensuring the stability of the system, there are

still many practical problems and limitations to be solved.

Perhaps the most fundamental difficulty regarding parameter estimation for adaptive

control lies in the fact that only limited trajectory data is available for online parameter

estimation. This is essentially the same problem as discussed above on how the richness
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and quality of reference trajectories can affect the accuracy of identification. Another

critical limitation that existing robot adaptive control algorithms have in common is the

requirement that users must choose a valid initial adaptation gain matrix. This can be

a time-consuming process requiring repeated trial and error. Although in many cases

stability of the system is theoretically guaranteed without regarding to the choice of

adaptation gain matrix, in practice this choice significantly affects the performance, e.g.,

speed of convergence and transient behavior. Further, a naive choice of the gain matrix

more often than not causes severe numerical instability issue mainly due to the common

theoretic stability guarantees derived under somewhat ideal conditions, e.g., noise-free

measurements, exact continuous-time implementation of the parameter adaptation law,

etc.

For these and other reasons, estimating dynamic model parameters for multibody

mechanical systems in both offline and online settings still remains a theoretical and

practical challenge.

1.1 A Geometric Approach

In this thesis, we show that many of the aforementioned difficulties in dynamic pa-

rameter estimation of multibody mechanical systems can be mitigated by appealing to

differential geometric methods. More specifically, our main contribution lies in refor-

mulating the existing problem formulations by exploiting the fact that the collection

of mass-inertial parameters constitutes a Riemannian manifold with a naturally defined

Riemannian metric. This is in contrast to almost all of the existing methods adopting

the standard Euclidean metric between the parameter values.

We first show through both examples and analysis that our Riemannian distance

metric more accurately accounts for the underlying mass distributions of bodies in a
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coordinate-invariant way. To illustrate, consider the three unit mass ellipsoids shown in

Figure 1.1, each of uniform mass density and drawn to the same scale. Ideally we seek

to compare the mass distributions of these three bodies. Since this space is infinite-

dimensional, the mass distributions for each ellipsoid are instead reduced to a finite-

dimensional set of ten mass-inertial parameters, with the parameter values depending

on the choice of body-fixed reference frame and units. Evaluating these values in SI

units and with respect to the body frames drawn in black, for the standard Euclidean

distance metric dEuc(·, ·) it can be shown that dEuc(A,B) = dEuc(A,C), which mildly

defies intuition. Worse, if the parameter values are now obtained with respect to the

green reference frames, the same Euclidean distance metric results in the even more

nonsensical dEuc(A,B)� dEuc(A,C) by a factor of four; clearly a meaningful distance

metric should not depend on the choice of body frame. Using a Riemannian distance

dRiem(·, ·) on the other hand leads to the eminently more reasonable dRiem(A,B) <

dRiem(A,C), with the calculated distances invariant to the choice of body frame.

Based on this Riemannian metric, we first formulate and minimize a coordinate-

invariant error criterion for robust parameter identification. We show that accuracy and

robustness of the identification can be vastly improved as compared to the Euclidean

counterparts. Yet, a continued drawback of existing geometric methods is that the cor-

responding optimization problems are inherently non-convex, have numerous local min-

ima, and are computationally highly intensive to solve. We address these twin deficien-

cies of computational complexity and non-convexity, and forge the Riemannian geomet-

ric framework into an efficient, robust, and practical tool for robot dynamic parameter

identification. The key idea is a convex formulation of the regularization term based

on a second-order approximation of the Riemannian distance. Not only does this allow

for the use of fast convex optimization algorithms that are guaranteed to converge to
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(a) body A (b) body B (c) body C

Figure 1.1: Three unit mass ellipsoids, each of uniform density and drawn to the

same scale; 1kg ellipsoidal bodies A, B and C with principal radii of [0.1, 0.1, 0.1]m,

[0.15, 0.06, 0.08]m and [0.02, 0.25, 0.02]m respectively.

a global solution, but also ensures coordinate-invariance while allowing for the inclu-

sion of additional convex constraints as imposed by physical considerations and other

practical requirements.

Taking the same coordinate-invariant, geometric perspective, we also consider the

problem of generating sufficiently rich trajectories for mechanical systems identifica-

tion. More specifically, we address the problem of how to effectively generate reference

trajectory samples that encode maximal information—the optimal excitation trajectory

generation problem—taking into account physical constraints and measurement charac-

teristics, thus leading to more accurate and robust parameter identification. Our main

focus will be on minimizing a new coordinate-invariant set of excitation criteria ad-

mitting physically meaningful interpretations. Then we show how the same geometric

framework can be applied to infer the optimal reduced set of effectively identifiable

parameters from the given trajectory samples. Such reduction of the model parameters
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can be useful not only for finding optimal excitation trajectories, but also parameter

identification for complex high-dimensional systems like humanoid robots, in which the

execution of reference trajectories that sufficiently excite the entire structurally identifi-

able set of parameters is difficult or impractical to achieve.

The final contribution of this thesis is a geometric adaptive control framework for

robot manipulators. Toward deriving our geometric adaptation law, we extend the Rie-

mannian manifold structure defined on the space of feasible inertial parameters to gen-

eral mechanical parameters, e.g., including frictions and stiffness, defined on an arbi-

trary convex set. More specifically, Hessian manifold structure induced by a particular

choice of convex barrier function is defined on the space of mechanical parameters;

the proposed Riemannian manifold structure on the inertial parameters can regarded as

a special case. Then a Lyapunov-stable parameter update law can be naturally derived

using the Bregman divergence associated with the corresponding convex barrier func-

tion. Whereas existing adaptation laws can be viewed as a gradient update law on a

flat Euclidean space, our method can be viewed as a natural gradient-like update law

on a curved space endowed with a Riemannian metric. Our geometric adaptation law is

coordinate invariant and considerably reduces the degree to which engineering choices

must be made in the constant adaptation gain. We also extend our method to incorpo-

rate robust adaptation strategies in which arbitrary convex constraints on the parameters

are respected by non-smooth projection strategies.

1.2 Organization

In Chapter 2, we review the geometric properties of some important matrix manifolds,

positive definite matrices and matrix Lie groups. Affine-invariant Riemannian geometry

of a positive definite matrix manifold will serve as a basis for defining a Riemannian
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manifold structure on the inertial parameter space. Notations and operations presented

in characterizing two particular matrix Lie groups, Rotation group and Euclidean group,

will be adopted in deriving recursive coordinate-invariant algorithms for optimal exci-

tation trajectory generation of multibody systems.

Chapter 3 is devoted to proposing geometric formulations and algorithms for ro-

bust parameter identification of multibody mechanical systems. We first show how the

choice of physical coordinate system explicitly enters into existing identification formu-

lations. We then define a natural geometric structure on the inertial parameter space and

show how to formulate the geometric identification problem in a coordinate-invariant,

and also computationally efficient, way. Our geometric identification methods are vali-

dated through extensive experiments on high-dimensional systems ranging from a robot

manipulator to a legged robot and a human subject both with restricted sensor measure-

ments.

In Chapter 4 we propose a set of geometric optimal excitation criteria that can be

optimized to generate high-quality reference trajectories. The resulting optimal trajec-

tories are coordinate invariant, and can be obtained efficiently and robustly using re-

cursive analytic gradients of the criteria. For high-dimensional systems that can execute

only a limited range of feasible trajectories, we also show how our geometrical frame-

work can be used to optimally identify a reduced set of parameters for the given set of

trajectories. The improved robustness and accuracy of our geometric approach vis- a-

vis existing methods is demonstrated through numerical experiments involving industrial

manipulators and a high-dimensional humanoid robot.

Chapter 5 addresses the problem of adaptive control of robot manipulators in which

the parameters are adapted online while also guaranteeing the stability of the plant inter-

connected with the model-based controller. We show that defining a coordinate-invariant

choice of a Lyapunov function leads to a natural, stable adaptation law, which actually
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turns out to have a form of natural gradient descent flow on the Hessian manifold. The

method is further extended to robust adaptive control where arbitrary convex constraints

imposed on the parameters can be taken into account with geometric projection meth-

ods. Our method is verified with adaptive trajectory tracking control task involving a

seven-dof robot manipulator through both simulation and real experiment.
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2
Preliminaries

2.1 Introduction

In this chapter, we summarize geometric properties of n × n symmetric positive defi-

nite matrix manifold, P(n), and two important instances of matrix Lie groups, special

orthogonal group SO(n) and special Euclidean group SE(n).

Affine-invariant geometric structure of P(n) introduced in Section 2.2 will serve

as a basis for defining a natural Riemannian manifold structure on the space of rigid

body inertial parameters in Chapter 3. We also present a Log-det divergence measure on

P(n) as a convex second-order approximation of the Riemannian distance. This diver-

gence metric would be used in Chapter 3 for convex formulation of geometric dynamic

identification, and in Chapter 5 as a valid Lyapunov function candidate for deriving

geometric adaptation laws for robot adaptive control.

Section 2.3 briefly summarizes basic concepts of Lie groups and presents nota-

tions and operations associated with Rotation group and Euclidean group of rigid body

motions, SO(3) and SE(3), and their corresponding Lie algebras, so(3) and se(3).

11
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The presented notations and operations shall be mainly adopted for describing recursive

coordinate-invariant algorithms involving rigid multibody dynamics and its derivatives in

Chapter 4.

2.2 Symmetric Positive Definite Matrix Manifold

The space of real-symmetric n× n positive-definite matrices is defined as,

P(n) =
{
P ∈ Rn×n | P = P T , P � 0

}
. (2.2.1)

P(n) is embedded in S(n), the space of real-symmetric n × n matrices, as an open

and convex subset. Also, P(n) is a differentiable manifold whose tangent space at a

point P ∈ P(n), denoted TPP(n), can be identified with symmetric matrices S(n). A

basis for S(n) can be constructed in the usual way, i.e., the basis element Eij ∈ S(n),

where i ≥ j, is a symmetric matrix whose ij and ji elements are one, and the remaining

elements zero.

For P ∈ P(n) and V ∈ S(n), the matrix exponential map exp : S(n)→ P(n) and

matrix logarithm map log : P(n)→ S(n) defined by

exp(V ) =

∞∑
k=0

V k

k!
= I + V +

V 2

2!
+
V 3

3!
+ · · · (2.2.2)

and

log(P ) = −
∞∑
k=1

(I − P )k

k
= (I − P )− (I − P )2

2!
− (I − P )3

3!
+ · · · (2.2.3)

are both uniquely defined and inverses of each other.
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2.2.1 Affine-invariant Riemannian Metric

For P ∈ P(n) and X,Y ∈ TPP(n) = S(n), the Riemannian metric invariant under the

group action

G ∗ P = GPGT , (2.2.4)

where G ∈ GL(n) is any n × n nonsingular matrix, also called the affine-invariant

metric [16], is given by

〈X,Y 〉P =
1

2
tr
(
P−1XP−1Y

)
. (2.2.5)

Then the length of a curve P (t) ∈ P(n), a ≤ t ≤ b, can be given by

l(P ) =

∫ b

a

√〈
Ṗ (t), Ṗ (t)

〉
P (t)

dt. (2.2.6)

The minimal geodesic γ : [0, 1]→ P(n) connecting two arbitrary points P1, P2 ∈ P(n),

is given by

γ(t) = P
1/2
1 (P

−1/2
1 P2P

−1/2
1 )tP

1/2
1 (2.2.7)

The tangent vector of the geodesic at P1 is defined by the Riemannian logarithm map

LogP1
(P2) = P

1/2
1 log(P

−1/2
1 P2P

−1/2
1 )P

1/2
1 . (2.2.8)

The inverse of the Riemannian log map, the Riemannian exponential map is also de-

fined. Given an element V ∈ S(n), the minimal geodesic emanating from a point

P ∈ P(n) in the direction of the tangent vector V can be computed as follows:

ExpP (V ) = P 1/2 exp(P−1/2V P−1/2)P 1/2. (2.2.9)

The distance between two arbitrary points P1, P2 can be defined in the usual way by the

length of the above minimal geodesic. This can be calculated as the norm of LogP1
(P2)
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at P1 given by

dP(n)(P1, P2) = ‖LogP1
(P2)‖P1 =

( n∑
i=1

(
log(λi)

)2)1/2

(2.2.10)

where λi are the eigenvalues of P−1/2
1 P2P

−1/2
1 , or equivalently, those of P−1

1 P2. It

is straightforward to check that the geodesic distance dP(n)(·, ·) derived above from

the affine-invariant Riemannian metric (2.2.5) is also invariant under the GL(n) group

action on P1 and P2.

2.2.2 Log-det Bregman Divergence

The Bregman divergence is widely used as a pseudo-distance metric in the applied

mathematics and engineering field (e.g., in information geometry, machine learning, op-

timization, etc.). It generally does not satisfy fundamental requirements for a distance

metric such as symmetry or the triangle inequality condition. However, the Bregman

divergence remains of great interest for many practical and efficient algorithms where

the use of exact distance is intractable or limited.

The Bregman divergence associated with a strictly convex function h : Ω → R for

points p, q ∈ Ω, is defined by the difference between the value of h at p and the value

of the first-order Taylor expansion of h around q evaluated at p:

dh(p‖q) = h(p)− h(q)−∇h(q)T (p− q).

Below are some general properties of the Bregman divergence:

(i) Non-negativity: dh(p‖q) ≥ 0 for all p, q ∈ Ω and dh(p‖q) = 0 if and only if

p = q.

(ii) Convexity: dh(p‖q) is strictly convex in its first argument p.



2.2. Symmetric Positive Definite Matrix Manifold 15

(iii) Linearity: For two convex and differentiable functions h1 and h2, and a nonneg-

ative scalar λ, dh1+λh2(p‖q) = dh1(p‖q) + λdh2(p‖q) holds.

(iv) Pythagorean theorem: Let ProjC(p0) be the projection of p0 onto a convex set

C ⊂ Ω defined by

ProjC(p0) , arg min
q∈C

dh(q‖p0). (2.2.11)

Then

dh(p‖p0) ≥ dh(p‖ProjC(p0)) + dh(ProjC(p0)‖p0) (2.2.12)

holds for all q ∈ C.

(v) Approximation: the following second-order approximation generally holds:

dh(p‖p+ dp) =
1

2
dpT∇2h(p) + o(‖dp‖2), (2.2.13)

where ∇2h is the hessian of h.

Now, when the domain Ω is restricted to P(n), the Bregman divergence associated

with a minus log-det function, h(P ) = − log |P |, P ∈ P(n), is given by

dh(P1‖P2) = log
|P2|
|P1|

+ tr(P−1
2 P1)− 4 (2.2.14)

=

4∑
i=1

(− log(λi) + λi − 1), (2.2.15)

where λi are the eigenvalues of P−1
2 P1, or equivalently, P−1/2

2 P1P
−1/2
2 . The log-det

divergence dF above also satisfies affine invariance (i.e., it is invariant under the GL(n)

group action ∗ on P1 and P2). Further, as h(P ) = − log |P | is convex, the log-det

divergence (2.2.14) is convex with respect to its first argument P1.

Remark 1 The Bregman divergence of a log-det (2.2.14) is also referred to as Stein’s

loss [17], the Burg matrix divergence [18], or simply the log-det divergence [19].
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Remark 2 The log-det divergence dh approximates the affine-invariant Riemannian

metric (2.2.5) up to second-order; that is, for two infinitesimally close positive-definite

matrices P , P + dP ∈ P(n), the following holds:

dh(P + dP ||P ) =
1

2
tr(P−1dPP−1dP )︸ ︷︷ ︸

〈dP,dP 〉P

+o(λi(P
−1dP )2) (2.2.16)

2.3 Matrix Lie Groups

A Lie group G is a group which is a differentiable manifold with the smooth product

and inverse group operations, i.e., (X,Y ) 7→ X ∗ Y and X 7→ X−1, where ∗ and

(·)−1 respectively denote the product and inverse operations, which are both smooth

functions for X,Y ∈ G. The Lie algebra g associated with a Lie group G is defined

as the tangent vector space at the identity element of G with the bilinear operation

called the Lie bracket [·, ·] : g × g→ g satisfying

(i) Skew-symmetry: [x, y] = −[y, x],

(ii) Jacobi identity: [x, [y, z]] + [y, [x, z]] + [z, [x, y]] = 0,

for all x, y, z ∈ g.

Matrix Lie group is a Lie group whose elements can be identified as matrices. For

general linear group GL(n) consisting of real n × n nonsingular matrices and its bet-

ter known subgroups, the associated product and inverse operations can be defined by

ordinary matrix multiplication and matrix inverse respectively. Further, tangent space at

the identity element together with the matrix commutator identified as the Lie bracket

operator constitutes a Lie algebra.
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2.3.1 The Rotation Group

The special orthogonal group SO(n) consists of the real n×n orthogonal matrices with

determinant one, i.e.,

SO(n) = {R ∈ Rn×n | RRT = RTR = 1n, det(R) = +1}, (2.3.17)

where we denote 1n to be n×n identity matrix. SO(3) possesses the structure of both

a differentiable manifold and a continuous group (under matrix multiplication), and is a

well-known example of a matrix Lie group. From the definition it immediately follows

that R−1 = RT . The Lie algebra so(n), which recall can be identified with the tangent

space to SO(n) at the identity element, consists of the real n × n skew-symmetric

matrices:

so(n) = {Ω ∈ Rn×n | ΩT = −Ω}. (2.3.18)

The Lie bracket of two elements U, V ∈ so(n) is given by their matrix commutators:

[U, V ] = UV − V U. (2.3.19)

When n = 3, R ∈ SO(3) represents the orientation of a rigid body situated in R3. The

Lie algebra so(3) consists of 3× 3 real skew-symmetric matrices of the form
0 −ω3 ω2

ω3 0 −ω2

−ω2 ω1 0

 . (2.3.20)

For convenience, given any ω ∈ R3, we denote its 3× 3 skew-symmetric matrix repre-

sentation [·] : R3 → so(3) as

[ω] =


0 −ω3 ω2

ω3 0 −ω2

−ω2 ω1 0

 . (2.3.21)
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The Lie bracket betwwen two elements in so(3) can be further identified with the vector

product in R3 as follows. Setting U = [u] ∈ so(3) and V = [v] ∈ so(3) for some

u, v ∈ R3, a straightforward calculation reveals that

[U, V ] = [u][v]− [v][u]

= [u× v].

The Lie bracket can also be expressed using the (small) adjoint map representation adu :

so(3)→ so(3) as

adu(v) = u× v. (2.3.22)

Finally given any R ∈ SO(3) and [ω] ∈ so(3), one can associate with R the (large)

adjoint map AdR : so(3)→ so(3) as follows:

AdR([ω]) = R[ω]RT = [Rω]. (2.3.23)

We cam write the above more compactly in vector form as AdR(ω) = Rω.

2.3.2 The Euclidean Group

The special Euclidean group SE(n) consists of the real (n+ 1)× (n+ 1) real matrices

of the form  R p

0 1

 , (2.3.24)

where R ∈ SO(n) and p ∈ Rn (the 0 in the last row denotes an n-dimensional row

vector of zeros). In the case of most interest to us, n = 3, SE(3) describes the set

of all possible relative displacements between two reference frames situated in physical

space. The Lie algebra of SE(3), denoted se(3), consists of matrices of the form, [ω] v

0 0

 , (2.3.25)
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where [ω] ∈ so(3) and v ∈ R3. The above matrix can also be represented more com-

pactly in six-dimensional vector form via the following notation. Given an element [ω] v

0 0

 = [S] ∈ se(3), (2.3.26)

the equivalent six-dimensional vector representation of [S] will be denoted

S =

 ω

v

 . (2.3.27)

The Lie bracket of two elements S1 = (ω1, v1) ∈ se(3), S2 = (ω2, v2) ∈ se(3) can be

evaluated as follows:

[[S1], [S2]] = [S1][S2]− [S2][S1] (2.3.28)

=

 [ω1 × ω2] [ω1]v2 − [ω2]v1

0 0

 . (2.3.29)

The above Lie bracket can be denoted more compactly in terms of the vector repre-

sentation S1, S2. Using the (small) adjoint representation adS1(S2) to denote the Lie

bracket between S1 and S2, we write

adS1(S2) =

 [ω1] 0

[v1] [ω1]

 ω2

v2

 . (2.3.30)

Given S = (ω, v) ∈ se(3), the 6×6 matrix representation of the (small) adjoint mapping

adS : se(3)→ se(3) is denoted

[adS ] =

 [ω] 0

[v] [ω]

 . (2.3.31)
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Given X =

 R p

0 1

 ∈ SE(3) and [S] =

 [ω] v

0 0

 ∈ se(3), the (large) adjoint

mapping AdX : se(3)→ se(3) is defined as

AdX([S]) = X[S]X−1 (2.3.32)

=

 [Rω] Rv + [p]Rω

0 0

 . (2.3.33)

In vector form the above can also be written as

AdX(S) =

 R 0

[p]R R

 ω

v

 . (2.3.34)

The 6× 6 matrix representation of the linear map AdX is denoted

[AdX ] =

 R 0

[p]R R

 . (2.3.35)
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Geometric Dynamic Identification

of Multibody Systems

3.1 Introduction

The identification of the mass and inertial parameters of a robot, and more generally

of any system that can be modeled and represented as a rigid multibody system, e.g.,

digital characters and humans, is a prerequisite to any dynamic model-based method for

motion planning and control. Not surprisingly, there is an extensive literature on meth-

ods for inertial parameter identification [15, 20, 21, 22, 23], also referred to as dynamic

calibration in analogy to the even more well-studied problem of kinematic calibration.

Nearly all of the previous approaches exploit the fact that a robot’s dynamics are linear

in the mass and inertial parameters. Typical approaches take force/torque and kinematic

measurements at multiple points along some reference trajectory, and formulate the iden-

tification problem as a least-squares problem [15]. However, the identification of inertial

parameters using these standard least-squares methods turns out to be highly sensitive

21
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to various aspects of the measurement conditions.

Trajectories used in identification should be sufficiently rich and result in a well-

conditioned regressor matrix so that the identified parameters are not overly sensitive to

measurement noise. For standard open-chain manipulators, achieving these conditions is

often feasible [24]. For more complex robots like humanoids and legged robots, how-

ever, possible reference motions are usually highly restricted, e.g., the robot must al-

ways maintain balance, and the actuators must be capable of generating needed torques.

Also, with the growing emphasis on making robots more affordable, measurements ob-

tained from low-cost sensors typically will be incomplete and quite noisy. Several works

[25, 26] have shown that, for high-dof systems, the accuracy of the parameters identified

using standard least-squares estimation methods is often far from satisfactory.

An appealing approach to make identification robust to the quality of excitation tra-

jectories and measurement noise is to exploit prior knowledge for the inertial param-

eters. Regularization toward some known nominal values for inertial parameters (e.g.,

obtained from CAD data) is helpful when reference motion trajectories are not maxi-

mally exciting or when excitation is ill conditioned [25, 26]. Also, one can explicitly

constrain parameters to ones that are physically feasible. Inertial parameters are in fact

subject to a set of positive-definiteness requirements dictated by physics, also referred

to as the physical consistency condition. The physical consistency requirements can be

strictly guaranteed via a set of linear matrix inequality constraints, leading to a semidef-

inite programming problem [27], [28]; orthogonal decomposition-based manifold opti-

mization techniques offer an alternate solution to this problem [29]. However, unless

it happens that the unconstrained least squares minimizer is already physically consis-

tent, solutions to these inequality constrained formulations will necessarily lie on the

boundary of physical consistency, e.g., some of the resulting links may end up being

flat along one or more dimensions, or reduce to a point mass or even zero mass.
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In this Chapter, we claim that such ill-posed behavior is traceable in large part to the

use of standard Euclidean distance metric (more specifically, as a regularizer to an ill-

posed least squares error criterion that does not account for prior information in a phys-

ically consistent and natural way). The key idea of our approach rests on the fact that

the collection of inertial parameters constitutes a Riemannian manifold with a naturally

defined Riemannian metric. Applying a one-to-one mapping between a link’s inertial

parameters and the space of 4 × 4 symmetric positive-definite matrices first pointed out

in [28], we formulate and minimize a coordinate-invariant error criterion based on this

natural Riemannian metric. We demonstrate that regularization based on this coordinate-

invariant notion of distance can significantly improve the accuracy and robustness of

mass-inertial parameter estimation, even for high-dimensional systems subject to noisy

measurements and ill-conditioned reference trajectories.

Yet, a continued drawback of existing geometric methods is that the corresponding

optimization problems are inherently non-convex, have numerous local minima, and are

computationally highly intensive to solve. To this, we propose a convex formulation

under the same coordinate-invariant Riemannian geometric framework that directly ad-

dresses these and other deficiencies of the geometric approach. The main idea behind

our approach is a second-order approximation of the Riemannian distance that allows

for the convex regularization of the inertial parameter identification problem. Not only

does this allow for the use of fast convex optimization algorithms that are guaranteed

to converge to a global solution, but also ensures coordinate-invariance while allowing

for the inclusion of additional convex constraints as imposed by physical considerations

and other practical requirements. We also show that different choices for the distance

metric used in regularization can be viewed as a choice of a projection mapping to

some fixed subset of the Riemannian manifold of mass-inertial parameters. With this

insight, we propose a quantitative method for uniformly comparing the performance of
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different mass-inertial parameter estimation methods. Both the practical and qualitative

advantages of our approach are validated through extensive identification case studies

involving the AMBIDEX manipulator, the MIT Cheetah 3, and a human subject.

3.2 Preliminaries

In this section, we first characterize a physically consistent set of rigid body inertial pa-

rameters. Then, we briefly review conventional linear least squares based approaches for

inertial parameter identification, and point out geometric issues and problems induced

by the ignored geometry of the underlying parameter space.

3.2.1 Physically Consistent Rigid Body Inertial Parameters

The full set of inertial parameters for a single rigid body is conventionally character-

ized by its mass, first mass moment, and rotational inertia tensor, all described in some

body-fixed reference frame {b}. The first mass moment is denoted as hb = m · pb ∈ R3

where m is the mass and pb ∈ R3 is the position of center of mass (CoM). The rota-

tional inertia is given by the 3 × 3 symmetric tensor Ib ∈ S(3). Hence, there are ten

independent parameters for a single rigid body often represented in a vectorized form

as

φb = φb(m,hb, Ib) = [m,hTb , I
xx
b , Iyyb , Izzb , I

xy
b , Iyzb , I

zx
b ]T ∈ R10. (3.2.1)

Also, recall the 6× 6 spatial inertia tensor description of inertial parameters [7, 9],

G(φb) =

∫
Ω

 [xb]

I3

 [xb]

I3

T ρ(xb)dVb =

 Ib [hb]

[hb]
T mI3

 ∈ S(6). (3.2.2)

where ρ : Ω ⊂ R3 → R+
0 is a non-negative mass density function for a given rigid

body. The spatial inertia G(φb) is known to serve as a kinetic energy metric for a rigid
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body, i.e.,

T =
1

2
V T
b G(φb)Vb, (3.2.3)

where Vb = (wb, vb) ∈ se(3) is the 6×1 vector representation of a spatial body velocity.

The positive-definiteness condition on the spatial inertia tensor,

G(φb) � 0, (3.2.4)

is also equivalent to m > 0 and ICb = Ib − [hb][hb]
T /m � 0 by the Schur complement

lemma.1 Satisfaction of these conditions is sufficient for G(φb) to be a valid kinetic

energy metric. However, these conditions are insufficient for inertial parameters to be

physically realizable from some non-negative mass density function [29, 28].

Toward characterizing an exact condition for density-realizablility of inertial parame-

ters, authors in [28] employed a 4×4 symmetric matrix representation of the parameters

called the pseudo-inertia matrix. Given a rigid body, its pseudo inertia is given by

P (φb) =

∫
Ω

 xb

1

 xb

1

T ρ(xb)dVb =

 Σb hb

hTb m

 ∈ S(4), (3.2.5)

where

Σb =

∫
Ω
xbx

T
b ρ(xb)dVb ∈ S(3) (3.2.6)

is the density-weighted second moment matrix . This matrix has a one-to-one linear

correspondence with Ib as Σb = 1
2tr(Ib)I3 − Ib and likewise Ib = tr(Σb)I3 − Σb. A

physical consistency condition that is both necessary and sufficient is simply the positive

definiteness of the pseudo inertia, i.e.,

P (φb) � 0. (3.2.7)

1By the parallel axis theorem, ICb is the rotational inertia matrix about the center of mass
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In addition to ensuring a positive mass and positive definite rotational inertia, the con-

dition (3.2.7) also ensures that the principal moments of inertia satisfy a set of triangle

inequalities [29] given by

λ1(ICb ) + λ2(ICb ) > λ3(ICb ), (3.2.8)

λ2(ICb ) + λ3(ICb ) > λ1(ICb ), (3.2.9)

λ3(ICb ) + λ1(ICb ) > λ2(ICb ). (3.2.10)

Satisfaction of these inequalities is the critical ingredient for P (φb) � 0 to be sufficient

for physical plausibility of φb. To illustrate with a simple example, consider the rota-

tional inertia tensor matrix at the center of mass given by ICb = diag(1, 0.3, 0.3) which

is positive definite but does not satisfy the triangle inequality condition, i.e., 0.3+0.3 <

1. The corresponding second moment matrix is calculated as ΣC
b = 1

2tr(ICb )I3 − ICb =

diag(−0.2, 0.5, 0.5) � 0. Since the density-weighted covariance matrix of any non-

negative mass density function is positive definite, we can infer that the inertial pa-

rameters giving rise to ICb are not physically feasible.

Relying on the pseudo inertia representation, authors in [28] also introduced a con-

straint on φb that ensures the existence of an associated mass density function supported

within a bounding ellipsoid. Consider an ellipsoid defined by

E = {xb ∈ R3 :

 xb

1

T Qb
 xb

1

 ≤ 0}, (3.2.11)

The inertial parameters φb can be realized through mass purely inside E if and only if

φb satisfies (3.2.7) and

tr(P (φb)Qb) ≤ 0. (3.2.12)

Parameters φb satisfying these conditions are called E-density realizable. Since P :

R10 → S(4) is a one-to-one linear mapping, the positive definiteness requirement (3.2.7)
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together with the linear inequality constraint (3.2.12) imposes a convex feasible set for

φb in R10.

3.2.2 Linear Least Squares based Identification

Owing to the structure of a general coupled rigid-body system, any inertial parameter

identification problem boils down to fitting a system of linear equations [15].

To illustrate, for a n-link open chain with joint variables q ∈ Rn and joint torque

vector τ ∈ Rn, the dynamic equations are of the form

τ = M(q,Φb)q̈ + b(q, q̇,Φb) = Y (q, q̇, q̈)Φb, (3.2.13)

where

Φb = [φTb1 , · · ·φ
T
bn ]T ∈ R10n (3.2.14)

denotes the complete set of mass and inertial parameters for the n links, M(q,Φb) ∈

Rn×n is the mass matrix, and b(q, q̇,Φb) ∈ Rn denotes the vector of Coriolis and grav-

itational forces; these terms can be collected and represented as Y (q, q̇, q̈)Φb, where

Y (q, q̇, q̈) ∈ Rn×10n. Then, measurements of τ , q, q̇, q̈ at multiple points along some

reference trajectory each impose n linear equations Y Φb = τ ∈ Rn. These quantities

can be stacked to form a single large overdetermined system of linear equations of the

form

AΦb = b. (3.2.15)

Remark 3.1. For a floating-base multibody system, e.g. humanoid robots and humans,

the evolution of the net system momentum [23], [25] is commonly adopted for identi-

fication purposes rather than focusing on the full-body dynamics. Perhaps remarkably,

when the system is an open-chain kinematic tree, this approach provides an identical

observable set of inertial parameters as in the full dynamics case. Since this reduction
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only considers effects of external forces on the total change of momentum, non-rigid

components, e.g., nonlinear friction or elasticity in the joint-space dynamics, can be

ignored. Therefore, this approach can be particularly useful for pure inertial parame-

ter identification purposes when inertias involved in closed kinematic loops (e.g., motor

rotors) are negligible. An identical formulation can also be used for open-chain manip-

ulators with force/torque sensor embedded at the base link [30].

Now, the inertial parameter identification problem is commonly formulated as a reg-

ularized least-squares estimation problem of the form

min
Φb
‖AΦb − b‖2Σ−1︸ ︷︷ ︸
measurement error

+γ ‖Φb − 0Φb‖2︸ ︷︷ ︸
regularizer

. (3.2.16)

The first term represents the squared measurement error; elements of the diagonal ma-

trix Σ = diag(σ2
1, · · · , σ2

m) ∈ Rm×m weight each of the residuals according to the

uncertainty or variance of the measurements. If we have perfect measurements of a full

rank matrix A, and b is subject to zero-mean Gaussian noise of covariance Σ, then the

least-squares minimizer without the regularization term is known to be the maximum-

likelihood solution with the desirable statistical property of being asymptotically unbi-

ased. Since in practice A is neither full rank nor perfectly measured, the regularization

term with scale factor γ is added to make the problem well-posed, and to keep the es-

timated parameter values close to the given nominal values 0Φb. Ignoring the physical

consistency constraints, the optimal least-squares solution can be expressed in closed

form as ΦLS
b = (ATΣ−1A+ γI)−1(ATΣ−1b+ γ · 0Φb).

However, as has been observed also in the recent literature [27], [25], pure un-

constrained least squares solutions are generally not reliable in terms of physical con-

sistency, and attempts have been made toward obtaining physically consistent optimal

solutions, i.e. from projection-based or recursive trial and error based methods (these
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and related methods are surveyed in [27]), to more recent methods based on orthogonal

decomposition-based manifold optimization techniques [29], or imposing a set of linear

matrix inequality (LMI) constraints on the link inertial parameters φbi as P (φbi) � 0

[27], [28] in the optimization formulation. The latter approach of imposing LMI guar-

antees not only physically consistent and global minimum solution, but also leads to

a semidefinite programming problem, for which reliable and efficient numerical meth-

ods are widely available. However, as depicted in Figure 3.1, the constrained solution

ΦLS+LMI
b may end up lying on the boundary of the manifold Mn (i.e., a rank-deficient

positive-semidefinite matrix Pbi , leading to an ith rigid link that is, e.g., flat along one

dimension, a point mass, or even zero mass) whenever the unconstrained global min-

imum ΦLS
b lies outside Mn due to the convexity of the original objective function

and the search space Mn ' P (4)n. The problem typically becomes even more pro-

nounced for high-dof structures like humans and humanoids, and it is not uncommon

to enforce stronger sufficiency conditions for physical consistency [26], [25], such as

imposing user-specified convex bounds on, e.g., the link masses and the locations of

mass centers.

However, most importantly, we claim that it is the use of the standard Euclidean

distance metric, specifically as a regularizer to an ill-posed least squares error criterion

that doesn’t account for prior information in a physically consistent and invariant way.

The inertial parameter identification problem is unlike other parameter fitting problems,

e.g., arbitrary function approximation, in that the parameters to be identified are physical

quantities. While a choice of physical units and reference frames is necessary for a nu-

merical implementation, a well-posed problem for inertial parameter estimation should

not depend on these choices. That is, the physical meaning of the identified parameters

should be the same regardless of physical units and reference frames in the problem

formulation. As will be futher elucidated in the following sections, the use of standard
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(a) ΦLS ∈Mn (b) ΦLS ∈ (Mn)c

Figure 3.1: The effect of imposing LMI while minimizing a least-squares objective func-

tion. The grey ellipsoidal contour indicates the least-squares objective function while the

blue-shaded region is the feasible convex region of the search space in R10n defined by

the LMI. 3.1(a) When the pure least-squares minimizer ΦLS is physically consistent, it

coincides with the least squares minimizer subject to the LMI, ΦLS+LMI . 3.1(b) When

ΦLS is not physically consistent, ΦLS+LMI lies on the boundary of Mn.

Euclidean metric as a regularizer not only makes the identification coordinate depen-

dant, but also fail to capture the natural geometric structure of the underlying param-

eter space. This eventually makes the identification sensitive and leads to a physically

inconsistent unconstrained estimate ΦLS
b , especially when the measurement data is insuf-

ficient and noisy. In line with the preceding discussion on the nature of the constrained

solution, this implies that under the conventional regularized least squares formulation

as in (3.2.16), imposing the physical consistency constraints generally will not improve

matters much, and the solutions are highly susceptible to lying on the boundary of the

user-specified feasible region.

From the Maximum a Posteriori (MAP) estimation point of view of the formulation

(3.2.16), the regularization term exactly represents a prior distribution on Φb. In fact, the

regularization term can be replaced by an arbitrary quadratic function, ‖Φb − 0Φb‖Q−1
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for some positive-definite matrix Q. The formulation is equivalent to a MAP estima-

tion problem where the likelihood is given by a Gaussian density function, p(b|A,Φb) =

N (AΦb,Σ), and the prior is given by a Gaussian density function, p(Φb) = N (0Φb, Q/γ).

In most practical situations, we are only provided with the prior nominal value 0Φb

from, e.g., CAD. By contrast, the uncertainty information for the nominal value, corre-

sponding to the covariance of the prior, Q/γ, is hardly obtainable from any source. For

this reason, the identity matrix as in (3.2.16), or some scale-normalizing diagonal matrix

is commonly chosen for Q, leaving the scalar γ as a user-tuned hyperparameter. These

somewhat limiting choices of distance metric always result in coordinate-dependent es-

timation of inertial parameters.

3.3 Geometry of Rigid Body Inertial Parameters

This section is devoted to defining a natural Riemannian geometric structure of the fea-

sible inertial parameter space M, which is to be exploited for geometric, coordinate-

invariant formulations of inertial parameter identification problem. The content provided

here will also generally serve as a core basis for developing geometric algorithms in

the later Chapters.

Recall that the physical consistency conditions on φb ∈ R10 can be identified with

the requirement that Pb = P (φb) ∈ P(4) be positive-definite. The manifold M of the set

of physically consistent inertial parameters for a single rigid body is defined as follows:

M' {φb ∈ R10 : P (φb) � 0} ⊂ R10

' {Pb ∈ S(4) : Pb � 0} = P(4),

where ' denotes an isomorphic relationship between sets. The elements can be identi-

fied in both R10 and P(4), also for different choices of body-fixed reference frame {b}.
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Alternatively, instead of φb one can use the coordinate (m, pb,Σ
C
b ), where pb locates

the CoM and

ΣC
b =

∫
Ω

(xb − pb)(xb − pb)Tρ(xb)dVb = Σb −mpbpTb (3.3.17)

is the density-weighted second moment matrix at the CoM. However, the coordinate

representation (m, pb,Σ
C
b ) is unlike Pb not linear with respect to φb.

3.3.1 Riemannian Distance Metric

Taking advantage of the fact that the manifold M of physically consistent inertial pa-

rameters of each link is equivalent to P(4), the Riemannian manifold structure of of

M can naturally be inherited from that of P(4) defined in Section 2.2 of the previous

Chapter 2.

A differential metric on M is chosen as

ds2 =〈dφb, dφb〉φb (3.3.18)

,
1

2
tr
((
P (φb)

−1P (dφb)
)2) (3.3.19)

=
1

2

(
dm

m

)2

+
1

2
tr

(((
ΣC
b

)−1
dΣC

b

)2
)

+m · dpTb
(
ΣC
b

)−1
dpb, (3.3.20)

matching the affine-invariant Riemannian metric (2.2.5) on P(4) (see Appendix A.1,

Proposition A.1 for a proof of (3.3.20)). Note that the inertial parameters consist of

diverse physical quantities (e.g., m [mass], pb [length], ΣC
b [mass·length2]). Inspecting

each of the terms in (3.3.20), it can be seen that the affine-invariant Riemannian metric

offers a physical unit- and scale-free way of measuring distances on the space of inertial

parameters.

We now show that this distance metric is coordinate-invariant.
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Proposition 3.1. The Riemannian metric defined in (3.3.19) is invariant with respect to

choice of body-fixed reference frame and physical unit/scale.

Proof. Under a change of body-fixed refernce frame from {b} to {a} and physical units

associated with length and mass, three dimensional position vector r ∈ R3 and volume

element dV transform according to the following rules:

ra = diag(dxab, d
y
ab, d

z
ab) · (Rabrb + tab)

= Fabrb + gab (3.3.21)

ρa(·)dVa = cab · ρb(·)dVb, (3.3.22)

where dkab ∈ R+ and cab ∈ R+ are the change in physical scale/unit of length and

mass, respectively, and Rab ∈ SO(3), tab ∈ R3 represent the rigid body transformation

between frames {a} and {b}. Using the homogeneous representation of a 3-D vector,

(3.3.21) can be rewritten as  ra

1

 = Hab ·

 rb

1

 , (3.3.23)

where Hab ,

 Fab gab

0 1

 ∈ GL(4). Now from (3.2.5), (3.3.22), (3.3.23), the pseudo-

inertia matrix representation of the inertial parameters admits the following coordinate
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transformation rule in the form of a GL(4) group action * (2.2.4):

P (φa) =

∫
Ω

 ra

1

 ra

1

T ρa(ra)dVa
= cab ·Hab

(∫
Ω

 rb

1

 rb

1

T ρb(rb)dVb)HT
ab

= cab ·HabP (φb)H
T
ab

= SabP (φb)S
T
ab = Sab ∗ Pb, (3.3.24)

where Sab =
√
cab ·Hab ∈ GL(4). Since the affine-invariant Riemannian metric defined

in (3.3.19) is invariant under the GL(4) group action, it is thus invariant to the change

of reference frame and physical unit/scale.

On the other hand, the standard Euclidean metric for φb ∈ R10, i.e., ds2
Euc =

dφTb dφb = dm2 + dpTb dpb + (dIxxb )2 + (dIyyb )2 + · · · , satisfies none of these invari-

ance properties. The metric does not have meaningful physical units, unless each of

the components are normalized by appropriate constants. In adopting the Riemannian

metric, we now omit all the coordinate frame subscripts for expressing the inertial pa-

rameters as φ and P .

Remark 3.2. The Riemannian metric (3.3.19) is also closely related to the log-determinant

barrier function on P(4). Consider P, P +dP ∈ P(4). From a Taylor series expansion,

−log|P + dP | =− log|P | − tr
(
P−1dP

)
+

1

2
tr
((
P−1dP

)2)
+ o(‖dP‖2) .

The differential metric on M can therefore be recognized as following from the Hessian

of the log-determinant barrier [31].
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(a) Plot of geodesic distances between a pair of mass density

functions

(b) Geodesic path between two mass den-

sity functions

Figure 3.2: Minimal geodesic path between two mass density functions (green ellipses)

under the Riemannian metric 3.3.19. Each mass density function is visualized by an

ellipse whose center and shape matches the center of mass and covariance matrix, re-

spectively. 3.2(a) shows a plot of the distances from the fixed mass density function

(black ellipse) to ones with the same mass and covariance, but constant deviation in

positions of center of mass. 3.2(b) shows the geodesic path .

Under the metric 3.3.19, the distance between two arbitrary physically consistent

inertial parameters of a single rigid body 1φb,
2φb ∈M can be defined with the geodesic

distance dP(4) (2.2.10) as

dM(1φb,
2φb)

2 = dP(4)(
1Pb,

2Pb)
2, (3.3.25)

where iPb = P (iφb) ∈ P(4) for i = 1, 2. For an n-link multibody system, the distance

metric can be defined via direct summation as

dMn(1Φb,
2Φb)

2 =
n∑
i=1

dM(1φbi ,
2φbi)

2. (3.3.26)

We note how the proposed metric measures distances and produces geodesic paths

between mass density functions depending on the location of the center of mass p and
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covariance Σ. Figure 3.2 shows that deviations in the center of mass along directions of

shorter radii of the covariance tend to produce larger distances between density func-

tions. As shown in Figure 3.2(a), the pair of density functions whose centers of masses

are aligned along the major principal axes produces the shortest distance. Moreover, in

Figure 3.2(b), the initial and final directions of the minimal geodesics are both aligned

toward the major principal axes. Such tendencies are actually a highly desirable prop-

erty for treating inertial parameter data and an important distinction from using the

Euclidean metric. For instance, if a given rigid body is known to have the shape of a

long bar with unknown density distribution, then it is desirable for the estimated center

of mass to deviate more along the stretched direction of the bar than the perpendicular

direction. With the present distance metric, we can naturally take this into account in

the estimation, while the Euclidean metric fails to do so.

Lastly, observe that the distance metric (3.3.25) is well-defined on the space P(4);

that is, when an element in P(4) approaches the boundary, i.e., as it becomes positive

semi-definite, its distance to any fixed element of P(4) grows to infinity. This behavior

is due to the metric being defined via a logarithmic function. This property implies that

the Riemannian distance serves as barrier function that inherently enforces the physical

consistency of the estimated inertial parameters without imposing it as a hard constraint.

Remark 3.3. We further note the close relation between the proposed metric and the

Fisher information metric on multivariate normal distribution [32]. Let us define a sub-

manifold N of M whose total mass m is fixed to 1. Then the manifold N is equivalent

to the statistical manifold of multivariate Gaussian distributions. The line element ds2

induced onto the submanifold N can be expressed under m = 1 and dm = 0 as

ds2
induced = dpT (ΣC)−1dp+

1

2
tr
((

(ΣC)−1dΣC
)2)

. (3.3.27)
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The induced metric (3.3.27) on N is exactly the Fisher information metric on the statis-

tical manifold of multivariate normal distributions, widely used in information geometry

as a coordinate-invariant Riemannian metric. Although N turns out to be non-geodesic

submanifold of M, it is of interest to note that the characteristics of the metric de-

scribed in Figure 3.2 correspond to the well-known ones of the Fisher information met-

ric [33].

3.3.2 Entropic Divergence

Recall that the (Bregman) log-det divergence defined on P(n) (2.2.14) is a second-

order approximation of the affine-invariant Riemannian distance. Using the one-to-one

mapping from φ to P = P (φ), we can define a divergence measure on M as

dM(1φ||2φ)2 , dh(1P‖2P ), (3.3.28)

where iP = P (iφ) ∈ P(4) for i = 1, 2. Since the log-det divergence (2.2.14) is affine

invariant, and pseudo inertia P exhibits a change of coordinate in a form of GL(4)

group action ∗, it follows that this divergence measure is also coordinate invariant.

Similar to the Riemannian distance (3.3.25), the divergence is well-defined on P(4)

and tends to infinity as arguments approach the boundary of the positive semi-definite

cone. This behavior is likewise due to the metric being defined via a logarithmic func-

tion and implies that the divergence also serves as a barrier function.

More explicitly, in the coordinates (m, p,ΣC), the divergence metric defined in (3.3.28)

can be decomposed as (c.f. (3.3.20))

dM
(

1φ‖2φ
)2

= dh
(

1m‖2m
)︸ ︷︷ ︸

mass

+ dh
(

1ΣC‖2ΣC
)︸ ︷︷ ︸

shape and orientation

+ 1m
(

1p− 2p
)T (2ΣC

)−1 (1p− 2p
)︸ ︷︷ ︸

position (CoM)

(3.3.29)



38 Geometric Dynamic Identification of Multibody Systems

The proof is given in Appendix A.1, Proposition A.2. Note that the mass m and sec-

ond moment matrix ΣC are elements of P(1) and P(3), respectively, on which the di-

vergence (2.2.14) is well-defined. As is evident from (3.3.29), the proposed divergence

measure simultaneously encodes the scale-free difference for both the total mass and the

geometric distribution of the mass density, similar to the Riemannian distance (3.3.25).

Remark 3.4. In (3.3.29), when both masses are fixed to one, the proposed divergence

measure coincides with the Kullback-Leibler (KL) divergence [34] on multivariate Gaus-

sians, which is known to capture the geometric (e.g., position, orientation and shape)

difference of two normalized densities. (See Appendix A.1, Proposition A.3 for proof.)

We use the term “entropic” for our divergence measure since the KL divergence can

be derived as the Bregman divergence associated with the negative entropy of a nor-

malized density function [35]. Our entropic divergence can be viewed as a particular

case of a generalized KL divergence for unnormalized densities like mass densities.

3.3.3 Constant Pullback Metric

In addition to the entropic divergence, another direct approximation of the geodesic

distance (3.3.25) can be given by considering a constant Riemannian metric evaluated

at some representative inertial parameter value 0φ ∈ R10 near the region of interest,

e.g., the prior estimate; that is, from (3.3.20), a simplified differential metric on M can

be defined as

ds2
0 ,

1

2
tr
((
P (0φ)−1P (dφ)

)2) (3.3.30)

= dφT g(0φ)dφ, (3.3.31)

where a constant positive definite matrix g(0φ) can be straightforwardly constructed

considering the fact that (3.3.30) is a quadratic form with respect to dφ. Formally, g(·)
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is the pullback of the affine-invariant Riemannian metric on P(4) to R10 under the

mapping P (·).An expression for g(·) is provided in Appendix B.1. With this definition,

the constant pullback distance metric on φ ∈ R10 can be defined as

d0(1φ, 2φ)2 , (1φ− 2φ)T g(0φ)(1φ− 2φ), (3.3.32)

or equivalently,

d0(1φ, 2φ)2 =
1

2
tr
((
P (0φ)−1P (1φ− 2φ)

)2)
. (3.3.33)

Like the Riemannian distance and entropic divergence, it is straightforward to check

from (3.3.33) that the constant pullback distance is dimensionless, and coordinate and

scale invariant.

Remark 3.5. Mathematically, with a constant Riemannian metric g(0φ) (3.3.31), the en-

suing space M is isometric to a flat Euclidean space; considering the reparametrization

φ′ = g(0φ)1/2φ, the differential metric is given by ds2
0 = dφ′Tdφ′. Meanwhile, unlike

the naive standard Euclidean metric on φ, the constant pullback metric allows a rea-

sonable approximation of the curved Riemannian structure near 0φ; approximations far

from 0φ can be inaccurate, however. To demonstrate, the quadratic distance (3.3.32) has

a finite value on the boundary of M, while the Riemannian distance (and also entropic

divergence) have infinite values.

3.3.4 Distribution Awareness of Geometric Distances

Figure 3.3 and 3.4 present multiple cases of perturbations to rigid-body mass distribu-

tions and compares how the perturbations are captured using different distance measures.

As shown in Figure 3.3(a), the geometric distance measures—the Riemannian distance,

entropic divergence and constant pullback distance—produce the shortest distances for

the pair of mass distributions whose centers of mass are aligned along the major prin-

cipal axes; physically, the densities maximally overlap in such configurations. As also
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discussed in Figure 3.2, the proposed geometric distance measures can naturally penal-

ize the estimation of CoM to lie inside the body through regularization. In contrast, the

Euclidean distance shows little to no meaningful deviation, as the Euclidean distance

on the first moment h is constant without regard to changes in the configuration (θ),

and changes in the moment of inertia are encoded at a much smaller magnitude than

other quantities under the Euclidean metric in SI units.

In Figure 3.4(b), the inertial parameters of a body are deliberately perturbed by

adding or subtracting multiple point masses at uniformly distributed positions inside the

body (see Appendix B.2 for further details). The magnitude of the mass perturbations

are set proportional to the mass of the object. It can be observed from Figure 3.4(b)

that the geometric distance measures are insensitive to scale changes in the target mass,

while the Euclidean distance monotonically increases as the absolute magnitude of the

point mass noise increases. This phenomenon can be understood in terms of the scale-

invariance of geometric distances (see the first term in (3.3.20) or (3.3.29)).

Remark 3.6. Observe from Figure 3.3(a), 3.4(a), 3.3(b) that the Euclidean metric shows

conspicuously different distance evaluations just by changing the system of units, while

geometric distances are invariant with respect to unit/scale choices.

Moreover, in Figure 3.4(a), as the body shrinks to a point mass, the Riemannian

distance and entropic divergence to the target inertia diverge to infinity. More specif-

ically, since the effective volume of the density is captured in the determinant of the

second moment matrix ΣC , the log-det function in the second term of (3.3.29) makes

the distance approach infinity as the volume shrinks. In contrast, as alluded to earlier,

distances to the zero volume inertia (located on the boundary of M) are quantified as

finite values for the quadratic Euclidean and constant pullback distances.

Remark 3.7. The scale-invariant property together with the logarithmic landscape of the
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(a) CoM varied (b) Orientation and CoM varied

Figure 3.3: Comparisons of squared distances between inertial parameters of ellipsoidal

bodies, each of uniform density and drawn to the same scale. In each plot, the distances

are normalized with the value at a particular configuration of the two bodies (marked

on the plots with black vertical dashed lines). Two unit systems are used to evaluate

the distances: kg-m (SI unit) and inch-pound. The inertial parameters of the target bod-

ies (grey ellipsoids) are used to evaluate the pullback form of the Riemannian metric

for the constant pullback metric. The distance from the fixed target density (grey el-

lipsoid) to the perturbed ones (red ellipsoids) are compared while varying the position

and orientation, but with total mass fixed.
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(a) Volume varied (b) Point mass noise

Figure 3.4: Figures 3.4(a) compares the distance from the fixed target density (grey el-

lipsoid) to the perturbed ones (red ellipsoids) while varying the total volume, but with

total mass fixed. Figure 3.4(b) compares the distance from the target body (grey sphere)

with varied total mass m to the identical body perturbed by adding uniformly distributed

point mass noise inside the body whose total mass ∆m is also drawn from the uniform

distribution on [−0.3 ·m, 0.3 ·m]. For each case of the target body with total mass m,

the mean of the distances to 500 samples of the perturbed bodies is evaluated; the de-

viation between the “normalized” Euclidean (SI, inch-pound) distances is very small so

that their plots in Figure 3.4(b) almost overlap each other. The “normalized” geometric

(const. pullback, entropic and Riemannian) distances likewise have minimal deviation

from one another.
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distance can naturally prevent the estimation of inertial parameters from being overly

sensitive to lighter/smaller links relative to heavier/larger ones.

3.4 Geometric Identification with Geodesic Least Squares

In this section, we frame the inertial parameter identification problem as an optimiza-

tion problem on the Riemannian manifold Mn. By exploiting the natural affine-invariant

Riemannian structure of Mn, a physically meaningful objective function can be formu-

lated and optimized with iterative cyclic procedures of taking geodesic projections and

a geometric mean.

3.4.1 Intrinsic Riemannian Error Criterion

Recall identifying the physically consistent inertial parameters of a multibody system re-

duces to finding Φ ∈Mn ⊂ R10n that best fits the system of linear equations (3.2.15),

AΦ = b. Referring to Figure 3.5, the problem can be equivalently restated in a geomet-

rical way as finding Φ that is closest to each of the hyperplanes

Hi , {x ∈ R10n : aTi x = bi}, i = 1, · · · ,m, (3.4.34)

where ai ∈ R10n, bi ∈ R are the rows of A and b, respectively, and at the same

time resides in Mn. Viewed from this perspective, ordinary least-squares minimizes

the weighted sum of squares of the Euclidean distances from Φ to each hyperplane and

the prior value 0Φ, i.e., referring to (3.2.16),

min
Φ,{iΦ}mi=1

m∑
i=1

γi‖Φ− iΦ‖2 + γ‖Φ− 0Φ‖2 (3.4.35)

s.t. aTi
iΦ = bi, i = 1, ...,m, (3.4.36)
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(a) Least-squares (b) Our formulation

Figure 3.5: Pictorial description of the geometric meaning of the physically consistent

inertial parameter identification problem. The green cone-shaped shaded region indicates

the manifold Mn ' P(4)n embedded in R10n. The blue hyperplanes each represent the

linear constraints in AΦ = b. Each of the black arrows indicates the projection of Φ

to the hyperplanes whose paths depend on the metric. Red dashed circles denote the

projections of Φ to physically inconsistent values outside the green shaded region.

where γi = ‖ai‖2/σ2
i and the iΦ are a set of slack variables used in the equality-

constrained optimization, physically corresponding to the projected points from Φ to

each of the hyperplanes Hi. Note however that the notion of projecting a point to the

hyperplane depends on the metric defined on the space. As can be seen in (3.4.35)

and (3.4.36), the least-squares formulation adopts an Euclidean metric on the parameter

space; this can cause the projected points iΦ, marked as red dashed circles in Figure

3.5(a), to be physically inconsistent. Since Φ eventually converges to the weighted arith-

metic mean of iΦs and 0Φ, any physical inconsistencies in iΦ can adversely affect the

estimation of Φ.
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The key idea in our approach is to use the natural metric on the physically con-

sistent parameter space Mn. The corresponding optimization problem formulation can

be achieved by substituting the Euclidean distance ‖(·)− (·)‖ with the natural geodesic

distance dMn(·, ·):

min
Φ,{iΦ}mi=1

m∑
i=1

γi · dMn(Φ, iΦ)2 + γ · dMn(Φ, 0Φ)2 (3.4.37)

s.t.
n∑
j=1

tr(iPjXij) = bi, i = 1, ...,m, (3.4.38)

where iPj = P (iφj) ∈ P(4), and the constraint iΦ ∈ Hi is expressed in matrix form

as (3.4.38) with Xij ∈ S(4), which is equivalent to vector constraints (3.4.36) (See

Appendix B.1 for a construction of the matrix Wij). With the proposed formulation,

physical consistency can be guaranteed without explicitly constraining the parameters to

be physically consistent, due to the well-defined metric-based projection and geometrical

means on Mn.

Remark 3.8. The squared measurement error in (3.2.16) is invariant to the linear trans-

formations Φ→M1/2Φ and ai →M−1/2ai for any positive-definite matrix M . There-

fore a constant dimensionless choice of γi = aTi M
−1
0 ai/σ

2
i with unique (pullback met-

ric) M0 satisfying dΦTM0dΦ ≡
∑n

j=1〈P (dφj), P (dφj)〉P (0φj) is preferred over the

choice γi = ‖ai‖2/σ2
i .

Remark 3.9. Directly regularizing the linear least squares error, i.e.,

min
Φ
‖AΦ− b‖2Σ−1 + γ · dMn(Φ, 0Φ)2, (3.4.39)

is also possible and coordinate invariant. Convex relaxations of this form is to be adopted

in Section 3.5 for allowing fast, computationally efficient algorithms with guaranteed

convergence. Still, the formulation (3.4.37), (3.4.38) provides a more geometrically in-

tuitive algorithm with a robust feature for rejecting anomaly data as we argue below.
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3.4.2 Cyclic Optimization Algorithm

The objective function (3.4.37) is minimized by an iterative cyclic optimization proce-

dure, alternatively optimizing the slack variables {iΦ}mki=1 and the inertial parameters

Φ with an initial guess 0Φ; geometrically this corresponds to repeated projection, and

finding the means of the projected points. We now explain these two steps in more

detail.

• Optimizing {iΦ}mi=1: Projection of Φ to Hi

Given fixed Φ, each of the iΦ can be optimized in parallel, each iΦ updated via

the following subproblem:

iΦ = arg min
Φ̂

dMn(Φ, Φ̂)2

s.t. Φ̂ ∈ Hi

which is exactly the definition of point-set projection in the metric space. How-

ever, it turns out that there exist multiple (∼ O(24n)) of extremum points. Rather

than exhaustively finding all possible extrema, the computational burden can be

reduced by restricting the search space to the following neighborhood of Φ:

BΦ = {Φ̂ ∈Mn : λmax(P (φi)
−1P (φ̂i)) ≤ e,∀i = 1, · · · , n}.

It can be shown that there exists at most a single local minimum in BΦ. In prac-

tice, most of the local minima iΦ ∈ BΦ are found to exist, except for cases where

the measurement noise is excessive. We now propose the following point (Φ)-set

(H ∩ BΦ) projection rule on Mn:

Proposition 3.2. The natural projection of Φ ∈Mn ⊂ R10n onto H∩BΦ, where

the hyperplane H is defined by H = {Φ ∈ R10n : aTΦ = b} ' {{Pj}nj=1 ∈
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S(4)n :
∑n

i=1 tr(PjXj) = b}, is uniquely determined if and only if the monoton-

ically decreasing function

C(λ) =
n∑
j=1

4∑
k=1

σkj e
−W (λσkj ) − b (3.4.40)

has a unique root λ̂ on the interval [−g(σmax), g(−σmin)], where W (·) is an

inverse function of w : [−1,∞)→ R, w(x) = xex,

g(σ) =


1/(e · σ), if σ > 0

+∞, otherwise

σkj are the eigenvalues of X̄j = P
1/2
j XjP

1/2
j , and σmax, σmin are the largest

and smallest eigenvalues of {X̄j}nj=1.

Then the unique projected point Φ̂ is given by

φ̂j = P−1(P̂j) = P−1(P
1/2
j eQjP

1/2
j ) (3.4.41)

where Qj = Rj · diag(−W (λ̂σkj )) · RTj and Rj ∈ SO(4) is obtained from the

eigendecomposition of X̄j = RjΣR
T
j .

Proof. The proof is given in the Appendix A.2.

Note that because of the monotonicity of C, existence of the unique solution λ̂

can be verified by simply evaluating C at the boundary of the specified interval.

If the solution exists, the root is found numerically. Otherwise, the hyperplane

H lies outside Mn, or the projected point lies outside BΦ, in which case the

corresponding constraint is simply discarded at the initial stage.
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• Optimizing Φ: Geometric Mean of {iΦ}mi=1

The optimal Φ given fixed {iΦ}ni=1 is obtained by solving an unconstrained op-

timization problem of the form

Φ = arg min
Φ̂

mk∑
i=1

γi · dMn(Φ̂, iΦ)2 + γ · dMn(Φ̂, 0Φ)2, (3.4.42)

which geometrically corresponds to the point that minimizes the weighted sum of

squares of geodesic distances from {iΦ}ni=1 and 0Φ. Therefore, the optimal Φ can

be thought of as an extended version of the mean defined on the manifold; this

same definition has been studied in the literature, known as a geometric mean

[16] or Karcher mean [36]. The Karcher mean is known to uniquely exist for

P(n). Moreover there exist gradient-based algorithms for numerically finding the

Karcher mean. We use the Matlab function manopt [37] to solve (3.4.42).

3.5 Geometric Identification with Convex Relaxations

In this section, we propose a convex programming approach to the geometric iden-

tification of inertial parameters by considering entropic divergence and constant pull-

back distance metric for regularization. With the proposed approach, one can realize

distribution-aware identification of physically consistent inertial parameters in a well-

conditioned manner while guaranteeing fast convergence to the unique global solution

using semi-definite programming solvers.

Since the residual error term ‖AΦ−b‖2Σ−1 in (3.2.16) or (3.4.39) is clearly indepen-

dent on the coordinate choice, the distance metric in the regularization term needs to be

coordinate invariant. Convex geometric regularization can be accomplished by replacing

the regularization term in (3.2.16) with convex geometric distances; for instance, using
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the entropic divergence,

min
Φ
‖AΦ− b‖2Σ−1 + γ · dMn(Φ‖0Φ)2, (3.5.43)

where dMn(Φ||0Φ)2 ,
∑n

i=1 dM(φi||0φi)2.

Remark 3.10. From the definition (3.3.28),

dMn(Φ‖0Φ)2 =

n∑
i=1

dh(P (φi)‖P (0φi)) (3.5.44)

holds. Since dh is convex with respect to its first argument and P (·) is a linear map-

ping, the entropic divergence regularizer (3.5.44) is also convex with respect to Φ =

[φT1 , · · · , φn]T .

As noted in Remark 3.7, the entropic regularization term acts as a barrier function

that inherently enforces the physical consistency of the estimated inertial parameters

without imposing it as a hard constraint. Moreover, the convex formulation (3.5.43) can

also be extended to include additional convex inequality constraints, e.g., the E-density

realization condition (3.2.12), by imposing tr(P (φi)Qi) ≥ 0, i = 1, · · · , n.

The problem (3.5.43) can be reformulated in coordinates (P1, · · · , Pn) = (P (φ1), · · · , P (φn))

with E-density realizability constraints as

min
{Pi}ni=1

m∑
j=1

( n∑
i=1

tr(PiXij)− bj

)2

/σ2
j


+ γ

n∑
i=1

(
− log |Pi|+ tr(0P−1

i Pi)
)

(3.5.45)

s.t. tr(PiQi) ≥ 0, i = 1, · · · , n . (3.5.46)

The quantities Xij ∈ S(4) are the unique 4 × 4 symmetric matrices satisfying aTj Φ =∑tr
i=1(PiXij), where aTj ∈ R10 is the j-th row vector in matrix A ∈ Rm×10n, bj is
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the j-th scalar component in vector b ∈ Rm, and σ2
j is the j-th diagonal entry in the

diagonal matrix Σ ∈ Rm×m (See Appendix B.1 for a construction of the matrix Xij).2

Quadratic error regularization with the constant pullback metric can be formulated

as

min
Φ
‖AΦ− b‖2Σ−1 + γ · d0(Φ, 0Φ)2 (3.5.47)

s.t. P (φi) � 0, (3.5.48)

tr(P (φi)Qi) ≥ 0, i = 1, · · · , n, (3.5.49)

where

d0(Φ, 0Φ)2 , (Φ− 0Φ)TG(0Φ)(Φ− 0Φ) (3.5.50)

and the pullback G(0Φ) ∈ P(10n) for the full parameter set is given by

G(0Φ) = diag
(
g(0φ1), . . . , g(0φn)

)
. (3.5.51)

The use of this constant pullback metric can be practically appealing as a convex regu-

larizer since it is quadratic in the vector representation Φ. Meanwhile, as the quadratic

error distance (3.5.50) fails to naturally serve as a barrier function for physically con-

sistent parameters, the inclusion of physical consistency constraints (3.5.48) is required

in the optimization. This drawback is similar to the Euclidean metric but in contrast to

the Riemannian distance metric and entropic divergence.

3.5.1 Provable Comparative Analysis Scheme

Comparing the generalizability performance of different regularizers raises a challenge

to ensure fairness. Maintaining the same scalar regularization factor γ in (3.2.16) across
2For a non-diagonal covariance matrix Σ, let the eigendecomposition be Σ = RΛRT . Then, one can

simply substitute the variables as A← RTA, b← RT b, Σ← Λ to always make Σ a diagonal matrix
without changing the formulation.
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different regularization types may fail to equally balance data fit with fit to the prior.

For example, when the magnitude of the regularization error increases by switching the

regularizer, naively fixing the value of γ can lead to increased bias toward the prior

value. To avoid this issue, γ should be selected differently for each regularizer. For

example, one could select γ to ensure a certain level of error in the training dataset, or

to ensure optimal generalizability via cross-validation strategies.

In this section, we provide a methodology to compare the performance of differ-

ent regularizers by guaranteeing a fixed residual error on the training dataset. The key

idea rests on the fact that the regularized formulation (3.2.16) can be reformulated as

a constrained point (0Φ)-to-set (Xc) projection problem:

min
Φ
d(Φ, 0Φ)2 (3.5.52)

s.t.Φ ∈ Xc , {Φ̂ : ‖AΦ̂− b‖2Σ−1 ≤ c} ,

where the scalar c depends on the regularization weight γ. The proof that such a re-

formulation is always possible is given in Appendix A.3, Proposition A.4.

Here, we again highlight the importance of using the natural regularizer for ill-posed

identification problems from an alternative geometric perspective. From the equivalence

of the formulation (3.2.16) and (3.5.52), regularizing the least-squares error can be un-

derstood as finding the closest estimate to the nominal value 0Φ among the set Xc with

bounded least-squares error. When the regressor matrix A is highly ill-conditioned and

rank-deficient, this property implies that the set Xc will be highly anisotropic and un-

bounded in some directions. As a result, achieving a physically natural projection of

the nominal value 0Φ to Xc depends largely on the choice of distance metric. Figure

3.6 shows a conceptual sketch of projecting a prior inertial parameter 0Φ to Xc us-

ing different distance metrics. A naive Euclidean projection can easily result in physi-

cally infeasible estimates, for which the estimation parameters are projected outside the
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Infeasible

Figure 3.6: Conceptual sketch of solving a constrained point(0Φ)-to-set(Xc) projection

problem for least-squares identification of inertial parameters with different distance

measures for regularization. The grey cone the represents the region of physically con-

sistent inertial parameters, while the green set represents the boundary of the set Xc

with bounded least-squares error. Φ∗Euc and Φ∗Geom are the projected values of the prior

value 0Φ to the set Xc with Euclidean distance and geometric distance, e.g., entropic

divergence or Riemannian distance, respectively. The ellipsoids depicted inside the grey

boxes represent the visualization of the equivalent mass densities of the inertial param-

eters along the paths of projections.
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positive-definite cone Mn or converge to a point on the boundary of Mn when the

physical consistency condition is explicitly enforced. With this alternative constrained

formulation in mind, below we directly present the proposed methodology followed by

a rigorous justification of the method.

Given R different convex regularizers d1(., .), · · · , dR(., .), the method proceeds as

follows:

(i) Select an arbitrary regularizer, without loss of generality d1(., .), and a value for

the regularization factor γ1.

(ii) Solve a convex regularized least-squares problem (e.g., such as (3.2.16)) for the

regularizer d1(., .) with regularization factor γ1, and obtain the optimized residual

error loss c.

(iii) For i = 2, · · · , R, solve the corresponding convex bounded residual error formu-

lation (e.g., such as (3.5.52)) with regularizer di(., .) and residual error bound c.

From Proposition A.5 in Appendix A.3, one can guarantee that the alternative optimiza-

tions in step iii have solutions that are equivalent to regularized formulations for some

choice of factors γi. Further, each of these solutions provides equivalent training error.

This means that each solution in step iii is always located at the boundary of Xc. More-

over, the method is applicable to the case where additional optimization variables are

included, e.g., friction parameters, or additional convex constraints are imposed, e.g.,

E-density realizability (3.2.12), non-negativity constraints on friction parameters, etc.

In addition to convex regularized identification formulations of the form (3.2.16),

there are other optimization formulations for inertial parameter identification that merit

comparison. First, comparison to the non-convex Riemannian regularized identification
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formulation may indicate how much is practically gained or lost by using the entropic

divergence as a convex approximation. This formulation is given by

min
Φ
‖AΦ− b‖2Σ−1 + γ · dMn(Φ, 0Φ)2 . (3.5.53)

While the non-convexity of the Riemannian regularization prevents transforming this

problem into an equivalent point-to-set projection problem, we instead rely on (3.5.53)

with γ set to the value used for entropic divergence regularization. Since the Riemannian

distance is approximated by the entropic divergence up to second order, using the same

γ is reasonable.

Another formulation for identifying physically plausible inertial parameters was pro-

posed in [38]. The mass distribution of each body of a robot is approximated by a finite

number of point masses at fixed positions inside an a priori known region of support.

Then, the inertial parameters Φ = [φT1 , · · · , φTn ] ∈ R10n can be represented linearly us-

ing a vector µ ∈ RNρ≥0 of Nρ mass values at these locations. Mathematically, Φ = Rµ

for some matrix R ∈ R10n×Nρ that depends on the positions of the point masses. One

of the core benefits of this reparametrization is that the physical consistency constraint

on the pseudo-inertia (3.2.7) and E-density realizability condition on Φ can be effec-

tively approximated by simply enforcing all the virtual point masses to be non-negative,

i.e., µ ≥ 0. In [38] the authors adopt a Euclidean metric on µ for regularized inertial

parameter identification:

min
µ

‖ARµ− b‖2Σ−1 + γ · ‖µ− 0µ‖2 (3.5.54)

s.t. µ ≥ 0,

where the identified value of the inertial parameters can be retrieved by the relation

Φ = Rµ after the optimization.
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Remark 3.11. Variables in the redundant specification of point masses µ can be chosen

to have identical physical units of mass. Thus, unlike the original Euclidean metric

on inertial parameters Φ, adopting the standard Euclidean metric on point values is

physically more sensible.

The point mass formulation (3.5.54), like our geometric formulation, also provides

a means of distribution-aware regularization at the expense of introducing redundant

point mass parameters. Comparison to this point mass regularization approach allows

one to assess how much is practically gained or lost by regularizing with our geometric

distance measures directly on a more compact representation of inertial parameters.

Since (3.5.54) is clearly a convex problem, the corresponding bounded least square

error formulation

min
µ≥0
‖µ− 0µ‖2 (3.5.55)

s.t.‖ARµ− b‖2Σ−1 ≤ c (3.5.56)

also has a unique global minimum solution. Like the aforementioned convex formula-

tions, the least-square error constraint (3.5.56) is guaranteed to be active at any optimal

solution if the prior value is designated such that R 0µ = 0Φ.

Remark 3.12. The proposed geometric distances can simultaneously measure differ-

ences both in the geometric distribution of mass and in the densities. By comparison,

fixed mass locations in the above point-mass formulation limit its flexibility to measure

changes in the geometric distribution. Beyond this high-level benefit, we will show that

geometric regularizers capture the main performance benefits of the point-mass formu-

lation, while only requiring a prior for the inertial parameters.
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3.6 Experiments

This section benchmarks the proposed convex geometric distances for regularized identi-

fication alongside the Euclidean parameter metric, Euclidean point-mass metric and full

Riemannian metric. We first consider identification of the AMBIDEX manipulator (fixed

base), then the MIT Cheetah 3 (fixed-base identification of a floating-base system), and

finally a human (full floating-base identification from low-cost measurement devices).

This battery of tests allows us to characterize the effects of data scarcity and quality

on the accuracy of the models identified and the plausibility of the inertial parameters

that are found.

3.6.1 AMBIDEX Robot Manipulator

Identification experiments were conducted on the AMBIDEX, a seven-dof anthropomor-

phic robot manipulator jointly developed by KoreaTech and NAVER LABS. The core

mechanical design of AMBIDEX is based on the LIMS manipulator [39]. Ten rigid

body links are articulated by seven cables wired across the bodies. Each cable is actu-

ated by an electric motor. The cable wiring results in a 1:30 torque amplification from

motors to joints. Owing to the unique mechanical coupling (rolling joint mechanism)

between three pairs of bodies, the system can be reduced to a seven-dof fully actuated

system [39]. Denoting by q ∈ R7 the motor angles and by θ ∈ R10 the joint angles,

the dynamic equations for the motor torques τ ∈ R7 are given by

τ = J(q)T τθ + diag(q̈)Ir + diag(sign(q̇))fc + diag(q̇)fv, (3.6.57)

where Ir = [Ir1 , · · · , Ir7 ]T ∈ R7 is the vector of inertias of the rotors about the motor

axes, fc ∈ R7 and fv ∈ R7 are the Coulomb and viscous friction coefficients, and

J(q) ∈ R10×7 is the full-rank Jacobian of the nonlinear mapping between the motor
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angles and the joint angles. The joint torque vector τθ ∈ R10 is given by

τθ = M(θ)θ̈ + C(θ, θ̇)θ̇ + g(θ) = Γ(θ, θ̇, θ̈)Φ, (3.6.58)

where Φ = [φT1 , · · · , φT10]T ∈ R100 is the vector of inertial parameters of the ten bodies.

The motor torque τ has a linear relation with respect to the inertial parameters Φ̄ =

[ΦT , ITr ] ∈ R107 and also friction parameters f̄ = [fTv , f
T
c ] ∈ R14:

τ = ΓΦ̄(q, q̇, q̈) · Φ̄ + Γf̄ (q̇) · f̄ , (3.6.59)

where

ΓΦ̄ = [JTΓθ, diag(q̈)] ∈ R7×107 , and

Γf̄ = [diag(sign(q̇)), diag(q̇)] ∈ R7×14 .

Data was gathered at a sampling rate of 100Hz from 47 sets of random point-to-point

movements, each lasting 1.3 seconds. After postprocessing the raw kinematic data sam-

ples q, q̇ with a fifth-order Savitzky-Golay filter of window size 35, acceleration mea-

surements q̈ were obtained by numerical differentiation of the filtered q̇. The first 4,100

samples were used for identification paired with raw motor torque measurements τ .

The next 2,000 samples were used for the validation with filtered motor torques using

a fifth-order Savitzky-Golay filter of window size 35.

Concatenating the regressor matrices ΓΦ̄ and Γf̄ and motor torques τ for ns =

4, 100 time samples, the regularized identification formulation is given by

min
Φ̄,f̄

‖AΦ̄Φ̄ +Af̄ · f̄ − b‖2 + γ · d(Φ̄, 0Φ̄)2 (3.6.60)

s.t P (φi) � 0, (3.6.61)

tr(P (φi)Qi) ≥ 0, ∀i ∈ {1, · · · , 10}, (3.6.62)

Ir ≥ 0, (3.6.63)

f̄ ≥ 0, (3.6.64)
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where AΦ̄ = [ΓΦ̄(t1)T , · · · ,ΓΦ̄(tns)
T ]T ∈ R7ns×107, Af̄ = [Γf̄ (t1)T , · · · ,Γf̄ (tns)

T ]T ∈

R7ns×14 and b = [τ(t1)T , · · · , τ(tns)
T ]T ∈ R7ns . CAD data was used to set the prior

inertial parameter values 0Φ̄ = [0ΦT , 0Ir] for both bodies and rotors as well as the

bounding-ellipsoid parameters Qi. The following choices of distance metrics d(Φ̄, 0Φ̄)2

are considered for comparison:

‖Φ̄− 0Φ̄‖2 (Euclidean)

d0(Φ, 0Φ)2 +
7∑
i=1

(
Iri−

0Iri
0Iri

)2
(Constant Pullback)

dM10(Φ‖0Φ)2 +
7∑
i=1

dF (Iri‖0Iri) (Entropic)

dM10(Φ, 0Φ)2 +
7∑
i=1

1
2 log

(
Iri
0Iri

)2
(Riemannian)

Remark 3.13. While the inertial parameters φi of the bodies reside in P(4) 'M, the

rotor inertias about each motor axis Iri can be treated as elements of P(1) (the set

of positive scalars), for which the affine-invariant Riemannian distance and its approx-

imations can be obtained as above.

The point-mass parametrization method [38] is also considered as

min
µ̄,f̄

‖AΦ̄Rµ̄+Af̄ · f̄ − b‖2 + γ · ‖µ̄− 0µ̄‖2 (3.6.65)

s.t µ̄ ≥ 0 (3.6.66)

f̄ ≥ 0, (3.6.67)

where the inertial parameters Φ̄ = Rµ̄ are reparametrized with Nρ = 653 point masses

µ̄ ∈ RNρ uniformly distributed across the bodies and rotors.

The convex optimization problems (3.6.60) and (3.6.65) were solved using MOSEK

[40] and CVX [41] in MATLAB. The non-convex formulation of (3.6.60) with Rie-

mannian distance regularization was solved using the interior-point method in MAT-

LAB with the built-in function fmincon. Analytic gradients of the objective function
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were provided. The identification with the entire 4,100 training samples took 1.0-1.2s,

0.9-1.0s, 10-11s, and 18-19s for Euclidean, constant pullback, entropic regularizers and

point mass regularization respectively on an Intel Core i7-6700 desktop computer. As

the training data samples are sufficiently rich, the test error discrepancies across differ-

ent convex regularizers were minor; the solutions converged to provide the RMS joint

torque errors on the 2,000 test samples to be around 0.0122 µ 0.001 Nm with minimal

regard to the regularization effect.

The performance and computation time for the Riemannian distance regularized for-

mulation depended largely on the initial guess and conditions provided to the solver.

When the friction parameters were set to be fixed to the nominal value and the initial

guess for Φ̄ was set to the prior value 0Φ̄, the solution converged to a local mini-

mum having RMS test error of 0.0156 Nm (slightly larger than the others). However,

when the friction parameters were optimized together with the inertial parameters, the

solver converged to a bad local minimum having a large RMS test error of 0.6 Nm.

When the initial guess was set to the optimal solution obtained from the entropic or

the constant pullback regularization, the fmincon solver took 7-10s to converge to a

very nearby local minimum solution having almost the same test error. Convex approx-

imation methods thereby not only improve computational efficiency and stability of the

geometric inertial parameter identification but also increase the flexibility to more easily

handle additional model parameters like friction.

Figure 3.7 shows the plots of identification results when the training samples were

provided only for a short duration of time. Performance is measured in terms of both

mean and standard deviation of test errors on 30 randomly sampled sets of training data.

The residual errors for the training samples maintain the same values across different

regularization types, which was realized by the method provided in Sec. 3.5.1 (the reg-

ularization factor was set as γ = 0.03 for the entropic divergence regularizer). Under
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Figure 3.7: Inertial parameter identification results for the AMBIDEX robot manipulator

with different regularizers and varying the number of training samples. Friction parame-

ters are fixed to the values identified from the full sample set. The red dashed horizontal

line indicates the RMS test error with the prior value 0Φ̄ and the black bold horizontal

line indicates the level of RMS test error using full set of 4,100 training samples for

identification.
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(a) Euclidean (Φ) (b) Euclidean (µ)

(c) Constant pullback (d) Entropic

Figure 3.8: Visualization of the identified inertial parameters of the AMBIDEX manipu-

lator with 30 training samples using different distance measures for regularization. The

ellipsoids represent uniform mass densities uniquely realizable from the inertial param-

eters φi of each link. The ellipsoids for point mass parameters µ̄ are obtained by the

transformation rule Φ̄ = Rµ̄.
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identical training errors, geometric regularization on Φ̄ and Euclidean point-mass regu-

larization considerably surpass the generalization performance of the Euclidean regular-

izer on Φ̄. These regularizers, using only a small number of samples, effectively capture

the distributional information of the prior inertial parameters and generalize compara-

bly to the identification results using the full sample set. In contrast, observe that the

Euclidean regularizer on the inertial parameters shows larger test error than the test er-

ror evaluated with using prior inertial parameters. It also converges slowly. Figure 3.8

shows the identified inertial parameters using 30 samples obtained during a 0.3s inter-

val. It can be clearly observed that the naive Euclidean regularization on Φ̄ does not

make use of the distributional information of the prior inertial parameters and shows

physically unrealistic results.

This particular experiment sheds further light on the potential use of distribution-

aware regularization methods for online identification [42] or direct adaptive control

[43, 44] of robots, wherein generalizable estimation with limited information is desir-

able for fast convergence. Considering both the computational cost of online optimiza-

tion relative to the resultant performance, quadratic regularization on the compact rep-

resentation Φ̄ with the constant pullback metric may be practically appealing over the

point-mass parametrization.

Remark 3.14. Least squares with a quadratic regularizer can be efficiently implemented

with online recursive algorithms. However, these recursive least squares methods do not

in general guarantee a system’s stability [45]. Our recent results [43] (Chapter 5) show

that the entropic divergence can be used to develop efficient geometric direct adaptation

laws while also guaranteeing the stability of the system. Nevertheless, as direct meth-

ods are generally known to suffer from parameter drift problem [45], it would still be

interesting to investigate geometric approaches in, e.g., composite methods [46].
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(a) Euclidean (b) Entropic

Figure 3.9: Comparison of the ground ZMP prediction trajectories with the identified

inertial parameters and prior value.

Lastly, Figure 3.9 shows the plot of the predicted Zero Moment Point(ZMP) [47] on

the ground. The predicted ZMP trajectory of the Euclidean deviates more than 5 cm in

average from the ones of both prior and entropic. Although the AMBIDEX manipulator

is currently fixed to the ground and thereby does not need an extra information, like

ZMP, for active balancing control, this result foreshadows the potential of using geo-

metric identification in floating-base systems, which shall be discussed in the following

Section.

3.6.2 MIT Cheetah 3 Robot

Extensive identification experiments were conducted on a leg of the MIT Cheetah 3

robot [48]. In particular, we examine the generalizability of the fixed-base identification

to both fixed-base and floating-base motion trajectories.
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3.6.2.1 Fixed-base Identification and Validation

Each 3-DoF leg of the MIT Cheetah 3 robot is driven by three proprioceptive actuators

[49], each including a high-inertia rotor coupled to the joint by a 10.6 : 1 gearbox.

To address actuator effects, the leg was treated as a system of 6 bodies (3 links and

3 rotors). To account for transmission losses, viscous and Coulomb friction coefficients

fv ∈ R3 and fc ∈ R3 were included in the joint space dynamics as [28],

τ = Γ(q, q̇, q̈)Φ + diag(q̇)fv + diag(sign(q̇))fc

= Γ(q, q̇, q̈)Φ + Γf̄ f̄ ,

where Φ = [φT1 , · · · , φT6 ] ∈ R60 is the vector of inertial parameters of the 6 bod-

ies, f̄ = [fTv , f
T
c ]T ∈ R6 is the concatenated vector of the friction parameters, and

Γf̄ = [diag(q̇),diag(sign(q̇))] ∈ R3×6. Data was gathered from a leg swinging experi-

ment conducted in [28] with a sampling rate of 1kHz. The samples obtained during the

first 10s of motion were used for identification and the ones from the next 10s of mo-

tion were used for the validation. The raw kinematic data samples were postprocessed

with a 4-th order Savitzky-Golay filter of window size 101. Moreover, in account of

the large error in the Coloumb friction model observed during slow motion, the data

samples having joint velocities less than 5deg/s were excluded for both identification

and validation. We also note that we use the raw torque measurements for identifica-

tion, while a 4-th order Savitzky-Golay filter of window size 101 is used to filter out

the high-frequency noise in the torque measurements only for the validation (test) set.

Concatenating the regressor matrices and motor torques τ for ns = 7, 379 training
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samples, the regularized identification formulation can be given by

min
Φ,f̄

‖AΦ +Af̄ f̄ − b‖2 + γ · d(Φ, 0Φ)2 (3.6.68)

s.t P (φi) � 0, (3.6.69)

tr(P (φi)Qi) ≥ 0, ∀i ∈ {1, · · · , 6}, (3.6.70)

f̄ ≥ 0, (3.6.71)

where A = [Γ(t1)T , · · · ,Γ(tns)
T ]T ∈ R3ns×60, Af̄ = [Γf̄ (t1)T , · · · ,Γf̄ (tns)

T ]T ∈

R3ns×6 and b = [τ(t1)T , · · · , τ(tns)
T ]T ∈ R3ns . The prior inertial parameter value 0Φ

and the bounding-ellipsoid parameters Qi were set using CAD data. Convex optimiza-

tion problems (3.6.68) with Euclidean, constant pullback, and entropic regularizations

were solved as well as the point mass regularization formulation,

min
µ,f̄

‖ARµ+Af̄ · f̄ − b‖2 + γ · ‖µ− 0µ‖2 (3.6.72)

s.t µ ≥ 0 (3.6.73)

f̄ ≥ 0, (3.6.74)

with µ ∈ RNρ for Nρ= 300 point masses. All problems were solved using MOSEK [40]

and CVX [41] in MATLAB. The identification with the entire 7,379 training samples

took 0.7-0.8s, 0.6-0.7s, 4-5s, and 3-4s for the Euclidean, constant pullback, entropic,

and point mass regularizers respectively on an Intel Core i7-6700 desktop computer.

Riemannian distance regularization was again solved using the fmincon interior-point

solver with an initial guess from the solution of the entropic regularization.

Figure 3.10 shows plots of the identification results while varying the number of

training samples. Performance is measured in terms of both the mean and standard de-

viation of test errors on 35 randomly sampled sets of training samples. The residual

errors for the training samples maintain the same values across different regularization



66 Geometric Dynamic Identification of Multibody Systems

 100 250 500 750 1000  

Number of training samples (or time elapsed(ms))

0.5

1

1.5

R
M

S
 t

ra
in

 e
rr

o
r 

[N
m

]

Convex regularizers

Riemannian

(a) RMS joint torque error on the training samples

 100 250 500 750 1000  

Number of training samples (or time elapsed(ms))

0.6

0.8

1

1.2

1.4

1.6

1.8

R
M

S
 t

e
s
t 

e
rr

o
r 

[N
m

] Euclidean ( ) )

Euclidean ( 7, N
;
=300 )

Const. pullback

Entropic

Riemannian

(b) RMS joint torque error on the test samples

Figure 3.10: Identification results on the MIT Cheetah 3 leg with different regularizers

and varying the number of training samples. Friction parameters are fixed to the values

identified from the full samples. The red dashed horizontal line indicates the RMS test

error with the prior value 0Φ while the black bold horizontal line indicates the level of

RMS test error using the full 7,379 training samples for identification.
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types, which was again realized by the method provided in Sec. 3.5.1 (the regulariza-

tion factor is explicitly set as γ = 0.2 only for the entropic regularizer). As can be

seen throughout Figure 3.10, and also as shown previously in the experiments on the

AMBIDEX, for small training samples, distribution-aware regularizers enjoy better gen-

eralization errors over Euclidean regularization on Φ. As can be expected based on Fig-

ure 3.10, when using all 7,379 training data samples, the test error discrepancies across

different regularization types are minor. However, this observation does not imply that

the parameters converge to the same values.

Figure 3.11 shows the visualization of the identified parameters when using the full

set of data samples. It can be observed that regularization with the Euclidean metric on

Φ does not converge to a physically meaningful set of values, although the parameters

predict joint torque values comparably to other results. Such a result can be understood

from the fact that only reduced linear combinations of the parameters, so-called base

parameters, affect the joint space dynamics. In the following section, we consider how

these errors in the identified parameters may affect the accuracy of the full floating-base

dynamics of the Cheetah.

3.6.2.2 Fixed-Base Identification with Floating-Base Validation

Due to safety issues and poor excitability, the identification of inertial parameters for

legged-robots with floating-base motions is restricted in practical situations. Instead, iso-

lated fixed-base identification is commonly conducted one leg at a time with the body

fixed in place. Although fixing the base makes these approaches viable, the associated

downside is that the entire parameter set is not maximally excitable [50]. In this sec-

tion, we conduct an identification study with simulation data to demonstrate the effects

of regularization in fixed-base identification on the accuracy of the full floating-base

model.
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(a) Euclidean (Φ) (b) Euclidean (µ)

(c) Constant pullback (d) Entropic

Figure 3.11: Visualization of the identified inertial parameters of the MIT Cheetah 3

leg with 30 training samples using different distance measures for regularization. The

ellipsoids represent uniform mass densities uniquely realizable from the inertial param-

eters φi of each link. The ellipsoids for the point mass parameters µ are obtained by

the transformation rule Φ = Rµ.
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Figure 3.12: Identification results on the MIT Cheetah 3 leg with Euclidean, constant

pullback, and entropic distance based regularizers validated on floating-base galloping

motion trajectory. According to the rule (B.2.11), the noise condition δ=0.5, Nm=10 is

used for perturbing the ground truth inertial parameters from the fixed prior value 0Φ.

The mean and variance of RMS prediction errors on the joint torque, body force, and

body moment are presented.

To generate data, we consider the Cheetah 3 executing a dynamic transverse gallop

in simulation [51]. Ground-truth data for the galloping motion includes the configuration

qfull ∈ R3×R3×R3×R3×SE(3) of four legs and a floating base, generalized velocity

v, generalized acceleration v̇, and generalized force during this galloping motion. The

generalized force includes effects from both active joint torques as well as effects from

ground reaction forces. Collecting this dataset would be impractical in experiments, as

it would require force plates at precise locations during galloping.

A fixed-base identification of the front-left leg was considered by mimicking the

table-top setup in the previous section. Samples of the front-left (FL) leg configuration

qFL ∈ R3, velocity q̇FL, and acceleration q̈FL from the galloping dataset were used with

ground truth inertial parameters ΦGT to obtain the required joint torques, i.e., τFL =

Γ(qFL, q̇FL, q̈FL) ·ΦGT ∈ R60. This synthetic data was used to identify the leg inertial

parameters Φ ∈ R60 (3 bodies and 3 rotors) by solving the following problem similar
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to the previous section:

min
Φ

‖AΦ− b‖2 + γ · d(Φ, 0Φ)2 (3.6.75)

s.t P (φi) � 0, (3.6.76)

tr(P (φi)Qi) ≥ 0, ∀i ∈ {1, · · · , 6}. (3.6.77)

We also considered the point mass parametrization formulation:

min
µ

‖ARµ− b‖2 + γ · ‖µ− 0µ‖2 (3.6.78)

s.t µ ≥ 0. (3.6.79)

In this experiment, we additionally considered the effects of varying the number of point

mass parameters (Nρ = 264 and Nρ = 687).

It should be emphasized that the synthetic data in this example is noise-free; there-

fore, a near-zero regularization factor is chosen as γ = 10−11 · tr(ATA) (for the Eu-

clidean regularizer) for accurate identification of the fixed-base dynamic model. How-

ever, as mentioned earlier, we focus on the generalizability of the regularized solutions

to the floating-base model, which is affected by a larger number of parameters.

To generate the ground truth inertial parameters of the simulated model, we adopt a

physically sensible approach that samples different values of ΦGT : for each rigid body,

we deliberately perturb the fixed prior value 0Φ by adding or subtracting Nm point

masses at uniformly distributed positions inside a prescribed bounded region (See Ap-

pendix B.2 for details of the implementation). This intuitive sampling strategy reflects

realistic situations where extra parts such as cables or mechanical units are added to

the robot without full modelling.

Figure 3.12 shows plots of joint torques errors and body force/moment prediction er-

rors during the floating-base galloping motion. The geometric regularizations are shown
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to generalize significantly better compared to the Euclidean regularization on Φ. More-

over, it is interesting to observe that using a larger number of point mass parameters

leads to better generalization ability, although in practice, the achievable performance

by increasing the number of point mass parameters may be largely limited by the mea-

surement conditions (as observed in the previous experiments).

Remark 3.15. For the Cheetah robot, the external force prediction errors shown above

may not be as significant within whole-body control, as a large portion of the total

mass is concentrated in the trunk [51] and the legs are relatively lighter. Still, these

results demonstrate the potential of geometric identification methods for various types

of floating-base structures, c.f., [52], [53], where heavier limbs will increase the impor-

tance of proper regularization.

3.6.3 Human with Low-Cost Affordable Sensors

In this section, regularized identification methods are compared for a human subject

with data recorded using publicly affordable sensor equipment. A low-cost force plate

(Wii balance board) was used to measure the vertical ground reactive force fz ∈ R

and position of the Center of Pressure (CoP), or equivalently the Zero Moment Point

(ZMP) (xZMP, yZMP) ∈ R2. A Kinect depth camera was used to obtain point cloud

data samples of human motions. The poses of 16 links of a human were tracked by

fitting a SCAPE articulated parametric human mesh model to the point cloud streams.

This data was then filtered, with spatial velocities and accelerations obtained by a finite

difference method on SE(3). The fitted mesh model was also used to obtain the prior

inertial parameter values 0Φ by assuming a constant mass density and known total mass.

An outer-bounding ellipsoid for each link was also derived from the mesh geometry.
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Whole-body momentum dynamics were used to generate a system of linear equa-

tions for the human inertial parameters. Each motion lasted 10 seconds, with 300 sam-

ples used for identification. Ten sets of 100 samples from short motions (3 seconds

each) excited different parts of the body and are used for validation purposes. With

this data, a convex regularized inertial parameter identification problem for a human

subject is formulated as

min
Φ

‖AΦ− b‖2Σ−1 + γ · d(Φ||0Φ) (3.6.80)

s.t P (φi) � 0, (3.6.81)

tr(P (φi)Qi) ≥ 0,∀i ∈ {1, · · · , 16}, (3.6.82)
16∑
i=1

mi = M, (3.6.83)

where the last linear equality constraint (3.6.83) assures that the total mass is a con-

stant known value M . The corresponding point mass parametrization formulation can

be realized as

min
µ

‖ARµ− b‖2Σ−1 + γ · ‖µ− 0µ‖2 (3.6.84)

s.t µ ≥ 0, (3.6.85)

µT · 1Nρ = M, (3.6.86)

where 1Nρ ∈ RNρ is a constant vector of ones. We use Nρ = 1351 points uniformly

distributed over the mesh geometry.

Remark 3.16. Note that if not for the convex formulation of the problem, even includ-

ing a simple linear equality constraint (3.6.83) would be less straightforward and more

computationally intensive when conducting nonlinear optimization on a manifold. For

example, the MATLAB fmincon interior-point solver fails to converge to a feasible point
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(a) α = 10−2

(b) α = 10−3

Figure 3.13: Human inertial parameter identification results while varying the regulariza-

tion factor γ = α · tr(ATA). The ellipsoids represent uniform mass densities uniquely

realizable from the inertial parameters φi of each link. The ellipsoids for point mass

parameters µ are obtained by the transformation rule Φ = Rµ.

that satisfies the equality constraint with the Riemannian distance regularizer. Optimiza-

tion solvers originally developed for vector valued variables, like fmincon, are not fully

equipped for optimization on manifolds [54].

The data in this case is inherently noisy due to a low data sampling frequency of

20-30 Hz combined with the poor precision of the low-cost sensor. In this case, the

baseline regularization factor is set to γ = α · tr(ATA), α = 10−2 for the Euclidean

regularizer. Again, the regularization factors for other regularizers are implicitly deter-

mined according to the residual error loss of the Euclidean-regularized solution, using
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Table 3.1: Identification Results on a Human Subject : RMS Error of Predicted fz[N],

xZMP[cm], yZMP[cm]

Train Test

fz xZMP yZMP fz xZMP yZMP

Prior 13.79 2.09 1.58 13.32 2.33 1.01

Euclidean(Φ) 12.89 1.61 0.82 13.09 1.87 0.95

Euclidean(µ) 12.47 1.64 0.81 13.19 1.83 0.76

Const. pullback 12.52 1.66 0.81 13.28 1.87 0.78

Entropic 12.51 1.66 0.81 13.28 1.86 0.78

the method explained in Sec. 3.5.1.

Table 3.1 shows the ZMP and vertical ground reactive force fz prediction errors

on the validation motion sets. Differences in the prediction errors for the ZMP position

and ground reaction force fz are difficult to discern across different regularization types.

However, as shown in Figure 3.13(a), when comparing the actual identified parameters

visualized with equivalent uniform ellipsoids, the ones obtained from the Euclidean reg-

ularizer are mostly physically implausible. These results imply that while the reduced

linear combinations of identifiable parameters from the fz and ZMP measurements may

be identified properly, the full set of parameters is not. The precision of the inertial pa-

rameters of each link may be less important in terms of the net momentum dynamics,

yet they can be important when considering local features like joint forces/torques act-

ing at, e.g., the wrist, shoulder, spine, pelvis, etc, which can be of special interest in

biomechanics analysis.
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Remark 3.17. Similar to the table-top identification of a quadruped leg from joint

torque measurements, identification with partial data or with low-cost sensors requires

appropriate regularization for results to generalize to an accurate full model. The in-

corporation of a geometric regularizer is effective for making this process less sensitive

to the types and sources of observations.

Lastly, a qualitative assessment of the identification results is more viable with distribution-

aware regularizations. As shown in Figure 3.13, a reasonable range for the regularization

factor α can be deduced to be greater than 10−3. The range of α < 10−3 would im-

ply overfitting to the sensor noise or possibly unmodelled non-rigid effects, e.g., muscle

contractions, fluid flow, etc, which are known to be non-trivial for accurate modeling

of human body dynamics [55].

3.7 Discussion

Through a wide range of identification experiments with various conditions on the sam-

ple sufficiency and quality, we have demonstrated that geometric identification methods

lead to much more generalizable estimation of the inertial parameters of multibody sys-

tems. In fact, in many cases of multibody systems identification, even the structurally

identifiable set of parameters may not be effectively identifiable from data, and the es-

timation can easily become highly sensitive depending on the measurement conditions.

Nevertheless, it is worth emphasizing again that inertial parameters are physical quan-

tities which can in many cases be provided with a reasonable prior estimate, e.g., from

CAD data or, if not available, even through a rough guess. The proposed geometric ap-

proach allows one to incorporate the prior information from a distributional perspective
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on the inertial parameters, and effectively regularize the ill-posed inertial parameter esti-

mation problems in a computationally efficient manner. As was observed in the preced-

ing experiments, naive non-physical regularization can easily lead to large information

loss in the estimation.

With this view, although redundant point mass parameters are auxiliary for estimat-

ing the inertial parameters, they do provide an alternate powerful way to incorporate the

prior information. In fact, there may be situations where identifying the mass distribu-

tion itself is important, e.g., for biomechanics application. These point mass parametriza-

tion techniques can potentially provide more information as a prior, especially for bodies

with highly irregular mass densities or with complicated shapes. In this regard, it will be

interesting to further investigate the general class of divergence metrics on the space of

positive measures, to be used within regularized identification; for instance, the general-

ized KL divergence [35] between the discretized mass densities µ = [µ1, · · · , µn] ∈ RNρ+

and q = [ν1, · · · , νn] ∈ RNρ+ is defined by

DGenKL(µ‖ν) ,
Nρ∑
i=1

µi log

(
µi
νi

)
+ νi − µi ≥ 0, (3.7.87)

which is, like the Euclidean distance ‖µ− ν‖2, also a convex function with respect to

both µ and ν.

Remark 3.18. We also note that for bodies with complicated shapes and densities,

rather than relying entirely on the point-mass discretization, the choice of more compact

discretized mass primitives, e.g., the combination of multiple mass ellipsoids for each

body, could be more effective in terms of computational cost while not sacrificing too

much on the representation capability for the prior.

Overall, this metric may provide an opportunity to unify point-mass and geometric
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regularization strategies. That being said, the current paper has shown the power of geo-

metric regularizers to capture the main benefits of point-mass formulations while requir-

ing only a prior for the parameters, and without fixing the spatial distribution of mass.

These findings support the central claim that geometric regularizers implicitly enable

regularization toward a prior mass distribution, and not simply toward prior parameter

values.

3.8 Conclusion

Our main contribution lies in reformulating the classical linear least squares problem

of inertial parameter identification to a nonlinear one, by exploiting the Riemannian

geometry of the manifold of physically consistent inertial parameters. The robustness

of our approach is traceable in large to the use of the natural distance metric in lieu

of the standard Euclidean metric. The proposed natural distance metric more effectively

captures the distance between the underlying mass distributions of two rigid bodies.

We have also presented a convex programming approach to geometric inertial pa-

rameter identification. The entropic divergence and constant pullback distance provide

a convex, second-order approximation to the exact Riemannian distance while retain-

ing the desired coordinate invariance properties. Further, its structure enables the use

of semi-definite optimization for coordinate-free regularization. Extensive hardware and

simulation experiments, supported by a provable comparative analysis scheme, demon-

strate that our approach enjoys improved generalizability and computational efficiency

over existing Euclidean counterparts.

While dynamic model-based control methods in robotics are becoming mainstream

for ever more complex systems like humanoids and multi-legged robots, the sensor mea-

surements for full precise identification are often impractical in terms of data sufficiency,



78 Geometric Dynamic Identification of Multibody Systems

noise, and parameter excitability. We would argue that our contribution is made more

meaningful to the practitioner by offering methods that work robustly even with the

limited source and quality of measurements.



4
Geometric Criteria for Excitation

Trajectory Optimization

4.1 Introduction

Alongside with the vast literature on dynamic identification [15, 20, 21, 22, 23], the

problem of generating optimal excitation trajectories has been studied extensively [56,

24]. It is generally stated as a trajectory optimization of some optimality criterion so

as to reduce the estimator variance or well condition the regressor matrix subject to

various physical constraints, e.g., joint limits, torque limits, and whole-body balancing

constraints for floating-base systems like humanoids and multi-legged robots [57], [26].

Most of the existing approaches [56, 24] have been based on using classical op-

timal experimental design criteria [58, 59]. A class of optimality criterion for optimal

experimental design, e.g., alphabet-optimality and condition number, are defined by the

symmetric functions of eigenvalues of the estimator variance or information matrix. Ow-

ing to the linear decomposition of dynamic parameters in robot dynamic equations, least

79
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square estimator variance of the parameters can be derived in an explicit closed-form

matrix. This greatly eases the evaluation of any variance-related optimality criterion and

their gradients for conducting excitation trajectory optimization [24, 57].

Meanwhile, it is generally the case [58, 60, 61, 62, 63] that the pure classical opti-

mal design criteria may still come to a poor estimation of parameters when the param-

eters are badly scaled; estimations of small parameters are prone to be erroneous with

respect to their scale whereas the absolute value of error is often acceptable. Indeed,

inertial parameters for multibody systems are typically badly scaled, not only due to

the mass and size scale difference across bodies but also from the fact that they, e.g.,

mass, rotational inertia tensor, and even friction parameters, consist of diverse physical

quantities with different units. [64] is the only work to address this issue in the context

of inertial parameter identification. Authors normalize the estimator covariance matrix

using the given nominal value so as to balance the respective accuracy of the parame-

ters. Yet, the criteria can refer to intrinsically different normalizations depending on the

choice of coordinate (this includes body-fixed reference frames and linear reparametriza-

tion of the observable parameters or so-called base parameters). This is essentially due

to coordinate dependency of the normalized criterion which is only scale invariant. Per-

haps the most complicating issue in defining a meaningful scale-normalization lies in

the fact that there is no canonical choice of coordinates in which each of the base pa-

rameter values has own physical meaning.

In this Chapter, by exploiting the intrinsic geometric structure of the inertial param-

eters as introduced in Chapter 3, a coordinate-free framework in which to formulate

optimal trajectory excitation criteria is presented. Our main focus will be on a crite-

rion in which the information matrix is weighted with the Riemannian metric evaluated

at the nominal value, with symmetric functions f of its eigenvalues admitting phys-

ically meaningful interpretations while preserving coordinate-invariance. The proposed
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coordinate-free framework frees the designer to focus solely on the intrinsic aspects of

the problem, e.g., choosing a physically meaningful Riemannian metric and symmetric

function f . Moreover, structural similarities between our proposed criterion and existing

criteria allows for the use of the same numerical optimization algorithms for, e.g., eval-

uating the gradient of the criterion [57], by performing simple linear transformations of

the variables via the chain rule.

Finally, we show how the same geometric framework can be applied to infer the

optimal reduced set of effectively identifiable parameters from the given trajectory sam-

ples. Such reduction of the model parameters can be useful not only for finding optimal

excitation trajectories, but also parameter identification for complex high-dimensional

systems like humanoid robots, in which the execution of reference trajectories that suf-

ficiently excite the entire structurally identifiable set of parameters is difficult or im-

practical to achieve.

4.2 Preliminaries

In this section, we revisit various conventional optimality criteria for excitation trajecto-

ries used for mechanical systems identification. We also discuss through both examples

and analysis how the choice of reference frames, base parameter set, and physical units

explicitly enters into formulations of existing criteria. This discussion serves to motivate

a new set of coordinate-invariant criteria to be proposed in the next section.

4.2.1 Optimal Design of Experiments

Consider m samples of observations {ai, bi}mi=1, ai ∈ Rn, bi ∈ R, under the linear

observation model given by

bi = aTi x+ εi, εi ∼ N (0, σ2
i ), i = 1, · · · ,m (4.2.1)
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, where x ∈ Rn is a model parameter vector and εi is a zero mean Gaussian noise.

Linear equations in (4.2.1) can be expressed in a vector form as,

b = Ax+ ε, ε ∼ N (0,Σ) (4.2.2)

, where b = [b1, · · · , bm]T ∈ Rm, A = [a1, · · · , am]T ∈ Rm×n, and Σ = diag(σ2
1, · · · , σ2

m).

Then, least squares estimation of x finds the minimum weighted residual error, or equiv-

alently the maximum log likelihood, solution, i.e.

min
x
‖ε‖2Σ−1 = ‖Ax− b‖2Σ−1 . (4.2.3)

When the regressor matrix A has maximal rank, the unique closed-form solution is

given by

x∗ = (ATΣ−1A)−1ATΣ−1b (4.2.4)

Since the observation b is a random vector following the Gaussian distribution N (Ax,Σ),

the least square estimator x∗ (4.2.4) is also a Gaussian random vector with mean and

covariance matrix explicitly given by E[x∗] = x and

var[x∗] = (ATΣ−1A)−1. (4.2.5)

It can be observed that x∗ is always an unbiased estimator of x. Moreover, the estimator

is efficient in the sense that the estimator covariance matrix achieves the Cramer-Rao

lower bound, i.e.,

var[x∗] = M−1, (4.2.6)

where M ∈ Rn×n is the Fisher information matrix given by

M = E
[
∇x log p(b|x) · ∇x log p(b|x)T

]
(4.2.7)

= ATΣ−1A. (4.2.8)
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Observe that both the information matrix (4.2.8) and the estimator covariance matrix

(4.2.5) are directly influenced by the regressor matrix A. This implies that some care

could be taken to effectively sample the observation set {ai}mi=1 in order to obtain a

desired estimator variance. Sampling the observations so as to maximize the informa-

tion or equivalently to minimize the estimator variance can be regarded as a problem in

optimal design of experiments [58]. Optimality criteria are typically defined by symmet-

ric functions f : Rn+ → R of eigenvalues λ = (λ1, · · · , λn) of the inverse of estimator

covariance, or information matrix, i.e.,

J = f(λ(M)) = f(λ(var[x∗]−1)) = f(λ(ATΣ−1A)). (4.2.9)

Some of the most popular widely used criteria are

• A-optimality: f(λ) =
n∑
i=1

1/λi = tr((ATΣ−1A)−1)

• D-optimality: f(λ) = −
n∑
i=1

log λi = − log |ATΣ−1A|

• E-optimality: f(λ) = λmax((ATΣ−1A)−1)

• Condition number : f(λ) =
√

λmax
λmin

= cond(Σ−1/2A)

Minimizing the above criteria typically correspond to estimates that minimize vari-

ance or maximize information. The exception is the condition number, which attempts

to balance uncertainties across the estimation parameters, i.e., var[x∗] ' αI for some

positive scalar α (here I denotes the identity matrix).

Except for D-optimality , traditional optimality criterion that are concerned with the

variance of the estimation parameters, e.g., A-, E-, T-optimality and condition number,

are generally not coordinate invariant; that is, the landscape of the criterion over dif-

ferent sets of samples changes by arbitrary linear reparametrizations of the parameters,

i.e., x 7→ Sx with nonsingular square matrix S [58].
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4.2.2 Excitation Criteria for Multibody Systems

Recall that inertial parameter identification problem for multibody systems always re-

duces to a parameter estimation problem on linear observation models; following the

notations in (3.2.13), consider the linear regression model

τ(ti) = Y (q(ti), q̇(ti), q̈(ti))Φ + ε, ε ∼ N (0,Σε), (4.2.10)

where the observation τ is subject to additive Gaussian noise with covariance Σε ∈

Rn×n. We assume that observations are taken at m time instances t1, · · · , tm along

some reference trajectory q(t). Then, the least-squares estimation problem for Φ is for-

mulated as

min
Φ
‖AΦ− b‖2Σ−1 . (4.2.11)

where Σ = diag(Σε, · · · ,Σε) ∈ Rmn×mn is a block diagonal matrix of Σε, and

A = [Y (t1)T , · · · , Y (tm)T ]T ∈ Rnm×10n, (4.2.12)

b = [τ(t1)T , · · · , τ(tm)T ]T ∈ Rnm. (4.2.13)

Meanwhile, one of the unique properties of inertial parameter identification problem

of coupled rigid body sytems is that the concatenated regressor matrix A is inherently

rank deficient. This implies that, in principle, the reduced set or some linear combina-

tions of inertial parameters are only identifiable purely from the observation data (with-

out incorporating prior information through, e.g., regularization); this restriction is in

fact due to the kinematic structure of the mechanism that restricts admissible spatial

motion for each body in space [50]. Specifically, there exists some constant fat ma-

trix B ∈ RnB×10n (nB < 10n) such that the regressor matrix Y (q, q̇, q̈) is explicitly

decomposable as

Y (q, q̇, q̈) = YB(q, q̇, q̈)B (4.2.14)
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for all q, q̇, q̈. Hence, reduced linear combinations of Φ given as

ΦB = BΦ ∈ RnB , (4.2.15)

so-called base parameters, are only identifiable.

Remark 4.1. Note however that the representation of the base parameters is not unique,

as different choice of basis vectors can be used through, e.g., ΦB̂ = SΦB = (SB)Φ =

B̂Φ and YB̂ = YBS
−1 with any nonsingular square matrix S ∈ RnB×nB .

To this end, least square estimation for the base parameter vector is well-posed as,

min
ΦB
‖ABΦB − b‖2Σ−1 , (4.2.16)

where AB = AB† ∈ Rnm×nB , and B† is a left Moore-Penrose pseudoinverse of B.

When the sampled trajectory is fully excited so that the reduced regressor matrix AB

satisfies full rank condition, the least squares solution is given by Φ∗B = (ATBΣ−1AB)−1ATBΣ−1b,

with variance

var[Φ∗B] = (ATBΣ−1AB)−1, (4.2.17)

and the Fisher information matrix

MB = (ATBΣ−1AB) (4.2.18)

Now one can resort to the standard methods of optimal experimental design introduced

in Section 4.2.1 in order to achieve a well-conditioned and low-variance least squares

estimate of the base parameter Φ∗B:

min
q(t)

f(λ(ATBΣ−1AB)) (4.2.19)

Various design criteria have been used, e.g., condition number [56, 65, 24], D-optimality

[24], E-optimality [56, 66]. More explicit formulations and optimization algorithms for

generating excitation trajectories are to be presented in Section 4.4.
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Figure 4.1: 1-link, 1-dof robot

4.2.3 Coordinate Invariance and Normalization

Here we show explicitly how formulating a measure of information through criteria of

the form (4.2.9) can be affected by the particular coordinates used to characterize the

dynamic model. To illustrate, consider a simple 1-dof robot shown in Figure 4.1. The

dynamic equations are given by

τ =
[
L2
b q̈ − gLb cos(q) − 2Lbq̈ + g cos(q) q̈

]
︸ ︷︷ ︸

=Y (q,q̇,q̈)∈R1×3


m

hb

Ib


︸ ︷︷ ︸
=Φ∈R3

, (4.2.20)

where Lb ∈ R is the location of the joint, and m ∈ R+, hb ∈ R, and Ib ∈ R+ are the

mass, first, and second moments of the 1-d mass distribution of the link, respectively,

all described with respect to the body-fixed frame {b}. More compactly,

τ =
[
−2Lbq̈ + g cos(q) q̈

]
︸ ︷︷ ︸

=YB(q,q̇,q̈)∈R1×2

 hb −mLb
Ib −mL2

b


︸ ︷︷ ︸

=ΦB∈R2

, (4.2.21)
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where

ΦB =

 −Lb 1 0

−L2
b 0 1


︸ ︷︷ ︸

=B∈R2×3

Φ. (4.2.22)

Consider a family of sinusoidal excitation trajectories of the form

q(t;A, q0) = A sin(2πt) + q0, 0 ≤ t ≤ 2, (4.2.23)

parametrized by the amplitude A and offset q0. The infinite-dimensional optimization

problem (4.2.19) can then be reduced to a two-dimensional parameter optimization prob-

lem on (A, q0) ∈ R2. Figure 4.2 shows the contour map of the A-optimality criterion

(which is to be minimized for richer/lower information/variance). It can be observed

that just by relocating the position of the body-fixed frame {b} or changing physical

units, the shape of the objective function changes dramatically, resulting in substantially

different optimal excitation trajectories.

More generally, as noted in Remark 4.1, coordinate choices for describing the multi-

body dynamic model include not only reference frames and physical units of measure-

ment, but also linear reparametrizations of the base parameter vector ΦB . To illustrate,

let B1 and B2 be two arbitrary choices of matrix B. As long as the identifiable set

of parameters is consistent without regard to its representation, there should exist some

nonsingular square matrix S12 ∈ RNB×NB such that B1 = S12B2 holds. The Fisher

information matrix MB then exhibits a linear transformation with respect to the change

of base parameter representation, i.e.,

MB2 = ST12MB1S12. (4.2.24)

Since the set of eigenvalues is not invariant to such linear transformations of the Fisher

information matrix, i.e.,

λ(MB1) 6= λ(ST12MB1S12), (4.2.25)



88 Geometric Criteria for Excitation Trajectory Optimization

0.5 1 1.5

A [rad]

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

q 0 [r
ad

]

-0.9

-0.8

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

(a) Lb = 0 m, SI

0.5 1 1.5

A [rad]

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

q 0 [r
ad

]

-1

-0.9

-0.8

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

(b) Lb = 0.3 m, SI

0.5 1 1.5

A [rad]

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

q 0 [r
ad

]

-3

-2.5

-2

-1.5

-1

-0.5

0

(c) Lb = 0 m, inch-pound

0.5 1 1.5

A [rad]

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

q 0 [r
ad

]

-1

-0.8

-0.6

-0.4

-0.2

0

(d) Lb = 0.3 m, inch-pound

Figure 4.2: Contour maps of A-optimality excitation criterion for the one-dof robot,

shown at logarithmic scale and evaluated with different coordinate choices
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the choice of base parameter representation also affects conventional experimental de-

signs (4.2.9).

In the work of [64], which is most relevant to ours, although the issue of coordinate

invariance is not explicitly raised, it is pointed out that standard ways of specifying a

multibody dynamic model (with respect to a particular coordinate system) can more

often than not lead to poorly scaled values of the model parameters. This affects the

characterization of the excitation criteria in a way that makes certain parameters overly

sensitive to measurement noise. To circumvent this problem, a normalized form of the

Fisher information matrix is proposed so as to balance the contribution of each entry

in MB . The proposed criterion is of the form

J = f(λ(MB · [diag(Φ0
B)]2)) (4.2.26)

= f(λ(var
[
[diag(Φ0

B)]−1 · ΦB
∗]−1

)) (4.2.27)

= f(λ(AB
TΣ−1AB · [diag(Φ0

B)]2)), (4.2.28)

where Φ0
B is some nominal parameter vector, which for mechanical systems can be

easily obtained from, e.g., CAD models.

While this can alleviate the aforementioned difficulties to some extent, we claim

that by appealing to geometric methods, normalization can in fact be achieved in a

much more physically meaningful way while also ensuring coordinate invariance of the

criteria.

4.3 Geometric Excitation Criteria

In this section we propose a new framework for normalizing excitation criterion given

nominal values of the parameters. The criterion is concisely formulated to be coordinate-

invariant, while the relative sensitivities or variabilities of the estimation parameters are
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quantified in a geometrically natural manner. As a result, many of the aforementioned

difficulties of existing coordinate-based criteria can be mitigated.

4.3.1 Motivation

The general experimental design problem as reviewed in the previous section is an in-

trinsically multivariate problem ([58]): the matrix-valued information of the estimation

parameter vector is reduced to a scalar-valued criterion to be optimized, with the tra-

ditional criterion as formulated in (4.2.9) one possible solution. We instead construct

a scalar representation of this matrix-valued information from a geometric coordinate-

invariant perspective.

The information matrix given by the inverse of the parameter covariance matrix, i.e.,

var[Φ∗B]−1 = ATBΣ−1AB , can be viewed as a matrix-valued quantity that represents the

local variabilities of the estimated parameter Φ∗B accruing from the observation noise.

Defining a scalar representation of the information matrix can be thought of as quan-

tifying some representative scalar-valued variability of the estimation parameter Φ∗B on

the parameter space. Toward this end, it is noted that any geometric quantifications, e.g.,

local displacement or volume element, require a well-defined metric predefined on the

space.

4.3.2 Pushforward Metric on Observable Parameters

In this section, we define a natural metric on the space of base parameters ΦB = BΦ.

In order to accomplish this we demonstrate how the natural metric on Mn defined

in Section 3.3.1 can be naturally endowed to the base parameter space N under the

surjective linear mapping B :Mn → N .
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Figure 4.3: Geometric distortion view of the proposed excitation criterion. The metrics

characterized with (green and red) bold ellipses are predefined respectively on the full

parameter space and observation space. The (green and red) dashed ellipses represent

respectively the pushforward and pullback of the metrics to the observable(base) param-

eter space under the linear mappings B and AB .
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Recall, a natural Riemannian metric on M is given by,

ds2 =
1

2
tr(P−1dPP−1dP ) = dφT g(φ)dφ, (4.3.29)

where the metric g(φ) ∈ R10×10 is the pullback of the affine-invariant metric defined

on the space of symmetric positive definite matrices, P(4), under the one-to-one linear

mapping P . Also, for n-link multibody system, Riemannian metric on the whole set of

inertial parameters Mn is defined as,

ds2 =
n∑
i=1

dφTi g(φi)dφi = dΦTG(Φ)dΦ, (4.3.30)

G(Φ) = diag(g(φ1), · · · , g(φn)) ∈ R10n×10n. (4.3.31)

We denote

G0 , G(Φ0) (4.3.32)

as the Riemannian metric evaluated at some given nominal inertial parameter value

Φ0. As discussed in Remark 3.5, with the constant Riemannian metric G0, the ensu-

ing space Mn is isometric to a flat Euclidean space; considering the reparametrization

Φ′ = G
1/2
0 Φ, the metric is given by the standard Euclidean metric, i.e., ds2 = dΦ′TdΦ′.

Assuming that the region of interest is near the nominal value Φ0, the metric G0 allows

a reasonable approximation of the curved Riemannian structure with Riemannian metric

G. Also, we again note that the constant metric G0 is a well-defined coordinate-invariant

Riemannian metric on Mn.

A natural consequence for endowing a metric on the base parameter space N would

be to enforce isometry with respect to Mn, i.e.,

dΦT
BH0dΦB

.
= dΦG0dΦ, (4.3.33)

where H0 ∈ RnB×nB is a constant Riemannian metric on N to be defined. If the map-

ping B is not just surjective but one-to-one, the isometry is trivially achieved by letting
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H0 = B−TG0B
−1. For general surjective mapping B, the displacement dΦB on N

actually imposes a redundancy on dΦ with the relation BdΦ = dΦB . The following

intuitive minimal principle can be enforced to propose a unique choice of metric on

N :

dΦT
BH0dΦB

.
= min

dΦ∈{x: Bx=dΦB}
dΦG0dΦ (4.3.34)

= dΦT
B(BG−1

0 BT )−1dΦB.

Consequently, the constant Riemannian metric H0, pushforwarded from Mn to N , is

given by

H0 , (BG−1
0 BT )−1. (4.3.35)

We use the following coordinate-invariant inner product notation,

〈x, y〉 , xTH0y, (4.3.36)

where x, y ∈ RnB are formally the coordinate values of the elements in the tangent

space of the linear manifold N .

Remark 4.2. The inherited metric of the form (BG−1
0 BT )−1 in (4.3.35) has the fol-

lowing alternative interpretation. Let the given nominal value Φ0 be a random vector

whose precision is proportional to the natural metric, i.e.,

var[Φ0]−1 = G0 (4.3.37)

(Inverse covariance matrix var[·]−1 which corresponds to the information matrix also

represents the precision of the estimate). Then the precision of the nominal base pa-

rameter Φ0
B is straightforwardly given by

var[Φ0
B]−1 = var[BΦ0]−1

=
(
Bvar[Φ0]BT

)−1

=
(
BG−1

0 BT
)−1

,
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which turns out to be identical to the metric in (4.3.35) derived from solving (4.3.34).

4.3.3 Coordinate-invariant Criterion

We now present our coordinate-invariant formulation of the general excitation criterion.

Proposition 4.1 (Geometric Excitation Criterion). Symmetric functions f of eigenval-

ues of a normalized information matrix defined as,

J(AB) = f
(
λ
(
ATBΣ−1AB ·H−1

0

))
, (4.3.38)

or equivalently,

J(A) = f
(
λ 6=0

(
ATΣ−1A ·G−1

0

))
, (4.3.39)

is invariant to the choice of base parameter representations, body-fixed reference frames,

and physical units (λ 6=0(X) denotes the nonzero eigenvalues of the symmetric positive

semi-definite matrix X).

Proof. The proof is given in the Appendix A.4.

From the following identity,

J(AB) = f
(
λ
(
var[Φ∗B]−1H−1

0

))
= f

(
λ
(
H
−1/2
0 var[Φ∗B]−1H

−1/2
0

))
= f

(
λ

(
var
[
H

1/2
0 Φ∗B

]−1
))

, (4.3.40)

the proposed optimality criteria be interpreted as normalized versions of traditional op-

timality criteria; the estimation parameters are normalized via Φ∗B ← H
1/2
0 Φ∗B .

As alluded to earlier, geometrically the proposed criteria is constructed so as to

encode the intrinsic local distortion of the regressor mapping AB : N → O in a

coordinate-invariant way. Referring to Figure 4.3, one can regard the information matrix
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of the parameter estimate ATBΣ−1AB as the pullback of the observation space metric

Σ−1 under the linear regressor mapping AB . Then, the set of generalized eigenvalues of

the pullback metric ATBΣ−1AB relative to the natural metric H0 become the invariant

measures that capture how much the local geometry gets distorted from the mapping

AB in comparison to the natural geometry predefined on the parameter space N with

metric H0.

Remark 4.3. Under our geometric framework, the normalization given in [64] can be

understood as adopting a diagonal scale-normalizing (but coordinate-dependent) metric

[diag(Φ0
B)]−2, on the parameter space.

Below is a detailed comparison of the proposed criterion with their unnormalized

counterparts.

• A-optimality: The traditional A-optimality criterion is defined by the expected pa-

rameter error using the standard Euclidean metric, i.e.,

tr((ATBΣ−1AB)−1) = tr(var[Φ∗B])

= E[(Φ∗B − ΦB)T (Φ∗B − ΦB)],

In contrast, the proposed normalized A-optimality criteria is defined to be the

expected quadratic parameter error but in coordinate-invariant form, i.e.,

E[(Φ∗B − ΦB)TH0(Φ∗B − ΦB)]. (4.3.41)

• D-optimality: D-optimal designs are already invariant to reparametrizations of the

parameters. Indeed, the normalized D-optimality criterion turns out to be same as

the original D-optimality criterion shifted by the constant value log |H0|:

− log |ATBΣ−1ABH
−1
0 |

= − log |ATBΣ−1AB|+ log |H0| (4.3.42)
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• E-optimality: The E-optimality criterion is defined by the maximum eigenvalue of

the estimator covariance matrix:

λmax((ATBΣ−1AB)−1) = λmax(var[Φ∗B])

= max
xT x=1

xTvar[Φ∗B]x

= max
xT x=1

var[xTΦ∗B],

which as derived above can geometrically be understood as the largest variance

of the estimated parameter projected along the unit-normalized directional vector

x. Similarly, the proposed normalized E-optimality criterion

λmax((ATBΣ−1AB)−1H0) (4.3.43)

is equivalent to

max
〈x,x〉=1

var[〈x,Φ∗B〉], (4.3.44)

where the Euclidean inner products are replaced by 〈·, ·〉 defined in (4.3.36).

• Condition number: Traditional condition number optimization seeks to find the

estimator with isotropic variance, i.e. var[Φ∗B] ∼ 1, while the proposed normalized

condition number √
λmax(ATBΣ−1ABH

−1
0 )

λmin(ATBΣ−1ABH
−1
0 )

(4.3.45)

is minimized when the precision of the estimator is proportional to the metric H0,

i.e.,

var[Φ∗B]−1 = ATBΣ−1AB ∼ H0.
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4.4 Optimal Excitation Trajectory Generation

Finding optimal excitation trajectories is an infinite-dimensional variational problem, and

in this section we describe direct numerical methods for finding finite-dimensional ap-

proximate solutions. For the conventional (i.e., non-geometric) criteria proposed in the

literature, the variational formulation of the problem is of the form

min
q(t)

J = f(λ(MB)), (4.4.46)

where MB = ATBΣ−1AB =
∑m

i=1 YB(ti)
TΣε

−1YB(ti), typically subject to dynamic

equations of the form (3.2.13) and other physical constraints such as joint angle, veloc-

ity, and torque limits. Direct methods parametrize the trajectory q(t) in terms of a finite

set of parameters P = {p1, · · · , pnp}, e.g., B-spline control points. The parametrized

trajectory q(t, P ) and its time derivatives q̇(t, P ), q̈(t, P ) are now explicit functions

of P , and the varational problem reduces to the following finite-dimensional parameter

optimization:

min
P
J = f

(
λ

(
m∑
i=1

YB(ti, P )TΣε
−1YB(ti, P )

))
. (4.4.47)

Note that the regressor YB(q(ti), q̇(ti), q̈(ti)) is also an explicit function of P .

Efficient and reliable numerical optimization of J in (4.4.47) requires analytic gra-

dients with respect to the parameters P ; the accumulation of numerical errors result-

ing from finite-difference estimates of the true gradient more often than not leads to

ill-conditioning and poor convergence. Gradients of J can be analytically obtained via

application of the chain rule [57]:

∂J

∂p
=

nB∑
i=1

∂f

∂λi
tr(∇MB

λi(MB)T
∂MB

∂p
), (4.4.48)

where the notation ∇X denotes the derivative operator on a function with respect to a
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matrix X , i.e., (∇Xg)ij ,
∂g
∂Xij

. The term ∂MB
∂p is given by

∂MB

∂p
=

m∑
i=1

[
∂YB(ti, P )

∂p

T

Σε
−1YB(ti, P )

+ YB(ti, P )TΣε
−1∂YB(ti, P )

∂p

]
, (4.4.49)

where
∂YB(ti, P )

∂p
=
∂Y (ti, P )

∂p
B†, (4.4.50)

can be computed in a systematic and efficient manner using the recursive algorithm

for the inverse dynamics computation of multibody systems [67, 68, 69]. Lie-group

based recursive algorithms derived for computing the gradient of the general types (joint

torque/ external wrench) of regressor matrices for tree-structured multibody systems are

provided in the Appendix B.3.

Gradients for the geometric trajectory excitation criterion proposed in this paper can

be obtained by a slight modification of the above procedure. First, evaluating the cost

is trivial via the following substitution for MB:

MB ←MB ·H−1
0 . (4.4.51)

For the computation of the gradient, the following substition is made in place of

(4.4.48):
∂MB

∂p
← ∂MB

∂p
·H−1

0 , (4.4.52)

since H0 is a given constant matrix.
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4.5 Determination of Effectively Identifiable Parameter Set

For fairly low-dimensional mechanical systems, e.g., standard industrial manipulators

with six or fewer dofs, generating sufficiently rich sample trajectory through, e.g., ex-

citation trajectory optimization, and finding reliable estimate for the entire set of base

parameters is more often than not feasible. This is generally not the case for more com-

plex, high-dof structures.

First of all, hard physical/safety constraints typically imposed on high-dof floating-

base systems, e.g., humanoids and multi-legged robots, can largely restrict the admissi-

ble dynamic motion; in this type of systems the safety issue is mainly concerned with

having to strictly ensure whole-body balance and not to fall over. For this reason, rela-

tively smaller gain can be made from having optimal exciting motions compared to, e.g.,

fixed-base manipulators. Moreover, available sensor measurements for identification are

usually more restricted for these high-dof robotic systems, as torque sensors may not

be provided for every joints. This limits the amount of information gained within the

fixed time interval and may require inefficiently long duration of excitation for reliable

identification purely from the observation data.

Furthermore, some inherent kinematic features of the robot and sensors, e.g., kine-

matic complexity of the mechanism design, sensor placement locations relative to the

bodies, etc, may also badly influence the relative sensitivities of the dynamic parameters,

as they directly pertain to the characterization of the regressor matrix YB as relevant

kinematic parameters (these include screw axes of the joints, relative displacements of

the bodies, etc).
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4.5.1 Reduced Identification

As the aforementioned aspects all come to the effect in a compositive way for complex

high-dof systems, pursuing for the entire set of parameters to be sufficiently excited for

identification can easily be inefficient or may not even be viable in practice. In this

section, we propose a coordinate-invariant framework that rather captures the reduced

set of parameters that can reliably be identified with a reasonable precision from the

given feasible excitation trajectories. The key is in comparing the respective sensitivi-

ties of the parameter based on the normalized covariance matrix. The proposed reduced

identification strategy is proceeded as follows:

a.1) Concatenate all the regressor matrices over the given feasible trajectories to calcu-

late the estimation covariance matrix C = (ATBΣ−1AB)−1 for the base paramters.

a.2) Evaluate the eigenvalues 0 ≤ λ1 ≤ · · · ≤ λnB and corresponding eigenvectors

u1, · · · , unB of the normalized estimation covariance matrix H
1/2
0 CH

1/2
0 .

a.3) Transform vi = H
−1/2
0 ui, ∀i = 1, · · · , nB , so that vi represent the direction of

the i-th largest projected estimation variance characterized by the corresponding

eigenvalue,

λi = var[〈vi,Φ∗B〉], (4.5.53)

under the unit-norm and orthogonality constraints, 〈vi, vi〉 = 1 and 〈vi, vj〉 = 0,

which holds from uTi ui = 1 and uTi uj = 0.
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a.4) Set a parameter estimation variance threshold ελ > 0 and define matrices

V− = [v1, · · · , vr], (4.5.54)

V+ = [vr+1, · · · , vnB ], (4.5.55)

Λ− = diag(λ1, · · · , λr), (4.5.56)

Λ+ = diag(λr+1, · · · , λnB ), (4.5.57)

such that λr is the largest eigenvalue less than or equal to ελ.

a.5) Identify only the low estimation variance parameters by solving,

min
ΦB

‖ABΦB − b‖2Σ−1 (4.5.58)

s.t. V T
+ H0(ΦB − Φ0

B) = 0, (4.5.59)

, which has a closed-from solution,

Φ∗B = V−Λ−V
T
−A

T
BΣ−1b+ V+V

T
+ H0Φ0

B. (4.5.60)

The reduced set of sufficiently excited parameters are given by,

〈vi,Φ∗B〉 = λiv
T
i A

T
BΣ−1b, (4.5.61)

for i = 1, · · · , r.

The proposed method essentially updates only the reduced set of parameters with a cer-

tain level of confidence as specified by the eigenvalues λi, reflecting the sensitivities (or

variances) of the projected parameters 〈vi,ΦB〉. We point out that the presented parame-

ter reduction strategy is not merely a combinatoric selection of the entries of the vector-

valued parameters, but determines non-trivial linear combinations in a coordinate-free

manner. Also, determining the legitimate scale of estimation variance threshold value

ελ in step 4 is eased by the fact that all the eigenvalues λi of the normalized covari-

ance matrix are coordinate invariant and dimensionless.



102 Geometric Criteria for Excitation Trajectory Optimization

4.5.2 Reduced Optimal Excitation

The present framework can also be extended to readily generate optimal excitation tra-

jectory for the reduced set of effectively excitable parameters. Parameters in the largest

estimation variance directions are disregarded in a sequential fashion, until the opti-

mized excitation criterion concerned with the reduced set of parameters reduces to a

reasonably small dimensionless value. The algorithm is proceeded as follows:

b.1) Initialize r = nB and decide a threshold εJ for the optimality criterion J .

b.2) Optimize the exciting trajectory with respect to the criterion J = f(λ1, · · · , λr),

where f should be some fixed form of symmetric function of r number of positive

scalar values.

b.3) Evaluate the optimized objective Jopt. If Jopt > εJ , substitute r ← r − 1 and

repeat from step b.2). Otherwise, end the iteration.

b.4) With the optimized exciting trajectory, run the algorithm a.1)-5) for ελ = λr to

identify Φ∗B .

Again determining the threshold values εJ and ελ for J and λi are both eased by the

coordinate invariance and dimensionlessness of J and λi.

4.6 Simulation Study

We now demonstrate the advantages of our coordinate-invariant natural criterion through

extensive numerical parameter identification experiments. The main claims that we ex-

perimentally verify through our case studies are: (i) normalization of the excitation

criterion improves the accuracy of the poorly scaled parameters more uniformly; (ii)

the quality of excitation trajectories using the existing criteria can conspicuously vary
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(a) SCARA (b) KUKA iiwa R280

Figure 4.4: The figures show 2-dof SCARA robot with unknown payload(red solid

sphere) and reference frames considered, and joint specifications of 7-dof KUKA iiwa

R280 industrial manipulator.

depending on different choices of coordinates; (iii) the proposed parameter reduction

method can significantly improve the robustness and generalizability in high-dimensional

systems identification, specifically when not all the structurally identifiable set of param-

eters (base parameters) can be effectively identifiable from the given trajectory samples.

4.6.1 SCARA with Unknown Payload

Optimal excitation of a 2-dof SCARA robot for identifying the unknown payload is

considered. The simple, yet non-trivial, case is made to facilitate the presentation and

comparison of the results more intuitive and concrete; owing to the low dimensionality

of the problem, a canonical representation of the identifiable set of parameters can be

easily chosen and compared with no complex compositions of the parameters belonging

to different links.

Figure 4.4(a) shows the kinematic specifications of the SCARA robot and unknown
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(uniform sphere) payload loaded at the end-effector link. Joint torque values are ob-

served with additive zero-mean Gaussian noise of standard deviation 0.03 Nm. Here

we only excite and identify the inertial parameters of the payload while assuming the

parameters associated with the rest of the robot dynamics are known. In this setting,

there are four number of identifiable parameters associated with the rigid body dynam-

ics of the payload which are given by mass m, x-y components of the first moment

hx, hy, and rotational inertia about the z-axis Izz .

Least square parameter identification results are compared across using the pure

non-normalized condition number and its normalized counterparts for optimal excita-

tion trajectory generation. Moreover, we examine the effect of using different body-fixed

reference frames in adopting coordinate-dependant criterion that includes both the non-

normalized one and the normalized one of [64]. Four body-fixed coordinate frames {1},

{2}, {3}, {4} are considered as shown in Figure 4.4(a). In particular, the frame {3} is

exactly located at the center of mass of the payload.

50 number of joint kinematics samples, i.e., P = {qi, q̇i, q̈i}50
i=1, used for iden-

tification are directly optimized using the SQP solver of MATLAB built-in function

fmincon with a recursive analytic gradient computation. Initial random excitation is

set by uniformly sampling the values q, q̇, q̈ in their pre-specified limits.

Table 4.1 compares the RMS errors of the identified parameters depending on the

coordinate frames and normalization techniques used for excitation trajectory generation

(the identified parameters hx, hy, Izz are transformed to be the estimated x-y position

of center of mass px, py and length of the moment arm rz respectively). Identified pa-

rameters from the initial random samples result in significant errors for py and rz . Such

ill-conditioned identification result is alleviated to some extent from using samples with

traditional condition number optimization. Meanwhile, the results from optimization of

condition number with normalization technique of [64] vary conspicuously depending
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on the coordinate choices. This can in fact be deduced from the fact that specifically

the coordinates {1}, {3} are positioned in locations which ill define the normalization;

that is, the prior value of the x component of the mass center is evaluated to be near

zero px = 0.02 [mm] in coordinate {1} and {3}, and this makes normalized criteria

unnecessarily pay too much attention to hx. In contrast, our proposed approach for nor-

malization is completely free of the aforementioned downside arising from coordinate

dependency, while also showing improved balance in errors of identified parameters.
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4.6.2 KUKA iiwa R280 Manipulator

Optimal exciting trajectory generation for KUKA iiwa R820 manipulator is conducted

followed by least square parameter identification. Joint angle trajectories qi(t), i = 1, · · · , 7

are parametrized with Fourier basis functions,

qi(t) =

nf∑
j=1

aij cos(j · wt) + bij sin(j · wt), (4.6.62)

with number of modes nf = 5, base frequency w = 0.3π. The fixed duration of time

for excitation is set to ten seconds while samples are drawn uniformly at the sampling

frequency of 1kHz. The optimization parameters are the coefficients of the basis given

by P = {{aij , bij}7i=1}
nf
j=1, and joint angle and velocity limits are appropriately speci-

fied as constraints. Torque values are observed with additive zero-mean Gaussian noise

of standard deviation 0.1 Nm. True inertial parameter values of each link are determined

from CAD data, while the prior values used for the normalization of the excitation cri-

teria are obtained from the effective mass, center of mass and rotational inertia of the

collection of finite number of point masses randomly drawn from the groundtruth mass

distribution of each link.

Parameter identification results are compared across using the pure unnormalized E-

optimality and its normalized counterparts for optimal excitation trajectory generation.

In particular, we examine the effect of using different base parameter representations

in using the existing coordinate-dependant criterion. The base parameter representation,

ΦB1 = B1Φ, for “Base 1” is characterized using numerical SVD of a regressor matrix

given randomly sampled joint trajectories as in [15]; 43 number of base parameters

are found. Then, for each of the other three base parameter representations, random

sampled nonsingular square matrix Srand is multiplied to the “Base 1” base parameter

representation, e.g., ΦB2 = SrandΦB1 . We again use the SQP optimizer in MATLAB
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built-in function fmincon with a recursive analytic gradient computation to conduct

parameter optimization for obtaining excitation trajectories.

Table 4.2 shows the comparative identification results that include dimensionless

quadratic parameter error,
√

1
nB
〈Φ∗B − ΦB,Φ∗B − ΦB〉, RMS joint torque prediction er-

rors τ − τ̂ = τ −ΓBΦ∗B , and also RMS acceleration errors M(q)−1(τ − τ̂) which better

reflects the effective disturbance acting at the joints accruing from the model error when

using model-based tracking control [70, p. 299]. Trajectory samples used for the vali-

dation of the prediction errors are obtained by uniformly sampling 10,000 instances of

joint kinematics information q, q̇, q̈ within their limits.

Remark 4.4. To be more precise in terms of the joint acceleration error, the closed

loop dynamics for the computed torque control law, τ = M(q,Φ∗B){q̈d−Kv ė−Kpe}+

C(q, q̇,Φ∗B)q̇ + g(q,Φ∗B), is given by

M(q)−1(τ − τ̂) = ë+Kv ė+Kpe, (4.6.63)

where e = q − qd is the joint tracking error and Kp, Kv are the user-defined posi-

tive definite gain/impedance matrices. Therefore, the torque prediction error weighted

by the inverse mass matrix can be viewed as a disturbance to the closed-loop joint

space dynamics accruing from the model error.

It can be observed that the exciting trajectories from normalized criterion come in

improved identification accuracies and torque/acceleration predictions. In particular, the

acceleration errors of the last joint from unnormalized criterion are highly erroneous,

whereas the absolute values of torque errors of the corresponding joint seem compara-

bly reasonable. This is in fact due to highly low inertia concerned with the last joint

and the unnormalized criterion fails to take into an account the relative range of pre-

cision of the low inertias. While the overall performance indices are improved using
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the scale-normalization technique [64], the results are to some extent variable depend-

ing on the choice of coordinates. In contrast, the proposed standardization results in

the best parameter accuracy, to highlight again, with an added advantage of guaranteed

invariance to the coordinate choices.



110 Geometric Criteria for Excitation Trajectory Optimization

Table
4.2:

K
U

K
A

iiw
a

R
280:

identification
results

w
ith

“E
-optim

ality”
optim

ization

Standardization
C

oordinate
Param

.
R

M
S

torque
error

τ
−
τ̂

[N
m

]
R

M
S

acc.
error

M
−

1(τ
−
τ̂
)

[rad
/
s
2]

(base)
error

J
1,2

J
3,4

J
5,6

J
7

J
1,2

J
3,4

J
5,6

J
7

N
one

1
2.967

0.023
0.021

0.012
0.007

0.048
0.295

1.263
20.843

2
2.757

0.020
0.018

0.011
0.006

0.040
0.234

1.143
18.366

3
2.356

0.018
0.016

0.009
0.006

0.037
0.226

1.022
16.678

4
2.724

0.020
0.017

0.011
0.006

0.040
0.243

1.131
18.934

D
iagonal

1
0.307

0.011
0.009

0.002
0.001

0.026
0.164

0.288
3.324

2
1.705

0.012
0.011

0.007
0.004

0.023
0.120

0.756
12.361

3
1.288

0.013
0.011

0.006
0.003

0.027
0.166

0.617
9.448

4
1.986

0.014
0.012

0.008
0.005

0.026
0.147

0.810
13.938

Proposed
(Invariant)

0.184
0.010

0.008
0.002

0.0004
0.025

0.151
0.275

1.278

Initial
random

excitation
4.350

0.070
0.052

0.019
0.010

0.146
0.914

2.140
29.890



4.6. Simulation Study 111

Figure 4.5: Atlas V5 joint specifications

4.6.3 Atlas V5 Humanoid Robot

Inertial parameter identification of Atlas V5 humanoid model having 29 joints and 30

body links is considered (See Fig. 4.5). We consider the case for which the humanoid

is in dynamic balance with a single foot placed onto the flat ground without slip; then

one can regard the underactuated full dynamics as a fixed-base tree-structure system,

provided that ZMP always lies in the interior of the support polygon and vertical re-

active force is positive. Rather than having torque sensors at all the joints, we adopt a

single standard force plate placed under the support foot which measures 6-axis exter-

nal Ground Reaction(GR) force and moment [23]. The force and moment outputs are

observed with additive zero-mean Gaussian noise of standard deviations 0.5 N and 1.5

Nm respectively.
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Figure 4.6: Snapshots of 10-th (top) and 20-th (bottom) balancing motion trajectories

used for (reduced) dynamic identification and validation

As introduced in section 4.5, we examine the efficacy of using the proposed re-

duced identification strategy given a database of random generated feasible trajectories.

The random trajectories are sampled by, first, sampling the feasible static initial and fi-

nal joint configurations examining the COM positions. Then each pair of these boundary

configurations are connected with B-spline trajectory, whose control points are repeat-

edly random-sampled until the dynamic balance constraints as well as joint angle, ve-

locity limit constraints are satisfied at the time sampling frequency of 15Hz. Out of 20

random generated feasible trajectories (Fig. 4.6) (each lasting 3 seconds), 10 motions

are used for identification and the remaining 10 motions are used for validation (the

trajectory samples are drawn at the sampling frequency of 300Hz). True inertial param-

eter values are determined from CAD data, and prior values are obtained through the

same procedure as in the previous section. The scale-free variance threshold value ελ

is set as ελ = 10−2.

70 number of sufficiently excited parameters out of 204 base parameters (Fig. 4.7)

are identified from the data using the reduced identification strategy (4.5.60). Table
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Figure 4.7: Plot of eigenvalues of the normalized covariance matrix H1/2
0 CH

1/2
0 for At-

las V5 balancing trajectories. The horizontal dashed line represents the threshold value

ελ = 10−2 used for parameter selection.

Table 4.3: Identification results on Atlas V5 humanoid with parameter reduction: Output

validation

Param.

error

GR

force

GR

moment

Prior 0.269 61.768 11.770

Full identification 2048.3 0.017 0.141

Reduced identification 0.154 0.009 0.024
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4.3 compares the identification result to the pure least squares estimation of the en-

tire base parameters. The full-identified parameters are highly erroneous as presented

with the normalized quadratic error metric. Indeed, as shown in Fig. 4.7, large portion

of the estimation parameters are subject to exceedingly large variance. While the GR

force/moment prediction accuracy (in Table 4.3) for the full identification is fairly com-

parable to the reduced identification, Table 4.4 shows that the full identification comes

in a poor prediction accuracy in terms of joint space dynamics; some particular set of

joints, e.g., hip, ankle, wrist, are shown to result in large acceleration error for the full

identification case. In contrast, the reduced identification allows much more generaliz-

able result also for joint space dynamics. Note that the nominal/prior values used for the

reduced identification are fairly rough estimates, as it shows the worst overall prediction

accuracy.
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4.7 Conclusion

We have proposed new normalized criteria for optimal excitation of multibody mechan-

ical systems. Our criteria more naturally capture the variance of the multivariate estima-

tion parameters in a coordinate-invariant way, respecting the geometry of the parameter

space. Practical benefit of using the proposed normalized criterion for optimal excita-

tion trajectory generation lies not only in achieving improved robustness of parameter

identification, but also in making the ensuing numerical optimization provably invariant

to the coordinate choices. Moreover, simple linear relation to the traditional criterion

allows directly applying any existing gradient-based optimization method for excitation

trajectory generation without significant additional computation.

The proposed natural criteria is also generally useful for assessing the effective ex-

citability of the parameters for complex high-dimensional systems. In particular, parame-

ter reduction method which examines the respective sensitivities of the parameters based

on the geometrically normalized covariance matrix is shown to be effective for robust

identification of a humanoid robot with limited source of sensor measurements.



5
Geometric Robust Adaptive

Control of Robot Manipulators

5.1 Introduction

In order to attain a high-performance model-based control of robots, accurate dynamic

parameters, e.g., inertial, friction parameters, are essential. These parameters can be ob-

tained in advance from CAD models or through offline system identification. However,

there can quite often be the case where these dynamic parameters change from the ini-

tial values during the task and need to be re-identified in an online manner. Especially

for many of the recent robot arms which come in lightweight designs, loading moder-

ately heavy object or tool at the end-effector can largely change the dynamic behavior

of the robot.

One important issue that arises in online parameter estimation for model-based con-

trol is on the stability of the system. For instance, completely modularizing the pa-

rameter estimator from the model-based controller does not in general guarantee the

117
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system’s stability. Adaptive control which exactly addresses this type of problem has a

long history in robotics. The two most important classes of globally convergent (stable)

adaptive controllers are adaptive inverse dynamics control (or adaptive computed torque

control), proposed by Craig et al [71], and passivity-based adaptive control, proposed

by Slotine and Li [72]. The distinguishing feature of these two methods compared to

previous works is that they are proven to be globally convergent without relying on any

linear approximation of the dynamics; instead, they utilize the explicit linear decompo-

sition of the inertial parameters in the robot dynamics.

An underlying assumption of adaptive inverse dynamics control [71] and other simi-

lar approaches [73], [74], [75] in this category is the requirement of a uniformly positive-

definite estimated mass matrix, since the inverse of the estimated mass matrix is explic-

itly used in the parameter adaptation law. An appealing advantage of passivity-based

adaptive control methods [72], [46] is that uniform positive-definiteness of the estimated

mass matrix is not required in their implementation.

The requirement that the estimated mass matrix be positive-definite is directly re-

lated to the physical consistency of the estimated inertial parameters of a robot. That

is, it can be shown that the necessary condition for physical consistency of the inertial

parameters (i.e., all links have positive mass, and positive-definite rotational inertia ma-

trix) guarantees that the corresponding robot mass matrix is positive-definite. Exploiting

this property together with the convex characterization of the set of physically consistent

inertial parameters, projection-based algorithms [76], or parameter resetting algorithms,

have been applied for adaptive robot controllers; these essentially switch the parameter

update law on the boundary of the feasible set to enforce the estimated parameters to

be feasible, which in turn produces a nonsmooth adaptive control when the parameter

values lie on the user-specified boundary of the feasible set [71], [77], [78], [79].

Another critical liability that direct adaptive robot control methods based on [71] and
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[72] have in common is the requirement that users must choose a valid initial adapta-

tion gain matrix Γ. This can be a time-consuming process requiring repeated trial and

error, as the number of constant adaptation gains varies as the square of the number

of adaptation parameters, which is problem-dependent (e.g., adapting the entire set, or

a subset of the link inertial parameters, or only the end-effector link for compensating

unknown payloads).

In this Chapter we propose a new adaptive control law that mitigates many of the

above difficulties, in the form of a parameter adaptation law that guarantees physical

consistency of the estimated parameters in a smooth manner without relying on any

parameter projection or resetting procedure. Whereas existing adaptation laws can be

viewed as a gradient update law on a flat Euclidean space with constant metric Γ, our

method can be viewed as a natural gradient-like update law on a curved space endowed

with a Riemannian metric [80]. It does not require additional computation beyond ex-

isting methods, and is directly applicable to any globally convergent Lyapunov-based

adaptive controller that exploits the linear decomposition of the inertial parameters in

the dynamics.

Our geometric adaptation law, which like [80] is coordinate-invariant and further

respects the underlying Riemannian geometry of the space of inertial parameters, con-

siderably reduces the degree to which engineering choices must be made in the constant

adaptation gain; only the choice of a scalar constant gain γ is required for adjusting

the speed of adaptation, without regard to the number of parameters for adaptation.

Toward deriving our geometric adaptation law, we first extend the previous frame-

work of characterizing Riemannian manifold structure on the space of physically consis-

tent inertial parameters to general mechanical parameters defined on an arbitrary convex

set; the affine-invariant Riemannian geometry defined on the inertial parameter space
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[81, 82] can be regarded as a special case. More specifically, if one can impose a par-

ticular convex barrier function that induces a Hessian manifold structure [83] on the

convex set, then a Lyapunov-stable parameter update law can be naturally derived us-

ing the associated Bregman divergence [84] as a Lyapunov function candidate. We also

show how non-smooth projection strategies, so-called robust adaptation laws, can be

naturally defined within our geometric framework. Our methods and claims are vali-

dated via extensive simulation experiments involving a seven-dof robot manipulator and

a real experiment on a seven-dof AMBIDEX cable-driven robot manipulator.

5.2 Preliminaries

In this Section, we briefly revisit the two main classes of Lyapunov-based globally con-

vergent adaptive controllers developed for robot manipulators in [71] and [72]. The dy-

namic equations for a general n-dof open chain manipulator are of the form

M(q,Φ)q̈ + C(q, q̇,Φ)q̇ + g(q,Φ) + k(q̇, µ) = u, (5.2.1)

where q ∈ Rn is the vector of joint angles, M(·) ∈ Rn×n, C(·) ∈ Rn×n, and g(·) ∈ Rn

respectively denote the mass matrix, Coriolis matrix, and the gravitational force vector,

u ∈ Rn is the motor torque input, Φ = [φT1 , · · · , φTn ]T ∈ R10n is the complete set of

inertial parameters for the n links. k(·) denote the joint friction force, and the vector

µ represents the friction parameters. For instance, joint Coulomb-viscous friction model

is given by

k(q̇, µ) = diag(sgn(q̇))µc + diag(q̇)µv, (5.2.2)

where µ = [µTc , µ
T
v ]T ∈ R2n with µc ∈ Rn+ and µc ∈ Rn+ respectively the positive

values of joint Coulomb and viscous friction parameters. We would also often use the
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following abbreviated form,

M(q, p)q̈ + b(q, q̇, p) = u, (5.2.3)

where b(·) ∈ Rn represents forces or torques arsing from Coriolis, gravitational and

frictional forces, and parameter vector p = [ΦT , µT ]T is simply the collection of inertial

and friction parameters.

The technical objective of adaptive control is to design a control input u that en-

sures global convergence of the trajectory tracking error in the presence of model un-

certainties. As the term “adaptive” implies, time-varying estimates of the true model

parameters are obtained with the trajectory tracking controller, distinct from the class

of robust controllers that make use of fixed parameter estimates with known uncertainty

bound. Robust extensions of the adaptive control laws, so-called robust adaptive control

[76], are to be discussed in Section 5.4.2.

5.2.1 Adaptive Control of Robot Manipulators

5.2.1.1 Adaptive Computed Torque Control

The control input for adaptive computed torque control proposed by [71], also referred

to as adaptive inverse dynamics, is given by

u = M(q, p̂){q̈d −Kv
˙̃q −Kpq̃}+ b(q, q̇, p̂), (5.2.4)

where Kp ∈ Rn×n and Kv ∈ Rn×n are diagonal matrices of positive gains, qd is the

given reference trajectory, q̃ = q − qd, and p̂ = [Φ̂T , µ̂T ]T is the estimate of the true

dynamic parameter vector p, whose update law is clarified later. Using the property that

dynamic parameters can generally be factored linearly from the dynamic equations, the

closed loop dynamics becomes

¨̃q +Kv
˙̃q +Kpq̃ = M(q, Φ̂)−1Y (q, q̇, q̈)p̃, (5.2.5)
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where Y ∈ Rn×10n is the regressor function that satisfies

M(q, p)q̈ + b(q, q̇, p) = Y (q, q̇, q̈)p, (5.2.6)

and p̃ = p̂−p is the error vector of the parameter estimate. The state space formulation

of (5.2.5) with augmented state vector defined as e = [q̃T , ˙̃qT ]T is given by

ė = Ae+BM(q, p̂)−1Y (q, q̇, q̈)p̃, (5.2.7)

where A =

 0 In

−Kp −Kv

 ∈ R2n×2n is a Hurwitz matrix and B =
[

0 In

]T
∈

R2n×n (we denote In the n × n identity matrix). One may then choose some con-

stant symmetric 2n×2n positive-definite matrix Q, and let P be the unique symmetric

positive-definite matrix satisfying the Lyapunov equation,

ATP + PA = −Q. (5.2.8)

The Lyapunov function candidate V is defined as follows:

V = eTPe+ p̃TΓp̃,

where Γ is a constant symmetric positive-definite matrix. The time derivative of the

Lyapunov function candidate V̇ is given by

V̇ = −eTQe+ 2p̃T {Y (q, q̇, q̈)TM(q, p̂)−1BTPe+ Γ ˙̂p},

which makes use of the fact that ˙̃p = ˙̂p since p is constant. Defining the parameter

update law (or adaptation law) as

˙̂p = −Γ−1Y (q, q̇, q̈)TM(q, p̂)−1BTPe, (5.2.9)

we have V̇ = −eTQe ≤ 0. From the stability analysis provided in [71] it follows

that the position tracking error e converges to zero asymptotically, and the parameter
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estimate error p̃TΓp̃ remains bounded, provided that the estimated mass matrix M(q, p̂)

is uniformly bounded and invertible.

In fact, M(q, p̂) must be invertible in order to implement the adaptation law (5.2.9),

but the existence of M(q, p̂)−1 is not rigorously justified. In [71], the authors provide a

switching scheme to reset the parameters to always reside inside some feasible bound,

defined by a set of linear inequality constraints on p̂ that lead to sufficient conditions

guaranteeing the boundedness and invertibility (or equivalently, positive-definiteness) of

M(q, p̂). Another important issue in implementing the adaptation law (5.2.9) is the re-

quirement of the joint acceleration feedback term q̈, which is difficult to obtain accu-

rately from position and velocity measurements. The adaptive controller presented below

proposed by Slotine and Li [72] removes both of these difficulties.

5.2.1.2 Passivity-based Adaptive Control

The control input for passivity-based adaptive control proposed by [72] is given as

u =M(q, Φ̂)a+ C(q, q̇, Φ̂)v + g(q, Φ̂)

+ k(v, µ̂)−Kr, (5.2.10)

=Y (q, q̇, a, v)p̂−Kr

where the vectors v, a, r ∈ Rn are defined as

v = q̇d − Λq̃, (5.2.11)

a = v̇ = q̈d − Λ ˙̃q, (5.2.12)

r = q̇ − v = ˙̃q + Λq̃, (5.2.13)

and K and Λ are symmetric positive definite matrices of constant gains. The closed-loop

dynamics is given by

M(q,Φ)ṙ + C(q, q̇,Φ)r +Kr + [k(q̇, µ)− k(v, µ)] = Y (q, q̇, a, v)p̃.
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The following Lyapunov function candidate is introduced:

V =
1

2
rTM(q,Φ)r +

1

2
p̃TΓp̃, (5.2.14)

where Γ as before is set to be a constant symmetric positive-definite matrix. Using the

fact that Ṁ − 2C as constructed is skew-symmetric [72], V̇ reduces to

V̇ ≤ −rTKr + p̃T {Γ ˙̂p+ Y (q, q̇, a, v)T r},

under the mild condition that the joint friction model ki(q̇i, µ) is a monotonically in-

creasing function of q̇i. Choosing the parameter update law as

˙̂p = −Γ−1Y (q, q̇, a, v)T r, (5.2.15)

we have V̇ = −rTKr ≤ 0. It can also be shown that the position tracking error e

converges to zero asymptotically from the convergence of r, and the parameter estimate

error p̃TΓp̃ remains bounded. Note that neither the acceleration measurements q̈ nor the

inverse of the mass matrix M(q, Φ̂) is required in the control input (5.2.10) and the

parameter adaptation law (5.2.15).

Remark 5.1. As noted in [46], a practical choice for the gain matrices K, Λ is given by

K = λ ·M(q, Φ̂), and Λ = λ · In for some scalar constant λ. The above choice implies

that higher gain values are used for joints with higher inertias. It is further shown

that even with such a time-varying choice of K, global convergence can be guaranteed

with only a slight modification of a in the regressor function Y in the adaptation law

(5.2.15), to a− λr.
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5.3 Barrier-Hessian Manifolds

In this Section, we try to extend the previous framework of characterizing geometric

structure of the physically feasible set of inertial parameters (in Section 3.3) to gen-

eral mechanical parameters defined on an arbitrary convex subset in RN . The contents

described here are the key ingredients for the derivation of our main contribution: ge-

ometric parameter adaptation laws presented in Section 5.4.

To begin with, recall that evaluating numerical values of mechanical parameters re-

quire a specific coordinate choice and the coordinate choice includes unit system, and

body-attached frames to evaluate spatial quantities, e.g., moments of inertia, center of

mass (CoM), stiffness matrix, etc. One useful observation here is that the change of

these coordinates can always be defined in the form of affine transformation of the pa-

rameters. Mathematically, such a space can be characterized as an affine manifold.

Definition 5.3.1. An affine manifold is a manifold which only admits affine coordinate

systems; that is, coordinate change is always an affine function.

There is a particularly convenient way of imposing a Riemannian manifold structure

to the affine manifold which introduces to the definition of a Hessian manifold.

Definition 5.3.2. Hessian manifold (M, h) is an affine manifold M with Rieman-

nian metric g given by the Hessian of a strictly convex, twice differentiable function

h : M → R, i.e., in local affine coordinate p = (p1, · · · , pN ) ∈ RN the coordinate

representation of the Riemannian metric g(p) ∈ RN×N is given by

[g(p)]i,j ,
∂2h(p)

∂pi∂pj
, or (5.3.16)

g(p) , ∇2h(p) � 0. (5.3.17)

Remark 5.2. Note however that Hessian can not be generally well-defined as a valid
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Figure 5.1: Example of a 2-dimensional barrier-Hessian manifold (M, h).

coordinate-invariant Riemannian metric for a manifold which admits nonlinear coordi-

nate transformations.

Bregman divergence (2.2.2) associated with function h can then be naturally defined

on a Hessian manifold (M, h). By the property (2.2.13), the following second-order ap-

proximation holds between the Bregman divergence and the Riemannian metric (5.3.17):

dh(p‖p+ dp) =
1

2
dpT g(p)dp+ o(‖dp‖2) (5.3.18)

Lastly, we add a few technical conditions to the original definition of Hessian man-

ifold to define what we would call a barrier-Hessian manifold (see Figure 1).
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Definition 5.3.3. A barrier-Hessian manifold is a Hessian manifold (M, h) that sat-

isfies the following conditions:

(i) M can be identified as an N -dimensional convex open subset in RN

(ii) [84, pp. 201] For every p0 ∈M and positive scalar L, the set

B(M,h)(p0, L) , {p ∈M : dh(p0‖p) ≤ L} (5.3.19)

is compact, i.e., closed and bounded in RN . Or equivalently, dh(p0‖p) approaches

to infinity as p approaches to the boundary of M.

The conditions above essentially reduce the degree to which the choice of function

h can be made, yet will allow us to construct parameter adaptation laws with desirable

properties in Section 5.4. Below we characterize the space of rigid body inertial pa-

rameters and joint friction/stiffness parameters as explicit examples of affine manifolds

with barrier-Hessian manifold structures.

5.3.1 Rigid Body Inertial Parameters

Recall that the manifold MI of physically consistent inertial parameters of a single

rigid body is given by

MI ' {φb ∈ R10 : P (φb) � 0}. (5.3.20)

where the elements in MI can be identified with different choices of coordinates {b}.

We first claim that MI is an affine manifold. From the relation (3.3.24), the pseudo-

inertia matrix representation of inertial parameters always admits the linear coordinate

transformation rule Ψab : P(4)→ P(4) of the form,

Pa = Ψab(Pb) , Sab Pb S
T
ab, (5.3.21)
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for some constant nonsingular matrix Sab ∈ R4×4. By the linearity of the mappings P

and Ψab, the vector representation φ hence always admits the linear transformation rule

ψab = P ◦Ψab ◦ P−1 : R10 → R10, i.e.,

φa = ψab(φb) = P−1(Ψab(P (φb))). (5.3.22)

Therefore, the manifold MI (5.3.20) is an affine manifold. Now, we propose that MI

exhibits a particular barrier-Hessian manifold structure.

Proposition 5.1. Affine manifold MI (5.3.20) of inertial parameters admits barrier-

Hessian manifold structure (MI , hI) with

hI(φ) , − log det(P (φ)). (5.3.23)

Hessian of the strictly convex function hI induces the Riemannian metric gI ∈ R10×10

as

[gI(φ)]i,j , tr
(
P (φ)−1P (ei)P (φ)−1P (ej)

)
(5.3.24)

(ei ∈ R10 is a vector having 1 at the i-th element and zero for the remaining elements)

and the Bregman divergence of hI is given by

dhI (φ‖ψ) =− log det
(
P (ψ)−1P (φ)

)
+ tr

(
P (ψ)−1P (φ)

)
− 4 (5.3.25)

Proof is given in the Appendix A.5.

Remark 5.3. It is noted that the expression of hI : MI → R given in (5.3.23) is yet

well-defined in terms of coordinate invariance; for arbitrary two coordinates {b} and

{a} the values of hI deviate by a constant, i.e.,

hI(φb) = − log det(SabP (φa)S
T
ab)

= − log det(P (φa))− 2 log det(Sab)

= hI(φa) + constant.
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Nonetheless, both the Riemannian metric (5.3.24) and the Bregman divergence DhI

(5.3.25) admit well-defined coordinate-free expressions, as Hessian operator and Breg-

man divergence is invariant to the constant additions to the function.

It is noted that further useful convex constraints can be appended to the charac-

terization of the inertial parameter set MI . For instance, bounding box constraint on

CoM, min-max constraint on the mass, bounding ellipsoid constraint on the support of

the underlying mass density (3.2.12) [28] can all be expressed as linear inequality con-

straints on φ. Let us denote the set M+
I of physically consistent inertial parameters

with additional m number of linear inequality constraints as

M+
I ' {φ ∈MI : aTk φ− bk > 0, k = 1, · · · ,m}, (5.3.26)

which is also an affine manifold by the same argument as above.

Proposition 5.2. The barrier-Hessian manifold structure (M+
I , h

+
I ) can be defined based

on the previous (MI , hI) as,

h+
I (φ) , hI(φ)− α ·

m∑
k=1

log(aTk φ− bk) (5.3.27)

for some positive scalar α; Hessian of the function h+
I induces the Riemannian metric

g+
I ∈ R10×10 as

g+
I (φ) , gI(φ) + α ·

m∑
k=1

1

(aTk φ− bk)2
aka

T
k � 0. (5.3.28)

and the Bregman divergence of h+
I is given by

Dh+I
(φ‖ψ) =DhI (φ‖ψ)

+ α ·
m∑
i=1

[
log

aTk ψ − bk
aTk φ− bk

+
aTk φ− bk
aTk ψ − bk

− 1

]
. (5.3.29)
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Proof is given in the Appendix A.6.

Remark 5.4. Similar to Remark 5.3, the Riemannian metric (5.3.28) and the Bregman

divergence Dh+I
(5.3.29) are invariant to the coordinate choice and also arbitrary scal-

ing of the specification of the linear inequality constraints, i.e., substitutions ak ← c ·ak
and bk ← c · bk for any scalalr c > 0 yield the same form of Riemannian metric and

Bregman divergence. This allows the choice of dimensionless value α to be free of scal-

ing and coordinate choices.

5.3.2 Joint Friction/Stiffness Parameters

One-dimensional joint friction or elastic force is typically modeled with a set of pos-

itive scalar-valued parameters. For instance, the joint Coulomb-viscous friction model

(5.2.2) can be parametrized with two positive scalars (µc, µv) ∈ R+ × R+, and simple

linear (torsional) spring model often used to take into account the joint elasticity is also

parametrized by a scalar spring constant k ∈ R+. Hence, the manifold MJ of feasible

joint friction/stiffness parameters can be given by

MJ ' {µ ∈ RnJ : µi > 0, i = 1, · · · , nJ}. (5.3.30)

MJ is clearly an affine manifold whose elements can be identified with different scaling

of each of the parameters.

Proposition 5.3. Affine manifold MJ (5.3.30) admits barrier-Hessian manifold structure

(MJ , hJ) with

hJ(µ) = −
nJ∑
i=1

logµi, (5.3.31)

where the Hessian of the convex function hJ induces the Riemannian metric gJ ∈

RnJ×nJ as

gJ(µ) = diag

(
1

µ2
1

, · · · , 1

µ2
nJ

)
, (5.3.32)
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and the Bregman divergence of hJ is given by

DhJ (µ‖ν) =

nJ∑
i=1

[
log

νi
µi

+
µi
νi
− 1

]
(5.3.33)

Also, if each of the parameters is to be bounded on the finite interval, i.e., µi ∈

(li, ri), denote

M+
J ' {µ ∈ R

nJ : 0 < li < µi < ri, i = 1, · · · , nJ}. (5.3.34)

Proposition 5.4. The barrier-Hessian manifold structure (M+
J , h

+
J ) can be defined with,

h+
J (µ) = −

nJ∑
i=1

[log(µi − li) + log(ri − µi)], (5.3.35)

where the Hessian of the function h+
J induces the Riemannian metric g+

J ∈ RnJ×nJ as

g+
J (µ) =diag

(
1

(µ1 − l1)2
, · · · , 1

(µnJ − lnJ )2

)
+ diag

(
1

(µ1 − r1)2
, · · · , 1

(µnJ − rnJ )2

)
, (5.3.36)

and the Bregman divergence of h+
J is given by

DhJ (µ‖ν) =

nJ∑
i=1

[
log

νi − li
µi − li

+
µi − li
νi − li

− 1

]

+

nJ∑
i=1

[
log

ri − νi
ri − µi

+
ri − µi
ri − νi

− 1

]
. (5.3.37)

The proofs of Proposition 5.3 and 5.4 are similar to those of Proposition 5.1 and

Proposition 5.2.

We close this section by showing how one can directly define a barrier-Hessian

manifold structure on the product space of two affine manifolds already having barrier-

Hessian manifold structures, e.g., (MI , hI) and (MJ , hJ).
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Proposition 5.5. Given two barrier-Hessian manifolds (Mx, hx) and (My, hy), the

barrier-Hessian manifold structure (M, h) on the product space M =Mx ×My can

be define with

h(p) = wx · hx(x) + wy · hy(y), (5.3.38)

for some constant positive scalars wx, wy, and p = (x, y) ∈ M = M1 ×M2. Then,

the Riemannian metric g and the Bregman divergence Dh are given by

g(p) = diag(wx · gx(φ), wy · gy(µ)) (5.3.39)

dh(p1‖p2) = wx · dhx(x1‖x2) + wy · dhy(y1‖y2). (5.3.40)

Proof is given in the Appendix A.7. By recursion, barrier-Hessian manifold structure

(M, h) with Riemannian metric g on the product space of arbitrary n number of barrier-

Hessian manifolds, (Mi, hi), i = 1, · · · , n can be given as follows:

M =M1 × · · · ×Mn, (5.3.41)

h(p) =
n∑
i=1

wi · hi(xi), (5.3.42)

g(p) = diag(w1 · g1(x1), · · · , wn · gn(xn)), (5.3.43)

dh(p1‖p2) =
n∑
i=1

wi · dhi(xi1‖xi2), (5.3.44)

where xi are the coordinate values of Mi. Unless otherwise noted, we would normally

set wi = 1 for all i for the sake of brevity.

5.4 Geometric Parameter Update Laws

Lyapunov stability analysis provides a way of assessing the stability of a closed-loop

system by a suitable choice of Lyapunov function. In some cases what at first appears
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to be a natural Lyapunov function candidate can complicate the design of a stabilizing

control law. Particularly for a large class of mechanical systems including robot manip-

ulators, a branch of passivity-based control methods that exploits the skew-symmetry

of Ṁ − 2C have been developed for a class of energy-like Lyapunov functions, e.g., a

system’s kinetic and elastic energy terms as reflected in (5.2.14). Such methods allow

for the closed-loop system to inherit some of the intrinsic physical properties of the

original system [85], rather than replacing entirely the original dynamics with that of

a virtual spring-damper system via feedback linearization as done in computed-torque

control. As described in the previous section, Slotine and Li have shown that such phys-

ically motivated control designs can also be successfully applied to adaptive manipulator

control.

The general class of globally convergent adaptive robot control laws as discussed in

Section 5.2.1 consider a Lyapunov function candidate V that is the sum of a tracking

error term Vt and a parameter error term Vp:

V = Vt(q, q̇, qd, q̇d, p)︸ ︷︷ ︸
(tracking error)

+ Vp(p, p̂)︸ ︷︷ ︸
(parameter error)

. (5.4.45)

Here, as opposed to the choice of tracking error term Vt, the natural choice of parameter

error term Vp is often overlooked; a quadratic parameter error of the form p̃TΓp̃ with

constant positive-definite matrix Γ is often considered. As the inverse of Γ serves as an

adaptation gain in (5.2.9), (5.2.15), selecting an appropriate choice of Γ can be a time-

consuming and arduous process. Moreover, as discussed in Chapter 3, different choices

of metric on the parameters, for example the standard Euclidean metric corresponding

to Γ = γI, can lead to fatal scaling problems and physically inconsistent estimators,

especially when the excitation trajectories fail to be persistently exciting. Such problems

are pervasive in adaptive control, where only limited trajectory data is available for

online adaptation purposes.
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There have been several approaches or modifications toward more robust parame-

ter adaptation under the framework of adaptive computed-torque control and passivity

based adaptive control. For the case of adaptive computed-torque control, several pro-

jection or resetting based modifications of the adaptation law have been proposed to

ensure the estimated inertial parameters are physically consistent [71, 77, 76, 78, 79],

by sufficiently guaranteeing the uniform positive-definiteness of estimated mass matrix

M(q, Φ̂). We believe that such switching-based schemes are more often than not ad hoc

remedies to the issue of physical inconsistency: with a poor choice of Γ, the estimated

parameters are highly prone to converge to the boundary of a pre-defined feasible set,

which leads to a trivial adaptation of the parameters over a large portion of the opera-

tion time. On the other hand, Slotine and Li have suggested indirect [77] or composite

versions [46] of their passivity-based method. These take into account additional filtered

torque prediction errors in a least-squares sense, which essentially updates the matrix Γ

to a more well-conditioned value over the time.

However, to the best of our knowledge, none of the adaptation laws so far respect

the physical consistency of the estimated parameters in an intrinsic and smooth manner.

In the following sections, we argue that these goals can in fact be achieved by consid-

eration of the natural and coordinate-invariant choice of a smooth parameter error term

Vp. This in turn significantly reduces the human burden of having to select an excessive

number of adaptation gains compared to existing methods.

5.4.1 Geometric Adaptation Law

To begin with, observe that the time derivative of the tracking error term Vt is of the

form

V̇t ≤ p̃T b, (5.4.46)
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where b = Y T M̂−1BTPe for adaptive computed torque control, and b = Y T r for the

passivity-based adaptive control. In order to ensure that time derivative of V = Vt +Vp

is negative, the time derivative of Vp must be of the form

V̇p(p, p̂) = p̃Tw( ˙̂p, p̂), (5.4.47)

with the adaptation law w( ˙̂p, p̂) = −b. This eventually enforces the negativity of V̇ , i.e.,

V̇ = V̇t+ V̇p ≤ p̃T (b+w( ˙̂p, p̂)) = 0. To illustrate, when Vp is set to be the conventional

quadratic error, i.e., Vp = 1
2 p̃
TΓp̃, then w( ˙̂p, p̂) = Γ ˙̂p which yields the conventional

parameter adaptation laws of the form

˙̂p = −Γ−1b. (5.4.48)

It is important here to note that w should be a function of only the estimated parameters

p̂ and their time derivatives ˙̂p, and not include the true parameter p, since it is not

known a priori, but rather a desired value we wish to estimate. We now claim that

the Bregman divergence-based distance measure (2.2.2) allows for a valid Lyapunov

function candidate for Vp whose time derivative is of the form (5.4.47).

Proposition 5.6. Given a barrier Hessian manifold structure (M, h) on the parameter

space, a function Vp :M×M→ R defined with the Bregman divergence,

Vp(p, p̂) = γdh(p, p̂), (5.4.49)

for constant positive scalar gain γ is a valid Lyapunov function candidate. Its time

derivative satisfies the form given in (5.4.47):

V̇p(p, p̂) = γ p̃T ∇2h(p̂) ˙̂p︸ ︷︷ ︸
w( ˙̂p,p̂)

. (5.4.50)

Proof is given in the Appendix A.8.
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Figure 5.2: Geometric adaptation on (M, h)

Remark 5.5. With Vp chosen as geodesic distance of the Riemannian metric, its time

derivative cannot be generally factored in the form (5.4.47).

Based on the choice of Vp as in (5.4.49), we now propose a novel adaptation law,

which we refer to as a geometric adaptation law, applicable to any Lyapunov-based

adaptive control law in which the time derivative of the tracking error-related Lyapunov

function candidate Vt is expressible in the form (5.4.46).

Proposition 5.7. (Geometric Adaptation Law) Let g = ∇2h be the Riemannian metric

of a barrier Hessian manifold structure (M, h). Given a control law that results in the

time derivative of Vt of the form (5.4.46), the following adaptation law

˙̂p = −1

γ
[g(p̂)]−1 · b (5.4.51)

guarantees the asymptotic convergence of the tracking error to zero and bounded pa-

rameter error, i.e., for V0 = V |t=0

p̂(t) ∈ B(M,h) (p, V0/γ) ⊂M, ∀t ∈ [0,∞) (5.4.52)
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in which the initial estimate p(0) is chosen to be p(0) ∈M.

Proof is given in the Appendix A.9. Although the vectorized coordinate represen-

tation of the adaptation law (5.4.52) involves the matrix inverse of g(p̂), we note that

in practice this matrix inverse need not be implemented at all. To illustrate, suppose

the barrier-Hessian manifold M be the product space of inertial parameter manifold

MI (dim(MI) = 10) and joint friction parameter manifold MJ (dim(MJ) = nJ ). By

Proposition 5.5, the Riemannian metric g is a block diagonal matrices of gI and gJ .

Therefore, the update rule (5.4.52) can be decomposed as

˙̂p = −1

γ

(
[gI(φ̂)]−1bI + [gJ(µ̂)]−1bJ

)
. (5.4.53)

The metric gJ(·) (5.3.32) is a diagonal matrix for which the inverse is trivial to imple-

ment. For the first term [gI(φ̂)]−1bI , one can use the identity (B.1.10) in the Appendix

B.1 to avoid the matrix inverse computation, i.e., [gI(φ̂)]−1bI = 2·P−1(P (φ̂)X(bI)P (φ̂)).

More details on the general implementation of [g(p̂)]−1b is given in the Appendix B.4.

As opposed to an arbitrary constant gain matrix Γ in conventional approaches (5.4.48),

it can be observed that a state-dependent, time-varying choice Γ(p̂) = g(p̂) is admis-

sible. As a by-product, one only has to determine a single tuning variable γ, which is

essentially the adaptation speed.

From an optimization perspective, the existing parameter update rule (5.4.48) can be

viewed as a steepest gradient descent-like update [2, page 414] in flat Euclidean space

with constant metric Γ. On the other hand, our method is analogous to the natural gra-

dient descent method, which generalizes the steepest descent method to general curved

Riemannian manifolds. The natural gradient is not only coordinate-invariant, but also

known to provide a more efficient direction of descent in terms of the metric prede-

fined on the space [80]. Moreover, the resulting natural gradient-like realization of the
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adaptation law actually turns out to guarantee physical consistency of the adapted pa-

rameters, which we proved using the Bregman divergence in a Lyapunov-based analysis

rather than by using the exact Riemannian distance metric.

Remark 5.6. In principle, tracking error in the passivity-based direct adaptive con-

trollers [72] is guaranteed to asymptotically converge to zero with arbitrary constant

choice of gain matrix Γ without regarding to the physical consistency of the estimated

parameters. However, as will be shown in the following section, the transient perfor-

mance of a direct adaptive controller can in fact be largely improved by the proposed

natural choice of Γ(p̂) that also ensures the physical consistency of the estimated pa-

rameters.

5.4.2 Geometric Projection Law

In this Section, parameter projection laws for robust adaptive controllers [76] conven-

tionally defined on the Euclidean space are generalized to the manifold M with Hessian

manifold structure.

Let the convex constraint be defined with c(p) ≤ 0 for some convex function c :

RN → R, i.e., define

C = {p ∈M : c(p) ≤ 0}. (5.4.54)

Technical objective of robust adaptation is to update the parameters p̂(t) (on M) while

ensuring p̂(t) ∈ C as well as the closed-loop system’s stability for all t. This is achieved

by switching the smooth adaptation law only when p̂ is about to cross the boundary

of C, i.e., p̂(t) ∈ ∂C. Specifically, the ensuing optimization problem formulation for

projecting the instantaneous direction of update v to the tangent space of ∂C is given



5.4. Geometric Parameter Update Laws 139

by,

min
v̂
‖v̂ − v‖2p̂ (5.4.55)

s.t. ∇c(p̂)T v̂ = 0 (v̂ ∈ Tp̂∂C) (5.4.56)

where ‖v‖p ,
√
vT g(p)v and p̂ ∈ ∂C. The closed-form solution to the above is given

by, v̂∗ = v− ∇cT v∇cTw ·w where w = [g(p̂)]−1 ·∇c(p̂). Below we propose that this solution

actually provides a valid parameter projection rule.

Proposition 5.8. (Geometric Projection Law on ˙̂p) Define v = − 1
γ [g(p̂)]−1 · b and

w = [g(p̂)]−1 · ∇c(p̂).

˙̂p =

 v − ∇cT v∇cTw · w , if p̂ ∈ ∂C and ∇cT v > 0

v , otherwise
(5.4.57)

guarantees the asymptotic convergence of the tracking error to zero and bounded pa-

rameter error,

p̂(t) ∈ B(M,h) (p, V0/γ) ∩ C, ∀t ∈ [0,∞) (5.4.58)

in which the initial estimate p(0) is chosen to be p(0) ∈M∩ C.

Proof is given in the Appendix A.10. Meanwhile, if the boundary of C is curved

(i.e. if the function c(p) is nonlinear), standard numerical integration of the projection

law (5.4.57), e.g., Euler integration, can make p̂ to cross the boundary. To prevent this

numerical problem, we propose an additional projection step that makes sure p̂ to always

exactly evolve on C while preserving the stability guarantees.

Proposition 5.9. (Geometric Projection Law on p) If it happens that p̂(t) 6∈ C, then

the following instantaneous correction at t+,

p̂(t+) = ProjC(p̂(t)), (5.4.59)
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Figure 5.3: Geometric adaptation on (M, h) with projection at the boundary of C

where the projection operator ProjC(·) is defined as (2.2.12), decreases the Lyapunov

function V by

V |t+ ≤ V |t −Dh(p̂(t+)‖p̂(t))︸ ︷︷ ︸
≥0

, (5.4.60)

and hence guarantees stability.

Proof is given in the Appendix A.11

5.5 Simulation Study: Barret WAM7 Manipulator

In this section, we present extensive simulation experiments to assess the tracking per-

formance of our geometric adaptive controller vis-a-vis existing adaptive controllers. The

simulations are conducted on a torque-controllable Barett WAM seven-DOF manipulator

arm model under the passivity-based adaptive control framework of [72]. For the dy-

namic model, only the rigid body dynamics is used with no joint frictions, and hence

only the inertial parameters are considered for parameter adaptation. The modified re-

cursive Newton-Euler algorithm is used to implement the adaptive controller based on

[86]. The simulations are all implemented in MATLAB. Euler integration with a fixed
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stepsize of 1e-3 seconds is used for the parameter adaptation implementation. For im-

proved simulation fidelity, the forward dynamics is updated at a faster rate of 10kHz.

The four different adaptation laws to be compared are labelled as follows: ‘No-

adaptation’, ‘Euclidean’, ‘Const. pullback’ and ‘Natural’. ‘No-adaptation’ indicates a

pure passivity-based tracking controller with a fixed parameter estimate, i.e. Φ̂(t) =

Φ̂(0). ‘Euclidean’ and ‘Const. pullback’ are passivity-based adaptive controllers with

the constant adaptation gain matrix respectively chosen as Γ = γ ·I and Γ = γ ·g(Φ̂(0))

(a constant pullback Riemannian metric evaluated on the initial estimate Φ̂(0)), for some

constant scalar γ. When manually tuning the constant adaptation gain matrix, for rea-

sonably close initial estimates, a non-identity or non-diagonal Γ for ‘Const. pullback’ is

a reasonable choice that balances the update law with respect to the scales for each of

the parameters. Finally, ‘Natural’ indicates a passivity-based adaptive controller using

our geometric adaption law (5.4.52). The adaptation speed factor γ−1 is set at a scale

as large as possible without accruing large numerical integration errors for the given

stepsize; for ‘Euclidean’, γ−1 = 5e-5, while for ‘Const. pullback’ and ‘Natural’, γ−1 =

1.0. As noted in the Remark 5.1, the control gains are set to K = λ·M(q, Φ̂), Λ = λ·I,

and λ = 10.0.

The common task in our experiments is to track a periodic joint trajectory of the

form

qd,i(t) = Ai

(
cos(

2π

Ti
t)− 1

)
, i = 1, · · · , n,

where qd,i is the desired joint angle of the ith joint, Ai is the amplitude, and Ti is the

period.



142 Geometric Robust Adaptive Control of Robot Manipulators

5.5.1 Full Adaptation

We adapt the entire set of inertial parameters for each of the links. First, to compare the

robustness of the controllers with respect to various levels of model uncertainty, initial

estimates of the inertial parameters are deliberately perturbed from the true parameters,

i.e., φ̂i(0) = φi · (1 + εi), where εi is drawn 100 times from a zero-mean Gaussian

distribution with standard deviation σ evenly spaced at 0.05 intervals, from 0.05 to 0.40

(εi is truncated to be within the range [−σ, σ] to prevent the initial estimate from being

physically inconsistent). The desired trajectory parameters are fixed with amplitude Ai =

0.8 and period Ti = 5 sec.

As shown in Figure 5.4 our method ‘Natural’ and ‘Const. pullback’ outperform other

methods in tracking performance at all noise levels. For the ‘Euclidean’ method, the es-

timated parameters were physically inconsistent for over 90 % of the operation time,

which implies that using projection or resetting methods for ‘Euclidean’ merely enforce

the physical consistency of the estimated parameters to be on the boundary of a user-

specified (and ad hoc) feasible set. On the other hand, ‘Natural’ and ‘Const. pullback’

were shown to always provide physically consistent estimation parameters. Although the

‘Const. pullback’ method is not yet theoretically guaranteed to always ensure physical

consistency, our results highlight the fact that a reasonable choice of metric or adap-

tation gain matrix Γ plays a more critical role in physically consistent estimation than

only considering physical consistency on the boundary of the feasible region.

We now fix the model uncertainty to σ = 0.40 and consider trajectory tracking for

a varied sequence of desired trajectories, each having different amplitudes Ai evenly

spaced at 0.2 from 0.4 to 1.2. As can be observed in Figure 5.5, ‘Natural’ and ‘Const.
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Figure 5.4: Plot of joint tracking RMS error when adapting the entire set of the inertial

parameters with various levels of noise in the initial estimate

pullback’ considerably reduce the tracking error after the first round compared to ‘Eu-

clidean’ and continues to maintain this level of tracking performance. The adapted pa-

rameters from ‘Natural’ and ‘Const. pullback’, while achieving physical consistency, are

more generalizable to varied task situations. A lack of generalizability implies that the

robot could behave unexpectedly in unexpected task situations. In this regard, ‘Natural’

and ‘Const. pullback’ methods show more promise with respect to robustness.

5.5.2 Unknown Payload Adaptation

We now consider adaptation of only the last end-effector link, to emulate situations

where an unknown load or tool is loaded on the end-effector. The repeated sequence of

constant amplitude 0.8 is used as the desired trajectory. The inertial parameters (except

for the end-effector link) are fixed as true parameters. For the initial estimates, we as-

sume a blind guess of the unknown loads assuming a 1kg sphere of radius 0.1m. The

unknown loads considered for the experiment are of three types: ‘Sphere’, ‘Ellipsoid1’,

and ‘Ellipsoid2’, respectively indicating a uniform sphere with radius 0.05m, a uniform
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Figure 5.5: Plot of joint tracking RMS error when adapting the entire set of the inertial

parameters on a varied sequence of desired trajectories, with a fixed noise level for the

initial estimate; σ = 0.4. RMS errors for ‘No-adaptation’ all exceeded 7 deg

ellipsoid with aspect ratio [0.0323m: 0.3227m: 0.0323m], and a uniform ellipsoid with

aspect ratio [0.1375m: 0.2165m: 0.1082m] and center of mass offset from the initial

estimate by p = (0.05m, 0.04m, -0.07m), ‖p‖ = 0.095m. All the unknown loads weigh

3kg.

In Figure 5.6, our method, ‘Natural’, is shown to outperform other methods in terms

of transient behavior and tracking error convergence. However, for the case of ‘Ellip-

soid1’, our method did not show superior error convergence to other methods, compared

to the cases of ‘Sphere’ and ‘Ellipsoid2’. In fact, the initial estimate, sphere, is highly

biased from the pipe-shaped load, ‘Ellipsoid1’, which makes the adaptation most chal-

lenging out of the three cases. We believe that such limitations arising from bad initial

estimates are an inherent feature of direct adaptive control methods, since the adaptation

is done in a local gradient-like sense, directly compensating the model uncertainties with

the instant tracking error. Indirect [77], [74] or modularized approaches [87], in which

the accumulated past trajectory information is preserved in a more consistent way via
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propagation of the covariance or observation matrix from, e.g., least-squares estimation,

may perform better when there are significant errors in the initial estimate. However,

they often may not satisfy the asymptotic convergence condition, e.g. uniform invert-

ibility of the estimated mass matrix, or require additional torque and joint acceleration

measurements. A composite approach [46] involving setting the initial covariance ma-

trix to be the inverse of the pullback Riemannian metric on the initial estimate, could

be a viable solution in this regard.
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(a) Sphere (b) Ellipsoid1

(c) Ellipsoid2

Figure 5.6: Joint tracking RMS error plots for adaptation of three kinds of unknown

loads; 5.6(a) Sphere, 5.6(b) Ellipsoid1, and 5.6(c) Ellipsoid2. The plots above show

mean RMS tracking error for repeated rounds of periodic desired trajectories, while the

bottom plot shows a time plot of RMS tracking error. The color legends for all the

plots are depicted in 5.6(c). Mean RMS tracking error for ‘No-adaptation’ in 5.6(c) all

exceed 70 deg.
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5.6 Experiment: AMBIDEX Robot Manipulator

Our geometric robust adaptation algorithm is implemented on the AMBIDEX cable-

driven robot manipulator. The modified recursive Newton-Euler algorithm is used to

implement the passivity-based adaptive controller with a control frequency of 1kHz.

Again referring to Remark 5.1, the control gains are set to K = λ ·M(q, Φ̂), Λ = λ · I,

and λ = 3.0. Observe that the control gain λ is set to be very small as compared to

the previous simulation experiment.

The task in this experiment is to sequentially track 14 sets of randomly chosen

point-to-point motion trajectories; the duration of each point-to-point motion is 1.5 sec.

Both the inertial parameters and Coulomb-viscous friction parameters are considered for

parameter adaptation. The initial values for all the parameters are obtained from geo-

metric dynamic identification as conducted in Section 3.6.1. To emulate situations where

an unknown load or tool is loaded to the bodies, 500g sandbags are rigidly attached

to the bodies. 3 different cases are considered: 500g sandbag on link 3, 500 sandbag

each on link 3 and 10, and 500g sandbag each on link 3, 5 and 10. Friction parameter

adaptation is mainly due to the relatively large model mismatch from using a simpli-

fied friction model. The scalar adaptation gain γ = 1 is used for all the experiments.

We however set the adaptation speed for the friction parameters twice faster than the

inertial parameters; the wi are set to 0.5 for the friction parameter manifolds MJ and

1 for the inertial parameter manifolds MI (see (5.3.43)).

We note that the real experiment with the Euclidean metric as the constant adapta-

tion gain matrix, i.e., Γ = γ ·1, is not conducted for safety issue. In the simulation test,

the parameter update with Γ = γ · 1 was either numerically unstable (large γ) or too

slow (small γ). This issue is shown to be more prominent than the previous experiment,

perhaps for the inclusion of the friction parameters for adaptation (friction parameters
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(a) Link 10 inertia + friction adaptation

(b) Link 3, 10 inertia + friction adaptation

(c) Link 3, 5, 10 inertia + friction adaptation

Figure 5.7: Snapshots of adaptation scenarios on the AMBIDEX robot manipulator.

500g (yellow colored) sandbags are placed on multiple body links.
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Figure 5.8: Joint tracking RMS errors during adaptive control of AMBIDEX robot ma-

nipulator subject to link inertia and friction uncertainties

are in a completely different scale as compared with the inertial parameters). Here we

again highlight that our method does not require excessive tuning of the full adaptation

gain matrix Γ.

Figure 5.8 shows the conspicuous reduction of the mean RMS tracking error (of the

motor angle) from using our geometric adaptation methods. However, considering the

reduction ratio from motor angle to joint angle due to the cable wiring, the mean RMS

joint angle error from using our method is around the range of 1-3 deg. As can be

observed in Figure 5.9, the steady state of the tracking error is also not clearly identi-

fiable, although the parameter adaptation is nearly converged. We currently suspect that

such performance degradation (as compared with the previous simulation experiment)

mainly comes again from using a simplified joint friction model. In fact, we have ob-

served that the friction model of AMBIDEX is highly complex and also configuration

dependant, perhaps due to the unique kinematic design of AMBIDEX. We expect more

precise modeling of the friction is a key to decrease the absolute tracking error (under

the same condition where the control gain is set to be small, c.f., λ = 3.0).
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Figure 5.9: Joint tracking RMS error trajectory during adaptive control of AMBIDEX

robot manipulator with 500g sandbag loaded at link 10.

Nonetheless, the present experiment still shows that for a lightweight robot like AM-

BIDEX loading moderately heavy object (0.5-1.5 kg) actually change the dynamic be-

havior much. In this regard, we have shown that the proposed geometric adaptive control

framework allows to quickly adapt to the change in the mass-inertial dynamics while

being robust to the model mismatch, and also can be employed in practice with a min-

imum tuning of the adaptation gain.

5.7 Conclusion

We have proposed a new set of geometric adaptation laws for direct adaptive control

of robot manipulators. The robustness and practical utility of our algorithm, which has

the added advantage of being implementable without excessive prior tuning, are both

traceable in large part to exploiting the coordinate-invariant geometric structure of the

physical parameter space. To highlight, our geometric approach does not impose signif-

icant additional computational burden compared to existing methods.

Adaptive control methods are currently being developed for more advanced robotic



5.7. Conclusion 151

tasks, e.g., interaction, constrained or hybrid position/force control [88], [89], or for

complex structures, e.g., underactuated [44], flexible-joint [90], and spacecraft [91], with

most existing works adopting the Lyapunov-based framework used in [71], [72]. Apply-

ing our natural adaptation laws to these more advanced tasks appears to be potentially

profitable and direction for future work.
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6
Conclusion

6.1 Summary

This thesis has shown that many of the challenges that arise in dynamic parameter es-

timation for multibody systems can be mitigated by appealing to coordinate-invariant,

differential geometric methods. The key lies in the finding that physical parameters,

in particular mass-inertial parameters, reside in a curved space with a natural Rieman-

nian metric which captures the perturbations on the parameters in a coordinate-invariant,

physically meaningful way. Taking this geometric perspective as our point of departure,

we have devised geometric formulations and algorithms for robust dynamic identifica-

tion, geometric criteria and algorithms for optimal excitation trajectory generation, and

geometric adaptive control framework for robot manipulators. The main contributions

of each chapter are now summarized.

• Geometric Dynamic Identification of Multibody Systems

A Riemannian manifold structure on a physically consistent rigid body inertial

153
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parameter space is defined using the symmetric positive definite pseudo-inertia

matrix representation of the inertial parameters. We then reformulate the classical

linear least squares problem of inertial parameter identification to a nonlinear one

by using a Riemannian geodesic distance. Further, convex second-order approx-

imations of the Riemannian geodesic distance, entropic divergence and constant

pullback distance, are proposed. These distances are used to relax the original

non-convex geometric dynamic identification problem to a convex optimization

problem The proposed convex programming approach to the geometric dynamic

identification leads to a globally optimal solution, reduced computations, faster

and more reliable convergence, and easy inclusion of additional convex constraints

as well as other mechanical parameters like friction parameters as optimization

variables. Extensive experiments with the three-dof MIT Cheetah leg, the seven-

dof AMBIDEX tendon-driven arm, and a sixteen-link articulated human model

show markedly improved robustness and generalizability vis-à-vis existing vector

space methods.

• Geometric Criteria for Excitation Trajectory Optimization

A new set of coordinate-invariant optimality criteria for generating excitation tra-

jectories for dynamic identification of multibody mechanical systems has been

presented. Practical benefit of using the proposed criterion for optimal excitation

lies not only in allowing more accurate identification of the model parameters,

but also in resulting optimal excitation trajectories, which are invariant to the

choice of coordinate frames and linear reparametrizations of the observable param-

eters. The proposed geometric framework is also extended to devise a coordinate-

invariant algorithm for assessing the effectively identifiable set of parameters given
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a set of excitation trajectory samples. Reduced identification of only the effec-

tively identifiable parameters is shown to significantly improve the accuracy of

identification for high-dimensional humanoid robot.

• Geometric Robust Adaptive Control of Robot Manipulators

We have presented geometric adaptation laws for globally convergent direct adap-

tive control of robot manipulators. We first generalize the Riemannian geometric

structure of the feasible inertial parameter space to general mechanical parameters

by using the concept of Hessian manifold structure. Then, a coordinate-invariant

Bregman divergence is shown to be naturally defined on the corresponding Hes-

sian manifold in addition to the Riemannian metric. By using this Bregman di-

vergence as a Lyapunov function candidate, the natural gradient parameter update

law is derived with which physical feasibility of the parameters can be guaranteed

in a completely smooth manner. Perhaps most importantly, our method consider-

ably reduces the degree to which engineering choices must be made in the con-

stant adaptation gain as compared to existing methods; only the choice of a scalar

constant gain is required for adjusting the speed of adaptation, without regard to

the number of parameters for adaptation. The method is further extended to define

robust adaptation laws in which arbitrary convex constraint on the parameters can

be satisfied using geometric projections at the boundary of the constraint. Valida-

tion through adaptive trajectory tracking control tasks on both simulation and real

hardware experiment shows markedly improved tracking error convergence, again

to highlight, without having to excessively tune the full adaptation gain matrix.
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6.2 Future Work

There are a number of potential directions in which our current geometric line of re-

search can be extended. While some of them are directly referred in the previous Chap-

ters, here we raise some major directions and open problems of future research, which

we believe merit further investigations.

• Throughout the thesis, we have mainly focused our attention on parameter esti-

mation for rigid robots. We believe that the geometric approach adopted in this

thesis can be extended to the case of soft robots. Parameters that are associated

with elastic or stiffness forces should also be, like mass-inertia, positive in na-

ture, since any elastic component should physically define a corresponding posi-

tive elastic energy. For instance, spatial stiffness matrices for modeling, e.g., com-

pliant spatial mechanisms, reside in positive definite matrix manifold which like

mass-inertia tensors exhibits a change of coordinate system in a form of affine

group transformation. Adopting a geometric approach to more general types of

compliant mechanical systems seems to be an interesting direction for future re-

search.

• Geometric approaches for improving robustness in model-based methods proposed

in this thesis are likely to share similar perspective with the ones toward devel-

oping efficient and stable learning algorithms for robot control. A class of natural

gradient-based reinforcement learning algorithms [92, 93, 94, 95], in analogy to

our geometric adaptive control algorithm, have been shown to allow much more

stable and efficient learning process in comparison to non-geometric, coordinate-

dependant approaches. However, these model-free methods typically require im-

practically long duration of training time to be used in real systems. The main
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reason we believe is in making too little assumptions about the system or environ-

ment in an attempt to derive a completely general-purpose algorithm. Making a

bridge or balance between model-based estimation/control methods and learning-

based approaches from a unified geometric perspective thus seem to be a mean-

ingful direction of research toward making an intelligent system that can learn in

a robust, safe and efficient manner.

• Another interesting direction for robot learning control that has recently gained

more attention is a simulation-to-real learning approach [10, 11, 96]; a control

law is learned entirely in the simulation environment and then the learned control

law is directly deployed in the real world. While, of course, accurate simulator

or equivalently accurate dynamic model used in the simulator is in general de-

sirable, one simple and effective method that is commonly used to circumvent

the problem of modeling errors, often referred to as dynamic randomization tech-

nique [96], is to deliberately perturb or randomize the model used in the simu-

lator during the learning process, i.e., a robot tries to learn a single control law

in such a way that it is able to accomplish the given task for multiple perturbed

simulation environments. Here we note that robust control methods in the con-

trol systems field essentially share the same philosophy or objective in designing

the controller. In robust control, it is mostly the case that there exists a trade-off

between the performance of the controller and allowable range of uncertainty of

the model. In this regard, it would be interesting to investigate to what level the

randomization can be applied for learning a robust control law without sacrific-

ing too much on the performance. Here, the level of randomization applied to

the dynamic model should be quantified in a coordinate invariant way. Lastly, as

adaptive control is often regarded as an appealing alternative to robust control in
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the control domain, it would be interesting to explore similar arguments or for-

mal comparisons in terms of learning-based control, e.g., in what situations online

model learning/adaptation approach would be more necessary than a single robust

control law learned offline.

6.3 Concluding Remark

Dynamic model-based control methods in robotics are becoming mainstream for ever

more complex systems like humanoids and multi-legged robots. However, rich and com-

plete measurements for accurate dynamic parameter estimation can often be impractical

to achieve due to many practical limitations. We would argue that our contribution is

made more meaningful to the practitioner by offering methods that work robustly de-

spite many of the practical difficulties. It is hoped that the set of geometric methods

proposed in this thesis will apply to a more wide range of mechanical systems and

also further be extended in a way to allow robots to perform more dynamic and more

versatile set of tasks than ever before.
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Proofs and Supplemental

Derivations

A.1 Supplemental Derivations

Proposition A.1 (Derivation of (3.3.20)). The differential metric on M satisfies

ds2 =
1

2
tr(P−1 dP P−1 dP )

=
1

2

(
dm

m

)2

+
1

2
tr

(((
ΣC
)−1

dΣC
)2
)

+m · dpT
(
ΣC
)−1

dp

Proof. Using (3.3.17), it can be verified that a pseudo inertia P is given in terms of

(m, p,ΣC) by

P =

I3 p

0 1

ΣC 0

0 m

I3 p

0 1

T , (A.1.1)

The affine-invariant metric, in particular, is invariant under translations. So, without loss
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of generality, we consider the case when p = 0. Then, using the form of P from (A.1.1):

P =

ΣC 0

0 m

 , dP =

 dΣC mdp

mdpT dm

 (A.1.2)

P−1 dP =

(ΣC)−1dΣC m(ΣC)−1dp

dpT dm/m

 (A.1.3)

The desired result then follows via matrix multiplication.

Proposition A.2 (Derivation of (3.3.29)). In the coordinates (m, p,ΣC), the entropic

divergence is given by

dM
(

1φ‖2φ
)

=dh
(

1m‖2m
)

+ dh
(

1ΣC‖2ΣC
)

+ 1m
(

1p− 2p
)T (2ΣC

)−1 (1p− 2p
)
. (A.1.4)

Proof. To show the result, we use the definition of the entropic divergence from (3.3.28)

and (2.2.14), which is recalled as

dM
(

1φ‖2φ
)

= − log
|1P |
|2P |

+ tr
(

2P−1 · 1P
)
− 4

From (A.1.1) it can be deduced that

log(|P |) = log(m) + log(|ΣC |).

This leads to

log
|2P |
|1P |

= log

(
2m
1m

)
+ log

|2ΣC |
|1ΣC |

.

Noting that 2P−1 can be written as

2P−1 =

 I3 0

−2pT 1

(2ΣC
)−1

0

0 1/2m

I3 −2p

0 1
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it then follows via straightforward matrix multiplication that

tr(2P−1 · 1P ) =
1m
2m

+ tr((2ΣC)−1 · 1ΣC)

+ 1m(1p− 2p)T (2ΣC)−1(1p− 2p)

The final form follows from the definition of the Bregman log determinant divergence

(2.2.14).

Proposition A.3. When mass is fixed to 1, the entropic divergence (3.3.28) is double the

KL divergence between two multivariate Gaussian densities iρ = N (ip, iΣC), i = 1, 2:

DKL(1ρ‖2ρ) ,
∫

Ω

1ρ log

(
1ρ
2ρ

)
dV

=
1

2

[
log
|2ΣC |
|1ΣC |

+ tr((2ΣC)−1 · 1ΣC)− 3

+ (1p− 2p)T (2ΣC)−1(1p− 2p)

]
(A.1.5)

Proof. Directly substituting 1m = 2m = 1 into (A.1.4) yields,

dM(1φ‖2φ)
∣∣
1m,2m=1

=dF
(

1ΣC‖2ΣC
)

+
(

1p− 2p
)T (2ΣC

)−1 (1p− 2p
)

=2 ·DKL(1ρ‖2ρ).

A.2 Proof of Proposition 3.2

The Lagrangian for Φ̂ ∼ {P̂j}nj=1 can be defined as

L({P̂j}nj=1, λ) =

n∑
j=1

1

2
dP(4)(Pj , P̂j)

2 + λ(b−
n∑
j=1

tr(P̂jXj)) (A.2.6)
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where λ is the Lagrange multiplier. Then for all admissible curves cj : R → P(4),

j = 1, · · · , n such that cj(0) = P̂j and ċj(0) = Vj ∈ S(4),

d

dt

∣∣∣∣
t=0

L({cj(t)}nj=1, λ) = 0 (A.2.7)

should hold as the first-order necessary condition. Since

d

dt

∣∣∣∣
t=0

dP(4)(Pj , cj(t))
2 = 〈LogP̂j (Pj), Vj〉P̂j (A.2.8)

holds [36], we have
n∑
j=1

〈LogP̂j (Pj)− λ · P̂jXjP̂j , Vj〉P̂j = 0,

which should hold for all variations of Vj . Hence, the first-order necessary condition

reduces to

LogP̂j (Pj) = λ · P̂jXjP̂j , j = 1, · · · , n. (A.2.9)

Define Qj , log(P
−1/2
j P̂jP

−1/2
j ) ∈ S(4), which also implies P̂j = P

1/2
j eQjP

1/2
j . Then

the first-order necessary condition further simplifies to

(−Qj)e−Qj = λX̄j , j = 1, · · · , n. (A.2.10)

Let the eigen decomposition of −Qj ∈ S(4) be

−Qj = RjΓjR
T
j , where Γj = diag(γ1

j , · · · , γ4
j ). (A.2.11)

Then Equation (A.2.10) becomes

Γje
Γj = diag(γ1

j e
γ1j , · · · , γ4

j e
γ4j ) = λRTj X̄jRj , (A.2.12)

which implies that the matrix on the right-hand side is diagonal, and leads to the eigen-

decomposition of X̄j to be of the form

X̄j = RjΣjR
T
j , where Σj = diag(σ1

j , · · · , σ4
j ). (A.2.13)
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Then γkj is the solution of

γkj e
γkj = λσkj ,

which is given by γkj = W (λσkj ) from the definition of W , also referred to as the

Lambert W function. Note that there exists two solutions γkj when λσkj ∈ (−1/e, 0),

one greater than −1, W (λσkj ), and the smaller W0(λσkj ). However, since

γkj = − log(λk(P
−1
j P̂j)) ≥ − log(e) = −1 (A.2.14)

from the restriction that Φ̂ ∈ BΦ, a monotonically increasing inverse function W de-

fined on the interval [−1/e,∞) is the only one of interest. For the solution γkj to exist,

λσkj ≥ −1/e should hold for all j = 1, · · · , n and k = 1, · · · , 4. This condition can

equivalently be stated as λ ∈ [−g(σmax), g(−σmin)].

Now the original constraint
∑n

j=1 tr(P̂jXj) − b = 0 can be equivalently rewritten

as
n∑
j=1

tr(XjP̂j)− b =
n∑
j=1

tr(X̄je
Qj )− b

=

n∑
j=1

tr(Σje
−Γj )− b

=
n∑
j=1

4∑
k=1

σkj e
−γkj − b

=

n∑
j=1

4∑
k=1

σkj e
−W (λσkj ) − b = 0 (A.2.15)

, where the last line (A.2.15) implies C(λ) = 0 and it is clear that C(·) is a monotoni-

cally decreasing function from the monotonicity of W (·).

In summary, the necessary condition for the optimal solution Φ̂ ∈ BΦ to exist can

be transformed into the existence of a unique solution λ̂ ∈ [−g(σmax), g(−σmin)] to

C(λ) = 0. If such a solution exists, φ̂j is given by (3.4.41); the solution is in fact a
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local minima by the given convex invariant objective function [97] and linear constraint

with respect to P
−1/2
j P̂jP

−1/2
j , whose eigenvalues are bounded on the interval (0, e]

from the restriction Φ̂ ∈ BΦ.

A.3 Supplemental Propositions for Section 3.5.1

We present two main propositions that rigorously justify the use of our method provided

in Section 3.5.1 for provably comparing the generalizability of using different types of

convex regularizers for dynamic parameter identification.

The optimization variable x can generally be decomposed as x = [ΦT , fTfric]
T or

simply x = Φ, where Φ is a vector of inertial parameters and ffric is a vector of fric-

tion parameters. The residual error loss f(x) = ‖Ax − b‖2Σ−1 is set as a least square

error, and regularizer g(x) = d(Φ, 0Φ) is given by an arbitrary convex distance func-

tion from the prior inertial parameter 0Φ. A convex constraint set C can be arbitrarily

characterized by convex constraints that might include physical consistency conditions

(including the E-density relizability condition, CoM bounds, etc.) on the inertial param-

eters Φ, non-negativity constraints on the friction parameters ffric, or additional linear

equality constraints on the parameters, e.g., to enforce a constant total mass.

We first propose that the original regularized least square error formulation, e.g.,

(3.2.16), can be equivalently reformulated as a bounded least square error formulation,

e.g., (3.5.52), in which the identical optimal solution can be instead obtained by project-

ing the prior parameters to the set of bounded least square error, or, when the convex

constraint x ∈ C is considered, intersection of the set of bounded least square error and

C.

Proposition A.4. Let C be a convex set, and f (residual error loss) and g(regularizer) be

convex differentiable functions, with the requirement that regularized objective function
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Jγ,g(x) = f(x)+γg(x) be strictly convex for all γ > 0. The unique solution x∗γ,g to the

regularized objective minx∈C Jγ,g(x) is also a global minium solution to the constrained

formulation,

min
x∈C

g(x) s.t. f(x) ≤ f(x∗γ,g) (A.3.16)

Proof. Let y be a solution to the convex problem (A.3.16). Then, g(y) ≤ g(x∗γ,g) and

f(y) ≤ f(x∗γ,g) holds, which leads to Jγ,g(y) ≤ Jγ,g(x
∗
γ,g). Since x∗γ,g is a unique

minimizer to Jγ,g(.) over C, y = x∗γ,g.

Now, we claim that by only exchanging the regularization function g in the con-

strained formulation (A.3.16) to any other convex function h, the optimal solution pre-

serves to lie at the intersection of the boundary of the set of bounded least square error

and C

Proposition A.5. Let h 6= g be another convex differentiable regularizer such that (1)

arg minx∈C h(x) = arg minx∈C g(x) and (2) f(x)+αh(x) strictly convex for all α > 0.

Then, the constrained optimization formulation:

min
x∈C

h(x) s.t. f(x) ≤ f(x∗γ,g) (A.3.17)

has a unique solution corresponding to the regularized soltuion x∗α,h for some α > 0

satisfying f(x∗α,h) = f(x∗γ,g) (We exclude the trivial case when the regularized solu-

tion happens to exactly match the prior value, i.e., x∗γ,g ∈ arg minx∈C g(x), which can

actually be realized with a probability of measure zero)

Proof. Let y be a solution to the convex problem (A.3.17).

If y ∈ arg minx∈C h(x) = arg minx∈C g(x), then f(y) ≤ f(x∗γ,g) and g(y) ≤ g(x∗γ,g)

holds, which leads to Jγ,g(y) ≤ Jγ,g(x∗γ,g). Since x∗γ,g is a unique minimizer to Jγ,g(.)

over C, y = x∗γ,g. This corresponds to the trivial case where x∗γ,g = y ∈ arg minx∈C g(x).
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Now, consider y 6∈ arg minx∈C h(x). Then, the inequality constraint is an active

constraint; the corresponding optimality conditions [98, pp. 5-7] can be abbreviated as,

y ∈ arg min
x∈C

h(x) + λf(x) (A.3.18)

f(y) = f(x∗γ,g) (A.3.19)

λ > 0 (A.3.20)

The positive scalar λ is a Lagrange multiplier or optimal multiplier to the constraint

(A.3.19). Let α = 1/λ > 0, then from (A.3.18) and (A.3.19), the optimal solutions

are of the regularized solution form, x∗α,h satisfying f(x∗α,h) = f(x∗γ,g). Suppose there

exists more than a single optimal solution, say x∗α1,h
6= x∗α2,h

with α1 6= α2. From the

optimality conditions, h(x∗α1,h
) = h(x∗α2,h

) and f(x∗α1,h
) = f(x∗α2,h

) should hold. Then,

f(x∗α1,h
) + α1h(x∗α1,h

) = f(x∗α2,h
) + α1h(x∗α2,h

) holds which contradicts the fact that

x∗α1,h
is the unique global solution of Jα1,h. Therefore the constrained convex problem

(A.3.17) has a unique global solution of the form x∗α,h, satisfying f(x∗α,h) = f(x∗γ,g).

A.4 Proof of Proposition 4.1

We first prove that (4.3.39) is invariant to body-fixed reference frames and physical

units; observe that the expression itself is already regardless of the choice of B for base

parameter representations. Denote Φ0a, Aa, Σa the nominal inertial parameter, regressor

matrix and observation covariance matrix evaluated at some set of body-fixed reference

frames and under some physical units; superscript a represents the particular choice.

Then the coordinate transformation rules can be given by the linear mappings: Φ0a =

PabΦ0b, Aa = Q−1
ab AbP

−1
ab ,Σa = QabΣbQ

T
ab, for some nonsingular constant matrices Pab
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and Qab [81]. This results in,

ATaΣ−1
a Aa = P−Tab (ATb ΣbAb)P

−1
ab (A.4.21)

From the coordinate invariance of the metric, i.e.,

ds2 = dΦ0
T
aG0adΦ0a = dΦ0

T
b P

T
abG0aPabdΦ0b, (A.4.22)

it follows that,

G0a = P−Tab G0bP
−1
ab . (A.4.23)

From (A.4.21) and (A.4.23), transformation rule on D = ATΣ−1AG−1
0 is finally given

by

Da = P−Tab DbP
T
ab. (A.4.24)

Since the set of eigenvalues of a matrix X is always preserved under the transformation

X 7→ G−1XG for any nonsingular matrix G, we conclude that f(λ6=0(D)) is invariant

under the desired coordinate transformations.

Now, we claim that the nonzero eigenvalues of ATΣ−1AG−1
0 is identical to the

eigenvalues of ATBΣ−1ABH
−1
0 , which suffices to complete the proof. The characteristic

equation for ATΣ−1AG−1
0 is given by,

p(s) = det(sI−ATΣ−1AG−1
0 )

= det(sI−BTATBΣ−1ABBG
−1
0 )

= s10n−nB · det(sI−ATBΣ−1ABBG
−1
0 BT )

= s10n−nB · det(sI−ATBΣ−1ABH
−1
0 ), (A.4.25)

where the last equality holds by the Sylvester’s determinant identity, i.e., det(I+XY ) =

det(I+Y X) for square matrices XY and Y X . Therefore, nB number of nonzero eigen-

values of ATΣ−1AG−1
0 exactly matches to the positive eigenvalues of ATBΣ−1ABH

−1
0 .
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A.5 Proof of Proposition 5.1

We first show that Hessian of hI defined by (5.3.23) induces the Riemannian metric gI

given as (5.3.24). Gradient of the function hI is given by,

[∇hI(φ)]i =
∂

∂t
hI(φ+ t · ei)

∣∣∣∣
t=0

=− tr
(
f(φ+ t · ei)−1f(ei)

)∣∣
t=0

=− tr
(
f(φ)−1f(ei)

)
. (A.5.26)

Hessian of hI can also be derived in the same manner as

[
∇2hI(φ)

]
i,j

=
∂

∂t
[∇hI(φ+ t · ej)]i

∣∣∣∣
t=0

=− ∂

∂t
tr
(
f(φ+ t · ej)−1f(ei)

)∣∣∣∣
t=0

=tr
(
f(φ)−1f(ei)f(φ)−1f(ej)

)
.

Therefore, gI = ∇2hI .

Now, we claim that Hessian manifold (MI , hI) satisfies the conditions i and ii in

the Definition 5.3.3 of barrier-Hessian manifold.

Condition i: Linear matrix inequality constraint, f(φb) � 0, imposes an open convex

cone in R10.

Condition ii: Bregman divergence of hI can be calculated (from A.5.26) as

DhI (φ‖ψ) = − log det
(
f(ψ)−1f(φ)

)
+ tr

(
f(ψ)−1f(φ)

)
− 4

=
4∑
i=1

[
log λi +

1

λi
− 1

]
, (A.5.27)

where λi are the eigenvalues of f(φ)−1f(ψ). Note that λi ∈ (0,∞) defines the set MI .

As λi → 0+ or λi → ∞ then DhI (φ‖ψ) → ∞. Therefore, upper-bounded DhI , i.e.,
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DhI (φ‖ψ) ≤ L, characterizes a compact set on the eigenvalues λi and hence a compact

set on f(φ)−1f(ψ). For fixed φ, this implies compact set on ψ, as ψ 7→ f(φ)−1f(ψ)

is a linear one-to-one mapping. Therefore, the set

B(MI ,hI)(φ,L) , {ψ ∈MI : DhI (φ‖ψ) ≤ L} (A.5.28)

is compact for every φ ∈MI and L.

A.6 Proof of Proposition 5.2

We claim that Hessian manifold (M+
I , h

+
I ) satisfies the conditions i and ii in the Def-

inition 5.3.3 of barrier-Hessian manifold.

Condition i: Linear matrix inequality constraint, f(φb) � 0, and linear inequalities,

aTk φ− bk > 0, k = 1, · · · ,m, imposes an open convex subset in R10.

Condition ii: By the linearity of Bregman divergence (iii),

Dh+I
(φ‖ψ) =DhI (φ‖ψ) + α ·

m∑
k=1

[
log νk +

1

νk
− 1

]
, (A.6.29)

where νk =
aTk ψ−bk
aTk φ−bk

and DhI (φ‖ψ) =
∑4

i=1[log λi+1/λi−1]. Note that λi ∈ (0,∞) and

νk ∈ (0,∞) defines the set M+
I . As λi → 0+ or λi →∞ or νk → 0+ or νk →∞ then

D+
hI

(φ‖ψ) → ∞. Therefore, upper-bounded D+
hI

, i.e., D+
hI

(φ‖ψ) ≤ L, characterizes a

compact set on λi and νk, and hence (for fixed φ ∈ M+
I ) a compact set on ψ by a

similar argument as above. Therefore, the set

B(M+
I ,h

+
I )(φ,L) , {ψ ∈M+

I : Dh+I
(φ‖ψ) ≤ L} (A.6.30)

is compact for every φ ∈M+
I and L.
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A.7 Proof of Proposition 5.5

First of all, M = Mx ×My is clearly an affine manifold which can be identified as

N = dim(Mx) + dim(Mx) dimensional open convex subset in RN . Function h =

wxhx +wyhy is strictly convex as hx and hy are strictly convex functions. By the lin-

earity of the Hessian operator and the Bregman divergence, the Riemannian metric and

Bregman divergence can be straightforwardly derived as (5.3.39) and (5.3.40) respec-

tively. Therefore (M, h) is a Hessian manifold.

Now, it suffices to prove that the set

B(M,h)(p0, L) = {(x, y) ∈M : Dhx(x0‖x) +Dhy(y0‖y) ≤ L}

is compact for every p0 = (x0, y0) ∈ M and L > 0. For any (x, y) ∈ B(M,h)(p0, L),

Dhx(x0‖x) ≤ Dhx(x0‖x) +Dhy(y0‖y) ≤ L and hence x ∈ B(Mx,hx)(x0, L). Likewise,

y ∈ B(My ,hy)(y0, L). Therefore,

B(M,h)(p0, L) ⊂ B(Mx,hx)(x0, L)× B(My ,hy)(y0, L), (A.7.31)

which leads the set B(M,h)(p0, L) is bounded. As Dh(p0‖p) = Dhx(x0‖x)+Dhy(y0‖y)

is a continuous function of p, it follows that its sublevel set B(M,h)(p0, L) is closed.

Therefore, B(M,h)(p0, L) is a compact set, which completes the proof.

A.8 Proof of Proposition 5.6

By the non-negativity property (i) of the Bregman divergence, Vp(p, p̂) is a valid Lya-

punov function candidate. The time derivative of Vp(p, p̂) can be derived as,

d

dt
Vp(p, p̂) =γ

[
−∇h(p̂) ˙̂p− ˙̂pT∇2(p− p̂) +∇h(p̂) ˙̂p

]
=γ · p̃T ∇2h(p̂) ˙̂p

where ṗ = 0 and h(p) = 0 are used since p is a constant true parameter vector.
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A.9 Proof of Proposition 5.7

Consider the valid Lyapunov function candidate

V = Vt + Vp,

where Vp is defined by (5.4.49). Then,

V̇ = V̇t + V̇p

≤ p̃T b+ γ · p̃T ∇2h(p̂) ˙̂p

= p̃T
[
γ · ∇2h(p̂) ˙̂p+ b

]
(A.9.32)

holds from (5.4.46) and (5.4.50). From the adaptation rule defined by (5.4.51), V̇ ≤ 0

holds, and asymptotic convergence of the tracking error can be shown in the same man-

ner as before. Given that the initial parameter estimate is set to be physically consistent,

i.e. p̂(0) ∈ M, Vp|t=0 is a finite positive scalar. Hence, V |t=0 is also a finite positive

scalar. Moreover, since V̇ ≤ 0, for all T ∈ [0,∞),

V |t=0 ≥V |t=T (A.9.33)

≥Vp(p, p̂(T )) (A.9.34)

=γ · dh(p‖p̂(T )), (A.9.35)

which leads to dh(p‖p̂(T )) ≤ V0/γ. Therefore, the parameter estimate p̂ is always

bounded in a compact set B(M,h) (p, V0/γ) ⊂M.
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A.10 Proof of Proposition 5.8

Plugging adaptation law (5.4.57) into (A.9.32)

V̇ ≤ −γ ∇c
T v

∇cTw
p̃T∇c

= α · (p− p̂)T∇c(p̂)

≤ α · (c(p)− c(p̂))

= α · c(p) < 0,

where α = γ ∇c
T v

∇cTw > 0 and (p − p̂)T∇c(p̂) ≤ c(p) − c(p̂) holds from the convexity of

the function c(·).

A.11 Proof of Proposition 5.9

V |t+ − V |t = Vp|t+ − Vp|t

= γ · (dh(p‖p̂(t+))− dh(p‖p̂(t)))

= γ · (dh(p‖ProjC(p̂(t)))− dh(p‖p̂(t)))

≤ −γ · dh(ProjC(p̂(t))‖p̂(t))

= −γ · dh(p̂(t+)‖p̂(t)),

where the last inequality holds by the Pythagorean theorem (2.2.12) of the Bregman

divergence.



B
Algorithms and Implementation

Details

B.1 Mappings Associated with Inertial Parameters

• Given the rotational inertia tensor

I =


Ixx Ixy Ixz

Iyx Iyy Iyz

Izx Izy Izz

 ∈ S(3), (B.1.1)

define its vectorized representation as

vec(I) = [Ixx, Iyy, Izz, Ixy, Iyz, Izx] ∈ R6. (B.1.2)

Then, the vector representation of the full inertial parameters (3.2.1) can be given

by,

φ = [m,hT , vec(I)T ]T ∈ R10 . (B.1.3)
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• The mapping P from φ = [m,hT , vec(I)T ]T to the pseudo-inertia matrix (3.2.5)

is given by

P (φ) =

 1
2tr(I) · I3 − I h

hT m

 ∈ R4×4 . (B.1.4)

• The inverse mapping P−1 from the pseudo-inertia matrix

Q =

 Σ h

hT m

 ∈ R4×4 (B.1.5)

to the vectorized inertial parameters is given by

P−1(Q) = [m,hT , vec (tr(Σ) · I3 − Σ)T ]T ∈ R10. (B.1.6)

• The pullback form of the affine-invariant Riemannian metric g(·) ∈ R10×10 on

φ ∈ R10 can be straightforwardly constructed from the definition (3.3.19) as,

[g(φ)]i,j =
1

2
tr
(
P (φ)−1P (ei)P (φ)−1P (ej)

)
, (B.1.7)

for all 1 ≤ i, j ≤ 10, where ek ∈ R10 a vector having 1 at the k-th element and

zero for the remaining elements.

• The standard inner product defined between the vectorized inertial parameters φ ∈

R10 and some vector a = [a1, · · · , a10] ∈ R10 can be uniquely restated as the trace

product between pseudo inertia matrix and some 4× 4 symmetric matrix as,

φTa = tr(P (φ)X(a)) , (B.1.8)

where the linear mapping X : R10 → S(4) is defined as,

X(a) =


a6 + a7 −1

2a8 −1
2a10

1
2a2

−1
2a8 a7 + a5 −1

2a9
1
2a3

−1
2a10 −1

2a9 a5 + a6
1
2a4

1
2a2

1
2a3

1
2a4 a1

 . (B.1.9)
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• For vectorized inertial parameters φ ∈ R10 and some vector b ∈ R10, the following

identity holds:

[g(φ)]−1 · b = 2 · P−1(P (φ)X(b)P (φ)). (B.1.10)

B.2 Inertial Parameter Perturbation Strategy

The following steps are followed for each body. Given a support region E ⊂ R3, mass

m, and pseudo-inertia matrix P = P (φ):

(i) Designate the number of point masses Nm and mass uncertainty factor δ ∈ (0, 1).

Uniformly sample the mass deviation ∆m from the interval [−mδ,mδ]

(ii) Uniformly sample positive scalars ηi such that
∑Nm

i=1 ηi = 1 and position vectors

xi ∈ E ⊂ R3 for i = 1, · · · , Nm.

(iii) Generate a “perturbed” pseudo-inertia matrix P̃ by perturbing the given pseudo-

inertia P according to:

P̃ = P +

Nm∑
i=1

(∆mηi) ·

 xi

1

 xi

1

T . (B.2.11)

B.3 Recursive Regressor Gradient for Multibody Systems

We provide recursive algorithms for computing the regressor matrix and its gradient for

a fixed-base tree-structured multibody system. Regressor matrices for both joint torques

and ground reaction force are considered which suffices to cover the cases made in

Chapter 4. We first present the original Newton-Euler inverse dynamics algorithm for

a fixed-base tree-structured multibody system. Then, we demonstrate that computation
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Figure B.1: Fixed-base tree-structured multibody system

of regressor matrices and their gradients can be induced naturally by following simi-

lar recursive computations. In particular, a coordinate-invariant form of the algorithm

is derived using notations and operations associated with the Lie group of rigid body

motions introduced in Section 2.3.

For n link fixed-base tree-structured multibody system (See Figure B.1), denote {i}

the body-fixed reference frame of link i, 1 ≤ i ≤ n, and {0} the stationary frame at-

tached to the, e.g., ground. We use the following convention and definitions for link

indices. First, the links and joints of the tree topology system are numbered in such

a way that the numbers increase outward from the base. Define λ(i) (called the con-

nectivity index) to be the number of the link directly precedes link i. Then, let the

displacement from {λ(i)} to {i}, denoted Tλ(i),i ∈ SE(3), be expressed as,

Tλ(i),i = Mie
[Ai]qi , (B.3.12)
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where qi is the angle of i-th joint connecting link λ(i) and i, and Ai ∈ se(3) is a

screw representation of joint axis i in terms of frame {i}, and Mi ∈ SE(3) denotes the

location of frame {i} relative to frame {λ(i)} in the zero position. Also define

µ(i) =


{k| λ(k) = i} if link i is not a tip link of a branch

∅ if link i is a tip link of a branch
(B.3.13)

The set µ(i) is simply a list of the links that are direct successors of link i. Denote

Vi ∈ se(3) the body velocity of link i, Fi ∈ se∗(3) the wrench applied by link λ(i)

to link i, all expressed in frame {i}. Also denote τi ∈ R as the torque at joint i and

τ = [τ1, · · · , τn]T ∈ Rn as the joint torque vector. Finally, the recursive Newton-Euler

inverse dynamics algorithm can be given as below.

Algorithm 1 Recursive Newton-Euler inverse dynamics algorithm for a floating-base

tree-structured system

1: Initialize V0 = 0, V̇0 = −V̇ grav
s (gravity acceleration)

2: for i = 1 : n do

3: Tλ(i),i = Mie
[Ai]qi

4: Ts,i = Ts,λ(i)Tλ(i),i

5: Vi = Aiq̇i + [AdT−1
λ(i),i

]Vλ(i)

6: V̇i = Aiq̈i + [AdT−1
λ(i),i

]V̇λ(i) + [adVi ]Aiq̇i

7: end for

8: for i = n : 1 do

9: Fi =
∑

k∈µ(i)

[AdT−1
i,k

]TFk +GiV̇i − [adVi ]
TGiVi

10: τi = ATi Fi (Joint torques)

11: end for

12: F0 = [AdT−1
0,1

]TF1 (Ground reaction wrench)
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Directly differentiating the line 5-6 in Algorithm 1 with respect to the motion pa-

rameter p ∈ P , i.e., q(t) = q(t,P), yields the forward recursive algorithm below to be

used later to compute the regressor gradient.

Algorithm 2 Recursive algorithm for kinematic derivatives

1: Initialize ∂V0
∂p = 0, ∂V̇0

∂p = 0, ∀p ∈ P

2: for i = 1 : n do

3: ∂Vi
∂p = Ai

∂q̇i
∂p + [AdT−1

λ(i),i
]
∂Vλ(i)
∂p + [adAi ][AdT−1

λ(i),i
]Vλ(i)

∂qi
∂p

4: ∂V̇i
∂p = Ai

∂q̈i
∂p + [AdT−1

λ(i),i
]
∂V̇λ(i)
∂p + [adVi ]Ai

∂q̇i
∂p

− [adAi ][AdT−1
λ(i),i

]V̇λ(i)
∂qi
∂p − [adAi ]

∂Vi
∂p q̇i

5: end for

B.3.1 Joint Torque Regressor

Observe that the joint torque vector would eventually be given in the form,

τ = Y Φ, (B.3.14)

where Y ∈ Rn×10n is the joint torque regressor matrix. Now, the relation in line 9 of

Algorithm 1 can be viewed as a set of linear systems of equations in terms of F =

[F T1 , · · · , F Tn ]T ∈ R6n. The solutions are then given in the linear form as

F = WΦ, (B.3.15)

W =


W1,1, W1,2, . . . ,W1,n

W2,1, W2,2, . . . ,W2,n

...
...

. . .
...

Wn,1, Wn,2, . . . ,Wn,n

 ∈ R
6n×10n,
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where a sub-regressor matrix Wi,j ∈ R6×10 relates the contribution of inertial parameter

φi ∈ R10 of link j to Fi. Replacing Fi and Fk in line 10 of Algorithm 1 with the

representation (B.3.15) and comparing the left- and right-hand sides yield the following

identities:

Wij =


Γ(V̇i)− [adVi ]

TΓ(Vi) if i = j∑
k∈µ(i)[adT−1

i,k
]TWkj if i < j

06×10 otherwise

, (B.3.16)

where a linear mapping Γ : se(3)→ R6×10 is explicitly given by

Γ(V ) =


ω2 0 ω3

03×1 −[v] diag(ω) ω1 ω3 0

0 ω2 ω1

v [ω] 03×3 03×3

 , (B.3.17)

for V = (ω, v) ∈ se(3).

Finally, from the relation τ = ATF (where A ∈ Rn×6n is a block diagonal matrix

of Ais), the joint torque regressor mapping can be given by Y = ATW . Differentiating

the relations (B.3.16) with respect to the motion parameter p ∈ P further yields the

recursive set of equations for computing the gradient of the regressor Y . The algorithm

is shown below.
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Algorithm 3 Recursive algorithm for evaluating and computing gradient of the joint

torque regressor matrix
1: Run line 1-7 of Algorithm 1

2: Run Algorithm 2

3: Initialize W = 0 and ∂W
∂p = 0, ∀p ∈ P

4: for i = n : 1 do

5: for j = 1 : n do

6: if i = j then

7: Wi,j = Γ(V̇i)− [adVi ]
TΓ(Vi)

8:

9:
∂Wi,j

∂p = Γ(∂V̇i∂p )− [ad ∂Vi
∂p

]TΓ(Vi)− [adVi ]
TΓ(∂Vi∂p )

10: else if i < j then

11: Wi,j =
∑

k∈µ(i)[adT−1
i,k

]TWk,j

12:
∂Wi,j

∂p =
∑

k∈µ(i)

{
[adT−1

i,k
]T
∂Wk,j

∂p − [adT−1
i,k

]T [adAk ]TWk,j
∂qk
∂p

}
13: end if

14: end for

15: end for

16: Y = ATW (Joint torque regressor)

17: ∂Y
∂p = AT ∂W∂p (Joint torque regressor gradient)
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B.3.2 Ground Reaction Wrench Regressor

Obtaining ground reaction wrench regressor Y0 ∈ R6×10n and its gradient is straight-

forward from the relation,

F0 = [AdT−1
0,1

]TF1

= [AdT−1
0,1

]T
[
W1,1, · · · ,W1,n

]
︸ ︷︷ ︸

,Y0

Φ. (B.3.18)

The algorithm is given below.

Algorithm 4 Recursive algorithm for evaluating and computing gradient of the joint

torque regressor matrix
1: Given T0,1

2: Run line 1-15 of Algorithm 3

3: Y0 = [AdT−1
0,1

]T
[
W1,1, · · · ,W1,n

]
(Ground reaction wrench regressor)

4: ∂Y0
∂p = [AdT−1

0,1
]T
[

∂W1,1

∂p , · · · ,
∂W1,n

∂p

]
, ∀p ∈ P

(Ground reaction wrench regressor gradient)

B.4 Matrix Inverse-free Computation of Geometric Adap-

tation Laws

In this Section, we provide explicit formulas for efficient implementation of our geomet-

ric adaptation law (5.4.52), i.e., how to compute [g(p)]−1b without having to compute

the inverse of [g(p)]. We assume that the barrier-Hessian manifold (M, h) of the full

set of parameters is defined by using the construction (5.3.41)-(5.3.44). Then [g(p)]−1b
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can be decomposed as,

[g(p)]−1b =
n∑
i=1

1

wi
[gi(xi)]

−1bi, (B.4.19)

where b = [bT1 , · · · , bTn ]T . Therefore, it suffices to show how to compute the form

[gi(xi)]
−1bi for each barrier-Hessian manifold (Mi, hi) that constitutes the full barrier-

Hessian manifold (M, h). Below we recall the definitions of the barrier-Hessian mani-

folds presented in Section 5.3.1 and 5.3.2, and provide explicit formulas for implement-

ing the geometric adaptation law.

• MI = {φ ∈ R10 : P (φ) � 0}, hI(φ) = − log det(P (φ)):

[gI(φ)]−1bI = 2 · P−1(P (φ)X(bI)P (φ)) (B.4.20)

• M+
I = {φ ∈ MI : aTk φ − bk > 0, k = 1, · · · ,m}, h+

I (φ) = hI(φ) − α ·∑m
k=1 log(aTk φ− bk):

[g+
I (φ)]−1bI =2 · P−1(P (φ)X(bI)P (φ))− Ā

(
1

α
Im +AT Ā

)−1

ĀT bI , (B.4.21)

where the k-th column of A ∈ R10×m is given by Ak = 1
(aTk φ−bk)

ak, and the k-th

column of Ā ∈ R10×m is given by Āk = [gI(φ)]−1Ak = 2·P−1(P (φ)X(Ak)P (φ)).

• MJ = {µ ∈ RnJ : µi > 0, i = 1, · · · , nJ}, hJ(µ) = −
∑nJ

i=1 logµi:

[gJ(µ)]−1bJ =

nJ∑
i=1

bJ i · µ2
i (B.4.22)

• M+
J = {µ ∈ RnJ : li < µi < ri, i = 1, · · · , nJ}, h+

J (µ) = −
∑nJ

i=1[log(µi − li) +

log(ri − µi)]:

[g+
J (µ)]−1bJ =

nJ∑
i=1

bJ i
1/(µi − li)2 + 1/(µi − ri)2

(B.4.23)
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국문초록

다물체 기계시스템은 모델 기반 계획과 제어를 필요로 하는 다수의 입력-출력 시스템

들을 이룬다. 최근 들어, 휴머노이드나 4족 보행 로봇과 같은 복잡하고 고차원의 로

봇들이 매우 동적인 임무와 동작들을 수행하기 시작하면서 로보틱스 분야에서 모델

기반 계획과 제어 기법들이 더욱 주목을 받고 있다. 이런 모델 기반 방법들의 성능

이 모델 추정치의 정확도와 직결되는 반면, 복잡하고 고차원의 로봇들에 대한 모델

추정은 일반적으로 수많은 어려움들을 야기한다.

본 논문에서는 이런 어려움들이 좌표계에 불변한 미분 기하학적인 접근으로 해결

될 수 있음을 입증한다. 주 요점은 질량 관성 파라미터와 같은 물리적 값을 지닌 파라

미터들이 휘어진 리만 공간상의 요소로 확인됨에 따라 물리적으로 자연스러운 거리

측량이 가능해짐에 있다. 이런 기하학적인 접근에 기반을 두어, 다양한 단계와 상황들

에 있어서 강건한 모델 파라미터 추정을 가능하게 하는 좌표계에 불변한 기하하적인

알고리즘들을 제안하였다.

먼저, 비 실시간 파라미터 추정을 위한 새로운 기하학적 문제 정의와 그에 따른

효율적인 알고리즘들을 제안하였다. 특히, 리만 거리 함수의 이차 근사 함수들을 이

용하여 기하학적 파라미터 추정 문제를 볼록 최적화 문제로 재정의 하였다. 이로써

빠르고 유일해로의 수렴성이 보장되는 볼록 최적화 기법들의 사용이 가능해짐뿐만

아니라, 좌표계 불변의 성질이 보존 되며, 추가적인 볼록 구속 조건의 도입이 용이해

지게 된다. 로봇팔 부터 보행로봇 그리고 인체 모델에 이르는 제한된 센서 측량 값을

가지는 고차원의 다물체 시스템들에 대해 제안된 방법들을 심도 있게 검증하였으며,

기존의 벡터 공간상의 방법들에 비하여 추정치들의 강건성과 보편성이 크게 증가함을

확인할 수 있었다.

다음으로, 파라미터 추정에 필요한 최적 궤적 데이터 생성에 대한 문제를 다루었

다. 궤적 데이터들의 정보량을 좌표계 불변한 방식으로 측량할 수 있는 새로운 표준
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함수들을 정의하였다. 따라서 제안된 표준함수로 최적화된 궤적 데이터들은 항상 좌

표계에 불변하다. 또한, 최적 궤적 생성을 위한 효율적이고 강건한 구배 기반 수치

적 최적화 알고리즘을 제시하였다. 또한, 제안된 기하학적 방법을 기반으로, 주어진

궤적데이터로 부터 효과적으로 추정 가능한 파라미터들을 식별하는 좌표계 불변한

알고리즘을 고안하였다. 이는 매우 제한된 궤적의 구동만 가능한 휴머노이드와 같은

고차원 로봇의 파라미터 추정문제에 특별히 용이하다. 산업용 로봇과 휴머노이드 로

봇에 대한 수치적 실험을 통해 제안된 방법을 검증한 결과 파라미터 추정의 강건성과

정확도가 크게 향상됨을 보였다.

마지막으로, 실시간 파라미터 추정이 수반되며 폐루프 제어 시스템의 안전성 까

지 고려되어야 하는 로봇 적응 제어 기법을 위한 기하학적 알고리즘을 제안하였다.

먼저, 질량-관성 파라미터의 리만 다양체 구조를 더 일반적인 물리적 파라미터 공간으

로 확장 하였다. 그 다음으로, 좌표계 불변하고 기하학적으로 자연스러운 리아푸노프

함수를 설정함에 따라 자연스럽고 안정성이 보장되는 파라미터 적응법을 유도되었으

며, 실제로 리만 공간상의 자연스러운 구배 흐름 방정식과 같은 꼴로 나타남을 확인할

수 있었다. 특히, 제안된 접근법은 게인 매트릭스를 직접 시행착오를 통해 과도하게

조율해야하는 기존 방법들의 한계점을 해결하였다. 나아가 임의의 볼록 구속 조건을

만족시키는 강건 적응 제어 기법으로 본 방법을 확장할 수 있었다. 7 자유도 로봇팔의

궤적 추적 적응제어 작업에 대한 수치적 실험과 실제 실험을 통해 제안된 방법을 검

증하였으며, 게인 수치의 과도한 조율 없이도 추적 에러가 크게 감소하는 것을 확인할

수 있었다.

주요어: 시스템 파라미터 추정, 적응 제어, 최적 실험 설계, 최적 궤적 생성, 볼록 최

적화, 행렬 다양체, 리만 기하학

학번: 2015-20749
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