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Abstract

Analytic multiplier ideals and L2 extension
theorems

Hoseob Seo

Department of Mathematical Sciences

The Graduate School

Seoul National University

In this thesis, multiplier ideal sheaves and L2 extension theorems are main

themes. Multiplier ideals and its jumping numbers play an important role in

algebraic geometry and complex geometry because of its applications. Jumping

numbers are deeply studied by Ein, Lazardfeld, Smith and Varolin [ELSV] in

the algebraic setting. We extend the study of jumping numbers of multiplier

ideals due to [ELSV] from the algebraic case to the case of general plurisubhar-

monic functions. While many properties from [ELSV] are shown to generalize

to the plurisubharmonic case, important properties such as periodicity and dis-

creteness do not hold any more. Previously only two particular examples with

a cluster point (i.e. failure of discreteness) of jumping numbers were known,

due to Guan-Li and to [ELSV] respectively. We generalize them to all toric

plurisubharmonic functions in dimension 2 by characterizing precisely when

cluster points of jumping numbers exist and by computing all those cluster

points. This characterization suggests that clustering of jumping numbers is a

rather frequent phenomenon. In particular, we obtain uncountably many new

such examples.

Key words: Jumping Numbers, L2 Estimates, L2 Extension Theorem, Ana-

lytic Multiplier ideals
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2.5 Appendix by Sébastien Boucksom . . . . . . . . . . . . . . . . . 36

3 L2 extension theorems: toward inversion of adjunction 38

3.1 L2 estimates for the ∂ operator . . . . . . . . . . . . . . . . . . 38

ii



CONTENTS

3.1.1 Basic notions . . . . . . . . . . . . . . . . . . . . . . . . 38

3.1.2 Kähler identity and Bochner-Kodaira-Nakano inequality 43

3.1.3 Positivity of vector bundles . . . . . . . . . . . . . . . . 47

3.1.4 L2 estimates for the ∂ operator . . . . . . . . . . . . . . 48

3.1.5 General L2 estimate theorem for the ∂ operator . . . . . 50

3.1.6 L2 extension theorems . . . . . . . . . . . . . . . . . . . 54

3.2 Singularities of pairs . . . . . . . . . . . . . . . . . . . . . . . . 58

3.2.1 Basic concepts of singularities of pairs . . . . . . . . . . 58

3.2.2 Singularities of pairs and multiplier ideals . . . . . . . . 61

3.2.3 Inversion of adjunction . . . . . . . . . . . . . . . . . . . 65

Abstract (in Korean) 75

Acknowledgement (in Korean) 76

iii



Chapter 1

Introduction

1.1 Multiplier ideals and jumping numbers

Multiplier ideals are important tools in complex algebraic geometry (see e.g.

[L], [D11], [S98]). In [ELSV], Ein, Lazarsfeld, Smith and Varolin systematically

studied jumping numbers of multiplier ideals in the algebraic case, i.e. for

multiplier ideals J (cD) associated to an effective divisor D or to an ideal

sheaf on a smooth complex variety. A jumping number is a coefficient c > 0

at which the ideal J (cD) jumps down to a smaller ideal as the coefficient

increases.

Jumping numbers are fundamental invariants of the given singularity : they

encode interesting geometric, algebraic and analytic information. When one

considers all the nonreduced subschemes defined by J (cD) as c varies, proper-

ties of jumping numbers are important as in recent work of Demailly [D15] on

L2 extension theorems from nonreduced subschemes. Also see the introduction

and the references in [ELSV] for earlier works on jumping numbers and several

different connections and contexts in mathematics where the jumping numbers

naturally arise.

The full strength of the theory of multiplier ideals lies in that one can

even take multiplier ideals from a plurisubharmonic function, which can be

regarded as a limit of divisors and ideals. In [ELSV], the study of jumping
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CHAPTER 1. INTRODUCTION

numbers could not be extended to general plurisubharmonic functions since

the openness conjecture was not yet proved at the time.

Now that the openness conjecture is a theorem (see (2.1.19)) of Guan and

Zhou [GZ] (after related works of several authors including [FJ05] in dimension

2 : see the references in [GZ]), one can study the jumping numbers associated

to general plurisubharmonic functions: general in the sense that it is not nec-

essarily having the above mentioned algebraic singularities.

More precisely, let X be a complex manifold and let ϕ be a plurisub-

harmonic (psh) function on X. Let x ∈ X be a point. From the openness

theorem (2.1.19) of [GZ], there exists an increasing sequence of real numbers

χk = χk(ϕ;x)

0 = χ0(ϕ;x) < χ1(ϕ;x) < χ2(ϕ;x) < · · · (1.1.1)

such that the stalks at x of the multiplier ideal sheaves J (cϕ)x are constant

precisely on the half-open intervals [χk, χk+1) in the sense that J (cϕ)x =

J (χkϕ)x for c ∈ [χk, χk+1) and J (χk+1ϕ)x ( J (χkϕ)x. The real numbers in

(1.1.1) are called the jumping numbers of ϕ at x since they are the points where

the multiplier ideals “jump”, beginning with the log-canonical threshold χ1.

This is parallel to the algebraic case as in [ELSV].

However, the singularity of a general psh function can be highly compli-

cated and difficult to study compared to the algebraic case, one reason being

that one cannot apply a finite number of blow-ups to resolve its singularity.

Plurisubharmonic singularity is the topic of intensive current research (see

e.g. [D93], [D11], [DH], [DGZ], [R13a], [BFJ]). One important connection of

psh singularity to algebraic geometry is that general psh functions are useful

to study pseudo-effective line bundles. These line bundles carry singular her-

mitian metrics with psh local weight functions [D11, (6.2)] instead of usual

holomorphic sections. Those psh functions are either not algebraic or often

not known to be algebraic. Pseudo-effective line bundles are important in bi-

rational geometry and the minimal model program in algebraic geometry (see

e.g. [L], [D11], [N04]).

One often expects peculiar behaviors coming from psh singularities which

2



CHAPTER 1. INTRODUCTION

are not seen in the algebraic case. Indeed for jumping numbers, recently Guan

and Li [GL] showed by an example (2.4.1) that the set of the above jumping

numbers {χ0, χ1, χ2, . . .} can have a cluster point (i.e. limit point) in the psh

case (hence we do not need to enumerate the jumping numbers as in (1.1.1)

since the jumping numbers greater than a cluster point will not be counted

anyway). This is a new phenomenon in the general psh case.

In Chapter 2, along with giving many properties and examples of jumping

numbers in the psh case, we first give another psh example (2.2.5) having

a cluster point of jumping numbers which is converted from an example of

a graded system of ideals in [ELSV]. For this conversion, we define a psh

function associated to the graded system of ideals and use an important result

Theorem 2.1.21 of S. Boucksom whose proof is given in the appendix. These

two examples (2.4.1) and (2.2.5) happen to be toric psh in dimension 2.

In view of the example (2.2.5) where all positive integers are cluster points

of the jumping numbers, it is natural to raise the following

Question 1.1.2. Let ϕ be a psh function on a complex manifold X and let

x ∈ X be a point. Let T be the set of cluster points in the set of jumping

numbers Jump(ϕ)x ⊂ R+. Assume that T is nonempty. Is T infinite? Is T

unbounded?

We answer this question positively when ϕ is toric psh: in that case, T

is indeed an infinite and unbounded set of positive real numbers by Corol-

lary 2.4.5.

On the other hand, we completely generalize the above two particular

examples (which were all that were known) [ELSV] (2.2.5) and [GL] (2.4.1) as

follows.

Theorem 1.1.3 (see Theorem 2.4.8 for the full precise statement). Let ϕ be

a toric psh function on the unit polydisk D2 ⊂ C2. Let P (ϕ) be the Newton

convex body of ϕ. Let Jump(ϕ)0 be the set of jumping numbers of ϕ at the

origin 0 ∈ D2. We have a complete characterization in terms of P (ϕ) for

(1) when there exists a cluster point of jumping numbers in Jump(ϕ)0, and

(2) what are those cluster points.

3



CHAPTER 1. INTRODUCTION

In particular, we obtain uncountably many new examples of psh functions hav-

ing a cluster point of jumping numbers.

This characterization (which is in the statement of Theorem 2.4.8) is ex-

plained very well by Figure 2.2 in 2.4.2. One can then easily produce so many

examples of psh functions with cluster points of jumping numbers, simply by

taking Newton convex bodies with the behavior (d) or (h) of Figure 2.2 and

then taking corresponding psh functions as in e.g. (2.1.28) in Example 2.1.27.

This certainly suggests that clustering of jumping numbers is a rather frequent

phenomenon in the singularity of psh functions.

It is worth noting here that for the new examples in Theorem 1.1.3, while

we can compute the cluster points of jumping numbers, it will be more difficult

or impossible to compute all the jumping numbers themselves. This is unlike

the particular case of (2.2.5) where [ELSV] computed all the jumping numbers

first and then determined the cluster points from them.

Remark 1.1.4. The new examples in Theorem 1.1.3 also yield new algebraic

examples in the above graded system of ideals version of [ELSV] since we can

take the graded system of monomial ideals from the Newton convex bodies as

in Example 2.1.27.

Theorem 1.1.3 also provides further information on the above example

(2.4.1) of Guan and Li [GL] where 1 was shown to be a cluster point of jumping

numbers : now we show that all the cluster points are precisely the positive

integers in Corollary 2.4.12.

Now turning to Theorem 2.1.21 of S. Boucksom in the appendix, we remark

that it answers a natural question on asymptotic multiplier ideals, which may

be of independent interest in algebraic geometry.

Theorem 1.1.5 (= Theorem 2.1.21). Let X be a smooth irreducible com-

plex variety. Let a• be a graded system of ideal sheaves on X. Let ϕa• :=

log
(∑∞

k≥1 εk|ak|
1
k

)
be a Siu psh function associated to a• with a choice of coef-

ficients εk > 0 (see (2.1.20)). Then for every real c > 0, the analytic multiplier

ideal sheaf J (cϕa•) of the psh function cϕa• is equal to the asymptotic multi-

plier ideal sheaf J (c · a•).

4



CHAPTER 1. INTRODUCTION

Asymptotic multiplier ideals (see e.g. [L], [Ka99], [ELS01]) were first brought

into focus when they replaced the role of Siu psh functions (2.1.20) in casting

the crucial analytic proof of invariance of plurigenera by [S98] in algebro-

geometric language. In [S98], Siu psh functions appeared as local weight func-

tions of a global hermitian metric, a Siu-type metric, of a line bundle L. This

metric can be regarded as the metric with minimal singularities coming from

taking all the (multi-)sections of L, hence it is a metric analogue of the sta-

ble base locus of L. (See e.g. [K15, Sec.4] for its comparison with Demailly’s

version of the metric with minimal singularities of L.)

However there remained a natural question asking whether the algebraically

defined asymptotic multiplier ideals and the analytic multiplier ideals of Siu

psh functions are precisely equal to each other (not only playing analogous

roles in the above proof). This is answered positively by Theorem 2.1.21 in the

most general setting of the question, i.e. for a graded system of ideals ([ELS01],

[L]). Previously a special case was known by [DEL] (see Remark 2.1.23).

The proof of Theorem 2.1.21 uses valuative characterizations of multiplier

ideals [BFJ], [BFFU]. The valuative approach to study psh singularities (see

[FJ05], [BFJ] and the references therein) plays an increasingly important role

recently and it certainly influences our study in this thesis to a great extent.

In this valuative spirit, we define two psh functions ϕ and ψ to be v-

equivalent (in Sec. 2.1) if all their multiplier ideals are equal i.e. J (mϕ) =

J (mψ) for all real m > 0. Thus two v-equivalent psh functions have all the

same jumping numbers. But there exist many v-equivalent psh functions ϕ and

ψ that look quite different from each other (in particular ϕ− ψ is not locally

bounded) as we show in Example 2.1.27 and Proposition 2.1.29.

Finally, in addition to the absense of cluster points, we show that an-

other important property of jumping numbers in the algebraic case shown in

[ELSV] fails in the psh case : periodicity. We use an interesting example of

Koike [Ko15].

Remark 1.1.6. In a different context of algebraic multiplier ideals on singular

varieties, there is an open question asking whether cluster points of jumping

numbers ever exist in that algebraic setting (see e.g. [G16, Question 1.3], [U12],

5



CHAPTER 1. INTRODUCTION

[T10]). See also [BSTZ].

1.2 L2 extension theorems: toward inversion of

adjunction

In Chapter 3, we present ongoing work toward the analytic proof of inversion of

adjunction, an important theorem in algebraic geometry. This chapter does not

contain original results yet. The starting point of L2 extension theorem is L2

estimates for the ∂ operator. After Andreotti and Vesentini [AV61, AV65], the

many techniques for L2 estimates were developed by Kohn [Ko63], Hörmander

[H65], Demailly [D82]. The most elementary version of L2 estimate is the fol-

lowing theorem.

Theorem 1.2.1 ([H73]). Let Ω be a pseudoconvex open set in Cn and ϕ

plurisubharmonic function in Ω. For every g ∈ L2
p,q(Ω, ϕ) with ∂g = 0, there

is a solution u ∈ L2
p,q−1(Ω, loc) of the equation ∂u = g such that∫

Ω

|u|2e−ϕ

(1 + |z|2)2
dλ ≤

∫
Ω

|g|2e−ϕdλ < +∞

where dλ is the Lebesgue measure on Cn.

As important and typical applications of L2 estimates for the ∂ operator,

various version of L2 extension theorems were established after Ohsawa and

Takegoshi [OT87]. We present L2 extension theorems of Ohsawa-Takegoshi

type which are important tools in complex geometry and also in the expected

analytic proof of the inversion of adjunction. In particular we will describe

briefly the proof of the following L2 extension theorem in Demailly [D15] and

work out explicitly some important details used in [D15] which will be crucial

in the analytic proof of the inversion of adjunction.

Theorem 1.2.2. Suppose that (X,ω) is a weakly pseudoconvex Kähler man-

ifold and ψ is a quasi-psh function on X with neat analytic singularities and

6



CHAPTER 1. INTRODUCTION

that there exists δ > 0 such that the curvature tensor

iΘ(E) + αi∂∂ψ ⊗ IdE ≥ 0

in the sense of Nakano for all α ∈ [1, 1 + δ]. Then, for every smooth section f

of (KX ⊗ E)|Y o on Y o such that D′′f = 0 and∫
Y o

|f |2ω,h dVY o,ω[ψ] < +∞,

there exists a section F of KX ⊗ E on X such that F |Y o = f and∫
X

γ(δψ)|F |2ω,he−ψ dVX,ω ≤
34

δ

∫
Y o

|f |2ω,h dVY o,ω[ψ],

where γ : R→ R is a positive function defined by

γ(x) =

 e−x/2 if x ≥ 0,
1

1 + x2
if x < 0.

For the inversion of adjunction, we start with the definitions of singularities

of pairs and recall some important properties. After that, we reformulate being

Kawamata log terminal and being purely log terminal near a hypersurface H

in terms of multiplier ideals and adjoint ideals for smooth cases. Finally, we

describe the following inversion of adjunction using L2 extension theorem.

Theorem 1.2.3. Let X be a smooth variety, D a boundary Q-divisor on X

and H a smooth closed subscheme of codimension 1 of X. Then (X,D + H)

is plt near H if and only if (H,D|H) is klt.

7



Chapter 2

Multiplier ideals

and jumping numbers

Chapter 2 is organized as follows. In Section 2.1, we summarize basic notions

of plurisubharmonic functions and multiplier ideal sheaves and we study Siu

psh functions associated to a graded system of ideals, which play an important

role in this chapter. In Section 2.2, we define jumping numbers, present their

basic properties and examples, generalizing counterparts from [ELSV]. We also

study more general “mixed” jumping numbers. In Section 2.3, we show that

periodicity of jumping numbers as in [ELSV] fails for general psh functions,

elaborating on an example of Koike [Ko15]. In Section 2.4, we present and prove

the main results on the cluster points of jumping numbers of psh functions.

2.1 Multiplier ideals and plurisubharmonic func-

tions

For excellent general expositions on multiplier ideal sheaves and plurisubhar-

monic (psh) functions, we refer to [D11] and also to [L] for the algebraic theory

of multiplier ideals.

8



CHAPTER 2. MULTIPLIER IDEALS AND JUMPING NUMBERS

2.1.1 Basic notions on plurisubharmonic functions

In this subsection, we recall briefly basic notions and some properties of plurisub-

harmonic functions. See [D97] for more details.

Definition 2.1.1. A function ϕ : U → [−∞,+∞) defined on an open subset

U of Cn is said to be plurisubharmonic(psh) if

1. ϕ is upper semicontinuous,

2. for every complex line L ⊂ Cn, the restriction ϕ|L of ϕ is subharmonic

on U ∩ L.

We rephrase the second condition as the following mean value property: for

every x ∈ U and ξ ∈ Cn with |ξ| < d(x, ∂U),

ϕ(x) ≤ 1

2π

∫ 2π

0

ϕ(x+ eiθξ) dθ.

Integrating the above inequality with respect to ξ over S(0, r) gives

PSH(U) ⊂ SH(U)

where PSH(U)(resp. SH(U)) is the set of all psh(resp. subharmonic) functions

on U . For any C2 function ϕ, ϕ is plurisubharmonic on U if and only if for

x ∈ U and ξ ∈ Cn, by the subharmonicity of ϕ on each complex line,

∑
j,k

∂2ϕ

∂zj∂zk
(x)ξjξk ≥ 0.

This is also true even if ϕ is not of C2 in the following sense.

Theorem 2.1.2. If ϕ is a psh function on U and ϕ is not identically equal

to −∞ on each connected component of U , then for all ξ ∈ Cn, the complex

hessian of ϕ

Hϕ(ξ) =
∑
j,k

∂2ϕ

∂zj∂zk
ξjξk

9



CHAPTER 2. MULTIPLIER IDEALS AND JUMPING NUMBERS

is a positive measure. Conversely, if ψ ∈ D′(U) satisfies that Hψ(ξ) is a pos-

itive measure for all ξ ∈ Cn, there exists a unique psh function ϕ ∈ L1
loc(U)

which is equal to ψ in the sense of distribution.

For a holomorphic function f on U , it can be readily seen that log |f |
has a semi-positive definite complex Hessian in the sense of distribution and

therefore log |f | is plurisubharmonic on U . The following theorem provides

various ways to obtain many other psh functions from a psh function on U .

Proposition 2.1.3. Let ϕ1, . . . , ϕp be psh function on an open subset U ⊂
Cn and χ : Rp → R be a convex function which is non decreasing in each

coordinate variable. Then χ(ϕ1, . . . , ϕp) is psh on U . In particular, ϕ1+· · ·+ϕp,
max {ϕ1, . . . , ϕp} and log (eϕ1 + · · ·+ eϕp) is psh on U .

Note that by this proposition, for holomorphic functions f1, . . . , fp on U ,

the function ϕ defined by

ϕ = log (|f1|α1 + · · ·+ |fp|αp)

is plurisubharmonic for arbitrary nonnegative real numbers α1, . . . , αp.

Before defining plurisubharmonicity on complex manifolds, we observe the

following property.

Proposition 2.1.4. Let ϕ : U → [−∞,+∞) be a psh function on an open

subset U ⊂ Cn and F : V → Cn a holomorphic map from an open subset

V ⊂ Cm into U . Then, ϕ ◦ F is plurisubharmonic on V .

With this proposition, it is natural to define psh functions on a complex

manifold X by using local coordinates of X.

Definition 2.1.5. Let ϕ be a function on a complex manifold X. We say that

ϕ is plurisubharmonic(psh) on X if for all local coordinates chart F : U ⊂
Cn → X, ϕ ◦ F is plurisubharmonic on U .

Definition 2.1.6. Let ϕ be a psh function on an open subset U of a complex

manifold X. The (analytic) multiplier ideal sheaf J (ϕ) of ϕ is the sheaf of

germs of holomorphic functions f such that |f |2e−2ϕ ∈ L1
loc with respect to

Lebesgue measure in some local coordinates.

10



CHAPTER 2. MULTIPLIER IDEALS AND JUMPING NUMBERS

One may wonder whether multiplier ideals are coherent or not. To state

a theorem stating the coherence of multiplier ideals, let us start with the

definition of coherence.

Definition 2.1.7. Let A be a sheaf of rings on a topological space X and let

F be a sheaf of modules over A. Then, F is said to be locally finitely generated

if for every x0 ∈ X, there are an open neighborhood U of x0 and sections

F1, . . . , Fp ∈ F(U) such that F1,x, . . . , Fp,x generate the stalk Fx for all x ∈ U .

Note that an A-module F is locally finitely generated if and only if the

following holds: for every point x0 ∈ X, there exists a surjective morphism

µ : A⊕p|U → F|U for some open neighborhood U of x0.

Definition 2.1.8. Let F be a sheaf of A-modules. For an open subset U

of X and sections F1, . . . , Fp ∈ F(U), one can define the sheaf morphism

µ : A⊕p|U → F|U so that for every stalk Fx with x ∈ U , µx is given by

(g1, . . . , gp) 7→
∑

giFi,x ∈ Fx.

Then, we call the kernel of µ, denoted by R(F1, . . . , Fp), the sheaf of relations

between F1, . . . Fp.

Definition 2.1.9. A sheaf F of A-modules on a topological space X is said

to be coherent if F is locally finitely generated and R(F1, . . . , Fp) is locally

finitely generated for any open subset U and any F1, . . . , Fp ∈ F(U).

Every coherent analytic sheaf on a complex manifold X enjoys the strong

Noetherian property.

Theorem 2.1.10. Let F be a coherent analytic sheaf on X and (Fk) a in-

creasing sequence of coherent subsheaves of F , which means

F1 ⊂ F2 ⊂ · · · .

Then the sequence (Fk) is stationary on every compact subset of X.

Every (analytic) multiplier ideal sheaf is coherent. It is proved by using

Hörmander’s L2 estimates for ∂-equations. See [D96] for details.

11



CHAPTER 2. MULTIPLIER IDEALS AND JUMPING NUMBERS

Theorem 2.1.11. For any psh function ϕ on an open subset U , the multiplier

ideal sheaf J (ϕ) of ϕ is coherent.

Definition 2.1.12. A psh function ϕ is said to have a logarithmic pole of

coefficient γ at a point x ∈ X if the Lelong number

ν(ϕ, x) := lim inf
z→x

ϕ(z)

log |z − x|

is non zero and if ν(ϕ, x) = γ.

Multiplier ideals and Lelong numbers measure logarithmic poles of psh

functions and they are related.

Lemma 2.1.13 ([Sko72]). Let ϕ be a psh function on an open subset U ⊂ X

and let x ∈ U .

(1) If ν(ϕ, x) < 1, then e−2ϕ is integrable in a neighborhood of x, in particular

J (ϕ)x = OU,x.

(2) If ν(ϕ, x) ≥ n+ s for some integer s ≥ 0, then e−2ϕ ≥ C|z − x|−2n−2s in

a neighborhood of x and J (ϕ)x ⊂ ms+1
U,x , where mU,x is the maximal ideal

of OU,x.

(3) The zero variety V (J (ϕ)) of J (ϕ) satisfies

En(ϕ) ⊂ V (J (ϕ)) ⊂ E1(ϕ)

where Ec(ϕ) = {x ∈ X : ν(ϕ, x) ≥ c} is the c-sublevel set of Lelong

numbers of ϕ.

One can define multiplier ideals of divisor in a purely algebraic way as

follows. Let D be a Q-divisor on X. One then can find a log resolution µ :

Y → X of D so that µ∗(D) + excep(µ) has simple normal crossing support,

which means that each Di is smooth and for all x ∈ supp(D), there exists a

local cooridnate z1, . . . , zn such that D =
∑k

i=1 diDi is given by the equation

zd11 · · · z
dk
k = 0

12
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for some k ≤ n.

Definition 2.1.14. The multiplier ideal sheaf J (D) associated to D is defined

by

J (D) = µ∗OY (KY/X − bµ∗Dc),

where KY/X is the relative canonical divisor KY − µ∗KX of Y over X.

To be well-defined, the multiplier ideal sheaf J (D) must be independent

of the choice of a log resolution.

Proposition 2.1.15. The multiplier ideal sheaf J (D) is independent of the

log resolutions.

As we have a psh function ϕa associated to a given ideal a in Chapter 2,

we have a psh function ϕD for a given divisor D =
∑
diDi of X. For local

coordinates on U ⊂ X, assume that a holomorphic function gi is a defining

functions of Di for each i. Define a function ϕD by

ϕD =
∑
i

di log |gi|

is plurisubharmonic on U . Note that ϕD then depends on the defining functions

gi but the multiplier ideal J (ϕD) does not depend on gi’s.

Theorem 2.1.16. The multiplier ideal J (ϕD) of ϕD is equal to J (D).

For the valuative characterizations of multiplier ideals, we remind the read-

ers the definition of divisorial valuations(See [BFJ] for more details).

Definition 2.1.17. A divisorial valuations on X is a valuation ν such that

there exist a smooth birational model π : Y → X, a prime divisor E on Y and

a constant aE > 0 such that

ν(f) = aE ordE (π∗f)

for all holomorphic functions f on an open set U ⊆ X such that cX(ν)∩U 6= ∅.

13
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We can characterize the multiplier ideal of a psh function ϕ as follows:

Theorem 2.1.18 ([BFJ]). Let f be a germ of holomorphic function at x ∈ X.

Then f ∈ J (ϕ)x if and only if there exists ε > 0 such that

ν(f) ≥ (1 + ε)ν(ϕ)− A(ν)

for all divisorial valuation ν on X satisfying x ∈ cX(ν). Here, A(ν) is called

the log discrepancy of ν and is given by, if ν = ordE,

A(ν) = 1 + ordE(KY/X)

where π : Y → X is a smooth birational model of X.

2.1.2 V-equivalence of psh functions

We have the usual notion of two psh functions ϕ, ψ having equivalent singu-

larities [D11], i.e. when ϕ − ψ is locally bounded. We will often simply say ϕ

and ψ are equivalent.

As a very convenient and flexible weaker notion (cf. [K19, S 2]), we say

that two psh functions ϕ and ψ are v-equivalent and write ϕ ∼v ψ if the

following equivalent conditions hold:

(1) For all m > 0, the multiplier ideals are equal : J (mϕ) = J (mψ).

(2) At every point of all proper modifications over X, the Lelong numbers

of ϕ and ψ coincide. In other words, for every divisorial valuation v centered

on X, we have v(ϕ) = v(ψ).

The above equivalence of (1) and (2) is due to [BFJ] together with the

following theorem in [GZ].

Theorem 2.1.19 (Qi’an Guan and Xiangyu Zhou [GZ], Openness Theorem).

Let ψ and ϕ be two psh functions on a complex manifold X. We have the

following equality of ideal sheaves⋃
ε>0

J (ψ + εϕ) = J (ψ).

14
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We remark that previously some special cases of this theorem (assuming

ψ = cϕ for a constant c > 0) were known: when dimX = 2 in [FJ05], when ϕ

is toric psh in [G, (1.15)] and when ϕ is a Siu psh function (defined below) in

[ELSV, (5.4)] together with using Theorem 2.1.21.

2.1.3 Graded systems of ideals and Siu psh functions

Here we show that the algebraic asymptotic multiplier ideal is equal to the

analytic multiplier ideal of a Siu psh function associated to the graded system

of ideals.

Let X be a smooth irreducible complex variety (or a complex manifold).

Let a• be a graded system of ideal sheaves on X [L, Section 2.4.B]. We define

a Siu psh function associated to a• following [S98] (see also [BEGZ, p.258],

[K15]) by

ϕa• = log

(
∞∑
k≥1

εk|ak|
1
k

)
= log

(
∞∑
k≥1

εk

(
|g(k)

1 |+ · · ·+ |g(k)
m |
) 1

k

)
(2.1.20)

on a domain U ⊂ X where every graded piece ak is an ideal with a choice of a

finite number of generators, say g
(k)
1 , . . . , g

(k)
m (m is not fixed). It is convenient

to use the notation |ak| := |g(k)
1 |+ . . .+ |g(k)

m | as in (2.1.20) with the convention

that each time the notation |ak| is used, a specific choice of a finite number of

generators is made.

Also εk’s are a choice of positive coefficients such that the infinite series

converges. It is known that in general the singularity equivalence class of ϕa•

depends on the choice of coefficients (see [K15]).

In algebraic geometry, the algebraic construction of asymptotic multiplier

ideals associated to a• is now standard and has been very useful (see [L,

Chap.11]). Following [L, (11.1.15)], the asymptotic multiplier ideal sheaf of

a• with coefficient c, J (c · a•) is defined to be the unique maximal member in

the family of ideals {J ( c
q
· aq)}q≥1.

15
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Theorem 2.1.21 (Sébastien Boucksom). For a Siu psh function ϕa• defined

above (on U ⊂ X), we have J (cϕa•) = J (c · a•) for every real c > 0.

The proof of this theorem is in the appendix. It is interesting to note that both

Siu psh functions and asymptotic multiplier ideals first appeared in the context

of the celebrated work by Yum-Tong Siu on the invariance of plurigenera [S98]

in the general type case and in the subsequent algebraic translation [Ka99],

[L, (11.1.A)] (and then also in [ELS01]). We immediately obtain the following

Corollary 2.1.22. Let ϕ = log
(∑∞

k≥1 εk|ak|
1
k

)
and ϕ̃ = log

(∑∞
k≥1 ε̃k|ak|

1
k

)
be two Siu psh functions associated to a graded system of ideals a• with all

εk, ε̃k > 0. Then for every c > 0, we have J (cϕ) = J (cϕ̃). In particular, ϕ

and ϕ̃ are v-equivalent psh functions.

Here we remark that for each ak, two different choices of generators are

allowed for |ak| used in ϕ and in ϕ̃ respectively, following the previously made

convention for |ak|.

Remark 2.1.23. Theorem 2.1.21 and Corollary 2.1.22 completely generalize

the previously known ‘global’ special case when the Siu psh functions ϕ and

ϕ̃ are given as local weight functions of two singular hermitian metrics of Siu

type of a big line bundle on a projective complex manifold: see the comment

before [K15, (1.1)] where [DEL, Theorem 1.11] together with Theorem 2.1.19

was used for this.

Remark 2.1.24. For our purpose in this thesis, it is sufficient to define a Siu

psh function only on U ⊂ X as in (2.1.20) where each ideal ak has a chosen

finite set of generators. More generally, when each of ak is an ideal sheaf and X

is covered by such U ’s, there are two options. One is to use the global version of

a Siu psh function, namely a singular hermitian metric of a line bundle which

is locally of the form (2.1.20). The other is only to define Siu psh functions on

each U as above, and in the intersections, different Siu psh functions will be

v-equivalent as in Corollary 2.1.22. In either case, Theorem 2.1.21 still makes

sense.
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Remark 2.1.25. Theorem 2.1.21 has the pleasant consequence that all the

types of algebraic multiplier ideals appearing in the standard algebraic theory

of multiplier ideals as in [L, Part Three] can now be considered in the uni-

form setting of psh functions (and singular hermitian metrics of line bundles

which have psh local weight functions) : namely, multiplier ideals associated

to an effective Q-divisor, to an ideal sheaf, to a linear system and asymptotic

multiplier ideals. See Definitions (9.2.1), (9.2.3), (9.2.10), (11.1.2), (11.1.15),

(11.1.24) in [L].

2.1.4 Toric psh functions and Newton convex bodies

A psh function ϕ(z1, . . . , zn) is called toric (or multi-circled in [R13b]) if the

value depends only on |z1|, . . . , |zn|, i.e., ϕ(z1, . . . , zn) = ϕ(|z1|, . . . , |zn|). (See

e.g. [G] and [R13b] for more information on toric psh functions.) Toric psh

functions play an important role in this thesis. For the purpose of this thesis,

we may assume that the domain of toric psh functions in the following is the

unit polydisk Dn = D(0, 1) ⊂ Cn (i.e. with the center at the origin and the

polyradius (1, . . . , 1)).

It is well known that given a toric psh function ϕ(z1, . . . , zn) on Dn, one

has a convex function ϕ̂ on Rn
−, non-decreasing in each variable, associated to

ϕ such that

ϕ(z1, . . . , zn) = ϕ̂(log |z1|, . . . , log |zn|).

Moreover, there is a naturally associated closed convex subset P (ϕ) ⊂
Rn
≥0 satisfying P (ϕ) + Rn

≥0 ⊂ P (ϕ) that generalizes the Newton polyhedron

associated to a monomial ideal. See [R13b, (3.1)] for its construction where it

is called the indicator diagram of ϕ. We call P (ϕ) the Newton convex body

of ϕ. (This P (ϕ) is the closure of what is called the Newton convex body of

ϕ in [G], see [G, Lemma 1.19].) The key property of P (ϕ) we will use is the

following characterization of multiplier ideals.

Proposition 2.1.26. [G, Theorem A], [R13b, Proposition 3.1]

Let ϕ = ϕ(z1, . . . , zn) be a toric psh function. Then the multiplier ideal

J (ϕ) is a monomial ideal such that za11 . . . zann ∈ J (ϕ) if and only if (a1 +

17
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1, . . . , an + 1) ∈ intP (ϕ).

Now given a closed convex subset P ⊂ Rn
≥0 satisfying P + Rn

≥0 ⊂ P , one

can associate a graded system of monomial ideals as in [M02], [ELSV], [JM, S

8], as follows:

Example 2.1.27. Make a choice of an infinite sequence of closed rational

convex polyhedra satisfying

(1) R1 ⊆ R2 ⊆ R3 ⊆ · · · ⊆ P ,

(2) Rm + Rn
≥0 ⊂ Rm for every m,

(3) P =
⋃
Rm.

Then Ek := k ·Rk satisfies El + Em ⊆ El+m for all l,m ≥ 1.

Let ak be the ideal generated by all monomials in C[x1, . . . , xn] whose

exponents are contained in Ek. Then the family a• = (ak) is a graded system

of monomial ideals. Now take a Siu psh function associated to a•:

ϕ = ϕa• = log

(
∞∑
k≥1

εk|ak|
1
k

)
(2.1.28)

where εk is a choice of a sequence of nonnegative coefficients to make the series

converge.

Using the above, we can show that given a Newton convex body, there

exist many toric psh functions sharing the same Newton convex body using

the following proposition. Note that ϕ = ϕa• in the above example is a toric

psh function.

Proposition 2.1.29. Let P ⊂ Rn
≥0 and ϕa• be as in Example 2.1.27. The

Newton convex body of ϕa• is equal to P .

Proof. Let Q be the Newton convex body of ϕa• . If Q is not equal to P ,

then for some sufficiently large m > 0, the multiplier ideals J (mϕa•) and

J (ma•) must be different monomial ideals since we have Howald type theo-

rems (cf.[L, 9.3.27]) for J (mϕa•) by (2.1.26) and for the asymptotic multiplier

ideals J (ma•) by [JM, Proposition 8.4], respectively. Such difference contra-

dicts Theorem 2.1.21.

18
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Figure 2.1: Two different choices of a sequence of closed rational convex poly-
hedra for P in Example 2.1.27

As a consequence of Proposition 2.1.29, we obtain at once so many exam-

ples of toric psh functions sharing the same Newton convex body, yet no pair

of which is equivalent to each other for at least two reasons. One is from [K15,

Theorem 3.5], i.e. from different choices of the coefficients εk’s.

Another is from different choices of a sequence of closed rational convex

polyhedra R1 ⊂ R2 ⊂ . . . and R′1 ⊂ R′2 ⊂ . . . as in Figure 2.1. For reference, we

explicitly write out two of those psh functions below again as in (2.1.20). The

ideal a′k is the one generated by all monomials whose exponents are contained

in E ′k := k ·R′k as in Example 2.1.27.

ϕa• = log

(
∞∑
k≥1

εk|ak|
1
k

)
= log

(
∞∑
k≥1

εk

(
|g(k)

1 |+ · · ·+ |g(k)
m |
) 1

k

)

ϕ′a• = log

(
∞∑
k≥1

ε′k|a′k|
1
k

)
= log

(
∞∑
k≥1

ε′k

(
|g′(k)

1 |+ · · ·+ |g′
(k)
m′ |
) 1

k

)

Since the multiplier ideals of all these psh functions are determined by the
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same Newton convex body, they all have the same multiplier ideals J (mϕ) for

all m > 0, i.e. they are v-equivalent : ϕa• ∼v ϕ′a• .

2.2 Jumping numbers

2.2.1 Definition and basic properties

We define jumping numbers and prove some basic properties.

Definition 2.2.1. Let ϕ be a psh function on a complex manifold X. A real

number α > 0 is a jumping number of ϕ at x ∈ X if the multiplier ideals

J (cϕ) are constant at x precisely for c ∈ [α, α + δ) for some δ > 0 (in the

sense of (1.1.1) in the introduction). Denote the set of those jumping numbers

by Jump(ϕ)x.

One may also consider a global version of the set of jumping numbers

for a compact complex manifold X defining Jump(ϕ)X :=
⋃
x∈X

Jump(ϕ)x (cf.

[D15]). Note that Jump(ϕ)x and Jump(ϕ)X all satisfy DCC due to the openness

theorem (2.1.19). Since any set of real numbers satisfying DCC is countable

at most, the sets Jump(ϕ)x and Jump(ϕ)X are countable.

In this thesis, we will concentrate on the study of the jumping numbers at

a point as in [ELSV], which then can be applied to study the global version

Jump(ϕ)X . As in [D15], Jump(ϕ)X is necessary when one wants to keep track

of all the (possibly non-reduced) subschemes associated to J (cϕ) for all c > 0.

Now for basic properties of jumping numbers, we will first generalize [ELSV,

(1.17) and (5.8)] to general psh functions. Let ϕ be a psh function on a complex

manifold X. Let x ∈ X be a point where the Lelong number of ϕ, ν(ϕ, x) > 0.

Let c(ϕ, x) be the log canonical threshold of ϕ at x.

Let χ be one of the jumping numbers of ϕ at x : i.e. χ ∈ Jump(ϕ)x. By

the openness theorem (2.1.19), there exists the ‘next’ jumping number after χ,

which we denote by χ′ in the following statement.

Proposition 2.2.2. χ′ ≤ χ+ c(ϕ, x).
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Proof. It is enough to show that J ((χ+ c(ϕ, x))ϕ)x 6= J (χϕ)x. By the subad-

ditivity of multiplier ideals [DEL, Theorem 2.6], we have J ((χ+ c(ϕ, x))ϕ) ⊆
J (χϕ) · J (c(ϕ, x)ϕ). Since J (c(ϕ, x)ϕ) 6= OX,x, the conclusion follows.

Using (2.1.26), we next find a relation between the jumping numbers of

a toric psh function ϕ at the origin and its Newton convex body. Denote by

C(ϕ), the set of positive real numbers c such that ∂P (cϕ)∩Zn
>0 is not empty.

Proposition 2.2.3. Let ϕ be a toric psh function on the unit polydisk Dn ⊆
Cn. Then C(ϕ) ⊆ Jump(ϕ)0 and Jump(ϕ)0 is the closure of C(ϕ) in R.

Proof. For c ∈ C(ϕ), we can find A+ 1 = (a1 + 1, . . . , an + 1) ∈ ∂P (cϕ)∩Zn
>0.

Since A+1 ∈ intP ((c− ε)ϕ) for 0 < ε� 1, zA ∈ J ((c− ε)ϕ) but zA /∈ J (cϕ).

Therefore, c is a jumping number of ϕ at 0.

For the second statement, it is enough to show that the set of jumping

numbers which are not cluster points is contained in C(ϕ). If c > 0 is a

jumping number of ϕ at 0 and it is not a cluster point of Jump(ϕ)0, then one

can find zA = za11 z
a2
2 · · · zann ∈ J ((c − ε)ϕ)\J (cϕ) for sufficiently small ε > 0

(where A is independent of ε). We have

A+ 1 ∈ intP ((c− ε)ϕ) but A+ 1 /∈ intP (cϕ).

Since the intersection of intP ((c − ε)ϕ) for 0 < ε � 1 is P (cϕ), we have

∂P (cϕ) ∩ Zn
>0 6= ∅.

On the other hand, the following generalizes [ELSV, Lemma 5.12].

Proposition 2.2.4. (1) Let ϕ be a psh function with isolated singularities at

p ∈ X. Then the set of its jumping numbers at a point, does not have a cluster

point.

(2) Let ϕ ∈ E(Ω) be a psh function in the Cegrell class. Then the set of its

jumping numbers at a point x ∈ Ω, does not have a cluster point.

A psh function in the Cegrell class is the ultimate generalization of a psh

function with isolated singularities : see [C04].
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Proof. Let m be the maximal ideal of the point p. For ` > 0, the multiplier

ideal J (`ϕ) is m-primary. Thus the colength of J (`ϕ), dimOX/J (`ϕ) gives

an upper bound for the possibilities of different ideals J (aϕ) with 0 < a < `

since dimOX/J (`ϕ) ≥ dimOX/J (aϕ).

For (2), the same argument holds since in this case, the stalks of the mul-

tiplier ideals J (`ϕ) are either trivial or m = mx-primary at each point x ∈ Ω

(see [KR, (3.2)]).

We note that this proposition can be used to decide whether a psh function

belongs to the Cegrell class or not.

Now we give some examples of jumping numbers.

Example 2.2.5 ([ELSV]). Consider the convex region P = {(x, y) ∈ R2
>0 :

(x− 1)(y− 1) ≥ 1}. Apply the construction of Example 2.1.27 to obtain a Siu

psh function ϕa• on D2 3 (0, 0). By Theorem 2.1.21, the jumping numbers of

ϕa• are precisely the jumping numbers of a• given in [ELSV, Example 5.10] :

Jump(ϕa•)(0,0) =

{
ef

e+ f
: e, f ≥ 1

}
. (2.2.6)

In this example, all positive integers are cluster points of jumping num-

bers. On the other hand, the following example illustrates that in general, the

jumping numbers of ϕ+ψ may not be simply described in terms of the jumping

numbers of ϕ and ψ.

Example 2.2.7 (Jumping numbers of J (c(ϕ + ψ))). Let ϕ = ϕa• be as in

Example 2.2.5 and let ψ = log |z1|. The Newton convex body of c(ϕ + ψ) is

P (c(ϕ+ψ)) = c(P (ϕ)+P (ψ)) by Lemma 2.2.8. The boundary of P (c(ϕ+ψ)) is

given by the equations (x−2c)(y−c) = c2 and x > 2c. Using Proposition 2.2.3,

we find that the set of jumping numbers for ϕ+ ψ is given by

Jump(ϕ+ ψ; 0)(0,0) = cl

({
(p+ 2q)−

√
p2 + 4q2

2
: p, q ∈ Z>0

})
,

where cl(A) is the closure of a subset A ⊂ R in R.
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The following lemma was used in the above example.

Lemma 2.2.8. Let ϕ and ψ be toric psh functions on the polydisk D(0, r) ⊆
Cn. Then the Newton convex body of ϕ+ψ is the Minkowski addition of P (ϕ)

and P (ψ), i.e. P (ϕ+ ψ) = P (ϕ) + P (ψ).

Proof. Let f1 and f2 be convex functions on (−∞, log r)n, non-decreasing in

each variable, associated to ϕ and ψ respectively. We may assume that f1 and

f2 are defined on Rn by putting f1(x) = f2(x) =∞ whenever x /∈ (−∞, log r)n.

Also replacing f1 and f2 by their lower semi-continuous regularizations, we may

assume that f1 and f2 are lower semi-continuous on Rn. Let f̃1, f̃2 and f̃1 + f2

be the Legendre transforms of f1, f2 and f1 + f2. Then by [H, Theorem 2.2.5],

f̃1 + f2 is the lower semi-continuous regularization of

g(y) = inf
y1+y2=y

(
f̃1(y1) + f̃2(y2)

)
,

which implies that y ∈ P (ϕ + ψ) if and only if there exist y1 ∈ P (ϕ) and

y2 ∈ P (ψ) such that y1 + y2 = y.

Remark 2.2.9. In the proof of Lemma 2.2.8, we replaced the Newton convex

bodies by their interiors so that the lower semi-continuous regularizations of f1,

f2 and g are identically equal to the original functions on their Newton convex

bodies. This does not affect the conclusion since the lower semi-continuous

regularization changes values only on the boundary of the Newton convex

bodies.

2.2.2 “Mixed” jumping numbers

It is also very natural to consider the following more general type of jumping

numbers arising from the multiplier ideals J (cϕ + ψ) for psh functions ϕ

and ψ. In particular, this type of jumping numbers is used in a recent work

of Demailly [D15] on L2 extension theorems from non-reduced subschemes

defined by multiplier ideal sheaves. These jumping numbers play an important

role there to keep track of all the non-reduced subschemes defined by J (cϕ+ψ)

for all c > 0.
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Definition 2.2.10. A real number α > 0 is a jumping number of ϕ at x

with respect to ψ if the multiplier ideals J (cϕ+ψ) are constant at x precisely

for c ∈ [α, α + δ) for some δ > 0. Denote the set of them by Jump(ϕ;ψ)x.

Note that Jump(ϕ;ψ)x = Jump(ϕ)x when ψ is locally bounded, according to

our previous notation.

In general, the jumping numbers of J (cϕ) and those of J (cϕ + ψ) look

quite different from each other as seen already in the algebraic case : Let D

and F are effective divisors on X. Let f : X ′ → X be a log-resolution of

(X,D + F ). Let f ∗D =
∑
riEi and f ∗F =

∑
siEi.

Then the jumping numbers of (X, cD) are contained in

A :=

{
bj +m

rj

}
(where m ≥ 1 are integers). On the other hand, the jumping numbers of

(X, cD + F ) are contained in

B :=

{
bj +m− sj

rj

}
.

In other words, these sets of numbers are candidate jumping numbers and

not all of them are actual jumping numbers (see e.g. [ST07]). In any case,

those two sets A and B are rather different set of rational numbers except

when
sj
rj

is constant for every j, in which case the one set of jumping numbers

are translates of the other.

For general psh functions with not necessarily analytic singularities [D11,

(1.10)], sj and rj are generalized as the values of divisorial valuations of the

psh functions. Thus we are lead to the following proposition.

Proposition 2.2.11. Suppose that psh functions rϕ and ψ are v-equivalent

for some constant r > 0. Then the elements of Jump(ϕ;ψ)x are ‘translates’ by

−r of the elements in Jump(ϕ; 0)x.

Proof. We have (m + r)ϕ ∼v mϕ + ψ. Then for the multiplier ideals, we get

(by [BFJ], [GZ]) J ((m+ r)ϕ) = J (mϕ+ ψ) for every real m > 0.
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For mixed jumping numbers, we first record the following example where

Jump(ϕ; 0)x and Jump(ϕ;ψ)x are equal while (multiples of) ϕ and ψ are not

v-equivalent.

Example 2.2.12 (Jumping numbers of J (ψ + cϕ)). Let ϕ = ϕa• on C2 be

as in Example 2.2.5. Let ψ = log |z1|. Since ψ + cϕ is toric psh, we can use

Proposition 2.1.26 to determine J (ψ+cϕ). The Newton convex body of ψ+cϕ

is given by

P (ψ + cϕ) = {(x, y) ∈ R2
≥0 : (x− 1− c)(y − c) ≥ c2, x ≥ 1 + c}.

By Proposition 2.2.3, a positive real number c is an element of Jump(ϕ;ψ)(0,0)

if and only if there exist two positive integers p and q such that (p, q) is on the

boundary of P (ψ + cϕ). Therefore we have

Jump(ϕ;ψ)(0,0) =

{
ef

e+ f
: e, f ≥ 1

}
= Jump(ϕ; 0)(0,0).

In the following example, Jump(ϕ;ψ)x are translates by −1 of Jump(ϕ; 0)x
while (multiples of) ϕ and ψ are not v-equivalent. Note that v-equivalence of

toric psh functions is determined by the Newon convex bodies due to (2.1.26).

Example 2.2.13 (Jumping numbers of J (ψ+ cϕ)). Consider two convex sets

P1 and P2 given by

P1 = {(x, y) ∈ R2
≥0 : xy ≥ 1}, P2 = {(x, y) ∈ R2

>0 : (x− 1)(y − 1) ≥ 1}.

From Proposition 2.1.29, there exist psh functions ϕ and ψ such that P (ϕ) = P1

and P (ψ) = P2. Then we have

Jump(ϕ)(0,0) =
{√

k : k ∈ Z>0

}
and Jump(ψ)(0,0) =

{
ef

e+ f
: e, f ∈ Z>0

}
.
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By Lemma 2.2.8, we have

P (ψ + cϕ) = {(x, y) ∈ R2
≥0 : (x− 1)(y − 1) = (c+ 1)2}

for c > 0. Therefore we obtain

Jump(ϕ;ψ)(0,0) =
{√

k − 1 : k ∈ Z>0, k ≥ 2
}
.

2.3 Periodicity of jumping numbers fails

In [ELSV, Proposition A, Proposition 1.12], they showed that in the alge-

braic case, jumping numbers have a periodic behavior in the algebraic case.

In [ELSV], a specific definition of periodicity was not given. The following is

a general definition of periodicity which generalize the phenomenon of [ELSV]

Proposition 1.12 and Proposition A for general psh functions.

Definition 2.3.1. The set of jumping numbers J := Jump(ϕ;ψ)x (or more

generally, a set of nonnegative real numbers) is said to have a period c >

0 (c ∈ R) if the following holds: for every α ∈ J , there exists an integer

m0 = m0(α, J) ≥ 1 such that m ≥ m0 implies α +mc ∈ J .

Note that there can be possibly more than one period for Jump(ϕ;ψ)x
as easily seen from the following example which is a psh version of [ELSV,

Example 1.9, Example 5.1 (iii)] : diagonal ideals.

Example 2.3.2. For positive real numbers m1, . . . ,mn, consider the psh func-

tion ϕ = log (|z1|m1 + · · ·+ |zn|mn). The jumping numbers of ϕ at the origin

0 ∈ Cn consist of

Jump(ϕ)0 =

{
e1 + 1

m1

+ · · ·+ en + 1

mn

: e1, . . . , en ∈ Z≥0

}
.

Now we will show by an example that the periodicity of jumping numbers

does not hold for general psh functions. Takayuki Koike [Ko15] gave an example
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of a psh function ϕ with the following set of jumping numbers at a point. The

psh function ϕ appears as a local weight function of a singular hermitian metric

for a holomorphic line bundle on some smooth projective variety X (given by

[N04]) of dimension 4 (see [Ko15, Theorem 1.1]).

Example 2.3.3. Let x ∈ X and ϕ be as in [Ko15, Theorem 1.1] so that

Jump(ϕ)x =

{
1

2
(p+

√
2a2p2 − q2) : p, q ∈ Z, p > q ≥ 0, p ≡ q mod 2

}
where a ≥ 2 is a fixed integer.

It was mentioned in [Ko15, p.299] that “it seems difficult to expect the

periodicity property” for this example. We confirm that it is indeed the case.

Proposition 2.3.4. For the psh function ϕ at x in Example 2.3.3, the set of

jumping numbers Jump(ϕ)x does not have a period.

Proof. It suffices to show that J := 2 Jump(ϕ)x has no periods. Assume that J

has a period c. Then there exist positive integers α and m such that α, α+mc

and α + 2mc are in J since we can take

α = p1 +
√

2a2p2
1 − q2

1

where p1 = z and q1 = a|x− y| for some x, y, z ∈ Z>0 satisfying x2 + y2 = z2.

Since such a Pythagorean triple (x, y, z) can be written as

x = 2nk + k2, y = 2n2 + 2nk, z = 2n2 + 2nk + k2

for positive integers k, n, we have

z

|x− y|
=

(
k
n

)2
+ 2k

n
+ 2∣∣∣( kn)2 − 2
∣∣∣ .

Therefore we get p1 > q1 when we take k
n

sufficiently close to
√

2. Also p1 ≡
q1(mod 2) holds when we take k even. Then by the definition of J , we can
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write

α +mc = p2 +
√

2a2p2
2 − q2

2,

α + 2mc = p3 +
√

2a2p2
3 − q2

3

for some pi, qi. Thus we have

2p2 − p3 − α =
√

2a2p2
3 − q2

3 − 2
√

2a2p2
2 − q2

2. (2.3.5)

Since the left hand side of (2.3.5) is an integer, the right hand side is also an

integer. Observe that if
√
a−
√
b is an integer for two integers a and b, then both√

a and
√
b are integers. With this observation,

√
2a2p2

3 − q2
3 and 2

√
2a2p2

2 − q2
2

are also integers, which implies that c is rational.

Now take a positive integer n such that nc is an integer. Let β ∈ J be

irrational. There exists a positive integer m0 such that β + mc ∈ J for all

m ≥ m0. For m ≥ m0, we have β + (mn)c ∈ J . Hence for some p, q, r, s, we

have

β = p+
√

2a2p2 − q2,

β + (mn)c = r +
√

2a2r2 − s2.

This implies that
√

2a2p2 − q2−
√

2a2r2 − s2 is an integer and thus
√

2a2p2 − q2

and
√

2a2r2 − s2 are integers as well. This contradicts to irrationality of β.

Hence the period c cannot exist.

Before closing this section, let us consider again Example 2.2.5. If a period

c exists in Example 2.2.5, it must be an integer. A possible way to show that

a period cannot exist in this case is as follows: consider jumping numbers e
e+1

converging to 1. If a period c exists, e
e+1

+ c must be all in the set of jumping

numbers. They are all having difference 1
e+1

from the integer c. It reduces to the

following arithmetic question whose negative answer will imply that a period

cannot exist in this case.

Question 2.3.6. Is it true that for every integer e, c ≥ 1, one can find integers
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r, s ≥ 1 such that the following holds

e

e+ 1
+ c =

rs

r + s
.

2.4 Cluster points of jumping numbers

In this section, we will study the ‘bad’ behaviour of jumping numbers in the

general psh case given by cluster points. Recently Guan and Li [GL] gave the

following example of a psh function with non-analytic singularities such that

it has a cluster point of jumping numbers:

ϕ(z1, z2) = log |z1|+
∞∑
k=1

ak log(|z1|+
∣∣∣z2

k

∣∣∣bk) =: log |z1|+ ψ (2.4.1)

which is toric psh, where ak = M−k, bk = M2k (M ≥ 2).

Theorem 2.4.2 (Guan and Li, [GL, Theorem 1.1]). In the set of jumping

numbers Jump(ϕ)0 at the origin, there exists a sequence (ck)k≥1 converging to

1, i.e. 1 is a cluster point of jumping numbers.

On the other hand, a cluster point of jumping numbers was known in the

context of graded system of ideals from [ELSV, Example 5.10]. Thanks to

Theorem 2.1.21, this gives another example of a psh function with a cluster

point of jumping numbers as noted in Example 2.2.5.

In this section, we will completely generalize these two particular examples

in Theorem 2.4.8.

2.4.1 Cluster points of jumping numbers for toric psh

functions

We first note the following general property.

Proposition 2.4.3. Let c be a cluster point of the set of jumping numbers

Jump(ϕ;ψ)x. Then c itself is also a jumping number in Jump(ϕ;ψ)x.
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Proof. Suppose not. Then there exists ε > 0 such that for d ∈ (c− ε, c+ ε), the

multiplier ideals J (dϕ+ψ) are constant. This contradicts to c being a cluster

point.

When a psh function is toric, we answer Question 1.1.2 by the following

Theorem 2.4.4. Let ϕ be a toric psh function on the unit polydisk Dn ⊂ Cn.

If c is a jumping number at the origin 0 ∈ Dn, then for each integer m ≥ 1,

mc is also a jumping number in Jump(ϕ)0.

We first note that for the individual examples of toric psh functions in Exam-

ple 2.2.5, Example 2.3.2, Example 2.3.3, the validity of this theorem can be

easily checked.

Proof. Let P (cϕ) be the Newton convex body of cϕ. Assume that c is a jumping

number of ϕ at 0. By Proposition 2.2.3, it is enough to show that mC(ϕ) ⊂
C(ϕ). If c ∈ C(ϕ), we have, since ∂P (cϕ) ∩ Zn

>0 6= ∅,

∂P ((mc)ϕ) ∩ Zn
>0 ⊇ m · (∂P (cϕ) ∩ Zn

>0) 6= ∅,

which implies that mc ∈ C(ϕ).

Note that the property in Theorem 2.4.4 describes an intrinsic property

satisfied by toric psh functions. This can be used to show that a particular psh

function is never toric in any coordinates (as in Example 2.4.6). The defini-

tion of toric psh as in Section 2.1.4 depends on the choice of coordinates. An

immediate consequence of Theorem 2.4.4 is the following

Corollary 2.4.5. Let ϕ be a toric psh function on Dn. If c is a cluster point

of jumping numbers at 0, then for each integer m ≥ 1, mc is also a cluster

point of Jump(ϕ)0.

We remark that the statement of Theorem 2.4.4 does not hold for non-

toric psh functions. Consider the following example of Morihiko Saito [S93,

Example 3.5] with computation from [CL, Example 6.1]. (See also e.g. [ELSV,

S 2], [BS05], [S07] for more relations between jumping numbers and Bernstein-

Sato polynomials.)
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Example 2.4.6. Let f = x5 + y4 + x3y2 on C2. The multiplier ideals J (cϕ)

for ϕ = log |f | at (0, 0) ∈ C2 are given by

J (cϕ) =



OC2,(0,0) if 0 ≤ c < 9
20

,

(x, y) if 9
20
≤ c < 13

20
,

(x2, y) if 13
20
≤ c < 7

10
,

(x2, xy, y2) if 7
10
≤ c < 17

20
,

(x3, xy, y2) if 17
20
≤ c < 9

10
,

(x3, x2y, y2) if 9
10
≤ c < 19

20
,

(x3, x2y, xy2, y3) if 19
20
≤ c < 1,

where all the ideals are in OC2,(0,0) and J (cϕ) = (f) · J ((c− 1)ϕ) for c ≥ 1.

If the statement of Theorem 2.4.4 holds for this ϕ, then 27
20

should also

be a jumping number of ϕ, which is contradiction. Thus the statement of

Theorem 2.4.4 does not hold for non-toric psh functions.

2.4.2 Cluster points of jumping numbers for toric psh

functions in dimension 2

When we restrict the dimension to n = 2, we can completely determine the

cluster points of jumping numbers for toric psh functions.

Let pri : R2 → R be the projection to the i-th coordinate for i = 1, 2.

Set x0 := inf pr1(P (ϕ)) and y0 := inf pr2(P (ϕ)). Define f, g : R → [0,+∞] as

follows:

f(x) =

{
+∞ if x < x0,

inf {y ∈ R≥0 : (x, y) ∈ P (ϕ)} if x ≥ x0.

g(y) =

{
+∞ if y < y0,

inf {x ∈ R≥0 : (x, y) ∈ P (ϕ)} if y ≥ y0.
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Note that the epigraph {(x, t) ∈ R2 : x ≥ x0, t ≥ f(x)} of f is equal to

P (ϕ), thus f is a convex function (see [H, §2.1]). Similarly, g is also a convex

function. From the inclusion P (ϕ) + R2
≥0 ⊆ P (ϕ), we conclude that f and g

are decreasing and

lim
x→+∞

f(x) = y0 and lim
y→+∞

g(y) = x0.

From this, we have

Lemma 2.4.7. Let ϕ be a toric psh function on D2. Then, for every ε > 0,

the lines x = x0 + ε and y = y0 + ε intersect with the interior of P (ϕ) but the

lines x = x0 and y = y0 do not intersect with the interior of P (ϕ). We call

the lines y = y0, x = x0 the horizontal asymptote and the vertical asymptote

of P (ϕ), respectively.

Recall that P (ϕ) is always closed from its definition. It is easy to see (from

P (ϕ) + R2
≥0 ⊆ P (ϕ)) that the horizontal asymptote {(t, y0) : t ∈ R} either is

disjoint from P (ϕ) (as in (f), (h) of Figure 2.2) or has a half-line on it contained

in the boundary of P (ϕ) (as in (e), (g) of Figure 2.2). Similarly for the vertical

asymptote as well.

Theorem 2.4.8. Assume that n = 2 in the setting of Theorem 2.4.4. The set

of jumping numbers Jump(ϕ)0 has at least one (thus infinitely many, according

to Corollary 2.4.5) cluster point if and only if at least one of the following (1)

and (2) holds:

1. x0 > 0 and {(x0, t) : t ∈ R} ∩ P (ϕ) = ∅,

2. y0 > 0 and {(t, y0) : t ∈ R} ∩ P (ϕ) = ∅.

Moreover, the set of cluster points of jumping numbers is precisely equal to{
k

m
: k ∈ Z>0, m ∈ S

}
where S is a subset of {x0, y0} satisfying the following (a) and (b):
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Figure 2.2: All the possible asymptotic behaviors of the boundary of P (ϕ) with
respect to the two axes.

(a) x0 ∈ S if and only if (1) holds,

(b) y0 ∈ S if and only if (2) holds.

Remark 2.4.9. All the possible asymptotic behaviors of the boundary of P (ϕ)

are listed in Figure 2.2. Theorem 2.4.8 exactly says that the jumping numbers

of ϕ at 0 has a cluster point if and only if either (d) or (h) holds. In other

words, there does not exist a cluster point if and only if, for the Newton convex

body P (ϕ), one of (a,b,c) holds and one of (e,f,g) holds.

Remark 2.4.10. One can also easily see that this theorem explicitly general-

izes Proposition 2.2.4 in this dimension 2 toric psh case.

Proof of Theorem 2.4.8. Assume that c is a cluster point of jumping numbers

of ϕ at 0. In view of Proposition 2.1.26, we then can find a sequence (εk) of

positive real numbers and a sequence (Ak) in Z2
≥0 such that

1. εk > εk+1 for every k ≥ 1 and εk → 0,

2. Ak+1 ∈ intP ((c− εk)ϕ) but Ak+1 /∈ intP ((c− εk+1)ϕ) for every k ≥ 1.
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Note that Ak + 1 /∈ intP (cϕ) for every k ≥ 1 and therefore the first coor-

dinate and the second coordinate of Ak cannot increase simultaneously when

k increases. By the second property of (Ak), for each k ≥ 1, we have either

pr1(Ak) < pr1(Ak+1) or pr2(Ak) < pr2(Ak+1) but not both. One can find a

subsequence (Akj) of (Ak) such that either

1. (pr1(Akj)) is a constant sequence and (pr2(Akj)) is a strictly increasing

sequence, or

2. (pr2(Akj)) is a constant sequence and (pr1(Akj)) is a strictly increasing

sequence.

In the case of (1), cx0 = pr1(Ak1) + 1 is a positive integer and the line x =

cx0 is the vertical asymptote of P (cϕ). Similarly, if (Akj) satisfies (2), then

cy0 = pr2(Ak1) + 1 is a positive integer and the line y = cy0 is the horizontal

asymptote of P (cϕ). Note that x = cx0 in the case of (1) and y = cy0 in the

case of (2) do not intersect with P (cϕ).

Conversely, without loss of generality, we may assume that (1) in the state-

ment holds. We want to show that k
x0

is a cluster point of jumping numbers

for every positive integer k. Since the line x = k is the vertical asymptote of

P ( k
x0
ϕ) which does not meet P ( k

x0
ϕ). One can take a sequence (εj) of positive

real numbers and a sequence (αj) of positive integers such that

1. εj > εj+1 for every j ≥ 1 and εj → 0,

2. αj < αj+1 for every j ≥ 1,

3. Bj ∈ intP (( k
x0
− εj)ϕ) but Bj /∈ intP (( k

x0
− εj+1)ϕ) for every j ≥ 1,

where Bj = (k, αj). This means that there is a sequence (λj) of jumping

numbers such that
k

x0

− εj < λj ≤
k

x0

− εj+1

for each j. Since λj converges to k
x0

, we conclude that k
x0

is a cluster point

of jumping numbers. The last assertion follows immediately from the above

argument.
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As a corollary of Theorem 2.4.8, we have

Corollary 2.4.11. In the setting of Theorem 2.4.4 with n = 2, the set of all

the cluster points in Jump(ϕ)0 is discrete. In other words, there is no cluster

point of cluster points of jumping numbers in this case.

Now we can strengthen Theorem 2.4.2 of [GL] as follows.

Corollary 2.4.12. Let ϕ be the psh function (2.4.1) of [GL] in Theorem 2.4.2.

The set T of cluster points of Jump(ϕ)0 is precisely equal to the set of positive

integers Z>0.

Proof. From Theorem 2.4.4 and Theorem 2.4.2, we know that T ⊃ Z>0. The

other inclusion can be shown by proving that P (ϕ) intersects with the line

y = 0 in view of Theorem 2.4.11 and 1 is the smallest cluster point of jumping

numbers. Let ϕ̂ be the convex function associated to ϕ. Then the gradient of

ϕ̂ at (x, y) is

∇ϕ̂(x, y) =

(
1 +

∞∑
k=1

M−kex

ex + k−bkebky
,
∞∑
k=1

Mkk−bkebky

ex + k−bkebky

)

and this is contained in P (ϕ)(see [G, p. 1015]). Therefore, we have

∇ϕ̂(0, y) =

(
1 +

∞∑
k=1

M−k

1 + k−bkebky
,
∞∑
k=1

Mkebky

kbk + ebky

)
∈ P (ϕ)

and observe that∇ϕ̂(0, y) converges to a point (α, 0), where α = 1+ 1
M−1

, when

y tends to −∞. Moreover, since α ≤ 2 for M ≥ 2 and P (ϕ) does not equal to

(α, 0)+R2
≥0, the point (α, 2) ∈ R2 should be in the interior of P (ϕ). Therefore

the point (2, 2) is contained in the interior of P (ϕ). We have (1, 1) ∈ intP (1
2
ϕ)

and thus 1 ∈ J (1
2
ϕ). We conclude that J (cϕ) = OC2,0 whenever 0 ≤ c ≤ 1

2

and hence 1 is the smallest cluster point of jumping numbers.

It is also easy to see that for this example (2.4.1), we have the case (e) and

then necessarily (d) (since cluster points exist) of Figure 2.2.
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Remark 2.4.13. In Example 2.2.7, the vertical asymptote of P (ϕ + ψ) is

x = 2 and the horizontal asymptote of P (ϕ + ψ) is y = 1. These asymptotes

do not intersect with P (ϕ+ψ). By Theorem 2.4.8, the set of all cluster points

of jumping numbers is {k
2

: k ∈ Z>0}. This can be also checked by direct

computation using C(ϕ+ ψ) (see (2.2.3) ).

2.5 Appendix by Sébastien Boucksom

Theorem 2.1.21 states that given a graded system of ideals a•, its asymptotic

multiplier ideals are equal to the analytic multiplier ideals of a Siu psh function

ϕ = ϕa• (on U ⊂ X) associated to a•.

Proof of Theorem 2.1.21. Before using the valuative characterizations of mul-

tiplier ideal sheaves, we will first prove that v(ϕ) = v(a•) for every divisorial

valuation v with nonempty center on U ⊂ X.

We know that v(a•) = infk
1
k
v(ak) = limk

1
k
v(ak) from [JM, Lemma 2.3].

Now following [BEGZ, p.258], let φk := 1
k!

log |ak!| (in the notation of (2.1.20)).

Since v(ϕ) ≤ v(φk) for every k, it follows that v(ϕ) ≤ v(a•).

On the other hand, by adding constants, we can arrange that ϕ is the

increasing limit of φk. Then we have v(ϕ) ≥ lim supk v(φk) = v(a•).

Now the theorem will follow from valuative characterization of multiplier

ideals of both sides of J (cϕ) = J (c · a•), i.e. [BFJ, Theorem 5.5] and [BFFU,

Theorem 4.1 (b)] respectively. The former states that f ∈ J (cϕ) if and only

if there exists ε > 0 such that v(f) ≥ (1 + ε)v(cϕ) − A(v) for all divisorial

valuations with center on U ⊂ X.

The latter states that f ∈ J (c · a•) if and only if for every normalizing

subscheme N ⊂ X containing 0 and every 0 < δ � 1, v(f) ≥ cv(a•)−A(v) +

δv(IN) for all divisorial valuations with center on U ⊂ X.

Since J (c · a•) = J ( c
m
am) for some m ≥ 1, we have J (c · a•) ⊂ J (cϕ).

For the other direction of inclusion, suppose that there exists ε > 0 such

that v(f) ≥ (1 + ε)v(cϕ) − A(v) holds. Choose δ sufficiently small so that
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δv(IN) = δ < εv(cϕ). Then we have

v(f) ≥ (1 + ε)v(cϕ)− A(v) > cv(a•)− A(v) + δv(IN)

since v(cϕ) = cv(ϕ) = cv(a•). This completes the proof.
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Chapter 3

L2 extension theorems:

toward inversion of adjunction

In this chapter, as mentioned in the introduction, we present ongoing work

toward the analytic proof of inversion of adjunction, an important theorem

in algebraic geometry. This chapter does not contain original results yet. We

present L2 extension theorems of Ohsawa-Takegoshi type which are important

tools in complex geometry and also in the expected analytic proof of the in-

version of adjunction. In particular we will follow the proof of the L2 extension

theorem in Demailly [D15] and work out explicitly some important details

used in [D15] which will be crucial in the analytic proof of the inversion of

adjunction. In Section 3.2, we deal with singularities of pairs and the relations

between singularities and multiplier ideals. We will focus on inversion of ad-

junction and Kollár’s theorem that uses an L2 extension theorem to prove the

inversion of adjunction.

3.1 L2 estimates for the ∂ operator

3.1.1 Basic notions

Let (X,ω) be a hermitian manifold of dimension n with a hermitian form ω and

let E a holomorphic hermitian vector bundle of rank r over X. A connection
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∇ : C∞• (X,E)→ C∞• (X,E) is a linear differential operator of order 1 satisfying

∇(α ∧ β) = (∇α) ∧ β + (−1)|α|α ∧ (∇β).

For the given holomorphic hermitian vector bundle (E, h) with a hermitian

metric h, there is a unique connection D, which is called the Chern connection,

compatible with the hermitian structure of (E, h) such that D is uniquely

decomposed by D = D′ +D′′, where

D′ : C∞p,q(X,E)→ C∞p+1,q(X,E) and D′′ = ∂.

For an explicit formula of D, write Dej =
∑

i aij ⊗ ei with smooth 1-forms aij
for each j. Then for two smooth E-valued forms α, β on an open subset U of

X which can be written as

α =
r∑
j=1

αj ⊗ ej ∈ C∞p,q(U,E), β =
r∑
j=1

βj ⊗ ej ∈ C∞p′,q′(U,E),

we have

Dα =
r∑
j=1

dαj ⊗ ej + (−1)|α|
∑
i,j

αj ∧ aij ⊗ ei,

Dβ =
r∑
j=1

dβj ⊗ ej +
∑
i,j

aij ∧ βj ⊗ ei.

If h is given by a matrix (hij), then {α, β} =
∑

k,l hklαk ∧ βl and hence

∑
k,l

(
dhkl ∧ αk ∧ βl + hkldαk ∧ βl + (−1)|α|hklαk ∧ dβl

)
=
∑
j,k

hjkdαj ∧ βk + (−1)|α|
∑
i,j,k

hikαj ∧ aij ∧ βk

+ (−1)|α|
∑
j,k

hjkαj ∧ dβk + (−1)|α|
∑
i,j,k

hkiαk ∧ aij ∧ βj.
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We can simplify the above identity and rephrase in the form of matrices as

follows.

αt ∧ (dh− Ath− hA) ∧ β = 0, (3.1.1)

where αt is the transpose of α and A = (aij). Since (3.1.1) is equivalent to

dh− Ath− hA = 0 and D′′ = ∂, we conclude that

D′ = ∂ + h
−1
∂h.

With this observation, the following proposition can be easily shown.

Proposition 3.1.2. For a connection ∇ on a complex vector bundle E, ∇2 :

C∞p (X,E) → C∞p+2(X,E) is globally defined Hom(E,E)-valued (1, 1)-form on

X. In particular, if a hermitian metric h on a holomorphic vector bundle E is

given and ∇ is the Chern connection, then ∇2 is called the Chern curvature

form, denoted by Θh(E). Moreover,

iΘh(E) = i∂(h
−1
∂h) ∈ C∞1,1(X,Herm(E,E)).

Remark 3.1.3. In the case where the rank of E is 1, the (not necessarily

smooth) hermitian metric h is equal to e−ϕ on a small neighborhood U . The

Chern curvature Θh(E) on U is, then, given by

Θh(E) = ∂∂ϕ.

Here, the derivatives are taken in the sense of currents if ϕ is not of C2.

Now, the metric ω on X induces a norm on ∧pT ∗X for each p ≥ 1. Let

(e1, . . . , en) be a local orthonormal frame of TX and (e∗1, . . . , e
∗
n) a its dual.

It is natural to define an inner product on ∧pT ∗X for all p ≥ 1 so that the

vectors (ei1 ∧ · · · ∧ eip)i1<···<ip is an orthonormal frame for ∧pT ∗X. Then, these

inner products are independent of the choice of orthonormal frames.

Similarly, the complexified cotangent bundle Ω•,• := ∧•(C ⊗ TX)∗ pos-

sesses the induced inner product. Choose a coordinate (z1, . . . , zn) near a point
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x ∈ X so that the fundamental form ω at x can be written by

ω =
i

2

n∑
i=1

dzi ∧ dzi

As the above definition of the induced inner product on ∧p,qT ∗X, we have an

orthonormal basis (dzI ∧ dzJ)|I|=p,|J |=q for ∧p,qT ∗X, where I and J is index

sets whose entries are in increasing order.

Now, let us define basic operators on a complex manifold.

Definition 3.1.4 (Lefschetz operator). The Lefschetz operator L is an opera-

tor of type (1, 1) on Ω•,• defined by

Lα = ω ∧ α,

where ω is the fundamental form of (X,ω).

Since the complexified cotangent spaces Ω•,• has an inner product and L

is a bounded operator on Ω•,•, one can get the adjoint of L, denoted by Λ.

The operator Λ is called the dual Lefschetz operator and is of type (−1,−1).

Note that L and Λ can be naturally extended to Ω•,•⊗E. Another important

operator is the Hodge ∗-operator.

Definition 3.1.5 (complex Hodge operator). For every β ∈ (Ωp,q ⊗ E)x, the

E-valued differential form ∗Eβ of bidegree (n−q, n−p) is uniquely determined

to be satisfying the following for all α ∈ (Ωp,q ⊗ E)x,

〈α, β〉dVx = {α, ∗Eβ},

where dV = ωn/n! is the volume form of (X,ω). The operator ∗E is called the

Hodge operator. If there is no risk of confusion, we then denote by ∗ the Hodge

operator.

Note that it can be readily seen that the Hodge operator ∗E is an isometry

on each fiber (Ωp,q ⊗ E)x. Using this fact, we can prove the following lemma.
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Lemma 3.1.6. On Ωp,q ⊗ E,

∗E∗E = (−1)(p+q)Id.

Proof. For α, β ∈ Ωp,q ⊗ E, by the definition of the Hodge operator, we have

〈α, β〉dVx = 〈∗Eβ, ∗Eα〉dVx
= {∗Eβ, ∗E ∗E α}
= (−1)(p+q)(2n−p−q){∗E ∗E α, ∗Eβ}
= (−1)(p+q)〈∗E ∗E α, β〉.

Therefore, we conclude that ∗E∗E = (−1)(p+q)Id on Ωp,q ⊗ E.

For the later purposes, we write down the formula for L, Λ and ∗ in local

coordinates (z1, . . . , zn). To do this, we prove the following lemma.

Lemma 3.1.7. Let η =
∑
ηidzi be a (1, 0)-form in Cn and consider η as the

operator defined by η(α) = η ∧ α. Then, we have

η∗ =
∑

ηi
∂

∂zi
y

where ∂/∂zi y is the contraction with respect to ∂/∂zi.

Proof. Assume that (dz1, . . . , dzn, dz1, . . . , dzn) is an orthonormal basis for

Ω1 = Ω1,0 ⊕ Ω0,1 at a given point. It is enough prove the result when γ = dzi
and γ = dzi. Let α and β be forms of bidegree (p, q) and (p+1, q) respectively.

Using this basis, we can write

α =
∑′

I,J

αI,JdzI ∧ dzJ , β =
∑′

I′,J ′

βI′,J ′dzI′ ∧ dzJ ′ ,

where
∑′ is the summation running over indices I and J with increasing order.

Since dzi ∧ α =
∑′ ε(I, i)αI,JdzI∪i ∧ dzJ , where ε(I, i) is the signature of the
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permutation (I, i) and I ∪ i is the ordered pair of the entries of I and i in

increasing order. Since

〈dzi ∧ α, β〉 =
∑

|I|=p,|J |=q

ε(I, i)αI∪i,JβI∪i,J ,

one can easily know that

〈dzi ∧ α, β〉 = 〈α, ∂
∂zi

y β〉.

Let γ be a real (1, 1)-form, that is, γ = γ. One can always find local

coordinates (z1, . . . , zn) near a point x ∈ X so that the following holds at x.

ω =
i

2

n∑
i=1

dzi ∧ dzi, γ =
i

2

n∑
i=1

γidzi ∧ dzi.

For two endomorphisms A and B on C∞p,q(X,E), define the graded commu-

tator of A and B by

[A,B] = AB − (−1)degA·degBBA.

Proposition 3.1.8. For every differential form α ∈ Ωp,q,

[L,Λ]α = (p+ q − n)α.

3.1.2 Kähler identity and Bochner-Kodaira-Nakano in-

equality

For L2 estimates and L2 extension theorems, we need commutator relations

related to the Chern connection and the Lefschetz operator. Let us begin with

the L2 space of differential forms. Note that we have an induced inner product

〈•, •〉x on each fiber of Ω•,• ⊗ E. Denote by L2
p,q(X,E) the space of E-valued

(p, q)-form on X with measurable coefficients. And we have an inner product
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〈〈•, •〉〉 on L2
p,q(X,E) defined by

〈〈α, β〉〉 =

∫
X

〈α, β〉x dVX ,

for all α, β ∈ L2
p,q(X,E), where dVX = ωn/n! is the volume form on X. Then,

L2
p,q(X,E) is a Hilbert space with the inner product. There exists the formal

adjoint δ of the Chern connection D with respect to the inner product 〈〈•, •〉〉.
This adjoint operator δ is of order −1 and can be written as the sum of δ′

and δ′′, which are the adjoint operators of D′ and D′′ respectively, that is

δ = δ′ + δ′′.

Lemma 3.1.9. Let δ′ and δ′′ be formal adjoints of ∂ and ∂ respectively. Then,

δ′ = − ∗ ∂∗, δ′′ = − ∗ ∂ ∗ .

Proof. Let α be a smooth E-valued (p, q)-form with compact support on X

and let β be a smooth E-valued (p + 1, q)-form with compact support on X.

Then, using the Hodge operator, we have

〈〈∂α, β〉〉 =

∫
X

〈∂α, β〉x dVX

=

∫
X

∂α ∧ ∗β

=

∫
X

α ∧
(

(−1)p+q+1∂ ∗ β
)
.

The last equality follows from an integration by parts. By Lemma 3.1.6,∫
X

α ∧
(
(−1)p+q+1∂∗β

)
=

∫
X

α ∧ ∗
(
− ∗ ∂ ∗ β

)
=

∫
X

〈α,− ∗ ∂ ∗ β〉dVX .

Therefore, we have

〈〈∂α, β〉〉 = 〈〈α,− ∗ ∂ ∗ β〉〉,
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which implies that δ′ = − ∗ ∂∗. Similarly, it is easily shown that

δ′′ = − ∗ ∂ ∗ .

Let (X,ω) be a Kähler manifold of dimension n, which means that its fun-

damental form ω is closed. Then, we have the following commutator relations.

Theorem 3.1.10. If a vector bundle E is a trivial bundle X × C with the

standard euclidean norm, then the following relations hold, which are called

Kähler identities.

[δ′′, L] = i∂, [δ′, L] = −i∂,
[Λ, ∂] = −iδ′, [Λ, ∂] = iδ′′.

Now, we want to generalize these relations to a arbitrary hermitian mani-

fold. Let (X,ω) be a hermitian manifold. In this case, Theorem 3.1.10 should

be modified with extra terms since the fundamental form ω involves the terms

of order 1. Let τ be the operator defined by τ = [Λ, ∂ω]. We call ∂ω the torsion

form of ω and τ the torsion operator.

Theorem 3.1.11. For the trivial vector bundle E = X ×C with the standard

euclidean norm, then the following relations hold.

[δ′′, L] = i(∂+τ), [δ′, L] = −i(∂+τ), [Λ, ∂] = −i(δ′+τ ∗), [Λ, ∂] = i(δ′′+τ ∗),

where τ ∗ is the formal adjoint of the operator τ .

Note that Theorem 3.1.11 can be easily extended to the cases where E

is not trivial. The proof of the following theorem is similar with the proof of

Theorem 3.1.11, we omit the proof.

Theorem 3.1.12. Let (X,ω) be a hermitian manifold and let (E, h) be a

hermitian holomorphic bundle over X. For the Chern connection DE of E and
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the torsion operator τ = [Λ, ∂ω], the following equalities hold:

[δ′′E, L] = i(D′E + τ), [δ′E, L] = −i(D′′E + τ),

[Λ, D′′E] = −i(δ′E + τ ∗), [Λ, D′E] = i(δ′′E + τ ∗).

Now, let us define the holomorphic Laplace operator ∆′ and the antiholo-

morphic Laplace operator ∆′′ on C∞•,•X,E.

Definition 3.1.13. Let DE be the Chern connection of a hermitian holomor-

phic bundle (E, h) over a hermitian manifold (X,ω). Then, the operator ∆′

defined by

∆′E = D′Eδ
′
E + δ′ED

′
E

is called the holomorphic Laplace operator. Similarly, the operator ∆′′ defined

by

∆′′E = D′′Eδ
′′
E + δ′′ED

′′
E

is called the antiholomorphic Laplace operator.

We omit the subscript E in the operators if there is no risk of confusion.

Theorem 3.1.14 (Bochner-Kodaira-Nakano identity).

∆′′ = ∆′ + [iΘ(E),Λ] + [D′, τ ∗]− [D′′, τ ∗].

Corollary 3.1.15 (Akizuki-Nakano identity). If (X,ω) is Kähler, then we

have

∆′′ = ∆′ + [iΘ(E),Λ].

In particular, if E is the trivial bundle X × C with the standard euclidean

norm, we have

∆′′ = ∆′ =
1

2
∆,

where ∆ = dd∗ + d∗d is the Laplace operator.

Since two terms in Bochner-Kodaira-Nakano identity involve derivatives

of order 1, it is not good for L2 estimates. For the purpose of resolving this,
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define the operator ∆′τ by

∆′τ = [D′ + τ, δ′ + τ ∗].

Then, ∆′τ is a positive and self-adjoint operator and ∆′τ −∆′ is an operator of

order 0.

Theorem 3.1.16.

∆′′ = ∆′τ + [iΘ(E),Λ] + Tω,

where Tω is an operator of order 0 defined by

Tω =

[
Λ, [Λ,

i

2
∂∂ω]

]
− [∂ω, (∂ω)∗].

3.1.3 Positivity of vector bundles

Let E be a hermitian holomorphic vector bundle of rank r over a hermitian

manifold X of dimension n. In local coordinates (z1, . . . , zn) of X, take an

(smooth) orthonormal frame (e1, . . . , er) of E. The curvature tensor iΘ(E)

then can be written as

iΘ(E) = i
∑

cjkλµdzj ∧ dzk ⊗ e∗λ ⊗ eµ.

Since iΘ is hermitian in the sense of cjkλµ = ckjµλ and therefore, iΘ(E) can be

considered as a hermitian form θE on TX ⊗ E defined by

θE =
∑

cjkλµ(dzj ⊗ e∗λ)⊗ (dzk ⊗ e∗µ).

Explicitly, for u =
∑
ujλ

∂
∂zj
⊗ eλ and v =

∑
vjλ

∂
∂zj
⊗ eλ, we have

θE(u, v) =
∑

cjkλµujλvkµ.

Definition 3.1.17. Denote by θE the hermitian form induced from the cur-

vature tensor iΘ(E). A hermitian holomorphic vector bundle E of rank r is

said to be
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(a) positive in the sense of Nakano if the hermitian form θE is positive defi-

nite on TX ⊗ E.

(b) semi-positive in the sense of Nakano if the hermitian form θE is semi-

positive definite on TX ⊗ E.

(c) positive in the sense of Griffiths if for all ξ ∈ TxX and e ∈ Ex,

θE(ξ ⊗ e, ξ ⊗ e) > 0.

(d) semi-positive in the sense of Griffiths if for all ξ ∈ TxX and e ∈ Ex,

θE(ξ ⊗ e, ξ ⊗ e) ≥ 0.

3.1.4 L2 estimates for the ∂ operator

In this subsection, wa want to talk about solving the following first order

partial diffenrential equation,

∂u = g

for a given (p, q)-form g.

Theorem 3.1.18. Let H1 and H2 be Hilbert spaces and let T : H1 → H2 be a

densely defined operator. Then, the adjoint T ∗ of T is also closed and densely

defined operator on H2.

Now, consider Hilbert spaces H1, H2 and H3 and a chain of two closed and

densely defined operators T : H1 → H2 and S : H2 → H3, that is, S ◦ T = 0.

There is an essential theorem for L2 estimates for ∂ in functional analysis.

Theorem 3.1.19. ImT = KerS if and only if there exists a positive constant

C such that

‖T ∗x‖2
1 + ‖Sx‖2

3 ≥ C−1‖x‖2
2 (3.1.20)

for all x ∈ DomS ∩DomT ∗.

48



CHAPTER 3. L2 EXTENSION THEOREMS

Proof. Since the image of T is contained in the kernel of S, it is enough to

show that

KerS ⊆ ImT.

This is equivalent to solving the following equation:

Tu = v

for all v with Sv = 0. For x ∈ DomT ∗, since H2 = KerS ⊕ (KerS)⊥, we write

x = x1 + x2,

where x1 ∈ KerS and x2 ∈ (KerS)⊥ ⊂ KerT ∗ and thus x1 ∈ DomT ∗. Since

v ∈ KerS, we have

〈x, v〉2 = 〈x1, v〉2.

Applying the Cauchy-Schwarz inequality gives, since ‖T ∗x1‖2
1 ≥ C‖x1‖2

2,

|〈x, v〉2|2 = |〈x1, v〉2|2 ≤ ‖x1‖2
2‖v‖2

2 ≤ C‖v‖2
2‖T ∗x‖2

1,

which implies that the operator defined on ImT ∗ defined by

T ∗x 7→ 〈x, v〉2

is a continuous operator. Using Hahn-Banach theorem and Riesz representation

theorem, we can find u ∈ H1 such that

〈T ∗x, u〉1 = 〈x, v〉2

for all x ∈ DomT ∗. Thus v = (T ∗)∗u = Tu and KerS = ImT .

Remark 3.1.21.

(a) In the proof of Theorem 3.1.19, we can get a norm estimate of u for

fixed v. Since Hahn-Banach theorem and Riesz representation theorem
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preserve the norm of an operator, we have

‖u‖2
1 ≤ C‖v‖2

2.

In this way, we have norm estimates in solving ∂ equations.

(b) For a given v ∈ KerS, the following inequality is enough for Theo-

rem 3.1.19 instead of (3.1.20):

|〈x, v〉2|2 ≤ C
(
‖T ∗x‖2

1 + ‖Sx‖2
3

)
for all x ∈ DomS ∩ DomT ∗. In this case, for a solution u ∈ H1 for

Tu = v, we have

‖u‖2
2 ≤ C.

Theorem 3.1.22. Let (X,ω) be a complete hermitian manifold. Then, the

set Dp,q(X,E) of smooth E-valued (p, q)-forms with compact support on X is

dense in DomD′, Dom δ′ and DomD′ ∩Dom δ′ respectively with respect to the

graph norms.

u 7→ ‖u‖+ ‖D′u‖, u 7→ ‖u‖+ ‖δ′u‖, u 7→ ‖u‖+ ‖D′u‖+ ‖δ′u‖.

The same conclusion holds when D′ and δ′ is replaced by D′′ and δ′′ respectively.

3.1.5 General L2 estimate theorem for the ∂ operator

The starting point of L2 estimates is the Bochner-Kodaira-Nakano identity:

∆′′ = ∆′τ + [iΘ(E),Λ] + Tω.

In our situation, the operators T and S in Theorem 3.1.19 would be the (0, 1)-

part D′′ of the Chern connection. For an E-valued (p, q)-form α ∈ Dom ∂ ∩
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Dom δ′′, we have

〈〈∆′′α, α〉〉 = 〈〈(D′′δ′′ + δ′′D′′)α, α〉〉 = ‖D′′α‖2 + ‖δ′′α‖2,

〈〈∆′τα, α〉〉 = ‖(D′ + τ)α‖2 + ‖(D′ + τ)∗α‖2,

which are always nonnegative real numbers. Put the operatorAE,ω := [iΘ(E),Λ]+

Tω and then

‖D′′α‖2 + ‖δ′′α‖2 ≥ 〈〈AE,ωα, α〉〉.

Therefore, in the view of Theorem 3.1.19, it is enough to show that, for all

α ∈ DomD′′ ∩Dom δ′′,

‖α‖2 ≤ C〈〈AE,ωα, α〉〉.

If g ∈ L2
p,q(X,E) is specified, it is enough to prove that, for all α ∈ DomD′′ ∩

Dom δ′′,

|〈〈α, g〉〉|2 ≤ C〈〈AE,ωα, α〉〉.

Suppose that AE,ω is semi-positive definite on Ωp,q ⊗ E and let g be an

E-valued (p, q)-form g with L2 coefficients such that D′′g = 0. On each fiber

Ωp,q
x ⊗ Ex, defined a real number, denoted by 〈A−1

E,ωg, g〉(x), by the smallest

non-negative(possibly +∞) real number a such that

|〈u, g(x)〉|2 ≤ a〈AE,ωu, u〉

for all u ∈ Ωp,q
x ⊗ Ex. We obtain the following theorem immediately.

Theorem 3.1.23 (General L2 estimate for ∂). Suppose that (X,ω) is a com-

plete hermitian manifold and (E, h) is a hermitian holomorphic vector bundle

over X. For any E-valued (p, q)-form g with L2 coefficients such that D′′g = 0

and ∫
X

〈A−1
E,ωg, g〉 dVX < +∞,

there exists an E-valued (p, q−1)-form f with L2 coefficients such that D′′f = g

and

‖f‖2 ≤
∫
X

〈A−1
E,ωg, g〉 dVX .
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Definition 3.1.24. A complex manifold X is said to be weakly pseudoconvex

if there exists a smooth psh function rho such that

Xc := {x ∈ X : ρ(x) < c}

is relatively compact for all real number c.

Note that such a function are called an exhaustion of X. Since the com-

pleteness of a hermitian manifold is essential for L2 estimates.

Theorem 3.1.25. For any weakly pseudoconvex Kähler manifold (X,ω), there

exsits a complete Kähler metric ω̂.

When X is Kähler, the situation becomes more simpler than the case where

X is not Kähler because the Akizuki-Nakano identity

∆′′ = ∆′ + [iΘ(E),Λ]

holds.

Theorem 3.1.26. Let (X,ω) be a (non necessarily complete) Kähler manifold

and (E, h) is a hermitian holomorphic vector bundle of rank r over X which

is semi-positive definite in the sense of Nakano. Suppose that X possesses a

complete Kähler metric ω̂. Then, for any g ∈ L2
n,q(X,E) such that D′′g = 0

and ∫
X

〈A−1
q g, g〉 dVω < +∞,

where Aq = [iΘ(E),Λ] = iΘ(E)Λ is an operator on L2
n,q(X,E), there exsits

f ∈ L2
n,q−1(X,E) such that D′′f = g and

‖f‖2 ≤
∫
X

〈A−1
q g, g〉 dVω.

Before ending this subsection, let us state a different version of the inequal-

ity involving with the curvature tensor and Laplace operators and L2 estimate

obtained from the new inequality, which was proved by Ohsawa[Oh01]. The

following lemma is a slightly modified version by Demailly[D15].
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Lemma 3.1.27. Let η and λ be positive smooth functions on X. Then for

every u ∈ C∞p,q(X,E) with compact support,

‖(η + λ)
1
2 δ′′u‖2 + ‖η

1
2D′′u‖2 + ‖λ

1
2D′u‖2 + 2‖λ−

1
2∂η ∧ u‖2

≥ 〈〈[i
(
ηΘ(E)− ∂∂η − λ−1∂η ∧ ∂η

)
,Λ]u, u〉〉.

In the following two theorems, a Kähler manifold (X,ω) possesses a com-

plete Kähler metric and ω need not to be complete.

Theorem 3.1.28. Let (E, h) be a hermitian holomorphic vector bundle over

X. Suppose that smooth, bounded and positive function η and λ on X are given

so that

B := [i
(
ηΘ(E)− ∂∂η − λ−1∂η ∧ ∂η

)
,Λω]

is positive definite on Ωn,q
x ⊗Ex for all x ∈ X and some q ≥ 1. Then, for every

g ∈ L2
n,q(X,E) such that D′′g = 0 and∫

X

〈B−1g, g〉 dVω < +∞,

there exists f ∈ L2
n,q−1(X,E) such that D′′f = g and∫
X

(η + λ)−1|f |2 dVω ≤
∫
X

〈B−1g, g〉 dVω.

Theorem 3.1.29. Suppose that B + εI > 0 for some ε > 0, where I is the

identity endomorphism. For every g ∈ L2
n,q(X,E) such that D′′g = 0 and

M(ε) =

∫
X

〈(B + εI)−1g, g〉 dVω < +∞,

there exists fε ∈ L2
n,q−1(X,E) and gε ∈ L2

n,q(X,E) such that D′′fε = g−gε and∫
X

(η + λ)−1|fε|2 dVω +
1

ε

∫
X

|gε|2 dVω ≤M(ε).

Here, we call fε an approximate solution and gε a correcting term. If g is
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smooth, then fε and gε can be taken smooth.

3.1.6 L2 extension theorems

Extending a holomorphic function defined on a subset to an ambient space

have been studied from the beginning of complex analysis. We are interested

the case when a subset is a closed submanifold or a closed subvariety. In this

case, many holomorphic functions can be easily extended with L2 norm esti-

mates. After Hörmander’s L2 estimates, many mathematicians contributed to

develope various versions of L2 extension theorems.

In this subsection, we mainly deal with Demailly’s L2 extension theorem

and fill the details which is necessary for the theorem to be more complete.

Definition 3.1.30. Let X be a complex manifold and let ψ : X → [−∞,+∞)

be a quasi-plurisubharmonic(quasi-psh) function on X. We say that ψ has neat

analaytic singularities if for every x ∈ X, there exist an open neighborhood

U , a smooth function w on U and holomorphic functions g1, . . . , gk on U such

that

ψ = c log

(
k∑
i=1

|gi|2
)

+ w,

where c is a nonnegative real number.

Definition 3.1.31. Let ψ be a quasi-psh function on a complex manifold X

and Y be the zero variety of the multiplier ideal J (ψ) of ψ. We say that ψ has

log canonical singularities along Y if J ((1− ε)ψ) = OX |Y for every ε > 0.

Note that if ψ has log canonical singularities along Y = J (ψ), then J (ψ)

is reduced and hence Y is a reduced variety. Let (X,ω) be a Kähler manifold

of dimension n and E a hermitian holomorphic vector bundle of rank r. Let Y o

be the set of regular points of Y . Now we want to define a measure dVY o,ω[ψ]

on Y o. To do this, it is enough to define a positive linear functional L on the

set Cc(Y o) of continuous functions with compact support. For each g ∈ Cc(Y o),

define L(g) by

L(g) = lim sup
t→−∞

∫
{t<ψ(x)<t+1}

g̃e−ψ dVX,ω,
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where g̃ is a compactly supported continuous extension of g to X. Note that

L(g) is independent of the choice of an extension g̃. Obviously, L is a positive

linear functional on Cc(Y o) and therefore there exists a measure dVY o,ω[ψ] on

Y o such that

L(g) =

∫
Y o

g dVY o,ω[ψ]

for all g ∈ Cc(Y o). Demailly proved a version of L2 extension theorem with the

measure dVY o,ω[ψ] in [D15].

Theorem 3.1.32. Suppose that (X,ω) is a weakly pseudoconvex Kähler man-

ifold and ψ is a quasi-psh function on X with neat analytic singularities and

that there exists δ > 0 such that the curvature tensor

iΘ(E) + αi∂∂ψ ⊗ IdE ≥ 0

in the sense of Nakano for all α ∈ [1, 1 + δ]. Then, for every smooth section f

of (KX ⊗ E)|Y o on Y o such that D′′f = 0 and∫
Y o

|f |2ω,h dVY o,ω[ψ] < +∞,

there exists a section F of KX ⊗ E on X such that F |Y o = f and∫
X

γ(δψ)|F |2ω,he−ψ dVX,ω ≤
34

δ

∫
Y o

|f |2ω,h dVY o,ω[ψ],

where γ : R→ R is a positive function defined by

γ(x) =

 e−x/2 if x ≥ 0,
1

1 + x2
if x < 0.

See [D15] for the whole proof of Theorem 3.1.32. Since Demailly omitted

the details in the limit process of the last part of the proof, we will give the

sketch of the proof and the details of the limit process.

Sketch of the proof. Let f be a section of (KX⊗E)|Y o on Y o such that D′′f =
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0. To make X complete Kähler, we replace X by a relatively compact weakly

pseudoconvex domain Xc = {x ∈ X : ρ(x) < c}. Then there exists a complete

Kähler metric ω̂ on Xc\Y . Using a partition of unity, one can obtain a smooth

extension f̃ ∈ C∞(X,KX ⊗ E) of f such that

(1) f̃ |Y = f on Y ,

(2) D′′f̃ = 0 on Y ,

(3) |D′′f̃ |2ω,he−ψ is locally integrable near Y .

Apply Theorem 3.1.28 to solve the equation

D′′ut = vt := D′′(θ(ψ − t)f̃), t ∈ (−∞,−1]

where θ : [−∞,+∞)→ [0, 1] is defined so that θ is smooth non increasing such

that θ(s) = 1 fo s ∈ [−∞, ε/3], θ(s) = 0 for s ∈ [1− ε/3,+∞) and |θ′| ≤ 1 + ε.

For simplicity, assume first that D′′f̃ = 0, that is, a smooth extension f̃ is

holomorphic. Then

vt = D′′(θ(ψ − t)f̃) = θ′(ψ − t)∂ψ ∧ f̃

is supported in Wt = {x ∈ X : t < ψ(x) < t+ 1}. Now, take

ηt = 1− δχt(ψ),

λt = π(1 + δ2ψ2),

where a function χt : (−∞, 0] → R is chosen so that χt satisfies certain

conditions. Then setting

Rt = iηt(Θ(E) + ∂∂ψ)− i∂∂ηt − λ−1
t i∂ηt ∧ ∂ηt,

Bt = [Rt,Λω],

we have the following estimate: for every (n, 0)-form u,

〈B−1
t (∂ψ ∧ u), ∂ψ ∧ u〉 ≤ 8

(1− ε)δ
|u|2 on Wt.
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In particular, for vt = θ′(ψ − t)∂ψ ∧ f̃ , we have

〈B−1
t vt, vt〉 ≤

8(1 + ε)2

(1− ε)δ
|f̃ |2.

For a sufficiently small ε > 0, By Theorem 3.1.28, one can find a solution ut
such that D′′ut = vt on Xc\Y and∫

Xc\Y
(1 + δ2ψ2)−1|ut|2ω,he−ψ dVω ≤

34

δ

∫
Wt

|f̃ |2ω,he−ψ dVω.

Then the function Ft = θ(ψ − t)f̃ − ut is the extension of f̃ . For any α > 0,

we have

|Ft|2 ≤ (1 + α)|ut|2 + (1 + α−1)|θ(ψ − t)|2|f̃ |2.

Therefore, we obtain the following inequality:∫
Xc\Y

(1 + δ2ψ2)−1(1 + α2ψ2)−(n−1)/2|Ft|2ω,he−ψ dVω

≤ 34(1 + α)

δ

∫
Xc∩Wt

|f̃ |2ω,he−ψ dVω

+ (1 + α−1)

∫
Xc∩{ψ<t+1}

(1 + δ2ψ2)−1(1 + α2ψ2)−(n−1)/2|f̃ |2ω,he−ψ dVω.

Since the second integral in the the right hand side converges to 0 as t tends

to −∞, we can find a weak limit Gα of (Ft)t such that∫
Xc\Y

(1 + δ2ψ2)−1(1 + α2ψ2)−(n−1)/2|Gα|2ω,he−ψ dVω

≤ 34(1 + α)

δ

∫
Xc∩Y

|f |2ω,hdVY,ω[ψ].

Note that since Ft is an extension of f for all t, a weak limit Gt also can be

chosen as an extension of f . Now, letting α tend to 0, we can find again a weak
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limit Hc of (Gα)α such that Hc is an extension of f on Xc and∫
Xc\Y

(1 + δ2ψ2)−1|Hc|2ω,he−ψ dVω ≤
34

δ

∫
Xc∩Y

|f |2ω,h dVY,ω[ψ].

Repeat this procedure as letting c tend to +∞ to obtain a weak limit F of

(Hc)c, we have an extension F of f on X and the norm estimate∫
X

(1 + δ2ψ2)−1|F |2ω,he−ψ dVω ≤
34

δ

∫
Y

|f |2ω,h dVY,ω[ψ]

as desired.

3.2 Singularities of pairs

In this section, we briefly introduce the contents in [Kol97].

3.2.1 Basic concepts of singularities of pairs

Let X be a normal variety and D =
∑
diDi be an effective Q-divisor such

that KX + D is Q-Cartier, where KX is the canonical divisor of X. We call

such a pair (X,D) a log pair. Assume that f : Y → X is a proper birational

morphism from a normal variety Y to X. Then, we can write

KX ≡ f ∗(KX +D) +
∑

a(E,D)E,

where E are distinct prime divisors and a(E,D) ∈ Q. Note that if E is nonex-

ceptional if and only if E is the strict transform f−1
∗ Di of Di for some i and

a(E,D) = −di.

Definition 3.2.1. In the above situation, a(E,D) is called the discrepancy of

E with respect to (X,D). We say that a divisor E on X ′ is exceptional over

X if there exists a proper birational morphism f from X ′ to X where E is

an exceptional divisor of f . Denote the infimum of a(E,D) for all exceptional

divisors E over X by discrep(X,D), which is called the discrepancy of (X,D),
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and the infimum of a(E,D) for all divisors E over X with nonempty center

by totaldiscrep(X,D), which is called the total discrepancy of (X,D).

If there is an exceptional divisor E such that a(E,D) < −1, one then

can find a sequence (fα) of birational morphisms such that mini (a(Eα,i, D))

tends to +∞ as α→ +∞. If E is an exceptional divisor obtained by blowing

up a smooth locus of codimension 2 which is not contained in the support of

D, then a(E,D) = 1 and so discrep(X,D) ≤ 1. We then have the following

proposition. See [KM] for details.

Proposition 3.2.2. Either discrep(X,D) = −∞, or

−1 ≤ totaldiscrep(X,D) ≤ discrep(X,D) ≤ 1.

There are basic classes of singularities of pairs determined by discrep(X,D)

and totaldiscrep(X,D).

Definition 3.2.3. We say that (X,D) is

termianl

canonical

Kawamata log terminal(klt)

purely log terminal(plt)

log canonical(lc)

if discrep(X,D)



> 0,

≥ 0,

> −1 and bDc = 0,

> −1,

≥ −1.

Note that (X,D) is klt if and only if totaldiscrep(X,D) > −1.

By Proposition 3.2.2, if (X,D) has singularities listed above except klt,

then the coefficients of D =
∑
diDi satisfies that 0 ≤ di ≤ 1 for all i. In this

case, we call D a boundary divisor. On the other hand, if (X,D) is klt, we

have 0 ≤ di < 1 for all i. The following two lemmas help us determine the

singularities of a pair.

Lemma 3.2.4. Let f : Y → X be a proper birational morhpism and wirte

KY +D′ ≡ f ∗(KX +D). Then

(1) a(E,D) = a(E,D′) for every divisor E over X.
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(2) (X,D) is klt(resp. lc) if and only if (Y,D′) is klt(resp. lc)

(3) (X,D) is plt if and only if (Y,D′) is plt and a(E,D) > −1 for every

exceptional divisor E of f .

(4) (X,D) is terminal(resp. canonical) if and only if (Y,D′) is terminal(resp.

canonical) and a(E,D) > 0(resp. a(E,D) ≥ 0) for every exceptional

divisor E of f .

Lemma 3.2.5. Let X be a smooth scheme and D =
∑
diDi a divisor with sim-

ple normal crossing support. Assume that di ≤ 1. Then for a (not necesssarily

closed) point x ∈ X and a divisor E over X with cX(E) = x,

(1) a(E,D) ≥ codim(x,X)− 1−
∑

x∈Dj
dj,

(2) totaldiscrep(X,D) = min {0,−di},

(3) discrep(X,D) = min {1, 1− di, 1− di − dj : Di ∩Dj 6= ∅}.

In the definition of singularities of pairs, to determine how worse a pair

(X,D) has, one have to compute a(E,D) for all exceptional divisors E over

X. For a pair (X,D) where X is a normal variety, one can always find a proper

birational morphism f : Y → X such that Y is smooth and f−1(KX + D) ∪
excep(f) is a divisor with simple normal crossing. We call f a log resolution

of D. Using Lemma 3.2.2 and a log resolution of (X,D), we need only finite

number of computations to determine what singularities (X,D) has.

Theorem 3.2.6. Let X be a smooth variety and D =
∑
diDi is a simple

normal crossing divisor on X. Then (X,D) is

termianl di < 1 and di + dj < 1 if Di ∩Dj 6= ∅,
canonical di ≤ 1 and di + dj ≤ 1 if Di ∩Dj 6= ∅,
klt if and only if di < 1,

plt di ≤ 1 and di + dj < 2 if Di ∩Dj 6= ∅,
lc di ≤ −1.
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3.2.2 Singularities of pairs and multiplier ideals

From now, we assume for simplicity that X is a smooth variety and D is a

effective Q-divisor. See 2.1 to recall the algebraic definition of multiplier ideals.

Let µ : Y → X be a log resolution of D. By Lemma 3.2.2, (X,D) is klt if

and only if (Y,D′) is klt, where D′ = µ∗(KX +D)−KY . Suppose that

µ∗KX = KY +
∑

kjEj,

µ∗D =
∑

diD
′
i +
∑

ejEj,

where each D′i is the strict transform of Di and each Ei is an exceptional divisor

of µ. Then, we have

D′ =
∑

diD
′
i +
∑

(ej + kj)Ej.

Note that
∑
kjEj is given by the Jacobian of µ. More explicitly, take a

(n, 0)-form ηX on X and a (n, 0)-form ηY on Y so that ηX ∧ ηX(resp. ηY ∧ ηY )

is a smooth volume form on X(resp. Y ). Then µ∗ηX is a section of µ∗KX and

we have µ∗ηX = Jµ · ηY for some holomorphic function Jµ and

div(Jµ) =
∑

kjEj.

Moreover, since µ is a log resolution, D′ has simple normal crossing sup-

port. Thus we may assume that after linear change of coordinates, a defining

function of Di(resp. Ej) is xi(resp. yj) on an open neighborhood U of x0 with

local coordinates (x1, . . . , y1, . . . , z1, . . .). By Theorem 3.2.2, (Y,D′) is klt at x0

if and only if di < 1 for all i and ej + kj < 1 for all j, which is equivalent to

the following condition: ∫
U

e−2ϕD′ ηY ∧ ηY < +∞.

Observing that e−2ϕD′ηY ∧ ηY is equal to µ∗(e−2ϕDηX ∧ ηX), we conclude

that by the change of variables (Y,D′) is klt at x0 if and only if for a sufficiently
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small neighborhood V of µ(x0),∫
V

e−2ϕD ηX ∧ ηX < +∞.

Since ηX∧ηX is a smooth volume form on V , we have the following theorem.

Theorem 3.2.7. A pair (X,D) is klt if and only if e−2ϕD is locally integrable

with respect to the Lebesgue measure in any local coordinates, or equivalently

J (ϕD) = OX .

Now, to consider the case when (X,D) is plt, let us define an algebraic

adjoint ideal sheaf.

Definition 3.2.8. Let a be a nonzero ideal sheaf of OX , c a positive real

number and H a smooth closed subscheme of X of codimension 1 such that

a is not contained in the ideal sheaf JH of H. Let µ : Y → X be a log

resolution of a such as a · OY = OY (−F ) for some effective divisor F and

F+µ∗H+KY/X+excep(µ) has simple normal crossing support. The (algebraic)

adjoint ideal Adj(ac, H) of ac along H is defined by

Adj(ac, H) = µ∗OY (KY/X − bc · F c − µ∗H +H ′)

where H ′ is the strict transform of H.

Similarly, one can define the adjoint ideal sheaf ofD alongH for an effective

divisor D.

Definition 3.2.9. Let D be a effective divisor and H a smooth closed sub-

scheme of codimension 1 such that any prime divisors appearing in D is not

contained in H. Let µ : Y → X be a log resolution of D so that KY/X +

µ∗(D + H) + excep(µ) has simple normal crossing support. The (algebraic)

adjoint ideal Adj(D,H) of D along H is defined by

Adj(D,H) = µ∗OY (KY/X − bµ∗Dc − µ∗H +H ′).
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Note that if a is a principal ideal sheaf generated by local defining functions

of m ·D, where m is a positive integer so that m ·D is an integral divisor, then

we have obviously,

Adj(a
1
m , H) = Adj(D,H).

Guenancia introduced the definition of analytic adjoint ideal Adj(ϕ,H) for

a psh function ϕ and proved that the algebraic adjoint ideal sheaf of a along

H is equal to the analytic adjoint ideal sheaf of ϕa along H in [G].

Definition 3.2.10. A positive (1, 1)-form ω on X0 := X\H is said to be

H-Poincaré if for all sufficiently small open set U ⊂ X, there exists local

coordinates (z1, . . . , zn) such that U ∩ H = {(z1, . . . , zn) : z1 = 0} and a

positive constant C such that

C−1ω ≤ i

2

(
dz1 ∧ dz1

|z1|2(log |z1|)2
+

n∑
j=2

dzj ∧ dzj

)
≤ Cω.

In this case, we says that the volume form dVω = ωn

n!
is H-Poincaré. Note

that dVω is H-Poincaré if and only if locally dVω is equal to

1

|z1|2(log |z1|)2
dV

where dV is the Lebesgue measure in local coordinates. Using a partition of

unity, one can always take a H-Poincaré (1, 1)-form ωP and its associated

volume form dVωP
.

Definition 3.2.11. Let ϕ be a psh function on a complex manifold X and

H a complex submanifold of codimension 1. The analytic adjoint ideal sheaf

Adj(ϕ,H) of ϕ along H is the ideal subsheaf of OX of germs of holomorphic

functions f ∈ OX,x such that |f |2e−2(1+ε)ϕ is integrable with respect to dVωP

near x for sufficiently small ε > 0.

Theorem 3.2.12 ([G]). Let a be an ideal sheaf of OX and D be a effective

Q-divisor. Then we have

Adj(ac, H) = Adj(ϕac , H), Adj(D,H) = Adj(ϕD, H).
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Now, let H be a complex submanifold of codimension 1 such that H is not

contained in the support of D.

Definition 3.2.13. A log pair (X,D) is said to be purely log terminal near H

if (X,D) is plt at x for all x ∈ H.

We adapt Lemma and Theorem for the above new definition.

Lemma 3.2.14. Let f : Y → X be a proper birational morphism and write

KY + D′ ≡ f ∗(KX + D). Then (X,D) is plt near H if and only if (Y,D′) is

plt along the strict transform H ′ of H and a(E,D) > −1 for every exceptional

divisor E of f such that f(E) ∩H 6= ∅.

Theorem 3.2.15. Let X be a smooth variety and D =
∑
diDi is a simple

normal crossing divisor on X. Then (X,D) is plt near H if and only if di ≤ 1

if Di ∩H 6= ∅ and di + dj < 2 if Di ∩Dj ∩H 6= ∅.

Consider a log resolution µ : Y → X of D + H so that KY/X + µ∗(D +

H) + excep(µ) has simple normal crossing support. We then write

µ∗KX = KY +
∑

kjEj,

µ∗H = H ′ +
∑

hjEj,

µ∗D =
∑

djD
′
j +
∑

ejEj,

where H ′ and D′i’s are the strict transforms of H and Di’s respectively and

Ei’s are exceptional divisors of µ. With this notations, we have

KY/X − bµ∗Dc − µ∗H +H ′ = −
∑
bdjcD′j −

∑
(bejc+ kj + hj)Ej.

By rearrangement of indices, we may assume that D′j ∩ H 6= ∅ if and only if
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j ≤M and similarly, Ej ∩H 6= ∅ if and only if j ≤ N . Therefore,

KY/X − bµ∗Dc − µ∗H +H ′ = −
∑
j≤M

bdjcD′j −
∑
j≤N

(bejc+ kj + hj)Ej

−
∑
j>M

bdjcD′j −
∑
j>N

(bejc+ kj + hj)Ej.

(3.2.16)

In view of Lemma 3.2.14, on the other hand, we have

D′ = H ′ +
∑
j≤M

djD
′
j +

∑
j≤N

(ej + kj + hj)Ej

+
∑
j>M

djD
′
j +

∑
j>N

(ej + kj + hj)Ej.

Since D′j(j = 1, . . . ,M) and Ej(j = 1, . . . , N) intersect with H ′, a pair (Y,D′)

is plt near H if and only if dj < 1 for all j ≤ M and ej + kj + hj < 1 for all

j ≤ N . Therefore, (Y,D′) is plt near H if and only if bdjc < −1 for all j ≤M

and bejc+ kj + hj < −1. As a consequence, we have the following theorem.

Theorem 3.2.17. Let H be a smooth submanifold of X of codimension 1 such

that H is not contained in the support of D and (X,D+H) is a log pair. Then

(X,D +H) is plt near H if and only if

Adj(D,H)|H = OX |H .

Equivalently, for each x ∈ H, there exists ε = ε(x) > 0 such that e−2(1+ε)ϕD is

integrable near x with respect to the H-Poincaré volume form dVωP
.

3.2.3 Inversion of adjunction

Let X be a smooth complex variety and D an effective Q-divisor on X. Then

singularities of a pair (X,D) discussed in the previous subsection has ‘the

adjunction property’. For example, if H is an irreducible Cartier divisor such

that H is not contained in the support of D, then the fact that (X,D) is klt
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implies that (H,D|H) is klt. Like this, a properties that concludes something

about H from something about X is called adjunction. Then the following

question is naturally arose: if (H,D|H) is klt, then what can we say about

singularities of a pair (X,D)? A phenomenon that some property holding on

H implies a similar property on X is called inversion of adjunction.

Theorem 3.2.18. Let X be normal and H ⊂ X an irreducible Cartier divisor.

Let D be an effective Q-divisor and suppose that KX + H + D is Q-Cartier.

Then, (X,H +D) is plt near H if and only if (H,D|H) is klt.

Assume in addition that D is Q-Cartier and H is klt. Then (X,H +D) is

lc near H if and only if (H,D|H) is lc.

Theorem 3.2.18 was proved in [Kol92] and the proof is purely algebraic.

The crucial tools used in the proof of Theorem 3.2.18 are the following two

theorems.

Theorem 3.2.19. Let µ : Y → X be a birational morphism between projective

varieties, Y smooth. Let L be a line bundle on Y and suppose that L ≡ M +∑
diDi where

(1) M is nef,

(2)
∑
Di has simple normal crossing support,

(3) 0 ≤ di < 1 and di ∈ Q for all i.

Then Rif∗(ωY ⊗M) = 0 for all i > 0. In particular, Rif∗ωY = 0 for all i > 0.

Theorem 3.2.20. Let µ : Y → X be a proper and birational morphism, Y

smooth, X normal and let D =
∑
diDi be a Q-divisor with simple normal

crossing support on Y such that µ∗D is effective and −(KY + D) is µ-nef.

Write

A =
∑
di<1

diDi, and F =
∑
di≥1

diDi

Then suppF = suppbF c is connnected in a neighborhood of any fiber of µ.
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In this subsection, we introduce the following version of inversion of adjunc-

tion proved analytically in [Kol97]. The proof depends on Ohsawa-Takegoshi

L2 extension theorem [OT87].

Theorem 3.2.21. Let X be a complex manifold, D an effective Q-divisor on

X and H a complex submanifold of codimension 1 such that H is not contained

in the support of D. Then, (X,D) is klt near H if and only if (H,D|H) is klt.

The ‘only if’ part can be easily shown. For the ‘if’ part, suppose that

(H,D|H) is klt. As we have shown in the previous subsection, it is equivalent

to the local integrability of eϕD |H . For x ∈ H, one can always find a neighbor-

hood U of x such that U is a bounded pseudoconvex domain and U ∩H is a

hyperplane in Cn. Since eϕD |H is integrable near x, the following theorem can

be applied to extending a holomorphic function f ≡ 1. In this way, we obtain

the local integrability of eϕD on U and hence (X,D) is klt at x.

Theorem 3.2.22. Let U be a bounded pseudoconvex domain in Cn and ϕ :

U → [−∞,∞) a plurisubharmonic function and H a complex hyperplane. Then

there exists a positive constant C depending only on the diameter of U such

that for every holomorphic function f on U ∩H satisfying∫
U∩H
|f |2e−2ϕ dVn−1 < +∞

where dVn−1 denotes the (2n − 2)-dimensional Lebesgue measure, there exists

a holomorphic function F on U satisfying F |U∩H = f and∫
U

|F |2e−2ϕ dVn ≤ C

∫
U∩H
|f |2e−2ϕ dVn−1.

We can analytically obtain inversion of adjunction for plt. To do this, recall

the following L2 extension theorem [D01].

Theorem 3.2.23 (Ohsawa-Takegoshi-Marnivel L2 extension theorem). Let X

be a bounded pseudoconvex open subset of Cn and Y ⊂ X a complex submani-

fold of codimension r defined by a section s of a hermitian holomorphic bundle
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with bounded curvature tensor. Suppose that s is everywhere transverse to the

zero section, and that the inequality |s| ≤ e−1 holds on X. Then there exists a

constant C > 0 depending only on E such that for all psh function ϕ on X and

all holomorphic functions f on Y satisfying
∫
Y
|f |2|Λr(ds)|−2e−2ϕdVY < +∞,

there exists a holomorphic function F on X such that F |Y = f and∫
X

|F |2e−2ϕ

|s|2 log2 |s|
dVX ≤ C

∫
Y

|f |2e−2ϕ

|Λr(ds)|2
dVY .

Locally, let s be a section of the trivial line bundle X ×C given by s = z1.

Then Y = H and all hypotheses hold after shrinking an open neighborhood

of y ∈ H if necessary. Since |ds|−1 is bounded near y, the integrability of e−2ϕ

near an open neighborhood of y in Y implies the integrability of e−2ϕ

|s|2 log2 |s| near

y in X. Thanks to Demailly’s openness theorem, we conclude that there exist

ε > 0 and an open set V of X containing y such that∫
V

e−2(1+ε)ϕ

|s|2 log2 |s|
dVX < +∞.

Therefore we obtain the following theorem.

Theorem 3.2.24. (X,D +H) is plt near H if and only if (H,D|H) is klt.

Generally, the case when X is just normal and H is given as a Weil divisor

on X is more complicated since the adjunction formula require an additional

term which is called the different of D on the normalization of H.
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Astérisque, 1992.

[Kol97] J. Kollár, Singularities of pairs: in “Algebraic Geometry-Santa Cruz

1995”, Proc. Symp. Pure Math. 62 (1997), 221–287.

[KM] J. Kollár, S. Mori, Birational Geometry of Algebraic Varieties, Cam-

bridge Tracts in Math., vol. 134, Cambridge University Press, Cam-

bridge, 1998.

[KR] D. Kim and A. Rashkovskii, Higher Lelong numbers and convex geom-

etry, arXiv:1803.07948.

[Ko15] T. Koike, Minimal singular metrics of a line bundle admitting no

Zariski decomposition, Tohoku Math. J. (2) 67 (2015), no. 2, 297-321.

72



BIBLIOGRAPHY

[L] R. Lazarsfeld, Positivity in Algebraic Geometry, Ergebnisse der Mathe-

matik und ihrer Grenzgebiete. 3. Folge. 48 - 49. Springer-Verlag, Berlin,

2004.

[M58] C. B. Morrey, The analytic embedding of abstract real analytic mani-

folds, Ann. Math. (2) 68 (1958), 159-201.
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국문초록

해석적 승수 아이디얼과 L2 확장 정리

이 논문에서는 승수 아이디얼 층과 L2 확장 정리에 대하여 다룬다. 승수 아

이디얼과 승수 아이디얼의 뜀수는 그 응용으로 인해 대수기하학과 복소기하학

에서중요한역할을한다.대수적승수아이디얼의뜀수는이미 Ein, Lazarsfeld,

Smith 그리고 Varolin에 의해 [ELSV]에서 심도 깊게 연구된 바 있다. 이 논문에

서 뜀수에 대한 연구를 대수적 상황에서 다중버금조화함수의 경우로 확장하여

[ELSV]에서보여진다양한성질들중다중버금조화함수의경우로일반화될수

있는 성질과 일반화 될 수 없는 성질들에 대하여 논한다. 특히 기존에 Guan-Li

와 Ein-Lazarsfeld-Smith-Varolin에 의해 뜀수가 집적점을 가지는 승수 아이디

얼의예가두가지만알려져있는데차원이 2인경우에원환다중버금조화함수의

승수 아이디얼의 뜀수가 언제 집적점을 가지는지 규명하고 집적점을 가진다면

정확한 값을 가지는 방법을 논한다. 이를 통해 해석적 승수 아이디얼의 뜀수가

집적점을 가지는 경우가 빈번하게 발생하는 현상임을 밝히고 승수 아이디얼의

뜀수가 집적점을 가지는 다중버금조화함수를 무수히 많이 얻어낼 수 있음을

밝힌다.

주요어휘: L2 추정, L2 확장 정리, 뜀수, 해석적 승수 아이디얼

학번: 2011-20272
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