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ABSTRACT

Reinforcement Learning Based on the Deep Galerkin

Method

by

Jinwon Choi

Department of Mechanical and Aerospace Engineering

Seoul National University

This thesis proposes a deep Galerkin-based algorithm for reinforcement learning.

Recognizing that reinforcement learning can be viewed as a collection of methods

and techniques to approximately solve the dynamic programming equations, we

frame our problem as a continuous-time stochastic optimal feedback control prob-

lem in which the reward (cost function) is known, but the environment model

(state dynamics) is not; instead, sample trajectories are available for learning the

environment model. Using a Gaussian mixture model to represent the dynam-

ics, model parameters are learned from the sample trajectories. The associated
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Hamilton-Jacobi-Bellman (HJB) equations are then solved using the deep Galerkin

method; here the optimal policy (feedback control law) and value function (cost-

to-go) are modelled as independent deep learning networks. Monte Carlo sampling

is then used to solve the associated HJB equations and obtain an optimal policy.

Experiments are undertaken to assess the performance of our approach vis-à-vis

existing reinforcement learning algorithms. As a by-product of our work, a taxon-

omy of existing reinforcement learning algorithms from a stochastic optimal con-

trol perspective is also provided.

Keywords: Stochastic Optimal Control, Dynamic Programming, Bellman equa-

tion, HJB Equation, Reinforcement Learning, Deep Galerkin Method

Student Number: 2018-25735
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1
Introduction

Reinforcement learning (RL) is a computational approach to automating goal-directed

learning and decision making. There are two main strategies for RL problems. The

first is to search in the space of behaviors to find one that performs well. Genetic

algorithms and genetic programming are well-known examples of the first strategy.

The second is to use dynamic programming methods to estimate the cumulative

reward [2]. The focus of thesis is on the second strategy.

A reinforcement learning system is defined by five main elements: an agent, an

environment, a policy, a reward, and a value function. The agent behaves following

a policy, while the environment determines the agent’s next state and provides an

instant reward. The goal of reinforcement learning is to find the policy that max-

imizes the cumulative reward for running an agent [3]. Such interaction between

the agent and the environment in reinforcement learning systems is modeled as a

Markov decision problem, i.e., sequential decision-making in which the control is

determined by the current state only.

1
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RL Optimal control

Agent Controller

Action Control

Environment System

Learning a model System identification

Reward Cost

Deep RL Approximate dynamic programming

Prediction Policy evaluation

Sweep Apply the DP operator at all states

Greedy policy Minimizing policy

Table 1.1: A list of commonly used terms in reinforcement learning and their op-

timal control counterparts [1].

Early reinforcement learning algorithms were designed to solve primarily small-

scale, discrete-time, discrete-state problems in which all state-action pairs could

be represented in table form (for example, navigating in a finite-size grid world

with obstacles [4]). Recent advances in deep learning, however, have led to sig-

nificant enhancement of the capabilities of reinforcement learning as a practical

and viable tool. Deep reinforcement learning methods, in which deep learning net-

works have been used to approximate one or more elements of reinforcement learn-

ing, have been successfully applied to not only large-scale complex problems such

as the game of go [5, 6], but also to planning and control of complex nonlinear

continuous-time systems such as robot grasping [7] and autonomous driving [8, 9]

Recently, [1] has pointed out in a comprehensive way the close parallels be-

tween reinforcement learning and stochastic optimal feedback control. Table 1.1
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provides a list of selected terms commonly used in reinforcement learning and

their optimal control counterparts. The connections between reinforcement learn-

ing and stochastic optimal control have in fact been recognized in limited contexts

by various researchers for some time. Markov decision problems arise frequently in

stochastic control theory via discrete dynamic programming [10], while [11] pro-

posed a policy iteration method for Markov decision problems.

As first pointed out by Bellman and now well-known, dynamic programming

suffers from the curse of dimensionality, meaning that its computational and mem-

ory requirements grow exponentially with the number of state and control vari-

ables. [1] makes the legitimate claim that reinforcement learning can be exactly

characterized as approximate dynamic programming, i.e., as a collection of meth-

ods for obtaining approximate solutions to the dynamic programming problem

that mitigate the curse of the dimensionality.

1.1 A Taxonomy of Reinforcement Learning Algorithms

Reinforcement learning algorithms are classified according to whether the update

occurs online or offline, and whether it is model-based (i.e., involves an explicit sys-

tem identification procedure) or model-free (i.e., the objective is evaluated without

a dynamic model). Offline methods compute the entire value function before the

first control is applied, while online methods compute the values just after the

current state becomes known. Model-based methods assume that the transition

probability of the system for any state is available, while in the model-free case

the values are obtained via Monte Carlo simulation.
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[1] provides a more informative classification of reinforcement learning tech-

niques according to what they approximate. This classification contains more in-

formation about the technique used in the algorithm than simply classifying the

method according to whether or not a model is used. Later in this thesis, we

propose a refined taxonomy from a control-theoretic perspective. We attempt to

show, for each reinforcement learning algorithm, the underlying control-theoretic

assumptions and solution techniques. For discrete-time formulations of reinforce-

ment learning, the Bellman equation is the governing equation for obtaining an op-

timal policy. For continuous-time optimal feedback control problems, two possible

approaches exist: (1) Solving the Bellman equation using discrete control methods

via function approximation, and (2) Solving the continuous-time Hamilton-Jacobi-

Bellman partial differential equations.

Most existing reinforcement learning algorithms follow the former approach

[12, 13, 14]. These methods are typically subdivided into two distinct discrete dy-

namic programming problems: (1) Discounted dynamic programming (DDP) and

(2) Average reward dynamic programming. Discounted dynamic programming at-

tempts to find a policy that minimizes the sum of the discounted rewards over an

infinite-time horizon. DDP assumes that a transition probability will be fixed at

any given time; in practice however, many problems do not satisfy this property

[15]. Average reward dynamic programming optimizes the expected average reward

per step over time t as t→∞ (the definition of average reward is presented later

in Chapter 2.2.2). These two dynamic programming problems can be solved by

value iteration (VI) and the policy iteration (PI). In general, reinforcement algo-

rithms based on solving the Bellman equation via approximation do not necessarily

guarantee convergence to the correct solution. Moreover, this approach involves an

additional approximation step involving discretization of space and time, leading
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to further accumulation of approximation errors over multiple steps.

The second class of methods attempt to solve the continuous-time HJB equa-

tion. While in principle numerical methods for the solution of continuous-time

equations invariably involve discretization at some level, the algorithms are de-

signed within the continuous-time framework and thus differ from methods based

on the discrete Bellman equations. There is extensive control-theoretic literature

on attempts to numerically solve continuous-time optimal control problems via ap-

proximation techniques. Some model-based reinforcement learning methods in this

category have tried to leverage existing control-theoretic methods for continuous

systems: [16, 17] solve the LQG problem by applying data-driven robust control

theory. Guided policy search (GPS) has been used to address problems in robot

manipulation with iterative linear quadratic Gaussian (iLQG) methods [18, 19, 20].

We note that GPS discretizes the system, yet also solves the linear quadratic Gaus-

sian (LQG) problem by approximating the derivatives of the Q-function and the

dynamics model.

1.2 Reinforcement Learning and the Deep Galerkin Method

In this section we describe the main contribution of this thesis: a reinforcement

algorithm that attempts to solve the continuous-time HJB equations using a pair

of deep learning networks to parameterize the policy and value functions. Our

method is inspired by recent work that uses deep learning networks to solve gen-

eral partial differential equations.

Including the Hamilton-Jacobi Bellman (HJB) equation, high-dimensional par-

tial differential equations (PDEs) are ubiquitous in modeling problems. Since closed-

form solutions for PDEs are rare, often one must resort to numerical methods.
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There are four major approaches to obtaining numerical solution to PDEs: (1)

finite-difference method; (2) Galerkin method; (3) finite-element method; and (4)

Monte-Carlo method [21, 22]. Finite-difference methods approximate the differen-

tial operators by discretizing space and time, and using the difference in values at

the grid points. The fourth-order Runge-Kutta method is widely used among fi-

nite difference methods. A major shortcoming of finite difference methods is that

the number of required grids increases exponentially with the dimension of the

domain.

The Galerkin method approximates the solution function by using a linear

combination of finite basis functions. One difficulty of the Galerkin method is the

choice of basis function, because of the non-trivial integrals involved in evaluating

the inner products between functions. The finite element method can be seen as

a localized version of the Galerkin method; First, this method discretizes the do-

main over small regions, and then locally approximates the solution using the basis

function. The Monte-Carlo method is based on simulation of a stochastic process;

from the Feynman-Kac theorem, the PDE can be viewed as a partial differential

equation governing the probability density function evolution of a some stochas-

tic differential equation. This method also requires the calculation of the gradient,

whose computational burden increases exponentially with the problem dimension.

Recently, neural networks have been used as function approximators in an at-

tempt to address the dimensionality issues described above. The idea of solving

differential equations using a neural network was first proposed in [23]. A loss func-

tion of the form

L =

∫
Ω

(F [u]− f)2(x) dx+

∫
∂Ω

(B[u]− f)2(x) dx (1.2.1)

is proposed, in which F is a differential equation operator on the domain X, and B
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is a boundary condition operator on the domain boundary ∂X. Details of training

for these networks are provided later in Section 4.1. [24, 25, 26, 27] also propose

deep learning-based PDE solvers using a similar loss function. These algorithms

use an a priori defined mesh as inputs, and minimize the loss function at the mesh

points. When domain geometries are known, [25] and [26] modify the last layer

of the network to satisfy the boundary conditions without using the B term in

the loss function. [27] propose a method for learning the domain geometries for

complex-shaped boundary problems. In our problem, we are primarily interested

in methods for solving the HJB equation without any a priori specified boundary

(a free-boundary problem); instead, a terminal state condition is typically given.

Another complicating issue for us is that because the dynamics are typically

assumed unknown, the PDEs themselves are also unknown. Recently, data-driven

methods for PDE identification were proposed in [28, 29, 30, 31]. A physics-informed

neural network (PINN) uses prior knowledge about the order of the PDE, and

identifies the parameters from collected data [28, 29]. Hidden physics models (HPM)

identify the models using a Gaussian process model (GP) without assuming any

prior knowledge about the model [30]. Deep hidden physics models (DHPM) are

similar but use a deep neural network in place of a Gaussian process. These meth-

ods are for the most part ineffective for identifying the HJB equation since no

value, state-value, or state-action value data is available. State-action pairs and

rewards can, however, be obtained from simulations. Our algorithm identifies the

HJB equation using dynamic learning methods from model-based reinforcement

learning rather than PDE identification techniques.

PINN and DHPM also train networks with a similar loss function. However,

the previous loss function does not guarantee convergence of a neural network to a

real solution of the PDE. The most impactful result for deep PDE solvers is likely
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the neural network approximation theorem proved by [32], in which they prove

the convergence of the neural network to a PDE solution using a specific update

rule, and a deep Galerkin method that samples the input points randomly from

the domain instead of at fixed mesh points. In this thesis we propose a modified

deep Galerkin method to solve the HJB equation driven by policy iteration. The

value function and the control input are iteratively updated.

We note that there exist deep PDE solvers for quasilinear PDEs based on the

Monte-Carlo method [33, 34, 35]. These approximate the gradient of the solution

and simulate a backward stochastic differential equation to obtain an analytical

solution. The algorithms developed in [33, 34, 35] obtain the solution of PDEs at

a single point, while [32] obtains a complete solution across time and space. We

choose the deep Galerkin method over BSDE methods in order to generalize the

controller throughout the entire domain.

1.3 Thesis Organization

In Chapter 2, we review the basics of stochastic optimal control problems. Four

types of stochastic optimal control problems, discrete/continuous system for finite/infinite-

time horizon, are presented with assumptions that guarantee the existence and

uniqueness of the solution. We review Bellman’s optimality principle and the Hamilton-

Jacobi-Bellman partial differential equations. Early reinforcement learning algo-

rithms treat the infinite-time horizon discrete system problems based on discrete

dynamic programming methods. Two dynamic programming methods (policy it-

eration and value iteration) will be presented here.

In chapter 3, we summarize early RL algorithms based on the dynamic pro-

gramming methods with Robbins-Monro stochastic approximation. RL research
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fields are extended to continuous system problems by integrating function approx-

imation schemes such as deep neural network. However, we note that such an ap-

proach amplifies approximation errors by adding another layer (the approximation

of the dynamic programming equation) on top of the discretization. Another ap-

proach to solving continuous problems is approximating continuous control meth-

ods. Since optimal control theory for continuous problems requires a dynamics

model, all algorithms using this approach are model-based. We briefly review the

model-based algorithms solving continuous problems, and then we propose a new

taxonomy of RL algorithms from the control-theoretic perspective. This taxonomy

emphasizes the underlying control methods for each RL algorithm, and is useful

in identifying algorithms appropriate for a given problem.

Chapter 4 is devoted to describing deep PDE solver-based RL algorithms for

solving the HJB equation directly, without discretization of the system. Numerical

methods for PDEs also suffer from the curse of dimensionality, and although deep

learning methods have been addressed as one possible remedy, theoretical conver-

gence guarantees for deep neural network approximation of PDEs’ solution has

only recently been proven. We review deep PDE solvers and numerical PDE the-

ory, and also deep Galerkin methods for their solution. For reinforcement learning,

the HJB equation must be identified before solving the PDE using deep Galerkin

methods. Unlike usual PDE identification, in RL dynamics learning methods must

be employed. Our algorithm uses a Gaussian mixture model (GMM) prior dynam-

ics learning method to identify the system dynamics from exploration data, and

solves the identified HJB equation using deep Galerkin methods. To obtain the

optimal policy, we propose a policy iteration-like scheme with a policy network

that allows for the integration of various policy gradient methods.

In Chapter 5, we first describe a one-dimensional LQG problem and obtain an
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analytical solution. Then, we compare our new algorithm and other discrete dy-

namic programming-based RL algorithms with respect to the value function ap-

proximation. We then apply our proposed algorithm to solve a twelve-dimensional

LQG problem.

The thesis concludes in Chapter 6 with a summary of the main results and

findings, and a discussion of both the potential practical applications and limita-

tions of the proposed method.



2
Stochastic Optimal Control

In this chapter we review the stochastic optimal control problem for both continuous-

time and discrete-time systems. We begin with the stochastic optimal control prob-

lem in continuous-time in Section 2.1, followed by discrete-time systems in Section

2.2. The goal of this chapter is to show more explicitly the connections and dif-

ferences between stochastic optimal control and reinforcement learning.

2.1 Continuous-Time Systems

2.1.1 Optimal Control Problem

In what follows we consider a finite-time horizon problem t ∈ [0, T ]. Let (Ω,F ,P)

be a probability space,
{
Ftt≥0

}
a filtration on F and W (·) a

{
Ftt≥0

}
Brownian

motion in Rm. Let U be a subset of all progressively measurable stochastic pro-

cesses u : [0, T ] × Ω → U ; we call this set the control set, and element u of this

set a control. Let f : Rn × [0, T ] × U → Rn and σ : Rn × [0, T ] × U → Rn×m be

11
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continuous functions in C1(Rn × [0, T ]) satisfying the following conditions:

|f(x, t, u)− f(y, t, u)| ≤ C(|x− y|+ |t− s|),

|σ(x, t, u)− σ(y, t, u)| ≤ C(|x− y|+ |t− s|)
(2.1.1)

and

|f(x, t, u)| ≤ C(1 + |x|),

|σ(x, t, u)| ≤ C(1 + |x|)
(2.1.2)

where |σ|2 =
∑

i,j |σij |
2.

Let the state x(t) be an Itô process, and consider the following stochastic con-

trol system:

dx(s) = f(x(s), s, u(s))ds+ σ(x(s), s, u(s)) dW (s),

x(t) = x.
(2.1.3)

The previous Lipschitz continuity assumptions on fand σ guarantee the unique-

ness and existence of strong solutions with continuous paths for any choice of u(·).

Furthermore, we assume that u(s) = u(s, x(s)) i.e. the control depends only on the

present state (a Markov control). With the Markov control assumption, the state

dynamics defined by the Itô process becomes a Markov decision process.

Let r : Rn × [0, T ]× U → R and q : Rn → R be continuous functions such that

|r(x, t, u)− r(y, t, u)| ≤ C(|x− y|+ |t− s|),

|r(x, t, u)| ≤ C(1 + |x|),

|q(x)| ≤ C(1 + |x|).

(2.1.4)

The function r is the running cost and the function q is the terminal cost.

Definition 2.1.1. The cost functional J : Rn × [0, T ]× U → R is defined by

J(x, t, u(·)) := Ex

[∫ T

t
r(x(s), s, u(S)) ds+ q(x(T ))

]
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where Ex denotes the expectation with respect to the measure induced by x(s)

starting at x.

We now define the value function V and optimal control u∗.

Definition 2.1.2. The value function V : Rn × [0, T ]→ R is defined by

V (x, t) := inf
u(·)∈U

J(x, t, u(·))

and the optimal control u∗ ∈ U is defined by

u∗ := arg min
u(·)∈U

J(x, t, u(·)).

THe finite-time horizon stochastic optimal control problem can now be char-

acterized as follows:

V (x, t) = infu(·)∈U J(x, t, u(·)),

V (x, T ) = q(x(T )),

s.t. dx(s) = f(x(s), s, u(s, x(s)))ds+ σ(x(s), s, u(s, x(s))) dW (s),

s ∈ [t, T ] , x(t) = x

(2.1.5)

For the infinite-time horizon problem, a discount factor γ > 0 is introduced in

the definition of the cost functional J .

Definition 2.1.3. The cost functional J∞ : Rn × [0, T ]× U → R is defined by

J∞(x, t, u(·)) := Ex

[∫ ∞
t

eγsr(x(s), s, u(S)) ds

]
.

The infinite-time horizon stochastic optimal control problem can now be char-

acterized as follows:
V (x, t) = infu(·)∈U J∞(x, t, u(·)),

s.t. dx(s) = f(x(s), s, u(s, x(s)))ds+ σ(x(s), s, u(s, x(s))) dW (s),

s ∈ [t,∞) , x(t) = x.

(2.1.6)
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2.1.2 Dynamic Programming

In this section we review Bellman’s principle of optimality and the stochastic Hamilton-

Jacobi-Bellman (HJB) equations; we refer the reader to [36] for further details.

Theorem 2.1 (Bellman’s principle of optimality). Suppose that the dynamical sys-

tem satisfies x(t) = x. The value function then satisfies the following recursive

equation:

V (x, t) = inf
u(·)∈U

Ex

[∫ t+h

t
r(x(s), s, u(s)) ds+ V (x(t+ h), t+ h)

]
.

Theorem 2.2 (Hamilton-Bellman-Jacobi). Suppose that the value function V ∈

C2(O)∩C(Ō) where (x, t) ∈ O and Ō is the closure of O. Then the value function

satisfies the following form of the HJB equations:

∂V

∂t
(x, t) + min

u∈U

{
∂V

∂x
(x, t) · f(x, t, u) +

1

2
tr(σσT ) Hessx V + r(x, t, u)

}
= 0,

V (x, T ) = q(x(T ))

(2.1.7)

This equation can be derived straightforwardly in the one-dimensional case. By

Theorem 2.1,

V (x, t) = inf
u(·)∈U

Ex [r(x(t), t, u(t))dt+ V (x(t+ dt), t+ dt)] . (2.1.8)

Taylor expanding V (x(t+ dt), t+ dt), we have

V (x(t+ dt), t+ dt) = V (x, t) +
∂V

∂t
(x, t)dt+

∂V

∂x
(x, t)dx

+
1

2

∂2V

∂t2
(x, t)(dt)2 +

∂2V

∂t∂x
(x, t)dtdx+

1

2

∂2V

∂x2
(x, t)(dx)2 + h.o.t..

(2.1.9)
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Apply the usual stochastic multiplication rules

(dt)(dW ) = (dt)2 = 0, (dW )2 = dt, (2.1.10)

we obtain

(dx)2 = f2(Dt)2 + σ2(dW )2 + fσ(dt)(dW ) = σ2 dt,

dt dx = f(dt)2 + σ(dt)(dW ) = 0.
(2.1.11)

Equation (2.1.9) therefore becomes

V (x(t+ dt), t+ dt) = V (x, t) +
∂V

∂t
(x, t) dt+

∂V

∂x
(x, t) · f(x, t, u) dt

+
∂V

∂x
(x, t) · σ(x, t, u) dW +

1

2

∂2V

∂x2
(x, t)(dx)2 + h.o.t..

(2.1.12)

Substituting (2.1.12) into (2.1.8) we get

V (x, t) = inf
u(·)∈U

Ex[r(x(t), t, u(t)) dt+ V (x, t) +
∂V

∂t
(x, t) dt+

∂V

∂x
(x, t) · f(x, t, u) dt

+
∂V

∂x
(x, t) · σ(x, t, u) dW +

1

2

∂2V

∂x2
(x, t)(dx)2].

(2.1.13)

Since Ex
[
∂V
∂x (x, t) · σ(x, t, u)dW

]
= 0, dividing by dt we get the HJB equation (2.1.7).

We note that the continuity and differentiabiity assumptions on the value function

can be further relaxed; we refer the reader to [37] for further details, including an

exact proof of Theorem 2.1 and 2.2, which require further results from stochastic

analysis.

2.2 Discrete-Time Systems

2.2.1 Optimal Control Problem

For discrete-time systems, the state and control at time k are denoted by xk ∈ Xk

and uk ∈ Uk, where k ∈ 1, 2, . . . , N for the finite-time horizon case and k ∈ N.



2.2. Discrete-Time Systems 16

The system evolves N times, and the system dynamics includes a disturbance wk,

which is characterized by a conditional probability distribution Pk(wk | xk, uk).

The dynamics is of the form

xk+1 = fk(xk, uk, wk) (2.2.14)

Note that we only consider Markov decision processes throughout, i.e., the tran-

sition probability depends only on current state and current action, and the con-

trol depends current state only. In the MDP problem, rather than optimizing over

the control sequences {u0, , . . . , uN−1}, we seek the optimal polices π ∈ Π that

consist of function sequences {µ0, µ1, . . . , µN−1} where µk : Xk → U(xk) satisfies

µk(xk) = uk ∈ U(xk) for all xk ∈ Xk. A well-known result from optimal control

states that the optimal controller can be expressed in feedback form. Stochastic

dynamics is also included in the controller through feedback (this is the reason

why we consider policy functions rather than deterministic control sequences). In

what follows let rk : Xk × U(xk)→ R and q : Xk → R be continuous functions.

Definition 2.2.1. The cost functional J(xk) is defined by

J(xk;uk, . . . , uN−1) = Ewk

[
N−1∑
m=k

rm(xm, um, wm) + q(xN )

]
.

Given an initial state x0 and policy π = {µ0, µ1, . . . , µN−1}, the state-cost func-

tional Jπ is defined by

Jπ(x0) = Ewk

[
N−1∑
k=0

rk(xk, µk(xk), wk) + q(xN )

]
.

The optimal policy π∗ ∈ Π is defined by

π∗(·) = arg min
π∈Π

Jπ(x0)
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The finite-time horizon stochastic optimal control problem can now be charac-

terized as follows:
V (x0) = minπ∈Π Jπ(x0),

V (xN ) = q(xN ),

s.t. xk+1 = fk(xk, uk, wk), k = 0, 1, . . . , N − 1

(2.2.15)

For the infinite-time horizon case, a discount factor γ is added to cost functional

Jk, similarly to the case for continuous-time systems, but with the range of dis-

counting factor set to 0 < γ < 1 since the running cost is directly multiplied by

the discount factor without an exponential function.

Definition 2.2.2. The cost functional Jk(xk) is defined by

J(xk; {ui}∞i=k) = Ewm

[ ∞∑
m=k

γm−krm(xm, um, wm)

]
with given initial state x0 and policy π. The state-cost functional J∞π is defined

by

J∞π (x0) = Ewk

[ ∞∑
k=0

γkrk(xk, µk(xk), wk) + q(xN )

]
.

The optimal policy π∗ ∈ Π is defined by

π∗(·) = arg min
π∈Π

J∞π (x0)

Infinite-time horizon problems are of the following form: V (x0) = minπ∈Π J
∞
π (x0),

s.t. xk+1 = fk(xk, uk, wk), k = 0, 1, . . .
(2.2.16)

2.2.2 Dynamic Programming Principle

Unlike the continuous-time case, the optimality conditions for discrete-time prob-

lems are formulated in terms of the Bellman equation (BE), since time derivatives
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are not well-defined for the discrete-time case. The value function for finite-time

horizon problems can be obtained more easily than for the infinite-horizon case,

simply by iterating the dynamic programming equations backward from the ter-

minal condition to the initial state. In this section, we consider only the infinite-

horizon case, which is the case of most interest in reinforcement learning.

There are two approaches to solving infinite-horizon problems: (1) Solve the

discounted dynamic programming equation (see Theorem 2.3); (2) Solve the aver-

age reward dynamic programming equation. Both approaches share common tech-

niques, but the average reward equation is a modified equation in which the dis-

count factor is dropped via the average reward function. Theorem 2.3 shows the

discounted DP problems.

Theorem 2.3 (Bellman’s principle of optimality). Suppose that the dynamical sys-

tem satisfies x(k) = xk. The value function then satisfies following recursive equa-

tion:

V (xk) = inf
u(xk)∈U(xk)

Ex [r(xk, uk, wk) + V (xk+1)]

with V (xN ) = q(xN ) for finite-time horizon problems, and

V (xk) = inf
u(xk)∈U(xk)

Ex [r(xk, uk, wk) + γV (xk+1)]

for infinite-time horizon problems.

We refer the reader to [38] for a proof of Bellman’s principle of optimality. Dis-

counted DP assumes that a transition probability will be fixed at any given time,

however, many domains do not have this property [15]. Furthermore, discounting

tends to sacrifice bigger long-term rewards but contain smaller short-term rewards

which is undesirable. To avoid the problems of discounted DP, average reward dy-

namic programming optimizes the expected average reward per step over time t

as t→∞.
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Definition 2.2.3. Given policy π, the expected average-reward is defined by

ρπ(xk) = lim
t→∞

E
[∑t−1

k=0 r(xk)
]

t
(2.2.17)

where r(xk) is the reward received at time k starting from state xk. In average

reward MDP, ssince the undisconunted sum of rewards can be unbounded, we use

diffrent value function,

V π(xk) = lim
t→∞

E
[∑t−1

k=0 r(xk)− ρπ
]

t
(2.2.18)

Theorem ?? shows the average reward Bellman equation.

Theorem 2.4. Suppose that the dynamical system satisfies x(k) = xk. The value

function then satisfies following recursive equation:

V (xk) + ρ = inf
u(xk)∈U(xk)

Ex [r(xk, uk, wk) + V (xk+1)]

where ρ is the optimal average reward.

Those two dynamic programming problems can be solved by the value itera-

tion (VI) and the policy iteration (PI). In this thesis, we will review the control

methods for discounted DP only. We refer the reader to mahadevan1996average

for details.

2.2.3 Dynamic Programming Methods

The Bellman equation can be solved by two methods: (1) value iteration; (2) pol-

icy iteration. Before explaining the two methods, we review the Bellman Operator

(dynamic programming operator) and its properties.

Let (B, ||·||∞ , d∞) be a metric space where B = {ψ : Ω→ R|continuous and bounded},

||ψ||∞ := supx∈X |ψ(x)|, d∞(ψ,ψ′) = supx∈X |ψ(x)− ψ′(x)|.
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Definition 2.2.4. Given a policy π, the state-value function V π is defined by

V π(x0) := J∞π (x0),

and the Bellman operator T π : B→ B is defined by

T πψ(xk) = r(xk, π(xk)) + γEx[ψ(xk+1)].

The Bellman optimal operator T : B→ B is defined by

Tψ(xk) = min
uk∈U(xk)

{r(xk, uk) + γEx[ψ(xk+1)]}

We now list the following two important properties of the Bellman operator

and the main theorem that forms the cornerstone of the value iteration and policy

iteration methods.

Proposition. The Bellman operators T π, T are both monotone, i.e., if

ψ(x) ≤ ψ′(x) ∀x ∈ X,

then

T πψ(x) ≤ T πψ′(x) ∀x ∈ X,

Tψ(x) ≤ Tψ′(x) ∀x ∈ X.

Proposition. The Bellman operators T π, T are a contraction with modulus γ with

respect to the sup norm ||·||∞, i.e.,∣∣∣∣T πψ − T πψ′∣∣∣∣∞ ≤ γ ∣∣∣∣ψ − ψ′∣∣∣∣∞ ψ,ψ′ ∈ B,∣∣∣∣∣∣Tψ − Tψ′∣∣∣∣∣∣
∞
≤ γ

∣∣∣∣ψ − ψ′∣∣∣∣∞ ψ,ψ′ ∈ B.

Theorem 2.5 (Contraction Mapping Theorem). Let (B, ||·||∞ , d∞) be a metric

space and T : B→ B a contraction mapping with modulus γ. Then
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(i) T has an unique fixed point in B, i.e., there exists a unique f∗ ∈ B s.t. Tf∗ =

f∗.

(ii) The sequence fn+1 = Tfn, f0 ∈ B, satisfies limn→∞ T
nf0 → f∗.

Theorem 2.5 implies that a value function can be obtained by applying the

Bellman operators T or T π iteratively to an arbitrary initial function V0 ∈ B.

Value iteration involves using the Bellman optimal operator to solve the dynamic

programming equations, while policy iteration corresponds to using the Bellman

operator.

The value iteration method calculates the value function by applying the Bell-

man optimal operator to an initial function with respect to x ∈ X until ||Vk+1 − Vk||∞ <

ε; the optimal policy is then obtained as

π∗(x) ∈ arg min
π∈Π

{
r(x, π(x)) + γEx

[
Vk(x

′)
]}

∀x ∈ X. (2.2.19)

Policy iteration consists of two steps: (1) policy evaluation; (2) policy improve-

ment. Given a policy, the policy evaluation step calculates the state-value function

by iteratively applying the Bellman operator. In the policy improvement step, a

new policy (so-called greedy policy) is obtained so as to minimize the state-value

function obtained from the policy evaluation step.

In the next chapter we focus on the relation between RL and stochastic optimal

control. RL was originally developed to solve infinite-horizon discrete-time system

stochastic dynamic programming equations in which only a black-box environment

model can be accessed, unlike the situation in classical optimal control problem

where the system state equations are assumed known and given.



3
Reinforcement Learning

3.1 Introduction

In classical dynamic programming methods for policy iteration and value itera-

tion, the value function for each state is updated at each time-step via the Bell-

man operator. This update process requires the calculation of the expectation for

every state-action pair. However, it is impractical to simulate trajectories over ev-

ery state-action pair. Instead, reinforcement learning approximates the Bellman

equation in three ways: (1) expectation approximation, (2) value function approx-

imation, and (3) policy approximation:

V (xk) = inf
π ∈ Π︸ ︷︷ ︸

Approximation
in policy space

Approximation
of E[·]︷︸︸︷
Eπ

r(xk, π(xk)) + γEx∼p[ V (xk+1)︸ ︷︷ ︸
Approximation
in value space

]

 (3.1.1)

22



3.1. Introduction 23

Calculation of the expectation can be approximated using Monte-Carlo search or

the certainty equivalence method. For a comprehensive description of these meth-

ods we refer the reader to [1]. Our focus in this thesis will instead be on approx-

imation of the value and policy functions.

Stochastic optimal control requires the calculation of the expectation for every

state-action pair, and since for typical reinforcement learning problems the dynam-

ics and reward functions are usually unknown, one cannot directly calculate the

expectation. Value functions are therefore often estimated from sample trajecto-

ries obtained experimentally or from simulations. A rather obvious downside of

this approach is that an excessively large number of simulations are required to

obtain trajectories that fill the entire state-action space. Robbins-Monro stochastic

approximation is one method developed to circumvent this sampling issue. Before

we introduce Robbins-Monro stochastic approximation, we introduce some alter-

native definitions of the value function that also appear in the literature.

Definition 3.1.1. Given a policy π, the state-action value function is defined by

Qπ(xk, ak) = r(xk, ak) + γEx

[ ∞∑
t=1

r(xk+t, π(xk+t))

]
.

The optimal Q-function Q∗ is defined by

Q∗(xk, ak) = r(xk, ak) + min
π∈Π

γEx

[ ∞∑
t=1

r(xk+t, π(xk+t))

]
.

The Bellman operator and the Bellman optimal operator over the Q-function

can be defined in the same way. We now illustrate the Robbins-Monro stochastic

approximation method. Consider the fixed point equation

x = L(x), (3.1.2)
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where L : Rn → Rn is an operator. Assuming the mapping is a contraction and

satisfies conditions for the fixed point theorem, the above equation can be solved

via the deterministic iteration

xk+1 = L(xk). (3.1.3)

It is also possible to add a step size αk as follows:

xk+1 = (1− αk)xk + αkL(xk). (3.1.4)

Now suppose L(x) is an expectation of the form E[f(x, ξ)] ≈ 1
N

∑N
i=1 f(xi, ξi)

where ξ is a random variable. To evaluate this expectation, N simulations are

required. Robbins-Monro stochastic approximation algorithm uses a single noisy

sample of the form

xk+1 = (1− αk)xk + αkL(xk + wk), (3.1.5)

where wk = f(x, ξ)−E[f(x, ξ)]. The stochastic approximation algorithm guarantees

convergence of this algorithm under contraction or monotone assumptions of the

mapping L i.e., xn converges to x∗ with probability 1 subject to the assumptions

∞∑
k=0

αk = +∞ and
∞∑
k=0

α2
k < +∞. (3.1.6)

Early reinforcement learning algorithms incorporate stochastic approximation into

value iteration or policy iteration. Policy iteration with the value function is called

temporal difference (TD), PI with the Q-function is called SARSA, while value

iteration with the Q-function is called Q-learning. If we update value V (xt) the

using costs at all states xt, xt+1, · generated by a given fixed policy with discount

factor λ in the TD and SARSA methods, we denote these methods TD(λ) and

SARSA(λ), respectively.
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Because Bellman operator-based methods solve infinite-horizon discrete-time

problems, however, applying these algorithms using the Bellman operator to continuous-

time problems means solving the discretization approximated problems. Further-

more, we cannot solve finite-horizon problems exactly, because the convergence of

TD, SARSA and Q-learning algorithms are guaranteed under the same conditions

as Equation (3.1.6).

3.2 Approximation in Value and Policy Space

For small-scale discrete problems, the value function can be updated following the

Robbins-Monro stochastic approximation for every state in tabular form. Although

stochastic approximation circumvents calculation of the expectation, policy itera-

tion and value iteration require the update of the value function for all possible

states at each timestep. Because many practical engineering problems have a large-

scale state space, the issue of scalability is important.

An appealing approach to resolve this drawback is an approximation in value

space, which is often called adaptive dynamic programming. There are three types

of approximation in value space methods: Problem approximation, On-line approx-

imate optimization, and Parametric approximation [1]. The first method, includ-

ing aggregation, obtains the optimal value functions of the simplified optimization

problem. The second method uses a sub-optimal policy or heuristic obtained by

other methods such as roll-out or model predictive control and approximate op-

timal values on-line. The last method obtains a sub-optimal solution in a given

parametric class of functions. In this thesis, we only discuss parametric approxima-

tion methods to construct new RL taxonomy because the first method is problem

dependent and second method is supplemental.
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Parametric approximation methods are divided into direct and indirect meth-

ods. The direct method aims to solve the following least-squares problem:

min
θ

∑
x∈X

(V (x; θ)− V π(x)) (3.2.7)

where V π(x) is approximated as a cumulative sum of simulation cost data gener-

ated by given policy π. Deep RL algorithms such as deep Q network (DQN) come

under the direct methods. Indirect methods approximate value function with a

linear architecture of the form

V (x; θ) := φ(x)T θ, (3.2.8)

where φ is a feature vector and θ is a weight vector. Direct methods solve the

Bellman equation and find the sub-optimal solution near the optimal solution in-

side parametric function space, while indirect methods project the Bellman equa-

tion onto linear parametric function space and obtain the solution of the projected

Bellman equation. Least-squares temporal difference (LSTD), least-squares policy

evaluation (LSPE) and TD are indirect methods.

Another issue of the solving equation 3.1.1 is obtaining the cost minimizing

policy. Similar to the calculation of value function, in discrete action space, opti-

mal action can be determined by comparing values at the next state with respect

to every action. This approach is called policy search, and applying policy search

to the policy iteration is called ε greedy policy search. However, as we have no-

ticed before, comparing every policy is impractical in large scale problems. Policy

approximation by using a parametric function approximator was proposed to avoid

this intense calculation. [39] introduced a useful theorem called stochastic policy

gradient which states the relation between the gradient of value function and the

gradient of parameterized policy function.
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Theorem 3.1 (Policy Gradient Theorem). Under parameterized policy πtheta, de-

fine the cost function η(θ) := V πθ(x0). Let dπθ(x) :=
∑∞

t=0 γ
tP π(xt = x|x0), where

P π(xt = x|x0) is the transition probability from x0 to x in t stages under policy π.

Then,

∇η(θ) =
∑
x∈X

dπθ(x)
∑

u∈U(x)

Qπθ(x, u)∇θπθ(u|x; θ) (3.2.9)

which can be rewritten as

∇η(θ) = Eπ

γt ∑
u∈U(x)

Qπθ(x, u)∇θπtheta(u|x; θ)|x0

 . (3.2.10)

This theorem allows us to update policy function parameters according to the

gradient of expected value. [40] proved the deterministic version of policy gradi-

ent theorem and proposed deterministic policy gradient (DPG) method [40]. One

critical drawback of policy gradient methods is that the policy is rapidly changed

by updating according to the cumulative cost gradient. To address this issue, [41]

proposed a conservative policy iteration scheme for mixed policy and [42] devel-

oped monotone improvement using KL divergence constraints between previous

policy and new policy functions, which is called trust region policy optimization

(TRPO). Proximal Policy Optimization achieved an efficient version of TRPO by

only taking advantages of TRPO by clipping policy [43].

However, naive use of value obtained by the Monte-Carlo method causes high

variance in the training process. It seems to be natural to integrate value approx-

imation and policy approximation, and this approach is called approximation in

policy space on top of approximation in value space. A more famous name is actor-

critic methods, where actor means policy function and critic means policy evalua-

tor, value function. Off-policy deterministic actor-critic (OPDAC) is based on the

policy iteration methods with an approximation of Q-function by using nonlinear
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approximator, and compatible off-policy deterministic actor-critic Q-learning/gradient

Q-learning critic (COPDAC-Q/GQ) are using linear approximators [40]. A deep

deterministic policy gradient (DDPG) is based on the value iteration methods with

an approximation of Q-function by using deep neural networks [44].

It is natural to consider the other actor-critic methods that approximate value

function, not Q-function. Generalized Advantage Estimation approximated another

value-like function, advantage function, but it is proved that temporal difference

residual becomes unbiased estimation of advantage function [45]. Soft actor-critic

approximates the value function by using the policy iteration method with maxi-

mum entropy objective [46]. Importance Weighted Actor-Learner Architecture (IM-

PALA) proposed a V-trace method to address mismatch policy problems of the

offline update by using importance sampling. This method is based on the policy

iteration and approximate value function.

We have seen model-free RL algorithms and we remark that those methods

can be classified according to what control methods are used (PI or VI), what

kind of value-like function is approximated, which function approximator is used

to approximate value-like function, and how to obtain optimal policy for each up-

date step (policy search or policy gradient). In the next section, we propose a new

taxonomy of RL algorithms according to those criteria. Before classifying RL al-

gorithms, we briefly review some model-based algorithms with other control meth-

ods.

3.3 Taxonomy of Reinforcement Learning

In this section, we summarize other control methods used in RL and briefly review

model-based RL algorithms. Then, we propose a new taxonomy summarizing RL
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algorithms according to the choice of control method, value-like function, policy

approximation, function approximator, and model learning method. As we have

seen in chapter 2.2.2, continuous system stochastic optimal control problems can

be formulated as the PDE form, HJB equation. Solving the Bellman equation ef-

fectively by employ learning schemes, RL also can integrate learning methods with

continuous control methods solving the HJB equation. Owing to the dynamics re-

quirement of the HJB equation, however, one more step is required, dynamics-

learning. Therefore, only model-based RL can try to solve the HJB equation. We

note that the model-based RL can be used in the Bellman equation approach. For

example, probabilistic inference for learning control (PILCO) is a representative

model-based RL algorithm based on the policy iteration method [47].

The dynamics model can be estimated from exploration data by fitting para-

metric function approximator in a supervised-learning fashion. Gaussian mixture

model (GMM) and deep neural network are frequently used, and the Gaussian

process (GP) also can be used. The dynamics-learning step of the PILCO approx-

imates the dynamics model assumed to be a Gaussian distribution by propagat-

ing through GP models [47]. GPS uses GMM prior dynamics-learning methods,

and stochastic optimal control with latent representations (SOLAR) uses a deep

Bayesian linear-quadratic system model [48]. We will divide algorithms into four

types according to the choice of model learning: free, GMM, GP, and deep neural

network (DNN).

Although we can approximate the dynamics model from simulation data, solv-

ing the HJB equation is difficult. Therefore, conventional RL circumvents to solve

HJB equation directly, but approximates [18, 19, 20] or transforms [49, 50, 51]

the HJB equation as linear PDE form. We denote that [17, 16] proposed coarse

model identification methods and integrated continuous control methods for only
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the LQG problem which is the easiest version of the HJB equation.

Guided policy search algorithms [18, 19, 20] are based on iLQG methods. As-

suming that dynamics are locally linear, iLQG, expends LQG to nonlinear models

by reusing LQG iterative to refine the trajectory. The first step approximates the

dynamics model to the first order and cost function to the second order. Then, we

find one step optimal control input and next state by solving LQR and iteratively

repeat LQG. For a more detailed explanation, we refer the reader to [52]. Path in-

tegral methods [49, 50, 51] circumvent the difficulty of solving the HJB-equation

by transforming the HJB into a linear PDE. Exponential transformation of the

value function allows applying the Feynman-Kac formula which connects the solu-

tion of PDE and solution of SDE. Path integral based RL algorithms can solve the

HJB equation by simulating the stochastic differential equation and those methods

are known as the most powerful methods for continuous problems.

Now, we provide a taxonomy of RL algorithms. Table 3.1 and table 3.2 summa-

rize the choice of control problem and control method, value-like function, policy

approximation, function approximator, and model learning method. First, control

problems RL solved are divided into three types: (1) Discounted dynamic pro-

gramming, (2) Average reward dynamic programming, (3) Continuous dynamic

programming. We categorize control methods as policy iteration, value iteration,

iLQG, robust control, and path integral with following notation T π, T , iLQG, ro-

bust control, and PI, respectively. We indicate value function, state-value function,

state-action value function as V, V π, Q (or Qπ if we use policy iteration method).

In the policy approximation column, PS and PG denote policy search and pol-

icy gradient, respectively. We classify the value approximation as the Monte-Carlo

search, linear and nonlinear parametric approximation, and model category is clas-

sified as free, GMM, GP or DNN. We also provide an acronym description of a
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taxonomy of reinforcement learning algorithm in table 3.3 and table 3.4.

Every reinforcement learning algorithm in table 3.1 is based on the DP meth-

ods solving discounted Bellman equation. There are also model-based algorithms

including PILCO. Average reward DP is a reformulated problem of discounted

DP with ergodic assumption. According to new taxonomy, most of the reinforce-

ment learning algorithms have improved computation efficiency of DP methods

to achieve scalability. However, using the Bellman equation involves one more ap-

proximation step which can explode approximation error through over multi ap-

proximation steps. Here, we remark that there is no converges guarantee of an ap-

proximate policy iteration. The approximate policy iteration method make rapid

progress in the beginning, but it begins to oscillate. Furthermore, the generic er-

ror bound of the approximate policy iteration method and note that this error

bound also diverge as a discounting factor goes to 1. In chapter 5, we apply re-

inforcement learning algorithms based on the control methods solving discounted

DP to 1 dimensional LQG problems. We can obtain an analytical solution of this

toy example by applying Itô calculus and we compare the real solution and the

approximated value function of those algorithms.

To avoid these drawbacks, developing an efficient method to solve the HJB

equation is better than improving discounted DP based reinforcement learning.

From table 3.2, we can notice that there are only a few algorithms that attempt

to solve the HJB equation. iLQG approximates nonlinear system optimal control

problems pretty well, but we can identify the HJB equation with the same effort

of dynamics learning. The path integral method transforms the HJB equation to a

tractable linear PDE form and obtains the solution by applying the Feynman-Kac

formula. However, this method involves stochastic process simulation to obtain a

solution. We remark that the HJB approach for continuous system problems is
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the blue ocean in reinforcement learning. In the next chapter, we propose a new

reinforcement learning algorithm that solves not a modified HJB equation but the

HJB equation directly. We include our new algorithm to a taxonomy at the bottom

of the table 3.2.
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Problem Method Value

function

Policy

approx.

Value

approx.

Model Algorithm

Discounted
DP

T Q
PS

MC Free Q-learning

Nonlinear Free DQN

PG Nonlinear Free DDPG

T π

V π

PS

MC Free TD,

TD(λ),

PEGA-

SUS,

REPS

Linear Free TD,

LSTD

Nonlinear Free TD

PG

MC Free TRPO,

PPO,

PGPE,

IW-PGPE

MC GP GPREPS

MC LSCDE M-PGPE

Linear GP PILCO

Nonlinear Free GAE,

SAC,

IMPALA

Qπ

PS

MC Free SARSA

Linear Free TD,

LSTD

Nonlinear Free SARSA

PG

MC Free DPG

Linear Free COPDAC-

Q/GQ

Nonlinear Free OPDAC

Table 3.1: A taxonomy of reinforcement learning algorithms solving discounted DP
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Problem Method Value

function

Policy

approx.

Value

approx.

Model Algorithm

Average
Reward

DP

T π
V π PS MC Free R /

Modified-

R

learning

Qπ PS MC Free Q-P

learning

T
V PS MC Free B

learning,

H learning

Q PS MC Free G learning

Continuous
DP

iLQR V

PS GP AGP-

iLQR

PG GMM GPS

DNN SOLAR

Robust

control

V DNN Coarese-

ID

method

PI V PG MC Kernel PI2

(-CMA/

CMAES)

Deep

PDE

sover

V PG Nonlinear GMM New

method

Table 3.2: A taxonomy of reinforcement learning algorithms solving other problems
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T Value iteration PEGASUS
Policy Evaluation-of-Goodness

And Search Using Scenarios

T π Policy iteration TRPO Trust region policy

optimization

iLQG
Iterative linear

quadratic Gaussian
PPO Proximal policy optimization

PI Path integral PGPE
Policy gradient with parameter

-based exploration

V Value function IW-PGPE Importance-weighted PGPE

V π State-value

function

GPREPS
Gaussian process relative

entropy policy search

Qπ
State-action

-value function
M-PGPE Model-based PGPE

PS Policy search PILCO
Probabilistic inference for

learning control

PG Policy gradient GAE Generative adversarial

MC Monte-Carlo SAC Soft actor critic

GMM Gaussian mixture

model

IMPALA
Importance Weighted Actor-

Learner Architecture

Table 3.3: Acronym description in a taxonomy of reinforcement learning algo-

rithms 1
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GP Gaussian process SARSA State-action-reward-state-

action

DNN Deep neural

network

COPDAC-

Q/GQ

Compatible Off-Policy

Deterministic Actor-Critic

Q-learning critic

DQN Deep Q network OPDAC Off-Policy Deterministic

Actor-Critic

DPG
Deterministic

policy gradient
AGP-

iLQR

Approximate iterative LQR

with Gaussian Processes

DDPG
Deep deterministic

policy gradient
GPS Guided policy search

TD Temporal

difference

SOLAR
Stochastic optimal control

with latent representations

LSTD Least square TD PI2
Policy improvement

with path integrals

Table 3.4: Acronym description in a taxonomy of reinforcement learning algo-

rithms 2
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DeepPDESolver and

Reinforcement Learning

4.1 Deep PDE solver

Consider the nonlinear PDE
∂u
∂t (t, x) +N [u](t, x) = 0, (t, x) ∈ [0, T ]× Ω

u(T, x) = q(x), x ∈ Ω

u(t, x) = b(t, x), (t, x) ∈ [0, T ]× ∂ω

(4.1.1)

Let uθ(t, x) be a parametric function approximator of the solution u(t, x), and F

be an operator defined by F [ψ](t, x) = ∂ψ
∂t (t, x) +N [ψ](t, x). Then uθ(t, x) can be

trained by minimizing the L2 error

J(uθ) = ||F [uθ]− f ||22,[0,T ]×Ω + ||uθ(T, ·)− g||22,Ω + ||uθ − b||22,[0,T ]×∂Ω . (4.1.2)

Approximation of the PDE solution by using deep learning have been doubted in

two convergence senses: (1) J(uθ)→ 0 as n→∞ and (2) uθ → u as n→∞. Most

37



4.1. Deep PDE solver 38

important question is whether uθ → u as n → ∞ or not. Theorem 4.1 shows the

convergence of the error [32]. Now, we introduce the theory of the PDE approxi-

mation with deep neural network, deep Galerkin method. Let n be the number of

hidden units of neural network, and unθ be a network with n hidden units. Define

Cn be the class of neural networks with a single layer and n hidden neuron. For

given activation function ψ, Cn can be defined as

Cn (ψ) =

φ(t, x) : R1+d 7→ R : φ(t, x) =
n∑
i=1

βiψ

α1,it+
d∑
j=1

αj,ixj + cj


(4.1.3)

Theorem 4.1. Let ψ be in C2
(
Rd
)
, bounded and non-constant. Define C(ψ) =⋃

n≥1 Cn(ψ). Assume that ΩT is compact and consider the measures µ1, µ2, µ3 whose

support is contained in ΩT ,Ω and ∂ΩT . Assume that the PDE 4.1.1 is quasi-linear

parabolic and has a unique classical solution, and the nonlinear terms are locally

Lipschitz in (u,∇u) with Lipschitz constant that can have at most polynomial growth

on u and p, uniformly with respect to t, x. Then, for every ε > 0, there exists a pos-

itive constant K > 0 that may depend on supΩT |u| , supΩT |∇xu| and supΩT

∣∣∇2
xu
∣∣

such that there exists a function f ∈ C(ψ) that satisfies

J(f) ≤ Kε

The later convergence is also proved under additional conditions, and we refer

to theorem 7.3. in [32]. We note that those additional conditions are required to

guarantee the unique bounded classical solution of the equation 4.1.1. Theorem 7.3

in [32] states that fn converges to the unique solution strongly in Lρ(ΩT ) for every

ρ < 2. Furthermore, if the sequence {fn}n is uniformly bounded in n and equicon-

tinuous, then the convergence to the solution is uniform in ΩT . We remark that
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theoretical convergence guarantees are proved in the class of quasi-linear parabolic

PDEs.

4.2 Reinforcement Learning based on Deep Galerkin Method

Our objective is to identify the stochastic HJB-equation from simulation data and

approximate the solution of the stochastic HJB-equation using DGM. Unlike dis-

crete system problems, the continuous system usually assumes the given reward

function and terminal condition such as minimum energy or distance from the goal

both on the optimal control and the reinforcement learning. We also assume that

the reward function and terminal condition. In section 2.1.2., we have seen the

stochastic HJB equation of the form ∂V
∂t (t, x) + minu∈U

{
∂V
∂x · f(x, t, u) + 1

2 tr(σσ
T ) Hessx V + r(x, t, u)

}
= 0

u(T, x) = q(x(T ))

(4.2.4)

Unknown properties of our problem is the dynamics of the system f and σ so that

our problem requires PDE identification from data. In addition, we must calculate

minimum operations to solve the HJB equation. To obtain the value function, we

need to calculate the minimizing control input before, but minimizing control in-

put also depends on the value function. Similar to policy iteration methods, we

resolve this issue by updating the value function and policy function iteratively.

We can see our iterative method as a continuous system version of value iteration.

Our algorithm involves three steps: (1) HJB identification, (2) Policy evaluation,

and (3) Policy improvement.
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Conventional PDE identification methods require data associated with the vari-

able of PDEs. For example, velocity data of fluids is needed to identify Navier-

Stokes equations. However, we cannot directly observe the value, the state-value

or the state-action-value from simulation data. In RL communities, identification

of the system dynamics is called dynamics learning. We employ the GMM prior

dynamics learning methods [19] to identify the underlying HJB-equation. Our al-

gorithm uses two networks to approximate the value function and policy function

independently. We defined three operators as the following form

Definition 4.2.1. Given function ψ the HJB operator F is defined by

F [Vθ](x, t) :=
∂Vθ
∂t

(t, x) + min
u∈U

{
∂Vθ
∂x
· f(x, t, u) +

1

2
tr(σσT ) Hessx Vθ + r(x, t, u)

}
and boundary condition operator B is defined by

B[Vθ](x, T ) = Vθ(x, T )− q(x)

for given terminal condition q. Given policy π, we also define the PDE operator

F π as following form

Fπ[Vθ](x, t) :=
∂Vθ
∂t

(t, x)+min
π∈Π

{
∂Vθ
∂x
· f(x, t, π(x)) +

1

2
tr(σσT ) Hessx Vθ + r(x, t, π(x))

}
.

We also denote the Hamiltonian operator H

H

(
u, Vθ,

∂Vθ
∂x

,
∂2Vθ
∂x2

)
=
∂Vθ
∂x
· f(x, t, u) +

1

2
tr(σσT ) Hessx Vθ + r(x, t, u).

A value network is trained by minimizing the loss function of the form

LV =
1

N

N∑
i=1

||F [Vθ](xi, ti)||22 +
1

Nb

Nb∑
j=1

||B[Vθ](xj , ti)||22 . (4.2.5)

It is difficult to find û∗ ∈ U such that

û∗ = min
u∈U

{
H

(
u, Vθ,

∂Vθ
∂x

,
∂2Vθ
∂x2

)}
. (4.2.6)
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Therefore, we use an approximated policy, πφ(x, t) as the minimizing control input

in policy evaluation step. Policy network can be trained by minimizing following

loss function

Lπ =
1

Nπ

Nπ∑
l=1

H

(
πφ, Vθ,

∂Vθ
∂x

,
∂2Vθ
∂x2

)
(xl.tl). (4.2.7)

With this policy network, we actually minimize following loss function in value

function learning

LV =
1

N

N∑
i=1

∣∣∣∣Fπφ [Vθ](xi, ti)
∣∣∣∣2

2
+

1

Nb

Nb∑
j=1

||B[Vθ](xj , ti)||22 . (4.2.8)
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Algorithm RL based on DGM

Input: # iterations K, # trajectories Nexp, Time steps NT

Output: final value model V K
θ , policy πKφ

1: Vθ(x.t), πφ(x, t)→ Initialize θ, φ

2: for iteration k ∈ {1, · · · ,K} do

3: (1) Dynamics learning

4: for iteration j ∈ {1, · · · , Nexp} do

5: Simulate πφ and store D = {xi, ti}NTi=1

6: Fit linear Gaussian dynamics dx = f(x, u)dt+ σ(x, u)dW

using samples in D

7: end for

(2) Policy Evaluation

8: for (xi, ti) ∈ D do

9: Calculate LV (equation 4.2.8)

10: Update θk+1 = θk − η∇θLV

11: end for

(3) Policy Improvement

12: for (xi, ti) ∈ D do

13: Calculate Lπ (equation 4.2.7)

14: Update φk+1 = φk − η∇φLπ

15: end for

16: end for

17: return V K
θ , πKφ



5
Experiments

5.1 Experiment Environment

In this chapter, we apply RL algorithms based on control theories to solve DP

and our algorithm to approximately calculate the solution of the finite-horizon

continuous-time stochastic optimal control problem. We chose the minimum en-

ergy problem with simple dynamics because we can compare the approximated

solution with an analytical solution. We consider a simple stochastic LQG control

problem with system dynamics as the following form

dx = 2udt+
√

2dW

r(x, t, u) = u2

q(x) = ln

(
1 + ||x||2

2

) (5.1.1)
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where x ∈ X ⊂ Rn, u ∈ U ⊂ Rn and W ∈ Rn. Then, the value function follows

the HJB-equation of the form

∂V

∂t
(x, t) + min

u∈U

{
∂V

∂x
· u+∇ · ∇V + u2

}
= 0. (5.1.2)

Applying Itô’s formula, we an obtain the analytical solution of this HJB-equation.

Proposition. The minimizing control input of the HJB-equation 5.1.2 is given by

u = −∇V

and the exact solution admits the explicit formula

V (x, t) = − ln
(
E
[
−q(x+

√
2WT−t)

])
We can compare the accuracy of the value function approximated by our al-

gorithm with above exact solution by error of the form

EV =
1

Ntest

Ntest∑
i=1

||Vθ(xi, ti)− V (xi, ti)||22 . (5.1.3)

Value function and policy was represented by deep neural networks with 7 lay-

ers, with 50 nodes per layer, with tangent hyperbolic nonlinearity. Before the pol-

icy iteration step, the boundary condition fitting step ran for 100 iterations, with

100 numbers of uniformly sampled boundary points per each iteration. The policy

iteration ran for 20 iterations, with 15 times explorations. We modified a network

architecture used in [32] by adding residual terms in every LSTM like layers.

5.2 Experimental Results

First, as we have mentioned in chapter 3.3, we examine the value approximation

performance of conventional RL algorithms based on the control methods solving
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discounted DP. We compare value functions approximated by DDPG, Twin de-

layed deep deterministic policy gradients (TD3), SAC, TRPO and PPO with the

analytical solution in figure 5.1. Because those RL algorithms solve infinite-horizon

problems which have a time-invariant solution, it cannot approximate the finite-

horizon solution. Even in a simple 1-dimensional LQG problem, figure 5.1 shows

that DDPG, TD3 and SAC cannot approximate value function. TRPO and PPO

are better than others, but those algorithms fail to find an optimal control solu-

tion because of local optimum. The goal position of this example is the origin, but

the value function approximated by TRPO and PPO indicate other positions as

an optimal point. We note that the analytical solution is not smooth, because we

calculate the analytical solution by simulating the stochastic differential equation.

In contrast to conventional RL algorithms, our new scheme can approximate

the real solution of optimal control problems. We exhibit the results of 1-dimensional

problem where x ∈ X = [0, 10] and t ∈ [0, 10] in figure 5.2. As we have seen in

section 5.1, the optimal policy is proportionate to the minus gradient of the value

function. We note that other stochastic optimal control examples also have the op-

timal feedback controller in proportion to the gradient of value function. Solutions

obtained by TRPO and PPO have a declining trend as going to the origin, but

the slope of solutions is steeper than a real solution which means those algorithms

cannot obtain the optimal feedback controller.

On the other hand, figure 5.2 shows that our algorithm can approximate the

solution exactly. Because DGM can use sample points of terminal condition as

much as we want (we uniformly sampled 100 points per iteration in [0, 10]), the

network exactly fits the terminal condition. Furthermore, the new algorithm can

obtain the solution of the finite-horizon problems, that is time-varying. The termi-

nal condition stabilizes the solution so that approximation is more accurate near
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the terminal time.

We also execute experiments on high dimensional problems. Figure 5.3 shows

the value loss and the relative error with respect to the iteration numbers for the

12-dimensional case. We calculate mean square error between approximated value

function and analytical solution at 1000 uniformly random sampled points in do-

main [0, 10]12. Our method achieves relative error of 0.51%. Figure 5.3 (a) shows

that value loss has high variance but it converges within 15 iterations. Figure 5.3

(b) exhibits the error of the value function, EV . We can see that the value error

converges within 12 iterations.
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(a) Loss of the value function per iteration(LV )

(b) Mean square error between analytical solution and approximated value func-

tion

Figure 5.3: 12-dimensional LQG experiment results of DGM based RL algorithm



6
Conclusion

RL algorithms are classified according to whether the update occurs on-line or

off-line, and whether it is model-based or model-free . Off-line methods computes

entire value function before the first control is applied, while on-line methods com-

pute the values just after the current state becomes known. Model-based methods

assumes that the transition probability of system for any state is available, while

model-free case is done with Monte Carlo simulation.

[1] provided the more informative classification of reinforcement learning tech-

niques according to what they approximate. This classification contains more in-

formation about the technique used in the algorithm than simply dividing it into

using a model or not, making it easier to select an algorithm that fits the sit-

uation. This thesis proposed a more refined taxonomy that shows which control

problems are solved and which control theory is based by each RL algorithm.

For discrete time and space problems, RL should solve the Bellman equation

using discrete dynamic programming methods. However, there are two approaches
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to solving continuous-time optimal feedback control problems: (1) Solving the Bell-

man equation using discrete control methods via function approximation, and (2)

Solving the Hamilton-Jacobi-Bellman equation.

Most RL algorithms follow the former approach. However, solving the Bellman

equation via approximation does not guarantee convergence to the solution. More-

over, this approach involves an additional approximation step involving discretiza-

tion of space and time, leading to accumulation and explosion of approximation

errors over multiple steps.

While some model-based RL algorithms attempt to solve the Hamilton-Bellman-

Jacobi (HJB) equation in modified form, as of yet there is no RL algorithm that

attempts to directly solve the HJB equation. Nonlinear PDEs can be solved by nu-

merical methods, but heavy computation is required. In this thesis, we proposed

a new RL algorithm that solves the HJB equation directly by using deep PDEs

solver, DGM.

However, DGM is not a perfect method to solve every PDE. DGM can be

applied to hyperbolic, elliptic, and partial-integral differential equations but other

types are not guaranteed yet. We expect that future improvements of deep-PDE

solver will bring success in RL problems, too. Stability analysis of the learning

process and efficient exploration are also important problems, but we leave this

room for improvement for future work.
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국문초록

본 논문에서는 제어 이론적 관점에서 강화 학습 알고리즘의 분류법을 제안하고, 연

속적인 시스템에서의 최적 제어 문제를 풀기위한 새로운 강화 학습 방법을 제안한다.

강화 학습 알고리즘을 모델 기반 알고리즘과 모델을 사용하지 않는 알고리즘으로 나

누는 대신, 우리는 강화 학습 알고리즘이 어떤 방정식을 해결하느냐에 초점을 맞춘다.

후자의 관점에 따르면 연속적인 시스템 문제를 해결하기 위한 두 가지 접근방식이 있

는데, (1) 이산적인 시스템의 동작 계획 방법으로 벨만 방정식을 푸는 방식에 딥러닝

같은 함수 근사 기법을 더하여 연속적인 시스템의 근사해를 구하는 방법, (2) 편미분

방정식 형태의 벨만 방정시인 해밀턴-자코비-벨만 방정식을 푸는 방법이다. 대부분의

강화 학습 알고리즘은 첫 번째 접근법을 따르고 있지만, 근사치로 벨만 방정식을 풀

때 해의 수렴성이 보장되지 않는다. 또한, 이 접근방식은 연속적인 시스템을 이산적

으로 쪼개는 하나의 근사 단계를 더 수반하여, 근사 오차가 쌓일 수 있다. 몇몇 모델

기반 강화 학습 알고리즘 중에는 해밀턴-자코비-벨만 방정식을 선형 편미분방정식 꼴

로 수정하여 풀거나 비선형시스템을 부분적 선형시스템으로 가정해서 푸는 방법이

있지만, 해밀턴-자코비-벨만 방정식을 직접 푸는 강화 학습 알고리즘은 없다. 본 논

문에서는 딥러닝을 이용해 편미분방정식을 푸는 방법인 심층 갤러킨 방법에 기초하

여 새로운 강화 알고리즘을 제안한다. 우리의 새로운 알고리즘은 해밀턴-자코비-벨만

방정식을 재조정이나 단순화 없이 해결한다. 실험부분에서는 첫 번째 접근법에 따른

기존의 강화 학습 알고리즘과 새로운 알고리즘을 단순한 1차원 최적 제어 문제에서의

근사 성능을 비교하고, 또한 고차원 문제에서 새로운 알고리즘을 테스트한다.

주요어: 확률적 최적 제어, 동작 계획 방법, 벨만 방정식, 해밀턴-자코비-벨만 방정식,

강화학습, 심층 갤러킨 방법

학번: 2018-25735
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