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Abstract

The aerodynamic characteristics of a hovering rhinoceros beetle are

numerically and theoretically investigated. Its wing kinematics is mea-

sured using high speed cameras and used for numerical simulation of flow

around a flapping rhinoceros beetle in hovering flight. The numerical re-

sults show that the aerodynamic forces generated (especially for lift) and

power required by the hind wing during a quasi-periodic state are quite

different from those during the first stroke. This indicates that the wing-

wake interaction significantly affects the aerodynamic performance of the

hind wing during the quasi-periodic state. Also, twisting of the hind wing

along the wing span direction does not much contribute to total force

generation as compared to that of the flat wing, and the role of elytron

and body on the aerodynamic performance is quite small at least for the

present hovering flight. Based on a previous model (Wang et al., J. Fluid

Mech., vol. 800, 2016, pp. 688-719), we suggest an improved predictive

aerodynamic model without any ad hoc model constants for a rigid and

flat hind wing by considering the effect of the wing-wake interaction in

hovering flight. In this model, we treat the wake as a steady or unsteady

non-uniform downwash motion and obtain its magnitude by combining
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a quasi-steady blade element theory with an inviscid momentum theory.

The lift and drag forces and aerodynamic power consumption predicted

by this model are in excellent agreements with those obtained from nu-

merical simulations.

Based on the developed quasi-steady aerodynamic model, the optimal

planform shapes and motions of the hind wing of the hovering beetle for

minimum power consumption are investigated. First, we optimize wing

motions with the measured wing planform shape for minimum aerody-

namic and positive mechanical power consumptions, respectively. We also

optimize wing planform shapes with the measured wing motion, as done

for the optimization of the wing motion. We find that the measured wing

shape is not optimal in terms of aerodynamic power consumption and the

optimal wing shape and motion minimizing positive mechanical power

consumption are close to the measured ones. For minimum aerodynamic

power consumption, the pitching axis of the wing should be located be-

tween the 1/4-chord and the mid-chord points, together with the radius

of the first moment of wing area of around 0.5. For minimum positive me-

chanical power consumption, the wing area should be concentrated near

the wing root rather than the aerodynamically optimal wing shape, and

the pitching axis is between the leading edge and the 1/4-chord point.

Keywords: rhinoceros beetle, hovering flight, numerical simulation, quasi-

steady blade element momentum theory, wing-wake interac-

tion, optimization

Student number: 2014-21560
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Part I.

A numerical and theoretical study of the

aerodynamic performance of a hovering

rhinoceros beetle (Trypoxylus

dichotomus)

This part is based on “Oh, S., Lee, B., Park, H., Choi, H. & Kim, S.-T. 2020 A nu-

merical and theoretical study of the aerodynamic performance of a hovering rhinoceros

beetle (Trypoxylus dichotomus). J. Fluid Mech. 885, A18”.
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Chapter 1

Introduction: Why rhinoceros beetle?

Over the last three decades, flying insects have attracted great interest

in the engineering and science fields because their length and velocity

scales as well as the flight condition are similar to those of micro air

vehicles (MAVs) (Shyy et al. 2008, 2013; see also Pennycuick (2008)).

MAVs have typically a wing span of less than approximately 15 cm and

mass of less than 100 g, and thus operate at low Reynolds numbers less

than 105 (Spedding & Lissaman 1998; Ho et al. 2003; Shyy et al. 2008,

2013). In this flow regime, the aerodynamic performance of a fixed wing

such as the lift-to-drag ratio significantly deteriorates (Lissaman 1983;

Shyy et al. 2008, 2013), while a flapping flight becomes more efficient

due to the unsteady flow mechanisms (Spedding & Lissaman 1998; Ho

et al. 2003; Shyy et al. 2008, 2013). Therefore, the mechanisms of lift

generation due to flapping flight of various flying insects such as the fruit

fly, bumblebee, hawkmoth, cicada, rhinoceros beetle, and mosquito have

been investigated by numerous researchers (Dudley & Ellington 1990;

Willmott et al. 1997; Dickinson et al. 1999; Zheng et al. 2013; Le et al.

2



2013; Liu et al. 2016; Bomphrey et al. 2017). In this study, we focus on

a rhinoceros beetle, Trypoxylus dichotomus, among various flying insects

because it is one of the heaviest insects and has the highest wing loading

among the biological flyers that satisfy the weight and size requirements

of MAVs: e.g., the mass and wing loading are around 0.72 mg and 2.6

N/m2 for fruit fly, 0.175 g and 16.2 N/m2 for bumblebee (Sun & Du

2003), 1.39 g and 7.8 N/m2 for hawkmoth (Zheng et al. 2013), 1.18 g

and 11.8 N/m2 for cicada (Wan et al. 2015), and 6 g and 38 N/m2 for

rhinoceros beetle (Lee et al. 2015a) (see also figure 1.1). Since high wing

loading allows a flyer to carry larger payload and higher capacity of fuel,

it can increase the range and economy of the mission of the MAVs (Ho

et al. 2003). However, a flyer having high wing loading may require high

weight-specific power or have low agility and maneuverability. Therefore,

when designing a beetle-like flapping-wing MAV with high wing loading,

optimizing the wing kinematics and geometry is necessary to reduce the

energy cost of the flight or to improve the aerodynamic performance while

generating sufficiently high wing loading.

For the purpose of optimizing the kinematics and geometry of a flap-

ping wing, a predictive tool, which accurately predicts the aerodynamic

performance, is required for a systematic design. Thus, a few aerodynamic

models have been developed to predict the aerodynamic characteristics of

flapping wings. According to Ansari et al. (2006a), aerodynamic model-

ings for flapping flight can be distinguished by three different approaches:

steady-state, unsteady, and quasi-steady approaches. Steady-state ap-

proaches include actuator disk momentum theory (Ellington 1984c) and

steady vortex theory (Rayner 1979), and provide information about the

time-averaged downwash motion induced by vortical structures around a

3



flapping wing once a periodic state is reached. However, their applicability

is limited when unsteady aerodynamic performance is required. On the

other hand, unsteady approaches based on the potential flow condition

consider the effects of the leading and trailing edge vortices (LEV’s and

TEV’s, respectively) by applying Kutta-like boundary conditions at both

edges (see, for examples, Ansari et al. (2006b) and Xia & Mohseni (2013)).

As noted in Ansari et al. (2006a), however, the applicability of these

boundary conditions is questionable during stroke reversal, because wing

pitching motion is so acute that the fluid is more likely to turn around

the trailing edge rather than leaving the edge smoothly. Quasi-steady ap-

proaches assume that each instantaneous aerodynamic characteristics of

flapping wings is taken to be the steady-state solution obtained by fixing

the corresponding wing motion in time. However, to improve their predic-

tion performance, most of the existing quasi-steady approaches contain

model constants that should be provided a priori by experiments or nu-

merical simulations whenever the wing geometry changes (Sane & Dick-

inson 2002; Berman & Wang 2007; Whitney & Wood 2010; Nakata et al.

2015). For this reason, optimizations based on quasi-steady approaches

have been limited only for the wing kinematics (Berman & Wang 2007;

Zheng et al. 2013; Nakata et al. 2015). Recently, Wang et al. (2016) sug-

gested a predictive aerodynamic model for flapping flight without any

model constants by providing them based on theoretical approaches and

observations. Nonetheless, their model has a limitation in that it neglects

the effects of the fluid viscosity and wing-wake interaction.

Hovering flight in general requires more power than other flight modes

because of no ambient wind to aid in lift generation (Berman & Wang

2007). Also, flapping wings in hovering flight interact with their own wake
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generated by the previous strokes (Birch & Dickinson 2003; Aono et al.

2008), which should be considered in developing a quasi-steady aerody-

namic model. So far, the aerodynamic performance of the hovering flight

of various species of insects such as the fruit fly, bumblebee and hawk-

moth has been extensively studied (Dickinson et al. 1999; Wang et al.

2004; Berman & Wang 2007; Aono et al. 2008; Zheng et al. 2013; Nakata

et al. 2015). However, the hovering flight of a rhinoceros beetle (Truong

et al. 2013a, 2017; Phan et al. 2017) has not received much attention

compared to other flying insects, and further investigations are needed

for understanding its aerodynamic mechanism. Therefore, the objectives

of our study are (i) to investigate the aerodynamic characteristics of a

hovering flight of a rhinoceros beetle using numerical simulations and (ii)

to suggest an improved predictive aerodynamic model of flapping flight in

hover without any ad hoc model constants. We also examine the aerody-

namic role of the elytron (fore wing) and body and the effect of a twisted

hind wing along the wing span. In §2, we provide the wing kinematics of

a rhinoceros beetle in a hovering flight. The numerical details and results

are given in §3 and §4. In §5, we suggest an improved predictive aerody-

namic model of a flapping wing in hover, based on the previous model

of Wang et al. (2016), by combining a quasi-steady blade element theory

with a momentum theory to include the effect of the wing-wake inter-

action. This predictive model is validated by comparing the results with

those from numerical simulation in §6 and §7, followed by conclusions in

§8.
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Chapter 2

Wing kinematics and morphological

parameters

2.1. Measurement of the wing kinematics

Experimental arrangements are the same as those of Lee et al. (2015a).

A hovering flight of a Trypoxylus dichotomus is filmed in a customized stu-

dio frame (2 m × 2 m × 2 m) with three high-speed cameras (NX5-S2

MONO, Integrated Design Tools, Inc.) having maximum spatial resolu-

tion of 2336 × 1728 pixels at maximum sampling rate of 730 fps, as shown

in figure 2.1(a). One camera is located on the top and the others are lo-

cated at the sides of the frame. Also, two 2 kW-halogen portable lights

are used for illumination. These cameras capture the images during two

seconds at the rate of 2000 fps with a spatial resolution of 512 × 512 pix-

els and operate simultaneously via a synchronizer (miniHUB, Integrated

Design Tools, Inc.). The sequential image analysis is used to separate

captured images of the hovering beetle during two consecutive periods.

We use seventeen soft markers that are morphologically discernible fea-

tures to let the beetle fly without any external disturbance instead of
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using hard markers. Figure 2.1(b) shows selected markers including three

on the body, four on the right elytron and ten on the right hind wing.

The cross-correlation of pixels is performed across the acquired image

sequences, known as visual image correlation method, to track the soft

markers (Hedrick 2008). With the visual image correlation method, we use

modified direct linear transform (MDLT) algorithm for the reconstruction

of three-dimensional wing kinematics (Hatze 1988; Hedrick 2008).

Figure 2.1(c) shows the measured body displacement in X- and Y -

directions, where X- and Y -directions indicate the frontal and anti- grav-

itational directions, respectively. Also, linear regression lines are plotted

to roughly estimate the mean velocity for both directions. With the least

square method, the mean velocity is 0.14 and -0.05 m/s in X- and Y -

directions, respectively. The advance ratio J is defined as the ratio of the

forward velocity to the mean velocity of wing tip Uh = 2ΦhfRh (Elling-

ton 1984b) (see also table 2.1), and the flight of J < 0.1 is regarded as a

hovering flight. From the measured data, J ≈ 0.01 and the motion in the

vertical direction is much slower than that in the frontal direction. Thus,

it is reasonable to assume that the present wing motions measured are

indeed those of the hovering beetle.

2.2. Measured wing kinematic and morphological parame-

ters

Wing motions of a hovering rhinoceros beetle (Trypoxylus dichotomus)

are measured as described in the previous section, and their kinematics

are averaged over two flapping periods. Figure 2.2 shows the wing kine-

matic parameters and coordinates, which are defined in a conventional

way as done in Willmott & Ellington (1997), Fry et al. (2005), Aono
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et al. (2008), and Zheng et al. (2013). The (X,Y, Z) coordinate is fixed

at the shoulder of the right hind wing. The (X,Z) plane is the horizontal

plane perpendicular to the gravity direction, and the Y -axis is opposite to

the gravity direction. The X-axis is the forward direction and the Z-axis

is the right lateral direction. The stroke plane angle (β) is defined as the

angle between the horizontal (X,Z) and stroke planes, where the latter

is the plane connecting the locations of the shoulder and wing tip at the

ends of downstroke and upstroke. The (xs, ys, zs) coordinate is defined

such that ys is the direction normal to the stroke plane, zs = Z, and xs

is in compliance with the right hand rule. This coordinate is transformed

to the (x, y, z) coordinate co-rotating with the wing by three consecutive

rotations (sweeping, out-of-plane deviation, and pitching motions), where

x, y, and z axes indicate the wing thicknesswise, chordwise, and spanwise

directions, respectively. Here, the sweeping angle (φ) is defined as the an-

gle between zs-axis and the projection of z-axis on the stroke plane. The

angle between the stroke plane and z-axis is defined as the out-of-plane

deviation angle (θ). Finally, the pitching angle (η) is the angle of rotation

about z-axis.

Figure 2.3 shows the measured wing kinematics of the right hind wing

and elytron. To obtain smooth changes in the angular accelerations, all

angles in time are connected using periodic quintic splines (Schurer 1968).

The flapping frequencies for both wings are f(= 1/T ) = 37.04 Hz, and the

body inclination angle is 85.9◦ with respect to the horizontal plane (X,Z).

The stroke plane angles for the hind wing and elytron are βh = 2.25◦ and

βe = 10.15◦, where the subscripts of h and e denote the hind wing and

elytron, respectively. The elytron moves in phase with the hind wing, but

the sweeping amplitude of the hind wing (Φh = 175◦) is about 5.6 times
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that of the elytron (Φe = 31.3◦). It is observed that both wings become

closest to each other at t/T ≈ 0.37 and 0.63, where t/T = 0 corresponds

to the start of the upstroke. Also, the sweeping motions of both wings are

almost simple harmonic. Therefore, the durations of both the upstroke

(0 6 t/T . 0.5) and downstroke (0.5 . t/T 6 1) are nearly identical.

Since the hind wing is highly flexible but the elytron is almost rigid,

the pitching angles of the hind wing at four different spanwise positions

(rh/Rh = 0.1, 0.3, 0.6 and 0.9) are measured, but that of the elytron

is measured only at the mid-span (re/Re = 0.5), where r and R are

the spanwise distance from the wing root (see figure 2.4) and the wing

length (root to tip), respectively. The pitching motion of the hind wing is

qualitatively similar to those of other insect wings measured by previous

studies (Jensen 1956; Vogel 1967; Ellington 1984b). Although there are

some humps in the pitching angles that may be associated with passive

pitching motion due to the air-wing interaction, the pitching angle at each

spanwise position remains roughly constant during most of the half stroke

but rapidly changes near the start and end of the half stroke. At the end of

upstroke (t/T ≈ 0.5), η ≈ 0◦ (indicating a symmetric rotation), whereas

η is already positive at the end of downstroke (t/T = 1) (indicating an

advanced rotation) (Dickinson et al. 1999). Also, the pitching amplitude

near the wing tip is much larger than that near the wing root, indicating

that the hind wing is significantly twisted during the stroke. When we

define the amount of wing twist as the difference in the pitching angles

at rh/Rh = 0.1 and 0.9, the amounts of the hind wing twist are about

25◦ and 15◦ during most of the upstroke and downstroke, respectively.

A similar amount of wing twist (10 ∼ 20◦) was found for some other

insects (Ellington 1984b). On the other hand, the pitching amplitude of
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the elytron is much smaller than that of the hind wing and remains nearly

constant (η ≈ −15◦) throughout the full stroke. For both wings, the out-

of-plane motions are negligible (θ ≈ 0◦).

For comparison, the sweeping and pitching (at rh/Rh = 0.6) angles of

a hind wing measured by Truong et al. (2011) are also provided in figure

2.3(a). In their study, the measured flapping frequency was about 37.7 Hz,

which is almost the same as that of the present study (f = 37.04 Hz). The

present sweeping motion (φ) of the hind wing is in an excellent agreement

with that of Truong et al. (2011), and the present pitching angle (η)

reasonably agrees with that of Truong et al. (2011). Note, however, that

the present stroke plane angle of the hind wing (βh ≈ 2.25◦) is quite

different from that (βh ≈ 30◦) of Truong et al. (2011). This might be

caused by the difference between the body inclination angle of the present

study and that of Truong et al. (2011).

To measure the morphological parameters of the beetle whose wing

kinematics are recorded, the hind wing and elytron are detached from the

body. The body and elytron are three-dimensionally scanned, but only the

planform geometry is measured for the hind wing (see figure 2.4). Table

2.1 summarizes the measured morphological and kinematic parameters.

The mean chord lengths, wing lengths, aspect ratios, and mass of the

hind wing and elytron are ch = 15.5 mm and ce = 16.1 mm, Rh = 51.2

mm and Re = 34.0 mm, ARh = 3.30 and ARe = 2.11, and mh = 60

mg and me = 80 mg, respectively, where AR = R/c. The total mass

(including legs) and body length are m = 5.94 g and lb = 49.7 mm. The

Reynolds number is Re = Uhch/ν = 12000, where Uh(= 2ΦhfRh) is the

time-averaged velocity of the hind wing at the tip and ν is the kinematic

viscosity of air.
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Figure 2.1. Measurement of the wing and body motions of a hovering

rhinoceros beetle: (a) experimental setup; (b) distribution of morphological

markers; (c) body displacement. In (b), white, red and yellow circles indicate

tracking points on the body (1: mouth; 2: mass center; 3: pygidium), right elytron

(1: shoulder; 2: leading edge at mid-span; 3: trailing edge at mid-span; 4: wing

tip) and hind wing (1: shoulder; 2-5: leading edges at rh=0.1Rh, 0.3Rh, 0.6Rh

and 0.9Rh; 6-9: trailing edges at rh=0.1Rh, 0.3Rh, 0.6Rh and 0.9Rh; 10: wing

tip), respectively. Linear regression lines are also plotted in (c).
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Parameters Hind wing Elytron

Stroke plane angle (β) 2.25◦ 10.15◦

Sweeping amplitude (Φ) 175◦ 31.3◦

Mean chord length (c) 15.5 mm 16.1 mm

Wing length (R) 51.2 mm 34.0 mm

Aspect ratio (AR = R/c) 3.30 2.11

Mass (m) 60 mg 80 mg

Frequency (f) 37.04 Hz

Body inclination 85.9◦

Total mass (including legs) 5.94 g

Body length 49.7 mm

Mean tip velocity of the hind wing (Uh) 11.57 m/s

Table 2.1. Measured kinematic and morphological parameters.
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Chapter 3

Numerical details

For conducting numerical simulations, we use the measured wing kine-

matics and wing and body geometries shown in figures 2.3 and 2.4. We

use an immersed boundary method in an inertial reference frame (Kim

et al. 2001) to satisfy no slip on the body and wing surfaces. The govern-

ing equations for unsteady three-dimensional incompressible viscous flow

are

∇ · u− q = 0, (3.1)

∂u

∂t
+∇ · (uu) = −∇p+ 1

Re
∇2u+ f , (3.2)

where u is the flow velocity, p is the pressure, and q and f are, re-

spectively, the mass source/sink and momentum forcing used for the im-

mersed boundary method (see Kim et al. (2001) for the detail). A second-

order semi-implicit time advancement scheme (a third-order Runge-Kutta

method for the convection terms and the Crank-Nicolson method for the

viscous terms) is used for time integration, and the second-order cen-

tral difference is used for all spatial derivatives. The computations are

performed at the maximum CFL number of 1. All variables are nondi-
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mensionalized by Uh and ch.

The size of the computational domain is −25 < X/ch < 25, −30 <

Y/ch < 20, and −1 < Z/ch < 30, where Z/ch = −1 corresponds to the

symmetry plane at the body centre (see figure 3.1). We apply the Dirich-

let boundary condition of u = 0 at the outer boundary surfaces and the

symmetry boundary condition of ∂U/∂Z = 0, ∂V/∂Z = 0 and W = 0 at

Z/ch = −1, where U , V and W are the velocity components in the X, Y

and Z directions, respectively. Table 3.1 summarizes the details of the grid

resolutions and the total number of grids for grid dependence tests. To

resolve the flow around the hind wing surfaces, the smallest grids ∆min(=

∆Xmin = ∆Ymin = ∆Zmin) are uniformly located at −3.8 < X/ch < 3.8,

−2.8 < Y/ch < 1.6, and −1 < Z/ch < 3.8 for grids I and II, but at

−4 < X/ch < 4, −3 < Y/ch < 2, and −1 < Z/ch < 4 for grid III, respec-

tively, and stretched grids are used elsewhere: 449(X)× 289(Y )× 289(Z)

with ∆min = 0.02ch (grid I), 897 × 577 × 577 with ∆min = 0.01ch

(grid II), and 545 × 381 × 321 with ∆min = 0.02ch (grid III), respec-

tively. For all grids, the flows reach quasi-periodic states after four peri-

ods. Figure 3.2 shows the horizontal and vertical force and aerodynamic

power coefficients from three different grids, where CFi
= 2Fi/ρU

2
hRhch,

CPaero
= 2Paero/ρU

3
hRhch, FX and FY are the horizontal and vertical

forces, Paero is the aerodynamic power, and ρ is the density of air. These

aerodynamic forces and power are evaluated by the method of Lee et al.

(2011), and are given by

F

ρU2
hc

2
h

=

∫

Vw

[

−f +
∂u

∂t
+∇ · (uu)

]

dV,

Paero

ρU3
hc

2
h

= −
∫

Vw

v ·

[

−f +
∂u

∂t
+∇ · (uu)

]

dV,

(3.3)

where v and Vw are the wing velocity and control volume enclosing each
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isolated wing or body, respectively. As shown in figure 3.2, the results

from grids I, II and III are nearly identical, and their differences in the

period-averaged horizontal and vertical forces and aerodynamic power

from grids I and II are less than 2%. Since grid III has ∆min on a slightly

wider area than grids I and II, we hereafter provide results from grid III.

The cross-section of the hind wing at each spanwise location is mod-

elled as a rigid and flat plate with a rectangular shape having the thick-

ness of 0.06ch assuming that the aerodynamic effect of wing corrugation

is small in hovering flight (Meng et al. 2011). Although the hind wing

thickness considered is thicker than that of a rhinoceros beetle (the max-

imum thickness of the vein at the wing base and the average thickness of

the membrane of a rhinoceros beetle were measured to be about 715 µm

(0.05ch) and 3.57 µm (0.0002ch), respectively (Jin et al. 2009)), a similar

wing thickness has been used to investigate the aerodynamic performance

of the flapping wings in many previous studies (Sun & Tang 2002; Kweon

& Choi 2010; Truong et al. 2013b). We conduct two additional simula-

tions for case 1 (flat hind wing only) with the wing thickness of 0.02ch

and 0.04ch, respectively. The results indicate that the effects of the wing

thickness on the force and power are negligible at least for the range of

the wing thickness considered.
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Figure 3.1. Body configuration: (left) side and (right) rear views of a hovering

rhinoceros beetle having the body inclination of 85.9◦ with respect to the hor-

izontal plane (X − Z plane). The symmetry plane (Z/ch = −1) locates at the

centre of the body. The distance between shoulders of hind wing and elytron (de-

noted as red and green solid circles, respectively) is ∆X = 0.65ch, ∆Y = 0.3ch,

and ∆Z = 0.6ch. Note that the shoulder and root locations of the elytron are

identical, but those (red and blue solid circles, respectively) of the hind wing are

separated by 0.3ch (see §4).
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Fine grid region Grid size Number of grids

Grid I [-3.8, 3.8] × [-2.8, 1.6] × [-1, 3.8] 0.02 449×289×289

Grid II [-3.8, 3.8] × [-2.8, 1.6] × [-1, 3.8] 0.01 897×577×577

Grid III [-4, 4] × [-3, 2] × [-1, 4] 0.02 545×381×321

Table 3.1. Fine grid region. For each grid system, the smallest grids

∆min(= ∆Xmin = ∆Ymin = ∆Zmin) are uniformly located at the fine grid

region and stretched grids are used elsewhere. Sizes of grid and domain are

nondimensionalized by the mean chord length of the hind wing (ch).
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Chapter 4

Simulation results

In this chapter, we examine the aerodynamic roles of the body, elytron and

twisted hind wing using numerical simulation with the wing kinematics

and wing and body geometries shown in figures 2.3 and 2.4. We simulate

six different cases (see also table 4.1) for rigid flat and twisted hind wings:

hind wing only (cases 1 and 4), hind wing and elytron (cases 2 and 5),

and hind wing, elytron and half body (cases 3 and 6), respectively. For

the twisted hind wing, the pitching angles are measured at rh/Rh =

0.1, 0.3, 0.6 and 0.9, and they are connected using cubic splines for the

whole wing span. For the flat hind wing, the pitching angle is constant

along the spanwise direction, and its value is taken to be the same as that

at rh/Rh=0.6. For the rigid flat hind wings (cases 1 - 3), the pitching

motion is less realistic, and thus a collision occurs between the body and

the trailing edge near the root of the hind wing. To avoid this problem,

the root of the hind wing is slightly offset by 0.3ch from the shoulder (see

figure 3.1). This offset is also applied to the cases of the twisted wing (cases

4 - 6). Due to this offset, the tip velocity of the hind wing increases by

23



the factor of (Rh+0.3ch)/Rh. To keep the wing tip velocity (and thus the

Reynolds number) unchanged, the flapping frequency is slightly reduced

such as f ′ = fRh/(Rh+0.3ch). Since Rh = 3.3ch, the frequency is reduced

by about 8.3%. To see how much the aerodynamic forces are changed due

to this offset, we compare the results for case 1 with and without the

offset. It turns out that the forces are changed by about 10% due to

the offset. We also neglect the out-of-plane motions of the hind wing and

elytron (i.e., θ = 0◦) because they are insignificant, as shown in figure 2.3.

One may also wonder if the starting position of a flapping wing affects

the aerodynamic performances. To answer this question, we perform an

additional simulation starting from downstroke (as opposed to starting

from upstroke) for case 3. We find that the aerodynamic performances

are changed for first few cycles by a different starting position, but those

changes almost disappear in the quasi-periodic state (e.g., at t/T > 4).

As shown in figure 3.2, it is clear that the force and power from the

elytron and body are negligible and they almost come from the hind

wing. Figure 4.1 shows the instantaneous vortical structures around a

hovering rhinoceros beetle model with the rigid flat hind wing (case 3)

during the fifth period, together with the contours of the pressure on the

suction surface and around the hind wing. At t/T = 4.125, the hind wing

accelerates backward and a leading edge vortex (LEV) is generated at the

suction surface near the hind wing tip where a low pressure region exists

(figure 4.1(a)). As time goes by, a wing tip vortex (WTV) is also generated

along the hind wing tip path (figures 4.1(b) and (c)). At t/T = 4.25, the

LEV grows but remains attached on the suction surface of the hind wing,

and thus the low pressure region becomes wider (figures 4.1(b)). During

the wing deceleration (t/T = 4.375), the LEV begins to be shed from
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the suction surface very near the hind wing tip (figures 4.1(c)). At the

end of the upstroke (t/T = 4.5), the LEV on the hind wing is entirely

shed from the suction surface near the tip, and this region changes to

a high pressure region due to the motion induced by a detached LEV

(figure 4.1(d)). Also, an arc-like WTV generates a downwash motion in

the wake. Similar vortical structures (LEV and WTV) and pressure fields

are observed around the hind wing during the downstroke (figures 4.1(e-

h)). On the other hand, the sizes and strengths of vortical structures

around the elytron and body are much smaller than those around the

hind wing. Accordingly, as shown in figure 4.2, the vortical structures

around the hind wing and the pressure field are not significantly affected

by the presence of the elytron and body. Therefore, the horizontal and

vertical force and aerodynamic power coefficients obtained for cases 1

and 2 are nearly the same as those for case 3 (figure 3.2), indicating that

the elytron and body generate negligible aerodynamic forces and require

little aerodynamic power compared to those for the hind wing during the

hovering flight.

As shown in figure 2.3, the hind wing is twisted and thus the angle of

attack varies along the span during flapping. Since we consider θ = 0◦,

α = π/2 + sgn(φ̇)η, where φ̇ = dφ/dt, sgn(•) is the signum function (1

and -1 for real positive and negative numbers, respectively, and 0 for zero)

(see figures 4.3(a) and (b)). In figures 4.3(c-e), we compare the horizontal

and vertical force, and aerodynamic power coefficients of the rigid twisted

hind wing with those of the flat one. Here, we consider hind wings only

(cases 1 and 4), because the aerodynamic roles of the elytron and the body

are negligible. The force and power coefficients of the twisted hind wing

are slightly increased and decreased, respectively, as compared to those of
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the flat wing. Figure 4.4 shows the instantaneous vortical structures and

pressure around the flat and twisted hind wings at t/T = 4.5. As observed

in figure 4.3(a), the angle of attack of the twisted wing is large near the

wing root but smaller near the tip than that of the flat wing. Therefore,

the tip vortices are much stronger for the flat wing than those for the

twisted wing, whereas the root vortices are stronger for the twisted wing.

At this instant (t/T = 4.5), however, the angles of attack of the twisted

wing are not very different from that of the flat one (see figure 4.3(a)),

and thus the difference in the surface pressures of the flat and twisted

wings is not large. We further investigate the effect of the wing twist on

the time-averaged sectional lift (∆L), drag (∆D) and power (∆P aero).

Here, the directions of lift and drag are perpendicular (ys-direction, figure

4.3(b)) and opposite to the wing moving directions, respectively. Figure

4.5 shows the spanwise variations of the time-averaged (4 6 t/T < 5) sec-

tional lift, drag and aerodynamic power coefficients on the wing element

(c∆z) of the flat and twisted hind wings, where C l = 2∆L/ρ(zφ̇rms)
2c∆z,

Cd = 2∆D/ρ(zφ̇rms)
2c∆z, Cpaero = 2∆P aero/ρ(zφ̇crmc)

3c∆z, c is the lo-

cal chord length, φ̇rms = (|φ̇|2)1/2 and φ̇crmc = (|φ̇|3)1/3, respectively.
Note that the sectional aerodynamic coefficients are denoted by using

lower-case subscripts such as Cl, whereas the total aerodynamic coeffi-

cients are by using upper-case subscripts such as CL. At the wing inner

part (r/R < 0.6), mainly due to high angles of attack, the sectional lift,

drag and aerodynamic power coefficients of the twisted wing are larger

(except very near the wing root for the power coefficient) than those of

the flat one, whereas they are smaller at the outer part (r/R > 0.6) due

to lower angles of attack. Nevertheless, the time-averaged total lift, drag

and power are similar to each other.
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The mean vertical forces (F Y ) generated and aerodynamic power

(P aero) required for cases 1 to 6 are given in table 4.1, together with the

hovering efficiencies (ηaero = C
3/2
FY
/(
√
2ΦhARh cosβhCPaero

)). The hover-

ing efficiency is defined as the ratio of the ideal Rankine-Froude induced

power to the actual aerodynamic power (Ellington 1984d ; Usherwood &

Lehmann 2008). For cases 3 and 6 (hind wings, elytra and body; the flat

and twisted wings, respectively), the total vertical forces generated (57.1

and 56.5 mN) are quite similar to the weight of a beetle (58.2 mN), show-

ing less than 3% differences. When we consider the hind wing only (cases

1 and 4), due to the wing twisting, the vertical force is increased by 2.8%,

the aerodynamic power is decreased by 2.8%, and the hovering efficiency

is increased by 7.1%, respectively, indicating a positive but small effect of

the wing twist on the aerodynamic performance. A similar positive effect

of the wing twist ha been reported in the previous studies (Truong et al.

2013a; Phan et al. 2017), although the amounts of power reduction were

different from the present one owing to different wing kinematics.

The vertical forces and aerodynamic power from the hind wing are

very similar to the total magnitudes for all cases. The negligible effect of

the elytron on the vertical force generation can be explained by a scaling

law (Lee et al. 2015b): the mean vertical force acting on a flapping wing

is scaled as

F Y ∼ ρΦR2f2c2AR sin 2α cosβ/(AR+ 2). (4.1)

With Φh ≈ 5.6Φe, Rh ≈ 1.51Re, fh = fe, ch ≈ ce, αh ≈ 47◦, αe ≈ 87◦,

cosβh ≈ cosβe, and ARh ≈ 1.56ARe (see §2 and table 2.1), F Y (elytron)

∼ 0.01F Y (hind wing) and thus it can be estimated that the motion of

the elytron cannot generate a vertical force comparable to that by the
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hind wing.
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Vertical force (mN) Aerodynamic power (mW)
ηaero

Case Wing type Hind wings Elytra Body Total Hind wings Elytra Body Total

1 flat 56.8 – – 56.8 470.4 – – 470.4 0.207

2 flat 57.6 -0.79 – 56.9 474.6 -0.63 – 474.0 0.206

3 flat 58.3 -0.91 -0.28 57.1 477.9 -0.65 – 477.2 0.206

4 twisted 58.4 – – 58.4 457.4 – – 457.4 0.222

5 twisted 58.1 -0.69 – 57.4 454.9 -0.75 – 454.1 0.218

6 twisted 57.9 -0.96 -0.45 56.5 455.4 -0.71 – 454.7 0.213

Table 4.1. Mean vertical force and aerodynamic power averaged over the fifth cycle (46t/T < 5), hovering efficiency

(ηaero = C
3/2

FY
/(
√
2ΦhARh cosβh CPaero

)).
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Figure 4.1. Development of vortical structures, identified by the iso-surface of

λ2 = −12.34 (Jeong & Hussain 1995), during the fifth period (flat hind wing; case

3), coloured by the contours of the instantaneous pressure. The instantaneous

pressure on the suction surface of the hind wing are obtained by the interpolation

method of Kim et al. (2018) and its contours are also plotted in this figure. Note

that the simulations are conducted with right half of the body and wings. So,

the flow fields in the left half in this figure are obtained by mirroring the results

in the right half.
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(a) (b)

Figure 4.2. Effects of the presence of the elytron and body on the vortical

structures and pressure around the hind wing at t/T = 4.5: (a) hind wing only

(case 1); (b) hind wing and elytron (case 2). The contours of the instantaneous

pressure on the suction surface of the hind wing are also plotted in this figure.

λ2 iso-surfaces and colour contours are the same as those in figure 4.1. Also, the

vortical structures in the left half of the body and wings are from those in the

right half as done in figure 4.1.
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Figure 4.3. Angle of attack and aerodynamic force and power coefficients of

the rigid flat and twisted hind wings, respectively: (a) angle of attack (α) of the

hind wing; (b) definition of α in the absence of deviation motion (θ = 0◦); (c)

horizontal force; (d) vertical force; (e) aerodynamic power. In (b), a wing cross

section is shown in light blue with the leading edge marked with a solid circle.

In (c)-(e), , flat (case 1); , twisted (case 4).
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(a) (b)

Figure 4.4. Instantaneous vortical structures and pressure around the hind

wing at t/T = 4.5: (a) flat wing (case 1); (b) twisted wing (case 4). The contours

of the instantaneous pressure on the suction surface of the hind wing are also

plotted in this figure. λ2 iso-surfaces and colour contours are the same as those

in figure 4.1.
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Figure 4.5. Spanwise variations of time-averaged (4 6 t/T < 5) sectional lift,

drag and aerodynamic power coefficients of the flat and twisted hind wings (cases

1 and 4): (a) lift and drag; (b) power. The planform shape of the hind wing is

also plotted.
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Chapter 5

Quasi-steady aerodynamic model of a

flapping wing in hover

In this chapter, we develop an analytical model to predict the aerody-

namic force and power by the flapping motion of the hind wing. As we

already discussed in §4, the aerodynamic forces by the body and elytron

are negligible as compared to those by the hind wing, and thus we do

not consider the contributions from the body and elytron in this section.

We showed in the previous section that the twisted hind wing produces

the sectional aerodynamic force and power different from those of the

rigid flat hind wing. Nonetheless, because of difficulties in modelling the

aerodynamic force and power of the twisted wing, we consider a rigid

flat wing in developing an aerodynamic model. Due to this limitation,

the aerodynamic performance of the hind wing of the beetle cannot be

fully considered. However, we believe that the present model would aid in

capturing essential mechanisms for the force generation and power expen-

diture of the beetle because the total force generated and power required

by the rigid flat hind wing are very similar to those by the twisted hind
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wing (although the details of the sectional coefficients are different near

the root for two wings). We also assume that the interaction between left

and right hind wings is insignificant, and develop an aerodynamic model

for single wing considering the symmetry between the left and right wings.

We include the effects of the LEV and WTV, wing-wake interaction, wing

acceleration and deceleration, wing pitching motion, and wing shape, and

suggest a predictive quasi-steady blade element theory combined with the

momentum theory. Unless otherwise required, we hereafter omit the sub-

script h that represents the hind wing.

5.1. Quasi-steady blade element theory

The blade element theory, originally applied to flapping flight by Os-

borne (1951), has been used to evaluate the force on a flapping wing

by dividing it into several elements and integrating their forces over the

whole wing (Sane & Dickinson 2002; Berman & Wang 2007; Whitney &

Wood 2010; Nakata et al. 2015; Wang et al. 2016). Figure 5.1 shows the

parameters used for the blade element theory. Here, c is the local chord

length and d is the position of the leading edge from the pitching axis. The

(x, y, z) coordinate is fixed to the wing shoulder, and the offset distance

(distance between the wing shoulder and root) is denoted as l(= 0.3ch).

In the absence of the out-of-plane motion (θ = θ̇ = θ̈ = 0), the wing

angular velocity (ω) can be represented as

ω = φ̇eys + η̇ez

= φ̇ sin ηex + φ̇ cos ηey + η̇ez,
(5.1)

where φ is the sweeping angle on the stroke plane, η is the pitching angle,

and ei is the unit vector in i direction. From (5.1), the angular acceleration
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(ψ) is obtained as

ψ = ω̇ = (φ̈ sin η + φ̇η̇ cos η)ex + (φ̈ cos η − φ̇η̇ sin η)ey + η̈ez. (5.2)

With (5.1) and (5.2), the sectional wing sweeping velocity and accelera-

tion of an infinitesimally thin wing (i.e., x = 0 on the wing) at y = 0 (vs

and as, respectively), are obtained as

vs = ω × zez = z(ωyex − ωxey),

as = ψ × zez + ω × vs

= z[(ωzωx + ψy)ex + (ωyωz − ψx)ey − (ω2
x + ω2

y)ez].

(5.3)

When |vs| 6= 0, the angle of attack (α) can be defined as

α = arccos

(
vs · ey
|vs|

)

for 0 6 α 6 π. (5.4)

The wake behind a flapping wing may be approximated by a steady and

non-uniform downwash velocity (w) normal to the stroke plane as

w = −w(z)eys (w > 0). (5.5)

When a flapping wing interacts with a non-uniform downwash motion

(w), the effective sectional wing velocity and angle of attack are given as

vs,e = vs −w,

αe = arccos

(
vs,e · ey
|vs,e|

) for 0 6 αe 6 π. (5.6)

With an assumption of no radial force, the required aerodynamic

torque (dτ ) and power (dPaero) on a wing sectional element are given

by

dτ = zdFyex − zdFxey + ycpdFxez,

dPaero = dτ · ω,
(5.7)
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where dF is the force on the wing sectional element, and ycp is the location

of centre of pressure from the pitching axis.

The sectional aerodynamic force on a flapping wing is decomposed

into four different components due to the sweeping (swp) and pitching

(pit) motions, their coupling (cpl), and added mass effect (add) which is

further decomposed into two components owing to the sweeping (add,1 )

and pitching (add,2 ) accelerations, respectively. Then, the aerodynamic

force, torque, and power of a flapping wing are given as

F (t) =

∫ [

(dF swp
x + dF pit

x + dF cpl
x + dF add,1

x + dF add,2
x )ex

+ dF swp
y ey

]
,

τ (t) =

∫
[
zdF swp

y ex

− z(dF swp
x + dF pit

x + dF cpl
x + dF add,1

x + dF add,2
x )ey

+ (yswp
cp dF swp

x + ypitcp dF
pit
x + ycplcp dF

cpl
x

+ yadd,1cp dF add,1
x + yadd,2cp dF add,2

x )ez

]

,

Paero(t) = τ · ω.

(5.8)

In this equation, we take dF pit
y = dF cpl

y = dF add,1
y = dF add,2

y = 0 from the

assumptions of infinitesimally thin wing and neglected viscous forces due

to the absence of viscous theory. As shown below (§6), even with these

assumptions, the prediction performance is not degraded.

The lift and drag forces on the flapping wing are

L = Fx sin η + Fy cos η,

D = −sgn (φ̇)(Fx cos η − Fy sin η).

(5.9)
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The components of the sectional aerodynamic force and the corre-

sponding locations of centre of pressure are given as follows (Andersen

et al. 2005; Whitney & Wood 2010; Wang et al. 2016):

dF swp
x = −1

2
sgn(vs,e · ex)ρc|vs,e|2(Cl cosαe + Cd sinαe)dz,

dF swp
y =

1

2
ρc|vs,e|2(Cl sinαe − Cd cosαe)dz,

yswp
cp = d− c

π

|αe|,

(5.10)

dF pit
x =

1

6
ρωz|ωz|Cpit[d

3 + (d− c)3]dz, ypitcp =
3

4

d4 + (d− c)4

d3 + (d− c)3
, (5.11)

dF cpl
x =







−πρ

(
3

4
c− d

)

c(vs,e · ey)ωzdz for vs,e · ey > 0,

−πρ

(

d− 1

4
c

)

c(vs,e · ey)ωzdz for vs,e · ey < 0,

ycplcp =







d− 1

4
c for vs,e · ey > 0,

d− 3

4
c for vs,e · ey < 0,

(5.12)

dF add,1
x = −1

4
πρc2(as · ex)dz, yadd,1cp = d− 1

2
c,

dF add,2
x = −1

4
πρc2(

1

2
c− d)ψzdz, yadd,2cp = d− (9c− 16d)c

16c− 32d
,

(5.13)

where Cl and Cd are the sectional lift and drag coefficients of a revolving

wing, respectively, Cpit is the force coefficient due to the pitching motion,

d is the position of the leading edge from the pitching axis, and ψz is the

pitching acceleration (5.2). Note that (5.10)-(5.13) are the same as those

of Wang et al. (2016) when vs,e = vs and αe = α in (5.10) and (5.12).

However, we use different formulae for Cl, Cd, and Cpit (see below) and do

not include the Coriolis effect in dF cpl
x because the translational velocity

of a flapping wing is typically a few times the rotational velocity (Wang

et al. 2016).
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The conventional definitions of the lift (L) and drag (D) coefficients

for a flat wing revolving at a constant angular velocity Ω are

CL =
2L

ρẑ2
2
(R+ l)2Ω2Rc

, CD =
2D

ρẑ2
2
(R+ l)2Ω2Rc

, (5.14)

where ẑk(=
k

√
∫
1

1−λ ĉẑ
kdẑ/λ) is a non-dimensional radius of the kth mo-

ment of wing area, ĉ = c/c, ẑ = z/(R + l), and λ = R/(R + l). Wang

et al. (2004) suggested

CL = A sin 2α,

CD = B − C cos 2α,
(5.15)

where A, B, and C are model constants determined from experimental or

numerical data, and depend on the Reynolds number and wing geometry.

Taha et al. (2014) provided a theoretical value for A in (5.15) based on

the extended lifting line theory (Schlichting & Truckenbrodt 1979), and

suggested

CL = π

AR√
AR2 + 4 + 2

sin 2α. (5.16)

They showed that (5.16) is an excellent predictive model for 0 6 α 6 π/2.

Note that this formula includes the effect of WTV as well as LEV (Wang

et al. 2004; Berman & Wang 2007; Taha et al. 2014; Wang et al. 2016).

The sectional lift and drag coefficients of a revolving wing are defined

by

Cl =
2dL

ρz2Ω2cdz
, Cd =

2dD

ρz2Ω2cdz
, (5.17)

where dL and dD are the sectional lift and drag forces acting on cdz.

When we assume Cl = Kẑn (K is a proportional constant), L =
∫ l+R
l

1

2
K

ρz2Ω2cẑndz = 1

2
Kρ(l+R)2Ω2Rc

∫
1

1−λ ĉẑ
n+2dẑ/λ = 1

2
Kρ(l+R)2Ω2Rcẑn+2

n+2
,

from which the proportional constant K is obtained as K = ẑ22CL/ẑ
n+2
n+2

.
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Therefore, the sectional lift coefficient of a revolving wing can be esti-

mated by non-dimensional radii of the second and (n+ 2)th moments of

wing area and CL if Cl ∼ ẑn:

Cl =
ẑ22
ẑn+2
n+2

ẑnCL. (5.18)

Wang et al. (2016) assumed that Cl is constant along the radial direction,

i.e., n = 0. Then, Cl = CL. Some other studies showed that n ≈ −1

for a low-aspect-ratio revolving wing at low Reynolds number and high

angles of attack (Poelma et al. 2006; Kim et al. 2015). We use n = −1 to

estimate Cl, because n = 0 may be valid for a high-aspect-ratio revolving

wing operating at high Reynolds number and low angles of attack.

Wang et al. (2016) provided a model for the drag coefficient from

(5.16) assuming that the total force on the wing is normal to the wing

surface:

CD = CL tanα =
2πAR√

AR2 + 4 + 2
sin2 α. (5.19)

They also assumed Cd = CD, as done for the sectional lift coefficient.

Recently, Oh & Choi (2018) suggested an improved model for the drag

coefficient as follows (see appendix A):

CD =
1

λẑ2
2

(
2.656

Re1/2
κ1 +

5.32

Re7/8
κ2

)

cos 2α+
2πAR√

AR2 + 4 + 2
sin2 α, (5.20)

where Re = (l +R)Ωc/ν, κ1 =
∫
1

1−λ ĉ
1/2ẑ3/2dẑ and κ2 =

∫
1

1−λ ĉ
1/8ẑ9/8dẑ.

The first term in (5.20) is the contribution of viscous drag for a low-

Reynolds-number revolving wing (Re ∼ O(102)), and the second term is

the same as (5.19). (5.16) and (5.20) provided excellent agreements with

measured CL and CD of revolving fruit fly, hawkmoth and bumblebee

wings for the ranges of 2.83 6 AR 6 3.74 and 136 6 Re 6 8071. In the

present study, we assume that Cd is also in the form of Cd = B∗−C∗ cos 2α
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as in (5.15). To determine B∗ and C∗, we consider the sectional drag

coefficients at α=0 and π/4, as done in Oh & Choi (2018): Cd(0) =

2.656/Re
1/2
c + 5.32/Re

7/8
c (Rec = zΩc/ν) from the triple deck theory

(Stewartson 1968; Messiter 1970), and Cd(π/4) = Cl(π/4) because the

resultant force on the wing element at α = π/4 (a post-stall angle) is

nearly perpendicular to the wing chord. Then, our model for the sectional

lift and drag coefficients of a revolving wing becomes

Cl =
ẑ22
ẑ1

πAR√
AR2 + 4 + 2

sin 2α

ẑ
,

Cd =

(

2.656

Re
1/2
c

+
5.32

Re
7/8
c

)

cos 2α+
ẑ22
ẑ1

2πAR√
AR2 + 4 + 2

sin2 α

ẑ
.

(5.21)

In the present study, we use (5.21) for Cl and Cd in (5.10), together with

Rec = |vs,e|c/ν and α replaced by αe.

Cpit has been commonly modelled as the drag coefficient of a wing

at α = π/2 (Andersen et al. 2005; Whitney & Wood 2010; Nakata et al.

2015; Wang et al. 2016). Note that Whitney & Wood (2010), Nakata et al.

(2015) and Wang et al. (2016) took Cpit as the drag coefficient of a wing

at α = π/2 revolving about ys-axis rather than about z-axis: e.g., Cpit =

2πAR/(
√
AR2 + 4 + 2) from (5.19) at α = π/2 in Wang et al. (2016).

According to Ellington (1991), the drag coefficient of a two-dimensional

flat plate at α = π/2 is empirically given as Cd = 1.95+50/Re. Therefore,

we use

Cpit = 2.0 (5.22)

as done in Andersen et al. (2005), although the flapping wing under con-

sideration is not two-dimensional.
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5.2. Estimation of induced downwash motion

To obtain the non-uniform downwash motion w defined in (5.5), we

combine the present blade element theory with an inviscid momentum

theory (Ellington 1984c; Johnson 1994). From the momentum theory,

the ideal (without tip loss effect) period-averaged sectional lift (dL) of a

flapping wing is

dL = 2ρΦw2zdz, (5.23)

where Φ is the sweeping amplitude of the flapping wing and w(z) is a

local downwash velocity. dL can be also obtained by the quasi-steady

blade element theory: from (5.10)-(5.13) and the relationship in (5.9),

dL =
1

T

∫ t0+T

t0

(dFx sin η + dFy cos η) dt

=
1

T

∫ t0+T

t0

[

(dF swp
x + dF pit

x + dF cpl
x + dF add,1

x + dF add,2
x ) sin η

+ dF swp
y cos η] dt.

(5.24)

The downwash motion can be obtained by matching (5.23) with (5.24).

However, w is nonlinearly coupled through dF swp and dF cpl as in (5.10)

and (5.12). Thus, (5.23) and (5.24) should be solved by an iterative way

or by a linearization of (5.24). We obtain w by both approaches and find

that their differences are negligible (see below). The assumptions for the

linearization are the following:

(i) The resultant force on the wing is nearly perpendicular to the wing

surface because flapping wings typically operate at high angles of

attack and thus the viscous friction force is much smaller than the

force due to pressure difference. Then, the first term of Cd in (5.21)

is neglected, which results in dF swp
y = 0 in (5.10).
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(ii) | tan η| is of the order of 1 or less, and φ̇η 6 0. These are valid

for typical flapping flight of insects during most of the flapping

period. For example, see figure 2.3(a). During advanced or delayed

rotation, this assumption yields mispredictions of dF swp and dF cpl,

but does not cause a crucial error for estimation of dL in (5.24) if

the duration of such rotation is short as compared to the whole

cycle.

(iii) Sectional sweeping speed is much faster than the speed of local

downwash motion, i.e |vs|(= |zφ̇|) ≫ w. Strictly, this is not valid

near the wing root (z ≈ 0) and during stroke reversal (φ̇ ≈ 0). In

these cases, however, the sectional aerodynamic forces due to the

sweeping velocity (dF swp and dF cpl) are small. Therefore, albeit

causing some discrepancies in sectional forces near the wing root,

this assumption does not lead a significant error in estimating the

aerodynamic forces acting on the entire wing. For a similar reason,

this assumption has been commonly used to estimate downwash

distribution of rotary wings (Johnson 1994; Usherwood & Ellington

2002a; Leishman 2006).

It should be emphasized that the above assumptions are used only for

linearization of (5.24) and derivation of an explicit form of w.

The following relationships hold (figure 5.1(b)):

w · ex = −w sin η, w · ey = −w cos η,

vs · ex = zφ̇ cos η, vs · ey = −zφ̇ sin η,
√

|vs|2 + w2 sinαe = |vs| sinα− w cosα.







(5.25)
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With (5.10), (5.21) and assumption (i), dF swp
x sin η in (5.24) becomes

dF swp
x sin η

≈ −sgn(vs,e · ex)πρc(|vs|2 + w2) sinαe sin η
AR√

AR2 + 4 + 2

ẑ22
ẑ1ẑ

dz.

(5.26)

Assumptions (ii) and (iii), and (5.25) provide the following approxima-

tions:

sgn(vs,e · ex) = sgn(vs · ex)sgn

(

1− w · ex

vs · ex

)

≈ sgn(vs · ex),

(|vs|2 + w2) sinαe ≃ |vs|2 sinα− w|vs| cosα.







(5.27)

Then, (5.26) can be further simplified by

dF swp
x sin η

≈ −sgn(vs · ex)πρc(|vs|2 sinα− w|vs| cosα) sin η

× AR√
AR2 + 4 + 2

ẑ22
ẑ1ẑ

dz

≈ dF swp
x |w=0 sin η

+w

[

sgn(vs · ex)πρc|vs| cosα sin η
AR√

AR2 + 4 + 2

ẑ22
ẑ1ẑ

]

︸ ︷︷ ︸

dz.

≡ I

(5.28)

Here, it is noteworthy that I is always negative because |vs| cosα = vs ·ey

from (5.4), and thus sgn(vs · ex)|vs| cosα = sgn(zφ̇ cos η)(−zφ̇ sin η) =

−|zφ̇| sin η from (5.25). Therefore, the interactive effect of downwash and

wing sweeping motions on the sectional lift (wIdz) is always negative.

Assumption (ii) and (5.25) yield

sgn(vs,e · ey) = sgn(vs · ey)sgn

(

1− w · ey

vs · ey

)

≈ sgn(vs · ey) = 1. (5.29)
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With (5.12) and (5.29), dF cpl
x sin η in (5.24) reduces to

dF cpl
x sin η ≈ −πρ

(
3

4
c− d

)

c(vs · ey −w · ey)ωz sin ηdz

≈ dF cpl
x |w=0 sin η − w

[

πρ

(
3

4
c− d

)

cη̇ sin η cos η

]

dz.

(5.30)

Substituting (5.28) and (5.30) into (5.24) provides an approximated period-

averaged sectional lift from the blade element theory:

dL ≈ wIdz

+
1

T

∫ t0+T

t0

sin η
(

dF swp
x |w=0 + dF pit

x + dF cpl
x |w=0 + dF add,1

x

+ dF add,2
x

)

dt

≈ wIdz + dL|w=0.

(5.31)

Note that the second term in (5.30) disappears after the integration due

to the periodicity of wing kinematics, i.e η̇ sin η cos η=0. Also, from the

assumption (i), dF swp
y |w=0 ≈ 0 and thus the integral in (5.31) becomes

approximately the period-averaged sectional lift in the absence of down-

wash motion (dL|w=0).

Equating (5.31) with (5.23) provides a quadratic equation for w:

2ρΦzw2 = Iw +
dL|w=0

dz
. (5.32)

The coefficients in (5.32) can be evaluated once wing geometry and kine-

matics are specified. Since I < 0, I < 0. Thus, unless the last term is

negative (it is in general positive for insect flight), w can be uniquely

determined as

w =
1

4ρΦz

[

I +

(

I
2
+ 8ρΦz

dL|w=0

dz

)1/2
]

> 0 for z 6= 0. (5.33)
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For the present wing geometry and kinematics, the maximum difference

between (5.33) and iteratively obtained w is only 2.3%, and the time-

averaged total lift, drag and power predicted with the latter are different

from those with (5.33) by less than 1%.

Table 5.1 summarizes the differences among the present model, a pre-

dictive model by Wang et al. (2016) and a semi-empirical model by Nakata

et al. (2015). The model of Nakata et al. (2015) contained model constants

that were obtained by fitting them to predict their numerical results for a

flapping hawkmoth wing during a quasi-periodic state. Thus, the effects

of the fluid viscosity and wing-wake interaction were inherently included

therein. However, their model constants depend on the wing geometry and

should be determined whenever a wing geometry changes. Thus, their

model is not entirely predictive. On the contrary, the predictive model

suggested by Wang et al. (2016) did not contain any model constants,

but did not include the effects of friction force and wing-wake interac-

tion. In the present study, we include the effect of wing-wake interaction,

and consider the variations of Cl and Cd along the wing span.
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Figure 5.1. Wing parameters used for the blade element theory (hind wing):

(a) wing shape; (b) angles and sectional forces. In (b), a wing cross section is

shown in light blue with the leading edge denoted as a solid circle, and w is the

downwash motion.
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Present Wang et al. (2016) Nakata et al. (2015)

Model constants No No Yes

Effect of sweeping motion Yes Yes Yes

Variations of Cl and Cd along wing span Yes No No

Effect of pitching motion Yes Yes Yes

Coupling effect Yes Yes Yes

Added mass effect Yes Yes Yes

Viscous effect Yes No Yes

Effect of wing-wake interaction Yes No Yes

Table 5.1. Comparison of the present quasi-steady model with the models by Wang et al. (2016) and Nakata et al. (2015).
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Chapter 6

Model validation and discussions

In this chapter, we compare the forces and power ((5.8) and (5.9)) pre-

dicted by the present model ((5.10)-(5.13), (5.21) and (5.22)) together

with w (5.33) for case 1 with those from the present numerical simulation

and from the previous model by Wang et al. (2016). Figure 6.1 shows the

temporal variations of the lift, drag and aerodynamic power coefficients

predicted by the present model with w = 0 during the first stroke period

(0 6 t/T < 1), together with those from the present numerical simula-

tion and predicted by the model of Wang et al. (2016). For the first half

stroke (0 6 t/T < 0.5), both models show excellent prediction perfor-

mance, although they slightly overestimate the force and power peaks.

On the contrary, the predictions are poor (especially for CL) during the

second half stroke (0.5 6 t/T < 1) because of neglected induced down-

wash motion.

As shown in figure 6.2, the sweeping motion is the most dominant

contributor to the force generation and power expenditure. The CL due

to the sweeping motion predicted by the present model is the same as
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that by the model of Wang et al. (2016), although different Cl’s in (5.21)

and (5.16) are used for the present model and the model of Wang et al.

(2016), respectively. The present CD due to the sweeping motion is almost

same as that of Wang et al. (2016), because the Reynolds number (Re ≈
12000) is high enough to neglect the viscous drag (the first term of Cd

in (5.21)). On the other hand, predictions of the aerodynamic power due

to the sweeping motion by two models are slightly different, because the

sectional force coefficients due to the sweeping motion vary along the

spanwise direction in the present model. The magnitudes of the forces and

power due to the pitching motion are very small except during the stroke

reversal. During the stroke reversal, the predictions are different because

Cpit = 2πAR/(
√
AR2 + 4 + 2) ≃ 3.53 for the hind wing (AR = 3.30) in

Wang et al. (2016), but Cpit = 2.0 in the present model. The coupling

effect is also an important component for the force generation and power

requirement, and the model by Wang et al. (2016) predicts slightly larger

peak values of the force and power from the coupling than the present

model because they include the Coriolis effect. The added mass effect is

quite large at the start and end of the half stroke and both models are

identical.

Figure 6.3 shows the spanwise variations of the time-averaged sec-

tional lift, drag and aerodynamic power coefficients predicted by the

present model with w = 0 during the first half stroke, where C l =

2dL/ρ(zφ̇rms)
2cdz, Cd = 2dD/ρ(zφ̇rms)

2cdz, Cpaero = 2dP aero/ρ(zφ̇crmc)
3

cdz, as used in figure 4.5. Here, dL/dz, dD/dz and dP aero/dz can be ob-

tained by the present model together with (5.7) and (5.9). The results

from the present numerical simulation and predicted by the model of

Wang et al. (2016) are also plotted in this figure. The present model
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quite accurately predicts the sectional force and power coefficients. Since

the time-averaged sectional force coefficients due to the wing pitching mo-

tion and coupling effects are very small for both models and two models

are the same for the added mass effect, the differences in the predicted

time-averaged sectional force coefficients mainly come from the sweeping

motion. Therefore, the present model for the sectional force coefficients

due to the sweeping motion (5.21) seems to be more appropriate. High

power coefficients near the wing root are predicted mainly by the sweep-

ing motion in the present model, but they are predicted by the coupling

effect and pitching motion in the model of Wang et al. (2016).

Figure 6.4 shows the temporal variations of the lift, drag and aero-

dynamic power coefficients predicted by the present model with w( 6= 0)

(5.33), together with those from the present numerical simulation (4 6

t/T < 5) and predicted by the model of Wang et al. (2016). At this time

period, the wake behind the hind wing reaches a quasi-periodic state. As

shown in this figure, the present model including the effect of the induced

downwash motion in the wake accurately predicts the force and power

coefficients. The differences between the time-averaged lifts, drags and

power consumptions predicted by the present model and from the nu-

merical simulation are 0.5 %, 4.1 % and 10.8 %, respectively, and they

may come from the assumptions of steady induced downwash motion

(w = w(z)) and no swirl in the wake. The present result clearly indicates

that the inclusion of the downwash motion in the wake (w 6= 0) is very

important in developing an aerodynamic model.

Figure 6.5 shows the components of force and power coefficients pre-

dicted by the present model with w( 6= 0) (5.33). As for the case of the

first half stroke, the sweeping motion is most dominant in generating force
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and power consumption that are positive during most of the flapping pe-

riod. The effects of coupling and added mass are also quite large at the

start and end of each half stroke. Due to the coupling effect (5.12), the

lift, drag and power become negative at the start of half stroke (wing

pitching down), but positive at the end of half stroke (wing pitching up).

On the contrary, the lift, drag and power due to the added mass effect

are positive and negative at the start and end of half stroke, respectively,

because of the wing acceleration and deceleration. The pitching motion

hardly produces the force and requires little power except during the

stroke reversal. The lift and drag due to the pitching motion are positive

before the stroke reversal but negative after that. However, the power due

to the pitching motion is positive during the stroke reversal.

Figure 6.6 shows the spanwise variations of the time-averaged sec-

tional lift, drag and power coefficients predicted by the present model

with w 6= 0 and by the model of Wang et al. (2016), together with those

from the present numerical simulation (4 6 t/T < 5). The sectional lift,

drag and power coefficients along the spanwise direction predicted by the

present model with w 6= 0 are in good agreements with those from the

present numerical simulation. Again, the wing sweeping motion is domi-

nant in generating forces and power consumption away from the wing root

(ẑ > 0.2), and the added mass and coupling effects are important near

the wing root. However, the pitching motion requires non-negligible power

near the wing root as much as the coupling term does. Note also that the

aerodynamic power consumption due to the added mass is slightly nega-

tive. This is from relatively large negative aerodynamic power during the

wing deceleration, and thus the hind wing can save a small amount of the

aerodynamic power due to the added mass effect.
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To investigate the applicability of the present model to other insect

wings, we consider a fruit fly (D. virilis) wing that has the Reynolds

number (Re = 253), aspect ratio (AR = 2.4), sweeping amplitude (Φ =

150◦), non-dimensional radii of the first (ẑ1 = 0.54) and second (ẑ2 =

0.58) moments of wing area, and wing planform geometry and kinematics

(see figures 6.7(a, b) and Sun & Tang (2002) for the detail), very different

from those of the present rhinoceros beetle wing. Figure 6.7 shows the

wing planform of a fruit fly (D. virilis) wing and the force and power

coefficients predicted by the present model with (5.33), together with

the results from the numerical simulation of Sun & Tang (2002). The

predicted lift, drag and aerodynamic power coefficients are in excellent

agreements with those from the numerical simulation by Sun & Tang

(2002). Therefore, the present model may be applied to various wing

shapes for their force and power prediction.
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Figure 6.1. Predicted force and power coefficients using the present model

with w = 0 and the model of Wang et al. (2016), and those from the present

numerical simulation during the first stroke period (case 1): (a) lift; (b) drag;

(c) aerodynamic power.
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blue lines denote the results predicted by the present model with w = 0 and

model of Wang et al. (2016), respectively, and green solid circles are those from

present numerical simulation.
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Chapter 7

Further consideration on the induced

downwash motion

So far, we modeled the induced downwash velocity as steady and non-

uniform in the spanwise direction, i.e., w(z). However, the flow fields

behind the wing indicate that the induced downwash motion should be

unsteady. Therefore, we consider an unsteady non-uniform downwash mo-

tion w(t, z) in this section. Figure 7.1 shows the comparison of the down-

wash velocities from the present model and numerical simulation for case

1. The area Aw for the spatial average of the downwash velocity shown

in figure 7.1(a) is similar to those used for computing the effective angle

of attack in the previous studies (Birch & Dickinson 2003; Kim et al.

2015; Han et al. 2019). As shown in figure 7.1(b), the downwash veloc-

ity wAw(t, ẑ) (w(t, ẑ) averaged over Aw; ẑ = z/(R + l)) almost linearly

decreases in time except very near the wing tip (ẑ 6 0.8): i.e., it is max-

imum at the beginning of each half stroke and minimum at the end of

half stroke, because vortical structures generated in the previous stroke

are convected downward. Upward velocity is also observed very near the
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wing tip due to the tip vortex and just before the stroke reversal because of

the leading edge vortex. Figure 7.1(c) shows the spanwise distribution of

the downwash velocity averaged over Aw and t from numerical simulation

and the present model w (5.33). Except near the wing tip, the predicted

downwash velocity w is in a good agreement with that from numerical

simulation. The discrepancy near the tip comes from the upward induced

velocity existing in this region. The effective angles of attack predicted by

the present model are compared at two different spanwise locations (near

the mid-span and tip, respectively) with those obtained from numerical

simulation in figures 7.1(d) and (e), together with the prescribed angle of

attack α. Near the mid-span (ẑ = 0.425), w < wAw at early stage of half

stroke and w > wAw at late stage because w ≈ wAw,t (see figures 7.1(b)

and (c)), and thus αe from the present model is larger and smaller than

those from numerical simulation at early and late stages, respectively (fig-

ure 7.1(d)). On the other hand, near the wing tip (ẑ = 0.925), the wing

velocity is much larger than the induced velocity, so that the effective

angles of attack from the present model and numerical simulation are not

very different from the prescribed angle of attack (figure 7.1(e)).

As shown in figure 7.1(b), the temporal variation of the downwash ve-

locity may be approximated with a sawtooth profile in time, i.e, w(t, z)(>

0), which can be formulated as

w(t, z) = (1 + k)w(z) + kw(z)f(t), (7.1)

where

f(t) =







− 2

Tu
(t− tu) for tu 6 t 6 tu + Tu,

− 2

T − Tu
(t− tu − Tu) for tu + Tu 6 t 6 tu + Tu + Td,

(7.2)
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w(z) is the downwash velocity averaged over a flapping period, 0 6 k 6 1,

tu is the time corresponding to the upstroke start, Tu and Td are the

upstroke and downstroke periods (they not necessarily half of one flapping

period (Tu+Td)), respectively. At k = 0, w is a steady downwash motion,

but w becomes a steeper sawtooth wave at a higher k (see figure 7.2(a)).

From the momentum theory under the consideration of a periodic

downwash motion (Siekmann 1963; Ellington 1984c), the period-averaged

sectional lift of a flapping wing becomes

dL = 2ρΦw2zdz. (7.3)

For the sawtooth profile of w in time (7.1), w2 = w2(1+k2/3). Therefore,

(7.3) becomes

dL = 2ρΦw2

(

1 +
k2

3

)

zdz. (7.4)

Substituting (7.1) into (5.28) yields

dF swp
x sin η ≈ dF swp

x |w=0 sin η + (1 + k)wIdz + kwf(t)Idz. (7.5)

With (7.1), (5.30) becomes

dF cpl
x sin η ≈ dF cpl

x |w=0 sin η + (1 + k)wI ′dz + kwf(t)I ′dz, (7.6)

where I ′ = −πρ
(
3

4
c− d

)
cη̇ sin η cos η. Substituting (7.5) and (7.6) to

(5.24) with I ′ = 0 gives

dL ≈ w
[
(1 + k)I + kfI + kfI ′

]
dz + dL|w=0. (7.7)

Equating (7.4) with (7.7) provides a quadratic equation for w:

2ρΦw2

(

1 +
k2

3

)

z = w
[
(1 + k)I + kfI + kfI ′

]

︸ ︷︷ ︸
+
dL|w=0

dz
.

≡ I
∗

(7.8)
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If I
∗

is negative and the last term in (7.8) is positive, w is obtained by

w =
1

4ρΦz(1 + k2/3)

×
{

I
∗

+

[

I
∗2

+ 8ρΦz

(

1 +
k2

3

)
dL|w=0

dz

]1/2
}

> 0 for z 6= 0.

(7.9)

Here, I
∗

= I when k = 0, and thus (7.9) is reduced to (5.33).

To examine the effect of the unsteadiness of the downwash motion in

the present model, we obtain the aerodynamic force and power coefficients

predicted by the present model ((5.10)-(5.13), (5.21) and (5.22)) together

with (7.1), (7.2) and (7.9) for k = 0 and 1, respectively, and compared

the results with those from the present numerical simulation (case 1) and

also from the present model with w = 0 in figures 7.2(b-d). As shown, the

predicted results from the present model with non-zero w (with k = 0 and

1) agree very well with those of the numerical simulation, indicating that

the unsteadiness of w in the model is not very important in predicting

the aerodynamic performance at least for the present wing kinematics

and geometry considered. Note also that the model with w = 0 (i.e., no

induced downwash motion) does not accurately predict the aerodynamic

forces.
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Aw(t, ẑ), from numerical simulation; (c) spanwise distribution

of the downwash velocity averaged over Aw and t, wAw,t(ẑ), from numerical
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of attack at ẑ = 0.425 and 0.925, respectively, from numerical simulation and

present model.
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Figure 7.2. A model of the induced downwash velocity and its predictions of

the force and power coefficients for different k’s (case 1): (a) w(t, z) (7.1) for

k = 0, 0.5 and 1; (b) lift; (c) drag; (d) aerodynamic power. In (b) - (d), the

values of tu/T = 3.995, Tu/T = 0.511 and Td/T = 0.489 (k = 0 and 1) are used

for (7.1) and (7.2). The results from the present numerical simulation and also

from the present model with w = 0 are compared in these figures.
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Chapter 8

Conclusions

In the present study, the aerodynamic force generated and power required

by hovering motion of a rhinoceros beetle (Trypoxylus dichotomus) were

investigated using numerical simulations, and a quasi-steady blade ele-

ment theory combined with a momentum theory was suggested to predict

the force and power on the wing. The wing kinematics of a hovering bee-

tle were measured using three high-speed cameras, and the geometries of

body and elytron were three-dimensionally scanned for the use of numer-

ical simulation. We showed from numerical simulation that the twist of

hind wing along the wing span direction has a positive but marginal effect

on the total force and power on the wing, and the aerodynamic role of the

elytron is negligible in producing the lift and drag forces. Thus, the hind

wing alone can generate the vertical force enough to support the weight.

The elytron may play a role when it moves forward or turns during flight

(see, for exmaple, Le et al. (2013)). However, its detailed mechanism may

be further investigated to fully understand its aerodynamic function.

We developed a predictive quasi-steady blade element theory for the
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force produced and power required by hovering motion, in which the ef-

fects of the wing-wake interaction as well as the wing sweeping, pitching,

their coupling and added mass were included. For the wing-wake inter-

action, the wake generated by a flapping wing was modelled as a steady

or unsteady non-uniform induced downwash motion, and this downwash

motion was derived by combining the blade element theory with the in-

viscid momentum theory. Both models with steady and unsteady induced

downwash motions provided excellent agreements with the numerical re-

sults, indicating that the steady downwash motion alone should be enough

to provide accurate force generation and power consumption. With the

aerodynamic model developed, we showed that the wing sweeping motion

mainly contributes to aerodynamic force generation and power consump-

tion. The added mass and coupling of sweeping and pitching motions were

also important contributors to the force production and power consump-

tion. The pitching motion hardly generated the aerodynamic forces but

required the aerodynamic power near the wing root. The present aero-

dynamic model with the steady non-uniform induced downwash motion

is a predictive model since it does not include any model constants, and

thus may be used for various wing geometries. Therefore, the present

model may be used for the optimizations of the flapping-wing geometry

and kinematics to enhance the performance of the flapping wing in hover.

Finally, we would like to mention the limitations of the present model.

First, as mentioned by Wang et al. (2016), the present model assumed a

quasi-steady state at each instant of the wing motion and thus neglected

the Wagner effect (Wagner 1925). However, as indicated by Wang et al.

(2016), the Wagner effect may be small at high angles of attack and low

Reynolds numbers. Second, the present model was based on the model
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equations for the drag and lift coefficients ((5.16) and (5.20)) that were

tested for the ranges of 2.83 6 AR 6 3.74 and 136 6 Re 6 8071 (see Oh

& Choi (2018)). Thus, the present model may provide poor predictions

for a much wider range of these parameters. However, since many insect

wings operate at these parameter ranges (Lentink & Dickinson 2009), the

present model may be predictive for most hovering insect wings. Third,

we developed our model for a wing without camber. Therefore, a further

study is required to develop a model for a flapping wing with camber in

the future.
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Part II.

Optimal wing geometry and kinematics

of a hovering rhinoceros beetle for

minimum power consumption
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Chapter 1

Introduction

The idea of bio-inspired design has initially proposed from the belief that

biological organisms have evolved to better adapt to their environment

through the natural selection. From this point of view, the flapping flight

of insects has received a great attention in designing bio-inspired flapping-

wing micro air vehicles (FWMAVs), with a high flight performance (Shyy

et al. 2008, 2013). However, since biological organisms are typically multi-

functional (Berman & Wang 2007; Zheng et al. 2013), it is questionable

that flapping wings of various insects are optimal for a specific flight per-

formance which may vary upon design purpose. Therefore, optimization

of wing motion and shape of flying insects for various objective functions

may be important to understand the variety of their wing motions and

shapes and to improve the flight performance of FWMAVs. For these

reasons, there has been several attempts to optimize wing motion or

shape of flying insects for a specific flight performance (e.g. lift-to-drag

ratio, energy consumption, power loading) based on experiment (Park

& Choi 2012), computational fluid dynamics (CFD) (Zheng et al. 2013)
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and an aerodynamic model (Berman & Wang 2007; Ansari et al. 2008a,b;

Nabawy & Crowther 2014; Nakata et al. 2015; Ke et al. 2017; Wang et al.

2017).

Berman & Wang (2007) optimized the wing motions of hovering fruit

fly, bumblebee and hawkmoth for minimium mechanical power consump-

tion, assuming that an insect wing is a rigid plate with a half-ellipse wing

planform shape. Fixing the stroke amplitudes to the empirically mea-

sured values, they found that the optimal wing-beat frequencies match

well with the observed ones. Zheng et al. (2013) also considered a rigid and

flat hawkmoth wing and found the optimal wing motion maximizing aero-

dynamic power loading (the ratio of mean lift to the mean aerodynamic

power expenditure). Unlike the measured wing motion (inclined stroke

plane), the optimal wing motion of the hawkmoth resembles the normal

hovering flight and has a 33% higher power loading than that from the

measured wing motion. Therefore, they showed that the measured wing

motion of the hawkmoth is not optimal in terms of aerodynamic power

loading.

For wing shape optimization, Ansari et al. (2008b) suggested that a

wing planform shape with a straight leading edge and more wing area

outboard generally produces better lift and lift-to-torque characteristics.

Also, they proposed that the best position of the pitching axis for lift

is the mid-chord point. Nabawy & Crowther (2014) suggested a wing

planform shape of which radius of the first moment of area is 40% wing

length for minimum induced power factor, assuming that non-dimensional

chord length along the wing span follows the beta distribution. Wang

et al. (2017) showed that the optimal pitching axis for minimum power

consumption is located between the leading edge and the mid-chord point,

73



which results in a wing shape similar to the hawkmoth wing. Also, their

results indicated that the wing with the optimal pitching axis can save

up to 33% of power as compared to a wing having the pitching axis as a

straight leading edge.

In the present study, we focus on a hovering rhinoceros beetle because

it is one of the heaviest insects and has the highest wing loading among

the biological flyers that satisfy the weight and size requirements of FW-

MAVs (Oh et al. 2020) (see also figure 1.1 in part I). To have a high

wing loading, it in general requires a high weight-specific power. Also, it

typically takes more power to hover than almost any other flight modes

because of no ambient wind to help lift force generation (Berman & Wang

2007). Thus, it is reasonable to expect that the flapping wing motion and

shape of a hovering rhinoceros beetle may be close to the optimal ones

minimizing power consumption. So far, previous studies for a hovering

rhinoceros beetle have mainly focused on the optimization of the wing

twist along the wing span (Truong et al. 2013a; Phan et al. 2017), but

the optimal wing shape of the beetle was not fully investigated. There-

fore, the objective of our study is to investigate the optimal wing shape as

well as flapping wing motion of a hovering rhinoceros beetle for minimum

power consumption. To that end, we first parametrize the flapping wing

motion and shape. Then, we use a predictive quasi-aerodynamic model

combined with a momentum theory to more accurately predict the aero-

dynamic performance of a flapping wing in hover (Oh et al. 2020). Based

on the aerodynamic model, we separately optimize wing motion and shape

for minimum power consumption. The present results will provide a use-

ful strategy to design the optimal flapping wing motion and shape of a

beetle-like FWMAV.
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Chapter 2

Models for a hovering flight of a

rhinoceros beetle

Rhinoceros beetles have two pairs of hard fore wings (elytra) and flexible

hind wings. For the simplicity, we consider the hind wings only and assume

that hind wing is a rigid and flat plate from the previous results in part

I (Oh et al. 2020):

(i) Aerodynamic effects of the elytra and body on the force generation

and aerodynamic power consumption are negligible because of their

low velocity and short length scales as compared to those of hind

wings.

(ii) When the pitching angle of a rigid and flat hind wing is taken to

be that at 60% wing length, the enhancement of the total vertical

force and the reduction of the total aerodynamic power expenditure

due to the twist of hind wings along the wing span are less than

3%, respectively, as compared to its flat counterpart.
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2.1. Wing motion and shape

Figure 2.1(a) shows the definitions of the coordinates and wing kine-

matic parameters. To describe the flapping wing motion, we introduce

three coordinates (see also §2.2 in part I). The (X,Y, Z) coordinate is an

inertial reference frame where the XZ plane is the horizontal plane, X

and Z are the frontal and right lateral directions, respectively, and Y -

axis points in the anti-gravity direction. The stroke plane is an imaginary

plane where the wing roughly moves, which inclined at an angle β with

respect to the horizontal plane. We define the (xs, ys, zs) coordinate such

that ys is perpendicular to the stroke plane, zs = Z, and xs is in compli-

ance with the right hand rule and fix its origin at the wing root. Finally,

the (x, y, z) coordinate is a non-inertial reference frame co-rotating with

the wing and is defined such that x, y and z indicate wing thicknesswise,

chordwise, and spanwise directions, respectively.

Within the stroke plane, the flapping motion of insects can be typi-

cally decomposed into the translational and pitching motions, where the

translational motion can be further decomposed into the sweeping and

(out-of-plane) deviation motions, respectively. We consider the sweeping

and pitching motions only because the out-of-plane deviation motion is

in general insignificant (Ellington 1984b) (see also figure 2.3(a) in part I).

Here, the sweeping (φ) and pitching (η) angles are defined as the angles

of rotation about ys axis (azimuth) and the spanwise axis (z-axis) of the

wing, respectively. Therefore, wing angular velocity (ω) and acceleration

(ψ) are

ω = φ̇eys + η̇ez = φ̇ sin ηex + φ̇ cos ηey + η̇ez,

ψ = ω̇ = (φ̈ sin η + φ̇η̇ cos η)ex + (φ̈ cos η − φ̇η̇ sin η)ey + η̈ez,

(2.1)
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where ei means the unit vector in i direction. For the purpose of optimiza-

tion, we adopt a kinematic model proposed by Berman & Wang (2007)

to parametrize the sweeping and pitching angles:

φ(t) = φ0 +
φm

sin−1K
sin−1[K cos(2πft)],

η(t) = η0 +
ηm

tanhCη
tanh[Cη cos(2πft+Φη)].

(2.2)

Here, f(= 1/T ) is the flapping frequency and Φη is the phase shift of

the pitching motion with respect to the sweeping motion. The subscripts

0 and m denote offsets and amplitudes, respectively, and K and Cη are

the shape factors for each of motions (Berman & Wang 2007) (see figures

2.2(a, b)). Also, the stroke plane angle (β) is introduced to uniquely de-

termine the wing motion with respect to the (X,Y, Z) coordinate. There-

fore, nine kinematic parameters are considered to specify the flapping

wing motion:

Ξk = (f, φm, φ0,K, ηm, η0, Cη,Φη, β). (2.3)

For the wing geometry, we consider the wing planform shape only, i.e.

the wing thickness is zero (x = 0). Figure 2.1(b) shows the definitions of

parameters for the wing planform shape: R is the wing length; d is the

location of leading edge with respect to the pitching axis; c and c̄ are the

local and mean chord lengths, respectively. Note that we do not consider

an offset of the wing root in the spanwise direction. Ellington (1984a)

suggested that non-dimensional chord length (ĉ = c/c̄) of a typical insect

wing along its wing span follows the beta distribution, and it can be
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determined by ẑ1 only:

ĉ(ẑ; pβ, qβ) =
ẑpβ−1(1− ẑqβ−1)

∫
1

0

ẑpβ−1(1− ẑqβ−1)dẑ

,

pβ = ẑ1
ẑ21 − ẑ22
ẑ2
2
− ẑ2

1

, qβ = (1− ẑ1)
ẑ21 − ẑ22
ẑ2
2
− ẑ2

1

,

ẑ2 = 0.929ẑ0.7321 ,

(2.4)

where pβ and qβ are shape parameters of the beta distribution, ẑk(=

k

√
∫
1

0
ĉẑkdẑ) is the non-dimensional radius of the kth moment of wing

area, and ẑ = z/R. To determine the leading-edge profile and thus fully

specify wing planform shape, we adopt a model for the non-dimensional

position of leading edge (d̂ = d/c) suggested by Wang et al. (2017):

d̂ = ẑ(d̂t − d̂r) + d̂r, (2.5)

where d̂r and d̂t are d̂ at the wing root and tip, respectively, and the

dependence of the wing planform shape on ẑ1, d̂r and d̂t is shown in

figure 2.2(c). Note that d̂ has a value between d̂r and d̂t since we assume

that d̂ changes linearly along the wing span and can be also interpreted as

a measure of how far the pitching axis is from the leading edge. Therefore,

we consider five parameters to determine c(z) and d(z):

Ξg = (R,AR, ẑ1, d̂r, d̂t), (2.6)

where AR(= R/c̄) is the single wing aspect ratio. Here, R and AR can

be interpreted as scaling factors for the wing planform shape (Ellington

1984a). The Reynolds number (Re = Uc/ν) is about 12000 based on the

mean wing tip velocity (U = 2ΦfR) and chord length (c), where ν is the

kinematic viscosity of air and Φ(= 2φm) is the total sweeping amplitude,

respectively.
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2.2. Aerodynamic force and power expenditure

Aerodynamic force (F ) and torque (τ aero) on the wing are obtained

by integrating the sectional aerodynamic force (dF ) and torque (dτ aero)

along the wing span:

F =

∫ R

0

dF , τ aero =

∫ R

0

dτ aero. (2.7)

Here, dF and dτ aero in (2.7) are modelled as the superposition of con-

tributions due to wing sweeping (swp) and pitching (pit) motions, their

coupling (cpl), and added mass effects (add). Formulae for each of terms

are given in §5 in part I (see also Oh et al. (2020) for the detail). Then,

the vertical force (FY ) generation can be obtained from the following

coordinate transform:

FY = (Fx sin η + Fy cos η) cosβ − (Fx cos η − Fy sin η) sinβ cosφ. (2.8)

We estimate torque due to wing inertia (τ iner) by using the Euler

equation for a rigid body with a rotational motion. According to the

Euler equation, the required torque to move a rigid and flat wing in a

vacuum is

τ iner = Iwψ + ω × (Iwω), (2.9)

where Iw is the inertia tensor of the wing. Due to the insufficient in-

formation on the exact mass distribution (dm) of the wing, however, we

assume that the wing has a uniform density. With the assumption of an
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infinitesimally thin wing (x = 0), Iw can be approximated by

Iw = Iw,ij =

∫

V
(rkrkδij − rirj)dm

≈ mw

S








∫

S
(y2 + z2)dS 0 0

0

∫

S
z2dS −

∫

S
yzdS

0 −
∫

S
yzdS

∫

S
y2dS







,

(2.10)

where rk is the position in k direction, δij is the Kronecker delta, mw

and S(= Rc) are wing mass and planform area, respectively. Here, mw is

taken to be 60 mg (Oh et al. 2020) (see also table 2.1 in part I).

Mechanical power (Pmech), the required power to drive a wing in the

presence of fluid, may be represented by the summation of aerodynamic

power (Paero) and inertial power (Piner). Here, Paero and Piner are eval-

uated by the inner products of corresponding torque and wing angular

velocity, and thus mechanical power is obtained by

Pmech = Paero + Piner = τ
T
aeroω + (Iwψ)

Tω. (2.11)

Wing deceleration causes the reduction in the wing kinetic energy, which

results in a negative inertial power. As long as the law of energy conserva-

tion holds, this amount of kinetic energy reduction must be transferred to

the surroundings. If there is an energy storage system such as a torsional

spring (Whitney & Wood 2010) and it can perfectly transform the kinetic

energy into an elastic energy, this elastic energy can be used to acceler-

ate the wing during the next half stroke (Ellington 1984d). In this case,

the period-averaged inertial power is exactly zero and thus the period-

averaged mechanical power reduces to the period-averaged aerodynamic

power:

Pmech = P aero. (2.12)
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In the absence of such an energy storage system, on the contrary, the

amount of kinetic energy reduction (negative inertial power) can be dis-

sipated as heat and sound energy or used to compensate aerodynamic

power consumption. If the reduced kinetic energy is used for aerodynamic

power consumption and then the excess energy is transformed to heat and

sound energy, the total power required by the wing can be modelled as

(Ke et al. 2017; Wang et al. 2017):

P
+

mech = R(Pmech) =
1

T

∫ t0+T

t0

R(Paero + Piner)dt, (2.13)

where R(x) is a ramp function defined by

R(x) =







x if x > 0,

0 if x < 0.

(2.14)
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0 ẑ 1

z

y

0 ẑ 1
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Chapter 3

Optimization

In the present study, we separately explore the optimal wing motions for

the measured wing shape (figure 2.1(b)) and the optimal wing shapes for

the measured wing motion (figure 4.1), respectively.

First, we find two optimal wing motions which minimize the period-

averaged aerodynamic (2.12) and positive mechanical (2.13) power con-

sumptions, respectively. For convenience, these kinds of the optimal re-

sults will be referred to as the aerodynamically optimal (for the former)

and mechanically optimal (for the latter), respectively. We fix φm to the

measured value because the optimal φm for minimum power may be found

at its upper boundary (Berman & Wang 2007; Nakata et al. 2015). The

flapping frequency f is also fixed to the measured one in order to keep

U(= 4φmfR) and the Reynolds number (Re = Uc/ν) unchanged. Thus,

seven kinematic parameters (φ0, K, ηm, η0, Cη, Φη, β) are considered in

the optimizations of the wing motion.

Similarly, for the measured wing motion, we optimize wing shapes

for minimum aerodynamic power and positive mechanical power, respec-
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tively. The measured sweeping and pitching angles are connected by pe-

riodic quintic splines (Schurer 1968) to obtain smooth change of angular

accelerations in time, as done by Oh et al. (2020). In the wing shape opti-

mizations, we fix R and AR to the measured values to make the wing area

(S) and the mean tip velocity (U) as well as the Reynolds number (Re)

constant. Therefore, three geometric parameters (r̂1, d̂r, d̂t) are optimized

for minimum power consumptions.

The optimal parameters are found under the following constraints:

(i) L̃ > 1, where L̃ = 2F Y /W , W (=58.21 mN) is the weight of the

beetle (Oh et al. 2020) (see also table 2.1 in part I) and F Y is

the mean vertical force generated by a single wing. Thus, 2F Y

is the total vertical force generated by a pair of wings under an

assumption of no interactions between left and right wings. This

inequality constraint was introduced by Berman & Wang (2007) for

enough vertical force generation to support the weight of insect.

Thanks to this constraint, the optimal wing motions and shapes

have a high wing loading at least greater than that of the beetle

because the wing area is fixed to the measured one.

(ii) The mean sectional lift in the absence of downwash motion (w = 0)

is greater than or equal to zero, i.e. min(dF |w=0 · eys) > 0. This

constraint is introduced to explicitly obtain the spanwise distri-

bution of the steady induced downwash motion ((5.33) in part I)

which interacts with the wing in the hovering flight.

Also, we define the lower and upper boundaries of each parameter to

consider the physical constraints. Boundary of φ0 is limited so that the

sweeping angle does not exceed ±π/2. Note that the maximum sweeping
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angle of the beetle (1.62, see table 4.1) is slightly larger than π/2. How-

ever, the deviation is not large, and thus the range of φ0 is acceptable.

The ranges of η0 and ηm are chosen such that the leading edge is always

above the stroke plane, i.e., −π/2 6 η 6 π/2. Within the range of K,

the waveform of sweeping angle varies from sinusoidal (K → 0) to trian-

gular (K → 1). The waveform of pitching angle changes from sinusoidal

(Cη → 0) to square (Cη → ∞) with the increase of Cη. To avoid exces-

sive added mass force due to the pitching acceleration, we set the upper

boundary of Cη to 8.6 which makes the duration of the wing pitch greater

than about 0.1T . The wing kinematic pattern changes from horizontal to

vertical with the increase in β. The range of ẑ1 is set from 0.4 to 0.6

because ẑ1’s of typical insect wings are in this range (Ellington 1984a).

Finally, the pitching axis is located at the leading edge, mid-chord and

trailing edge when d̂r = d̂r = 0, 0.5 and 1 (Wang et al. 2017), respectively.

The used method for the optimizations is similar to that by Berman

& Wang (2007). To efficiently find the global optimum, we use a clus-

tering genetic algorithm (Milano & Koumoutsakos 2002) together with

the method-of-moving-asymptotes algorithm (Svanberg 2002) in NLopt

open-source library (Johnson 2018). For the initial population of the ge-

netic algorithm, we use 500 parameter sets randomly chosen within the

boundaries (table 4.1). The genetic algorithm makes the parameter sets

converge to an area where the global optimum is likely to be found. Then,

one of the parameter sets is chosen as the initial point for the gradient-

based optimization.
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Lower boundary Upper boundary

φ0 [rad] φm − π/2 π/2− φm

K [1] 0 1

ηm [rad] 0 π/2

η0 [rad] ηm − π/2 π/2− ηm

Cη [1] 0 8.6

Φη [rad] −π π

β [rad] 0 π/2

ẑ1 [1] 0.4 0.6

d̂r [1] 0 1

d̂t [1] 0 1

Table 3.1. Lower and upper boundaries of wing parameters for optimization
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Chapter 4

Results and discussion

4.1. Optimal wing motions for the measured wing shape

Table 4.1 shows the kinematic parameters for minimum P aero and

P
+

mech and those of best fit to the measured motion, and the resultant

sweeping and pitching angles are plotted in figure 4.1. As shown in figure

4.1, there are qualitative agreements between the optimized wing motions

and the measured one. The optimal stroke plane angles indicate a nearly

normal hovering flight (β ≈ 0), which are similar to the measured stroke

plane angle (β = 2.25◦). For the sweeping motion, the both optimal φ0’s

are found at the lower boundary, i.e., φm−π/2 = −0.04. It is observed that

the aerodynamically optimal sweeping motion (K = 0.05) is more closer

to the simple harmonic motion (K → 0) than the mechanically optimal

one (K = 0.51). For the pitching motion, the optimal pitching amplitudes

(ηm) and offsets (η0) are very close to the measured ones. The pitching

offsets (η0) are nearly zero and the amplitude of aerodynamically optimal

pitching motion is slightly larger than that of mechanically optimal one.

Large pitching amplitude of the aerodynamically optimal motion may be
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due to the fact that an increase in the pitching amplitude results in low

angles of attack and thus reduces aerodynamic power consumption. On

the other hand, a larger pitching amplitude may require more inertial

power. Therefore, a relatively small pitching amplitude (ηm = 0.89) is

better to reduce mechanical power consumption. For Cη, a measure of

how rapid the wing pitch reversal is, the mechanically optimal Cη is very

close to the measured one whereas the aerodynamically optimal Cη is

larger than the measured one. Finally, since the optimal phase shifts of

the pitching motion are greater than −π/2, a rapid wing pitching motion

occurs before each of stroke reversals (φ̇ = 0), i.e., an advanced rotation

(Dickinson et al. 1999) is preferred for minimum power consumption.

Similar results were also reported by Ansari et al. (2008a) and Wang

et al. (2017).

Figure 4.2 shows the vertical force (CFY
= 2FY /ρU

2S) and power

(CPi
= 2Pi/ρU

3S) coefficients of the wings with the optimal motions.

As can be expected, it turns out that the both wing motions produce

the total mean vertical forces (2F Y ) as same as the weight of the beetle

(58.21 mN) (Berman &Wang 2007; Nakata et al. 2015). Also, we find that

2P aero and 2P
+

mech are 468.2 mW and 689.4 mW for the aerodynamically

optimal wing motion and 488.3 mW and 630.7 mW for the mechanically

optimal wing motion (see table 4.3), respectively. As shown in figures

4.2(a, b), the time-varying vertical force coefficients are similar to each

other except for the ends of each half stroke. This difference is mainly due

to different Cη of both motions. As mentioned above, since the optimal

Cη for P aero is larger than that for P
+

mech, the pitching velocity of the

aerodynamically optimal wing motion is faster than that of mechanically

optimal one. This causes second peaks at the ends of half stroke in the
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power coefficients (figure 4.2(c)) as well as the vertical force coefficient

(figure 4.2(a)) which are not noticeable in the case of the mechanically

optimal wing motion (figures 4.2(b) and 4.2(d)).

Although the optimal wing motions are qualitatively similar to the

measured one, there are still discrepancies between the optimal angles

and measured ones as shown in figure 4.1. For the sweeping angle, it

seems that the differences mainly come from different sweeping offsets

(φ0 = −0.04 for the optimal motions; φ0 = 0.09 for the measured motion).

This is due to the limitation that the present model cannot capture the

effect of φ0 if β = 0. Note that there is no effect of φ0 on Fx, Fy and power

consumption (see §5 in part I) and φ0 hardly affect on the vertical force

since the optimal β’s are nearly zero and thus the second term in (2.8)

is also nearly zero. For the pitching motion, discrepancies may be due to

the limitations of used kinematic model (2.2), e.g. unlike the measured

motion, (2.2) cannot provide a wing pitching motion having local humps

or different durations of upstroke and downstroke.

4.2. Optimal wing shapes for the measured wing motion

Figure 4.3 shows the wing shapes for minimum P aero and P
+

mech and

that of best fit together with the measured one. Unlike the cases of the

optimal wing motions, two optimal wing shapes are quite different each

other and the mechanically optimal shape is closer to the measured shape

than the aerodynamically optimal one. In other words, the measured wing

shape is not optimal in terms of aerodynamic power consumption. Table

4.2 shows the optimal geometric parameters and those of best fit to the

measured wing shape. Both optimal ẑ1’s are slightly larger than that of

the measured one, and the aerodynamically optimal ẑ1 is larger than the
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mechanically optimal one. As a result, the wing area distributions of the

optimal wing shapes are concentrated farther away from the wing root

than that of the measured one.

It is noteworthy that there are differences in the locations of pitch-

ing axis of two optimal wing shapes. For minimum aerodynamic power,

the pitching axis (d̂) locates at between the 1/4-chord and the mid-chord

points (0.25 6 d̂ 6 0.5). Together with ẑ1 = 0.50, the wing shape be-

comes similar to an ellipse as shown in figure 4.3. On the other hand,

the pitching axis of the mechanically optimal wing shape locates at be-

tween the leading edge and the 1/4-chord point (0 6 d̂ 6 0.25). With

a relatively small ẑ1(= 0.47), the wing shape is qualitatively similar to

the measured one. Figure 4.4 shows the vertical force (CFY
) and power

(CPi
) coefficients from the optimal wing shapes with the measured wing

motion. As for the cases of the optimal wing motions, the both optimal

wing shapes can generate the mean vertical forces as same as the weight

of the beetle. 2P aero and 2P
+

mech are 418.9 mW and 695.7 mW for the

aerodynamically optimal wing shape and 459.9 mW and 647.7 mW for

the mechanically optimal wing shape (see table 4.3), respectively.

To visualize the structures of the vertical force generation and power

expenditure and gain more insight into why the obtained wing shapes

are indeed optimal, we calculate L̃, CPaero
and CP+

mech
for all (r̂1, d̂r, d̂t)

within their boundaries (table 3.1). Figures 4.5(a-c) shows the structures

of L̃, CPaero
and CP+

mech
over the entire domain, indicating that mean ver-

tical force and power expenditures increase as ẑ1 increases and d̂r and d̂t

decrease. Since the wing area experiencing a fast speed is increased by the

increase of ẑ1, a larger ẑ1 typically results in larger L̃, CPaero
and CP+

mech
.

Also, when the leading edge approaches to the pitching axis (d̂r = d̂t = 0),
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the effect of the pitching motion on the force and power increases. Unlike

the case of L̃, it is observed that the both power coefficients increase when

(r̂1, d̂r, d̂t) approaches to (0.6, 1, 1), i.e. the trailing edge locates at the

pitching axis, which is undesirable for increasing lift force generation as

can be seen in figure 4.5(a).

Figures 4.6(a) and 4.6(b) show the contours of P aero and P
+

mech on

the iso-surface of L̃ = 1. As clearly shown in figures, the present opti-

mization method indeed found the global optima. It is noteworthy that

geometric parameters for a lower power consumption are diagonally dis-

tributed over the surface. As shown in figure 4.6(a), the aerodynamically

efficient geometric parameters are found roughly between d̂t = −d̂r + 0.5

and d̂t = −d̂r+1. At this region, ẑ1 is nearly constant with a value of 0.5.

Also, if we define d(= 0.5(d̂r + d̂t)) as a measure of how far the leading

edge locates from the pitching axis on average, 0.25 6 d 6 0.5. This means

that a wing with ẑ1 = 0.5 having its pitching axis located between the

1/4-chord and the mid-chord points is favorable for a low aerodynamic

power consumption. On the other hand, mechanically efficient geometric

parameters are around at 0 6 d 6 0.25 with a ẑ1 lower than 0.5 (figure

4.6(b)), i.e., it is better for the pitching axis to be located between the

leading edge and the 1/4-chord point to reduce the positive mechanical

power consumption.

4.3. Numerical simulation on the optimal wing motions and

shapes

We also perform numerical simulations to validate the optimal re-

sults. Numerical details are described in §3 of part I. Figure 4.7 shows

the vertical force and power coefficients of the optimal results from the
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numerical simulation, together with those predicted by the aerodynamic

model. Here, the inertial power coefficients CPiner
(= (Iwψ)

Tω) are iden-

tical for both numerical simulation and aerodynamic model (see 2.11). As

clearly shown in this figure, the vertical force and aerodynamic and pos-

itive mechanical power coefficients predicted by the aerodynamic model

are in excellent agreements with those from the numerical simulation.

Table 4.3 summarizes the total vertical force generation, power expen-

ditures and hovering efficiencies of the optimal wing motions and shapes

as well as those from the measured wing motion and shape. Here, two

types of hovering efficiencies (ηi = C
3/2
FY
/(
√
2ΦAR cosβ CPi

)), ηaero and

ηmech, are considered, which are defined based on CPaero
and CP+

mech
, re-

spectively. As shown in this table, all vertical forces are comparable to the

weight of the beetle. ηaero of the aerodynamically optimal wing shape and

ηmech of the mechanically optimal wing motion are increased by 3.3% and

7.4%, respectively, as compared to those from the measured wing shape

and motion. On the other hand, the hovering efficiencies decrease for the

other cases. This is due to the limitations that the kinematic and geo-

metric models used cannot provide the same wing shape and motion as

the measured ones.
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Ξk minimizing P aero minimizing P
+

mech best fit

f [Hz] 37.04

φm [rad] 1.53

φ0 [rad] -0.04 -0.04 0.09

K [1] 0.05 0.51 0.71

ηm [rad] 0.93 0.89 0.98

η0 [rad] 0.01 0.01 0.04

Cη [1] 2.69 2.09 2.09

Φη [rad] -1.30 -1.33 -1.46

β [rad] 0.02 0.02 0.04

Table 4.1. Kinematic parameters minimizing P aero and P
+

mech and those of

best fit to the measured wing motion.
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Figure 4.1. Comparison of the optimal wing motions with the measured motion

at 60% wing length (Oh et al. 2020): (a) sweeping angle; (b) pitching angle. The

sweeping and pitching angles of best fit to the measured ones are also provided.
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Figure 4.2. Vertical force and power coefficients of the wings with the optimal
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optimal for P aero; right, optimal for P
+

mech.
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Ξg minimizing P aero minimizing P
+

mech best fit

R [mm] 51.2

AR [1] 3.30

ẑ1 [1] 0.50 0.47 0.44

d̂r [1] 0.27 0 0.03

d̂t [1] 0.49 0.20 0.36

Table 4.2. Geometric parameters minimizing P aero and P
+

mech and those of

best fit to the measured wing shape.
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mech.
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Motion Shape 2FY [mN] 2P aero [mW] 2P
+

mech [mW] ηaero ηmech

Aerodynamically optimal Measured 60.5 (58.21) 547.3 (468.2) 737.6 (689.4) 0.196 0.145

Mechanically optimal Measured 61.7 (58.21) 553.0 (488.3) 672.6 (630.7) 0.199 0.164

Measured Aerodynamically optimal 58.6 (58.21) 477.1 (418.9) 718.9 (695.7) 0.214 0.142

Measured Mechanically optimal 58.2 (58.21) 508.3 (459.9) 676.2 (647.7) 0.199 0.149

Measured 56.8 470.3 638.2 0.207 0.153

Table 4.3. Mean vertical force, power and figure of merit obtained from numerical simulation. Values in parentheses

indicate those predicted by the aerodynamic model. Note that the weight of the beetle is 58.21 mN.
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Chapter 5

Conclusion

In the present study, the optimal wing shapes and motions of a hovering

rhinoceros beetle for minimum power consumption were investigated us-

ing a quasi-steady aerodynamic model together with a hybrid of a cluster-

ing genetic algorithm and a gradient-based optimizer. With the measured

wing shape, we first found the optimal wing motions minimizing aerody-

namic power and positive mechanical power, respectively. We showed that

both optimal wing motions are close to the measured wing motion. Also,

with the measured wing motion, we optimized wing shapes for minimum

power consumptions, as done for the optimal wing motions. Optimization

results indicated that the pitching axis of the aerodynamically optimal

wing shape locates at between the 1/4-chord and the mid-chord points,

which results in a wing shape similar to an ellipse with ẑ1 = 0.50. On

the contrary, the pitching axis of the mechanically optimal wing shape

located at between the leading edge and the 1/4-chord point, and thus it

resembled the measured wing shape with a relatively small ẑ1. Combined

with the results of the optimal wing motions, we showed that the wing
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shape and motion of a hovering rhinoceros beetle are quite similar to the

mechanically optimal ones.

Further investigation on the effects of wing geometric parameters indi-

cated that the mean vertical force and both power expenditures increase

as ẑ1 increases and the leading edge approaches to the pitching axis. Also,

we found that aerodynamically efficient wing shapes have ẑ1 ≈ 0.5 and

the pitching axis is between the 1/4-chord and the mid-chord points. On

the other hand, mechanically efficient wing shapes have a lower ẑ1 than

that of the aerodynamically efficient ones and the pitching axis is between

the leading edge and the 1/4-chord point.

It should be emphasized that the optimal wing shapes and motions

are for a hovering flight of a rhinoceros beetle. As pointed out by Ansari

et al. (2008b), these may not be optimal for other flight modes. Therefore,

some weighting may be required for the best overall flight performance.

The present optimization method can be also used for finding the optimal

parameters for other flight performances (e.g. lift-to-drag ratio, power

loading). Therefore, the present approach can provide a guideline for the

design of a FWMAV in hover with a high performance and also be a

useful tool to understand the diversity of flapping wing motion and shape

of flying insects.
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Appendix A

A predictive model of the drag

coefficient for a revolving wing at low

Reynolds number

A.1. Introduction

Recently, many military and civilian organizations have developed mi-

cro aerial vehicles (MAVs) for operations in hazardous conditions. They

have small length and low velocity scales, and thus operate at low Reynolds

numbers (Mueller & DeLaurier 2001; Ho et al. 2003). Insects have a

great potential for the design of flapping MAVs because their dimen-

sions, weights and flight conditions are similar to those of flapping MAVs.

The flight of insects commonly involves a flapping motion of their wings,

where the flapping motion is typically decomposed into translational and

rotational motions. Therefore, the flapping flights of various species of

insects, such as the fruit fly, mosquito, bumblebee and hawkmoth, have

This appendix is based on “Oh, S. & Choi, H. 2018 A predictive model of the

drag coefficient for a revolving wing at low Reynolds number. Bioinspir. Biomim. 13,

054001”.
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been investigated by numerous researchers (see, for example, Dudley &

Ellington (1990), Willmott et al. (1997), Dickinson et al. (1999), Wang

et al. (2004) and Bomphrey et al. (2017)). As a result, vortical structures,

such as the attached leading edge vortex (LEV), and the trailing edge and

wing tip vortices, have been found to be responsible for the generation of

forces on flapping wings. Among them, LEV attached to the wing upper

surface has been shown to be a predominant flow structure responsible

for the lift generation during insect flights (Ellington et al. 1996; Dickin-

son et al. 1999). Ellington et al. (1996) suggested that lift augmentation

due to the LEV attached on flapping wings is analogous to the vortex lift

on delta wings because the structure of LEV on flapping wings is similar

to that observed on highly swept delta wings. This vortex lift on highly

swept delta wings was successfully modelled by Polhamus (1971) using

an analogy with the leading edge suction associated with the potential

flow.

Dynamically scaled wings revolving at a constant angular speed, al-

beit their motions are less realistic, have been commonly used to estimate

the quasi-steady translational forces of flapping wings (Sane & Dickinson

2002; Berman & Wang 2007; Whitney & Wood 2010; Wang et al. 2016),

in which the force due to the attached LEV was taken into account but

those from rapid acceleration and pitching motions were not considered

because the attached LEV is a robust characteristics for both revolv-

ing and flapping wings (Dickinson et al. 1999; Usherwood & Ellington

2002a,b; Dickson & Dickinson 2004; Lentink & Dickinson 2009). Wang

et al. (2004) suggested a semi-empirical model for force coefficients of a

revolving wing with an elliptic cross-section at a fixed angle of attack,

taking into account the effect of attached LEV. However, their model re-
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quired additional experiment or numerical simulation to determine the

model constants therein. Recently, predictive models without requiring

additional experimental or simulation data have been developed by a

few research groups. Taha et al. (2014) derived a general formula for the

maximum lift coefficient of a revolving wing based on extended lifting

line theory and suggested a predictive model of the lift coefficient for a

wide range of angles of attack. Furthermore, Wang et al. (2016) provided

an aerodynamic model for the drag coefficient using the result of Taha

et al. (2014), assuming that the resultant force is perpendicular to the

wing chord line for all angles of attack. However, as pointed out by Wang

et al. (2016), their model could not accurately predict the drag coefficient

especially at low Reynolds number and low angles of attack, because the

viscous drag was neglected. Hence, there is no accurate predictive aero-

dynamic model for a revolving wing operating at low angles of attack and

low Reynolds numbers.

The objective of present study is to develop an improved aerodynamic

model of the drag coefficient for a revolving wing at these operating con-

ditions. First, we include the viscous drag in the present model using

laminar boundary layer theory, called triple deck theory, to predict the

viscous drag more accurately at low angles of attack and low Reynolds

numbers. Second, using the lift model of Taha et al. (2014), we estimate

the drag coefficient at an angle of attack where the resultant force on

the wing is most perpendicular to the wing chord line. With these two

modifications, we suggest an improved predictive model of the drag coef-

ficient for a revolving wing from the semi-empirical model of Wang et al.

(2004). To validate the present model, the drag coefficients predicted by

the present model together with the lift model of Taha et al. (2014) are
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compared with the experimental data of four different revolving wings,

two Drosophila melanogaster (Dickinson et al. 1999; Dickson & Dickin-

son 2004), hawkmoth (Usherwood & Ellington 2002a), and bumblebee

(Usherwood & Ellington 2002b) wings, having different aspect ratios and

Reynolds numbers.

A.2. An improved model of the drag coefficient

The conventional definitions of the lift (CL) and drag (CD) coefficients

on a wing revolving at a constant angular speed Ω are

CL =
2L

ρ(RΩ)2Sr̂2
2

, CD =
2D

ρ(RΩ)2Sr̂2
2

, (A.1)

where L and D are the lift and drag forces, ρ is the fluid density, R is the

wing-tip radius from the rotating axis, and S is the wing planform area.

r̂2 is a non-dimensional radius of the second moment of wing area defined

by

r̂2 =

√

1

R2S

∫ R

R−Rw

cr2dr =

√

1

λ

∫
1

1−λ
ĉr̂2dr̂, (A.2)

where λ = Rw/R, ĉ = c/c, r̂ = r/R, S = cRw, Rw is the wing root-to-tip

length, c and r are the local chord length and radial distance from the

rotating axis, and c is the mean chord length. The Reynolds number is

defined as

Re =
RΩc

ν
, (A.3)

where ν is the kinematic viscosity. The sectional drag coefficient is defined

as

Cd =
2dD

ρ(rΩ)2cdr
. (A.4)

Several aerodynamic models have been suggested to predict the force

coefficients of a revolving wing by including the effect of the attached
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LEV, as mentioned previously. Dickinson et al. (1999) presented an em-

pirical model for the lift and drag coefficients of a revolving fruit fly wing,

D. melanogaster, as a harmonic function of the angle of attack

CL = 0.225 + 1.58 sin(2.13α− 7.20◦), (A.5)

CD = 1.92− 1.55 cos(2.04α− 9.82◦), (A.6)

where α is the angle of attack (in degree). Wang et al. (2004) pointed out

that the lift and drag coefficients of a wing with elliptic cross-section de-

pend explicitly on 2α because 2α dependence is consistent with the sym-

metry of cross-section about its geometric centre. Thus, they suggested a

semi-empirical model for the lift and drag coefficients of a revolving wing

as follows:

CL = A sin 2α, (A.7)

CD = B − C cos 2α, (A.8)

or CD = CD(0) cos
2 α+ CD

(
π

2

)

sin2 α, (A.9)

where A, B, C, CD(0) and CD(π/2) are model constants depending on the

Reynolds number and wing geometry, and determined using experimental

data. Berman & Wang (2007) determined the values of A, B, C, CD(0)

and CD(π/2) from the data ofD. melanogaster (Dickinson et al. 1999) and

hawkmoth (Usherwood & Ellington 2002a) wings, respectively. However,

(A.7)–(A.9) require additional experiments or simulations to determine

A, B, C, CD(0) and CD(π/2) whenever the wing geometry or Reynolds

number changes. In other words, the models (A.7)–(A.9) are not entirely

predictive. Taha et al. (2014) presented a general formula for A in (A.7)

based on the extended lifting line theory (Schlichting & Truckenbrodt
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1979), and suggested the lift coefficient as

CL = π

AR√
AR2 + 4 + 2

sin 2α, (A.10)

where AR(= Rw/c) is the wing aspect ratio. The lift coefficients obtained

from (A.10) were in good agreements with experimental data for a range

of angles of attack (0◦ 6 α 6 90◦), showing that (A.10) is an excellent

predictive model for the lift coefficient. Then, Wang et al. (2016) sug-

gested a predictive model for the drag coefficient with the assumption

that the resultant force on the wing is perpendicular to the wing chord

line. Accordingly, the drag coefficient is given by

CD = CL tanα = 2π
AR√

AR2 + 4 + 2
sin2 α. (A.11)

They showed that (A.11) is in good agreements with the experimental

results for a dynamically scaled hawkmoth wing (AR = 2.83, Re = 8071)

(Usherwood & Ellington 2002a), but does not agree with the experimental

ones for a dynamically scaled D. melanogaster wing (AR = 3.74, Re =

136) (Dickinson et al. 1999) because of the neglected viscous drag on the

wing surface at low Reynolds number. Additionally, Wang et al. (2016)

also pointed out that (A.11) overestimates the drag coefficient at α = π/2.

Hence, we present an improved model by including the viscous drag.

In Berman & Wang (2007), the model constants in the drag coefficient

model (A.8) were determined by providing the magnitudes of the drag

coefficient at α = 0 and π/2 (A.9). In the present study, however, we

provide the magnitudes of the drag coefficient at α = 0 and π/4 (see

below), which results in

CD = CD(0) cos 2α+ 2CD

(
π

4

)

sin2 α. (A.12)

119



To evaluate CD(0), we consider laminar viscous drag on a 2D flat plate

having a finite chord length at zero angle of attack

Cd(0) =
1.328√
Rec

+
2.66

Re
7/8
c

, (A.13)

where Rec = rΩc/ν. The first term on the right hand side of (A.13) is

the Blasius solution which is accurate for Rec > 1000 but underestimates

the drag coefficient for 1 < Rec < 1000 because of the effects from both

leading and trailing edges at low Reynolds number (White 2006). To

correct the underestimation at low Reynolds number, the second term

was introduced from triple deck theory developed by Stewartson (1968)

and Messiter (1970) (see also Taha & Rezaei (2018)). Considering the

upper and lower surfaces of wing, the viscous drag coefficient becomes

Cd(0) =
2.656√
Rec

+
5.32

Re
7/8
c

, (A.14)

Then, the viscous drag acting on the entire wing is obtained as:

D(0) =

∫ R

R−Rw

1

2
ρ(rΩ)2cCddr

=
1

2
ρΩ2

∫ R

R−Rw

cr2
[

2.656

√
ν

rΩc
+ 5.32

( ν

rΩc

) 7

8

]

dr.

(A.15)

With (A.15), the drag coefficient at α = 0 becomes

CD(0) =
2D(0)

ρ(RΩ)2Sr̂2
2

=
1

λr̂2
2

(
2.656√
Re

κ1 +
5.32

Re7/8
κ2

)

, (A.16)

where κ1(=
∫
1

1−λ ĉ
1/2r̂3/2dr̂) and κ2(=

∫
1

1−λ ĉ
1/8r̂9/8dr̂) are evaluated from

the wing geometry.

If the resultant force on the wing is assumed to be perpendicular to

the wing chord line, CD(α) = CL(α) tanα. To see if this assumption is

valid, we consider four different revolving wings: two D. melanogaster
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wings (AR = 3.74, Re = 136 (Dickinson et al. 1999); AR = 3.32, Re

= 140 (Dickson & Dickinson 2004)), a hawkmoth wing (AR = 2.83, Re

= 8071 (Usherwood & Ellington 2002a)), and a bumblebee wing (AR =

3.16, Re = 5496 (Usherwood & Ellington 2002b)). Figure A.1 shows the

drag coefficients predicted by CD(α) = CL(α) tanα and those by previous

experiments for various angles of attack. For the D. melanogaster wings

(figures A.1(a) and (b)), the agreements between the measured CD ( )

and CD = CL tanα ( ) are very good around α = π/4 but become

poorer as α approaches 0 or π/2. The poor agreements are due to the

neglect of viscous drag at α = 0 for this low Reynolds number, and due

to tan(α = π/2) → ∞, respectively. On the other hand, for the hawkmoth

(figure A.1(c)) and bumblebee (figure A.1(d)) wings, the agreements are

very good at α = 0 because the drag coefficient is very small for this

relatively high Reynolds number flow, but become poorer with increasing

α. As is clear in figure A.1, for both low and relatively high Reynolds

number flows, the prediction by CD(α) = CL(α) tanα is much better at

α = π/4 than at α = π/2. Therefore, we theoretically obtain the force

coefficient at α = π/4 rather than that at α = π/2: i.e. from (A.10) and

CD(α) = CL(α) tanα, we obtain

CD

(
π

4

)

= π

AR√
AR2 + 4 + 2

. (A.17)

Then, our model of the drag coefficient for a revolving wing consists of

(A.12) together with (A.16) and (A.17):

CD =
1

λr̂2
2

(
2.656√
Re

κ1 +
5.32

Re7/8
κ2

)

cos 2α+
2πAR√

AR2 + 4 + 2
sin2 α. (A.18)
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A.3. Results and discussion

Table A.1 shows the values of λ, κ1, κ2, r̂
2
2, Re, AR, t/c (ratio of wing

thickness to mean chord), and CD(0) for all wings considered here. The

values of λ, κ1, and κ2 are obtained by digitizing the pictures in Dickinson

et al. (1999), Dickson & Dickinson (2004) and Usherwood & Ellington

(2002a,b), respectively. For the D. melanogaster wings, the errors between

predicted and measured CD(0)’s are very small. For the hawkmoth and

bumblebee wings, the predicted drag coefficients are almost zero like the

measured ones because of relatively high Reynolds number. Hence, (A.16)

is quite accurate in predicting the drag coefficient at zero angle of attack.

The drag coefficients, predicted by the present model (A.18), for var-

ious angles of attack are compared with the experimental ones in figure

A.1, together with those by the predictive model (A.11) of Wang et al.

(2016). The prediction performance of (A.18) at low Reynolds numbers is

much better than that of (A.11) because of the inclusion of friction term

in (A.18) (see figures A.1(a) and (b)). At high Reynolds numbers, the

drag coefficients predicted by (A.11) and (A.18) are nearly the same, and

agree with the experimental one for the hawkmoth wing (figure A.1(c))

but show some deviation at high angles of attack from the experimental

one for the bumblebee wing (figure A.1(d)). The reason for this disagree-

ment for the bumblebee wing is not clear. One of the possible reasons

may be the way of obtaining the drag coefficient in Usherwood & Elling-

ton (2002b): in this experiment, the drag coefficient was taken to be the

same as the torque coefficient assuming that the sectional drag coefficient

was constant along the wing span. However, it has been shown that the

sectional lift coefficient is not constant along the span for revolving wings

(Luo & Sun 2005; Garmann & Visbal 2014; Kim et al. 2015). If the resul-
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tant force on the wing is assumed to be nearly perpendicular to the wing

chord line, the sectional drag coefficient may also vary along the wing

span.

Polar plots of the predicted and measured force coefficients of the two

D. melanogaster, hawkmoth, and bumblebee wings, CD versus CL, are

given in figure A.2. As shown, the present model (A.18) together with

(A.10) accurately predicts the force coefficients of D. melanogaster and

hawkmoth wings, but shows some deviation at high angles of attack for

the bumblebee wing possibly due to the reason mentioned above.

A.4. Conclusion

In this study, we suggested an improved predictive model of the drag

coefficient for a revolving wing operating at low Reynolds number, by con-

sidering the viscous drag on the wing and theoretical drag coefficient at

the attack angle of π/4. We showed that the drag coefficients predicted by

the present model for the two D. melanogaster (AR = 3.74, Re = 136; AR

= 3.32, Re = 140), hawkmoth (AR = 2.83, Re = 8071), and bumblebee

(AR = 3.16, Re = 5496) wings were in good agreements with those of pre-

vious experiments. Especially, the prediction of the drag coefficient at low

Reynolds number was superior to those of previous models. The ranges

of AR and Re investigated in the present study were 2.83 6 AR 6 3.74

and 136 6 Re 6 8071. According to Lentink & Dickinson (2009), typical

AR’s for insect wings cluster near 3. Therefore, the present predictive

model (A.18) together with (A.10) by Taha et al. (2014) works for typi-

cal insect wings, at least for the range of Re considered here. The present

model does not require additional measurement or numerical simulation

to determine model constants once the wing geometry and angular speed
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are specified. Therefore, the present model can be used to optimize the

motion and geometry of revolving wings for enhancing their aerodynamic

performances.
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Figure A.1. Measured and predicted drag coefficients together with measured

lift coefficients: (a) D. melanogaster wing (AR = 3.74, Re = 136) (Dickinson

et al. 1999); (b) D. melanogaster wing (AR = 3.32, Re = 140) (Dickson &

Dickinson 2004); (c) hawkmoth wing (AR = 2.83, Re = 8071) (Usherwood &

Ellington 2002a); (d) bumblebee wing (AR = 3.16, Re = 5496) (Usherwood &

Ellington 2002b). , measured CL; , measured CD; , CD = CL tanα; ,

(A.11) (Wang et al. 2016); , (A.18) (present model). Wing planform shapes

are also plotted in this figure.
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Figure A.2. Polar plots of the force coefficients: (a) and (b) D. melanogaster

wings; (c) hawkmoth wing; (d) bumblebee wing. , (A.10) (Taha et al. 2014)

and (A.18) (present model); , (A.10) (Taha et al. 2014) and (A.11) (Wang

et al. 2016); , measured by Dickinson et al. (1999) in (a), Dickson & Dickinson

(2004) in (b), Usherwood & Ellington (2002a) in (c), and Usherwood & Ellington

(2002b) in (d). Wing planform shapes are also plotted in this figure.
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Wing λ κ1 κ2 r̂2 Re AR t/c (%)
CD(0)

Predicted by (A.16) Measured

D. melanogaster
0.75 0.37 0.44 0.63 136 3.74 4.79 0.3868 0.3909

(Dickinson et al. 1999)

D. melanogaster
0.89 0.38 0.46 0.59 Approx. 140 3.32 3.42 0.3830 0.4245

(Dickson & Dickinson 2004)

Hawkmoth
0.90 0.36 0.45 0.55 8071 2.83 1.56 0.0428 -0.0503

(Usherwood & Ellington 2002a)

Bumblebee
0.90 0.38 0.46 0.58 5496 3.16 1.74 0.0495 -0.0087

(Usherwood & Ellington 2002b)

Table A.1. Wing characteristics, and predicted and measured drag coefficients at α = 0 for four different wings.

127



정지 비행하는 장수풍뎅이 주변의

유동 특성: 모델링 및 최적화

서울대학교 대학원

기계항공공학부

오 세 형

요 약

정지 비행하는 장수풍뎅이의 공기 역학적 특성을 수치적-이론적으로 조

사하였다. 날갯짓은 고속 카메라를 통해 측정되었으며, 정지 비행하는 장수

풍뎅이 주변의 유동을 수치해석하는 데 사용되었다. 수치해석 결과는 준주

기적상태일때속날개로부터발생되는힘(특히양력)과공기역학적요구전

력이 첫 번째 날갯짓 동안의 힘 및 공기 역학적 요구전력과 상당히 다르다는

것을 보여준다. 이는 날개-후류 간 상호작용이 준주기적 상태동안 속날개의

공력 특성에 크게 영향을 미친다는 것을 나타낸다. 또한 속날개의 날개 길

이 방향에 따른 비틀림은 편평한 속날개와 비교할 때 전체 힘 생성에 크게

기여하지 않으며 공기 역학적 성능에 대한 겉날개와 몸통의 역할은 적어

도 현재의 정지 비행에 대해 매우 작음을 확인하였다. 기존의 공력 모델을

바탕으로 날개-후류 간 상호작용의 효과를 고려하여 정지 비행하는 편평한

128



속날개에 대해 어떠한 모델 상수도 없는 개선된 예측적 공력 모델을 제안

하였다. 이 공력 모델에서 후류를 비균일의 정상 또는 비정상 하강기류로

간주하고, 준정상 블레이드 요소 이론과 비점성 운동량 이론을 결합하여 후

류의 세기를 구하였다. 현재의 공력 모델로 예측된 양, 항력 및 공기 역학적

요구전력은 수치해석으로부터 얻어진 결과와 매우 잘 일치하였다.

개발된 준정상 공력 모델을 기반으로, 최소 전력 소비를 위한 정지 비행

하는 장수풍뎅이 속날개의 최적 평면 형상 및 움직임을 조사하였다. 먼저,

최소공기역학적및양의기계적전력소비를위해측정된날개평면형상으

로 날개 움직임을 최적화하였다. 또한 날개 움직임의 최적화를 위해 수행된

것 처럼 측정된 날개 움직임으로 날개 평면 형상을 최적화하였다. 최적화

결과로부터 측정된 날개 형상은 공기 역학적 요구전력 측면에서 최적이 아

니며, 양의 기계적 전력 소비를 최소화하는 날개 모양과 움직임이 측정된

것들에 가깝다는 것을 확인하였다. 최소 공기 역학적 전력 소비를 위해서는

날개 면적의 첫 번째 모멘트의 반경은 약 0.5이며, 날개의 피칭 축이 시위

길이의 1/4지점과 1/2지점사이에있어야함을확인하였다.최소양의기계

적 전력 소비를 위해서는 최소 공기 역학적 전력 소비를 위한 날개보다 날개

면적이 날개 뿌리 근처에 모여있어야하며, 피칭 축은 선단과 시위 길이의

1/4 지점 사이에 있어야함을 확인하였다.

주요어: 장수풍뎅이, 정지 비행, 수치해석, 준정상 블레이드 요소 운동량 이

론, 날개-후류 간 상호작용, 최적화

학 번: 2014-21560
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