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Abstract 
 

To secure the resilience of the modern society, the reliability of core engineering 

systems should be evaluated accurately. However, this remains challenging due to 

various factors affecting the system performance in addition to the component and 

system events as well as the complex definition of the system event. The issue with 

regards to the probabilistic modeling of multiple factors can be addressed by 

Bayesian network (BN), whose graph-based representation facilitates mathematical 

formulation of the causal dependence between multiple variables. However, as the 

number of components increases, the conventional BN becomes inapplicable due to 

the consequent exponential increase in both the memory demand for quantifying 

probability distributions and computational cost for optimization.  

In this thesis, the memory issue is addressed by developing matrix-based BN 

(MBN) in which as an alternative data structure to store the distributions, the 

conventional tables are replaced by conditional probability matrices (CPMs). This 

strategy facilitates (1) exploiting the regularity in the definition of system events 

during quantification, and (2) if necessary, enabling approximate inference within 

the framework of BN. The efficiency and applicability of MBN are demonstrated by 

the numerical examples. In addition, these applications illustrate how MBN can be 

quantified using the existing system reliability methods.  

Another issue addressed by the thesis is the optimization of large-scale systems. 

To this end, the objective function of the corresponding optimization problem, i.e. 

the sum of the expectations of utilities, is replaced by a proxy measure so as to reduce 

the computational cost from exponential to polynomial order. In order to promote 
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the applications of the proposed method to a wide class of problems, the 

mathematical condition is derived by which the optimization problems employing 

proxy objective functions remains equivalent to the exact ones. Moreover, the 

proposed proxy measure allows the analytical evaluation of a set of non-dominated 

solutions in which the weighted sum of multiple objective values is optimized. By 

using the strategies developed to compensate the errors by the proposed 

approximation, the proposed method can not only show an improved accuracy, but 

also identify even a larger set of non-dominated solutions than the exact objective 

function of weighted sum. The numerical examples demonstrate the accuracy and 

efficiency of the proposed method. 

Finally, to enhance the applicability to a wider class of problems, the MBN is 

extended from binary-state systems to multi-state systems. To this end, the 

definitions and the BN operations for MBN are modified. The extended MBN is 

demonstrated by three types of multi-state systems, i.e. multi-state series-parallel 

systems, multi-state k-out-of-N:G systems, and flow capacity of networks: The 

applications are realized by for each system, developing the strategy for 

quantification and the formulations for inference. 
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Chapter 1.  Introduction 
 

1.1 Motivation 

The modern society relies on various types of complex engineering systems, 

e.g. transportation networks, structural systems, and utility distribution systems, 

which are characterized by multiple factors that affect the system state in addition to 

the component events, the complex definition of the system event, and the large 

number of components. Despite the importance of securing their functionality in nor-

mal and disaster situations, accurate evaluation of the reliability of those systems 

still remains challenging as system events call for the collective consideration of the 

components, rather than the conventional component-wise evaluations. 

Although advanced system reliability methods (SRMs) have been developed to 

utilize the characteristics of the system event definitions (Lim and Song, 2012; Mo 

et al., 2015), they are often limited to the evaluation of the marginal distribution of 

system event as well as to the consideration of only the component and system events. 

However, to genuinely support the decision-making process, one needs to not only 

evaluate the system reliability, but also perform other inference tasks such as calcu-

lating conditional probability and optimization. Furthermore, the real-world systems 

should be explained not only by the component and the system events, but also other 

variables that affect the system performance, e.g. hazards, the deterioration process 

of components, and inspection scenarios. 

Bayesian network (BN) can provide an efficient probabilistic model when there 

are multiple variables, using its graph-based representation that can translate their 

real-world causal relationships into mathematical formulations (Koller and Friedman, 
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2009). In BN, the variables are represented by nodes, and each directed arrow stands 

for the causal relationship between a pair of variables (Detailed backgrounds are 

summarized in Section 2.2). This strategy makes it straightforward to formulate the 

effect of the external factors on the system performance. In addition, the dependence 

of a system event upon the component events can be explained simply by introducing 

arrows that head from the component nodes to the system node. Once a BN is mod-

eled and quantified, BN inference algorithms can be applied to address various types 

of inference tasks. Especially for discrete BNs, i.e. BNs whose variables are all dis-

crete, general-purpose inference algorithms are well-developed to facilitate the de-

velopment of off-the-shelf software programs. 

However, the conventional BN cannot handle large-scale systems effectively as 

the approach requires specifying the probability values for all possible joint states of 

the components. Since the number of such states exponentially increases with that 

of components, the computer memory demand quickly becomes insurmountable 

when one attempts to quantify the probability mass function (PMF) of the system 

event. 

In addition to quantification, another important task for engineering systems is 

identifying the optimal decision-making strategies. When dealing with those systems, 

the optimization should be able to take into account not only the performance of 

individual components but also the system-level performance. This issue can be ad-

dressed by employing influence diagram (ID), which is an extension of BN for opti-

mization. By introducing two additional types of variables, namely, decision and 

utility variables, ID allows us to formulate the optimization problem through graph-

based representation. 
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To optimize the ID, several algorithms have been proposed and expanded for 

larger systems (Olmsted 1984; Shachter 1988; Jensen and Vomlelov 2002). However, 

the computational cost of optimization increases exponentially with the number of 

components. Consequently, the applicable size of problems is still significantly lim-

ited, and thus, previous efforts have made a reconciliation such as sequential optimi-

zation or approximate system analysis (Bensi et al., 2014; Memarzadeh and Pozzi, 

2016). 

Moreover, decision-making processes for complex systems often consider more 

than one objective, e.g. cost and system performance. In this case, it might be of 

interest to obtain a set of non-dominated solutions (also called Pareto solutions or 

Pareto surface) instead of a single solution as it is often not straightforward to pre-

specify the relative importance between the objectives or the bounds on them. Alt-

hough analytic algorithms and metaheuristic algorithms have been developed to this 

end, they still show limitations either in applicability to large-scale systems or in 

efficiency (Diehl and Haimes, 2004; Yang and Frangopol, 2018). 

The final issue to be addressed in the thesis is the analysis of multi-state systems. 

Multi-state systems are in general more difficult to handle than binary-state systems 

since the number of instances increases more drastically as the number of compo-

nents increases. Still, they may represent a wide class of real-world systems that 

cannot be explained as binary-state systems. As a result, there have been continuous 

efforts to efficiently quantify and analyze multi-state systems (Lisnianski et al., 1996; 

Jane and Laih, 2008; Mo et al., 2015). However, as in the case of binary-state sys-

tems, the SRMs mainly focus on evaluating the system failure probability, not being 

straightforward to perform comprehensive and flexible inferences. 
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Such issue can be addressed by extending MBN to multi-state systems by mod-

ifying the definitions and operations that are originally developed for binary-state 

systems. While these modifications enable MBN to quantify system events with mul-

tiple states, another remaining issue is to quantify MBN for a given system event for 

which a customized strategy should be developed either by reflecting the definition 

of the system event or by adopting an existing SRM. Although there are no universal 

rules to this end, the concrete illustrations provided by numerical examples shed in-

sight on the way to achieve efficiency in MBN quantification. Once MBN is quanti-

fied, it is straightforward to perform inferences of interest, which is also illustrated 

by the numerical examples. 

 

1.2 Objectives and scopes 

In order to facilitate the probabilistic analysis of complex large-scale systems 

by addressing the issues illustrated in the previous section, this thesis adopts the BN 

as the basic methodology of probabilistic analysis. For the conventional BN cannot 

handle large-scale systems, this thesis develops methods for quantification, inference, 

and optimization of the BN. 

The quantification issue can be addressed by avoiding the exhaustive quantifi-

cation of the PMF representing a system event (for which the required number of 

parameters exponentially increases with the number of components). To this end, the 

matrix-based BN (MBN) is proposed as an alternative matrix-based data structure of 

PMFs (Byun et al., 2019). This development facilitates not only exploiting the reg-

ularities in the definition of the system event to achieve memory-efficiency, but also 

if necessary, performing approximate inference in the framework of BN to handle 
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even larger systems that exact methods cannot address. 

On the other hand, the optimization issue is addressed by proposing a proxy 

objective function that approximates the original objective function. By doing so, the 

computational cost can be reduced from the exponential order to polynomial. In 

multi-objective optimization, this reduction even allows, through the weighted sum 

formulation of the objectives, the analytical evaluation of multiple non-dominated 

solutions. The proposed iterative optimization scheme allows us to obtain more ac-

curate and diverse solutions by compensating the approximation errors and the pos-

sibility of missing non-dominated solutions by weighted sum formulation. To make 

the discussion concrete, the mathematical proofs and heuristic strategies for the per-

formance of the proposed method are provided as well. 

Finally, MBN is generalized to handle not only binary-state systems, but also 

multi-state systems. To this end, the definitions and the operations that were intro-

duced for MBN are extended. The efficiency and applicability of the generalized 

MBN is demonstrated by analyzing three multi-state systems, i.e. multi-state series-

parallel (MS-SP) systems, multi-state k-out-of-N:G systems, and network flows.  

 

1.3 Organization and nomenclature 

The organization of the thesis is as follows. Chapter 2 develops MBN to address 

the issue of quantification. Based on this development, Chapter 3 focuses on the 

optimization task of ID, for which the approximate formulations of the original prob-

lem are proposed. Then, in Chapter 4, the quantification issue is further addressed 

for multi-state systems by generalizing MBN. Finally, Chapter 5 summarizes the de-
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velopments proposed in the preceding chapters and the recommended topics for fu-

ture research.  

The term large-scale systems used in this thesis may not imply the scales as 

large as those handled in deterministic analysis (that considers only a single scenario); 

but rather, it implies that the scales are the state-of-the-art in scope of probabilistic 

analysis (that considers a large number of scenarios collectively). However, it is 

noteworthy that apart from the capability of probabilistic analysis, another difficulty 

arises from the fact that large-scale systems involve a great number of parameters 

whose probability distributions should be specified either by physical models or by 

data. This is another major factor that limits the analyzable size of systems. In this 

respect, the scales addressed in the thesis can be considered large enough for practi-

cal implementation.   

Throughout the thesis, the term BN refers to a class of probabilistic graphical 

model (PGM) whose graph has the topology of directed acyclic graphs (DAGs). Alt-

hough the word Bayesian might be misleading with respect to the original implica-

tion, the term is preserved for its use is universal in referring to the specific class. On 

the contrary, it is noted that PGM refers to all probabilistic models whose represen-

tations are based on graphs, e.g. Markov network represented by undirected graphs 

(Koller and Friedman, 2009).  

In regards to nomenclature, an assignment refers to the specific values assigned 

to a set of random variables (r.v.’s) corresponding to one of the possible outcomes. 

A r.v. and its assignment are respectively denoted by upper and lower cases, e.g. � 

and . The bolded letters are used when referring to a set of variables, and the car-

dinality of a set 
 is denoted as |
|. For simplicity, 2 and �(2) respectively 
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denote the assignment of value k to the r.v. � and the probability of the assignment 

� = 7, i.e. �(� = 7). The set of values that a r.v. � can take is denoted �=>(�). 

It is also noted that as the following discussions mainly consider discrete BNs, the 

notation �(∙) refers to a probabilistic mass function (PMF), not a probabilistic den-

sity function (PDF). There is an exception in Section 2.2.1 where the general BN 

methodology is discussed, and �(∙) applies to both PMFs and PDFs.  
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Chapter 2.  Matrix-based Bayesian network (MBN) 

for efficient memory storage and flexible 

inference 
 

2.1 Introduction 

Bayesian network (BN) has advantages in analyzing engineering systems in-

cluding straightforward modeling and systematic inference. However, the complex-

ity of BN modeling and inference depends on the number of random variables (r.v.’s), 

and the graphical structure. As a result, despite the advantages, the conventional BN 

approach shows limitation in its applicability to real-world problems involving a 

large number of r.v.’s and complex interdependencies (Fenton and Neil, 2013). 

In order to make modeling and inference of BNs less sensitive to graphical 

structures, various methodologies have been proposed to exploit the regularity in the 

state of a r.v. that is a function of other r.v.’s, which is often encountered in problems 

with a large number of r.v.’s (Boutilier et al., 1996; Darwiche, 2003; Koller and 

Friedman, 2009; Bensi and Der Kieureghian, 2013). Although these methodologies 

may provide efficient alternatives, they still have some limitations in that the mod-

eling methodologies have been developed for a limited class of problems, and the 

specialized formulations may hamper their applications to various types of BN in-

ference. Another difficulty arising from the large number of r.v.’s is that the infor-

mation may not be available to fully quantify the entire event space. In this case, 

these alternative methodologies are inapplicable as their formulations are valid only 

when the exhaustive set of an event is known. To address these two issues and extend 

the applicability of BNs, this chapter proposes the matrix-based Bayesian network 
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(MBN), in which the conditional probability matrices (CPMs) are introduced to 

model discrete BNs and perform probabilistic inference. The development of MBN 

can be regarded as the unification of the previous efforts that have been separately 

proposed to address these issues into one methodology which is more general and 

compatible with standard BN techniques (Byun et al., 2019). 

The rest of this chapter is organized as follows. Section 2.2 provides a brief 

introduction of the BN methodology in general and raises central issues addressed 

in this chapter, along with the overview of the related works. Section 2.3 then devel-

ops definitions for the proposed CPM concept, and illustrates its efficient procedure 

of BN construction. New inference algorithms are developed for the proposed MBN 

in Section 2.4. Finally, Section 2.5 demonstrates the applicability and efficiency of 

MBN by numerical examples with various sizes.  

 

2.2 Background and related work 

2.2.1 Bayesian network (BN) 

BNs are based on directed acyclic graphs (DAGs) in which the variables are 

represented by nodes while their statistical dependence is depicted by directed arcs 

connecting the nodes, as illustrated in Figure 2.1. The nodes from which the arcs are 

initiated and to which they are pointed, are respectively termed as the parent nodes 

(�� and ��) and the child nodes (�*). In the following discussions, the term node 

is used synonymously with variable, including random, decision, and utility varia-

bles. 

In a BN, the joint distribution of the r.v.’s is formulated as the product of the 

conditional distributions given the parent nodes. If there are no parents for a node, 
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its marginal distribution is used instead. For instance, the distributions quantifying 

the BN of Figure 2.1, are �(��), �(��), and �(�*|��, ��), and the joint distribu-

tion �(��, ��, �*) is the product of these three distributions. In general, the joint 

distribution represented by a BN over a set of r.v.’s 
 is 

�(
) = @ �(�|�=3)3∈
  (2.1) 

where �=3 is the set of parent nodes of �. 

 

 
Figure 2.1. Example BN 

 

2.2.2 Conditional probability tables (CPTs) 

In discrete BNs, conditional probability tables (CPTs) are used as data struc-

tures for storing the conditional probability mass functions (PMFs) quantifying the 

nodes of a BN. CPTs store only the probability values while the corresponding as-

signments on the variables are inferred from their locations in the table. For example, 

consider the example BN in Figure 2.1 and suppose that �=>(�B) = C0,1D for ) =
1, 2, 3. Then, the CPT for the conditional PMF �(�*|��, ��) can be constructed 

either as a third-order tensor (Barber, 2012) 

EBF2 = �5*B |�F, �26 for ), G, 7 = 1,2 (2.2) 

or arrays. A possible two-dimensional array (Darwiche, 2003) of EBF2 in Eq. (2.2) 

is 

HE��� E��� E��� E���E��� E��� E��� E���I (2.3) 
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while the one-dimensional array (Tien and Der Kiureghian, 2016) is 

⎣⎢
⎢⎢
⎢⎢
⎢⎡
E���E���E���E���E���E���E���E���⎦⎥

⎥⎥
⎥⎥
⎥⎤
 (2.4) 

The straightforward construction and implementation make CPTs particularly 

favorable in developing general-purpose software programs of BN modeling. How-

ever, as indicated in Eqs. (2.2)-(2.4), the CPT formulations only implicitly assign the 

probability values to each outcome of the variables by their location in the tables. 

Such characteristic requires that the probabilities of all possible assignments be ex-

plicitly enumerated, which can be infeasible when a node has a large number of par-

ents with regard to which the number of the assignments exponentially increases.  

 

2.2.3 Converging structure in BN and related research efforts 

The table-based representation using CPTs is inefficient when a BN has a con-

verging structure, i.e. a node �P has a large number of parent nodes, which is fre-

quently encountered when modeling a system whose state is determined by the joint 

state of its components. This is due to the exponential increase in the number of 

possible combinatorial assignments of the parent nodes, raising the following two 

major issues. 

The first issue is that the memory required to store the parameters of 

�(�P|�=3Q) quickly becomes unaffordable even with a moderate number of parent 

nodes. To address this issue, various approaches have been proposed to exploit the 
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regularity and redundancy in the description of an event, which commonly takes 

place under the presence of a large number of r.v.’s. For instance, it was proposed to 

modify the graphical structure of BNs to reduce the maximum number of parent 

nodes in system reliability problems such as network connectivity problems, and 

series and parallel systems (Heckerman and Breese, 1996; Bensi et al., 2013; Cava-

lieri et al., 2017). This approach is advantageous in that CPTs and the existing BN 

methodologies using CPTs, are still applicable after the modification. However, the 

global structure has to be modified to a less intuitive one, and the strategies for struc-

ture modifications have been developed only for a limited class of problems. 

Another approach to deal with the memory issue is to exploit the local structure, 

i.e. the regularities within a joint PMF �(�P , �=3Q ) , for the efficient storage of 

PMFs. The network polynomial (Darwiche, 2003) factors the parameters of each 

assignment, and for inference, establishes an arithmetic circuit to carry out the alge-

braic operation of these factorized parameters. Boutilier et al. (1996) proposed a tree-

based representation, which models a PMF as a tree-structured diagram. Alterna-

tively, Tien and Der Kiureghian (2016) employ data compression techniques to re-

duce the memory required for storing PMFs. In these methodologies, the complexity 

of the inference can be improved if the supplementary models are cleverly designed 

in a way to exploit the local structure. However, there is no general rule to design 

supplementary models, which may hamper general implementations for various 

types of BN inference. 

As an alternative to exploiting the local structure, a rule-based representation 

(Koller and Friedman, 2009) aims to store the outcomes more efficiently by explic-

itly storing the associated assignments together with probability values. This type of 
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representation makes the modeling straightforward with the given information and 

facilitates developing a general inference rule. However, the data structure is not 

conducive to an efficient implementation. In Section 2.3.4, the approaches discussed 

above are compared by means of a numerical example.  

The second issue is the infeasible computational cost to analyze all possible 

outcomes in the joint space of �P and all its parents. In this case, a rule-based rep-

resentation is not applicable as the method requires that all possible outcomes be 

expressed, i.e. the probabilities of the considered outcomes must sum up to unity. As 

an alternative, various approximate methods have been proposed to carry out infer-

ence only with a subset of the joint outcome space of �P and its parents in the con-

text of reliability analysis. Those outcomes can be selected either deterministically 

(Li and He, 2002; Jane and Laih, 2010; Lee and Song, 2011; Lim and Song. 2012) 

or stochastically (Neal, 1993; Au and Beck, 2001; Kurtz and Song, 2013). Despite 

the extensive application of these methods, there have been only a few efforts to 

systematically connect the approximate methods with probabilistic inference (Straub 

and Papaioannou, 2014; Gehl et al., 2017) and a formal linkage to BN methodologies 

is not available. 

To address the representation of the full �(�P|�=3Q), in the next section, a new 

data structure of PMFs is proposed. Based on this development, approximate infer-

ence algorithms are formulated as well, to enable applications of existing approxi-

mate inference methodologies to BNs representing a wide class of problems. 
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2.3 Proposed data structure of probability mass function 

(PMF): conditional probability matrix (CPM) 

The proposed MBN uses conditional probability matrices (CPMs) as an alter-

native data structure of the PMFs in a discrete BN. These CPMs have the same struc-

ture as the matrices introduced in the matrix-based system reliability (MSR) method 

(Kang and Song, 2008; Song and Kang, 2009). In the MSR method, event and prob-

ability vectors of matrix form are jointly introduced to store the assignment and prob-

ability of each outcome separately. The BN modeling and inference of MBN can be 

regarded as an extension of the rule-based representation, where rules are used as the 

bases to construct the modeling structure of BNs.  

 

2.3.1 Definitions for CPM 

First, the following new definitions of rules are introduced to build the concept 

of CPMs in MBN: 

Definition 2.1.1 (Rule in MBN): A rule in MBN, R is a pair 〈1; E〉 where 1 is a 

vector representing an assignment to a set of variables 
 and E ∈ �0,1� is the cor-

responding probability. Inversely, 
  is defined as the scope of R , denoted by 

UVWEX�R�. 
 

In addition, MBN can feature a “1” state as explained below. In the following, 

for a set of variables Y and the assignment 1 defined for another set of variables 


, 1〈Y〉 denotes the subset of the assignment in 1 corresponding to the intersection 

of the r.v. sets, i.e. 
 ∩ Y.  
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Definition 2.1.2 (Rule in MBN): For a PMF �(
) and an associated assignment 

[ over 
, suppose a subset of variables Y ⊆ 
 leads to 

�([〈
 − Y〉, ^) = E, ∀^ ∈ �=>(Y) (2.5) 

for some E ∈ �0,1�, where 
 − Y = 
 ∩ Y` and [〈
 − Y〉 denotes the part of [
corresponding to 
 − Y  following the aforementioned definition of bracket 〈∙〉
with assignments, i.e. �([〈
 − Y〉, ^) = �(
 ∩ Y` = [〈
 ∩ Y`〉, Y = ^). Then, the 

vector 1 in the rule R = 〈a; E〉 is defined by the following two subsets: 

1〈
 − Y〉 = [〈
 − Y〉 and 1〈Y〉 = −b�×|Y|, ∀d ∈ Y (2.6) 

where −be×� is an f × . matrix with values “1” and |Y| denotes the cardi-

nality of the set Y.  

 

When a node has multiple parent nodes, the condition of Eq. (2.5) is often ob-

served, i.e. under a specific assignment [ to some variables, the assignment to the 

other variables Y has no effect on the probability value. Therefore, by skipping the 

set of assignments over Y altogether, the required memory can be significantly re-

duced. In the traditional rule-based representation, the assignments over Y in Eq. 

(2.5) are simply omitted while only those over 
 − Y are stored. This strategy is 

inefficient for implementation as the rules in a set have assignments on the incon-

sistent sets of variables, i.e. the data structure is not optimal from a practical perspec-

tive. By contrast, CPMs impose the “1” state on Y, as illustrated in Eq. (2.6), by 

which all rules have assignments over all variables in 
 and as a result, can be col-

lected in a matrix. 
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Additionally, the compatibility between assignments in MBN is defined as fol-

lows. 

Definition 2.2 (Compatibility in MBN): An assignment 1�  to 
  is compatible 

with an assignment 1�  to Y  if for g = C� ∈ 
: 1�〈�〉 ≠ −1D  and j = Ck ∈
Y: 1�〈k〉 ≠ −1D, the following equality holds: 

1�〈g ∩ j〉 = 1�〈g ∩ j〉 (2.7) 

 

 

In the following discussions, the compatibility between assignments 1� and 1� 

is denoted as 1�~1�. To check the compatibility between assignments, the index 

function can be used to check if the assigned values over g ∩ j are identical. Fur-

thermore, Definition 2.2 implies the equivalence between the following two state-

ments: (1) the outcomes represented by two assignments are disjoint to each other; 

(2) two assignments are not compatible. 

Using the rules in Definition 2.1, the CPM is finally defined for conditional 

PMFs �(
|m)  as follows. When a marginal distribution of 
  is considered, m 

becomes an empty set.  

Definition 2.3 (Conditional probability matrix): A CPM of PMF �(
|m) is a set 

of rules ℳ = C〈1�; E�〉, 〈1�; E�〉, ⋯ , 〈12; E2〉D introduced such that: 

• Each rule R ∈ ℳ  has UVWEX�R� = 
 ∪ m  which is also defined as 

UVWEX�ℳ�. 
• For each of the assignments ([, q) to 
 ∪ m with no “1” states, there is ei-

ther only one rule 〈1; E〉 ∈ ℳ  such that 1  is compatible with ([, q) , in 
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which case �([|q) = E; or no rule in ℳ, in which case �([|q) = 0. 

• CPM ℳ is represented as a pair 〈r; s〉 where the rows of the matrix r and

the corresponding elements in the vector s are respectively a and E of the 

rules R = 〈1; E〉 ∈ ℳ. 

 

In analogy to the matrix of the event vectors in the MSR method (Lee et al., 2011), 

each column of r  represents the assignments to the corresponding r.v. in 

UVWEX�ℳ�.  

The second condition of Definition 2.3 implies that the rules in a CPM must be 

mutually exclusive while they do not need to be exhaustive. Such exhaustiveness is 

required in the original rule-based representation. This relaxation of the necessary 

condition for the validity of a set of rules is required so that only the rules that affect 

the inference results can be stored. Specifically, the rules that always have zero prob-

abilities do not appear in CPMs, which is particularly advantageous under the pres-

ence of deterministic functions, i.e. a single outcome has a conditional probability of 

one and all others have probability zero. In addition, as discussed in Section 2.4.2, 

CPMs are valid for the case of approximate inference as well, in which only a subset 

of an event is quantified. It is also noted that although a CPM is a set of rules, its 

data structure for implementation takes the form of matrices. Therefore, the union 

and subtraction of two CPMs, i.e. ℳ� ∪ ℳ� and ℳ� − ℳ�, refer to the addition 

and exclusion of rows in the corresponding matrices. 

The extra overhead required for CPMs compared to CPTs is the storage of r 

required in addition to that of p, and the use of the index function introduced to check 
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compatibility during inference as illustrated in Section 2.4. Accordingly, when most 

instances have non-zero probabilities and the size of a given problem is so small that 

all instances can be explicitly enumerated, CPTs are preferable to MBN. By contrast, 

when most instances have zero probabilities or the CPTs cannot be quantified due to 

the large size of a BN node, the gain from selective inclusion of events in quantifying 

PMFs often dominates the additional cost caused by the storage of r. Moreover, in 

such large BNs, the high demand on memory is usually the principal problem rather 

than the computational cost required for inference, which makes MBN the preferable 

choice.  

 

2.3.2 Strategy to identify disjoint rules for CPM 

To construct a valid CPM, the second condition of Definition 2.3 must be sat-

isfied. However, the use of the “1” state may obscure whether or not all rules in a 

CPM have exclusive assignments to each other. One possible way to check this is to 

examine every pair of the rules in a CPM and confirm that their assignments are not 

compatible with each other, following the definition of compatibility. Aside from 

such an elementary check, this chapter discusses an example strategy to identify a 

set of disjoint rules. 

Using the “1” state, a set of outcomes can be expressed by one rule. This strat-

egy is classified as implicit enumeration, because individual outcomes are implicitly 

quantified. A number of methodologies have been proposed to this end, ranging from 

general methodologies such as fault tree (Vesely et al., 1981), event tree (Gondran, 

1986), and branch and bound (Wolsey, 1998) to problem-oriented ones such as de-

composition algorithms for network connectivity (Li and He, 2002), flow capacity 
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of network (Jane and Laih, 2008), and structural systems (Lee and Song, 2011). Un-

derlying these methodologies is the common idea of partitioning an event into the 

smallest number of disjoint subsets for which the elements can be specified without 

further investigation.  

As an example, we here illustrate the branch and bound method, applied to the 

reliability block diagram (RBD) example of Figure 2.2 (Heckerman and Breese, 

1996; Bensi et al., 2013). The r.v.’s ��, . = 1,2, ⋯ ,8, take value 0 when the n-th 

component has failed and value 1 when it is in operation, while the r.v. ���� where 

0 = 8 representing the system state, takes value 0 when the source and sink nodes 

are disconnected and 1 when they are connected, which is determined in function of 


� = C��, ��, ⋯ , �uD. 

 

 

Figure 2.2. RBD example 

 

Figure 2.3 illustrates the process of branch and bound to identify the disjoint 

subsets of the event associated with �(����|
�). Each subset (marked as a node) 

arising during this process is branched (marked as an arrow) based on the assignment 

of each r.v.. Specifically, for u�, the RBD is disconnected, i.e. resulting in ���� , 

regardless of the assignments of 
� − C�uD. Therefore, the branching is terminated 

for the subset represented by the assignment 1� over 
� that specifies the failure 
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of �u. However, for u�, the value of ���� still depends on the assignment of the 

r.v.’s in 
� − C�uD, so the branching is continued. Since r.v. �� cannot take values 

0 and 1 simultaneously, this branching strategy guarantees that all generated subsets 

are disjoint. As portrayed in Figure 2.3, a total of nine subsets, represented by 1B for 

) = 1,2, ⋯ ,9, suffice to cover the entire event set of �(����|
�). 

 

 
Figure 2.3. Branch and bound method to decompose the system event of the RBD 

example 

 

Consequently, the CPM ℳ = 〈r; s〉  with these rules RB = 〈(���, aB); E〉 , 
) = 1, ⋯ ,9 is  

r =
⎣⎢
⎢⎢
⎢⎢
⎢⎢
⎡0 −1 −1 −1 −1 −1 −1 −1 00 −1 −1 −1 −1 −1 −1 0 11 1 −1 −1 −1 −1 −1 1 11 0 1 −1 −1 −1 −1 1 11 0 0 1 −1 −1 −1 1 10 0 0 0 0 −1 −1 1 10 0 0 0 1 0 −1 1 10 0 0 0 1 1 0 1 11 0 0 0 1 1 1 1 1⎦⎥

⎥⎥
⎥⎥
⎥⎥
⎤
 and s =

⎣⎢
⎢⎢
⎢⎢
⎢⎢
⎡111111111⎦⎥

⎥⎥
⎥⎥
⎥⎥
⎤
 (2.8) 

where the columns of r sequentially correspond to the r.v.’s ��� and �, . =
1, ⋯ ,8. As should be evident from this simple example, the order of r.v.’s according 

to which the event is partitioned determines the efficiency of the decomposition, i.e. 

the smaller set of components that determine the system state, the more efficient the 

quantification becomes. Multiple specialized algorithms have been developed to find 
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the optimal order (Jane and Laih, 2008; Lee and Song, 2011), e.g. the recursive de-

composition algorithm (RDA) (Li and He, 2002; Lim and Song, 2012).  

 

2.3.3 Construction of CPM for deterministic functions 

In order to illustrate the construction of CPMs and demonstrate their efficiency, 

the CPMs for three basic types of deterministic functions are discussed – namely, 

conjunction, disjunction, and a general if-then logic. In the following, values of 1 

and 0 respectively represent the true and false states. First, the conjunction event of 

a set of r.v.’s is true if and only if the states of all r.v.’s are true. This condition cor-

responds to series systems, which are in operation only when all components are in 

operation. With the branch and bound scheme, the event of �(����|
�) where the 

r.v. ���� is the conjunction of the r.v.’s 
� = C��, ��, ⋯ , ��D, is decomposed as 

illustrated in Figure 2.4. 

 

 

Figure 2.4. Branch and bound method to decompose the conjunction event of w(����|
�) 

 

As a result, the CPM ℳ = 〈r; s〉 of �(����|
�) is modeled with the rules 

RB = 〈(���, 1B); E〉, ) = 1, ⋯ , (0 x 1) as 
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r =
⎣⎢
⎢⎢⎢
⎡0 0 −1 −1 ⋯ −10 1 0 −1 ⋯ −10 1 1 0 ⋯ −1⋮ ⋮ ⋮ ⋮ ⋮ ⋮0 1 1 1 ⋯ 01 1 1 1 ⋯ 1 ⎦⎥

⎥⎥⎥
⎤
 and s =

⎣⎢
⎢⎢⎢
⎡111⋮11⎦⎥

⎥⎥⎥
⎤
 (2.9) 

where the columns of r correspond to the r.v.’s ��� and �, . = 1, ⋯ , (0 x 1) 

in sequence. It is noted that the number of parameters in the CPM of Eq. (2.9) is 

(0 x 1) × (0 x 2)  while an exhaustive enumeration would require 2�  parame-

ters. This is because an assignment with the “−1” state over a subset of r.v.’s Y 

stands for ∏ |�=>(d)|{∈Y  assignments. 

When the r.v. ���� is the disjunction of the r.v.’s 
�, ���� is false if and 

only if all r.v.’s in 
� are false. A parallel system corresponds to a disjunction event 

as the system fails only when all of its components fail. Since this logical relationship 

is equivalent to the negation of conjunction, the CPMs are modeled by switching 0 

and 1 in C����D ∪ 
� of Eq. (2.9).  

For the if-then logic, consider the statement  

If 
|} = [|}, then Y~��� = ^~���. (2.10) 

for two sets of r.v.’s 
|} ⊆ 
 and Y~��� ⊆ Y. Eq. (2.10) leads to the rule R = 〈1; E〉 
associated with �(Y|
) as 

1〈
|}〉 = [|}, 1〈Y~���〉 = �~���, 1〈
 − 
|}〉 = −b�×|
�
��|, 1〈Y − Y~���〉 = −b�×|Y�Y����|, and E = 1 
(2.11) 

As illustrated by Eq. (2.11), any if-then statement can be summarized into a single 

rule while implying the outcomes amounting to ∏ |�=>(�)|�∈C(
∪Y)�(
��∪Y����)D . For 

example, In Section 2.3.2, the logical statement corresponding to the first row in Eq. 

(2.8) is 
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If �u = 0, then �� = 0. (2.12) 

which covers 2� outcomes. Since any deterministic function is equivalent to a set 

of if-then logical statements, Eq. (2.11) is applicable to general functions. 

 

2.3.4 Application of other methodologies to the reliability block diagram (RBD) 

example 

In this section, the event of �� conditioned on 
� in the RBD example of 

Section 2.3.2 is modeled by four methodologies (Boutilier et al., 1996; Zhang and 

Poole, 1996; Darwiche, 2003; Bensi et al., 2013) other than MBN discussed in Sec-

tion 2.2.3. The formulation by MBN – Eq. (2.8) – and the general comparison be-

tween methodologies can be found in Section 2.2.3. 

First, Figure 2.5 illustrates the naïve, but most intuitive graphical structure of 

BN corresponding to the RBD. It is noted that in this naïve modeling, the node ���� 

has eight parent nodes, resulting in the CPT quantified by 2� parameters, despite 

the clear regularity identified in Section 2.3.2. In order to exclude such redundancy, 

it has been proposed to modify the graphical structure to reduce the number of parent 

nodes (Heckerman and Breese, 1996; Bensi et al., 2013). To this end, “super com-

ponents” are introduced: U+�  and U+�  are the series systems respectively of 

C�8, ��, ��D  and C��, �uD ; and U+*  is a parallel system of C��, ��, �*, U+�D . 

Thereby, the system event becomes a series system of CU+*, U+�D as illustrated by 

the modified BN structure in Figure 2.6. This alternative representation can reduce 

the maximum number of parent nodes although the graphical representation becomes 

less intuitive. 
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Figure 2.5. Naïve BN modeling of the example RBD in Section 2.3.2 

 

 

Figure 2.6. BN of the RBD example proposed by Bensi et al. (2013) 

In describing the following three methodologies, i.e. the network polynomial 

(Darwiche, 2003), tree-based PMFs (Boutilier et al., 1996), and rule-based PMFs 

(Poole, 1996), the disjoint cut- and link-sets identified in Section 2.3.2 are utilized. 

First, the network polynomial formulates the BN inference as the computation of a 

multilinear function. To this end, two types of variables are introduced – namely, 

evidence indicators �� and network parameters ��|q – for each assignment (, q) 

over a r.v. � and its parent nodes m. �� is 1 when the assignment  is compatible 

with a given context, and 0 otherwise, while ��|q is the probability �(|q). The 

BN inference over the r.v.’s 
 is then formulated with these variables as  
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��� = � @ ����|q(�,q)~[[∈���(
)  (2.13) 

where ��� is equivalent to the probability of any assignment for which �� are set. 

In order to efficiently compute Eq. (2.13), Darwiche (2003) proposed to construct an 

arithmetic circuit to exploit the identified regularity in the given event. 

For the RBD example, the circuit can be constructed as illustrated in Figure 2.7. 

The circuit has become more efficient, i.e. involves less nodes and arrows, utilizing 

the knowledge of the event. Specifically, the circuit is directly connected to the evi-

dence indicators of �� whenever the assignment of �� is confirmed, e.g. the mul-

tiplication node ∗ of u� is directly connected to that of ����  as u� immediately 

leads to ���� . 

 

Figure 2.7. Arithmetic circuit of the network polynomial for the example RBD 

 

On the other hand, Boutilier et al. (1996) proposed to represent a PMF by a tree 

structure as illustrated in Figure 2.8. The tuples at each end of arrows denote 

(�(��|1), �(��|1))  for given context 1  over 
� . In both methodologies of the 

network polynomial and tree-based representation, it is not always straightforward 
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to construct an efficient structure based on the available knowledge. Moreover, their 

specialized inference methodologies limit their applicability. 

 

 

Figure 2.8. Tree-based representation of �(��|
�) of the RBD example 

 

Finally, in the original rule-based representation, the rules for �(����|
�) are 

quantified as 

⎩⎪
⎪⎪
⎪⎪
⎪⎪
⎪⎪
⎨
⎪⎪
⎪⎪
⎪⎪
⎪⎪
⎪⎧��: 〈u�, ��; 1〉��: 〈u�, ��; 0〉�*: 〈u�, ��, ��; 1〉�8: 〈u�, ��, ��; 0〉��: 〈u�, ��, ��, ��; 0〉��: 〈u�, ��, ��, ��; 1〉��: 〈u�, ��, ��, ��, ��; 0〉�u: 〈u�, ��, ��, ��, ��; 1〉��: 〈u�, ��, ��, ��, *�, ��; 0〉���: 〈u�, ��, ��, ��, *�, ��; 1〉���: 〈u�, ��, ��, ��, *�, 8�, ��; 1〉���: 〈u�, ��, ��, ��, *�, 8�, ��; 0〉��*: 〈u�, ��, ��, ��, *�, 8�, ��, ��; 1〉��8: 〈u�, ��, ��, ��, *�, 8�, ��, ��; 0〉���: 〈u�, ��, ��, ��, *�, 8�, ��, ��, ��; 1〉���: 〈u�, ��, ��, ��, *�, 8�, ��, ��, ��; 0〉���: 〈u�, ��, ��, ��, *�, 8�, ��, ��, ��; 0〉��u: 〈u�, ��, ��, ��, *�, 8�, ��, ��, ��; 1〉⎭⎪

⎪⎪
⎪⎪
⎪⎪
⎪⎪
⎬
⎪⎪
⎪⎪
⎪⎪
⎪⎪
⎪⎫

 (2.14) 

where �B = 〈1; E〉 , ) = 1,2, ⋯ ,18  denote the rules with the assignment 1  over 

C��D ∪ 
� and the corresponding probability E. These rules are defined similarly 
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to those in MBN, but also include those with zero probability, doubling the number 

of rules. Furthermore, the inconsistent lengths of those rules make the data structure 

inefficient for implementation.  

These comparisons highlight the efficiency of MBN in quantifying a given PMF, 

compared to the existing methods. Specifically, the CPM can be modeled with the 

least number of outcomes compared to the exhaustive quantification and the original 

rule-based representation. Furthermore, the modeling of MBN reflecting the regu-

larity in a system is straightforward compared to the other methodologies that em-

ploy certain specialized structures (Boutilier et al., 1996; Heckerman and Breese, 

1996; Darwiche, 2003; Bensi et al., 2013). Finally, the data structure of matrix allows 

for the efficient implementation of MBN compared to the original rule-based repre-

sentation.  

 

2.4 Probabilistic inference using MBN 

2.4.1 Basic operations for inference using MBN 

In this section, basic operations, i.e. conditioning, sum, and product – are for-

mulated for MBN so that the proposed methodology becomes compatible with ex-

isting BN inference methodologies such as variable elimination (VE), clique tree 

(CT), or conditioning (Koller and Friedman, 2009). The developed concepts are sim-

ilar to their counterparts in the original rule-based representation, but expanded to fit 

the definitions of rules introduced for MBN.  

The conditioning operation allows us to introduce evidence (observations) ¢ 

on nodes in the BN. The definition of conditioning for MBN is as follows.  
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Definition 2.4. (Conditioning operation in MBN): Consider a CPM ℳ = 〈r; s〉
with UVWEX�ℳ� = 
 and a context £ = ¢. Let us consider a reduced CPM 

ℳ∗ = CR = 〈1; E〉 ∈ ℳ: 1~¢D = 〈r∗; s∗〉 (2.15) 

Then, ℳ is conditioned on £ = ¢, by setting 

ℳ�¢� = C〈1∗〈
 − £〉, £ = ¢; E∗〉 ∶ 〈1∗; E∗〉 ∈ ℳ∗D (2.16) 

 

 

After sorting out the rules whose assignments are compatible with the given 

context £ = ¢ as indicated by Eq. (2.15), Eq. (2.16) implies that the “1” state as-

signed to the r.v.’s in £ has to be altered to ¢.  

The sum operation marginalizes out a r.v. from a given distribution, and is de-

fined in MBN as follows.  

Definition 2.5. (Sum operation in MBN): Let d  be a variable and RB , ) =
1,2, ⋯ , 7 be a rule of the form RB = 〈1, d = ¥B; EB〉. Then for ℳ = CR�, R�, ⋯ , R2D, 

the sum is defined as ∑ ℳ{ = 〈1; ∑ EB2B�� 〉. 

 

The definition above leads to the following algorithm of sum operation. 

Algorithm 2.1. Sum using CPMs 

 Procedure CPM-Sum ( 

 ℳ   // CPM 

 d   // r.v.’s to be summed out 

 ) 
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1 ℳ� ← ℳ  

2 ℳ� ← ∅  

3 while ℳ� ≠ ∅ 

4 Select ℳ` ⊆ ℳ� such that 

5 ℳ` = C〈1, d = ¥�; E�〉, ⋯ , 〈1, d = ¥2; E2〉D  

6 (no other R ∈ ℳ� is compatible with 1) 

7 ℳ� ← ℳ� ∪ ∑ ℳ`{    

8 ℳ� ← ℳ� − ℳ`  

9 return ℳ� 

  

 

Finally, the product operation of two rules in MBN is defined as follows.  

Definition 2.6. (Product operation in MBN): Let R� = 〈1�; E�〉 and R� = 〈1�; E�〉
be two rules respectively with scopes 
 and Y. If 1�~1�, then their product 

R∗ = R� ∙ R� = 〈1; E� ∙ E�〉 with UVWEX�R∗� = 
 ∪ Y (2.17) 

where for � ∈  
 ∪ Y, 1〈�〉 = ¨ 1�〈�〉, if � ∈ 
 and 1�〈�〉 ≠ −11�〈�〉, if � ∈ Y − 
 and 1�〈�〉 ≠ −1−1, otherwise  

 

The corresponding algorithm for the product operation is then designed as follows.  

Algorithm 2.2. Product using CPMs 

 Procedure CPM-Product ( 

 ℳ�, ℳ�   // CPMs to be product 

 ) 

1 ℳ� ← ∅  
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2 for each RB = 〈1B; EB〉 ∈ ℳ� 

3 Select ℳ` ⊆ ℳ� such that 

4 ℳ` = C〈1�; E�〉, ⋯ , 〈12; E2〉D  

5 (no other R ∈ ℳ� is compatible with aB) 
6 ℳ� ← ℳ� ∪ C〈1�; E�〉 ∙ RB , ⋯ , 〈12; E2〉 ∙ RBD  

7 return ℳ� 

  

 

In Algorithms 2.1 and 2.2, the rules with compatible assignments must be identified 

for each iteration, which is required µ(|ℳ|�) and µ(|ℳ�| ∙ |ℳ�|) times, respec-

tively.  

 

2.4.1.1 Example of the inference using MBN 

Using the three basic operations developed in Section 2.4.1, the VE algorithm 

for MBN can be developed as follows. 

Algorithm 2.3. Sum-product variable elimination using CPMs 

 Procedure CPM-Sum-Product-VE ( 

 ¶   // Set of CPMs 

 ·   // Set of r.v.’s to be eliminated 

 ≺   // Ordering on · 

 ) 

1 Let ��, ⋯ , �2 be an ordering of · such that 

2 �B ≺ �F if and only if ) < G 

3 for ) = 1, ⋯ , 7 

4 ¶ ← CPM-Sum-Product-Eliminate-Var (¶, �B) 
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5 º∗ ← ∏ ℳℳ∈¶    

6 return º∗ 

  

 Procedure CPM-Sum-Product-Eliminate-Var ( 

 ¶   // Set of CPMs 

 �   // Variable to be eliminated 

 ) 

1 ¶» ← Cℳ ∈ ¶: � ∈ UVWEX�ℳ�D  

2 ¶»» ← ¶ − ¶»  

3 ¼ ← ∏ ℳℳ∈¶½   

4 ¾ ← ∑ ¼�   

5 return ¶»» ∪ C¾D  

  

 

Similarly, other BN inference algorithms such as CT or conditioning, can also 

be developed for MBN by applying the newly defined basic operations to existing 

algorithms.   

 

2.4.2 Approximate BN inference using non-exhaustive CPMs 

When only a subset of an event is used for inference due to either infeasible 

computational cost or excessive memory demand for storing all outcomes, approxi-

mate inference can be carried out to compute the bounds of the quantity of interest. 

The derivation of these bounds depends on how the subset has been chosen, i.e. either 

deterministically (Li and He, 2002; Jane and Laih, 2010; Lee and Song, 2011; Lim 

and Song, 2012) or stochastically (Gelfand and Smith, 1990; Pearl, 1987). In this 
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section, the methodologies for both cases are developed in the framework of MBN. 

Their specific applications are illustrated by the RBD example (Figure 2.2) later in 

Section 2.4.2.3, and a real-world benchmark network in Section 2.5.2. In the follow-

ing, a non-exhaustive CPM refers to the CPM having some missing rules with non-

zero probabilities.  

 

2.4.2.1 Non-exhaustive CPMs by deterministic selection 

When a subset of outcomes are selected deterministically, the bounds of an es-

timate are computed deterministically as well. A joint PMF derived under the pres-

ence of non-exhaustive CPMs, ends up being non-exhaustive, i.e. it does not sum up 

to one. Therefore, the result of inference with such joint PMF provides the lower 

bound of the quantity (See Chapter 12.5 in Koller and Friedman (2009)). Similarly, 

the upper bound can be computed by subtracting the lower bound of the complemen-

tary event from unity, leading to the bounds formulated as 

��([) ≤ �([) ≤ 1 − ��(C[D`) (2.18) 

where C[D` = �=>(
) − C[D, and �([) and ��(∙) respectively refer to the proba-

bility of interest and the inference result under the presence of non-exhaustive CPMs. 

Likewise, the bounds for the posterior distribution 

�([|¢) = �([, ¢)�(¢)  (2.19) 

can be derived as follows using the bounds of �([, ¢) and �(¢) computed based 

on Eq. (2.18):  

��([, ¢)1 − ��(C¢D`) ≤ �([|¢) ≤ 1 − ��(C([, ¢)D`)��(¢)  (2.20) 



 

 

33 

It is noted that when the bounds either on ��(C([, ¢)D`) or ��(¢) are wide, the upper 

bound of Eq. (2.20) can exceed one, in which case it is set to one.  

 

2.4.2.2 Non-exhaustive CPMs by stochastic selection 

As a generalization of sampling using BNs, sampling and analytic inference can 

be concurrently applied respectively over two disjoint subsets of r.v.’s. When one of 

the two sets is empty, it corresponds to either sampling-based or exact inference of 

BNs. This strategy is called Rao-Blackwellizing (Koller and Friedman, 2009), and 

the expectation of a function �([) of assignment [ = 5[À, [Á , ¢6 with regard to a 

posterior distribution �(
|£) is computed as 

��([|¢)��([)� = � �5[À, [Á|¢6�5[À, [Á , ¢6[Â,[Ã  
= � �5[À, [Á , ¢6�(¢) �5[À, [Á , ¢6[Â,[Ã  
= 1�(¢) � Ä5[À6 �5[À, [Á , ¢6Ä5[À6 �5[À, [Á , ¢6[Â,[Ã  

= 1�(¢) � Ä5[À6 �5[À, ¢6Ä5[À6 � �5[Á|[À, ¢6�5[À, [Á , ¢6[Ã[Â  

(2.21) 

where 
À is the set of r.v.’s for which samples are generated from the importance 

sampling density Ä5
À6, and 
Á = 
 − 
À are the set of r.v.’s over which the ex-

act inference is carried out. Defining the weight of each sample as Å5[À6 =
�5[À, ¢6/Ä5[À6, Eq. (2.21) is written in short notation as 

��([|¢)��([)� = 1�(¢) �Ç5
Â6 ÈÅ5
À6��5[Ã|[Â,¢6��5[À, [Á , ¢6�É (2.22) 

When the marginal distribution �(¢) cannot be computed without the CPMs whose 

scopes include some r.v.’s in 
À, �(¢) in the denominator is derived as 
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�(¢) = � �5[À, ¢6[Â = � Ä5[À6 �5[À, ¢6Ä5[À6[Â = �Ç5
Â6�Å5
À6� (2.23) 

leading to the formulation 

��([|¢)��([)� = �Ç5
Â6 ÈÅ5
À6��5[Ã|[Â,¢6��5[À, [Á , ¢6�É�Ç5
Â6�Å5
À6�  (2.24) 

which corresponds to normalized importance sampling (IS). Otherwise, when �(¢) 

can be analytically computed without interfering with 
À, i.e. can be computed only 

with the CPMs whose scopes are the subsets of 
Á, Eq. (2.22) corresponds to the 

formulation of an unnormalized IS (Details about IS using probabilistic graphical 

models can be found in Chapter 12 of Koller and Friedman (2009)) 

In order to compute Eqs. (2.22) or (2.24), the data set of - samples 

Ê = ËÌ[À�f�, Å5[À�f�6, RÁ5[À�f�6ÍÎe��
Ï

 

where RÁ5[À�f�6 = ��5[Ã|[Â�e�,¢6��5[À�f�, [Á , ¢6� (2.25) 

needs to be generated by computing RÁ5[À�f�6 for each sample using any analyt-

ical BN inference methodology. To this end, the identical BN inference procedure 

over 
Á should be applied to each sample with MBN conditioned on the assign-

ment 5[À, [Á , ¢6. This leads to the following algorithm for Rao-Blackwellizing us-

ing MBN. 

 Algorithm 2.4. Rao-Blackwellizing in MBN 

 Procedure MBN-Rao-Blackwellizing ( 

 w   // Set of M tuples 〈[À; Ä5[À6〉 
 ¶   // Set of CPMs 

 �   // Function to be estimated 
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 £ = ¢   // Context on £ 

 
·   // Set of r.v.’s to be eliminated (The r.v.’s that do not affect the value  

          of �) 

 ≺   // Ordering on · 

 ) 

1 Let Y be UVWEX�¶� − 
À − £ − · 

2 Ê� ← ∅  

3 for each tuple 〈[À, Ä5[À6〉 ∈ w 

4 ℳ ← Reduce-and-VE (¶, 〈[À, ¢〉, ·, ≺) 

5 〈Å, RÁ〉 ← Compute-Particle (ℳ, Y, Ä5[À6, �) 

6 Ê� ← Ê� ∪ C〈Å, RÁ〉D  

7 return Ê� 

  

 Procedure Reduce-and-VE ( 

 ¶   // Set of CPMs 

 £ = ¢   // Context on £ 

 ·   // Set of r.v.’s to be eliminated 

 ≺   // Ordering on · 

 ) 

1 Reduce ℳ ∈ ¶ as 

2 ¶ = Cℳ��¢�, ⋯ , ℳ2�¢�D   

3 ℳ ← CPM-Sum-Product-VE (¶, ·, ≺)  

4 return ℳ 

  

 Procedure Compute-Particle ( 

 ℳ   // CPM 
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 Y   // Set of r.v.’s over which expectation is computed 

 Ä5[À6   // Probability of [À being sampled from Ä5
À6 

 �   // Function whose expectation is to be estimated 

 ) 

1 �5[Ð, ¢6 ← CPM-Sum (ℳ, Y)  

2 Å ← �5[Ð, ¢6/Ä5[À6  

3 RÁ ← 0  

4 for each rule R = 〈a; E〉 ∈ ℳ 

5 RÁ ← RÁ x E ∙ �(a)  

6 RÁ ← RÁ/�5[Ð, ¢6   

7 return 〈Å, RÁ〉 
  

 

Although the VE is employed in Algorithm 2.4 for the exact inference over 
Á, any 

exact BN inference method is applicable.  

As a result, the expectation of Eq. (2.24) is estimated as 

R̂ = ∑ Å5[À�f�6 ∙ RÁ5[À�f�6Ïe�� ∑ Å5[À�f�6Ïe��  (2.26) 

with the variance estimated as 

ÒÓ� = ∑ Å5[À�f�6�ÔRÁ5[À�f�6 − R̂Õ�Ïe�� Ô∑ Å5[À�f�6Ïe�� Õ�  (2.27) 

On the other hand, when �(¢) can be analytically computed, the expectation of Eq. 

(2.22) can be estimated – note that each RÁ5[À�f�6 is already divided by �(¢) in 

the proposed algorithm – as 
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R̂ = 1- � Å5[À�f�6 ∙ RÁ5[À�f�6Ï
e��  (2.28) 

with the sampling variance 

ÒÓ� = 1- � ÔÅ5[À�f�6RÁ5[À�f�6 − R̂Õ�Ï
e��  (2.29) 

When there is a correlation between samples, as is the case for some sampling tech-

niques, in particular Markov Chain Monte Carlo methods (Pearl, 1987; Neal, 1993; 

Au and Beck, 2001), the variances in Eqs. (2.27) and (2.29) need to include the auto-

covariance terms additionally. 

 

2.4.2.3 Approximate inference of the reliability block diagram example by 

MBN 

This section demonstrates the approximate inference using non-exhaustive set 

of events by estimating �(��|��) in the RBD example. In the following, the BN in 

Figure 2.5 is assumed to have the CPMs 〈r; s〉 of �(�B), ) = 1, 2, ⋯ , 8, where 

r = ÖB�B�×, s = H0.10.9I (2.30) 

First, as a non-exhaustive CPM with deterministically selected rules, consider 

the CPM of �(��|
�) in Eq. (2.8) with the last two rows missing. The inference 

results of �(��, ��) and �(��) are then computed as 

��(��, ��) = 0.7290��(C��, ��D`) = 0.2703��(��) = 0.8092��(C��D`) = 0.1901
 (2.31) 

Accordingly, the bounds of �(��|��) are evaluated by Eq. (2.20), i.e. 
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0.72901 − 0.1901 = 0.9001 ≤ �(��|��) ≤ 1 − 0.27030.8092 = 0.9018 
(2.32) 

To demonstrate the stochastic approach inference following Section 2.4.2.2, we 

consider the following 10 samples of w = C〈[À�f�; Ä5[À�f�6〉De����   with 
À =

�, where the assignments of 
� have been drawn from the binomial distribution 

with probability 0.9:  

w =

⎩⎪
⎪⎪
⎪⎨
⎪⎪
⎪⎪
⎧〈(��, ��, *�, 8�, ��, ��, ��, u�); 0.9� ∙ 0.1� = 5.314 × 10�*〉〈5��, ��, *�, 8�, ��, ��, ��, u�6; 0.9� ∙ 0.1� = 4.783 × 10��〉〈(��, ��, *�, 8�, ��, ��, ��, u�); 0.9u ∙ 0.1� = 4.305 × 10��〉〈(��, ��, *�, 8�, ��, ��, ��, u�); 0.9� ∙ 0.1� = 4.783 × 10��〉〈(��, ��, *�, 8�, ��, ��, ��, u�); 0.9� ∙ 0.1� = 4.783 × 10��〉〈(��, ��, *�, 8�, ��, ��, ��, u�); 0.9u ∙ 0.1� = 4.305 × 10��〉〈(��, ��, *�, 8�, ��, ��, ��, u�); 0.9� ∙ 0.1� = 4.783 × 10��〉〈(��, ��, *�, 8�, ��, ��, ��, u�); 0.9u ∙ 0.1� = 4.305 × 10��〉〈(��, ��, *�, 8�, ��, ��, ��, u�); 0.9u ∙ 0.1� = 4.305 × 10��〉〈(��, ��, *�, 8�, ��, ��, ��, u�); 0.9� ∙ 0.1� = 4.783 × 10��〉⎭⎪

⎪⎪
⎪⎬
⎪⎪
⎪⎪
⎫

 (2.33) 

Under each [À�f�  for f = 1,2, ⋯ ,10 , the assignment of 
Á = C��D  is deter-

mined by the observation whether the system is connected, leading to the CPM 

〈r〈�� ∪ 
�〉; s〉 for �(��|
�) as 

r =
⎣⎢
⎢⎢⎢
⎡1 0 1 1 1 1 0 1 11 1 1 1 1 0 1 1 11 1 1 1 1 1 1 1 11 1 1 1 1 1 0 1 10 1 1 1 1 1 1 0 10 1 1 1 1 1 1 1 0⎦⎥

⎥⎥⎥
⎤
, s =

⎣⎢
⎢⎢⎢
⎡111111⎦⎥

⎥⎥⎥
⎤
 (2.34) 

with the columns of r  that sequentially represent the r.v.’s �  and � , . =
1, ⋯ ,8. The rules in Eq. (2.34) are reduced to five as some instances appear several 

times in w of Eq. (2.33). Following Algorithm 2.4 for the query �(��|��), along 

with the set of CPMs ¶ of the CPMs for ��, . = 1,2, ⋯ ,8, in Eq. (2.30) and the 

CPM 〈r; s〉 for �(����|
�) in Eq. (2.34), the other input variables are set as 
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� = Ú�(��, ���� )� £ = C����D, ¢ = C���� D · = C����, ��, ��, ⋯ , �uD − C����, ��D = C��, �*, ⋯ , �uD, and �� ≺ �* ≺ ⋯ ≺ �u 

(2.35) 

where Ú�∙� is the index function, i.e. having the value 1 when the given statement is 

true and 0 otherwise. With this setting, the operation to get the CPM ℳ�» = 〈r�» ; s�» 〉 
on �(��, ��) for the first sample 

ℳ�» ← Reduce − and − VE5¶, 〈¢, [À�1�〉, ·, ≺6 (2.36) 

leads to 

r�» = �0 1� and s�» = �0.9� ∙ 0.1� = 5.314 × 10�*� (2.37) 

while the same operation for the second sample yields the CPM º�» = 〈r�» ; s�» 〉 
with 

r�» = �1 1� and s�» = �0.9� ∙ 0.1� = 4.783 × 10��� (2.38) 

Then, the next operation on the first sample of 

〈Å5[À�1�6, R5[À�1�6〉 ← Compute − Particle Ìº�» , ∅, Ä5[À�1�6Í (2.39) 

computes 

Å5[À�1�6 = 0 and R5[À�1�6 = 0 (2.40) 

as there remain no rules compatible with (��, ��), the result for the second sample 

is 

Å5[À�2�6 = 4.783 × 10��4.783 × 10�� = 1, and R5[À�2�6 = 4.783 × 10��4.783 × 10�� = 1 (2.41) 

whose computation is also trivial as there is only one rule. 

Consequently, in this example, the data set C〈Å5[À�f�6, RÁ5[À�f�6〉De����  is 

derived from the deterministic relationship between U and å, as 
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Å5[À�f�6 = æ1, if �5��|[À�f�6 = 1 0, otherwise  (2.42) 

and 

R5[À�f�6 = æ1, if �5��|[À�f�6 = 1 and [À�f�〈��〉 = ��0, otherwise  (2.43) 

Finally, �(��|��) is estimated as 

R̂ = 78 = 0.8750 (2.44) 

with the sampling variance ÒÓ� and coefficient of covariance çè 
ÒÓ� = 7 ∙ (1 − 0.8750)� x 1 ∙ (0 − 0.8750)�8� = 0.01367 and 

çè = 1|R̂| êÒÓ�8 = 0.04725 

(2.45) 

The final number of samples is decreased to eight as reflected in Eq. (2.45) as two 

samples are rejected because of their inconsistency with the context ¢. The results 

well approximate the exact result of �(��|��) = 0.9008, which demonstrates that 

using MBN, the BN methodologies of modeling and inference can be extended to 

the approximate inference. Such capability of general probabilistic inference demon-

strates the utility of BN as well, especially compared to standard analysis methodol-

ogies such as fault tree analysis (Vesely et al., 1981). 

 

2.5 Numerical examples 

2.5.1 MBN application to connectivity of random graphs 

To demonstrate the efficiency of MBN, the connectivity of random graphs (Al-

bert-László, 2001) is modeled and investigated using CPMs. The size of these graphs 

is increased from 11 nodes and 22 uni-directional links to 21 nodes and 55 links by 
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adding the nodes and links such that roughly 10 percent of possible links are ran-

domly selected. Figure 2.9 depicts the final graph after the random additions of nodes 

and links. 

 

 
Figure 2.9. The example random graph with 21 nodes and 55 links 

 

It is assumed that the links are the only components that can fail, i.e. the nodes 

do not fail. The system is considered to have survived if there is at least one path 

between the source node 1 and the terminal node 11, and failed otherwise. Since the 

connectivity is determined by the states of the links, the graphical structure of the 

BN is modeled by a converging structure as in Figure 2.5 with the number of parent 

nodes equal to that of links, denoted by 0. Therefore, this naïve formulation requires 

2��� parameters to describe the PMF of the child node – the r.v. that represents the 

connectivity of the graph – if a CPT is used for such BN.  

On the contrary, MBN can be modeled by identifying the disjoint rules employ-

ing the RDA (Li and He, 2002; Lim and Song, 2012), which systematically identifies 
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the disjoint subsets of an event for network connectivity problems. The methodology 

follows an equivalent principle with the branch and bound framework illustrated in 

Section 2.3.2. The order of r.v.’s according to which the event is decomposed is de-

termined by sequentially searching the shortest paths from the source to the terminal 

nodes. Then, the CPM for �(����|
�) can be constructed based on these identi-

fied paths. 

For example, suppose that among the 11 links 
� = C��, ��, ⋯ , ��D  with 

0 = 11, the RDA identifies that failures of ��, ��, and �� result in the disconnec-

tion of the system (���� ). This cut-set corresponds to the rule R = 〈a〈C����D ∪

�〉; s〉 with 

a = �0 0 −1 −1 −1 0 −1 0 −1 −1 −1 −1� and s = �1� (2.46) 

where the value 0 denotes the failure of the corresponding link or the system, and 

the elements of a sequentially represent the assignments over the r.v.’s ��� and 

�, . = 1, ⋯ ,11. Figure 2.10 shows the number of disjoint subsets identified by the 

RDA until the entire event space is covered. It is noted that each identified subset 

produces one rule, and the comparison between the number of parameters required 

for MBN – the elements in the CPMs – and the naïve formulation is provided in 

Figure 2.11. Furthermore, the probability of disconnection �(���� ) and the condi-

tional probability �(��� |���� )  are evaluated assuming that the r.v.’s �� , . =
1,2, ⋯ , 0 have CPM 〈r; s〉 with 

r = H01I and s = H0.10.9I (2.47) 

where ��� corresponds to the link that connects nodes 7 and 11. Figure 2.12 shows 

the inference results of the two probabilistic quantities for each graph. 
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Figure 2.10. The number of disjoint subsets identified by the RDA for the random 

graphs 

 

 
Figure 2.11. The number of parameters required for MBN and the CPT of naïve 

formulation 
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Figure 2.12. The probabilities �(���� ) and �(��� |���� ) in the random graphs 

 

The results confirm that MBN can model the BN much more efficiently than 

the naïve formulation, and facilitate straightforward exploitation of the given infor-

mation on an event. This suggests that MBN can extend the applicability of BNs to 

larger systems. 

 

2.5.2 MBN application to connectivity of Sioux Falls benchmark network 

In order to demonstrate MBN-based approximate inference of a large-size net-

work, we investigate the connectivity between the source and terminal nodes of the 

Sioux Falls network (Lee et al., 2011), illustrated in Figure 2.13. The network con-

sists of 24 nodes and 76 uni-directional links, wherein the state of each link is deter-

mined by a reinforced concrete (RC) bridge, and the links are the only components 

that can fail. Figure 2.14 describes the graphical structure of the BN for the network 
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where the r.v.’s - and ë respectively are the magnitude and location of an earth-

quake, and ���� represents the connectivity of the system – taking the value 1 for 

connection and 0 for disconnection between the source and terminal nodes. In addi-

tion, ì� represents the deterioration state (1 for being deteriorated and 0 otherwise), 

,� the result of inspection (1 for being observed as deteriorated and 0 otherwise), 

and �� the bridge operation state (1 for being in operation and 0 for failure) of the 

.-th link, . = 1, ⋯ ,76.  

Due to the large number of links, exact inference by BN is infeasible, and thus 

the CPM for �(����|
�) remains non-exhaustive. The probability queries of in-

terest in this example, are �(���� ) and �(*u� |���� , )*u� ). We apply deterministic 

approximate inference, wherein we identify the rules in the CPM for �(����|
�) 

by the RDA, and stochastic inference. 

 

 
Figure 2.13. The Sioux Falls network and the hypothetical epicenter locations 
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Figure 2.14. The BN for the Sioux Falls network 

 

2.5.2.1 Conditional probability distribution of each random variable 

The magnitude - is assumed to follow the truncated exponential distribution 

(Cosentino, 1977) as 

�Ï(f) = í î exp�−î(f − f�)�1 − exp�−î(f − f�)� , for f� ≤ f ≤ fÀ0, elsewhere  (2.48) 

where the parameter î, and the minimum f� and the maximum fÀ are respec-

tively set to 0.76, 6.0, and 8.5. -  is discretized into five states with intervals 

(−∞, 6.5�, (6.5,7�, (7,7.5�, (7.5,8�, and (8, ∞). For ë, ten discrete locations of 

epicenter are considered, each having probability 0.1. The locations range from 2.0 

km to 2.5 km in x-coordinate and 2.5 km to 2.0 km in y-coordinate as illustrated in 

Figure 2.13.  

�(ì�) for . = 1,2, ⋯ ,76 are determined by simplifying the RC column de-

terioration model proposed by Choe et al. (2008). The formula for time ñ̀ òóó when 

the chloride concentration at the cover depth of the reinforcement reaches the critical 

chloride concentration is simplified to 
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ñ̀ òóó = + �ô7� (2.49) 

where �ô, 7�, and + respectively refer to the model uncertainty coefficient to ac-

count for the idealization of Fick’s second law, the environmental factor, and the 

coefficient that summarizes the other terms in the original formulation. In this exam-

ple, 7� and + are assumed to be constant while �ô is the only r.v., following a 

lognormal distribution with mean 1 and the standard deviation 0.05. + is assumed 

to be 100, while 7� is 0.924 for bridges under tidal condition (Links 37, 38, 39, 42, 

62, 64, 65, 66, 69, 70, 71, 72, 73, 74, 75, and 76), 0.265 for bridges under splash 

condition (Links 7, 33, 34, 35, 36, 40, 41, 44, 45, 46, 57, 59, 61, 63, 67, and 68), and 

0.676 for bridge under atmospheric condition (the other links). These values are the 

mean values proposed by Choe et al. (2008). The probability of deterioration taking 

place after time õ = 20 years is computed as 

�5�B�6 = �(ñ̀ òóó ≤ õ) and �5�B�6 = 1 − �5�B�6, ) = 1,2, ⋯ ,76 (2.50) 

On the other hand, �(,B|ìB) for ) = 1,2, ⋯ ,76 are given as  

�5)B�|�B�6 = 0.9, �5)B�|�B�6 = 0.1, �5)B�|�B�6 = 0.2, and �5)B�|�B�6 = 0.8 (2.51) 

The construction of �(��|ì�, -, ë)  for . = 1,2, ⋯ ,76 , follows the proce-

dure illustrated in the numerical example of Lee et al. (2011). The failure probability 

of the links is computed based on the approximate bivariate seismic fragility model 

proposed by Huang et al. (2010) along with the proposed geometry and material in 

the reference. Using the fragility model, the probability that the drift capacity level 

of 4% is attained or exceeded, is computed as the failure probability of each link, 

given the values of two earthquake intensity measures, the normalized pseudo-spec-

tral acceleration (PSA) �Uö/÷ , and the normalized peak ground velocity (PGV) 
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�ø� ∙ ñ�/ùú; therein ÷ is the acceleration of the gravity, ùú = 6.7056 m is the 

height of the bridge column, and ñ� is the first mode period of the bridges, esti-

mated respectively as 0.9616 and 1.0106 sec. for �B� and �B�. Furthermore, the as-

signment of �B� is assumed to result in 10% reduction in the reinforcement diameter 

while the full reinforcement area is considered for �B�. The intensity measures �Uö 

and �ø� that each bridge experiences given each assignment of C-, ëD, are com-

puted following Huang et al. (2010). 

 

2.5.2.2 Approximate inferences of probabilistic queries 

For the deterministic construction of the CPM of �(����|
�), 5,000 disjoint 

rules are searched by RDA. Based on this CPM and the ones illustrated in Section 

2.5.2.1, all r.v.’s but ���� are marginalized for the query �(���� ), and all r.v.’s 

other than ����, �*u, and ,*u for �(*u� |���� , )*u� ). Then, the bounds are com-

puted as 

��(���� ) ≤ �(���� ) ≤ 1 − ��(���� ) (2.52) 

and 

��(*u� , ���� , )*u� )1 − ��(C(���� , )*u� )D`) ≤ �(*u� |���� , )*u� ) ≤ 1 − ��(C(*u� , ���� , )*u� )D`)��(���� , )*u� )  (2.53) 

For the evaluation of the joint probabilities in Eq. (2.53), we use the VE algo-

rithm of Algorithm 2.3. The inference results – upper and lower bounds – of the two 

quantities are summarized in Table 2.2.  

For stochastic construction of the CPM of �(����|
�), 100,000 samples of 


�  are generated by sampling ��  for . = 1,2, ⋯ , 0  where 0 = 76  inde-

pendently from the binomial distribution with probability 0.95 of taking value 1. 
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����  is observed in 832 of those samples. This IS density is selected for illustrative 

purposes and is not optimized; we note that the selection of an appropriate IS density 

should be further investigated in the future studies. 

Table 2.1 tabularizes the input variables to Algorithm 2.4 for estimating the 

queries other than w and ¶, where û = C,�, ,�, ⋯ , ,�D and  = Cì�, ì�, ⋯ , ì�D. 

Thereby, as £ is an empty set when evaluating �(���� ), its estimation corresponds 

to the unnormalized IS, while �(*u� |���� , )*u� ) is estimated as the normalized IS. 

Computation of the normalizing �(���� , )*u� )  requires the CPMs of 

�(��|ì�, -, ë) for . = 1,2, ⋯ , 0, and �(����|
�). 

The inference results – the mean value and coefficient of variation (c.o.v.) of 

the estimates – are summarized in Table 2.2, and they agree with the results evaluated 

both by the deterministic approach and by direct Monte Carlo Simulation (MCS) 

with 1,000,000 samples. The latter performs better in the unconditional case (which 

is expected given the higher number of samples), but worse in the conditional case 

where MCS is not efficient as many samples are rejected.  

It is noted that 5,000, 100,000, and 1,000,000 rules are utilized to quantify the 

CPM of �(����|
�) respectively for deterministic inference, IS, and MCS, while 

other CPMs remain identical. Since the number of rules is the parameter that controls 

the computational cost of inference as discussed in Section 2.4.2, the results suggest 

that the deterministic approach is more efficient in this example. It is expected that 

this is the case whenever there exists an efficient way to extract context-specific in-

dependence of component events in describing a system event, i.e. when the CPM 

of a system event can be constructed using the “−1” state. The RDA can identify 

such a construction in a connectivity problem, as demonstrated in this example. 
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However, for general problems, e.g. delayed time due to congestion in transportation 

networks, this construction might not be available, in which case sampling methods 

are the only alternative.  

 

Table 2.1. Input variables of Algorithm 4 for the Sioux Falls network example 

Query � £ = ¢ ≺ on · �(��� ) Ú���� � ∅ û ≺  ≺ - ≺ ë ≺ 
` 

�(V*u� |���� , )*u� ) Ú�(V*u� , ���� , )*u� )� C����, ,*uD= (���� , )*u� ) 

û − C,*uD ≺  ≺ -≺ ë ≺ 
` − C�*uD 

 

 

Table 2.2. Inference results with the non-exhaustive CPM of �(����|
�) 

Methods to build CPM �(����|
�) 
�(���� ) �(*u� |���� , )*u� ) 

RDA: [lower, upper bounds] [1.609, 1.612] × 103 [0.6909, 0.7086] 

Sampling from binomial distri-

bution: mean (c.o.v.) 
1.808 × 103 

(0.08882) 

0.7052 

(1.390 × 103) 

Monte Carlo Simulation: 

mean (c.o.v.) 
1.593 × 103 

(0.02504) 

0.6889 

(0.04090) 
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Chapter 3. Proxy objective functions for efficient 

optimization of large-scale systems 
 

3.1 Introduction 

In various efforts to construct, operate, and maintain real-world complex sys-

tems such as civil infrastructures and their networks, it is crucial to identify optimal 

decision-making strategies especially when budgets are limited. When dealing with 

such systems, the optimization should be able to take into account not only the per-

formance of individual components but also the system-level performance. However, 

mathematical formulations for the system-level optimization are not straightforward 

in general. In addition, for large-scale systems, multiple random variables (r.v.’s) are 

introduced to represent both external factors (e.g. natural or man-made hazards and 

deterioration-inducing environment) and internal factors (e.g. material or geometric 

properties of components and system), for which a high-dimensional joint probabil-

ity distribution needs to be constructed. Probabilistic graphical models (PGMs) can 

be employed to this end, which can translate real-world causal relationships into 

mathematical representations (Koller and Friedman, 2009; Bensi et al., 2013). 

The Bayesian network (BN) in Figure 3.1(a) can be extended to influence dia-

gram (ID) in Figure 3.1(b) for the purpose of decision-making. To this end, two ad-

ditional types of variables are introduced, namely, decision and utility variables. As 

the terms imply, decision variables represent the decision alternatives while utility 

variables quantify the utilities of each instance of interest. The optimal decision rule 

for an ID is defined as the probability mass functions (PMFs) of decision variables 

that minimize (or maximize) the sum of the expectations of utility variables. Discrete 
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BN and ID in which all r.v.’s are discrete, allow us to develop inference algorithms 

that are flexible and widely applicable.  

 

 
Figure 3.1. Converging structure of (a) BN and (b) ID for optimizing system-level 

performance 

 

As discussed in Chapter 2 and illustrated by Figure 3.1, BN and ID representing 

complex systems are often characterized by converging structures between the r.v.’s 

standing for component events, 
� = C��, ⋯ , ��D, and that for system event, ����. 

This is because the system state is determined by the combinatorial states of compo-

nents. In discrete BN and ID, such structure results in the exponential order of 

memory for quantification (which is addressed in Chapter 2), but also the exponen-

tial order of complexity for optimization of ID as the number of components in-

creases. As illustrated in Figure 3.1(b), when the system performance is considered 

as the utility variable representing a decision criterion (����), the decision alterna-

tives for each component (ì�, ⋯ , ì�) cannot be optimized separately since in most 

cases the optimization problem is non-convex, i.e. local optimality for each decision 

variable does not guarantee the global optimality. Therefore, the optimization needs 

to search all joint assignments of the decision variables. 
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Although several algorithms and methods have been developed for efficient op-

timization of ID, their applicable size of problems is still limited as illustrated in 

Section 1.1. In order to address this issue, this chapter proposes a proxy measure for 

the expectation of a utility variable, by which the optimization problem can be de-

composed into individual decision variables, i.e. approximately achieving the global 

optimality through local optimality. It is mathematically shown that the optimization 

problems using exact and proxy objective functions should be equivalent to each 

other in most problem settings. In addition, heuristic strategies can be developed to 

numerically check such equivalence in a given problem and compensate the approx-

imation errors. These formulations will be based on the matrix-based Bayesian net-

work (MBN), proposed in Chapter 2, so that the BN can be applied to large-scale 

systems.  

In addition, decision-making processes for complex systems often consider 

more than one objective, e.g. cost and system performance. These conflicting objec-

tives can be handled by having the objective function represent one of the objectives 

while the others are considered as constraints (Nishijima et al. 2009). While this 

strategy identifies a single optimal solution, in practice, a set of non-dominated so-

lutions – also called Pareto solutions or Pareto surface – might be of interest as it is 

often not straightforward to determine a pre-specified level or bounds for constraints 

in advance, e.g. budget limit or the upper bound of system failure probability. Diehl 

and Haimes (2004) developed an algorithm to identify all non-dominated solutions 

for discrete ID, but the algorithm is limited to the applications of relatively small size 

of problems. Heuristic algorithms such as genetic algorithm (GA) can also be useful 



 

 

54 

to this end (Yang and Frangopol, 2018). However, they might be inefficient espe-

cially when the computational cost for evaluating objective values is high, and it is 

often not straightforward to conclude the convergence of solutions. The proxy meas-

ure proposed in this paper allows for the analytical evaluation of a set of non-domi-

nated solutions by optimizing the weighed sum of objective values. Moreover, by 

developing an iterative optimization scheme, the approximation errors and the pos-

sibility of missing non-dominated solutions by weighted sum formulation, can be 

compensated to obtain more accurate and diverse solutions. 

The rest of this chapter is organized as follows. Section 3.2 provides a brief 

introduction of the ID and discusses the central issues addressed in this chapter. The 

extension of MBN for ID is also provided, aiming for efficient quantification of ID. 

Next, the proxy objective function is proposed for the efficient optimization of ID in 

Section 3.3, along with the mathematical derivations to assess the performance of 

the proposed alternative function. Section 3.4 illustrates the multi-objective optimi-

zation scheme proposed to obtain a set of non-dominated solutions by utilizing the 

proposed proxy function. This section also provides the performance analysis of the 

scheme as well as heuristic strategies to improve the performance. In Section 3.5, 

four numerical examples illustrate and demonstrate the proposed optimization meth-

odology. Two examples of relatively small sizes demonstrate the procedure and ac-

curacy of the proposed methodology while the other two examples test the efficiency 

as well, through the comparison with GA. The examples also demonstrate the ap-

plicability of MBN to large-scale civil systems with complex definitions of system 

events.  
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3.2 Quantification of Influence Diagram (ID) for complex sys-

tems using MBN 

3.2.1 Background: ID for large-scale systems 

ID introduces two types of variables in addition to r.v. in BN, namely, utility 

and decision variables. Utility variables � ∈ g, are deterministic functions of the 

assignments over their parent nodes, and represented by rhombuses in the graph. In 

the following discussions, the symbols to represent the utility variables are also used 

to refer to the corresponding deterministic functions, i.e. �(�=�). On the other hand, 

the decision variables ì ∈  , stand for the decision alternatives of consideration, 

which are illustrated by squares in the graph. A decision rule for ì refers to the 

conditional PMF �(ì|�=ü) which is determined in a way to minimize (or maxim-

ize) the sum of the expectations of utility variables. In this chapter, decision rules are 

assumed to have no parent nodes and only a deterministic decision rule is considered, 

i.e. �=ü = ∅  and �(ì)  assigns nonzero probability to exactly one value of ì . 

Therefore, a decision rule is equivalent to an assignment � over  , and the opti-

mization for ID is formulated as  

min�∈���( ) � ���|���∈g  (3.1) 

where ���|�� is the expectation of � given �, and �=>(∙) is the set of values 

that the corresponding variable can take.  

Figure 3.2 illustrates the basic structure of ID considered in this paper, for which 

two main assumptions are introduced. First, two types of utility variables are consid-

ered, namely, cost �� for ì�, . = 1, ⋯ , 0, and ���� that quantifies the system 

failure probability, i.e. 
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����(����) = æ1, ���� = 00, otherwise (3.2) 

where the r.v.’s ��, n = 1, ⋯, N, and ���� respectively stand for the events of n-th 

component and system. Secondly, a decision variable ì� is connected to only one 

r.v. ��, which in practical sense, implies that decision alternatives are separately 

considered for each component. Additional r.v.’s can be added to this basic model to 

account for other factors, e.g. hazards, external loads, and material properties, as 

illustrated in the numerical examples. Following the definitions of utilities intro-

duced in this chapter, minimization problem is considered as formulated in Eq. (3.1) 

while maximization problem is also common for ID. 

 

 
Figure 3.2. Basic structure of ID for complex systems 

 

3.2.1.1 Issue in optimization caused by converging structure 

The state of a system is determined by the joint states of its components, which 

was explained by the converging structure in BN and ID between nodes for the com-

ponents and the system, as illustrated in Figure 3.1. Such converging structure is the 

main source of difficulties not only in the quantification of BN, but also in the opti-

mization of ID. While the quantification issue can be resolved by MBN, the optimi-

zation issue is addressed in this chapter. 

To quantify the complexity of optimizing ID, consider the concept of strategic 
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relevance of a decision variable ì�ý ∈   to another decision variable ì�þ ∈  : A 

decision rule ��ý  is optimal for the decision rule 5���, ��þ6 , but not for 

5���, ��þ» 6  for two different assignments ��þ , ��þ» ∈ �=>5ì�þ6  where  �� =
 − Ôì�ý , ì�þÕ. In other words, the strategic relevance implies that the local opti-

mality of ��ý does not guarantee its global optimality (Koller and Friedman, 2009). 

In Figure 3.2, the utility variables ��, . = 1, ⋯ , 0, do not make the decision varia-

bles to be strategically relevant as the value of �� is determined only by ì�. How-

ever, in optimizing the expectation of ����, the N decision variables become strate-

gically relevant to each other through the converging structure. This raises the need 

for examining all joint assignments over  = Cì�, ⋯ , ì�D whose number again ex-

ponentially grows as 0 increases. In order to address this issue, a proxy measure 

for ������|�� is proposed in Section 3.3 for approximate but efficient optimization. 

 

3.2.2 Extension of MBN to ID 

The extension of MBN to ID is straightforward as the utility variables are de-

terministic functions of their parent nodes while the PMFs for decision variables do 

not have to be quantified in advance, but are optimized afterwards. For instance, 

from the definition of ����  in Eq. (3.2), the CPM ℳ���ý = 〈r���ý; s���ý〉  is 

quantified as 

r���ý = �1 0� and s���ý = �1� (3.3) 

where the first and second columns of r���ý refer to the assignments over ���� 

and ���� , respectively. It is noted that ℳ���ý  does not include the rule for 

����(���� ) = 0 as it does not affect the optimization result in analogy to events 
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with zero probability in the case of inference. 

 

3.3 Proxy objective function for optimizing ID that has multi-

ple strategically relevant decision variables 

In the followings, the optimization considers only the set of strategically influ-

ential r.v.’s, 
� ⊆ 
 in regards to utility variables g, while the other r.v.’s 
 ∩ 
�` 

are marginalized from given ID where strategic influence is defined as follows: 

Definition 3.1 (Strategic influence): Let ℐ be an ID, and consider a r.v. �, and a 

utility variable �. Given a set of decision variables,  , � is strategically influen-

tial to � if: 

▪ � is not conditionally independent of � given  ; and 

▪ Marginalization of �  in ℐ, makes some decision variables ì ∈    share 

their child nodes. 

 

Consequently, the event matrix r
�  of the marginal joint PMF �(
�), not the condi-

tional PMF �(
�|�=
�), is utilized in the following formulations. In addition, the set 


� is further decomposed into the two sets 
� = C��, ⋯ , ��D and 
� = 
� ∩ 
�̀, 

considering that decision variables ì� are the parent nodes of ��, . = 1, ⋯ , 0, 

and they are not directly connected to the r.v.’s in 
� , as illustrated by Figure 3.2. 

The expectation of � given a decision rule �, is then derived as 

���|�� = � �(1)� @ �3(1)3∈
� 
�� @ �3�(1, ��)3�∈
�

�1∈r
�
 (3.4) 

where 
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�3(1) = �(1〈�〉|1〈�=3〉) = � E»
〈1½;À½〉∈ℳ�:1½~1  

(3.5) 

and 1〈�〉 is the assignment over � in 1. The summation in Eq. (3.5) is valid for 

the “−1” state as well, by defining the compatibility between two assignments 1» 
and 1, denoted by 1»~1, as proposed in Section 2.3.1. Selecting a decision rule �� 

as a reference point, namely, a basis decision rule, Eq. (3.4) can also be expressed as 

���|�� = � �(1)� @ �3(1)3∈
� 
�� @ �3�51, �̅�63�∈
�

�� @ �3�(1, ��)�3�51, �̅�63�∈
�
�1∈r
�

 
= � �(1)�
�51, ��6� @ �3�(1, ��)�3�51, �̅�63�∈
�

�1∈r
�
 

= � �(1)�
�51, ��6� @ Ì1 x ∆�3�51, ��; �̅�6Í3�∈
�
�1∈r
�

 
= � �(1)�
�51, ��6�1 x � ∆�3�51, ��; �̅�6�

���1∈r
�
x � � ∆�3�ý 51, ��; �̅�6�

�þ��ý�� �3�þ 51, ��; �̅�6���
�ý�� x ⋯

x @ ∆�3�51, ��; �̅�6�
��� � 

 (3.6) 

where �=
� =  = Cì�, ⋯ , ì�D and 

∆�3�51, ��; �̅�6 = �3�(1, ��) − �3�51, �̅�6�3�51, �̅�6  (3.7) 

Then, the proxy measure of ���|��, denoted by ����|�; ���, is proposed as fol-

lows by ignoring the higher-order terms in the last line of Eq. (3.6): 



 

 

60 

����|�; ��� = � �(1)�
�51, ��6�1 x � ∆�3�51, ��; �̅�6�
��� 	1∈r
�

 
= ���|��� x � � �(1)�
�51, ��61∈r
�

∆�3�51, ��; �̅�6�
���  

= ���|��� x � ∆�����|��; ����
���  

(3.8) 

where ∆�����|��; ��� = ∑ �(1)�
�51, ��61∈r
� ∆�3�51, ��; �̅�6  represents the 

change in the expected value of � when the decision rule on �� is changed from 

�̅� to ��. Since the constant term ���|��� does not affect the optimization prob-

lem, the replacement of the expectation ���|�� in Eq. (3.1) by the approximate 

expectation ����|�; ��� in Eq. (3.8) leads to the optimization problem 

min�∈���( ) � ∆�����|��; ����
��� = � minÁ�∈���(ü�) � ∆�����|��; ����∈g

�
���  (3.9) 

As indicated by Eq. (3.9), the exchangeability between minimization and summation 

allows us to decompose the optimization problem in terms of individual decision 

variables. This means that regarding the proxy objective function in Eq. (3.8), the 

local and global optimality are equivalent, and the optimization can be simply done 

by finding the assignment �� ∈ �=>(ì�) that minimizes ∆�����|��; ��� for each 

decision variable ì�. 

The optimization of the proposed objective functions in Eq. (3.9) is equivalent 

to performing coordinate-descent (CD) algorithm in which optimization is executed 

successively by approximating the optimal coordinate directions at the points of in-
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terest (Wright, 2015). In other words, the proposed function is an approximate for-

mulations that CD algorithm assumes for its applications to optimizing ID. The ex-

plicit formulations provide the means for mathematical analysis of performance and 

structured development of heuristic strategies, as presented in the following sections.  

 

3.3.1 Performance analysis 

For the two optimization problems respectively defined in terms of ���|�� in 

Eq. (3.6) and ����|�; ��� in Eq. (3.8) to be equivalent, the exact and proxy objective 

functions should have positive correlations, i.e. 

If ���|��� ≥ ���|���, then ����|��; ��� ≥ ����|��; ��� 
for ∀��, �� ∈ �=>( ) 

(3.10) 

for some basis decision rule �� ∈ �=>( ). As the values of �3�(1, ��) vary depend-

ing on the chosen decision rule, when the terms are considered as continuous varia-

bles, Eq. (3.10) is equivalent to the condition 

�����|�; ���∂���|�� = � � �����|�; ���∂�3�(1, ��)� / ����|��∂�3�(1, ��)�1∈r
�

�
��� ≥ 0,

∀� ∈ �=>( ) 

(3.11) 

Before deriving the partial derivatives, it should be taken into account that the degree 

of freedom in determining the values of �3�(1, ��) is one less than |�=>(��)| for 

each ��, from the axiom that the sum of probabilities must be one. To reflect such 

constraint, an assignment 1Ó ∈ r
�  without “−1” state, is selected, leading to the re-

lationship with other instances 1 ∈ r
� − C1ÓD as 
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�3(1Ó, ��) = (1 − δ) − � �3(1, ��)1∈r
��C1ÓD  (3.12) 

The constant δ ≥ 0 does not affect the results of differentiation, but is introduced 

to keep Eq. (3.12) valid not only when the CPM ℳ34   is exhaustive, i.e. 

∑ �3(1, ��)1∈r
� = 1 and ç = 0, but also when ℳ3 is not, i.e. ∑ �3(1, ��)1∈r
� <
1 and ç > 0. Then, from Eqs. (3.8) and (3.4), the first partial derivative in the dou-

ble summation of Eq. (3.11) is derived for 1 ∈ r
� − C1ÓD, �� ∈ �=>(ì�), and . =
C1, ⋯ , 0D as 

�����|�; ���∂�3�(1, ��) = �∂�3�(1, ��) í � �(1»)�
�51», ��61½∈r
� :1½~1 ∙ �3�(1, ��)�3�51, �̅�6
x � �(1»»)�
�51»», ��61½½∈r
� :1½½~1Ó ∙ (1 − ç) − ∑ �3�(1», ��)1½∈r
��C1ÓD�3�51Ó, �̅�6 � 

   = � �(1»)�
�51», ��6 ∙ 1�3�51, �̅�61½∈r
� :1½~1− � �(1»»)�
�51»», ��61½½∈r
� :1½½~1Ó ∙ 1�3�51Ó, �̅�6 
   = ���(1)|1〈��〉, ��� − ���(1Ó)|1Ó〈��〉, ��� 

 (3.13) 

where ���(1)|1〈��〉, �� is the expectation of �(1) conditioned on the assignment 

(1〈��〉, �). On the other hand, the second partial derivative in Eq. (3.11) becomes 

����|��∂�3�(1, ��) = �∂�3�(1, ��) í � �(1»)�
�(1», �)1½∈r
� :1½~1 ∙ �3�(1, ��)�3�(1, ��)
x � �(1»»)�
�(1»», �)1½½∈r
� :1½½~1Ó ∙ (1 − ç) − ∑ �3�(1», ��)1½∈r
��C1ÓD�3�(1Ó, ��) � 
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 = � �(1»)�
�(1», �) ∙ 1�3�(1, ��)1½∈r
� :1½~1 − � �(1»»)�
�(1»», �)1½½∈r
� :1½½~1Ó∙ 1�3�(1Ó, ��) 
   = ���(1)|1〈��〉, �� − ���(1Ó)|1Ó〈��〉, �� 

 (3.14) 

Substituting the derivatives in Eqs. (3.13) and (3.14), Eq. (3.11) is finally derived as 

�����|�; ���∂���|�� = � � ���(1)|1〈��〉, ��� − ���(1Ó)|1Ó〈��〉, ������(1)|1〈��〉, �� − ���(1Ó)|1Ó〈��〉, ��1∈r
�

�
��� , 

∀� ∈ �=>( ) 

(3.15) 

For most settings of 1 ∈ r
� − C1ÓD and � ∈ �=>( ), the denominators and nu-

merators inside the summation are likely to have the same signs, i.e. the fractions are 

likely to be positive. When 1〈�=�〉 = 1Ó〈�=�〉, i.e. �(1) = �(1Ó), it is likely that the 

change in the assignment of a component leads to either a decrease or increase of the 

expected values of �  regardless of the chosen decision rules. For example, for 

���� in Eq. (3.2) that quantifies the system failure probability, the change from �� 

to �� for some �� ∈ 
�, is likely to decrease the expected values of ���� given 

any decision rules. On the other hand, when 1〈�=�〉 ≠ 1Ó〈�=�〉 and �(1) ≠ �(1Ó), 

regardless of the assignment 1〈��〉  and decision rule � , it is likely that 

���(1)|1〈��〉, �� > ���(1Ó)|1Ó〈��〉, ��  for �(1) > �(1Ó) , and ��(1)|1〈��〉, �� <
���(1Ó)|1Ó〈��〉, �� for �(1) < �(1Ó). This is the case especially when the difference 

between utility values is more significant than that between probability values. For 

instance, since �(���� ) − �(���� ) = 1  with �(���� ) = 0 , the inequality 

���(���� )|1〈��〉, �� > ���(���� )|1Ó〈��〉, ��  holds for all 1 ∈ r
� − C1ÓD  and 

� ∈ �=>( ) as long as �(���� |1〈��〉, �) > 0. 
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A potentially more problematic issue than the signs of the fractions, is the pres-

ence of singular points, i.e. ���(1)|1〈��〉, �� − ���(1Ó)|1Ó〈��〉, �� = 0 . This can 

happen when there are some combinations of 1〈��〉, 1Ó〈��〉, and � that make the 

two expectations equal. Also, although the empirical analysis discussed above is 

practically reasonable, the only possible strict demonstration is to inspect all possible 

configurations. Therefore, in order to address the possibility that the condition in Eq. 

(3.10) is not satisfied in some parts of the solution space, several decision basis rules 

�� can be utilized, and the final optimal solution can be selected by comparing the 

exact objective functions evaluated for the obtained optimal solutions. Moreover, 

even when Eq. (3.10) is not strictly satisfied, it is still likely that large proxy measures 

generally imply large exact values. To exploit such general tendency, multiple subop-

timal solutions can be evaluated for each ��, e.g. up to the fifth optimal solutions, 

which can also be analytically evaluated with respect to Eq. (3.10). These solutions 

can be compared with each other to identify the optimal solution for the exact objec-

tive function. 

For the purpose of diagnostics, by using the (sub)optimal solutions that are ob-

tained from the approximate optimization, one can plot ∑ ����|�; ����∈g   and 

∑ ���|���∈g  or evaluate their correlation coefficient. The validity of the proposed 

method can be assured by confirming the positive relationship of the plots or positive 

coefficients that are close to 1; these imply that a given problem fulfills the condition 

of Eq. (3.10). For instance, the numerical examples of Sections 3.5.3 and 3.5.4 yield 

the plots that clearly show the positive relationships, as illustrated in the text, while 

for most iterations, the coefficients are evaluated to be greater than 0.95. 
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3.4 Multi-objective optimization using proxy objective func-

tion 

3.4.1 Optimization using weighted sum as objective function 

The proposed ID model shown in Figure 3.2 can employ two types of utility 

variables: (1) cost of decisions ∑ ����|ì����∈C�ý,⋯,��D , . = 1, ⋯ , 0, and (2) sys-

tem failure probability ������|��. These two different objectives can be simultane-

ously considered by optimizing their weighted sum, i.e. 

min�∈���( ) � ����|ì����∈C�ý,⋯,��D x �������|�� , � > 0 (3.16) 

By varying the weight �, a set of non-dominated solutions can be obtained. Since 

the decision variables are not strategically relevant to each other in regards to 

C��, ⋯ , ��D, but relevant for ����, the proxy objective function in Eq. (3.9) is intro-

duced only for ������|��. The optimization problem is then approximated to 0 

optimization problems each of which involves a single decision variables ��, . =
1, ⋯ , 0, i.e. 

minÁ�∈���(ü�) H∆����|��; �̅�� x �∆��������|��; ���I , � > 0 (3.17) 

where ∆����|��; �̅�� = ����|��� − ����|�̅�� . By decomposing the problem in 

terms of individual decision variables, the optimal solution can be evaluated by com-

paring only |�=>(ì�)| number of decision alternatives separately for each ì� ∈  . 

Furthermore, this is equivalent to mapping those alternatives into the space whose 

axes respectively represent the objective functions in Eq. (3.17), i.e. 

∆��������|��; ��� and ∆����|��; �̅��. Exploiting the fact that the weight � is re-

lated to the slope of a line in such space, the approximate optimization in Eq. (3.17) 
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enables us to efficiently evaluate the values of � that change the preference between 

these alternatives, as illustrated in the followings. 

 

 
Figure 3.3. Example space of ∆��������|��; ��� and ∆����|��; �̅�� 

 

Specifically, consider the example case in Figure 3.3 where �=>(ì�) =
C��� , ⋯ , ���D, and the optimal solutions identifiable by Eq. (3.17) are marked by blue 

squares. The basis rule and non-optimal solutions are respectively illustrated by a 

grey circle and orange triangles. (The optimal solutions that can be identified by the 

weighted-sum-based objective function are discussed in detail in Section 3.4.3.) In 

the figure, the values of � at which the optimal solutions are changed, correspond 

to the absolute values of the negative slopes that connect the convex surface envel-

oping the solutions (grey lines). To evaluate such � values, the solution with small-

est ∆��������|��; �̅��, i.e. ���  in Figure 3.3, is set as the starting point as it is al-

ways one of the non-dominated solutions. Then, among the points with greater 

∆��������|��; �̅�� than the current point, the one having the most negative slope 

with respect to the current one, i.e. ��8 with respect to the current point ��� , is cho-

sen as the next point. The identification is terminated at the point for which there are 
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no remaining points with greater ∆��������|��; �̅��, or among them, no points with 

negative slopes as the search terminates at ��� in the figure. By assembling the ab-

solute values of such slopes for each ì�, all � values that change the optimal solu-

tions, can be identified. 

It is noted that the order of computational cost required to identify a set of non-

dominated solutions for the proxy function, is the same as that for evaluating 

������|�� for a given rule � since the terms required for the optimization other 

than ∆�3�51, ��; �̅�6, are those required to calculate ������|���. Moreover, the de-

gree of accuracy is not affected by the number of utility variables for which the proxy 

function is adopted as long as the condition of Eq. (3.10) holds for the utilities, and 

the weights are separately introduced for each of them.  

In analogy to the discussions for implementation in the last paragraph of Section 

3.3.1, several �� can be utilized to compensate the errors by approximation, and an 

empirical strategy for selecting �� is proposed in Section 3.4.2. Moreover, one can 

get suboptimal solutions for each value of � to compensate the errors and identify 

a larger set of Pareto solutions as discussed in Section 3.4.3. In the following numer-

ical examples, up to the second suboptimal rules are evaluated. Finally, for a numer-

ical check of the condition in Eq. (3.10), one can examine the positive correlation 

between ����|�; ��� and ���|�� of the obtained optimal solutions for the different 

values of �. Since the quantities need to be evaluated in order to sort out the non-

dominated solutions for the exact objective function, such examination does not in-

crease the computational cost. 
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3.4.2 Selecting basis decision rules �� 

The proposed method can be considered as comparing the weighted sum of 

arithmetic means instead of geometric means of the terms (1 x ∆�3�51, ��; �̅�6), 

. = 1, ⋯ , 0, 1 ∈ r
� . The two means generally show positive correlation. However, 

their difference can become larger, or even may show negative relationship as the 

spread of the terms becomes significant. On the contrary, when the decision rule � 

is identical to the basis decision rule ��, the terms ∆�3�51, �̅�; �̅�6 are zero for all 

. and 1; in other words, the exact and the proxy objective functions are equal, i.e. 

����|��; ��� = ���|���. Thus, it can be stated that as a decision rule � becomes more 

different from ��, the exact and proxy functions have a weaker correlation and thus 

the condition of Eq. (3.10) may not hold. 

Therefore, it is desirable to select the next �� that is most different from the 

current �� so that the solution space can be widely explored. To this end, the follow-

ing is proposed as a measure of the discrepancy of a rule � from ��:  

ì5�; ��6 = � �(1)�
�51, ��6 ∑ 5∆�3�51, ��; �̅�6 x 16����∏ 5∆�3�51, ��; �̅�6 x 16����  1∈r
�
 (3.18) 

To avoid increasing the computational cost, it is suggested to evaluate Eq. (3.18) for 

only the rules identified as optimal by the proxy optimization problem, and select 

the one with the largest ì5�; ��6 as next ��. Since the terms in Eq. (3.18) are eval-

uated during the optimization, the procedure would demand a marginal increase in 

the computational cost. 

However, when only the solutions identified as optimal are examined, there is 

a risk that a limited set of rules are repeatedly examined. In order to avoid such risk, 
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it is proposed to use alternately (1) �� that is randomly selected and (2) �� maxim-

izing ì5�; ��6 of Eq. (3.18) among the optimal solutions identified in the previous 

iteration. 

 

3.4.3 Attainable solutions by the proposed scheme 

It is noted that, when the weighted sum is used as the objective function, some 

of the non-dominated solutions may not be identifiable. Specifically, in the space of 

objective values for a minimizing problem, consider the convex polyhedron � =
Ô[5�; ��6 ∈ ℝÀ|�B�[5�; ��6 ≥ �B, ) = 1, ⋯ , �Õ where p is the number of objectives; 

�B, ) = 1, ⋯ , �, are the column vectors of dimension p; and [5�; ��6 is the vector 

of objective values in regards to some solution �,  i.e. [5�; ��6 =
5����|�; ���, ⋯ , ���À|�; ���6. In addition, suppose that P includes all possible solu-

tions – i.e. �B�[5�; ��6 ≥ �B, ∀), ∀�, while its surface consists only of non-domi-

nated solutions – i.e. for all ), the solution � that satisfies �B�[5�; ��6 = �B, must 

be a non-dominated solution. Then, the weighted sum formulation can identify only 

the solutions that are located on the surface of �, i.e. � that has some i which sat-

isfies �B�[5�; ��6 = �B . For example, Figure 3.4(a) illustrates the space of 

������|�� and ∑ ����|������� , and it is assumed that there are five non-dominated 

solutions �2, 7 = 1, ⋯ ,5. The surface of such convex polyhedron enveloping and 

containing all solutions, are illustrated by solid grey lines. Since �* is not on the 

surface, it cannot be identified as optimal by minimizing the weighted sum. 
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Figure 3.4. Example space and solutions in regards to (a) ������|�� and ∑ ����|������� , (b) ∑ ∆��������|��; ��������  and ∑ ∆����|��; �̅�,������ , and (c) ∑ ∆��������|��; ��������  and ∑ ∆����|��; �̅�,������  

 

Interestingly, however, the re-mapping of solutions by the approximation in the 

proposed method makes it possible to identify a larger set of non-dominated solu-

tions than the exact formulation. This is because the condition of Eq. (3.10) does not 

imply the conservation of relative gap between the values. Therefore, depending on 

the chosen basis decision rule ��, the solutions can be re-mapped as illustrated in 

either Figure 3.4(b) or (c). In both cases, the relative order of ������|��  is not 

changed, i.e. Eq. (3.10) holds, but the sets of identifiable solutions are different. In 

other words, by utilizing multiple choices of ��, the loss of solutions by weighted 

sum formulation can be compensated. 

Moreover, as pointed out in the last paragraph of Section 3.4.1, by identifying 



 

 

71 

several suboptimal solutions for each � value, even a larger set of solutions can be 

identified. For example, the orange dotted line in Figure 3.4(c) illustrates that by 

identifying the second optimal for the corresponding � value, i.e. the absolute value 

of the slope, �*  can be identified as optimal. This is particularly advantageous 

when the Pareto surface for a given problem shows a highly nonlinear concave con-

tour. This situation can occur when only a very small number of positive weights are 

obtained from the procedure discussed in Section 3.4.1.  

 

3.5 Numerical examples 

In the following examples, up to the second optimal solutions are identified for 

each weight, except the illustrative example in Section 3.5.1 where only a single 

solution is examined. The strategy proposed in Section 3.4.2 is employed to select 

basis decision rules. In Sections 3.5.3 and 3.5.4, the results are compared with those 

by GA in which 50 populations are produced for each generation. Among them, 10 

populations are randomly generated while two sets of 20 populations are generated 

respectively by cross-over and mutation of the non-dominated solutions in the pre-

vious population. For mutation, 15% of the assignments over decision variables   

are randomly changed. 

 

3.5.1 Illustrative example: a system with three components 

Consider the system with three components in Figure 3.5(a) whose ID is mod-

eled as Figure 3.5(b) with 0 = 3. The system event is defined as the connectivity 

between the two nodes � and õ, and the r.v. for system event, ���� takes the value 
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of 1 for being connected, and 0 otherwise. Then, the CPM ℳ3��ý = 〈r3��ý; s3��ý〉 
for ���� is quantified as 

å3��ý = �1 1 −1 −10 0 0 −10 0 1 01 0 1 1 � and Ð3��ý = �1111� (3.19) 

In Eq. (3.19) and in the following discussions, a r.v. � (a set of r.v.’s, 
) in the 

subscript of a CPM implies that the CPM quantifies the conditional PMF �(�|�=3) 

(�(
|�=
)). The columns of r3��ý sequentially represent the states of ����, ��, 

��, and �*. For example, the first row of r3��ý states that the two nodes � and õ 

are connected with each other (i.e. ���� ) as long as the first component is survived 

(��) regardless of the states of �� and �*. It is noted that MBN does not require 

the CPMs to include the exhaustive set of instances, but only to include the instances 

of interest, i.e. the ones that affect the inference results. Therefore, for the optimiza-

tion, the CPM ℳ3��ý  can exclude the instances with zero utility i.e. 

����(����) = 0, as they do not affect the optimization results. Consequently, from 

the definition of ����(����) in Eq. (3.2), the first and fourth rules in ℳ3��ý are 

excluded as 

r3��ý = H0 0 0 −10 0 1 0 I and s3��ý = H11I (3.20) 

The other variables are defined as follows. The r.v. ù represents the intensity 

of the hazard (0 for insignificant and 1 for significant), and ì� stands for the deci-

sion alternatives on the n-th component (0 for doing nothing and 1 for retrofitting). 

The CPM ℳ� = 〈r�; s�〉 is set as 
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r� = H01I and s� = H0.80.2I (3.21) 

For r.v. ��, . = 1, ⋯ , 0, that represents the state of the n-th component, the CPM 

ℳ3� = 〈r3�; s3�〉 is given as   

r3� =
⎣⎢
⎢⎢
⎢⎢
⎢⎡0 0 01 0 00 1 01 1 00 0 11 0 10 1 11 1 1⎦⎥

⎥⎥
⎥⎥
⎥⎤
 and s3� =

⎣⎢
⎢⎢
⎢⎢
⎢⎡0.20.80.10.90.40.60.30.7⎦⎥

⎥⎥
⎥⎥
⎥⎤
, . = 1,2,3 (3.22) 

where the first, second, and third columns of r3� represent the assignments over 

��, ì�, and ù, respectively. On the other hand, the CPMs of ℳ�� = 〈r��; s��〉, 
. = 1, ⋯ , 0 are set as 

r�ý = H 0 0100 1I, r�þ = H 0 060 1I, r�� = H 0 050 1I, 
and s�� = H11I, . = 1,2,3 

(3.23) 

where the first and second columns of r�� respectively stand for the assignments 

over �� and ì�.  

 
Figure 3.5. (a) Example system with 3 components and (b) the corresponding ID  

 

For the set of strategically influential r.v.’s regarding ���� , i.e. 
� =
C�8, ��, ��, �*, ùD, the event matrix is quantified as 
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r
� = �0 0 0 −1 00 0 1 0 00 0 0 −1 10 0 1 0 1� (3.24) 

whose columns stand for the assignments over r.v.’s following the order of the r.v.’s 

in 
�. In the followings, the assignments matching from the first to the last rows, are 

respectively referred to as 12, 7 = 1, ⋯ ,4. When the basis rule is selected as �� =
5�̅�, �̅�, �̅*6 = (0,0,0), the term �(1�)�
�51�, ��6 is evaluated as 

�(1�)�
�51�, ��6 = �(8�) ∙ �3ý(��, ���,ℎ�) ∙ �3þ(��, ���,ℎ�) ∙ �3�(*��, �*�,ℎ�) ∙ ��(ℎ�) = 1 × 0.2 × 0.2 × 1 × 0.8 = 0.032 

 (3.25) 

The terms evaluated for the other assignments are summarized in Table 3.1. On the 

other hand, the remaining decision alternative for ì�  is ���  while 

∆�3ý512 , ���; �̅�6, 7 = 1, ⋯ ,4, are evaluated as 

∆�3ý512 , ���; �̅�6 = (0.1 − 0.2)/0.2 = −0.5 for 7 = 1, 3; and ∆�3ý512 , ���; �̅�6 = (0.3 − 0.4)/0.4 = −0.25 for 7 = 2, 4 (3.26) 

With the quantities in Table 3.1 and Eq. (3.26), ∆�����8|���; ��� in Eq. (3.17) is cal-

culated from Eq. (3.8) as 

∆�����8|���; ��� = (0.032 x 0.0256) ∙ (−0.5) x (0.032 x 0.0192) ∙ (−0.25)= −0.0416 
(3.27) 

while ∆����|���; �̅�� is evaluated as 

∆����|���; �̅�� = ��(���) − ��(���) = 100 (3.28) 

Since there are only two alternatives for each ì�, the absolute values of the slopes 

that connect the two solutions are the values of � that change the optimal solutions, 
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e.g. for ì�, 

� = � 100−0.0416� = 240 (3.29) 

Table 3.2 summarizes the quantities evaluated for the other decision variables. Con-

sequently, the optimal decision rules �∗ are obtained as 

 

�∗ = (0,0,0) for 0 < � < 240; �∗ = (1,0,0) for 240 < � < 2,840; �∗ = (1,0,1) for 2,840 < � < 3,410; and �∗ = (1,1,1) for λ > 2,840; 

(3.30) 

There are |�=>( )| = 8 decision rules, and their exact values of ������|�� and 

∑ ����|�������  are illustrated in Figure 3.6. Five non-dominated rules (red asterisks) 

are identified among the total of eight (blue squares). It is noted that the exact objec-

tive function of weighted sum (dotted yellow line) would identify four of the non-

dominated rules. The rules obtained in Eq. (3.30) correspond to the four rules, and it 

should be noted that all solutions for the exact objective function can be identified 

by one iteration of the proposed method. 

 

Table 3.1. �(12)�
�512 , ��6 for each assignment 12, 7 = 1, ⋯ ,4 

 

 

Table 3.2. ∆�����8|��� ; ���, ∆����|��� ; �̅��, and � for basis decision rule �� = (0,0,0), . = 1,2,3 . 1 2 3 ∆�����8|��� ; ��� −0.0416 −0.0176 −0.0176 ∆����|��� ; �̅�� 100 60 50 � 240 3,410 2,840 

 

1� 1� 1* 18 

0.032 0.032 0.0256 0.0192 
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Figure 3.6. All and optimal decision rules for example system in Figure 3.5 

 

3.5.2 Example RBD 

Consider the reliability block diagram in Figure 3.7 adopted from Bensi et al. 

(2013) with the ID in Figure 3.2 where 0 = 8. The system event represented by ��, 

is defined as the connectivity between � and õ nodes. The definitions of variables 

��, ì�, ��, . = 1, ⋯ , 0, and ���� with 0 = 8 are defined as in Section 3.2.2. 

Three design alternatives are considered for each component, i.e. �=>(ì�) =
C1,2,3D, . = 1, ⋯ , 0, and the CPMs ℳ3� = 〈r3�; s3�〉 are constructed as 

r3� =
⎣⎢
⎢⎢⎢
⎡0 11 10 21 20 31 3⎦⎥

⎥⎥⎥
⎤
 for . = 1, ⋯ ,8; 

s3� =
⎣⎢
⎢⎢⎢
⎡ 0.010.990.0030.9970.0010.999⎦⎥

⎥⎥⎥
⎤
 for . = 1,2,4,7; and s3� =

⎣⎢
⎢⎢⎢
⎡ 0.010.990.0050.9950.0010.999⎦⎥

⎥⎥⎥
⎤
 for . = 3,5,6,8 

(3.31) 

where the first and second columns of r3� respectively represent the states of �� 

and ì�. On the other hand, the CPMs for costs, ℳ�� = 〈r��; s��〉 are set as 
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r�� = �100 1150 2250 3� for . = 1,2,4,7; r�� = � 80 1140 2200 3� for . = 3,5,6,8; 

and s3� = �111� for . = 1, ⋯ ,8 

(3.32) 

where the first and second columns of r�� respectively denote the assignments over 

�� and ì�. 

 

 
Figure 3.7. Example reliability block diagram 

 

 
Figure 3.8. All and optimal solutions obtained for example reliability block 

diagram 

 

Figure 3.8 illustrates the 24 non-dominated solutions (red squares) among the 

total of |�=>( )| = 3u rules (blue dots). It is noted that the proposed method can 

identify all optimal solutions (yellow asterisks) with only ten iterations, which im-
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plies that the proposed method can obtain optimization solutions only with the com-

putational cost that would be needed to evaluate ����|�� for ten �’s. Figure 3.8 

also demonstrates that the proposed method can identify the solutions inside the con-

vex surface enveloping the non-dominated solutions, i.e. the solutions that cannot be 

identified by the exact objective function of weighted sum, as noted in Section 3.4.3. 

 

3.5.3 Truss bridge structure 

Next, consider the truss bridge structure consisting of 25 members in Figure 3.9, 

which is a modified version of the example in Kim et al. (2013). The corresponding 

ID is illustrated in Figure 3.10. The r.v.’s ��, . = 1, ⋯ , 0, and ���� respectively 

represent the states of the n-th member and the bridge system (0 for failure; 1 for 

survival) where 0 = 25. Seven cross section area values are considered as decision 

alternatives for each member, each of which is represented by ì� , . = 1, ⋯ , 0 , 

while �� quantifies the cost for ì�. The costs for the areas per unit length are sum-

marized in Table 3.3, based on which the CPMs for �� can be constructed as Eqs. 

(3.23) and (3.32), and ����  is defined by Eq. (3.3). The r.v.’s ë  and Ò� , . =
1, ⋯ , 0, respectively stand for the magnitude of loads applied on joints 1 through 5, 

and the yield stress of n-th member. 

 
Figure 3.9. Example truss bridge structure 
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Figure 3.10. ID for example truss bridge structure 

 

Table 3.3. Cost per unit length for each cross section area option 
 

Area (× 10-4 m2) Cost / length (m) 

12.0 10.0 

12.5 30.0 

13.0 45.0 

13.5 55.0 

14.0 60.0 

14.5 62.5 

15.0 65.0 

 

The system failure is defined as “structural instability occurs or more than two 

members fail together.” As a result, the CPM ℳ3��ý includes 4,779 rules each of 

which corresponds to a failure mode. It is noted that each failure mode corresponds 

to a sequential failure of members that leads to system failure, and thus, they are 

disjoint, e.g. the failure sequence of members {1}, {2→1}, {2→4→6}, ⋯. Therefore, 

ℳ3��ý satisfies the condition that the rules in a CPM must be mutually exclusive. 

In the ID, 
� = Cë, ��, ⋯ , ����, �, ⋯ , ÏD is identified as the set of strategi-

cally influential r.v.’s for ����. The r.v.’s in 
 − 
� = CÒ�, ⋯ , Ò�D should be mar-

ginalized before optimization. It is assumed that ë and Ò�, . = 1, ⋯ , 0, are all 

statistically independent of each other and follow normal distributions. The mean 

and coefficient of variation of L are 70 kN and 0.1 respectively while those for Ò� 
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are 276 MPa and 0.05. The distribution of ë is discretized into 9 intervals with the 

width of 5 kN, resulting in 43,011(= 4,779 × 9) rules in r
� . The midpoints of the 

intervals are regarded as their representative values. 

The probabilities of component events constituting each failure mode can be 

computed by performing structural analysis for each value of > ∈ �=>(ë) and �� ∈
�=>(ì�). For example, consider the failure mode {2→1}. The structural analysis is 

first performed to evaluate the demands !� and !� on members 2 and 1. The anal-

ysis is performed again after removing member 2 to obtain the demands after load 

re-distribution, i.e. !�»  and !�»  for members 1 and . = 3, ⋯ ,25. The probability 

of the failure mode is then evaluated as 

�  !�ö(��) ≤ Ò� ≤ !�»ö(��)� ∙ � "Ò� ≤ !�ö(��)# ∙ @ � Ò� ≥ !�»ö(��)��
��*  (3.33) 

where ö(��) is the cross section area when �� is chosen. The marginalization of 

Ò� is equivalent to calculating the probability values in Eq. (3.33). 

 

 
Figure 3.11. Comparison between the results for truss bridge structure by (a) 100 

generations of GA and 2 iterations of the proposed method, and (b) 500 generations 

of GA and 15 iterations of the proposed method 
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Figure 3.11 compares the optimization results by the proposed method and GA. 

As illustrated in Figure 3.11(a), the proposed method can provide the overall shape 

of Pareto surface with only two iterations while the number of the obtained solutions 

is not large. On the other hand, GA can provide the contour only after the solutions 

finally reach convergence, which is also not straightforward to conclude. Moreover, 

with only 15 iterations, the proposed method can provide a result which is compara-

ble to that obtained by GA after 500 generations. The solutions obtained at each it-

eration, can also be used to numerically check the condition of Eq. (3.10) as dis-

cussed in Section 3.4. ������|�∗�  and �������|�∗; ���  for the optimal solutions 

�∗ ∈  ∗ obtained at the second iteration are plotted in Figure 3.12 where the posi-

tive correlation between the two quantities are observed, i.e. Eq. (3.10) holds and the 

proposed method is valid for this problem. 

 

 
Figure 3.12. ������|�∗� and �������|�∗; ��� for solutions  ∗ obtained at the 

second iteration for example truss bridge 
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3.5.4 Sioux Falls benchmark network 

In this example, the seismic capacities of a transportation network are optimized 

under a hypothetical earthquake hazards. The topology of the hypothetical network 

is created based on Sioux Falls benchmark example (Lee et al., 2011; Byun et al., 

2019) as illustrated in Figure 3.13. The ID of the optimization problem is constructed 

as shown in Figure 3.14. The state of n-th link (0 for failure, and 1 for survival) is 

represented by r.v. �� , . = 1, ⋯ , 0  with 0 = 76  while ����  denotes the sys-

tem state. Due to the large number of links, it is computationally intractable to enu-

merate all link-sets and cut-sets. Thus, 1,038 cut-sets among the total of 5,000 link- 

and cut-sets identified by the recursive decomposition algorithm (Li and He, 2002), 

are used in this example to compute the lower bound of the system failure probability. 

The lower bound on system failure probability is optimized from the subset of events 

with the CPM for ���� in Eq. (3.3), which is one of the advantages of MBN that 

allows for consistent operations for exact and approximate inferences. 

 
Figure 3.13. Sioux Falls network 
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Figure 3.14. ID for Sioux Falls network 

 

The earthquake hazards are represented by two r.v.’s - and ë which respec-

tively stand for the magnitude and the location of the fault rupture of an earthquake 

event. The magnitude - is assumed to follow the truncated exponential distribution 

(Cosentino et al., 1977), i.e. 

�Ï(f) = í î exp�−î(f − f�)�1 − exp�−î(f − f�)� , for f� ≤ f ≤ fÀ0, otherwise  (3.34) 

where the parameters î, f�, and fÀ are respectively set as 0.76, 6.0, and 8.5. The 

ten locations illustrated by red squares in Figure 3.13 are represented by the r.v. ë 

with �5>26 = 0.1, 7 = 1, ⋯ ,10. For optimization, the distribution of - is discre-

tized into five intervals with identical widths, resulting in 51,900 (= 1,038 × 5 ×
10) rules in r
�  where 
� = 
 − Cö�, ⋯ , ö�D. 

Four levels of seismic capacity are considered for each link, i.e. |�=>(ì�)| =
4, which are given in terms of peak ground acceleration (PGA) as 0.8, 0.9, 1.0, and 

1.1÷ where ÷ is the acceleration of the gravity. These decision alternatives are re-

spectively associated with the cost of 50, 80, 120, and 170, from which the CPMs 

for �� can be constructed as illustrated in Eqs. (3.23) and (3.32). For each assign-

ment of f ∈ �=>(-) and > ∈ �=>(ë), the PGA ö� that n-th link experiences is 

evaluated from the attenuation law in Campbell (1997), i.e. 
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ln(ö�) = −3.512 x 0.904f − 1.328 ln$�!�(>)�� x �0.147 exp(0.647f)��x �1.125 − 0.112 ln5!�(>)6 − 0.0957f� x �0.440 − 0.171 ln5!�(>)6�UP%x �0.405 − 0.222 ln5!�(>)6�U�% x & 

 (3.35) 

where ö� has the unit of ÷ and !�(>) is the distance between n-th link and the 

location of fault rupture, which is determined by >. The midpoint of the two end 

nodes is selected as the representative location of each link. The constant    de-

scribes the style of faulting while UP%  and U�%  reflect the local site conditions. 

These constants are all set as zero, assuming strike-slip faulting and firm soil. The 

r.v. & is a random error term that follows the normal distribution with zero mean 

and the standard deviation Ò' which is determined as 

Ò' = ¨0.55, if ö� < 0.068÷0.173 − 0.140 ln(ö�), if 0.068÷ ≤ ö� ≤ 0.21÷0.39, otherwise  (3.36) 

Then, the PMFs �(��|-, ë, ì�), . = 1, ⋯ , 0, are quantified as 

�(��|f, >, ��) =
⎩⎪⎨
⎪⎧Φ− ln(ö�) − ln +(��)Ò' � , if �� = 0
Φln(ö�) − ln +(��)Ò' � , if �� = 1 (3.37) 

where ö� and Ò' are determined from the assignments f and >; +(��) is the 

seismic capacity when �� is chosen; and Φ(∙) is the cumulative distribution func-

tion of the standard normal distribution. The evaluation of Eq. (3.37) is equivalent to 

marginalizing ö�, . = 1, ⋯ , 0. 
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Figure 3.15. Solutions by GA and the proposed method for Sioux Falls network 

with respectively (a) 1,000 generations and 2 iterations, and (b) 10,000 generations 

and 50 iterations 

 

Figure 3.15(a) confirms that the proposed method can identify the contour of 

the Pareto surface after utilizing only two basis decision rules, while GA fails to give 

a comparable result even after 1,000 generations. Figure 3.15(b) compares the results 

by the proposed method with 50 iterations and GA with 10,000 generations in which 

GA still fails to converge. The exact and proxy quantities, i.e. lower bounds of 

������|�∗� and �������|�∗�, for the optimal rules �∗ identified with second basis 

decision rule are plotted in Figure 3.16, confirming that they generally show positive 

correlation and the proposed methodology is found to be valid for this problem. 

The optimization of the lower bound on the system failure probability is equiv-

alent to maximizing the upper bound of system survival probability. When a suffi-

cient number of rules are quantified so that the width of bounds is narrow enough, 

the optimization results should also be similar to the solutions obtained by utilizing 

link-sets, i.e. minimization of the upper bound on system failure probability or equiv-

alently, maximization of the lower bound on system survival probability. Figure 3.17 
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compares the upper and lower bounds of ������|�� that are obtained respectively 

by minimizing its lower bound (red asterisks) and upper bound (blue circles). The 

differences between the two Pareto contours are marginal, which demonstrates that 

the proposed scheme is applicable even when CPMs are not exhaustive. 

 

 
Figure 3.16. ������|�∗� and �������|�∗; ��� for obtained solutions  ∗ 

at second iteration for Sioux Falls network 

 

 
Figure 3.17. Non-dominated solutions by optimizing lower (red squares) and upper 

(blue circles) bounds of system failure probability of Sioux Falls network 
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Chapter 4.  Generalized MBN for multi-state 

systems 
 

4.1 Introduction 

Despite its general applicability, the matrix-based Bayesian network (MBN) has 

been applied only to binary-state systems in Chapter 2, leaving its applicability to 

multi-state systems unexplored. The previously defined states in MBN are not gen-

eral enough to handle more than two states. Still, the reliability analysis of multi-

state systems is essential as they cover a wide class of real-world systems. Therefore, 

this chapter aims to generalize MBN for multi-state systems by introducing compo-

site states in contrast to the conventional states, namely basic states. The definitions 

and inference operations that were previously developed for MBN are thus modified 

to be compatible with the proposed composite state. Three numerical examples of 

multi-state systems are investigated to test and demonstrate the generalized MBN. It 

is noted that to achieve the efficiency during the quantification of MBN, it is crucial 

to identify and encode the regularity in the definition of a given system event. Alt-

hough there are no general rules to this end, a quantification strategy can be designed 

from the ideas underlying the existing system reliability methods, as demonstrated 

by the numerical examples. 

The chapter is organized as follows. In Section 4.2, MBN is generalized for 

applications to multi-state systems. Then, Sections 4.3, 4.4, and 4.5 illustrate the ap-

plications of MBN from quantification to inference through specific examples, i.e. 

multi-state series-parallel (MS-SP) systems, multi-state k-out-of-N:G systems, and 

network flow problems, respectively. Appendix A, B, and C presents the step-by-
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step procedures of quantifying the system events by small-size system examples to 

facilitate the understanding of the formulations and algorithms developed in Sections 

4.3, 4.4, and 4.5. 

 

4.2 Generalized MBN for multi-state events 

4.2.1 Composite state 

When it comes to multi-state systems, the definition of the “−1” state, despite 

the effectiveness illustrated in Chapter 2, should show limitation in the applicability. 

To illustrate the limitation, consider the flow capacity of a (physical) network in Fig-

ure 4.1(a) where the uncertain flow capacities of the arcs are described by the r.v.’s 


� = C��, ⋯ , ��D where 0 = 4. Figure 4.1(b) shows the corresponding Bayesian 

network (BN) in which 
� has random variable (r.v.) ù as their parent node. ù 

represents the hazard scenario of interest, whose intensity as illustrated by the BN, 

affects the states of component events represented by 
�. The system event of in-

terest deals with whether the target demand d can be delivered from nodes 1 to 4. 

Accordingly, the system event node �� should depend on the joint state of 
� as 

explained by the arrows directed from 
� to ��.  

 

 
Figure 4.1. (a) Topology of an example physical network and (b) corresponding 

BN 
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In this example, suppose that the r.v. �� ∈ 
� can take one of the states 1, 2, 

or 3, i.e. ��, ��, or �*, each of which respectively stands for the corresponding 

flow capacity of 0, 20, and 30, while the target demand � = 50. Then, the system 

fails when both �� and �� have the states of either 1 or 2, but not 3. This event 

cannot be captured by the “−1” state as it can only represent all states, not a subset 

of them. This raises the need for introducing a more flexible state definition that can 

stand for any subset of states. This new state is termed composite state. 

Before defining the new state, the following terms are introduced. First, to dis-

tinguish from the composite state, the original states are referred to as basic states. 

The set of all basic states that a variable � can take is denoted as basic set )U(�). 

For instance, in the example of Figure 4.1, )U(��) = C1,2,3D , . = 1, ⋯ ,4 , and 

)U(��) = C0,1D . On the other hand, the function �3(7)  for 7 ∈ )U(�)  outputs 

the value of practical quantity that 2 corresponds to. In the example network, the 

state of �� , . = 1, ⋯ ,4 , refers to the flow capacity, and thus �3�(1) = 0 , 

�3�(2) = 20, and �3�(3) = 30. 

Based on these terms, the composite state can be defined: a composite state 

stands for a set or collection of basic states. In detail, a composite state 2 is defined 

by a basis set )3(7) which is the set of basic states represented by 2. For instance, 

in the example network, the composite state �8 can be defined as )3�(4) = C1,2D 

so that �8 stands for �� and ��. On the other hand, the set of all states introduced 

for a variable �, i.e. both basic and composite states, are denoted as �=>(�). In the 

example network, the introduction of the composite state �8  leads to �=>(�) =
C1,2,3,4D. The formal definition of the composite state is as follows:  
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Definition 4.1. (Composite state): Let � and 7 respectively be a variable and one 

of its composite states such that 7 ∉ )U(�) and 7 ∈ �=>(�). The state 7 is de-

fined by the basis set )3(7) ⊆ )U(�) where |)3(7)| ≥ 2. Then, for an assign-

ment ^  over Y , the assignment (� = 7, ^)  implies all events in the set 

C(� = , ^):  ∈ )3(7)D. 

Accordingly, the rule 

〈� = 7, ^; E〉 
collectively represents the rules  

〈� = , ^; E〉, ∀ ∈ )3(7) 

 

Consider again the aforementioned system failure event, i.e. the system fails 

given that �� or �� for . = 1,2. For efficient quantification, the composite states 

�8, ��, and �� for �� ∈ 
� are introduced such that )3�(4) = C1,2D, )3�(5) =
C2,3D, and )3�(6) = C1,2,3D. Then, the event can be described by the rule  

〈1�; E�〉 = 〈(0,4,4,6,6); 1〉 (4.1)

where the elements of 1� sequentially stand for ��, ��, ⋯, �8. In words, if both 

the first and second arcs take the composite state 4 (representing basic states 1 or 2), 

no matter what basic states the other arcs take, the network system fails, i.e. �� with 

probability one. Using the composite states, the assignment 1� in Eq. (4.1) can em-

body 2� × 3� = 36 instances. Another rule can be introduced such that 

〈1�; E�〉 = 〈(1,3,5,3,5); 1〉 (4.2)

which states that the system survives with probability one when the first and the third 
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arcs have the capacity of 3 while the second and the fourth have the capacity of either 

2 or 3. 

 

4.2.2 Extended definitions and inference operations 

To be consistent with the composite state, the definitions and inference opera-

tions previously developed in Chapter 3 need to be generalized accordingly. To this 

end, first modified are the definitions of the compatibility and the conditional prob-

ability matrix (CPM). Then, to enable the BN inference, the modifications are made 

on basic operations, i.e. conditioning, product, and sum. 

First, two assignments are considered compatible when the intersection of their 

corresponding events is a non-empty set, as described follows:  

Definition 4.2. (Compatibility in MBN): An assignment 1�  to 
  is compatible 

with an assignment 1� to Y if for all variables � ∈ 
 ∩ Y, it holds that 

)�(1�〈�〉) ∩ )�(1�〈�〉) ≠ ∅ 

 

Therefore, the compatibility can be checked by examining the intersection for each 

variable in the common scope: If there is at least one variable for which the intersec-

tion event is empty, the two assignments are not compatible. For instance, the rules 

1� and 1� in Eqs. (4.1) and (4.2) are not compatible with each other as there exist 

variables for which the interaction is null event, i.e. )3�(1�〈��〉) ∩ )3�(1�〈��〉) =
∅ for . = 1 and 5. 

Based on the aforementioned developments, CPM can be defined. As previ-

ously illustrated, a CPM is a set of rules that share their scope and are disjoint to each 
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other. Only a minor modification is required on the definition Chapter 2 as follows. 

This is to make the composite state consistent with the requirement for the rules not 

to be compatible with each other:  

Definition 4.3. (Conditional probability matrix for multi-state systems): A CPM of 

PMF �(
|m) is a set of rules ℳ = C〈1�; E�〉, 〈1�; E�〉, ⋯ , 〈12; E2〉D satisfying as 

followings: 

• Each rule R ∈ ℳ  has UVWEX�R� = 
 ∪ m , which is also defined as 

UVWEX�ℳ�. 
• For each of the assignments ([, q) to 
 ∪ m with only basic states, i.e. no 

composite states, there is either only one rule 〈1; E〉 ∈ ℳ such that 1 is com-

patible with ([, q), in which case �([|q) = E; or no rule in ℳ, in which 

case it is regarded as �([|q) = 0. 

• CPM ℳ is represented as a pair 〈r; s〉 where the rows of the matrix r and 

the corresponding elements in the vector s are respectively 1 and E of the 

rules 〈1; E〉 ∈ ℳ. 

 

In this definition, it is noted that the second condition where the compatibility is of 

concern has been modified while the other conditions remain the same as in Chap-

ter 2. As an example of quantifying a CPM, consider the node �� in Figure 4.1(b). 

Using the disjoint rules of Eqs. (4.1) and (4.2), the CPM ℳ3+ = 〈r3+; s3+〉  for 

�(��|
�) can be quantified as 

r3+ = H0 4 4 6 61 3 5 3 5I, s3+ = H11I (4.3)
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where the columns of r3+ stand for ��, ��, ⋯ , �8, in sequence. In the following 

discussions, a variable � or a set of variables 
 in the subscript of a CPM implies 

that the CPM quantifies the conditional PMF �(�|�=3) or �(
|�=
). 

Once the CPMs for a BN are quantified for a BN, one can perform BN inference 

using the following basic operations extended for composite state. It is noted that an 

assignment 1 over 
 represents not necessarily a single instance, but rather a set 

of instances such that ⋂ )3(1〈�〉)3∈
 ; this property is central in developing the fol-

lowing extensions. To facilitate the discussions, the intersection assignment 1 =
1� ∩ 1�  for two assignments 1�  and 1�  is defined: When 1�  and 1�  have the 

scopes of 
 and Y, respectively, 1 has the scope 
 ∪ Y and is evaluated as fol-

lows: 

for ∀� ∈ 
 ∪ Y, 1〈�〉 = - such that )�(-) = )�(1�〈�〉) ∩ )�(1�〈�〉) 

where )�(1〈�〉) = )U(�) if � ∉ UVWEX�1�. (4.4)

In the equation, when there is some variable � ∈ 
 ∪ Y  for which )�(1�〈�〉) ∩
)�(1�〈�〉) = ∅, i.e. the two rules are not compatible, the result is trivial and should 

not be included in the resulted CPM. 

The first operation to be modified is conditioning. Given an assignment, namely 

context, the conditioning operation preserves only the rules that are compatible with 

the context. To this end, one needs to evaluate the intersection assignment of the 

given context and each rule in the CPM: If the event is null event, the rule is dis-

carded; otherwise, it stores the rule with the assignment replaced by the intersection 

assignment. More specifically, since the scope of the CPM is not changed by the 

conditioning operation, the modified assignment is the intersection assignment over 
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the scope of the CPM. On the other hand, the probability is not changed for the con-

ditioning operation concerns only the compatibility between the assignments, not 

probability values. The conditioning operation is summarized as follows:  

Definition 4.4. (Conditioning operation in MBN for multi-state systems): Consider 

a CPM ℳ = 〈r; s〉  with UVWEX�ℳ� = 
  and a context £ = ¢ . Then, ℳ  is 

conditioned on £ = ¢, by setting 

ℳ�¢� = C〈1∗〈
〉; E∗〉: 1∗ = 1 ∩ ¢ and 〈1; E〉 ∈ ℳD 

 

On the other hand, the sum operation, which marginalizes a variable out from 

the distribution, does not require modification for composite state from Definition 

4.1. Finally, the product operation, given a pair of rules, generates a rule for which 

the assignment is the intersection assignment, and the probability is the product of 

the two probability values:  

Definition 4.5. (Product operation in MBN for multi-state systems): Let R� =
〈1�; E�〉  and R� = 〈1�; E�〉  be two rules respectively with scopes 
  and Y , re-

spectively. Then, their product is 

R∗ = R� ∙ R� = 〈1b ∩ 1�; E� ∙ E�〉 
 

The applications in the following sections demonstrate how the generalized 

MBN can facilitate quantifying BNs and performing inferences for multi-state sys-

tems. 
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4.3 Application I: multi-state series-parallel (MS-SP) system 

In this section, the generalized MBN is applied to multi-state series-parallel 

(MS-SP) systems. An MS-SP system consists of multiple subsystems which are com-

prised of multiple components (Lisnianski et al., 1996). A component has a certain 

capacity and can take binary-state, i.e. either survival or failure. Then, a subsystem 

is defined as a parallel system of those components; the capacity of the subsystem is 

defined as the sum of the surviving components’ capacities. Finally, the entire system 

is a series system of the subsystems; the capacity of the MS-SP system is defined as 

the minimum value among the subsystems’ capacities of the subsystems. 

An example of the MS-SP system is a power system consisting of multiple sub-

systems that serve different functions. In order to secure the reliability in terms of 

the system-level capacity, researchers performed system structure optimization in 

which the decision variables are the number and the type of components in each 

subsystem (Levitin et al., 1998; Lisnianski et al., 1996). These previous works 

mostly employed the universal generating function (UGF) to evaluate the system 

reliability. Although there are a few studies that considered the effect of other r.v.’s 

than the component events, e.g. common cause failure (Levitin, 2001), the evaluation 

of the UGF is complicated itself, making it challenging to take into account addi-

tional variables. 

This issue can be addressed by employing the generalized MBN as illustrated 

in this chapter. For demonstration, this chapter concerns optimizing the structure of 

a power system subject to common cause hazard. Section 4.3.1 illustrates the as-

sumed structure of BN and the subsequent MBN quantification; Section 4.3.2 for-

mulates the problem of structure optimization using MBN; and finally, Section 4.3.3 
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demonstrates the application by numerical examples. The step-by-step procedure of 

quantifying the system event is presented in Appendix A. 

 

4.3.1 Definition of random variables (r.v.’s) for MS-SP system 

The causal relationship between the variables are depicted by the BN in Figure 

4.2. The rectangular box represents a subsystem where 0 is the number of subsys-

tems. In the n-th subsystem, . = 1, ⋯ , 0, there are two types of the decision varia-

bles (denoted by squares in BN) ù� and !� that respectively correspond to the 

type and the number of components. These two variables together affect the capacity 

of the subsystem, represented by ��. As indicated in the figure, �� depends on an-

other r.v.  � that accounts for the occurrence of the common cause failure within 

the n-th subsystem. In a power system, such failure may arise either from the outside 

of the system, e.g. lightening events leading to the outages of the electronic equip-

ment, or from the inside, e.g. voltage surges within a (sub)system (Levitin, 2001). 

Finally, the capacities of the subsystems, 
� = C��, ⋯ , ��D determine the capacity 

of the entire system, represented by ����. In this chapter, for the structure optimi-

zation, the objective function includes two types of utility (denoted by rhombuses in 

BN): The sum of the design costs ��, . = 1, ⋯ , 0, is minimized; the expected ca-

pacity of the system, ���� is maximized. As indicated in the BN in Figure 4.2, �� 

is determined by ù� and !� while ���� is determined by ����. 
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Figure 4.2. BN for MS-SP system subject to common-cause failure 

 

In detail, )U(ù�) is the set of candidate component types for the n-th subsys-

tem. Each type ℎ� ∈ )U(ù�) is specified by two quantities, i.e. component capac-

ity ���� (ℎ�) and availability (or component reliability) ���� (ℎ�). In regards to !�, 

the n-th subsystem can include up to .�/01  components, i.e. )U(!�) =
C1, ⋯ , .�/01D. For simplicity, instead of defining another function �%�(∙), the num-

ber of components is directly referred to by the assignment .� ∈ )U(!�), i.e. there 

are .� components in the n-th subsystem. On the other hand, in the case of r.v.’s ��, 

. = 1, ⋯ , 0, and ����, on the other hand, for they denote the capacity of the cor-

responding (sub)system, the function �3�(�) , . = 1, ⋯ , 0 , and 0 x 1 , outputs 

the capacity that the state � corresponds to. Finally, the r.v.  � takes binary-state 

where ���  and ���  respectively denote the occurrence and the non-occurrence of 

the common cause failure in the n-th subsystem. The utility variables, i.e. ��, . =
1, ⋯ , 0, and ����, are deterministic functions of the states of their parent nodes; 

therefore, in the following discussions, we also refer to them as functions, i.e. 

��(ℎ�, .�), . = 1, ⋯ , 0, and ����(���). It is also noted that this deterministic re-

lationship makes all rules in their CPMs have the probability of unity. 
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First, the CPM ℳ�� for �(��|ù�,!�), . = 1, ⋯ , 0 is quantified. The rules 

should be defined for each combination (ℎ�, .�)  for all ℎ� ∈ )U(ù�)  and .� ∈
)U(!�), leading to |)U(ù�)| × |)U(!�)| rules such that 

ℳ�� = C〈(��(ℎ�, .�),ℎ�, .�); 1〉 for ∀ℎ� ∈ )U(ù�) and ∀.� ∈ )U(!�)D (4.5) 

where the columns of r��  sequentially stand for �� , ù� , and !� . On the other 

hand, ���� directly measures the system capacity, i.e. ����(���) = ����(���) 

for ∀��� ∈ )U(����) . Therefore, the CPM ℳ���ý  consists of |)U(����)| 
rules such that  

ℳ���ý = C〈(����(���) ���); 1〉 for ∀��� ∈ )U(����)D (4.6) 

where the first and second columns of r���ý represent ���� and ����, respec-

tively. The BN-based optimization deals with the expectations of the utility nodes as 

the objectives. Therefore, the setting of ℳ���ý naturally leads to optimizing the 

expected system capacity. 

To quantify the CPM ℳ3� = 〈r3�; s3�〉 that represents the conditional PMF 

�(��| �, ù�,!�) , the events can be categorized into two cases of ���  and ��� . 

Given ���, i.e. the common cause failure has occurred in the n-th subsystem, the 

capacity of the subsystem becomes zero with probability one regardless of the as-

signments over ù� and !�. This generates the rule 

〈(�3���(0), 1,)����5)U(ù�)6,)%���5)U(!�)6); 1〉 (4.7) 

where the elements of columns illustrate the states of ��,  �, ù�, and !�, respec-

tively; �3��(-)  is the state  ∈ )U(�)  such that �3() = - ; and )3��(2)  is the 

state  ∈ �=>(�)  such that )3() = 2  for set 2 ⊆ )U(�) . On the other hand, 

when the common cause failure does not occur, i.e. ���, each combination (ℎ�, .�) 



 

 

99 

generates (1 x .�)  rules where among the total of .�  components, there are 7 

surviving components, 7 = 0,1, ⋯ , .�. For each 7, the corresponding rule has the 

subsystem capacity 7 ∙ ���� (ℎ�)  with the probability Ì.�7 Í ∙ ���� (ℎ�)2 ∙ (1 −
���� (ℎ�))3��2, which is calculated by the binomial distribution, i.e. 

〈(�3���(7 ∙ ���� (ℎ�)), 0,ℎ�, .�); Ì.�7 Í ∙ ���� (ℎ�)2 ∙ (1 − ���� (ℎ�))3��2〉 
for ∀7 = 0, ⋯ , .�, ∀ℎ� ∈ )U(ù�), and ∀.� ∈ )U(!�) 

(4.8) 

The rules from Eqs. (4.7) and (4.8) constitute the CPM ℳ3�, whose total number is 

1 x |)U(ù�)| × |)U(!�)| × (|)U(!�)| x 3)/2.  

 

4.3.2 MBN quantification of system event 

To efficiently quantify the CPM of the system event, ℳ3��ý, that stands for 

�(����|
�), the property is utilized such that the system capacity depends on the 

minimum value among the subsystem capacities only. In other words, if the n-th 

subsystem has the minimum capacity �3�(�) for some . ∈ C1, ⋯ , 0D and � ∈
)U(��), the capacities of the other subsystems do not affect the system capacity. 

Therefore, for each �� ∈ 
�, we identify the states � ∈ )U(��) that can be the 

minimum value, i.e. other subsystems have at least one state that corresponds to the 

capacity which is greater than �3�(�). Then, for each of such states �, a rule is 

generated in which for other subsystems, a composite state is assigned to collectively 

represent the states whose corresponding capacities are greater than �3�(�). More 

precisely, in order to deal with the instances where two or more subsystems have the 

same minimum capacity, the assignments � are identified such that �3�(�) is 

lower than the assigned capacities of 1, ⋯ , (. − 1)-th subsystems and lower than or 
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equal to those of the (. x 1), ⋯ , 0-th subsystems. The probabilities of all rules in 

ℳ3��ý are unity for the system event is deterministic. 

In summary, for each � ∈ )U(��)  satisfying Ô ∈ )U(�e): �34() >
�3�(�)Õ ≠ ∅  for f = 1, ⋯ , . − 1  and Ô ∈ )U(�e): �34() ≥ �3�(�)Õ ≠ ∅ 

for f = . x 1, ⋯ , 0, a rule is generated in ℳ3��ý as 

〈5�3��ý�� (�3�(�)), �, ⋯ , ���, �, ���, ⋯ , �6; 1〉 (4.9) 

where e  for f ≠ .  is a composite state such that )34(e) = Ô ∈
)U(�e): �34() > �3�(�)Õ  for f = 1, ⋯ , . − 1  and )34(e) = Ô ∈
)U(�e): �34() ≥ �3�(�)Õ for f = . x 1, ⋯ , 0. The elements of the rules, i.e. 

the columns of r3��ý, represent ����, ��, ⋯ , ��, sequentially. For the n-th sub-

system, ℳ3��ý includes at most |)U(��)| rules, and therefore, the CPM includes 

at most ∑ |)U(��)|����  rules. In contrast, a conventional conditional probability ta-

ble (CPT) would specify ∏ |)U(��)|����  instances.  

 

4.3.3 System structure optimization of MS-SP system 

The optimization of the BN in Figure 4.2 aims to identify the optimal assign-

ments !�  and "�  over 5� = Cù�, ⋯ , ù�D  and 6� = C!�, ⋯ ,!�D  that mini-

mize the cost ∑ ����|ℎ�, .������ = ∑ ��(ℎ�, .�)����   and maximize the expected 

system capacity ������|!�� . However, the computational cost in order of 

µ(∏ |)U(ù�)| ∙ |)U(!�)|���� ), makes the exact evaluation intractable even when 0 

is moderate. Alternatively, the optimization by using proxy objective functions in-

stead of the exact one, as proposed in Chapter 3, can be employed. Consequently, 

the optimization problem is decomposed into 0  small problems that require the 
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computational cost in order of µ(|)U(ù�)| ∙ |)U(!�)|) , . = 1, ⋯ , 0 ; the proxy 

method reduces the order of the computational cost from exponential to polynomial. 

This drastic reduction of computational cost enables us to perform the optimization 

at system-level as well as to evaluate a set of non-dominated solutions.  

The exponential order of computational cost arises while evaluating the expec-

tation ������|!�, "��  because the decision variables 5�  and 6�  become de-

pendent through the converging structure from 
� to ����. In order to eliminate 

this dependency, the proxy method creates 0 proxy problems by introducing some 

decision rule (!��, "4�), namely basis decision rule. In specific, in the n-th problem, 

. = 1, ⋯ , 0, the objective function is conditioned on (!�� , "4�) except ℎ� and .�; 

then, the optimization is performed over only the two decision variables, i.e. ℎ� and 

.� . After optimizing the N small problems, the solutions on each (ℎ�, .�) , . =
1, ⋯ , 0, are assembled to draw the optimal solution of the original problem.  

To account for the two conflicting utilities, i.e. design cost and system capacity, 

we formulate the objective function as their weighted sum by introducing weight � 

as illustrated in Section 3.4, i.e. 

       minC∑ ����|ℎ�, .������ − � ∙ ������|!�, "�:   

             ℎ� ∈ )U(ù�), .� ∈ )U(!�), . = 1, ⋯ , 0D, λ > 0 
(4.10) 

where the negative sign of � implies that the system capacity is maximized. Then, 

by introducing the basis decision rule (!�� , "4�), the proxy problems are derived as 

for . = 1, ⋯ , 0,  

       minC���.|ℎ., ..� − � ∙ ���0x1|ℎ., .., !�−., "4−.�:   

             ℎ� ∈ )U(ù�), .� ∈ )U(!�), . = 1, ⋯ , 0D, λ > 0 
(4.11) 
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where (!���, "4��) is the decision rule identical to (!�� , "4�), but not defined on ù� 

and !�. The optimization by Eq. (4.11) can be performed as illustrated in Chapter 3.  

 

4.3.4 Numerical examples 

4.3.4.1 MS-SP system with two subsystems 

This section considers an MS-SP system with two subsystems, i.e. 0 = 2; each 

subsystem can have three alternative types of components and up to five components, 

i.e. )U(ù�) = C1,2,3D  and )U(!�) = C1, ⋯ ,5D , ∀. = 1,2 . The capacity 

���� (ℎ�) and the availability ���� (ℎ�) of component type ℎ� ∈ )U(ù�) are sum-

marized in Table 4.1. The cost of a decision rule (ℎ�, .�) is simply the product of 

the number of components and the unit cost of component type, i.e. ��(ℎ�, .�) =
.� ∙ ��(ℎ�, .��) where ��(ℎ�, .��) for each ℎ� ∈ )U(ù�) are listed in Table 4.1. On 

the other hand, the common cause failure probability is set as 0.03 and 0.05 for the 

first and second subsystems, respectively. 

In this setting, there are (3 × 5)� = 225 possible decision rules, whose corre-

sponding expectations ������|!�, "�� and ∑ ����|ℎ�, .������  are marked by blue 

asterisks in Figure 4.3. In the figure, the x-axis is laid out in reverse direction to 

reflect that the expected system capacity ������|!�, "�� is being maximized. The 

non-dominated solutions identified by the proxy functions are marked by red trian-

gles. The results have been drawn after iterating 10 basis decision rules and at each 

iteration, evaluating up to the fifth suboptimal solution. It is noted that in this prob-

lem, the proxy method can identify all non-dominated solutions; in contrast, the ex-

act weighted-sum formulation can identify only those on the dashed grey line.  
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Table 4.1. Candidate component types and the corresponding capacity, availability, 

and unit cost in two-subsystem example 

Subsystem ù� 

Type ℎ� 

Capacity ���� (ℎ�) 

Availability ���� (ℎ�) 
Unit cost ��(ℎ�, .��) 

ù� 

1 25 0.990 1.117 

2 50 0.957 1.910 

3 72 0.951 2.001 

ù� 

1 12.5 0.987 0.614 

2 30 0.958 0.885 

3 45 0.982 1.445 

 

 
Figure 4.3. All solutions (blue asterisks), non-dominated solutions identified by 

proxy method (red triangles), and solutions by exact weighted-sum formulation in 

two-subsystem example 

 

4.3.4.2 MS-SP system with four subsystems 

This section analyzes the example system illustrated in Lisnianski et al. (1996), 

which consists of four subsystems, i.e. 0 = 4. The candidate component types and 

the related parameters, i.e. capacity ���� (ℎ�), availability ���� (ℎ�), and unit cost 

��(ℎ�, .��) for each ℎ� ∈ )U(ù�), are summarized in Table 4.2. Each subsystem 
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can contain up to ten components. For cost ��(ℎ�, .�), we adopt the setting in the 

reference, which reflects the discount effect from bulk purchase, i.e.  

��(ℎ�, .�) = 7.� × �.5ℎ., ..16 , .� ≤ f��8��.� × �.5ℎ., ..16 , f�� < .� ≤ f��8��.� × �.5ℎ., ..16 , f�� < .� , . = 1, ⋯ , 0 (4.12)

The parameters f�� , f�� , 8��, and 8�� in the equation are listed in Table 4.3. The 

probability of common cause failure is set as 0.03 for the first and the second sub-

systems and 0.05 for the third and the fourth ones. 

Due to the large number of decision rules, it is impossible to evaluate the exact 

solutions, and therefore, the solutions evaluated by the proxy method are compared 

with those obtained by the genetic algorithm (GA) (Mitchell, 1998). For GA, 5,000 

generations are processed with the parameters of 50 populations per generation, 

which consists of 20% of random population, 40% of crossed-over population, and 

40% of mutated population with 15% of mutated genes. On the other hand, the proxy 

method computes 20 iterations and considers 100 suboptimal solutions at each iter-

ation. The reason for considering a relatively large number of suboptimal solutions 

is because of the weak correlation between the exact and the proxy objective func-

tions, which can be monitored during the optimization. Still, it is noted that evaluat-

ing multiple suboptimal solutions during a few iterations requires much less compu-

tational cost than evaluating a large number of generations in GA. 

The results of the two methods are compared in Figure 4.4: blue asterisks for 

solutions by GA and red triangles for those by the proxy method. It is observed that 

in some parts of the identified Pareto surface (especially where 250 ≤
������|!�, "�� ≤ 350), GA provides better solutions than the proxy method. This 
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is due to the aforementioned weak correlation between the two objective functions. 

Such weak linkage stems from the given problem’s characteristic such that condi-

tioning on a specific decision rule makes a substantial portion of the instances have 

zero probability. In other words, for an instance (rule) in CPM ℳ���ý, only a few 

decision rules allow the instance to have non-zero probability, i.e. the individual in-

stances have limited effects on the optimization result. Mathematically, this property 

makes most terms in the derivative of the exact objective function with regard to the 

proxy function have zero denominators, i.e. the derivative diverges to infinity. De-

spite this unfavorable condition, though, the proxy method can identify most of the 

non-dominated solutions with significantly less computational cost than GA.  

The quantified MBN can address other BN inference tasks as well. For instance, 

Figure 4.5 shows the conditional cumulative distribution functions (CDFs) of 

P(����|!, ") given the three decision rules (!, ") marked by black circles in Fig-

ure 4.4; the Rules 1, 2, and 3 correspond to the solutions from the right to the left. 

The conditional CDFs illustrate how the different decision rules affect the distribu-

tion, which provides more information than the summary statistics of the expected 

system capacity; this suggests that evaluating various inference tasks can facilitate 

more comprehensive understanding of a given problem. 
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Table 4.2. Candidate component types and the corresponding capacity, availability, 

and unit cost in four-subsystem example 

Subsystem ù� 

Type ℎ� 

Capacity ���� (ℎ�) 

Availability ���� (ℎ�) 
Unit cost ��(ℎ�, .��) 

1 

1 25 0.990 1.117 

2 25 0.996 1.310 

3 35 0.995 1.903 

4 35 0.961 1.640 

5 50 0.993 2.122 

6 50 0.957 1.910 

7 50 0.942 1.722 

8 72 0.991 2.591 

9 72 0.951 2.001 

10 100 0.986 3.284 

11 100 0.979 3.095 

2 

1 40 0.967 4.010 

2 40 0.914 3.450 

3 55 0.960 4.350 

4 78 0.953 4.840 

5 78 0.920 4.210 

6 93 0.950 5.800 

7 110 0.948 6.550 

3 

1 25 0.967 0.636 

2 35 0.952 0.448 

3 35 0.973 0.868 

4 50 0.972 0.964 

5 50 0.949 0.678 

6 50 0.988 1.096 

7 72 0.966 1.358 

8 72 0.954 1.298 

9 100 0.945 1.810 

4 

1 12.5 0.987 0.614 

2 25 0.985 0.883 

3 25 0.961 0.745 

4 30 0.980 0..963 

5 30 0.958 0.885 

6 45 0.974 1.338 

7 45 0.982 1.445 
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Table 4.3. Parameters for discount effect in four-subsystem example  . f��  f��  8�� 8�� 

1 3 5 0.90 0.80 

2 3 3 0.85 0.85 

3 3 3 0.95 0.95 

4 2 6 0.95 0.90 

 

 
Figure 4.4. Non-dominated solutions evaluated by GA (blue asterisks) and by 

proxy method (red triangles) for four-subsystem example 

 

 
Figure 4.5. Conditional CDFs of ���� given three decision rules (!, ") in 

Figure 4.4 
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4.4 Application II: multi-state k-out-of-N:G system  

For a k-out-of-N:G system, the system survival event requires at least k surviv-

ing components among the the total of N components (Byun et al., 2017). Along with 

this basic definition, the generalized multi-state k-out-of-N:G system has additional 

requirements that: (1) in a component event, the higher-level states can be fulfilled 

only given that all of the lower-level states are fulfilled; (2) for each component state 

G, G = 1, ⋯ , -, there is a demand 7F$ to be satisfied, and (3) all 7F$, G = 1, ⋯ , -, 

need to be satisfied for the system event to survive (Huang et al., 2000). In other 

words, a generalized multi-state k-out-of-N:G system is equivalent to M k-out-of-N 

systems that are correlated to each other through the first requirement. In addition to 

the states 1, ⋯ , - of the component events, we also introduce the state 0 to denote 

the event where no state can be fulfilled. For the target demand, on the other hand, 

since the target demand 7�$  of this null state is always zero, it is not explicitly men-

tioned for simplicity in the following discussions. 

Consider the oil supply system illustrated in Figure 4.6 (Tian et al., 2008) where 

the n-th component event, . = 1, ⋯ , 0, has the state defined as the index of the 

farthest station that the n-th pipeline can reach, while the state 0 means that the pipe-

line cannot reach any of the stations. There are three stations in the figure, i.e. - =
3. In this configuration, a pipeline can reach farther stations only given that it can 

reach the closer ones, which accords with the first requirement. Then, the required 

number of the available pipelines for each station can be defined as the demand 7F$ 

for the component state G, G = 1, ⋯ , -. The system “survives” when the demands 

of all stations are met. For instance, suppose that the stations 1, 2, and 3 require the 
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supply from at least three, one, and two pipelines, respectively, i.e. #$ =
(7�$ , 7�$ , 7*$) = (3,1,2). Then, if the first, the second, and the third pipelines can reach 

up to respectively the second, the first, and the third stations, the system event fails 

as the third station is reached by only one pipeline while it needs at least two.  

In order to evaluate the reliability of the multi-state k-out-of-N:G system, Huang 

et al. (2000) proposed a recursive algorithm. However, the computational efficiency 

of the algorithm greatly depends on the values of the parameters, i.e. - and 7F$, 

G = 1, ⋯ , -. Thereafter, Mo et al. (2015) applied multi-valued decision diagrams 

(MDDs), by which the efficiency could be significantly improved and stabilized. The 

core idea is to exploit the symmetry between the component events. For instance, in 

the example above, suppose that the states of the first and the second pipelines are 

interchanged, i.e. the first line can reach only the first station, while the second line 

can reach up to the second station. In the perspective of the system event, the two 

cases are identical for what affects the system event is the number of pipelines that 

can reach the stations, not which pipelines can reach them. Despite this useful insight, 

the proposed MDD has a limitation in that it requires a complicated data structure 

and a specialized algorithm to compute the system reliability. As a result, it is not 

straightforward to employ the MDD to perform diverse inference tasks or to take 

into account other variables than the component and the system events. 

This limitation can be addressed by the generalized MBN, as illustrated in the 

following sections: Section 4.4.1 illustrates the quantification of MBN; Section 4.4.2 

formulates the value of information (VoI) to support the inspection-planning; and 

Section 4.4.3 demonstrates the application by a numerical example with 20 pipelines 

with different target demands. 
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Figure 4.6. Oil supply system and hypothetical hazard scenario 

 

4.4.1 Definition of r.v.’s for k-out-of-N system 

As illustrated in Figure 4.6, the example system is an oil supply system that 

aims to deliver oil from the source to the three stations. The corresponding BN is 

illustrated in Figure 4.7. The pipelines in the system are subject to five hazard sce-

narios, represented by the r.v.’s ùB, ) = 1, ⋯ ,5. The locations of these scenarios are 

depicted by red markers in Figure 4.6. These locations determine which segment of 

the pipelines is affected by a scenario. Each pipeline consists of three segments that 

traverse from the previous station to the next one as illustrated in Figure 4.6. The 

state of the j-th segment of the .-th pipeline is represented by r.v. d�F, . = 1, ⋯ . 0 

and G = 1,2,3. Then, as indicated by the arrows in the BN in Figure 4.7, ù� has 

effect on the first segments d��, ù� and ù* on the second segments d��, and ù8 

and ù� on the third segments d�*, . = 1, ⋯ , 0. Each segment takes binary-state, 

i.e. either failure or survival. 
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Figure 4.7. BN for generalized k-out-of-N system subject to hypothetical hazard 

scenarios 

 

The states of d��, d��, and d�* together determine the index of the farthest 

station that the n-th pipeline can reach. This index can be regarded as the component 

state in the definition of the multi-state k-out-of-N system and is represented by r.v. 

��, . = 1, ⋯ , 0. Then, to determine the state of the system, we inductively count 

the number of the lines that can reach each station; the result of counting the first to 

the n pipelines is represented by r.v. 9�, . = 0, ⋯ , 0. When the count is completed, 

i.e. 9� is quantified, we can determine the state of the system, which is represented 

by r.v. ����. On the other hand, one may install a sensor on a segment to monitor if 

the segment is successfully transmitting the oil. The inspection result is accounted 

for by ,�F for the j-th segment of the n-th pipeline, . = 1, ⋯ . 0 and G = 1,2,3. It 

is noted that the result depends not only on the state of the j-th segment, but also on 

the states of the preceding ones, i.e. 1, ⋯,(j-1)-th segments, as indicated by the ar-

rows heading towards ,�F in the BN. 

The hazard scenarios ùB have three states that indicate the hazard intensity, i.e. 
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ℎB�  for insignificant, ℎB�  for moderate, and ℎB*  for severe level of intensity, ) =
1, ⋯ ,5. The CPMs ℳ�: = 〈r�:; s�:〉 for PMF �(ùB) are set as  

r�: = �123�, ) = 1, ⋯ ,5; and 

s�: = � 0.90.060.04�, ) = 1,2,3, and s�: = � 0.80.120.08�, ) = 4,5 

(4.13) 

where the column of r�: represents the state of ùB. 
The state of d�F depends on ùB connected as the parent node in the BN. The 

states ¥�F�  and ¥�F�  respectively denote the failure and the survival. Then, the event 

matrix of the CPM ℳ{�; = 〈r{�;; s{�;〉  of �(d�F|ùB)  is quantified for . =
1, ⋯ , 0 and G = 1,2,3 as  

r{�; =
⎣⎢
⎢⎢⎢
⎡0 11 10 21 20 31 3⎦⎥

⎥⎥⎥
⎤
 (4.14) 

where the first and the second columns of r{�; respectively stand for d�F and ùB. 
While r{�; are identical for all . and G, s{�; depends on the pipeline type, the 

related hazard scenario, and the pipeline location: For the pipeline types, we assume 

that the first to the fourth types are alternately laid out as illustrated in Figure 4.6; 

the related scenario depends on G, i.e. the segment; and for the location, the first to 

the N-th pipelines are laid out with a constant interval of one. Then, for the j-th seg-

ment of the n-th pipeline of type 7  and the related hazard ùB , the assignments 

(¥�F,ℎB) ∈ r{�;  for ¥�F ∈ C0,1D  and ℎB ∈ �=>(ùB)  have the probabilities E 

such that 
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E = <=2 x �F,=:/��,B , ¥�F = 01 − (=2 x �F,=:/��,B), ¥�F = 1 (4.15) 

where the constant =2 for the pipeline type 7 and the constant �F,=: are set as 

=2 = 70.01, 7 = 10.05, 7 = 20.07, 7 = 30.03, 7 = 4 and �F,=: =
⎩⎪⎨
⎪⎧0, ℎB = 1, G = 1,2,30.05, ℎB = 2, G = 1,20.08, ℎB = 2, G = 30.04, ℎB = 3, G = 1,20.06, ℎB = 3, G = 3

 (4.16) 

The term ��,B in Eq. (4.15) is the vertical distance between the n-th pipeline and the 

location of ùB. As illustrated in Figure 4.6, the locations of hazard scenarios are as-

sumed that ù� and ù8 are vertically apart by distance one above the first pipeline; 

ù* is apart by one below the N-th pipeline; and the locations of ù� and ù� are in 

the middle of the first and the N-th lines.  

For the component event ��, . = 1, ⋯ , 0, ��, ��, and �* respectively cor-

respond to the case that the line can reach up to the first, the second, and the third 

stations, while �� indicates that the pipeline cannot reach any of them. The quanti-

fication of CPM ℳ3� = 〈r3�; s3�〉 for �(��|d��, d��, d�*) can be simplified by 

using the composite state, observing that when a preceding segment fails, the pipe-

line cannot reach the stations farther than the failed segment regardless of the states 

of the following segments. For example, when the first segment fails (¥��� ), the pipe-

line cannot reach any station (��) regardless of the states of d�� and d�*. By intro-

ducing the composite state ¥�F�  with basis set ){�;(2) = C0,1D, the CPMs ℳ3� =
〈r3�; s3�〉 for �(��|d��, d��, d�*) are quantified as 

r3� = �0 0 2 21 1 0 22 1 1 03 1 1 1� and s3� = �1111� (4.17) 
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where the columns of r3�  sequentially stand for �� , d�� , d�� , and d�* . The 

aforementioned example is explained by the rule in the first row of the CPM. All 

elements of s3� are unity as the relationship between �� and d�F, G = 1,2,3, is 

deterministic in this example.  

The inspection results ,�F , . = 1, ⋯ , 0  and G = 1,2,3 , take binary-state 

where )�F�  and )�F�  respectively denote the transmission being successful and un-

successful. For as in the case of ��, ,�F depends only on the first j segments, the 

event matrix of the CPM ℳô�; = 〈rô�; ; sô�;〉  that represents the PMF 

�(,�F|d��, ⋯ , d�F) can be quantified by using the composite state ¥�F� , i.e. 

rô�ý = �0 01 00 11 1�, rô�þ =
⎣⎢
⎢⎢⎢
⎡0 0 21 0 20 1 01 1 00 1 11 1 1⎦⎥

⎥⎥⎥
⎤
, and rô�� =

⎣⎢
⎢⎢
⎢⎢
⎢⎡0 0 2 21 0 2 20 1 0 21 1 0 20 1 1 01 1 1 00 1 1 11 1 1 1⎦⎥

⎥⎥
⎥⎥
⎥⎤
 (4.18) 

where the columns represent ,�F, d��, ⋯ , d�F, sequentially. In the following numer-

ical examples, the probability vectors sô�; are quantified by assuming the inspec-

tion accuracy rates of 0.98 and 0.95 for )�F�  and )�F� , respectively. 

 

4.4.2 MBN quantification of system event 

In order to quantify the system event, we inductively count the number of pipe-

lines that can reach each station among the first n lines for . = 1, ⋯ , 0. These num-

bers are accounted for by the r.v.’s 9�, i.e. the function �>�(7�) outputs the M-
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dimensional vector where the j-th element, G = 1, ⋯ , -, is the number of the pipe-

lines that can reach the j-th station. Then, from the symmetry between the component 

events discussed in the beginning of this section, 9� depends only on 9��� and 

�� , as reflected in the BN of Figure 4.7; in other words, conditioning on 9��� 

makes 9� and ��, ⋯ , ���� independent. The use of this conditional independence 

is the underlying idea for the MDD as well (Mo et al., 2015). Therefore, the two 

schemes require the same computational cost, i.e. they compute the system reliability 

with the same order of the memory demand and the number of arithmetic operations. 

In contrast, the use of conventional CPT would require the memory demand of 

(f x 1)�.  

As an example of quantifying 9�, suppose that the stations 1, 2, and 3 are ac-

cessible from respectively four, three, and two lines among the first (. − 1) pipe-

lines, i.e. �>��ý(7���) = (4,3,2). Then, when the n-th pipeline can reach up to the 

station 2, the stations 1, 2, and 3 now meet respectively five, four, and two pipelines 

among the first n lines, i.e. �>�(7�) = �>��ý(7���) x (1,1,0) = (5,4,2). 

From this observation, one can inductively quantify the CPMs ℳ>� =
〈r>�; s>�〉  for �(9�|��,9���)  from ℳ>��ý  and ℳ3� , . = 1, ⋯ , 0 , which is 

summarized in Algorithm 4.1. The quantification starts with a null event 9�, where 

�(9�) is represented by the CPM ℳ>? = C〈2; 1〉D with �>?(2) = @Ï where AÏ 

is the M-dimensional vector with all elements being constant = (Line 1 in the algo-

rithm). Here, the states 7�� and 7��, ∀. = 0,1, ⋯ , 0, are preserved to represent the 

conclusion of the system failure and survival, respectively, that can be drawn without 

counting the remaining (. x 1) , ⋯ , 0 -th pipelines. Then, through . = 1  to 0 , 
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rules are added to ℳ>� regarding each assignment 7��� ∈ )U(9���) defined by 

�2��ý(7���) = B (Lines 2-4). 

In the simple case where 7���  is either 0 or 1, the state 7�  is identical to 

7��� for all states � ∈ )U(��) for the system state has already been concluded. 

Therefore, the composite state )3���5)U(��)6  can be used to generate the rule  

〈(7���,)3���5)U(��)6, 7���); 1〉 where the elements sequentially stand for 9�, ��, 

and 9���. (Lines 5-8). 

If 7��� is neither 0 nor 1, there can be two special cases. The first case is that 

given 7���, there is some j-th station for whose demand to be satisfied, all of the 

yet counted 0 − (. − 1)  lines need to survive, i.e. the station requires 0 −
(. − 1) more demands at this point. Let E be the largest index among such G. Then, 

the system fails when the state � is lower than E. Therefore, we introduce a com-

posite state �  that stands for all states lower than E , i.e. )3���(C0, ⋯ , E − 1D) . 

Then, this event can be represented by a single rule such that 〈(0,)3���(C0, ⋯ , E −
1D), 7���); 1〉 (Lines 10-12). The second case is that the remaining demands for all 

1, ⋯ , G-th stations are no greater than one while the demands of all G, ⋯ , --th sta-

tions are already satisfied. Let � be the largest index among such G. Then, the sys-

tem survives when the state � is equal to or greater than G. By introducing the 

composite state )3���(C�, ⋯ , -D) , this event can be represented by the rule 

(1,)3���(C�, ⋯ , -D), 7���) (Lines 15-19).  

Finally, the remaining states � ∈ CE, ⋯ , � − 1D need to be quantified. Since 

the number of pipelines that can reach the M stations is B (note that we are consid-

ering 7���  such that �2��ý(7���) = B ), the number adds up to 5B x ¢4F6  given 
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�F  where ¢4F is the M-dimensional vector whose first j elements are one and the 

following (- − G) elements are zero. As a result, for each G = E, ⋯ , � − 1, a rule 

is generated as 〈(�>���5Bx ¢4F6, G, 7���); 1〉 (Lines 20-21). It is noted that the prob-

abilities of all rules in ℳ>� are unity as the state of 9� is deterministically speci-

fied given the states of 9��� and ��.  

By the end of this quantification, all rules in CPM ℳ>� = 〈r>� ; s>�〉 have 

assignments over 9� that are either 0 or 1, i.e. the system state must be specified 

by the time when the counting of the last pipeline is completed. As a result, the CPM 

ℳ3��ý = 〈r3��ý; s3��ý〉 for PMF �(����|9�) is quantified as 

r3��ý = H0 01 1I and s3��ý = H11I (4.19) 

where the first and second columns of r3��ý respectively account for ���� and 

9�, and the assignments ����  and ����  indicate the system failure and survival, 

respectively. 

Regarding the operation of the algorithm, it starts with 9� having only the two 

states of 0 and 1, i.e. )U(7�) = C0,1D (Line 3). In the process, the augmentation of 

elements to the set )U(7�) and the function �>�(7�) is not expressed in the algo-

rithm; however, it implicitly assumes that when )U(9�) does not have the corre-

sponding state 7� such that �>�(7�) = B x ¢4F to perform the operation in Line 20, 

the state 7� is created in )>�(7�) and �>�(7�).  

 

Algorithm 4.1. Quantifying CPMs for generalized k-out-of-N system 

 Procedure CPM-Gen-kN-System ( 

 -   // Number of stations  



 

 

118 

 #$ = (7�$ , ⋯ , 7Ï$ )   // Required number of surviving components 

 )U(��), . = 1, ⋯ , 0   // Sets of basic states of r.v. �� 

 �=>(��), . = 1, ⋯ , 0   // Sets of all states of r.v. �� 

 )3�(�), ∀� ∈ �=>(��)   // Basis set of instance � 

 ) 

1 ℳ>? ← C〈2; 1〉D, )U(9�) ← C2D, and �>?(2) ← @Ï  

2 for . = 1, ⋯ , 0 

3 ℳ>� ← ∅ and )U(9�) ← C0,1D 

4 for each 7��� ∈ )U(9���) with �2��ý(7���) = B 

5 if 7��� = 0  // system failure concluded 

6 ℳ>� ← ℳ>� ∪ Ô〈(0,)3���5)U(��)6, 0); 1〉Õ  

7 else if 7��� = 1  // system survival concluded 

8 ℳ>� ← ℳ>� ∪ Ô〈(1,)3���5)U(��)6, 1); 1〉Õ  

9 else  

10 
if there exists G ∈ C1, ⋯ , -D  such that (0 − . x 1) −57F$ − �F6 = 0 

11 Let E be the largest index among such j 

12 ℳ>� ← ℳ>� ∪ Ô〈(0,)3���(C0, ⋯ , E − 1D), 7���); 1〉Õ  

13 else  

14 E ← 0    

15 
if there exists � ∈ CE, ⋯ , -D  such that 7F$ − �F ≤ 1  for ∀G = 1, ⋯ , �, and 7F$ − �F ≤ 0 for ∀G = � x 1, ⋯ , - 

16 Let q be the smallest index among such j 

17 ℳ>� ← ℳ>� ∪ Ô〈(1,)3���(C�, ⋯ , -D), 7���); 1〉Õ  

18 else 

19 � ← - x 1  

20 for G = E, ⋯ , � − 1 

21 ℳ>� ← ℳ>� ∪ Ô〈(�>���5B x ¢4F6, G, 7���); 1〉Õ  
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4.4.3 Value of information (VoI) 

The VoI is one of the most commonly used metrics to quantify the utility of 

acquiring some potential information (Koller and Friedman, 2009). To compute VoI, 

one should specify the utility and the potential information of interest, as well as the 

action strategy that will be made upon the obtained information. In this example, the 

utility is set as the system reliability, i.e. the probability of the system survival event, 

and the potential information is the observation of ,�F, . = 1, ⋯ , 0 and G = 1,2,3, 

i.e. the inspection result of whether the oil is flowing down through the correspond-

ing segment. The action strategy is assumed to fix only the segment for which )�F�  

is observed; in other words, the action is taken to confirm ¥�F� , but other states ¥�2 

where 7 ≠ G are out of consideration. Accordingly, this strategy ignores the depend-

ence of inspection result ,�F on the preceding segments d�2, 7 = 1, ⋯ , G − 1. This 

setting is to reflect the real situation in which we cannot inspect and fix all the pre-

ceding segments whenever a malfunction is observed at a certain segment. From this 

setting, the VoI ��F of inspecting the j-th segment of the n-th pipeline is derived as 

��F = �(0x11 |C(,.G)) − �(0x11 ) = � �(���� , ,�F|C(,�F)) − �(���� )ô�;  
= �(���� |)�F� ,C()�F� ))�5)�F� 6 x �(���� |)�F� ,C()�F� ))�5)�F� 6 − �(���� ) = �(���� |¥�F� )�5)�F� 6 x �5���� |)�F� 6�5)�F� 6 − �(���� ) 

(4.20)

where C(,�F) refers to the action strategy given an observation on ,�F. 

 

4.4.4 Numerical examples 

The example system consists of twenty pipelines, i.e. 0 = 20. Three target de-

mands #$, i.e. (11,14,17), (14,17,14), and (17,14,11) are considered. For the 
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three #$, the system failure probability �(���� ) is computed as 0.23, 0.076, and 

0.0083, respectively. As expected, the larger demand the farther stations require, the 

greater the system failure probability becomes. Figure 4.8 illustrates the VoI of each 

segment for the twenty pipelines in regards to each of #$ (note that the y-axis is in 

log-scale). Comparing the plots, it is observed that a lower system survival probabil-

ity results in a greater VoI as there is more room for the system reliability to improve. 

On the other hand, since the correlation between ¥�F�  and )�F�  becomes weaker as j 

increases, the VoI tends to decrease as well for larger j. The relative importance be-

tween different j is also affected by the setting of the target demands; #$ =
(11,14,17) puts greater importance on the inspection over the third segments than 

the other two #$. On the other hand, the relative importance between pipelines de-

pends on the hazard scenarios and the pipeline type. 
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Figure 4.8. VoIs in regards to three segments of each pipeline under (a) #$ =(11,14,17), (b) #$ = (14,17,14), and (c) #$ = (17,14,11) 

 

4.5 Application III: flow capacity of network 

This section investigates the problem of network flow, e.g. transportation net-

work, also referred to as multi-state two-terminal reliability of limited-flow network. 

In this system, the r.v.’s are the flow capacities of the arcs that constitute the network, 

i.e. the maximum flow that each arc can afford. Then, the system event is defined as 

whether the arcs have enough flow capacities so that the target flow d can flow from 

the source to the terminal nodes. For instance, in a transportation network, the flow 
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capacities of roads would depend on the damage level of the roads after hazards or 

deteriorations.  

In order to quantify the system event, multiple methodologies have been devel-

oped including the representation of the system event as a set of minimal paths (Wei-

Chang, 1998) or minimal cut-sets (Jane et al. 1993) and the branch-and-bound 

scheme based on iterative maximum flow analysis (Jane and Laih, 2008; Jane and 

Laih, 2010). Among them, the branch-and-bound scheme is employed for the appli-

cation of the MBN; the scheme decomposes the event space into disjoint subsets, 

which is suitable for quantifying the disjoint rules in the CPM. 

Jane and Laih (2010) decomposes the event set based on the flow levels on the 

arcs given that the target flow takes place between the source and the terminal nodes, 

termed as flow-based decomposition in this paper. To enhance the efficiency of the 

flow-based scheme, a complementary approach is proposed, namely cut-based de-

composition. In flow analysis, cut is the counterpart concept of flow. With these two 

schemes at hand, one can choose the more efficient one at each decomposition. On 

the other hand, as the number of r.v.’s increases, it might become impossible to pro-

vide the satisfactory precision of the result by the sole use of the analytic decompo-

sition might become unable. In this case, the decomposition result can be supple-

mented by the sampling results.  

The following discussions develop these schemes and illustrate how they can 

be incorporated into MBN: Section 4.5.1 illustrates the quantification of MBN; Sec-

tion 4.5.2 formulates the component importance measure (CIM) to support the ret-

rofit-planning; and Section 4.5.3 demonstrates the application by two benchmark 

transportation networks.  
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4.5.1 Definition of r.v.’s for network flows 

As an example of network flow problem, a transportation system under poten-

tial seismic hazards is considered. The corresponding BN structure is illustrated in 

Figure 4.9: The r.v.’s - and ë respectively stand for the magnitude of earthquakes 

and the location of epicenter; !�, . = 1, ⋯ , 0, stand for the seismic resistance of 

the roads, while ,� are the estimated seismic capacity of the n-th road by inspection; 

�� represents the flow capacity of the n-th arc; and ���� and ����D  quantify the 

system event by means of analytic decomposition and sampling, respectively. 

The magnitude - is assumed to follow the truncated exponential distribution 

(Cosentino et al., 1977) whose PDF is given as 

�Ï(f) = í î exp�−î(f − f�)�1 − exp�−î5fÀ − f�6� , for f� ≤ f ≤ fÀ0, elsewhere  (4.21)

where the parameter î = 0.76, the minimum magnitude f� = 6.0, and the maxi-

mum magnitude fÀ = 8.5. In the numerical examples, - is uniformly discretized 

into five intervals, i.e. �6.0, 6.5�, (6.5, 7.0�, (7.0, 7.5�, (7.5, 8.0�, and (8.0, 8.5�. 
For each interval, the midpoint value is used as the representative value, i.e. �Ï(f), 

for computing the seismic demand on the arc. On the other hand, the location ë is 

assumed to follow the uniform distribution over the given locations. 

The assignments f ∈ )U(-)  and > ∈ )U(ë)  together determine the PGA 

that the n-th arc experiences, ö�(f, >) for . = 1, ⋯ , 0. For each of the combina-

tions (f, >), the PGA is evaluated from the attenuation law (Campbell, 1997) 
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ln5ö�(f, >)6 = −3.512 x 0.904 ∙ �Ï(f)
− 1.328 lnE��(>)� x �0.147 exp50.647 ∙ �Ï(f)6��
x �1.125 − 0.112 ln5��(>)6 − 0.0951 ∙ �Ï(f)� x �0.440 − 0.171 ln5��(>)6�UP%x �0.405 − 0.222 ln5��(>)6�U�% x &� 

(4.22)

where ö�(f, >) has the unit of ÷, and ��(>) is the distance between the n-th arc 

and the epicenter location represented by >. The constants  , UP%, and U�% are all 

set to zero, assuming strike-slip faulting for  = 0 and firm soil for UP% = U�% =
0. The random error term &� in the equation follows the normal distribution with 

zero mean and the standard deviation Ò',� such that 

Ò',� = í0.55, if ö�(f, >) < 0.068÷0.173 − 0.140 ln5ö�(f, >)6 , if 0.068÷ ≤ ö�(f, >) ≤ 0.21÷0.39, otherwise  (4.23)

The r.v. !� , . = 1, ⋯ , 0 , represents the seismic resistance of the n-th arc, 

which depends on its deterioration status; the states .��, .��, and .�* correspond to 

the status being intact, moderate, and severe, respectively. The PMF �(!�) is set 

as �(.��) = 0.7, �(.��) = 0.2, and �(.�*) = 0.1. Each state .� ∈ )U(!�) is asso-

ciated with two PGA levels of resistance �%�� (.�)  and �%�� (.�) , which are the 

boundaries for the n-th arc to have the flow capacity of either 0 or 20, and either 20 

or 30, respectively. Consequently, the capacity of the n-th arc is represented by the 

r.v. �� ∈ 
�  having three states �� , �� , and �*  such that �3�(1) = 0 , 

�3�(2) = 20, and �3�(3) = 30. It is assumed that the deterioration status of the 

roads can be inspected, which is accounted for by the r.v.’s ,�, . = 1, ⋯ , 0. The 

CPM ℳô� = 〈rô� ; sô�〉 for the conditional PMF �(,�|!�) is assumed as 
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rô� =
⎣⎢
⎢⎢
⎢⎢
⎢⎢
⎡1 12 13 11 22 23 21 32 33 3⎦⎥

⎥⎥
⎥⎥
⎥⎥
⎤
 and sô� =

⎣⎢
⎢⎢
⎢⎢
⎢⎢
⎡0.900.080.020.100.800.100.020.080.90⎦⎥

⎥⎥
⎥⎥
⎥⎥
⎤
 (4.24)

where the first and second columns of rô� respectively stand for the r.v.’s ,� and 

!�. In sô�, the non-zero probabilities of the rules where )� ≠ .� account for in-

spection error. 

The conditional PMF �(��|-, ë,!�) can be computed by the normal distri-

bution since from Eqs. (4.22) and (4.23), ln(ö�(f, >)) follows the normal distribu-

tion and the seismic resistances �%�� (.�) and �%�� (.�) are deterministic. Therefore, 

for each f ∈ )U(-), > ∈ )U(ë), and .� ∈ )U(!�), the probabilities are computed 

as 

�(��) = 1 − Φ�ln5ö�(f, >)6 − ln Ì�%�� (.�)ÍÒ',� �, 

 �(��) = Φ�ln5ö�(f, >)6 − ln Ì�%�� (.�)ÍÒ',� �
− Φ�ln5ö�(f, >)6 − ln Ì�%�� (.�)ÍÒ',� � , and 

�(�*) = Φ�ln5ö�(f, >)6 − ln Ì�%�� (.�)ÍÒ',� � 

(4.25)

where Φ(∙) is the standard normal cumulative distribution function (CDF).  
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Figure 4.9. BN for flow capacity of network under seismic hazards 

 

4.5.2 MBN quantification of system event 

To efficiently quantify the system event, the event space of 
� is decomposed 

into disjoint subsets. A subset is called specified when all instances [� within the 

set lead to the same state of the system event, i.e. either survival or failure. The goal 

is then to specify as many instances [� as possible with the least number of decom-

posed subsets. In the following discussions, a subset is denoted by a tuple 9 = 〈F, q〉 
where the N-dimensional vectors F and q refer to the lower and upper bounds of 

the states of 
�, respectively, i.e. 9 = C[�: � ∈ C>�, ⋯ ,G�D, ∀.D where >� and 

G� are the n-th elements of vectors F and q, respectively. For instance, given that 

)U(��) = C1,2,3D, . = 1, ⋯ , 0, the universal set Ω has all the component events 

having the states from 1 to 3. This is denoted by the tuple representation as Ω =
〈b� ,I�〉 where �� is the N-dimensional vectors with all elements being a. This 

representation implies that the event set is not arbitrarily decomposed, but they are 

decomposed into hypercubes. 

One can decide whether a set 9 = 〈F, q〉 can be specified by performing max-

imum flow analysis: When the maximum flow with regards to the lower bound F is 



 

 

127 

not smaller than the target flow �, the set is specified as the element of the survival 

set J�; when the maximum flow regarding q is smaller than �, the set is specified 

into the failure set J�. When a set cannot be specified as J� or J�, the set remains 

as the element of the unspecified set J�, requiring further decomposition to be spec-

ified. The decomposition needs to be continued either until J� is empty to obtain the 

exact solution, or until ∑ �(9)>∈J�  is small enough to obtain the narrow enough 

bounds on system reliability; for a subset 9 = 〈F, q〉, �(9) denotes the probability 

of the set, i.e. �(9) = �(F ≤ 
� ≤ q). 

Upon the completion of the decomposition, the sets J� and J� can be used to 

quantify the CPM ℳ3��ý for �(����|
�) in the BN of Figure 4.9. Any subset 

9 = 〈F, q〉  can be represented as a rule using the composite state. For each . =
1, ⋯ , 0, if >� = G�, the assignment � is the basic state >� (or equivalently, G�); 

otherwise, i.e. >� < G�, the assignment over �� should be a composite state � 

such that )3�(�) = C>�, ⋯ ,G�D. On the other hand, in regards to ����, the state 

is 1 if 9 ∈ J� and 0 if 9 ∈ J� where the states ����  and ����  respectively de-

note the system survival and failure. All of these rules have the probability of unity 

as the system event is deterministic in regards to the states of the component events. 

In summary, for each subset 9 = 〈F, q〉 ∈ J� ∪ J� , a rule 〈1; 1〉  is created in 

ℳ3��ý with 1 such that 

1 = æ(1, [�), if 9 ∈ J�(0, [�), if 9 ∈ J� where � = )3���(C>�, ⋯ ,G�D), ∀. = 1, ⋯ , 0 (4.26) 

where the elements of 1 stand for r.v.’s ���� and 
�, sequentially; and � is the 
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n-th element of [�. The detailed frameworks of decomposition are respectively il-

lustrated in the following subsections.  

In addition to ����, when the sampling is employed over the unspecified set 

J� to supplement the decomposition results, the BN should include the node ����D  

to account for the sampling results. As in the case of ℳ3��ý, each sample [�B , ) =
1, ⋯ , - , builds a rule 〈5���B , [�B 6; 1〉  in the CPM ℳ3��ýK   for �(����D |
�) , 

where M is the number of samples, and ���B = 1 if [�B  leads to system survival 

and 0 otherwise. The inference on system event can be performed by combining the 

results from the two CPMS ℳ3��ý and ℳ3��ýK , as illustrated in Section 4.5.2.3.  

During the implementation discussed in Sections 4.5.2.1-4.5.2.3, the joint PMF 

�(
�) was assumed to be the product of the marginal PMFs conditioned on f�, 

i.e. Ä(
�) = ∏ �(��|f�)���� . This is because when the states of - and ë are 

unspecified, the statistical dependence between ��, ⋯ , �� results in intense com-

putational cost to evaluate the exact joint probability �(
�). This strategy of con-

ditioning is analogous to the importance sampling (IS) scheme as it artificially in-

creases the failure probability while simplifying the original distribution. The nu-

merical examples in the followings suggest that this treatment is effective for prac-

tical purpose. 

 

4.5.2.1 Decomposition of system event based on flow 

Given an unspecified set 9 = 〈F, q〉 ∈ J�, the flow-based approach decomposes 

the set based on the d-flow LÁ = 5��Á, ⋯ , ��Á6 ; the n-th element ��Á  is the flow 
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value on the n-th arc when the target flow d takes place from the source to the termi-

nal nodes. The d-flow LÁ can be evaluated as follows: The original network with 

arc capacity u is augmented with a new terminal node and an arc with capacity d that 

heads from the original terminal node to the new one; then LÁ is the flow values on 

the arcs evaluated by performing the maximum flow analysis over this augmented 

network. The presence of the arc with capacity d controls the maximum flow such 

that it is not greater than d. 

The flow-based decomposition then utilizes the fact that the system survives 

when all arcs have the capacity equal to or greater than LÁ. To arrive at this survival 

set, the subset where the n-th arc has a smaller capacity than ��Á are sequentially 

separated out, making the arc have the capacity equal to or greater than the d-flow 

in the remaining set. By doing so, at the end of the decomposition, the remaining set 

can be specified as an element of J�. Specifically, for the arcs .B, ) = 1, ⋯ , f, for 

which �3�:(>�:) < ��:Á, i.e. their lower bounds are smaller than the d-flows so that 

the decomposition is valid, we first separate out the set 9MB = 〈FB, qB〉 whose .B-th 

upper bound satisfies �3�:(G�:B ) < ��:Á ; then, we can make the next set 9MB�� =
〈FB��, qB��〉  have the .B -th lower bound satisfying �3�:(>�:B��) ≥ ��:Á , while being 

disjoint to set 9MB. At the end of this procedure, the remaining set 9M∗ includes only 

the instances where all arcs have the lower bounds no smaller than d-flow. In other 

words, this set is always specified as the survival event, i.e. 9M∗ ∈ J�, while the pre-

ceding m sets remain unspecified, i.e. 9MB ∈ J� , ) = 1, ⋯ , f . This process can be 

summarized as 
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9MB = 〈FB, qB〉, ) = 1, ⋯ , f, and 9M∗ = 〈Fe��, q〉 

with >�B = <��, if . ∈ �B��>�, otherwise  and G�B = <��, if . = .BG�, otherwise 
(4.27) 

where �� = argmin�� C� ∈ )U(��): �3�(�) ≥ ��ÁD,  �� = argmax�� C� ∈ )U(��): 
�3�(�) < ��ÁD, �B = C.�, ⋯ , .BD, and �� = ∅.  

Algorithm 4.2 illustrates the implementation of Eq. (4.27) for a given unspec-

ified set 9 = 〈F, q〉. From numerical experiments, we suggest to consider the arcs 

with larger �3�(�.) − �3�(>�) first to make the decomposition more efficient (Line 

9). Also, in the case of terminating the decomposition with J� ≠ ∅, the convergence 

of the bounds can be prompted by decomposing the subsets with larger probabilities 

first.  

Algorithm 4.2. Flow-based decomposition 

 Procedure Flow- Decomposition ( 

 9 = 〈F, q〉             // Set of instances to be decomposed 

 LÁ                   // d-flow from q 

 )U(��), . = 1, ⋯ , 0   // Set of basic states of r.v. �� 

 �3�(�), � ∈ )U(��)  // Capacity levels corresponding to assignment � 

 ) 

1 O» ← ∅, L» ← ∅, L4» ← ∅, J� ← ∅ 

2 for . = 1, ⋯ , 0 

3 if �3�(>�) < ��Á 

4 O» ← C.D  

5 �» ← argmin�� C� ∈ )U(��): �(�) ≥ ��ÁD  

6 �̅» = argmax�� C� ∈ )U(��): �(�) < ��ÁD  

7 L» ← L» ∪ C�»D  

8 L4» ← L4» ∪ C�̅»D  
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9 Sort O», L», and L4» in descending order of �
O½ (L) − �
O½ (FO½) 

10 q» ← q, F» ← F, J� ← J� − C9D 

11 for ) = 1, ⋯ , |O»| 
12 G�:½» ← �B̅»  

13 J� ← J� ∪ C〈F», q»〉D  

14 G�:½» ← G�:½, >�:½» ← �B» 
15 J� ← C〈F», q»〉D  

16 return J�, J� 

  

 

4.5.2.2 Proposed decomposition based on cut 

Parallel to the flow-based decomposition, this section develops a cut-based ap-

proach. In network flow analysis, a cut is referred to a set of arcs by whose joint 

removal the source and the terminal nodes are disconnected. In the following discus-

sions, a cut O» is represented as a set of the corresponding arcs’ indices, i.e. O» ∈
C1, ⋯ , 0D where 0 is the number of arcs. Based on this definition, we introduce 

the concept d-cut 1Á: a maximal state of a cut that makes the network fail to deliver 

the target demand d. The term “maximal” implies that any increase in the elements 

of 1Á will make the delivery possible. An unspecified set must have at least one d-

cut as otherwise, it should be specified.  

While cut O» of an unspecified set 9 = 〈F, q〉 ∈ J� is not necessarily unique, 

the solutions must include the cut of the graph having the arc capacities as the lower 

bound F. Otherwise, the set must be specified as a survival set for its lower bound 

can deliver the target flow. A cut can be identified by a dual problem of maximum 

flow analysis, regarding which the details can be found in Ahuja et al. (1993).  
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While a cut can also have multiple d-cuts, in this thesis a greedy search is de-

signed so as to identify a d-cut 1Á leading to the largest probability of the set 〈F, 1Á〉; 
as illustrated shortly, this set is specified at the end of the decomposition as the failure 

set. Algorithm 4.3 illustrates the greedy algorithm adopted during the following nu-

merical examples. We start with 1Á as FO½ = (>�ý½ , ⋯ , >�4½ ), i.e. the lower bounds of 

the arcs in cut O», where f = |O»|. Then, at each iteration, we select an arc and 

increase its d-cut value by one; to this end, among the arcs .B ∈ O» such that VBÁ <
G�:, we select .B with the largest probability of �(VBÁ ≤ ��: ≤ VBÁ x 1). This iter-

ation is continued until any increase in current 1Á will make the sum of the corre-

sponding capacities of the cut equal to or greater than d. By the definition of cut, the 

identified 1Á ensures that the maximum flow between the source and the terminal 

nodes is less than d. Upon the termination of the iteration, the arcs .B for which 

VBÁ = G�: should be excluded from O» and 1Á as they have no effect on the de-

composition. This algorithm identifies the local solution, but the solution does not 

need to be exact for the purpose of implementing the decomposition. 

Algorithm 4.3. Identification of d-cut 

 Procedure Identify-d-cut ( 

 9 = 〈F, q〉             // Set of instances to be decomposed 

 O»                    // Set of arc indices of given cut 

 �(��), . = 1, ⋯ , 0    // PMF of r.v. �� 

 �3�(�), � ∈ )U(��)  // Capacity levels corresponding to � 

 d                    // Target flow demand 

 ) 

1 f ← |O»|, Ð ← @e, 1Á ← FO½ 
2 VPÁ ← ∑ �3�:5VBÁ6eB��   
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3 for ) = 1, ⋯ , f 

4 if VBÁ < G�: and VPÁ − �3�:5VBÁ6 x �3�:5VBÁ x 16 < � 

5 EB ← �5>�: ≤ ��: ≤ VBÁ x 16  

6 while Ð has any positive element 

7 Let )» be the index of the maximum element of Ð  

8 VPÁ ← VPÁ − �3�:½ 5VB½Á6 x �3�:½ 5VB½Á x 16  

9 VBÁ ← VBÁ x 1  

10 for ) = 1, ⋯ , f 

11 if VBÁ < G�: and VPÁ − �3�:5VBÁ6 x �3�:5VBÁ x 16 < � 

12 EB ← �5VBÁ ≤ ��: ≤ VBÁ x 16  

13 else 

14 EB ← 0  

15 
Reduce O»  and 1Á  to include only arcs for which VBÁ < G�: , ) =1, ⋯ , f 

16 return O», 1Á 

  

 

Given a cut O» and the corresponding d-cut 1Á, the unspecified set 9 = 〈F, q〉 
is decomposed into (f x 1) subsets in regards to the arcs ) ∈ O». The procedure is 

analogous to the flow-based decomposition, except that we separate out the sets by 

making their lower bounds greater than the d-cut, i.e. 

9úB = 〈FB, qB〉, ) = 1, ⋯ , f, and 9ú∗ = 〈F, qe��〉 
where >�B = æVBÁ x 1, if . = .B>�, otherwise and G�B = æVBÁ , if . ∈ �B��G�, otherwise  

(4.28)

Then, the set 9ú∗ is an element of the failure set J� while the other sets remain 

unspecified. Algorithm 4.4 summarizes the cut-based decomposition, which is also 

similar to the flow-based decomposition in Algorithm 4.2. Line 1 in the algorithm 

indicates that the arcs with the largest �(G�) − �(V�) are utilized first to make the 
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decomposition more efficient. 

Algorithm 4.4. Cut-based decomposition 

 Procedure Flow- Decomposition ( 

 9 = 〈F, q〉             // Set of instances to be decomposed 

 O»                    // Set of arc indices of given cut 

 1Á                   // d-cut on O» 
 �3�(�) , � ∈ )U(��)   // Capacity levels corresponding to as-

signment � 

 ) 

1 Sort O» and 1Á in descending order of �
O½ (qO½) − �
O½ 51Á6 

2 q» ← q, F» ← F, J� ← J� − C9D, J� ← ∅ 

3 for ) = 1, ⋯ , |O»| 
4 >�:½» ← VBÁ x 1  

5 J� ← J� ∪ C〈F», q»〉D  

6 >�:½» ← >�:½, G�:½» ← VBÁ 

7 J� ← C〈F», q»〉D  

8 return J�, J� 

  

 

The suggestion is to use only the flow-based decomposition when one employs 

only the deterministic decomposition. The consistent division shows better effi-

ciency for arriving at the closure. On the other hand, when one employs the decom-

position and the sampling together, i.e. when one expects that the bounds cannot be 

converged enough only by decomposition, a more efficient convergence can be 

achieved by jointly employing the flow- and the cut-based decompositions. As the 

cut-based scheme identifies a failure set at each iteration, it generally identifies a 

larger failure probability than the flow-based one. This feature makes the cut-based 

scheme more effective in stabilizing the sampling variance in practical applications 
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where in general, the system failure probability is of interest and very low. For the 

combined use of the decomposition schemes, we propose to evaluate both schemes 

at each decomposition; then select the flow-based approach if �(J�) ∙ �(9M∗) >
�(J�) ∙ �(9ú∗) and select the cut-based one, otherwise. It is noted that the major 

bottleneck during the quantification is the large memory required to store a great 

number of the decomposed sets and samples. Therefore, the increase in computa-

tional cost due to the arithmetic operations for comparing the two decomposition 

schemes is marginal compared to the resultant reduction in the number of required 

sets to quantify the system event.  

 

4.5.2.3 BN inference by combining decomposition and sampling 

The nodes ����  and ����D   represent the two sets J� ∪ J�  and J�  where 

(J� ∪ J�) ∩ J� = ∅ and (J� ∪ J�) ∪ J� = Ω. Therefore, the inference can be com-

pleted after registering any BN inference methodology over the BN, simply by sum-

ming up the results from the two nodes as �(�) = �5� ∩ (J� ∪ J�)6 x �(� ∩ J�) 

for any event �. 

This section illustrates how this combination can achieve efficiency during in-

ference. Let R̂ , R̂� , and R̂�  respectively denote the probabilities �(�) , �5� ∩
(J� ∪ J�)6, and  �(� ∩ J�), i.e. 

R̂ = R̂� x R̂� (4.29)

In order to estimate R̂ with the target coefficient of variance (c.o.v.) ç$, the MCS 

requires the samples as many as  
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-ÏQP = (1 − R̂)R̂ ∙ ç$�  (4.30)

In contrast, in the proposed framework, the sampling variance arises only from 

ℳ3��ýK , by which ç$ can be met with the number of samples 

-∗ = R̂�(1 − R̂�)R̂� ∙ ç$� = -ÏQP ∙ R̂�R̂� x R̂� (4.31)

Eq. (4.31) implies that the proposed scheme becomes more efficient as R̂�/R̂ 

increases, i.e. as a greater part of the event set of interest is identified by the decom-

position. Therefore, while the efficiency of the MCS depends on the magnitude of 

R̂, the efficiency of the proposed scheme depends on how easy it is to decompose the 

given event space. Roughly speaking, the decomposition becomes easier when the 

number of arcs is small; when the network is sparse, i.e. the fewer arcs compared to 

the nodes; and when the target flow � is close to the minimum or maximum values 

that are respectively computed using the lower and the upper bounds of arc capacity. 

One can opt for the proper scheme, i.e. flow-based decomposition, combination of 

decomposition and sampling, or MCS, upon the characteristics of a given problem. 

 

4.5.3 Component probability based importance measure (CIM) 

In this section, to support the decision-making on retrofitting the roads, the 

component importance measure (CIM) is quantified by two types of conditional 

probability +,-�,� = �(�8|���� )  and +,-�,� = �(���� |�8) , . = 1, ⋯ , 0 , 

where )3�(4) = C1,2D . The former one accords with the conditional probability 

based importance measure (CPIM) proposed by Song and Kang (2009). Both 

measures attempt to quantify the component importance based on the relatedness 
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between the failure events of a component and the system. Since �� ∈ 
� have 

multiple states, the component failure event is defined as �8, i.e. the event where 

�� does not have the maximum capacity.  

When the CPM quantifies the entire event set, i.e. �(J�) = 0, the inference re-

sult is exact. On the other hand, the result from non-exhaustive CPMs, i.e. the CPM 

includes only a subset of the events, is approximate. To properly interpret the ap-

proximate result, one needs to evaluate the accuracy of the estimation as well. This 

evaluation depends on the ways that the rules are derived, i.e. either from determin-

istic decomposition or from sampling which are discussed respectively in Sections 

4.5.3.1 and 4.5.3.2.  

 

4.5.3.1 Deterministic bounds from incomplete decomposition 

When ℳ3��ýK  is absent, we evaluate the deterministic bounds on the quantity 

of interest from ℳ3��ý . For the joint probability �(�8, ���� ) , . = 1, ⋯ , 0 , the 

bounds are computed as  

��(�8, ���� ) ≤ �(�8, ���� ) ≤ 1 − ��(C�8, ���� D`) (4.32)

where ��(∙) indicates that the probability evaluation involves some non-exhaustive 

CPMs; and ��(C�8, ���� D`) = ��(�*, ���� ) x ��(���� ) . Similarly, the bounds on 

�(���� ) are  

��(���� ) ≤ �(���� ) ≤ 1 − ��(���� ) (4.33)

From Eq. (4.32) and (4.33), the bounds on +,-�,� = �(�8, ���� )/�(���� ), . =
1, ⋯ , 0, are derived as 
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��(�8, ���� )1 − ��(���� ) ≤ +,-�,� ≤ 1 − ��(C�8, ���� D`)��(���� )  (4.34)

On the other hand, since �(�8) can be computed exactly, the bounds on +,-�,� =
�(�8, ���� )/�(�8) are evaluated as   

��(�8, ���� )�(�8) ≤ +,-�,� ≤ 1 − ��(C�8, ���� D`)�(�8)  (4.35)

 

4.5.3.2 Stochastic estimation from decomposition and sampling 

When both ℳ3��ý and ℳ3��ýK  are quantified, their inference results need to 

be summed up as discussed in Section 4.5.2.3. Let R̂�,�, . = 1, ⋯ , 0, and R̂� re-

spectively denote the estimates of �(�8, ���� )  and �(���� )  obtained by sum-

ming up the results from the two CPMs. On the other hand, ÒÓ�,��  and ÒÓ�� denote 

the sampling variances of R̂�,� and R̂�, respectively. Since the variances arise only 

from ℳ3��ýK = 〈r3��ýK , s3��ýK 〉, they are computed from ℳ3��ýK  as 

ÒÓ�,�� = 1- � ÌÅB ∙ Ú Ì1R〈����, ��〉~(���� , �8)Í − R̂�,�D Í�
1:∈r���ýK

 
(4.36)

and 

ÒÓ�� = 1- � (ÅB ∙ Ú(1R〈����〉 = 0) − R̂�D)�
1:∈r���ýK

 
(4.37)

where - is the number of samples as well as the number of rules in ℳ3��ýK ; ÅB 
is the weight of the i-th sample, i.e. ÅB = �(1R)/Ä(1R) with Ä(∙) being the sam-

pling density; and Ú(∙) is the index function that outputs 1 when the given statement 

is true, and 0 otherwise. It is noted that Eq. (4.36) assumes the IS scheme, i.e. 
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�(
�) ≠ Ä(
�), since the alternative joint probability of 
� is used throughout 

the decomposition and sampling as proposed in Section 4.5.2.1. In the equations, the 

estimates R̂�,�D   and R̂�D  respectively denote the estimations of �(�8, ���� )  and 

�(���� ) computed from ℳ3��ýK , i.e.  

R̂�,�D = 1- � ÅB ∙ Ú Ì1R〈����, ��〉~(���� , �8)Í1:∈r���ýK
 

(4.38)

and 

R̂�D = 1- � ÅB ∙ Ú(1R〈����〉 = 0)1:∈r���ýK
 

(4.39)

Since the denominator �(���� ) of +,-�,� is uncertain as well, the estimate 

R̂Q�,� and the variance ÒÓQ�,��  of +,-�,� are derived as (for the variance of ratio, 

refer to Chapter 2.7 in Owen (2013) 

R̂Q�,� = R̂�,�R̂�    and   ÒÓQ�,�� = "R̂�,�R̂� #� ∙ ÒÓ�,��R̂�,�� x ÒÓ��R̂��� (4.40)

On the other hand, the estimates R̂Q�,� and the variance ÒÓQ�,��  of +,-�,� are eval-

uated as  

R̂Q�,� = R̂�,��(�8)    and   ÒÓQ�,�� = ÒÓ�,���(�8)� (4.41)

 

4.5.4 Numerical examples 

4.5.4.1 Sioux Falls transportation benchmark network 

Sioux Falls benchmark network in Figure 4.10 includes 24 nodes and 38 bi-

directional arcs, i.e. 0 = 38 (Lee et al., 2011). The maximum flow between the 
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source and the terminal nodes is 6; the target flow is set as 4. Ten locations of epi-

center, represented by r.v. ë, are considered with the (, ¥)-coordinates in kilome-

ters of (−2.0, −2.0) , (−1.5, −2.5) , (−1.0, −3.0) , ⋯ , (2.5, −6.5) . The seismic 

resistance of the arcs is set as  

�%�� ()) = ¨1.0 , ) = 10.8 , ) = 20.6 , ) = 3 and �%�� ()) = ¨1.4 , ) = 11.2 , ) = 21.0 , ) = 3, ∀. = 1, ⋯ , 0 (4.42)

To quantify the system event, only the flow-based decomposition is used as the 

network size is relatively small. The decomposition is terminated when the proba-

bility of the unspecified set �(J�) is narrowed down to 1% of the failure probability 

�(J�). It is noted that the bound width after the exact evaluation is different from 

the one computed during the decomposition since during the decomposition, the al-

ternative distribution ∏ �(��|f�)����  is used. 

 

Figure 4.10. Sioux Falls benchmark network with hypothetical inspection scenario 

(blue solid line for )��, yellow dashed for )��, and red dotted for )�*) 
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Table 4.4 summarizes the estimation of �(���� ) by the decomposition and 

the MCS. The bounds by decomposition are �1.76, 1.76� × 10�� where the bound 

width is less than 0.001% of the lower bound with 3,931 rules in ℳ3��ý. In contrast, 

the MCS requires 21,212 rules (samples) to achieve the c.o.v. 0.05, computing the 

mean 1.85 × 10�� with the 99% confidence interval (CI) �1.61, 2.09� × 10��. 

The two types of CIM of the arcs are illustrated respectively in Figure 4.11(a) 

and (b). The figures show the results of the ten arcs with the largest CIM values; the 

deterministic bounds by decomposition are marked by the lines with red asterisks, 

while the 99% CIs evaluated by the MCS are represented by grey rectangles. While 

the results from the two methods agree with each other, the bounds by decomposition 

are so narrow that the upper and lower bounds are not distinguished in the figure. On 

the other hand, it is observed that the two measures show slightly different outcomes. 

Although they agree on the first five arcs of the greatest importance, they do not 

agree on the following arcs. However, other than the top five arcs, the differences 

between the other arcs are insignificant for both measures.  

In Figure 4.10, the assumed inspection scenario of arcs is depicted: blue solid 

arcs for )��, yellow dashed arcs for )��, and red dotted arcs for )�*. These observa-

tions update the distribution, leading to the increased failure probability with the 

bounds �3.73, 3.73� × 10��. In addition, this information changes the relative im-

portance of the arcs as marked by the lines with blue circles in Figure 4.11. The 

inspection results have the opposite effect on the measures +,-�,� = �(�8|���� ) 

and +,-�,� = �(���� |�8), . = 1, ⋯ , 0: the inspection of deterioration increases 
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+,-�,� while decreasing +,-�,�; and the inspection of being healthy has the oppo-

site effect. In regards to +,-�,�, the decrease in the component reliability increases 

the component failure probability given the system failure. In contrast, +,-�,� re-

flects that when a component becomes more prone to failures, the contributions of 

the other components to system failure decrease, which lowers the system failure 

probability conditioned on the failure of the component. This suggests that the choice 

on the component importance measure should properly reflect the purpose of deci-

sion-making. 

The analysis results suggest two major advantages of the decomposition scheme. 

First, it requires a smaller number of rules than the MCS in quantifying the system 

event, which determines the order of computational cost for BN inference. Second, 

the bounds computed by the analytical decomposition remain stable over varying 

probability values, while such change often incurs a sharp increase in the sampling 

variance by making the weights of samples wildly vary. The rise in the sampling 

variance can be drastic especially when the sampling density shows a great discrep-

ancy with the exact one. However, it is challenging to find a density that shows stable 

variances over varying probabilistic configurations. In this regard, the proposed 

scheme enables more efficient and robust analysis of network flow problems.   

 

Table 4.4. Analysis result of flow-based decomposition and MCS for Sioux Falls 

benchmark network 
 

 Decomposition MCS �(���� ) �1.76, 1.76� × 10�� �1.61, 2.09� × 10�� 

Number of rules 

for �(����|
�) 

3,931 

(|J�|: 557, |J�|: 3,374) 
21,212 



 

 

143 

 

Figure 4.11. (a) +,-�,� and (b) +,-�,�, . = 1, ⋯ , 0, of top ten arcs in Sioux 

Falls benchmark network  

 

4.5.4.2 Eastern Massachusetts (EMA) highway benchmark network 

The Eastern Massachusetts (EMA) highway network illustrated in Figure 4.12 

consists of 74 nodes and 129 arcs, i.e. 0 = 129 (Zhang et al, 2016). The target flow 

is set as 6 while the maximum flow from the source to the terminal nodes is 9. The 

five coordinates of epicenter locations are considered whose (, ¥)-coordinates in 

kilometers are: (30, 30) , (35, 25) , (40, 20) , (45, 15) , and (50, 10) . The PGA 

resistance of the arcs is set as 
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�%�� ()) = ¨0.6 , ) = 10.4 , ) = 20.2 , ) = 3 and �%�� ()) = ¨0.9 , ) = 10.7 , ) = 20.5 , ) = 3, ∀. = 1, ⋯ , 0 (4.43)

Due to the large size of the network, the decomposition result is complemented 

by employing sampling, i.e. by introducing the node ����D  in the BN. The decom-

position is iterated until the largest probability of the sets in J� is smaller than 0.1% 

of �(J�), concluding that further decomposition would not have significant contri-

butions to narrowing the bounds. Afterwards, the samples are drawn until the c.o.v. 

becomes less than 5 × 10�*.  

Table 4.5 summarizes the results by the proposed scheme and the MCS. They 

provide the consistent estimations with each other while the number of rules required 

for quantification of �(����|
�) by the proposed scheme is less than 20% of that 

by the MCS. When one utilizes only the flow-based decomposition, the same number 

of sets, i.e. 946, leads to �(J�) = 0.0114 and �(J�) = 0.973, while the use of 

both flows and cuts results in �(J�) = 0.0130  and �(J�) = 0.974 . With only 

marginal increase in the computational cost, the combination of the cut- and the flow-

based decompositions can provide not only a narrower bound width, i.e. �(J�), but 

also a greater lower bound, i.e. �(J�), which is especially advantageous when deal-

ing with a small probability.  

Figure 4.13(a) and (b) illustrate the 99% CIs respectively of the two CIMs, i.e. 

+,-�,� and +,-�,�, . = 1, ⋯ , 0, computed by the proposed scheme and the MCS. 

The proposed scheme shows lower variances for +,-�,� than the MCS and higher 

variances for +,-�,�. The inspection scenario described in Figure 4.12 lowers the 

system failure probability to 1.44 × 10��  with c.o.v. 5.80 × 10��  where the 
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c.o.v.’s are much lower than the unconditioned case. In Figure 4.13, the effect of 

inspection results on the two CIMs is consistent with the observation made in Section 

4.5.4.1. 

It is noted that the reasons for the increase in the number of rules and samples 

compared to the example of Section 4.5.4.1 are different for the proposed scheme 

and the MCS: the former is due to the larger size of the network, while the latter 

stems from the decrease in the failure probability. This highlights the fact that the 

proposed method is preferred to the MCS when the given problem is easy to decom-

pose or when the probability of interest is low.  

 

Figure 4.12. EMA benchmark network with hypothetical inspection scenario (blue 

solid line for )��, yellow dashed for )��, and red dotted for )�*) 
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Table 4.5. Analysis result of proposed scheme and MCS for EMA benchmark 

network 
 

 Proposed MCS 

�(���� ) (c.o.v.) 1.49 × 10�� (0.0258) 
1.68 × 10�� 

(0.0500) 

Number of rules 

for �(����|
�) 

4,237 

(|J�|: 174, |J�|: 772, 

samples: 3,291) 

23,405 

 

 

Figure 4.13. (a) +,-�,� and (b) +,-�,�, . = 1, ⋯ , 0, of top ten arcs in EMA 

highway benchmark network 
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Chapter 5.  Conclusions 
 

5.1 Summary 

In order to perform probabilistic analysis of complex and large-scale systems, 

this thesis develops methods ranging from quantification and inference to optimiza-

tion in the framework of Bayesian network (BN). BN is a useful tool for analyzing 

real-world systems since the graphical representation of high-dimensional distribu-

tions by BN facilitates their mathematical formulations. However, the number of 

parameters to quantify the probability mass functions (PMFs) increases exponen-

tially with the number of components, which hampers applications of the conven-

tional BN to large-scale systems. To address this issue, the matrix-based Bayesian 

network (MBN) is proposed as an alternative data structure for quantifying the PMFs 

in a BN: A PMF is quantified by the conditional probability matrix (CPM) that uses 

two matrices, namely event matrix and probability vector. The applications of MBN 

to various types of systems demonstrate that MBN can be efficiently quantified by 

utilizing the regularity in the definition of system events. On the other hand, in order 

to optimize MBN that represents a large-scale system, a proxy measure of the exact 

objective function is proposed so that the order of computational cost can be reduced 

from exponential to polynomial. In case of multi-objective optimization, this drastic 

reduction even allows for the efficient evaluation of multiple non-dominated solu-

tions. To theoretically verify the proposed method, the condition for the proxy and 

the exact functions to be equivalent is derived; this condition can be numerically 

checked for a given problem as well by the proposed scheme. In addition, several 

implementation strategies are proposed by which we can not only compensate the 
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approximation error, but also in case of multi-objective optimization, identify a 

broader set of non-dominated solutions than the exact formulation of the weighted 

sum of multiple objectives. Finally, MBN is extended for multi-state systems by 

modifying the definitions and operations that are developed for binary-state systems. 

The applications of three multi-state systems, i.e. multi-state series-parallel systems, 

multi-state k-out-of-N systems, and flow capacity of networks, provide insight into 

developing strategies for efficient MBN quantification and demonstrate the utility of 

MBN in regards to the reliability assessment of complex and large-scale systems. 

The major findings of the study are summarized as follows: 

• The fundamental reason for performing probabilistic analysis is to make in-

formed decisions under uncertainty. Various types of inferences can be made 

to this end, but they should be designed to properly support the given decision 

task.  

• The graphical representation of joint probability distributions, enabled by BN, 

facilitates formulating the distributions based on the contextual knowledge of 

causal relationship between multiple variables. This shows how conceptual 

knowledge can be incorporated into mathematical analysis. 

• While any probabilistic quantity can be computed by three basic operations – 

conditioning, sum, and product, the registration of these operations for BN is 

straightforward. Besides, BN formulation facilitates determining the sequence 

of administering these operations among multiple variables and instances. As 

a result, BN facilitates addressing various inference tasks other than compu-

ting the system failure probability. 
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• In MBN, the PMFs are represented by matrices, which presents a new per-

spective on the structure of PMFs and the definition of the states of random 

variables (r.v.’s). 

• The regularity in the definition of a system event can be utilized to enhance 

the efficiency in quantifying the corresponding PMF. 

• By deriving the relevant formulations, samples can be utilized to address var-

ious inference tasks other than computing the system reliability. This suggests 

the great potential in the use of sampling techniques. 

• During approximate inference, a subset of events is drawn and utilized to infer 

the universal event set. Even in this case, all that one needs to perform infer-

ence are the three basic operations. However, the bounds or confidence level 

of the results should be computed differently depending on the way by which 

the subset was drawn, e.g. deterministic (analytical) selection, Monte Carlo 

Simulation (MCS), importance sampling (IS), and Markov chain Monte Carlo 

(MCMC) sampling.  

• To expedite the efficiency and the numerical stability of approximate inference, 

one can draw a subset of instances by combining the deterministic selection 

and the stochastic selection (sampling). This strategy can be employed by first 

identifying the major failure modes (deterministic selection) and then sam-

pling the unexplored space of instances (stochastic selection). This can over-

come the limitations of the two approaches: (1) The deterministic selection 

shows limitation as the even space becomes large; and (2) the stochastic se-

lection requires a greater number of samples as the probability of interest be-

comes smaller, while the advanced sampling techniques to overcome this may 
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show numerical instability during inference. 

• In a BN, the optimization problem is defined as maximizing/minimizing the 

expectation of utility nodes. As a result, the BN representation provides a con-

sistent formulation of the corresponding optimization problem. This can be a 

useful property since the formulation of a problem is the main factor that de-

termines the efficiency and the accuracy of optimization. The proxy objective 

function could be developed based on the universal formulation provided by 

BN. 

• Although BN provides the optimization problems with consistent formulation, 

the problems are in general non-convex, i.e. the local optimality does not nec-

essarily imply the global optimality. In the proposed proxy method, this issue 

was addressed by performing the iteration with different basis decision rules. 

• There are some common properties among probabilistic problems, whether 

they are known or not. These properties can be explored and utilized to de-

velop efficient solutions to these problems. The proxy method could be devel-

oped by utilizing the general effect that the change in a decision rule has on 

the expected utility values.  

• When an optimization problem is small enough, the direct evaluation of non-

dominated solutions can be an effective approach. This approach was adopted 

for the proposed optimization method where the problem size has been signif-

icantly reduced by utilizing the proxy functions. 

• As the number of components increases, multi-state systems show a more 

rapid increase in the number of instances than binary-state systems. This 

makes the quantification of multi-state systems more challenging in general. 
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Still, whether a system is multi-state or binary-state, the efficient quantifica-

tion of MBN hinges on the fundamental principle that we should identify and 

properly exploit the regularity in the definition of the system event. 

These findings are currently under extension in following perspectives: 

 A system event can be quantified efficiently when there is a method to exploit 

the regularity in the definition. While the greatest efficiency might be achieved 

only through a problem-specific method, an automated algorithm to sort out 

the major failure modes will still be useful, especially for the systems for 

which such method is not available. 

 Metaheuristic algorithms show a great applicability and efficiency in a large 

class of problems. However, they are limited in that their diagnostics is in gen-

eral not available. A potential resolution is using the diagnostics developed for 

advanced sampling methods, e.g. MCMC and IS, whose search strategies have 

commonality with metaheuristic algorithms in that the exploration over the 

space of interest is guided by some predefined strategies while involving ran-

domness. 

 

5.2 Recommendations for future studies 

In order to advance the frontiers of theories and applications relevant to the 

proposed methods, the following topics are recommended as future research:  

• BN can be utilized for assimilating the quantitative data into qualitative models 

by exploiting the graphical representation and determining the parameter values 

from data. Developing the formal procedure for such assimilation will broaden 

the class of problems for which the probabilistic inference can be performed. The 
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assimilation may provide not only the structured way of synthetizing different 

types of information, but also the objective way to quantify and correct the un-

certainty of a qualitative model. 

• The graphical representation provided by BN can facilitate the communication 

between the stakeholders with different backgrounds. This is particularly advan-

tageous for decision-making process, which in general involves the disparate 

sectors of the public, the industry, and the academia. This advantage can be en-

hanced by applying BN in the perspectives of not only mathematics, but also 

social science.  

• For inference results to be exact, a BN should include all relevant variables. 

However, since it is inevitable for artificial models to show discrepancy with the 

reality, a prudent choice should be made on the variables to be included in a BN. 

Developing an objective procedure to make such choice will enhance the credi-

bility of BN-based models. 

• In hypothesis testing, hypotheses are built upon the complex relationship be-

tween multiple variables. As a result, the formulation of such testing remains a 

challenging task. Since BN facilitates the formulation of high-dimensional and 

complex distributions, the hypothesis testing might be one of the potential appli-

cations of BN. 

• While the quantification and the inference of a joint distribution are relatively 

straightforward when all variables are either continuous or discrete, they become 

challenging when the distribution includes both types of variables. There is much 

room for the studies on such hybrid distributions. 

• The temporal aspect of real-world systems raises the need for including the time 
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variable in a BN. Since the analysis of a large-scale system is challenging by 

itself, performing dynamic analysis on them remains a challenging task espe-

cially when the system-level performance is of concern. Addressing this issue 

will create not only theoretical impact, but also practical implication as it will 

enhance the efficiency in operating and maintaining real-world engineering sys-

tems. 

• Multi-objective optimization has been solved mostly either by heuristic algo-

rithms or by setting all objectives but one as constraints. Aside from these com-

mon approaches, there has been a constant research in mathematical fields to 

analytically identify a set of non-dominated solutions. While the proposed meth-

ods show significant limitation in terms of applicability, some specific properties 

of probabilistic problems might open the way to make these methods applicable.  

• While MBN has achieved a meaningful enlargement of the applicable scales of 

systems, there still remains much room for further progress, calling for continu-

ous efforts in advancing methods of probabilistic quantification and inference. 

On the other hand, another important factor in probabilistic analysis is acquiring 

accurate distributions over the random variables of interest. In other words, ac-

companying efforts are required for eliciting probability distributions either from 

data or from physical/mathematical models. 
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Appendix. Illustrative examples of quantifying 

conditional probability matrix (CPM) of 

system event 
 

Appendix A. Multi-state series-parallel system 

Consider an MS-SP system with two subsystems, i.e. 0 = 2 , in Figure 4.2. 

Each subsystem has two candidate component types, i.e. )U(ù�) = C1,2D, and can 

include up to two components, i.e. )U(!�) = C1,2D. The candidate types have the 

capacity levels such that ��ý� (1) = 10 , ��ý� (2) = 20 , ��þ� (1) = 15 , and 

��þ� (2) = 30 ; and the survival probabilities ���� (1) = 0.9  and ���� (2) = 0.8 , 

. = 1,2. Then, from Eqs. (4.7) and (4.8), the CPM ℳ3� = 〈r3�; s3�〉, . = 1,2, is 

derived as 

r3� =

⎣⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎡1 1 3 31 0 1 12 0 1 11 0 1 22 0 1 23 0 1 21 0 2 13 0 2 11 0 2 23 0 2 24 0 2 2⎦⎥

⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎤

, and s3� =

⎣⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎡ 10.10.90.010.180.810.20.80.040.320.64⎦⎥

⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎤

 (A.1) 

where the columns of r3�  sequentially stand for �� ,  � , ù� , and !� ; and 

)��(3) = C1,2D , )%�(3) = C1,2D , �3ý(1) = 0 , �3ý(2) = 10 , �3ý(3) = 20 , 

�3ý(4) = 40 , �3þ(1) = 0 , �3þ(2) = 15 , �3þ(3) = 30 , and �3þ(4) = 60 . Then, 

from Eq. (4.9), the CPM ℳ3� = 〈r3�; s3�〉 is quantified as 
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r3� =
⎣⎢
⎢⎢⎢
⎡1 1 72 2 64 3 56 4 43 5 25 4 3⎦⎥

⎥⎥⎥
⎤
, and s3� =

⎣⎢
⎢⎢⎢
⎡111111⎦⎥

⎥⎥⎥
⎤
 (A.2) 

where )3ý(5) = C3,4D,  )3þ(5) = C3,4D,  )3þ(6) = C2,3,4D,  )3þ(7) = C1,2,3,4D, 
�3�(1) = 0,  �3�(2) = 10,  �3�(3) = 15,  �3�(4) = 20,  �3�(5) = 30,  and 

�3�(6) = 40. The columns of r3� correspond to �*, ��, and ��, in order. 

 

Appendix B. Multi-state k-out-of-N:G system 

Suppose that there are three stations, as illustrated in Figure 4.6, and three pipe-

lines, i.e. - = 3 and 0 = 3. The target demands #$ for the stations 1, 2, and 3 

are given as (3,1,2) . Since - = 3 , the basic states of �� ∈ 
�  are such that 

)U(��) = C0, ⋯ ,3D. For the following quantification, we introduce the composite 

states over 
� as )3�(4) = C0,1,2D, )3�(5) = C0,1,2,3D, and )3�(6) = C1,2,3D. 

Following Algorithm 4.1, we start with ℳ>? = C〈2; 1〉D  and �>?(2) = (0,0,0) 

and proceed to the first pipeline, i.e. . = 1. For 7��, Line 11 identifies E = 1 from 

(3 − 1 x 1) − (#$ − �>?(2)) = (0,2,1) , while Line 16 identifies � = 4  from 

#$ − �>?(2) = (3,1,2) . Therefore, the CPM ℳ>ý = 〈r>ý; s>ý〉  for �(9�|��,9�) 

is quantified as 

r>ý = �0 0 22 1 23 2 24 3 2�, and s>ý = �1111� (B.1) 

where the columns of r>ý sequentially represent 9�, ��, and 9�, creating the set 

)U(9�) = C0,2,3,4D  and functions �>ý(2) = (1,0,0) , �>ý(3) = (1,1,0) , and 
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�>ý(4) = (1,1,1).  

Then, we proceed to 9� and obtain E = 3 and � = 4 for 7�� from 

(0 − . x 1) − (#$ − �>ý(2)) = (3 − 2 x 1) − (2,1,2) = (0,1,0) and #$ − �>ý(2) = (2,1,2) 
(B.2) 

This generates the two rules 〈(0,4,2); 1〉  and 〈(2,3,2); 1〉 , resulting 

)U(9�) = C0,2D  and �>þ(2) = (2,1,1) . By completing the evaluation over other 

assignments 7��, 7�*, and 7�8 of 9�, the CPM ℳ>þ = 〈r>þ; s>þ〉 is quantified as 

r>þ =
⎣⎢
⎢⎢
⎢⎢
⎢⎢
⎡0 5 00 4 22 3 20 4 33 3 30 0 42 1 43 2 44 3 4⎦⎥

⎥⎥
⎥⎥
⎥⎥
⎤
, and s>þ =

⎣⎢
⎢⎢
⎢⎢
⎢⎢
⎡111111111⎦⎥

⎥⎥
⎥⎥
⎥⎥
⎤
 (B.3) 

where the columns of r>þ stand for 9�, ��, and 9�, sequentially; and )U(9�) =
C0,2,3,4D,  �>þ(3) = (2,2,1), and �>þ(4) = (2,2,2). 

Finally, CPM ℳ>� = 〈r>� ; s>�〉 is quantified as 

r>� =
⎣⎢
⎢⎢
⎢⎢
⎡0 5 00 4 21 3 20 4 31 3 30 0 41 6 4⎦⎥

⎥⎥
⎥⎥
⎤
, and s>� =

⎣⎢
⎢⎢
⎢⎢
⎡1111111⎦⎥

⎥⎥
⎥⎥
⎤
 (B.4) 

where the columns of r>�  sequentially correspond to 9* , �* , and 9� ; and 

)U(9*) = C0,1D . Particularly for 7�8 , Line 13 in the algorithm identifies � = 1 

from #$ − �>þ(4) = (1, −1,0), generating the rule in the last row of ℳ>�. 
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Appendix C. Flow capacity of network 

We illustrate the procedures of the flow- and the cut-based decompositions as 

well as the subsequent quantification of CPMs ℳ3��ý and ℳ3��ýK . The network 

in Figure 4.1(a) is considered with the target demand � = 5. In accordance with the 

illustration in Section 4.2.1, the four arcs have the basic states such that )U(��) =
C1,2,3D, . = 1, ⋯ ,4; the PMF �(��) is given as �(��) = 0.2, �(��) = 0.3, and 

�(�*) = 0.5 ; the basic states represent the arc capacity such that �3�(1) = 0 , 

�3�(2) = 20, and �3�(3) = 30; and �� has three composite states 4, 5, and 6, de-

fined by the sets )3�(4) = C1,2D, )3�(5) = C2,3D, and )3�(6) = C1,2,3D.  

Suppose that the maximum flow analysis over the total event set Ω =
〈(1,1,1,1), (3,3,3,3)〉 identifies the d-flow LÁ = (30,20,30,20). Upon this result, 

Algorithm 4.2 decomposes Ω into the five disjoint subsets  

9M,�� = 〈(1,1,1,1), (2,3,3,3)〉, 9M,�� = 〈(3,1,1,1), (3,3,2,3)〉, 9M,�* = 〈(3,1,3,1), (3,1,3,3)〉, 9M,�8 = 〈(3,2,3,1), (3,3,3,1)〉, 
and 9M,�∗ = 〈(3,2,3,2), (3,3,3,3)〉 (C.1) 

On the other hand, the graph with the capacities (0,0,0,0), i.e. the lower bounds of 

Ω, leads to the cut C1,2D, which is also one of the cuts of the unspecified set Ω. 

Accordingly, Algorithm 4.3 returns the d-cut (1) over the cut C2D, by which Al-

gorithm 4.4 decomposes Ω into the two disjoint subsets  

9ú,�� = 〈(1,2,1,1), (3,3,3,3)〉 and 9ú,�∗ = 〈(1,1,1,1), (3,1,3,3)〉 (C.2) 

The probabilities of  9M,�∗   and  9ú,�∗   are respectively 0.5� × 0.8� = 0.16  and 

1* × 0.2 = 0.2. Therefore, for this first iteration, the cut-based scheme is selected. 

Then, for there is only one unspecified set 9ú,�� , the set is decomposed in the next 
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iteration. 

In this iteration, the flow-based decomposition is selected since �(J�) = 0, i.e. 

�(J�) ∙ �(9M,�∗ ) > �(J�) ∙ �(9ú,�∗ ) for any �(9M,�∗ ) and �(9ú,�∗ ). Then, with the d-

flow LÁ = (20,30,20,30) evaluated by another round of flow analysis, 9ú,��  is de-

composed into 

9M,�� = 〈(1,2,1,1), (3,3,3,2)〉, 9M,�� = 〈(1,2,1,3), (1,3,3,3)〉, 9M,�* = 〈(2,2,1,3), (3,3,1,3)〉, 9M,�8 = 〈(2,2,2,3), (3,2,3,3)〉, 
and 9M,�∗ = 〈(2,3,2,3), (3,3,3,3)〉 (C.3) 

with the probabilities of 0.4, 0.08, 0.064, 0.096, and 0.16, respectively for the sets 

9M,�� , ⋯, 9M,�8 , and 9M,�∗ . If we continue the decomposition for 9M,�� , which has the 

largest probability among the sets in J� = Ô9M,�� , ⋯ ,9M,�8 Õ, the cut-based decomposi-

tion is selected with the result 

9ú,*� = 〈(1,2,1,2), (3,3,3,2)〉 and 9ú,*∗ = 〈(1,2,1,1), (3,3,3,1)〉 (C.4) 

These three iterations result in the sets J� = Ô9ú,�∗ ,9ú,*∗ Õ , J� = Ô9M,�∗ Õ , and J� =
Ô9M,�� ,9M,�* ,9M,�8 ,9ú,*� Õ. One may continue the decomposition over the sets in J� to 

have better accuracy of inference result. 

On the other hand, the sampling can be employed to supplement the decompo-

sition. For instance, consider the five samples drawn from J� such that (2,2,2,3), 

(3,3,3,2) , (1,2,3,3) , (3,2,3,3) , and (1,2,3,3) . By these decomposition and sam-

pling results, the CPMs ℳ3��ý = 〈r3��ý; s3��ý〉  and ℳ3��ýD = 〈r3��ýK ; s3��ýK 〉 
are quantified as 

r3��ý = �0 6 1 6 60 6 5 6 11 5 3 5 3�, s3��ý = �111�, (C.5) 
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r3��ýK =
⎣⎢⎢
⎢⎡0 2 2 2 31 3 3 3 20 1 2 3 31 3 2 3 30 1 2 3 3⎦⎥⎥

⎥⎤
, and s3��ýK =

⎣⎢⎢
⎢⎡11111⎦⎥⎥

⎥⎤
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초초초초  록록록록 
 

변지은변지은변지은변지은    

건설환경공학부건설환경공학부건설환경공학부건설환경공학부    

서울대학교서울대학교서울대학교서울대학교    대학원대학원대학원대학원    

 

현대사회의 재난 복원력(disaster resilience)을 확보하기 위해서는 사회

중추시스템에 대한 정확한 신뢰성분석이 필수적이다. 그러나 이러한 시

스템들은 주로 상호 의존적인 다수의 구성요소에 의하여 상태가 결정되

는 데다가 구성요소와 시스템 사건 외에도 다양한 요인이 시스템 성능에 

영향을 주어 이들을 대상으로 신뢰성분석을 수행하는 것은 어려운 과제

이다. 이를 해결하기 위한 효과적 방법론으로 베이지안 네트워크

(Bayesian network, BN)를 들 수 있다. BN은 다수의 변수 간 복잡한 인과관

계를 도식화하여 나타냄으로써 고차원 확률변수의 정식화를 용이하게 하

기 때문이다. 그러나 기존 BN 방법론은 시스템사건의 확률질량함수를 

저장하는데 필요한 메모리와 최적화를 수행하는 데 요구되는 연산비용이 

구성요소의 개수에 기하급수적으로 늘어나는 한계가 있어, 대규모 시스

템에 적용될 수 없다. 

먼저, 메모리의 한계를 해결하기 위하여, 본 논문은 행렬기반 베이지

안 네트워크(Matrix-based Bayesian network, MBN)를 확률질량함수를 저장

하기 위한 데이터 구조의 대안으로써 제안한다. MBN은 조건확률행렬

(Conditional probability matrix, CPM)을 도입하여 기존 테이블 기반 저장방

식의 한계를 극복한다. 즉, MBN을 활용하여 (1) 확률분포 저장의 효율성

을 높이기 위하여 시스템사건의 정의에 내포된 규칙성을 활용할 수 있으

며, (2) 근사추론이 필요한 경우 이를 BN 방법론과 결합할 수 있다. 이에 

더하여, MBN이 두 개 이상의 상태를 갖는 시스템에 적용될 수 있도록 

제안된 기본 정의를 확장하였다. 적용 예제들을 통하여 MBN의 활용성

과 효율성을 증명하였으며, 각 예제에서 주어진 시스템사건을 MBN으로 
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모델링하기 위한 방법 또한 제시함으로써 MBN의 적용을 구체적으로 보

였다. 

 한편, BN을 거대 복잡 시스템의 최적화에 적용하기 위하여, 본 논

문은 목적함수에 해당하는 효용변수(utility variable)의 기댓값에 대한 근사

식을 제시한다. 이를 통하여, 최적화 연산비용의 증가추세를 구성요소 개

수에 대한 다항적(polynomial) 증가로 완화할 수 있다. 제안한 방법론의 

실용성을 확보하기 위하여, 근사식을 활용한 최적화 문제가 정확식을 활

용한 경우와 동일할 수 있는 조건을 제시하였다. 한편, 다중 목적 최적화

를 수행하는 경우, 제안된 근사함수를 활용하여 효용변수 간 가중합을 

최소화하는 방식으로 단일해가 아닌 비지배해 집합을 연산할 수 있다. 

근사오차를 보완하기 위하여 제안된 경험적 방법은 근사오차를 보완할 

뿐 아니라, 다중 목적 최적화를 수행하는 경우 정확한 가중합 식으로는 

구할 수 없는 해까지 찾을 수 있다. 수식 유도와 적용 예제들을 통하여 

제안된 방법론의 성능을 분석하고 정확성과 효율성을 증명하였다. 

마지막으로, MBN의 적용성을 향상시키기 위하여 MBN을 두 가지 상

태를 갖는 시스템을 넘어 여러 상태를 갖는 다중 상태 시스템에도 적용

될 수 있도록 확장하였다. 이를 위하여 기존에 개발된 MBN 정의와 연

산을 수정하였다. 확장된 MBN 방법론의 효용을 증명하기 위하여 세 가

지 시스템, 즉, 다중 상태 직렬-병렬 시스템, 다중 상태 k-out-of-N:G 시스

템, 네트워크 흐름 용량을 위한 MBN 정량화 기법을 개발하고 신뢰성해

석을 수행하였다. 

 

주요어주요어주요어주요어: 행렬기반 베이지안 네트워크; 베이지안 네트워크; 영향도; 시스

템 신뢰성 해석; 정확 추론; 근사 추론; 복잡 시스템; 대규모 시스템; 다

중 상태 시스템; 행렬 기반 모델링; 근사 최적화; 다중 목적 의사결정; 

시스템 최적화 
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