
 

 

저 시-비 리- 경 지 2.0 한민  

는 아래  조건  르는 경 에 한하여 게 

l  저 물  복제, 포, 전송, 전시, 공연  송할 수 습니다.  

다 과 같  조건  라야 합니다: 

l 하는,  저 물  나 포  경 ,  저 물에 적 된 허락조건
 명확하게 나타내어야 합니다.  

l 저 터  허가를 면 러한 조건들  적 되지 않습니다.  

저 에 른  리는  내 에 하여 향  지 않습니다. 

것  허락규약(Legal Code)  해하  쉽게 약한 것 니다.  

Disclaimer  

  

  

저 시. 하는 원저 를 시하여야 합니다. 

비 리. 하는  저 물  리 목적  할 수 없습니다. 

경 지. 하는  저 물  개 , 형 또는 가공할 수 없습니다. 

http://creativecommons.org/licenses/by-nc-nd/2.0/kr/legalcode
http://creativecommons.org/licenses/by-nc-nd/2.0/kr/


이학박사 학위논문 

 

Investigation of 3-D crustal velocity structure from 

seismic tomography and effective medium modeling of 

anisotropic seismic properties of rocks  

 

탄성파 토모그래피를 이용한 3 차원 지각 속도 구조 산출 및 

유효 매질 이론을 적용한 암석의 비등방적 탄성 특성 모델링 

 

 

 

 

2020 년 2 월 

 

서울대학교 대학원 

지구환경과학부 

 

김 은 영 

 



 

i	 	

Abstract 

 

Investigation of 3-D crustal velocity structure from seismic 

tomography and effective medium modeling of anisotropic 

seismic properties of rocks 

 

 

Eunyoung Kim 

School of Earth and Environmental Sciences 

The Graduate School 

Seoul National University 

 

 
Seismic tomography enhances knowledge of the Earth’s internal 

structure by imaging the seismic velocity structures. The interpretation of 

seismic velocities is based on the rock sample data from experimental 

measurements and the prediction of seismic properties from theoretical 

methods. A number of drilling programs have provided rock samples and 

in-situ data at depths in the continental and oceanic crust. However, the 

discrepancy in seismic velocities between rock sample data and seismic 

observation has been reported. As a result, the prediction of seismic 

properties based on theoretical approaches has been emphasized to 

understand what controls the seismic velocities in the crust and mantle. 

Rock physics theory has been used to interpret Poisson’s anomaly observed 

in the young oceanic crust, because it predicts that the distribution and 

aspect ratios of cracks have strong effects on Poisson’s ratio. In addition, it 

is emphasized that knowledge of both P and S wave velocities is useful to 

infer the characteristic and distribution of cracks. 
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This dissertation presents the seismic tomographic results of three-

dimensional velocity structure of the upper oceanic crust at the Endeavour 

segment of the Juan de Fuca Ridge and the interpretation of seismic 

velocities using the effective medium theory. For seismic velocity structure 

at the Endeavour segment, P and S waves refracted in the upper oceanic 

crust are analyzed using a joint inversion of P and S traveltimes collected 

from a seismic refraction experiment. Since the Endeavour segment is one 

of the most active and long-lived hydrothermal areas of the mid-ocean 

ridges, the fluid pathways for hydrothermal circulation may be well 

established. However, the permeability structure beneath this long-term 

venting system is not well known. To understand the active hydrothermal 

circulation beneath the Endeavour segment, P and S wave velocities are 

three-dimensionally imaged using seismic tomography and porosity and 

crack density are estimated applying the differential effective medium 

(DEM) theory to the observed seismic velocities. Based on the predicted 

models, low Vp/Vs on-axis and high Vp/Vs off-axis over 5 – 10 km at the 

Endeavour segment indicate that the proportion of thick versus thin cracks 

decreases from the ridge axis to the flanks. The dominant presence of thick 

cracks on the ridge axis may provide long-term conduits for upflow in 

hydrothermal circulation. The increased proportion of thin cracks on the 

ridge flanks indicates that the permeability decreases by progressive 

clogging of thick cracks due to mineral precipitation in the downflow zone 

of hydrothermal circulation.   

DEM is one of the effective medium theory (EMT) for modeling the 

seismic velocity and anisotropy of rocks. In this dissertation, a MATLAB 

program of GassDem (Gassmann Differential effective medium) and a 

description for users to replicate the examples are presented. This software 

can be used to model the anisotropic seismic properties from rock 

microstructure based on the DEM and Gassmann’s (1951) poroelastic 

relationship. DEM models a two-phase composite that consists of a 
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background medium and inclusions. The rock microstructures, such as 

porosity, crack geometry, and fluid type in the cracks, are taken into account 

to be inclusion properties in the DEM modeling. Since the Gassmann’s 

poroelastic relationship combined with DEM calculates the elastic stiffness 

for fluid-saturated rocks, the attenuation can be also estimated. The self-

consistent (SC) approximation is also one of the most popularized methods 

of EMT. The SC approximation has been used for multi-phase composites 

such as polycrystalline rocks. In this dissertation, a MATLAB-based 

software of AnisEulerSC (Anisotropy from Euler angles using self-

consistent approximation) and descriptions of several examples are 

presented. In this method, the shape preferred orientation can be taken into 

account, because the shape and distribution of components are 

parameterized in the formulation of SC modeling. Several examples show 

that only 2% crack porosity is enough to change the seismic anisotropy, 

although seismic velocities and their degree of anisotropy depend on the 

shape and orientation of cracks.     

The main objective of this dissertation is to present that the seismic 

velocities of the crust and mantle imaged using the seismic tomography can 

be interpreted based on the predicted seismic properties from the effective 

medium theory such as DEM and SC methods. Although DEM and SC 

methods are more complex than the simple averaging methods, two 

MATLAB-based programs of GassDem and AnisEulerSC provide easy 

tools for predicting the elastic properties of crustal and mantle rocks based 

on the DEM and SC methods. 

 

Keywords: seismic tomography, seismic velocity and anisotropy, upper 

oceanic crust, effective medium theory, differential effective medium 

theory, self-consistent approximation  

Student number: 2012-30093 
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Chapter 2 

Figure 2.1. Map of the ETOMO seismic experiment at the Endeavour 

segment of the Juan de Fuca Ridge. (a) The white circles indicate 

OBSs that are used to pick both Sg and Pg phases. The gray circles 

indicate OBSs used to pick only Pg. The OBSs that did not record 

data are shown by open circles. The air gun shots (black dots) have 

average shot spacing of 450 m along all lines. The red symbols 

indicate the OBS and shots for the record sections in Figure 2.2. The 

bold black lines indicate the West Valley, Endeavour and Northern 

Symmetric segments of the plate boundary. The northern and 

southern ends of the Endeavour segment form the Endeavour-West 

Valley (E-WV) and Cobb OSCs, respectively. The dashed blue box 

encloses the 19 60-km-long lines of the crustal grid and is the area 

(30 ´ 70 km2) of map views shown in Figure 2.4. The red box shows 

the central area (40 ´ 40 km2) of the Endeavour segment used to 

calculate the mean values of velocities and anisotropy as a function 

of distance from the ridge axis in Figure 2.8. (b) Enlarged 

bathymetric map showing the locations of high-temperature vent 

fields (yellow stars, SQ: Sasquatch, SD: Salty Dawg, HR: High Rise, 

ME: Main Endeavour, MO: Mothra). 

Figure 2.2. Example radial and vertical record sections for OBS 62 and the 

shot line shown as red symbols on Figure 2.1. (a) Sg picks (red ticks) 

on the radial channel formed by orienting the two horizontal 

channels and rotating into the radial direction. (b) Pg picks (red 

ticks) on the vertical channel. Waveform data are band-pass filtered 

between 5 and 25 Hz. Record sections are plotted with reduction 

velocities of 3.8 and 7.2 km/s on the radial and vertical channels, 

respectively. 
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Figure 2.3. Estimates of (a) Vp, (b) Vs, (c) Vp/Vs and (d) Poisson’s ratio as 

a function of porosity for various crack aspect ratios (colored lines) 

using the differential effective medium (DEM) theory. The cracks 

are assumed to be vertically aligned ellipsoids and Vp and Vs are 

shown for the slow direction. The effective medium of a two-phase 

composite consists of a basalt host (Vp = 6.4 km/s; Vs = 3.5 km/s; 

density = 2971 kg/m3) (Johnston & Christensen, 1997) and seawater 

inclusions (Vp = 1.5 km/s; Vs = 0 km/s; density = 1030 kg/m3) 

(Telford & Sheriff, 1990). 

Figure 2.4. Map-view sections of velocity perturbations to the horizontally-

averaged model. (a-c) Vp, (d-f) Vs and (g-i) Vp/Vs anomalies at 0.4, 

1.4 and 2.4 km depth are plotted in the area shown as a blue-dashed 

box in Figure 2.1a. Poorly resolved regions where the derivative 

weight sum (DWS) is less than 10 are masked (Figure 2.S2); the Vs 

mask is also used for Vp/Vs. The contour intervals for Vp, Vs and 

Vp/Vs perturbations are 0.2 km/s, 0.1 km/s and 0.05, respectively. 

Hydrothermal vent fields and the traces of the segments are shown 

as yellow stars and bold black lines, respectively. (j) Bathymetric 

map of the area shown in the other panels with labels of the E-WV 

and Cobb OSCs. 

Figure 2.5. The horizontally-averaged velocity profiles. (a) Bathymetric 

map showing labeled locations of five regions (black rectangles) 

used to derive the vertical profiles of averaged velocity; West Flank 

(WF), East Flank (EF), Cobb OSC (CO), E-WV OSC (EO), and 

Central Axis (CA). (b) The depth profiles of Vp and Vs for the WF, 

EF, CO, EO and CA regions are shown as colored lines and that of 

the average model in an area (dashed blue box) including the crustal 

grid as a black line. (c) Vp and Vs profiles for the CA, WF and CO 

regions are compared with the profiles previously obtained on- and 

off-axis regions (solid and dashed gray lines, respectively) at the 

Endeavour segment by Barclay and Wilcock (2004). (d) The depth 
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profiles of Vp/Vs for the average model and the WF, EF, CO, EO 

and CA regions are plotted with the same color conventions as in 

Figure 2.5b. (e) Vp/Vs profiles for the CA, WF and CO regions are 

compared with the on- and off-axis profiles of Barclay and Wilcock 

(2004). 

Figure 2.6. Across-axis vertical sections of velocity perturbations to the 

horizontally-averaged model. Vp, Vs and Vp/Vs anomalies beneath 

(a-c) the Salty Dawg and (d-f) the High Rise vent field (yellow star), 

labeled with the heat flux (Kellogg, 2011) and a location on Y-axis, 

are plotted. The bottom of layer 2A (gray dots) (Van Ark et al., 

2007) and the top boundary of the AMC (dark brown dots) are also 

shown. 

Figure 2.7. Along-axis vertical sections of velocity perturbations to the 

horizontally-averaged model. (a) Vp, (b) Vs and (c) Vp/Vs anomalies 

beneath the hydrothermal vent fields (yellow stars), labeled with the 

field names (MO: Mothra, ME: Main Endeavour, HR: High Rise, 

SD: Salty Dawg, SQ: Sasquatch) and the heat fluxes (Kellogg, 

2011), are plotted. Hypocenters for earthquakes recorded between 

2003 and 2004 (cyan circles) (Wilcock et al., 2009), the bottom of 

layer 2A (gray dots) (Van Ark et al., 2007) and the top boundary of 

the AMC (dark brown dots) (Van Ark et al., 2007) are also shown. 

Figure 2.8. Average velocities, porosity and crack density at 1.4 km depth 

as a function of distance from the ridge axis of the central part of the 

Endeavour segment. (a) Vp, (b) Vs and (c) Vp/Vs averages over 2-

km-wide bins extending 40 km along axis. The magnitude of the P-

wave anisotropy reported by Weekly et al. (2014) is overlaid on 

Figures 8a and 8c. The distributions of (d) porosity and (e) crack 

density calculated from the Vp and Vs averages are stacked to show 

the contribution from thick (crack aspect ratio = 0.1, light brown 

color) and thin (aspect ratio = 0.01, brown color) cracks to the total 

(see text). Gray shading indicates regions where Vs is not resolved. 
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Figure 2.9. Conceptual illustration for crack generation and hydrothermal 

circulation in on- and off-axis regions at the Endeavour segment. 

Beneath the ridge axis, extension due to spreading results in wide 

vertical fissures (thick cracks) that provide long-term conduits for 

up-flow in high-temperature hydrothermal vent fields supported by 

heat source from the AMC (Van Ark et al., 2007). On the ridge 

flanks, narrow faults (thin cracks) created by normal faulting provide 

pathways for hydrothermal down-flow. On-axis earthquakes result 

from plate spreading, magma inflation and hydrothermal cooling, 

while off-axis earthquakes on the west flank result from the internal 

deformation of the Pacific plate. 

	

	

Chapter 3 
Figure 3.1. Effective Medium tab of GassDem GUI. A two-component 

system of A and B can be constructed for DEM calculation. Fluid 

properties of compressibility (1/GPa), viscosity (Pa×s), Vp (km/s), 

and density (g/cm3) are required for Gassmann’s poroelastic 

relationship and attenuation estimation. 

Figure 3.2. Inclusion Shape and Orientation tab of GassDem GUI. Ellipsoid 

semi-axes lengths and the orientation of inclusion can be defined. 

Figure 3.3. DEM Analysis tab of GassDem GUI. File name and directory 

for DEM results can be set. A maximum of the inclusion volume 

fraction can be specified for DEM calculation. The outputs are saved 

as text files (*.txt). By setting the Figure configuration panel, Vp, Vs, 

and 𝑄"#$%&  are plotted for a given range of inclusion volume fraction. 

Figure 3.4. Effect of crack porosity, shape, and orientation on the seismic 

velocities of aggregates with 78% antigorite and 22% olivine in the 

YZ, XZ, and XY planes (a – c) for Vp and (d – f) for Vs (benchmark 
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results for Morales et al.’s (2018) models). SC1 is a crack-free 

model with no porosity. SC2 has 1.63% porosity with a crack shape 

of X:Y:Z = 5:5:1. SC3 has 1.63% porosity with crack shapes of 

X:Y:Z = 10:10:1 and X:Y:Z = 10:1:10. Black dots labelled with 

phase velocities indicate experimental measurements (Kern et al., 

2015). 

Figure 3.5. DEM results for the background media of models SC1, SC2, 

and SC3 with increasing melt inclusion. The Vp and 𝑄%& variations 

(a – c) in the X direction and (d – f) in the Z direction are plotted for 

aspect ratios (X/Z) of 1, 10, and 50. 

Figure 3.6. Comparison of the Vp and 𝑄%& variations in the Z direction 

between melt and water inclusions. The background medium is the 

SC3 model, and the ellipsoidal inclusions of melt or water have 

aspect ratios (X/Z) of (a) 1, (b) 5, (c) 10, and (d) 50. 

Figure 3.7. Comparison of the effect of the inclusion aspect ratio on the 

DEM results for a harzburgite-basalt (liquid) composite from this 

study (MATLAB), with previous results from Mainprice (1997) 

(FORTRAN77). (a) Vp for the Z-axis direction (VpZ). (b) Vp 𝑄%& 

for the Z-axis direction (𝑄%&VpZ). The discrepancies in (c) VpZ and 

(d) 𝑄%&VpZ between MATLAB and FORTRAN77 results. 

Figure 3.8. Effect of fluid compressibility (Bf) on 𝑄%&VpZ. Bf is the 

reciprocal of fluid bulk modulus (Kf). For each Kf, from 14. 71 GPa 

to 15.11 GPa, with an increasing gap of 0.1 GPa, the fluid 

compressibility is calculated and used to estimate 𝑄%&VpZ. For 

comparison, Mainprice’s (1997) result, which was obtained using Kf 

= 14.93 GPa, is also plotted as gray dots. The background medium 

and fluid inclusions are harzburgite and liquid basalt, respectively. 

The aspect ratio of fluid inclusion is 100. 



 

xiii	 	

Figure 3.9. Comparison of the Vp and elapsed time for DEM processing, 

from both this study and Mura (1987), using each inclusion with an 

aspect ratio of 1, 10, and 100. (a) Vp variations in the Z-axis 

direction with increasing inclusion volume fraction. (b) Elapsed 

times for calculating the tensor equation of DEM according to the 

aspect ratio. 

Figure 3.10. Elapsed times for calculating Green’s function according to 

aspect ratios of 1, 10, and 100. (a) Calculation from this study using 

Green’s function Fourier integrals at each volume fraction with an 

increment of 0.001. (b) Calculation from Mura’s (1987) method, 

using the non-zero components of Green’s function tensor for 

hexagonal inclusions at each volume fraction with an increment of 

0.0001.  

	

	

Chapter 4 

Figure 4.1. Setup tab of AnisEulerSC-Inputs, a MATLAB-based program 

composed of graphical user interfaces (GUIs). 

Figure 4.2. Single-crystal properties tab of AnisEulerSC-Inputs. For the 

third phase (diopside), all input data are specified, saved and 

checked on the ‘Current state’ screen. 

Figure 4.3. Grain shapes and orientations tab of AnisEulerSC-Inputs. For 

the third phase (diopside), all input data are specified, saved and 

checked on the ‘Current state’ screen. 

Figure 4.4. Crystal coordinate system defined as the axis lengths 𝑎, 𝑏, 𝑐 and 

inter-axial angles 𝛼, 𝛽, 𝛾 for (a) triclinic (𝑎 ≠ 𝑏 ≠ 𝑐 and 𝛼 ≠ 𝛽 ≠

𝛾 ≠ 90°), (b) monoclinic (𝑎 ≠ 𝑏 ≠ 𝑐 and 𝛽 ≠ 90°), and (c) 

orthorhombic (𝑎 ≠ 𝑏 ≠ 𝑐) crystal symmetry. 
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Figure 4.5. (a) Specimen reference frame KS (𝑋2, 𝑌2, 𝑍2) and crystal 

reference frame KC (𝑋5 , 𝑌5 , 𝑍5) in the specimen. (b) Definition of 

Bunge Euler angles 𝜙&, Φ, 𝜙8 (after Bunge, 1982). 

Figure 4.6. Multi-plots of single-crystal seismic velocities for (a) forsterite 

(Fujino et al., 1981; Isaak et al., 1989; Tommasi et al., 2008), (b) 

enstatite (Chai et al., 1997; Tommasi et al., 2008), and (c) diopside 

(Isaak et al., 2006; Tommasi et al., 2008). For each mineral, P-wave 

velocity (Vp, km/s), S-wave anisotropy (%), fast (Vs1, km/s) and 

slow (Vs2, km/s) S-wave velocities, and Vp/Vs1 and Vp/Vs2 are 

calculated using the Christoffel equation for an anisotropic elastic 

medium. Anisotropy of each elastic velocity is shown in percent. All 

seismic velocities and anisotropies are calculated and plotted using 

MTEX commands. 

Figure 4.7. EBSD map showing the 2D shapes and orientations of mineral 

grains for forsterite, enstatite, and diopside. Yellow ellipses are fitted 

to grain areas of forsterite. EBSD data is imported and plotted using 

MTEX commands. A rock sample is cpx-poor lherzolite that is one 

of the spinel peridotite xenoliths hosted by Cenozoic alkali basaltic 

rocks from the Tok volcanic field in SE Siberia (Tommasi et al., 

2008). 

Figure 4.8. Grain shapes and orientations of forsterite, enstatite, and 

diopside analyzed from EBSD data. (a-c) Grain aspect ratio (long a-

axis divided by short b-axis) plotted against w, the angle of a long-

axis to the specimen X-axis. (d-f) Polar-histograms for the angle of 

specimen X-axis at 0° to the long-axis of a grain. A rock sample is 

cpx-poor lherzolite, which is one of the spinel peridotite xenoliths 

hosted by Cenozoic alkali basaltic rocks from the Tok volcanic field 

in SE Siberia (Tommasi et al., 2008). 
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Figure 4.9. Effects of cracks aligned with a specific direction on seismic 

anisotropy. P-wave velocity (Vp, km/s), S-wave anisotropy (%), and 

fast S-wave velocity (Vs1, km/s) patterns calculated from SC 

models; (a) bgSC is an SC aggregate composed of 83% forsterite, 

14% enstatite, and 3% diopside, with spherical grains; (b) crackSC1 

with crack orientation of A1//Y, A2//Z, and A3//X, (c) crackSC2 

with crack orientation of A1//X, A2//-Z, and A3//Y, and (d) 

crackSC3 with crack orientation of A1//Y, A2//-X, and A3//Z are 

modeled by adding 2% crack porosity with semi-axes lengths of 

a1:a2:a3 = 10:10:1 (cyan ellipsoid) into bgSC model. Crack 

orientations are defined using azimuth (AZ) and inclination (INC) of 

A1 and A3 as described in (e) the specimen reference frame. For all 

SC modeling, the AnisEulerSC program is used. All seismic 

velocities and anisotropy are calculated and plotted using MTEX 

commands. 

Figure 4.10. Effects of cracks aligned with a specific direction on seismic 

anisotropy. Slow S-wave velocity (Vs2, km/s), Vp to Vs1 ratio 

(Vp/Vs1), and Vp to Vs2 ratio (Vp/Vs2) patterns calculated from SC 

models; (a) bgSC is an SC aggregate composed of 83% forsterite, 

14% enstatite, and 3% diopside; (b) crackSC1 with crack orientation 

of A1//Y, A2//Z, and A3//X, (c) crackSC2 with crack orientation of 

A1//X, A2//-Z, and A3//Y, and (d) crackSC3 with crack orientation 

of A1//Y, A2//-X, and A3//Z are modeled by adding 2% crack 

porosity with semi-axes lengths of a1:a2:a3 = 10:10:1 (cyan 

ellipsoid) into bgSC model. Crack orientations are defined using 

azimuth (AZ) and inclination (INC) of A1 and A3 as described in (e) 

the specimen reference frame. For all SC modeling, the 

AnisEulerSC program is used. All seismic velocities and 

anisotropies are calculated and plotted using MTEX commands. 
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Figure 4.11. P-wave velocity (Vp, km/s) variations according to crack 

shapes and orientations. (a) Spherical cracks with semi-axes lengths 

a1:a2:a3 = 1:1:1, (b-d) ellipsoidal cracks with the symmetric axis 

(A3) parallel with the Y-axis, (e-g) ellipsoidal cracks with the 

symmetric axis (A3) parallel with the X-axis, and (h-j) ellipsoidal 

cracks with the symmetric axis (A3) parallel with the Z-axis, for the 

semi-axes lengths a1:a2:a3 = 2:2:1, 5:5:1 and 10:10:1. For all SC 

modeling, the AnisEulerSC program is used. All seismic velocities 

and anisotropies are calculated and plotted using MTEX commands. 

Figure 4.12. S-wave anisotropy variations according to crack shapes and 

orientations. (a) Spherical cracks with semi-axes lengths a1:a2:a3 = 

1:1:1, (b-d) ellipsoidal cracks with the symmetric axis (A3) parallel 

with the Y-axis, (e-g) ellipsoidal cracks with the symmetric axis 

(A3) parallel with the X-axis, and (h-j) ellipsoidal cracks with the 

symmetric axis (A3) parallel with the Z-axis, for the semi-axes 

lengths a1:a2:a3 = 2:2:1, 5:5:1 and 10:10:1. For all SC modeling, the 

AnisEulerSC program is used. All seismic velocities and 

anisotropies are calculated and plotted using MTEX commands. 

Figure 4.13. Comparison of SC aggregates composed of only one mineral 

(100% forsterite with ellipsoidal grains shown in Figure 4.7), with 

Voigt, Reuss, and VRH averages and the geometric mean. The 

variations in elastic stiffness components of (a) C11, (b) C22, (c) C33, 

(d) C44, (e) C55 and C66 are plotted as a function of the aspect ratio of 

ellipsoidal grains. For each SC aggregate, all grains have the same 

aspect ratio with grain semi-axes of X:Y:Z = 1:AR:AR, AR:1:AR, 

or AR:AR:1 (AR = aspect ratio).  

Figure 4.14. Comparison of the effective isotropic moduli of SC aggregates 

from Hashin-Shtrikman bounds (HS+ and HS-) (Brown, 2015) with 

the Voigt, Reuss, and VRH averages. (a) Bulk and (b) shear modulus 

of four SC aggregates are calculated assuming the grain shape of 
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a1:a2:a3 = 1:1:1, 1:5:5, 5:1:5, and 5:5:1, respectively, and the same 

grain shape for all minerals. Each SC aggregate is assumed to be 

composed of 83% forsterite, 14% enstatite, and 3% diopside based 

on the EBSD data shown in Figure 4.7.  

Figure 4.15. Variations in effective isotropic moduli of SC aggregates 

according to the method for polycrystals. (a-c) Bulk and (d-f) shear 

modulus of Hashin-Shtrikman bounds (HS+ and HS-) (Brown, 

2015) are compared with the Voigt, Reuss, and VRH averages for 

grain semi-axes ratios of X:Y:Z = 1:AR:AR, AR:1:AR, and  

AR:AR:1 (AR = aspect ratio). Each SC aggregate is assumed to be 

composed of 84% forsterite, 14% enstatite, and 3% diopside and to 

have the same grain semi-axes ratio for all minerals. 

Figure 4.16. Effect of grain shapes on the elastic stiffness components Cij of 

a polycrystal aggregate, bgSC model, described in Figures 4.9 and 

4.10. For SC models with ellipsoidal grain shapes, semi-axes lengths 

a1:a2:a3 = 1:3:3, 3:1:3, and 3:3:1 are used to compare with an SC 

model with spherical grains (a1:a2:a3 = 1:1:1). The DC is the 

difference in the elastic stiffness tensors of SC models with 

ellipsoidal grains (Cel) and spherical grains (Csp). The positive and 

negative differences of each component (DCij) are shown as red and 

blue bars, respectively. 

	

	

Chapter 5 

Figure 5.1. Study area and experiment network by Dunn et al. (2017). (a) 

Regional tectonic map of the Mid-Atlantic Ridge. (b) Bathymetry 

map of the experiment area. A red star indicates the location of the 

Rainbow vent field. (c) Layout of the seismic experiment. 

Figure 5.2. Interpretation of the seismic reflection images by Canales et al. 

(2017). (a) Shaded topography of the Rainbow non-transform 
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discontinuity colored according to P wave velocity (Vp) variations 

relative to average at 1 km below seafloor. (b) 1-D Vp profiles. (c) 

Perspective views of the Rainbow massif and subseafloor seismic 

structure showing sill reflectors beneath the hydrothermal vent 

fields. (d) Line 110 shows prominent west- and east-dipping 

reflectors coincident with large lateral variations in seismic velocity. 

Figure 5.3. Interpretation of the seismic and geological information by 

Dunn et al. (2017). (a) Seismic reflection image from Canales et al. 

(2017). (b) Seismic tomographic image along with geologic 

interpretation. (c) Cartoon interpretation of the Rainbow core 

complex internal structure. 

Figure 5.4. Seismic tomographic images by Dunn et al. (2017). Map views 

of Vp structure at different depths. Gray dashed curves outline the 

locations of the Rainbow, Pot of Gold, and Clurichaun massifs. 

Figure 5.5. Seismic tomographic images by Dunn et al. (2017). Map view 

of the depth of the 7.2 km/s Vp isosurface as a rough proxy for 

crustal thickness. 

Figure 5.6. Seismic tomographic images by Dunn et al. (2017). Left 

column: Vertical cross-sections of Vp with contour interval of 0.4 

km/s. Right column: Vp perturbation with 2% contour interval. All 

sections are taken at different azimuths (see A to E profiles on the 

map inset) across the Rainbow massif. 

Figure 5.7. Relationship between seismic velocities and percentage of 

serpenine estimated by Horen et al. (1996). 

Figure 5.8. Relationship between seismic anisotropies of P and S waves and 

percentage of serpentine estimated by Horen et al. (1996). 

Figure 5.9. Velocity variations at 200 MPa and 200°C as a function of 

density and volume percent of lizardite-chrysotile serpentine 

analyzed by Christensen (2004). 
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Figure 5.10. Poisson’s ratios as a function of volume percent lizardite-

chrysotile serpentine calculated from the least squares solutions of 

Figure 5.8 by Christensen (2004). 
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Chapter 1. Introduction 

	
Seismic velocity structure of the crust and mantle is critical to 

understand the geophysical processes in the Earth, because the seismic 

velocities are controlled by composition, porosity, fracture characteristics, 

temperature, and the presence and distribution of fluids (e.g., melt). Seismic 

tomography experiments have contributed to constrain the nature of the 

tectonic and magmatic processes in the crust and mantle by collecting the 

seismic data and imaging the seismic velocity structure. Especially, marine 

seismic refraction studies have provided three-dimensional (3-D) structure 

of seismic velocities beneath the oceanic crust and mantle by analyzing 

seismic data recorded on the ocean bottom seismometers from active 

sources of airgun array. The upper oceanic crust is created at mid-ocean 

ridge (MOR) as a result of interplay between tectonic extension, 

hydrothermal circulation, and magmatic process. To understand the 

relationship between these geophysical processes, seismic tomographic 

studies have measured variations in seismic velocity, crustal thickness, and 

seismic anisotropy (e.g., Barclay et al., 1998; Dunn and Toomey, 2001; 

Hussenoeder et al., 1996; Singh et al., 1998).  

Seismic anisotropy of the upper oceanic crust has been observed by 

analyzing the azimuthal variation in P wave traveltime residuals with 

respect to the isotropic model at the Endeavour segment of the Juan de Fuca 

Ridge (Barclay and Wilcock, 2004; Weekly et al., 2014), the Mid-Atlantic 

Ridge near 35°N (Dunn et al., 2005), and the East Pacific Rise near 9°30’N 

(Dunn and Toomey, 2001). A cos(2q) azimuthal variation for P waves is 

affected by a hexagonal anisotropy system showing the slowest velocities in 

perpendicular direction to the crack alignment (Barclay and Wilcock, 2004). 

The aligned cracks, fissures, and fractures created in the early stages of 

crustal development by extensional processes and normal faulting cause 

seismic anisotropy of the upper oceanic crust (Stephen, 1985). The open 
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cracks and filled veins were observed in the basalt drilled at Deep Sea 

Drilling Project Hole 418A in the North Atlantic (Johnson, 1980). Swift et 

al. (2008) inferred that porosity controls velocity in seismic layer 2 by 

examining physical property measurements, wireline logs, and vertical 

seismic profiles from Ocean Drilling Program/Integrated Ocean Drilling 

Program Hole 1256D in oceanic crust. Carlson (2010) suggested that both 

porosity and the geometry of the pore space affect seismic velocities in layer 

2 using the spheroidal inclusion and asperity compression models based on 

sonic velocity logs and apparent fractional porosities estimated from deep 

resistivity logs from Holes 504B and 1256D.  

Shaw (1994) proposed a simple crustal evolution model to explain 

the localized Poisson’s ratio in the upper oceanic crust using thin and thick 

cracks. In his model, all cracks are sealed by hydrothermal deposits as the 

crust ages, having an effect on seismic velocity increase. Shearer (1988) 

used theoretical models of water-filled cracks within a solid to explain the 

effect of crack aspect ratio on the Poisson’s ratio of the composite material. 

Wilkens et al. (1991) also used theoretical seismic wave velocity and 

porosity profiles to explain the observed profiles from well logs and seismic 

data, suggesting that crack aspect ratios can have larger effect on the 

seismic velocities in the upper crust than the total porosity changes. Since 

crack morphology is the primary factor affecting both seismic velocities and 

permeability structure of the uppermost oceanic crust (Carlson, 2010), it is 

required to consider the variations in porosity and crack geometry for 

interpreting the variations in seismic velocities.  

Rock physics theory can be applied to relate the observed velocities 

at various scales to porosity structure and extrapolate to seismic scale 

(Wilkens et al., 1991). The effective medium theory (EMT) is one of the 

theoretical approaches for estimating the elastic properties from information 

of rock components and microstructures (Berryman et al., 2002). EMT 

includes simple averaging method, which are Voigt (1928), Reuss (1929) 
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and Hill (1952) averages, Hashin and Shtrikman (1962) bounds as well as 

the self-consistent (SC) approximation (Budiansky, 1965; Hill, 1965) and 

the differential effective medium (DEM) theory (Bruner, 1976; Norris, 

1985). The SC and DEM methods are the most popular approaches, because 

they use parameters characterizing the pore shape and distribution 

(Berryman et al., 2002). Mainprice (1997) used SC and DEM methods to 

calculate seismic velocity variations as a function of volume fraction of a 

fluid inclusion for effective media that consist of solid rock and melt. Taylor 

and Singh (2002) also used SC and DEM methods to assess the effect of 

microstructure, geometry and orientation of melt and crystals on the seismic 

velocities and anisotropy.  

Seismic velocity and anisotropy of S wave as well as P wave are 

important to determine the composition and microstructure of magma 

bodies (Taylor and Singh, 2002). However, 3-D S wave velocity structure at 

MORs has been reported in very few studies, because S wave data is 

difficult to collect compared to P wave (e.g., Barclay et al., 2001; Barclay 

and Wilcock, 2004). Several seismic experiments have been conducted to 

collect seismic refraction data of P and S wave to produce 3-D velocity 

structures using seismic tomography (e.g., Barclay et al., 2001; Barclay and 

Wilcock, 2004; Dunn et al., 2000; Toomey et al., 1994; Weekly et al., 

2014). At the slow spreading ridge segment near 35°N on the Mid-Atlantic 

Ridge, Barclay et al. (2001) jointly inverted P and S wave travel times from 

a microearthquake experiment for 3-D velocity structures of P (Vp) and S 

wave (Vs) as well as hypocenters. They showed a horizontally averaged 

Vp/Vs ratio that decreases from 2.9 at 300 m depth to 1.7 at 2 km depth, and 

attributed a decrease in Vp/Vs ratio to a decrease in contribution of thin 

cracks to fracture porosity with depth. At the intermediate spreading center 

of the Endeavour segment, Barclay and Wilcock (2004) inverted 

microearthquake and explosive shot data for 3-D Vp and 1-D Vs structures. 

In their study, the increase in average Vp in the upper 1.5 km between 
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crustal ages of 0 and 0.5 Ma was attributed to the sealing of layer 2A 

porosity by hydrothermal processes. The increase in Vp/Vs from 1.8 on axis 

to 1.95 off axis between 0.5 and 1 km depth was also attributed to the 

preferred sealing of thin cracks below layer 2A. 

Although the variation in Vp/Vs structures of the upper oceanic crust 

can be used to estimate the crack density and distribution as well as 

morphology, Vp variations have been commonly used to constrain the 

porosity and crack shape and infer the upper crustal formation mechanisms 

(e.g., Arnulf et al., 2011, 2014; Seher et al., 2010). In this study, the first 3-

D model of Vs structure of the upper oceanic crust at the Endeavour 

segment is presented. The observed models of Vp, Vs, and Vp/Vs structures 

are interpreted using the calculated models for a cracked medium with 

variable porosity and crack aspect ratios based on the DEM theory. In terms 

of special variations in the crack distribution, the implications for the 

tectonic and hydrothermal processes in forming and sealing cracks are 

discussed.        

This thesis consists of five chapters including Introduction (Chapter 

1) and appendix. In Chapter 2, upper crustal Vp/Vs ratios at the Endeavour 

segment of the Juan de Fuca Ridge are presented using joint inversion of P 

and S traveltimes to discuss implications for hydrothermal circulation (Kim 

et al., 2019). The Endeavour segment is one of the most active and long-

lived hydrothermal areas of the MOR system (Kelley et al., 2012). 

However, the porosity or permeability structure for long-term venting at the 

High Rise, Main Endeavour, and Mothra fields is not fully understood. The 

3-D Vp, Vs, and Vp/Vs models show heterogeneous velocity structures of 

the upper oceanic crust. Especially, the average Vp/Vs has a minimum of 

~1.75 on the ridge axis and increases to a maximum of ~1.84 off axis. To 

investigate the effect of the aligned cracks on the seismic velocities, the 

differential effective medium theory (Bruner, 1976; McLaughlin, 1977) is 

used to calculate porosity and crack density as a function of crack aspect 
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ratio. The calculated porosity and crack density distributions show that the 

proportion of thick versus thin cracks decreases from the ridge axis to the 

flanks, because theoretical models indicate that Vp/Vs increases going from 

thick to thin cracks. Based on the porosity and crack density distributions, it 

is suggested that the dominant presence of thick cracks on the axis may 

provide long-term conduits for upflow in high-temperature hydrothermal 

circulation. On the flanks, the increased proportion of thin cracks indicates a 

decrease in permeability caused by clogging of thick cracks due to mineral 

precipitation in the downflow zone of hydrothermal circulation.        

In Chapter 3, a MATLAB program, GassDem (Gassmann 

Differential effective medium), is presented to model the anisotropic 

seismic properties of porous medium using the differential effective 

medium theory and Gassmann’s (1951) poroelastic relationship (Kim et al., 

2019). Since the seismic velocity and anisotropy are mainly controlled by 

the elastic components of rock microstructure, it is required to model the 

anisotropic seismic properties from rock microstructure for understanding 

the seismic properties. The differential effective medium theory and 

Gassmann’s (1951) poroelastic relationship provide a useful method to 

predict the anisotropic seismic properties of porous rocks to overcome the 

limitations of laboratory measurements at high temperature and pressure 

conditions. For a two-phase composite, the differential effective medium 

theory can be applied to make an effective medium that consists of a 

background medium and an inclusion. The porosity, crack geometry, and 

fluid type in the cracks are considered to be inclusion properties. 

Gassmann’s poroelastic relationship combined with the differential effective 

medium theory is used to predict the attenuation for fluid-included rocks. 

Several examples of modeling and a description for using the GassDem 

program are presented for users to replicate the examples.      

In Chapter 4, a MATLAB program, AnisEulerSC (Anisotropy from 

Euler angles using Self-Consistent approximation), is presented to model 
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the anisotropic seismic properties of a polycrystalline aggregate with 

microcracks using the self-consistent (SC) approximation. The seismic 

anisotropy of polycrystalline materials is affected by the characteristics of 

microcracks as well as the crystallographic preferred orientations of 

constituent minerals. The SC approximation can be used to calculate the 

overall elastic properties of multi-mineral aggregates by considering the 

microstructures of a rock. In the AnisEulerSC program, MTEX (a 

MATLAB toolbox for texture analysis) commands are utilized to analyze 

rock sample data from experimental measurements, and to calculate and 

visualize the seismic wave velocities and polarizations. Several examples of 

SC modeling are presented to explore the effect of grain shapes and the 

effect of crack shapes and orientations on the seismic velocities and 

anisotropy of a polycrystalline aggregate.  

In Chapter 5, I present a new plan of study on application of the 

effective medium theory to the crustal and upper mantle structure of the 

Rainbow area, Mid-Atlantic Ridge. In this area, three-dimensional seismic 

velocity structures were presented by Dunn et al. (2017) using seismic P 

wave refraction tomography from the Mid-Atlantic Ridge INtegrated 

Experiments at Rainbow (MARINER) experiment. Dunn et al. (2017) 

interpreted the seismic images using various data sets of bathymetry and 

gravity, sonar backscatter, microseismicity, seismic reflection images, and 

seafloor sample compositions. However, they did not apply theoretical 

methods to the observed seismic velocities. Dunn et al. (2017) inferred that 

the low velocity regions, which cap and surround the interior high velocity 

wedge would be related with a mix of serpentine with lesser amounts of 

altered gabbro and cracks/pores. The confirmation of this hypothesis 

requires modeling of the seismic velocities of serpentinized rocks based on 

the rock physics theory. For this study, the effective medium theory, such as 

the differential effective medium theory and the self-consistent 
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approximation, can be used to predict the seismic velocity variations 

according to the components and their shapes and orientations.  
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Abstract 

The Endeavour segment of the Juan de Fuca Ridge is one of the 

most active and long-lived hydrothermal areas of the mid-ocean ridge 

system. However, the permeability structure that gives rise to long-term 

venting at well-established fields, such as the High Rise, Main Endeavour, 

and Mothra fields, is not fully understood. Here we jointly invert Pg and Sg 

travel times from a seismic refraction experiment conducted at the 

Endeavour segment using P-to-S coupling constraints. We then calculate 

porosity and crack density as a function of crack aspect ratio by applying 

the differential effective medium theory to the seismic velocities. At 1.4 km 

depth, average Vp ~5 km off-axis increases by ~0.4 km/s compared to the 

ridge axis. The average Vp/Vs has a minimum of ~1.75 on the ridge axis and 

increases to a maximum of ~1.84 off axis. The inferred porosity and crack 

density distributions show that the proportion of thick versus thin cracks 

decreases from the ridge axis to the flanks, since theoretical models indicate 

that Vp/Vs increases going from thick to thin cracks (aspect ratio decreasing 

from 0.1 to 0.01). The dominant presence of thick cracks on axis may 

provide long-term conduits for up-flow in high-temperature hydrothermal 

circulation potentially forming the vent fields. The increased proportion of 

thin cracks on the flanks, coupled with the increased seismic velocity, 

indicates a decrease in permeability caused by progressive clogging of thick 
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cracks due to mineral precipitation likely in the down-flow zone of 

hydrothermal circulation. 

 

2.1. Introduction 

Knowledge of the seismic velocity structure of oceanic crust is 

critical to our understanding of the processes of crustal accretion at 

spreading centers (e.g., Solomon & Toomey, 1992) and the evolution of 

oceanic crust off axis (e.g., Jacobson, 1992), because seismic velocities are 

sensitive to composition, porosity, fracture characteristics, temperature, and 

the presence and distribution of melt. For this reason, numerous marine 

seismic refraction studies have been conducted over the past sixty years 

since the pioneering work of Raitt (1956). The vast majority report just the 

P-wave velocity (Vp) structure, employing a variety of forward (e.g., 

McClain et al., 1985; Purdy & Detrick, 1986) and inverse travel time 

modeling techniques (e.g., Bazin et al., 2003; Canales et al., 2003; Hooft et 

al., 2000; Menke et al., 2002; Seher et al., 2010a; Toomey et al., 1994), two- 

and three-dimensional full-waveform inversions (e.g., Arnoux et al., 2017; 

Arnulf et al., 2012) and methods to investigate the azimuthal anisotropy of 

the upper oceanic crust (e.g., Barclay et al., 1998; Dunn & Toomey, 2001; 

Seher et al., 2010a; Sohn et al., 1997; Tong et al., 2004; Weekly et al., 

2014). 

Studies of S-wave velocity (Vs) are more challenging and thus, less 

common because S-waves are secondary phases that are harder to pick and 

their presence in marine refraction data depends on the generation of 

coherent P-to-S converted phases. The formation of a strong P-to-S 

converted phase requires an interface with a large contrast in seismic 

properties and the coherence of the S-wave arrivals degrades when the 

interface is less sharp or is rough on the scales of the seismic wavelength 

(Spudich & Orcutt, 1980). Nevertheless, additional knowledge of both Vp 

and Vs provides the Vp/Vs ratio (or Poisson’s ratio), which is a powerful 
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indicator of rock lithology and composition (Christensen, 1996; Christensen 

& Mooney, 1995; Domenico, 1984), melt (Walsh, 1968; 1969) and crack 

distribution (Collier & Singh, 1998), as well as the composition and 

microstructure of magma bodies (Taylor & Singh, 2002). In particular, in 

the upper oceanic crust both the porosity and the crack morphology affect 

seismic velocities (Carlson, 2010; 2014a). Theoretical models indicate that 

the aspect ratios of cracks strongly influence how seismic velocities 

decrease with increasing porosity and show the behavior is different for Vp 

and Vs (Berge et al., 1992; Hudson, 1980). Constraints on both the P- and S-

wave structure are thus useful for inferring the aspect ratio of the cracks that 

form porosity. 

In the 1970s, the development and widespread use of ocean bottom 

seismometers (OBSs) led to studies of S-wave as well as P-wave structure 

beneath the northeast Pacific plate immediately west of Explorer Ridge 

(Cheung & Clowes, 1981) and the southwest Pacific plate ~1000 km east of 

the Tonga Trench (Shearer & Orcutt, 1986). Studies of refracted S waves in 

relatively young oceanic crust observed low Poisson’s ratio (Au & Clowes, 

1984; Spudich & Orcutt, 1980) that may be related to the aspect ratios of 

water-filled cracks within rock (Shearer, 1988). In 1973 and 1979, seismic 

refraction studies were conducted on the flanks of the Mid-Atlantic Ridge 

(MAR) (Fowler, 1976) and the East Pacific Rise (EPR) (Bratt & Solomon, 

1984), respectively, to analyze S-wave structure. 

In the past few decades, only a few seismic experiments have been 

able to constrain S-wave structure near oceanic spreading centers. At the 

EPR, Vs profiles in the crust were constrained using travel time inversion, 

forward waveform modeling, and the reflectivity analysis of expanded 

spread profiles data (Vera et al., 1990). Poisson’s ratio, which is related to 

Vp/Vs, for young oceanic crust was constrained using amplitude modeling 

of seismic refraction data obtained by placing both the source and receiver 

close to the seafloor (Christeson et al., 1994). The 1-D full waveform 
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inversion of wide-aperture profiles data using reflected and refracted/turning 

ray arrivals (Collier & Singh, 1998) and 1-D waveform inversion of 

refracted arrivals from OBS data (Christeson et al., 1997) were also used to 

model the Poisson’s ratio structure of upper crust. At the MAR, 

microearthquake arrival time data were jointly inverted for hypocenters and 

1-D P- and S-wave velocity structures (Barclay et al., 2001). At the 

Endeavour segment of the Juan de Fuca Ridge (JdFR), a joint inversion of 

shots and earthquake travel times was used to constrain 1-D Vs and Vp/Vs 

structures within the on- and off-axis regions (Barclay & Wilcock, 2004). 

Seafloor compliance techniques were also used to determine the Vs profile 

and provide constraints in Vp/Vs both on and off axis at the EPR (Crawford 

et al., 1999; Hulme et al., 2003). In addition, shear-wave splitting was 

observed in microearthquake data from the west flank of the southern EPR 

(Hung & Forsyth, 1999), the Endeavour segment of the JdFR (Almendros et 

al., 2000) and the axis of the MAR near 35°N (Barclay & Toomey, 2003). 

In these studies, the time delays between fast and slow S-wave arrivals were 

interpreted as an effect of upper crustal anisotropy due to vertical, fluid-

filled cracks aligned parallel to the ridge axis. 

In this paper, we jointly invert crustal refraction travel times of P- 

and S-wave arrivals obtained from a seismic refraction experiment carried 

out in 2009 at the Endeavour segment of the JdFR to obtain a three-

dimensional model of Vp and Vs in the upper crust. This is the first three-

dimensional model of Vs obtained in the oceanic crust. We also calculate 

models of Vp, Vs and Vp/Vs for a cracked medium with variable porosity 

and crack aspect ratios using differential effective medium theory (Bruner, 

1976; McLaughlin, 1977) and use these to interpret the velocity structure 

and in particular the Vp/Vs ratio, in terms of spatial variations in the 

distribution and nature of cracks. We discuss the implications for tectonic 

and hydrothermal processes that act to create and seal cracks. 
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2.2. Geologic Setting 
The Endeavour segment is a 90-km-long spreading center located 

near the northern end of the JdFR (Figure 2.1a) with an intermediate full-

spreading rate of 52 mm/yr (DeMets et al., 2010). At its north and south 

ends, the Endeavour segment forms the Endeavour-West Valley (E-WV) 

and the Cobb overlapping spreading centers (OSCs) with the West Valley 

and Northern Symmetric segments, respectively (Figure 2.1a). The central 

portion of the segment is elevated relative to the segment ends and hosts 

five major hydrothermal vent fields spaced 2 to 3 km apart, named from 

north to south, Sasquatch, Salty Dawg, High Rise, Main Endeavour and 

Mothra (Figure 2.1b) (Delaney et al., 1992; Kelley et al., 2001; Robigou et 

al., 1993). The heat source for vigorous hydrothermal circulation is an axial 

magma chamber (AMC) that extends ~24 km along axis (Van Ark et al., 

2007). The top of the AMC lies at 2.1 – 3.3 km depth and is shallowest 

beneath the hydrothermal fields. 

Segment-scale tomographic images of upper-crustal P-wave velocity 

structure show that Vp is generally higher beneath the segment center than 

to the north and south, presumably reflecting increased fracturing in the 

regions impacted by the OSCs (Weekly et al., 2014). Layer 2A thickness 

varies between 180 and 630 m along axis, thickening systematically south 

of the central axial high compared to the north (Van Ark et al., 2007). The 

P-wave structure of the central 30 – 40 km of the Endeavour is 

characterized by alternating ridge-parallel bands of high- and low-velocity 

anomalies (Arnoux et al., 2017; Barclay & Wilcock, 2004; Weekly et al., 

2014) that are ~4 km wide and extend 10 – 12 km to either side of the axis. 

The low-velocity bands lie beneath the outer flanks of off-axis abyssal hills 

and are attributed to the thickening of the extrusive layer by eruptions 

flowing off the axial high (Arnoux et al., 2017; Weekly et al., 2014). This 

interpretation is generally consistent with MCS data which show that layer 

2A is on average thicker below bathymetric highs (Van Ark et al., 2007). 
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Figure 2.1. Map of the ETOMO seismic experiment at the Endeavour 

segment of the Juan de Fuca Ridge. (a) The white circles indicate OBSs that 

are used to pick both Sg and Pg phases. The gray circles indicate OBSs used 

to pick only Pg. The OBSs that did not record data are shown by open 

circles. The air gun shots (black dots) have average shot spacing of 450 m 

along all lines. The red symbols indicate the OBS and shots for the record 

sections in Figure 2.2. The bold black lines indicate the West Valley, 

Endeavour and Northern Symmetric segments of the plate boundary. The 

northern and southern ends of the Endeavour segment form the Endeavour-

West Valley (E-WV) and Cobb OSCs, respectively. The dashed blue box 

encloses the 19 60-km-long lines of the crustal grid and is the area (30 ´ 70 

km2) of map views shown in Figure 2.4. The red box shows the central area 

(40 ´ 40 km2) of the Endeavour segment used to calculate the mean values 

of velocities and anisotropy as a function of distance from the ridge axis in 

Figure 2.8. (b) Enlarged bathymetric map showing the locations of high-

temperature vent fields (yellow stars, SQ: Sasquatch, SD: Salty Dawg, HR: 

High Rise, ME: Main Endeavour, MO: Mothra). 
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The Endeavour segment is seismically active (Hooft et al., 2010; 

Weekly et al., 2013; Wilcock et al., 2002, 2009). In 2003-4, the rate of 

seismicity was particularly high between the Main Endeavour and High 

Rise fields (Wilcock et al., 2009), which are the fields with the largest 

number of black smoker vents, the highest maximum venting temperatures 

(Kelley et al., 2002) and the highest heat fluxes of several hundred 

megawatts (Kellogg, 2011). Here earthquake focal mechanisms are 

consistent with inflation of the AMC, leading Wilcock et al. (2009) to infer 

that magma injection provides a critical mechanism to thin the conductive 

boundary layer and maintain heat fluxes. P-wave velocities just above the 

AMC are also lower beneath the Main Endeavour and High Rise fields than 

other fields (Arnoux et al., 2017; Weekly et al., 2014) consistent with 

increased rates of earthquake induced fracturing. 

At the Endeavour, one-dimensional models of S-wave velocities on 

and off axis were previously obtained by the joint inversion of 

microearthquake data obtained from a 2-month experiment in 1995 and ~50 

small explosive shots deployed during the experiment to locate the OBS 

network (Barclay & Wilcock, 2004). Based on studies at other mid-ocean 

ridge sites (Barclay et al., 2001; Collier & Singh, 1998) and the timing of P-

to-S and S-to-P conversions at the base of layer 2A observed on earthquake 

record sections for the Endeavour (Wilcock et al., 2002), the Vp/Vs ratio 

was set to 2.9 at depths £0.25 km, while a value of 1.8 was assumed at 

depths ≥0.5 km. The inversion yielded Vp/Vs = 1.8 – 1.9 (equivalent to a 

Poisson’s ratio s = 0.28 – 0.31) at depths ≥1 km both on and off axis 

(Barclay & Wilcock, 2004). At depths between 0.5 and 1 km, Vp/Vs 

increased from 1.8 (s = 0.28) on axis to 1.95 (s = 0.32) off axis, which was 

attributed to an artifact of the limited resolution of the inversion or 

preferential sealing of thin cracks by hydrothermal processes (Barclay & 

Wilcock, 2004). 
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2.3. Data and Methods 

2.3.1. ETOMO Experiment 

The Endeavour tomography (ETOMO) experiment was conducted in 

2009 to image the three-dimensional seismic velocity structure from the 

topmost mantle to the shallow crust beneath the Endeavour segment. Sixty-

eight four-component (three orthogonal geophones and a hydrophone 

channel) OBSs were deployed at 64 sites to record ~5500 air gun shots from 

the 36-element, 6600 in3 air gun array of the R/V Marcus G. Langseth. Air 

gun data were collected along 2500 km of track line at a typical shooting 

interval of 180 to 210 s (average shot spacing of 450 m). The source-

receiver distribution has a nested geometry with an area of approximately 

90 km along axis and 60 km across axis. At the segment scale, the data 

resolve the nature of sub-ridge mantle flow and the pattern of melt transport 

from the topmost mantle to crust (VanderBeek et al., 2016) and the crustal 

thickness and lower crustal velocity (Soule et al., 2016). At the crustal scale, 

the data constrain the on- and off-axis velocity structure and the along-axis 

character of the shallow crustal architecture (Weekly et al., 2014). At a 

detailed scale around the vent fields, full-waveform inversion revealed the 

structure associated with hydrothermal circulation between the magmatic 

system and the seafloor (Arnoux et al., 2017). 

Instrument and shot locations were determined simultaneously by 

inverting acoustic-water-wave arrivals (Creager & Dorman, 1982). For 

stations and shots, the horizontal 1-s location uncertainties were 13 m and 9 

m, respectively. Vertical station uncertainty was 10 m, as determined from 

the bathymetric map obtained using the onboard EM122 multibeam system. 

The P-wave crustal refraction (Pg) phase data (Figure 2.2b) was picked on 

62 instruments (Weekly et al., 2014). The Pg data includes 97,302 travel 

times and has a root-mean-square (RMS) uncertainty of 13 ms. 
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2.3.2. Sg Travel Time Dataset 

The S-wave crustal refraction (Sg) phase was picked on 31 OBSs 

with two good horizontal components for shots along the 19 60-km-long 

lines within the crustal grid (Figure 2.1a). Since the OBSs are free-fall 

instruments, the orientations of the horizontal components were determined 

from the shot-receiver azimuth and the observed direction of horizontal 

particle motion of the water-wave arrivals (Bratt & Solomon, 1984; Tréhu, 

1984). We pick Sg arrivals after resolving the horizontal channels into the 

radial direction (red picks in Figure 2.2a) because most converted energy 

from the compressive marine sound source is in this direction. 

In the oceanic crust, the P-to-S conversion occurs where the seismic 

wave encounters a large velocity contrast (White & Stephen, 1980). At the 

Endeavour segment, there is almost no sediment layer within 20 km of the 

ridge axis (Nedimović et al., 2008). In young oceanic crust a thin surficial 

low-velocity (<3.0 km/s), low-gradient layer, layer 2A, is underlain by a 

high-gradient region, where velocities of >5 km/s are reached at a depth of 

~200 – 600 m beneath the seafloor in seismic layer 2B (Christeson et al., 

1994; Harding et al., 1989; Vera et al., 1990). Christeson et al. (1997) found 

that at the East Pacific Rise, the P-to-SV conversion is negligible at the 

seafloor and that for up-going rays, amplitudes of S-to-S transmission are 

larger than for S-to-P conversion at the 2A/2B interface. Consequently, at 

the mid-ocean ridge P-to-S conversion mainly occurs on the down-going 

path in the high-gradient region at the base of layer 2A (Christeson et al., 

1997). 
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Figure 2.2. Example radial and vertical record sections for OBS 62 and the 

shot line shown as red symbols on Figure 2.1. (a) Sg picks (red ticks) on the 

radial channel formed by orienting the two horizontal channels and rotating 

into the radial direction. (b) Pg picks (red ticks) on the vertical channel. 

Waveform data are band-pass filtered between 5 and 25 Hz. Record sections 

are plotted with reduction velocities of 3.8 and 7.2 km/s on the radial and 

vertical channels, respectively. 
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In horizontal record sections, we observe coherent phases of S wave 

with apparent velocities of ~3.5 – 4.0 km/s (Figure 2.2a). Unlike Pg, the Sg 

phase is a secondary arrival and it is thus more difficult to pick arrival times 

precisely (Figures 2.2 and S1). We first identify Sg arrivals using trace-to-

trace coherency of phases with apparent velocities of ~3.5 km/s on a larger-

scale record section plotted with a velocity reduction of 7.2 km/s (Figure 

2.S1). Most Sg phases are identified at ranges of 6 – 30 km with some 

arrivals picked to a maximum range of 36 km. On the seismogram, the Sg 

first motion is in the receiver-to-source direction (to the left on our record 

sections), followed by a larger motion in the opposite direction (Figure 

2.2a). Because it is easier to see the coherency of Sg phase on the larger 

amplitude oscillation, we pick the larger Sg phase associated with the onset 

of the second half of the cycle and then adjust the time so that it matches the 

initial onset of the arrival where that is visible. We adopt the following 

iterative strategy to reduce the picking error and obtain as many Sg travel 

times as possible. We first handpick those Sg arrivals with good trace-to-

trace coherency on non-ridge crossing shot lines and invert only Sg data for 

a smooth Vs model. Using this velocity model, we predict Sg travel times 

and use these synthetic picks as a guide to identify more arrivals that have 

weaker signal-to-noise or trace-to-trace coherency. The Sg picks with large 

residuals are reviewed and the data are inverted again after removal of 

outliers. Since the quality of the Sg arrivals is not consistent at all receivers, 

this picking procedure is repeated until we have confidence in our Sg data. 

When the picking is complete, we simultaneously invert our Sg data with 

the Pg data of Weekly et al. (2014). The final Sg dataset includes 4,205 

picks with uncertainties of 30 – 80 ms that are visually estimated on the 

basis of the signal-to-noise ratio and trace-to-trace coherency. 
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2.3.3. Tomographic Method 

We use an iterative inversion method (Toomey et al., 1994) in which 

the P-to-S coupling constraint is applied to the relative P and S slowness 

perturbations (Hammond & Toomey, 2003). The forward problem is solved 

using a shortest-path ray-tracing method (Moser, 1991) to predict ray paths 

and travel times of an initial model. We solve the forward problem for Pg 

and Sg arrivals separately because their ray paths are not the same when 

Vp/Vs varies. Since Sg arrivals are converted at the bottom of layer 2A from 

P waves down-going beneath the seafloor, they propagate as P waves in 

layer 2A until the conversion. However, our ray-tracing method assumes 

that Sg arrivals travel as S waves along the entire crustal path. The predicted 

Sg travel times are thus larger than the data by the travel time difference 

between S and P wave in the layer 2A. To account for this overestimate, we 

use the results of a previous study to adjust the predicted Sg travel times. In 

a seismicity study from the Endeavour segment, a secondary arrival at a 

constant delay of just over 0.4 s relative to the P arrival and a weak phase 

0.4 s before the S wave were interpreted as a P-to-SV conversion and SV-to-

P conversion, respectively, at the base of layer 2A (Wilcock et al., 2002). 

These observations provide an estimate of the difference between the 

predicted and the observed Sg travel time, which is applied by adding 0.4 s 

to the observed times. 

The inverse problem for seismic tomography is ill-conditioned and it 

is often regularized by applying model norm and spatial smoothing 

constraints. In addition, since the P-wave travel time dataset is generally 

much larger and higher quality than the S-wave dataset, the Vs model is 

comparatively less well constrained. To account for this difference in 

resolving power, we also impose P-to-S coupling constraints in order to 

stabilize the inversion for Vp/Vs. 
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The nonlinear tomographic inverse problem is solved for changes to 

the starting model. We apply conditions of minimum model norm, spatial 

smoothing, and P-to-S coupling as follows 

𝐆

λB𝐂B
λ2𝐂2
λB2𝐂B2
λBD𝐂BD
λBE𝐂BE
λ2D𝐂2D
λ2E𝐂2E

∆𝐮𝐏
∆𝐮𝐒

=

𝐝

𝟎

𝟎

𝟎

𝟎

𝟎

𝟎

𝟎

. (2.1) 

Solving this set of equations is equivalent to minimization of the 

following functional 

𝑠8 = 𝐝OCQ%&𝐝 + λB𝐦OCB%&𝐦 + λ2𝐦OC2%&𝐦																																 

+λB2𝐦OCB2%&𝐦 + λBD𝐦OCBD%&𝐦 + λBE𝐦OCBE%&𝐦				 

+λ2D𝐦OC2D%&𝐦 + λ2E𝐦OC2E%&𝐦																																		 

(2.2) 

where each parameter is described in Table 2.1. 

 
Table 2.1. Matrix components and parameters used for joint inversion.  

𝐆 Fréchet derivatives for slowness parameters 
𝐝 Vector of the differences between observed and calculated 

travel times 

𝐦 Vector of perturbations to model parameters 

∆𝐮𝐏 Isotropic P wave slowness perturbations 

∆𝐮𝐒 Isotropic S wave slowness perturbations 

𝐂Q Diagonal matrix of data variance composed of the squares of 
data uncertainties 

𝐂B Diagonal matrix of the a priori P wave model variance 



 

25	 	

𝐂2 Diagonal matrix of the a priori S wave model variance 

𝐂B2 Matrix of coupling constraint between P and S slowness 
perturbations 

𝐂BD Matrix of horizontal Gaussian smoothing for P slowness model 
parameter 

𝐂BE Matrix of vertical Gaussian smoothing for P slowness model 
parameter 

𝐂2D Matrix of horizontal Gaussian smoothing for S slowness model 
parameter 

𝐂2E Matrix of vertical Gaussian smoothing for S slowness model 
parameter 

 Weighting parameters used to specify the relative importance of 
each constraint 

𝜆B = 1 P wave slowness model norm 

𝜆2 = 1 S wave slowness model norm 

λB2 = 100 P-to-S coupling constraint 

𝜆BD = 300 P wave slowness horizontal smoothing 

𝜆BE = 200 P wave slowness vertical smoothing 

𝜆2D = 100 S wave slowness horizontal smoothing 

𝜆2E = 100 S wave slowness vertical smoothing 

 

Since independent inversions for Vp and Vs can yield unphysical 

models, especially in Vp/Vs structure, it is useful to constrain the 

relationship between Vp and Vs. Imposing a P-to-S coupling constraint 

assumes that Vs correlates with Vp, which indicates that their ratio may be a 

more smoothly-varying medium property than Vs itself (Brocher, 2005; 

Eddy et al., 2013). To constrain the relationship between P and S slowness 

perturbations during the inversion, we evaluate three types of P-to-S 

coupling constraints (Table 2.2) (Hammond & Toomey, 2003). Type A 

assumes that the Vp/Vs variation is spatially smooth. Type B assumes that 
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¶lnVs/¶lnVp, the ratio of the fractional changes in Vs and Vp, is constant at 

all perturbation nodes. In type C, the Vp/Vs ratio is constrained to be smooth 

relative to the starting model. In each instance, the strength of the constraint 

is controlled by a P-to-S coupling parameter. 

 

Table 2.2. Three types of P-to-S coupling tested to determine the proper 

constraint.  

Type A Type B Type C 

Smooth	𝛿 EY
EZ

 Constant [ \]EZ
[ \]EY

 
Unchanged from starting 

Vp/Vs 

 

𝛿
𝑉B
𝑉2

=
𝑉2𝛿𝑉B − 𝑉B𝛿𝑉2

𝑉28
 

														

=
𝑢B𝛿𝑢2 − 𝑢2𝛿𝑢B

𝑢a8
 

 

and spatially average  

 

𝛿
𝑉B
𝑉2 b

= 𝑤d#𝛿
𝑉B
𝑉2 ddeb

 

 

𝜕 ln 𝑉2
𝜕 ln 𝑉B

≈
𝑉B
𝑉2
∆𝑉2
∆𝑉B

 

															=
𝑢B
𝑢2
∆𝑢2
∆𝑢B

 

																					

= 	𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

 

 

Starting 

Vp/Vs 

Depth 

3.35 £0.4 km 

1.80 ³0.6 km 
 

a𝑤d is the Gaussian weights with a characteristic length equal to the node 

spacing (Toomey et al., 1994). 

 

The ratio of the fractional changes in Vs and Vp, ¶lnVs/¶lnVp, has 

been mainly used as an assumption in the inversion for Vp and Vs of the 

mantle (Hammond & Toomey, 2003; Masters et al., 1982; Woodward & 

Masters, 1992). For the solid upper mantle, ¶lnVs/¶lnVp is expected to vary 

between 0.9 – 1.6 on the basis of thermodynamic arguments (Anderson & 

Isaak, 1995), and it may be as high as 2.2 for partially molten rocks. For 
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oceanic crust, particularly in the upper crust, we expect that fluid-filled 

cracks are the dominant control on seismic velocity. We thus test 

¶lnVs/¶lnVp values between 0.8 – 2.2, which are appropriate for the crack 

aspect ratio of a rock-water system near 0 km depth as inferred from seismic 

observations by Takei (2002). 

	
2.3.4. Differential Effective Medium theory 

Seismic velocities in the upper oceanic crust are affected 

considerably by variations in crack morphology and porosity (Carlson, 

2010, 2014a; Swift et al., 2008). Alteration of the primary mineral phases 

also affects seismic velocities but the effect is relatively small. The grain 

velocities in basalt and diabase samples from Hole 504B show that 

alteration only reduces velocities by ~0.2 km/s (Carlson, 2014b). In 

contrast, lavas cracks at the scale of rock samples and cracks at large-scales 

reduce the average in situ velocity by ~1.1 and ~1.7 km/s, respectively 

(Carlson, 2014b). Since cracks account for nearly 90% of the difference 

between in situ and the theoretical seismic velocities in the upper crust 

(Carlson, 2014b), an understanding of the effects of the crack density and 

the distribution of crack aspect ratios on seismic velocities is important to 

interpret the results of seismic refraction experiments. 

The effects of porosity and crack aspect ratios on Vp and Vs can be 

estimated using two forms of effective medium theory. For the differential 

effective medium (DEM) method (Bruner, 1976; McLaughlin, 1977), the 

elastic moduli at a given volume fraction of inclusions, such as grains or 

cracks, is evaluated by adding inclusions incrementally into a background 

medium. For the self-consistent (SC) method (Budiansky, 1965; Hill, 1965), 

the average elastic tensor of all crystals in the aggregate is estimated in one 

step. A combination of the SC and DEM has been used to model the 

effective elastic properties of shales (Hornby et al., 1994), hydrate-bearing 

sediments (Jakobsen et al., 2000), and partially molten rocks at mid-ocean 
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ridges (Mainprice, 1997). However, velocities of rocks such as basalts, 

which have isolated cracks and pores, can be better estimated using the 

DEM than the SC method (Berge et al., 1993). Thus, we perform DEM 

modeling to calculate the effective elastic properties of a composite of 

basalt and seawater-filled cracks and to predict the relationship between 

velocity and porosity. We assume that the nature of the porosity is 

independent of depth, thus ignoring possible changes in pore geometry 

between pillows/flows/sills and the dike section (Seher et al., 2010b). 

The tensor equation for the DEM method (McLaughlin, 1977) is as 

follows: 

𝑑𝐶
𝑑𝑣b

=
1

1 − 𝑣b
𝐶b − 𝐶 𝑄b, (2.3) 

where 𝑑𝐶 is the change in the elastic moduli of the effective medium 

due to an increment 𝑑𝑣b at a given volume fraction 𝑣b (or porosity) of the 

inclusion phase with elastic stiffness tensor 𝐶b. The term 𝑄b is the strain 

concentration factor coming from the Eshelby formulation of the inclusion 

problem (Mainprice, 1997) given as: 

𝑄b = [𝐼 + 𝐺(𝐶b − 𝐶)]%&, (2.4) 

where 𝐺 is the symmetrical fourth-rank tensor Green’s function that 

is calculated from the response of a single inclusion embedded in a matrix 

of the effective medium (Eshelby, 1957; Mura, 1987). It is assumed that 

individual inclusion may be approximated by an ellipsoid 

𝑥&8

𝑎&8
+
𝑥88

𝑎88
+
𝑥v8

𝑎v8
≤ 1. (2.5) 

In our DEM model, the effective medium consists of two 

components of basalt and seawater-filled crack as a host and inclusion, 

respectively. The physical properties of components are Vp = 6.4 km/s, Vs = 
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3.5 km/s and density 𝜌 = 2971 kg/m3 for basalt (Johnston & Christensen, 

1997), and Vp = 1.5 km/s, Vs = 0 km/s and 𝜌 = 1030 kg/m3 for seawater 

(Telford & Sheriff, 1990). The inclusions are introduced in an aligned 

manner since the seismic anisotropy in the upper oceanic crust is attributed 

to vertical cracks aligned parallel to the ridge axis (Stephen, 1985). All 

inclusions lie parallel with their 𝑎v-axis along the 𝑥v direction and 𝑎& = 	𝑎8 

so that the effective medium is transversely isotropic with the 𝑥& and 𝑥8 

directions being equivalent. For Cartesian coordinates, 𝑥&, 𝑥8 and 𝑥v 

directions are vertical, parallel and perpendicular, respectively, to the ridge 

axis. For a transversely isotropic material, the nonzero elastic stiffness 

components are 𝑐&& = 𝑐88, 𝑐vv, 𝑐yy = 𝑐zz, 𝑐{{, 𝑐&v = 𝑐8v, and 𝑐&8 =

𝑐&& − 2𝑐{{  (Musgrave, 1970). The elastic stiffness components from the 

DEM are converted to the velocities in fast (𝑥& and 𝑥8) and slow (𝑥v) 

directions (Jakobsen et al., 2000); 

Fast 𝑉𝑝 = 𝑐&& 𝜌,  (2.6) 

Slow 𝑉𝑝 = 𝑐vv 𝜌,  (2.7) 

Fast 𝑉𝑠 = 𝑐{{ 𝜌  (2.8) 

Slow 𝑉𝑠 = 𝑐yy 𝜌.  (2.9) 

We use the DEM theory to predict Vp and Vs in the slow direction in 

the upper oceanic crust as a function of porosity assuming aligned cracks. 

We model the slow direction because refracted seismic rays travel 

approximately horizontally for the majority of the ray-path. Since the DEM 

theory assumes all inclusions have a constant aspect ratio, we obtain 

multiple solutions assuming a range of crack aspect ratios (Figure 2.3). For 

small aspect ratios, the modeled Vs and Vp at low porosities both decrease 

rapidly as porosity is increased, but the dependence of the rate of decrease 
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on the aspect ratio is different. As the crack aspect ratio decreases from 0.02 

to 0.005, the rate at which Vs decreases with porosity increases (Figure 

2.3b), whereas Vp decreases at a similar rate (Figure 2.3a). As a result, 

Vp/Vs increases very rapidly with porosity for the smallest crack aspect 

ratios (Figure 2.3c). In contrast, for crack aspect ratios of 0.5 to 0.1, Vs 

decreases more slowly with porosity and is less sensitive to crack aspect 

ratio than Vp (Figures 2.3a and 2.3b). This leads to Vp/Vs decreasing with 

porosity for fatter cracks (Figure 2.3c). The different effects of crack aspect 

ratio on elastic properties are very pronounced in Poisson’s ratio (Figure 

2.3d). Cracks with aspect ratios of 0.005 – 0.02 act to increase Poisson’s 

ratio, whereas cracks with aspect ratios of 0.1 – 0.5 decrease Poisson’s ratio 

(Figure 2.3d). 
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Figure 2.3. Estimates of (a) Vp, (b) Vs, (c) Vp/Vs and (d) Poisson’s ratio as 

a function of porosity for various crack aspect ratios (colored lines) using 

the differential effective medium (DEM) theory. The cracks are assumed to 

be vertically aligned ellipsoids and Vp and Vs are shown for the slow 

direction. The effective medium of a two-phase composite consists of a 

basalt host (Vp = 6.4 km/s; Vs = 3.5 km/s; density = 2971 kg/m3) (Johnston 

& Christensen, 1997) and seawater inclusions (Vp = 1.5 km/s; Vs = 0 km/s; 

density = 1030 kg/m3) (Telford & Sheriff, 1990). 
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2.4. Tomographic Analysis 

2.4.1. Starting Model and Vp/Vs Coupling 

The tomographic analysis requires initial Vp and Vs models. The 

initial Vp model is taken from the Pg travel time tomography results of 

Weekly et al. (2014). The starting Vs model is derived from the Vp model 

assuming Vp/Vs ratios for layers 2A and 2B. The seismic properties in layer 

2A are not fully constrained by our data because all the rays travel along 

near vertical paths through it. Layer 2A acts to introduce a static offset to 

travel times that constrains only the product of the thickness and slowness in 

the layer and which in inversions can be partitioned. Weekly et al. (2014) 

parameterized layer 2A in the starting model for the inversions for P-wave 

structure as a layer with low velocities of ~2.5 km/s at model grid depths of 

0 and 0.2 km that transitioned to layer 2B velocities at 0.4 km depth. We 

adopted the same approach for our S-wave model and forward modelled the 

S-wave data using the three-dimensional P-wave model of Weekly et al. 

(2014) and various choices of Vp/Vs ratios in layer 2A and the crust beneath 

(layer 2B). We find that for a value of Vp/Vs =1.8 in layer 2B, the mean of 

the Sg misfits is zero for Vp/Vs = 3.35 in layer 2A, while for Vp/Vs = 1.9 in 

layer 2B, the mean of the Sg misfits is zero for Vp/Vs = 2.6 in layer 2A. We 

chose a starting model with Vp/Vs = 3.35 at model grid depths of 0 – 0.4 km 

and Vp/Vs = 1.8 at depths ³0.6 because this choice predicts an S minus P 

travel time delay of 0.4 s through layer 2A, which is consistent with that 

observed for P-to-S and S-to-P converted phases that form at the base of 

layer 2A in microearthquake records (Wilcock et al., 2002). We note that 

since our parameterization has an effective layer 2A thickness of 0.3 km 

(i.e., a transition that occurs between the 0.2 km and 0.4 km deep nodes) 

while the mean layer 2A thickness on the Endeavour is about 0.4 km (Van 

Ark et al., 2007), the Vp/Vs in layer 2A is likely somewhat lower than 3.35. 

A series of inversions were performed to explore P-to-S coupling 

and, for appropriate smoothing and coupling weights, we found that the 



 

33	 	

results are very similar for all three types of coupling. The RMS of Pg 

residuals was effectively constant at 11 ms for all coupled inversions, while 

the RMS of Sg increased for all coupling types as the horizontal (𝝀𝑺𝑯) and 

vertical (𝝀𝑺𝑽) smoothing weights for Vs increased. The results were not very 

sensitive to the type of coupling. For example, type A with coupling weight 

of 1 and type B with coupling weight of 100 resulted in similar models that 

both fit Sg data well. Since similar results were obtained for all 3 types of 

coupling, we infer that the data require a heterogeneous Vp/Vs structure. 

Our preferred solution uses type B coupling, which attempts to keep the 

¶lnVs/¶lnVp ratio constant, and a coupling weight of 100; smaller values of 

coupling resulted in larger fluctuations of Vp/Vs. We also found that the 

results were insensitive to the chosen value of ¶lnVs/¶lnVp, and so a value 

(1.1) that corresponds to that of rock including water-filled cracks with 

aspect ratio of 0.02 is used (Takei, 2002). 

 

2.4.2. Tomographic Resolution 

We investigated ray coverage and reconstructed several synthetic 

models to evaluate the resolution of our tomographic results. The spatial 

distribution of Sg ray paths is indicated by the derivative weight sum (DWS) 

(Toomey et al., 1994) (Figure 2.S2) and shows good coverage of the Vs 

model in a region 15 ´ 40 km2 centered on the Salty Dawg vent field. For 

all synthetic models, we calculated Pg and Sg travel times using the same 

shot-receiver pairs as in our experiment, assigned uncertainties of 10 and 60 

ms, respectively, and inverted using the same parameters as in our preferred 

models. 

To evaluate model resolution at the segment-scale, we constructed 

synthetic models with horizontal and vertical checkerboard-patterned 

velocity anomalies (Figures 2.S3 and 2.S4). For the horizontal checkerboard 

test (Figure 2.S3), the true model consists of cylindrical anomalies with a 
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sinusoidal pattern of wavelength 4 km in the XY-plane with a peak 

amplitude of 5% superimposed on the 3-D starting model. To investigate 

vertical resolution, we generated a synthetic model with 2-km cubes beneath 

the across-axis profile at the High Rise vent field (Figure 2.S4). Velocity 

perturbation of ±5% were superimposed on the 3-D starting Vp and Vs 

models. In both cases the checkerboard anomalies of Vp and Vs are well 

recovered in the upper 3 and 2 km, respectively (Figures 2.S3 and 2.S4). 

The recovered amplitude of Vs anomalies is poorer than Vp between 1 and 3 

km depth (Figures 2.S3 and 2.S4), reflecting the small percentage of Sg ray 

paths turning at these depths. A low Vs anomaly beneath the ridge axis at 

depths between 2 and 3 km is not recovered (Figure 2.S4), whereas low Vs 

anomalies beneath the flanks (within 5 – 10 km from the ridge axis) at these 

depths are recovered, although the magnitudes are underestimated. 

When the magnitudes and polarities of perturbation are the same for 

both Vp and Vs, the perturbation of Vp/Vs is zero. Thus, we conducted 

additional synthetic tests to investigate the ability of Vp/Vs resolution in our 

joint inversion by reconstructing more geologically plausible anomalies. We 

constructed synthetic Vs models containing several spheroidal Vp/Vs 

anomalies with a diameter of 2.4 km distributed across the ridge axis 

beneath each hydrothermal vent field profile (Figure 2.S5). The Vp/Vs 

perturbation of all anomalies is 0.3 with respect to a model with a constant 

Vp/Vs ratio at each depth. The locations of recovered anomalies beneath all 

hydrothermal vent fields are resolved in the upper 2 km except beneath the 

Sasquatch field in the north (Figure 2.S5). However, the magnitudes of the 

low- and high-Vp/Vs anomalies are underestimated (Figure 2.S5). We 

conclude that the locations and overall form of Vp/Vs variations observed in 

our preferred tomographic solution are robust features and that Vp/Vs 

anomalies as small as ~2 km in diameter are resolved by our Pg and Sg 

datasets. However, the resolution tests indicate that the magnitude of Vp/Vs 

variations is likely underestimated. 



 

35	 	

2.4.3. Tomographic Results 

The upper crustal velocity structure of the Endeavour segment is 

very heterogeneous. Figure 2.4 shows map-view sections of Vp, Vs and 

Vp/Vs perturbations relative to the horizontal average at 0.4, 1.4 and 2.4 km 

depths. The preferred Vp model mirrors that obtained from prior inversions 

of just P-wave arrival times (Weekly et al., 2014) and is thus not 

significantly perturbed from the starting model. In contrast, Vs is perturbed 

from the starting model leading to substantial horizontal variations in Vp/Vs 

to simultaneously fit the Pg and Sg arrival times (Figures 2.4g-i). 

At the segment-scale, Vp is lower at the segment ends near the E-

WV and Cobb OSCs than in the central part of the segment at all depths 

(Figures 2.4a-c). At depths ≤1.4 km, the segment center is characterized by 

alternating bands of high- and low-Vp (Figures 2.4a-b). Off axis, the 

amplitudes of low-Vp bands gradually decrease with increasing depth, 

which is accompanied by an increase in Vp off axis at >1.2 km depth. Vs 

tends to be lower at all depths near the OSCs than in the segment center 

(Figures 2.4d-f) although the ray density at the segment ends is low (Figures 

2.S2a-e) and not all the area of OSCs are imaged. The fractional amplitudes 

of Vs anomalies at the segment ends tend to be lower than those for Vp at 

depths >0.4 km (Figures 2.4e-f) leading to positive Vp/Vs anomalies 

(Figures 2.4h-i). Conversely, at the segment center, Vs anomalies near the 

ridge axis tend to be greater than Vp anomalies at depths >0.4 km (Figures 

2.4e-f) leading to negative Vp/Vs anomalies (Figures 2.4h-i). The banded 

high- and low-velocity anomalies near the segment center are apparent in Vs 

structure (Figure 2.4d) but the amplitudes of low-Vs bands off axis are 

generally lower than those for Vp, and as for Vp, the amplitude decreases 

with depth so the bands disappear at >1.4 km depth (Figures 2.4e-f). At the 

segment center, two regions of high Vp/Vs are observed at 1.4 km depth 

(Figure 2.4h); a band to the west of the axis that is ~4 km wide and extends 

~30 km to the south and a circular region to the east of the segment center. 
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Figure 2.4. Map-view sections of velocity perturbations to the horizontally-

averaged model. (a-c) Vp, (d-f) Vs and (g-i) Vp/Vs anomalies at 0.4, 1.4 and 

2.4 km depth are plotted in the area shown as a blue-dashed box in Figure 

2.1a. Poorly resolved regions where the derivative weight sum (DWS) is 

less than 10 are masked (Figure 2.S2); the Vs mask is also used for Vp/Vs. 

The contour intervals for Vp, Vs and Vp/Vs perturbations are 0.2 km/s, 0.1 

km/s and 0.05, respectively. Hydrothermal vent fields and the traces of the 

segments are shown as yellow stars and bold black lines, respectively. (j) 

Bathymetric map of the area shown in the other panels with labels of the E-

WV and Cobb OSCs. 
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Figure 2.5 compares the vertical variations of average Vp, Vs and 

Vp/Vs for several contrasting areas. At the segment center, Vp at depths ≥0.6 

km is substantially higher on the flanks than near the segment center, 

whereas average Vs is only slightly higher off axis, so that Vp/Vs is 

markedly lower on axis. For example, at 1.4 km depth Vp/Vs is 1.72 on axis 

but little changed from the starting value of 1.8 on the west flank (Figure 

2.5e). In the OSCs, both Vp and Vs are lower but the fractional change in Vs 

is higher and becomes more so with increasing depth, leading to a high 

Vp/Vs that increases with depth. For example, in the Cobb OSC Vp/Vs 

increases from 1.82 at 0.6 km depth to 1.9 at 2.4 km depth (Figure 2.5e). 

The differences between on- and off-axis structure near the center of 

the segment are well illustrated in vertical cross sections oriented 

perpendicular to the spreading axis through the Salty Dawg and High Rise 

vent fields (Figure 2.6). At depths between 1 and 2 km, Vs is high beneath 

the hydrothermal vent fields and relatively low in two regions 4 and 6 km to 

the west and east of the axis, respectively (Figures 2.6b and 2.6e). In 

contrast, Vp is generally high off axis and low-Vp anomalies are not 

observed ~5 km off axis (Figures 2.6a and 2.6d). As a result, Vp/Vs is low 

beneath the vent fields and high on the flanks. 

Vertical cross-sections oriented along the ridge axis show that at 

depths ≤2 km Vp and Vs beneath the hydrothermal vent fields are generally 

higher than to the north and south (Figures 2.7a-b). From 0.6 to 2.0 km 

depth, average Vp and Vs along the ridge axis are ~5.5 and ~3.0 km/s, 

respectively, and increase beneath the vent files by ~0.2 and ~0.3 km/s. 

Thus, beneath the vent fields Vs increases by ~10% while Vp increases by 

only ~4% and so Vp/Vs decreases by ~6%. The Vs model shows three 

regions of particular high-velocity anomalies beneath the Mothra vent field, 

between the High Rise and Salty Dawg fields, and beneath and to the north 

of the Sasquatch field (Figure 2.7b) and since variations in Vp are more 
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muted (Figure 2.7a), three low-Vp/Vs anomalies are observed at the same 

locations (Figure 2.7c). 
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Figure 2.5. The horizontally-averaged velocity profiles. (a) Bathymetric 

map showing labeled locations of five regions (black rectangles) used to 

derive the vertical profiles of averaged velocity; West Flank (WF), East 

Flank (EF), Cobb OSC (CO), E-WV OSC (EO), and Central Axis (CA). (b) 

The depth profiles of Vp and Vs for the WF, EF, CO, EO and CA regions 

are shown as colored lines and that of the average model in an area (dashed 

blue box) including the crustal grid as a black line. (c) Vp and Vs profiles for 

the CA, WF and CO regions are compared with the profiles previously 

obtained on- and off-axis regions (solid and dashed gray lines, respectively) 

at the Endeavour segment by Barclay and Wilcock (2004). (d) The depth 

profiles of Vp/Vs for the average model and the WF, EF, CO, EO and CA 

regions are plotted with the same color conventions as in Figure 2.5b. (e) 

Vp/Vs profiles for the CA, WF and CO regions are compared with the on- 

and off-axis profiles of Barclay and Wilcock (2004). 
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Figure 2.6. Across-axis vertical sections of velocity perturbations to the 

horizontally-averaged model. Vp, Vs and Vp/Vs anomalies beneath (a-c) the 

Salty Dawg and (d-f) the High Rise vent field (yellow star), labeled with the 

heat flux (Kellogg, 2011) and a location on Y-axis, are plotted. The bottom 

of layer 2A (gray dots) (Van Ark et al., 2007) and the top boundary of the 

AMC (dark brown dots) are also shown. 
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Figure 2.7. Along-axis vertical sections of velocity perturbations to the 

horizontally-averaged model. (a) Vp, (b) Vs and (c) Vp/Vs anomalies 

beneath the hydrothermal vent fields (yellow stars), labeled with the field 

names (MO: Mothra, ME: Main Endeavour, HR: High Rise, SD: Salty 

Dawg, SQ: Sasquatch) and the heat fluxes (Kellogg, 2011), are plotted. 

Hypocenters for earthquakes recorded between 2003 and 2004 (cyan 

circles) (Wilcock et al., 2009), the bottom of layer 2A (gray dots) (Van Ark 

et al., 2007) and the top boundary of the AMC (dark brown dots) (Van Ark 

et al., 2007) are also shown. 
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2.5. Discussion 

We have presented a three-dimensional inversion for both Vp and Vs 

in the upper crust at the Endeavour segment of the Juan de Fuca Ridge, the 

first such inversion obtained at a mid-ocean ridge. The inversion includes a 

coupling constraint between Vp and Vs to ensure that lateral variations in 

Vp/Vs are required by the data. In this discussion, we first briefly compare 

our model with an earlier study of the one-dimensional Vp and Vs structure 

at the Endeavour segment and then interpret our three-dimensional Vp, Vs 

and Vp/Vs model in terms of the effects of seafloor spreading, hydrothermal 

circulation and regional tectonics on the distribution and aspect ratio of 

cracks in the shallow crust. 

	

2.5.1. Comparison with an Earlier 1-D Inversion Model 

The discrepancies between our results and an earlier one-

dimensional inversion of Barclay and Wilcock (2004) can be explained by 

the limitations of this earlier study. Barclay and Wilcock (2004) jointly 

inverted microearthquake and explosive shot data from the ridge axis and 

west flank of Endeavour segment (Barclay & Wilcock, 2004) and found that 

Vp/Vs ratios are 2.75 – 2.90 above 0.25 km and 1.8 – 1.9 below 0.5 km 

depth. Their Vp/Vs for layer 2B in both on- and off-axis regions are 

generally higher than our results on the central axis and the west flank 

(Figure 2.5e). At depths ≤1.6 km they found in agreement with our results 

that Vp/Vs is higher off-axis than on-axis but at greater depths Vp/Vs 

decreases substantially in their off-axis model. The discrepancies between 

our model and this earlier study likely reflect differences in the starting 

model (Barclay and Wilcock (2004) have lower Vp/Vs in layer 2A) and the 

inherent trade-offs between earthquake focal depths and velocity structures 

in the one-dimensional joint inversions of earthquakes and shot data 

(Barclay & Wilcock, 2004). In their study, Vp is unconstrained by the 

explosive shot travel times below 1.5 – 2 km depth with no independent 
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constraints on the Vs structure (Barclay & Wilcock, 2004). Most of the axial 

earthquakes were located between 2 and 3 km depth (Wilcock et al., 2002). 

Somewhat counterintuitively, Barclay and Wilcock (2004) found that when 

earthquakes are forced to shallower depths, both Vp and Vs increase and 

Vp/Vs decreases, changes that would make their results more similar to ours. 

	

2.5.2. Lateral Heterogeneity of Vp/Vs Ratios and Cracks 

Weekly et al. (2014) interpreted low Vp in the upper crust in and 

adjacent to the OSCs at both ends of the Endeavour segment (Figures 2.4a-

c) as evidence of a crust that had undergone pervasive tectonic fracturing 

that recorded the history of ridge propagation. S-wave velocities are not 

resolved over as large an area as Vp at the segment ends (Figure 2.S2), but 

Vs is also low in this region (Figures 2.4d-f) and the fractional velocity 

anomalies are larger for Vs so that Vp/Vs anomalies are positive (Figures 

2.4g-i). Based on our DEM models (Figure 2.3c), the high Vp/Vs requires 

thin cracks with aspect ratios <0.02. This is consistent with a broad region 

of shear deformation within and adjacent to the large OSCs that forms 

narrow mode II cracks. 

A remarkable feature of velocity structure in layer 2B in the central 

portion of the segment are the across-axis variations in Vp, Vs and Vp/Vs 

(Figure 2.8). At 1.4 km depth, average isotropic Vp within 5 – 10 km of the 

ridge axis (crustal ages of 0.2 – 0.4 Ma) increases by ~0.4 km/s compared to 

the value at the ridge axis (Figure 2.8a). This increase in Vp is accompanied 

by a decrease in P-wave anisotropy (Weekly et al., 2014) to a level that is 

less than half of the value at the ridge axis (Figure 2.8a). This decrease in 

anisotropy with distance from the ridge is attributed to infilling of cracks by 

mineral precipitation in the near-axis hydrothermal system (Weekly et al., 

2014). The average Vs also generally increases off axis but the minimum Vs 

is offset 3 km to the west of the ridge axis and Vs increases by less to the 
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west than to the east (Figure 2.8b). The average Vp/Vs has a minimum of 

~1.75 on and just to the east of the ridge axis and increases significantly on 

both flanks to maximum values of 1.83 at 10 km off axis to the east and 

1.85 at 5 km off axis to the west (Figure 2.8c). 

 

2.5.3. Across-axis Model of Crack Distribution within Layer 2B 

We infer that the observed variation in Vp/Vs is primarily related to 

changes in the density and geometry of cracks. The effect of temperature is 

likely to be very small at 1.4 km depth. Christensen (1996) show that the 

Poisson’s ratio of rocks does not vary significantly from 0 to 700°C at 600 

MPa. These results are supported by subsequent sample studies by Kern et 

al. (2001). In addition, we do not think that melt is a plausible source of the 

Vp/Vs variations at a depth of 1.4 km (layer 2B). Finally, while composition 

affects Vp/Vs, the range of Poisson’s ratio observed in the upper oceanic 

crust by us and previous authors (e.g., Spudich & Orcutt, 1980; Carlson, 

2014b) is too large to be explained by reasonable compositional variations. 

Thus Vp/Vs variations in the upper oceanic crust are primarily related to its 

porosity and fracture characteristics. 

We use our DEM results to construct a simple model to understand 

the relationship between Vp/Vs and the density and geometry of cracks. At 

1.4 km depth, the observed Vp and Vs have the range of 5.5 – 6.2 km/s and 

3.0 – 3.4 km/s, respectively, and in these ranges the predicted Vp and Vs 

decrease approximately linearly with increasing porosity (Figures 3a-b) and 

so we can calculate the derivatives of Vp and Vs with porosity (𝜕𝑉B/𝜕𝜙 and 

𝜕𝑉2/𝜕𝜙) for each crack aspect ratio. The DEM theory assumes that only 

one crack aspect ratio is present but we make the assumption that in the 

region of linear changes of velocity with porosity, the effects of cracks of 

different aspect ratio can be combined linearly. We combine DEM models 
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with thin (a = 0.01) and thick (a = 0.1) cracks and write the velocities as 

follows: 

𝑉B = 𝑉B,��� +	𝜙���.�&
𝜕𝑉B
𝜕𝜙

	
���.�&

+ 𝜙���.&
𝜕𝑉B
𝜕𝜙 ���.&

 (2.10) 

𝑉2 = 𝑉2,��� +	𝜙���.�&
𝜕𝑉2
𝜕𝜙 ���.�&

+ 𝜙���.&
𝜕𝑉2
𝜕𝜙 ���.&

 (2.11) 

𝜕𝑉B
𝜕𝜙

	
���.�&

𝜕𝑉B
𝜕𝜙 ���.&

𝜕𝑉2
𝜕𝜙 ���.�&

𝜕𝑉2
𝜕𝜙 ���.&

= −0.95 −0.35
−0.69 −0.10 . (2.12) 

 

For each average Vp and Vs value in the across-axis profiles of Figures 2.8a 

and 2.8b, we solve equations (10-11) for the porosity due to thin (𝜙���.�&) 

and thick (𝜙���.&) cracks (Figure 2.8d). We also express our solutions in 

terms of the crack density 𝜖	(Figure 2.8e), which is defined as 𝜖 = 𝑁𝑎v/𝑉, 

where 𝑁 is the number of cracks per volume 𝑉, and 𝑎 is the crack radius. 

For ellipsoidal cracks, porosity is related to 𝜖 by 𝜙 = y
v
𝜋a𝜖, where a is the 

crack aspect ratio (Le Ravalec & Guéguen, 1996; Mavko et al., 2009; 

Shearer, 1988). 

The results suggest that the porosity is everywhere dominated by 

thick cracks and that the highest porosities and densities of thick cracks are 

found near the ridge axis. Within 3 km of the ridge, the average total 

porosity is 1.82% and is formed from a porosity of 1.57% and 0.25% from 

thick and thin cracks, respectively. In contrast, at distances of 5 – 10 km off 

axis the average porosities are 0.95 – 1.11% and are formed from porosities 

of 0.72 – 0.75% and 0.23 – 0.36% from thick and thin cracks, respectively 

(Figure 2.8d). 
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Figure 2.8. Average velocities, porosity and crack density at 1.4 km depth 

as a function of distance from the ridge axis of the central part of the 

Endeavour segment. (a) Vp, (b) Vs and (c) Vp/Vs averages over 2-km-wide 

bins extending 40 km along axis. The magnitude of the P-wave anisotropy 

reported by Weekly et al. (2014) is overlaid on Figures 8a and 8c. The 

distributions of (d) porosity and (e) crack density calculated from the Vp and 

Vs averages are stacked to show the contribution from thick (crack aspect 

ratio = 0.1, light brown color) and thin (aspect ratio = 0.01, brown color) 

cracks to the total (see text). Gray shading indicates regions where Vs is not 

resolved. 
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2.5.4. Crack Geometry and Seafloor Spreading, Hydrothermal 

Circulation and Tectonics 

Previous studies of the P-wave velocities in the uppermost portion of 

layer 2B from MCS profiles (Newman et al., 2011) and of P-wave velocities 

and anisotropy from the tomography dataset used in our study (Weekly et 

al., 2014) show that Vp in layer 2B increases markedly within ~5 km of the 

ridge axis with anisotropy decreasing over similar distances. This was 

interpreted as evidence of the rapid infilling of cracks in the near axis 

hydrothermal system. Our results suggest that this change in seismic 

velocity and anisotropy is accomplished by a substantial reduction in the 

density of thicker cracks (Figure 2.8e). 

Wilkens et al. (1991) modeled the rapid Vp increase in the layer 2A 

of the oceanic crust by invoking the sealing of only thin cracks (low aspect 

ratio pores). They assumed that closing of thin cracks controlled Vp 

variations arguing that Vp is very sensitive to small aspect ratio cracks and 

that it is harder to close thick cracks by hydrothermal precipitation. This is a 

reasonable inference in a region dominated by pillow lavas where each fluid 

pathway alternates between relatively thin cracks separating touching 

pillows and larger voids where several pillows meet. In contrast, our Vp/Vs 

results show that in layer 2B thick cracks are more susceptible to closure. 

This may be because in a layer where the porosity is dominated by vertical 

cracks, the thicker cracks support higher hydrothermal precipitation rates as 

a consequence of a higher fluid flux that is proportional to the cube of a 

conduit radius and because the thick cracks are also better connected to the 

permeable network. 

We infer that the high density of thick cracks near the ridge axis is 

indicative of a region where cracks are opening as a result of extensional 

strains due to plate spreading. Along fast and intermediate spreading rate 

ridges, oceanic crust is produced in a volcanic zone that is 1 – 2 km wide 

and is subsequently fissured and tectonically deformed by normal faults 
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within 2 – 3 km of the ridge axis (Macdonald, 1982). Studies of fault 

distributions on the East Pacific Rise show that near the axis, there are many 

wide, vertical fissures (Mode I: opening mode) created by fast extension 

cracking and related to magma inflation and hydrothermal cooling (Wright, 

1998). In contrast, faults are narrower off axis than on axis because they are 

created by shear failure (Mode II: sliding mode) in which the material on 

one side of the cracks is sliding past the other rather than pulling apart 

(Wright, 1998). At the Endeavour, the axial valley and its walls are highly 

tectonized with many prominent ridge-parallel fissures and faults (Delaney 

et al., 1992; Glickson et al., 2007). Hydrothermal modeling studies also 

require that layer 2B permeability is several orders of magnitude higher on 

axis than off-axis (e.g., Lowell & Germanovich, 2004), a result that suggests 

cracks at depth on axis are thicker. Microearthquake studies show that the 

rates of seismicity are high above the axial magma chamber owing to 

cracking caused by a combination of plate extension, hydrothermal cooling 

(Wilcock et al., 2002) and magma inflation (Wilcock et al., 2009) all of 

which may open wide cracks if the failure mode includes a Mode I 

extensional component. 

We infer that as the crust moves out of the zone of active extension, 

hydrothermal fluids, which preferentially circulate through thick cracks, fill 

these cracks with precipitates and alteration minerals (Turcotte & Schubert, 

2014; Wilcock & Delaney, 1996), and so that in the absence of continued 

extension the cracks narrow and circulation becomes less vigorous. This is 

consistent with a model in which vigorous hydrothermal circulation near the 

ridge axis (<5 km) extracts a large amount of heat from the crust, resulting 

in a reduced geothermal gradient within the cooled region, and conductive 

heat flow becomes a primary mechanism of vertical heat transport on the 

ridge flanks (Cochran & Buck, 2001). In addition, Hasenclever et al. (2014) 

showed the 2-D model of a combination of crustal accretion and 

hydrothermal flow in which a decrease in permeability beyond a distance of 
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5 km from the ridge axis indicates colder and broader recharge up to several 

kilometers away from the axis that feeds hot (500 – 700 °C) deep-rooted 

off-axis flow towards the ridge. 

The predicted across-axis distribution of thin cracks from our model 

is more complex than for thick cracks (Figures 2.8d-e). Rather than showing 

a decrease in density moving off axis, the distribution of thin cracks is very 

asymmetric with a minimum density 4 km off axis to the east and a 

maximum density 4 km off axis to the west. This complexity may in part 

reflect the simplicity of our model, which assumes all the cracks have aspect 

ratios of either 0.1 or 0.01 and which ignores the effects of variations in 

composition, hydrothermal alteration and thermal structure. However, two 

first order characteristics of the distribution do require explanation. 

First, the lack of a clear decrease in thin crack density well off-axis 

suggests that there is a significant population of thin cracks whose density 

does not change systematically within 10 km (~0.4 Ma) of the ridge axis. 

Thin cracks are only a minor contribution to the total porosity but they have 

a higher density than the thick cracks. Either these thin cracks are 

backwaters through which hydrothermal fluids do not circulate or the 

hydrothermal flow velocities and rates of alteration and precipitation in 

these cracks are very low. Newman et al. (2011) found that Vp in layer 2B 

does not change appreciably at ages >0.5 Ma out to the maximum ages 

sampled (3.5 Ma at the Endeavour and 7 Ma elsewhere on the JdFR) so we 

infer that to the extent that thin cracks in layer 2B off-axis are filled by 

hydrothermal alteration products, they are regenerated by off-axis normal 

faulting. 

Second, the lower Vs and higher Vp/Vs on the west flank suggest a 

higher density of thin cracks in this region. This inference is supported by 

asymmetry in the P-wave anisotropy. Anisotropy decreases rapidly off-axis 

on the east flank but remains high out to ~5 km where the density of thin 

cracks reaches its maximum value. There must be some mechanism to 
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produce more thin cracks on the west flank and we speculate that they are 

related to internal deformation of the Pacific plate. Wilcock et al. (2002) 

recorded a large number of mid-crustal microearthquakes out to 15 km off-

axis on the Pacific plate with strike-slip mechanisms indicative of north-

south compression which were interpreted either as evidence that the west 

flank of the Endeavour was deforming in response to the breakup of the 

Explorer microplate (Kreemer et al., 1998) or that it is now part of the 

Sovanco transform deformation zone. Based on detailed regional 

bathymetric mapping and the distribution of hydroacoustically detected 

earthquakes, Dziak (2006) argues that the shear zone separating the Pacific 

and Explorer plates extends well south of the Sovanco Fracture Zone to 

include the Heck and Heckle seamounts on the west flank of the Endeavour, 

and potentially as far south as the Springfield Seamounts and Cobb OSC. 

 

2.5.5. Evolution of Crack Distributions and Hydrothermal Circulation 

Arnoux et al. (2017) used full waveform inversions to obtain a high 

resolution Vp model in the upper crust on the central portion of the 

Endeavour. They interpreted variations in Vp immediately above the AMC 

in terms of variations in crack density and by implication permeability. The 

two fields with the highest heat fluxes, the Main Endeavour and High Rise 

fields are underlain by the lowest Vp and high rates of seismicity 

immediately above the AMC, consistent with the view that ongoing 

fracturing due to magma chamber inflation maintains the high permeability 

necessary to support high hydrothermal fluxes (Wilcock et al., 2009). In 

contrast Vp is highest above the AMC beneath the Salty Dawg and 

Sasquatch fields that have the lowest heat fluxes, low rates of seismicity and 

by inference low permeabilities. The resolution of Vs model is insufficient 

to fully resolve differences on the 2-km scale of the vent field spacing 

(Figures 2.S3 and 2.S4), but it does show that Vs is generally low beneath 

the hydrothermal vent fields compared with the ridge axis immediately to 
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the north and south (Figure 2.7b). The Vp/Vs ratio is low everywhere 

beneath the vent fields from 0.5 to 2 km depth (Figure 2.7c) consistent with 

the idea discussed above that the cracks tend to be wider in the extensional 

environment of the ridge axis. 

Figure 2.9 is a cartoon which summarizes our model for the 

evolution of crack distributions. Newman et al. (2011) suggested that layer 

2B evolution is strongly affected by mineral precipitation due to active 

hydrothermal circulation and that reduced and increased Vp in the upper 

layer 2B mark the locations of hydrothermal discharge (up-flow) and 

recharge (down-flow) zones, respectively. Thus, the low Vp in layer 2B 

within 0 – 2 km of the ridge axis and high Vp within 5 – 10 km correspond 

to up-flow and down-flow zones of hydrothermal circulation, respectively 

(Figure 2.9). This is consistent with the fluid circulation model, inferred 

from the heat flow measurements, in which seawater enters in the 

Endeavour ridge flanks and fluid is upwelling at the ridge axis (Johnson et 

al., 1993). Arnoux et al. (2017) used a high-resolution 3-D Vp structure to 

interpret low Vp anomalies within 1 – 2 km of the ridge axis as normal 

faults that provide pathways for hydrothermal recharge. Our Vp/Vs results 

suggest that in fact, faulting out to ~5 km from the ridge contributes 

pathways for hydrothermal down-flow. We infer that low Vp/Vs beneath the 

ridge axis indicates the dominance of thick cracks in the up-flow zone, 

whereas high Vp/Vs in the flanks indicates large numbers of thin cracks in a 

region that contributes to down-flow (Figure 2.9). Since a fissure, defined as 

an open, Mode I tension crack initiating at the surface, provides an 

important conduit for upward fluids (Wright, 1998), the large proportion of 

thick cracks at the ridge axis may contribute to the development of high-

temperature hydrothermal vent fields (e.g., Glickson et al., 2007). When 

intrusions and eruptions cease as the crust moves off axis, crustal cooling 

and slow extension by normal faulting continue to produce thin Mode II 

cracks at a rate that is sufficient to support a broad region of hydrothermal 
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recharge. In addition, the internal deformation of the Pacific Plate leads to a 

higher density of think cracks on the west flank. 

 

 

Figure 2.9. Conceptual illustration for crack generation and hydrothermal 

circulation in on- and off-axis regions at the Endeavour segment. Beneath 

the ridge axis, extension due to spreading results in wide vertical fissures 

(thick cracks) that provide long-term conduits for up-flow in high-

temperature hydrothermal vent fields supported by heat source from the 

AMC (Van Ark et al., 2007). On the ridge flanks, narrow faults (thin cracks) 

created by normal faulting provide pathways for hydrothermal down-flow. 

On-axis earthquakes result from plate spreading, magma inflation and 

hydrothermal cooling, while off-axis earthquakes on the west flank result 

from the internal deformation of the Pacific plate. 

 

2.6. Conclusions 
We present a joint inversion for three-dimensional Vp and Vs 

structures in the upper crust of the Endeavour segment that includes 

coupling constraints between Vp and Vs. DEM theory is used to predict Vp 

and Vs as a function of porosity and crack aspect ratio. The results indicate 
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that the heterogeneous Vp/Vs in layer 2B is related to the variations in the 

proportions of thin and thick cracks. Low Vp and Vs and a decrease in Vp/Vs 

within a few kilometers of the ridge axis is attributed to the increased 

density of thick cracks that provides the conduits to maintain high 

permeability in the up-flow zone of hydrothermal circulation. We infer that 

hydrothermal alteration products fill these cracks once they move outside 

the region of ridge extension leading to higher Vp/Vs on the ridge flanks. 

Low Vp and Vs and high Vp/Vs in the overlapping spreading centers are 

consistent with a high density of thin cracks produced by shear deformation. 

 

Appendix 
2A-1. Supporting Information 

This supporting information contains zoomed-out versions of the 

radial and vertical component record sections displayed in Figure 2, the 

spatial distribution of Sg and Pg ray paths as indicated by the derivative 

weight sum (DWS) and the results of several synthetic models analyzed to 

evaluate the spatial resolution and recovery of our preferred model. 
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Figure 2.S1. Zoomed-out versions of the record sections shown in Figure 

2.2. (a) Radial and (b) vertical channels for OBS 62 showing the Sg and Pg 

picks from Figure 2.2 as heavy red and blue ticks, respectively. Thin blue 

ticks show all the Pg picks. Water wave picks are shown in green. 

Waveform data are band-pass filtered between 5 and 25 Hz. Record sections 

are plotted with a reduction velocity of 7.2 km/s. 
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Figure 2.S2. Map-view sections of the spatial distribution of (a-e) Sg and (f-

j) Pg ray paths shown as the derivative weight sum (DWS) at depths of 0.5, 

1, 1.5, 2 and 2.5 km, contoured at 1 = log10(10), 2 = log10(100), 3 = 

log10(1000), 4 = log10(10000) and 5 = log10(100000). Hydrothermal vent 

fields and the traces of the segments are shown as yellow stars and bold 

black lines, respectively. 
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Figure 2.S3. Recovery of synthetic checkerboard-patterned anomalies of (a-

c) Vp and (d-f) Vs at 0.4, 1.4 and 2.4 km depths. The true model contains 

cylindrical anomalies with sinusoidal pattern of velocity perturbation in the 

XY-plane having a peak amplitude of 5% and the wavelength of 4 km in 

both X- and Y-axes were applied to the 3-D starting model. Hydrothermal 

vent fields and the traces of the segments are shown as yellow stars and bold 

black lines, respectively. 

 

(a) (b) (c)

(d) (e) (f )



 

57	 	

 

Figure 2.S4. Recovery of vertical checkerboard-patterned velocity 

anomalies along a ridge-perpendicular vertical cross-section passing 

through the High Rise vent field (yellow star). (a) The true model contains 2 

km-by-2 km-by- 2km velocity perturbations of ±5% applied to the 3-D 

starting Vp and Vs model. (b) Recovered Vp and (c) recovered Vs anomalies. 

The contour interval is 1% for Vp and Vs. 
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Figure 2.S5. Ridge perpendicular cross sections passing through each vent 

field (yellow stars) showing (a-e) the locations of synthetic spheroidal low 

and high Vp/Vs anomalies with a diameter of 2.4 km and a sinusoidal 

pattern of a peak magnitude of 0.3 and (f-j) the recovered anomalies. 

 

2A-2. Additional Figures 

These additional figures contain the analyzed results that are used to 

improve the seismic tomographic method, to interpret the seismic data and 

velocity structure, and to discuss and conclude the results. 
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Figure 2.A1. Experiment geometry and example record sections including 

Sg phases with large uncertainties to pick arrival times. (a) Bathymetric map 

showing locations of OBSs used to pick both Sg and Pg (filled white 

circles), OBSs used to pick only Pg (filled gray circles), OBSs with no data 

(open circles) and air gun shots (black dots). Record sections of radial 

channel of (b) OBS 16 and (c) OBS 12 showing Sg phases with large 

uncertainties (question marks embedded in the gray arrows). Their locations 

are shown as filled blue and red circles in Figure 2.A1a. The shots for the 

record sections are shown as blue (OBS 16) and red (OBS 12) lines in 

Figure 2.A1a. For waveform data on the record sections, a reduction 

velocity of 3.8 km/s and the band-pass-filtering between 5 and 25 Hz are 

applied. 
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Figure 2.A2. Comparison of Vp model used as a starting model in our joint 

inversion (red line) with the Vp model from MCS data (blue line) in the 

Endeavour segment (Van Ark et al., 2007). Using Vp of ~2.5 km/s in layer 

2A (Van Ark et al., 2007) and Vp/Vs of 3.0, Vs can be derived as 0.833 

km/s. Thus, time difference to the base of layer 2A between P and S waves 

approximates to 0.4 s. Our starting Vp/Vs ratios for layers 2A and 2B are set 

to be 3.35 and 1.80, respectively. Since our starting Vp increases from ~2.5 

km/s at 0.2 km depth to ~4.5 km/s at 0.4 km depth, P and S wave travel time 

difference in layer 2A can be approximated as 0.3865 s. Thus, our starting 

model is consistent with a velocity model with Vp/Vs ratios of 3.0 and 1.8 

for layers 2A and 2B, respectively, at a 0.5 km-thick layer 2A. 
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Figure 2.A3. Comparison of the mean Sg misfits for various starting models 

to estimate the starting Vp/Vs ratios in layers 2A and 2B. The Vp/Vs value of 

layer 2A varies from 2.6 to 3.4 by increment of 0.1 while the Vp/Vs is fixed 

as (a) 1.8 and (b) 1.9 below layer 2B, respectively. We conclude that the 

Vp/Vs ratio in layer 2A trades off with the Vp/Vs ratio of layer 2B and thus 

is unconstrained by our data. On the basis of previous results (Barclay & 

Wilcock, 2004), we choose a Vp/Vs ratio of 1.8 for layer 2B. Thus, layer 2A 

Vp/Vs is chosen as 3.35 that minimizes the mean Sg misfit. 
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Figure 2.A4. Comparison of the RMS of Pg and Sg residuals from joint 

inversions using various parameters. (a) Effect of P-to-S coupling weight 

that varies from 1 to 300 on the Pg and Sg RMS values of the joint inversion 

types A, B and C. (b) Effect of horizontal (𝜆2D) and vertical (𝜆2E) 

smoothing weights for Vs model. (c) Effect of the constant value of 

𝜕 ln 𝑉2 /𝜕 ln 𝑉B of the joint inversion type B. 
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Figure 2.A5. Comparison of Pg and Sg residuals between P-to-S coupling 

weights of 1 and 100. (a-c) Pg and (d-f) Sg residuals histograms and (g-i) 

Pg and (j-l) Sg residual distributions for source-receiver distance travel 

times from three types of joint inversions using P-to-S coupling weights of 1 

(dark gray) and 100 (light gray). 
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Figure 2.A6. Map-view sections of 3-D starting Vp model and preferred Vp, 

Vs and Vp/Vs models from the joint inversion at 0.4, 1.4 and 2.4 km depths. 

(a-c) Starting Vp perturbations relative to the horizontal average. Preferred 

models of (d-f) Vp, (g-i) Vs and (j-l) Vp/Vs perturbations relative to the 

starting model. The plotted area is shown by blue-dashed box in Figure 

2.1a. The contour intervals for Vp, Vs and Vp/Vs perturbations are 0.2 km/s, 

0.1 km/s and 0.05, respectively. Hydrothermal vent fields and the traces of 

the segments are shown as green stars and bold black lines, respectively. 
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Figure 2.A7. Comparison of velocity structures from the uncoupled and 

joint inversion with the 3-D starting model at 0.4 km depth. (a-b) Starting 

Vp and Vs perturbations relative to the horizontal average. (c-d) The 

uncoupled inversion and (f-h) the joint inversion results showing Vp, Vs and 

Vp/Vs perturbations relative to the starting model. In the joint inversion, the 

P-to-S coupling constraint of 𝜕 ln 𝑉2 /	𝜕 ln 𝑉B = 1.1 and P-to-S coupling 

weight of 100 were applied. The contour intervals for starting Vp model is 

0.3 km/s. For uncoupled and joint inversions, the contour intervals for Vp, 

Vs and Vp/Vs perturbations are 0.2 km/s, 0.1 km/s and 0.1, respectively. 

Hydrothermal vent fields (green stars) and the traces of the segments (bold 

black lines) are shown. 
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Abstract 
Seismic velocity and anisotropy are mainly controlled by the elastic 

components of rock microstructure. Here we present a MATLAB program, 

GassDem (Gassmann Differential effective medium), for modeling 

anisotropic seismic properties from rock microstructure using differential 

effective medium (DEM) theory and Gassmann’s (1951) poroelastic 

relationship. Modeling provides a method to overcome the limitations of 

laboratory measurements, which are unable to reach realistic temperature 

and pressure conditions. DEM models a two-phase composite that consists 

of a background medium and inclusions. Components of the rock 

microstructure, such as porosity, crack geometry, and fluid type in the 

cracks, are considered to be inclusion properties in DEM theory. 

Gassmann’s poroelastic relationship is used to calculate the elastic stiffness 

for fluid-saturated rocks. In the formulation of the DEM model, we achieve 

high numerical efficiency, particularly for inclusions with large aspect 

ratios, by taking the Fourier transform of the tensor Green’s function and 

using the symmetry of the tri-axial ellipsoid to reduce the amount of 

integration. We provide examples of DEM modeling and a description for 

users to replicate the examples using the GassDem graphical user interface, 

or using a MATLAB script. 
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3.1. Introduction 

Improvements in seismic methodology and the increase in the 

amount of seismic data from marine and continental experiments have led to 

high-resolution imaging of Earth’s interior. For tomographic imaging, 

effective medium theory (EMT) has been used to interpret seismic velocity 

anomalies in the lithosphere (e.g., Huot and Singh, 2018; Kim et al., 2018; 

Mainprice, 1997). Self-consistent (SC) approximation is one of EMT 

methods, which models multi-phase composites in which each component is 

treated as an inclusion (Budiansky, 1965; Hill, 1965). Differential effective 

medium (DEM) theory is another of EMT methods, which models two-

phase composites by incrementally adding the inclusion to the background 

(Bruner, 1976). DEM was used to model an effective medium consisting of 

basalt and seawater-filled cracks in order to estimate porosity variation in 

the upper oceanic crust beneath the Mid-Atlantic Ridge (Arnulf et al., 2011; 

Seher et al., 2010). For sediments in the Mentawai forearc basin, Central 

Sumatra, the elastic moduli of an effective medium that is composed of 

sediment and either methane or seawater were computed using the SC 

approximation and then taken as an input for DEM to explore possible 

ranges of gas and fluid (Huot and Singh, 2018). A detailed description of 

the SC and DEM methods is given in Section 3.3. 

Interpretations of seismic velocities are constrained by laboratory 

measurements on rock samples and calculations of the elastic constants of 

minerals (e.g., Almqvist and Mainprice, 2017; Paterson and Wong, 2005). 

However, elastic constant data to constrain seismic anisotropy, defined as 

the directional dependence of seismic velocity, at temperature and pressure 

(T-P) conditions of the crust and upper mantle are limited, and the 

experimental measurements needed to determine anisotropic elastic 

constants at high T-P remain a challenge (Almqvist and Mainprice, 2017). 

In addition, measurements using optical or electron microscopy are typically 

collected on 2-D surfaces, and sample preparation is time-consuming, 
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despite increasing speed of data acquisition (Almqvist and Mainprice, 

2017). The lack of experimental data on seismic anisotropy due to the 

requirement for multiple measurement orientations can be overcome by 

modeling because it allows for full characterization of the elastic tensor of 

geological materials. Thus, modeling is essential for calculating the elastic 

constants of rocks at diverse T-P conditions and for understanding the origin 

of seismic anisotropy in rocks. 

In this paper, we present a method that combines SC, DEM, and the 

poroelastic relationship of Gassmann (1951) to model the anisotropic 

seismic velocity of rocks, following modeling schemes given by Mainprice 

(1997). The original algorithm was written by Mainprice (1997) in 

FORTRAN77. We use the SC part of the FORTRAN77 code to calculate 

elastic moduli of the end-member background medium for DEM. We have 

translated the FORTRAN77 code for DEM and the poroelastic relationship 

of Gassmann (1951) into a MATLAB program (GassDem: Gassmann 

Differential effective medium). GassDem computes the elastic stiffness, 

seismic velocity, and maximum quality factor (𝑄"#$%& ) of the effective 

medium. Prior to describing the modeling schemes in Section 3.3, we 

introduce the effects of several factors on the anisotropic seismic velocity 

and the feasibility of EMT methods to simulate the seismic properties based 

on the microstructural features of rocks in Section 3.2. 

 

3.2. Microstructure and seismic properties 
3.2.1. Pressure and seismic velocity 

Calculation of the physical properties of rocks from microstructural 

information, such as crystal orientation, volume fraction, and grain shape, is 

important because it gives insight into the role of microstructure in 

determining the elastic properties. A combined approach of direct laboratory 

measurements and modeling enhances the interpretation of seismic data by 
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identifying microstructural features (e.g., the distribution and geometric 

arrangement of crystals and cracked/fractured media) that affect the seismic 

properties of rocks (Almqvist and Mainprice, 2017; Barruol and Kern, 

1996). Initial variations in P-wave velocity (Vp) with increasing pressure in 

laboratory measurements reflect the influence of crack opening or closing 

on the effective elastic stiffness of rocks, as almost all rock samples 

recovered on the Earth’s surface contain microcracks. However, quantifying 

the crack density and geometry remains a difficult task using standard 

microscopy techniques (Griffiths et al., 2017; Kranz, 1983). Since cracks 

significantly affect the elastic properties of rocks, the nature of the crack 

population within a rock sample can be inferred by measuring Vp at 

appropriate pressure conditions (Carlson and Gangi, 1985). Microcracks 

tend to close with increasing pressure and open with decreasing pressure. 

The closure pressure (PC) depends on the rock type and microcrack shape 

(Walsh, 1965). The initial trend in Vp with increasing pressure can provide 

insight into the variable crack density in the sample. The 3-D crack 

distribution in a sample can be indirectly inferred by measuring the velocity 

drop caused by the presence of pores and open microcracks at atmospheric 

pressure on a spherical sample (Kern et al., 2015). 

 

3.2.2. Effect of crack alignment on seismic anisotropy 

Since microstructure significantly affects the elastic properties of 

rocks (Berryman and Berge, 1993), the role of microstructures and the 

geometrical arrangement of phases in the rock should be considered in 

calculating seismic velocities (Almqvist and Mainprice, 2017). If the 

calculation scheme considers grain shapes and orientations, the misfit 

between laboratory measurements and calculated velocities can be improved 

(e.g., Wenk et al., 2012). Among microstructural features, microcracks have 

considerable influence on seismic wave velocities, especially Vp, as well as 

the mechanical properties of rocks (Carlson and Gangi, 1985). For aligned 
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ellipsoidal cracks, the main reduction in Vp occurs along the axis of 

symmetry, indicating that the variation in crack density, crack aspect ratio, 

or pore pressure causes significant variations in Vp and anisotropy 

(Anderson et al., 1974). Because the distribution of fluid-filled cracks and 

microcracks that are aligned by the contemporary stress field strongly 

influences seismic anisotropy and can cause shear-wave splitting, the 

analysis of shear waves propagating through the cracked rock can be used to 

monitor stress changes before earthquakes (e.g., Crampin, 1987; Pio 

Lucente et al., 2010). A microcrack can be empty or filled with fluid at 

some pore pressure, which can also influence the seismic wave velocities. 

For a solid matrix containing aligned ellipsoidal fluid-filled cracks, the bulk 

modulus of the pore fluid in the cracks significantly affects Vp for a 

propagation direction along the axis of symmetry (Anderson et al., 1974). 

 

3.2.3. Prediction of seismic properties for in-situ state 

Accurate single crystal elastic constants are paramount for predicting 

the elastic properties of the crust, yet much of this data for the rock-forming 

minerals in the continental crust are limited to measurements made at 

standard temperature and pressure (STP; atmospheric conditions) (Almqvist 

and Mainprice, 2017). High-T and high-P data are completely lacking for a 

number of important crustal minerals, including feldspars, amphiboles, 

micas, and many accessory minerals. Most of the high T-P data are 

available for minerals in the uppermost mantle, such as olivine, pyroxene, 

and garnet (Almqvist and Mainprice, 2017). If given the appropriate single-

crystal temperature and pressure derivatives, seismic velocities can be 

simulated using EMT for the in-situ state at high T-P conditions for samples 

where the microstructure has been changed by subsequent chemical 

alteration (e.g., the transformation of olivine to serpentine) or mechanically 

induced changes (e.g., cracks opened due to decompression) (Mainprice, 

1997). EMT can also be used to model some features, such as the presence 
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of fluids (e.g., magma), which are not necessarily preserved in the recovered 

microstructure (Jousselin and Mainprice, 1998; Lamoureux et al., 1999; Lee 

et al., 2017; Mainprice, 1997) as well as the effect of phase transformations 

on the physical properties of rocks (Morales et al., 2018). 

 

3.3. Modeling schemes 

In this section, we describe Eshelby’s (1957) solution used for 

numerical evaluation of the elastic field of an ellipsoidal inclusion in an 

infinite medium. The SC scheme used for a background medium, the DEM 

theory for a porous effective medium, Gassmann’s (1951) poroelastic 

relationship, and the attenuation estimation are also described. 

 

3.3.1. Eshelby’s (1957) solution 

Based on the observation that elastic ellipsoidal inclusions in an 

infinite medium have uniform stress and strain at all points inside the 

inclusion, Eshelby (1957) developed analytical techniques for calculating 

the elastic field of an ellipsoidal inclusion in an isotropic medium. Eshelby’s 

(1957) formula is useful for the study of the mechanical properties of solids, 

such as precipitations, inclusions, voids, and cracks (Mura, 1987). Kinoshita 

and Mura (1971) extended Eshelby’s (1957) formula to an anisotropic 

background. The uniform elastic strain tensor inside the inclusion (𝜖bd) 

given by Mura (1987) is as follows: 

𝜖bd =
1
2
(𝐺b�d� + 𝐺d�b�)𝐶��"�𝜖"�∗  (3.1) 

where 𝐺b�d� is the tensor Green’s function associated with displacement due 

to a unit force applied in a given direction, 𝐶��"� is the elastic stiffness 

tensor of the background medium, and 𝜖"�∗  is the eigenstrain or stress-free 

strain tensor due to the imaginary removal of the inclusion from the 
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constraining matrix. The symmetrical tensor Green’s function 𝐺b�d� is given 

by Mura (1987), and is as follows: 

𝐺b�d� =
1
4𝜋

sin 𝜃 𝑑𝜃
�

�
𝐾bd%&(𝑥)𝑥�𝑥� 𝑑𝜃

8�

�
 (3.2) 

where 𝐾bd 𝑥 = 𝐶b�d�𝑥�𝑥� is the Christoffel stiffness tensor for direction (𝑥) 

with 𝑥& = sin 𝜃 cos𝜙 /𝑎&, 𝑥8 = sin 𝜃 sin𝜙 /𝑎8 and 𝑥v = cos 𝜃 /𝑎v. The 

angles 𝜃 and 𝜙 are the spherical coordinates that define the vector 𝑥 with 

respect to the principal axes of the ellipsoidal inclusion. The semi-axes of 

the ellipsoid are given by 𝑎&, 𝑎8, and 𝑎v. The integration to obtain the tensor 

Green’s function should be done numerically, as no analytical solutions 

exist for a general triclinic elastic background medium (Mainprice, 1997). 

To improve numerical efficiency, in particular for inclusions with large 

aspect ratios, we use the Fourier transform of 𝐺b�d� and take advantage of 

the symmetry of the tri-axial ellipsoid to reduce the amount of integration 

(Barnett, 1972). 

 

3.3.2. Self-consistent (SC) scheme 

The SC approximation was introduced by Hill (1965) and Budiansky 

(1965) to account for the interaction between inclusions in non-dilute 

concentrations. The SC method is based on the introduction of elastic 

inclusions (e.g., grains, cracks, etc.) into a background matrix, which is 

estimated using the average elastic tensor of all the crystals in the aggregate. 

In this method, all components are treated equally, with no material serving 

as the host (Berryman and Berge, 1993), which means that each component 

is treated as an inclusion in the anisotropic homogeneous background 

medium. We use the observed grain shape as the geometry of the inclusions 

in the SC method (Mainprice, 1997; Morales et al., 2013; Morales et al., 

2018). For numerical calculations on the composites consisting of 𝑛 distinct 

types of inclusions, we use the scheme proposed by Willis (1977) in which a 
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strain ratio (𝐴b) is introduced to relate the strains from inside and outside the 

inclusions, as follows: 

𝐴b = [𝐼 + 𝐺(𝐶b − 𝐶25)]%&. (3.3) 

Here, 𝐼 is the 4th-rank unit tensor 𝐼bd�� = 1/2(𝛿b�𝛿d� + 𝛿b�𝛿d�), 𝛿b� is the 

Kronecker delta, 𝐺 is the symmetrical 4th-rank tensor Green’s function, 𝐶b is 

the elastic stiffness tensor of the 𝑖th inclusion, and 𝐶25  is the SC solution for 

the aggregate. The effective elastic constants (𝐶∗) obey the volume (𝑉)-

averaged Hooke’s law, as follows: 

𝐶∗ ≈ 𝐶25 = 𝜎 𝜖 %& (3.4) 

with the stress 𝜎 = 1/𝑉 𝜎 𝑥 𝑑𝑉 and the strain 𝜖 = 1/𝑉 𝜖 𝑥 𝑑𝑉. 

Using the strain ratio of 𝐴b, the ensemble averages of stress 𝜎25  and strain 

𝜀25  can be defined as follows: 

𝜎25 = 𝑉b𝐶b𝐴b

b��

b�&

 (3.5) 

𝜀25 = 𝑉b𝐴b

b��

b�&

 
(3.6) 

𝐶25 = 𝜎25 𝜀25 %&. (3.7) 

Because the solution for 𝐶25  occurs on both sides of the equation, 𝐶25  is 

obtained by iteration (Mainprice, 1997). 

 

3.3.3. Differential effective medium (DEM) theory 

We use the DEM method to study the effects of shapes and volume 

fraction of the inclusions on seismic properties of a composite composed of 

a background medium and inclusions. Although the SC approximation is 

useful for materials that have a significant interaction between inclusions, it 

progressively overestimates the interaction as the concentration of 
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inclusions increases, showing negative values for Young’s modulus and 

bulk and shear moduli, and Poisson’s ratio > 0.5 for saturated cracks at 

sufficiently high crack densities (Bruner, 1976). The DEM theory was 

proposed as an alternative differential method in which the inclusion 

concentration is increased in small steps with a re-evaluation of the elastic 

constants at each volume fraction, allowing the potential energy of the 

medium to vary slowly with inclusion concentration (Bruner, 1976). In the 

DEM theory, the effective interaction between inclusions can be considered 

negligible, and thus we use the basic inclusions theory of Eshelby (1957), 

assuming a dilute inclusion concentration, to take into account the 

interaction (Mainprice, 1997). 

DEM modeling is performed by incrementally adding inclusions 

with a constant aspect ratio to the background medium, and then re-

calculating the new effective medium tensor at each volume fraction to 

construct the two-phase composite model for different volume fractions of 

inclusions, from 0% to 100%. Following the anisotropic seismic property 

calculations and numerical methods by Mainprice (1997), we use the 

equations for DEM tensor (𝐶���) derived by McLaughlin (1977): 

𝑑𝐶���

𝑑𝑉
=

1
1 − 𝑉

(𝐶b − 𝐶���)𝐴b (3.8) 

where the term 𝐴b is the strain concentration factor described in Section 3.2, 

and V is a volume fraction (proportion). The values 𝐶b and 𝐶��� are the 

elastic stiffness tensors of the 𝑖th inclusion and the effective background 

medium, respectively. To evaluate the elastic moduli (𝐶���) at a given V, 

the starting value of 𝐶��� and which component is the inclusion must be 

specified. To ensure accuracy, we use a small volume fraction increment of 

𝑑𝑉 = 10-3. 
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3.3.4. Gassmann’s (1951) poroelastic relationship 

Seismic frequency for a fluid-filled rock can be divided into two 

ranges of low and high frequency (Le Ravalec and Guéguen, 1996; Mavko, 

1980; Mukerji and Mavko, 1994; Schmeling, 1985). The low-frequency 

range corresponds to a regime where the pore fluid has enough time to reach 

an equilibrium pore fluid pressure throughout the aggregate, indicating that 

the pore fluid system is mechanically connected (Mainprice, 1997). In 

contrast, at high frequency, there is not enough time available for the pore 

fluid pressure to be the same everywhere, and so the pore fluid system is 

considered mechanically isolated (Mainprice, 1997). All the SC and DEM 

schemes as well as Hudson’s (1981) method use idealized ellipsoidal 

inclusions, and hence correspond to the high-frequency case (Mukerji and 

Mavko, 1994). The low-frequency case can be evaluated using Gassmann’s 

(1951) formula that is a poroelastic relationship between the elastic moduli 

of a porous medium with saturated fluid-filled pores and the moduli of the 

same medium with empty pores. We use Gassmann’s (1951) poroelastic 

relationship extended to anisotropic media by Brown and Korringa (1975), 

which is given in terms of compliances for a homogeneous material as 

follows: 

𝑆bd���#� = 𝑆bd��
Q ¡ − [

(𝑆bd��
Q ¡ − 𝑆bd���¢�bQ)(𝑆bb��

Q ¡ − 𝑆bb���¢�bQ)

𝑆bb��
Q ¡ − 𝑆bb���¢�bQ + ( 1𝐾£

− 𝑆bb���¢�bQ)𝜙
] (3.9) 

where the superscripts of “sat”, “dry”, and “solid” indicate the saturated 

rock, dry porous medium, and solid mineral components, respectively. The 

value 𝐾£ is the bulk modulus of the pore fluid, and 𝜙 is the porosity or 

volume fraction of pore fluid. 𝑆Q ¡ and 𝑆�¢�bQ are evaluated using the DEM 

model, after which 𝑆�#� is calculated (Mainprice, 1997). 

 



 

89	 	

3.3.5. Attenuation 

We assume that attenuation in the effective medium is associated 

with the interaction of pore fluids with the solid rock, rather than absorption 

within the rock or liquid (Jones, 1986; Mainprice, 1997). We also assume 

that the medium is a linear viscoelastic body that has the mechanical 

behavior of the standard linear solid with a single relaxation time, and that 

the energy loss mechanism is melt squirt (Schmeling, 1985); thus, solid-

state mechanisms are ignored (Mainprice, 1997). Based on these two 

assumptions, a high-frequency modulus (𝑀¥) can be defined from the DEM 

model and a low-frequency modulus (𝑀�) can be defined from Gassmann’s 

(1951) formula as well as the DEM model (Mainprice, 1997). The elastic 

moduli (𝑀) in a given propagation direction (𝑥) are calculated by 𝑀 𝑥 =

𝜌𝑉(𝑥)8 from the phase velocity 𝑉(𝑥) and the density (𝜌). The maximum 

amplitude of the Debye attenuation peak is estimated using an equation 

given by: 

𝑄"#$%& =
𝑀¥ −𝑀�

𝑞 𝑀¥ ∙ 𝑀�
	 (3.10) 

where we use 𝑞 = 2 for the peak attenuation frequency of the relaxation time 

that is related to the crack aspect ratio that contributes most to the 

attenuation, fluid viscosity, and rock stiffness (Jones, 1986). 

 

3.4. Examples 
Since DEM models a two-phase composite, the information 

regarding phase A (e.g., background medium) and phase B (e.g., inclusion) 

is required as input data. The elastic stiffness tensor (or the velocity and 

density) is required for both the background medium and inclusion phases. 

The fluid compressibility (or 1/bulk modulus) of the inclusion is required to 

calculate Gassmann’s (1951) poroelastic relation and then 𝑄"#$%& . 
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3.4.1. Background medium 

We use antigorite-bearing olivine as a background medium to model 

the effect of fluid on the seismic properties of antigorite. The elastic 

stiffness tensor of the background rock is calculated using the SC scheme 

based on the microstructures of antigorite-rich rocks from Val Malenco, 

Northern Italy (Kern et al., 2015; Morales et al., 2018), which are related to 

the hydrated subcontinental mantle of the Adriatic lithosphere 

(Trommsdorff et al., 1993). We use an average composition of 78% 

antigorite and 22% olivine for the aggregate (Morales et al., 2018). The 

crystallographic orientations, volume fractions, and the elastic constants of 

antigorite (Bezacier et al., 2010; Morales et al., 2018) and olivine 

(Abramson et al., 1997) are used for the SC modeling. 

For the end-member background media, we construct three SC 

models using antigorite and olivine (Morales et al., 2018); (i) SC1, crack-

free model of 78% antigorite and 22% olivine with spherical grains; (ii) 

SC2, 1.63% porosity model of SC1 having cracks with planes normal to the 

Z-axis, with a crack shape of X:Y:Z = 5:5:1 that is aligned with the foliation 

plane; and (iii) SC3, 1.63% porosity model of SC1 having two types of 

crack, one normal to the Z-axis and the other normal to the Y-axis, with 

shapes X:Y:Z = 10:10:1 and X:Y:Z = 10:1:10, respectively (Kern et al., 

2015; Morales et al., 2018). 

 

3.4.2. Inclusion 

For the inclusion phase, we assume that cracks in the background 

medium are filled with water or liquid basalt (melt). The shape of the cracks 

is assumed to be a sphere (aspect ratio = X/Z = 1) or ellipsoid (aspect ratio = 

X/Z = 10 or 50). The symmetry axis of ellipsoidal cracks is aligned parallel 

to the Z-axis. For the isotropic elastic tensor of the melt, the bulk modulus 

(Kf) is derived from the compressibility (Bf = 1/Kf) data at 1200°C of 
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Murase and McBirney (1973). For the isotropic elastic tensor of water, the 

bulk modulus is derived from Vp = 1.483 km/s and Vs = 0 km/s at a 

temperature of 25°C. 

 

3.4.3. GassDem GUI 

GassDem graphical user interface (GUI) is designed using the 

MATLAB (R2016b) App Designer to provide a flexible tool for parameter 

selection and for the calculation of elastic stiffness tensor of porous 

effective medium with fluid inclusions based on the DEM theory and 

Gassmann’s (1951) poroelastic relationship (Figure 3.1). The structure of 

GassDem GUI is four main tabs (Effective Medium, Inclusion Shape and 

Orientation, DEM Analysis, and Help) and four sub-tabs under the Help tab 

(About GassDem, Inputs, Outputs, and Codes). A default data set (Figures 

3.1-3) is an example of background and inclusion phases described in 

Sections 3.4.1 and 3.4.2 for the user to replicate DEM modeling (see user 

manual for further information). 

In the Effective Medium tab (Figure 3.1), the user can construct a 

two-component system of phases A and B that are set as the host medium 

and inclusion (e.g., fluid), respectively. The user can specify the name, 

elastic constants file (*.txt), and density (g/cm3) of two phases. The elastic 

constants file should contain the Voigt elastic stiffness matrix in GPa (see 

user manual for the input format of elastic constants file). The full paths of 

directories of input files and GassDem codes are required. The fluid 

properties of compressibility (1/GPa), viscosity (Pa×s), Vp (km/s), and 

density (g/cm3) are the input parameters for Gassmann’s relationship and 

attenuation estimation. Note that the bulk modulus of fluid inclusion should 

be consistent with fluid compressibility (or 1/bulk modulus) in the Fluid 

properties panel because the fluid compressibility Bf is the reciprocal of 
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bulk modulus Kf (Bf = 1/Kf) and is a crucial factor in calculating 𝑄"#$%& . The 

maximum % error for Green’s Tensor is required (e.g., 0.1). 

 

 

Figure 3.1. Effective Medium tab of GassDem GUI. A two-component 

system of A and B can be constructed for DEM calculation. Fluid properties 

of compressibility (1/GPa), viscosity (Pa×s), Vp (km/s), and density (g/cm3) 

are required for Gassmann’s poroelastic relationship and attenuation 

estimation. 

 

In the Inclusion Shape and Orientation tab (Figure 3.2), the user can 

select the shape and define the orientation of inclusion. For the inclusion 

shape, the user can select a sphere or an ellipsoid. If a sphere is selected, the 

semi-axes lengths are set to be A1:A2:A3 = 1:1:1. If an ellipsoid is selected, 

the user should specify semi-axes lengths (e.g., A1:A2:A3 = 5:5:1). The 

orientation of shape ellipsoid semi-axes can be set to be parallel to the 

elastic tensor axes or parallel to the user-defined orientation (shape 
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preferred orientation, SPO). If the user selects an orientation that is parallel 

to elastic tensor axes, the ellipsoid semi-axes (A) are parallel to elastic 

tensor axes (X). For example, A1//X1, A2//X2, and A3//X3 are set for 

olivine with the principal axes X1 = [100], X2 = [010], and X3 = [001]. If 

the user selects an orientation that is parallel to user-defined orientation, the 

azimuth (°) and inclination (°) are required for A1 and A3. Note that A1 

should be 90° to A3, which can be checked by the user (see user manual for 

further information of orientation). 

 

Figure 3.2. Inclusion Shape and Orientation tab of GassDem GUI. Ellipsoid 

semi-axes lengths and the orientation of inclusion can be defined. 

 

In the DEM Analysis tab (Figure 3.3), the file name and directory 

are required to save DEM results. A filename extension should not be 

contained in the file name that will be used as a prefix to save outputs as 

text files (*.txt) in the program. The maximum volume fraction of inclusion 

for DEM processing can be specified between 0 and 1. The Current status 
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panel shows the name of inclusion, volume fraction increment step size 

(dVb) and total steps, and progress status (“Processing” or “Completed”) of 

the calculation. The Figure configuration panel can be used to plot Vp, Vs, 

and 𝑄"#$%&  as a function of the inclusion volume fraction by specifying the 

structural direction X, Y, or Z, which are lineation, normal to the lineation 

in the foliation plane, or normal to the foliation plane, respectively, as well 

as the shear-wave direction, which can be fast (Vs1) or slow (Vs2). 

 

Figure 3.3. DEM Analysis tab of GassDem GUI. File name and directory 

for DEM results can be set. A maximum of the inclusion volume fraction 

can be specified for DEM calculation. The outputs are saved as text files 

(*.txt). By setting the Figure configuration panel, Vp, Vs, and 𝑄"#$%&  are 

plotted for a given range of inclusion volume fraction. 

 

The user can refer to the Help tab for information about GassDem 

and several notes on inputs, outputs, and codes (see user manual). 
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3.4.4. DEM results 

The predicted velocities of the background models SC1, SC2, and 

SC3 in the YZ, XZ, and XY planes are plotted with the propagation 

direction, and are compared with the experimental values, indicating that 

crack porosity and shape significantly affect the seismic velocities (Figure 

3.4). 

DEM results of the Vp and 𝑄"#$%&  variations in X and Z directions 

with increasing melt fraction are shown for aspect ratios (X/Z) of 1, 10, and 

50 (Figure 3.5). For Vp in the X direction, the decrease in velocity with 

increasing melt fraction shows a similar pattern for aspect ratios of 1, 10, 

and 50 in all models; SC1, SC2, and SC3 (Figures 3.5a-c). For the Z 

direction, the differences in Vp between the background models SC1, SC2, 

and SC3 decrease as the aspect ratio increases from 1 to 50 (Figures 3.5d-f). 

This result indicates that the elastic property of a background medium is 

crucial in determining values of melt fraction that are less than 0.5. 

In Figure 3.6, variations of Vp and attenuation (𝑄"#$%& ) in the Z 

direction are compared between melt and water inclusions at aspect ratios of 

1, 5, 10, and 50 for the SC3 background model. For spherical inclusions, the 

effect of water-filled cracks on the decrease in Vp is similar to that of melt 

(Figure 3.6a), whereas it is stronger than that of melt for ellipsoidal 

inclusions when the aspect ratio > 1, showing a significant decrease in Vp 

for the volume fraction < 0.2 (Figures 3.6b-d). For spherical inclusions, 

𝑄"#$%&  of water is lower than that of melt at all volume fractions (Figure 

3.6a), whereas it becomes higher than that of melt as the aspect ratio 

increases from 5 to 50 (Figures 3.6b-d). Wepfer and Christensen (1991) 

showed that the Q values are significantly affected by the confining pressure 

in ophiolite samples due to the influence of cracks. Considering the 

relationship between seismic velocity and crack property, it is inferred that 

the inclusion shape and fluid type (or fluid bulk modulus) may significantly 

affect the seismic attenuation as well as velocity. 
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Figure 3.4. Effect of crack porosity, shape, and orientation on the seismic 

velocities of aggregates with 78% antigorite and 22% olivine in the YZ, XZ, 

and XY planes (a – c) for Vp and (d – f) for Vs (benchmark results for 

Morales et al.’s (2018) models). SC1 is a crack-free model with no porosity. 

SC2 has 1.63% porosity with a crack shape of X:Y:Z = 5:5:1. SC3 has 

1.63% porosity with crack shapes of X:Y:Z = 10:10:1 and X:Y:Z = 10:1:10. 

Black dots labelled with phase velocities indicate experimental 

measurements (Kern et al., 2015). 
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Figure 3.5. DEM results for the background media of models SC1, SC2, 

and SC3 with increasing melt inclusion. The Vp and 𝑄%& variations (a – c) 

in the X direction and (d – f) in the Z direction are plotted for aspect ratios 

(X/Z) of 1, 10, and 50. 
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Figure 3.6. Comparison of the Vp and 𝑄%& variations in the Z direction 

between melt and water inclusions. The background medium is the SC3 

model, and the ellipsoidal inclusions of melt or water have aspect ratios 

(X/Z) of (a) 1, (b) 5, (c) 10, and (d) 50. 
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~0.15 are lower by ~0.70% and ~0.35%, respectively, than those of 

Mainprice (1997) (Figure 3.7c). The Vp attenuation for the Z-axis (𝑄%&VpZ) 

is also similar to Mainprice’s (1997) results for aspect ratios between 1 and 

10 (Figure 3.7b), whereas it is lower by ~25% and ~34% for aspect ratios of 

50 and 100, respectively, than Mainprice’s (1997) results when the volume 

fraction of melt is above ~0.15 (Figure 3.7d). Although there is a slight 

decreasing trend in DVpZ (difference in the results between Mainprice 

(1997) and this study) for aspect ratios less than 10 (Figure 3.7c), D𝑄%&VpZ 

is almost zero (Figure 3.7d). This indicates that the decreasing trend in 

DVpZ results from an improvement in the computing platform (from 

FORTRAN77 32-bit to MATLAB 64-bit). The significant discrepancy in 

𝑄%&VpZ may be related to a large uncertainty associated with the estimate 

of attenuation. When we test the effect of fluid compressibility (Bf) on 

𝑄%&VpZ, there is a substantial variation in 𝑄%&VpZ due to a very small 

change in Bf (Figure 3.8). Because the estimation of 𝑄%&VpZ is based on 

the DEM results for fluid-filled rocks and fluid-unfilled rocks, as well as 

Gassmann’s (1951) poroelastic relation, the Bf value for Gassmann’s (1951) 

equation should be consistent with the inverse of bulk modulus of fluid 

inclusion used for the DEM calculation. For the example shown in Figure 

3.7, Bf is 67.07 ´ 10-3, which is the inverse of bulk modulus (1/14.91 GPa) 

of fluid inclusion. If the Bf value of 66.62 ´ 10-3 (1/GPa) is used, which is 

derived from the bulk modulus of 15.01 GPa that is slightly larger than that 

of fluid inclusion (14.91 GPa), 𝑄%&VpZ abruptly decreases to 0.0001 as 

melt volume fraction increases to ~0.265. A variation of only 0.45 ´ 10-3 

(1/GPa) can cause this substantial change in attenuation. Although the 

sensitivity of 𝑄%&VpZ to Bf limits the evaluation of attenuation, our results 

indicate that the DEM theory combined with Gassmann’s relationship can 

be used to predict attenuation in the effective medium with fluid-filled 

inclusions. Most of the studies using EMT have modeled the seismic 
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properties of fluid inclusions in rocks with no evaluation of the attenuation 

(e.g., Taylor and Singh, 2002). 

 

3.5.2. Kelvin tensor notation 

The 4th-rank tensor (𝐶bd��) is traditionally transformed to the Voigt 

matrix (𝐶bd) according to the following rules: 11 ® 1; 22 ® 2; 33 ® 3; 23, 

32 ® 4; 13, 31 ® 5; 12, 21 ® 6, based on the symmetries of the stiffness 

tensor (Dellinger et al., 1998). Although the Voigt notation is convenient 

because each element of matrix 𝐶bd is equal to its corresponding element in 

the tensor 𝐶bd��, it does not preserve the norm that is a sum of the squares of 

the elastic tensor elements having geometrical significance (Dellinger et al., 

1998) as follows: 

𝐶bd8

b,d

≠ 𝐶bd��8

b,d,�,�

							 ∶ Voigt	notation.		 (3.11) 

A slightly different normalization form of “Kelvin notation”, which was 

originally introduced as “EigenTensor” by Lord Kelvin (Thomson) (1856), 

preserves the tensor norm (Helbig, 1994) as follows: 

𝐶bd8

b,d

= 𝐶bd��8

b,d,�,�

							 ∶ Kelvin	notation. (3.12) 

Hence, the Kelvin notation transfers the tensor algebra of elasticity from 4th-

rank tensors to 2nd-rank tensors. This has some advantages, for instance, the 

rotations of elastic stiffness [C] and elastic compliance [S] are performed in 

the same way, unlike with the Voigt notation (Mehrabadi and Cowin, 1990). 

To calculate the tensor equation of DEM (Equation 3.8), we use the 

simple Euler method (Courtemanche et al., 1993) given as 
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𝐶��� 𝑉𝑏 + 𝑑𝑉𝑏

= 𝐶��� 𝑉𝑏 +
𝑑𝑉𝑏
1 − 𝑉𝑏

𝐶b − 𝐶���(𝑉𝑏) 𝐴b.	 
(3.13) 

Here, 𝑉𝑏 is the current volume fraction of inclusion and 𝑑𝑉𝑏 is the volume 

fraction increment. To calculate 𝐶b − 𝐶���(𝑉𝑏) 𝐴b, we convert each 

Voigt matrix into a Kelvin matrix by performing pre- and post-

multiplication of the scaling matrix given as 

1 	0 	0							0 		0 			0
0 	1 	0							0 		0 			0
0 	0 	1							0 		0 			0
0 	0 	0				 2 		0 			0
0 	0 	0						0 2 			0
0 	0 	0						0 			0 2

 (3.14) 

and then the Kelvin matrix of 𝐶��� 𝑉𝑏 + 𝑑𝑉𝑏  is converted back into a 

Voigt matrix by performing pre- and post-multiplication of the inverse of 

the scaling matrix. 

 

3.5.3. Tensor Green’s function Fourier integral 

Most of the previous studies have used the method of Mura (1987), 

in which the Voigt matrix is used to calculate the non-zero components of 

Green’s function 𝐺bd��, and then the Runge-Kutta method is used to 

calculate the DEM equation (e.g., Jakobsen et al., 2000; Seher et al., 2010; 

Taylor and Singh, 2002). Because Mura (1987) considered some special 

cases of spheroids (a1 = a2, a1/a3 = p), cylinders (𝑎v → ∞) (elliptic 

inclusions) and flat ellipsoids (𝑎v → 0), and the crystalline directions are 

assumed to be coincident with the principal directions of the spheroid [p. 

137 in Mura (1987)], there exist limits regarding the modeling of rocks with 

various shapes and orientations. 
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We use volume fraction increment of 0.001 for DEM. The Vp 

variations in the Z-axis show that as the aspect ratio increases to 100, the 

results are more consistent with those from Mura’s (1987) method using a 

volume fraction increment of 0.0001 rather than 0.001 (Figure 3.9a). This 

indicates that our method is more efficient than Mura’s (1987) method 

because the volume fraction increment of 0.0001 requires an elapsed time 

that is 10 times longer than the volume fraction increment of 0.001 in 

Mura’s (1987) method (Figure 3.9b). As a result, our DEM processing in 

the MATLAB program requires only 5 s for spherical inclusions, whereas 

Mura’s (1987) method requires 336 s to obtain the same result (Figure 

3.9b). For ellipsoidal inclusions with an aspect ratio of 100, the elapsed time 

is also 45% faster than Mura’s (1987) method (Figure 3.9b). The mean 

values of elapsed times for calculating the Green’s function Fourier 

integrals at each volume fraction with an increment of 0.001 are 1.73, 6.65, 

and 39.53 ms for aspect ratios of 1, 10, and 100, respectively (Figure 3.10a). 

Although the elapsed times for ellipsoidal inclusions with aspect ratios of 10 

and 100 are slower than the corresponding elapsed times of 2.56 and 3.16 

ms obtained from Mura’s (1987) method (Figure 3.10b), the Green’s 

function Fourier integrals, combined with the simple Euler method, is more 

efficient to calculate the entire DEM equation. 
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Figure 3.7. Comparison of the effect of the inclusion aspect ratio on the 

DEM results for a harzburgite-basalt (liquid) composite from this study 

(MATLAB), with previous results from Mainprice (1997) (FORTRAN77). 

(a) Vp for the Z-axis direction (VpZ). (b) Vp 𝑄%& for the Z-axis direction 

(𝑄%&VpZ). The discrepancies in (c) VpZ and (d) 𝑄%&VpZ between 

MATLAB and FORTRAN77 results. 

 

 

Harzburgite - Basalt (liquid)
Effect of aspect ratio(a) (b)

(c) (d)
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Figure 3.8. Effect of fluid compressibility (Bf) on 𝑄%&VpZ. Bf is the 

reciprocal of fluid bulk modulus (Kf). For each Kf, from 14. 71 GPa to 

15.11 GPa, with an increasing gap of 0.1 GPa, the fluid compressibility is 

calculated and used to estimate 𝑄%&VpZ. For comparison, Mainprice’s 

(1997) result, which was obtained using Kf = 14.93 GPa, is also plotted as 

gray dots. The background medium and fluid inclusions are harzburgite and 

liquid basalt, respectively. The aspect ratio of fluid inclusion is 100. 
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Figure 3.9. Comparison of the Vp and elapsed time for DEM processing, 

from both this study and Mura (1987), using each inclusion with an aspect 

ratio of 1, 10, and 100. (a) Vp variations in the Z-axis direction with 

increasing inclusion volume fraction. (b) Elapsed times for calculating the 

tensor equation of DEM according to the aspect ratio. 

 

 

 

Figure 3.10. Elapsed times for calculating Green’s function according to 

aspect ratios of 1, 10, and 100. (a) Calculation from this study using Green’s 

function Fourier integrals at each volume fraction with an increment of 

0.001. (b) Calculation from Mura’s (1987) method, using the non-zero 

components of Green’s function tensor for hexagonal inclusions at each 

volume fraction with an increment of 0.0001. 

 

(a) (b)

(a) (b)
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3.6. Summary 

In this study, a combination of the SC and DEM theories as well as 

the poroelastic relationship of Gassmann (1951) are used to model the 

seismic velocity and anisotropy of the effective medium, and then to verify 

the effects of the geometry and bulk modulus of fluid inclusions on the 

seismic properties. The algorithm of the modeling scheme presented here is 

based on the FORTRAN77 code of Mainprice (1997). The SC scheme for 

creating end-member background media is implemented in FORTRAN77. 

For the DEM modeling, we have translated Mainprice’s (1997) 

FORTRAN77 code into a MATLAB program (GassDem), and then used it 

to calculate the elastic stiffness, seismic velocity, and maximum quality 

factor (𝑄"#$%& ) of a composite comprised of a background medium and 

inclusions. GassDem GUI is designed to provide a user-friendly program, 

and it is publicly available online, and details on how to run the program are 

described in this paper as well as user manual. Several examples are 

performed to model the elastic properties for the antigorite sample, 

consisting of antigorite and olivine, and to compare the results with the real 

data. The effect of the volume fraction of fluid-filled cracks, such as water 

and liquid basalt, and the effects of the crack shape and fluid type on the 

seismic velocities are investigated. Our results obtained from the examples 

indicate that the microstructure of the rock and the bulk modulus and shape 

of fluid are crucial in predicting the seismic properties. More reliable 

predictions of the seismic velocities can improve the interpretation of 

seismic velocity anomaly zones and/or the estimation of the volume fraction 

of fluid in low-velocity zones. 

 

Appendix 
3A-1. User manual for GassDem GUI 

GassDem (Gassmann Differential effective medium) GUI is designed for an 

anisotropic elastic solid A with variable amounts of liquid B with a shape 
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specified by an ellipsoid of arbitrary orientation with semi-axes of variable 

lengths parallel to X, Y, Z described in Mainprice's (1997) "Modelling the 

anisotropic seismic properties of partially molten rocks found at Mid-Ocean 

Ridges", Tectonophysics 279, 161-179. 

GassDem GUI and analytical schemes are described in the paper of Kim, E., 

Kim, Y., and Mainprice, D. (2019), "GassDem: A MATLAB program for 

modeling the anisotropic seismic properties of porous medium using 

differential effective medium theory and Gassmann’s poroelastic 

relationship", Computers and Geosciences. 

MATLAB version LAST REVISED: February 26, 2019 

EUNYOUNG KIM 

Seoul National University, Seoul, Republic of Korea 

 

 

3A-1.1. Information 

GassDem graphical user interface (GUI) is designed using the MATLAB 

(R2016b) App Designer in Mac OS X for calculating the elastic stiffness 

tensor of the porous effective medium with fluid inclusions based on the 

differential effective medium (DEM) theory and Gassmann’s (1951) 

poroelastic relationship. Using the elastic stiffness tensor from GassDem, 

seismic velocities in the direction of reference axes and the inverse of 

maximum quality factor (𝑄"#$%& ) can be calculated. This manual provides 

guidelines on how to use GassDem GUI. 

 

3A-1.2. Using GassDem GUI 

There are two ways to open GassDem GUI in MATLAB.  

• From the Current Folder browser, double-click GassDem.mlapp.  

• From the Command Window browser, type ‘GassDem’. 
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It consists of four main tabs;  

• Effective Medium 

• Inclusion Shape and Orientation 

• DEM Analysis  

• Help 

The Help tab consists of four sub-tabs; About GassDem, Inputs, Outputs 

and Codes. 

A default data set (Figures 1-7) is an example for users to replicate DEM 

modeling, which is described in the main text. A background medium is 

antigorite-bearing olivine that is ‘Model SC3’ of Morales et al. (2018). The 

inclusion phase is liquid basalt (melt).  

• Background medium: Antigorite-bearing olivine that is 1.63% crack 

porosity model of 78% antigorite and 22% olivine with spherical 

grains, having two types of the crack, one normal to the Z-axis and 

another normal to the Y-axis, with shapes X:Y:Z = 10:10:1 and 

X:Y:Z = 10:1:10, respectively (Kern et al., 2015; Morales et al., 

2018). 

Inclusion: Liquid basalt (melt) whose bulk modulus (Kf) for elastic stiffness 

tensor is derived from the compressibility (Bf = 1/Kf) data at 1200°C of 

Murase and McBirney (1973). 

 

3A-1.2.1. Effective Medium tab 

The user can construct a two-component system of A and B for DEM 

calculation (Figure 3.A1). Phases A and B are set as host medium and 

inclusion (e.g., fluid), respectively.  

1) Specify name, elastic constants file (*.txt) and density (g/cm3) of 

two phases.  

Note that elastic stiffness matrix should be Voigt matrix in GPa. 

Elastic stiffness matrix of a background medium can be calculated 
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using the SC approximation or other methods, or even taken from 

laboratory measurements. 

2) Type full paths of the input files directory that includes elastic 

constants files. 

3) Type full paths of the GassDem directory that includes GassDem 

codes. 

Note that the file separator character is a backslash (\) on Windows 

platforms, whereas it is a forward slash (/) on UNIX platforms 

(https://www.mathworks.com/help/matlab/ref/fullfile.html). For 

example,  

• C:\Users\EKim\Documents\GassDem\ (Windows) 

• /Users/ekim/Documents/GassDem/ (UNIX). 

4) Specify fluid properties of compressibility (1/GPa), viscosity (Pa×s), 

P-wave velocity (Vp; km/s) and density (g/cm3) required for 

Gassmann’s relationship and attenuation estimation.  

Note that fluid compressibility (or 1/bulk modulus) should be 

consistent with bulk modulus of fluid inclusion provided as elastic 

stiffness tensor in step 1).   

Specify maximum % error for Green’s Tensor (e.g., 0.1). 
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Figure 3.A1. Effective Medium tab of GassDem GUI. A two-component 

system of A and B can be constructed for DEM calculation. Fluid properties 

of compressibility (1/GPa), viscosity (Pa×s), Vp (km/s) and density (g/cm3) 

are required for Gassmann’s poroelastic relationship and attenuation 

estimation. 

 

3A-1.2.2. Inclusion Shape and Orientation tab 

The user can select inclusion shape and define orientation of inclusion semi-

axes (Figure 3.A2).  

1) Select a sphere or an ellipsoid for inclusion shape.  

2) If an ellipsoid is selected, specify semi-axes lengths (e.g., A1:A2:A3 

= 5:5:1). If a sphere is selected, semi-axes lengths are set to be 

A1:A2:A3 = 1:1:1. 

3) Select the orientation of shape ellipsoid semi-axes to be parallel to 

elastic tensor axes or parallel to user-defined orientation (shape 

preferred orientation, SPO).  
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4) If an orientation is selected to be parallel to elastic tensor axes, 

ellipsoid semi-axes (A) are parallel to elastic tensor axes (X). For 

example, it is set that A1//X1, A2//X2, and A3//X3 for olivine with 

the principle axes X1 = [100], X2 = [010], and X3 = [001].  

5) If an orientation is selected to be parallel to user-defined orientation, 

specify azimuth (°) and inclination (°) for A1 and A3.  

Note A1 should be 90° to A3, which can be checked by pushing the Check 

button. 

 

Figure 3.A2. Inclusion Shape and Orientation tab of GassDem GUI. 

Ellipsoid semi-axes lengths and orientation of inclusion can be defined. 

 

3A-1.2.3. DEM Analysis tab 

The user can make a file name and directory for DEM results (Figure 2.A3).  

1) Type file name that is used as a prefix to save outputs as text files 

(.txt) in the program. 

Note that file name should not contain a filename extension.  



 

112	 	

2) Type output directory to save outputs. 

Note that output directory can be any directory the user wants. If the 

directory does not exist in MATLAB’s path, the program will make 

the directory and add it to MATLAB’s path.  

3) Specify maximum volume fraction of inclusion between 0 and 1for 

DEM processing.  

4) Push the Calculate button. Then, the Current status panel shows the 

name of inclusion, volume increment step size (dVb) and total steps, 

and progress status (Processing or Completed). 

5) In the Figure configuration panel, select structural direction X, Y or 

Z that are lineation, normal to the lineation in the foliation plane or 

normal to the foliation plane, respectively.  

6) Select the shear wave direction as fast (Vs1) or slow (Vs2).  

7) Specify limits of inclusion volume fraction, Vp, Vs and 𝑄"#$%& .  

8) Push the Plot button. Then, Vp, Vs and 𝑄"#$%&  are plotted as a 

function of inclusion volume fraction on the figures.  

Note that high and low frequency velocities are denoted as ‘H’ and ‘L’, 

respectively, in figure legends. 
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Figure 3.A3. DEM Analysis tab of GassDem GUI. File name and directory 

for DEM results can be set. By specifying a maximum of inclusion volume 

fraction and pushing the Calculate button, DEM modeling is processed. 

Outputs are saved as text files (*.txt). By setting the Figure configuration 

panel, Vp, Vs and 𝑄"#$%&  are plotted for a given range of inclusion volume 

fraction. 

 

3A-1.2.4. Help tab 

The user can refer to the Help tab for information about GassDem and 

several notes on inputs, outputs and codes (Figures 3.A4-7). 
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Figure 3.A4. About GassDem sub-tab of the Help tab. The information of 

GassDem GUI, references and developer is described. 

 

Figure 3.A5. Inputs sub-tab of the Help tab. Notes on the input parameters 

are described. 
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Figure 3.A6. Outputs sub-tab of the Help tab. Notes on the output files are 

described. 

 

Figure 3.A7. Codes sub-tab of the Help tab. A note on how to use the 

GassDem program using a script (runGassDem.m) instead of GUI is 

described. 
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Chapter 4. AnisEulerSC: A MATLAB program combined 

with MTEX for modeling the anisotropic seismic properties 

of a polycrystalline aggregate with microcracks using self-

consistent approximation  
 

Eunyoung Kim, YoungHee Kim and David Mainprice 

 

Abstract 

Seismic anisotropy of polycrystalline materials depends on the 

characteristics of microcracks as well as the crystallographic orientations of 

minerals. Here, we present a MATLAB-based software, AnisEulerSC 

(Anisotropy from Euler angles using Self-Consistent approximation), for 

modeling the anisotropic seismic properties of a polycrystalline aggregate 

with microcracks using the self-consistent approximation. In this program, 

several commands of MTEX (a MATLAB toolbox for texture analysis) are 

utilized to analyze constituent components of a rock sample based on the 

experimental measurement data (e.g., EBSD; electron backscatter 

diffraction) and to calculate and visualize seismic wave velocities and 

polarizations. We provide several examples of SC modeling to explore the 

effect of grain shapes on a polycrystalline aggregate and the effect of crack 

shapes and orientations on the anisotropic seismic properties of a 

polycrystalline aggregate. 

 

4.1. Introduction  

Characteristics of microcracks have a strong impact on the seismic 

properties of rocks and provide important evidences regarding the tectonic 

history of igneous and metamorphic rocks (Simmons and Richter, 1976). A 

microcrack, defined as an opening that occurs in rocks, has the width to 

length ratio (or aspect ratio) less than 10-2 (typically 10-3 to 10-5) and length 
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in the order of 100 µm or less (Simmons and Richter, 1976). Because the 

preferred orientation of microcracks contributes to the seismic anisotropy of 

a rock together with the crystallographic preferred orientation (CPO), shape 

preferred orientation (SPO), and thin layers of isotropic materials with 

different properties (Kern et al., 2008), it is important to consider shapes 

and distributions of microcracks to predict seismic velocities and anisotropy 

using the theoretical methods. 

Theoretical calculation of seismic properties of rocks is based on the 

mathematical averaging or modeling schemes in which volume fractions of 

constituent minerals and single-crystal elastic stiffness tensor of each 

mineral is necessary to calculate the seismic properties. The overall elastic 

properties of polycrystalline aggregates have been estimated using simple 

averaging methods such as Voigt (1928) and Reuss (1929) bounds, Voigt-

Reuss-Hill (VRH) average (Hill, 1952) and geometric mean (Morawiec, 

1989; Matthies and Humbert, 1993; Mainprice and Humbert, 1994). These 

simple methods consider only the volume fractions and CPO of constituent 

phases, whereas self-consistent (SC) approximation considers them together 

with grain shapes and SPO to predict the anisotropic seismic properties of 

polycrystalline aggregates. 

Budiansky (1965) and Hill (1965) introduced the SC approximation, 

originally proposed for crystal aggregates by Hershey (1954) and Kröner 

(1958), which considers the interaction between inclusions when estimating 

the elastic moduli of heterogeneous composites. Budiansky and O'Connell 

(1976) calculated the elastic moduli of isotropic solids with a random 

population of ellipsoidal cracks using the SC scheme to take account of the 

influence of crack interaction. Wu (1966) used the SC approximation to 

solve the bulk and shear modulus for a two-phase composite and Berryman 

(1995) for a multiphase material composed of N number of inclusion 

phases. The Eshelby (1957) theory, which solves the problems related to the 

elastic field of an ellipsoidal inclusion in an infinite medium, is a 
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fundamental element of SC approximation for an anisotropic background 

medium (Kinoshita and Mura, 1971). 

Experiments of rock samples showed that seismic anisotropy in the 

crust and mantle is caused by CPO, SPO, and/or oriented cracks with 

ellipsoidal shapes in rocks (e.g., Burlini and Kunze, 2000; Kern et al., 2008; 

Lloyd et al., 2009; Wenk et al., 2012). Anderson et al. (1974) showed that 

aligned ellipsoidal fluid-filled cracks in a granite matrix reduce the P-wave 

velocity propagating along the symmetric axis. They also showed that the P-

wave anisotropy increases as the pore fluid bulk modulus decreases. 

Because the seismic velocities of rocks depend strongly on the 

characteristics of cracks (Simmons and Richter, 1976), it is important to 

investigate the effect of shape and orientation of cracks on the seismic 

anisotropy (e.g., Morales et al., 2018). 

Bristow (1960) first described the effective elastic properties of 

cracked materials using a method that neglects interactions between cracks 

and identified the importance of the scalar crack density. A concept of the 

crack density parameter for circular crack shapes was defined by Budiansky 

and O'Connell (1976), which has been used as an important parameter in the 

effective medium theory of cracked materials (Almqvist and Mainprice, 

2017). In the problem of the elastic moduli of a cracked solid, earlier studies 

assumed dilute crack concentrations that indicate no interaction between 

cracks (e.g., Walsh, 1965; 1965; Anderson et al., 1974; Stiller et al., 1977). 

However, it is necessary to consider elastic interactions of neighboring 

cracks as well as mineral grains at higher concentrations of cracks. Berge et 

al. (1993) suggested that the SC approximation is appropriate to model a 

granular microstructure, such as sandstone, because SC method allows to 

consider the interaction of inclusions. The pore compressibility of a given 

pore is expected to be increased by the presence of nearby pores, which is 

referred to being due to the “pore-pore interactions,” although the effect is 
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one of interaction of the stress fields around each pore, rather than physical 

intersection or coalescence of the voids (Jaeger et al., 2009). 

In this study, we present a method that predicts the anisotropic 

seismic properties of a polycrystalline aggregate with microcracks using the 

SC approximation based on the modeling schemes given by Mainprice 

(1990; 1997). For this modeling, we developed a MATLAB-based software, 

entitled “AnisEulerSC (Anisotropy from Euler angles using Self-Consistent 

approximation)”, which can calculate the SC scheme using volume 

fractions, single-crystal elastic stiffness tensors, and CPO and SPO of 

constituent phases. For input data on crystallographic texture and 

microstructure of rock samples, this program utilizes MTEX (MATLAB 

toolbox for texture analysis; Hielscher and Schaeben, 2008) to import, 

analyze, and plot experimental data. We describe the background theories in 

Section 4.2, introduce the AnisEulerSC program in Section 4.3, and provide 

several examples of SC modeling in Section 4.4. 

	

4.2. Theories 

4.2.1. Simple averages for effective elastic properties of polycrystals 

Voigt (1928) and Reuss (1929) averages are upper and lower 

bounds, respectively, of the effective elastic properties of polycrystals. The 

Voigt average simply assumes a constant strain field, which means that the 

strain at every position equals the macroscopic strain of the specimen 

(Mainprice, 2007). The Voigt average 𝐶²³´µ¶ is defined by the volume 

average of local stiffnesses 𝐶(𝑔b) with orientation 𝑔b and volume fraction 

𝑉b: 

𝐶²³´µ¶ = 𝑉b𝐶(𝑔b)
b

. (4.1) 

The Reuss average assumes a constant stress field, which means that the 

stress at every position equals the macroscopic stress of the specimen. The 
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Reuss average 𝐶¸¹º»» is defined by a volume average of the local 

compliances 𝑆(𝑔b): 

𝐶¸¹º»» = 𝑉b𝑆(𝑔b)
b

%&

. (4.2) 

The experimentally measured elastic properties of the specimen are 

generally between the Voigt and Reuss bounds because the stress and strain 

distributions are expected to be between uniform strain (Voigt bound) and 

uniform stress (Reuss bound) field limits. The arithmetic mean of the Voigt 

and Reuss bounds (Hill, 1952), called Hill or Voigt-Reuss-Hill (VRH) 

average 𝐶²¸¼, given by 

𝐶²¸¼ =
1
2
𝐶²³´µ¶ + 𝐶¸¹º»» , (4.3) 

is often close to an experimental value and widely used in earth and 

materials sciences, although the VRH average has no theoretical 

justification (Mainprice and Humbert, 1994). In contrast to VRH, the 

geometric mean is based on a physical importance that the ensemble 

average elastic stiffness 𝐶  should equal the inverse of the ensemble 

average elastic compliance 𝑆 %& (Aleksandrov and Aizenberg, 1966). A 

geometric mean of oriented polycrystals 𝐶½ (Morawiec, 1989; Matthies and 

Humbert, 1993; Mainprice and Humbert, 1994; Matthies and Humbert, 

1995) is described as follows: 

𝐶½ = 𝑒𝑥𝑝
1
𝑉

ln 𝐶(𝑔) 𝑑𝑉 , (4.4) 

Where 𝑉 is the total volume of an aggregate, 𝑑𝑉 is the volume element, and 

𝐶(𝑔) is the local elastic stiffness tensor with a grain orientation 𝑔 (e.g., 

Bunge Euler angles 𝑔 = (𝜙&,Φ, 𝜙8); see Section 4.4.1.2 for further details). 
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4.2.2. Self-consistent (SC) approximation 

For complex aggregates, the SC approximation can provide a better 

prediction for the effective elastic properties because the SC formula is 

symmetrical in the constituent, which means that each component is treated 

as an inclusion without any host material (Berryman and Berge, 1993). A 

basis for the SC approximation is the Eshelby (1957) solution that describes 

the elastic stress disturbed by the existence of an ellipsoidal inclusion in an 

infinite isotropic medium (e.g., Mainprice, 1997; 2007). Eshelby (1957) 

presented the solution for the transformation problem in which the inclusion 

within an isotropic elastic medium undergoes a spontaneous change of 

shape and size, which is an arbitrary homogeneous strain.  Eshelby (1957) 

solved the elastic field using a sequence of imaginary cutting, straining, and 

welding operations. As a result, the stress is zero in the surrounding matrix, 

whereas it is a known constant value in the inclusion (Eshelby, 1957). This 

stress-free transformation strain is referred to as the eigenstrain, which is a 

term given by Mura (1987) to nonelastic strains such as thermal expansion, 

phase transformation, initial strains, plastic strains, and misfit strains. 

For an anisotropic background medium, the uniform strain tensor 

inside the inclusion (𝜖bd), given by Kinoshita and Mura (1971), is described 

as: 

𝜖bd =
1
2
(𝐺b�d� + 𝐺d�b�)𝐶��"�𝜖"�∗  (4.5) 

where 𝐺b�d� is the tensor Green’s function connected with displacement due 

to a unit force applied in a given direction, 𝐶��"� is the elastic stiffness 

tensor of the background medium, and 𝜖"�∗  is the eigenstrain tensor. The 

symmetrical tensor Green’s function 𝐺b�d� is evaluated using the solution 

given by Mura (1987) as: 

𝐺b�d� =
1
4𝜋

sin 𝜃 𝑑𝜃 𝐾bd%&(𝑥)𝑥�𝑥� 𝑑𝜙
8�

�

�

�
 (4.6) 
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where the angles 𝜃 and 𝜙 are the spherical coordinates for the definition of 

vector 𝑥 with respect to the principal axes of the ellipsoidal inclusion. The 

Christoffel stiffness tensor for a direction (𝑥) is defined as 𝐾bd(𝑥) =

𝐶bad¿𝑥a𝑥¿ with 𝑥& = sin 𝜃 cos𝜙 /𝑎&, 𝑥8 = sin 𝜃 sin𝜙 /𝑎8, and 𝑥v =

cos 𝜃 /𝑎v, where 𝑎&, 𝑎8, and 𝑎v are the semi-axes of the ellipsoidal 

inclusion. The tensor Green’s function is calculated numerically by taking 

the Fourier transform of 𝐺b�d� because no analytical solution exists in the 

lowest triclinic symmetry case (Mainprice, 1997). We use the SC scheme 

proposed by Willis (1977) in which the ratio of strain inside the inclusion to 

the strain in the background medium (𝐴b) is defined as 

𝐴b = 𝐼 + 𝐺(𝐶b − 𝐶25À) %&, (4.7) 

where 𝐼 is the symmetrical fourth-rank unit tensor 𝐼bd�� = 1/2(𝛿b�𝛿d� +

𝛿b�𝛿d�), 𝛿b� is the Kronecker delta, and 𝐶b is the elastic stiffness tensor of the 

𝑖th inclusion. The effective elastic stiffness tensor (𝐶25À) is related to the 

averaged strain 𝜀25À  and stress 𝜎25À 	tensors based on the volume 

averaged Hooke’s law: 

𝜀25À = 𝑉b𝐴b
b��

b�&
 (4.8) 

𝜎25À = 𝑉b𝐶b𝐴b
b��

b�&
 (4.9) 

𝐶25À = 𝜎25À 𝜀25À %& (4.10) 

where 𝑉b is the volume fraction of 𝑖th inclusion. Because 𝐶25À occurs on 

both sides of the equation (see Equations 7–10), the solution has to be found 

by iteration (Mainprice, 1997). This solution for anisotropic media can 

hence be used generally for anisotropic background media as well as 

inclusions that are intrinsically anisotropic and have a specific shape 

(Almqvist and Mainprice, 2017). 
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4.2.3. Christoffel equation 

Elastic wave velocities and polarizations (or displacement vectors) 

in an anisotropic elastic medium can be calculated using the Christoffel 

(1877) equation (e.g., Mainprice et al., 2011). The Christoffel tensor 𝑇b� for 

a unit propagation direction 𝑛 in an anisotropic elastic medium with the 

elastic stiffness tensor 𝐶bd�� is defined as follows: 

𝑇b� 𝑛 = 𝐶bd��𝑛d𝑛�. (4.11) 

The eigenvalues 𝜆&, 𝜆8, and 𝜆v of the Christoffel tensor 𝑇b� 𝑛  are related to 

the compressional (P) wave and fast (S1) and slow (S2) shear wave, 

respectively. The plane wave velocities 𝑉B, 𝑉2&, and 𝑉28 propagating in the 

direction 𝑛 are described with the material density 𝜌 as follows: 

 
𝑉B =

𝜆&
𝜌
, (4.12) 

 
𝑉2& =

𝜆8
𝜌
,		 (4.13) 

 
𝑉28 =

𝜆v
𝜌
,			 𝑉2& > 𝑉28 . (4.14) 

The three eigenvectors of the Christoffel tensor represent the polarization 

directions of P-, S1-, and S2-waves. 

 

4.3. AnisEulerSC  

We present a MATLAB-based AnisEulerSC program for modeling 

the anisotropic seismic properties of a polycrystalline aggregate with 

microcracks using the SC approximation. This program utilizes several 

commands of MTEX (Hielscher and Schaeben, 2008; Mainprice et al., 

2011) to calculate and visualize the seismic velocities and anisotropy. The 



 

131	 	

SC scheme in AnisEulerSC is based on the FORTRAN code developed by 

Mainprice (1990; 1997) to consider crystallographic textures of minerals 

and microstructural information (e.g., grain shapes and orientations, crack 

porosity, and geometry). For AnisEulerSC program, MTEX commands 

(http://mtex-toolbox.github.io/) are used to import, analyze, and plot rock 

specimen data on mineral texture and microstructure from experimental 

measurements (e.g., EBSD; electron backscatter diffraction or U-stage; 

universal stage) and to extract information on the volume (or area) fractions 

and Euler angles of constituent minerals as well as grain shapes and 

orientations of each mineral. The Voigt, Reuss, and VRH averages are 

calculated in the AnisEulerSC program and one of them can be used as an 

initial value of SC scheme. The effect of cracks on the seismic properties of 

a polycrystalline aggregate can be explored with various shapes and 

orientations of cracks using SC scheme, because the AnisEulerSC program 

enables the user to align ellipsoidal cracks with an arbitrary angle to the 

specimen reference frame. 

We develop AnisEulerSC-Inputs, a MATLAB-based program 

composed of graphical user interfaces (GUIs), for generating input 

parameters to run the AnisEulerSC program (Figures 4.1-4.3). Using 

AnisEulerSC-Inputs, the composition of a polycrystalline aggregate (Figure 

4.2), the volume fractions of constituent phases (Figure 4.2), and the shapes 

and orientations of grains (Figure 4.3) can be specified. AnisEulerSC-Inputs 

is designed using MATLAB (R2019a) App Designer in Mac OS X and runs 

in MATLAB version after R2016b in Windows or UNIX OS (see User 

Guide for details). 
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Figure 4.1. Setup tab of AnisEulerSC-Inputs, a MATLAB-based program 

composed of graphical user interfaces (GUIs). 
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Figure 4.2. Single-crystal properties tab of AnisEulerSC-Inputs. For the 

third phase (diopside), all input data are specified, saved and checked on 

the ‘Current state’ screen. 
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Figure 4.3. Grain shapes and orientations tab of AnisEulerSC-Inputs. For 

the third phase (diopside), all input data are specified, saved and checked 

on the ‘Current state’ screen. 

 

 

4.4. Examples  
To calculate the overall elastic properties of an aggregate, it is first 

required to define the crystal reference frame and then crystal orientation in 

terms of the specimen reference frame. In Section 4.4.1, we describe how a 

single-crystal elastic stiffness tensor is defined by the crystal reference 

frame and crystal orientation. In Section 4.4.2, we present several examples 

of SC modeling for various polycrystalline aggregates to explore the effect 

of grain shape and the effect of crack shapes and orientations. 
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4.4.1. Single-crystal elastic stiffness tensor  

The reference frame for tensors describing macroscopic properties of 

a polycrystalline specimen is the specimen coordinate system, whereas the 

reference frame for single-crystal tensors describing crystal properties is 

associated with the crystal coordinate system (Mainprice et al., 2011). We 

next describe the single-crystal tensor reference frame and the crystal 

orientations in the specimen reference frame prior to calculating of the 

overall elastic properties of a polycrystalline aggregate in Section 4.4.2.  

 

4.4.1.1. Crystal reference frame  

We describe the elastic stiffness tensors defined in a Cartesian 

reference frame with unit vectors 𝑋, 𝑌, and 𝑍. The crystal reference frame, 

in the general case (e.g., triclinic crystal symmetry in Figure 4.4a), for the 

single-crystal elastic stiffness tensor is defined using the crystal coordinate 

system that is specified by its axis lengths 𝑎, 𝑏, and 𝑐 and inter-axial angles 

𝛼, 𝛽, and 𝛾 indicating a non-Euclidean coordinate system 𝑎, 𝑏, 𝑐 (Mainprice 

et al., 2011). The alignment of the Euclidean tensor reference frame 𝑋, 𝑌, 𝑍 

in the crystal coordinate system can be expressed using several conventions 

(Table 1). 

	
 

Figure 4.4. Crystal coordinate system defined as the axis lengths 𝑎, 𝑏, 𝑐 and 

inter-axial angles 𝛼, 𝛽, 𝛾 for (a) triclinic (𝑎 ≠ 𝑏 ≠ 𝑐 and 𝛼 ≠ 𝛽 ≠ 𝛾 ≠

90°), (b) monoclinic (𝑎 ≠ 𝑏 ≠ 𝑐 and 𝛽 ≠ 90°), and (c) orthorhombic (𝑎 ≠

𝑏 ≠ 𝑐) crystal symmetry. 

Triclinic Orthorhombic

a b

cβ

γ

α

a, b, c: axis lengths
α, β, γ: inter-axial angles

Crystal coordinate system

(a) (b) (c)

Monoclinic

a b

c
β

a b

c
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Table 4.1. Crystal reference frame defined as 𝑎, 𝑏, 𝑐, 𝑚 which are 

crystallographic directions in the direct lattice space and as 𝑎∗, 𝑏∗, 𝑐∗ 

which are the corresponding directions in the reciprocal lattice space 

(e.g., 𝑎∗	||(⊥ 𝑎); after Mainprice et al., 2011). 

Crystal symmetry Crystal reference frame 

𝑋 𝑌 𝑍 

Orthorhombic, tetragonal, cubic 𝑎 𝑏 𝑐 

Trigonal, hexagonal 𝑎 𝑚 𝑐 

 𝑚 −𝑎 𝑐 

Monoclinic  𝑎∗ 𝑏 𝑐 

 𝑎 𝑏 𝑐∗ 

Triclinic 𝑎∗ 	𝑍	×	𝑋	 𝑐 

 𝑎 𝑍	×	𝑋 𝑐∗ 

 𝑌	×	𝑍 𝑏∗ 𝑐 

 𝑌	×	𝑍 𝑏 𝑐∗ 

 

	

4.4.1.2. Crystal orientations  

For a polycrystalline specimen, a crystal reference frame 𝑋5 , 𝑌5 , 𝑍5  

generally does not coincide with the specimen reference frame 𝑋2, 𝑌2, 𝑍2 

(Figure 4.5a). The crystal orientation within the specimen is defined by 

Euler angles that are described by various conventions, for example Bunge 

Euler angles 𝜙&, Φ, 𝜙8 (Bunge, 1982) (Figure 4.5b) or Matthies Euler 

angles (Matthies and Wenk, 2009). If the Bunge Euler angles are given, the 

r-rank tensor 𝑇dÄ,…,dÆ
O  has to be rotated according to the crystal orientation 𝑔 

= (𝜙&, Φ, 𝜙8). The rotated tensor 𝑇bÄ,…,bÆ is calculated using the rotation 

matrix 𝑅bÆdÆ(𝑔) which is defined by the orientation 𝑔 (Mainprice et al., 

2011) as follows: 
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𝑇bÄ,…,bÆ = 	𝑇dÄ,…,dÆ
O 𝑔 																																											  

= 𝑇dÄ,…,dÆ
O 𝑅bÄdÄ 𝑔 ⋯𝑅bÆdÆ 𝑔 . (4.15) 

Note that, in this equation, the tensor reference frame should coincide with 

the crystal reference frame used for describing the orientation to make sense 

physically (Mainprice et al., 2011). To express the elastic stiffness tensor 

𝐶bd��, defined in the crystal reference frame 𝑋5 , 𝑌5 , 𝑍5 , with respect to a 

specimen reference frame 𝑋2, 𝑌2, 𝑍2, it is required to transform the 

coordinate from the crystal coordinate system to the specimen coordinate 

system. A vector ℎ given as the coordinates ℎ&5 , ℎ85 , ℎv5  with respect to the 

crystal reference frame 𝑋5 , 𝑌5 , 𝑍5  is expressed as follows: 

ℎ = ℎ&5𝑋5 + ℎ85𝑌5 + ℎv5𝑍5. (4.16) 

The vector ℎ also given as the coordinates ℎ&, ℎ8, ℎv with respect to the 

specimen reference frame 𝑋2, 𝑌2, 𝑍2 is expressed as follows: 

ℎ = ℎ&𝑋2 + ℎ8𝑌2 + ℎv𝑍2. (4.17) 

ℎ = ℎ&𝑋2 + ℎ8𝑌2 + ℎv𝑍2. (4.18) 

The transformation rule is represented as  

ℎ&
ℎ8
ℎv

=
𝑋2 ∙ 𝑋5 𝑋2 ∙ 𝑌5 𝑋2 ∙ 𝑍5
𝑌2 ∙ 𝑋5 𝑌2 ∙ 𝑌5 𝑌2 ∙ 𝑍5
𝑍2 ∙ 𝑋5 𝑍2 ∙ 𝑌5 𝑍2 ∙ 𝑍5

ℎ&5

ℎ85

ℎv5
  

= 𝑅
ℎ&5

ℎ85

ℎv5
,																																									 (4.19) 

where the matrix 𝑅 rotates the specimen reference frame into coincidence 

with the crystal reference frame (Mainprice et al., 2011). For the 

coefficients of a 4-rank elastic stiffness tensor 𝐶a¿ �5  with respect to the 

crystal reference frame, the coefficients of 𝐶bd�� with respect to the 

specimen reference frame is represented by the linear orthogonal 

transformation law for Cartesian tensors as follows: 

𝐶bd�� = 𝐶a¿ �5 𝑅ba𝑅d¿𝑅� 𝑅��. (4.20) 



 

138	 	

Then, the single-crystal elastic tensor with respect to the specimen reference 

frame can be used to calculate the overall properties of a polycrystalline 

specimen. 

 

Figure 4.5. (a) Specimen reference frame KS (𝑋2, 𝑌2, 𝑍2) and crystal 

reference frame KC (𝑋5 , 𝑌5 , 𝑍5) in the specimen. (b) Definition of Bunge 

Euler angles 𝜙&, Φ, 𝜙8 (after Bunge, 1982). 

	
	
4.4.2. Anisotropic properties of polycrystalline materials 

4.4.2.1. SC modeling for a polyphase aggregate 

To calculate the average elastic properties of a polyphase aggregate, 

two elements are required for each phase 𝑝: (1) the elastic stiffness tensor 

𝐶bd��
a  of a single crystal in the reference orientation, and (2) the orientation 

distribution function (ODF) 𝑓a(𝑔) describing the volume portion ∆𝑉/𝑉 of 

crystals with the orientation 𝑔 or a representation set of individual 

orientations 𝑔", 𝑚 = 1,… ,𝑀 (Mainprice et al., 2011). We consider the 

case in which the volume fractions 𝑉" for individual orientation data 𝑔" are 

given from EBSD or U-stage measurements. The Voigt average 𝐶 ²³´µ¶, 

Reuss average 𝐶 ¸¹º»», and VRH average 𝐶 ²¸¼ are calculated for each 

phase, and then, the average over all phases is calculated. We use the Voigt 

average as an initial elastic stiffness tensor for the SC approximation, which 

is calculated using the AnisEulerSC program. 
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We consider a polyphase aggregate composed of forsterite, enstatite, 

and diopside. For experimentally measured texture and microstructure 

information, we use EBSD data of a lherzolite sample, which is one of the 

spinel peridotite xenoliths hosted by Cenozoic alkali basaltic rocks from the 

Tok volcanic field in SE Siberia (Tommasi et al., 2008). Because these 

xenoliths are related with the shallow lithospheric mantle beneath the 

southeastern rim of the Siberian craton, Tommasi et al. (2008) analyzed the 

microstructure and measured the crystallographic orientation to constrain 

the roles of deformation, static recrystallization, and metasomatism in the 

evolution of the shallow lithospheric mantle. They also calculated three-

dimensional distribution of seismic velocities (Mainprice and Humbert, 

1994) using VRH averaging of single-crystal elastic constants at ambient 

pressure and temperature (Isaak et al., 1992; Abramson et al., 1997; Chai et 

al., 1997).  

Single-crystal elastic stiffness tensors used in this study are 

described in Table 2 together with the crystal symmetry, crystal reference 

frame, crystal coordinate system, and density. The phase velocities and 

polarizations of the P-wave and fast and slow S-waves of each mineral are 

calculated using a single-crystal elastic stiffness tensor, crystal symmetry, 

and density based on the Christoffel equation described in Section 4.2.3 and 

are plotted using MTEX commands (Figure 4.6). The shape (or aspect ratio; 

long-axis divided by short-axis) and orientation of mineral grains, which are 

extracted from EBSD data using MTEX commands, are analyzed by fitting 

yellow ellipsoids to grain areas for each mineral in an EBSD map (Figure 

4.7). The grain aspect ratios plotted against the angle of a long-axis to the 

specimen X-axis (w) show that ellipsoidal grains with large aspect ratios 

(>2) are mainly oriented to a particular direction (w = ~100°) for all 

minerals (Figures 4.8a-c). Polar-histograms for the angle of specimen X-

axis at 0° to grain long-axis also show that most grains of forsterite, 

enstatite, and diopside are oriented between 90° and 120°, 70° and 120°,  
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and 90° and 110°, respectively (Figures 4.8d-f). These data of grain shapes, 

such as long- and short-axis lengths, angle of a long-axis to the specimen X-

axis, as well as area fractions, extracted from EBSD data, are used as input 

parameters for SC modeling. 

Based on the sample data of mineral composition, microstructure, 

and preferred orientation, we first calculate the Voigt, Reuss, and VRH 

averages of elastic stiffness tensor of a polycrystalline aggregate that is 

composed of 83% forsterite, 14% enstatite, and 3% diopside and then use 

Voigt average as an initial aggregate for the SC scheme. In the calculation, 

we use the area fraction for each grain orientation from EBSD data 

assuming spherical grains for all minerals. The anisotropic seismic 

velocities of SC aggregate (bgSC) are plotted using MTEX commands 

(Figures 4.9a and 4.10a). 
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Table 4.2. Crystal properties of three minerals–forsterite, enstatite and 

diopside–used for calculating the average elastic properties of a 

polycrystalline aggregate. 

Property Data for forsteritea) 

Crystal symmetry Orthorhombic 

Crystal reference frame X || a, Y || b, Z || c 

Crystal coordinate system [a, b, c] = [4.8, 10.0, 6.0] 

 [𝛼, 𝛽, 𝛾] = [90.00, 90.00, 90.00] 

Density (g/cm3) 3.221 

  

Elastic stiffness tensor 𝐶bd (in Voigt matrix) 

 𝑗 = 1 2 3 4 5 6 

𝑖 = 1 328.00 69.00 69.00 0 0 0 

2 69.00 200.00 73.00 0 0 0 

3 69.00 73.00 235.00 0  0 

4 0 0 0 66.70 0 0 

5 0 0 0 0 81.30 0 

6 0 0 0 0  80.90 

a) Isaak et al. (1989); Fujino et al. (1981); Tommasi et al. (2008) 
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Table 4.2. (Continued). 

Property Data for enstatiteb) 

Crystal symmetry Orthorhombic 

Crystal reference frame X || a, Y || b, Z || c 

Crystal coordinate system [a, b, c] = [18, 8.8, 5.2] 

 [𝛼, 𝛽, 𝛾] = [90.00, 90.00, 90.00] 

Density (g/cm3) 3.3060 

  

Elastic stiffness tensor 𝐶bd (in Voigt matrix) 

 𝑗 = 1 2 3 4 5 6 

𝑖 = 1 236.90 79.60 63.20 0 0 0 

2 79.60 180.50 56.80 0 0 0 

3 63.20 56.80 230.40 0 0 0 

4 0 0 0 84.30 0 0 

5 0 0 0 0 79.40 0 

6 0 0 0 0 0 80.10 

b) Chai et al. (1997); Tommasi et al. (2008) 
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Table 4.2. (Continued). 

Property Data for diopsidec) 

Crystal symmetry Monoclinic 

Crystal reference frame X || a*, Y || b*, Z || c 

Crystal coordinate system [a, b, c] = [9.7, 9, 5.3] 

 [𝛼, 𝛽, 𝛾] = [90.00, 105.63, 90.00] 

Density (g/cm3) 3.2860 

  

Elastic stiffness tensor 𝐶bd (in Voigt matrix) 

 𝑗 = 1 2 3 4 5 6 

𝑖 = 1 228.10 78.80 70.20 0 7.90 0 

2 78.80 181.10 61.10 0 5.90 0 

3 70.20 61.10 245.40 0 39.70 0 

4 0 0 0 78.90 0 6.40 

5 7.90 5.90 39.70 0 68.20 0 

6 0 0 0 6.40 0 78.10 

c) (Isaak et al., 2006); Tommasi et al. (2008) 
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Figure 4.6. Multi-plots of single-crystal seismic velocities for (a) forsterite 

(Fujino et al., 1981; Isaak et al., 1989; Tommasi et al., 2008), (b) enstatite 

(Chai et al., 1997; Tommasi et al., 2008), and (c) diopside (Isaak et al., 

2006; Tommasi et al., 2008). For each mineral, P-wave velocity (Vp, km/s), 

S-wave anisotropy (%), fast (Vs1, km/s) and slow (Vs2, km/s) S-wave 

velocities, and Vp/Vs1 and Vp/Vs2 are calculated using the Christoffel 

equation for an anisotropic elastic medium. Anisotropy of each elastic 

velocity is shown in percent. All seismic velocities and anisotropies are 

calculated and plotted using MTEX commands. 
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Figure 4.7. EBSD map showing the 2D shapes and orientations of mineral 

grains for forsterite, enstatite, and diopside. Yellow ellipses are fitted to 

grain areas of forsterite. EBSD data is imported and plotted using MTEX 

commands. A rock sample is cpx-poor lherzolite that is one of the spinel 

peridotite xenoliths hosted by Cenozoic alkali basaltic rocks from the Tok 

volcanic field in SE Siberia (Tommasi et al., 2008). 
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Figure 4.8. Grain shapes and orientations of forsterite, enstatite, and 

diopside analyzed from EBSD data. (a-c) Grain aspect ratio (long a-axis 

divided by short b-axis) plotted against w, the angle of a long-axis to the 

specimen X-axis. (d-f) Polar-histograms for the angle of specimen X-axis at 

0° to the long-axis of a grain. A rock sample is cpx-poor lherzolite, which is 

one of the spinel peridotite xenoliths hosted by Cenozoic alkali basaltic 

rocks from the Tok volcanic field in SE Siberia (Tommasi et al., 2008).  
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4.4.2.2. SC modeling for cracked materials 

To investigate the effect of aligned cracks on the anisotropic seismic 

properties of a polycrystalline aggregate, we first make three SC models 

with different orientations of aligned cracks (Figures 4.9b-d and 4.10b-d). 

For the background medium with no cracks, we use the SC model, 

described in Section 4.4.2.1, which is composed of 83% forsterite, 14% 

enstatite, and 3% diopside with spherical grains (bgSC in Figures 4.9a and 

4.10a). For cracked materials, we construct three SC models; (i) crackSC1 

contains cracks with a short semi-axis A3 oriented with the X-axis (A1//Y, 

A2//Z and A3//X; Figures 4.9b and 4.10b), (ii) crackSC2 contains cracks 

with a short semi-axis A3 oriented with the Y-axis (A1//X, A2//-Z and 

A3//Y; Figures 4.9c and 4.10c), and (iii) crackSC3 contains cracks with a 

short semi-axis A3 oriented with the Z-axis (A1//Y, A2//-X and A3//Z; 

Figures 4.9d and 4.10d). The orientation of aligned cracks is set by 

specifying the azimuth (AZ) of the semi-axis from the X-axis on the XY 

plane and the inclination (INC) of the semi-axis from the XY plane to the 

vertical Z-axis direction in the specimen reference frame X, Y, and Z 

(Figures 4.9e and 4.10e). We note that A1 should be 90° to A3. A2 is then 

automatically determined by A3 ´ A1. For all SC models, we assume a 

crack porosity of 2%, and all ellipsoidal crack semi-axis lengths of a1:a2:a3 

= 10:10:1 (Figures 4.9b-d and 4.10b-d). The background SC (bgSC) model 

shows that the fast Vp direction is nearly on the YZ plane, and the slow Vp 

direction is nearly parallel to the X-axis (Figure 4.9a). For cracked SC 

models, crackSC1 shows the similar Vp distribution and increased Vp 

anisotropy compared to bgSC model with no cracks because the symmetric 

axis of cracks is parallel to the X-axis that is close to the slow Vp direction 

of bgSC (Figure 4.9b). As the orientation of aligned cracks (or the 

symmetric axis) changes from the X-axis to the Y- or Z-axis, indicating 

crackSC2 or crackSC3, respectively, the Vp distribution significantly 

changes (Figures 4.9c and 4.9d). The distributions of S-wave anisotropy, 

Vs1, Vs2, Vp/Vs1, and Vp/Vs2 also show similar trends with Vp according 
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to the symmetric axis of cracks (Figures 4.9b-d and 4.10b-d). These results 

show that the effect of aligned cracks depends on how the anisotropic 

properties resulted from the preferred orientation of cracks are different 

from the anisotropic characteristics of the background medium. 

We next make additional SC models in which only the crack shapes 

are changed to a1:a2:a3 = 1:1:1, 2:2:1, and 5:5:1 from a1:a2:a3 = 10:10:1 in 

SC models shown in Figures 4.9 and 4.10. Compared with spherical cracks 

(a1:a2:a3 = 1:1:1; Figures 4.11a and 4.12a), ellipsoidal cracks with the 

symmetric axis (A3) parallel with the X-axis do not change the patterns of 

Vp (Figures 4.12e, 4.12f and 4.12g) and S-wave anisotropy (Figures 4.13e, 

4.13f and 4.13g) distributions. However, Vp anisotropy (Figures 4.12e, 

4.12f and 4.12g) and the maximum Vs anisotropy (Figures 4.13e, 4.13f and 

4.13g) are increased because fast and slow Vp directions of cracks coincide 

with those of the background medium. As the symmetric axis (A3) of cracks 

changes to the Y-axis and then Z-axis from the X-axis, Vp (Figure 4.11) and 

S-wave anisotropy (Figure 4.12) patterns are significantly changed. 

However, the increases in Vp anisotropy and maximum S-wave anisotropy 

are smaller than those for the symmetric axis in the X-axis. 
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Figure 4.9. Effects of cracks aligned with a specific direction on seismic 

anisotropy. P-wave velocity (Vp, km/s), S-wave anisotropy (%), and fast S-

wave velocity (Vs1, km/s) patterns calculated from SC models; (a) bgSC is 

an SC aggregate composed of 83% forsterite, 14% enstatite, and 3% 

diopside, with spherical grains; (b) crackSC1 with crack orientation of 

A1//Y, A2//Z, and A3//X, (c) crackSC2 with crack orientation of A1//X, 

A2//-Z, and A3//Y, and (d) crackSC3 with crack orientation of A1//Y, A2//-

X, and A3//Z are modeled by adding 2% crack porosity with semi-axes 

lengths of a1:a2:a3 = 10:10:1 (cyan ellipsoid) into bgSC model. Crack 

orientations are defined using azimuth (AZ) and inclination (INC) of A1 

and A3 as described in (e) the specimen reference frame. For all SC 

modeling, the AnisEulerSC program is used. All seismic velocities and 

anisotropy are calculated and plotted using MTEX commands. 
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Figure 4.10. Effects of cracks aligned with a specific direction on seismic 

anisotropy. Slow S-wave velocity (Vs2, km/s), Vp to Vs1 ratio (Vp/Vs1), 

and Vp to Vs2 ratio (Vp/Vs2) patterns calculated from SC models; (a) bgSC 

is an SC aggregate composed of 83% forsterite, 14% enstatite, and 3% 

diopside; (b) crackSC1 with crack orientation of A1//Y, A2//Z, and A3//X, 

(c) crackSC2 with crack orientation of A1//X, A2//-Z, and A3//Y, and (d) 

crackSC3 with crack orientation of A1//Y, A2//-X, and A3//Z are modeled 

by adding 2% crack porosity with semi-axes lengths of a1:a2:a3 = 10:10:1 

(cyan ellipsoid) into bgSC model. Crack orientations are defined using 

azimuth (AZ) and inclination (INC) of A1 and A3 as described in (e) the 

specimen reference frame. For all SC modeling, the AnisEulerSC program 

is used. All seismic velocities and anisotropies are calculated and plotted 

using MTEX commands. 
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Figure 4.11. P-wave velocity (Vp, km/s) variations according to crack 

shapes and orientations. (a) Spherical cracks with semi-axes lengths 

a1:a2:a3 = 1:1:1, (b-d) ellipsoidal cracks with the symmetric axis (A3) 

parallel with the Y-axis, (e-g) ellipsoidal cracks with the symmetric axis 

(A3) parallel with the X-axis, and (h-j) ellipsoidal cracks with the 

symmetric axis (A3) parallel with the Z-axis, for the semi-axes lengths 

a1:a2:a3 = 2:2:1, 5:5:1 and 10:10:1. For all SC modeling, the AnisEulerSC 

program is used. All seismic velocities and anisotropies are calculated and 

plotted using MTEX commands. 
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Figure 4.12. S-wave anisotropy variations according to crack shapes and 

orientations. (a) Spherical cracks with semi-axes lengths a1:a2:a3 = 1:1:1, 

(b-d) ellipsoidal cracks with the symmetric axis (A3) parallel with the Y-

axis, (e-g) ellipsoidal cracks with the symmetric axis (A3) parallel with the 

X-axis, and (h-j) ellipsoidal cracks with the symmetric axis (A3) parallel 

with the Z-axis, for the semi-axes lengths a1:a2:a3 = 2:2:1, 5:5:1 and 

10:10:1. For all SC modeling, the AnisEulerSC program is used. All seismic 

velocities and anisotropies are calculated and plotted using MTEX 

commands. 
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4.5. Discussion 

4.5.1. Comparison of SC aggregates with simple averages  

Experimentally measured seismic velocities of deformed rocks 

cannot be explained by the CPO alone (e.g., Burlini and Kunze, 2000; 

Morales et al., 2018). Burlini and Kunze (2000) investigated a calcite 

mylonite from Carrara (Italy), characterized by a strong SPO and a weak 

CPO, and compared the measured Vp at 350 MPa confining pressure with 

the predicted Vp using simple averaging methods. They concluded that the 

predicted Vp anisotropy of 2.6% from simple averages could not explain the 

measured Vp anisotropy of 5%, which is also attributed to the strong calcite 

SPO and the preferred alignment of accessary minerals along the calcite 

grain boundaries. Morales et al. (2018) investigated antigorite-bearing 

rocks, which were serpentinite samples from Val Malenco (Western Alps, 

Northern Italy), and showed that CPO-derived seismic velocities using 

simple averages only showed good agreement in 1/3 of experimental 

velocities. They achieved good matches with all experimental velocities 

using the crack porosity of 1.63%, which is measured experimentally at 600 

MPa, in the SC model with two crack orientations. Therefore, the CPO-

derived velocities from the simple averaging methods cannot be directly 

compared with experimental seismic data, particularly when crack porosity 

is present in the foliation of the antigorite (Morales et al., 2018). The 

mechanisms for deformation of antigorite in the mantle wedge have been 

debated in terms of the brittle-ductile transition in antigorite because brittle 

features (e.g., fractures) have been reported at high pressure and 

temperature conditions in the experimental studies (Morales et al., 2018). 

Thus, the prediction of seismic velocities of antigorite-bearing rocks based 

on the SPO as well as CPO using the SC method is required to understand 

the seismic properties in the mantle wedge of subduction zones.    

Matthies and Humbert (1993) showed that the geometric mean 

provides estimates close to those from the SC method, with reduced 
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computational complexity. Mainprice and Humbert (1994) also showed that 

the Voigt and Reuss averages are increasingly separated with increasing 

elastic anisotropy and that the geometric mean and the VRH average are 

similar with the SC method for strongly anisotropic biotite aggregates. We 

compare simple averages with a series of SC aggregates that are modeled 

using various shapes and orientation of grains. For each SC aggregate, we 

use only one mineral, forsterite, with a grain shape with ellipsoidal semi-

axes ratios of X:Y:Z = 1:AR:AR, AR:1:AR, or AR:AR:1 (AR = aspect 

ratio). Figure 4.13 shows the elastic stiffness components of a forsterite 

aggregate as a function of the aspect ratio of grains for different semi-axes 

ratios. For C22, C33, C44 and C55, elastic stiffness components are perturbed 

as the aspect ratio of grains increases, indicating that anisotropic elastic 

properties depend on the grain shape and orientation (Figure 4.13). It is also 

clear that an SC aggregate cannot be simply compared with one of the 

simple averages because elastic stiffness components of an SC aggregate are 

not comparable to those of only one type of simple averages (Figure 4.13). 

We also calculate the effective isotropic moduli (bulk and shear modulus) of 

SC aggregates composed of 83% forsterite, 14% enstatite, and 3% diopside, 

using a numerical approach for Hashin-Shtrikman bounds (Hashin and 

Shtrikman, 1962; 1963) provided by Brown (2015) (Figures 4.14 and 4.15). 

The bulk and shear modulus variations as a function of grain aspect ratio 

show that grain shapes make perturbations on the Voigt and Reuss bounds 

as well as Hashin-Shtrikman bounds (Figure 4.14). The bulk and shear 

moduli variations due to the aspect ratio of grains depends on the grain 

orientation (Figure 4.15). These results indicate that the prediction of 

anisotropic elastic properties from the microstructure, such as anisotropic 

properties of each mineral, improves the determination of the isotropic 

elastic moduli. 
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Figure 4.13. Comparison of SC aggregates composed of only one mineral 

(100% forsterite with ellipsoidal grains shown in Figure 4.7), with Voigt, 

Reuss, and VRH averages and the geometric mean. The variations in elastic 

stiffness components of (a) C11, (b) C22, (c) C33, (d) C44, (e) C55 and C66 are 

plotted as a function of the aspect ratio of ellipsoidal grains. For each SC 

aggregate, all grains have the same aspect ratio with grain semi-axes of 

X:Y:Z = 1:AR:AR, AR:1:AR, or AR:AR:1 (AR = aspect ratio). 
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Figure 4.14. Comparison of the effective isotropic moduli of SC aggregates 

from Hashin-Shtrikman bounds (HS+ and HS-) (Brown, 2015) with the 

Voigt, Reuss, and VRH averages. (a) Bulk and (b) shear modulus of four SC 

aggregates are calculated assuming the grain shape of a1:a2:a3 = 1:1:1, 

1:5:5, 5:1:5, and 5:5:1, respectively, and the same grain shape for all 

minerals. Each SC aggregate is assumed to be composed of 83% forsterite, 

14% enstatite, and 3% diopside based on the EBSD data shown in Figure 

4.7. 
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Figure 4.15. Variations in effective isotropic moduli of SC aggregates 

according to the method for polycrystals. (a-c) Bulk and (d-f) shear modulus 

of Hashin-Shtrikman bounds (HS+ and HS-) (Brown, 2015) are compared 

with the Voigt, Reuss, and VRH averages for grain semi-axes ratios of 

X:Y:Z = 1:AR:AR, AR:1:AR, and  AR:AR:1 (AR = aspect ratio). Each SC 

aggregate is assumed to be composed of 84% forsterite, 14% enstatite, and 

3% diopside and to have the same grain semi-axes ratio for all minerals. 
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4.5.2. Effect of grain shape on anisotropic elastic properties of 

aggregates 

For specimens with a strong CPO (e.g., biotite), the grain shape has 

a minor effect on seismic velocities of a macroscopic polycrystalline 

specimen (Mainprice and Humbert, 1994). However, the grain shape can be 

important for materials with platy minerals such as graphite or sheet-silicate 

containing rocks and aggregates with flat oriented pores (Romanowicz and 

Wenk, 2017). Wenk et al. (2012) showed that the calculated P-wave 

anisotropy of a biotite gneiss sample using the SC method that takes grain 

shapes into account (12.6%) is close to the measured P-wave anisotropy 

(15.3%) compared to the SC method with no grain shapes (11.2%). Morales 

et al. (2018) also showed that antigorite grain shape has a weak effect on 

seismic velocities of antigorite-olivine rocks but it is important on 

anisotropy. To investigate the effect of grain shapes, we compare elastic 

stiffness components of bgSC having spherical mineral grains, described in 

Figures 4.9 and 4.10, with those of three SC models having mineral grains 

of a1:a2:a3 = 1:3:3, 3:1:3, and 3:3:1 (Figure 4.16). In each SC model, grains 

have the same shape for all minerals. As a result, C22 is perturbed by -0.63 

GPa for grain shape a1:a2:a3 = 1:3:3 (Figure 4.16a) and C33 is perturbed by 

-0.74 GPa for grain shape a1:a2:a3 = 3:1:3 (Figure 4.16b) and 0.72 GPa for 

grain shape a1:a2:a3 = 3:3:1 (Figure 4.16c). According to the semi-axis 

ratio, C22 and C33 are perturbed, indicating that grain shapes make a change 

in anisotropic elastic properties, although the change is small. 
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Figure 4.16. Effect of grain shapes on the elastic stiffness components Cij of 

a polycrystal aggregate, bgSC model, described in Figures 4.9 and 4.10. For 

SC models with ellipsoidal grain shapes, semi-axes lengths a1:a2:a3 = 

1:3:3, 3:1:3, and 3:3:1 are used to compare with an SC model with spherical 

grains (a1:a2:a3 = 1:1:1). The DC is the difference in the elastic stiffness 

tensors of SC models with ellipsoidal grains (Cel) and spherical grains (Csp). 

The positive and negative differences of each component (DCij) are shown 

as red and blue bars, respectively. 

(a) 

(b) 

(c) 
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4.5.3. Effect of cracks on the anisotropic properties of a polyphase 

aggregate 

Microcracks are important for interpreting the seismic velocities and 

their degree of anisotropy from experimental measurements (Matthies, 

2012) because microcracks are not randomly oriented in most cases and 

affect the elastic anisotropy of the rock (Sayers and Kachanov, 1995). 

Mainprice and Humbert (1994) addressed that the anisotropic elastic 

properties of an aggregate can be significantly changed because of the 

ellipsoidal fluid- or air-filled cracks because of large differences in 

component moduli. As shown in Figures 4.11 and 4.7, ellipsoidal cracks 

have strong effects on the anisotropic seismic velocities according to the 

orientation of their symmetric axis. Only 2% crack porosity is enough to 

change the seismic velocity distribution, particularly when the ellipsoidal 

cracks are aligned in the direction different from the fast velocity (Figures 

4.9-4.12). This is consistent with the result of DEM modeling for melt-

contained rocks beneath the mid-ocean ridge by Mainprice (1997) showing 

a clear change in seismic anisotropy patterns due to only 2% melt inclusions 

with ellipsoidal shapes.  

Although it is well known that the aligned fluid-filled cracks 

significantly affect the seismic properties (Anderson et al., 1974), seismic 

velocities have been commonly predicted using simple averages, which do 

not consider the shape and alignment of cracks, to interpret the seismic data 

together with the experimental measurements (e.g., Ullemeyer et al., 2006; 

Baptiste et al., 2015). For deformed and metamorphic rocks from the 

TRANSALP reflection seismic traverse in the Eastern Alps, Ullemeyer et 

al. (2006) measured P wave velocities and anisotropies at dry, wet, and 

confining pressures and compared to the texture-related component of 

anisotropy based on the Voigt approximation. They emphasized specially on 

discussing the possible effects of fluids on the seismic velocity and 

anisotropy based on the anisotropic distributions of water-filled microcracks 
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and pores. For mantle xenoliths from the North Tanzanian Divergence of 

the East African Rift, Baptiste et al. (2015) analyzed the microstructures and 

CPO, calculated the seismic properties based on VRH averaging method, 

and compared them with the seismological data of anisotropy measurements 

through the fast SKS polarization directions. Because mantle xenoliths 

provide useful information for quantifying the hydration state and 

characterizing the melt-rock reactions, Baptiste et al. (2015) explored the 

relations between deformation, melt or fluid percolation, and hydration in a 

series of mantle xenoliths using the experimentally measured and 

theoretically predicted data. Studies such as these may better constrain the 

deformation mechanisms and conditions in the lithospheric mantle if they 

use SC approximation instead of simple averages because the shape and 

alignment of ellipsoidal fluid-filled cracks are considered in the SC 

calculation.   

 

4.5.4. Combination of SC approximation and various methods 

For a given seismic velocity of a porous medium from laboratory 

experiments or seismic observations, the volume fraction of inclusions (e.g., 

crack porosity) can be predicted using the SC approximation or DEM 

theory. Although the SC approximation tends to overestimate the crack 

interactions at high concentration of inclusions compared to the DEM 

theory that assumes no interaction between inclusions (e.g., Bruner, 1976; 

Henyey and Pomphrey, 1982), it is useful to make the anisotropic solid 

phase, generally composed of several minerals, of a fluid-solid composite 

(e.g., Hornby et al., 1994). Then, the effective medium of a composite can 

be modeled by a combination with other methods such as DEM theory. 

Since most of the microstructures of rocks are complex, combinations of 

several methods have been commonly used (Almqvist and Mainprice, 

2017). Hornby et al. (1994) predicted the anisotropic elastic properties of a 

composite composed of percolating fluid and solid phases using a 
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combination of the SC and DEM methods to ensure that the fluid and solid 

phases percolate at all porosities. Le Ravalec and Guéguen (1996) combined 

the extended differential, SC model results with the Gassmann (1951) 

equation to derive the theoretical predictions for high- and low-frequency 

effective moduli of a saturated rock with pores or cracks. Mainprice (1997) 

combined DEM with a poroelastic relationship of Gassmann (1951) to 

predict the anisotropic seismic velocities and attenuation of rocks with an 

anisotropic background medium with CPO and the oriented melt-filled 

inclusions. Matthies (2012) used the GEO-MIX-SELF algorithm (Matthies, 

2010) that combines elements of the SC algorithms and of the geometric 

mean approximation for rocks comprised of polycrystalline phases with 

nonspherical grain shapes and preferred orientations as well as microcracks. 

Huot and Singh (2018) modeled a background matrix of sediments using SC 

approximation and then used it as input for the DEM method with either 

methane or seawater inclusions to predict P-wave velocity as a function of 

porosity. Kim et al. (2019) also modeled antigorite-olivine aggregates with 

crack porosity using SC approximation for a background medium of the 

DEM method with either melt or water inclusions. They also presented a 

MATLAB program “GassDem” that can be used to predict anisotropic 

seismic velocities and attenuation of a porous medium from microstructure 

using the DEM theory and a poroelastic relationship of Gassmann (1951). 

As presented by Morales et al. (2018), the SC model can explain the 

experimental velocities better than the simple averages of Voigt, Reuss, and 

Hill averages as well as the geometric mean. Because the SC method 

calculates the macroscopic elastic properties based on the shape and 

orientation of constituents as well as the CPO of minerals, it is an essential 

method for the prediction of anisotropic elastic properties. 
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4.6. Conclusions 

We present a MATLAB-based software, AnisEulerSC, for modeling 

anisotropic seismic properties of a polycrystalline aggregate with 

microcracks using the SC approximation. This program utilizes MTEX 

commands for texture analysis of rock samples from experimental 

measurements. We provide various SC models to explore the effect of grain 

shapes and the effect of crack shapes and orientations on the anisotropic 

seismic properties of a polycrystalline aggregate. These SC models show 

that the grain shape can be an important factor to control the anisotropic 

elasticity of a polycrystalline aggregate according to the mineral 

characteristics and that only 2% crack porosity is enough to change the 

anisotropic seismic properties, although seismic velocities and their degree 

of anisotropy depends on the crack shape and orientation. 
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Appendix 

4A-1. User Guide for AnisEulerSC 

4A-1.1. Introduction 

4A-1.1.1. AnisEulerSC 

AnisEulerSC is a MATLAB-based program developed for calculating the 

elastic stiffness tensor of polycrystalline materials based on the self-

consistent (SC) approximation. AnisEulerSC requires input data of a 

polycrystalline aggregate. The AnisEulerSC-Inputs program generates the 

input data to run the AnisEulerSC script. For analysis of crystallographic 

textures of minerals, several MTEX commands are used. 

 

4A-1.1.1.1. AnisEulerSC-Inputs 

AnisEulerSC-Inputs is a MATLAB-based program with graphical user 

interfaces (GUIs) and developed for generating the input data of the 

AnisEulerSC program. Using AnisEulerSC-Inputs, the composition of a 

polycrystalline aggregate, the volume fractions of constituent phases, and 

the shapes and orientations of grains can be specified. AnisEulerSC-Inputs 

is designed using MATLAB (R2019a) App Designer in Mac OS X and runs 

in MATLAB version after R2016b in Windows or UNIX OS. In Section 

2.2, an example is provided as a guideline on how to use AnisEulerSC-

Inputs program. 

 

4A-1.1.1.2. MTEX commands 

To import, analyze and export crystallographic textures data from 

experimental measurements (e.g., EBSD; electron backscatter diffraction), 

several commands of MTEX, which is a free MATLAB toolbox for 

analyzing crystallographic textures (Hielscher and Schaeben, 2008), are 

used. For details, visit http://mtex-toolbox.github.io/. 
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4A-1.2. Example 

4A-1.2.1. What is your target material? 

We consider lherzolite, which is a type of ultramafic igneous rock, to make 

a polycrystalline aggregate using SC approximation. A target rock sample is 

a low-cpx lherzolite, which is one of the spinel peridotite xenoliths from the 

Tok volcanic field in SE Siberia (Tommasi et al., 2008). Based on EBSD 

data of a rock sample 9510-16 (Tommasi et al., 2008), the crystallographic 

textures of constituent minerals are analyzed using MTEX commands. You 

can find a description of the installation of MTEX toolbox on the homepage 

(https://mtex-toolbox.github.io/download). Download an updated version of 

MTEX toolbox (e.g., mtex-5.2.7) and initialize MTEX as follows. 

 

 

Visit MTEX homepage (https://mtex-toolbox.github.io/EBSDImport.html) 

for more information on how to import, analyze, and export EBSD data. 

Create an EBSD variable containing the data using MTEX commands and 

load the data. This lherzolite sample mainly consists of three indexed phases 

of forsterite (62%), enstatite (11%), and diopside (3.7%) and not-indexed 

phases (24%) as follows. 
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Let us consider only indexed phases of forsterite, enstatite, and diopside to 

make a polycrystalline material. 

 

 

Once EBSD data is imported into MTEX, the grain properties (e.g., shape 

and orientation) can be analyzed. A script of 

‘Demo_MTEX_Flexible_Data_Export_Lherzolite.m’, provided together 

with AnisEulerSC program, is used to extract the grain properties of a 

lherzolite sample. This script runs several sections that contain loading 

EBSD variable data, grain modeling protocol, and plotting/exporting grain 

data. As a result, EBSD variable data is reconstructed from selected grains 

for only indexed phases. For SC modeling, a polycrystalline aggregate is 

assumed to be composed of 83% forsterite, 14% enstatite, and 3% diopside 

as follows. 

 

 

As outputs of the script, the data of grain shapes and orientations (Euler 

angles) are also extracted to text files as follows. 
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Table 4A-1. Output files of grain analysis for lherzolite EBSD data. 

Mineral Grain analysis data file Grain Euler angles and 
volume fraction file 

Forsterite Forsterite_Demo_export.txt Forsterite_EulerVf.txt 

Enstatite Enstatite_Demo_export.txt Enstatite_EulerVf.txt 

Diopside Diopside_Demo_export.txt Diopside_EulerVf.txt 
 

The files named *_Demo_export.txt contain the Euler angles (phi1, PHI, 

phi2), the area fraction, the angle of long-axis to X-axis (omega), the long- 

and short-axis lengths (a and b, respectively). The files named *_EulerVf.txt 

contain only the Euler angles (phi1, PHI, phi2) and the area fraction, which 

are required to calculate SC approximation. Using these output files, the 

grain shapes and orientations can be analyzed, visualized, and used as input 

parameters for SC modeling. 

 

4A-1.2.2. How to use AnisEulerSC-Inputs 

To generate the input data for SC modeling, AnisEulerSC-Inputs program is 

used. In this section, the construction of a polycrystalline aggregate 

composed of 83% forsterite, 14% enstatite, and 3% diopside (as described 

in Section 2.1) and the preparation of input parameters for SC modeling are 

described using the AnisEulerSC-Inputs program. To run the program, type 

AnisEulerSC-Inputs into the MATLAB command window. 

 
 

  



 

168	 	

4A-1.2.2.1. Setup tab 

• Specify the input and output directories as well as the title that is used 

for the output file name.  

 
• Select the type of SC scheme. 

 
• Select the initial value for SC scheme. 

 
• Select the format of Euler file. 

 
• Select the origin of Euler file. 

 
• Specify Xs of azimuth (in range 0 to 360 degrees). 
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• Specify maximum values required to calculate SC scheme. 

 

 
Figure 4A-1.1. Setup tab of AnisEulerSC-Inputs, a MATLAB-based 

program composed of graphical user interfaces (GUIs).  

 

 

4A-1.2.2.2. Single-crystal properties tab 

• Specify the total number of phases.   
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• Specify the single-crystal properties for the first phase, Forsterite, on 

the ‘Phase’ panel.   
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Figure 4A-1.2. Pop-up message for warning showing that the number of 

current phases is smaller than the total number specified in advance. Click 

‘OK’ to move onto the next phase. 
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• Check the single-crystal properties of current phases stored in the data 

file. 
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Figure 4A-1.3. Single-crystal properties tab of AnisEulerSC-Inputs. For the 

first phase (forsterite), all input data are specified, saved and checked on the 

‘Current state’ screen. 
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• Specify the single-crystal properties for the second phase, Enstatite, on 

the ‘Phase’ panel.   
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Figure 4A-1.4. Pop-up message for warning showing that the number of 

current phases is smaller than the total number specified in advance. Click 

‘OK’ to move onto the next phase. 
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• Check the single-crystal properties of current phases stored in the data 

file. 
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Figure 4A-1.5. Single-crystal properties tab of AnisEulerSC-Inputs. For the 

second phase (enstatite), all input data are specified, saved and checked on 

the ‘Current state’ screen. 
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• Specify the single-crystal properties for the third phase, Diopside, on 

the ‘Phase’ panel.   
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Figure 4A-1.6. Pop-up message when the number of current phases is same 

with the total number specified in advance. Click ‘OK’ to move onto the 

next step. 
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• Check the single-crystal properties of current phases stored in the data 

file. 
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Figure 4A-1.7. Single-crystal properties tab of AnisEulerSC-Inputs. For the 

third phase (diopside), all input data are specified, saved and checked on the 

‘Current state’ screen. 
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4A-1.2.2.3. Grain shapes and orientations tab 

For each phase, the grain shapes and orientations can be specified on the 

‘Phase’ panel. 

• Specify the phase name and the Euler data file. 

 

• Select the Euler space for crystal.  

 

• Select the crystal reference directions of X1 and X2 and specify their 

indices. 

 

• Select the grain shape. 
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• Select the orientation of ellipsoid semi-axes. 

 

• Specify the ellipsoid semi-axes lengths (A1, A2, A3). 

 

• If you select 2 for ‘6. Orientation of ellipsoid semi-axes’, specify the 

azimuth and inclination of ellipsoid semi-axes A1 and A3. 
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• Check the grain shapes and orientations of current phases stored in the 

data file. 
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Figure 4A-1.8. Grain shapes and orientations tab of AnisEulerSC-Inputs. 

For the first phase (forsterite), all input data are specified, saved and 

checked on the ‘Current state’ screen. 

  



 

186	 	

• Repeat for the next phase of Enstatite. 

 

Figure 4A-1.9. Grain shapes and orientations tab of AnisEulerSC-Inputs. 

For the second phase (enstatite), all input data are specified, saved and 

checked on the ‘Current state’ screen. 
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• Repeat for the next phase of Diopside. 

 

Figure 4A-1.10. Grain shapes and orientations tab of AnisEulerSC-Inputs. 

For the third phase (diopside), all input data are specified, saved and 

checked on the ‘Current state’ screen. 
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4A-1.2.2.4. Summary tab 

• Click ‘Show’ button to print a brief summary on the screen. 

 

Figure 4A-1.11. Summary tab of AnisEulerSC-Inputs. 
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4A-1.2.2.5. Help tab 

 

Figure 4A-1.12. Help tab of AnisEulerSC-Inputs. The information of 

AnisEulerSC-Inputs is described in the About AnisEulerSC-Inputs tab. 

 

4A-1.2.3. Run AnisEulerSC script 

A MAT-file (‘Title’_Inputs_ModelSC.mat) generated using AnisEulerSC-

Inputs program is required to run the AnisEulerSC script (AnisEulerSC.m). 

To run the script, specify the MAT-file name to load input data as follows. 
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Chapter 5. Application of effective medium theory to the 

crustal and upper mantle structure of the Rainbow area, 

Mid-Atlantic Ridge    
 

 

 

5.1. Motivation 

Mid-ocean ridges are complex structures created and evolved by a 

combination of tectonic, magmatic and hydrothermal processes. To 

investiate these geophysical processes and their relationship, the Mid-

Atlantic Ridge INtegrated Experiments at Rainbow (MARINER; Figure 

5.1) seismic and geophysical mapping experiment was conducted at the 

Rainbow area of the Mid-Atlantic Ridge (MAR) (Canales et al., 2017; Dunn 

et al., 2017; Eason et al., 2016; Paulatto et al., 2015). This study area 

consists of four ridge segments separated by three nontransform 

discontinuities (NTDs) including Rainbow NTD that hosts Rainbow massif, 

a 15 km-wide domed topographic high (Dunn et al., 2017). The Rainbow 

field, an active hydrothermal vent field, is located on the western flank of 

the massif and is mainly composed of 10 black smoker chimneys, with vent 

fluids temperatures up to ~365°C, unlike inactive low-temperature fields 

elsewhere in MAR (Charlou et al., 2002; Dunn et al., 2017; Tivey and 

Dyment, 2013). Canales et al. (2017) analyzed the seismic reflection data of 

the MARINER experiment and showed seismic images indicating a large 

number of magmatic sills distributed throughout the Rainbow massif at 

depths of ~2 – 10 km (Figure 5.2). They suggested that high-temperature 

hydrothermal systems can be driven by heat from hot or partially molten, 

sill-like intrusions.       

Dunn et al. (2017) presented three-dimensional seismic velocity 

structures of the crust and upper mantle at the Rainbow area near 36°14’N 

using seismic P wave refraction tomography from MARINER experiment 
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(Figure 5.3). Based on seismic velocity structures and geophysical data, 

they concluded that the lower crust is formed by repeated injection of small 

melt bodies along the ridge axis. They also suggested that the Rainbow 

massif consists of uplifted mantle material interspersed with gabbroic 

intrusions. The top parts of the massif are heavily serpentinized, but this 

contrasts sharply with a warmer interior, because higher temperatures limit 

serpentinization. The thermal structure, which is related with the episodic 

nature of melt intusions, may result in the sharp boundary between the high-

velocity interior and low-velocity exterior (Dunn et al., 2017). Since Dunn 

et al. (2017) suggested that low velocity cap of the Rainbow massif 

indicates an extensive near-surface alteration zone due to low-temperature 

fluid-rock reactions, it may be useful to model the low-temperature fluid-

rock reactions using rock physics theory. Dunn et al. (2017) also suggested 

that seismic images within the interior of the massif indicate a mixture of 

peridotite and gabbroic intrusions with llittle serpentinization, and that 

diffuse microearthquakes activity indicates a brittle deformation regime 

supporting a broad network of cracks. Thus, it may be needed to predict the 

seismic velocities of peridotite-gabbro mixture and the effect of crack 

network on the variations in seismic velocities. 

Dunn et al. (2017) drew on various data sets from their study area to 

interpret the seismic images, including bathymetry and gravity (Paulatto et 

al., 2015), sonar backscatter (Eason et al., 2016), microseismicity (Horning, 

2017), seismic reflection images (Canales et al., 2017), and seafloor sample 

compositions (Sigurdsson, 1981; Stakes et al., 1984; Fouquet et al., 1997; 

Gale et al., 2013; Andreani et al., 2014). However, the predicted seismic 

velocities were not used in this study. Modeling of the seismic properties of 

the crustal and upper mantle rocks may improve the interpretation of the 

seismic images because it is useful to understand what controls seismic 

velocities. Thus, I propose a study on modeling the seismic properties of 
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rocks using the effective medium theory to understand the geologic and 

tectonic processes in the Rainbow massif. 

 

 
Figure 5.1. Study area and experiment network by Dunn et al. (2017). (a) 

Regional tectonic map of the Mid-Atlantic Ridge. (b) Bathymetry map of 

the experiment area. A red star indicates the location of the Rainbow vent 

field. (c) Layout of the seismic experiment.  
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Figure 5.2. Interpretation of the seismic reflection images by Canales et al. 

(2017). (a) Shaded topography of the Rainbow non-transform discontinuity 

colored according to P wave velocity (Vp) variations relative to average at 1 

km below seafloor. (b) 1-D Vp profiles. (c) Perspective views of the 

Rainbow massif and subseafloor seismic structure showing sill reflectors 

beneath the hydrothermal vent fields. (d) Line 110 shows prominent west- 

and east-dipping reflectors coincident with large lateral variations in seismic 

velocity.   
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Figure 5.3. Interpretation of the seismic and geological information by 

Dunn et al. (2017). (a) Seismic reflection image from Canales et al. (2017). 

(b) Seismic tomographic image along with geologic interpretation. (c) 

Cartoon interpretation of the Rainbow core complex internal structure.  
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5.2. Seismic tomographic results beneath the Rainbow massif 

Tomographic images at the segment scale show a wide band of 

higher P wave velocities (Vp) than averages, which extends along the deep 

bathymetric wake of the Rainbow NTD (Figure 5.4). Based on the 

laboratory and seismic studies, the highest velocities expected for a 

gabbroic lower crust are ~7.2 km/s (Dunn et al., 2017). A map view of the 

depth of the 7.2 km/s Vp isosurface, as a proxy for crustal thickness, shows 

that this band is strongly evident (Figure 5.5) (Dunn et al., 2017). The 

crustal thickness variations show that the depth variations of the 7.2 km/s 

contour correspond with ridge segmentation, indicating that the contour is 

deeper near ridge segment centers and shallower near ridge offsets (Dunn et 

al., 2017).  

Vertical cross sections show that the Rainbow massif is unusual 

compared to the neighboring spreading centers and ridge offsets (Dunn et 

al., 2017). For vertical sections oriented parallel to the plate boundary, the 

high Vp region beneath the massif is elongate, mostly dome shaped, and 

broader than the topographic expression of the massif itself (Figure 5.6, 

profiles A and E) (Dunn et al., 2017). For vertical sections oriented parallel 

to plate spreading, the high Vp region is narrower, with an asymmetric 

wedge-shaped structure (Figure 5.6, profiles B and C) that extends upward 

to the seafloor (Dunn et al., 2017). The Rainbow hydrothermal vent field is 

located just west of the peak of high Vp wedge and above the high Vp 

gradient on the west side of the wedge (Dunn et al., 2017).           
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Figure 5.4. Seismic tomographic images by Dunn et al. (2017). Map views 

of Vp structure at different depths. Gray dashed curves outline the locations 

of the Rainbow, Pot of Gold, and Clurichaun massifs.  

 

Figure 5.5. Seismic tomographic images by Dunn et al. (2017). Map view 

of the depth of the 7.2 km/s Vp isosurface as a rough proxy for crustal 

thickness. 
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Figure 5.6. Seismic tomographic images by Dunn et al. (2017). Left 

column: Vertical cross-sections of Vp with contour interval of 0.4 km/s. 

Right column: Vp perturbation with 2% contour interval. All sections are 

taken at different azimuths (see A to E profiles on the map inset) across the 

Rainbow massif.  

 

5.3. Effect of serpentinization on seismic wave velocity and 

anisotropy 

Horen et al. (1996) presented the relationship between the seismic 

properties and the serpentinization by analyzing 6 peridotite samples of the 

Xigaze ophiolite (Tibet), having harzburgitic composition and a degree of 



 

206	 	

serpentinization ranging from 3% to 70%. Using the linear relation between 

density and serpentinization (Christensen, 1966), Horen et al. (1996) 

estimated the degree of serpentinization of the peridotites as well as seismic 

velocities at room conditions. Their results show that P and S wave 

velocities are linearly correlated with serpentine content (Figure 5.7) and 

that anisotropies of P and S wave decreases as serpentinization increases 

(Figure 5.8). The seismic anisotropy in fresh peridotites is about 6%, 

whereas for 70% serpentinization it decreases to 1% for P waves, and to 2% 

for S waves (Horen et al., 1996). Experimental data shows that the 

serpentine appears as a quasi isotropic network traversing the olivine, which 

is a major cause of seismic anisotropy in peridotites, and destroying its 

anisotropy (Horen et al., 1996). Petrographic examinations of the highly 

serpentinized rocks also show mesh textures with no significant orientation 

of serpentine (Christensen, 2004). Based on geological observation, seismic 

velocity data of peridotite samples of the Xigaze ophiolite are consistent 

with the partially serpentinized (up to 40%) peridotites in the oceanic crust 

at slow spreading ridges (Horen et al., 1996).  

Seismic properties of ultramafic rocks are controlled by the variety 

of serpentine present and the proportion of olivine to pyroxene and 

abundances of accessory minerals formed during serpentinization 

(Christensen, 2004). In regions where seawater penetrates into the upper 

mantle, lizardite-chrysotile-bearing serpentinites are abundant (Christensen, 

2004). For ultramafic rocks ranging from relatively pure lizardite-chrysotile 

serpentinites to unaltered peridotite, P wave velocity measured at confining 

pressure of 1 GPa decreases with increasing serpentinization from 

approximately 8.3 km/s to 5.0 km/s (Christensen, 1966; 2004). S wave 

velocities also decrease with increasing serpentinization and the Vp/Vs ratio 

increases from 1.78 to 2.21 with increasing serpentinization (Christensen, 

1966; 2004). The ultramafic rock velocities and densities, compiled by 

Christensen (2004), showed that the velocities at 200 MPa and 200°C, 
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which are appropriate conditions for oceanic lower crust and upper mantle, 

decrease as density and volume percent of lizardite-chrysotile serpentine 

increase (Figure 5.9). Poisson’s ratios calculated from the least squares 

solutions of Figure 5.9 increase as volume percent of lizardite-chrysotile 

serpentine increases (Figure 5.10) (Christensen, 2004). Since the 

serpentinization results in reaction products such as brucite, magnetite, 

chlorite, talc, tremolite, and magnesite that accompany the formation of 

serpentine, measurements of the elastic properties of relatively pure 

crystalline aggregates are important to calculate the average velocities of 

single crystals (Christensen, 2004).  

 

 

Figure 5.7. Relationship between seismic velocities measured at 

atmospheric pressure and percentage of serpenine estimated by Horen et al. 

(1996). 
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Figure 5.8. Relationship between seismic anisotropies of P and S waves 

measured at atmospheric pressure and percentage of serpentine estimated by 

Horen et al. (1996).   

 

 

Figure 5.9. Velocity variations at 200 MPa and 200°C as a function of 

density and volume percent of lizardite-chrysotile serpentine analyzed by 

Christensen (2004).  
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Figure 5.10. Poisson’s ratios as a function of volume percent lizardite-

chrysotile serpentine calculated from the least squares solutions of Figure 

5.8 by Christensen (2004). 

 

5.4. Modeling for ultramafic rocks at the Rainbow massif  
Rainbow massif appears to be dominated by uplifted mantle material 

with lesser amounts of gabbroic intrusions (Figure 5.3b) (Dunn et al., 2017). 

For the low Vp regions that cap and surround the interior high Vp wedge, Vp 

less than 5 km/s is too low to be consistent with a pure serpentinite material 

assuming a Vp of 5 km/s for a 100% serpentinized peridotite (Dunn et al., 

2017). As Dunn et al. (2017) mentioned, a mix of serpentinite with lesser 

amounts of altered gabbro and cracks/pores would be consistent with the 

observed velocities. To confirm this hypothesis, it is required to model the 

seismic velocities of a mixture of serpentinite with altered gabbro and 

cracks/pores. In this study, the effective medium theory can be used to 

predict the seismic velocities of a composite rock as a function of volume 

fraction of inclusions (e.g., altered gabbro or cracks/pores) as well as a 

function of aspect ratio of inclusions. Based on the information of the 
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dominant rock types reported from dredged and drilled data along the MAR 

(Guillot et al., 2015), serpentinized harzburgites and olivine-bearing 

gabbros can be used as components of ultramafic rocks at the Rainbow 

massif. The effect of cracks on the seismic velocities can be also predicted 

using the effective medium theory such as the differential effective medium 

theory and the self-consistent approximation.   
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요약 (국문초록) 

 

 

탄성파 토모그래피는 탄성파 속도 구조를 영상화하여 지구 내부 구조에 

대한 지식을 향상시킬 수 있는 기법이다. 암석 물리 이론에 따르면 

균열종횡비가 작은 얇은 균열들이 존재하는 경우 다공성이 증가함에 

따라 Vp/Vs 가 증가하는 반면에, 균열종횡비가 큰 두꺼운 균열들은 

Vp/Vs 를 감소시킨다.  

본 학위논문에서는 탄성파 토모그래피로 산출한 Juan de Fuca 

Ridge 의 Endeavour segment 지역 상부 해양 지각의 3 차원 속도 구조와 

함께 속도 구조 해석을 위해 적용한 이론적 방법인 차등 유효 매질 이론 

(differential effective medium theory; DEM)을 제시한다. 탄성파 속도 

구조 산출을 위해서, Endeavour segment 의 상부 해양 지각을 전파하여 

기록된 P 파와 S 파의 굴절파를 복합역산 기법을 이용하여 분석하였다. 

P 파 주행시간만을 이용해서 토모그래피를 수행한 이전 연구에서 탄성파 

비등방성이 축상에서는 높지만 축에서 5 – 10 km 정도 멀어질수록 

감소하는 것으로 나타났으며 이는 열수 순환과 관련된 광물 석출에 의한 

균열 막힘때문이라고 보고하였다. Endeavour segment 에서의 굴절파 

복합역산 결과, 해령 축에서는 Vp/Vs 가 낮고 축에서 5 – 10 km 떨어진 

지점에서는 Vp/Vs 가 높아진다. 이러한 결과에 DEM 결과를 적용하면, 

얇은 균열에 대한 두꺼운 균열의 존재 비율이 해령 축상에서부터 

멀어질수록 감소하는 것을 지시한다. 해령 축 하부에서는 두꺼운 균열이 

열수 순환의 상승 파트에 필요한 장기간의 유체 도관 역할을 하는 것으로 

보이며, 해령 축 측면에서는 열수 순환의 하강 파트에서 일어나는 광물 
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석출로 인해 두꺼운 균열이 점진적으로 막히고 얇은 균열의 비율이 

증가하여 투수성이 감소하는 것으로 보인다.   

DEM 은 유효 매질 이론 (effective medium theory; EMT) 중 

하나로 암석의 탄성파 속도 및 비등방성을 모델링하는 데 이용된다. 본 

학위논문에서는 ‘GassDem (Gassmann Differential effective medium)’ 

이라고 명명된 매틀랩 (MATLAB) 프로그램을 제시하고 몇 가지 모델링 

예시를 사용자들이 실습할 수 있도록 설명한다. 이 소프트웨어는 DEM 

뿐만 아니라 Gassmann (1951) 이 제안한 다공성-탄성 관계 이론을 

바탕으로 암석 미세구조 데이터를 토대로 탄성파의 비등방성을 

모델링한다. DEM 은 두 가지 구성 성분인 배경 암석과 포함물로 

이루어진 합성물에 대해서 모델링한다. 다공성, 균열의 기하학적 구조, 

균열 내의 유체 종류와 같은 암석 미세구조를 포함물의 특성으로 

고려하여 모델링에 포함시킬 수 있다. Gassmann 의 다공성-탄성 관계 

이론을 DEM 과 결합하여 유체-포화상태의 암석에 대한 탄성 특성을 

계산할 수 있고, 감쇄 또한 산출할 수 있다. 암석의 탄성 특성을 예측하는 

방법과 관련하여 자가-부합적 근사법 (self-consistent approximation; 

SCA) 또한 많이 사용되고 있는 EMT 중 하나이다. SCA 는 다결정 

암석과 같이 복수의 구성성분으로 이루어진 합성체에 대한 모델링에 

사용된다. 본 학위논문에서는 SCA 모델링을 위한 MATLAB 소프트웨어 

AnisEulerSC (Anisotropy from Euler angles using self-consistent 

approximation) 를 제시하고 몇 가지 예시에 대해 설명한다. SCA 

기법으로 구성 광물의 부피비, 각 광물의 격자 선호 방향, 단결정 탄성력 

상수를 이용하여 암석의 비등방적 탄성 특성을 예측할 수 있다. 또한, 

모양 선호 방향과 같은 특성도 SCA 모델링에서는 고려할 수 있다. 
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여러가지 SCA 모델링 예시들은 단 2% 의 균열 다공성만으로도 탄성파 

비등방성이 변화할 수 있으며, 이러한 속도 변화 및 비등방성의 정도는 

균열 모양과 정렬 방향에 좌우된다는 것을 보여준다. DEM 과 SCA 가 

단순 평균 기법들보다 복잡한 방법이긴 하지만, 본 학위논문에서 제시한 

두 개의 MATLAB 프로그램인 GassDem 과 AnisEulerSC 는 각각 DEM 

과 SCA 모델링을 할 때 손쉽게 사용할 수 있는 툴을 제공함으로써 

지각과 맨틀의 암석의 탄성 특성을 모델링 하여 탄성파 속도 구조를 

해석할 때에 유용하게 활용될 수 있다.                      

 

주요어: 탄성파 토모그래피, 탄성파 속도 및 비등방성, 상부 해양 지각, 

유효 매질 이론, 차등 유효 매질 이론, 자가-부합적 근사법  

학번: 2012-30093 
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