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Abstract

Percolation transitions in growing
networks and simplicial complexes

Soo Min Oh
Department of Physics and Astronomy
The Graduate School

Seoul National University

Percolation theory can explain the formation of a giant cluster in a system.
About a decade ago, various types of local suppression rules were proposed
to alter the transition types into explosive percolation (EP) transitions and
these rules suppress the growth of larger clusters but support those of smaller
ones. When the growth of the large cluster is locally suppressed in static
networks whose total number of nodes in the system is fixed, explosive per-
colating behavior of the order parameter, which is the giant cluster size,
can be observed but it remains continuous not discontinuous. However, the
types of percolation transitions in static networks become hybrid when the
growth of the large cluster is globally suppressed. In the real world, the sys-
tem grows and we thus consider the growing network where the total num-
ber of nodes in the system increases with time. To investigate the properties

of EP transitions in these types of systems, we first derive the rate equation



of the size distribution for various models. Our findings confirm that the
order parameter exhibits the second-order phase transition under the local
suppression rule, but the first-order phase transition under the global sup-
pression rule. More realistically, considering that multi-body interactions in
the real world can be explained by simplexes and degree distribution is scale
free, we extend the growing networks to the growing scale-free simplicial
complexes (GSFSC). In GSFSC under the suppression rules, the transition
types are similar to those of the case of networks. Finally, we investigate the
features of the percolation variables using supervised and unsupervised ma-
chine learning approach. Especially we confirm that features of parent node
number and occupation number configurations are the giant cluster sizes and
occupation probabilities, respectively, in the two-dimensional bond (site)
percolation. Based on these results, we learned successfully classification
and regression machines in networks by using supervised learning analysis.
This work helps to understand the properties in general growing system and
revealed that the machine learning approach is applicable to networks as

well as lattices.

Keywords : Percolation transition, Explosive percolation transition, Dis-
continuous percolation transition, Rate equation, Generating function, Fi-
nite size scaling theory, Scale-free, Simplicial complex, Machine learning
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[3.27. Schematic illustration of the -GRN model with g = |

| 0.4. Nodes are represented by circles. R(7) is repre- |

| sented by light gray region and R¢(7) is done by dark |

| grey region. Solid line between two nodes represents |

| a link. In (a), the system starts at five clusters with |

| sizes (1,1,2,2,4), respectively, and the total number |

| of nodes N(t) = 10 with Sg =2 and [gN| =4 att =9. |

| After one time step, a new node (red open circle) 1s |

| added, and N(7) becomes 11 with Sg =2 and [gN | =5 |

| at = 10. Two 1solated nodes (filled light grey) m R |

| and are merged. (b) Next, a new node 1s added, and so |

| N(t)=12,Sg=2,and [gN | =5att = 11. In this case, |
[ onenode of the cluster of size two 1n set R movesto |

| set R®. The newly added node 1s merged with the clus- |

| S R Thisd R and l

| the cluster of size two on the boundary moves to R. (c) |

| Next, a new node is added with N(¢) = 13, Sg =2, and |

| |gN| =6 atr = 12. Selected nodes are not connected |

| with probability 1 — p. (d) Next, a new node 1s added |

| with N(f) = 14, Sg = 2, and [gN] = 6 at 7 = 13. And |

| just one node of the cluster of size two 1n set R moves |

| K ] IS R and e ol l

| of size three in R® are merged, belonging to R®. The |

| cluster of size four in R lies on the boundary and the |

| cluster of size two on the boundary movestoR.| . . . . 46
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3.28.

Cluster size distribution n,(p) as a function of s and

p for given g: In this case, g = 0.4 are taken. (a) 3D

plot of ny(p) as a function of s and p. Plots (b)-(d)

are obtained with several fixed p for n,(p). (b) For

p < pp, ng(p) follows ~ s~ with T > 3. The slope of

the dotted guide line 1s —3. Solid lines are obtained for

p=0.472576 =~ pp, 0.4, 0.3, 0.2, and 0.1 from right to

lett. (c) For p;, < p < p., in the small-cluster-size re-

gion, ny(p) decays exponentially up to Sg and then ex-

hibits power-law decay behavior with 2 < 7 <3.Solid,

dashed, and dashed-dotted lines represent for pg, with

Sk = 2,10 and 23, respectively. Dotted line 1s a guide

line with slope of —2. (d) For p > p., ni(p) expo-

nentially decay. Solid curves represent n(p) for p =

0.6596, 0.7, 0.8, 0.9, and 1.0 from right to left. Dotted

curve 1s an exponentially decaying guide curve. Plots

(e)-(h) are obtained with several values of s for ny(p).

(e) Plot of nj(p) versus p. A crossover exists at p;. (f)

Plot of ny(p) versus p. Two crossover behaviors oc-

cur at p; and p,, where p; < p». (g) and (h) Plots of

n3(p) and na(p) versus p, respectively. Symbols rep-

resent simulation results, and solid lines are analytical

results. Dotted vertical lines represent pg, for Sg =

1,2.3, and 4 at ps,—; = 0.428571, ps.—> = 0.565302,

Pse—s = 0.612016, and ps,—s =0.632728.] . ... ..
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329

Plot of p. — ps, versus Sg for g = 0.4. When p., =

0.65948(1), a power-law decay appears. . . . . . . .

51

[3.30.

Semi-log plot of p* — ps,. versus Sg. p* — ps, decays

exponentially as Sg increases but it’s always larger

than zero for finite Sk values. So p* is larger than pg,

for any finite Sg.| . . . . . ..o

B3T.

Plot of G and 1/(s) as a function of p. For g = 0.2 in

(a) and (d), g = 0.4 1n (b) and (e), and g = 0.6 1n (c)

and (1), respectively. Symbols represent the simulation

results for N = 10* (), 10° (/\), 10° (O), and 10’

(0). Each data point was averaged over 10° times. The

solid (red) lines are calculated from f(1) and f'(1) for

G and (s), respectively. The two vertical dotted lines

represent pp and p. (pp < pe)-| - - o oo oo

330

(a) and (b) show the phase diagrams of the r-GRN

model and -PIN model with 0 = 0.7, respectively.

Symbols A and () represent p, and p.. ny(p) de-

cays following a power law with T > 3 1n the infinite-

order-type critical region and 2 < 7 < 3 1n the second-

order-type critical region. Thus, the mean cluster size

1s finite and diverges, respectively. As g approaches

one, two phase boundaries converge to the conven-

tional transition point p. = 1/8 of the GRN model,

represented by M, and p, = 0.12(1) in the PIN model

with 0 = 0.7, represented by ¢| . . . . . . ... ...
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[3.33. Plot of 7 versus p for different g. T becomes two as |

p approaches p. for any g. The black dashed curve 1s |

a guide curve representing 1 + 1/p, which is obtained |

from the limiting case Sg = 1,1.e.,g—0] . . . .. .. 59

13.34. Plot of the total number of clusters n. versus p for |

g = 0.4. The red solid line 1s obtained from the rate |

equation integrating the cluster size distribution. The |

open circles represent the numerical simulation data |

for N = 10°, averaged over 10* configurations. The |

black vertical dotted line represents p. forg=0.4| . . 59
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[3.35. Plots of the cluster size distribution n(p) of the r- |

PIN model as a function of s in different p regions. |

We binned simulation data logarithmically for N = |

2'% % 10* averaged over 10° configurations. g = 0.4 |

and 0 = 0.7 are taken. Three cases of ny(p) are dis- |

tinguished: (a) For p < py, ny(p) asymptotically fol- |

lows the power law ~ s~ © with T > 3. The slope of the |

dotted guide line 1s —3. Solid lines are obtained for |

p =0.29 = py, 0.25, 0.20, 0.15, 0.10, and 0.05 from |

right to left. (b) For p;, < p < p., 1n the small-cluster- |

size region, ny(p) decays exponentially and then ex- |

hibits power-law decay behavior with 2 < 7 < 3. Solid |

(black), dashed (red), and dashed-dotted (blue) lines |

represent ps,, where Sg =2 (p =0.29),3 (p = 0.35), |

and 17 (p = 0.423), respectively. Two dotted lines are |

guidelines with slopes of —2 and —3. (c) For p > p,, |

ng(p) for finite clusters shows exponentially decaying |

distributions. Solid curves represent p = 0.43, 0.50, |

0.60, 0.75, and 0.90 from right to lett. Dotted curve 1s |

an exponentially decaying guide curve.|. . . . . . . .. 61

Xviil

T
=

,aﬁ e I_'_” 'E:'} T



336

Plot of G and 1/(s) for the »-PIN model as a func-

tion of p for g = 0.4 1n (a) and (c), and for g = 0.6 1n

(b) and (d), respectively. Symbols represent numerical

simulation data for N = 2> x 10* (), 2% x 10* ((/\),

and 2'* x 10* ((O). Each data point was averaged over

10” configurations. The two vertical dotted lines rep-

resent ppand p. >pp . . . ..o

B37.

Schematic plots of the order parameter G and the 1n-

verse mean cluster size 1/(s) for the (a) ER, (b) r-ER,

(c) GRN, and (d) -GRN models.|. . . . . . ... ...

65

38,

(Color online) Phase diagram of growing scale-free

simplicial complexes for (a) d = 1 (link), (b) 2 (tri-

angle), (c) 3 (tetrahedron), and (d) 4 (5-cell) in (p,a)

plane, where p and a are the probability, which rep-

resents the facet density, and the 1nitial attractiveness,

respectively. Each solid line represents the critical line

satisfying p = p.(d,a). The giant cluster exists in the

region above each critical line for p > p.(d,a), while

1t 1s absent 1n the region bellow each critical line for
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|4.39. (Color online) Plots of T versus p in growing scale- |

free simplicial complexes for (a) d = 1 (link), (b) 2 |

(triangle), (c) 3 (tetrahedron), and (d) 4 (5-cell). Red |

(a =0.5), green (a = 1.0), and blue (¢ = 2.0) sym- |

bols represent the results obtained from measures by |

solving numerically the rate equation of size distri- |

bution. Each solid line 1s the analytic solution T = |

3+4y/—a/(1 —2/—a). For each plot, dotted lines |

from the left represent the critical points for a = 0.5, |

1.0,and2.0.0 . ... .. ... oo 91
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15.40. (Color online) Schematic illustration of the machine |

| learning (ML) process in our convolutional neural net- |

[ works. We first introduce the ER and r-ER networks |

| starting at N = 20 1solated nodes and the parents of all |

| nodes are themselves at the beginning. When two clus- |

| ters are merged as the network grows, parents of all |

| nodes 1n cluster with smaller number of parents node |

| are changed 1nto parents of all node 1n other cluster |

| before the merger. For given time ¢, the parents node |

[ numbers of all nodes are embedded into sites onthe |

| one dimensional lattice of length size 20. The feature |

| of this embedded information 1s learned through suc- |

[ cessive convolutional and pooling layers twice with |

| several filters. kernel size of convolutional layer 1s 4 |

| and pool size of pooling layer 1s 4. The values of sites |

| 1n the last pooling layer are flattened and goes through |

| a fully connected network to classify or regress the |

[ information in the network. For the classification ma- |

| chine, the activation functions of output layer and the |

| other layer in FCN are softmax and the scaled expo- |

| nential linear units (SELUs) functions, respectively. |

| For the regression machines, the activation function of |

| all layer in FCN are SELU functions. Loss function 1s |

| mean squared error and optimizer 1s Adam for training |

| ourmachmes.|. . . .. ... ... ... ... ..., 95
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[5.41.

(Color online) For data from Monte Carlo (MC) sim-

ulations, plots of the averaged parent node numbers of

nodes 1n the giant cluster versus the giant cluster size

for the system size N /107 = 2’ with 1000 realizations

for (a) ER and (b) r-ER networks. The color of data

point represents the link density. The closer link den-

sity ¢ to 0 the more blue it becomes, meanwhile the

[ closer its value to 1.2 the more red it becomes. When |

t =t., the color 1s light gray. Spearman correlation co-

efficients, between the parent node numbers of nodes

1n the giant cluster and the giant cluster sizes, are 0.89

for ER and 0.90 for r-ER networks. Hence, our results

confirm that the probability, that parent node number

of the node 1n the giant cluster 1s the largest, increases

withtime¢. | . . . . . . . . . ...

[5.42.

(Color online) For the classification machines of ER

networks, plots of (a) output values (y;,y,) versus the

link density 7. Training regions are shaded in orange.

(b) Plot of 7. —#./(N) versus N, where the asymptotic

behavior of t./(N) follow 1. —t./(N) ~ N~ /¥ with 1. =

0.50(1) v' =3.0(1). (c) Plot of (y;,y2) versus (¢, —

t)N 1/V" and all data are collapsed to a single curve with

the estimated f.and V'.| . . . . . . .. ... ... ...
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[5.43.

(Color online) Plots of the retrieved values Gy from

regression machines versus the giant cluster sizes Gy

from Monte Carlo (MC) simulations for (a) training

and (b) test results in ER networks for the system size

N/10° =2".1n (a), the pixel of (0,0) has been enlarged

to make 1t more visible. (c) The corresponding plot

of the giant cluster size (black solid line) from MC

simulation versus ¢, compared to the retrieved value

(red open circles) from the regression machine versus

[5.44.

(Color online) (a) Plot of t.(N) —t.. versus N for N/10* =

22 — 27, The value of #.(N) is defined as the link den-

sity where dG(t)/dt is the maximum. Assuming that

1.(N) follow t.(N) —t. ~ N~'/V" one can get 1, =

0.50(1) and v* = 3.0(1). From the finite size scaling

formula G(1) = N~P/V f((t —t.)N'/V), data points for

all system sizes are collapsed to a single curve with

t.=0.5(1) and v = 3.0(1) in (b) plot of GNP/" versus

(t —t.)N'/V. All data points above are obtained from

our trained regression machines for ER network.| . . . 100
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[5.45.

(Color online) For the classification machines of r—ER

networks, plots of (a) output values (y;,y,) versus the

link density 7. Training regions are shaded in orange.

(b) Plot of 7. —#./(N) versus N, where the asymptotic

behavior of 7./(N) follow 7, —t./(N) ~ N~'/V' with

. = 0.725(2) v' = 1.8(1). (c) plot of (y;,y») versus

(t.—1)N'/V" and all data are collapsed to a single curve

with the estimated . and V'.| . . . . . . ... .. ..

[5.46.

(Color online) Plots of the retrieved value Gy from

regression machines versus the giant cluster sizes Gy

from MC simulation for (a) training and (b) test re-

sults in -ER networks for the system size N /10*> = 2.

In (a), the pixel of (0,0) has been enlarged to make

1t more visible. (c) The corresponding plot of the gi-

ant cluster size (black solid line) from MC simulation

versus ¢, compared to the retrieved value (red open cir-

cles) from the regression machine versusz.| . . . . .
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[5.47. (Color online) (a)Plot of Gy — Go(N) versus N for g = |

| 0.8 for N/10° = 2° — 2/ including additional sizes |

| of N/10*> = 23, 45, and 90. When Gy = 0.29(3), a |

| power-law decay appears. (b) Plot of z. —#.(N) ver- |

| sus N for N/10> = 2> —2'. The value of .(N) is de- |

| fined as ¢ intercept of the tangent of G(¢) at the point |

| where dG(t)/dt is the maximum. Assuming that 7.(N) |

| follow 7. —1.(N) ~ N~'/V" one can get 7, = 0.725(2) |

| and v* = 1.8(1). From the finite size scaling formula |

| G(t)—Go=N"P/Vf((t —1,)N'/V), data points for all |

| system sizes are collapsed to a single curve with 7, = |

| 0.725(2), Go = 0.29(3), B = 0.32(3) and v = 1.8(1) |

| in (c) plot of (G — Go)NP/V versus (r —t.)N'/V. All |

| data above are obtained from our trained regression |
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Chapter 1

Introduction

1.1 Percolation

Percolation is a simple yet basic model for understanding the emer-
gence of a giant component as links are occupied with a certain proba-
bility between each pair of nodes in a system [1, [2]. This simple model
has been applied to a variety of real-world phenomena such as the sol-
gel transition [316]], spreading of epidemic diseases [/H10], and the metal-
insulator transition [11]. Conventionally, a percolation transition is second-
order [1, 2]]; however, interest in other types of percolation transitions such
as first-order [12], infinite-order [13} [14] or mixed-order [[15]] phase transi-
tions has increased recently. This trend has been triggered by the explosive
percolation (EP) model [16] and an cascading failure model in interdepen-
dent networks [17,[18]].

An EP model was introduced aiming to generate a discontinuous per-
colation transition, in which two potential edges are chosen randomly, and
then an actual connection is made by the edge that produces the smaller
component. After extensive researches were performed, it turned out that
the EP model undergoes a second-order transition in the thermodynamic
limit [|19} 20]]. However, the EP transition can be discontinuous under suffi-

cient global information [21]]. The critical exponent 3 of the order parameter



for the original EP model is extremely small [[19], implying that the order
parameter increases drastically at a transition point. Moreover, transition
properties of the EP models are unconventional [22]. Extensive researches
were performed mainly in static networks, in which the number of nodes are
always fixed from the beginning. However, real-world phenomena related to
such a drastic increase of the order parameter can be observed in growing
social networks [23]. Nevertheless, the EP transition in growing networks
has not been investigated in detail [24} 25]]. Thus, we aims to investigate an
EP transition in growing networks, based on our previous researches in [26-
28]]. In this thesis, we investigate the percolation transitions in growing net-
works and simplicial complexes, and we finally expect that our studies help

the development of researches in complex networks.

1.2 Two models: the growing and the static net-

work models

There are many percolation models in lattice, networks, etcetera but in this
paper we focused on the percolation in networks. Networks consists of
lines(edges) and nodes(vertices). In this section we introduce Erdés-Rényi
(ER) an Callaway networks model which are classical percolation models

in networks.

1.2.1 Callaway network model

Callaway networks model, which is the growing random networks

(GRN), is introduced in 2001 [14] where the giant cluster size exhibit the



infinite-order phase transitions. This model starts at the Ny isolated nodes
and a new node is added to the system every time step ¢. Sequentially, two
nodes are randomly selected and they are linked with probability p.

In this system, the order parameter, i.e., the relative giant cluster size,
G(p) is zero for p < p. and increases continuously for p > p. in the essen-

tially singular form

G(p) ~exp(—a/v/p—pc), (1.1)

where a is a positive constant and the transition point p. is p. = 1/8. Thus,
the PT is infinite-order. In this case, the cluster size distribution n,(p) fol-
lows a power law n; ~ s~ without any exponential cutoff in the entire re-
gion of p < p. [13} 14, 26} 29]]. Thus, the region p < p. is often referred
to as the critical region. The exponent T decreases with increasing p and
approaches 7 = 3 as p — p. from below [13| 29]. Thus, the mean cluster
size, (s) = Zsszns, is finite for p < p.. Moreover, for p > p, ng(p) of finite
clusters decays exponentially. Thus, (s) is finite. These properties of a PT
of growing networks are different from those of a second-order PT of static
networks [2| [14, 2426, [30]. This model can be extended to the growing
scale-free networks introduced by Dorogovtsev in Refs. [29} 31 [32]], as real

networks are scale-free networks [|33-35]]

1.2.2 Erdés-Rényi (ER) network model

ER networks model is introduced in 1959 [36] is one of the percolation

models which undergoes continuous phase transition. This ER model is the



growth network model with randomly selecting two nodes to be linked at
each time ¢ and the total number of nodes N is fixed. And there is no giant
cluster if the average degree (k) is less than 1 in the limit N — o [37].
However, the giant cluster emerges at (k) = 1 and its size monotonically
increases as (k) increases with the order parameter (the relative size of the
giant cluster) critical exponent 3 = 1. The giant cluster size G follow G ~
(t —1.)P at the transition point 7. = 1/2. Moreover, the susceptibility, which
is the average cluster size, diverges at t = ¢, and the corresponding exponents
Y = 1. The exponents 7 and ¢ for the cluster size distributions are 2.5 and

0.5, respectively.

1.3 Suppression effects

We consider the local and global suppression effects. Under the local sup-
pression rules, the candidate nodes are selected with the limited information.
The examples of local suppression rules are minimal [26] and da Costa [19]
38-40] rules. On the other hand, the global suppression rule needs the in-
formation of all nodes in the system to select candidate nodes. we con-
sider the global suppression rule following the half-restricted process [41]]

in static [42] and growing [27} 28] networks.

1.4 Growing simplicial complexes

There are more than two-body interactions in the real world, and these multi-
body interactions [43H45]] can be explained by simplexes in simplicial com-

plexes [46] 47]. In this framework, considering that networks consist of 0-
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(a)/o (b) (c) i (d) i

Fig. 1.1: (Color online) Illustrations of d-simplexes for d = (a) 1, (b) 2, (c) 3, and
(d) 4. In each figure, O-simplex is represented by a open circle.

simplexes for nodes and 1-simplexes for edges, we extend the growing net-
works to the growing simplicial complexes where a 0-simplex is added to the
system and a d-simplex is added with probability p every time step. When
d + 1 number of O-simplexes are selected to compose a new d-simplex, each
0-simplex has a attractiveness of their facet degree with a initial attractive-

ness a, leading to the scale-free structure. Illustrations of d-simplexes are

presented in Fig.



Chapter 2

Local suppression effects in growing

networks

2.1 Minimal rule

2.1.1 Model

We consider two types of network models, growing and static. In a grow-
ing network, the number of nodes increases one by one at each time step,
whereas in a static model, the number of nodes remains fixed from the begin-
ning. Links are added one by one at each time step in both models according
the following rules:

(1) A growing networks begins with isolated nodes in a system. At each
time step, a node is added in the system and then m candidate nodes are
selected randomly. At time 7, when the number of nodes N(¢t) = 1 +1 is
less than m, all of the nodes are selected as candidates. When N(¢) > m, m
clusters to which the respective m nodes belong are identified. Some of those
clusters may be identical when they contain more than one selected nodes.
The two smallest clusters among those m clusters are selected, and the two
corresponding nodes are identified and are connected with probability p if
they are not already connected. When m = 2, this growing network model

reduces to the exponentially growing network model, which was proposed



by Callaway et al. [14].

(ii) For the static network model, N nodes are present from the begin-
ning and remain fixed. At each time step, m candidate nodes are selected
uniformly at random, and the sizes of the respective clusters where they be-
long are identified. The two nodes corresponding to the two smallest clusters
are connected with probability one. When m = 2, this static network model

reduces to the Erd6s-Rényi (ER) random network model [36].

2.1.2 Rate equation approach for the cluster size dis-
tribution

Growing network model with m = 3

Let ny(p,t) be the number of clusters of size s divided by N(¢), where p
denotes the probability that a links is connected between two selected nodes.

The rate equation of n(p,t) is given by

d(N(t ng . ) 5 o s 3
(Cgt)):p[ Z 3mi(Jnj) + Z 6zn,~]njcj+1+<2n§>

i+j=s;i<j i+ j=s5i<j

S 2 3 2 2
+3(2n5> (c%+1)—2(sns) —6(sns) cs+1—3(sns) (l—cs)
—3sny(csp1)” —6smy(1 —cs)csﬂ] + 81, 2.1

where n; denotes n;(p,t) and cs(p,t) =1 =, ,ini(p,t) to simplify the
notation. The first term, 3in;(jn;)?, of the right hand side of Eq. (2.1) comes
from the merging of two clusters of size i and j with i < j, which produces

a cluster of size s =i+ j. One node is selected from a cluster of size i



and the other two nodes are selected from either i) one cluster or ii) two
distinct clusters of the size j. However, the probability to occur the case i)
is jn;(j/N), which is much smaller than (jn;)? for the case ii), and thus
the first case was ignored. The factor 3 comes from the combinatorics of
the three possible clusters. For simplicity, this process is denoted as (i, j >
i, j > )it j—s- The second term comes from the process (i, j > i,k > )it j—s-
This means that the three nodes are chosen from the clusters of different
sizes i, j and k with the constraint i < j < k, and the two smallest clusters of
sizes i and j are merged. Since the size k can be arbitrary as long as k > j,
we used ¢ = ) ;. kny instead of kny. The factor 6 again comes from
the combinatorics. The third term comes from the process (3, 5, 5), which
represents that three nodes are chosen from three distinct clusters of size s /2.
Similarly, the fourth term comes from the process (3, 5,i > 5) which means
that two nodes are chosen from two distinct clusters of size s/2 and the other
node are chosen from a cluster of size k larger than s/2. Note that if two
nodes are chosen from the same cluster of size s/2, then there is no cluster
merging and the probability to occur this case becomes (57,/2)(s/2)(1/N),
which is smaller than (5n, /2)2. Thus, this case was ignored. The factor 3
again comes from the combinatorics. The third and fourth terms appear only
when s is even. Up to here all terms are for cluster creations.

The terms from the fifth to the ninth are for the annihilation of clusters
of size s. The fifth and the sixth terms come from the processes (s, s,s) and
(s,8,i > s), respectively. These two terms correspond to the third and the
fourth terms before. But the prefactors are two times bigger because two

clusters of size s merge and annihilate simultaneously. The seventh term



comes from the process (s, s,i < s) which represents that two nodes are cho-
sen from two distinct clusters of size s and the other one node is chosen
from a cluster of size i smaller than s. Again we remark that we ignore the
case that two or more nodes are selected from the same cluster, because that
case occurs with smaller probability than that of two or more nodes are se-
lected from individually distinct clusters in the limit N(¢) — oo. The factor 3
again comes from the combinatorics. The eighth term comes from the pro-
cess (s,i > s,i > s), which represents the case that one node is chosen from a
cluster of size s and the other two nodes are chosen from the clusters of size
i larger than s. The factor 3 again comes from the combinatorics. The ninth
term comes from the process (s,i < s,j > s) which means that three nodes
are chosen from three different clusters of size s, smaller than s and big-
ger than s, respectively. The factor 6 comes from the combinatorics. Overall
factor p is the probability that the determined two nodes are connected. The
last term & arises when a node is added every time step.

Based on this rate equation, we calculate ng(p) in the steady state up to
a certain size s*, for instance, s* = 10°. Note that n,(p) decays in a power-

law way as ng(p.) ~ s °

at a transition point p., and exhibits crossover
behavior ny(p) ~ s Fexp(—s/s.) for p # pe with s. ~ |p — p.|~/° [ 2.
When p > p., an infinite cluster exists separately from the finite clusters.
The percolation threshold is calculated as p. = 0.413842(1) using the crite-
rion that ny(p,) follows power law at p. as shown in Fig. Moreover, the
exponent 7 is determined to be T = 2.5. We also check the crossover behav-

iors for p < p. and p > p. in Fig. The exponent o is obtained by scaling
the plots of ny(p)s® versus s|p — p.|'/° for different p values. Fig. [2.3[can
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ng(p)

Fig. 2.2: (Color online) For growing networks with m = 3, plot of ny(p) vs s at
p = p. (blue solid line), p > p.(red dashed curves) and p < p.(black solid curves)
based on numerical values obtained from the rate equation. The transition point p,
is p. = 0.413842(1), and the exponent 7 is approximately 2.5. The black dashed
line is a guide line with slope —2.5.

be shown that the data are well collapsed on a single curve when o ~ 0.72.

Next, the order parameter is obtained using the relation, G(p) =~ 1 —

10° 10°
a b
o2 @ oz ®
"y 107 | "y 107}
S | p=036 —— S | =042
< 10%} p=037 —— < 10% "+ p=0.43
p=0.38 p=0.44
8| p=0.39 8| p=0.45
1071 =040 —— 1071 =0.46
10710 p=041 — ‘ 10710 p=047 —— =
10* 10° 102 18‘1 10° 10! 10% 103 102 10‘11/100 10* 102
s(pc'p) g s(p'pc) g

Fig. 2.3: (Color online) For growing networks with m = 3, plot of ny(p)s? versus
s|p — pe|'/@ for different values of p when (a) p < p. and (b) p > p,. Data for
different p values are well collapsed onto a single curve by choosing ¢ = 0.720(2)
and T =2.500(1).
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Fig. 2.4: (Color online) For growing networks with m = 3, plot of G(p) vs p. The
data points are obtained from the rate equation. Inset: The dashed line is a guide
line with slope 0.694(2).

ijl sng(p) [1L 2], where s* takes on several values to observe the effect
of the artificially established cutoff values. The order parameter follows
the power-law form, G(p) ~ (p — p.)B, where B = 0.694(2). The inset of
Fig. is a double logarithmic plot of the order parameter as a function
of (p — pc), which exhibits power-law behavior as expected. The obtained
value of f3 satisfies the hyperscaling relation f = (7 —2)/o [1}2]].

The mean cluster size (s) is obtained from the cluster size distribution
as (s) = >3 s?ns(p), which behaves like the susceptibility, (s) ~ (p —
pe) Y for p> p. and (p, —p)*y for p < p.. We also determine that y =y ~
0.696. The numerical values obtained from the rate equation are shown in
Fig. In the insets, (s) is plotted in double logarithmic axes as a function
of p— p. for p > p¢, and p. — p for p < p.. The exponent 7 satisfies the

well-known scaling relation y= (3 — 1) /o [1}2]].
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Fig. 2.5: (Color online) For growing model with m = 3, plot of the susceptibility,
that is mean cluster size, as a function of p. The data points are obtained from the
rate equation. Insets : Double logarithmic plots of {s) versus |p — p.| for p < p,
(left) and p > p, (right). The dashed lines are guide lines with slope —0.696(3).

Growing model with general m

We extend the rate equation in Eq. (2.1)) for m = 3 to arbitrary m as follows:

d(l\/c(;)m:p[’"‘lm<m_1> > ini(ing)" (ej)"

it j=s;i<j

r=2 r
m—1 m— 1 1
—Zm< . >(1—Cs) (sn5) (cse)™ | + 1. (22)
r=1

Again, the second term on the right hand side is valid only when s is even.
Repeating the steps taken in the case m = 3, we obtain the critical exponents

T, 0, B3, ¥, and the percolation threshold p. up to m = 10, which are listed
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Fig. 2.6: (Color online) For growing model with general m, (a) empirical plot of
1 — p. versus m. Data points of 1 — p, for different values of m behave like the
formula 1.81/m. (b) Empirical plot of 8 vs m. Data points of f3 for different values
of m behave like the formula 8 = 1/(m — 1.56). Note that the error bars are smaller
than the symbol sizes.

in Table 2.11

Following the conventional formalism for the second-order percolation
transition, we examine the scaling relation between the critical exponents
and their tendencies for m candidates. Note that the critical point p. and
critical exponent 3 behave like 1 — p. ~ 1.81/m and B ~ 1/(m — 1.56) as
shown in Fig. 2.6l However, a rigorous derivation of these formulas is still
necessary. Next, we determine the exponents T and ¢ for m =4--- 10 by
following similar steps used for m = 3. We find that the values are approx-
imately by the formulae t=2+1/(m—1) and 1/0 = (m — 1) as shown
in Fig. Furthermore, we determine that y = (m —2)f.
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Table. 2.1: Numerical estimates of the percolation threshold p., exponent of the
cluster size distribution 7, exponent of the characteristic cluster size o, exponent of
the order parameter 3, and exponent of the susceptibility v of the growing network
model for m = 3,---,10. 7% and B* were obtained from 7 =2+1/(m— 1) and
B* = 1/(m—1.56), respectively.

m Pe T T o B* B Y
3 0.413842(1) % 2.500(1) 0.720(2) 0.694 0.694(2) 0.696(3)
4 0.555873(1) § 2.333(1) 0.812(2) 0410 04102) 0.813(3)
5 0.642748(1) 2 2250(1) 0.858(2) 0291 0.291(1) 0.874(6)
6 0.701282(1) U 22001) 0.885(2) 0225 0.226(1) 0.9042)
7 0743370(1) 3 2.167(1) 0.905(2) 0.184 0.184(1) 0.922(2)
8 0775078(1) L 2.143(1) 0918(2) 0.155 0.156(1) 0.934(2)
9 0.799820(1) I 2.125(1) 0.928(2) 0.134 0.135(1) 0.944(3)
10 0.819663(1) Y 2.111(1) 0936(2) 0.119  0.119(1)  0.950(3)
05| (a) o) 0% [ (c)
14 0.90
. 0.4 . 13 0.85
L 03 = * 080
0.75
02 11 0.70
0'10.1 0.2 0.3 0.4 0.5 1'01.0 11 12 13 14 15 070 075 080 085 0.90 0.95
1/(m-1) (m-1)B (m-2)p

Fig. 2.7: (Color online) For growing networks with general m, formula testing for
the exponents of (a) the cluster size distribution 7, (b) the characteristic cluster size
0, and (c) the mean cluster size y, where the numerical data are obtained from the
rate equation. Data are fit reasonably to the straight line predicted by the formula,
and the error bars are smaller than the symbol sizes.

Static model with m = 3

We consider the evolution of static networks under the rule described at the

first in Sec. [2.1] In this case, the number of nodes is fixed all the way as N.
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The rate equation is written as

dny . . .. N 3
NZ: Z 3m,~(]nj)2—|— Z 61n,~]nj0j+1+<2n;)

i+ j=s5i<j i+ j=s;i<j

13 <;n§>2(s5+1) 2 (smy)® = 6(sm) eurt — 3(sm) (1 - cy)

—3sns(cs+1)2—6sns(1 —cs)cHl, 2.3)

where n; denotes n;(t) and ¢(t) = 1 = _,_,in;(¢). The terms on the second
line of Eq. related with 5 are valid only when s is even. In contrast to
the growing network, there is no steady state in the size distribution, and n;
depends on t. Accordingly it takes longer time to evaluate n(z) explicitly
compared with that of the growing network model. We obtain n,(¢) up to a
certain cluster size s* = 5 x 10°.

We determine the percolation threshold #. as shown in Fig. by the
criterion that the cluster size distribution follows power law at ¢.. It is ob-
tained that 7. = 0.849130(1) and n,(t.) ~ s with T ~ 2.105. For ¢ < t,
and t > 1., the cluster size distribution exhibits a crossover behavior as
ng(t) ~ s Fexp(—s|t —1.|'/%). Using the data-collapse method, we obtain
0 ~ 0.79 as shown in Fig.2.9]

Next, we consider the behavior of the order parameter G(¢) at time step

t. The order parameter is calculated using the relation G(¢) = 1 — Zfll sng(t).

We expect that G(t) ~ (r —1.)?, and obtain B = 0.133(1) in Fig.
We also obtain the mean cluster size or the susceptibility defined as (s) =
Zf;l s°ny(t). Following the convention, it behaves as (s) ~ |t —.|77. We

estimate that Y = 1.131(6) in Fig. The obtained exponent values 3 =
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Fig. 2.8: (Color online) For static networks with m = 3, plot of ny(t) vs s at t =
t.(blue solid line), ¢ > f.(red dashed curves) and ¢ < z.(black solid curves) based
on the numerical values obtained from the rate equation. The transition point #, is
determined as 7, = 0.849130(1) and the exponent 7 is determined as T = 2.105(5).
Black dashed line is a guideline with slope —2.105.

0.133 and y = 1.133 satisfy the scaling relation B = (1 —2)/c and v =

(3—1)/0, respectively.

|

—~
QD
~

()

$=0.84 #=0.86

#=0.83 #=0.87

45| t=0.82 45| t=0.88

10 #=0.81 10 #=0.89

#=0.80 #=0.90

i £=0.79 i $=0.91
1020 -3 ‘-2 ‘-l 0 1 1020 -3 ‘2 ‘-1 ‘0 ‘1
10° 10° 10" 10° 10 10° 10° 10 10° 10

s(tc-t)llo s(t-tc)lla

Fig. 2.9: (Color online) For static networks with m = 3, scaling plot of ng(r)s®
versus s|t — tc|1/  for different 7 that are (a) less and (b) greater than ¢.. Taking

T =2.105(5) and 6 = 0.790(1), the data for different ¢ values look collapsed onto
a single curve.
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Fig. 2.10: (Color online) For static networks with m = 3, plot of the order parameter
G(1) as a function of ¢. Inset : The dashed line is a guide line with slope 0.133(1).

6x10* : C

4x10%
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a
0.846 0.848 0.850 0.852
t

Fig. 2.11: (Color online) For static networks with m = 3, plot of (s) as a function of
t. Inset : Plot of the susceptibility, the mean cluster size as a function of t for > ¢,
(right) and ¢ < t, (left). The dashed lines are guide lines with slope —1.131(6).
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Table. 2.2: Numerical estimates of the percolation threshold ¢., exponent of the
cluster size distribution 7, exponent of the characteristic cluster size ¢, exponent
of the order parameter 3, and exponent of the susceptibility y of the static network
model for m = 2,...,5. Subsequently, 7 and * were obtained from 7% =2 +
B/[1+ (m—1)B] and B* = 0.465exp(—0.70m), respectively.

. T T c B* B Y

m

2 0.5 25 25 05  0.115 1 1

3 0.849130(1) 2.105 2.105(1) 0.790(1) 0.057 0.133(1) 1.131(6)
4 0939678(1) 2.037 2.037(1) 0.890(1) 0.028 0.042(1) 1.082(6)
5 0972672(1) 2016 2.0152) 0.940(1) 0.014 0.017(1) 1.050(4)

Static network model with general m

We extend the rate equation for m = 3 to an arbitrary value of m as follows:

dns i m—1 . . m—r r—
N =n(T0)) 3 mm) e

r=1 i+ j=s3i<j

m—1 m s m—(r—1) o
S (M)Gm) e

r=

m

. 2;—; (”:) (sm5)" (es1)™ " =m(sns) (€5t )mil
_Z_jlm<m— 1) (1= ) (5m) (ess)™ ™, s

r=1 d
where the second term of the right hand side is valid only when s is an even
number.

Taking similar steps used for m = 3, we determine the transition points
and critical exponent 8 for general m up to m = 15. We determine empir-
ically that these values behave asymptotically like 1 — p. =~ exp(—0.59m)
and 8 ~ exp(—0.70m), respectively. This conjecture was alluded to in [38],

39]]. A numerical test is shown in Fig.2.12]
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Fig. 2.12: (Color online) For static networks, (a) plot of 1 — ¢, versus m on a semi-
logarithmic scale. (b) Plot of the estimated values of the exponent 3 for general m
versus m on a semi-logarithmic scale. Asymptotically, the data points likely lie on
a straight line. The error bars are smaller than the symbol sizes.

Furthermore, we determine the exponent values 7 and ¢ for m =4
and m = 5 because of the instability of the cluster size distribution when
the exponents T and o are calculated in the vicinity of T = 2. The obtained
values are listed in Table Notice that that the values approximate the
formulas T =2+ f/[1+(m—1)B] and 1/0 = 1+ (m — 1), as shown in
Fig. 2.13] This conclusion is based on a previous analytic solution to the

model in [38},|39]]. Due to a slight difference in the dynamic rule, the value

051 (a) 201 (b) ()

04 18 110
03 516 o
. =

0.2 14 1.0

0.1 12

1.00
0.0 1.0
00 01 02 03 04 05 10 12 14 16 18 20 1.00 1.05 1.10 1.15
B/(1+(m-1)p) 1+(m-1)p 1+(m-2)p

Fig. 2.13: (Color online) For static networks, formula testing for the exponents of
(a) the cluster size distribution 7, (b) the characteristic cluster size o, and (c) the
mean cluster size ¥, where the numerical data is obtained from the rate equation.
Note that the data fit reasonably to the straight line predicted by the formula.

19 -



of m in our model corresponds to 2m in 38, 39]; thus, the analytic solution
in [38,139] is valid for our model by replacing 2m with m. This allows us to

obtain y =1+ (m —2)B.

2.1.3 Monte Carlo simulations
Growing network model with m = 3

To determine the exponents T and ¢ for the cluster size distribution, we nu-
merically perform Monte Carlo simulations of the growing network models
for different system sizes N/10* = 23 — 210; the ensemble average is taken
over 10* configurations.

We first examine the cluster size distribution for several values of p
around the transition point p. in Fig. The cluster size distribution fol-
lows power law at p. and exhibits crossover behavior of ny(p) ~ s~ T exp(—s

|p — pe|'/%). We determine p. = 0.4138(2) using the criteria that at p..,

100 — 100 —
107 | ol

. 107} . 107}

@0 @

210°} 510°}

< .| p=0.34 \ & .| p=0.
104+ 52035 10t Do

5| p=0.36 5| p=0.
109 £2037 \ 10} 520
10-6 p=038 4'7‘ ) 10-6 p=0
1072 1 ‘1/ 10° 1072
s(pc'p) °

Fig. 2.14: (Color online) To obtain 7 and o by Monte Carlo simulations for growing
networks, scaling plot of n(p)s® versus s|p — p.|'/®. Data are collapsed onto a
single curve by choosing 7 = 2.5 and ¢ = 0.72 for (a) p < p. and (b) p > p..
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Fig. 2.15: (Color online) To obtain B by Monte Carlo simulations for growing
networks, scaling plot of GNA/V versus (p — p.)N'/V for system sizes N/10* =
23 — 210 Data are collapsed onto a single curve with the values of 1/v = 0.35(3)
and B/v =0.24(3).

ng(pc) decays in a power-law way and the relative size of the largest cluster,

Gy(p), follows a power law, G ~ N~B/7_ Using the data-collapse method,

14| ‘ ‘ ‘ ‘ ‘ ]
12 | ; ]

* o8 P ]
0.6 | N X |
04 t x'”{j ;(a.. 1
0.2 L dmv“ﬂ""a’m "mkm:b%m o]

0.0

Fig. 2.16: (Color online) To obtain the exponent ¥ using Monte Carlo simulations
for growing networks, data collapse plot of (s)N~Y/¥ versus (p — p.)N'/V for the
system sizes N/10* = 26 — 210 in growing networks. The exponent values are y =
0.696 and 1/v = 0.35.
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we determine the exponent values of T and ¢ to be T~ 2.5 and ¢ ~ 0.72,
respectively, which are in good agreement with the values obtained by the
rate equation approach.

By measuring the exponent of the power-law behavior of Gy(p) and
using a finite-size scaling formula Gy (p) = N~B/Vf((p — p.)N'/V), we de-
termine the ratios 8/V = 0.24(3) and 1/V & 0.35(3), as shown in Fig[2.15]
We determine an exponent value of 8 = 0.69. These values are consistent
with those obtained from the rate equations.

The susceptibility is also examined by plotting it in scaling form, i.e.,
(s\N~Y/¥ versus (p — p.)N'/¥ with y = 0.696 and 1/¥ = 0.35 in Fig.
for different sizes N/10% = 2% —210; the ensemble average is taken over 10*
configurations. Notice that the data are well collapsed. This means that the

hyperscaling relation ¥ = 23 + ¥ does not hold.

Static network model with m = 3

To determine the exponents T and ¢ for the cluster size distribution, we
numerically perform Monte Carlo simulations of the static network models
for different system sizes N/10* = 20 —21°, The ensemble average is taken
over 10° for each data point. The cluster size distributions n(t) for differ-
ent times are plotted in scaling form, i.e., ny(t) ~ s~ Texp(—sl|t —1.|'/%), as
shown in Fig. Using the previously obtained values 7, = 0.84913(1)
and T =~ 2.1, we determine that the data for different ¢ are well collapsed
onto a single curve with o ~ 0.79.

Next, we consider the order parameter G(z) as a function of the time

step ¢ for different sizes N/10* = 2° — 219 The critical point . and critical
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Fig. 2.17: (Color online) To obtain the exponents 7 and ¢ using Monte Carlo sim-
ulations for static networks, data collapse plots of the rescaled cluster size distribu-
tion n(¢)s® versus s|t — .|/ for different time steps when (a) t < #. and (b) ¢ >z,
where 7 =2.105 and o = 0.79.

exponent 3 are determined using the scaling ansatz Gy (t) = N~P/V f((¢ —
1.)N'/V). Using the criterion that Gy(f) ~ N~P/V at t = 1., we determine
t. =0.84913(1) and /v ~ 0.06 in Fig. Moreover, all of the data for
different system sizes are systematically collapsed onto a single curve when
1/V 2 0.45, as shown in Fig. 2.18] This suggests that  ~ 0.133. The value
of B is consistent with the results obtained by the rate equation approach.
Finally, we study the susceptibility behavior as a function of the time
step. The susceptibility is also examined by plotting it in scaling form, i.e.,
(s)N~Y/V versus (r —t.)N'/V with y = 1.133 and 1/ = 0.45 in Fig.
Notice that the data are well collapsed. This means that the hyperscaling

relation vV = 23 + ¥ doe not hold.
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Fig. 2.18: (Color online) To obtain § using Monte Carlo simulations for static net-
works, data collapse plot of GNP/V versus (t —1.)N'/V for system sizes N/10* =
20 — 210 Data for different values of N are systematically collapsed near the tran-

sition point by taking 1/v = 0.45 and /v = 0.06.
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Fig. 2.19: (Color online) To obtain y using Monte Carlo simulations for static
networks, data collapse plot of (s)N~"/7 versus (p — p.)N'/V for system sizes
N/10* =27 — 219 where the exponent values ¥ = 1.133 and 1/V = 0.45 are used.
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2.1.4 Comparison of n,(p) for growing network mod-
els

It is interesting to note that the percolation occurring in growing network
models when m > 3 is a second-order phase transition, whereas it is of in-
finite order when m = 2. We investigate the cluster size distribution n;(p)
for m = 2. As shown in Fig. ng(p) decays in a power-law way when
p < p., while it exhibits crossover behavior when p > p.. The power-law
behavior of ny(p) when p < p. implies that the region p < p, is the critical
phase, which is noticeable in the infinite-order transition. Intuitively, when
p < pe, in the growing network, the fraction of nodes that belong to small-
size clusters is relatively low compared to the fraction for the second-order

phase transition model; for example, when m > 3 in Fig.[2.2] However, when

10°
10° ¢ 1
%10 10 | \\\ ]
N \ 3 S
107 LN ]
10-20 , . \ ‘\ \
102 10" 10® 10® 10* 10° 10°
S

Fig. 2.20: (Color online) For growing network with m = 2, plot of ns(p) versus s
at p = p. (blue solid line), p > p. (red dashed line), and p < p. (black solid line)
based on the numerical values obtained from the rate equation. The transition point

is p. = 0.125. For p < p,, ng(p) decays in a power-law manner, indicating that the
transition is infinite-order.
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m > 3, the density of large-size clusters is suppressed by the Achlioptas rule,
which leads to crossover behavior even for p < p.. Thus, the percolation

transition in growing networks for m > 3 is second order.

2.1.5 Analysis

In our minimal model that incorporates both growing and static Achliop-
tas processes, the results obtained from the rate equations and Monte-Carlo
simulations for the cluster size distribution are consistent. When m = 2,
the growing and static models correspond to the Callaway random grow-
ing model [[14]] and Erdds-Rényi model [36], respectively.

In the growing network model, as m increases from 2 to 3, the tran-
sitional nature of percolation changes from infinite-order to second-order
due to the Achlioptas process [[16]]. On the other hand, in the static model,
the order of the phase transition is the same as that of the second-order ER
model, but the order parameter exponent 3 decreases exponentially as m
increases and the transition becomes more explosive. The Achlioptas pro-
cess rule leads to the suppression effect against the growth of large clusters,
which causes the cluster size distribution in large-cluster regions to decay
exponentially; thus, the transition is second-order.

Moreover, in this paper, we showed that the critical exponent 3 de-
creases algebraically with m in growing networks; however, it decays ex-
ponentially in static networks. This fact reflects that the suppression ef-
fect in growing networks is weaker than that in static networks. Further-
more, we obtained the critical exponents and their tendencies in both grow-

ing and static models for arbitrary values of m. We also found that the m-
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dependent exponents always satisfy the scaling relations § = (2—1)/0
and ¥y = (3 —1)/0o [} 2l]. However, the hyperscaling relation v =2 + v
does not hold in both growing and static networks. We expected v ~ 2.08
from the relation 23 + y for the growing networks of m = 3, but obtained
v &~ 2.86 (1/v = 0.35) from Monte Carlo simulations. For the static net-
work with m = 3, we expected V ~ 1.4 (1/v = 0.71), but obtained v = 2.22
(1/v = 0.45). The origin of these inconsistencies are still not clear. We re-
mark that the failure of the hyperscaling relation v = 28 + ¥ was also ob-

served in the previous research of Achlioptas process [22].

2.2 da Costa rule

2.2.1 Model and rate equation

We consider a growing network model under a rule that suppresses the
growth of large clusters locally with limited information. It consists initially
of an isolated node, and a new node is added to the system at each time step;
consequently, the total number of nodes at time  is N(¢) =t + 1. Then, two
sets of m candidate nodes are selected randomly. The node that belongs to
the smallest cluster in each set is selected, and these two nodes are connected
with the wiring probability p, as depicted schematically in Fig. When
m = 1, this growing network model reduces to the GRN model proposed by
Callaway et al. [14]. This type of suppression rule in static network models
was first considered by da Costa et al. [19]. When m = 1, this da Costa model
also becomes the ER random network model [36]]. The similar, but simpler,

minimal rule is considered for the growing and static network models [26]
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Fig. 2.21: (Color online) Schematic illustration of our model for m = 3. Nodes are
represented by solid circles. After a new node (red dotted open circle) is added to
the system, two sets of m nodes (solid open circles) are randomly selected from
distinct clusters. For each set represented by a shaded ellipse, the node belonging
to the smallest cluster (represented by &) is chosen. The two nodes & are connected
with probability p by a link (dashed line).

by applying the local suppression rule, where two nodes belonging to the
two smallest clusters among m randomly selected nodes are connected with
probability p. In the unified framework, we derive the analytic solutions of

all these models for growing and static networks.

Adopting the notation of the da Costa model [[19}[39]], we define P, (s, p,?)

as the probability that a selected node belongs to the cluster of size s at time
t for a given control parameter m representing the strength of suppression,
where p denotes the probability that a link is added between the two selected

nodes. Then the rate equation of P, (s, p,t) is written as

& (VOPutsp.0)) = 50| 3 QP (v,p.1) ~ 2005, p.0)] 4

dt
u+v=s
2.5)
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where

m

Om(s,p,t) = Z (’Z) Po(s,p, 1)k [1 - ZS:Pm(u,p,t)} mik. (2.6)
u=1

k=1

Om(s, p,t) is the probability that the smallest cluster among the m clus-
ters to which the m randomly chosen nodes belong at time ¢ is of size s for
a given p. The last term, Jj5, in Eq. (2.5) indicates that a new node of size
one is added to the system at each time step. For static networks, the last
term disappears, and the total number of nodes N(¢) is fixed at constant N.
Moreover, the linking probability p is unity because a link is always added
at each time step in the static network model. The above rate equation of
P (s, p,t) is equivalent to that in Refs. [19]39] with the time normalized by

the system size V.

2.2.2 Scaling relations of critical exponents

Here, we try to determine the scaling relations using the scaling forms of
P, (s, p,t) and Q,,(s, p,t) in growing networks. In the steady state limit, i.e.,
N> 1 and 7 > 1, assuming that P, (s, p,7) and Qy(s, p,t) are independent
of time 7, they thus can be written as P, (s, p) and Q,,(s, p). Then Eq.

becomes

Pm(S,P) = SP( Z Qm(”;P)Qm(VaP) _2Qm(syp)> +51s' 2.7

u+v=s

As p is increased, cluster formation becomes more likely. Numerical

simulations [26]] show that, above the percolation threshold p., a percolat-
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ing cluster of size G emerges as G ~ (p — p.)P for m > 2. The two distri-
butions, P, (s,p) and Q,(s,p), satisfy the sum rules > Py(s,p) =1—-G
and ) Ou(s,p) = 1 —G™, where an infinite cluster is excluded from the

sums. The n-th moments of the cluster sizes for each distribution are ex-

pressed as (s")p = > 5"Pu(s,p) and (s")p = > 5"Owm(s,p). Eq. 2.7) for

finite components leads to the following equations:

G =2pG"(s)p, 2.8)

(s)p =2p(s)3 — 2pG"(s*)o + 1. (2.9)
Next, P, (s, p) is assumed to follow scaling behavior near p. as

Pu(s,p) =s"""f(s/sc), (2.10)

where s is a characteristic cluster size and behaves as s, ~ [p — p.|~'/®. In
addition, f(x) is a scaling function that by definition is constant for x < 1

and decays exponentially for x > 1. From this, we obtain that f = (7 —

2)/o.
Replacing the summation in Eq. with an integral, we find

m—1

Om(s,p) = m(/swdqu(u,p)) Pu(s,p) @2.11)

for large s in the steady state limit. Then the scaling form of Q,,(s,p) is
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obtained as follows:

Ou(s,p) = sP"=DmTg(s/s,), (2.12)

where g(x) is a scaling function of Qy(s,p), corresponding to f(x) for

Pu(s,p).

Because the first moments of the cluster sizes diverge at the critical

point as (s)p ~ (p — pc) " and (s)g ~ (p — pc) ", Eqs. (2.10) and 2.12)

produce the following two scaling relations:

vr=0B-1)/0, (2.13)

Yo=(2m+1—mt)/0. (2.14)

Moreover, plugging (s)p and (s)¢ into Eqs. (2.8)) and (2.9), we obtain that

Y =2y =2(m—1)p. (2.15)

By using Egs. (2:13)-(2:13)), the explicit forms of the critical exponents yp,

Yo, 1/0, and 7 are obtained in terms of 8 and m as follows:

Y =2(m—1)B, (2.16)
Yo = (m—1)B, @.17)
L= (m-np, (2.18)
1
=2t (2.19)
31

___:rk : _'k.l: 4 '|_'li



We remark that these formulas differ from the corresponding formulas
for static network [39]]. The two exponent formulas for the static and grow-
ing cases are compared in Table We also note that the four formulas
above are consistent with those obtained in the previous study [26] of the
minimal rule, but m is replaced by 2m, because the minimal rule chose m
nodes randomly, and not 2m nodes as in this model. Finally, we remark that
the exponent 7 is independent of 8 for the growing model but depends on 3
for the static model.

In the supercritical regime, p > p., where the giant cluster emerges,
Eq. (Z.TT) can be simply approximated as Q,,(s, p) = mG" ' P, (s, p). The

generating functions of P, (s, p) and O, (s, p) are introduced as

and

"@m(zap) = ZQm(S,p)ZS,
s=1

respectively. The relation between the two generating functions can be writ-

ten as

1=G" = 2u(z.p) = Y Oulsp) [1 -7 (2.20)
= Zme*IPm(s,p) [1-2]

=mG" ' [1 -G~ Pu(z,p)].
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Therefore,

m—1
1= 2u(z.p) =mG" ! [1= Pu(zp) - =G|, @21)
where the sum rules Y On(s,p) =1—G™ and ) P,(s,p) =1 —G are
applied. Then, Eq. (2.7) becomes

1 0Pz
P(z.p) =20 GV p x| P(z,p) 14+ 7—G &p) .
m dlnz

(2.22)

When z =1, the Eq. is

Pu(1,p)—1=2m>G*" Vpx gzm(l,p)—l—FEG (s)p. (2.23)
m

—Yr

Using the relations G(p) ~ (p —pc)ﬁ and (s)p ~ (p—pc)~ ", one obtains

¥ = 2(m — 1) again, which is consistent with Eq. (2.16).
2.2.3 Analytic solution of the transition point

To determine the transition point p., we derive the scaling functions of
f(x) and g(x) with respect to x. First, by substituting Q,,(u, p) = Qu(s,p) +
[Om(u,p) — O (s, p)] into Eq. (2.7), one obtains

Pals. p) = p|=s(s= 1)Q(5) + 250 (s) (1= > Qu(w))

s—1
153 (1) — Oun(5)) (Qun(s — ) — Quu(s)) — 2st<s)} + 8y,

u=1

(2.24)
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In the integral form for large s, this equation becomes

Palssp) 2 p[-2026)~250u(s) [ Qulad

+s / S (Om(u) — O (s)) (Qm(s —u) — Qm(s))du} . (2.25)
0

The scaling form of B, (s, p) for large s in the critical region is B, (s, p) =

Sl*ff(551/6) = 5(171)/(;/;(»951/6), where 6 = |p — p.| < 1. The scaling

form of O, (s, p) is Qp(s, p) = s@n—D-mTg(5§1/0) = §lme—2m=1)l/o 5(351/0),

We obtain the following equation for the scaling functions.

7o) = o[22 - 2620) | gy

+x [ aylet) —glle - —ewl]. @20
0

where x = s8'/°, and (2m — 1)(t —2) = 1. This relation is also consistent

with Eq. (2.19). Using Eqs. (2.10) and (2:12)), we can obtain the following

equation:

m—1

g = [ aio)] . @.27)

X
where g(x) = x"*™=("=Dg(x), and f(x) = x*~!f(x). These relations are
all valid for the normal phase, p < p.. For the percolating phase, p > p.,
Egs. (2.26) and (2.27) are valid after the signs of each term that contains

f(x) are reversed.

Now, we assume that f(x) and g(x) are expandable for small x around
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0 as follows:

f(x) = £(0) +a1x® +apx® +---, (2.28)

g(x) = g(0) +b1x® +byx™ 4+ (2.29)

When Egs. (2.28) and (2:29) are substituted into Egs. (2.26) and (2.27),

the relation between f(0) and g(0) becomes

g (O)[—m(t —2)]?
T[—2m(t —2)]

CTREA =

f0)+0(x%) = p( +0'(x9)), (2.30)

8(0) =

where O(x®) and O'(x°) represent the higher-order terms of x°. Unlike the
Eq. for static networks, Eq. (2.7) contains the factor p explicitly. Thus, the

transition point p. can be determined by comparing the zeroth-order term of

Eq. (2:30) together with Eq. (Z.31)) as follows:

o SO 2m(r )]

= m2(7_2)2—2mr‘[_m(1._2)]27 (232)

where I'(z) is a gamma function defined as I'(z) = (z— 1)!. When Eq. (2.19)
is substituted into Eq. (2.32)), the dependence of the critical exponent 7 dis-
appears and p, is obtained as follows:

f(0)! 2" [=2m/(2m —1)]

Pe = 2 (am — 1220 —m/ (2m — )2

_ f(oytmm _l[m—l m—l]
-~ 2m(2m—1)2m=2 2m—1"2m—11

(2.33)
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where B~!(x,y) is the inverse of the beta function and follows the relation-

ship B~!(x,y) =(x+y)/[[(x)[(y)]. The transition point thus depends only
on f(0) and m. As shown in Ref. [38], the value of f(0) can be estimated.
Assuming that P, (s, p.) follows a power-law function such as P, (s, p.) ~
£(0)s'=7 for all cluster sizes s larger than another characteristic size s, we

can write the normalization by P, (s, p) as follows.

= Puls,pe)+f(0

5<80

ZIT 1.

8§50

> " Puls, pe) (2.34)
s=1

To solve Eq. (2.34) for m = 2, we plot f(0) versus 1/s¢ in Fig. [2.22
and estimate f(0) to be ~ 0.217(1); p.* = 0.515(1). For various m values

between 2 and 10, p? is obtained using Eq. (2.32)); the results are listed with

020 p-.Z2czc--zZZZZZZZCoC223
§0.15 LT sl .,
0.10 | & 'S
‘ S~ °
0.05 ‘ J
108 19: 108
0.00 5 33 ;
0 0.4x10" 0.8x10" 1.2x10°
1/sq

Fig. 2.22: (Color online) Plot of f(0) versus 1/sg for m = 2 with s for truncated
cluster sizes s* /103 =211, 212 213 214 "and 213 (red dashed curves from bottom to
top), and 2'6 (red solid curve). Inset: The corresponding plot of £(0) — £*(0) versus
s* at p=10.51515 around the transition point p., where f*(0) is the minimum value
of f(0) for a given s*. Data points are for trial values of f*(0) =0.213 (®), 0.217
(M), and 0.223 (A). The black dashed line is a guide line and f(0) is estimated as
0.217(1) for m = 2.
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the corresponding f(0) values in Table They are consistent with those
obtained from the rate equations within the error bars. Moreover, we find
that £(0) decays asymptotically as 1/(2m+0.15).

Now, to investigate the asymptotic behavior of the percolation transi-

tion point p., we consider the Taylor expansion of Eq. (2.33) around 1/m =

0. For m > 1, we can use the approximations B~ [2”;1;_11, 2’27_11] ~1/m—
(Y+w(3))/2wm and (2m+0.15)>""1/[2m(2m — 1)*"~?] ~ (3.14 — 22),
where 7 is the Euler-Mascheroni constant, and y(z) is the zeroth-order
polygamma function following the relation y(z) = I"(z)/T'(z). Substitut-

ing these approximations into Eq. (2.33)), we derive the asymptotic behavior

of 1 — p. ~ 1/m, which decreases algebraically as m is increased.

2.2.4 Numerical solutions of the rate equation

Here, we check numerically the analytic result for the transition point p,
and the scaling relations, and obtain various critical exponent values. To
this end, we first obtain P, (s, p) from the rate equation in Eq. up to
the order of s* explicitly [48]. Here, s* is taken as large as possible for
numerical accuracy, but it should be less than s.. Then, we determine the
value of p, as that at which P,,(s, p.) exhibits power-law decay with respect
to s [1L 12 26l 140]. This criterion is valid for a second-order percolation
transition. Second, we determine the exponent T by measuring the slope
of InP,(s,p.) with respect to Ins, because the slope is 1 — 7. Third, we
determine the exponent 1/c by plotting P,,(s, p.)s*~! versus s|p — p.|'/®

for different p values. With an appropriate choice of o, plots for different p

values can be collapsed onto a single curve. Next, to determine the exponent
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Fig. 2.23: (Color online) (a) Plot of 1 — p. versus m. Data points obtained from
the rate equation seem to be fitted by the formula 1 — p. = 1.04/m. (b) Plot of
B versus m. Data points obtained from the rate equation are fitted by the formula
B =1/(2m—1.87). The critical exponent 3 decreases algebraically with increasing
m.

B. we plot G(p) using 1— Y5, Py(s.p) versus p— pe (p > pc) on the
double logarithmic scale. We then measure the slope as . Similarly, we
obtain the values of the exponents yp and Y.

The estimated transition points and critical exponents form =2,---,10
are presented in Table[2.3] We find that the transition point p. and exponents
B seem to behave as 1 — p. = 1.04/m and B = 1/(2m — 1.87), respectively,
as shown in Fig. Moreover, the estimated values of the critical expo-
nents 7, 1/0, ¥p, and Yy seem to satisfy the scaling relations in Eqs. (2.16)—
(2:19), as shown in Fig.2.24]

We also check the critical exponents and transition point p. by direct
simulations. We grow the networks to N(¢) = 2'° x 10* and repeat this
growth more than 10* times for m = 2, as shown in Fig. Using the
finite-size scaling approach, Gy(p) = N‘B/‘_’f((p — pc)Nl/‘_’) [ 2, 26], we
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Fig. 2.24: (Color online) Test of the formulas for the exponents (a) T=2+1/(2m —
1),()1/o=02m—1)B,(c) yp =2(m—1)B, and (d) yp = (m — 1) P using numer-
ical data obtained from the rate equation. The error bars are presented in (a), (b),
and (d). Data are fitted to the straight solid line, y = x, following Eqs. 2.16)—(2.19)
in our growing network model.

find /v =0.1754+0.010, and 1/v =0.383+0.010; thus B = 0.458 £0.038
for m = 2. Using v = 1/2 in the mean-field limit, the hyperscaling relation
becomes d, —2 = 4* for a given m [[19}39], where d,, represents the upper
critical dimension and B* is the critical exponent of the so-called observable
order parameter. In our model, the observable order parameter is G in the
thermodynamic limit as ¢ — oo, because the probability that a node chosen

under an aggregation rule belongs to a giant cluster acts as an observable or-

Table. 2.3: Numerical estimates of the percolation threshold p., the exponent of
the order parameter f3, the exponent of the cluster size distribution 7, the exponent
of the characteristic cluster size ¢, and the exponents of the susceptibility yp, Yp
of growing network models for m = 2 to 10. The transition point p. obtained from
the rate equations is compared with p.*, which was analytically solved using the
scaling functions. f(0) is the coefficient of the leading term of P, (s, p) = f(0)s~©
for large s. We confirm that p. and p.* are consistent with each other within errors.

£(0) p’ Pc B T o Ye Yo
0.217(1)  0.515(1)  0.515(1)  0.457(1)  2.333(1) 0.730(2) 0.914(2)  0.458(1)
0.157(1)  0.666(1) 0.667(1)  0.242(1) 2.200(1) 0.827(2) 0.969(3) 0.484(1)
0.120(1)  0.745(1)  0.747(1)  0.164(1)  2.143(1) 0.872(2) 0.984(3)  0.492(1)
0.097(1)  0.795(1)  0.796(1)  0.124(1)  2.111(1)  0.898(2) 0.990(2)  0.495(1)
0.082(1) 0.830(1) 0.830(1) 0.099(1) 2.091(1) 0.916(2) 0.993(3) 0.497(1)
0.070(1)  0.854(1) 0.853(1) 0.083(1) 2.077(1) 0.928(2) 0.995(3) 0.498(1)
0.062(1) 0.868(2) 0.871(1) 0.071(1) 2.067(1) 0.937(2) 0.996(2) 0.498(1)
0.055(1) 0.881(3) 0.885(1) 0.062(1) 2.059(1) 0.944(2) 0.997(2)  0.499(1)
0.050(1)  0.900(2) 0.897(1) 0.055(1) 2.053(1) 0.950(2) 0.998(2) 0.499(1)
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Fig. 2.25: (Color online) Finite-size scaling of GNB/V versus (p— pc)N /¥ from
Monte Carlo simulations with more than 10* realizations for system sizes N/10* =
23,...,210 for m = 2. Data collapse onto a single curve with p. = 0.515(1), 1/v =
0.383(10), and /v = 0.175(10). One then get B = 0.458(38).

der parameter. Our rule selects the node that belongs to the smallest of the m
candidate clusters; the probability that this node is in the giant cluster is G”.
Thus, the observable order parameter exponent is B* = mf3 in our model and
the hyperscaling relation ultimately becomes d,, — 2 = 4m[f} for general val-
ues of m. For m = 2, we obtain d,, = 5.66 = 0.30 and the correlation volume

exponent d,v = 2.83 £0.15, which are consistent with the value obtained

Table. 2.4: Values of the upper critical dimension d,, obtained from the hyperscal-
ing relation in growing networks for m = 2 — 5. The correlation volume exponent
d,v for the mean-field theory values v = 1/2 and numerically estimated v from
the finite-size scaling approach is consistent with simulation data within errors.
The network is grown to N = 219 x 10, and the ensemble average is taken over
more than 10* samples for each m.

d, d,v v B 1/v
5.66(30) 2.83(15) 2.61(7) 0.458(38) 0.383(10)
491(36) 2.46(18) 2.42(6) 0.243(30) 0.413(10)
4.63(42) 2.32(21) 2.28(5) 0.165(27) 0.439(10)
4.49(50) 2.24(25) 221(5) 0.124(25) 0.452(10)

Dbk W3
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by simulations and the finite-size scaling approach, d,v = v =2.61 £0.07,
within errors. Therefore, the hyperscaling relation holds, and the upper crit-
ical dimensions in the growing network depend on m, but their numerical
values differ from those of the static network model. Similarly, the hyper-
scaling relations are tested for different m between 2 and 5, and the cor-
responding values of d,, are presented in Table Finally, the analytical
formula of d,, is summarized in Table

2.2.5 Analysis

With regard to growing networks, we confirmed that the local suppres-
sion effect changed the type of percolation transition from infinite order
to second order. Subsequently, we analytically derived the critical expo-
nents T and 1/0 for the probability of selecting a node in a cluster of
size s, Pu(s,p) ~ s' T f(s/s*), where s* ~ (p — p.)~/% in terms of a con-
trol parameter m, representing the suppressing strength. Furthermore, tran-
sition point p. and other critical exponents were obtained in terms of m.
They are summarized in Table and compared with those in static net-
works [19,126,139]. Our findings were confirmed by numerically solving the
rate equations.

Interestingly, we discovered that as m — oo, the transition point and
critical exponents behaved as p. —+ 1,7 —2,06 — 1,8 — 0,y — 1, and the
upper critical dimension d,, — 4. The fact that B = 0 as m — oo indicated that
the percolation transition was discontinuous because the suppression effect
became global [20} 21]. We remark that, for growing networks, p. and the

critical exponents algebraically approached their respective asymptotes as
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Fig. 2.26: (Color online) Schematic plots of the order parameter G and the inverse
first moment of P, (s, p), 1/(s)p, for the (a) GRN, (b) d-GRN/m-GRN, (c) ER, and
(d) d-ER/m-ER models. Schematic plots for the m-GRN and m-ER models are very
similar to those for the d-GRN and d-ER models. The only difference between the
two suppression rules is that twice as many nodes are selected under the da Costa
rule as under the minimal rule. Thus, m = 2 under the minimal rule and m = 1 under
the da Costa rule are reduced to the GRN model in growing networks and the ER
model in static networks, respectively.

m — oo, whereas for static networks, they exponentially approached them as
m — o0 and d,, — 2. Accordingly, for a specified finite m, the order parameter
G increases slowly in growing networks, whereas it increases drastically in
static networks, as shown in Fig. [2.26]

The results we obtained in this study have led us to reinterpret the orig-
inal results [16] regarding explosive percolation transitions from a new per-
spective. In the original paper, the AP was applied to static random networks
under the product rule, where an edge minimizing the product of the sizes
of merged components is selected between two selected random edges. The
order parameter increased drastically even when only two candidate edges
were used, which may correspond to m = 2 in our AP rules. Hence, the

explosive percolation transition type was regarded as a discontinuous tran-
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sition in the early stages. In retrospect, this hasty conclusion might have
been made because the critical exponent 3 of the order parameter decayed
exponentially to zero with increasing m for static networks, even though f3
was still finite for a finite m. If the explosive percolation model had been
considered with random growing networks, then such a conclusion would

not have been made.
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Chapter 3

Global suppression effects in growing

networks

3.1 Model: ~-GRN model

The r-GRN model starts with a single node. At each time step, a new node
is added to the system. Thus, the total number of nodes at time step ¢ be-
comes N(t) =+ 1. As time goes on, clusters of connected nodes form.
At each time step, we classify clusters into two sets, set R and its comple-
ment set R, according to their sizes. Set R contains [gN(¢)] nodes belong-
ing to the smallest clusters, whereas set R¢ contains the nodes belonging
to the rest large clusters. g € [0, 1] is a parameter that controls the size of
R. Let ¢; denote the i-th cluster in ascending order of cluster size. Sup-
pose that the (k — 1)-th cluster satisfies the condition 3"+ s(c;) < [gN] <
Zf: , 8(ci), where s(c;) denotes the size of the cluster with index c¢;. Then,
set R(¢) contains all the nodes belonging to the k — 1 smallest clusters and
[¢N] =S¥ !'s(¢;) nodes randomly selected from the k-th smallest cluster.
The complement set R contains the remaining (largest) clusters. Next, one
node is selected randomly from set R(#) and another is selected from among

all the nodes. A node in the set of smaller clusters has twice chance of being

linked, while a node in the set of larger clusters has one chance. Then, a link
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Fig. 3.27: Schematic illustration of the ~-GRN model with g = 0.4. Nodes are rep-
resented by circles. R(¢) is represented by light gray region and R(¢) is done by
dark grey region. Solid line between two nodes represents a link. In (a), the system
starts at five clusters with sizes (1,1,2,2,4), respectively, and the total number of
nodes N(t) = 10 with Sg =2 and [gN] =4 at t = 9. After one time step, a new
node (red open circle) is added, and N(¢) becomes 11 with Sg =2 and [gN] =5
at t = 10. Two isolated nodes (filled light grey) in R and are merged. (b) Next, a
new node is added, and so N(¢) = 12, Sg =2, and [gN] =5 at¢ = 11. In this case,
one node of the cluster of size two in set R moves to set R¢. The newly added node
is merged with the cluster of size two in R. This cluster moves to set R® and the
cluster of size two on the boundary moves to R. (c) Next, a new node is added
with N(¢) = 13, Sg = 2, and [gN] = 6 at t = 12. Selected nodes are not connected
with probability 1 — p. (d) Next, a new node is added with N(t) = 14, Sg =2, and
[¢N] =6 att = 13. And just one node of the cluster of size two in set R moves to
set R¢. A cluster of size two in R and the cluster of size three in R® are merged,
belonging to R€. The cluster of size four in R€ lies on the boundary and the cluster
of size two on the boundary moves to R.

is added between the two selected nodes with link occupation probability
p. The selection rule becomes global in the process of sorting out the por-
tion of the smallest clusters among all clusters. Moreover, it suppresses the

growth of large clusters by allowing less chance to be linked. In Fig.[3.27]
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this link connection process is visualized for the restricted fraction g = 0.4
as an example. This restriction rule is initially introduced in Ref. [41] and
modified in Refs. [42, 49].

We define the size of the largest cluster in set R as Sg(p,?) for a given
p at time ¢, which determines the size of the boundary cluster(s) between
the two sets. It depends on the fraction g [42]]. Thus, when g = 1, which
means that Sg is equal to the size of the giant cluster, denoted as GN(t), this
model reduces to the original GRN model [[14]. It has been found previously
that the GRN model exhibits a continuous infinite-order phase transition at
pe = 1/8 [14]]. However, when g — 0, Sg = 1, and an isolated node in R is

merged with a node in R® with link occupation probability p.

3.2 Cluster size distribution 7,(p)

Let us define the cluster number density n,(p,?) for a given p at time step ¢ as
the number of clusters of size s divided by the current number of nodes N(¢)
at ¢. In our previous studies [27], we derived the rate equations according
to the cluster size s comparing to Sg for the cluster size distribution N (¢)n.
For convenient readability, those rate equations are rewritten in the [A.T]
Here we solve the rate equation of ny(p) for a given g. First, when
s = 1, the rate equation becomes n; = —p(1+ é)nl +1forSg >1andn =

—p(n;+1)+1 for Sg = 1. Thus, n;(p) becomes

1
m SR(p) >1 (p>p1), a1

ny =

—

i Sr(p) =1 (p<p1)

—_
S
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The two solutions become the same at p = (1 —g)/(1 + g), as shown in

Fig.[3.2§(e). This p is denoted as p;. For g = 0.4, p; = 0.4285714....
Next, when s = 2, the rate equations are as follows: n, = p[(nn;/g) —

2ny(141/g)] for Sg > 2; ny = pl(nny/g) —2n, — (1 —ny/g)] for Sg = 2;

ny = p(n1 — 2ny) for Sg = 1. We obtain n; as follows:

n12

P
Wgw SR>2 (p>p2),
2
— ) (-7
= pngf Sk=2 (p1<p<p2) (3-2)
1’_’:’2‘p Sk=1 (p<pi).

Two kinks (crossovers) exist in n(p), as shown in Fig. f). The position
p of the first kink is just p;, and that of the second kink is determined by
setting n, for Sk > 2 equal to that for Sg = 2. This position is denoted as p;.
For g = 0.4, p» =0.5653082....

In general, when s > 1, the cluster size distribution n,(p) can be ob-

tained from the rate equations in the steady state as follows:

( o injjn;
PYijm1 —g Oyt O s<S
l+sp(l+%) R
o injjnj Sp—1 kn
(o) = 3 PIZ e (1o )|
5 : 1+sp §= SR’
o Sp—1 injjn; o . Sp—1 k
P o e Gt 2T Osgsisiny (I—Zkﬁl %)} S
- s .
\ L+sp Z SR
3.3)
There exist s kinks on the curve n; at py, - - - , ps in ascending order of p.

The position of the last kink p; is determined by setting n; for Sg > s equal
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Fig. 3.28: Cluster size distribution n(p) as a function of s and p for given g: In this
case, g = 0.4 are taken. (a) 3D plot of ny(p) as a function of s and p. Plots (b)-(d)
are obtained with several fixed p for ng(p). (b) For p < pp, ny(p) follows ~ s—°
with T > 3. The slope of the dotted guide line is —3. Solid lines are obtained for
p =0.472576 =~ pp, 0.4,0.3,0.2, and 0.1 from right to left. (c) For p, < p < p;, in
the small-cluster-size region, n,(p) decays exponentially up to Sg and then exhibits
power-law decay behavior with 2 < 7 < 3. Solid, dashed, and dashed-dotted lines
represent for pg, with Sg = 2,10 and 25, respectively. Dotted line is a guide line
with slope of —2. (d) For p > p,, ns(p) exponentially decay. Solid curves represent
ns(p) for p = 0.6596, 0.7, 0.8, 0.9, and 1.0 from right to left. Dotted curve is an
exponentially decaying guide curve. Plots (e)-(h) are obtained with several values
of s for ng(p). (e) Plot of nj (p) versus p. A crossover exists at p;. (f) Plot of ny(p)
versus p. Two crossover behaviors occur at p; and p,, where p; < p;. (g) and
(h) Plots of n3(p) and na(p) versus p, respectively. Symbols represent simulation
results, and solid lines are analytical results. Dotted vertical lines represent pg, for
Sgp=1,2,3,and 4 at pg,—; = 0.428571, ps,—» = 0.565302, ps,—3 = 0.612016, and
PSgr=4 = 0.632728.

to n, for Sg = s. For convenience, we use the index as Sk to avoid confusion

with the index of cluster size s. The positions pg, as a function Sg are listed
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in Table As shown in Figs. e) h), the interval between two

successive crossover points becomes narrower with increasing Sg. The po-
sition pg, seems to converge to a certain value, p., in a power-law form of
Do — Psi as a function of Sg asymptotically as shown in Fig. Here p..
is estimated to be 0.65948(1). Figs. [3.28(b)—{3.28|d) show the distributions
ng versus s for a given fixed p, which corresponds to the (logn;,logs) plane

of the three-dimensional plot of n;(p) in Fig. a).

Table. 3.6: Values of pg, as a function of Sg for g = 0.4.

SR PSg
1 0.4285714285(1)
2 0.5653082407(1)
3 0.6120164684(1)
4 0.6327279058(1)
5 0.6433362667(1)
6 0.6492814220(1)
7 0.6528226406(1)
8 0.6550262003(1)
9 0.6564429142(1)
10 0.6573769871(1)
1 0.6580052394(1)
12 0.6584346536(1)
13 0.6587320681(1)
14 0.6589403439(1)
15 0.6590875632(1)
16 0.6591924579(1)
17 0.6592677124(1)
18 0.6593220275(1)
19 0.6593614370(1)
20 0.6593901656(1)
oo 0.65948(1)
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Fig. 3.29: Plot of p., — ps, versus Sg for g = 0.4. When p.. = 0.65948(1), a power-
law decay appears.

3.3 Two transition points, p, and p.

From the cluster size distribution n,(p) for given p, we find that there exist
two transition points, say p, and p., which characterize the following three
distinct intervals on the line of p: i) For p < py, ny(p) follows the power law
ng(p) ~ s~ F for s > Sk with exponent T > 3, whereas it decays exponen-
tially as a function of s for s < Sg. ii) For p, < p < p., ny(p) also follows a
power law with exponent 7 for s > Sg. Particularly, the exponent T decreases
continuously from 7 = 3 to 2 as p is increased from p;, to p.. For s < Sg,
ng(p) decays exponentially as a function of s. iii) For p > p,, a giant clus-
ter is generated and the distribution of the remaining finite clusters decays
exponentially as a function of s.

The power-law behavior of ns(p) with T > 3 in the region i) is inherited
from the infinite-order transition of the GRN model [[14]. Thus the region

1) is regarded as an infinite-order-type critical region. Meanwhile, in the re-
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Table. 3.7: Numerical estimates of the transition points p, and p.. The critical
exponents T are calculated at p = p; and p, for g = 0.1 —0.9. We note that the
exponent 7 at p. becomes difficult to obtain as g approaches one.

g Pb Pe AG t(pp)  T(pe)
0.1 172 0.905(1) 0.900(1) 3.00(1) 2.00(1)
0.2 12 0817(1) 0.800(1) 3.00(1) 2.00(1)
0.3 12 0.736(1) 0.700(1) 3.00(1) 2.00(1)
173 12 0.710(1) 0.666(1) 3.00(1) 2.00(1)
04 0473(1) 0.660(1) 0.600(1) 3.00(1) 2.00(1)
0.5 0440(1) 0.587(1) 0.500(1) 3.00(1) 2.00(1)
0.6 0405(1) 0.516(1) 0.400(1) 3.00(1) 2.00(1)
0.7 0.367(1) 0.447(1) 0.300(1) 3.00(1) 1.99(1)
0.8 0.323(1) 0376(1) 0.200(1) 3.00(1) 1.99(1)
09 0268(1) 0297(1) 0.100(1) 3.00(1) 1.8(2)
1.0 1/8 1/8 0 3 -

gion ii), because 2 < T < 3, the mean cluster size diverges. Thus the region
ii) is regarded as a second-order-type critical region. It is noteworthy that
while the critical behavior occurs at a critical point in a prototypical second-
order transition, here it occurs in the entire region ii). At p., T = 2. This
means that clusters are extremely heterogeneous and further suppression of
the largest cluster leads to a discontinuous transition. Indeed, a discontinu-
ous transition occurs at p.. Both transition points for different g values are
listed in Table 3.7

To determine pj, and p., here we introduce the generating function f(x)
of the probability sng that a randomly chosen node belongs to the cluster of

size s, defined as

f(x) = sne, (3.4)
s=1
where x is the fugacity in the interval 0 < x < 1. The giant cluster size G is
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obtainedas G=1—) ., sn, = 1 — f(1). The mean cluster size is obtained
as (s) = >, s?ny = f'(1), where the prime represents the derivative with
respect to x. To determine p; (p.), we consider the case of Sg being finite

(infinite).

3.3.1 For finite Sp

When Sk, is finite, we derive the recurrence relation for ng. First, when Sg =

1, the rate equations in the steady state are simply reduced as follows:

np=-—-pn+1)+1, (3.5)

ng = p[(s— 1)ng_q —sns] for s> 1. (3.6)

Then, one can obtain the generating function f(x) as

f(x) = —xpf'(x) — px+x+ pxXf(x) + pxf(x). (3.7)

The giant cluster size Gis G=1—) . sn; = 1 — f(1) = 0. The mean
cluster size is obtained as (s) = > o s*n, = f'(1) = 1/(1 —2p). So the
mean cluster size diverges at p, = 1/2. If this value is larger than p; for a
given g, then we move to Sg =2. When Sg =2, G=0and (s) = /(1) =

1/[1—4p+(2pni/g)].
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Fig. 3.30: Semi-log plot of p* — pg, versus Sg. p* — ps, decays exponentially as
Sg increases but it’s always larger than zero for finite Sg values. So p* is larger than
Ds; for any finite Sk.

Generally, for finite Sg, we obtain the relation

Sr—1 Sr—1

fx) +xpf(x) = x—i—p[z sxs(—;sns) —SRxS’"(l - ; Z sn)
s=1 s=1

Sr—1
Sng

+ 2 ?xs(xf’(x) +s5f(x))
Sp—1

—%x&@ﬂ@+SMu»@—;§:mQ] (3.8)
s=1

When x = 1, Eq. may be written as f(1)J(p) = J(p) for the range
PSp—1 < P < Psg. where J(p) = 1 — p[S251 8 g (1 — oSkt
Now, let us denote p satisfying J(p) = 0 as p*. We can calculate these values
p* as Sg increases using Eq. in the steady state. But p* is always larger
than pg, so J(p) cannot be zero as shown in Fig. for the case g = 0.4.
Then we can obtain that f(1) = 1 for finite Sg and the relative giant cluster

G=1-f(1)=0.
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Atx =1, plugging f(1) = 1 into the derivative of Eq. (3.8) with respect

to x, we obtain that

Sp—1

f()= [1+2p(2 (S";‘M—SR)}_I = (s). (3.9)

s=1

To obtain p,, once we set Sg = 1 and check whether there exists a
certain value of p less than pg,, say p., such that (s)~! = 0. If the solution
exists, p. is a critical point p;, and Sg is the size of the largest cluster in set
R. Otherwise, we increase Sg by one, and try to find a solution satisfying
(s)~! = 0. We repeat these steps until the solution is found. The obtained
values p,, for different g are listed in Table The existence of p;, below
p. implies that even though the order parameter G(p) is zero for p < p,, the

mean cluster size (s) can diverge at p;, before p,.

3.3.2 For infinite Sy

We consider the limit Sg(p) = oo, which corresponds to the case p > pe. In
this case, Eq. (A.4) is valid for all cluster sizes s. Egs. (A.4)—(A.6) reduce

to the following two equations:

1

I+ (1+1)p

s—1 . .
p J(s—j)njng_;
Ny — , (3.11)
' 1+<1+;>sp2 g

) (3.10)

ny =
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where s is limited to finite clusters. The generating function associated with

sny satisfies the following relation:

Fx) = —x<1+;>pf'<x>+szf<x>f'<x>+x, (3.12)

and in another form,

1-48

fw:ﬁigfgaﬁ (3.13)

Performing numerical integration, we obtain f(1) and f’(1), which
correspond to the order parameter G(p) and (s) for given p and g in the
region p > pe.

At p., this order parameter value G(p..) is not zero but finite, indicat-
ing that the transition at p.. is first-order. Moreover, G(p..) represents the
jump size of the order parameter AG of the discontinuous transition. We ob-
tain the cluster size distribution using the Eq. (3.3), which follows a power
law with 7 ~ 2. Therefore, we think that p. = p.. The results for G and
1/(s) in the entire region p are shown in Fig.[3.31]for g = 0.2, 0.4, and 0.6.
Numerical data of py, p., AG, T(pp), and 7(p,) for different g are listed in
Table Indeed, the order parameters are discontinuous at p, for different

g < 1. We draw a phase diagram shown in Fig. [3.32]in the plane of (p, g).
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Fig. 3.31: Plot of G and 1/(s) as a function of p. For g = 0.2 in (a) and (d), g =
0.4 in (b) and (e), and g = 0.6 in (c) and (f), respectively. Symbols represent the
simulation results for N = 10* (' ), 10° (), 10% (0J), and 107 (0). Each data point
was averaged over 10% times. The solid (red) lines are calculated from f(1) and
S'(1) for G and (s), respectively. The two vertical dotted lines represent pj, and p,
(Pp < po)-
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Fig. 3.32: (a) and (b) show the phase diagrams of the ~-GRN model and r-PIN
model with d = 0.7, respectively. Symbols A and () represent p, and p.. ns(p)
decays following a power law with T > 3 in the infinite-order-type critical region
and 2 < 7 < 3 in the second-order-type critical region. Thus, the mean cluster size
is finite and diverges, respectively. As g approaches one, two phase boundaries con-
verge to the conventional transition point p. = 1/8 of the GRN model, represented
by M, and p. = 0.12(1) in the PIN model with 6§ = 0.7, represented by
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3.4 1(p) in the critical region and total number

of clusters

When p < p., the cluster size distribution exhibits a critical behavior: it
decays in a power law manner with exponent 7. This exponent T depends
on the link occupation probability p. This property is reminiscent of the
feature of the Berezinskii-Kosterlitz-Thouless (BKT) transition in thermal
systems. However, the origin of the BKT transition in growing networks
differs from that in thermal systems. To illustrate the origin of the critical
behavior in growing networks, we consider a limit case with g — 0 and
Sk = 1. In this case, cluster merging dynamics occurs only between isolated
nodes and another cluster of any size. From Eq. (3.3)), one can obtain the

explicit form of ny(p) as follows:

(s—1)1p* 'ni(p)
1+sp)(1+(s—1)p)---(1+2p)’

ns(p) = ( (3.14)

where n;(p) is (1—p)/(1+ p), and Sg = 1. Using the Stirling formula, the

gamma function I'(z) = (z— 1)! is rewritten as

1 1 1 139 571
T(z) ~ 72 _Z\/27r(1 — - - )
(2) ~ 2 2e 112 72882 518407 24883207

as |z — oo,
one can obtain the asymptotic behavior of Eq. (3.14) as ns(p) =

T(s)0(5+2)

ny(p) ~ sf(H%), where the critical exponent 7 =1+ %. Fig.|3.33

shows 7 as a function of p. Because the merging dynamics starts from Sg =
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Fig. 3.33: Plot of 7 versus p for different g. T becomes two as p approaches p.
for any g. The black dashed curve is a guide curve representing 1+ 1/p, which is
obtained from the limiting case Sg = 1, i.e., g — 0.

1, T =14 1/p appears in the envelope of 7(p). Thus, addition of a new node
into the system at each time step is a key factor that generates the critical

region below the transition point p..

0O 02 04 06 08 1
p

Fig. 3.34: Plot of the total number of clusters n.; versus p for g = 0.4. The red solid
line is obtained from the rate equation integrating the cluster size distribution. The
open circles represent the numerical simulation data for N = 10°, averaged over
10* configurations. The black vertical dotted line represents p, for g = 0.4.
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The total number of clusters per site, n.(p) = > .., ns(p), can be cal-
culated from the rate equations by summing up n,(p) over all finite clusters
in Eq. (3.3). Fig. shows ng(p) for g = 0.4. The circle symbols repre-
sent n4(p) obtained from numerical simulations. They are in agreement with

theoretical results (solid line) for g = 0.4 in the entire p region.

3.5 Universal behavior

Protein interaction network (PIN) models are growing networks and also ex-
hibit the BKT transitions [[13]]. Nodes in this network represent proteins and
links connect functionally related proteins. Connected proteins form a pro-
teome or protein complexes. The proteome network is a usually sparse graph
with a small mean degree. Inspired from the biological process, several min-
imal models for the evolution of PIN were introduced [50]]. Here we recall
the PIN model proposed in Refs. [[13,51]. The model includes three impor-
tant features; i) duplication, ii) mutation, and iii) divergence. i) At each time
step, a node is newly introduced, which duplicates a randomly chosen nodes
(called replicated node) among pre-existing nodes. ii) The node connects to
each of the neighbors of the replicated node with probability 1 — §. iii) The
new node also can link to all pre-existing node with probability 3 /N, where
N is the current total number of nodes. Thus cluster merging occurs.

In order to apply the global suppression effect of the »-GRN model to
the PIN model, we slightly modify the process iii) of the PIN models as
follows. Each new node links only to the nodes belonging to set R with the

smallest clusters, which is similarly defined in the ~-GRN model. The value
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Fig. 3.35: Plots of the cluster size distribution n4(p) of the r-PIN model as a
function of s in different p regions. We binned simulation data logarithmically
for N = 2'* x 10* averaged over 10° configurations. g = 0.4 and § = 0.7 are
taken. Three cases of ng(p) are distinguished: (a) For p < p,, ny(p) asymptoti-
cally follows the power law ~ s~% with T > 3. The slope of the dotted guide line
is —3. Solid lines are obtained for p = 0.29 =~ p,,, 0.25, 0.20, 0.15, 0.10, and 0.05
from right to left. (b) For p, < p < p, in the small-cluster-size region, ny(p) de-
cays exponentially and then exhibits power-law decay behavior with 2 < 7 < 3.
Solid (black), dashed (red), and dashed-dotted (blue) lines represent pg,, where
Sr=2(p=0.29),3 (p=0.35), and 17 (p = 0.423), respectively. Two dotted lines
are guidelines with slopes of —2 and —3. (c) For p > p., ns(p) for finite clusters
shows exponentially decaying distributions. Solid curves represent p = 0.43, 0.50,
0.60, 0.75, and 0.90 from right to left. Dotted curve is an exponentially decaying
guide curve.

B in the probability /gN, where gN is the current total number of nodes
belonging to set R, corresponds to p in the -GRN model. Accordingly, the
growth of large clusters is suppressed. From the numerical simulations up
to N = 10® with 1000 ensemble averages, we also observe the abnormal
transition behaviors as shown in Fig. where the previous BKT transi-
tion of the PIN model breaks down but the features of infinite-, second-, and
first-order type transitions all occur similarly to the »~-GRN model.

For 0 = 0.7, we numerically simulate for g = 0.4 and g = 0.6. Fig.
shows the two transition points p, = 0.29(1) and p, = 0.43(1) in panels (a)
and (c) for g = 0.4, and p, = 0.26(1) and p, = 0.35(1) in panels (b) and (d)

for g =0.6. The two transition points obtained from the analytical results are
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Fig. 3.36: Plot of G and 1/(s) for the r-PIN model as a function of p for g = 0.4 in
(a) and (c), and for g = 0.6 in (b) and (d), respectively. Symbols represent numerical
simulation data for N = 2% x 10* (), 28 x 10* ((X\), and 2'* x 10* ((O). Each data
point was averaged over 10% configurations. The two vertical dotted lines represent
pp and pe > pp.

consistent with numerical results. This result is also close to that obtained
in the ~-GRN model. Thus, we argue that our main results are universal

independent of detailed model dynamic rules.

3.6 Analysis

When the link occupation probability p is below p., most clusters are small
and the suppression is not effective. Hence the infinite-order critical behav-
ior of ng(p) ~ s~ () appears as the one in the BKT transition. The exponent

7(p) decreases as p is increased. In the BKT transition, T decreases down
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to three as p is increased to p.; however, in this restricted growing ran-
dom network (r-GRN) model, the exponent 7(p) can decrease more down
to two, because the transition point is delayed by the suppression effect. On
the other hand, if the cluster size distribution follows a power law without
any exponential cutoff, the largest cluster size scales with the system size
N(?) in the steady state as sypax ~ N 1/(=1) When 7 decreases down to two,
the largest cluster grows to the extent of the system size in the steady state.
Therefore a discontinuous transition occurs.

As T decreases below three, the mean cluster size, i.e., the susceptibility
is no longer finite. We divide the region p < p. into two subregions, p < pp
and pp < p < p., such that for p < pp, T > 3, whereas for p, < p < pe,
2 < 17 < 3. Thus, the mean cluster size is finite and diverges in the former and
latter regions, respectively. Therefore, another type of percolation transition
(PT) occurs at pp. It is interesting to note that the mean cluster size diverges
even though the giant cluster does not form yet in the interval p, < p <
pc. That is because the cluster size distribution exhibits a critical behavior
without an exponential cutoff. Large clusters still remain in the subextensive
size, and they induce heavy fluctuations. We regard the region p < p; as an
infinite-order-type critical region, because it is inherited from the infinite-
order transition. The region p, < p < p., in which feature of the second-
order transition appears, is regarded as the second-order-type critical region.
At p., a first-order PT occurs. For p > p., the size distribution of finite
clusters does not follow a power law. The region p > p. is regarded as a
supercritical region. Therefore, when the infinite-order BKT transition is

broken by the suppression effect, a first-order PT occurs; a second-order
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critical phase appears; and an infinite-order critical phase still remains. We
remark that to the best of our knowledge, this is the first observation of the
first-order PT in random growing networks.

The r-GRN model was built based on the restricted Erd6s-Rényi (r-
ER) model recently introduced in Refs. [42] 49]. This r-ER model is a
static network model, containing N nodes all the times. The two-node se-
lection rule for a link connection is the same as that of the ~~-GRN model but
once the two nodes are selected at time step ¢, they are connected definitely.
This model contains a global suppression dynamics. In this 7-ER model, a
power-law behavior of ng(z.) without any exponential cutoff appears only at
the point #; just after the order parameter jumps. The exponent 7 is in the
range 2 < T < 5/2 depending on the parameter g. Thus, the model exhibits
not only a discontinuous transition but also a critical behavior. The criti-
cal behavior appears in the region where the order parameter is finite [42].
Contrary to the transition behavior of this r-ER static network model, the
critical behavior in the »~GRN model appears below the transition point p,
so that the order parameter still remains zero. These behaviors are depicted
schematically in Fig.

For the r-GRN model, the power-law decay of ny(p) appears in a steady
state over all cluster sizes without forming any bump or exponential cutoff
even for all p < p.. This reason is as follows: At each time step, a new
node is added and remains as an isolated with the probability 1 — O(1/N),
which is close to unity as N becomes large. Thus, single-size nodes are
accumulated in the system and they are more likely to merge finite-size

clusters, reducing the frequency of merging two large clusters. When dy-
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Fig. 3.37: Schematic plots of the order parameter G and the inverse mean cluster
size 1/(s) for the (a) ER, (b) r-ER, (c) GRN, and (d) ~-GRN models.

namics reaches a steady state, the cluster merging dynamics self-organizes
and forms a power-law behavior of n(p). We considered an extreme case
that a new node is merged with an existing cluster at each time step with
probability p. In this case, ng(p) is obtained as ~ s~(!*1/7). More gener-
ally, as p is increased, more links are added, and the largest cluster becomes
larger, and thus the exponent 7(p) is continuously decreasing. Because the
transition point is delayed by the suppression effect, T can decrease down to
two. This eventually leads to a discontinuous PT, because the largest cluster
size scales as N(r)'/(*=1) where N(r) denotes the system size at a certain
time ¢ in steady state, and it reaches up to the extensive size to the system
size when 7T = 2 regardless ¢ in the steady state.

This tricritical-like behavior at T = 2 can be seen in the classical poly-

mer aggregation model [52H56]]. The cluster aggregation phenomena in a
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static system were described via the rate equation,

dny(1) _ Z Wit Wiltj 5 Wslls Z Wini (3.15)

dt sl c(t) c(t) c(1) P c(t)’

where ¢(t) = > wqny(t). The first term on the R.H.S. represents the aggre-
gation of two clusters of sizes i and j with i+ j = s, and the second term
is for a cluster of size s merging with another cluster of any size. The rate
equation reduces to the ER network model when c(¢) = 1, which occurs
when w; = i. A general case, w; = i®, was studied [52H56]] long ago. In this
case, as m is smaller, the growth of large clusters is more suppressed. When
1/2 < w < 1, a continuous transition occurs at #.; a giant cluster is generated
for t > t.. At t = t., the cluster size distribution follows a power law with
exponent 7= @+ (3/2). When 0 < @ < 1/2, a discontinuous transition oc-
curs, and the exponent 7 = 1+ 2®. The case @ = 1/2, for which 7 = 2,
is marginal between a second-order and a first-order transition. We remark
that another model recent introduced also generates either a continuous or
a discontinuous PT by controlling the suppression strength similar to the
above case [57]]. These two cases are all for static networks. Even though
the system type and the underlying mechanism of static and growing net-
works are different, on the basis of the above result, we could confirm that
the discontinuous transition at p. is induced by the increase of the cluster
size heterogeneity across the point with 7 = 2.

The BKT transition was found originally in the two-dimensional XY
model in thermal systems [58-62]]. The origin of the BKT transition in ther-

mal systems is different from that of the percolation model, but there ex-
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ist some similarities or dissimilarity in the transition behavior: In the XY
model, the singular part of the free energy behaves as f(t) ~ exp(—bt~'/?)
with a positive constant b for the reduced temperature t = (T —T;) /T, > 0,
similar to the order parameter G(p) for p > p. in Eq. (I.I). The correla-
tion function decays in a power-law manner as I'(r) ~ 1) for t <0,
where 1(T) ~ T is continuously varying depending on 7. This is often
called the quasi-long-range order. On the other hand, in a second-order tran-
sition I'(r) ~ r~Mexp(—r/&) for t < 0. In this regard, the pure power-law
behavior of I'(r) in the infinite-order transition implies & = o for 7 < 0. In-
deed, & = o for < 0 in the XY model. The continuous varying exponent
N(T) in the XY model corresponds to the exponent 7(p) of the cluster size
distribution n(p) ~ s~*). In a second-order PT, n; ~ s~ Texp(—s/s*) for
p < pe, Where s* is a characteristic cluster size in the region p < p.. Again,
the pure power-law behavior of the infinite-order PT implies that s* = oo
for p < p.. The susceptibility is obtained using the thermodynamic relation,
X ~ | d*rT'(r). One can find that y diverges for 1 < 2, while it is finite for
n > 2. Because 1 increases with temperature, y diverges for r < 0 and finite
for t > 0, where the critical temperature is determined by 11 = 2. In perco-
lation, the susceptibility y = Zsszns diverges for 7 < 3, while it is finite
for T > 3. For the GRN model, T > 3 for p < p.. Thus, the susceptibility is
finite for p < p.. For p > p., n; of finite clusters decays exponentially. Thus
the susceptibilities on both sides of a transition point are finite. Even though
the order parameter behaves as an infinite-order transition, the susceptibility
behavior differently from that of the XY model. On the other hand, for the r-

GRN model, the susceptibility diverges in one side and is finite in the other
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Table. 3.8: Comparison of the BKT transitions between in thermal systems and in
percolations of the growing networks.

Thermal systems \ Percolation
f(t) ~exp(=bt~'72), 1= (T ~T.)/T. | G(p)~exp(~a(p—pc)~'")
X~ [d*T(r) ~ [drT(r) X =2 sn;~ [dssp(s)
L(r) ~r 1 fort <0 p(s) = sng ~ s'=% for p < p,
N(T)~T <2fory =00 T=1(p) <3fory =00
E=cfort<0 s*(p) = oo for p < p,

7(p) > 3 for p < p, in the original growing percolation
7(p) > 2 for p < p, in the restricted growing percolation

side, similar to those of the XY model. These are summarized in Table

The BKT transition can occur even in static networks. For instance, the
percolation model in one-dimension with 1/r? long-range connections [63]
and on hierarchical networks with short-range and long-range connections
[64] exhibit BKT infinite-order PTs. As future works, it would be interesting
to check whether the diverse phases and phase transitions we obtained occur
or not in those static network models when the suppression rule is applied.
Moreover, in our study, the suppression rule is applied to large clusters, be-
cause the giant cluster size per node is the order parameter in percolation
problem. As an extension of our work to thermal systems, it would be inter-
esting to find an essential quantity of thermal BKT systems, for instance, the
formation of spin waves or vortices, and see if we can control the BKT tran-
sition by the suppression effect. The pattern formation by topological de-
fects in active liquid crystals recently draws considerable attention [65} 66].
Various patterns generated in that system are governed basically by the BKT
theory. It would be interesting to note how those patterns are changed when

the system is applied by a certain suppression effect.
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Chapter 4

Growing scale-free simplicial

complexes

4.1 Models and rate equations

This model starts at Ny isolated nodes and a new node is added every time
step t where the total number of nodes is N () = Ny +¢. Subsequently, d + 1
nodes are randomly selected and then they are fully connected with proba-
bility p at each time step ¢. We consider this new formation as a d-simplex.

Now, assuming all finite clusters are trees in the arbitrary phase, the
total number of facet degree of nodes belonging to the cluster of size s is
written as ((d+1)/d)(s—1). Then the probability each node, which belongs
to cluster of size s;, is selected to be linked is proportional to Hl‘.’jll (((d +
1)/d)(si—1)+ asl-) where a is the initial attractiveness of nodes. Thus the

rate equation of Ny(p,t), defined as the number of cluster of size s, becomes
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iyeelgr1=1
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—I—Z Z d+1\ o (Y (vt g w,
r+1 A N a=r+2"1ia" Vi

-1
r=1it,irg2,eig41=1

oo

—1

X8 st (dHDLN =D <d+ 1>JSNS (zivﬂ + s,

r=1

4.1

where Jy(t) = (s((d+1)/d +a) — (d+1)/d)((d + 1)pt +aN(¢))"'. In the

steady state as time 7 goes to infinity, Eq. (4.1)) is reduced to

oo

) =p] > (MGG, ), — @+ Dding] + 81, 42)

a=1"las
iselar1=1

where J; = (s((d+1)/d +a) — (d+1)/d)((d +1)p+a)~". The form of J;

becomes

]__s((d+1)/d+a)f(d+1)/d_(d+1)/d+a<s_ (d+1)/d )
o (d+1)p+a - (d+1)p+a (d+1)/d+a)

4.3)

Thus Eq. (4.2) become

o) =p[(LEVEEOT S (g (- DY)

(d+Dptal o= | d+1)/d+a
(d+1)/d+a (d+1)/d
x o Ziﬁia,s_(dJrl)( (d+1)p+a ) <s_ (d+ 1)/d+a>"“‘} + s,
4.4)
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Now, let us introduce two generating functions f(x) = .., snx* and

n(x) =Y., nyx*. Then, one can get
(d+1)/d+as (d+1)/d
70 = @+ 0 (e 0 = e )
(d+1)/d+a\d (d+1)/d
x {1_< (d+1)p+a) [ () - (d+1)/d+an(x)} }:0’ (45)

For convenience, one can define

_(d+1)/d+a (d+1)/d
h(x) = dt)pta (f(x) - m”(@)- (4.6)

The forms of f(x) and n(x) are thus written as

X d+1(x
flx)=x—(d+ l)pxdilli) +pxdh ;x( ) = x4 (d+1)pxh (x)(h (x) — 1),

4.7
n(x) = /O “axL i’f/) = x— (d+1)ph(x) + ph™*' (x), 4.8)

where f(0) and n(0) are f(0) = 0 and n(0) = 0 leading to ~(0) = 0. The

form of f(x) and f’(x) can be expressed in terms of x, h(x), and /' (x) as
follow.

_ (d+1)p+a (d+1)/d
F0) = (o) + o s e () ph(a) + )

“4.9)
, (d+1)p+a , (d+1)/d ,
f(x) mh(x)+m(l—(d+l)19h(x)
+ (d+ 1) ph' (x)1¢ (x)).

(4.10)
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The giant cluster size G and the second order moment (s), defined as G =

1 —f(1) and (s) = f'(1), respectively, become thus

G=1- mh(l) - M(l —(d+1)ph(1)
+ph™(1)), 4.11)

6) = e )+ e (1= @+ i ()
+(d+1)ph' (1)R4(1)). (4.12)

Furthermore, substituting Eqs. (4.7) and into (4.6)), one can get

i) = S (st o 00— )~
X (x— (d+ 1)ph(x) + ph**' (x))). 4.13)

Rearranging for #'(z), Eq. (@.13) is rewritten as
o) — R (x) = x+ e (v — (d+ 1) ph(x) + ph?*! (x)
(d+1)px(h?(x) 1)
_ (a—((d+1)/d)p)h(x) —ax+((d+1)/d) ph**' (x)
(d+1)p((d+1)/d+a)x(hd(x)—1)

(4.14)

When x = 1, we classify Eq. into those in the normal and percolation
phase. In the normal phase, i.e., f(1) = 1, assuming all clusters are almost
trees, the value of ) ., [s((d+ 1)/d+a)—(d+1)/d|Ns(t)=(d+1)pt+
aN(t) becomes ((d+1)/d+a)f(1)—((d+1)/d)n(1) = (d+1)p+a for

large ¢t with leading to i(1) = 1. Applying L’Hopital’s rule when x = 1, one
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then get

v (a=((d+1)/d)p)h' (1) —a+((d+1)*/d)ph (1)
i) = (d+ Dpld+1+ad)i(1) - @I

Thus,
(d+1)p(d+1+ad)k*(1) = ((d+ V)p+a)k' (1) +a=0.  (4.16)

The solutions of Eq. (4.15) are

a+(d+1)p+/(a+(d+1)p)*—da(d+1)p(d+1+ad)

H(1) = 2(d+1)p(d+1+ad)

4.17)

The only single solution with minus sign in Eq. is valid because /(1)
must be zero when p = 0. Moreover, this one is valid for 0 < p < p,, where
the discriminant D(d,a, p) of Eq. @.17), defined as D(d,a,p) = (a+ (d +
1)p)? —4a(d +1)p(d + 1 +ad), is non-negative value. Subsequently, the

critical point p,, satisfying D(d,a, p.) = 0, is written as

1«¢ayf¢—«ﬂﬂd+1f+A%dﬂ)

pe(d,a) = 2 ; (4.18)
where A(d, a) is, for convenience, defined as
Mdmz—m( —@—%%—L"4> (4.19)
4= d+1 dv1 ) '

Single solution with the minus sign in Eq. is only valid owing to the
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condition of lim,_s. pc(d,a) = 1/(4d(d + 1)) in the limit of growing ran-
dom simplicial complexes. Moreover, it is easily confirmed that the asymp-
totic value of p.(d,a) goes to 0 for a — 0. In this phase, the giant cluster
size G and the second order moment (s) can be obtained from Egs.
and (@.12) with the above (1) and #'(1) for 0 < p < p..

In the percolation phase with the giant cluster where the value of f(1)
is nonzero, The value of h(1) becomes (1) = [ X:OI I (x)dx and then /'(1)

is obtained from A(1) using Eq. (4.14). These values determine the giant
cluster size G = 1 — f(x) and (s) = f'(1) from Eqs. (4.11)) and (@4.12).

Finally, the general forms of G and (s) are written as

(

0 for p<pe,

G =1 dthpta g gy DI (1 (g4 1)ph(1)+ ph1 (1))
for p>pe,
(4.20)

;

(d+1)p+a <a+(d+l)p—\/(a+(d+1)p)2—4a(d+1)p(d+1+ad) 4 (d+1)/d >
(

(d+1)/d+a 2(d+1)p(d+1+ad) d+1)p+a
for p<pe,
<s> N d+1 d+1)/d
LR (1) B (1= (d+ 1)ph! (1) + (d+ 1) ph! (1) (1)
fOI' p Z Pc:
4.21)

)

where /(1) and /(1) are h(1) = fl ((d+1)p+a—(d+1)*p/d)h(x)—ax+((d+1)/d) ph?*! (x)

0 (d+1)p((d+1)/d+a)x(hd(x)—1)
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Fig. 4.38: (Color online) Phase diagram of growing scale-free simplicial complexes
for (a) d = 1 (link), (b) 2 (triangle), (c) 3 (tetrahedron), and (d) 4 (5-cell) in (p,a)
plane, where p and a are the probability, which represents the facet density, and
the initial attractiveness, respectively. Each solid line represents the critical line
satisfying p = p.(d,a). The giant cluster exists in the region above each critical
line for p > p.(d,a), while it is absent in the region bellow each critical line for

p < pc(d,a).

_ ((d+)pta—(d+1)*p/d)h(1)—a+((d+1)/d)ph™ (1)
dxand W' (1) = P (d+l)p((Z-H)/d—Q-a)(hd(l)—l) P

, respectively, for

P 2 De-
The left-sided limit of (s) is W“‘“)Pv)( ol ) i )

(d+1)/d+a \ 2(d+1)p.(d+1+ad) d+1)pc+a

. . - . (a+(d+Dpo) ( at(d+1)pe (d+1)/d
and the right-sided limit of (s) is (d+1)/d£a ((d+l)p6(d+lp+ad) + (d+1)p(-+a>

since f(1) =1 at p = p.. The difference is always a nonzero value of
% for given a > 0 and d > 2. It shows clearly there is dis-
continuity in Eq. (¢.21)) at p = p,, resembling the properties of the infinite-
order percolation transitions. The phase diagrams are presented in Fig.
for d = 1 (link), 2 (triangle), 3 (tetrahedron), and 4-simplexes (5-cell). When

d =2, especially, our results are consistent with those in Ref. [67] for simple

model of coauthorship networks [68H71]].

4.2 Degree and facet degree distributions

Now, we derive the degree and facet degree distributions in growing scale-

free simplicial complexes for the case of d-simplex. The probability, that a
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node added at time T is selected to be connected by a new link, is propor-
tional to k7 (t) + a, where kr(t) is the facet degree of the target node at time
t and a is the initial attractiveness. The rate equation of ¢(k, p,T,t), defined
as the probability that the node added at time 7 have the facet degree of k at

time ¢ with probability p, is written as

q(k,p,T,t+1)
d+1
B d+1 k—1+a ! k—14a  yd+i-I
_p[lz_l:l< [ )((d—I—l)pH—aN(t)) (1_(d+l)pt+aN(t))
k+a d+1
XQ(k—l,p,T,t)+ (1_ (d—|—l)pt+aN(t)> Q(kvvaut)i|

where the total number of node is N(¢) = N(0) +¢. Summing up Eq. (4.22)

over k from 1 to ¢, one can get

N(t+1)Pp(k,p,t+1)—q(k,p,t +1,t+1)

k—1+4a k+a
=2l Gemarrararm) = 1e0+ (VO - S e )
x Py (K, p,t)} + (1= p)N()Pr(k, pyt) + 0( f;’; ) ) (4.23)

where Pr(k,p,t) = S 5_oNo® q(k,p,T,t)/N(t). The initial condition of

distribution g(k, p,t,t) is q(k,p,t,t) = Oy because facet degree of a new
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node is zero. For large ¢ limit, Eq. (4.24) is rewritten as

ANOF 1) _ (k= ta

dt ) ))Pf(k—l,p,l‘)

l4+a/((d+1)p
_( k+a
l+a/((d+1)p)

VBl pot) + 8o (424

Assuming Py(k, p,t) become time-independent Pr(k, p) in the steady state

limit as time goes to infinity, one can easily get

<1+(d+1) )Pf(k”’)””a)Pf(k,p)—(k—1+a)Pf(k_1,p)

(1 g

Now, using the generating function ®(z, p) of the facet degree distribution

Py (k, p) satisfying ®(z, p) = > Pr(k, p)z*, one can get

(1= 2)® +a(l - )+ (1+ p). (4.26)

The solution of (4.26)) around z = 0 is written in terms of the hypergeometric

function , Fj as follow.

l+a/((d+1)p)

@z p) = I +ata/((d+1)p)

2F1[1,d;2+a+

(dfl)p;z]. 4.27)
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From the relation »Fj[a,b;c;z] = ;;0 %%zk, the facet degree

distribution is finally written as

a )F[1+a+a/((d+1)p)] I'[k+al
['d] I2+k+a+a/((d+1)p)]
(4.28)

For k > 1, by using the Stirling approximation, Eq. (4.28)) becomes

(k+a) *r @),

a )F[1+a+a/((d+1)p)]

k)= (14 Gy [l

(4.29)

leading to the scaling exponent of y=2+a/((d+1)p).

Next, for graph degree distributions, we start at the following rate equa-

tion:
qlk,p,T,t+1)
S /d+1\; (k—d)/d+a \! kjd—1+a d+1-1
:p[;l< I )((d—l—l)pt—i—aN(t)) (1_(d+1)pt+aN(t)>
< glk—d.p.T.0)+ (1~ (d+If)/;l:;v(t))dﬂ‘](k’p’T’t)}
+(1=p)q(k,p,T,1), (4.30)

For degree with respect to the link in graph, the degree distribution P, (k, p)

is written as follow because d links are added to a each node when a d-
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simplex is added.

(1+ a )F[1+a+a/(<d+1)p)] I'[k/d +a]
( I'ld] T2+k/d+a+a/((d+1)p)]’

(4.31)

leading to the scaling exponent of y =2+ a/((d + 1)p) for large k, which
is consistent with the one of facet degree distribution.

In the limit as a goes to infinity without the preferential attachment,
two degree distributions of Eqs. (4.28)) and (4.31)) are reduced to those in

growing random simplex complex for the d-simplex.

4.3 Poisson distribution

Rate equation

Now, we consider the d-simplex, whose dimension d follow the Poisson
distribution with mean A = d — 1, is added to the system every time step.
Assuming all finite clusters consist of A + 1 on average and they are all
trees, the total number of facet degree of nodes belonging to the cluster of
size s is written as ((A +2)/(A +1))(s—1). Then the probability each node,
which belongs to cluster of size s;, is selected to be linked is proportional to
! (((k +2)/(A+1)(si—1)+ as;) where a is the initial attractiveness

of nodes. Thus the rate equation of Ny(p,t), defined as the number of cluster
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of size s, becomes

‘W:pip(a;x [ (TGN, ) S

a=11ta»S
olgy1=1

d—1 oo
d+1 ’1 ’ d+1
DD (M)JI.NI.N (0 )

r=11i1,ir12,0ig41=1
gy | SN\T
RN N C +1>Jst—Z< , >JSNS<N) [ +8
r=1
(4.32)

where Jy(1) = (s(A+2) /(A + 1) +a) — (A +2) /(A + 1)) (A +2)pt +aN (7))~

and P(5;1) = A%+ /§! with setting d = § + 1. In the steady state as time
t goes to infinity, Eq. (#.32) is reduced to

ns(p)
:pZP(S’l) |: Z (Hzcill‘l_iania)éz‘jxglims_ (d+ 1)-]_sns +51S7
5=0 iz =1

(4.33)

where J; = (s(A+2)/(A+1)+a) — (A +2)/A+1))(A+2)p+a)!

The form of J; becomes

s(A+2)/(A+1)4+a)—(A+2)/(A+1)
(A+2)p+a

7(7L+2)/(A+1)+a<s_ (A+2)/(A+1) )

 (A+2)p+ta A+2)/(A+1)+a/

']_S:

(4.34)
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Facet and graph degree distributions

Now, we derive the degree and facet degree distributions in growing scale-
free simplicial complexes for the case of d-simplex, whose dimension d
follow the Poisson distribution with mean A = d — 1. The probability, that a
node added at time 7 is selected to be connected by a new link, is propor-
tional to kr () +a, where kr(¢) is the facet degree of the target node at time
t and a is the initial attractiveness. The rate equation of ¢(k, p,T,t), defined
as the probability that the node added at time T have the facet degree of k at

time ¢ with probability p, is written as

d+1
athop L) pZP 5:2) [Z <d;rl><(l+k2;plt:ZN(t)>l

k—1+a dt1-1
8 (1 (A +2)pt+aN(t)> qk=1,p,T;1)
k+a d+1
+ (1 - (A{ +2)pt+aN(t)) q(k7p7T7t):|
+(1=p)g(k,p,T,1), (4.35)

where the total number of node is N(t) = N(0) + and P(§;A) = A%+ /§!

with setting d = 6 + 1. By using the Taylor expansion, one can get

(d+1 14+a
q(k,p,T,1+1) pZP (6;1) [( A+2));I+QN(;>q(k—l,p,T,t)
(d+1)(k+a)
* <1 T —|—2)pt+aN(t)>q<k’p’T’t)}
+(1=p)qlk,p,T,t), (4.36)
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Summing up Eq. (.36) over k from 1 to #, one can get

N(t+1)Ps(k,p,t+1)—q(k,p,t +1,t+1)

B (d+1)(k—1+a)
PZP5 A) K T 2)pt /N + 2P 1p0)

(d+1)(k+a)
t (N(’)* (l—|—2)pt/N(t)—I-a)Bf(k’pJ)}

1= PN k0 + 05,

(4.37)

where Pr(k,p,t) = > 7_oNo®"q(k,p,T,t)/N(t). The initial condition of
distribution g(k, p,t,t) is q(k,p,t,t) = Oy because facet degree of a new

node is zero. For large ¢ limit, Eq. (4.38) is rewritten as

dN( Pf’”” ZP :0)]( d;i)(zﬂl/;“))Pf(k—Lp,z)

N (W)Pf(k, p,t)] + 60z (4.38)

with leading to

d(N(t)Z‘t(kanf)) - [( 1 +§/_((1,1102)p)>Pf(k— 1,p,t)
k+a
_<1+a/((x+2)p)>Pf(k,p7t)}+50k. (4.39)

Assuming Py(k, p,t) become time-independent Ps(k, p) in the steady state
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limit as time goes to infinity, one can easily get

i)y Prthp) + et @Bk p) = (k=1 +a)Pr(k—1,p)

i 2)p) Sor. (4.40)

In the same way as obtaining the Eq. (@4T),

Pr(k,p,A)

_(1+ a )F[l+a+a/((7t+2)p)] [k +ad]
N (A+2)p ['a] [24+k+a+a/((A+2)p)]

(4.41)

For k > 1, by using the Stirling approximation, Eq. (.41)) becomes

a )F[1+a+a/((7t+2)p)]

—(2+4)
k 7=
G2 Il (k-+a) ’

Py (k,p) ~ (1 +

(4.42)

leading to the scaling exponent of ¥ =2+ a/((dess + 1)p), Where dosr =
A+1

Next, for graph degree distributions, we start at the following rate equa-
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tion:

s [ (Y G—d)dra
q(k,pyTJH)—pﬁz_%l’(&“[;l( ! ><(}L+2)pt+aN(t)>

(k—d)/d+a ~d+1-1
. 1_(7H—2)pt+aN(t)> q(k—=d.p,T,1)
k/d—|—a d+1
+(1- (7L+2)pt+aN(t)> a(k.p.T.1)|
+(1=p)g(k,p,T.t), (4.43)

4.4 Giant cluster size

In this section, we derive the explicit form of G in terms of p near the critical

point. First we redefine i(x) as 1 —h(x). Then, around x =1 and p = p,, Eq.

#@.13) become

a/((d+1)p) (y!—(@+1+ad) _

v a/(d Dp)P ) 44

o'y — o) ~ (

where y = x~1/(@+1+ad) and ¢(y)/y = h(x)/(1+a/((d + 1)p)). This ap-
proximation is valid only around x = 1 and p = p. for small G. When we
set y = 1, one can get ¢(1) = 0 for the normal phase, while ¢(1) # 1 and
¢'(1) = 0 for the percolation phase. Moreover, f(x) in ({.7)

£ =x+ -+ Dpe (1 (1))

~ x+d(d+1)pxh'(x)h(x), (4.45)
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around x = 1 and p = p,. In this regime, the giant cluster size G, defined as

G =1-— f(1), is written as

d(d+1)p

GZl_f(l):d+1+ad<1+(

a

d+1

2
) (=e(e(l) @40

Now, let us solve the Eq. (4.44) to find ¢(1). Near y =1 and p = p,,

this equation is reduced to

ool — o) 2—(%+O€)(y—1)7 (4.47)

where « is defined as o = (a/((d+1)p))(d+1+ad)/(1+a/((d+1)p))*—
1 /4. The critical point p.(d,a) lies on the (d,a)-plane satisfying the condi-
tion of a = 0. Substituting (y — 1)y for ¢, Eq. become

(y—1)w‘£l‘;:—[(w—;>2+a], (4.48)

and the solution is written as

In(C(y—1)) = _/(l//—l{//a;l)lz—i—a’ (4.49)

where C is a integration constant. For a > 0, the solution of Eq. (¢.49)

becomes
In(C(y—1))
=3 ((Fr-2) + ) ezl e (G -2)))
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thus,

Cly—1)

(22 )

-1/2 1

4.51)

As y — 1 and o — 0, satisfying 1 > y— 1> exp[—7/(2/a)], the Eq.
(#@.57) is reduced to

|
o(1) = Zexp (—%) (4.52)

Substituting this into Eq. (4.46), one finally arrives at

G~

d(d+1)p (1 a >21

T
d+1+ad\" " (d+1)p) C Xp<*2\/a>’
4ad

(-5 5)

= e -3 [a(w ;;Zd) (1+ (d+al)p>_2 - ﬂ _1/2} - &9

for p > p. around p = p. in the percolation phase.

For o = 0, the solution of Eq. (4.49) satisfies

4[1n(2+14_"’y)+2+2f(py} —C—4In(y—1), (4.54)

where C is a integral constant. In other form, this equation becomes

1 2 ,
ln(zyﬁ) ~5 e~ nCh=Dl (4.55)

oo geg 5 romn (o2 D))



where C’ is a new constant. Thus, one can get

(P(y>:y;1 (1+W[—C”1(y—1)])’ (4.56)

where C” is a new constant and W (z) is the Lambert function satisfying
W (z)exp[W(z)] = z. Using the asymptotic form W (—z) ~ Inz for |z] < 1,

this solution around y = 1 is reduced to

<P(y)2y;1(1+IH[C,,(1y_1)]). 4.57)

Thus, when y = 1, one get @(1) = 0 and the giant cluster size G becomes
zero at the critical point p = p.. This is consistent with the fact that the value
of Eq. (4.53) for p > p. becomes zero as p goes to p,.

For a < 0, the solution of Eq. (4.49) becomes

(el v (o7 Dolv-3-veal

(4.58)

where C is a constant. By considering the case of the normal phase for p <
Pe, The value of @(1) should be zero at y = 1, because giant cluster is absent.

In this case, a valid solution is written as




for ¢/(y—1) < 1/2—+/—a. This equation can be rewritten as

oyt (L e (o2 ey
2 y—1 2y/—a+1y—1
1 2¢?
~——v—o— 4,
2 “ (y—1)21-2y-a)’ (4.60)

where C’ is a new constant. Around y = 1, one can get

[ A

1 4/ a

PO) =+ - 1)\/<2 —M) (% —V-a-Cl(y— 1)14@). (4.62)

The only plus sign of Eq. (4.62) is valid because the value of ¢ should be

always positive. Finally one get,
1 1 Aoa
p0) = (- 1)(3-V=a+C'y-DTE), @63

where C” is a new constant. It confirm that ¢(1) = 0 when y = 1, and then
the corresponding value of the giant cluster size G becomes zero in the nor-
mal phase for p < p,.

In summary, the explicit form of the giant cluster size G, around p = p,,
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18 written as

0 for p<pe,
G =
-2 -1/2
4ad (d+1+ad) 1
“c XP [_% [a (d+1)z (1 + (dfl)p) 4} } for p=pe,
(4.64)

where p. is the critical point satisfying a = 0.

4.5 Size distribution

The size distribution is derived by using the inverse Z transform of f(z) =
> o snsx® as follow.

dz —k—1
sn 4 2m,f(z)z (4.65)

where the contour c is a unit circle and counterclockwise closed path en-

circling the point z = 0. Substituting Eq. (4.43) into Eq. (#.63), Eq.

becomes then

dd+1 d
ns:gls+<+>l77§Zz
c

dd+1 2 d ‘
ns:5ls—u(d+l+ad)(1+ a >/y(p2ys(d+1+ad)—3,

2 d+1p/ J.2mi
(4.67)
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where ¢’ is the new integration contour and y = z~/(@*1+4d) and ¢(y)/y =
h(z)/(14+a/((d+1)p)). Because there is a singularity at y = 1, we change
the integration variable y into 1 4-u for small u. For large s, Eq. be-

comes
dd+1)p a 2/ du dtltad
=S P 1+ad) (14 ) [ S g1 e,
1 7 (d+1+ad) +(d+1)p . i (1+u)e
(4.68)
where ¢” is the new integral contour.
When p = p,, by using Eq. (¢.57), one get the size distribution
P+ Dp(1+a/((d+1)p)? 1
P 4(d+1+ad)? s3I’ s
1
~ IR (4.69)

for large s at p = p.. The coefficient changes depending on the values of
d and a, however, the corresponding critical exponent 7 is always 3 at the
critical point.

In the same way, when p < p., by using Eq. (4.63)), one get

ny ~ 5340/ (1-207a), (4.70)

where « is defined as o = (a/((d+1)p))(d+1+ad)/(1+a/((d+1)p))* —
1 /4. Thus, the critical exponent 7 is T=3+4+/—a /(1 —2v/—a) for p < p,.
This is consistent with the direct measures by solving numerically Eq. (4.4))

as shown in Fig.[4.39]
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Fig. 4.39: (Color online) Plots of T versus p in growing scale-free simplicial com-
plexes for (a) d = 1 (link), (b) 2 (triangle), (c) 3 (tetrahedron), and (d) 4 (5-cell).
Red (a =0.5), green (a = 1.0), and blue (a = 2.0) symbols represent the results ob-
tained from measures by solving numerically the rate equation of size distribution.
Each solid line is the analytic solution T = 3 +4+/—a/(1 —24/—a). For each plot,
dotted lines from the left represent the critical points for a = 0.5, 1.0, and 2.0.

4.6 The case of (d + 1)-sided polygon

When we consider the case of (d 4 1)-sided polygon with d + 1 nodes, all
properties are the same with those of d-simplex but for the degree distri-
bution about graph. The degree distribution become as follow because only

two links are added to a each node when a polygon is added.

a )F[l+a+a/((d+l)p)] I'k/2+d]
[da] IR2+k/2+a+a/((d+1)p)]

4.71)

4.7 Analysis

We investigated the percolation phase transition in the growing scale-free
simplicial complexes. In our models, O-simplex is added to the system and
a d-simplex is added with probability p. When we select d + 1 number of 0

simplexes for d-simplex, we consider that each 0-simplex has a attractive-
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ness of their facet degree with initial attractiveness a. In this systems, the
degree and facet degree distributions follow the power-law behavior with
the same scaling exponent of Yy =2+a/((d +1)p) at p for given d and a.
Furthermore, based on the rigorous analytical derivation, we presented that
our model exhibits the infinite order phase transition for any d and a. Our
findings confirmed that, around the critical point p = p., giant cluster cluster
size increase very smoothly and the second order moment has clear discon-
tinuity. Moreover, our models are reduced to the growing random simplicial
complexes when a — oo and the growing scale-free networks when d = 1,
respectively. Moreover, when a — oo, we confirmed degree and facet degree

turn to be exponential.

92 :



Chapter 5

Machine learning approaches

5.1 Motivation

In appendix, using a unsupervised machine learning (ML) method of prin-
ciple component analysis (PCA), we investigated the features of percolation
variables including the parent node number, occupation number, degree,
Adjacency and Laplacian matrix configurations for the percolation model
in two-dimensional lattices. As a results we confirmed that the giant clus-
ter sizes are extracted from the parent node number configurations and the
occupation probabilities are extracted from the other configurations. More-
over, recently, ML methods have also been successfully used to investigate
the percolation properties in two-dimensional lattices [72H74] from occupa-
tion number configurations sampled by Monte Carlo (MC) simulations.
However, owing to the difficulty and diversity of network embedding
manners, there are no researches about the ML approach to percolation
properties in networks. Here, we propose a simple method of network em-
bedding to learn the feature of percolation phase transitions in networks and
apply ML techniques to investigating percolation phenomena in networks.
We consider typically Erdés-Rényi (ER) and restricted-ER (7-ER) networks.
Conventionally, percolation transition type is second order [} [2, 36, [75] in

ER network, whereas the hybrid transition[42]] occurs in 7-ER network.
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5.2 Model and method

Our algorithm comprised three main steps including network embedding,
feature learning, and classification (regression) as shown in Fig. We
first consider ER and r-ER network models. Each networks start at N iso-
lated nodes. All node have number from i = 1 to i = N and their parents are
themselves at the beginning. When two clusters are merged as the network
grows, parents of all nodes in cluster with smaller number of parents node
are changed into parents of all node in other cluster before the merger. Af-
ter the network is grown up, the parent node number of each node in the
network is embedded into each site of the one dimensional lattice.

Next, in the feature learning step, the feature of the embedded network
information is learned through CNN. Our CNN starts with successive con-
volutional and pooling layers twice with 8 filters. Kernel size of convolu-
tional layer is 4 and pool size of pooling layer is 4. The values of sites in the
last pooling layer are flattened and goes through a fully connected network
(FCN). The number of output node of the last layer in this FCN is two for
classification of normal and percolation phases by using one-hot encoding,
and one for regression of the giant cluster size. For the classification ma-
chine, the activation functions of output layer and the other layers in FCN
are softmax [76] and the scaled exponential linear units (SELUSs) [[7/]] func-
tions, respectively. For the regression machines, the activation functions of
all layers in FCN are SELU functions. Loss function is mean squared error
and optimizer is Adam [78]] for training our machines. The corresponding

neural networks in this step are implemented with TensorFlow [79].
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Fig. 5.40: (Color online) Schematic illustration of the machine learning (ML) pro-
cess in our convolutional neural networks. We first introduce the ER and r-ER net-
works starting at N = 20 isolated nodes and the parents of all nodes are themselves
at the beginning. When two clusters are merged as the network grows, parents of
all nodes in cluster with smaller number of parents node are changed into parents
of all node in other cluster before the merger. For given time ¢, the parents node
numbers of all nodes are embedded into sites on the one dimensional lattice of
length size 20. The feature of this embedded information is learned through suc-
cessive convolutional and pooling layers twice with several filters. kernel size of
convolutional layer is 4 and pool size of pooling layer is 4. The values of sites in
the last pooling layer are flattened and goes through a fully connected network to
classify or regress the information in the network. For the classification machine,
the activation functions of output layer and the other layer in FCN are softmax and
the scaled exponential linear units (SELUs) functions, respectively. For the regres-
sion machines, the activation function of all layer in FCN are SELU functions. Loss
function is mean squared error and optimizer is Adam for training our machines.
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We perform MC simulations of ER and r-ER networks to collect 1000
configurations of parent node numbers every time resolution of 0.01 in the
link density range of ¢ € [0,1.2] for the system size N/10? = 2223 ... 27,
We then remove the information in the range of [t, — At, 7. + At] around the
critical, such as (0.3,0.7) for ER and (0.55,0.85) for r-ER when g = 0.8
case. We also consider two machines of classification and regression and
use the parent node number configurations as the input data for training.
First, for the classification machine, we set two values (y;,y>) of nodes in
output layer as (0, 1) for the normal phase in the subcritical region and (1,0)
for the percolation phase in the supercritical region. On the other hand, for
the regression machine, we use the corresponding giant cluster size config-
urations as the target values in output layer for training. We finally collect
other 1000 additional configurations of parent node numbers every time res-
olution of 0.01 in the link density range of z € [0, 1.2}, and 20% of them is for
validation and the rest is for test. Our findings from ML are compared to the
corresponding MC simulation results by using finite size scaling analysis.
Moreover, as test metrics for the regression machines, we use the Pearson
correlation coefficient R [80]], root mean square error (RMSE), and bias be-
tween the giant cluster sizes from our trained machine and MC simulation,

where bias is defined as the average of values for ML minus values for MC.

5.3 Results

In this section, we first show the parent node number is the reasonable input

data to classify the phases and derive the giant cluster size. Sequentially,
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to confirm our classification and regression machines for ER and r-ER net-
works, we compare the results from ML approach to those from the MC

simulation analysis.

5.3.1 Relation between parent node number and giant

cluster size

Before using the our parent node number configurations as the training data,
we check the relationship between the parent node number and the giant
cluster size in ER and 7-ER (g = 0.8) networks. We consider the total num-
ber of nodes N is 12800 with 1000 realizations by using MC simulations for
the link density from O upto 1.2. Each network starts from N isolated nodes
at t = 0 where the parents of all nodes are themselves with their initial node
numbers. When two clusters are merged following the NZ algorithm, par-
ents of all nodes in cluster, whose parent node number is smaller than other
one between two clusters, are changed into parent of other cluster whose
parent node number is larger.

Thus the larger the cluster size, the higher the probability that the num-
ber of parent nodes is. Moreover, the probability that the number of parent
node in the giant cluster is largest among all parents node numbers because
it becomes larger and larger as G grows with time ¢. Fig. confirms that
the node numbers of parent nodes become larger as the giant cluster sizes
G increase with the Spearman correlations coefficients [81]] larger than 0.89
for ER and 0.90 for r-ER. We hence expect that the parent node numbers can

characterize percolation configurations into normal and percolation phases
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Fig. 5.41: (Color online) For data from Monte Carlo (MC) simulations, plots of
the averaged parent node numbers of nodes in the giant cluster versus the giant
cluster size for the system size N/ 10% = 27 with 1000 realizations for (a) ER and
(b) r-ER networks. The color of data point represents the link density. The closer
link density ¢ to O the more blue it becomes, meanwhile the closer its value to 1.2
the more red it becomes. When ¢ = t., the color is light gray. Spearman correlation
coefficients, between the parent node numbers of nodes in the giant cluster and the
giant cluster sizes, are 0.89 for ER and 0.90 for r-ER networks. Hence, our results
confirm that the probability, that parent node number of the node in the giant cluster
is the largest, increases with time ¢.

clearly, and even directly derive the giant cluster size.

5.3.2 ER network

First, we explored the percolation properties of ER networks where the
giant cluster sizes increase continuously at the critical point #,, exhibit-
ing the second-order phase transition. The critical point 7, and other crit-
ical exponents are well known conventionally. We now perform the MC
simulation to obtain the giant cluster size G versus ¢ for the system size
N/10* = 29 — 219 over 10’ realizations. Assuming that the order parame-
ter follow the finite size scaling form of G(r) = N~B/Vf((t —1,)N'/7), we
reconfirmed 7, = 0.50(1), B =1.0(1), and ¥ = 3.0(1). The value of V is con-

sistent with those obtained from the formula 7,(N) —1.(eo) ~ N~1/V" where
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Fig. 5.42: (Color online) For the classification machines of ER networks, plots of
(a) output values (y,y») versus the link density 7. Training regions are shaded in
orange. (b) Plot of . —#./(N) versus N, where the asymptotic behavior of 7./(N)
follow t. —t./(N) ~ N~V with t. = 0.50(1) ¥ = 3.0(1). (c) Plot of (yy,y2) versus

(t. — )NV ¥ and all data are collapsed to a single curve with the estimated 7, and
o/

V.
t.(N) is defined as the point when the dG/dt is the maximum, leading to
v =3.0(1).

Next, in test results of the classification machines, the intersection points
t./(N) of output values (y1,y,) are estimated for the system size N/10% =
22 — 27 in Fig . Assuming that the asymptotic behavior of 7./(N) fol-
lows 1. —1./(N) ~ N~V we obtained 7. = 0.50(1) and V' = 3.0(2) as
shown in Fig.[5.42p. Using these V', each data point for given system size is
well collapsed onto a single curve in Fig. [5.42k. Moreover, the estimated v/
are consistent with v and v* from MC simulation analysis as shown in Ta-
ble It confirm that our classification machines can classify normal and
percolation phases in ER networks.

Furthermore, our regression machines are trained to retrieve directly
the giant cluster size using configurations of the parent node number. In
test results of regression machines, we estimate the Pearson correlation R
and root mean square error (RMSE), and bias between the giant cluster

sizes from the regression machines and the MC simulations for the sys-
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Fig. 5.43: (Color online) Plots of the retrieved values Gy, from regression ma-
chines versus the giant cluster sizes Gy¢c from Monte Carlo (MC) simulations for
(a) training and (b) test results in ER networks for the system size N/ 102 = 27,
In (a), the pixel of (0,0) has been enlarged to make it more visible. (c) The corre-
sponding plot of the giant cluster size (black solid line) from MC simulation versus
t, compared to the retrieved value (red open circles) from the regression machine
Versus f.

tem size N/10> = 2> —27. In Fig. and Table we confirm that
our machine can derive the giant cluster size with R of almost unity and
very small RMSE and bias for all system sizes. In the same way as MC
simulation, we estimate 7.(N) defined as the point where dG(¢)/dt is the

maximum. Assuming that the asymptotic behavior of 7.(N) follows the for-
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Fig. 5.44: (Color online) (a) Plot of #.(N) —t, versus N for N/10?> = 2> —27. The
value of 7.(N) is defined as the link density where dG(t)/dt is the maximum.
Assuming that 7.(N) follow 7.(N) —t. ~ N~V one can get 7. = 0.50(1) and
¥* = 3.0(1). From the finite size scaling formula G(r) = NB/V f((t — 1. )N'/V),
data points for all system sizes are collapsed to a single curve with 7. = 0.5(1)
and ¥ = 3.0(1) in (b) plot of GNB/Y versus (t —1.)N'/V. All data points above are
obtained from our trained regression machines for ER network.
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mula 7.(N) — t.(s) ~ N~'/V", on can get . = 0.725(2) and v* = 3.0(1)
as shown in Fig. [5.44p. Moreover, by using the finite size scaling form of
G(t) =NB/Vf((t —1.)N'/7), all data points are collapsed to a single curve
with 7. = 0.50(1), B = 1.0(1) and ¥ = 3.0(1) in Fig.[5.44b. Our results from
ML approaches are consistent with those from MC simulation analysis and

summarized in Table 5.9

5.3.3 r-ER network

In r ER networks, the order parameter jumps discontinuously and then ex-
hibits the second order phase transition, called hybrid PT [42], where the

giant cluster sizes G(¢) behave as

0 for <t
G(r)= 6D

Go+(t—1)B for t>1,.

In reference [42]], the jump size G and the other critical exponents 3 were
presented for g = 0.1 — 0.9, continuously varying according to g. Consid-
ering g = 0.8 case without loss of generality, we use the results of ¢, =
0.725(1), B = 0.32(3) and Gy = 0.29(3).

We additionally perform the MC simulation for the system size N/10* =
20 — 219 over 10° realizations. The jump size Gy is estimated at Go(eo) =
0.29(3), satisfying that Gy (o) — Go(N) follow power-law behavior with re-
spect to N. Assuming that the order parameter follow the finite size scaling
form of G(t) — Gg = NB/V f((t —1.)N'/V), we reconfirmed 1. = 0.725(1),
Go =0.29(3) B =0,32(3), and v = 1.8(1). In explosive percolation, we
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can assume the formula 7. (o0) —.(N) ~ N~'/¥" holds [82} [83]], where 7. (N)
is defined as ¢ intercept of the tangent of G(¢) at the point where dG(t)/dt
is the maximum. From these relations, we get v* = 1.8(1) which is consis-
tent with v = 1.8(1). These results from MC simulations are going to be
compared to those from the classification and regression machines.

Now, in test results of the classification machines, the intersection points
t./(N) of output values (y;,y») are estimated for the system size N/10? =
22 —27 in Fig. . Assuming that the asymptotic behavior of 7./ (N) fol-
lows t. —1./(N) ~ N~V we obtained 7. = 0.725(2) and V' = 1.8(1) as
shown in Fig. [5.45b. Using these V', each data point is well collapsed onto
a single curve in Fig. . Moreover, the estimated V' are consistent with
v =1.8(1) and v* = 1.8(1) from MC simulation analysis as shown in Ta-
ble[5.9] It confirm that our classification machines can classify normal and
percolation phases in 7-ER networks.

For our regression machines trained to retrieve directly the giant cluster

size using configurations of the parent node number, R is almost unity and
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Fig. 5.45: (Color online) For the classification machines of r—ER networks, plots
of (a) output values (y;,y2) versus the link density 7. Training regions are shaded
in orange. (b) Plot of 7. —1./(N) versus N, where the asymptotic behavior of 7./ (N)
follow t, —t/(N) ~ N~V with 7, = 0.725(2) 7' = 1.8(1). (c) plot of (y1, y2) versus
(t.—t)N 1/¥" and all data are collapsed to a single curve with the estimated 7, and

V.
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Fig. 5.46: (Color online) Plots of the retrieved value Gy, from regression machines
versus the giant cluster sizes Gy¢c from MC simulation for (a) training and (b)
test results in 7-ER networks for the system size N/10? = 2. In (a), the pixel of
(0,0) has been enlarged to make it more visible. (c) The corresponding plot of the
giant cluster size (black solid line) from MC simulation versus 7, compared to the
retrieved value (red open circles) from the regression machine versus 7.

RMSE is smaller than 103 with very small bias between the giant cluster
sizes from the regression machines and the MC simulations for the system
size N/10? = 22 — 27 as shown in Fig. and Table[5.10] In the same way
as MC simulation, Fig[5.47] confirms that the jump size G is estimated at

Go(e0) = 0.29(3), satisfying that Go(eo) — Go(N) follow power-law behav-
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Fig. 5.47: (Color online) (a)Plot of Gy — Go(N) versus N for g = 0.8 for N/10? =
25— 27, including additional sizes of N/10% = 23, 45, and 90. When G = 0.29(3),
a power-law decay appears. (b) Plot of t. —t.(N) versus N for N/10?> =22 —27.
The value of 7.(N) is defined as ¢ intercept of the tangent of G(¢) at the point where
dG(t)/dt is the maximum. Assuming that z.(N) follow z. —1.(N) ~N~/¥", one can
gett, =0.725(2) and v* = 1.8(1). From the finite size scaling formula G(r) — Gy =
N=B/Vf((r —1,)N'/7), data points for all system sizes are collapsed to a single
curve with 7, = 0.725(2), Go = 0.29(3), B = 0.32(3) and v = 1.8(1) in (c) plot
of (G — Go)NP/V versus (t —1,)N'/7. All data above are obtained from our trained
regression machines for r-ER.
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Table. 5.9: Comparison of the values of the critical point ., critical exponent f3,
jump size Gy, correlation exponents vV and V* obtained from MC simulation and
ML approach in Erd6s-Rényi (ER) and restricted-ER (-ER) networks. All values
are consistent with each other. The critical exponents V is defined in the finite size
scaling formula for the giant cluster size G in results of MC simulations and regres-
sion machines in ER and r-ER. The other exponent v* is defined in the formula
|t —t-(N)| ~ N~7". We remark that 7.(N) is defined as the point where dG/dt is
the maximum in ER whereas it is defined as ¢ intercept of the tangent of G(¢) at
the point where dG(t)/dt is the maximum in r-ER. Additionally, we define V' in
te—1/(N) ~ N~V where t./(N) is defined as the intersection point of output values
(y1,y2) in classification machines in both ER and r-ER networks. The results from
ML approaches are consistent with those from MC analysis.

te B Go \% v* V'
ER network
MC 0.50(1) 1.0(1) - 3.0(1) 3.0(1) -
ML  0.50(1) 1.0(1) - 3.0(1) 3.0(1) 3.0(1)

r-ER network (g = 0.8)
MC 0.725(1) 0.32(3) 0.29(3) 1.8(1) 1.8(1) -
ML 0.725(2) 0.32(3) 0.293) 1.8(1) 1.8(1) 1.8(1)

Table. 5.10: In test data for regression machines, the Pearson correlation coefficient
R and root mean square error (RMSE), bias between the giant cluster sizes from
regression machines and MC simulations for the system size N/10> =22 —27 in
each ER and r-ER (g = 0.8) networks. Gy and Gy represent the averaged giant
cluster size for regression and MC simulation results, respectively.

N 400 800 1600 3200 6400 12800
ER network
R 0994 0995 0.997 0998 0.998 0.999

RMSE (107%)  363.0 3507 2819 2365 193.1  150.7
Bias (107%) 8500 -10.61 -22.76 -24.04 -17.40 -7.274

Gur 0.373 0.366 0.367 0.360 0.360 0.361

Guc 0372 0367 0365 0362 0.362 0.361
r-ER network (g = 0.8)

R 0.992 0993 0995 0995 0.996 0.997

RMSE (107%) 456.5 460.6 3954 3742 331.1 282.2
Bias_(10*4) 10.55 3346 10.63 5952 -8291 0.832

Gur 0333 0324 0321 0316 0313 0.313
Guc 0332 0324 0320 0316 0314 0313
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ior with respect to N. Moreover, from the formula z.(c0) — £.(N) ~ N~'/V",
where 7.(N) is defined as 7 intercept of the tangent of G(¢) at the point where
dG(t)/dt is the maximum, one can get 7. = 0.725(2) and v* = 1.8(1). Ad-
ditionally, by using the finite size scaling form of G(t) — Gy = N~P/V f((r —
te)N 1/ V), we confirm that all data points are collapsed to a single curve with
t. =0.725(1), Go = 0.29(3), B = 0.32(3), and vV = 1.8(1). Our results from
ML approaches are consistent with those from MC simulation analysis and

summarized in Table

5.4 Analysis

We have implemented the supervised learning of continuous and hybrid per-
colation PT of ER and r-ER networks, respectively. We first proposed net-
work embedding method to use the information in networks as the input data
of ML. We embed the parent node number of all nodes to the correspond-
ing site in one-dimensional lattice. Next, by using these embedded data, we
trained two types of the classification and regression machines and derive
the feature of ER and r-ER networks.

Our trained classification machine classified the normal and percola-
tion phases, and gave us the reasonable values of the critical points 7, and
the correlation exponents for both ER and r-ER. Furthermore, our trained
regression machines could retrieve directly the giant cluster sizes G which is
consistent with those of MC simulation results. We thus performed the finite
size scaling for the giant cluster size derived from the machines with leading

to the critical points 7., critical exponents 3 and the correlation exponents v
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for ER and r-ER including the jump size Gy at ¢ = ¢.. All percolation prop-
erties obtained from our ML techniques are consistent with those from MC
approach and summarized in Table

Those findings show finally ML techniques can be great methods to
investigate the percolation properties even in network exhibiting not only
continuous PT but also hybrid PT including the discontinuity of the order

parameter ’s emergence.
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Chapter 6

Conclusion

We first showed that the critical exponent 8 decreases algebraically with
m in growing networks; however, it decays exponentially in static networks
under the local suppression rules. This fact reflects that the suppression ef-
fect in growing networks is weaker than that in static networks. Furthermore,
we obtained the critical exponents and their tendencies in both growing and
static models for arbitrary values of m. The critical exponent f is finite for
given m and the order parameter exhibits the second order phase transitions
in growing networks under the local suppression effects.

Moreover, we investigated how a BKT PT of growing networks is
changed in type when the growth of large clusters in the system is sup-
pressed globally. We introduced the r-GRN model, modified from the GRN
model by including the suppression rule. In the »~-GRN model, we found
that there exist two transition points, p, and p., and three phases. i) In the
region p < py, the order parameter is zero, and the cluster size distribution
decays according to a power law without any exponential cutoff and with
exponent T(p) larger than three. Thus, the mean cluster size is finite. The
exponent 7(p) continuously decreases as p is increased. Accordingly, the
region p < pj is regarded as an infinite-order type critical region. ii) For
the region p, < p < p., we found that the order parameter is zero, and the

cluster size distribution follows a power law without any exponential cut-
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off, where the exponent 7(p) ranges between two and three. Thus, the mean
cluster size diverges. This behavior is reminiscent of the critical behavior
occurring at the critical point of a second-order transition. Thus, region ii)
is regarded as a second-order type critical region. The fact that the mean
cluster size diverges, even though the largest cluster has not grown to the
extensive size yet, implies that the fluctuations of subextensive-finite clus-
ters diverge preceding to the emergence of the giant cluster of extensive size.
Similar behavior occurs in a hierarchical model [[12]. iii) At p., a discontin-
uous transition occurs. iv) The region p > p. is regarded as a noncritical
region because the order parameter is finite, and the cluster size distribu-
tion decay exponentially. Thus, our model contains the three regimes of the
infinite-order, second-order, and first-order transitions. We obtained various
properties of the transition behaviors analytically and numerically. We also
found that PIN models exhibit the BKT transitions and obtain a similar pat-
tern of PT to those in the ~-GRN model. Thus our main results are universal
independent of detailed dynamic rules.

Furthermore, we extended the growing networks with edges to the
growing scale-free simplicial complexes with d-simplexes. For construct-
ing the growing scale-free simplicial complexes, we consider that each 0-
simplex has a attractiveness of their facet degree with a initial attractiveness
a. Based on the generating function approach [14} [27-29]], we analytically
obtained the explicit forms of the giant cluster sizes and size distributions,
and confirmed that our models exhibit the infinite-order phase transitions.

Next, we confirm that ML method is successful in exploring the perco-

lation properties in not only lattices but also networks. First we found that
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the features of the parent node number configurations are the giant clus-
ter size in two-dimensional percolation system. Based on these results, we
performed the supervised learning analysis for ER and r-ER networks. we
embedded the parent node number of each node to each corresponding site
in one-dimensional lattice. By using these parent node number configura-
tions as the input data of the convolutional neural network (CNN) [84]], we
developed the classification and regression machines to investigate not only
the continuous PT in ER network but also hybrid PT including discontin-
uous and continuous percolation properties in r-ER network. Finally, we
confirmed that our trained classification machines classify the two types of
phases with reasonable critical points and the trained regression machines
directly retrieve the giant cluster from the parent node number configura-
tions for both ER and r-ER networks, even though the machines was trained
with no information around the critical points.

In conclusion, we have solved generally the percolation problems in
growing scale-free simplicial complexes covering properties of growing net-
works, and it can help to understand the properties of growing system. Fur-
thermore, our findings revealed that the machine learning approach are ap-

plicable to the percolation issues in networks as well as lattices.
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Appendix A

r-GRN model

A.1 Rate equations of the -GRN model

Here we recall the rate equations previous derived in Ref. [27]]. The cluster
number density ns(p,t) is defined as the number of clusters of size s divided
by N(t) at time step ¢, where p denotes the probability that a link is con-
nected between two selected nodes. We denote the size of the largest cluster

in set R as Sg(p,t). Then the rate equations of n,(p,?) are as follows:

oo

d(N(t)ng n; jn s
HM)_p{zmf’”faiﬂ,s—snx—i:Msm for s<Sg, (A1)

dt =
d(N(t)ny) = inijn; “kn
%:p[z J ]8i+i.s_sns_(1_27k>}+51s

di = 8 - — 8

for s=2S, (A.2)

d(N(t)ns) = injn; ol . Sp—1 kny
—a P [Z Z Oitjs+ Z‘sSRJrj.,SJnj(l - Z 7) —snx]

i j=1 i=1 g j=1 i 8

for s> Sg. (A.3)

On the R.H.S. of equation |i for s < Sg, the first term Z;’j:l %5,4 s
means the probability that one node is randomly selected in set R and the

other is randomly selected from the entire system, and they are merged and
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then generate a cluster of size s. The second and third terms (1 + 1/g)sn;
means the probability that one node is randomly selected from a cluster of
size s in set R regardless of the other node selected from all other nodes in
the entire system and vice versa. The last term, J;, represents the contribu-
tion by an incoming isolated node at each time step. In equation (A.2) for
s = Sk, the first, second, and the last terms are obtained in the same way as
in equation (A.1). The third term 1 — Zf" ! k’gf" means the probability that
one node is randomly selected from the largest cluster of size S in set R
regardless of the other node selected from all nodes in the entire system.
In equation 1| for s > Sg, the first term E 1 Oirjsinj ZSR ! ’"' means
the probability that one node is randomly selected from the nodes which do
not belong to the cluster of size Sk in set R and the other node randomly
selected in all nodes that generates a cluster of size s > Sg. The second
term D7 Osgjsjn; (1 - Zfﬁfl %) means the probability that one node
is randomly selected from the cluster of size Sk in set R and the other node
randomly selected from all nodes in the entire system. The third loss term
sny is obtained in the same way as in equation (A.I)) and (A.2). p means the
probability that two selected nodes are linked.

In the steady state t — oo, Sg(p,?) and n,(p,t) become independent of
t, and they are written as Sg(p) and ng(p), respectively. Then the L.H.S. of
equation (A.1HA.3) become n,(p) and the R.H.S. of equation (A.1HA.3) are

rewritten as follows:
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oo

ne=p[ D2 b (14 Jom] 8 for s<Sg, (Ad)

ij=1
= injjn 2 kn
iJItj k
ng = P[Z #Sﬂrj,s —Sng — (1 - Z 7):| +6ls
=1 8 -1 8
for s=Sg, (A.5)
= Sl in oo Sl
iJn; . k
ng=p [Z D LSt D Ssprjsin (1 - 7) - sns]
=1i=1 8 J=1 = 8

for s> Sg. (A.6)
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Appendix B

Unsupervised learning of percolation

transitions in two-dimensional lattices

B.1 Feature extraction

To collect datasets, we perform MC simulations for two-dimensional bond
percolation (2DBP) in L by L of two-dimensional lattices with L? nodes. At
time ¢+ = 0, all nodes are isolated with node number from i = 1 to i = N,
and their parents are themselves at the beginning. Moreover, a bond can
be occupied at one of 2(L — 1)L positions with closed boundary conditions
every time step ¢ because of the coordination number z is 4. As time ¢ in-
creases, a bond is randomly added to the system at each time with bond oc-
cupation probability p defined as p =1/(2(L — 1)L). When two clusters are
merged. parents of all nodes in cluster with smaller number of parents node
are changed into parents of all node in other cluster before the merger. We
grow the system until p = 1.0, and collect 2000 configurations of degrees
and parent node numbers every resolution of 0.01 in the link density range of
p € [0, 1.0] for the system size L/10 =2, 4, 8, 10, 16, and 20. Half of config-
urations are used to train the machines with 20% of them for validation, and
the rest of them are used for test. We collect additional 2000 configuration

of adjacency and Laplacian matrix of size L? by L? every resolution of 0.01
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Table. B.11: The features, extracted by unsupervised learning methods, of percola-
tion variables including site (bond) occupation number, degree, adjacency matrix,
Laplacian matrix and parent node number for two-dimensional site (bond) percola-
tion.

Bond Site
Bond (site) occupation number  Bond occupation prob.  Site occupation prob.
Degree Bond occupation prob.  Activated bond density
Adjacency matrix Bond occupation prob.  Activated bond density
Laplacian matrix Bond occupation prob.  Activated bond density
Parent node number Giant cluster size Giant cluster size

in the link density range of p € [0, 1.0] for the system size L/10 = 10. Simi-
larly, we collect datasets of two-dimensional site percolation (2DSP) for site
occupation number and parent node number configurations by performing
MC simulations. The foregoing two dimensional variables of configurations
are used in both input and output layers in PCA.

After performing PCA, linearity appear between the first principal com-
ponent y; and the giant cluster sizes when the input datasets are the par-
ent node number configurations, whereas, linearity appear between the first
principal components y; and the bond occupation probabilities when the
input datasets are the others.

In the same way as the case of 2DBP, as a result of PCA for 2DSP,
linearity appear between the first principal component y; and the giant clus-
ter sizes when the input datasets are the parent node number configurations,
whereas, linearity appear between the first principal components y; and the
site occupation probabilities when the input datasets are the site occupation

number configurations.
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