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ABSTRACT

CONSENSUS OF LINEAR TIME INVARIANT
MULTI-AGENT SYSTEMS OVER MULTILAYER NETWORK

BY

SEUNGJOON LEE

DEPARTMENT OF ELECTRICAL AND COMPUTER ENGINEERING
COLLEGE OF ENGINEERING
SEOUL NATIONAL UNIVERSITY

FEBRUARY 2021

Traditionally, the consensus of multi-agent systems is often studied by assum-
ing that there is a single network consisting of a single type of interaction. Re-
cently, such an assumption is being challenged due to its limitation in representing
more complex interactions. In this thesis, we consider the case where each agent
is interacting using multiple, different types of output information. In order to
model such interactions, the concept of a multilayer graph is employed. A novel
necessary and sufficient condition is proposed for the existence of a dynamic cou-
pling law to achieve state consensus for a multi-agent system over an undirected
network. Specifically, the proposed condition couples graph theoretic conditions
with system theoretic conditions and highlights the interplay between the commu-
nication network and information exchange between agents. Furthermore, based
on the proposed condition, an observer-based dynamic controller is designed to

achieve state consensus over an undirected network.



The main results are then extended to output consensus problem over a di-
rected network. Unfortunately, the proposed conditions are no longer necessary
and sufficient and the challenge is illustrated through various examples. Never-
theless, additional assumptions are made on the dynamics of the agent to recover
the equivalence for output consensus over the undirected multilayer network. A
sufficient condition is also given for output consensus problem over the directed
network and the corresponding controller design is presented.

The effectiveness of the work is shown by a series of applications of the main
results. First, the distributed state estimation problem is formulated into a con-
sensus problem over a multilayer network. The proposed approach allowed us
to develop a novel design for a distributed observer that communicates less in-
formation with its neighbors compared to existing designs. Secondly, the main
results are applied to the formation control problem. Specifically, we consider
the case when the desired formation is given by a combination of relative po-
sitional constraint and bearing constraint. Using the proposed approach, a dy-
namic controller is designed to achieve the desired formation while organically
scaling the overall size of the formation. Finally, a multilayer network is also
applied to the distributed optimization problem. Through multilayer networks,
a communication-efficient algorithm is proposed which only communicates a part

of the decision vector at each time instant.

Keywords: consensus, linear homogeneous multi-agent systems, multilayer net-
work, formation control, distributed estimation, distributed optimization

Student Number: 201422571
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Chapter 1

Introduction

1.1 Research Background

Consensus and synchronization of multi-agent systems have been studied ex-
tensively for past decades and found a wide range of applications. In particu-
lar, application of consensus includes formation control (e.g., [OPA15, ZZ17]),
distributed state estimation (e.g., [KLS20, MS18|) and distributed optimization
problem (e.g., [NO09, LS19]) to name a few. (More details can be found in
[RBAO7, OSM04, Wiel0O] and references therein.) As consensus of multi-agent
systems has been essential in many of the applications, various studies are done
in the literature. Most of the results developed for the consensus of multi-agent

systems can be categorized based on the following characteristics:

1. Model: Complexity of the model for each agent. Is it homogeneous or

heterogeneous? Is it linear or nonlinear? Is it continuous or discrete?

2. Communication Network: Structure of the communication network. Is
it directed or undirected? Is it connected or disconnected? Does communi-

cation have a delay or only happens at discrete times?

3. Information: Details on how and what information is exchanged. Do
agents communicate absolute or relative information? Is it the output or
state information of each agent? Is there any additional information com-

municated among agents?



2 Chap. 1. Introduction

Before moving further into the details of each topic and related literature, let
us briefly discuss and emphasize a particularly important aspect of the consensus
problem for the multi-agent systems (which is not only limited to the consensus
problem over multilayer network) that is assumed throughout this dissertation.
Throughout this dissertation, we suppose that only the relative output informa-
tion (as opposed to absolute output information) is available to each agent for
control. This is motivated by the physical limitations in practical scenarios. For
instance, consider the consensus problem of drones. Then, it is easy to measure
and obtain a relative position between drones but much harder to obtain an ab-
solute position of itself. Hence, there is a need for a control algorithm which
only utilizes the relative information (which is easily available) to achieve its goal.
Due to this reason, the majority of the literature on the consensus problem of
multi-agent systems only utilize the relative output information, which we will
follow as well. If the absolute output information is available to each agent, then
the consensus problem becomes less challenging as the problem becomes how each
agent control itself, which is similar to the classical problems in the control theory.
Additionally, the control using the absolute information is also less challenging in
the sense that the same technique developed for the consensus using relative infor-
mation can be used directly since relative information can be easily obtained from
absolute information. Nonetheless, there are few works which use absolute infor-
mation for consensus problem and we refer to works such as [KKB*16, YSSG11|

for more details.

Now, a brief overview of the various studies done for the consensus is given.

As the consensus problem of multi-agent systems received a considerable amount
of attention from various research communities, numerous aspects of the consen-
sus problem have been studied. Among those, the consensus of linear, homoge-
neous agents is a particularly well-studied problem due to rich results from lin-
ear system theory. As mentioned above, the result for the linear homogeneous
agents can be further classified based on communication networks and informa-
tion. Early studies for the consensus problem were done for agents of integrator
(e.g., [RBO5|) or double-integrators (e.g., [RB08|), while the early survey can be
found in [RBAO5|. Then the consensus problem is solved for more general lin-
T !
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1.1. Research Background 3

ear systems. For instance, the LQR-based approach is used in [Tun08] to solve
consensus problems using static diffusive state coupling over undirected networks
and LMI-based approach is proposed in [WKA11]| for directed graphs. Dynamic
controllers are studied in [SS09| for switching networks and observer-based con-
trollers are proposed in [ZLD11, WLHO09]. The aforementioned observer-based
controllers are often required to communicate additional information (on top of
relative output information) such as the state of the dynamic controller (e.g., the
estimate of observers). This challenge has been first resolved by [SSB09| using
the low-gain based controllers which do not require any additional information
other than the relative output information. Improvements to the low-gain based
controllers are made in the following works such as [WSS*13] which applied a
similar approach under communication delay. Finally, the aforementioned works
can be viewed as finding a sufficient condition (and the corresponding controller
design) to achieve consensus. Conversely, studies are also done to find a necessary
condition for the existence of such controllers. For instance, necessary conditions
for the continuous-time multi-agent system are discussed in [MZ10] and a similar

result is also studied in the discrete-time domain [GML12, YX11|.

The consensus problem is also extensively studied for systems with more com-
plex models such as nonlinear systems. However, the details are not discussed as a
nonlinear system is not the main focus of the dissertation. For the interested read-

ers, refer to works such as [Kim16, Leel9, PL17, WSA11, MBA15, KSS11, LYS1§|

and references therein.

The majority of the studies mentioned so far were focused on models and com-
munication network aspect of the multi-agent system. Consequently, less work in-
vestigated more complex structure for information. In particular, previous works
often assume agents are interacting with only a single type of output informa-
tion over a single network. However, this paradigm has been challenged in recent
years due to the limitation of a single network to represent more complex types of
interactions and relationships. For example, consider the multi-agent system of
cyber-physical systems where agents may have physical interaction as well as cy-
ber interaction (e.g., wireless communication) with other agents [WCL17|. Most
importantly, since physical and cyber interactions have different characteristics,

T !
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4 Chap. 1. Introduction

each agent may have different neighbors for each type of interaction. For instance,
an agent may communicate with other agents despite having no direct physical
interactions or an agent may not communicate with other agents, yet still have
physical interactions.

In light of this, multilayer network!, a more general and complex model of
the network is studied in various fields [BBC*14, DDSRC*13]. A multilayer
network is a collection of multiple layers of graphs, each sharing the same node
set but with a different edge set (with formal definition to be given in the following
chapters). Specifically, each layer of the graph is used to represent a single type
of interaction. The possibility of multiple layers of graphs and different edge sets
for each layer allows more complex interactions among agents.

Additional complexity provided by the multilayer network is shown to be es-
sential in various fields especially when studying and modeling the dynamical sys-
tems [DDGPA16]. For example, in opinion dynamics, people may interact with
others in various methods such as physical contact or through online services
[SLT10, ZSL17|. In biological systems, neurons have both electrical coupling and
chemical coupling, each having different characteristic [APD11|. Schooling of fish
also has multiple layers of interaction including vision and lateral line with dif-
ferent neighbors for each interaction [PP80|. In the study of epidemic spreading,
authors of [GGA13, ZWL™ 14| employed the multilayer network to model various
interactions including transmission among different communities and awareness
of the disease. The transportation system is a classic example that can be rep-
resented using the multilayer graph, with each layer modeling different means of
transportation such as automobile, train, or plane [CGGZT13]. The electrical
power network can also be described as a consensus problem with both physical
couplings by transmission lines and cyber coupling through wireless communi-
cation [WCL17, MDP17|. In all of the examples mentioned so far, each agent
interacts with others through multiple types of interaction. Therefore, it is chal-

lenging to model and analyze the dynamics of such a system using conventional

1The exact definition of the multilayer network varies from work to work and other vocabu-
laries such as multipler network is also used to denote the similar structure (e.g., see [BBCT14]
for details). In this dissertation, the term multilayer network is used for consistency, and its

exact definition is presented in Chapter 2

2] &-t]] 8
i ] 1



1.1. Research Background )

= ———
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(a) Communication network. Solid lines denote relative position measure-

ment and dashed lines denote relative velocity measurement.

Qe—@—™0O ®

Position

-----

Velocity

(b) Multilayer graph representing the communication network.

Figure 1.1: Example of multilayer network for the platooning problem. Ar-
rows denote the flow of information.

approaches. However, the multilayer network can be used to conveniently model
the aforementioned examples with each layer representing a specific type of inter-

action.

For a more concrete example, the vehicle platooning problem is given to mo-
tivate the usefulness of the multilayer graphs. Suppose that the dynamics of each

vehicle is described by
l"i:Ui, ’L.}Z':ui, Vizl,...,4,

where x; is the position, v; is the velocity and u; is the acceleration of the vehicle.
The goal of the platooning problem is to control the vehicles to maintain the
distance d* > 0 and to travel at the same velocity, i.e., x;(t) — x;41(t) — d* for all
i=1,...,3 and vj(t) —v;(t) = 0 for all ¢,j € {1,2,3,4} as t — co. Suppose that
each vehicle has different measurement capabilities. Specifically, vehicles may
either measure relative position or relative velocity with its neighbors as shown
in Fig. 1.1(a).

For instance, vehicle 2 has a sensor at the back and vehicle 4 has a sensor at
the front to measure the relative distance to vehicle 3 (note that the arrows in
Fig. 1.1 represent the flow of information). On the other hand, vehicles 2 and 3
receive velocity of vehicle 1 via wireless communication while vehicle 2 is capable

T !
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6 Chap. 1. Introduction

of transmitting its velocity back to the vehicle 1. This allows vehicles to obtain
relative velocity. Then, the vehicle platooning problem can be formulated into
a consensus problem with multiple different interactions, where the interactions
can be represented as shown in Fig. 1.1(b). Let df = (i — 1) - d* be the desired

distance from vehicle 1 and let e; := z; +d; for ¢ = 1,...,4. Then, it follows that
éi:vi, z')i:ui, Vizl,...,4.

Hence, it is easily verified that achieving consensus of the state [e;(¢) v;(t)]"
implies z;(t) — xj11(t) — d* for all ¢ = 1,...,3 and v;(t) — v;(t) — 0 for all
1<i,j<4

Despite the flexibility of the multilayer graphs for modeling the multi-agent
systems, there are only a few works studying such a system to the best of the au-
thor’s knowledge. For example, distributed proportional-integral-derivative (PID)
control is studied in [LDB16| where proportional and integral actions are repre-
sented as separate layers. However, the difference between the layer is only on the
mean to compute the action (e.g., proportional versus integral) and the same out-
put information is used on each layer. In [HCH'17, Sor12|, a consensus problem
over the multilayer network is studied where the diffusive coupling is used with
different output on each layer and [FDLR18] studied a similar problem for double
integrators. However, these works often consider a multilayer network with 2 lay-
ers and assume simultaneous diagonalization (or triangularization) of Laplacian
matrices of each layer, which is a restrictive assumption. Authors of [WCL17|
study consensus problem for two layers with non-commuting Laplacian matrices,
but full state information is used and assumed connectivity of the corresponding
layer. Master stability function is employed in [GGGBBI16] to study nonlinear
systems, but only numerical results are obtained. Moreover, most of the works

mentioned only provide sufficient conditions for achieving consensus.

More recent works done by the control community include [PLSJ19| which
studies the observability of dynamical systems with a multilayer structure and
|ZSL17] which applied multilayer network to linear threshold model. However,
these works studied the structural properties of the system and not the consensus

3 by y
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1.2. Contributions and Outline of Dissertation 7

problem in particular.

The line of work that is perhaps closest to the results of the dissertation is the
works such as [Tun16, Tunl7, Tun19, Tun20, TNLA18|. The authors proposed a
concept of matrix weighted Laplacian and analyzed various properties relating to
detectability while also proposing controllers to achieve consensus (e.g., dynamic
controller in [Tunl6| and static controllers in [Tun19, Tun20, TNLA18|). In fact,
it can be shown that the multilayer framework proposed in the dissertation is
equivalent to the framework using the matrix weighted Laplacian as in [Tunl7|
(e.g., see Appendix A.2 more discussion). However, the work of [Tunl6, Tunl7,
Tun19, Tun20, TNLA18| are limited to undirected and state consensus problem.
Additionally, it only provides a sufficient condition to design a dynamic controller
in the discrete-time domain while using a continuous-time operation at each time
step. Hence, it is not known if the similar design can be implemented in the
continuous-time domain. The main contribution of the dissertation compared to
these works include proposing a sufficient condition and designing a controller
purely in the continuous-time domain. Moreover, we also consider the multilayer
network for more complex problems such as output consensus, directed graphs,
or switching networks. Finally, various nontrivial applications of the multilayer

network are also presented using the proposed approach.

1.2 Contributions and Outline of Dissertation

In this section, an outline of the dissertation is presented and the main con-

tributions are summarized.

Chapter 2. Preliminaries on Graph Theory and Convex Optimization

In this chapter, we review the basics of algebraic graph theory and convex
optimization. The concept of multilayer graphs is also presented and related

concepts are developed. The main contributions of this chapter are:

e We formerly define multilayer graph and present related concepts from al-

gebraic graph theoretical.



8 Chap. 1. Introduction

e Preliminary results from algebraic graph theory and convex optimization

are sumimarized.

Chapter 3. Consensus Problem over the Multilayer Network

In this chapter, we formulate the consensus problem over a multilayer net-
work, where each agent exchanges various different output information over dif-
ferent communication network. We start by first addressing the state consensus
problem over an undirected multilayer network. Using an intuitive understanding
of the consensus problem, a novel necessary condition is proposed. Specifically,
the proposed condition involves both graph theoretical concepts such as connec-
tivity along with system theoretical concepts such as detectability. It is also illus-
trated through simple examples that such a combination is necessary to achieve
consensus over a multilayer network.

Based on the necessary condition, a novel dynamic controller is proposed to
achieve consensus. In particular, the proposed design is motivated by observer-
based approaches for the single-layer network, but with an additional component
to overcome challenges faced in the multilayer network. From the proposed design,
it is also established that the proposed condition is necessary and sufficient for
state consensus over an undirected network. Contents of this chapter are mainly

based on [LS20d|. The main contributions can be listed as below:

e We give a novel necessary and sufficient condition for state consensus prob-

lem over multilayer network.

e Various equivalent conditions for the proposed necessary condition are made
and interpretations are given relating to the traditional concept of de-

tectability and connectedness.

e An observer-based controller is proposed to achieve the state consensus over

an undirected multilayer network.

Chapter 4. Extension to Output Consensus over Directed Network

In this chapter, the problem of consensus over the multilayer network is ex-
tended to output consensus over a directed network. Unfortunately, the proposed

5 "
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1.2. Contributions and Outline of Dissertation 9

conditions from Chapter 3 is no longer necessary and sufficient and challenges are
illustrated through various examples (and counterexamples). Nonetheless, addi-
tional assumptions are made to recover equivalence for output consensus problem
over the undirected network and sufficient condition is given for output consensus

problem over the directed network.

e Results developed for state consensus over undirected multilayer network are

extended to output consensus problem over directed multilayer network.

e Counterexamples are given to illustrate challenges for finding necessary and

sufficient conditions.

e Additional assumptions are made which recover equivalence for output con-

sensus problem over the undirected network.

e A sufficient condition for output consensus problem over the directed net-

work is proposed and an intuitive explanation is given.

Chapter 5. Application to the Distributed State Estimation Problem

In this chapter, we apply the main results developed to the distributed state
estimation problem. The distributed state estimation problem is where a number
of agents wishes to estimate the state of the plant only using local measurement
and communication with neighbor agents. It is supposed that no single agent may
recover the state of the plant by itself and hence communication with neighboring
agents is necessary.

We show that the distributed state estimation problem can be formulated
into a consensus problem over a multilayer network. Consequently, the proposed
necessary and sufficient conditions apply. In particular, a novel design is pro-
posed for observers that communicate less information compared to existing de-
signs. Furthermore, results are extended to switching networks such that the
communication among observers as well as local measurement may be exposed to
communication losses. Contents of this chapter are based on [LS20e|. The main

contributions of this chapter are:
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e We formulate the distributed state estimation problem into the consensus

problem over a multilayer network.
e A novel design for the observer is proposed for a marginally stable plant.

e It is shown that the proposed design exchanges less communication com-
pared with existing designs and in fact, exchanges the minimum amount of

information.

e Analysis is extended to show that the proposed distributed observer design

achieves state estimation under the switching network.

Chapter 6. Application to the Formation Control Problem

In this chapter, we present the application of consensus over a multilayer net-
work to the formation control problem. Specifically, we consider the problem
where the desired formation is given by a combination of relative positional con-
straints and bearing constraints. Similar to the previous chapter, it is shown that
the formation control problem can be formulated into a consensus problem over
a multilayer network. Consequently, a dynamic controller is designed to achieve
the desired formation. The efficacy of the proposed approach is shown by easily
scaling the overall size of the formation in a distributed manner. Contents of this

chapter are discussed in [LS20d]. The main contribution can be listed as follows:

e We formulate the formation control problem into a consensus problem over
a multilayer network. Specifically, we consider the scenario where the con-

straints are given both by relative position and bearing.

e Dynamic controller is designed to achieve the desired formation.

Chapter 7. Application to the Distributed Optimization Problem

In this chapter, we present application of the multilayer network to the dis-
tributed optimization problem. Traditional consensus algorithms from single-layer
networks are recently applied to solve the distributed optimization problem. Con-
sequently, theories developed for the consensus over the multilayer network can
be similarly applied to the distributed optimization problem. In particular, by

T !
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1.2. Contributions and Outline of Dissertation 11

considering the switching multilayer network, communication-efficient algorithms
are developed which only communicate part of the decision variable at each time
instant. This chapter also contains the analysis and construction of continuous-
time distributed algorithms using the blended dynamics approach motivated by
[LS20b]. The contents of this chapter are based on [LS20c|. The main contribu-

tions of this chapter are:

e We apply the switching multilayer networks to the distributed optimization

algorithm to propose a communication-efficient algorithm.

e A general tool is proposed to achieve asymptotic consensus of heterogeneous

multi-agent systems.

e The proposed approach is used to analyze and construct novel algorithms
which combine consensus algorithm with accelerated methods such as dis-

tributed heavy-ball method.
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Chapter 2

Preliminaries on Graph Theory and
Convex Optimization

This chapter provides a brief introduction to graph theory and convex optimiza-

tion theory used throughout the dissertation.

2.1 Graph Theory and Consensus Problem

For the modeling of the interactions between multi-agent systems, graph the-
ory is used extensively. In this section, graph theory and relevant definitions are

summarized. For more details, refer to textbooks such as [GRO1].

2.1.1 Basic Definitions

Definition 2.1.1. A time-varying graph is a triple G(t) = (N, £(t),20(t)) consist-
ing of a nonempty finite set of nodes N' = {1, ..., N}, an edge set of ordered pairs
of nodes £(t) C N x N, and a weighted adjacency matrix A(t) = [a;;(t)] € ]R]ZVOXN,

where t € R represents time, satisfying the following properties:

1. The graph contains no self-loops, i.e., (i,7) € £(t) and «;;(t) = 0 for all
teRand i € N.

2. Each element of the weighted adjacency matrix «;; : R — R>q are non-

negative, piecewise continuous, and bounded functions of time.

13 -':l'\-\._i "';:' 1..5



14 Chap. 2. Preliminaries on Graph Theory and Convex Optimization

H—G

Figure 2.1: Node 7 and j with the edge (j,1%).

3. An edge (j,7) € £(t) at time t if and only if ay;(t) > w for some fixed
threshold w > 0 and «a;(t) = 0 otherwise. O

An edge (j,7) € € is represented by an arrow tailed at the node j and headed
towards the node ¢ and it is related with the adjacency matrix 24(¢) by the rule
that «;;(t) > w if and only if (j,i) € £(t) and «;;(t) = 0 otherwise. The edge
(j,7) € £(t) indicates that information of agent j is passed to agent ¢ at time
t, which is shown in Fig. 2.1. From the definition of time-varying graphs, the

following special cases can be derived.
Definition 2.1.2. We define the following special cases.

1. A graph G(t) is fized (or time-invariant) if it does not change over time t.

In this case, one can simply write G = (N, &,21).
2. A graph G(t) is undirected if a;j(t) = ai(t) for all t > 0 and ¢,j € N.

3. A graph G(t) is unweighted if o;;(t) € {0,1} for all ¢ > 0 and i,j € M. In
this case, one can simply write G = (N, £(t)). O

For each definition, a graph that is not fixed, not undirected, or not unweighted
is defined as time-varying, directed, and weighted, respectively. Note that each of
the special case is independent of each other, e.g., a graph can be time-invariant,

undirected, and weighted all at once.

2.1.2 Connectedness of the Graph

One of the most important properties of the graph is its connectedness. Recall
that the flow of the information is represented by the graph. Hence, it is intuitively
clear that information must propagate throughout edges and reach all agents in
order to reach consensus. The concept of the connectedness of a graph and related

concepts are defined formally as follows.
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Definition 2.1.3. Consider a time-varying graph G(t) = (N,&(¢),2A(¢)) and

some fixed time ¢.

1. A sequence of edges (vi,v2),..., (v, vi41) is a directed path if (vj,vj11) €
E(t), and a weak path if (vj,vj41) € E(t) or (vj41,v5) € E(t) for all j =
1.1

2. In-neighbors of node i is a set defined as N*(t) := {j € N' | (j,i) € E(t)}
and out-neighbors of node i is a set defined as NP (t) :== {j € N'| (i,]) €

E(t)}-

3. In-degree and out-degree of node i € N is defined as di*(¢) := [N®(¢)| and
& )

4. Graph is strongly connected (weakly connected) if any two distinct nodes can
be joined by a directed path (weak path) [GRO1].

5. Graph contains a rooted spanning tree if there exists a node i € N denoted

as the root such that there exists a path from node i to node j for all

J € M\{:}. ¢

For undirected graphs, the graph is denoted simply as connected (at time t) if
there exists a path! between any two nodes i # j € N. Also, we drop dependence
of time ¢t if the graph is time-invariant.

Concepts of the connectedness introduced in Definition 2.1.3 deal with con-
nectivity at a specific time t. However, connectedness can be also defined while
considering the evolution of the graph over time. For this, define T-averaged ad-

jacency matrix as

_ 1 t+T

RUr(t) = [ai;(t)] == T, A(7)dr,

where T' > 0 is a given time horizon. Similarly, define &7 (t) such that (j,1) € Ep(t)
if and only if @;;(t) > w. Then the graph Gp(t) := (N, Er(t),Ar(t)) can be

!Notice that for undirected graphs, directed and weak path is equivalent and is simply denoted
as path.
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O—-0 OO

O—0

(a) Strongly connected graph (b) Having a rooted spanning tree with

i

node 1 being the only root

® ©

|

O—©

—

O—0O

O—@
(c) Weakly connected graph (d) Connected graph

Figure 2.2: Examples of various time-invariant graphs and the corresponding
connectedness.

defined as the union graph of intervals of length T". Then the following definition
is proposed in [Mor04, Lin06|.

Definition 2.1.4. A time-varying graph G(t) is uniformly connected (strongly
connected, weakly connected, contains a rooted spanning tree) if there exists T' > 0
such that G7(t) is connected (strongly connected, weakly connected, contains a

rooted spanning tree) for all time ¢, respectively. O

Uniform connectedness in Definition 2.1.4 extends the concept of connectedness
to time-varying graphs.

Examples of the various concepts of connected graphs for time-invariant graphs
are shown in Fig. 2.2 and time-varying graphs are shown in Fig. 2.3. We would
like to remark that the concept of uniform connectedness is weaker than the con-
cept of connectedness. In particular, uniformly connected graphs may not be
connected at any time instance ¢. For example, consider the graph given by Fig.
2.3(a). At any time instance, only two edges are present in the graph, e.g., only

the solid arrows or only the dashed arrows. Therefore, the graph is not strongly

A L)) &

L
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O——-0 @

O—C

(a) Uniformly strongly connected graph (b) Having a rooted spanning tree uni-

formly with node 1 being the root

! O,
I
®

(c) Uniformly weakly connected graph (d) Uniformly connected graph

¢----3

H—©

Figure 2.3: Examples of various time-varying graphs and the corresponding
uniform connectedness with 7" = 2. An edge (j,47) denoted as
solid lines are the ones with «a;;(t) = 1 for ¢t mod 2 € [0,1) and
edge (j,1) denoted with dashed lines are the ones with «;;(t) =1
for t mod 2 € [1,2).

connected for any time instance. However, with T' = 2, it can be checked that the
union graph Gr(t) is time-invariant and has the same structure as the graph in
Fig. 2.2(a). Since Gr(t) is a time-invariant graph that is strongly connected, G (t)

is uniformly strongly connected despite not being connected at any time instance.

2.1.3 Laplacian Matrix and Its Properties

Given a time-invariant graph G, define the Laplacian matrix of the graph G

as follows.

RNXN

Definition 2.1.5. Laplacian matrix £ € of a graph G is defined as £ :=

Din — 9, %

The eigenvalues of the Laplacian matrix have a special property related to the

structure of the graph. First, it is well-known that eigenvalues have positive real

2] &-t]] 8
i ] 1
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parts as stated below.

Lemma 2.1.1. Eigenvalues of the Laplacian matrix £ lie on closed right half
plane, i.e., Re(\(£)) >0 foralli=1,...,N. O

Proof. Proof follows directly from applying Gersgorin disc theorem [RAH19, Thm.
6.1.1]. O

The locations of the eigenvalues are characterized in Lemma 2.1.1. In addition
to this, the following property connecting the algebraic property of the Laplacian
matrix with the connectivity of the graph is well-known, whose proof can be found

in, for instance, at [RBMO4].

Lemma 2.1.2. The graph G contains a rooted spanning tree if and only if

Re (A2(£)) > 0. 0

For the undirected graphs, Ao(£) is known as the algebraic connectivity (or
also as the Fiedler eigenvalue) of the graph [Fie73|. It characterizes how well the
graph is connected and it is related to other concepts of connectivity such as the
diameter of the graph [Moh91]2. In particular, it can be shown (for instance by
using Weyl’s inequality) that algebraic connectivity is a non-decreasing function
of weights or the addition of edges, i.e., more edges in the graph imply larger
algebraic connectivity. This does not necessarily hold for directed graphs and
more discussion can be found in [Wiel0O, Ch. 2].

In order to introduce the main technical lemma, let us first define the concept

of unweighted induced subgraphs, whose definition is taken from [Wiel0].

Definition 2.1.6. Given a graph G(t) = (N, &,2(t)), consider a subset N' C N
of the nodes of G(t). Then the graph G(t) = (N, ) is the induced graph of G(t)
by N where E(t) := {(v,w) € E(t) | v,w € N'}. O

The induced graph G(t) can be simply obtained by removing all the nodes in
N \N along with edges starting or ending at the removed nodes. With induced

subgraphs, we can find connected component of a graph as follows.

2Specifically, it is shown in [Moh91, Thm 4.2] that \2(€) > 4/(N - diam(£)), where N is the

number of nodes in a graph and diag(£) is the diameter.
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@ 66—0

© ©® O

Figure 2.4: An example of a graph. Connected components of the graph are
given by subgraphs induced by M = {1,2,4}, Ny = {3}, and
N3 ={5,6}.

Definition 2.1.7. Consider a time-invariant and undirected graph G. Then a
connected component of the graph G is an induced subgraph G= (N & ) which is
maximal, subject to being connected. That is, G is connected and the unweighted
graph induced by any set N’ C A C A is connected if and only if N = N. O

From the definition of a connected component, a graph G can always be de-
composed as a set of connected components whose node sets are distinct and hav-
ing no edges between any two connected components. An example of connected
components of a graph is shown in Fig. 2.4. It is also easy to show that if a
graph is connected, then it only has a single connected component. Finally, a
well known result relating the algebraic property of the Laplacian matrix with

the connectivity is given below [GRO1, Lem. 13.1.1].

Lemma 2.1.3. Let £ € RV*¥ be a Laplacian matrix for an undirected graph G
with ¢ connected components. Then, it holds that rank(£) = N — c. O

From Lemma 2.1.3, it follows that the kernel of the Laplacian matrix has
a dimension of ¢, i.e., the dimension of the kernel characterize the number of
connected components of the graph. Using this fact, a useful transformation can
be found, which extends the result of [KYST16].

Theorem 2.1.4. Let £ € RVXN be a Laplacian matrix of an undirected graph
with ¢ > 1 connected components G} = (N/, £!). Then, there exists a nonsingular
matrix W € RV*Y such that

Ocxe 0

wew ! =
0 A
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where A = diag(Aey1(L), ..., AN (L)) € RIN=x(N=¢) T particular, the matrices

W and W1 can be written as

_ |t -1 _
= ik = {p R] ;
where v, p € RV*¢ are defined as
1/
1 ifieN il
p = [pij] := , vi=p-
0 ifi¢g /\/’]’ 1
W
and R € RV*(N=9) are real matrix with following properties:
. R"TR=1Iy_.and |R| =1
2. RTp=0,v"R=0
3. R"€=AR", ER=RA
4. RRT =1y —pv'. O

Proof. The proof extends the argument of [Kim16, Thm. 2.2.4]. Using the Schur
decomposition and the fact that £ is symmetric, there exists an orthonormal
matrix U € RY*N such that

OCXC

L=U U'r.

Without loss of generality, first ¢ rows of U can be written as

1

VIV

VIV
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such that it spans ker £. Define the matrix W as

- -
IV
W .= U
1
[NV
i IN-c]
Then it follows that
WVl
vl
W= Cowl=uT. =[p R},
RT ]
- IN_C_

where R is a real matrix of the size N x (N — ¢). Since U is unitary, it is easy to

verify that the rest of the properties hold. O

For the connected graphs, we only have a single connected component. Hence,

it follows that

11T
NlN
RT

c w=liy R|,

which is often used for the analysis.

Although the Laplacian matrix is the most common matrix used for the anal-
ysis of a multi-agent system, its decomposition using the concept of incidence
matrix is also useful. For this, let G = (N, &,2) be an undirected graph where
the edge set is labeled® as & = {eq, ..., ey} with M := |€|. Then the incidence
matrix is defined as follows (e.g., see [KP17, GRO1] ).

Definition 2.1.8. Incidence matriz B = [byy] € RVNXM of a graph G = (N, €,2)

3Since we are only considering the undirected graphs, we only count the edge (i,j) with
¢ > 7 and do not count (7,4) with ¢ < 5. This coincides with the notation typically used in the

literature.

2] &-t]] 8
i ] 1
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is defined by
_\/aij7 if eg:(i7j)a
big =4 Jai;, if eg = (j,1),

0 otherwise.

Using the incidence matrix, the Laplacian matrix can be decomposed as stated
below [GRO1, Lemma 8.3.2].

Proposition 2.1.5. Suppose G is an undirected graph. Then, it holds that
L=5%". O

Proposition 2.1.5 states that for undirected graphs, the Laplacian matrix can
be decomposed into the product of incidence matrix B and its transpose. This
property is useful when dealing with quantity for each edge, instead of each node,
as done by the Laplacian matrix. To the best of the author’s knowledge, no

similar decomposition exists for the directed graphs.

2.2 Multilayer Graph Theory

A brief introduction to the multilayer graph is presented in this section.

For an extensive overview and usage of multilayer graphs, see [BBCT14] and

[DDSRC*13].

Definition 2.2.1. Time-varying multilayer graph with N nodes and L layers is
defined as

G(t) == (N AE' O hiec, AN (e )

where N = {1,2,...,N} and & (t) C N x N for each | € £ := {1,...,L}. The
graph G!(t) := (N, E(t),AL(t)) is assumed to satisfy the properties of Definition
2.1.1 and we denote G'(t) as the I-th layer of G and £!() the edge set of the [-th
layer of G. O

The main feature of a multilayer graph is the existence of multiple layers of

the edge sets denoted as £'(t). In fact, a multilayer graph can be visualized as

.__:Ix_c L, '|'|i

-
=]
1

L



2.2. Multilayer Graph Theory 23

graphs stacked on top of each other as shown in Fig. 2.5(a). In particular, if
L = 1, a multilayer graph is identical to the conventional definition of a graph,
and we call it the single-layer graph. Many properties of the graph can be easily
generalized to the multilayer graphs by considering each property in a layer-wise

fashion. For example, common graph theoretical concepts are extended as follows.

Definition 2.2.2. Consider a multilayer graph G(t).

1. Adjacency matrices of G(t) are given by a set of matrices 2!(t),..., A% (t)
where 2!(t) is the adjacency matrix of the graph G'(¢).

2. Similarly, Laplacian matrices of G(t) are given by a set of matrices £!(¢), ...,

£L(t) where £!(t) is the Laplacian matrix of the graph G'(¢).

3. Multilayer graph G(t) is undirected if G'(t) is an undirected graph for all
l € £ and directed otherwise.

4. In-neighbors of agent i on layer [ is defined as N}(t) := {j € N | (4,i) €
ELt)}. O

Finally, a useful concept for the multilayer graph [BBC*14, Section 2.1.1] is
defined below.

Definition 2.2.3. Projection graph of a multilayer graph G(t) is defined as
proj (G)(t) == (N, EP(t), AP (1)),

where EP(t) := U, E(t) and AP(t) = [a%(t)] = Zlel Al(t). O

Note that the projection graph is a single-layer graph. An example of a
multilayer graph with N =4 and L = 2 is shown in Fig. 2.5(a) and its projection
graph is shown in Fig. 2.5(b).

Remark 2.2.1. Multilayer graph defined in this section can be further general-
ized as in [BBCT14] to contain edges connecting nodes between layers. However,
for our purposes, nodes from different layers represent the same agent. Hence,
the physical meaning of such edge is less clear and thus not investigated in this

dissertation. O
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@a/@

O+

(b) Projection graph of G.

Figure 2.5: Example of a multilayer graph G and proj (G).

2.3 Convex Optimization

In this section, preliminary convex analysis and convex optimization are dis-
cussed. Basic definitions of the convex function as well as useful properties used
for the main results are presented. We also discuss the continuous-time algo-
rithms to minimize the convex function and analyze its convergence rates. For
example, heavy-ball algorithms are introduced which have accelerated conver-
gence rate. Only a selection of results directly related to the contents of the dis-
sertation is presented. For a more general overview, refer to textbooks such as
[Ber03, Ber16, Nes04, SPB19|

2.3.1 Convex Functions and Useful Properties

Basic definitions and fundamental properties are summarized from |Ber16].

2] &-t]] 8
i ] 1
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Definition 2.3.1. A differentiable function f : R” — R is convez if

Fy) = f@) + (y —2) 'V f(z)

for all x,y € R™ and strictly convex if the above inequality is strict whenever

y# . 0

For convex functions, the following proposition lists useful relations.

Proposition 2.3.1. Let f be a convex function. For a scalar L > 0, the following

properties are equivalent:

1. Globally Lipschitz gradient (or equivalently L-Smoothness):

IV f(z) = Vf(y)| < Lz -y

for all z,y € R™.
2. f(x)+ V) (y—2)+ 5| V(@) = VFy)? < fly), for all z,y € R™.
3. Co-coercivity:

(V) = Vi) (@~ y) > 11V (@) - Vi)

for all z,y € R".

4. Quadratic Upper Bound:
Fl) < @)+ V@) (g —2)+ Fly— o

for all z,y € R™. O

Proof. See |Berl6, Proposition B.3|. a

The first condition of Proposition 2.3.1 supposes the global Lipschitzness of the
gradient of the function f, which is often assumed for the optimization problem.

Properties listed in Proposition 2.3.1 can be simplified further for specific points

] 2- 1_l|
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in consideration. For instance, by letting © = x* where z* is the optimal point of

function f, condition 4 becomes

fy) = f(a*) < Sly — 2™ (2.3.1)

where we used V f(z*) = 0. This implies that the distance between the value of

the function can be bounded by the distance between solutions.

Definition 2.3.2. A function f: R"™ — R is a—strongly convez if

F() = f@) + V@) Ty - @) + o~y (2:3.2)
for all z,y € R™. O

Note that if a = 0, then the definition is equivalent to convex function. In

addition, by substituting z* into x in (2.3.2), we obtain
« * *
Sly—a" < fly) - f@"), VyeR™ (2.3.3)

Combining (2.3.3) with (2.3.1), it follows that for L-smooth and a—strongly con-
vex function, distance in the value of function is equivalent to the distance in the
values. (It is also evident that o < L must hold.)

Similar to that of convex function, strongly convex function satisfies the fol-

lowing properties.

Proposition 2.3.2. Let f be a a—strongly convex function. Then

(Vf(@) =V I(y) (z—y) = alz -y, Ve,yeR™ O

Proof. Since f is a—strongly convex, it follows from (2.3.2) that

) = @)+ V@) (g =)+ Slo —yP

F@) 2 fo) + Vi) (@ —y) + Sly— o

Adding two inequalities and using |z — y|? = |y — z|?, the result follows. O

] 2- 1_l|
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Next, we introduce Polyak-Lojasiewicz inequality (PL inequality) first pro-
posed in [Pol63, Thm. 4].

Definition 2.3.3. The function f satisfies PL inequality with pu > 0 if
1 2 *
IVI@)F = ul(f(z) = f7)

where f* := mingegrn f(2). O
PL condition is strictly weaker than strong convexity as shown below.

Proposition 2.3.3. Suppose f is a—strongly convex. Then f satisfies
1 2 *
5IVI@) = alf(z) - f7)

where f* := mingegn f(2). O

Proof. Proof follows by taking minimum with respect to y the both sides of the
inequality (2.3.2). First, the left-hand side becomes f*. On the other hand, since
the right-hand side is quadratic in y, it holds that the minimum value happens
when

Vfiz)+alz—y)-—1=0.

Thus, the right-hand side of (2.3.2) takes the minimum value when y = x —
(1/a)V f(x). Substituting this results in

2
> @)+ Vi) (m Vi) x> -4 (:1::1:+ ;Vf(x)>
= ()~ IVS@) + 5 V)P

= f(z) ~ 5 VI @)

Therefore, it follows immediately that f satisfies PL inequality. O

As shown in Proposition 2.3.3, PL condition is weaker than strong convexity.
In fact, function may not even be convex even if it satisfies the PL inequality. Ex-
amples of function satisfying PL condition (but not convex) and strongly convex

function are shown in Fig. 2.6.
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4 -2 0 2 4
X

2

(a) y = 3sin*(z) + =

Figure 2.6: (a) An example of function satisfying PL inequality but not con-
vex. (b) An example of a strongly convex function.

2.3.2 Optimization Algorithms

In this subsection, continuous-time optimization algorithms and their conver-
gence properties are discussed. Throughout the discussion, suppose that f is a

convex function and z* be an optimal point with the value f* := f(z*).

2.3.2.1 Continuous-time Gradient Descent Algorithm

The most basic continuous-time gradient descent is given by
& =—Vf(x), (2.3.4)

where v > 0 is a gain. Its convergence properties are presented in following result.

Lemma 2.3.4. Consider the gradient descent algorithm given by (2.3.4). If f is

convex and L-smooth, then it holds that

If f € ¢! and satisfies PL inequality with y instead, then

fla(t)) = f* < e £ (0) = f*.
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Hence, exponential convergence is achieved if f satisfies PL inequality. O

Proof. Proof is taken from [WSC16] and presented here for completeness. For the

convergence when f is convex and L-smooth, consider the functional
* 1 *|2
E(t) :=yt(f(2) = f(@")) + glz — 27"
Then, its time-derivative along (2.3.4) becomes

V(f (@) = f@) + 1tV f@) i+ (v —a) i
= y(f(x) = f(@*) =PtV (@) 'V f(2) = v(@ = 2") V[ (2)
(f(@) = f(2*) = V(@) (z — ) =tV f(2) TV f ()
< =7’V f(x) Vf(x)

Vt(f(z) = f(2¥) < B(t) < E(0) = S ]2(0) — 2*%,
which implies
flat) — f(@%) <

In case when f satisfies the PL inequality with p, consider the function V(z) =
f(z) — f*. Then the time-derivative of V' along (2.3.4) becomes

V=Vf)  —Vf(x)
< =2vu(f(z) — f7)
=2V,

where we used the definition of the PL inequality. This results in

Fla(®) = f* < e M (f(2(0)) - f*). O
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Result of Lemma 2.3.4 establishes the convergence rate of gradient descent
algorithm. Note that the convergence rate is defined in terms of the value of the
function f(x) — f* and how fast it decays. For the general convex function, this
does not necessarily translate into the convergence rate of the optimal solution,
i.e., x — x*. However, if the function is a—strongly convex, then the under bound
(2.3.3) can be used to obtain the convergence rate in terms of |z — z*|. For

instance, using Proposition 2.3.3 and Lemma 2.3.4, it is easy to see that

L
folt) — [ < Flalt) — £ < S a(0) ~ 2P,
which implies
* L —yat *
|z(t) — 2| < —e 7z (0) — z¥|. (2.3.5)
«

Remark 2.3.1. Seeing (2.3.5) from nonlinear system theory perspective, we may
say that x(t) converges to x* exponentially with rate ya with the gain L/« [CG9S].
Now imagine the convergence rate as a — 0. It is natural that the convergence
rate gets slower (in fact linearly since we are using gradient descent method).
Meanwhile, we also see that the gain L/« increases as v — 0. This means that
the upper bound provided by (2.3.5) gets worse for small time ¢. For general
nonlinear system, this is a typical phenomena, that is as we accurately model
convergence rate, the gain gets larger (see [CG98| for more discussion). However,
for simple gradient descent method, by using V (z —z*) = (1/2)(z —2*) T (z — x¥)

as the Lyapunov function, it is easy to show
lz(t) — 2% < e 7*2(0) — 2*|.

However, such a tight upper bound is hard to obtain for more complex algo-

rithms. O

2.3.2.2 Heavy-ball Method

As seen from Lemma 2.3.4, the convergence rate for general convex function

is in order of 1/t and exponential with the rate of « for a—strongly convex func-

2] &-t]] 8
i ] 1



2.3. Convex Optimization 31

tion. However, it has been proven that the convergence rate for L-smooth and a—
strongly convex function using discrete-time algorithm can be improved and the
corresponding algorithms achieving the optimal rate have been developed |Nes04].
Such algorithms achieving the optimal rate are often called accelerated gradient
methods and the main technique used for improving the convergence rate is often
termed as momentum. The most well-known algorithms for achieving the accel-
erated convergence rate are Nesterov’s gradient descent and Polyak’s heavy-ball
method. These algorithms are conventionally studied in the discrete-time domain
with the corresponding analysis for their convergence rates. In this dissertation,
the continuous-time heavy-ball method is mainly used for the development and
hence the rest of the section focuses on the continuous-time version of the heavy-

ball method.

For an a-strongly convex function, the continuous-time heavy-ball method

-

where Py, P>, P3 > ( are symmetric positive definite matrices. Then, the following

can be written [Qia99] as

Pz

: (2.3.6)
*PQZ - P3Vf($)

convergence result can be shown.

Proposition 2.3.5. (Asymptotic convergence of the general heavy-ball
algorithm) Consider the heavy-ball method (2.3.6). Suppose that f is convex
and the sub-level sets of f are compact. Then the solution of (2.3.6) converges to

(z*,0) if there exists ® > 0 such that
PPs =P, PP+ PP >0 (237)

holds. O

Proof. Let the Lyapunov function be

V(z,2) = f(x) — f*+ =2 ®z.
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Then, its time-derivative along (2.3.6) becomes

: 1
V=Vfz)" Pz- 5zT(<I>P2 + Py®)z — 2 ®P3V ()
1
= —§ZT(<I>P2 + P,®)z

<0

)

where we used (2.3.7). Hence, the solution is bounded. Applying LaSalle’s invari-
ance principle [Kha02, Thm. 4.4], it follows that the solution converges to the set

E:={(z,2) | 2 (PP, + P,®)z = 0}.

Since ®Py + Po® > 0, it follows that z = 0 and consequently implies Z = 0 and

& = 0 within E. However, this implies
0=—Poz— P3Vf(x) = Vf(x)=0.
Thus x converges to an optimal point. O

Remark 2.3.2. The condition (2.3.7) includes a few common cases for heavy-
ball method. For example, P3 = P; and Q = I,, satisfies (2.3.7) which results in
T Plz

—Pyz — PV f(x)

z

On the other hand, if P, = P3 = I,, and (Q = P; results in

-

Result of Proposition 2.3.5 proves the asymptotic convergence for the gen-

Plz
—z—Vf(x)

: O

eral heavy-ball algorithm under mild condition on the function f. However, the
convergence rate cannot be characterized due to the usage of LaSalle’s principle.
For the strongly convex functions, accelerated convergence can be shown for a

particular choice of P, P, and Ps.
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Theorem 2.3.6. (Accelerated convergence for heavy-ball method) Sup-
pose that f : R®™ — R is a—strongly convex, L-smooth and consider the heavy-ball
algorithm (2.3.6) with P, = P3 = I, and P, = 2\/al,, ie.,

T
z
Then the solution of (2.3.8) converges to (z*,0) exponentially fast. In particular,

with ¢ := [x — x*; 2], it holds that

. (2.3.8)

N [—2\/&2 — Vf(z)

b (t)] < Me™5|(0)]

where the constant M > 0 is defined as

1 3L
M.—\/)\min@~max<2,1), Q.—[
and Ain(Q) = 3 (a+ 3 — /a2 + 1), 0

Proof. Proof is based on [Siel9, Thm. 2.2] (also see [WRJ16]) and here we extend

the analysis to the case when z(0) # 0. Consider the Lyapunov function

oS 2
N[ M‘E
| |

Viw,2) = f(elt) — @) + 5| Vala(t) - %) + 2(0)]"

It is easy to see that V(x,z) is positive definite. Consequently, quadratic upper
and lower bound for V(z, z) can also be found. For the upper bound, we have

L 1 1
Vi(z,z) < §|IL‘ — P+ §a|:z: —z?+ §|z|2 +Valz — x*||2]

L 1 1
( ;“)M—ﬂﬁ+2pﬁ+gu—ﬁ2+2m2

L+2
( * a)|x—m*|2+1212

2
2
<3L > [3: - m*]
max ( —,1] -
2 z

IA
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where we used quadratic upper bound property for L-smooth function (2.3.3),
a < L and Young’s inequality?. On the other hand, we can obtain the under

bound of V(z, z) as

1
V(z,z) > %Lr —z** + 5}\/5(56 —z*) +z‘2

[ T

=11 QY,

5 e

where we used the quadratic under bound property for strongly convex functions

(2.3.3). Applying Schur’s complement to the matrix @, it holds that
1 1

—-—2>0.
5 1~

N | —
| Q
Q|+

Hence, @ > 0 and V(z, z) has an quadratic under bound. Moreover, the eigen-

values of @) are given by

1 1 1 1 / 1
_ 2 _ — _ 2 _
<a+2 aﬁZJ, Amax(Q) 2(a+2+ a+4).

The time-derivative of V(x, z) along (2.3.8) becomes

)\min(Q) =

| =

V=Vf) z+(—Vaz = V@) (Vale ") +2)
= —VaVf) (z—2")—az' (z —2*) —Vaz'z

Here we use definition of strong convexity (2.3.2) with y = z* to obtain
@
~VI@) (@ =) <=1 (f@2) = "+ Sl — ")
Therefore, we obtain

V=—Va (f(x) -+ %]m — x*\2) —az' (z—z") —Vaz'z

“Here we use the version of Young’s inequality which states that for any a,b > 0 and € > 0,
ab < -lal* + 5|b* holds.

2] -] 8} 3
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=—a <f(x) -+ %|x—x*|2+\/azT(x—x*) + %z?z%— ;sz)
=—Va <f(a:)—f*+;’\/a(x—x*)+z‘2> —\/2&sz
< —VaV.

Hence, it follows that V(t) < e~VV(0). From the upper and lower bounds of

V(z,z), we obtain

Muin( QO < 0()T Q) S V(1) < e YV (0)
= <32L 1) eVl 0)

This implies

1 3L _Vay,
[w(t)] < \/)\mm(Q)'maX <2;1)€ 2 (0)],

which completes the proof. O

Although both gradient descent algorithm (2.3.4) and heavy-ball method
(2.3.8) achieve exponential convergence for strongly convex functions, their con-
vergence rates are different. Specifically, the gradient descent method converges
with a rate of o whereas the heavy-ball method achieves the rate of /o /2. In
fact, it is observed in the practice that gradient descent achieves a faster conver-
gence rate when « is high (i.e., when o > 1/2). However, if « is low (i.e., when
0 < a < 1/2), then Theorem 2.3.6 states that the heavy-ball method converges

faster. The following example illustrates this for a simple function.

Example 2.3.1. Consider f(x) = (1/2)az? which is a-strongly convex. Consider
the gradient descent algorithm given by

&t =-Vf(z)=—ax (2.3.9)
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and the heavy-ball method given by

T=z
(2.3.10)
2= —2vaz — az.

Since both gradient descent and heavy-ball method are linear systems, conver-
gence rates can be computed easily by investigating its eigenvalues. Specifically,
eigenvalue of the system (2.3.9) is given by —a, where as the eigenvalues of the
system (2.3.10) are given by {—+/a, —v/a}. Hence, the heavy-ball method con-
verges faster for 0 < a < 1 and the gradient descent method converges faster for

a > 1. O

Remark 2.3.3. By applying state transformation to (2.3.8), exponential conver-

gence can be shown for the slightly modified dynamics. Specifically, consider the
state transformation given by

) :

where A;p is an invertible matrix. Then we have

Al A2 z

0 I

ATY AT A,
0 I

§

X

X

£=A1+ Agic
= A1(—2Vaz — Vf(z)) + Azz
= Al(=2Va(ATE + AT Aow)) — A1V f (@) + Ao (ATNE + AT Ag)
= [—2val + A2 AT € + [Ag + As AT Ao] 2 — A1V f()

xr =z

= AT'¢ + AT  Aga.

The transformed dynamics seems much more complex, but exponential conver-

gence is conserved since the transformation is linear. O

Theorem 2.3.6 studied the exponential convergence for a specific set of pa-

rameters. A more general convergence result is shown in the following theorem.
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Theorem 2.3.7. (Exponential convergence of the general heavy-ball al-
gorithm) Consider the general heavy-ball algorithm (2.3.6) where Py, Py, P3 > 0.

Then the solution converges exponentially if P P; !is a symmetric matrix and
PPyt >0, U:=(PPy" )P+ Py(PiPy') >0 (2.3.11)

are satisfied. O

Proof. Let the Lyapunov function be

where the matrix @ > 0 is in form of

Q= [Ql QQ]
Q2 Q3

where each element @; is to be determined. Note that using (2.3.3) and (2.3.1),

it is easy to verify

min (7, Amin(Q)) 6] < min(y, Amin(@)) [(f = £ + 17|
<V(z,z2)

< max(y, Amax(@) [£ = S+ 0] < (Am(Q) + ”j) [,

where ¢ := [z; 2] and let ag := min(y, Apin (Q)), @2 := max(y, Anax(Q))-
Taking time-derivative of V along (2.3.6), it follows that

V =qVf(z) Pz +2(x —2*) QP2
+ 27 (=Q3Ps — PoQ3)z — 22" Q3 P3V f ()
—2(x —2*) T QoPoz — 2(x — 2*) T Qo PsV f () + 22 P1Qa2
=z2" (yP1 —2Q3P3) Vf(z) + (z — 2%) " (2Q1 P, — 2Q2P) 2
+ 27 (=Q3Py — PQ3 +2P1Q2) 2z + (. — )| - —2Q2 3V f(x). (2.3.12)
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Now, for further analysis we let
_ 1
Qs = %P1P3 L= 5ht (2.3.13)

where P1P3_1 is symmetric positive definite matrix due to assumption. Then, the

first and last term of (2.3.12) satisfies
1 _
P —2Q3P3 =P — 2§P1P3 'P3=0, 2Q:P5=1.
Then, (2.3.12) becomes

V = (iL' — .’L'*)T (2Q1P1 — P3_1P2) zZ + ZT (—Q3P2 — P2Q3 -+ P1P3_1) z
)

Recall from (2.3.2) that
(o= a") VI @) < -1 (fl@) = £+ Sla— o).
Hence, we obtain

V<(@—2)T (2Q.P — PP 2 + (—lAmm(\p) i AmaX(P1P;1)> 2Tz

2
~(f@ =1+ Sl —a"?)

—a Q1P1—%P3_1P2
PiQi = 3PPy (=3 Amin(¥) + Amax (P1P; )]

= —(f(z) = f) =y AY

From Schur’s complement, it holds that —A < 0 if

_ 1 _ o 1.
—%Amm(\m + Amax(PLPy ) + (P1Qy — 3 2Py . 5 (P = 5P 'p) <o.
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Hence let 1 > 0 be sufficiently large such that

2
)\min (\I’)

T+ (PQy - %PQP;U 5 QP - %Pl_ng) <.
Then, it holds that
V< —(f(@) = ) = Amin(Q)[9F < =Amin (A)[35]*.
Next, from (2.3.13), matrix @ used in the definition of V' becomes

Q3P

Q —1 —1

Hence @ > 0 if and only if
1
%Plpg—l ~ PO P > 0

Thus, let 72 > 0 such that

1 Amax(P5 ' Q' Py )
2 Aa(PPyYH

Finally, choose v > max(71,72) such that V' is positive definite while its time-

derivative is negative definite. Specifically, the Lyapunov function V(z, z) satisfies

min(y, Amin (Q)) [ (1) < V(2(t), 2(t)) <

In conclusion,

Amax(Q) + &

2 —Amin(A)t
min(,% )\mln(Q)) |¢(0)| € )

(1) <
which completes the proof. O

Remark 2.3.4. It can be easily seen that the condition (2.3.11) is equivalent to

the condition (2.3.7) used for asymptotic convergence. In order for P;, P» and

2] -] 8} 3
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P to satisfy the condition (2.3.11), P; and P3 must commute so that P;P; ! is
a symmetric matrix. This is easily done if either P, = Ps, or either P} or Pj5 is
identity matrix. If P = P3, then we obtain W = Py + P, > 0. Instead, if P3 =1,
we get W = Py Py, + P,P;. Thus, ¥ > 0 easily holds if P, =1 and P; > 0. O

Remark 2.3.5. From the proof of Theorem 2.3.7, it can be checked that the
convergence rate for f(z(t))— f* is linear in . This is in contrast to Theorem 2.3.6
which had convergence rate of \/a. Hence, although the exponential convergence

is proven for general parameters, it does not prove acceleration. O

Despite the long history of the optimization theory and various algorithms,
most discussions are done in the discrete-time domain due to its practicality.
Analysis of the corresponding continuous-time algorithms are only started gain-
ing attention again in recent years. For continuous-time algorithms with strongly
convex functions, Theorem 2.3.7 proves global exponential convergence of the
heavy-ball method. However, it did not show an accelerated convergence rate.
Accelerated convergence rate can be seen in Theorem 2.3.6 for specific set of pa-
rameters which is shown recently in [Siel9, WRJ16|. For general convex func-
tions, non-ergodic rate of O(1/t) is shown in [SYLT19] under additional con-
straint that |Z(t)] = |2(¢)] < 6]z(t)| for some § > 0. On the other hand, the
continuous-time Nesterov’s gradient method received more attention and it has
been proved to achieve convergence rate proportional to 1/t2 for general convex
functions [WSC16] and exponential convergence with the rate proportional to \/a
for strongly convex functions [SDSJ19, SDJS18|. Accelerated convergence rate of
V/a is particularly impactful in the machine learning context as o depends on the

inverse of the sample size [Bub15, Sec. 3.6].

SERL



Chapter 3

Consensus Problem over the Multilayer
Network

This chapter presents the main results on the consensus of MAS over the multi-

layer network.

3.1 Problem Formulation

Consider the multi-agent system with N agents and the time-invariant multi-
layer graph G with L layers. We suppose that the dynamics of each agent is given
by

t; = Ax; + Buy,
y; = C'w;, (3.1.1)
(i=Rz;, 1e€N,leL,

where x; € R", yzl- € R? and u; € RP are state, output and input respectively.
The common output (; € R is the signal to be synchronized among agents. We
also suppose throughout the dissertation that (A, B) is stabilizable.

Note that each agent has L different outputs over L layers, and the output
matrix corresponding to each layer is denoted as C!. Thus, the output of agent i

on layer [ is defined as! y! = Clz; (which is null if y! is not available to agent 7).

!Throughout the chapter, the superscript (subscript) is often used to denote the index of a

layer (agent) respectively.

T 1 y
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Furthermore, we suppose that the communication among agents is described
by the multilayer graph G. Specifically, each agent only has access to the relative

output information J; over L layers which is defined as

51'1 Zje/\[il(yjl' _yzl)

Sii=1:1]= : € RY,

of _ZjeJ\QL(?J]L - yiL)_

where N} := {j € N'| (4,i) € £} denotes the set of neighbors of agent i on layer /
and q := Elel ¢'. Finally, we assume that each agent is equipped with a dynamic
controller of the form '

&= fei(0ixi),

u; = hei(8i, X3),

where & € R” is the state of the controllers and y; represents the communication

(3.1.2)

of & between controllers. In particular, we consider the following cases for y;:

1. Long-range communication of controller state, i.e., x; is a stack of & for
k € PP U{i}, where P! is the set of nodes having a directed path to node
i on proj (G). This is used when we derive a necessary condition to achieve

consensus under a general form of controller.

2. Local communication of controller state, i.e., x; is stack of & for k € NP U
{i}, where NP := {j € N'| (j,4) € EP}. This is used for the construction of

dynamic controller.

3. No communication between controllers, i.e., x; = &;. Controller of this form

is presented in Section 4.4.

Regardless of the exact definition of x;, each agent combines available infor-
mation (e.g., §; and x;) to compute the control input u;. The functions f.; and
he; are assumed to be locally Lipschitz functions satisfying f.;(0,0) = 0 and
h¢i(0,0) = 0. Moreover, it is supposed that the solution of the overall system
(3.1.1)—(3.1.2) is well defined for all ¢ > 0 from any initial condition.

2] &-t]] 8
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Remark 3.1.1. If the communication structure is given by a single-layer graph,
i.e., L = 1, then the dynamic controller (3.1.2) includes distributed, linear con-
trollers proposed in the literature to solve the classical consensus problem. For
example, if hc;(0;, xi) = he,i(di), i.e., each control input only depends on d;, then
(3.1.2) represents static diffusive output controller which is studied in [ZLD11,
MZ10, YRWSIL]. If he (0 Xi) = hei(6i,&) and fei(di, xi) = fei(di, &), then
(3.1.2) becomes a dynamic controller only using relative output information as in
[SSB09, WSSH13]. If hei(di, xi) = he,i(di {€}jenrugiy) and fei(0i xi) = fei(di,
{&i}jen;ugiy), then states of the controllers are received from its neighbors which

include observer-based controllers proposed in [ZLD11, WLH09]. O

In this dissertation, necessary conditions to achieve consensus for the multi-
agent systems over the multilayer network is studied. To be precise, the notion

of the consensusability is defined as follows.

Definition 3.1.1. System (3.1.1) is output consensusable with an (nonzero) out-
put matrix R € R?9*"_if there exists a controller of the form (3.1.2) such that for
all initial conditions z;(0) and &;(0), it holds that

Tim [G(8) ~ (0] =0, Vij €A
In addition, the system (3.1.1) is state consensusable if R = I,,. O

If the matrix A in (3.1.1) is Hurwitz, then the system (3.1.1) is trivially con-
sensusable. Thus, this case is excluded in the study and the following assumption

is made.

Assumption 3.1.1. The system (3.1.1) satisfies X*(A) Z (ker R | A). O

If Assumption 3.1.1 does not hold, i.e., ¥*(A) C (ker R | A), then it can be verified
that letting u;(t) = 0 for all t > 0 results in limy_,o0 |(;(t) — ()] = 0 from any
initial condition. Hence, (3.1.1) is trivially output consensusable.

For the analysis of the multi-agent systems, detectability decomposition is
used extensively. Consider the dynamics of an agent given by (3.1.1) and let yi as

.__:Ix_c L, '|'|i

-
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the output of the system. Then, there exists an invertible matrix (7%)~! € R"*"

in form of
3 (ZZ)T
T! [Yl Ul}, (Th)~! = T (3.1.3)
such that
(AT (ZHTAY? 0 AL 0
* (WHTAU! * AL
and

ClT! = [Clyl o] =: [Cfi 0}

for each [ € L, where the pair Afi e Rn=v)x(n=v') anq C’fi € R?*(n=") are such
that (C’é, Ald) is detectable and the asterisk denotes the elements that are not of our
interest. Specifically, it holds that Y € R”X(”_”l), Ul e R”X”l, 7l ¢ Rnx(n=v')
and W! € R™  Also recall that ker (ZH)7T is the undetectable subspace of the
pair (C!, A), ie., ker (Z))T = (kerC'| A) N X¥*(A) [TSH12, Thm. 5.15], and
that v! = dimker(Z')T is the dimension of undetectable subspace. Similarly,
define Zp € R™ (") guch that ker (Zg)T = (ker R| A) N X*(A) where v® :=

dim ker Z; and Yg accordingly.

Remark 3.1.2. The consensus problem over multilayer network defined on this
section strictly generalizes the classical consensus problem over single-layer net-
work. Namely, multilayer network may represent the single-layer network, but
the converse cannot be done. Furthermore, even if one uses heterogeneous agents
over the single-layer network (which is more general compared to the homoge-
neous single-layer network), it still cannot represent the consensus problem over
multilayer network. On the other hand, it is possible to adopt the concept of the
matrix-weighted graphs proposed recently in [Tunl7| to arrive at the equivalent
formulation for the problem. More detailed discussions and comparisons of dif-

ferent approaches are described in Appendix A.2. O
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3.2 A Necessary and Sufficient Condition for State Con-

sensus over Undirected Network

From the study of the multi-agent systems with a single-layer network, it is
well known that system theoretic conditions as well as graph theoretic conditions
are involved. Specifically, stabilizability, detectability, and connectedness of the
communication network are necessary conditions for state consensusability (e.g.,
see [MZ10]). Therefore, it is natural to suspect that necessary conditions for the
consensusability over multilayer networks are also related to the system theoretic
and graph theoretic conditions. As a motivating example, consider the state con-
sensusability of the multi-agent systems over a multilayer network. As a candi-
date for a necessary condition, suppose that (C, A) is detectable for each [ € £
and that every layer contains a rooted spanning tree. Then, the problem becomes
trivial and degenerates into the classical state consensus problem as any single
layer is sufficient to design a controller (e.g., use results of [SSB09, ZLD11]). On
the other hand, suppose that (C, A) is detectable where C := [C;...;C¥] and
that the projection graph contains a rooted spanning tree. Then, the following

example presents a case where the system is trivially not state consensusable.

Example 3.2.1. Consider the system with 2 layers such that £' = () and £? is
the edge set of the complete graph, while C! = I,, and C? = 0. Then (C, A)
is detectable and the projection graph contains a rooted spanning tree, yet it
is trivial to see that no information is exchanged among agents. Hence, state

consensus cannot be achieved. O

The discussion so far suggests that if graph theoretic properties and system
theoretic properties are considered separately, then the resulting conditions are
either too strong or too weak for consensusability. Motivated by this, we will
couple these conditions to develop an appropriate necessary condition. For nota-

tional purpose, let A := Iy ® A and define £ C RY" as

L
K := ﬂ ker &' @ (ZH)7,
=1
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where £!,..., ¢! are Laplacian matrices of G.
The following theorem proposes a necessary and sufficient condition for the
state consensusability of the system (3.1.1) over an undirected network, whose

proof is presented in the following sections.

Theorem 3.2.1. Suppose that Assumption 3.1.1 holds and that G is undirected.

Then the following statements are equivalent.
1. System (3.1.1) is state consensusable.

2. The detectability-like condition

L
[(ker (£'® C")|A) N X*(A) € S nX*(A). (3.2.1)
=1
3. The geometric condition
ﬂ ker &' @ =8N, (3.2.2)
4. The algebraic condition given by

Ant1 (Zﬁl ® (ZY)(Zh >>0. (3.2.3)

O

Theorem 3.2.1 states that the three conditions (3.2.1)—(3.2.3) are equivalent
and that they are necessary and sufficient condition for state consensusability of
the system over a multilayer network. Detailed discussions and proof of necessity
and sufficiency of three conditions with state consensusability are deferred to
Section 3.3 and Section 3.4. Instead, let us investigate (3.2.1)-(3.2.3) and how
these three statements are related to each other and to the consensus problem

over the multilayer network.

Proof of the equivalence among (3.2.1), (3.2.2) and (3.2.3)
((3.2.2) = (3.2.1)) Suppose that (3.2.2) holds and let = [x1;--- ;zx] € RN
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be such that
€ (ker (€@ CYHY|A)NXYA), VieL.

Then, it follows from the definition of unobservable subspace and the properties

of the Kronecker product that

Nn—1 Nn—1
re [ ker (£ @ChIn®A)F = () ker(Iy @ C'A*)(&! @ I,,).
k=0 k=0

Hence, it follows that
Nn—
(eler,) ﬂ ker(Iy @ C'AF), Vie L.

Since z; € X*(A), we obtain } . \u(z; — ;) € (ker CH AN xX*(A) = ker (ZH)T
for all [ € L. Thus,

L
x € m ker & @ (ZzH) T =8N
=1

holds from (3.2.2). Since z € SY and 2 € X“(A), the result holds.

((3.2.2) <= (3.2.1)) Conversely, suppose that (3.2.1) holds and let

ker £ @ (ZH)7T.

DL

r=[21;--;aN] €

~

1

Decompose z; as x; = z' + zf, where z} € X%(A), z € X*(A) and define

¥ =[xl s a%], @° = [27; - ;2%]. Then, for all I € L, it holds that
Z (z§ — i)+ Z (27 — a7) € (ker ClANXY(A). (3.2.4)
JjEN} JEN}

Hence, we obtain (£ ® I,,)2" € (ker (Iy ® C')| A) for all [ € £. Then, it can be

A L)) &
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verified that
L
“e(ker g ® C'[A)N X (A) CSY.
=1

On the other hand, (3.2.4) also implies that (£ ® I,,)2* =0 for all [ € L.

Now, we claim the projection graph contains a rooted spanning tree so that
ﬂlL: 1 ker gl ® I, = SN. Suppose that the projection graph does not contain a
rooted spanning tree. Let z* := s* ® w*, where s* € RY is such that £'s* = 0 for
alll € £ and s* ¢ S{Y, while w* € R" is such that w* € X*(A) and w* # 0. Then,
z* € Nk (ker (€' @ CY | A) N XU(A) but z* & SY N X¥(A), which contradicts

since (3.2.1) is assumed. Hence the claim is proven. In conclusion, it follows that

L
x® e ﬂker(ﬁl ®I,) = SN.
=1
This completes the proof.

((3.2.2) & (3.2.3)) We end the proof by showing (3.2.2) is equivalent to (3.2.3).
Equivalence of (3.2.2) and the state consensusability of (3.1.1) is presented in the

next section.

Since £! is symmetric, Zlel £le (2N (24T is symmetric and positive semidef-
inite matrix. In addition, it is trivial to see that S¥ C ker (ZZL:1 gl (ZhzZhT).
Hence, (3.2.3) is equivalent to

<Z£l ® (2')(2") ) Sy

On the other hand, by defining Q := [(B)T @ (Z) ;- ; (BT @ (Z1) 7] and
K=nk e (ZYHT, it follows from £' = B{(B")T that

(Zﬂl Zl Zl )—kerQTQ—kerQ—l_C.

Therefore, it follows that (3.2.2) is equivalent to (3.2.3). O

First, notice that the condition (3.2.1) resembles the detectability of the pair
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(C, A). Specifically, recall that the detectability of the pair (C, A) can be written
[TSH12, Thm. 5.16] as

(ker C'| A) N X*(A) C {0}

and that the set (ker C'| A) N X*(A) represents the undetectable subspace of the
pair (C,A). Moreover, the undetectability subspace is a set where the output
converges to zero, while the state does not. Hence, the detectability condition is

stating that if output converges to zero, then so does the state.

With the meaning of detectability condition in mind, it can be seen that the
set on the left of (3.2.1) denotes the intersection of undetectable subspace of
the pair (&' ® C!, A) for all layers [ € £. Hence, the condition (3.2.1) can be
interpreted as saying that if . N (yé(t) — 44(t)) — 0, then the corresponding
state z(t) must be in the synchronization space S2¥. Such a perspective of the
multi-agent system is also investigated in [Tun17| and more detailed discussion is

present in Appendix A.3.

The condition (3.2.2) also has a similar interpretation as (3.2.1). It is trivial

to see that

L
SN ¢ ﬂ ker £ @ (Z1)T.
=1
Therefore, condition (3.2.2) is in fact requiring (), ker & ® (Z))T € SN. The

set on the left of (3.2.2) characterize the set of states where

> (2T (xi(t) — i) =0, VieN,leL.
jeN]

Hence, if the above condition holds, then z(¢) must be in the synchronization
space. It is natural to suspect that the above is a necessary condition for con-
sensusability since the controller primarily uses the relative output information.
Thus, if relative output information is identically zero, then there is no additional
information to utilize to achieve consensus, implying that the state consensus

should have been achieved already.

2] &-t]] 8
i ] 1
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The conditions (3.2.1) and (3.2.2) are not easy check computationally and
it must compare relations between the sets. Instead, (3.2.3) gives an equivalent
algebraic condition to check (3.2.2), which can be easily checked numerically.
Notice that (3.2.3) resembles the necessary conditions used for the single-layer
network. For instance, if L = 1, then (3.2.3) becomes \,.1(£'® (Z')(ZY)T) > 0,
which holds if only if algebraic connectivity of £! is strictly positive and (C*, A)
is detectable. These are exactly the conditions for the single-layer network and
hence (3.2.3) can be seen as a natural generalization of this fact to multilayer
graphs.

As evident from (3.2.1)-(3.2.3), we would like to emphasize that the proposed
conditions involve both the graph theoretic as well as system theoretic concepts
and combine these into a single statement. This is in contrast to the consensus
problem over a single-layer graph whose conditions are independent of each other
as discussed at the start of this section. Specifically, it can be shown that (3.2.2)

implies the following decoupled conditions.

Proposition 3.2.2. Suppose that G is undirected and let C := [CY;--- ;CF]. If
the necessary condition (3.2.2) holds, then the followings hold.

1. proj (G) is connected.

2. X*(A) N (ker C'| A) = {0}, i.e., (C, A) is detectable. O

Proof. For a proof by contradiction, first suppose that the projection graph is
not connected. Then, without loss of generality, nodes can be relabeled such
that £ = diag(g},£h) for all [ € £, where £ € RN*Ni for § = 1,2 are the
Laplacian matrices with suitable size. Choose any nonzero vector 2’ # 0. Let
¥ = [y, @ 2'; —1n, @ 2'] € RV, Then, * € K follows from the construction.
However, it can be checked that z* ¢ SY. Thus, K ¢ SY which leads to a
contradiction.

Next, suppose X*(A) N (ker C'| A) € {0}. Then there exists a nonzero vec-
tor h* € R™ such that h* € X%(A) N (kerC | A) but h* # 0. Let 2/ :=

[a1h*;- - ;anh*] € RN™ where ap # 0 are distinct scalars. By construction,

] 2- 1_l|
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it follows that 2’ ¢ S¥. However,
h* € (ker C' | A) N X%(A) C (ker C'| A) N X“(A) = ker (Z)T

for all [ € £. Therefore, this implies (Ix ® (Z') ")z’ = 0. Hence, we obtain 2’ € K,

while 2’ ¢ SY. This leads to a contradiction which completes the proof. g

The decoupled conditions are also sufficient in case of the single-layer network,

but they are not sufficient for multilayer network.

Remark 3.2.1. We may match each statement of Theorem 3.2.1 to common
conditions for the observability of linear system. For example, consider the linear
system given by
T = Ax
y=Cu,
and let O := [C;CA;--- ;CA™ 1. Then , recall that the following statements are
equivalent for linear system.
1. (C,A) is observable
2. (kerC'|A) = {0}
3. ker O = {0}
4. ) (0T0) >0

Each condition stated above for the observability corresponds to the conditions
stated in Theorem 3.2.1. In fact, the results of Theorem 3.2.1 extend these con-
cepts to the consensus problem by combining with the graph theoretical con-

cepts. O

3.3 Proof of Necessity

Before presenting the proof of Theorem 3.2.1, the following lemma presents a

few properties of K.
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Lemma 3.3.1. The following properties hold for K =Nk &' ® (Z)7.
1. K is A-invariant.

2. IfxEI_C,then(ﬁ:OforalliENandlEE. O

Proof. For A-invariance of K, let 2/ € K and notice that
(e (ZH) A = (In® AY) (& ® (2112’ =0,

where we used properties of Kronecker product and the fact that (Z/)TA =
AL(ZYT. Therefore, K is A-invariant.
For the second statement, Let = := [21;--- ;2n] € K. By definition, it holds
that
Y ali(ZY (- 2) =0, VieN,leL.
JEN}

Then, it follows from the definition of (511- and detectability decomposition that
0 =Cy ) al(Z) (x; — i) =0,
JEN]

which completes the proof. O

Now, we show (3.2.2) holds if the system (3.1.1) is state consensusable. Let
X¢ .= RNV he the extended state space and denote z¢ € X¢ as x¢ = [z;£] €
RV NV where o = [z1;--- ;2] € RV and € = [¢1;--- ;¢én] € RYY. Further-

more, let
Vi={z°€Xx|zek, £=0}. (3.3.1)

Then, V C X€ is invariant under the dynamics (3.1.1)—(3.1.2). In fact, if the

initial condition satisfies x¢(0) € V, we obtain

T; = Ax; + th,i (0, 0) = Ax;,
& = fei(0,0) =0,
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where we used Lemma 3.3.1 with the properties of hc; and f.;. Since Kis A-
invariant, it follows that x(t) € K and £(t) = 0 for all ¢ > 0 and that V is invariant.
The set V defined in (3.3.1) represents the states of the multi-agent system where
no input is applied to the agents. In particular, z(¢) € K implies that the relative
output information satisfies 6¢(t) = 0. Thus, combined with &(¢) = 0, this implies
u;(t) = 0.

We first claim that the projection graph of G is connected. For a contradiction,
suppose that proj (G) is not connected. Then, without loss of generality, agents

can be relabeled such that the Laplacian matrices are given by

gl = - , ViecL,
Sl

where ¢ > 2 is the number of connected component of proj(G). Specifically,
22 € RMexNe g the Laplacian matrix for k = 1,...,c¢ where Ny > 1 [WielO,
Section 2.2.2]. Let p’ € R™ be a nonzero vector such that p’ € X"(A) whose

existence follows from Assumption 3.1.1. Define p* € RV" as

*

= lai(ln, @p); - ac(In. @),

where ay, # 0 are distinct scalars. Consider the solution of (3.1.1) from the initial
condition given by z(0) = p* and £(0) = 0. Since [2(0);£(0)] € V, invariance of V

implies
j}i:AJ?Z', éi:(), VieN.

Define e(t) := xg, (t) — 2k, (t) where k; € N is the index of a node from the
first connected component, and ky € N is the index of a node from the second

connected component. Then, e(0) = (a1 — a2)p’ € X*(A). Hence, it follows that
é = Ae.

By the definition of e(0), it holds that |e(t)| /4 0 as ¢ — oo. This implies that

] 2- 1_l|
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the consensus is not achieved. Since it was assumed that the system (3.1.1) is

consensusable, this leads to a contradiction. Therefore, proj (G) is connected.

Now, it will be shown that (3.2.2) holds if (3.1.1) is state consensusable. For
a contradiction, suppose that (3.2.2) does not hold. Then, it is left to show there
exists an initial condition such that consensus is not achieved.

Let z* := [2};--- ;2] € RY™ be a vector such that z* € K but 2* ¢ SY.
Suppose that the initial condition of the system (3.1.1)—(3.1.2) is given by x(0) =
z* and £(0) = 0. Since [z*;0] € V, it follows from invariance of V that £(t) = 0
and z(t) € K for ¢t > 0.

In addition, we claim that there exist indices * € A and [* € L such that
Zjej\/il: aﬁij(x* — %) # 0. To see this, suppose that Zjej\/'il aéj(x; —zf) =0 for

J
all i € N and | € L. Then, it follows that

L
(Z gl In) z* = 0.
=1

Since the projection graph is connected, Zlel ¢! is a Laplacian matrix of a con-
nected graph. Therefore, it follows that =* € S,]LV which leads to a contradiction
since z* ¢ SY. Hence the claim is proven.

Finally, define the error variable as €' := 3, NI al j(xj — xx) where €'(0) =
Zje/\/jf aﬁij(:v; — x}.) # 0 by definition of ¢* and [*. Recall that due to the
invariance of V, it holds that w;(t) = 0 for all ¢ > 0. Thus, the dynamics of ¢’ can

be written as
¢ = Ae'.

Moreover, it follows from z* € K that 2* € ker £ ® (Z'")". Hence, we obtain
e'(0) € ker (Z')T C X¥(A), ie., €(0) € X(A) and €/(0) # 0. Therefore, we
obtain |€/(t)| /4 0 as t — oo and consensus is not achieved when z(0) = z* and
£(0) = 0. This leads to a contradiction since it is assumed that the system is
consensusable. This completes the proof that (3.2.2) is a necessary condition for

achieving state consensus. O

It can be deduced from the proof of Theorem 3.2.1 that K = nF_ £'@ (217 is

] 2- 1_l|



3.3. Proof of Necessity 55

related to an invariant set where no control input is applied. Intuitively speaking,
the condition (3.2.2) can be interpreted as stating that the consensus is achieved

within an invariant set.

Remark 3.3.1. Necessary condition for consensusability of the system and in-
variance of the set V in the proof can be related to the similar concepts in
[WWA13|. The work of [WWA13| studied necessary conditions for achieving
consensus of heterogeneous nonlinear multi-agent systems over a single-layer net-
work. In words, the necessary condition can be interpreted as requiring that an
invariant set must be contained within the synchronization space. The same con-
cept arises naturally for multilayer network as well through statements such as

the invariance of V and K = SY'. O

Finally, we end the discussion regrading the necessary conditions with yet
another interpretation of (3.2.2). For the statement, denote m distinct eigenvalues
of A as A{(A) such that

Re (Xf(A)) <...<Re (Afn(A)) .

Also define m; be the number of stable eigenvalues. Then the following result

states that the condition (3.2.2) can be decomposed into each mode of the system.

Proposition 3.3.2. Let K, := () ker /® (Z!)T where Z}. is defined such that
ker (Z1)T = (ker C!| A) N&Xya (A) for all k = 1,...,m. Then, the condition (3.2.2)
holds if and only if the set K}, satisfies

KrCSYN, Vk=ms+1,...,m. (3.3.3)
O

Proof. (3.2.2) = (3.3.3): Let z* = [z};---;2%] € Ky for some k such that
ms+1 < k < m. From the definition of Ky, it follows that Zje/\/} aéj(x;f —xf) €
ker (Z1)" for all [ € £ and i € N. Since Xy, (A) C X*(A), this implies that

> aljla) —a7) € (ker €' 4) N Xy (4) C ker (2)]
JEN]
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for all i € N and [ € L. Hence, 2* € K = S which completes the proof.
(3.3.3) = (3.2.2): Recalling from Lemma 3.3.1 that K is A-invariant, it
follows from [Won74, Prop. 0.4] that

K=(KnXu(A) @& (KNXg(A)),

where @ denotes the direct sum between vector spaces. Therefore z* € K can be
written as 2* = SO7_, o, where 2¥ = [2F; .- ;2K € KN XAi, (A). Hence, it is
sufficient to show z¥ € SN for all K = 1,...,m. From the definitions, it follows

that for each &' =1,...,m,

i\
jeN}

ST k(@ — k) € (ker ' A) N XU (A) N Xy, (4) (3.3.4)

foralli e Nandl € L. For all k¥’ = ms+1,...,m, we obtain X*(A) Ny, (A) =
XA% (A). Hence, this implies ¥ € K C SN.

On the other hand, X*“(A) N X)\zl(A) = {0} for k' = 1,...,m.
follows from (3.3.4) that ¥ € ﬂlel ker &' @ I, for all k' = 1,...,m..
this implies ¥ € K € SN for any k € {ms—+1,...,m} and forall &' = 1,...,m/

s*

Thus, it

However,

w ~

o~

Thus, we obtain z* € SN for k' =1,...,m and this completes the proof. O

Following corollary provides a physical interpretation of the necessary con-
dition (4.1.1) and connects graph theoretic condition to each eigenvalue of the

system.

Corollary 3.3.3. For the system (3.1.1), suppose that the multilayer graph G is
undirected and that the geometric multiplicity of A;x(A) is 1. Define an index set
I, € L as

I, = {l eL ’ rank (A - )EZ(A)In> = n} . (3.3.5)

If the system (3.1.1) is state consensusable, then for all unstable eigenvalues of A

(i.e., Ag(A), the projection graph of Gy, := (N, {gl}leIAk) is connected. O
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Proof. For the proof by contrapositive, suppose that there exists an index k* such
that Re (Ag=(A4)) > 0, but the proj (Gy,.) is not connected. Then, without loss of
generality, it holds that

£l = diag(eh, £h), VeI,

where £} € RY>Vi for § = 1,2 are Laplacian matrices. Let v € X) . (A4) be a
nonzero vector, and define z* := [1n, ® v; —1n, ®v]. Then, it can be verified that

z* ¢ SN. Now, it will be proved that z* € Ky«. For [ € T\, We obtain

(1 1m) ® (Z3) Tw
(Lh —1ny) ® (Z3) v

(&' @ ()" = [

On the other hand, for all [ € L\ Z,,.,

A— (A,
rank< k() ><n.
Cl

Since geometric multiplicity of Mg (A) is 1 by the assumption, this implies C'v = 0.
Thus, it follows that v € (ker C'| A) N X),. (A) = ker (ZL.)T for alll € L\ T,,..
Therefore, it is easy to see that for all [ € L\ Zj,.,

(L@ (Zk=) 2" = (& @ L)In ® (Z4) " )a* = 0.

Hence, it holds that x* € Kz« while 2* ¢ SX. This proves the negation of (3.3.3)
and completes the proof. O

Note that the condition used in (3.3.5) is exactly the PBH test for Ax(A)
with the output matrix C!. Therefore, the set 1), represents indices of all layers
where A\, (A) is an observable eigenvalue by the corresponding output matrix C*.
Thus the necessary condition (3.2.2) can be interpreted as follows. For each
unstable eigenvalue g+ (A), the projection graph constructed among layers having
A+ (A) as an observable eigenvalue must be connected. In other words, unstable
eigenvalues must be connected, in a sense that its projection graph corresponding

to the multilayer graph Gy, = (N, {5l}leIAk*) is connected. This also recovers

] 2- 1_l|
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our previous result [LS17]|. Although the discussion is done for the state consensus
problem over undirected multilayer networks, interpretation provided by Corollary
3.3.3 extends to the output consensus problem over directed multilayer networks.

Detailed discussions on this topic can be found in Chapter 4.

3.4 Proof of Sufficiency

In this section, sufficiency of the condition (3.2.2) is proved by constructing
a dynamic controller of the form (3.1.2) with y; being the stack of & for k €
NP U {i}. Recall from the consensus of multi-agent systems over a single-layer
network that a common approach for solving the consensus problem is to use
the observer-based dynamic controller. Specifically, a dynamics is constructed to
estimate the relative state information (e.g., > ;cp: cij(z; — @;)), which is then
used to compute suitable control action. However, for the multilayer network,
relative state information cannot be estimated directly as each layer contains
much less information. For instance, each layer may not be detectable or even
connected. Hence, information from each layer must be appropriately combined
to compute control input. In order to achieve this, we propose a hierarchical
structure which first estimates the partial information from each layer and then
combines partial information over multiple layers to obtain the desired result.

First, we propose a dynamics given by

€ = bl + G S aliChie — €)= aliyh —yh)| +(Z2)TBui,  (34)
JeN]

for all i € M|l € L, where ‘ff € R"', Then the following result holds.

Lemma 3.4.1. Consider the dynamics given by (3.1.1) and (3.4.1). Then for
each | € £, there exists G! such that

&(t) = &(t) = (Z') " (x;() — i) (3.4.2)

as t — oo for all nodes ¢ and j belonging to the same connected component of

g'. O
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Proof. Proof follows by applying Lemma A.1.3 of the Appendix to detectable
part of the system (3.1.1) via C! and the fact that £ = B!(B") T, where B! is the

incidence matrix of G!. (For instance, 2; of Lemma A.1.3 is & and &;(t) =0.) O

Result of Lemma 3.4.1 states that the proposed dynamics (3.4.1) acts like a
partial observer. The state fll- is an estimate by agent ¢ on layer [ and recovers
as much partial relative state information possible from [-th layer. In particular,
by computing the difference of §Zl- with its neighboring agents on I-th layer, an
agent may obtain the partial relative state information. However, since each layer
is not necessarily detectable nor connected, (3.4.1) only recovers the detectable
part of the state and the convergence only holds for the agents within the same
connected component of G'. Such a challenge was not present in case of single
layer network as connectivity and detectability is assumed.

Nonetheless, by using &! for all [ € £, relative state difference can be obtained.

For this, we propose an additional estimator given by

xz—szJrBuﬂrWZ Z[ (ZNY(ZH T (&) — &) — (2 — &), (3.4.3)

I=1 jeN}

where v > 0 is a gain to be designed. Then, the following lemma states that

(3.4.3) recovers the relative state difference.

Lemma 3.4.2. Consider the dynamics (3.4.3) and suppose that the necessary
condition (3.2.2) holds. Then there exists v* > 0 such that for all v > ~v*,

:i’j(t)—ii(t) —>a:j(t)—:ci(t), Vi,jEN,
as t — oo. O

Proof. Let e; := &;—x;, e :==[e1;- -+ ;en], ¢ := [z1;-- ;xn] and e= [fll, ,ffv]

Then, the dynamics of £ becomes

L L
F=(In®A)i+(IneBu-vY e @) 2 Ti+y) (&ezhe
=1 =1
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Hence, it follows that
] L
c=i—-i+y o))
=1
L
= |(Un®A)—7> e Z(Z)"| e+rA®), (3.4.4)
=1
where A(t) := Zlel (£'®(2h) (€ - (In o (2T )a).
Let W = [(1/N)1}; R"] € RV*¥ be an orthogonal matrix given by Theorem
2.1.4 applied to a connected Laplacian matrix. Apply the state transformation

given by [¢;€] := (W ® I,,)e, where € € R" and é € RV=1"_ Then, (3.4.4) can

be written as

Q-
|

Ae,
. L
é=|Ina1®A) -7 RTER®(Z)(Z)|é+~(RT ® L,)A(t).
=1
Since im (R) = (S{V)*, it follows from the algebraic condition (3.2.3) that
L
Y RTeRe (Z)2Z)T >o0.
=1
Hence, v can be chosen sufficiently large such that
L
(In-1®A) =) R'ERe(Z)(Z)'
I=1
is Hurwitz. In particular, let v > 0 such that

. An(A+AT)
o (XL, RTER e (Z1)(2)7)

Y <7.

In addition, A(t) is exponentially decaying by Lemma 3.4.1. Hence, it holds that
é(t) — 0, i.e., ej(t) —ei(t) — 0. Thus, i’j(t) —f?i(t) — :Ej(t) —xi(t) for all 1,7 € N
which completes the proof. O

2] -] 8} 3
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The proposed dynamics (3.4.3) with (3.4.1) estimates the relative state differ-
ence between any two agents in the network by appropriately combining partial
information from each layer. Using such an estimate, control inputs have been
designed for the single-layer network which can be analogously used for the mul-

tilayer network. For the multilayer network, two designs are presented.

1. Design using %; — 2;

Let £P be the Laplacian matrix of GP = proj (G) and design the control input
(e.g., see [WLHO09|) as

u;=B'P ) o (& — &), (3.4.5)
JENY

where P > 0 is the unique solution of
ATP 4+ PA— )\y(LP)PBBTP = —1,. (3.4.6)
Then the overall system can be written as
i = Az — (Iy ® B)(£P ® B' P)i.

Apply the transformation [e;é] := (U ® I,)x where W is defined as in Theo-
rem 2.1.4 applied to £P such that WEPW T = diag(0, A\2(£P),..., AN (LP)) =:
diag(0, AP). Then, it follows that

Ag, (3.4.7)
é=|(In.1®A)— (AP®BB'P)|é+ (R" ® BB'P)(£° ® I,)(x — &),

-
Il

where x and Z are stack of z; and #; respectively. Note that (£°P ® I,)(x — 2) is
exponentially decaying due to Lemma 3.4.2 and (Iy_; ® A) — (AP ® BBTP) is

Hurwitz due to (3.4.6). Therefore, it follows that the consensus is achieved.

] 2- 1_l|
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2. Design using z;
Alternatively, control input can also be designed as
u = K, (3.4.8)

where K such that A+ BK is Hurwitz (e.g., see [LDCH10, ZXD14]). Then the
system (3.1.1) with (3.4.8) can be written as

T = (IN®A):E+(IN®BK):Z‘.

Applying the transformation [e;é] := (W ® I,,)z with W from Theorem 2.1.4
applied to £P such that WEPW T = diag(0, AP), we obtain

. 1
&= Ae + N(lfTV ® BK)#, (3.4.9)

é=(In_1®(A+ BK))é+ (Iy ® BK)(R" @ I,)(& — ).

From Lemma 3.4.2 and the definition of R, it follows that (£P ® I,,)(Z — x) =
(RAPR" ® I,,)(# — =) — 0 and that RAP has full column rank. Hence we obtain
(R"®1I,)(z—x) — 0. Since A+ BK is Hurwitz, this implies € — 0, i.e., consensus

is achieved.

In conclusion, dynamic controller given by (3.4.1), (3.4.3) with either (3.4.5) or
(3.4.8) achieves consensus from arbitrary initial condition. Note that the crucial
assumption required for the proposed controller to work is the algebraic condition
(3.2.3), which is used to prove Lemma 3.4.2. Since the algebraic condition (3.2.3)
is a necessary condition for consensusability, this completes the proof of Theorem

3.2.1.

Remark 3.4.1. The two designs for the control input each have a different prop-
erty. For instance, the dynamic controller given by (3.4.1), (3.4.3) and (3.4.5)
achieves average consensus. That is, the trajectories satisfy

lim |z;(t) — s(t)| =0, VieN,

t—o00



3.4. Proof of Sufficiency 63

where s(t) is the solution of

s=As, s(0) = in(oy

(This easily follows from (3.4.7).) Specifically, the converged trajectory only de-
pends on the initial conditions of the plant z;(0) and not on £(0) or ;(0).

On the other hand, the dynamic controller given by (3.4.1), (3.4.3) and (3.4.8)
does not achieve average consensus as one can verify from (3.4.9). However, (3.4.8)
achieves consensus with (3.4.3) being a stable system. To see this, note that (3.4.3)

becomes
' L
fi= (A4 BE)2 43 S [al(2)(2) T ()~ ) — aly(2)(€ - €]
=1 jeN}

Using Lemma 3.4.1 and Lemma 3.4.2, it can be verified that #;(t) — 0. O

3.4.1 Additional Considerations for the Controllers

For the rest of the chapter, we briefly discuss the performance of the proposed

controllers as well as some design methodologies.

3.4.1.1 Performance of the Proposed Controllers

Performance of the proposed controller can be also easily seen from the anal-
ysis. In particular, by defining ¢! := (Iy ® (Z))T)z — & and e := & — z, overall

dynamics with (3.4.5) can be written as

[l ] [ qved-glecic))
el | = (In ® AL — £F @ GECE)
é 12 @ (21 - yel @ (27
KN 0 0 0
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(&

eL

In®A—y Y e (22T 0 e
£ ® BK IN® A-2P®BK | | 2

which has a block lower triangular structure. Therefore, it can be easily seen that
the performance depends on the eigenvalue of the matrices (Iy ® A}, — £'® G!C?)
forallle £, In®A—~y3Y 1, 2@ (Z)(Z)T, and Iy ® A — £° @ BK.

If additional assumptions hold, then the convergence rate can be made arbi-

trarily fast. For instance, suppose (A, B) is controllable. Then choose the gain
K = BT P, where P > 0 is the solution of

ATP+ PA— )\(LP)PBB"P = —4P (3.4.10)

for some 6 > —2Re (Amin(A)). It is shown in [ZDLO0§| that the solution P for
(3.4.10) exists, unique and positive definite. Additionally, we can show that the
real part of eigenvalues of A — \;(€P)BB less than —@ for i = 2,..., N. For this,
consider the Lyapunov function defined as V' (z) = 2" Pz. Then it holds that

%V(x) =2"(A"P+ PA— )\(LP)PBB'P)z
=2 (ATP+ PA— X (LP)PBB'P 4 (\(LP) — N\i(LP))PBB' P)x
= —0z' Pz 4 (A2(LP) — N\i(£P))z " PBB' Px
< —0x" Pz

= —0V(x).

Since V(z) decays at rate 6, real part of eigenvalues of A — \;(£€P)BBT P is at
least —6/2. Thus convergence rate can be assigned arbitrarily by choosing 6 > 0

sufficiently large?.

Similarly, we can obtain arbitrarily fast convergence rate for the partial ob-

2If the input is given by (3.4.8), a simple pole placement can be used to obtain the same
conclusion.
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servers using the similar argument. In particular, by using observability decom-
position (instead of detectable decomposition), we can always make (C}, A;) an
observable pair. Finally, since Zle el (21 (ZHT is positive definite, the desired
eigenvalues of Iy ® A — ~ ZlL:l £ @ (ZYH(ZYHT can be made arbitrarily negative
by choosing sufficiently large ~.

3.4.1.2 Design for the Worst-case Scenario

For the single-layer consensus problem, the design parameters can often be
designed a priori to the operation such that it is robust to changes in the network
structure (e.g., with fixed environment such as A, B or number of agents in the
system). In particular, the algebraic connectivity of the graph (i.e., the second
smallest eigenvalue of the Laplacian matrix) plays a crucial role, and the param-
eters such as feedback gain can be designed by considering the smallest possible
algebraic connectivity (e.g., see works such as [Tun08, SSB09| for more details).

Similar result can be obtained for the proposed controller design over a mul-

tilayer network. Recall that the design parameters of the proposed controller are:
1. Gain for the partial observers G'.
2. Gain for the state observer ~.
3. Gain for the state feedback (i.e., P in (3.4.5) or K in (3.4.8)).

The design procedure of the gains G and P are identical to the one from the single-
layer network, and hence these can be designed if the algebraic connectivity of the
network is known. For example, for a fixed number of agents and with unweighted
graphs, the algebraic connectivity is given by 2(1 — cos(w/N)), i.e., the algebraic
connectivity of a path graph. The gain K in (3.4.8) can be designed using pole
placement which is independent of the structure of the communication network.
Finally, the « can be chosen given the value of A\ (Zle R'¢R® (Zl)(Zl)T> >
0. One can find the minimum value by enumerating all possible combinations
of the multilayer network. Existence of a simpler characterization similar to the

algebraic connectivity of a path graph (which is used in the design for the single-

2] &-t]] 8
i ] 1
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layer graph) is an open question®.
In conclusion, the design designed prior to the operation such that it is robust

to the changes of the network structure.

3Nonetheless, we conjecture that there exists a constant ¢, which only depends on the number

of agents N and the number of layers L, such that

i <Z R'¢'R® (z’)(zl)T> > c- Ao (£P).

=1

A2



Chapter 4

Extension to the Output Consensus
Problem over Directed Network

In the previous chapter, the state consensus problem is studied over an undirected
multilayer network. This chapter studies extension of previous results to output

consensus problem over a directed multilayer network.

4.1 Necessary Conditions for the Output Consensus

Problem

In this section, necessary conditions developed for the state consensus prob-
lem are extended to the output consensus problem over a directed multilayer net-
work. Recalling the interpretation that (3.2.2) implies that the invariant set must
be contained in the consensus space (e.g., see Section 3.3 or Remark 3.3.1), an

analogous condition for output consensus problem is proposed as
KCkerll® (Zg)', (4.1.1)

where K is defined using the Laplacian matrices of directed graphs. In particular,
the set ker [I®(Zg) " is where the difference of z; belongs to undetectable subspace
of the pair (R, A) when u;(t) = 0.

The following result presents that (4.1.1) indeed a necessary conditions for

the output consensus problem over directed multilayer networks.

67 -':I'-\._i = ::' 1..5
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Lemma 4.1.1. Suppose that Assumption 3.1.1 holds. If the system (3.1.1) is
output consensusable, then (4.1.1) holds. In addition, (4.1.1) is equivalent to

KipCkerlI® (Zr)", Vk=ms+1,...,m, (4.1.2)

where K}, is defined in Corollary 3.3.2. O

Proof. Proof of Lemma 4.1.1 closely follows the proof of similar results from The-
orem 3.2.1 (which was presented in Section 3.3). Hence, only the difference is

highlighted and details are omitted.

To show (4.1.1) is a necessary condition for the output consensus problem, we
first claim that the projection graph of G contains a rooted spanning tree. For a
contradiction, suppose that the proj (G) does not contain a rooted spanning tree.
Then, without loss of generality, agents can be relabeled such that the Laplacian

matrices are given by

v 0 0
gh= , VlecL,
0 eloo
L * x Ll |
where ¢ > 2 is the number of independently strongly connected component (iSCC)
of proj (G). Specifically, £, € RM>*Nr is a Laplacian matrix for k = 1,...,¢

where N > 1 [Wiel0, Section 2.2.2]. Let p’ € R™ be a nonzero vector such that
p € X*(A) but p’ € (ker R| A) whose existence follows from Assumption 3.1.1.
Define p* € RN as

phi= oy, @p); o ac(ly, @p); *] ’

where oy # 0 are distinct scalars and the asterisk denotes the elements without
any interest for the result. Consider the initial condition given by z(0) = p* and

€(0) = 0. Next, restrict the attention to the nodes in the k-th iSCC. Then, using
the similar argument as in the proof of Theorem 3.2.1 and the fact that x; only

] 2- 1_l|
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consists of & for k € PP U {i}, it can be obtained that
L'EZ' = A.CC,‘, fl =0 (4.1.3)

for all nodes i belonging to the k-th iSCC. Define e(t) := wy, (t) — xk,(t) where
ki is the index of a node from the first iSCC, and ks is the index of a node from
the second iSCC. Then, e(0) = (ag — a2)p’ € X*(A) and e(0) & (ker R| A). Since
(4.1.3) holds for any iSCC, it follows that

é =Ae, Y = Re,

where ¢ 1= (, — (i, is the relative output error. By the definition of e(0), it
holds that |¢(t)| /~ 0 as t — co. This implies that the output consensus is not
achieved. Since it was assumed that the system (3.1.1) is output consensusable,

this leads to a contradiction. Therefore, proj (G) contains a rooted spanning tree.

Now, let 2* := [2%;--- ;%] € K but 2* ¢ ker[I®(Zg)". Then, using the fact
that proj (G) has a rooted spanning tree, it can be proven that there exists indices

i* € N and I* € £ such that Zje/\f};‘ af;j(x;- —z%) € ker (Zg)". Let 2(0) = a*,

€(0) = 0 and define €' := 37, \a aﬁij(scj — 24+). Then we obtain
¢ =Ae, ' =Re,

where €/(0) € X%(A) and ¢'(0) ¢ ker (Zg)". Thus, |¢/'(t)| /4 0 and hence output
consensus is not achieved when z(0) = 2* and £(0) = 0. This leads to a contra-

diction since it is assumed that the system is output consensusable.

Proof for the equivalence of (4.1.1) and (4.1.2) can be obtained by following
the proof of Proposition 3.3.2. In particular, the same argument can be applied

by simply replacing S with kerIT ® (Zg) " and hence omitted. O

Lemma 4.1.1 extends the necessary condition (3.2.2) and the results of Propo-
sition 3.3.2 to output consensus over directed graphs. Specifically, (4.1.1) becomes

(3.2.2) and (4.1.2) becomes (3.3.3) since Zr = I,, for state consensus problem.

] 2- 1_l|
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For the algebraic condition (3.2.3), we consider an extension given by
L
Re (An,,RH(Zsl ® (YR)T(ZZ)(ZZ)TYR)> > 0, (4.1.4)
=1

where Yp is defined in (3.1.3). The proposed condition (4.1.4) is a valid extension
since Zr = Yr = I, in case of state consensus problem and hence it becomes
(3.2.3) if network is undirected. Relation between the geometric condition (4.1.1)

and the algebraic condition (4.1.4) is stated below.
Lemma 4.1.2. Following statements hold.
1. If G is undirected, then (4.1.1) implies (4.1.4).

2. If R = I, then (4.1.4) implies (4.1.1). O

Proof. (4.1.1) = (4.1.4): Suppose that G is undirected and (4.1.1) holds. Then
using the fact that € = B!(B)7, (4.1.1) is equivalent to

(BY @ (ZHYz=0,VielL —= (I®ZL)z=0 (4.1.5)

for all z € RV™. Meanwhile, it can be checked that (4.1.4) is equivalent to showing
L
[Nker (B)" @ ((2")"Yr)) €SV .
=1

Let z € RN(=") he such that
(BHYT @ (ZHTyR)z=0, ViedL.

However, this means ((B!)" @ (ZY)7)((Iy ® Yg)z) = 0. Hence, it follows from
(4.1.5) that (IT® Z})(In ® YR)z = 0. Since Zj4Yg = I,,_,r, we obtain z € SN &
which completes the proof.

(4.1.4) = (4.1.1): Suppose that R = I,, and (4.1.4) holds. Let = € K, i.e.,
('@ (ZH)T)x = 0 for all [ € £. This implies (£ ® (Z)(Z") ")z = 0 and hence
ZZL:l(Sl@(Zl)(Zl)T)J: = 0. However, (4.1.4) implies ker (le;l eleZhzZhT) =

] 2- 1_l|
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SN and hence x € SY. This completes the proof since kerI1 ®@ (Zz)" = SN if

n

R=1,. O

4.2 Challenges for the Output Consensus Problem over
Directed Multilayer Networks

Unfortunately, Lemma 4.1.2 cannot be further extended as in Theorem 3.2.1
to establish the equivalence. For instance, (4.1.1) is not equivalent to (4.1.4)
in general. Furthermore, (4.1.1) is also clearly not sufficient to achieve output

consensus. These are illustrated through the following examples.

Example 4.2.1. Consider the system given by
1

A= 1|0

0

00
11 ,R:[o 1 0},01:[1 1 0}
0 1

with L =1, N = 3 and G' being a complete graph. By defining Zr and Wg as

00 1
ZR = ]. O ) WR = O ’
0 1 0
while Z1 and W1 are defined as
1 0 -1
Z'=11 o|, W'=]1
0 1 0

Hence the transformation matrix are orthogonal and it follows that Yz = Zg and

Ur = Wg. Then it can be computed that
Ao (21 ® (YR)T(ZI)(ZZ)TYR> =3.0>0,

that is (4.1.4) holds. However, it can be verified that 2* := [1;2;3]|®[1; —1;0] € K
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yet 2* ¢ kerI1 @ (Zg) . O

Example 4.2.1 depicts a case where the algebraic condition (4.1.4) holds, yet
(4.1.1) does not. In particular, this example illustrates a scenario where the avail-
able information 621- are all identically zero, but output consensus is not reached.

Next example shows that the converse is also not true in general, i.e., (4.1.1)

holds yet the algebraic condition (4.1.4) may not.

Example 4.2.2. Let A = 0343, L =3, N =4, n = 3 and suppose that £ € R**4
and C! € R?*3 are given by

1 0 0 —1 0 00 0 1 -1 0 0
g_ |0 00 S e B L L
0 -1 1 0 01 -1 0 0 0 0
(00 0 0 | -1 00 1 0 0 0 0

while the output matrices are given by

1 2 3 4 20 1 4 2
cl = . C%= . 3= , R=1Is.
101 10 3 4 3 4

Then, it can be checked that Z! = (CY)T for all I € £ and

L
Re <A4(Z£’ ® (Zl)(Zl)T)> =0,
I=1
while £ = S3. In particular, we have

L
Re (Al(z e (Zl)(Zl)T)> ~ —1.3542 < 0. O
=1

Example 4.2.2 highlights a challenge for generalizing the algebraic condition
(3.2.3) to directed graphs. Specifically, Example 4.2.2 shows that the eigenvalues
of Zlel el @ (ZH(ZY)T are not necessarily on the closed right-half plane. This
leads to difficulties since algebraic condition (3.2.3) is utilized when constructing

the dynamic controller.
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Re (An—uR—i—l(ZlL:I El ® (YR)T(Zl)(Zl)TYR)> >0

if R+ I if R=1In
(Ex. 4.2.1) (Lem. 4.1.2)

Output Consensusable

if directed if undirected if directed
Lem. 4.1.1 (Ex. 4.2.3) (Lem. 4.1.2) (Ex. 4.2.2)

KCkerlI® (Zg) "

Figure 4.1: Relationships between various conditions for output consensus
problem over directed graph and corresponding counterexamples.

Finally, the following example reveals that the proposed necessary condition

(4.1.1) is in fact not sufficient for directed multilayer graphs.

Example 4.2.3. Supposethat A=0,L =2, N=3,n=1land R=C'=C? =

1, where the Laplacian matrices are given by

0 0 0 0 0 0
gt=10 o0 o0|, £=l0 0 o0
1 0 1 0 —1 1

Then, it can be checked that K = S}. However, it follows from the proof of Lemma
4.1.1 that state consensus cannot be achieved since proj (G) does not contain a

rooted spanning tree. O

Summary of various conditions discussed so far and its relations are shown in
Fig. 4.1. For the state consensus problem over the undirected network, Theorem
3.2.1 state that all statements in Fig. 4.1 are equivalent. Unfortunately, a similar
result does not hold for the output consensus problem over a directed network.

One of the fundamental limitations of the condition (4.1.1) can be seen from
its physical interpretation. Recall from the detectability interpretation of the
condition that (4.1.1) is saying that if the relative output information } N yé -
yﬁ = 0, then the consensus of {; must be achieved. However, it is possible that

the desired output achieves consensus (i.e., ; = (;), while the relative output
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difference over the multilayer network (i.e., yé- — y}) is not zero.

4.3 Controller Design for the Output Consensus Prob-

lem

Discussions so far illustrated the difficulties of extending the previous results
to the output consensus problem over directed multilayer networks. Nevertheless,
this section designs a dynamic controller to achieve output consensus by imposing
additional assumptions on the system. From Chapter 3, we have seen that the
algebraic condition (3.2.3) is integral to designing a dynamic controller. Similarly,
a dynamic controller will be designed using algebraic condition (4.1.4) to achieve
output consensus. However, notice from Fig. 4.1 that even if G is undirected,
algebraic condition (4.1.4) alone is clearly not sufficient (as it contradicts with
Example 4.2.1 if (4.1.4) implies output consensus). Therefore, we make additional

assumptions such that the dynamic controller can be designed.

4.3.1 Controller Design under System Theoretic Constraint

In order to design a dynamic controller for a directed multilayer network, we
make the following assumption (which is discussed in [LS20b] for unobservable

subspaces) to design a dynamic controller.

Assumption 4.3.1. There exists a basis {v1, ..., v,} of R” such that every unde-
tectable subspace (ker C'| A)NX%(A), ..., (ker T | A)NX*(A) and (ker R| A)N
X"(A) is a span of a subset of the basis. O

Assumption 4.3.1 holds if the characteristic polynomial of A is same as the
minimal polynomial of A, or if each distinct unstable eigenvalue only has a single
Jordan block. For example, suppose that A consists of a single Jordan block with
a real unstable eigenvalue. Then (ker C! | A) N X*(A) = {0} if the first column of
C! is nonzero. If the first ¢ columns of C! are zero, then (ker C'| A) N X%(A) =
span{ei,...,eq}. Hence, Assumption 4.3.1 holds with vy = e; for k =1,...,n.
There are cases when Assumption 4.3.1 holds even when an eigenvalue has more

than a single block. For more details, we refer to [L.S20b, Appendix B].
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Before proceeding further, few notations and intermediate results are intro-

duced. Under Assumption 4.3.1, let the indicator 32, € {0,1} be

1, if vy gker (Z9)T = (ker C'| A) N X¥(A),
0, if vy € ker (Z)7 = (ker C'| A) N X¥(A)

forall k =1,...,n and | € £, while sf € {0,1} is defined similarly. By defining
Vi=lvy -+ vy] € R™™, there exists hy € R™ such that

T T
H'V .= [hl hn] [vl ’Un}:-[n,
so that H' = V1. Now, apply the transformation
Pi = HT.Ti, sz = Ty, (431)

where p; € R™. Then the following property holds.

Lemma 4.3.1. Suppose that Assumption 4.3.1 holds and consider the system

(3.1.1) under the transformation (4.3.1), which can be written as

pi = H"AVp; + H' Bu;,
yi = C'Vpi, (4.3.2)
G = RV p;,

for all 7 € N. Then the transformation matrix 7% € R"*" for the detectable

decomposition of (4.3.2) is a permutation matrix for all [ € L. O

Proof. Let e, € R™ be the elementary vector where k-th element is 1 and the rest
of the elements are zero. Then for each I € £, let (T')T be a permutation matrix
given by

=1 INT 1 1 T

Pi = (T) pi =: {Zo Wo} Pis

where the columns of Z! € R (=) are ¢, for all k such that st =1 and the
columns of W! ¢ R are e, such that sgg = 0. Since the columns of V' spans

the undetectable subspaces by the definition and H' = V!, it can be verified

2] -] 8} 3
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that the dynamics of j! is in form of the detectability decomposition. O

In order to improve the clarity, without loss of generality, suppose that v; are

such that 3{2 = ... = sf_VR 1 and s Ry = = sl = 0. Accordingly,
we have Zr o = [In,;0,r%y,] € R"*™ and Wgo = [0, & Ir] € R where
R

N :=n— V",

Under Assumption 4.3.1, a dynamic controller can be designed to achieve

consensus. For this, we choose Z!, W', Zr, and Wg as
Z'=HZ., W= HW!, Zr = HZg,, Wgr = HWg,. (4.3.3)
Consequently, it can be checked that
=VZ, U =VW! Y=V Zro, Up=VWg, (4.3.4)

and that these matrices form a transformation which results in undetectable de-

composition.

Overall structure is similar to the controller developed for the state consensus
problem. Specifically, the same partial observer (3.4.1) is used, which is rewritten

as

€= Auel+ G| Y aliCllgt — &) — alwh —wh] + (2 Bui. (435)
JEN]

With (4.3.5), relative difference of detectable part by R is estimated via

Ay Y |0k (ZR) VYT (Z) (Y TV VT Ziy — )
I=1 jeN}

— ol (Zr)TVVT(Z)(E - €] + Bffu, (43.6)

where AY := (Zr)" AYg, BE := (Zg)" B and v > 0. By letting 7 := [f1;- -+ ;7n],
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51 = [ﬂ’ é‘év] and u = [u1;~-- ;uN}7 we obtain

L
n=(In®AH7 Z (2o Zpvv T ZYZYT'VV T ZR)h
=1 (4.3.7)

+yZ£l®ngszl)§l (Iy ® Bf)yu
=1

Then the following result holds.

Lemma 4.3.2. Consider the dynamics given by (3.1.1) and (3.4.1). Then for
each | € £, there exists G! such that

D ali(€51) = &) = Yoy (2H) T (1) — a(t)), (4.3.8)

JEN} JEN}

foralli € N and | € £ as t — oco. Furthermore, suppose that Assumption 4.3.1
and (4.1.4) holds. Then there exists 4* > 0 such that for all v > ~*,

n;(t) — ni(t) — (ZR)T(xj(t) —x;i(t), Vi, jeN, (4.3.9)

as t — oo. O

Proof. Proof of (4.3.8) follows directly by applying Lemma A.1.3 to the detectable
part of the system (3.1.1) via C'.

Proof of (4.3.9) is similar to the proof of Lemma 3.4.2. Hence only the
difference is highlighted and details are omitted. Let e; := 7; — (Zg)' z;, and
e:=[e1; - ;en]. Then, using (4.3.7) and (3.1.1), the dynamics of e is given by

=0 —(In®Zp)d

L
[ (In ® AYq Z (&' o 2 vV T ZYZYTVV T Zp)

+vZ ('@ ZpVV 2 + (I ®Bd>}
=1

—(IN® Z}) [(IN ® Az + (Iy ® B)u]
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— [(IN @ AN — (In ® Zj A)zx ] — Z (o Zivv T ZYZYTVV T Zp)
=1
L
+y> (e zhvvTzhd
=1
L L
= (In® A)e =7 Y (&' ® Z} 0 Zo(25) Zro)iy +7 ) (£ ® Zp o Z0)E!
=1 =1
(4.3.10)

where we used ZyA = A¥(Zgr)". To proceed further, we use x = UpWhx +
YrZhx = VWr Wit + VZroZha and add £y Y, & @ ZAVvV T (ZH)(Z)Tx
0 (4.3.10). Specifically, we have

L L
— ) (e zZRvVTZ(ZYTVVT Zr)i+ 7Y e ZivVT(Z)(2) e
=1 =1

L
= =) (&' ® Zp2(Z0) Zro)i
=1

L
+9) @ 2k (Z)(Z) TH (VWRoWi +V ZroZg)x
=1

L L
= 7Y (&' ®Z3,24(Zy) Zroe + 1) & ® Zjy o(Z)(Z) WroWr
=1 =1

and

vz (& o ZhvvT Z))e 72):’ 2 ZpVVI(Z)(2) s
=1 =1

L
ZVZ@Z@ZRoZé ’YZSI@ZRO(Zé)(Zl)
=1 =1

L
=) (Un® Zh,Z)( @ L) (& — (In ® (2" a).
=1
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Therefore, the dynamics of e becomes

_ [(IN®Ad ’yZSl ro) ZL(Z)T Zrole
(4.3.11)
+ Z @ (Zpo) " ZNZ) T WrWhz + (I ® Z ) A1),

where A(t) := le;l (e Z) (¢ —(In®(Z2")")z). From Lemma 3.4.1, it fol-
lows that A(t) is exponentially decaying signal. Moreover, due to the particular

choice of transformation matrices,

=1

L
Ay i <Z v ®Y§ZZ(ZZ)TYR> = (Zs: ® ( TZl(zl)TZRO>

>0

follows directly from (4.1.4).

Finally, we claim that
(Zro) " ZL(Z)) "W =0, VieL.

To see this, note that Z!(Z!)T is a diagonal matrix and hence

*x 0 On vR
(Zro) ' Z5(Z5) Wro = [Ino OIJRXTLO] XV _ .
0 =% II/R

Therefore, we obtain
_ [(IN © AR 4 Z e (Zro) 22T Zn, } e+7(In ® Zf ) A1),

Hence, following the similar argument as in the proof of Lemma 3.4.2, there
exists v* such that e;(t) — e;(t) — 0 for all v > ~*. This implies 7;(t) — 7;(t) —
(Zr) " (x;(t) — x;(t)) which completes the proof. O

With the dynamics constructed as (3.4.1) and (4.3.6), control input can be

designed analogous to the state consensus problem. Specifically, let the control

] 2 T} |

‘.l ] T_III
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input be

wi = (BY)TP Y ofi(h; — ), (4.3.12)
JENT

where P > 0 is the unique solution of

(AB)TP + P(AF) — Re (\o(£P)) P(BE)(BE)TP = —1

n—vit-

In particular, existence of P follows from stabilizability of (A%, BE) which holds
due to the stabilizability of (A, B).

Alternatively, input can be also designed as

where K is such that AdR + BC];LK is Hurwitz. Then the following result shows

that the output consensus is achieved.

Theorem 4.3.3. Suppose that Assumptions 3.1.1 and 4.3.1 hold. If the algebraic
condition (4.1.4) holds, then the proposed controllers (4.3.5), (4.3.6) with either
(4.3.12) or (4.3.13) achieve output consensus. O

Proof. Proof can be obtained by using Lemma 4.3.2 and similar arguments as
in the proof of Theorem 3.2.1 to the system (3.1.1) obtained via detectability

decomposition using the output matrix R. Hence, the details are omitted. O

Theorem 4.3.3 provides a sufficient condition for the output consensus problem
over a directed multilayer network. In case of undirected graphs, Theorem 4.3.3

recovers the equivalence as below.

Corollary 4.3.4. Suppose that Assumptions 3.1.1 and 4.3.1 hold and that G is
undirected. Then the system (3.1.1) is output consensusable if and only if the
geometric condition for output consensusability (4.1.1) holds. In addition, geo-
metric condition (4.1.1), geometric condition for each mode (4.1.2) and algebraic

condition (4.1.4) are all equivalent. O

Proof. Proof follows from Lemma 4.1.1, Lemma 4.1.2 and Theorem 4.3.3. U
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For directed graphs under Assumption 4.3.1, following proposition provides

an intuitive explanation of the sufficient condition.

Proposition 4.3.5. Suppose that the transformation matrices are chosen as (4.3.3)
and (4.3.4). Define the index set Zj := {l € £ | s} = 1} and the corresponding
multilayer graph Gy, := (N, {€'}iez,, {A}iez,) for k =1,...,n. Then

L
An_uRi1 (Z ¢® (ZR,O)WZé)(Zé)TZR,o) >0
=1

holds if and only if proj (Gx) has a rooted spanning tree for all k = 1,...,n,. ¢

Proof. Consider the permutation 7: {1,..., Nn,} — {1,..., Nn,} given by

m(z)=((z—1)modny) - N+ ((z—1)+mn,) +1
and permutation matrix M = [ejr(l); . ;eI(Nn )] € RNnoxNno
that ZE,OZ(I)(Z(I))TZR,O = diag(s},...,s!, ), it can be checked that

’T'L

. Then, noting

L
(Zsl (Zro)" Zl)(Zf))TZRvo> —d1ag<2£lsl,...72£lslno).
=1

However, Zlel 2132 = Elezk ¢!l is the Laplacian matrix of proj (Gi). Therefore,
the result of the theorem follows since Re ()\2 (Zle 2182» > 0 if and only if
proj (Gi) has a rooted spanning tree. O

Denoting k-th mode of x; as thz-, 32 = 1 if k-th mode is detectable (i.e., h;xi
can be estimated via C!). Hence, Z;, is the index set of layers which can estimate
h;—xi. Thus, Proposition 4.3.5 is stating that the algebraic condition (3.2.3) is
equivalent to saying unstable and observable modes via R must be connected, in
a sense that proj (Gg), which only includes the edge set of the detectable layers
of k-th mode, must have a rooted spanning tree. This also extends the result of

Corollary 3.3.3 to the output consensus problem over directed multilayer networks.
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4.3.2 Controller Design under Information Structural Constraint

Previous section proposed a controller under Assumption 4.3.1, which limits
the class of system based on the matrices relationships among A, C* and R. In

this section, the following assumption is proposed to obtain the convergence.

Assumption 4.3.2. The system satisfies
kerl1® Z4 C K. O

Assumption 4.3.2 recovers the physical interpretation used in the state con-
sensus problem. Specifically, it says that if the desired output is in consensus,
then the relative output information is identically zero. In general, this limits
the what kind of information can be communicated between agents based on the
desired output. Consequently, it can be shown that the same dynamic controller
proposed earlier achieves output consensus. For this, suppose without loss of
generality that the detectability decomposition is given by orthonormal matrices.

Then consider the observers (which is similar to (4.3.5) and (4.3.6)) given by

&= A+ G| Y aliCl(g — ) — o) =) + (2)T B, (43.140)
JEN]

L
= AR +v> > [aﬁj(ZR)T(Zl)(Zl)TZR(ﬁJ = i)
= (4.3.14b)

— al(Zr) " (2)(&) — &)] + Bfus

Also suppose that the control input is given by (4.3.12) or (4.3.13). Then the

consensus is shown in the following result.

Theorem 4.3.6. Consider the overall system given by the system (3.1.1), dy-
namic controller (4.3.14) and control input (4.3.12) or (4.3.13). Suppose that As-
sumptions 3.1.1 and 4.3.2 hold. If the algebraic condition (4.1.4) holds, then the

output consensus is achieved. O

Proof. Proof of the convergence is similar to Theorem 4.3.3 presented in Section

4.3.1. The only difference arises in the proof of Lemma 4.3.2 which shows the

.__:Ix_c L, '|'|i

L

[

-
1

T
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convergence of 7. Specifically, proof of Lemma 4.3.2 is similar up to (4.3.11).

From there, we claim

L
Y wzhZY(Z) WrWhz =0, VYzeR™
=1

From the assumption, we have ker II ® Zg C K. First, observe that
M@ ZL) Iy @ WrWa )z = (1@ ZEWrWa)z =0

where we used ZEWR = 0 which holds since matrices are orthogonal by definition.
Thus,

(In @ WeWg)z € ker Il ® Z, C K.

Then by the definition of K,

L
<Z e (Zl)(ZZ)T> (In @ WrWi)z = 0.
=1

Therefore, the claim holds. The rest of the proof is similar to Lemma 4.3.2 and

hence omitted. O

For undirected multilayer graphs, by supposing Assumption 4.3.2, equivalence

can be recovered as in Corollary 4.3.4 as stated below.

Corollary 4.3.7. Suppose that Assumptions 3.1.1 and 4.3.2 hold and that G is
undirected. Then the system (3.1.1) is output consensusable if and only if the
geometric condition for output consensusability (4.1.1) holds. In addition, geo-
metric condition (4.1.1), geometric condition for each mode (4.1.2) and algebraic

condition (4.1.4) are all equivalent. O

Proof. Proof follows from Lemma 4.1.1, Lemma 4.1.2 and Theorem 4.3.6. U

] 2- 1_l|
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4.4 Static Output Diffusive Coupling

In previous sections, a dynamic controller motivated by the observer-based
feedback is designed to achieve consensus over a multilayer network. Instead of a
dynamic controller, this section presents a simple static controller to achieve the
output consensus.

In order to design a static controller, we make the following assumption on

the dynamics of each agent and the multilayer network.

Assumption 4.4.1. There exists a positive definite matrix P € R™*" such that
the system satisfies! ATP 4+ PA < 0, B = I,, and the multilayer graph is undi-
rected. O

The following result proposes a static controller.

Theorem 4.4.1. Suppose that A is not Hurwitz and that Assumption 4.4.1 hold.
Then, the system (3.1.1) is output consensusable if and only if the geometric

condition (4.1.1) holds. In particular, output consensus is achieved with

L
Py Y el (@) — ),

I=1 jeN}
for any ~; > 0 and P; > 0 such that ATP; + P,A < 0. O
Proof. For sufficiency, let © = [z1;...;2x5] € RY™. Then the overall dynamics

can be written as

t=Inv® Az —-QMz,

where M := Zlel gl ® (CHTC! is a positive semidefinite matrix and Q :=
diag(%Pfl, o ,VNP]QI) is positive definite. Let Lyapunov function be V(z) =

o' Q'z. Then, its time derivative along (3.1.1) becomes
V=gl <Q*1(IN ® A)+ (Iy ® AT)Q”) z— 22" Mz

N1
:Z* (PA+ ATP)z; — 22" Mz
— ;i

!Such assumption on A is also known as neutral stability of A.
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<0.

Hence the solution is bounded. Moreover, it follows from LaSalle’s invariance
principle that the state trajectories approach to the largest invariant set contained
in E:={z € R"" | 2T Mz = 0}. Since (kerC'| A) is A-invariant and €' is

symmetric, it can be verified that
E = {x eRV" | 2" (Zle(ﬂl)Tﬁl ® ((’)l)T(’)l) x = 0}

is the largest invariant set in £ where O' is defined such that ker O! = (ker C'| A).
Let z(t) be the solution that belongs identically to £. Then the solution can be
written as z(t) = 2%(t) + 2°(t) where 2%(t) € ENX“(A) and 25(t) € ENX%(A).
In addition, it can be checked that £ N X“(A) C K. Since K C kerII ® Z}, by

the assumption, output consensus is achieved. O

For the systems satisfying the assumptions of Theorem 4.4.1, it follows that
the proposed necessary condition X C kerIl ® Zl—l%— is indeed a necessary and

sufficient condition for achieving output consensus.

Remark 4.4.1. The assumption that A is neutrally stable is a restrictive as-
sumption. Comparing the result of Theorem 4.4.1 to results from the single-layer
consensus problem, it corresponds to the result of [SS09] which considered con-
sensus of MAS when A is marginally stable and B = I,,. For the single-layer con-
sensus, an extension is made in [Tun08|, which used LQR-based gain to achieve
consensus for general plant A. Extension of Theorem 4.4.1 seems challenging as
such technique cannot be applied directly to multilayer networks but it is an in-
teresting direction for future research as one may draw motivations from these

developments. O

Although the result of Theorem 4.4.1 is restrictive, its usage will be presented
in Chapter 5 to solve the distributed estimation problem. In fact, an extension
of Theorem 4.4.1 is developed for a class of directed multilayer network with

switching topology.

2] &-t]] 8
i ] 1
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Assumptions Controller Type Single-layer  Multilayer

A marginally stable, B = I,  Static [SS09] Thm. 4.4.1

(A, B) stab., C =1, Static [Tun08g] Not applicable
Thm. 4.3.3

(A, B,C) stab. and detect.  Dyn. w. comm. [WLHO09]
Thm. 4.3.6

(A, B, C) stab., detect.

Dyn. w.o. comm. [SSB0Y] Open

and Re ();(4)) <0

Table 4.1: Summary of controller designs for the single-layer system and cor-
responding designs for the multilayer network proposed in this
chapter.

5 Summary of Results

Before moving onto the next few chapters, which discuss the application of the

consensus problem over multilayer networks, we end this chapter by summarizing

the main results. Similar results from the single-layer consensus problem are also

briefly discussed and compared.

4.

5.1 Comparison with Single-layer Consensus Problem

Controller designs developed in Chapters 3 and 4 can be compared with its

corresponding designs for the single-layer system, which is summarized in Table

4.1. The static feedback controller developed in Theorem 4.4.1 is an extension

of

the work such as [SS09] which studied a similar problem for the single-layer

network. Both of these controllers use static feedback and assume the marginal

stability of the system matrix. Classical work [Tun08| does not have correspond-

ing work in this dissertation as C' = I, is not applicable to multilayer networks.

However, observer-based controller developed in works such as [WLHO09| are ex-

tended to the multilayer network in Theorem 4.3.3 and Theorem 4.3.6. Notice

that our results not only generalize these results to the multilayer network but

also extends to the output consensus problem over directed networks.
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Re (M, _yry1 (21, €@ (Va) T (Z)(Z)YR)) >0

Thm. 4.3.3
(with Asm. 4.3.1)
OR if R# In if R=1I,
Thm. 4.3.6 (Ex. 4.2.1) (Lem. 4.1.2)

(with Asm. 4.3.2)

if directed

Output Consensusable (Ex. 4.2.2)

L A if directed
em. 4.1.1 (Ex. 4.2.3)

KCkerlI® (Zg)"

Figure 4.2: Relation for directed multilayer network.

4.5.2 Relation between Necessary and Sufficient Conditions

We end this chapter by showing figures which illustrate the relations between
main results for the design of the controllers.

First, results for the directed multilayer network is shown in Fig. 4.2. It can
be seen that the algebraic condition along with Assumption 4.3.1 or Assumption
4.3.2 implies the output consensus, while the geometric condition is a necessary
condition for output consensusability. Unfortunately, we cannot close the loop
since the geometric condition does not imply the algebraic condition in general.

Relations for undirected multilayer network is shown in Fig. 4.3. Notice that
geometric condition implies the algebraic condition in undirected networks. Hence
necessary and sufficient conditions can be found under additional assumptions.
Specifically, dynamic controller can be designed under Assumption 4.3.1 or As-

sumption 4.3.2 and static controller under Assumption 4.4.1.
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Re (X, r 41 (T, €10 (V) T(2)(2)TYR) ) >0

Thm. 4.3.3
(with Asm. 4.3.1)
OR
Thm. 4.3.6
(with Asm. 4.3.2)
OR
Thm. 4.4.1
(with Asm 4.4.1)

if R+ I,
(Ex. 4.2.1)

Output Consensusable

Lem. 4.1.1JJ'

iftR=1,
(Lem. 4.1.2)

Lem. 4.1.2

KCkerlI® (Zg) T

Figure 4.3: Relation for undirected multilayer network.
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Chapter 5

Application to the Distributed State
Estimation Problem

In this chapter, results developed for the consensus over the multilayer network is
applied to the distributed state estimation problem (DEP). It is established that
the DEP can be formulated into a consensus problem over a multilayer network.
Through this approach, results from Chapter 3 are applied to obtain a necessary
condition for the solvability of DEP. Moreover, a novel design is proposed which
reduces the communication burden compared with the existing designs in the

literature.

5.1 Problem Formulation

Consider the system in form! of

p = Ap+ Bu(t), (5.1.1a)
w9 H,
w = : = : p=: Hp, (5.1.1b)
WN+1 Hpy41q

where p € R™ is the state of the plant to be estimated, u(t) € R? is the control
input applied to the plant and A € R™"*", B € R™*7 are the system matrices. It

'Index of observers start from 2. This is not conventional but used to make notations clear

for the main results.

89 A 21H
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is supposed that there are N agents where w; € RY for i = 2,...,N +1is the
measurement available to agent ¢ and let H; = 0. The objective of the DEP is for
each agent to estimate the state of the plant p(t) only using local measurement w;,
control input u(¢) and communication with its neighbors. Specifically, we consider
the case when (H;, A) is not necessarily detectable, but (H, A) is detectable. For
a more detailed discussion of the DEP, see [KSC16, MS18].

Recall that the classical centralized state estimation problem can be treated as
a consensus problem between two homogeneous agents, the plant and an observer.
Similarly, the DEP can be viewed as a consensus problem of N+1 agents consisting
of a single plant and N observers. However, since each observer receives different
output information from the plant (as the measurement), the DEP cannot be
represented as a consensus over a single-layer network. Therefore, we propose to
use the multilayer network to represent each output measurement as a separate
layer. Then, the DEP can be formulated into an equivalent consensus problem

over a multilayer network.

For illustration, consider the DEP consisting of a single plant and 3 agents
with its communication structure shown in Fig. 5.1(a). Specifically, dashed ar-
rows denote the output measurement of each agent and solid arrows denote the
communication between agents. Then, the DEP can be interpreted as a multi-
agent system consisting of 4 agents where the communication structure is given
as in Fig. 5.1(b). In particular, the first layers 2 to N + 1 represent the out-
put measurement of each agent. First layer is added for the sake of consistency
with indices but it does not contain any edge and H; = 0 (that is, the problem
is equivalent without this layer). Note that each agent uses a different output
matrix H; to measure the output which corresponds to the output matrix of the
layer. Finally, the last layer represents the cooperation between agents, i.e., com-

munication among neighboring agents.

Therefore, the DEP can be formulated into an equivalent state consensus

problem of the system

p = Ap+ Bu(t),

| (5.1.2)

2] &-t]] 8
i ] 1
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o ®
NV,
OEY®

(a) Communication network for the DEP with agent 1 being the plant. Solid arrows

denote communication among observers, and dashed arrows denote output mea-

surement.

o O

H, @ @
@(/@

Hy @@

® @®
N
I, ®«@

(b) Equivalent multilayer network. Layers 2 to 4 represent output measurement of

each observer, while layer 5 represents the communication among observers.

Figure 5.1: An example of the distributed estimation problem where agent 1
is the plant and nodes 2 to 4 are the observers.

H _ 1_-_|| ﬂr ITL
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where p; € R™ is the state of each observer. Additionally, J; is a stack of relative
information obtained from neighboring agents (and plant) over the multilayer
network and h.; represents the error injection term.

The dynamics represented by (5.1.2) can be compared with the system (3.1.1)
and the controller (3.1.2) to obtain appropriate relationships between the two
problems. Specifically, (5.1.2) is using static output feedback to achieve state
consensus. In general, the DEP can be seen as solving the consensus problem of
N + 1 agents with L (> N + 2) layers using static output feedback. Specifically,
the first IV +1 layers represent the output measurement, whereas the layers IV + 2
to L represent the communication among observers.

Since the DEP is equivalent to a state consensus problem, results from Chapter
3 and 4 can be applied to obtain a necessary condition for solving the DEP.
Moreover, it can be shown that the necessary condition is also sufficient under

additional assumptions.

5.2 Distributed State Estimation with Reduced Com-

munication over Static Network

Before presenting the main results, let us introduce some notations. Suppose
that the multilayer network G = ({1,...,N + 1},{€'}ie,) with N + 1 nodes
and L layers represents the communication among N observers and the plant.
For | = N + 2,..., L, define gébs = ({2,...,N + 1},5(l)bs) as the single-layer
graph representing the communication among N observers via output C!. For
I=N+2,...,L, define £, € RV*N guch that

obs
ol _ [01 leN]
* £'1’f)bs

where €' is the Laplacian matrix of G!. In particular, Eébs is a Laplacian ma-
trix representing the communication among observers (with appropriate indices).

Then, we make the following assumption.

Assumption 5.2.1. Communication among observers are bidirectional, i.e., Sf)bs
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is undirected for [ = N +2,..., L. O

We also define ZF as

ker Hy | A) N x%(A), ifk=1,...,N+1
keI‘(Zk)T: ( k| A) (4)
(ker CF | AYN X*“(A), ifk=N+2,...,L,

so that ker (Z*¥) T is undetectability subspace of the output matrix corresponding

to the [-th layer.

Now, we propose a distributed observer in form of

pi = Ap; + Bul(t)

+yE Y > (CYT(@h — ) +vi K H (wi — Hipy),  (5.2.1a)
I=N+2 jeN}
—_—
diffusive coupling output injection
)l =Clp;, NVMI=N+2,...,L,i=2,...,N+1, (5.2.1b)

where v; > 0, K; € R™™ are the coupling gains to be designed and «; = 1 if
observer ¢ measures the output of the plant and 0 otherwise. Note that each
observer applies diffusive output coupling using information obtained from its
neighboring observers as well as the output injection term using the local output

measurement.

By defining p := [p2; - - - ; pn1] € RV it can be verified that the plant (5.1.1)

and the distributed observer (5.2.1) can be written as

p = Ap + Bul(t), (5.2.2a)
p=(IN®A)p-TLH+TG ((Iy @ I,)p— p) + (ly ® B)u(t),  (5.2.2b)

where T' := diag(12Ko, ..., W41 EKni1) € RVPN® and L* € RVN?N7 i defined

as

Z 'gobs Cl Tcl

[=N+2
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and G* € RV™N7 ig defined as
G* = diag <a2 (Ho)"Ha, ... angt - (HN—H)THN-H) -

Note that both L* and G* are symmetric, positive semidefinite matrix. For the

convergence of the proposed design the following assumption is made.

Assumption 5.2.2. The matrix A is marginally stable, i.e., there exists a posi-

tive definite matrix P € R™®*" such that
ATP+PA<O. O

Remark 5.2.1. Marginal stability of A, allows harmonic oscillators and the sin-

gle integrator. However, double integrators do not satisfy Assumption 5.2.2. ¢

Now, define the set
L L
KV = (ker 2 @ (21)(2)T = (ker &' @ (2')(2) T,
=1 1=2

where we use KVt to emphasize that the set is constructed from N + 1 agents
including the plant. Then the following theorem states the convergence of the

proposed distributed observer.

Theorem 5.2.1. Suppose that A is not Hurwitz and Assumptions 5.2.1 and 5.2.2
hold. Then design observer gain ; to be any positive number for i =2,... , N+1
and let K; = P{l where P; > 0 is such that

AP+ PA<O,

whose existence follows from Assumption 5.2.2. Then the proposed distributed

observer (5.2.1) solves the DEP, i.e.,

lim |p;(t) — p(t)] =0, Vi=2,...,N+1,
t—ro0
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if and only if

RN+ = gN+1, 0

Proof. Necessity follows directly from Lemma 4.1.1. Specifically, since the estima-
tion problem can be interpreted as the state consensus problem over a (directed)

multilayer network, it follows that
KNI Ckerll @ Zj, = ST

The converse relation SY*1 C LN*! is trivial to show.

For sufficiency, define the estimation error as e := p — (1y ® I,)p € RN™,

Then, its dynamics becomes
¢ = ((IN ® A) — T(L* + G*))e, (5.2.3)
where we used the fact that L*(1y ® I,,) = 0. Let Lyapunov function be

1
V2 P2

Vie)=e' T le=e' e.

YN+1 PN+1

Then it holds that

Vie)=el (r—l(IN ©A)+ (In ® AT)F—l) e— 2 (L* + G*)e
5 (P A+ ATP)
=e' e—2e" (L* +G*)e
L (Py1 A+ ATPynyy)

IYN+1

< —2e" (L* + G*)e.

Hence, the solution of (5.2.3) is bounded. Applying the LaSalle’s invariance
principle [Kha02, Thm. 4.4], it follows that e(¢) converges to the largest invariant

set in B == {e | e (L* + G*)e = 0}. Since £, _ is symmetric, similar arguments

A L-tfj &3
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as in the proof of Theorem 4.4.1 shows that the solution converges to
E = {e ERN | (L +GYe = O} ,
where L% == S voo(€, 072 @ (Z2)(Z2)T and
G* = diag (az(z2)(22)T, . aNH(ZNH)(ZN“)T) .

Next, it is shown that L + G is positive definite if KVt = SN+ To see
this, recalling that ker £ ® (Z')(Z") T = ker (€))7 (£) ® (Z1)(ZY)T, it holds that

KN+L can be written as

L
,‘CNJrl — ker <Z<21>T£l ® (Zl>(Zl)T>

=1

N+1 *
— ker b2 ak(ZM)(ZN)T (v e L)'GL| Ker &

-Gy ® 1I,) L+ G
In particular, we have used &' = elHelT_H — elHelT forall I = 1,..., N, which
results in

- . -
(SZ)TQZ —
-1 1

Since KNt1 = SN*1 it follows from Lemma A.1.1 that w'L£w > 0 for all
w ¢ SN Hence, by letting w := [0,;w'], it can be shown that L* + G% is
positive definite. In conclusion, we obtain lim; . e(t) = 0, i.e., it holds that

limysoc [71(t) — p(t)] = 0. O

Theorem 5.2.1 states that the proposed observer (5.2.1) achieves the dis-
tributed state estimation. Similar to the result of Theorem 4.4.1, it shows that
the necessary condition is also sufficient under additional assumptions.

The major difference of the proposed design compared with typical designs in
the literature (e.g., [KSC16, MS18, WM18]) is the amount of information commu-

.__:Ix_c L, '|'|i
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nicated between observers. In fact, it is often assumed that the full state estima-
tion p; is communicated with neighboring agents to achieve the distributed state
estimation. This corresponds to the case when L = N +2 and C* = I,,. Instead,
the proposed observer (5.2.1) is designed for general multilayer communication
network, and specifically, it allows each observer to communicate part of the state
estimation via output matrix C* for k = N + 2,..., L. The following example

illustrates this feature of the proposed design.

Example 5.2.1. Consider a plant with 3 agents where the system and measure-

ment matrices are given by

0 1 0 0
~10 0 0
A, = , Bp=0
0 0 2
0 0 —20
nglOOO], H3:[0010}, H4:[0000].

Also, the communication among observers are given by
C® = [1 0 1 0], e=1-1 2 -1

Then, it can be checked that all assumptions of Theorem 5.2.1 hold with P = I
and that V1 = SN+1. Hence, the observer (5.2.1) is given by

pr = Appr + (C)T(C%ps — COpa) + Hy (wy — Hafn),
p3 = Apps + (C°) T ((C%p2 — C®p3) + (C®ps — C°ps)) + Hy (ws — Haps),
p1 = Appa + (C°)T(C®p3 — C°py),

where v; = 1 and P; = I are used. Thus, it follows from Theorem 5.2.1 that p;(t)
recovers the state p(t). In this example, note that observers only communicate
the scalar variable C®p; € R! with its neighbors instead of the full state estimate.

Nonetheless, state estimation is still achieved. Numerical simulation is presented

] 2- 1_l|
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in Section 5.4. O

It also follows from Theorem 5.2.1 that the design parameters v; and P; can
be determined in a completely decentralized manner. Each agent can locally solve
for P; and choose any positive 7; to design its local observer.

We end this section by investigating the proposed condition LN+! = SN+1
when observers communicate the full state estimation, i.e., when CN*2 = I,, and

L=N+2.

Theorem 5.2.2. Consider the DEP and suppose that L = N+2 and CV1+2 = [,.

Then, KN*! = SN¥*+1 if and only if

() ker (Z2")T ={0}, Vk=1,....c (5.2.4)
i€]~/k

N+1
obs

Ve CN = {2,..., N + 1} is the node set of the k-th connected component. ¢

where ¢ > 1 is the number of connected components of the graph G and

Proof. (== ) Suppose that K = S¥*! and let 2 € K where x = [21;...;2n511] €
ROVAD7 Tt follows from the assumption that ZVt2 = I,,. Therefore, it holds

that
(N2 @ I,)x =0, (5.2.5)

where £V12 = diag(0, £N12) ¢ RINFDX(N+1) " Then it follows from (5.2.5) that

obs
zi =5, Vi,je WV (5.2.6)

for all kK = 1,...,c. Hence, define n; as the value of z; belonging to the k-th
connected component.

Now, note that there is a single directed edge from the plant to an individual
agent from layer 2 to N 4 1. Therefore, it follows from z € ker £ ® (Z%)T for
1 =2,...,N+1 that

x) —x; €ker(ZY)7, Vi=2,...,N+1. (5.2.7)
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In particular, from (5.2.6) and (5.2.7), we obtain
x1 — e € ker(ZHT, Vie Vi
for k =1,...,c. Therefore, it follows that
T1— N € ﬂ ker(Zi)T, Vk=1,...,c.
i€V,

We claim N, _3 ker(Z9)T = {0} for all k = 1,...,c. For the contradiction,
k
suppose that there exists k' € {1,...,c} such that

m ker(Z') " # {0}.

z‘ef)k/

Then it follows that 1 — n # 0. (If 29 = nys, then a nonzero constant A €
Niev,, ker(Z")T can be added to z; for all i € {1,...,N + 1} \ Vy.) Hence,
x & SN*1 which leads to a contradiction since z € K C SY*! by the assumption.

Thus, (5.2.4) holds.
(<=) Let z € K where 2 := [z1;...;2n41] € RVTU? Then, following the

arguments of the necessity part of the proof, it holds that

Tl — N € ﬂ ker(ZH)", Vk=1,...,c

Z'Egk
Therefore, it follows from (5.2.4) that 1 = = ... = n.. Since every node (other
than node 1, i.e., the plant) belongs to a connected component of QCJ)\]Q:I, it follows
that z € SV+1. O

In fact, the condition (5.2.4) recovers the necessary condition proposed for
the DEP in the literature (e.g., see [KSC16]). For example, it says that the stack
of output matrix (H, A) should be detectable when the communication network
is connected. Moreover, in this particular case, the necessary condition (5.2.4)
is shown to be sufficient for the general plant A. For instance, a static output

controller is proposed in [KSC16, LS20b]. A solution to the DEP is proposed in

] 2- 1_l|
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[KSC16] as
pi = Api + Gilw; — Hipi) + kWiW,T >~ (p; — pi)
JEN;
fori =2,...,N + 1, where G; and W, are appropriate gain matrices. It can be

verified that this is exactly in form of (5.1.2).

5.2.1 Design Procedures

A necessary and sufficient condition for solving the distributed estimation
problem is given in the previous section. Specifically, it has been shown that the

state estimation is achieved (along with appropriate assumptions) if and only if

i~rN+1 _ oN-+1
RN+ = N+

while the corresponding gains can be designed in a decentralized manner. Given
a multilayer network describing the distributed observer, the above condition can

be checked by counting the number of 0 eigenvalues of the matrix
Z Sl Zl ZL)

However, one often needs to design the multilayer network (e.g., gébs or C! for
l=N+2,...,L) such that the above condition holds. In this section, we present
a few observations that are tailored towards the DEP to assist the design proce-
dure. Additionally, a simple design method is proposed to ensure DEP is solved
while communicating the minimum amount of information. First, the following

sufficient condition is obtained.

Lemma 5.2.3. Let H := [Hy;--- ; Hyy1]. If (H, A) is detectable and

ﬂ ’Qobs Zl (Zl) 87]1\]7
I=N+2

then N+ = SV+1 ie., the DEP can be solved. O

SERL
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Proof. Tt is sufficient to show KN*! C SN*1 Let 2 = [zy;21;- ;2n11] =

(215 2obs] € KN, Le.,

L
re(&e )T
=1
Then it follows from the structure of the multilayer graph that
(ZH T (z;—x1) =0, Vi=2,...,N+1, (5.2.8)

and
el @ (22 T zops =0, YI=N+2,..., L.

This implies that xop,s € KV. Since KY = S by the assumption, it follows that
Tobs € SN. Hence, by letting zons = (1y ® 2), it follows from (5.2.8) that

(23"
(z—21) =0 = z—ua1 € (ker H| A) N X*(A).
(ZN+1)T

Due to te detectability of pair (H, A), it holds that z = 1. Hence, this implies

r € SN*! which completes the proof. O

From the proof of Lemma 5.2.3, it follows easily that detectability (H, A) is a
necessary condition for solving DEP. Once the detectability condition is met, it is
sufficient to design communication between observers can be such that £V = S.
A simple method to satisfy this condition is to design communication among
observers such that L = N+2 and design CV*2 such that (CV+2, A) is detectable.

This is shown in the following theorem.

Theorem 5.2.4. Consider the DEP and suppose that (H, A) is detectable. Con-
struct the distributed observer of the form (5.2.1) where the multilayer graph with
L = N 42 and N + 2-th layer is a connected graph with (CN*2, A) being a de-
tectable pair. Then, (5.2.1) solves the DEP. O

Proof. Using Lemma 5.2.3, it is sufficient to show K = S holds. Due to the

] 2- 1_l|
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structure of the communication network, it holds that

KN =ker £ 12 @ (ZN*2)(ZN+2) T,

obs

Since (ZN+2)(ZN*2)T > 0 due to detectability and £/1? is a Laplacian matrix

of a connected graph, it is trivial to check
Mot (£572@ (22 (2V)T) > o,

which implies KV = S¥. Thus, the result follows. O

Theorem 5.2.4 proposes a design of the distributed observer where each agent
communicate CN*2z; € R to its neighbors. Notice that the design procedure
of the proposed design is rather simple. In particular, it only requires detectability
of (H,A), connectedness of the communication network of the observers, and
detectability of (CV*!, A). Specifically, required conditions such as connectivity
and detectability are completely decoupled and hence can be designed separately.

Compared with the existing designs with CV*t2 = I, we instead assume
detectability of the pair (C™V*2, A). Hence, in order to reduce the communication
load, CV*2 should be designed to minimize ¢V 2. Given a real matrix A with m
distinct eigenvalues, by investigating its Jordan form [Che99], it can be verified
that the minimum ¢* is given by

q = bon i s pe(A) < n,
where pi(A) is the geometric multiplicity of A(A). Some examples are given

below.
1. If the system matrix A € R™*™ has n distinct eigenvalues, then
¢* =max(1l,...,1)=1.

Hence, it is sufficient for observers to only communicate a single dimensional

information.

2] &-t]] 8
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2. Similarly, if the system matrix A is chain of integrator given by

Then, it can be checked that ¢* = 1 and hence communicating single di-

mensional information is sufficient.

3. On the other hand, if A = 0,, then
¢* = max(n) = n.

Thus, no improvements can be made as observers must communicate full

n-dimensional information.

Remark 5.2.2. A design with less communicational load may exist for a par-
ticular system. For example, if every observer measures a common mode, then
this information is not required to be communicated to neighboring agents (that
is KNV = SN*1 but (CN*1) A) not necessarily detectable). However, such design
depends on global information such as the exact measurement structure of agents

and the structure of the communication network. O

5.3 Distributed State Estimation with Reduced Com-

munication over Switching Network

This section presents extension of the results from the previous section to
switching networks. Most of the notations are identical to Section 5.2. Consider

again the distributed estimation problem with the plant

p = Ap+ Bu(t), (5.3.1a)
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w2 (XQ(t)HQ
w= : = : p=:A(t)Hp, (5.3.1b)

WN+1 an1(t)Hyi1

where «;(t) € {0,1} is a piecewise constant signal denoting the switching of
the output matrix and A(t) := diag(s2(t),...,sn+1(t)). Also recall that the

distributed observer is given by

pi = Ap; + Bu(t)

L T4 - . (5.3.2a)
Fyl Y > (CHT(@h = 1) + viea(8) K (Hy) T (wi — Hiy)
I=N+2jeN} ()
gt=C%, NYI=N+2,.. . L i=2...,N+1, (5.3.2b)

Define G*(t) € RN™N" and L*(t) € RV™*N7 a5
G*(t) := diag (az(t)HzTH% oy aOéN+1(t)H]—\|;+1HN+1)

and
L
L(t):= ) gheChc
I=N+2

Similarly, define
Gz(t) = diag (az(t)ZQ(ZQ)T7 o aN+l(t)ZN+1(ZN+1)T)

and

L
Li(t) = Y Lh(t) Lhs(t) @ (212"
I=N+2
Suppose for simplicity that graphs are piece-wise constant, with switching times
denoted as {t;}q=12,.. It is also supposed that the switching signals have dwell

time as stated below.
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Assumption 5.3.1. Signals «;(t) and Laplacian matrices £!(t) are piece-wise

constant with dwell time § > 0. O

For the analysis of the switched systems, we first introduce the following result

from [SH12, Lem. 1].

Lemma 5.3.1. Given the sequence {t,} with ¢ = 0 and t441 —tq > 0 > 0 for
all ¢ € Ny, suppose that V : [0,00) — R satisfies:

1. limy 0o V() exists.
2. V(t) is twice differentiable? on each interval [ty,t,+1).

3. There exists a positive constant K such that

sup V()| < K. (5.3.3)

tq<t<tg+1,9€Ng

Then, limy;_,~ V (t) = 0. O

Using the previous lemma, extension of Theorem 5.2.1 to switching networks

is shown below.

Theorem 5.3.2. Suppose that Assumptions 5.2.1, 5.2.2, 5.3.1 hold and consider
the distributed observer (5.3.2) with K; = P;"'. Then for any v > 0, (5.3.2) solves
the distributed estimation problem if and only if C* are chosen such that there
exists v > 0 and a subsequence {qi} of {¢ | ¢ € Ny} satisfying ¢
that

ars1 — tg, < v such

Qk+1—qk—1
Z Lﬁ(quﬂ‘) + Gi(tqkﬂ') >0 (5.3.4)
§=0
for all £ € Ny. O

With abuse of notation, we use upper Dini derivatives for V(t) at points t,. For more
details, readers are referred to [SH12, Jia09].

2] &-t]] 8
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Proof. Following the proof of Theorem 5.2.1, dynamics of the estimation error

becomes
é= ((IN®A) IO +G*(t))>e, (5.3.5)

where I' = diag(y2K2,...,Yn+1Kn+1). For the necessity, suppose that (5.3.4)
does not hold. Then for any subsequence {gx} and v > 0 with t,,_, —t,, <wv, it
holds that

qr+1—qr—1
Z L7 (tgp+j) + GZ(tgy+5)
j=0

is positive semidefinite (and not positive definite) for all £ € Ny. Then by choosing
v > ¢ and g = k, it follows that

ker(L3(t;) + G2(t)) # {0}, Vg € No,
i.e., Li(t) + G%(t) is not positive definite for all ¢t > 0.
Now we claim there exists a nonzero vector e* such that
e* € ker (L(t) + G%(t)), Vt>0.
By contradiction, if for all e € RN", there exists t* such that
e & ker(LZ(t") + GZ(t7)),

which implies L% (t*) + G%(t*) is positive definite. However, this contradicts since

L% (t*) + G%(t*) is not positive definite.

Now, it can be checked that ker (L% (¢) + G%(t)) is (Iy ® A)-invariant for each
time period. Thus, by investigating the system (5.3.5) with e(0) = e*, it follows
that limy_, e(t) /4 0 and the estimation is not achieved. Hence, (5.3.4) is a

necessary condition to achieve the distributed state estimation.

For the sufficiency, we mostly follow the arguments of [SH12, Thm. 1]. Using

2] -] 8} 3
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the Lyapunov function V(e) from Theorem 5.2.1, it can be verified that
V < —2ve  (L*(t) + G*(t))e < 0. (5.3.6)

Hence, V (¢) is positive and bounded from above, which implies lim; o, V' (¢) exists.
On the other hand, boundedness of e(t) also follows from (5.3.6) and (5.3.5)
implies that V satisfies the last condition Lemma 5.3.1. Therefore, lim;_ oo V(t) =
0 by Lemma 5.3.1. Thus, (5.3.6) results in

lim e(t) (L*(t) + G*(t))e(t) = 0,

t—o00

which in turn implies

lim e(t) L*(t)e(t) =0, lim e(t) G*(t)e(t) =0 (5.3.7)

t—ro0 t—o0
since L*(t) and G*(t) are positive semidefinite matrices.

Next, we claim (5.3.7) implies

tlg& L(t)e(t) =0, tlg};lo G(t)e(t) = 0.
For this, we apply Lemma 5.3.1 to n(t) := L*(t)e(t). First, since L*(¢) is symmet-
ric, it follows from (5.3.7) that lim;_, 7(t) exists (and equal to 0). Twice differ-
entiability of 7(t) on intervals [ty,t441) follows from definitions and Assumption
5.3.1. Finally, the last condition of Lemma 5.3.1, i.e., (5.3.3), holds since L*(t),
G*(t) and e(t) are all bounded. Thus, we obtain lim; ,» 7(t) = 0. Therefore, it
follows from (5.3.5) and (5.3.7) that

lim L*(t)(Iy ® A)e(t) = lim L*(t) (é(t) FT(LH(E) + G*(t))e(t))

t—00 t—o00

= lim L*(t)é(t) + Jim L¥(t) - T(L*(t)e(t) + G*(t)e(t))

t—o0
= lim L*()i(t) + lim L*(2) - D(L*(8)e(t) + G (D)e(t))
=0.

Now, suppose that lim; . L*(t)(In ® A)*e(t) = 0. Then, it follows from induc-

3 D +11 &=
47 '||'1_.l| ot ¥
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tion that limy_,e L*(¢)(In ® A)**1e(t) = 0. Hence, using the fact that £/, is
symmetric, it can be verified that
lim e(t) " L% (t)e(t) = 0. (5.3.8)

t—o00

In addition, similar argument can be used to obtain lim; . e(t) TG%(t)e(t) = 0.

Rest of the proof will now show lim;_,~ e(t) = 0. First, recall that
e(t + Tp) = eIN@ADToe(4) 4 AL, Tp) (5.3.9)
where T > 0 is a constant and
t+To
A(t,Tp) =T / eINONTO=T)(_[*(r) — G*(7))e(r)dr.
t
By letting A := max;c(o 1 |eUN®AL 1| it follows that
_ t+To
[A(t, To)| < A/ [(L5(7) + G¥(7))e(7)]dr-
t

Thus, we obtain limy_,o, A(¢,Tp) = 0 by using (5.3.7). (Also see [SH12, Lem.

5]).)
Next, we claim that for each j =0,...,qx11 — qr — 1,
klim 6(t%)TL;(t%+J‘)€(tQk) =0. (5-3~10)
—00

Since it follows from (5.3.9) that e(t) = e~ N®DT0 (e(t+Tp) — A(t, Tp)), by letting

t =tq, and Ty =14, ;j — tg,, we have
e(t%) = ¢~ (IvoATy (e(tQk-l-j) - A(tkaTO))

for each j =0,...,qp+1 — qx — 1.
Hence, substituting expression of e(t4, ) to (5.3.10), it follows that

e(tq, )TLZ (tQk+j)€(tQk)

= (N (et ) — Aty T0))) | L) (- OV (et ) — Al Th)
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= e(tQk+j)TQ?UN@AT)TOLE(tQk-i-j)67(1N®A)Toe(t%+j)
- 2A(t%>TO)TLz(tQk+j)e_(IN®A)Toe(tqk+j) + A(tqwTO)TLz(tQk+j)A(tQk’TO)

_ T . _
= 6(tQk+j)Te Unea )TOLz(tQkJrj)e UN@A)TO@(tqurj)+9(A(tqu0))a

where limy_,o g(A(tg,, To)) = 0 for some function g: R" — R. Thus, proving

(5.3.10) is equivalent to showing

klggo e(tQk+j)Te_(IN®AT)TOL:(tQk-i-j)e_(IN@A)TOe(t%-l—j) =0. (5-3~11)

To prove (5.3.11), first note that (5.3.8) implies

ali(t)(ej(t) — ei(t)) = ker (Z)T, V(i,j) € Ly l=N+2,... L.

Since ker (Z') T is e=470 invariant, it follows that

: INT —ATo I
Jim ()Tl

t)(ej(t) —ei(t) =0, V(i,j) €& l=N+2,..., L.
By stacking, it can be verified that the above implies

lim (£h() ® (2')(2)7) (Iy © €4 )e(t)

t—o00

= Jim (8 () ® (2)(2))T ) e e

t—o00

= 0.

Thus, (5.3.11) and equivalently (5.3.10) holds.

Now, by summing (5.3.10) for j =0,1,...,qx+1 — qx — 1, it follows that

Qr+1—qk—1
lim e(tqu( > Lz<tqk+j>)e<tqk>=o. (53.12)

k—o0 -
Jj=0

Using the similar arguments, we may also obtain (5.3.12) with L}(¢4,+;) replaced

with G%(tg,+j). Since Z?’:Ol_qk_l Li(tgu+5) + Gi(tg.+j) > 0 due to assumption,
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we obtain
li te.)] = 0.
Jimle(tq, )|
Since |e(tq, )| is non-increasing, it follows that lim;_, |e(t)| = 0. O

As mentioned, Theorem 5.3.2 is extension of Theorem 5.2.2 to switching net-
works. Hence, similar design procedures can be obtained as in the static network.
In particular, by letting L = N + 2, we obtain following condition which extends
results of Theorem 5.2.4.

Corollary 5.3.3. Suppose that (CV12 A) is detectable, Gops(t) is uniformly con-

nected and

([Hyi-- : Hxya] , A) (5.3.13)

tq

is detectable, where H; := Z;q:’“gl_ et aj(tg,+)H; for all K = 0,1,.... Then

(5.3.4) holds. o

Proof. Overall proof is similar to the proof of Theorem 5.2.4, hence only the
difference is highlighted. By direct calculation, it holds that

r+1—qr—1

S Litgrs) + Giltar) =Q1Q, (5.3.14)
j=0

where @ := [Q1; Q2] is defined as

(eN+2) (¢, ) @ (ZN+2)T
Q1= : ;
L&V Ly —1) ® (ZNF2)T
diag(a2(te,) Zg - ant1(te) Zys1)
Q2 = :
|diag(aa(te,,1-1)23 - - an1(tge 1 -1) 2N 41)

From uniform connectedness of G(t) and detectability of (CV+2 A), it can be

verified that ker Q1 = S2. Consequently, it follows from (5.3.13) that Q2(1y ®

2] -] 8} 3
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z) = 0 for all # € R™ Therefore, ker (Q) = ker (QTQ) = {0}, and hence
Z?’jolfqu L%(tg.+j) + Gi(tg,+j) is positive definite. Then, the result follows
from Theorem 5.3.2. g

Similar to the result of Theorem (5.2.4), Corollary 5.3.3 proposes a simple,
decomposed sufficient conditions for the convergence of the proposed distributed
observer. It requires the detectability of the pair H, A) (which can be interpreted
as the uniform detectability of (A(¢)H, A)), uniform connectivity of the communi-
cation network among observers Gops(t) and detectability of the pair (CN*H1, A).
Additionally, similar arguments for reducing the communication load between ob-

servers via CV12 also applies.

5.4 Simulation Results

Numerical simulation is done to illustrate the effectiveness of the proposed
design. Consider a plant with 3 agents where the system and measurement ma-

trices are given by

_ - H={0 000

0 1 0 O - -

10 0 0 Hyo=11 0 0 0
A= , - -, B=0

0 0 0 2 Hs=10 01 0

0 0 -2 0 - ;

B N Hy=10 0 0 0

The switching signal o(¢) for the communication network is given by?3

1 0< [t mod6 < 2,
o(t)=4¢2 2< |t mod6 < 4,
3 4<|t] mod6 <6,

i.e., o(t) cycles through each mode every 2 seconds. Corresponding network is

given by switching graph as depicted in Fig. 5.2. In particular, node 1 denotes

3We use |-] to denote floor function and mod to denote the remainder.
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O
N
®

J

o(t)y=1

Figure 5.2: Graph structure used for the simulation. Each mode is switched
every 2 seconds.

the plant, arrows from node 1 to node ¢ denote the output measurement of node
1 and arrows between agents denote the communication between observers. For
example, ay(t) = aa(t) =1, ag(t) = 0 and £, = 0 for t € [0,2). It can be checked
that s* = 1 and hence let C° € R4 be

=101 0

such that (C®, A) is detectable. Then, it can be verified that the conditions of
Corollary 5.3.3 hold.
The proposed observer (5.1.2) becomes

pi = Api + ai(H (yi — Hips) + (C°)T Y (CPp; — Chy),
FEN(?)

where Pfl = I, and ; = 1 is used.

Simulation results are shown in Fig. 5.3, which verify the convergence of
the proposed design under the switching network. Estimation errors are also
plotted in Fig. 5.4. Notice that the proposed observers only communicate the
scalar variable C%; € R! with its neighbors instead of the full state estimate.

Nonetheless, state estimation is still achieved.
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Time(s)

Figure 5.3: Simulation result for distributed state estimation. Dashed line
denote the state of the plant and solid lines denote the estimate
of each agent.
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Time(s)

Figure 5.4: Plot of estimation error 3%, |5:(t) — p(t)]-
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Chapter 6

Application to the Formation Control
Problem

In this section, the formation control problem is formulated into a consensus
problem over a multilayer network. A dynamic controller is developed using the

results from the previous chapter to achieve the desired formation.

6.1 Problem Formulation

Consider a network of N agents where p; € R™ and v; € R™ denote the
position and velocity of each agent in R™, respectively. The dynamics of each

agent is described by
pi=vi, U=u; 1N, (6.1.1)

where u; € R™ is the control input. Define x; := [p;;v;] € R?" to obtain

. On In On
T = x; + u; =: Ax; + Bu;.
0, Op

n

The information flow among agents is given by a graph G = (N, €) and assume
that each agent may measure the relative position to its neighbors, e.g., p; —p; for
all j € NV;. Also suppose that the measurement is bidirectional and that the two

agents measuring the relative position may also communicate with each other.

3 + 1 y
115 HE2TH+
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OT—

ij

Figure 6.1: lustration of relative position and Pb;j (pj — pi)-

Objective of the formation control problem is to design a controller such that the
agents form a desired formation.

In order to describe the desired formation, define the bearing as follows.

Definition 6.1.1. The bearing of agent j relative to agent i is defined as

b= 2P g

" Ipj — pil
Also let P, = In — bijbiTj € R™™" as the orthogonal projection matrix onto
im (bij)J'. <>

Note that it follows from the definitions that b;; = —bj; and Py, = P,,. The
bearing contains information about the direction (or angle) between two agents,
but not the distance between two agents. In particular, two agents may be apart
by different distances yet still have the same bearing. An illustration of relative
position and Pb;j is shown in Fig. 6.1.

We consider the problem of controlling each agent to form a desired formation,
where the desired formation is given by a combination of desired relative positions
and desired bearings between a pair of agents. Specifically, the desired formation
is given by a set of desired relative positions {p;j}(i7j)egp and a set of desired
bearings {b;}(; j)ce,» Where pj;, bf; are n-dimensional vectors and &y, &, C € are
the edge sets specifying the pair of agents for each constraint. We say that the

agents achieve the desired formation if the followings hold as ¢ — oc:
L. pj(t) — pi(t) — pj; for all (i,7) € &, and

pi(t) —pi(t)

> o) — pil0)]

— b3, for all (i, j) € &.

SERL



6.2. Formation Control Problem using Multilayer Network 117

It is also our objective to achieve velocity consensus, i.e.,

lim v;(t) —v;(t) =0, Vi,jeN.

t—00

For more details on the formation control problem, refer to works such as [Z2Z17,

OPA15, TNLA18| and references therein.

6.2 Formation Control Problem using Multilayer Net-

work

The formation control problem with the desired formation described only by
the relative position can be easily solved using the consensus protocols [OPA15].
Studies are also done recently to solve the formation control problem with bearing
measurements only. However, the problem becomes more challenging if the desired
formation involves both the relative position and the bearing. Nonetheless, the
formation control problem with relative position and bearing constraints can be
equivalently formulated into a consensus problem over a multilayer network and
dynamic controllers are designed using the previous results.

In order to derive an equivalent consensus problem, the following assumption

is made throughout the section.

Assumption 6.2.1. Given a desired formation {p}; } j)ee, and {b};} (i j)es, there
exists p; such that p; — p; = pj; for all (i,7) € & and (p] — p;)/|p; — pil = b};
for all (i,7) € &. O

Remark 6.2.1. Assumption 6.2.1 supposes that a valid formation exists which
satisfies the desired relative position and bearing constraints. The existence and
uniqueness of p} is a fundamental question studied in the formation control prob-
lem and it is out of the scope of this dissertation. For more details, we refer to

[OPA15]| for a survey and |ZZ17| for bearing-constrained formation. O

Under Assumption 6.2.1, let z} := [p};0] € R?" and define the error as e; :=
z; — xj. Then, achieving consensus of e; implies z; — z; = p; — p; and v; = v,
for all 7,5 € N. Therefore, it follows from Assumption 6.2.1 that the desired

.__:Ix_c L, '|'|i

L

[

-
1

T
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formation is achieved with the same velocity. Consequently, rest of the section
focuses on designing a controller such that e; achieves consensus.

For the controller design, recall that agent ¢ is only aware of its local con-
straints. Then, we model relative position and bearing constraints using the mul-
tilayer graph Gy with L := |&y| 4+ 1 layers. Construction of the multilayer network

is as follows.

1. For the relative position constraints, let £! € R¥*N be the Laplacian ma-
trix of the graph G! = (W, &,) and let C* = [I,, 0,] € R™*?" be the corre-
sponding output matrix. On layer 1, agents measure the relative position

and will use this information for the local feedback.

2. For the I-th bearing constraint with an edge (i,7) € &, let £ € RVXN be
the Laplacian graph of the graph G = (N, {(i,4), (j,1)}) and let C!*! .=
[Pb:"j 0] € R™*2" be the output matrix of [ + 1-th layer. On layers 2 to L,
agents compute the bearing error, e.g., Pb;ﬁi (pj—pi), and use this information

for the control.

Remark 6.2.2. Construction of the multilayer graph used to represent con-
straints required |&| + 1 layers. In particular, each bearing constraint is rep-
resented as a separate layer. However, if some bearing constraints are identical,
e.g., Pb;j = Pb;j/, then (4,7) and (¢/,j") can be represented in the same layer as

two different edges. O

Finally, since Az} = 0, the dynamics of e; can be written as

¢; = Ae; + Bui,

L (6.2.1)
y; = Cle;, VieN,l€L,

with the multilayer graph G;. Then the following result follows directly from
Theorem 3.2.1.

Proposition 6.2.1. Consider the system (6.2.1) with multilayer graph G; and
suppose that the necessary condition (3.2.2) holds. Then, a dynamic controller
can be constructed such that e; achieves consensus. Equivalently, (6.1.1) achieves

the desired formation and velocity consensus achieved. O

2] &-t]] 8
i ] 1



6.3. Simulation Results 119

Proof. Consensus of e; follows directly from Theorem 3.2.1 and controller design
in Section 3.4. Since consensus of e; implies x; — x; = p; — p; and v; — v;, the

result follows. O

6.3 Simulation Results

In this section, we provide simulation results for the formation control prob-
lems. Section 6.3.1 presents a dynamic controller for static formation in 2-D.
Results are also applied to the formation control problem in 3-D in Section 6.3.2
where we also show how the proposed method is capable of easily scaling the

desired formation.

6.3.1 Achieving a Static Formation

For the numerical simulation, consider (6.1.1) with N = 4 and n = 4. The
desired formation is given by piy, = pi, = —p3; = —pis = [0; —1], biy = [1;0]
and b}y = [~1/v/2;—1/v/2], while &, = {(1,2),(2,1),(3,4),(4,3)} and & =
{(2,3),(3,2),(2,4),(4,2)}. In particular, it can be checked that the square for-
mation with length 1, which is shown in Fig. 6.2(a), is the only formation satis-
fying the constraints. Equivalent multilayer graph G; with corresponding output

matrices is shown in Fig. 6.2(b), where C! € R?** are

00 00
0100

)

01:{12 02}’02:

ca_ |05 05 00
05 05 0 0

and the Laplacian matrices £ € R*** are given by

(1 1 0 0 0 0 o 0 0 0 o]
a1 0 e (01 ctof o1 0
0 1 -1 0 -1 1 0 00 0 0

0 0 -1 1 00 0 0 0 -1 0 1
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Figure 6.2: (a) Desired formation used for the simulation. Solid line denotes
the relative position constraint and dashed line denotes the bear-
ing constraint. (b) Equivalent multilayer network.

For the transformation matrices Z! and W', we have used

0 0 (V2 g |
10 VER
=1, 72= I y
0 0 0 ¥
0 1 0 ¥
and
1 0] 2 g ]
0 0 vz
W =null, W?= . ow3=] 2
01 0 -2
0 0 0 -2

Hence, it follows that v! =0, »? = 3 and v® = 2. Also, it can be checked that Z'
and W' forms an orthonormal basis for each of the undetectable subspace.
For the controller, first let T/le'i := pj; and %2‘1' = ;’Z = 0. Then, following the

result of Section 3.4, dynamic controller for each agent can be designed as

&= A+ G| Y Gl — &) — (Cltay =) —5)] + (2) Bus
JEN]
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L
bi=An+ Bui+4 Y Y [(2)(2)T (@5 — ) — (2 - €)],

I=1 jeN}]

Specifically, let 7 = 0.5 such that 7 is less than nonzero eigenvalues of £! for all
I € £. Then, G' = PY(C")T where P! > 0 is the solution of the ARE given by

(AYTP + PIAYT — 7P (CHT(CHP = —T, vieL.

n—vls

Numeric values for G* can be computed as

[1.9566 0

i | 0 veses| -, o 19s66] ., _ [13836 13836
1.0 o |’ 0o 10 |’ 0.7071 0.7071]|
0 1.0

The control gain K is designed as

1.0 0 17321 0
K=-
[ 0 1.0 0 1.7321]

such that A+ BK is Hurwitz and «v = 5 is used. Moreover, it can be verified that
(3.2.2) holds.

Simulation results are shown in Fig. 6.3, which depicts the trajectories of
agents. Red dots represent the position of each agent at time ¢t = 0,2,15,20. It
can be seen that the desired formation is achieved under the proposed controller.
Agents also achieve velocity consensus and travel in the same direction while
maintaining the desired formation. Relative position error and bearing error are

also plotted in Fig. 6.4.
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Figure 6.3: Trajectories of agents forming the desired formation.
Relative Position Error
7.5 7 = = Bearing Error
-
g 5.0
=
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Figure 6.4: Plot of relative position error Z(i J)es, |(pj — i) —p}fi|2 and bear-
ing error 3 ; nee, ’Pbi*j (pi — pj)|?.
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6.3.2 Scaling Formation via Multilayer Network

In this section, we apply the proposed result to agents moving in 3-D with a
single leader agent. The desired formation (given by both bearing and relative
position constraints) is shown in Fig. 6.5. Note that the leader agent is denoted
as agent 0 and its direct neighbors (e.g., agents 1 to 4) have a relative positional
constraint. Agents 1 to 8 have the bearing constraints between them and the
bearing constraints alone define a unique formation up to scaling and translation.
Therefore, combined with the positional constraints, it can be verified that the

desired formation indeed defines a unique formation (up to translation).

T

Figure 6.5: Desired formation and constraints for 3-D formation. Solid lines
denote the relative position constraint and dashed lines denote
the bearing constraints.

Corresponding multilayer network representing the desired formation can be

constructed as described in the previous section. The multilayer graph is shown

2] &-t]] 8
i ] 1
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in Fig. 6.6 where C! are given by

100000 000000
Clz[fgog],CQ:()ooooo,(13:010000,
00100 0 001000
100000 (2 _1 190 0
4 _ 5 1 2 1
c*=10 10000/, C°=|-1 2 L1 o000
000000 '3 3 500

Specifically, C' represent the relative position constraint, C? is the bearing con-
straint in y-direction, C? is the bearing constraint in z-direction, C* is the bearing
constraint in z-direction and finally C® is the bearing constraint between agent
3 and 5. The dynamic controller is designed similar to the previous section and
hence details are not presented. In particular, (3.4.5) is employed and hence the

control input is designed as
u= (L ® K)z (6.3.1)

for the appropriate value of K.

For the simulation, we have chosen an initial condition such that the leader
agent travels in y-direction. Moreover, scale of the desired formation changes at
t = 50s and t = 100s. In particular, scaling is done by agents 1 to 4 by scaling
vectors p*. In practice, the leader agent may send an appropriate signal to its
immediate followers to scale the size of the relative position vector to stay closer to
the leader. This simulates the scenario where agents must stay closer in order to
avoid obstacles. As formation passes through the obstacle, it recovers the original

formation.

Simulation results are shown in Fig. 6.7, which plots the trajectory of the
agents. Red dots depict the position of each agent at a fixed time interval, the
red line denotes the trajectory of the leader, and solid lines denote the trajectory
of followers. Bearing constraints and position constraints are shown in black
dotted and solid lines, respectively. First, notice that the leader agent travels

straight in y-direction. This is consequence of the input (6.3.1), which achieves

2] &-t]] 8
i ] 1
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Figure 6.6: Corresponding multilayer graph for 3-D formation problem.
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Figure 6.7: Simulation result for formation control in 3-D. Figure shows
agents shrinks and expands scale of the formation.

(weighted) average consensus. (Specifically, we have a rooted spanning tree with
the leader agent being a root.) Secondly, from the random initial condition, we
see that agents achieve the desired formation around the leader agent. Finally,
as the scale of the desired formation shrinks or expands, followers automatically

converge to a new formation.

Remark 6.3.1. Compared to works such as |[ZZ17], the proposed controllers only
require relative position measurement, and information about the velocity is not
required. Moreover, by using directed graphs and a combination of bearing with
position constraints, scaling of the formation is easily done by a single leader

agent. O

_H o 1_'_]'| =18t

— 1



Chapter 7

Application to the Distributed
Optimization Problem

This chapter studies the distributed optimization problem by formulating it into
an output consensus problem of heterogeneous agents. Additionally, it is sup-
posed that the communication structure between agents is given by a multilayer
network. Specifically, a new type of algorithm is proposed to solve the distributed

optimization problem in a more efficient manner.

7.1 Problem Formulation

We consider the distributed optimization problem of N agents given by

weR™

N
min F(w) = %Zfi(w), (7.1.1)
=1

where f;: R™ — R is differentiable and F(w) is strongly convex. The main objec-
tive of the distributed optimization problem is to design an algorithm such that
each agent finds the global minimizer of F'(w) only using its local cost function f;
and communication with their neighbors. Distributed optimization problem has
received much attention due to various applications such as resource allocation
problem including economic dispatch problem [LS19, YSA19|, distributed state
estimation [LS20a| or distributed machine learning.

In order to solve (7.1.1), consider the multi-agent system consisting of N nodes

127 A S 1H %
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where dynamics of each agent is given by

& = hi(zi) + wi
(i = Ex;, (7.1.2)
yi = ChGi = ChEx;,

where z; € R" is state, h; : R™ — R™ is vector field, u; € R™ is input and (; € R?
is output of each agent to be synchronized. It is assumed that the output matrix
E € R?*™ has full row rank.

The communication network among agent is given by a multilayer graph G,

and the output of i-th agent on [-th layer is given by
l Cl — Cl Ex,
y’i - pC’L - P T,

where yi € R™ denotes the partial information of the output {; communicated
to its neighbors. Specifically, y! denote the information of agent i on layer I,

where C’é € R"'*4 ig the corresponding output matrix!

. We suppose that the
communication structure of yf is given by an undirected multilayer graph G, with
L, layers. By defining £, := {1,...,L,}, the multilayer graph is defined as
Gp = (N, {Sll)}legp). Specifically, agent i communicates y! to its neighbors on

I-th layer V.

The main objective of the problem studied in this chapter is to design the
dynamics (7.1.2) (e.g., h;, F and C}l)) and input u;(t) (only using yé — y!) such
that the output of (7.1.2) converges to the optimal solution of (7.1.1), i.e.,

lim (;(t) =w*, VieN, (7.1.3)
t—o0
where w* := argmin, F'(w). Note that output consensus is also achieved since

(i(t) converges to the same value.

In this chapter, subscript p is used to denote that a variable is related to proportional

feedback (and not related to the projection graph as in the previous chapters).

2] &-t]] 8
i ] 1
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7.2 Distributed PI Algorithm

7.2.1 Distributed PI Algorithm under Static Network

In this section, we propose a PI based algorithm which achieves asymptotic
output consensus for system (7.1.2) under static network. For the control input,

first let & € R? as the integral state with its dynamics given by

Ly
=] S (o) | 72.1)
=1

v
IEN;

where NZ,p ={jeN| (4,0 € €é} is the neighbors of agent ¢ on layer [ of the
multilayer graph G, with L; layers. For the control input, &; is exchanged with
neighboring agents over the communication network given by a multilayer graph
Gr with Ly layers (which may be different from G;). Then, the control input of

each agent is designed as

Ly Ly
=t | 20 S (- k) | +mET | Teh{ el -6 }]
I=1 JENL, =1 JEN

(7.2.2)

where N} is defined similarly as Ml,p- The matrix K € R?7*? in (7.2.1) and the
constants kp, k1, are the design parameters of the control input. Meanwhile, we

also consider the control input in from of

Ly Ly
ui = kyET Z(%)T{ > (v o) }] ~kETY () Cle
=1 JieNt, = (7.2.3)
N
with ) &(0) = 0.
i=1

Note from (7.2.1) that &; can be regarded as the integral of the relative output
error yé» —yt. Therefore, both the input given by (7.2.2) and (7.2.3) are in form of
the proportional-integral (PI) controller. Observe that the control input (7.2.2)

communicate both yi and & while (7.2.3) only requires communication of yi
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However, the control input (7.2.3) requires initial conditions of the integrator
must be such that Ziil &(0) = 0. In this sense (7.2.1) and (7.2.2) are called
initialization-free and suitable in cases where agents may join or leave the system
during the operation.

Define z € RV, ¢ € RN9 and ¢ € RN as the stack of x;, ¢; and &; respectively.
Then the dynamics (7.1.2) with controller (7.2.1) and (7.2.2) can be written as

i =h(z) —ky(INn®E) £,(In ® BE)x — ki(Iy ® E) D¢ (7.2.4a)

£ =v(In ® K)&p(In ® E)x, (7.2.4b)
where h(z) = [h1(21);- -+ ;hy(zy)] € RV The matrices £,, D1 € RNV are
defined as

Z Sl Cl Tcl

o poeke (ehTel if (7.2.2) is used
I.-=
S In® (CHTCE i (7.2.3) is used

where Qij e RYXN and S% e RYXN are the Laplacian matrices of G, and Gy
respectively.
We make the following assumption which is related to the structure of the

multilayer graph.
Assumption 7.2.1. For £, and Dy, it holds that
1. Ag+1(£p) > 0.

2. Ag+1(®1) > 0if (7.2.2) is used and D1 > 0 if (7.2.3) is used. O

Recall that for an undirected graph (i.e., a multilayer graph with L = 1)
with £ as the Laplacian matrix, the connectivity is equivalent to A2(£) > 0. In
a similar fashion, the Assumption 7.2.1 can be regarded as a generalization of
this statement to the multilayer graphs. These conditions require that the output

information to be well-connected in some sense, such that the consensus can be
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achieved. Notice that it is similar to the algebraic conditions studied in Chapter
3.

Remark 7.2.1. The proposed controller (7.2.4) includes the classical PI algo-
rithms studied in the literature [HCIL18, LCH19, KCM15, WE10]. Specifically,
if K=C'=E=1I,, L,=L =1, G, = Gy and (7.2.2) is used, then the overall
system (7.2.4) becomes

&= h(z) — kp(E£® L)z — k(£ ® L)€

5 = 7(2 X In)ZE,

(7.2.5)

where h(z) := [Vfi(21); - ;Vin(zy)] and £ € RY*N denotes the Laplacian
matrix of the communication network. Then the (7.2.5) is exactly the continuous-

time distributed PI algorithm studied in the literature. O

Remark 7.2.2. The dynamics (7.2.5) with (7.2.2) also admit an another in-
terpretation from the optimization theory. Note that the optimization problem
(7.1.1) can be written equivalently as

w; ER™

N
) 1
min F(wi,...,wy) = szi(wi)’
i=1

w1

(L®I,)

|
e

WN

Then the augmented Lagrangian of the optimization problem can be defined as

N
1
Llwy,... wn,€) =+ Z; filw;) + k& 2w + kw' L,
where £ is the dual variable and w := [wy;--- ;wy]. Then the primal-dual algo-
rithm [CGC17] is given by
W= —VgzL(w,§)

= —VF(0) — (£® L) — (£® I,)¢
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= (£®I,)w.

It can be checked that the primal-dual algorithm is identical to (7.2.5). However,
such interpretation is no longer valid when only output is communicated or h; is

more complex. O

Remark 7.2.3. The main objective of achieving (;(t) — w* for all i € N can
be seen as output consensus of nonlinear, heterogeneous agents. A necessary
condition for consensus of a nonlinear heterogeneous agent is studied in [WWA13],
which states that a common internal model must be present. In this regard,
it can be seen that adding an integrator (7.2.1) introduces a common internal
model such that asymptotic consensus to a constant value can be achieved despite

heterogeneity. O

7.2.2 State Transformation for Analysis

In this section, a series of state transformations motivated by |[LS20b] are
introduced which is used for the analysis of the proposed algorithm. First, apply

the transformation
R, e n—q R y /A I q
zi=27 2, € R w;,=W'x; € RY, (7.2.6)

where T := [Z W] € R™™" is an orthonormal matrix such that im (Z) = ker(FE)
and im (W) = ker(E)* = im (ET). Hence, it holds that EZ = 0 and x; = Zz; +
Ww;. Then by defining z := [21;--- ;2y] € RVN=9 and w = [w;--- ;wy] €

RN the overall dynamics (7.2.4) becomes

i=(In®2) h(z)
= (Iy @ W) Th(z) — ky(Iy @ EW) £(Iy ® EW)w — ki(Iy ® EW) D&
£ =~(In @ K)&,(In © EW)w.
(7.2.7)

Next, let U € RV*N be the matrix for some connected Laplacian matrix given

by Theorem 2.1.4 and let w, & be the stack of w; and &. Now, apply the state

] 2- 1_l|



7.2. Distributed PI Algorithm 133

transformation to w and & as

w
w
where @, € € RY and 0, & € RNV=14, Specifically, we have w = (1y ® I,)@ + (R®

I)W, €= (In®@L)E+(R®I,)E, and hence 2 = Zgz + (1xy @ W)@ + (R® W ).
In addition, define A, Ay € RIN-Dax(N=1)a 4

— (U ® I)w, E = (U ® I,)¢, (7.2.8)

Ap=(R®I,)" &, (R® I,) (7.2.9)
Ar=(Re 1) D1(R®1,). (7.2.10)

Using Assumption 7.2.1 and the definitions of R, it can be easily verified that A,

and Ay are symmetric and positive definite.

Using the transformation (7.2.8), dynamics of € and € transform into

£ =v(R" ® K)&p(R® EW ).

Meanwhile, the dynamics of w and w becomes

i = (v o W) h(x)
w=(RW) h(z) - ky(R® EW)" £,(R® EW)w
—k(R® EW) ' D1(R® I,)§

= (RW) h(z) — ky(In_1 @ EW)TAy(In_1 @ EW)w — ki(In_1 @ EW)TALE,

where we used (1y ® ;)T €, = 0, (1y ® I,) "D1£(t) = 0 (regardless of whether
(7.2.2) or (7.2.3) is used), £,(1y ® I;) = 0 and (R ® I,)D1(1y ® I;) = 0.

Finally, it follows that the system (7.2.4) becomes

i =(In® Z) h(z) (7.2.11a)
W = %(m @ W) h(z) (7.2.11b)
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W= (RW) h(z) = ky(In-1 ® EW) " Ap(In—1 ® EW)d

. (7.2.11c)

—kr(In_1 @ EW)T A€
£=0 (7.2.11d)
E=1(R ® K)Lo(R® EW ). (7.2.11e)

Note that (7.2.11d) shows ¢ (i.e., the average of ¢;) is constant and hence the
trajectory of £ is determined by the initial conditions of &;(0).
Now, we investigate the equilibrium point of the system (7.2.11). For this, we

make the following assumption.

Assumption 7.2.2. The dynamical system

i=(Iy® Z)Th<(IN ® Z)z+ (1y @ W)w)
1
N

(7.2.12)

w =

(Iy ® W)Th<(IN ®Z)2+ (Iy ® W)w),

which is exactly the system (7.2.11a) and (7.2.11b) with @w(¢) = 0, has a unique
equilibrium point (z*, w*) that is globally exponentially stable with the rate > 0.
That is, there exists ¢ > 0 such that

[z(t) —z* ]
w(t) — w*

Assumption 7.2.2 only supposes existence of the equilibrium point of the sys-

< ge M

tem (7.2.12). However, this implies that the overall system (7.2.11) also has an

equilibrium point which is stated below.

Lemma 7.2.1. Suppose that Assumptions 7.2.1 and 7.2.2 hold. Then, the overall
system (7.2.11) has an equilibrium point given by

z* z*
w* w*

sy
*

I
o

*
2|~
T
N
o
/—-\
o
S~—

Sy I
*
e
*
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Proof. First, we claim that an equilibrium point of (7.2.11) takes the form of

(2%, @*,0, — Zgz (7.2.13)

where z* and @w* are from Assumption 7.2.2, &(0) is the initial condition of & and
£* is to be determined. From the definitions, it can be verified that z = 0, @ = 0,
éz 0 and §~ = 0 at the proposed equilibrium point (7.2.13). Hence, it is left to

show there exists §~* satisfying
(RW) h(z*) — ki(In_1 @ EW)TAE* =0 (7.2.14)

so that w = 0.

Since Ap is positive definite and EW is invertible, £* can be written as
o= (v o B TA) T (R W) ThG)
1

which completes the proof. O

Since Lemma 7.2.1 states the existence of the equilibrium point for the overall
system (7.2.11), apply the final transformation given by 0z = z—2*, dw = w—w*,
and 0 = € — £*. The state z is written as

r=(IN®2)(0z+2")+ Iy @ W) (0w +w*) + (R® W)w
and define z* == [z7;--- ;2% € RV as
=(IN®Z)z"+ (Iy @ W)w". (7.2.15)

Then (7.2.11) becomes

6z = (In ® Z)"h(x) (7.2.16a)
o = %(m @ W) h(z) (7.2.16b)
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ir= (R W) (h(x) — ha")) — kp(In—1 ® EW) Ap(Iy—1 © EW )i

N (7.2.16¢)

— kr(In_1 @ EW) T A16é
£=0 (7.2.16d)
56 =v(R" @ K)Lp(R ® EW ), (7.2.16¢)

where we used the fact that
0=(RW) hiz*) — ki(In_1 @ EW)T A"

For notational purpose, also let e := [0z; §w; w; 6] € RN,

7.3 Convergence Analysis for the PI Algorithm

In this section, convergence of the system (7.2.4) to the equilibrium point
given by Lemma 7.2.1 is shown. For the proof, additional assumptions are made
either on the dynamics of each agent or on the stability property of the equilibrium
point.

7.3.1 Convergence with Weak Coupling

For the completeness of the results, we first consider the case when each h;

satisfies following assumption.

Assumption 7.3.1. Function h; is locally Lipschitz and satisfies
(& =) " (hi(z) = hi(y)) <0
for all x # y. O

For instance, Assumption 7.3.1 holds if h;(z;) = —V f;(x;) where f;(x;) is a strictly

convex function.

Theorem 7.3.1. Suppose that Assumptions 7.2.1, 7.2.2 and 7.3.1 hold. In ad-
dition, suppose that £, = ©1 and let K = I,. Then for any k1 > 0, v > 0 and

.-':lx—i = 1_' . i i

-
=]
1

L



7.3. Convergence Analysis for the PI Algorithm 137

kp >0,
lim z;(t) =z}, VieN,

t—o00

where z7 is an equilibrium point defined in (7.2.15). Moreover, it follows that the

output consensus is achieved, i.e.,

Jim [G(1) ~ ()] =0, Vij e N.

Proof. From the state transformations, it is sufficient to show the stability of
(7.2.16). Define V (0z, 6w, b, 0€) as

1
2N

52162 + %mﬂsw e %5? 5E.

v 2

be the Lyapunov function for (7.2.16) where o := ki/y > 0. Then the time-
derivative of V' along (7.2.16) becomes

1 1
V< N&zT(IN ® Z)"h(z) + N&wT(lN QW) h(zx)

+ w0 (R@W) (h(z) — h(z*)) — kpd " (In_1 ® EW)TAy(In_1 @ EW ),
where we used the fact that
ki (R® EW) T ®1(R® I,)66 = (36)T - oy(RT @ €,(R® EW ).

Now, recall from Assumption 7.2.2 that (1x @ W) Th(z*) = 0 and (Ix ® Z) T h(z*)

= 0. Hence, we obtain

V <~k (Ino1 @ EW)TA,(In—1 @ EW)i

+ % [(IN ®Z)oz+ (1y @ W)dw + (R®@ W) T(h(g;) — h(z®)). (7.3.1)

However, note it can be checked that

(IN®Z)oz+ (Iy @ W)ow + (R W)w =z — x™.
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Hence, (7.3.1) becomes

. 1

V < —kpw (In-1 @ EW) T Ap(In_1 @ EW )W + v 2*) T (h(x) — h(z*)) <0,

where the last inequality follows from Assumption 7.3.1.

Using the LaSalle’s invariance principle, states converge to the set given by

E={zecR"" | (z — %) (h(z) — h(z*)) = 0}.

Thus, it follows from Assumption 7.3.1 that limy o 2(t) = z*.

To show output consensus is achieved, recall that z* = (Iy ® Z)z* + (Ix ®

W)w*. Consequently, we obtain
tim [G(0) ~ G(0)] = lim |B(Zzf - Z2)] =0, w
since £Z = 0.

Theorem 7.3.1 states that the solution of the proposed algorithm (7.2.4) con-
verges to x* as long as k, > 0. Specifically, if k, = 0, control input only uses the

integral coupling and no proportional feedback is applied.

Remark 7.3.1. Similar to how the traditional PI solves the consensus optimiza-
tion problem, the dynamics (7.2.4) in fact solves a output consensus optimization
problem. For instance, consider the scenario where multilayer graph is singlelayer
and h;(z;) = —V fi(z;) where f; is a strictly convex function. Then, (7.2.4) solves

the optimization problem given by

T1,--TN

N

min Z filxs)
=1

st. (L@ E)r=0.

It can be easily checked that (7.2.4) is the saddle point dynamics for output
consensus optimization problem. Thus it follows that the solution converges to
an optimal point (e.g., see [CGC17|). However, it will be shown in the following

sections that the proposed dynamics extend further than the output consensus

] 2- 1_l|
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optimization problem. O

7.3.2 Convergence with Strong Coupling

In the previous section, convergence has been shown when Assumption 7.3.1
holds. Assumption 7.3.1 has been used extensively to establish the synchroniza-
tion of multi-agent systems. For instance, [HCIL18| and [KCM15| supposed h;
satisfies Assumption 7.3.1 where h; = —V f; where f; is a convex function. Practi-
cal synchronization is also studied with a similar assumption [MBA15]. Instead of
Assumption 7.3.1, this section studies the convergence of the proposed algorithm
by using high proportional gain and exponential stability of the (7.2.12). As a
motivating example, the following example presents a case that does not satisfy

Assumption 7.3.1.

Example 7.3.1. Suppose that the dynamics of an agent is given by

'Liii = “ = hi ;). 7.3.2

In particular, (7.3.2) is applying the heavy-ball method for each agent. However,

hi(z;) is not incrementally passive. To see this, let ¥ := [w¥;z*] and note we

have

L2
[ 2@ — Y fi(w!) + 2@ + Vi (w?)
T2t -2 ) + (28 = 2 T (—2vaz! + 2v/az? — Vfi(w') + Vfi(w?))

) (
( wQ)T(z — 22 Qf‘z 2‘2—1—(21 —zz)T(—Vfi(w1)+Vfi(w2)).
Suppose that z¥ and w” are scalar. Then by letting V f;(w) = Lw, it follows that

(@' =) " (hi(x") = ha?))
= (w' —w?) (2t = 2?) - 2V ‘zl - z2‘2 —L(z' = 2 (w!' — w?)
— (1 —L)(wl —w2)(zl _ 22) o 2\/&‘Z1 _ 22’2.
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Now, consider the case when z' — 22 > 0 is fixed, L > 1 and w” are such that
wh — w? = —k(z! — 2%), where k > 2,/a/(L — 1). Then we obtain

—
8
—
|
8
\ED
—
&
B
—
~—
|
5l
)
[\v)
=
I

(- D' —u?)(! -2 - 2valst - 22

Thus, h; does not satisfy Assumption 7.3.1. O

Example 7.3.1 illustrates a system where dynamics of each agent is not incre-
mentally passive. Therefore, a different approach is needed to analyze the con-

vergence of such system. For this we first make following assumption.

Assumption 7.3.2. Functions h; are globally Lipschitz with Lipschitz constant
given by L;. O

Using the Lipschitzness of h;, Lipschitz constant for h(z) can be found as L :=
max L;. Following theorem states the exponential convergence of the proposed

algorithm.

Theorem 7.3.2. (Exponential convergence without an explicit rate.) Con-
sider the dynamics given by (7.2.4) and suppose that Assumptions 7.2.1, 7.2.2 and
7.3.2 hold. Let ki,v > 0 be arbitrary positive scalars and x*,£* be given as in
Lemma 7.2.1. Then with

K=EWW'E" >0,

there exists k;, > 0, such that for all k, > kJ, the equilibrium point (z*,&) is
exponentially stable. O

Proof. Consider the system (7.2.4) transformed into (7.2.16). Then, it is sufficient
to prove that the origin of (7.2.16) without (7.2.16d) is exponentially stable.
The first step is to obtain a Lyapunov function for the blended dynamics
(7.2.12) that can characterize the convergence rate of p. For this purpose, we
employ the converse Lyapunov theorem by [CG98, Thm. 1|, which states under

.__:Ix_c L, '|'|i

-
=]
1

L
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Assumption 7.2.2 that, for any 0 < v < p, there exists c1,c2,c3 > 0 such that
V(8) satisfies and

c1l8)2 < V(6) < cald]?

% IN®Z)Th((IN® Z)z+ (Iy @ W)w _
vV | (Un®Z) h((In®Z)z+ Iy @ W)w) <—2-(u—9)-V(5),
D | LayeoW)Th((Iy® Z)z+ (1n @ W)d) 2

|51 <
where § = [0z; dw].
Now, we let Lyapunov function be
T

_ .z _ w aX €Y | |w

V(z,0w,w,06) =nV(6) += | -

o0& YT bAr| |6¢

=: 1V () + Va(w, 6€), (7.3.3)

where

X :=(In_1 @ EW)"Ay(In_1 @ EW)
Y i=(Iny_1® WTET)AI.

The positive scalars a, b, €, and n are to be determined.

First of all, we choose € > 0 such that V5 is positive definite. From Schur’s

complement, V5 is positive definite if and only if

2
aX — %YA;lYT > 0. (7.3.4)

Using the definitions of X and Y, we obtain

€ 1T
aX - SYAY
2
—aX — %(IN @ WTET)AA ATy @ EW)

2
= aX — %(IN @ WTET)A(Iy @ EW).
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Hence the inequality (7.3.4) is satisfied if

N —

IN &® WTET>AI<IN &® EW))

. min(Ap) Umin(E)
B \/% ' )\max(AI) ‘ UmaX(E1)7 (735)

where we used 0;(EW) = 0;(E). Thus, if € < €1, then V is positive definite.
Now we compute the derivative of V along (7.2.16). For the ease of presenta-

tion, each component is done separately.

Derivative of nV (4):
First, recalling that z = (INn® Z)(0z+2") + (In @ W) (0w +w*) + (R W)W
the time-derivative of nV () along (7.2.16) is given by

. ov .
UV(5) = 77% -0

- T
v [ Uvez
:nal. 1(N® ) h(z)
B XAy e W)
v o[ Uve2)T Y IN®2Z)T
_,V | tne2) hz) + 2L (In®2) h(z — (R® W)d)
9 | Liyeow)T 3 | Layew)T"
IN®Z) - _
< 2(pu—w )+ L (R W)w
LT 1 | | ERCEEE
<=2(p—5) V() + n03E|W!\RI 13 - |
< —2 (5 — 0) V(8) — vner]d[2 + nes L3 |] (7.3.6)

where we used |Z| = |W|=1 and |R| = 1.

Derivative of Va(w, 6€):

For the derivative of V4, along (7.2.16), note that

|h(z) — h(z*)| < L|(In ® Z)0z + (1y @ W)éw + (R @ W)
< 2LVN|3| + L|w).
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With this, we first investigate the diagonal terms. The derivative of (a/2)w " X

results in

d ra _
dt ( TXw)
=aw' X [(RT @ W (h(z) — h(z*)) — kp X — ki(In_1 @ WTET)A16€
=aw X(R" @ W) (h(z) — h(z*)) — akpd " X %0
—akyd " X (In_1 @ WTET)ALG€. (7.3.7)

On the other hand, derivative of (b/2) - (6¢) T A16€ becomes

d

pr ( (5§)TA16£> =b(6)"A1 [v(RT @ K)&,(Iy ® EW)(R® Iq)w] . (7.3.8)

However, note that the last term of (7.3.7) and the transpose of (7.3.8) satisfies

—akyi " X(Iy_1 @ WTET)A16€ + by " (R® EW) T £,(R® K T)A16
= —aky0 XY SE+ by (RT @ EW)'£,(R@ EWW TET)A16¢
= (—ak; 4 by)w " XY 6

In summary, we have

d
= (a 0T X+ - (6§)TA16§>

=ad X(RT @ W) (h(z) — h(z*)) — akpiv " X% + (—aky + by)w " XY 6E
< alX| (2E\/Ny<5\ + E!1D|> 5] — akyid | X2 + (—aky + by)d T XY 8¢

= a2|X|LVN|8||@] + a| X |L|w|* — akp " X2 + (—aky + by)w ' XY €, (7.3.9)
Finally, the derivative of @' - €Y - (55~ becomes

% (@T . eY-ég)
-

= [(RT QW) (h(z) — h(z*)) — kp X — k1Y 6| €Y 66+ eV y(In_1 @ EW)Xw

< (zimw + Eyw\) €V [[6€] — kpew " XY OE — ekyd€ Y TY 6E
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+ ey Y (Iy—1 @ EW)Xw
= 2LV Ne|Y||8]|0€| + eL|Y ||| |6€| — kpew T XY GE — ekydE Y TV 6E
+ ey Y (In_1 © EW)X 1. (7.3.10)

Finally, combining (7.3.6), (7.3.9) and (7.3.10), the derivative of V along
(7.2.16) satisfies

V <=2 (= 0)nV(6) = vner 9 + (nesL + a2l XILVN ) |8] ]

+ a| X |L|w|* — akpw " X2 + ey 'Y (In_1 @ EW)Xw
+ 2LV Ne|Y ||6]|6€] + eL|Y ||[[6€] — koY TY 8¢
+ (—aky + by — kpe)w ' XY 6E

= —2(u—v)nV(8) —vner|d| — %kpu?TXQﬁJ — %eklégTYTYég
+ (nesL + a2l X|LVN ) |8l ] + al X | Ll ~ " X%
+ ey Y (In_1 ® EW)Xw + 2LV Ne|Y||6]|6€| + eL|Y | ||| 6€|
— %ekﬁ? YTY6E + (—aky + by — kpe)w ' XY 5

= 2 (u—v) gV (8) — gkprsz . %ekldfTYTYéé
—wnei |6 + F(|8], @], [6€)). (7.3.11)

Now, to show the exponential convergence, rest of the proof will show —wvncy|6]?+

F(-) <0 hold. For this, let

such that —ak;+ by — ke = —aky and notice that applying the Young’s inequality

to the terms of F'(-) result in

3 QEQ
Un01’5‘2+ UL |'U~)‘2

L|s||w| < 7.3.12
nesElolji] < 2 r (73.122)
_ 302X [2L2N
a2| X |LVN|8||@| < %W 4 3XPLN, (7.3.12b)
veyn
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_ - L’NE|Y|)?, -~
SLVNe[Y||6]10€] < L1 o2 4 SEENEIYT 50 (7.3.12¢)
3 vern
_ - 1 - 2¢L2|Y|?
LY ||0||6€] < eki=Amin (Y TY)|06) + ——————|00|? 3.12d
eL|Y[|w][6g] < ek g Amin (Y Y)I0E]" + kl)\min(yTy)|w‘ (7.3.12d)
2ek2| XY |2

~12
SR 3.12
kl/\min(YTY)m (7.3.12¢)

e 1 ~
ek | X ||V [|0]|0€] < kg Amin (Y TY)|5E]* +
Then we obtain

—one |6 + F(|4], @], |6€])

2L? 2| X|2L2N 2byL2|Y |2 2bvk, | X 12|V |2 _
_ 37703 +3a| ’ + Y | |_r 7p’ "|r ‘ —|—a|X|L ”LT)|2
4U01 vern kka/\m'm(Y Y) kI/\min(Y Y)
2
. %kpaﬁx?w n bZ—wTY(IN_1 ® EW)Xw
P
by 1 T BLANWY|Y 2N | 9
=k A (YY) + =) 6 7.3.13
2 (gm0 1 (7.3.13)

Now, it is easy to see from (7.3.13) that for any given ~ and ki, kp, can be chosen

sufficiently large such that
—vnerdf* + F(1s], @], [6€]) <0,

while € < €.

In conclusion, we obtain

. _ b . .
V< —2(u—v)nV(6) — gkme@ b— %klagﬁﬂyag.
p
Then, it follows that the system (7.2.16) is exponentially stable, i.e., lim;_, o 2(t) =
x* and limy_, o £(t) = £* exponentially. In addition, since z* = (In® Z)z+ (I ®

I,)w, it follows that (; also achieve consensus exponentially. O

Result of Theorem 7.3.2 holds under the assumption that the system (7.2.12)
has exponentially stable equilibrium point. The dynamics (7.2.12) has reduced
dimension of Nq¢+ (n— 1) compared with the overall dynamical system in dimen-
sion Nn. Hence, it can be regarded as an emergent behavior, that is it originates

due to the coupling among agents and is different from the dynamics of any indi-

] 2- 1_l|
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vidual agent. This also implies that the individual dynamics is less important as

long as the collective behavior is desirable.

Remark 7.3.2. Note from the proof that the dynamics converges for any kr > 0
and v > 0. In particular, this implies that the integral gain k; only contributes
to the asymptotic convergence of the agents. On the other hand, overall stability

is ensured with the sufficiently high proportional gain k. O

Theorem 7.3.2 shows that the system achieves exponential convergence. The

convergence rate is characterized in the following result.

Theorem 7.3.3. (Exponential convergence with an explicit rate.) Sup-
pose that the assumptions of Theorem 7.3.2 hold and let K == EWW ' TET > 0
and 0 < v < p. Then the following results hold.

1. For any positive ki and - satisfying 2y > ki, there exists kj ; such that for

all kp > k7 |, the solution is exponentially stable with a rate no less than

a

a 1 2-h
4p2

’ 4p2 ]{fp

2min (;U' -V, kp)\min(Ap)ZUmin(E)4 kI)\min(AI)Qo'min(E)2> s

where ps = max(aAmax(Ap) - Omax(F)?, bAmax (A1)).

2. There exists 0* > 0 and kj , such that for all ky, > k5 and ky = v = 0%kp,

the solution converges exponentially fast with a rate yu — v. O

Proof. Proof is similar to the proof of Theorem 7.3.2 and in particular, we will

use the same Lyapunov function V' from (7.3.3), but now with

2y — ki
kp

Then, it follows from (7.3.5) that V4 is positive definite if

2y — ki /\min(Ap) O'min(E)
< Vab- . 0.
Amax(AI) UmaX(E) '

kp -
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On the other hand, we can also find an upper and lower bound of the function

Vo (w0, 55) For the upper bound, note

Va(i, 68) < (“Amxm ; (2”"“”‘”) ]2 + (bAmme) N (”"”'Y‘) 1582

2 Qkp 2 2kp
a b (27 = kp)|Y| ~12 512
< (maX <2>\max(X)a 2>\max(AI)) + T <|w’ + ‘5§| >

In order to obtain an upper bound which remains constant with respect to kp,

suppose that

2y — ki 2 a b
< o \max X ) o /'\nax A
S e (0. S0
- ! mat (@A (Ap)me (B)”. DAanas (A1)
)\max(AI)Umax(E) P ’
B aAmax(Ap) b N
= max < Mo (M) Omax(F), o(B)) = 5.

Then V5 is upper bounded by

Vo < max(aAmax(X), b>‘maX(AI))(|w|2 + |5§~’2)
= max(aAmax (Ap) - Omax (E)%, bAmax (A1) (|]* + [6€]%)
= paliof? + 5. (7.3.14)

Note here that py is independent of the gains if (2y — ki) /k, < 5.
Next, for the lower bounds of V5, we can write V5 as

J ([ 2D

and notice that diag(aX, bA1) is a positive definite matrix. Therefore, finding the

0 Y
YToo

Va(id, 68) = -

=3 + €

lower bound of V5 is equivalent to finding a minimum eigenvalue of the matrix

aX €Y
EYT bA[

9

which is a perturbation of diag(aX,bAj). Using results such as [RAH19, Thm.

3 D +11 &=
47 '||'1_.l| ot ¥
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6.3.2], we may obtain?

aX €Y . aX 0 0 ¥
Anin > min (aAmin(X), bAmin (A1) — K "€
EYT bAI 0 bAI YT 0
1
> 5 min (a)\min (X), bAmin(AI))

_ %min (aAmin(Ap) - Tamin(E)2 bAmin(A1))

= pl

for sufficiently small €, where x(X) := | X 1| X| is the condition number. Specif-

ically, we choose € = (2y — kr)/kp, such that

b . x o]\ |[o v
il < —min (aAmin(X), bAmin(A1)) - £ !
kp 2 0 bAI YT 0
1. Amax(X) 1
= — min X s OAmin A ' - ’
2 it (@ Asin(X), bAmin (Ar)) Amin(X)  Omax(Y)

1
=3 min (a)\min(Ap)amin(E)Q, bAmin (A1) -

= 93.

With these in mind, recall from (7.3.11) that

: _ 1 ~ -
V< —2(u—v)nV (o) — gkprX% — 5ekidl YTV
—wner|8|* + F(|], @], |6])-
Using the fact that —ak; + by — €k, = 0 and inequalities (7.3.12a)(7.3.12d), it
follows from (7.3.13) that

_ 12y — kg

V< —2(u—v)nV(6) — gkprx% — 5 hdl YTV ¢
1%

— vner |6 + F(|9], @], |6€])

20ne may obtain tighter bounds using the properties of the considered matrices. However,

a general approach is introduced here for simplicity.
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_ 12
= 2(u— )V (8) - ﬁkprXQw 5 71<; B SETY Ty 68
P

3nc2L?  3a2|X|2L2N  2b(2y — k) L2|Y|? _
L& (1| | + (7 I) | | —I-CL|X|L> ‘ﬁ)|2

a
——k )\min X2
+ < 4P (X% + dveg + vern kpkiAmin (Y TY)
Term 1
2v — k
—%kqux?w + bWwTY(INl ® EW)Xw
P
Te?rqu
b(2y — k 3 3L2Nb(2y — kD|Y |2\ | .~
kp 8 kpvern

Term 3

We claim that the terms 1,2, and 3 can be made positive with sufficiently
large kp. First it can be checked that the term 1 is positive if

20(2y — k1) L2|Y|?

0.
K (YTY)

3nc2L?  3a?|X|2L:N _
41<;§Amm(X2)—< ZU?’Q n ‘UC‘W +a|X|L>k _

Now, seeing above as the quadratic equation, and using the fact that v/c2 + d? <

le| + |d| for all ¢, d € R, we obtain that the term 1 is positive if

4 3nc2L?  3a?|X|2LAN - 2v — ky 4bL2|Y|2

k, >
b= a)\min(X2) dvey vern ki Amn(YTY)

=! K1.

Secondly, the term 2 is positive if

V (2’)/ - k1)7 < a )\mm mln ) ] O'min(E‘)2
4b ’YHEHX’ b \/Amax max(Ap) UmaX(E)2
Finally, the term 3 is positive if
kr S8LEND|Y |? 8LEND Amax(A1)? omax (E)? -
— ——

kp. 2y — kr — UclT])\min(YTY) a vern )\min(AI)z Umin(E)2
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Now, for some given gains kr and +, let

K= max | ki @2’7—161 2y — k1 2y —kr 2y —ki /(v — ki)Y
P Tk 60T 6 T 05 T O ‘

Then, for any kj, > kj 1, the terms 1,2, and 3 are positive and we obtain

. _ 12y — k
V< —2(u—v)nV(6) — Shpi | X240 — - L1
2 2 &y

;ZWkp kaI)\min(YTY)> <‘U~}’2 n ’55|2>
12y — kg
2k

1 2y — kg
"2p2 kp

kis€TYTY8E

< =2(pu—v)nV(d) — min (gkp)\min(XQ),

< =2(up—v)nV(0) — 1 min <C2Lk:p)\min(X2),
P2

kIAmin(YTY)> Va(w, 6€)

S — min (2 (,U, — U) s ikp)\min()(Q)

Eidmin (YY) ) V,
2p2 ! ( ))

where po is defined in (7.3.14). That is, the Lyapunov function V' decays with the

rate
. a 1 2y — kg T
2(p—0), — kpAmin(X?), — EtAmin(Y Y
mln( (e U)’ng p (X9) 2 I ( )
= min { 2 (u —v) % koA (Ap)?omin(E)* i2’y_ka1)\ in(A1)%0min (E)?
72p2 p/\min P min 7202 kp min min .
(7.3.15)

In order to recover the convergence rate of y — v, let k1 = v and choose ki

such that
ky = 0% kp,

where 6* := min(6;, 62, 63,04) and let

Apa(p—v) 4p2(0%)*(n — v)> _

k* o=
p,2 max </§'17 "127 (L)\mln(XZ) 9 )\mln(YTY)

Then for any ky > kj 5, it follows from the construction that

2 —v) < QikpAmin(XZ) (7.3.16)
P2
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1 k
kIAmin(YTY) - %ﬁAmm(Y—rY) (7317)

1 2")/—]€1
2 —v) < —
(n—v) < o

Additionally, it can be checked that

. o 0 6 o
kp Z kp,l = Imax (Hl, K2, eflkp, 672]{13, @kpa 94k'p> .

Hence, it follows from (7.3.15), (7.3.16) and (7.3.17) that the convergence rate

becomes

a

1 2v—
7kp)\min(X2) v — ki
2p2

205 kp

min (2 (n—v), klAmin(YTY)) =2(u— ).

In conclusion, we obtain

V < 72(:“‘ - U)V7

which means that the solution satisfies

6(t) 5(0)
~ p2 (—/j,—‘,—’u)t ~
w(t) || < p—e 1 {w(0) ], (7.3.18)
- 1 ~
5E(t) 6£(0)
i.e., the solution is exponentially stable with the rate p — v. U

From Theorem 7.3.3, it holds that the convergence rate can be decomposed
into 3 components: 1) convergence rate of the blended dynamics, 2) convergence
rate related to proportional feedback, and 3) convergence rate related to inte-
gral feedback. Most importantly, with sufficiently large gains, the convergence
rate follows the convergence rate of the blended dynamics. For instance, if the
blended dynamics is the heavy-ball method, then by setting v = u/2, the pro-
pose dynamics has the convergence rate proportional to y/«, exhibiting a faster
convergence rate than the gradient descent based methods.

Additionally, convergence rate that is arbitrarily close to the convergence rate
of the blended dynamics can be obtained by choosing v sufficiently small. (How-

ever, this requires the corresponding coupling gain k;, to be even larger.)

Remark 7.3.3. In order to recover the convergence rate, k1 = v = 0"k, should

] 2- 1_l|



152 Chap. 7. Application to the Distributed Optimization Problem

be used with sufficiently large k. For the simple cases, the value of §* can be
easily computed. Suppose that omin(E) = omax(E) = 1, the input (7.2.2) is
used, A, = A and that @ = 1, b = 2 are used. Then, for 6, noting the fact
that YAI_IYT = YAljlYT = X, applying Schur’s complement to Vo implies
we may take #; = /2 instead. For 6y, it follows from the proof that 6, = 2.
For 0y, since Y (Iy ® EW)X = X2 it can be checked that taking 6, = 1/2
leads to positivity of the term 2. Finally, one may ignore #3 when choosing
0* since it is only used in obtaining the constant p;, which does not affect the
convergence rate. (In this case, the only difference is that the gain in (7.3.18)
may be larger than the estimation given in the Theorem 7.3.3.) Thus, we obtain
6* = min(v/2,2,1/2) = 1/2. This means that k (and ) can be simply chosen as
ki =~y =kp/2. ¢

Remark 7.3.4. The convergence of the proposed algorithm may resemble the

results of [L.S20b, Thm. 3]. In particular, define state of each agent can be aug-

mented with the state of the integrator & as x; := [x;;§;] and write it as
. kpoly, kil
Xi = Filxi) + [ TN (G —x) = Fia) + B DY (G — xa)-
—vIn 0 JEN; JEN;

Then, it can be checked Re (A;(B)) > 0. Therefore, one may apply the trans-
formation to diagonalize B such that the coupling matrix becomes a symmetric
positive definite matrix as studied in [LS20b|. Nonetheless, there are some key
differences that prohibit the usage of results from [LS20b| directly. First, the
coupling matrix is not in form of kB, where k is some common coupling gain.
Specifically, each entry of B has different gains, e.g., kp, k1, and v that can be
controlled independently. More importantly, the classical definition of blended
dynamics (which may be obtained assuming k, = ki = v = k and require high

integral gain) will be given by

H _ !}v S hilse)

S 0

Hence, it does not contain a compact invariant set. The set is stable for any value

.__:Ix_c L, '|'|i

-
=]
1

L
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of s¢, making it unbounded. This limits the usage of [LS20b| due to technical
reasons. Finally, the work of [L.S20b| only provides general sufficient conditions for
asymptotic convergence and did not propose a systematic design method to satisfy
such assumptions. In this sense, it can be seen that we have explicitly constructed
an appropriate controller to achieve asymptotic consensus and characterize its

trajectories. O

7.3.3 Convergence under Fast Switching

Previous section studied the convergence when communication topology is
time-invariant. In this section, convergence is established for the switching net-
work. For this, suppose that the dynamics of each agent is given by a time-varying

function h;(t,z;) and the communication network is described by
ZSZ Cl Tcl

while ©1(t) is defined similarly (for simplicity, we suppose that the input (7.2.2)

is used). Then, the overall dynamics (7.2.4) can be written as

=h(t)0,z) — ky(IN @ E)" £,(t/0)(In ® E)x — ki(Iy ® E) ' ®1(t/0)¢
£ =(In ® P)L,(t/0)(In @ E)z,
(7.3.19)

where € > 0 is a small parameter representing the fast switching, i.e., the dynamics
is switched more frequently as 6 approaches 0. Note that (7.3.19) is exactly the
(7.2.4) with the additional properties that h; and graphs are time-varying. We

make following assumptions regarding the time-varying nature of the system.

Assumption 7.3.3. The time-varying functions h;(t, z;) and £/(t) are piecewise

JL 2T II
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continuous® and periodic with period § > 0. In addition, h;(t,z;) is uniformly

globally Lipschitz. O

Since time-varying functions are assumed to be periodic, define the time av-
erage of £,(t),D1(t) and h;(t,z;) as £, = (1/0) fo(s Lp l (1) ® (CZ)TC’Il)dT,
Dr = (1/8) [ SF, €h(r) @ (CHT Cldr, and Ty(a;) = 1/5 fo (7, m;)dT

Then the following assumptions similar to Assumptions 7.2.1 and 7.2.2 are

made for the averaged system.

Assumption 7.3.4. Suppose that Agq1 (Ep) > 0 and Agq1 (’)51) > 0. O

Assumption 7.3.5. The system given by

= (Iy® Z)TB((IN ®2Z)z+ (Iy ® W)w),

W= %(m ®W)Tﬁ<(IN ® Z)z+ (In ®W)u_)>,

(7.3.20)

where h(z) := [h1(x1);--- ;hn(zn)], has a unique globally exponentially stable
equilibrium point (2*,w*). Also, there exists a Lyapunov function V() such that
c1ld* < V() < ea|df?,

ov [ Unve2)Th((In® 2)2+ (I @ W)w)

95 7 < _V’5|2a
9 |Lliye W)Th((IN ®Z)z + (1y ® W)w)

for some v > 0, and 9V/3§ is globally Lipschitz. Finally, h(t,z*) = 0 for all t > 0
where z* = (Iy ® Z)z* 4+ (1y @ W)w*. O

Remark 7.3.5. Assumption 7.3.5 supposes global exponential stability of the
blended dynamics of the averaged system, which is analogous to Assumption
7.2.2 ans its exponential stability. In addition to the stability, Assumption 7.3.5
requires two additional property: 1) x* to be an equilibrium point of the time-

varying system and 2) existence of the Lyapunov function and Requiring z* to be

3We say a function f(t) is piecewise continuous on an interval [a,b] if there exists a finite
number of points ¢; satisfying a = to < t1 < -+ < t, = b so that 1) f(t) is continuous on
each subinterval (t;—1,t;) for alli = 0,...,n and 2) lim,_, .+ f(t), lim, - f(t), lim, - f(t) and
lirnt_m:r f(t) are finite for all ¢ = 1,...,n — 1. If f(¢) is periodic in addition to this,l then f(t)

has a finite dwell time.
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an equilibrium point for the time-varying system is typical assumption used for
the analysis of the averaged system and it is needed to establish asymptotic con-
vergence under switching topology. Existence of the Lyapunov function satisfying
all the conditions is a restrictive assumption. One may use the converse Lyapunov
theorem to obtain the Lyapunov function with quadratic upper/under bounds and
negativity along the dynamics, but such Lyapunov function does not guarantee
OV /96 to be globally Lipschitz. (In fact, typical converse Lyapunov theorem only
guarantees |0V/935| < c4]6].) Hence, one either need to find a Lyapunov func-
tion where OV/94 is globally Lipschitz, or impose additional assumptions such as
boundedness of partial derivatives of dynamics up to second order which is used
in [AP99, Thm. 3]. Unfortunately, approach of [AP99] only results in semi-global
convergence (even when the required conditions hold globally) which hinders the

development of optimization algorithms. O

Then the following proposition stating the convergence under fast switching

easily follows from [AP99].

Proposition 7.3.4. Consider the time-varying dynamics (7.3.19). Suppose that
Assumptions 7.3.3, 7.3.4 and 7.3.5 hold. Then, there exists kj > 0 and 6* > 0
such that for all k;, >k and 0 < 6 < 6, (7.3.19) converges exponentially. O

Proof. For the proof, we follow the arguments of [AP99]. Let the Lyapunov

W
6¢

where V is from the assumption. Also recall that this Lyapunov function is

function be

aX €Y
YT bA;

V(e) :=nV(8) + v

0

1
2

identical to the one used in Theorem 7.3.2.

Let p := [0z, dw; w; §¢] and v such that p = (¢, p). Then, we claim that there

exists v > 0 such that the Lyapunov function satisfies

oV t*+0 )
. (p)-/ Y (1,p)dr < —v|p| (7.3.21)
p t*
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for all t* > 0 and p € RY" 9. Since we have

45 B
/t ¥ (r,p)dr = 6 9(p),

*

it follows from the proof of Theorem 7.3.1 that (7.3.21) holds with v := §Amin(Z).
Hence, applying [AP99, Thm. 2|, there exists 8* such that origin of (7.3.19) is

exponentially stable.

For the convergence rate, we obtain from [AP99, Equation (28)] and the proof
of Theorem 7.3.3 that

V(n88) — V((n —1)08) < —rf5V ((n — 1)) — 06 min (Z)|p|? + 6°L(6)|p|?
forallm =1,2,..., where L(0) is defined as
L(0) = 2d,e%2%96% 4 dze?11%0953,

for some positive constants d; > 0 related to Lipschitz constants of dynamics and

0V /0p. Hence, 8* can be found such that
V(nbd) < (1 —r0d) V((n—1)00) (7.3.22)

for all 0 < 8 < 6%, where 1 — r8*§ < 1.

On the other hand, since the overall dynamics is globally Lipschitz, we have
V(t) < élp@))? < EQezL%]p(O)\Q, vt € [0, 00]. (7.3.23)

where L’ is the Lipschitz constant of the overall dynamics and ¢y is such that
V < &|p|?. Then, combining (7.3.22) and (7.3.23) and referring to Fig. 7.1, we

obtain
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Figure 7.1: Graph of the values of the Lyapunov function V' (¢). Red marks
the value of V' given by (7.3.22) and black circle denotes the value
of V(t) given by (7.3.23). Blue dash dotted line gives the upper
bound of the V(t) over all time.

where the rate ' > 0 is defined as

e =19y = o = _In(1 = r69) 7“05).
06
It can be verified that
In(1 —7r05) _ 2
_ > >
05 Z 5 05 +r>r

Hence, we obtain the convergence rate of r for V' when 6 is sufficiently small. [J

Remark 7.3.6. For the estimate of 6%, let Ky and K, be the Lipschitz constant
of OV (e)/0e and 1 (t,e) respectively, where Ky is independent of k,. Then, it
follows from [AP99, Remark 4] that 6 must satisfy

1 min =
50500 < o <—1 4142 ( )> = . (7.3.24)
¥

Taking logarithms on (7.3.24) and using the fact that In(z) > 1 — (1/x), it can
be shown that (7.3.24) holds if

In(a/d) — 1+ /(In(0/a) + 1) + 4Ky _

6
< 2K 0
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Hence, 0* is a conservative estimate of 6*. O

Remark 7.3.7. Let r'(r,00) = —In(1 — r65) /66 be the convergence rate of the
switching system. Then for fixed 7,

lim 7/(r,00) = r,
0-6—0

which means that it recovers the convergence rate of the averaged system. Similar
to the time-invariant system, the rate r can be made arbitrarily close to the
convergence rate of the blended dynamics of the time-averaged system. However,
this means Apin(Z) is smaller, leading to even smaller 60 for the convergence.

Nonetheless, the desired convergence rate is still obtained. O

7.4 Construction of Distributed Algorithms

In this section, we present how results from Section 7.3 can be used to obtain
distributed algorithms to solve (7.1.1) and propose novel distributed algorithms
using the heavy-ball method. For this, suppose throughout this section that
the communication network is given by a connected graph G = (N, &) whose

Laplacian matrix is given by £ and F'(x) is a-strongly convex.

7.4.1 Distributed Gradient Descent Method

First, recall that the typical PI algorithm is given by

i =—Vfilz) +kp ¥ (zj—zi)+ ki Y (§—&)

JEN; JEN;

Gi=—7 ) (xj—m).

JEN;

(7.4.1)

In particular, it can be seen that (; = z; and hence it follows that £ = I,
W = I, and Z is null. Then, it can be verified that the blended dynamics of
(7.4.1) becomes

8l

1 N
P= > V@) (7.4.2)
=1
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Notice that (7.4.2) is the centralized gradient descent algorithm to (7.1.1). There-
fore, if F(x) := (1/N) Zf\il fi(x) is strongly convex, then the blended dynamics
has an exponentially stable equilibrium point at w*. In fact, it can be checked
that z; — w* follows from Theorem 7.3.2 (with sufficiently high gain k). Note
that convexity of f; or incremental passivity of h; is not needed, and only the

property of its average is used. The convergence result is stated below.

Corollary 7.4.1. (Distributed Gradient Algorithm) Consider the distributed
PT algorithm based on the gradient descent algorithm (7.4.1) and 0 < v < a. Sup-
pose that the gains are designed as in Theorem 7.3.3 with &, being sufficiently
large. Then there exists M > 0 and r > 0 such that

lim |z;(t) — w*| < Me~ (@)t
t—o00
For instance, the rate becomes «/2 if v = /2. O

Proof. Let Lyapunov function for the blended dynamics (7.4.2) be defined as

Using V' and following the proof of Theorem 7.3.3, it follows that
Vv < —rV,

where r > 0 is given by

1

r = min (2 (n—v), 2ip2k‘pAmin(Ap)20'min(E)47 %

(9*)2kpxmm<AI>%mm<E>2> |

Hence, with sufficiently large k,, convergence rate becomes y —v = a —v
since the blended dynamics (i.e., the gradient descent algorithm) converges with
the rate «, which follows from Lemma 2.3.4.

To compute the constant M, let R; be the i-th row of R. Then,

lzi(t) — w*|* = |z + RiZ — w*|? < 2|7 — w*|? + 2|R;|}|%|?

<2(|]z —w** +|7°)
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where ¢ > 0 is such that
¢ (|2 = w'? + |6 + |662) < V.

Hence, M is given by

7.4.2 Distributed Heavy-ball Method

The argument used to obtain the convergence of (7.4.1) can be done in reverse
to obtain the distributed algorithm from a centralized algorithm. By setting the
blended dynamics as the desired centralized algorithm, Theorem 7.3.2 provides
a constructive method to obtain a distributed algorithm. This approach is not
limited to the gradient descent method. Suppose that we desire a heavy-ball
method to solve (7.1.1) [Siel9], which is given by

. . Loy
W=—z Z=-2Jaz— N ZZ; V fi(w). (7.4.3)

Since z = (1/N) Zf\il z, it follows that (7.4.3) is the blended dynamics of

wi _ —Z; ]{;p U)j B W;
= Lo ] 5 () [)

+h Y (65— &) (7.4.4a)
G=—v). (le] — [wD (7.4.4b)
jEM Zj Zi

JEN;
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with E¥ = I5,,. Then using the similar argument as in the gradient descent method,
it can be shown that w;(t) and z;(t) of (7.4.4) converges to the equilibrium point
of (7.4.3), i.e., wi(t) — w* and z(t) — 0. In particular, V(w,z) = F(w) —
F(w*) + (1/2)|y/a(w — w*) + z|? is a Lyapunov function for (7.4.3) and satisfies
V < —yaVv [Sie19]. This implies that the convergence rate of the distributed
algorithm (7.4.4) is also proportional to \/a (instead of being proportional to «

as in (7.4.1)). The convergence result is stated below.

Corollary 7.4.2. (Distributed Heavy-ball Algorithm with State Com-
munication) Consider the distributed algorithm given by (7.4.4) and 0 < v <
Va/2. Suppose that the gains are designed as in Theorem 7.3.3 with k, being
sufficiently large. Then there exists M > 0 and r > 0 such that

Vo

3 . _ * < - ’U)t‘
tligloml(t) w*| < Me "2
For instance, if v = \/a/4, then the rate becomes /a/4. O

Proof. Similar to the proof of Corollary 7.4.1, recall from Theorem 2.3.6 that the
blended dynamics is exponentially stable with rate \/«/2. Thus, we obtain

14 < —rV,

where r > 0 is given by

1 1

a
—k Amin A 2Urnin E )
i (A9)2in (E)*, 5

r:min<2(u—v),2
P2

<9*>2kpxmm<m>%mm<E>2)
= 2(1“ - U)a

where the last equality holds for suitably chosen gains kp, k1 and 7. Also recall
that the blended dynamics is a centralized heavy-ball method. Hence, u = \/a/2
follows from Theorem 2.3.6. Constant M can be computed using similar argu-

ments as in the proof of Corollary 7.4.1. U
The algorithm (7.4.4) achieves state consensus of x; = [w;; z;] since E = Iy,.
However, since z; is auxiliary variable added for the performance, communication

.-':lx—i = 1_' . i i

-
=]
1

L
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of z; may not be necessary. Motivated by this, let E' = [I,, 0] which results in

N - I Wi — Ws
Li] - [_2\/azi_Vfi(wi)] e [0] ];M( 5~ wi)
(7.4.5a)

§=—7) (wj—w). (7.4.5b)

JEN;

ﬁiZ@—m

JEN;

The algorithm (7.4.5) only communicates (; = w; (and its integral) and applies
control input only to w;. It can be checked that the blended dynamics of (7.4.5)

becomes
1 N
W = -~ Zzi’ 2 = —2y/az; — V f;(0) (7.4.6)
i=1

for all i € N, which is a (N + 1)n-dimensional system. Equilibrium point of
(7.4.6) is given by

(W', ~ g2 VAW, -, 5=V ()

and exponential convergence of the equilibrium point as well as the convergence

rate proportional to /o is shown below.

Lemma 7.4.3. (Exponential Convergence of the Reduced System with

Specific Parameters) Consider the system given by

Z = —2Vaz — V fi(w),
N 7.4.7)
o1 (
w = N Z; 25
where f(w) := (1/N) 2N | fi(w) is a-strongly convex and f;(w) is L-smooth for
alli=1,...,N. Then the solution of (7.4.7) satisfies

tlggo zi(t) = *mvfi(w ), tlglolo w(t) = w,
and the convergence is exponentially fast. O
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Proof. Let ¢ := [w; z1; -+ ; zy]. Similar to the Theorem 2.3.6, consider the func-
tion

2

1 N
\/a( +szz

=1

S i\[: (fi(w) - fi(W*)) .
N 2

i=1

Let z:= (1/N) Zz 1 %i- Then the time-derivative of V' (¢) along (7.4.7) becomes

= ;,vai(w)T Et (Vaw—w) +2) - (Va2 2vaz - Vi(w)

=Viw)" - z—aw-w")"z - Valw—-w*) Vf(w)—vaz' z - z"Vf(w)
= —a(w—w*)"z - Va(w—-w)Vfiw) - Vaz'z.

Here we use the definition of strong convexity (2.3.2) with y = w* to obtain
r * r r * - *
—Vav i) (w—w) € —va- (fw) - fw) + Fhw—w?).
Substituting this, it follows that
) *\ T 5 7 (% « %12 =T =
V< —aw—w")z-Va- (f(w)—f(w )+§|w—w | )—\/az z
= —va (fw) - fw") + 9|w—w*\2+¢a<w—w*fz+fz)
_ 1
:_ﬁ(( ) — fw f’fw w*) + z\2+2sz>
= —VaV(y) - {

Therefore, we obtain

V(1) < e VoV (4(0)).

In fact, regarding V(¢) as V(w, z), its structure is identical to the one used for
the proof of Theorem 2.3.6. Hence, there exists M > 0 such that
* 2 *
w(t) —w < MoV w(0) —w
z(t) z(0)

2
(7.4.8)
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Rest of the proof now shows similar convergence property holds for ¢ — ¢* =

[w—w* 21 — 25 528 — 25 ]

First note that

1| 2 N N
—12 * * * *
N STt Y S >
i=1 i=1 i=1
1 N
2
< NV lm -
i=1
L
2
=52 ls—4
i=1
where we used the fact that SN, 2 = —1/(2y/@) - SN Vfi(w*) = 0 and

> 2 — Z;“|2 <N |z — z;k|2. Therefore, we have

_ ) - -2
w—w* w—w*
2 1 *
w— w* —— (21 — 27) 21— 2%
[ ) ] < || YN < i (7.4.9)
z
_Tlﬁ(z]v —zy) ] 2N — 2N ]

where the second inequality holds since N > 1. Combining (7.4.8) with (7.4.9),

[w(t) - w*]
zZ(t)

Thus, |w(t) — w*| converges exponentially fast with the rate —y/a/2, while its

2
< Me Vet 1y(0).

coefficient depending on w(0) and z;(0).

Now to show z; converges exponentially, let e; := z; — z;. Then, its dynamics

is given by

é = —2v/az — V fi(w)
= —2V/ae — 2y/azf — V fi(w)
= —2Vae + Vfi(w) — Vfi(w).



7.4. Construction of Distributed Algorithms 165
Since f; is L—smooth, it holds that
IV fi(w(t)) = ¥ fi(w)| < Llw(t) — w*| < LVMe™V*25(0)].

Since dynamics of e; is Hurwitz with exponentially decaying input u(t), it follows
from Lemma A.1.2 that e(t) also decays exponentially fast, i.e., z; converges to

z} exponentially fast with rate v/o/2. O

Remark 7.4.1. Similar to that of Theorem 2.3.6, the algorithm given by (7.4.7)
achieves convergence rate proportional to \/a. This implies that the rate is im-

proved over the traditional centralized gradient descent method when « is small.$

Since the blended dynamics is exponentially stable, it follows from Theorem
7.3.2 that w; — w* holds for (7.4.5). Note that (7.4.5) achieves same convergence
rate as (7.4.4), while only communicating w; and its integral. Its convergence is

stated below.

Corollary 7.4.4. (Distributed Heavy-ball Algorithm with Output Com-
munication) Consider the distributed algorithm given by (7.4.5) and 0 < v <
Va/2. Suppose that the gains are designed as in Theorem 7.3.3 with k, being
sufficiently large. Then there exists M > 0 and r > 0 such that

lim |w;(t) — w*| < Me™ (0,
—00
For instance, if v = y/a/4, then the convergence rate becomes /a/4. O

Proof. Since the blended dynamics of (7.4.5) is exponentially stable with conver-
gence rate /a/2 as shown in Lemma 7.4.3, we may follow the proof of Theorem

7.3.3 to obtain

V< —rV,
where r > 0 is given by
1
r = min (2 (1t = ), ——kep Anin (Ap) 20min (B, (9*)QkpAmm(AI)%min(E)?) .
2p2 2p2
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Therefore, we obtain y/a/2 — v with suitably chosen gains. O

Finally, recall that the algorithm (7.4.5) can be also implemented without
communicating &; if the specific initialization is used if (7.2.3) is used. In partic-

ular, the algorithm given by

wi| —z; I, Wi — ) — I, ‘ X

E=—7) (wj—w). (7.4.10b)
JEN;

If the initial condition satisfies Zf\; 1&i(0) =0, (7.4.10) achieves the same conver-

gence rate of \/a/2 — v while communicating n-dimensional information.

7.4.3 Distributed Heavy-ball Method with Cyclic Coordinate De-

scent

Communication load of (7.4.4) can also be reduced by using the cyclic coordi-
nate descent method [Nes12, ST13]. Recall that the centralized cyclic coordinate
descent methods cycle through each coordinate axis update the corresponding
value. This technique can be also applied to distributed algorithms which can be
analyzed using Proposition 7.3.4 and switching network.

For illustration, consider a period § > 0 let ' > 0 be such that Zle st =6.
Define the periodic switching signal o(t) : R — L as o(t) == « (t — [t/d] - 9),
where |-| is the floor function and 7 (t) : [0,d) — L is defined as 7 (t) := ¢ for
g €{1,..., L} such that Z?;ll §t <t <> 6% Inparticular, o(t) cycles through
1 to L, spending 6! amount of time on each mode. Consequently, construct a time-
varying multilayer graph G(¢) with L layers, where Laplacian matrices are given
by

) = £ if w(t) =1,

Onxn  otherwise.

The corresponding output matrices C! € R represents coordinate of [w;; z;]

.__:Ix_c L, '|'|i
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and satisfies (1/0) foé(C"(t))TC”(t) = I5,. Specifically, we suppose that (C*)T (C")
is a diagonal matrix with positive diagonal entries representing the subset of
coordinate to be updated.

With the communication network constructed as G(t), we propose modifica-

tion of (7.4.5) as

w;
Z;

— (COWONT colt/0) [ “i ]

—2v/az; — V fi(w;)
+hy Yy (CHTY (

leL  jeNi(t/0) Zj Zi

+h Y (CHTY CUg - &) (7.4.11a)

lel JEN;(t/0)

L
Gi=—y (Y Y <Ol
t)

=1 je'/\/'ll(

wj ws

—c!

) , (7.4.11b)

2j 2
where N;(t) is the set of neighbors of agent i at time ¢ and 6 > 0 is a constant.

The blended dynamics (7.3.20) of (7.4.11) is identical to (7.4.6) and it can
be easily verified that Assumptions 7.3.3 to 7.3.5 hold. Therefore, it follows from
Proposition 7.3.4 that the solution of 7.3.4 satisfies w;(t) — w* and z;(t) — 0
with sufficiently large k, and sufficiently small 6.

Corollary 7.4.5. (Distributed Heavy-ball Algorithm with State Com-
munication and Cyclic Coordinate Descent) Consider the distributed algo-
rithm given by (7.4.11). Suppose that the gains are designed as Theorem 7.3.3.
Then, there exists 8* such that for all 0 < 6§ < 6*, it holds that

lim |w;(t) — w*| < Me™ /2t
t—o0

where M (w(0), 2(0),£(0), o, kp) and r is proportional to /c. O
Proof. Proof follows directly from Proposition 7.3.4. OJ

The proposed algorithm (7.4.11) implements the heavy-ball method as well
as cyclic coordinate descent for each agent and does not require any specific ini-
tial condition. For comparison, typical distributed algorithms are compared in

.-':lx—i = 1_' . i i
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Study Type Require Arbitrary Required Convergence rate
convexity of f; initialization communication (strongly convex)

[WE10] Continuous Yes v 2n Asymptotic

[KCM15]  Continuous Yes X n Exponential®

[YLW17]  Continuous Yes X n Asymptotic

[HCIL18] Continuous Yes v 2n Asymptotic

[XK19] Discrete Yes X 2n Exponential® (O([1 — C(2)%/7]%))

[QL20] Discrete Yes X 3n Exponential®

(7.4.5) Continuous No v 2n Exponential (O(y/«))

(7.4.10)  Continuous No X n Exponential (O(y/a))

Table 7.1: Table comparing various distributed algorithms and the required assumptions.

4Relation between convergence rate with strongly convexity of the function (i-e., @) is not shown explicitly. However, a simple example is

presented in [KCM15] which shows the rate of O(«) with sufficiently high gains.
SHere, C > 0 is a constant, L is Lipschitz constant of VF(z) and ¢ is the discrete time-step. Also note that an appropriate step size is chosen

to achieve the given convergence rate.

5 Although the exponential convergence is proved, relation between the convergence rate and the condition number is not shown explicitly.

E

]
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Table 7.1. The classical PI algorithms (e.g., [KCM15, YLW17]) communicate
n-dimensional information to its neighbors while requiring a specific initial con-
dition. Algorithms are proposed which does not require a specific initial con-
dition (e.g., [HCIL18, WE10]), but these communicate 2n-dimensional informa-
tion. Additionally, most works only prove asymptotic convergence. Authors of
[KCM15| prove exponential convergence but accelerated methods are not used.
For discrete-time algorithms, the distributed Nesterov method studied in [QL20]
communicates 3n-dimensional information and requires initialization. The dis-
tributed heavy-ball method proposed in [XK19] communicates 2n-dimensional
information but still requires a specific initial condition. Additionally, conver-
gence rates of discrete-time algorithms did not match the rate of the correspond-
ing centralized algorithms.

The proposed algorithm (7.4.5) implements the distributed heavy-ball method
while only communicating 2n-dimensional information and converges from any ar-
bitrary initial condition. We also recover the convergence rate of the centralized
heavy-ball method, i.e., the accelerated rate ofy/a/2. Furthermore, (7.4.10) is also
proposed which achieves the accelerated rate of convergence while only commu-
nicating n-dimensional information with the cost of arbitrary initialization. Fi-
nally, (7.4.11) implements the heavy-ball method as well as the cyclic coordinate
descent. At each time instant, (7.4.11) cycles through different layers and only
communicates 2n!-dimensional information. The n! is a design parameter and in
extreme case, it can be set to 1 by choosing C! = elT e R for 1 =1,...,2n,
where ¢; is an elementary vector whose [-th element is 1 and 0 otherwise. This
leads to an algorithm only communicating 2-dimensional information.

Although the discussion of this section employed the heavy-ball method, the
main results provide a general framework for the construction and analysis of dis-
tributed algorithms. In particular, any continuous-time algorithm satisfying the
required assumptions (e.g., Assumption 7.3.5) may be used to obtain a similar re-
sult. For example, algorithms like accelerated triple momentum algorithm [SGK]

can be employed to obtain new distributed algorithm.

Remark 7.4.2. Coordinate descent algorithm based on (7.4.5) can be also ob-

tained in a similar manner. However, for the analysis, we must show Assumption

.__:Ix_c L, '|'|i
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7.3.5 hold. Although the exponential stability is shown in Lemma 7.4.3, it did
not construct the Lyapunov function. Hence, Proposition 7.3.4 cannot be applied.
Nonetheless, such design is simulated in Section 7.5 and shown to converge to the

optimal solution. O

7.5 Numerical Experiments

For the numerical simulation, consider the distributed quadratic problem with
N = 12 agents where cost function of each agent is given by fi(z) = 2" A;x + bZ-Ta:
where A; € R%%6 is a symmetric matrix and b; € RS. For instance, f;(x) may
represent squared losses for the linear regression problem. It is supposed that
Zij\il A; is positive definite while A; may be indefinite. The condition number s
of Zf\; 1 fi(x) is defined as the ratio of the maximum to the minimum eigenvalue of
ZZ]\L 1 Ai. For communication network, a random (connected) graph is generated

using the Erdés-Rényi model with each edge having a probability of 0.2.

7.5.1 Distributed PI Algorithm

The classical PI algorithm given by

b= =V filw) +kp > (wg— @)+ kY (& —&)

JEN; JEN:
=~k Y (zj— )
JEN;
is implemented to illustrate the impact of gains on the performance. Simulation
result is shown in Fig. 7.2 when x = 1. Solid lines denote the performance with
kp = 1 and dotted lines denote the performance with k1 = 1. The performance
of the centralized gradient descent is also plotted with a red dashed line. With
kp, = ki = 1 as a basis, observe that as k is increased, the performance actually
decreases and solution converges slowly. This is consistent with the convergence
rate obtained in Theorem 7.3.3. On the other hand, if k; is increased instead,
we see that the performance is indeed improved. Moreover, performance recovers

that of the blended dynamics (i.e., the CGD) when ki = 2.
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--—- CGD
— k=l k=1
e hy =10k =1
........ ky=15k=1
— k=1 k=11
k=1 k =2

0 100 200 300 400 500

Timels]

Figure 7.2: Simulation result for PI algorithm with varying gains.

In more detail, it can be seen that performance closely follows that of CGD at
first (and stays closer longer for higher k) but slows down (and slows down more
for higher k). This behavior can be explained by the work of [LS20b|. Specifically,
it is known that the trajectory of each agent follows that of blended dynamics up
to finite time for high k;,. However, fast convergence to the solution of blended
dynamics degrades the performance in the long run because the integrator must
catch up for asymptotic convergence. For asymptotic convergence, the state of
the integrator must converge to a fixed value, which takes longer now since the
consensus error is relatively small when kj, is high. As ki is increased, it speeds
up the convergence rate of the integrators which results in faster convergence for
the overall system. Such behavior is encoded in the convergence rate derived in

Theorem 7.3.3 (although the exact order might be improved).
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7.5.2 Distributed Heavy-ball Algorithm

For distributed heavy-ball algorithm, construct the switching multilayer graph
as described in Section 7.4.3 with L = 2 and C! given by

C'=2|I O3x3 I3 O3><3:|a 02:2[03><3 I3 03x3 13],

with 6/ = 2 or 10 for all [ € £. The dynamics (7.4.11) is implemented with k, = 1
and k1 = 0.1 or 0.01. Specifically, with communication network and switching
matrices defined as above, we have a cyclic coordinate algorithm. Finally, 2 /a =
0.01 is used for the heavy-ball methods. Note that this is not the exact value
of the minimum eigenvalue of Zfil A;. Exact value is approximately 2\/1/7 =
1/k = 0.07. However, finding the exact value is challenging in the practice
and hence we use the value within the same order of magnitude.
Coordinate descent version of (7.4.5) is also implemented whose dynamics is
given by
g (Cg(t/G))TCg(t/H)Zi
H e “/”)Tcz“/@)(—Mzi - wwi))]

+ kp Z cHT Z C! (w i) + ki ] Z(Cé)TZ oA(3
0]z JEN;(£/0) 0] jez JEN;(t/0)
(7.5.1a)
L
Z )T (Gl — Clui) | (7.5.1b)

=1 JGNZ()

where C’é is the corresponding output matrices.

Results are compared with the following continuous-time algorithms:
1. Centralized gradient descent (CGD)

2. Centralized momentum method (CMM)

3. PI algorithm (PI) [HCIL1S|

4. Heavy-ball method with full state communication given in (7.4.4) (HB-
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State)

5. Heavy-ball method with full state and switching communication (HB-State
(Switching)) given in (7.4.11)

6. Heavy-ball method with output communication given in (7.4.5) (HB-Output)

7. Heavy-ball method with output and switching communication (HB-Output
(Switching)) given in (7.5.1)

Simulation results are shown in Fig. 7.3 with varying parameters, where
distance to the optimal value is plotted in vertical axis (i.e., (1/N) Zf\il | (1) —x*|
for distributed algorithms and |z(t)—2*| for centralized algorithms) and horizontal
axis is the time ¢. Simulation is done in the case when the condition number
is high to see the effectiveness of the momentum. It can be seen in all cases that
the momentum methods outperforms gradient based methods as expected. The
proposed algorithm (7.4.5) (in solid orange line) even outperforms the centralized
gradient descent algorithm (red dashed line) when x = 750. This is because
the distributed algorithm follows the trajectory of the centralized momentum
method with sufficiently large gains, and hence achieve similar performance of the
centralized heavy-ball method. In particular, it can be seen from Fig. 7.3(a) that
with sufficiently high k;, and ki, both HB-Output and HB-State achieves similar
performance as the centralized momentum method. Additionally, by analyzing
the blended dynamics of respective algorithm, it can be verified that the z;(t)
(the trajectory of the solution) will be identical, which is also reflected on the
simulation results.

For the coordinate descent algorithms shown in Fig. 7.3(b) and Fig. 7.3(c),
only 6-dimensional information (i.e., Clw; € R? and C'¢; € R3) is communicated
at each time instant and only the half elements in vectors w; and z; are updated.
Nonetheless, Fig. 7.3(b) shows that with sufficiently fast switching time, coor-
dinate descent algorithms and regular algorithms have similar performances. In
fact, since the coordinate descent algorithms only require half of the computation
and communicational load when compared with (7.4.5), it can operate at twice

as fast in theory. This means that the coordinate descent algorithms may achieve

2] &-t]] 8
i ] 1
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Figure 7.3: Performance of the algorithms with various parameters when x =
750.
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better performance in practice. Finally, Fig. 7.3(c) shows the simulation results
when graph is switched more slowly. We see that the trajectories deviates from

the centralized methods, but still achieve comparable performances.

7.6 Remark on the Study of Continuous-time Algo-

rithms

We end this chapter with a brief discussion on the importance of continuous-
time optimization algorithms. Traditionally, construction and analysis of the op-
timization algorithms are done in the discrete-time domain as algorithms must
be implemented into computing devices. Centralized algorithms such as gradient
descent, proximal operators, Nesterov gradient methods [Berl6, Nes04| are well-
studied and have a long history stemming back to the 1960s. Consequently, dis-
tributed algorithms are also mainly studied in the discrete-time domain. Mean-
while, analysis of the optimization algorithms in the continuous-time domain has
been done (e.g., see [BBB89| and references therein) as well. Such an approach
has a long history, but it is recently gaining increased attention with the work
of [WSC16] and followed with works such as [WRJ16, MJ19, SDSJ19, SDJS18|.
These works mainly studied accelerated gradient methods such as Nesterov’s gra-
dient method to provide further insights into the optimization algorithms that are
otherwise too hard to express in the discrete-time domain. Moreover, improve-
ments in the continuous-time domain along with the proper discretization of such
continuous-time algorithms resulted in various versions of the discrete-time algo-
rithm that can be used [SDSJ19].

In the same philosophy, we believe that the studies of continuous-time dis-
tributed algorithms will lead to a similar conclusion, i.e., a better understanding
of algorithms, development of improved algorithms, and simpler theoretical anal-
ysis of discrete-time algorithms. For example, stochastic discrete-time algorithms
can be analyzed by studying its deterministic continuous-time counterpart, which
is often easier to analyze (e.g., see [Bor08|) or work such as [CGC17|, which ana-
lyzed continuous-time saddle-point dynamics using rich theory from the analysis

of (continuous-time) nonlinear system.
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Another aspect that the analysis of the continuous-time distributed algorithm
can also contribute is to provide a common framework to categorize and analyze
various discrete-time algorithms. A plethora of discrete-time distributed algo-
rithms is mainly developed independently based on intuition and a combination
of different optimization and consensus algorithms. (See [YYW™19] for a sur-
vey of various algorithms.) Recently, there were attempts to unify these algo-
rithms such as [Jak19, AS20] (using primal-dual interpretation as discussed in
Remark 7.2.2) or [XTSS20| (which uses similar approach along with the oper-
ator splitting). However, since these works approached distributed algorithms
from a discrete-time perspective, there are limited to the class of algorithms these
frameworks can express. These limitations come from the basic update structures
these work suppose, which may not apply to all discrete-time algorithms (e.g., see
[AS20] which discusses combine-then-adapt and adapt-then-combine schemes).
However, using continuous-time algorithms, discrete-time algorithms may be ex-
pressed as a combination of a continuous-time dynamical system with a partic-
ular discretization method. In this sense, we believe that a unified framework
for various distributed algorithms can be developed. Moreover, discretization
schemes other than Euler’s method with different properties and strengths can
be employed to generate new discrete-time algorithms. For example, backward
discretization might be used to promote stability, symplectic discretization devel-
oped for Hamiltonian systems for accuracy, or higher-order methods can be used
to develop different versions of the same continuous-time algorithm. The result
of this dissertation does not explore these possibilities. However, these may give
more value to the analysis of the continuous-time algorithms provided in this dis-

sertation.
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Chapter 8

Conclusions and Further Issues

The study of the multi-agent system has been done extensively for the past few
decades, each focusing and extending different aspects of the multi-agent systems.
Numerous studies can be categorized based on i) complexity of dynamics of each
agent, ii) structure of the communication network and iii) details on the infor-
mation exchanged between agents. This dissertation builds upon the study of
the consensus problem and mainly investigates the novel aspects of information
exchange. Specifically, we study the case when different information is exchanged
over multiple different communication networks. From hereafter, we summarize
the main contributions for each chapter.

The most important result of this dissertation is presented in Chapter 3. We
have formulated the consensus problem of multi-agent systems over a multilayer
network and studied various properties of the problem. First, motivated by the
classical definition of undetectable subspace and by identifying invariant subspace
for the consensus problem, we have proposed a novel necessary condition for state
consensus problem over undirected multilayer network. A different interpretation
of the proposed condition is given such as observability aspect, geometric interpre-
tation, and finally the algebraic condition. Each interpretation extends the previ-
ous result for the consensus problem over the single-layer network differently yet
it is shown that these conditions are equivalent. Perhaps most importantly (and
obviously in hindsight), the proposed condition combines both graph theoretical
concepts and system theoretical concepts. Connectivity of the graph, as well as

the detectability, are captured together and the interplay between two aspects of
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the consensus problem is elegantly summarized into a single statement.

Furthermore, another main contribution of Chapter 3 is designing a novel dy-
namic controller to achieve state consensus using the proposed condition. The
proposed design is motivated and generalizes existing designs for the single-layer
network. It utilizes a partial observer for each layer and a full-order observer to
combine partial information from each layer to obtain relative state information,
whose convergence is guaranteed by the proposed necessary condition. In conclu-
sion, we have shown that the proposed condition is necessary and sufficient for

the consensusability of the multi-agent systems.

In Chapter 4, results from Chapter 3 is extended to the output consensus
problem over directed multilayer networks. Extensions of various aspects of the
necessary condition are proposed. Unfortunately, the output consensus over a
directed multilayer network is a much more challenging problem. For example,
proposed extensions are no longer equivalent and clearly not sufficient as illus-
trated through various counter-examples. Nonetheless, an appropriate assump-
tion on the dynamics of the agent is proposed to recover equivalence for output
consensus problem over an undirected network. Specifically, we have proposed an
assumption that essentially requires the plant to have different modes. With the
assumption, sufficient condition and controller design is proposed for a directed
multilayer network. The sufficient condition also embodies a nice physical repre-
sentation which can be summarized as each mode of the plant must have a rooted
spanning tree. For an undirected multilayer network, an additional assumption
is also investigated which is motivated by the physical interpretation of the cor-
responding necessary condition obtained from the state consensus problem. The
same dynamic controller designed for a directed network is shown to work under
different assumptions. Regardless of which assumption to use, equivalence is re-

covered for undirected output consensus problems.

From Chapter 5 to Chapter 7, various applications of the consensus over mul-
tilayer network are presented. In Chapter 5, the distributed state estimation
problem is formulated into the consensus problem over a multilayer network. It
is shown that the proposed necessary condition generalizes previous conditions
reported for the estimation problem. Applying a multilayer network also led to

T !
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a novel design for a distributed observer with a reduced communication burden.
Specifically, a static controller is designed and a notion of the minimal communi-
cation burden is proposed and analyzed. Results are further extended to switch-
ing networks and estimation is achieved when the communication network as well

as the output measurements are switching.

In Chapter 6, the formation control problem is viewed as a consensus problem
over a multilayer network. Specifically, we consider a scenario where the desired
formation is given by a combination of bearing and relative positional constraints.
The dynamic controller proposed in Chapter 3 can be directly applied to achieve
the desired formation. The proposed controller is especially useful when the for-
mation wants to scale its overall size and numerical simulations are presented to

illustrate the efficacy.

Chapter 7 investigates a slightly different application of the multilayer net-
work. We consider applying the general concept of a multilayer network to the
distributed optimization problem. In particular, it is shown that the switch-
ing multilayer network may represent the coordinate descent algorithms in the
continuous-time domain and related results are presented. This chapter also de-
velops proportional-integral control applied to nonlinear heterogeneous agents us-
ing the approach of the blended dynamics, which provides a systematical frame-
work for designing a distributed algorithm from a centralized algorithm. In partic-
ular, a novel distributed optimization algorithm based on the centralized heavy-
ball method with cyclic coordinate descent is proposed which recovers the conver-
gence rate of y/a (when the cost function is a-strongly convex) under appropriate

designs.

So far we have summarized a number of novel concepts and designs for the
consensus problem over the multilayer network as well as various applications.
Surely this does not mean closure, and in fact, opens up many questions for

future research.

First and foremost, further study is certainly needed to fully characterize the
output consensus problem over a directed network. Finding the general statement
without requiring the additional assumptions as well as finding similar intuitive

understanding seems to be a interesting topic. For this, it is natural that we need
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innovations from both the system theoretical side and graph theoretical side of
the problem. From the system theoretical aspect, it is expected that the classical
theory developed for the linear system will be critical for further development.
Innovation from graph theoretical aspect seems more challenging. In order to
fully understand the directed multilayer network, I believe the extension (and ex-
amination) of results such as [LWHF14] may be fruitful. Secondly, the proposed
dynamic controller requires each agent to communicate the state of the controller
on the projection graph. Although a similar requirement was necessary for the
designs under a single-layer communication network, the work of [SSB09]| removed
such requirement by using the low-gain approach. The design proposed in [SSB09|
is inherently different compared to the observer-based controller that is used in
this dissertation. Hence, extending such ideas to a multilayer network seems to be
a natural next step (but challenging!). Application to the distributed estimation
problem also calls for further investigation. Specifically, the development of a
static feedback controller for a more general system (other than marginally stable
systems) will directly yield a distributed observer design with reduced communi-
cation for a wider range of systems which is more practical than marginally stable
systems. In particular, an extension to include integrators is an important open

problem.

Additionally, various other aspects of the problem can be improved upon as
the control community did for the consensus problem over a single-layer network.
For instance, frameworks such as event-triggered systems (e.g., see the survey
paper [DHGZ18]), discrete-time systems, or sampled-data systems [YG14| can be
applied to a consensus over a multilayer network. Nonlinear systems or hetero-
geneous agents can also be studied and results of [LS20b, KYS*16] may provide
some insights and guidance. Other considerations including but not limited to
communication delays, disturbances rejection, cooperative tracking, or optimal
control problems are all viable extensions to study the consensus problem over a

multilayer network.

Finally, blended dynamics approach to the distributed optimization problem
studied in Chapter 7 also has interesting topics to work on. For instance, a

systematical analysis of the stability of the blended dynamics needs more work
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especially when agents are coupled via output. In particular, further analysis
may lead to convergence proof for distributed heavy-ball algorithm with output
coupling using coordinate descent method. Extension of the proposed approach
to the larger class of system is also of interest such that the distributed algorithms
and the convergence rates of the corresponding algorithms can be characterized
for convex (but not necessarily strongly convex) problems. In this direction, one
of the most interesting question is whether the approach can describe the Nesterov

gradient method and whether we can develop a distributed Nesterov method.
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APPENDIX

A.1 Technical Lemmas

Technical lemmas used throughout the dissertation is presented in this section.

First lemma summarizes properties of a symmetric matrix.

Lemma A.1.1. (Property of Positive Semidefinite Matrix) Let M € R"*"

be a symmetric matrix. Then the followings are equivalent.
1. M >0.
2. 2" Mz >0, VadkerM.
3. "Mz >0, Vze (kerM):.

4. Ag+1(M) > 0, where d := dimker M. O

Proof. Proof follows easily from the basic definitions. For more details, see

[RAH19]. 0

It is well known that for stable linear system with exponentially decaying
input is stable. For instance, such concept is studied in [Kha02, Chapter 4.9]
as input-to-state stability. Following result reiterates some of these findings but

provides explicit bound for linear systems.

Lemma A.1.2. (Linear System with Vanishing Input) Consider the linear

system given by

& = Az + Bu(t)

183 M1l
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where u(t) is exponentially decaying, i.e., there exists constants M, A, > 0 such
that
[u(t)] < Mye " |u(0)]

and that A is a Hurwitz matrix. Then, there exists M € R~ such that
lz(t)] < Me™,

where av = (1/2) min( Ay, Amin(A)). O

Proof. Proof can be found in [Wiel0O, Lem. B. 1.]. Specifically, the statement is
a special case of [WielO, Lem. B. 1.] when A is Hurwitz. O

Next lemma constructs a dynamics which estimates the relative state differ-

ence.
Lemma A.1.3. (Estimating Relative State Difference) Consider a multi-
agent system given by

%; = Az; + Bu,, Yi = Cz, Vie N,

where (C, A) is detectable and the communication network consists of ¢ > 1
independently strongly connected component (iISCC) [Wiel0O|. Suppose that the

dynamics of Z; is given by
Z;=A%; + Bu; + G[ > aiC(3— &) — ai(y;— vi) | +eilt)
JEN;

for all i € N where ¢;(t) is an exponentially decaying signal. Then there exists a

gain G such that

lm Y ai(2(8) = 2:(1) = Y auglz(t) — =) =0,

JEN; JEN
for alli € . O

Proof. Let £ € RY*N be the Laplacian matrix of the communication network.

Define the columns of Vi € CN*¢ and Vi € CVN*(V=9) a5 the eigenvectors of £

] 2- 1_l|
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such that
L[Ve V&] = [Ve Ve|diag(0c, A),

where A := diag(Aet1(L), ..., An(£)) € CV=9xIV=¢)  Gpecifically, columns of
Ve are eigenvectors with eigenvalue of 0. Let e; := 2; — z;, e :== [e1;- - ;en] and

e(t) :=[e1(t);- - ;en(t)]. Then, the dynamics of e become

e=[In®A) — (L®GO))e+e(t).

® In) e.

Now, apply the transformation given by

e

- (E el o)~ (fy

e

Then, we obtain

e=(I.® A)e + Wse(t)
é=[(In_c®A) — AR GC| &+ Wae(t)

It follows from [Tun08| that G can be found such that Iny_.® A — A ® GC is

Hurwitz. Since e(t) — 0, this implies € — 0. Finally, note that
(Lol)e=(LV:xl)e+ (LVex I,)ée= (LV:® I,)ée — 0.

This completes the proof. O

A.2 Comparisons with Existing Consensus Problems

In this section, the consensus problem over multilayer network is compared
with other frameworks. Specifically, it is shown that the classical consensus prob-
lem over multilayer network as well as the consensus problem of heterogeneous
agents over single-layer network cannot represent the consensus problem over mul-
tilayer network (even when the output matrices are modified). A concept of the
matrix weighted network, which is proposed recently in [Tunl7|, is shown to be

equivalent to the consensus problem over multilayer network.
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(a) Multilayer graph G for Example A.2.1. (b) Multilayer graph Gs,, representing

the single-layer network.

Figure A.1: Multilayer graphs for different formulations.

Throughout this section, we will use the following example for the multilayer

network.

Example A.2.1. Consider the consensus problem of 3 agents over multilayer

graph G with 3 layers, whose dynamics is given by

ii = A$l —I—Bui,
yl=Clzy, VieN,leLl.

The multilayer graph G is defined as in Fig. A.1(a). O

In the following sections, we will investigate whether the system considered in

Example A.2.1 can be represented using the different frameworks.

A.2.1 Consensus Problem of Homogeneous Agents over Single-

layer Network

We will first study whether the classical consensus problem over single-layer

network can represent the consensus problem over multilayer network. For this,

.__:Ix_c L, '|'|i

L

[

-
1
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consider the consensus of 3 agents whose dynamics is given by

(A.2.1)
yi = Ex;

where F is the common output matrix with the single-layer network Gg. In

particular, suppose that Gg is the all-to-all network.

In an attempt to represent the multilayer graph using (A.2.1), let

Then the resulting consensus problem can be represented using the multilayer
graph G, given by Fig. A.1(b). Let aéj be the entries of the adjacency matrices
of Gsm and «;; be the entries of the adjacency matrix of G,. Then, since the

output matrix F is defined as a stack of C%, it can be observed that

1T 2 _ 3 _ L=
OéZ]—OéZ]—OéZ]—l s 042]—17

1

Therefore, using single-layer network lacks the flexibility compared with the gen-

L

eral multilayer network, which may have different values for o;;, e.g., al, = but

a2y = a3y =0 as in Fig. A.1(a).

One may try to change the definition of F, to perhaps only be E = [C1; C?].
However, corresponding multilayer graph can be also obtained, and it has an effect
of removing a layer. In conclusion, single-layer network with different definition

of E (including the one using the lifting) cannot represent the multilayer network.

Fundamental limitation of the single-layer network is that the common infor-
mation is transmitted to all neighbors of agent . On the other hand, agent may
transmit different information to different neighbors, which cannot be described

using a single-layer network.

2] &-t]] 8
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A.2.2 Consensus Problem of Heterogeneous Agents over Single-

layer Network

As seen from the previous discussion, if a framework can describe multilayer
network using a single-layer network, one must be able to transmit different in-
formation. Another consensus problem studied in the literature that may achieve
this is to use heterogeneous agents [WSA11]. Consider the following consensus
problem of 3 agents with the same dynamics but with different output matrices

as given by

T; = Ax; + Bu;

vi = Bz,

where FE; is the output matrix of agent ¢. In this problem, we suppose that each
agent only use the relative output information E;x; — E;x; to compute the control

input and that the communication network is given by Gi.

In order to see whether the heterogeneous agents can represent the multi-
layer network, consider the agent 3 on both heterogeneous single-layer network
and multilayer network. On the heterogeneous single-layer network, information
available to agent 3 can be written as

Eiz1 — Esx3

5e = , (A2.2)

EQl‘Q - E3$3

while the information available to agent 3 over multilayer network is given by

Sgm = (A.2.3)

Cl(l‘l — xg)]
C2(wy —23)|

Therefore, the question now becomes whether there exists E; and Fj3 such that

(A.2.2) is equivalent to (A.2.3), i.e., d35 = 03 m.

As a first attempt, let By = E3 = C! such that E1xy — Ezxg = C(z1 — x3).

However, this means that Eoxe—Clag # C?x9—C?x3. One may try other options

2] &-t]] 8
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for E;, such as By = [C?; C?] and E3 = [C'; 0] which results in

Eizq — E3x3 =

Cll'l - Clxg
C%x1 -0

< Oz — x3).

Moreover, information between agent 3 and agent 2 cannot be matched.

To be more precise, the information available to all agents through single-layer

network can be written as

Ey 0 —Fj5
5 E, —E, 0
X
1,8 —E1 E2 0 1
(58 = 52,8 = 0 E E ) <A24)
2 — L3
035 T3
—F; 0 Es
0 -E Es

while the information available to all agents through multilayer network is given

by
¢t o0 -—C!
5 c? —-Cc? 0
1,m o)
’ —c? 2 0
5m = 52,111 = T2 (A25)
0 c3 —C3
%m o o ¢ |7
0 -

The matrices F; is ¢ x n matrices, where the size ¢ is larger than ¢'. If the size
of ¢ is different from ¢', then &, may be padded with zero rows such that the
dimension of dg is same as d,. Finally, by comparing the first columns of (A.2.4)

with (A.2.5) that no E exists such that ds = .

In the discussions so far, we have implicitly assumed that relative information

is available per agent basis, i.e., y; — y; instead of Zje/\/,- (y; —vi). If consider the

] 2- 1_l|
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summation of relative output information, ds becomes

2E1 —E2 —E3 T
(55 = —E1 2E2 —E3 i)
—E1 —E2 2E3 T3

Comparing the above with (A.2.5), it can be easily checked that such F; does not
exists.

In conclusion, even if we use heterogeneous output over single-layer network,
the corresponding system cannot represent the information exchange over the
multilayer network. The same challenge as studied in earlier section still remains.
Namely, each agent transmit same information to all of its neighbors, while in the
multilayer network agent may transmit different information to different neigh-

bors.

Remark A.2.1. Multilayer also cannot represent heterogeneous output matrices.

In particular, one needs to find C! such that
EZ‘J}Z‘—E]‘JI]‘ :C’l(a:i—xj), Vi, j EN,

which does not hold in general. O

A.2.3 Consensus Problem over Matrix-weighted Network

A fundamental limitation for single-layer network studied so far is that each
agent cannot transmit different information to each of its neighbors. However,
consider the same dynamics with communication network G5 and the output
structure given by

T; = Ax; + By,
(A.2.6)

yij = Cij(zi — x;),

where Cj; is the matrix associated with the edge (¢, j) and that each agent uses y;;
for all j € N;. This is the problem studied in [Tun17|. A graphical representation
is shown in Fig. A.2. In particular, (A.2.6) can easily represent the multilayer
3 by y

.__:Ix_c L, 1_'. I
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///

(0\12*@ Cas

Figure A.2: Graphical representation of the communication structure for the
system (A.2.6).

network considered in (A.2.1). For this suppose C;; = Cj; and define output

matrices as

0 Ct 0
Cio=|C?|, Cis=]0]|, Cx=10
0 0 c?

In general, a multilayer graph G with the corresponding output matrices C*
can be represented using a matrix weighted network. Specifically, let the single-

layer graph G4 = proj (G) and let

ozile 1
Cij = :
aiLjCL
Then, it can be easily checked that the corresponding system describes the iden-

tical information structure given by the multilayer network.

A.3 Detectability Interpretation of the Necessary Con-
ditions
In this section, we present a detectability interpretation of the necessary con-
dition (3.2.2). Consider the multi-agent system with multilayer network given by
ii = A:L‘i;
y; = C'w;, (A.3.1)
¢ =Rz, VieN,leL,
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where z; € R", yzl- € R? and (; € R? is the desired output.
We can prove the following results which resembles the observability (or de-
tectability), which extend the ideas proposed in [Tun17]| to output consensus prob-

lem over directed graphs.

Definition A.3.1. The multi-agent system over the multilayer network G is de-
tectable if

y;() —ui() =0 VE>0,V(i,5) € £ = lim [¢;(t) = Gi(t)] =0, Vi,j €N,
and observable if the later holds for all ¢t > 0. O
Theorem A.3.1. The system (A.3.1) is detectable if and only if

K Ckerll® Zg. O

Proof. ( <= ) Suppose yé(t) —yk(t) = 0 for all (4,5) € & and t > 0. By taking
derivative, it holds that

Cl
C'A

ClAnfl

This implies 2;(0) —2,;(0) € (ker C'| A). Now decompose each state to stable and
unstable part as z;(0) = z;4(0) + x;,(0), where z; ,(0) € X*(A) and z;,(0) €
X"(A). Then we have

(2,5(0) = 2i,5(0)) + (25,u(0) — 24,u(0))
€ (ker C'| A)
= (ker C' | A) N X*(A) @ (ker C'| A) N X*(A).

Thus,
(2;,5(0) — 2:.5(0)) € (ker C' | A) N X*(A).
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By stacking x; s and since graphs are undirected, we obtain

2,(0) € K CkerlT® Zg".
Since K is invariant, using the property of the linear system, we get

G(t) = Git) = R(zj(t) — xi(t) + R(x5(t) — 27 (1))

Unstable terms are zero due to assumption and second term decays to zero, which
completes the proof.
( =) Proof is similar to the previous case. First break down z(0) into stable

and unstable parts and use property of the linear system to have output in from
of

() = Gi(t) = R(xj(t) — () + R(x5(t) — 27(t)) — 0.

Notice that stable parts decays to zero, and to have the relative output to converge

to zero, unstable part must satisfy

R
RA

RAn—l
This implies z;(0) € ker 1 ® Zg . Since x;(0) € K, this completes the proof. [

Result of Theorem A.3.1 provides a detectability interpretation of the pro-
posed necessary condition. Also recall that the necessary condition, i.e., the de-
tectability of the MAS over multilayer network, is sufficient for state consensus
problem over undirected graphs. However, as discussed in the Chapter 4, de-
tectability of the MAS is not sufficient to design controller for the output consen-

sus problem over directed graphs.
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