ive

creat
commons

)

E D

O N S D

M

O M

C

XN & XHEAl-

)
)
A
5%
<+

ioll
)
10
ak

&l

O

3
<D

0%

W0 s

~U)

<3

oll

RJ 4D oo
oS
”) <+ 1

~ 2 O]

LICk:

El-

ZHE Metor

LICH.

!

MEXE ZEAIGHHOF &

— o
:_CI

t

¢}

MNZERLEAlL A

K4 .
I
[
00 <
S
] =
Ww m
RC o0
= K’
0 oy
RC U
K &
S K
oF
)
J (@)
(o]

3l
ST
- .o
)
o 3 _Eu_JE
00 7 5
(@) LOr _
= 2 ol
o7 2 U

-
0 il
RM 5 O
= = %_”
S 19
JI Ay
5 80 gr
o=
[ ] [ ]

X ESLICH

HOd

HEAH0 2 0l8Ke als 219 ol o

E

ol

I 2

Oloiotol &

S}
=

0l N2 0| =3 & 72 (Legal Code)

Disclaimer |:|._'|

lection

Co


http://creativecommons.org/licenses/by-sa/2.0/kr/legalcode
http://creativecommons.org/licenses/by-sa/2.0/kr/

Master’s Thesis of Economics

The Best-of-Five Rounds’
Contest with Asymmetric Players

A A EAlsHE A=y ZHE
-57 34sAl, HIdR FA7HA RE 9 79-

February 2021

Graduate School of Social Sciences

Seoul National University
Economics Major

Jinwook Kim



The Best-of-Five Rounds' Contest with
Asymmetric Players

Advisor Dmitry A. Shapiro

Submitting a master’s thesis of
Economics

February 2021

Graduate School of Economics

Seoul National University
Economics

Jinwook Kim

Confirming the master’s thesis written by

Jinwook Kim
February 2021

Chair
Vice Chair
Examiner -




Abstract

This paper shows the solution of the fully rational model of the Best-of-Five rounds’
contest between asymmetric players. The complexity of the equilibrium in a fully ra-
tional model of the best-of-N contest between asymmetric players rapidly increases as
N increases, so we find the general form of the solution first and use them to get the
equilibrium at each stage. We will see how the asymmetry between the players affects
the probability of winning at each stage and what characteristics of equilibrium have.
We find that the results are consistent with those in the previous study, which used the
Best-of-Three model with asymmetric players. We suggest the reason why the Best-of-
Five model is better to distinguish the effect of strategic momentum and psychological
momentum. Also, We suggest testable hypotheses, interpretations of results, and theo-
retical frequencies calculated based on the equilibrium as a benchmark for the test using

the professional tennis data like that have done in the previous study.

Keyword: Best-of-N, Best-of-Five, Asymmetric Players, Strategic Momentum, Nash
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1 Introduction

The Best-of-N contest is the contest where contestants compete over consecutive rounds
until the winner is determined by winning a majority of the N rounds. When we watch
the broadcast of big, famous sports events that have best-of-N structure, like Major
League Baseball World Series, Korean Series of Korean Baseball Organization, League
of Legends World Championship Tournament, major tennis tournaments, or the final
stage of major Go tournaments, commentators often mention the importance of the first
game(or round, set) with the statistical data on the screen that shows how frequently
the winner of the first game won the title. Korean Series of the KBO is a good example
of it. Korean Series is the best-of-seven contest, and by 2020, the percentage of winning
the series title by the team that won the first game was 73.7%(28/38). The first two

consecutive wins increase this percentage to 89.5%(17/19). The team with the first three

*Department of Economics, College of Social Sciences, Seoul National University. Email:

dmitry.shapiro@snu.ac.kr



consecutive wins always got the title (11/11). Also, out of those eleven cases, eight
Korean series ended with four consecutive wins. Though they are not a rigorous statistical
analysis that shows the causal relationship, these reports easily make us believe that there
exists momentum that belongs to the winner of the earlier round since the frequency
that supports the comment is high enough even the advantageous situation is considered.
This is one example of the common perception that momentum generated in the previous
round has a powerful influence on subsequent performance. The effect of the result in one
round on the players’ performance in subsequent rounds is a subject of great interest to
both economists and behavioral researchers. There are two distinct types of momentum

that are commonly considered: strategic momentum and psychological momentum.

Psychological momentum is a commonly mentioned concept in sports broadcasting
and, thus, commonly perceived as a major cause of winning streak. Psychological momen-
tum is quite a nebulous concept even in the psychology literature but can be summed up
as ’success breeds success’ informally. According to the psychological momentum, even
two players have the same ability, the player who won the previous round more likely
to win the current round thanks to the enhanced confidence. Of course, this momentum
may shift to the opponent as the player with the momentum loses. Many papers empha-
size the role of psychological momentum. Iso-Ahola and Dotson (2016) is one of them
and argues that psychological momentum is a key to continued success using the sports
data. On the other hand, strategic momentum exists when the result of the current round
affects players’ incentives in the next round. Contest theory, which was formulated by
Tullock (1980) and Rosen (1986), assumes that the probability of winning is determined
by players’ effort level and ability. Players choose their effort level to maximize their
expected payoff: prize minus cost of effort in each round. In this setting, the results of
the previous round affect the net incentives for winning the next round. Even without

the existence of psychological momentum, the player who won the previous round faces a



bigger net prize since fewer rounds are needed to win, which means less effort is needed.

Thus, he exerts more effort than the opponent and more likely to win.

At first glance, those two kinds of momentum look similar in the sense that the winner
of the previous round has a kind of momentum, and it improves the player’s performance
in the next round. However, there is a big difference. Let us think of the best-of-three
contest between the homogeneous players. If the game goes to Round 3, the score is tied,
1:1, psychological momentum belongs to the winner of Round 2, thus he is more likely
to win the round and win the game. However, in a fully rational model of best-of-three
between homogeneous players, the player who won Round 1 has strategic momentum in
Round 2, but once they go to Round 3, both players exert the same level of effort since
they are tied in a score again and face the same prize no matter what happened in the
previous round. Neither one of them is more likely to win in Round 3. The tendency that
the winner of the first round is more likely to win the next round can be explained not
only by the psychological momentum as commonly mentioned but also by the strategic
momentum in a simple rational model. Malueg and Yates(2010) outlined a fully rational
model that assumed the homogeneous players and tested using professional tennis data,
using Shin probabilitiesm Depken, Gandar, and Shapiro (2020) (DGS hereafter) pointed
out that it is a more common case where two players have different abilities, and it
becomes more difficult to distinguish those two kinds of momentum. They expanded the
framework by introducing the asymmetry in players’ ability in the theoretical model and
tested using bigger data than the previous study. In this paper, we will solve the best-of-
five model that uses the same assumption with the DGS and suggest it as a benchmark
to test the data of best-of-five contests. There are some points that make this model

extension worthy. First, men’s tennis is a best-of-five contest, so we have big data that

Tt is a method to calculate the implied probabilities from the betting odds using iterative approach.
It allows estimating the theoretical size of insider betting. It is well known for its great accuracy, so
the implements which use this method is widely used by sports bettor. This makes ex-ante winning
probabilities effectively observable.



is not still used. Second, we can make an inference on what will happen in the longer
formats. Lastly, as we will see later, there exist score states that make the best-of-five

model is better to distinguish the effect of two momenta than the best-of-three model.

2 Literature Review

The existence of strategic and psychological momentum in the best-of-N contest is a
controversial issue. Many empirical analyses have done using the data of various kinds of
sports to find which momentum is more effective in the real contest, especially in sports.
In the case of strategic momentum, Ferrall and Smith (1999) find little evidence of strate-
gic effects in championship series in professional baseball, basketball, and hockey. Ozbek-
lik and Smith (2017) find evidence of strategic risk-taking behavior in single-elimination
golf tournaments. Mago, Sheremeta, and Yates (2013) find evidence of strategic momen-
tum rather than psychological momentum in best-of-three tennis records. Malueg and
Yates (2010) also use best-of-three tennis data but consider contestants’ ability using
betting odds to identify equally skilled opponents and explain why these mixed results
happen. Depken, Gandar, and Shapiro (2020) expand this framework by adding hetero-
geneity between players in best-of-three and also find evidence of strategic momentum.
We apply the same theoretical model considering the heterogeneity to a best-of-five case

in this paper.

The literature on psychological momentum in the best-of-N contest is mostly in the
context of the idea that ’success breeds success’. When psychological momentum works
in the best-of-N contest, the winner of the first round has the momentum, therefore,
he is more likely to win the second round. But if the contest goes to the third round,
now the momentum switches to the opponent. Like the studies on strategic momentum,

empirical studies suggest divergent evidence on psychological momentum. Gilovich et al.



(1985) find that the concept "Hot handﬂ in basketball turns out to be a misperception.
Iso-Ahola and Mobily (1980) find archival data from the racquetball tournament sup-
ports the psychological momentum hypothesis on the first game. Gayton, et al. (1993)
find that scoring first or winning the first of three periods in hockey matches has a
positive effect on the probability of winning the match. Page (2011) finds evidence that
barely winning the first set of a tennis match through a tie-breaker has a positive ef-
fect on the probability of winning the next set. Jordan (2014) finds that in the MLB
World Series, winning the first game increases the odds of winning the title. However,
other studies argue that psychological momentum doesn’t occur after winning the first
round. Ferrall and Smith (1999) find that, after controlling the team quality using the
regular-season records and past appearance in the championship series, the result of the
first-round doesn’t make momentum for the next round in the championship series of
professional basketball, baseball, and hockey. Berger and Pope (2011) show that being
slightly behind can actually increase success by increasing motivation. Using college and
professional basketball records, they find that the team barely losing the first half can
actually increase the odds that the team wins the second half so that they win the game.
While some studies have found that the winner of the second round has psychological
momentum that makes him more likely to win in the third round, other studies have
shown that after two players are tied after two rounds, neither player has momentum.
Richardson, Adler, and Hankes (1988) do not find psychological momentum in 163 colle-
giate tennis matches and see that psychological momentum is a highly individual matter.
Silva, Hardy, and Crace find no evidence of psychological momentum in the third round
of intercollegiate tennis records. Page (2011) finds that the winner of the second round
in a tennis match has bigger odds of winning the next round and subsequent sets in

best-of-three and best-of-five matches.

Vergin (2000) finds no evidence of winning streaks by a momentum based on the

2Tt means, a player who was successful in previous attempt is more likely to score.



assumption that each team has an equal probability of winning any particular game.
However, Depken, Gandar, and Shapiro (2020) say this assumption is unreasonable since,
in most games, the probability of winning any particular game is not the same for both
teams involved emphasizing that heterogeneity of the ability of players is underestimated
in many cases. Arkes and Martinez (2011) discuss the limitation of this assumption in
detail. Meier et al. (2020) see strategic momentum and psychological momentum coexist
and distinguish those effects by employing exogenously given interruptions, converted

breakpoints, that only affect psychological momentum.

There are papers which concern the players’ different abilities. Jackson and Mosurski
(1997) used relative world rankings as a proxy for relative ability and find evidence
of psychological momentum in Wimbledon and U.S. open matches. Malueg and Yates
(2010) test best-of-three contest theory using 351 ATP single matches data from 2001
through 2007. Matches in this sample are chosen to be regarded as the competition by
the players of equal ability measured by betting odds. They find that the first set winner
also wins the second set in 64 percent of their matches. Moreover, when the players go
to the third set, which means players are tied, they have an equal chance of winning.

These accord to the predictions of contest theory.

Depken, Gandar, and Shapiro (2020) introduced the asymmetry of ability between
the players in the contest theory model and tested it with expanded sample data, in-
cluding the matches between the favorite and underdog. They find that both strategic
momentum and psychological momentum contribute to the outcomes of the best-of-three
tennis contests. We will discuss further this paper, Depken, Gandar, and Shapiro (2020),

and compare the results we have in the main part.



3 Model

3.1 Elements of the Best-of-Five game

Best-of-five is common in professional men’s tennis, which is the most famous section.
Especially, men’s tennis section in four grand slam tournaments, the Davis Cup, known
as the World Cup of Tennis, and the Summer Olympics are on a best-of-five basis. Two
players play the best-of-five contest, which means players compete up to 5 matches until

any player wins three games first.

We model the best-of-five contest as follows. We assume that the winner of this con-
test gets payoff v, and the loser gets nothing. The players are heterogeneous in ability.
In each round, players decide their effort level simultaneously. We denote x and y as
the effort level of player 1 and 2 each. In this paper, the superscript denotes the player,
and the subscript denotes the score stateﬂ For a given score and efforts, the player 1’s
probability of winning at j:k score state, p}: i» determined as

Pk = ax::ikyj:k (3.1)
where a represents the degree of heterogeneity in ability. In what follows, we assume
a > 1 here, which means player 1 is more potent than player 2. In this sense, we will
call player 1 as the favorite and player 2 as the underdog. Analyses in this paper are
done from the perspective of player 1. We can also consider the cases of a =1 or a < 1

in analyses to consider a homogeneous case and an underdog case if needed.

3Notations used in this paper are listed in Appendix A.
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0:0

left: player 1 wins right : player 2 wins

(v,0) (0,v)

Numbers right above the node shows the score state. (Number on the left is the score
of player 1) The game tree of the best-of-five contest consists of 19 nodes; however, since
the subgames below the same score states are all precisely the same and the path does
not affect the result of the subgame, we can visualize the game structure like the image
above, though it is not the rigorous game tree, for the sake of simpliﬁcationﬁ It means
nodes in the actual game tree can be categorized with the score state, so we can focus
on those nine kinds of score states to solve subgame perfect equilibrium. Players adjust
their effort level to maximize the expected prize minus their cost of effort. We denote the
expected continuation value of player i at score j : k as CVJZ . Which is the equilibrium

expected payoff of player ¢ at j : k score state, and it has a unique value as will be shown

4In section 3.2, we will see that for any given continuation values, there exists unique equilibrium.
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in Section 3.2. By its definition,

1 1 1 1 1
CVj =max pj - CViyy + (L= pj) - OV — Tjik
e

2 2 2 2 2
CViy = 1}}@;{ Pk - OVigepr + (1= 05ix) - OVl — Y
VB

where the expression of pjl-: & 1s equation 1} We can see that the current stage’s effort
level does not affect the continuation values of the next stage, so we can regard them as

given constant.

What we are most interested in here is the equilibrium winning probabilities at each
score state. We will use the definition below when we compare the winning probabilities

later on.

Definition 1 For player 1, between two score states - j : k and l : m , state j : k 1is

more favorable thanl: m when j > 1, k<m, orj>1,k<m

The definition is quite intuitive. For example, 1:0 is more favorable than 0:0 for player
1, and 0:2 is more favorable than 1:1 for player 2 according to the Definition 1. We can
regard one’s own point as a good and the opponent’s point as a bad. Then, the definition
of ’more favorable’ is quite like the monotonicity of the preference. However, we cannot

always compare the score states in this sense, for example, 1:0 and 2:1.

12



3.2 Equilibrium in an one-stage game

In equilibrium, the continuation value (expected payoff) for each player exists at every
node. We will use simplified notations in this and the next subsection to see how the
equilibrium looks like for given continuation values. We denote x and y as effort level
of each player, vy (v;r) as continuation value when player i wins (loses), p; as the
probability of winning of player ¢ and d; as the difference between the continuation

values of player 3.

player 1 wins player 2 wins
(viw, va2r) (v1L, vaw)

Using the assumptions from the previous section, we can write the maximization problem

of both players:

azx n
v
ar +y W ar +y

max Fuy = pyoiw + pavip — & = Vi — T
xT

n azx
v
ar +y 2w ar +y

max Euy = povow + prvop —y = v2rL — Y

We solve for equilibrium of the one-stage game in Appendix A:

. a(—vw +011)? (var, — vaw) __ adidp
(aviw — avig +vaw —v1z)*  (ady + d)?

T _a (var — U2W)2 (—v1w +v1r) _ ady d%
(avip — aviw + v2r — vgw)2 (ad; + d2)2

13



where d; = v, — v;1,. The difference between the continuation value is always positive
since the player who won the previous round needs fewer rounds to win the contest than
when he lost the previous round and thus needs less effort to win the game.

Given the equilibrium efforts above, we can calculate the probability of player i, p}, to

win the subgame.

dy \ 7! 1 \!
o (142} = (1
P < + ad1> ( T dr> ’

D5 1+ — =1+a-dr) ",
da

where dr = %.
2

We can see here that the difference between the continuation values fully determines
the equilibrium effort level and the probability of winning. Moreover, once we know the
ratio of each player’s difference in continuation values, we can compare the equilibrium

effort level and the probability of winning between two players.

Proposition 1 In equilibrium, the ratio of effort levels and winning probabilities are

fully determined by the ratio of the difference in continuation values:

* o d
x—:—lzdr
y* da
* d

p—i—a—lza-dr
Do do

We see that given any continuation values, there exists a unique equilibrium. If there

are multiple equilibria for given continuation values, equilibrium may depend on history,

14



but we have a unique equilibrium in this model.

Corollary 1 In the absence of psychological momentum, the previous history of each

node (e.g., 1:1, 2:1, 1:2, 2:2) does not matter.

We can think of two extreme paths to get to Round 5, score 2:2. One is, player 1
wins the first two rounds, and then player 2 wins two rounds in the streak, and vice
versa. Psychological momentum will work in a totally different direction in those cases
in Round 5. However, strategic momentum is generated by the incentive, regardless of
history. This corollary is a testable hypothesis itself to see the existence of strategic

momentum.

3.3 Equilibrium in a two-stage game

In the two-stage game, we have six continuation values. We have three kinds of the node:
A, B, C, like in the picture below. We will use the same notations with the previous sub-

section adding the node name at the end of each subscript.

VIWB V1LB = ViwC V1LC

V2L B V2w B = V2LC wC

15



We denote p;p,pic as probability of winning at each node of player i and d;p, d;c
as difference between the continuation values at node B and C for player i, that are all
positive values. For example, dig = viwp —v1B and dog = vow e —var,c. Once we know
the ratio between di4 and doa, we can write equilibrium effort level and probability of
winning of each player at the first stage. Based on the result of one-stage game, we have

the Proposition

Proposition 2 Given siz continuation values in a two-stage game,

dia=dip-pig —dic-pic +dic = dip - pig +dic - (1 —pio)

doa = —dop - Pag + dac - pac + dap = dac - pac + dap - (1 — pip)

Derivation of Proposition [2] is in Appendix C. Proposition [2] shows us the relationship
between the difference values of the upper round and difference values of the lower round.
We can see that the difference value of a player in the upper round consists of two parts.
The first part, which consists of the values of the node where he goes after winning,
and the second part, vice versa. We can see that increase in the difference values at
nodes B and C increases the difference value at node A. It is because of the existence
of the continuation values in the middle that two nodes share. The quadratic form
of winning probability is multiplied in each part. If the winning probability increases
at the node where the player goes after winning, it makes the difference value of the
upper round bigger; thus, the player has more incentive to exert more effort. Thanks
to Proposition 2, we can solve the equilibrium of node A without calculating the effort
level and continuation value at nodes B and C. Equilibrium of the best-of-five contest is
very complicated, as we will see later, and Proposition 2 we have above makes a great

shortcut to get equilibrium.

16



4 Equilibrium of Best-of-Five Contest Game

We can use the outcome of the previous section to solve the whole Best-of-Five game.
What we will focus on in this paper is the probability of winning at each node in
equilibrium. We found in Proposition |[1| that, once we have the ratio of difference
between continuous values, dr;.x, we can get equilibrium probability of winning at the

J : k node(s). Also, we can compare the effort level of each player since in equilibrium,

*

T
7*:d’l"
Y
*

p—i:a-dr

P2

This shortcut is helpful because the expression of the equilibrium effort level is more

complicated than equilibrium probability, especially for Round 1.

In this section, we use backward induction from Round 5 to Round 3 to get the
continuation values of Round 3 (2:0, 1:1, 0:2). Then, we substitute those continuation
values into the formulas of sections 3.3 and 3.4 to have the difference ratio of Round 2

and Round 1.

4.1 Round 5

In round 5, we have only one score state: 2:2. Since this is the last round, anyone who
wins this round gets v, and the other gets nothing. So, it is clear that the difference

value between the payoff is v for both players; that is,

1 2
dg.g = dy.9 =

17



Therefore, the equilibrium effort level at 2:2 node is:

av
(a + 1)2

Two players exert same effort level in the last round. Then, equilibrium probabilities of

winning are:
a 24 1

1« _
P22 =

We can see that for all a > 1, pl, > % > p,.

We have continuation values from playing Round 5 for each player:

2
CViy = ———
2 (a+1)°
CVEy = ——
2 (a+1)°

4.2 Round 4

Conditional on reaching Round 4, there are two possible scores: 2:1 and 1:2. We will

analyze each of them in turn.

When players reach a score of 2:1, they face a situation like a figure below. If player
1 wins here, the game is over: player 1 gets payoff v, and player 2 gets nothing. However,

if player 2 wins, the score becomes 2:2 and goes to the last round.

18



2:1

player 1 wins player 2 wins
v CV21:2
0 CVi

Based on the result from the previous subsection, once we get the difference between the
continuation values, we can solve the equilibrium. We already solved the equilibrium of
Round 5 in the previous subsection, and we have the continuation values of Round 5.

The difference value between the continuation values for each player are:

a“v v
di,=v— R
2 (a+1)%" F T (a41)?
Equilibrium efforts at 2:1 are:
= av(2a+1)? yi, = av(2a+1)
T (a+1)*2a2+a+1)Y T @+1)2Q2a2+a+1)

Probabilities of winning at 2:1 are:

1« <2a+1)a 2% 1

p2:1_2a2+a+17 p2:1_2a2+a+1
19



We have continuation values from playing at 2:1 for each player:

a2v(4a4+12a3+17a2+8a+2) 9 v

> (a+1)2(2a2+a+1)> 1@+ 1) 2a2 +a+ 1)

On the other hand, at 1:2, player 2 needs only one more point to win the game and

get payoff v, and player 1 must win this round to go last round.

1:2
player 1 wins player 2 wins
CVoy 0
CViy v
Likewise,
. a7 2 B v
1:2 ( T 1)27 1:2 (a + 1)2
Equilibrium efforts at 1:2 are:
o a*v(a+2) o — a’v (a +2)°
(@3 +2a2+3a+2)?2 TP (B+2a2+3a+2)°
20



Probabilities of winning at 1:2 are:

a? 2% _ a+2
 Pr2 = e

We have continuation values from playing at 2:1 node for each player:

’UCL6

(a®+2a2+3a+2)*

2a4+8a3+17a2+12a+4)
(a3 +2a2 + 3a +2)°

CV11;2 = CV12;2 = (

Player 1's probability of winning
at node 2:1, 1:2

=
~
A

Probability
AY

Figure 1: Equilibrium Winning Probabilities in Round 4

At the node 2:1, drs.y = 2a + 1 > 1 for all positive a, not only for a > 1. It means
whoever ahead in the score in Round 4 exerts more effort than the opponent. We can
also see this in the figure on the left above. Moreover, a stronger player who is ahead in

Round 4 exerts effort more than three times than the opponent.

21

&) et



Result 1 At the score state 2:1, the player 1 is more likely to win round 4, i.e., p%:l >

1/2, Va > 1

The proof is clear from the expression of pl;. In other words, if player 1 is in a

favorable state in Round 4, he is more likely to win.

Result 2 At the score state 1:2, player 1 is more likely to win round 4 if a > 2, The

player 2 is more likely to win Round 4 if a < 2

When a < 2, that is, when the difference in abilities between two players is small
enough, player 1 is more likely to lose. However, when a > 2, player 1 is relatively
stronger than the opponent, the player 1 is more likely to win despite player 1 is behind

in Round 4.

Results here are exactly the same with the results of Round 2 of Best-of-Three anal-
ysis in ’Strategic and Psychological Momentum in Professional Tennis’ (2020) because
they both solved the second round from behind. However, there is a big difference in
interpretation. In Round 2 of Best-of-Three, there are two score states, 1:0 and 0:1, and
each of them has only one history. So it is possible to compare the expectation between
psychological momentum and strategic momentum. But each state of Round 4 of Best-
of-Five, 2:1 and 1:2, has three histories to get each state, which means, the favorite may
have won or lost in the previous round. We can not say in which way psychological

momentum work when the score state is all information we have.

This is the reason why those two states are remarkable. Except for the tied states
(e.g., 1:1, 2:2), they are the only states with multiple paths to get each of them in the
Best-of-Five game, which do not exist in Best-of Three model. E| We can see that, at 2:1

and 1:2, strategic momentum works for the one who is ahead according to our model and

°In the Best-of-Three model, there are four score states: 0:0, 1:1, 1:0, and 0:1, and 1:1 is the only
score state that has multiple paths before.
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psychological momentum works for the winner of Round 3 according to its concept. It
means, at those two score states, two kinds of momentum are much less correlated than
in Round 2 of the Best-of-Three case. So we can expect that the test using the Best-of-
Five model and data is better to find the evidence of each momentum and distinguish
its effect. We can also infer that the longer format than Best-of-Five will be better since

we will have more score states with this characteristic.

4.3 Round 3

Conditional on reaching Round 3, there are three possible scores: 2:0, 1:1, and 0:2.

1:1
player 1 wins player 2 wins
C(‘/21:1 CV?Q
CViy CVi,

Difference values at 1:1 are:

(8a" 4 28af + 584 +83a* +80a® + 55a% + 20a + 4) a®v

dl, =cv}t, —cvi, =2
1:1 2:1 1:2 (a3 +2a2+3a+2)%*(2a% +a+1)

(4a7+20a6+55a5+80a4+83a3+58a2+28a—|—8) va

d2, =CVE —CVE =2
1:1 1:2 2:1 (a3 +2a2+3a+2)*(2a%+a+1)
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Equilibrium efforts at 1:1 are:

2
atv (4a7+20a6+55a5+80a4+83a3+58a2+28u+8) (8a7+28a6+58a5+83a4+80a3+55a2+20a+4)

.
a=2
T (2a2 +3a+2)2 (a2 +a+2)2(2a2 +a+1)2 (4a6 +4a5 +11a* +10a3 + 11a2 +4a + 4)2 (a + 1)*

- 2
. (4a7+20a6+55a°+80a4+83a3+58a2+28a+8) (8a7+28a6+58a5+83a4+80a3+55a2+20a+4)a3v
Y11 =2

- (202 +3a+2)2 (a2 +a+2)? (2a2 +a+1)? (4a8 +4a5 4+ 11a% + 1043 + 11a2 + 4a + 4)?

Probabilities of winning at 1:1 are:

a? (8a” +28a° 4 58a” + 83a +80a® + 554 + 20a + 4)
a+1)(2a>+3a+2)(4aS+4a>+11a*+10a® 4+ 11a? +4a+4)

40" +20a8 +55a° +80a* + 83 a3 + 58a? +28a + 8
a+1)(2a2+3a+2)(4aS+4a®+11a*+10a3+11a? +4a+4)

We have continuation values from playing at 1:1 for each player:

nCViy

1 _
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where the prefix n and d means numerator and denominator each. Expressions of nu-

merator and denominator are in Appendix D.1.

Similarly, we can also solve for the 2:0 and 0:2.

2:0 0:2
player 1 wins player 2 wins player 1 wins player 2 wins
v CVaa CViy 0
0 CVz CViy v

Probabilities of winning at 2:0 are:

b aa+1)(4a*+2a+1) 1
D2:0 = Sat+8a3+4a2+a+1" p2¢0_8a4+8a3+4a2+a+1

Continuation values from playing at 2:0 for each player:

(256 a'? + 1280 a'! + 3136 a'? 4 5056 a® + 6016 a® + 5616 a” + 4276 a® + 2604 a® + 1237 a* + 446 a® + 123 a2 + 24 a + 3) va?

CVyy =
2:0 (a+1)2(2a2 +a+1)2 (8at +8a3 +4a2 +a+1)>

v

CVig =
2:0 (a+1)2(2a2+a+1)2(8a4+8a3+4a2+a+1)2

25

#;rxq _CI:_1-.H ';j]_ =)
] -



Probabilities of winning at 0:2 are:

a* e (a+2)(a®+2a+4)
at+a3+4a2+8a+8 Po:2 = at4+ad+4a2+8a+8

1 _
Po:2 =

Continuation values from playing at 0:2 node for each player are:

val?

(a+1)2(a2+a+2)2 (a4+a3+4a2+8a+8)2

CV01:2 =

R v (3 a'? 4+ 24a' +123a'0 4 446 a® + 1237 a® + 2604 a” + 4276 a® + 5616 a® + 6016 a* + 5056 a® + 3136 a + 1280 a + 256)
CVga =

(a+1)2 (a2 +a+2)? (a* +a +4a2 +8a +8)2

Playver 1's probability of winning

—— —
e —
i

[
]

3 4 5
a

1 __ .1 _ _ 1
L= Py Py .5

Figure 2: Winning Probabilities of Round 3
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Result 3 In Round 3, player 1’s probability of winning is always higher in more favor-

able state.i.e., psy > pi. > pho, Va > 1

Proof. This is clear from the expressions of difference in probabilities since they are

consist of terms with positive coefficient only.

P20 — P11 —

2a (4a8 +20a® + 51 a* + 64a® + 47a% + 20a + 4) (2a® + a + 1)

>0
Ba*+8a?+4a’+a+1)(a+1)(2a®+3a+2)(4a+4a>+11a*+10a3+11a®> +4a+4) ’
Va > 1
p%:l _p(1):2 =
202 (408 42005 + 47a* + 64a® + 51a® +20a +4) (a2 + a+2)° 0

(a+1)(2a?+3a+2)(4aS+4a>+11a* +10a® +11a® +4a+4)(a* + a3 +4a®> +8a+8)

Va>1 m

Figure 2 also illustrates the result above.

Result 4 At the score state 2:0 € 1:1, the player 1 is more likely to win Round 3, i.e.,
pso > 1/2, pty > 1/2, Va > 1. At the score state 0:2, the player 1 is more likely to win

Round 3 if a > 3.236, The player 2 is more likely to win Round 3 if a < 3.236

Proof.
(4a2+2a— 1) (2a2—|—a—|—1)

1
n— == = >0 Va > 1
P20 S Ty TR Y83+ 4l +at 1 Y@

1 (a—1)(a®+a+2) (2 +a+1)(4a" +120° + 150 + 120 + 4) .
Pl T 9 (a+ 1) (2a2 +3a+2) (daS +4ad + 11at + 10a® + 11a® + da+4)
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Va>1 m

This result is consistent with Round 5 and Round 4. When the score is tied, like in
Round 5, 2:2, the favorite is more likely to win, and when the favorite is ahead, like in

Round 4, 2:1, more likely to win for any value of a > 1.

Unlike at 2:1 and 1:2 in Round 4, there is only one history to get to 2:0 and 0:2 each.
At 2:0, strategic momentum and psychological momentum expect in the same direction.
In the case of 0:2, when the value of a is smaller than 3.236, expectations of both mo-
mentum coincide, but when «a is bigger than that, the predictions of both momentum are
opposite. Psychological momentum suggests that, at 0:2, player 2 has the momentum,
so he is more likely to win. However, strategic momentum suggests that if player 1 is
stronger enough than player 2, player 1 is more likely to win though he is in a disadvan-
tageous state. Compared to 1:2, the critical point that makes the favorite more likely
to win is higher than at 0:2. 1:2 is a better situation for player 1 than 0:2, and player 1
has more incentive to exert effort to win the round for any given value of a. It makes a

critical point to be higher in 0:2 than 1:2.

4.4 Round 2

Conditional on reaching Round 4, there are two possible scores: 2:1 and 1:2. Since we have
every continuous value of round 3, we do not need to solve the equilibrium effort level to
get the difference values of upper rounds. As stated before, the difference ratio includes
all information we are interested in, e.g., the probability of winning and equilibrium

effort level ratio.
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1:0

player 1 wins

CVa
CVi

CVllzl
OV,

player 2 wins

where the prefix n and d means numerator

player 1 wins

_ nd’r‘1:0
N ddT1;07

. nd?“();l
- dd?‘o;l ’

CViz
CViga

and denominator each. Expressions of nu-

merator and denominator are in Appendix D.2. We can plot Figure 3 with those two

expressions. Likewise, in Round 3, we can see that probability of winning is higher in a

more favorable state ,i.e., pl, > pi. Figure 3 illustrates it.

Result 5 If the player 1 is ahead in Round 2, player 1 is more likely to win, i.e.,

pho > 1/2, Va > 1.

Proof.

Expressions of A and B are in Appendix D. There is only one factor that includes terms

with the negative coefficient in A, and it has a structure where higher degree coefficients

are positive while lower degree coeflicients are negative. When a = 1, the value of the

term is 9257472, which is positive. So A over B is also positive according to the Lemma

1 below m
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Plaver 1's probability of winning
at node 1:0, 001
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Figure 3: Winning probabilities in Round 2
This result is consistent with Round 3 (2:0) and Round 4 (2:1).

Lemma 1 For polynomial P(x) = A&+ an_12" 1 +...ag such that coefficients at above
degree k are positive, and coefficients at below degree k are negative, if P(w) is positive

for w > 1, then apx™ + an_12" '+ ..ag >0 Vo >w

Proof.

P(w) = > ja;w’ and this is positive for w > 1 as given. Let’s think of y such that
y > w. P(y) — P(w) = Yl gaiy’ — Yigaw' = 33 gai(y’ — w'). Since (y™ — w™)
is increasing function of m given y > w > 1 and coefficients of higher order terms are
positive and P(w) is positive as given, P(y) — P(w) > 0 Yy > m > 1. Therefore, P(y) is

also positive forally >w >1 =m

Result 6 At the score state 0:1, player 1 is more likely to win round 2 if a > 1.609.

Player 2 is more likely to win if a < 1.609.
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At 1:0, both momenta expect in the same way: player 1 is more likely to win for all
a > 1. However, at 0:1, when the value of @ is smaller than 1.609, expectations of both
momentum coincide, but when a is greater than that, strategic momentum goes against
the psychological momentum. At 0:1, the critical point that makes player 1 more likely
to win is lower than 0:2 and 1:2. 0:1 is more favorable than 0:2. We cannot compare 0:1

and 1:2 in this sense, so we will compare the winning probabilities in the next subsection.

4.5 Round 1

With the six continuation values of Round 3, we can directly get the difference ratio of
Round 1 using the Proposition [2| and it includes essential information we are interested

in: the probability of winning and effort ratio in equilibrium.

2
di.opi 10 +d(1):1(1—]9(1):1 )

3
dg.1P51 +d%:o(1 —plo)
ndro.o
dd’l“o;o

droo =

Expressions of numerator and denominator are in Appendix D.3. Now we have equi-

librium probabilities of winning at every score state.
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4.6 Comparison of winning probabilities

The results we have so far have been the outcome within each round. We will see what
happens in a whole game from now on. In a previous study of DGS (2020)E|, the winning
probability of the favorite in Round 1 is higher than in Round 3 for any given value of a,
though two players are tied in both round. There are three tied states in the Best-of-Five

contest: 0:0, 1:1, and 2:2, and we will see whether it is consistent with the previous study.

Flayer 1's probability of winning

Praobability

Figure 4: Comparison of winning probabilities of three tied states
Result 7 ply >pl, >pds ,Va>1

Proof.

(a—1) (4a% +12a° +23a* + 264+ 23a® + 12a +4) a

1 1
{1 —Ps.0 =2 >0 Va>1
Pra=Pee = 001262 4 301 2) (4a8 + 4ad + 11a% + 106 + 11a2 + 4a + 4) ¢

6'Strategic and Psychological Momentum in Professional Tennis’
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Similarly, p(lJ:0 - pil, is also consist of (a — 1) and positive term{] therefore, it is

positive for alla > 1. m

Those three states are symmetric in the sense that both players are tied, but player
2’s incentive to win the earlier round is not as high as the later round. For the weaker
player, though those three states are all tied in score, a later round is always better
because it is not likely to get that score state from the earlier round because of the
asymmetry of ability. However, once the underdog gets to Round 5, he has more incen-

tive to exert effort than previous tied rounds. Figure 4 depicts this result.

Result [7]can be interpreted as the longer the contest, the more likely stronger player
will win, therefore, fewer surprises. There are general beliefs that the favorite is more
likely to win in the best-of-five than in the best-of-three in the tennis match. Two figures
below are from the article titled "Tennis Grand Slam trading strategy’ from Smarket

website [

100 Why favourites are more likely to win Grand Slam matches compared to 3-set ATP events

Probability of favourite to win the match %)

— 3-set ATP events
— 5-set ATP Grand Slam

i i L
50 60 70 80 50 100
Probability of favourite to win one set (%)

Figure 5: Probability of favorite to win the match given the probability of favorite to
win one set

"Expression is omitted since it’s too long

Shttps://help.smarkets.com/hc/en-gb/articles/115000821689-Tennis-Grand-Slam-trading-strategy
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Figure 5 shows how the probability of winning the entire match(vertical axis) is
calculated given the probability of winning a set(horizontal axis) in each of the best-
of-three and best-of-five format. We can see that the probability of favorite to win the
match is always higher in the longer format for any given probability of favorite to win

one set.

How often do tennis favourites win ('10-'16)

80.0

[ )
78.9
76.0
S
E
& 720 705
5 o ¢
3 8.
& 680 L
5
iy
64.0
60.0
ATP 250 (3-set) ATP 500 (3-set) ATP Masters (3-set)  Grand Slam (5-set)

Tournament

Figure 6: Tennis match data from ’10 16

Figure 6 shows us how often the pre-game favorite wins the match in each section
on the horizontal axis. We can see that there is less upset in Best-of-Five tennis matches
than Best-of-Three tennis matches. Based on this data, the writer advises the bettor that
there is lower risk in the longer format, which means a lower variance of profit. A veteran
bettor who has made a consistent profit in tennis betting for more than 16 years points
out that bettors should focus on the best-of-five matches and not to bet on the women’s
tournament match which is the best-of-three format as an answer to the question, ’Is
tennis worth betting on Seriously?’ﬂ Result 7 implies that strategic momentum can well
explain the data suggested above since in our model, the probability of winning the first

set by the favorite increases as the number of total rounds in best-of-N increases, thus

9https://www.olbg.com/forum/viewtopic.php?start=60&t=25183
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increases the probability of winning the match. Also, Result 7 is one of the things that

are hardly inferred when we assume psychological momentum.

Result 8 If the player 1 is ahead or tied in score, player 1 is more likely to win, i.e.,

Pip > 1/2,Ya>1,j >k

The result above is a summary of Result 1, 4, 5, 7. In a Best-of-Five game, if the
favorite is not in an inferior position in terms of score, he is more likely to win the round

in the absence of psychological momentum.
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Figure 7: Examples of higher winning probability in more favorable situation

In the analysis of Round 3, we found that player 1’s probability of winning is always

higher in more favorable situation for all ¢ > 1. We can also find that this also happens

when it comes to the whole game.

Figure 7 above shows us that

p%:() > p%:l > p%:l > p%:? > p(l):2 ’ Va > 1 (Example 1)7

p%:O > p%:O > p%:l > p%:Q > p(l):2 ) Va>1 (Example 2)7
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p%;O > p%:l > p%:Q > p%:2 > p[1):2 ) Va > 1 (Example 3)7

p%:() > p%:l > p%:l > p(1)11 > p(1):2 ) Va > 1 (Example 4)

Those four examples above are part of combinations of states that can be ordered
according to the definition of 'more favorable’. We can see here that in a more favorable

situation, the higher the probability of winning for any given value of a.

Result 9 For both players, the probability of winning is always higher in a more favor-

able situation in terms of score regardless of the size of a.

Proof. To say that player 1’s probability of winning is always higher in more favor-
able situation, we need to show that pl, > pl,, pio > pi1s Lo > Pho, Pro > Pha,
P31 > P (> Pho)s Pt > Po2s P > Poas (PLa >)Pa2 > Phas Pl > Pha Va > 1. So we
need to check eleven cases in total, but inequalities in parentheses are already checked
in the proof of Result 8. Those nine inequalities hold for all a > 1 since all the differ-
ence between the two possibilities consists of only terms with positive coefficients. We
omit the expressions of differences between possibilities since expressions of all winning

possibilities are included in the paperm [

According to the definition of 'more favorable’ in this paper, it’s not applicable to
all combinations of score state. We will see the comparison of the winning probability

between the score states that fall on this point.

0Those inequalities hold not only for @ > 1 but also a < 1. Tt is intuitive since if the state is more
favorable by a player, it must be less favorable by the opponent according to the definition of 'more
favorable’
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Player 1's probability of winning
at node 1:0, 201
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Figure 8: Winning probabilities at 1:0 and 2:1

Result 10 pi, > p, Va > 1.

Proof.

Expressions of A and B are in Appendix D. When a = 1, the value of longest term

in numerator that only includes terms with negative coefficients is 3527774208, and is

positive. According to Lemma 1, pl,;—ps; >0 Va>1 =

The same logic can be applied here with Result 9. Player 1 is ahead one point
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in both score state, but it is less likely to get 2:1 from 1:0 for player 2, the underdog.
Then player 2 has less incentive to exert effort in 1:0 than 2:1. However, once he gets

there, now he has more incentive to exert effort.

Player 1's probability of winning
at node 0:0, 2:1

Probability

1

2:1

Py o™ —F

Figure 9: Intersection of p{,, and pl4

Result 11 pé;o < pl, when the value of a is relatively small, but as the value of a
increases, there is a breakpoint that turns to p(l):() > pl,. The value of the breakpoint is

1.721.

Proof. There is only one polynomial factor, which includes the terms with minus coef-
ficient in the factorized expression of p}., — p3.;. From degree 170 to 117, coefficients are
positive and negative below 117. According to the Lemma 1, p}, —p3., > 0 Va > 1.721

and vice versa. ®m
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Result 12 p}., < pi, when the value of a is relatively small, but as the value of a
increases, there is a breakpoint that turns to p(l):l > pi,. The value of the breakpoint is
1.2693.

pia < Pi.o when the value of a is relatively small, but as the value of a increases, there

is a breakpoint that turns to pi., > ps. The value of the breakpoint is 2.0876.

Proof. It is clear that there exists an intersection in each case. We can confirm that this

is unique by checking the first-order derivative.

d(p(l):l_p%ﬁ) — A

T_§>O Va > 1

M:g>0 Va > 1
da D

Player 1's probability of winning
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Figure 10: Two intersections of winning probabilities
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Since coefficients of every term in A, B, C, D are strictly positive, the difference
between two probabilities increases as the value of a increases. Expressions of A, B, C,
D are in Appendix C.4. m

After losing round 1, player 1 has less incentive to exert effort than in score state
1:2 or 2:2 when a is relatively small. Nevertheless, when the value of a is relatively
large, losing round 1 affects less to the incentive of player 1. We can see here that when
the favorite is stronger enough than the opponent, he exerts much more effort than his

opponent. Figure 10 illustrates these results.
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5 Theoretical Frequencies

In this section, we will calculate the theoretical frequencies to compare with the observed
data. DGS (2020) use betting odds data to calculate the Shin (1992 and 1993) subjective
probabilities of the favorite to win the match as the observed frequency. Shin probability
is a method to calculate the implied probabilities from the betting odds using an iterative
approach. It allows for estimating the theoretical size of insider bettingE It is well
known for its incredible accuracy, so the Python implementation that uses this method
is widely used by sports bettors. Shin probabilities make ex-ante winning probabilities
effectively observable, and this helps us link the asymmetry of ability in our model
and the data. Observed frequencies are counted in the following way. For each match
record, implied probabilities are calculated using Shin’s method. Match records can be
categorized according to the winning probabilities. |E| Then, we can count the observed

frequencies for each score state and ex-ante winning probability.

Theoretical frequencies are calculated in the following way. We denote pf as the
theoretical winning probability of the favorite. Theoretical probabilities are calculated
based on the model we used in the previous section. Thus, the theoretical probability

that the favorite wins the match is

" This is a theoretical model to explain a bias called *favorite-longshot bias’(FLB), which is the ten-
dency for high odds/low probability betting propositions(i.e., long shots) to have subjective win prob-
abilities above observed win proportions and low odds/high probability propositions (i.e., favorites) to
have subjective win probabilities below observed win proportions. Early explanations of FLB stressed
demand-side explanations such as risk-loving behavior by bettors. Instead of viewing the FLB as stem-
ming from the inability of books to evaluate the actual win probabilities, Shin sees the FLB as a response
to an asymmetric and adverse selection problem stemming from the presence of insiders who possess
superior information than the book on some horses in the race. As a result of insiders’ presence, books
engineer an FLB to pass the costs of losses arising from insider betting on to less-informed bettors.

2For observed frequency, DGS (2020) uses 24 intervals between 0.5 and 1.0 in the sense that the
player is the favorite. We also use those 24 intervals when we calculate theoretical frequencies.
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pf =

1 1 1 2 1 1 1 1 .2 1 1 1 1.2 1 1
Po:0 " P1:0 - P2.0 T Po:o * Po:1 P11 * P2.1 + Po.o * Pl.o * Pia - P21 + Po.o " Pi.o * P20 " P21 + Poo
1 .2 .2 1 1.2 1 .2 1 1.2 2 1 1 2 2 1
P10 P2:0 " P2:1 " P2:2 T Po:0 " P1.0 * P1:1 * P2:1 " P2:2 T Po.o * P10 " P1i1 * P12 * P2:2 T Poo  Po:1 " Po:2

1 1 2 1 1 2 1 2 2 1 1
P12 " P2:2 T Pp.0 * Po:1 * P1a - P21 - Pa.2 + Poo 'p(1);1 " P11 " P12 " P22

Let a, denote the value of a such that p’'(a,) = r. That is, a, is the value of player
1’s relative ability such that player 1 wins the match with probability r. We can calculate
the array of a, for each r in {0.5, 0.52 .... ,0.96} using the vpasolve function(numerical
solve command) in Matlab software. By substituting a with a, in the equilibrium prob-
ability of winning at each node, we can have the predicted probabilities that the favorite

wins at each node.
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Figure 11: Theoretical Frequencies
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Figure 11 illustrates the theoretically predicted frequencies at each node. We can see
that the relative position of graphs in Figure 11 are the same as the graphs we have
studied so far. Of course, it is because the probability of winning the match strictly

increases as the value of a increases.

Graphs on the first line are the tied states, graphs on the second line are for the
states that the favorite is ahead, and graphs on the third-line are for the states that the
favorite is behind in terms of score. When a = 1(Odds favorite wins the match is 0.5) and
the favorite wins the first round, the winning probability is around 80%. This may seem
exaggerated; however, this fits well with the KBO Korean Series example mentioned in

the introduction.
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6 Conclusions

We solved the fully rational model of the best-of-five contest with asymmetric players
and suggested that strategic momentum also may well explain the winning streak that

seems caused by the psychological momentum.

Malueg and Yates (2010) outlined the fully rational model of best-of-three between
the symmetric players and tested using professional tennis match data. Depken, Gandar,
and Shapiro(2020) expanded this study introducing the asymmetry between the players,
and they use the bigger data as restriction of equal ability removes. They show that the
first set outcome, which is free from the psychological momentum, can well be matched
with the theoretical model, and both momenta affect the outcome of the best-of-three
contest. We expand the previous study by extending the model to the best-of-five. Since
men’s tennis is mostly in the longer format, the results we looked at so far can be a good

benchmark for the empirical research that assumes strategic momentum.

Results found in the model of best-of-five contests are consistent with those of the
model of best-of-three contests. Among the tied score states, the favorite’s winning prob-
ability is higher in upper rounds. Moreover, as the number of the score states increases,
we could have more combinations to compare the equilibrium winning probabilities. We
find that the winning probability is always higher in a more favorable situation, and we

can infer that this will also happen for the contests that are longer than the best-of-five.

Also, there is a new finding in the best-of-five model. There are two distinctive score
states that may have multiple histories in Round 4, that is, 2:1 and 1:2. There also exists
a node that has multiple histories in the best-of-three model, that is, 1:1, but this is the
only one, and it is tied in terms of score. In those score states, two kinds of momentum are
much less correlated than in other score states since the strategic momentum definitely

works for the one ahead, no matter what happened in the previous round. That is why
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those two can be the right places to distinguish the effect of two kinds of momentum
using the professional tennis match data. Thus, we can say that the Best-of-Five model
would be better to find evidence of strategic momentum. Also, we can infer that the test
which uses the model and data of a longer format will be better than our model because

there will be more score states that have this characteristic.

The momentum generated by the result of the previous round may be a psychological
one or a strategic one. We expect both to exist, but strategic momentum is usually
undervalued since it is less intuitive than psychological momentum@ That is why it is
crucial to understand the existence of strategic incentives that players have in the contest-
type setting. The Best-of-N setting is prevalent, not only in the tennis tournament. Think
of when we play a bet with friends on billiards, video games, or rock-scissor-paper. Most
of the significant, important sports events like those mentioned in the introduction have
the Best-of-N setting. Moreover, betting data that was used to test the model in previous
studies are also widely available in various sports. We expect that we will see the evidence

of strategic momentum in studies using various sports data later on.

130r, maybe incentive factor is also considered as a part of psychological momentum, though they
work in totally different way.
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Appendix

A Notations

- pézk: Probability of player i win at j : k score nodes.(j: player 1’s score. k: player 2’s
score. )

- xj.: Effort level of player 1 at j : k score nodes.

- yj.: Effort level of player 2 at j : k£ score nodes.

- C’ka Continuation value(Expected payoff in equilibrium) of player i at j : k score
nodes.

- d;z .- Difference between continuation values at j : k score node(s). (Positive value only.

e.g. for player 1 at j : k nodes, djl.:k =CV}!

1
]+1:k_C‘/;':k+1)

- drj.: Ratio of difference between continuation values at j : k score node(s).

drj:k = L
d?k
B Derivation of 3.3.1
F.O0.C:
2
iEul _auw _ a $v1W2 _ yUlLa2 1—o¢
dx ar+y  (ax +y) (ax +vy)
d
L Buy = — afBUzL2 vaw yU2W2_1:0
dy (ax +y) ar+y  (ax+y)

Since z > 0,y > 0

_ —yt+Voyuratanwy  —y+ Vayd
a a

X

o1



y = —azr + v/ —azvyr + avow T = —ax +

We have:

Then,
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C Derivation of 3.3.2

V1w B V1LB = LiwC viLc

V2LB V2w B = V2LC V2w

Node B and C share the continuation values in the middle. This helps us to write down
the difference ratio of the first stage only with the difference values of the second stage.

We can see this below.

C.1 Continuation value at B node

Using the result of the one-stage structure-that equilibrium effort level and the proba-
bility of winning is the function of difference ratio-, we can write the continuation value

at the B node(viyy, var) in terms of continuation values.

viwa =pieuiws + (1 —piB)vize — B =pipdiB + viLB — ZB

d132a n dsp ad132
_ B g — BB
adip +dsp (ad;p + dsp)?
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VaLA = P2BV2W B + (1 - P2B)U2LB —yp = —p1Bd2B + V2w B — YB

__ depdipa o adipdes’
ad;p + dap (adp + dsp)?

C.2 Continuation value at C node

Likewise:

g = — dic dgc oo — dao adyc?
ad;c + dsc (adic + doc)?
adyc + daoc (adic + dac)?

C.3 Difference values of first stage

Now we can get di4,dsa:

a*d;pidic® +2aPdip3d o doc + 2a3d p*d 1 doc + a’dipdsc® + a’dp*dic daoc?

dia =
(ad;p + dop)* (ad;c + dac)?

+4a2alzB dop dic?doc +2adipdop dic doc? + 2adep®dic?dec + dop?dic daoc?
(adip + dop)* (ad;c + dac)?

54



a*dip?dop dic® +2a%d p?dep dic doc + 2a3d g dop®dic” + a®dypdop doc® + adipPdac?

doa =
(adip + dsp)? (adic + dac)’

+4azd13 dop’dic dec + 2 ad;p dap?dec® + 2 ad;p dop doc® + dop?dac®
(adip + dop)* (adic + dac)?

dig  ndig

doa  ndaa

where nd; 4 means numerator of d; 4:

ndia = a*d;p3d;c?+2a3d;p3d o dec+2 aPd p2d 1 dac+a?d g3 doc? +aPd p2d o doc?+

4a’d;pdop dic®dec +2ad;p dep dic doc® + 2 adep?dic?dec + dop?dic dac?®

ndga = a*d;p*dop dic® +2ad;p*dop dic doc + 2a3d g dop®dic® + a’dip2dap doc® +

a?d;p?doc® +4a?d ;g dop®dic dec + 2 ad p dap?dac® + 2 ad;p dop doc® + dop?dac®

C.4 Simplification of dy4,dsa

We substitute dyp,dop, dic, dop with A, B, C, D to make the difference values we got in
previous section easier to handle.

dia =

A3C?a* +2A3CDa® + 2A2C2Da® + A3D?a? + A2CD?%a? + 4 ABC?Da? 4+ 2 ABCD?a + 2 B2C?2Da + B2CD?
(Aa + B)2 (Ca + D)2

dog =

A2BC?a* +2A2BCDa® +2AB%C?%a® + A2BD?a? + A%2D3a? + 4 AB?CDa? + 2 AB?D?a + 2 ABD3a + B?D3
(Aa + B)? (Ca + D)?
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C.4.1 Numerator of dj4

Let ndi 4 = numerator of dy4. Then,

ndy A 4 o ADd? s AD%*?® D%? BDa®> _BD%a _B?Da B?D?
= Aa"+2——+2D 4 2 2
azer A TET g TERe T e i T T e e T aee

Substitute B/A =1, D/C = j.

ndia

ot = Aa* +2 Aa®j + Aa®j% + 2 Da® + 4 Da®i + Da?j + 2 Dai? + 2 Daij + Di?j

= (2Da + Dj)i* + (4 Da® + 2 Daj) i + Aa* + 2 Aa®j + Aa®j* + 2 Da® + Da’j
= {A4a" +2Aja* + Aj*a*} + {(2 Da + Dj)i* + (4 Da® + 2 Daj) i + 2 Da® + Da®j}

={4a®(@+)} +{D @+’ (j+20)}

C.4.2 Numerator of dyy

Similarly,

ndsa B 4+2 BDa3+ B2a3+BD2a2+D3a2+ BQDCL2+2 B2D2a+2 BD3(I+BQD3
= Da

A2C? C A C? C? AC AC? AC? - A2C?

= Ba* + 2 Ba®i + 2 Ba®j + 4 Ba%ij + Ba%j? + 2 Baij? + Da%j? + 2 Daij? + Di?j?
= a(a+ 2i) (Ba® + 2 Baj + Bj* + Dj*) + Di*j?

_ {(a+j)23a(a+2i)} +{a(a+2i) Dj? + Di%j?}

o6



= Dj%(a+1)* + (a + j)* Ba(a + 21)

C.4.3 Simple expression of di4 , dog

Denominator of both difference value(dy 4 , do) is (Aa + B)? (Ca + D)?. Divide this by

A202:

(Aa+ B)*(Ca + D)?
A2C?

= (a+i)(a+j)*

Now we can rewrite dy4 , dog as:

D(a+i)*(a+7j)+ (a+i)*Da+ Ad®(a+j)*> D Da Aa?
dia = 5 — = -+ — + —
(a+1)"(a+7) at+j  (a+}j) (a+1)
Dj2(a+1i)?+ (a+7)°Ba(a+i)+ (a+j)*iBa Dj? Ba Bai
dop = 2 ) = 5 T -+ N2
(a+1i)" (a+j) (a+4)" at+i (a+1)

Since G,L—i-i = Di1B, ai-‘y-i = P2B, aij = Dic, aij = Dec, Z;g = ﬁa m equlhbrlurm

_ Dpic Dp;c?

dia + p; + Apip® = Apip* + Cpicpec + Cpaoc

doa = Bpip pep + Dp2c® + Bpip

o7



By its definition, poc = 1 — p1c, p1B =1 —p2B

dia = Ap1]32 — Cp102 +C= dprlB2 - dlelC2 +dic

dya = —Bpsp® + Dpsc® + B = —dappap® + dacpac® + dap
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D Expressions omitted in the text

D.1 Numerator and denominator of continuation values at 1:1

nCVi, = (256 a*? 4 3072 a®' 419968 a® + 89856 a'? + 309088 a'® + 854784 a'” + 1960960 a ' 4 3808272 a'® +
6345049 ¢4 +9147876 a3 +11468710 a'2+12527796 a1 +11914672 a'°+9833144 0¢° +6999694 a8 +4258740 o+
2187023 a8 4 931980 a® + 322308 a* + 87648 a® + 17872 a2 + 2496 a + 192)va®

dCVl, = (a® +2a®> +3a+2)%(8a® +28a® +62a” +103 a8 + 135a° + 135a* + 103 a® + 62a* + 28 a + 8)(a +
D4a® +4a® +11a* +10a® +11a® + 4a+ 4)t(2a* + a +1)*(2a®> + 3a + 2)

nCVE, = (192622 + 2496 a?! + 17872 a?° + 87648 a'® + 322308 a'® + 931980 a'7 4 2187023 a6 + 4258740 a'® +
6999694 01449833144 a3 +11914672 a'2+12527796 a1 +11468710 ¢'°+9147876 a®+6345049 a®+3808272 a” +
1960960 a® + 854784 a® + 309088 a* + 89856 a® + 19968 a? + 3072 a + 256 )v

dCV12:1 = dCVllzl

D.2 Numerator and denominator of difference ratio at Round 2

D.2.1 d?“1;0

ndry.o = (98304 a®'4-1310720 a3°+9232384 0°+44658688 a2 +164980736 02" +493030400 a2 +1235051520 >+
2656024832 a2* + 4986960512 a3 + 8276995200 a2 4+ 12257672928 a?! + 16314984208 2° + 19628182680 a2 +
21440884716 a'® 421340500800 a'” 419405098927 a'6 +16149329084 a'° 412311419852 a'* +8596876436 a'>+
5492255490 1243202771324 ' +1698582960 a0 +815094572 4351478119 a®+134963728 a7 +45603984 a’+
13349312 a® + 3314528 a* + 677120 a® 4 108288 a? + 12288 a + 768)a

ddri.o = 12288 a?® + 184320 a8 + 1487872 4™ 4+ 8231936 a5 4 34343168 a?® + 113675264 a** + 308449664 a3 +
702235264 0?2 + 1365336784 a?! + 2298659536 a2 + 3388277044 a'® 4 4411491900 a'® + 5109316471 a'” +
5293728314 ' + 4928663300 ¢'® + 4138058916 a'* + 3141534634 '3 + 2160846280 a'? + 1348296720 o' +
763509360 a'® + 392148087 a° + 182314942 a® + 76419568 a” + 28685280 a’ + 9538784 a® + 2762176 a* +
677120 a® + 133632 a® + 19200 a + 1536

D.2.2 d?“();l

ndro, = (1536 a2 + 19200 a?® + 133632 a%7 + 677120 a*° + 2762176 a®® + 9538784 a?* + 28685280 a3 +
76419568 0?2 + 182314942 a' + 392148087 02° + 763509360 o' + 1348296720 a'® + 2160846280 a7
+ 3141534634 a6 + 4138058916 a'® 4+ 4928663300 a'* + 5293728314 a'? + 5109316471 a2 + 4411491900 a** +
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3388277044 a'° 42298659536 a” + 1365336784 a®+702235264 a” +308449664 a®+ 113675264 a®+34343168 a* +
8231936 a® + 1487872 a? + 184320 a + 12288)a*

ddro.q = 768 a3' + 12288a3° + 108288 a2 + 677120 a8 + 3314528 a7 + 13349312 4?6 + 45603984 a2° +
134963728 a** + 351478119 a3 + 815094572 a?? + 1698582960 a?! + 3202771324 a0 + 5492255490 a°
+8596876436 a'®+12311419852 a7 +16149329084 a6 +19405098927 a'°+21340500800 a'* 421440884716 '3+
19628182680 a'? + 16314984208 a'! + 12257672928 a'® + 8276995200 a® + 4986960512 a® + 2656024832 a” +
1235051520 a® + 493030400 a® + 164980736 a* + 44658688 a® + 9232384 a2 + 1310720 a + 98304

D.3 Expression omitted in proof of Result 5

A=(a+1)(2a*+3a+2)(4a5+4a®+11a* +10a®+ 11a® + 4a+4)(8a* +8a® +4a® + a+1)(1536 a®° +
13568 a'? + 65152 a'® + 210624 a'” + 506496 a6 + 952992 a'® + 1441256 a'* + 1778212 a3 + 1794754 a'? +
1467965 a'! + 939539 a0 4 420838 a° 4 63244 a® — 100671 a” — 126677 a® — 92024 a® — 49796 a* — 21040 a® —
6768 a® — 1536 a — 192)

B = (2a% + a + 1)(49152 a3! + 630784 a®0 + 4276224 a° + 19875840 a8 + 70420480 a” + 201459200 a*¢ +
482329856 a?® + 990233856 a>* + 1774369984 a?® + 2813033312 a?? + 3989359648 a?! + 5107413256 a*°

+ 5948373280 a'® + 6341878858 a'® 4 6219262853 a7 + 5627724558 a6 + 4705829072 a'® + 3635797268 a4 +
2591956698 a'3+1701280220 a'2+1025534520 a' ' +566307250 a0 +285774761 a® 4131452734 a®+54942160 a” +
20762016 a8 + 7032352 a® + 2102720 a* + 540416 a® + 113664 a2 + 17664 a + 1536)

D.4 Expression omitted in proof of Result 10

A = 2a(a+1)(24576 a??+290816 a**+1841152 a>"+8004608 026 +26461696 a>°+70151936 a>*+153841408 a3+
284437888 a??4448522272 a?' +606876752 a0 4705134680 a'°+699242180 a8 +580805938 a7 +384387541 a6+
170585650 a'® — 3587528 a'* — 107829586 ' — 143301238 a'? — 131487730 a'! — 98295300 ' — 63085800 a” —
35515255 a® — 17671408 a” — 7759696 a — 2979008 a® — 982624 a* — 270592 a® — 59136 a® — 9216 a — 768)

B = (2a% + a + 1)(49152 a3! + 630784 a®0 + 4276224 a° + 19875840 a8 + 70420480 a” + 201459200 a?® +
482329856 a?® + 990233856 a** + 1774369984 a* + 2813033312 a?? + 3989359648 a !

+ 5107413256 a° + 5948373280 a'? + 6341878858 a'® + 6219262853 a'” + 5627724558 a6 + 4705829072 a'® +
3635797268 a'* 4 2591956698 '3 + 1701280220 a'? + 1025534520 a'! + 566307250 a'° 4 285774761 a®
+131452734 a® +54942160 a” 420762016 a® +7032352 a® +2102720 a* +540416 a® 4113664 > + 17664 a+1536)
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D.5 Numerator and denominator of drg.

ndro.o =

a3 (2241279404955710521344 o167 4 153154092671973552291840 o166 4

5326525021399743593447424 o165 4 125578335116110763044896768 o164

+ 2255685866473116150609739776 a 163 | 32809595501158155314169643008 a162 4 405544684145904623458927509504 o161 4
4342545929120227838402739830784 o160 4 41207143850651654752196603412480 o159 4

351797016251777998065262913388544 o158 4 2734203968582820997323832663474176 o157 +

19532521370441690978932553272000512 a 156 4 120244087778931657382845729631895552 a 155 +

797288906689738630961506086071304192 o154 | 4610503763210984080520101429889728512 o153 4

25109451578509119371950546683974123520 o152 4 129310118163011093830933371582303698944 o151 4
631913443944250912236672739879298269184 o150 4+ 2939331377850529829300648441224460500992 149 4
13049235320315177928542602279006754570240 o148 | 55426181513457572429317416909149021667328 o147 +
225722002056047184083194858054234281082880 a 140 4+ 883082592160994058880850496298476158058496 o145 +
3324708915641950760730682124195490858795008 o144 4 12064656537156800661850757036705710189051904 o143 4
42257746654167144253973010706458030471380992 a142 | 143051772442018872007662539622221458670878720 a 141 +
468589072611085251284064615235465250730934272 o140 4+ 1486880454382901929184776108403168587269799936 o139 4
4574874362806023064676039985656514601056993280 o138 4 13661586391585606672683235703215704308229079040 o137 4
39628762008379569240082827698661414866526404608 130 4+ 111750103042441128230039074184408182442736746496 o135 4
306569446024907787603929950163822020827222638592 a 134 4 818739978356557137767350823422286192497498521600 a 133 4
2129959561079975587665078630330285919409226645504 o132 4 5400801912000568046885909860822825526215680458752 a 131 +
13354969711418710506609879243950889250461096869888 o130 4 32221519720844305479601968402701036471848798257152 129 4
75888167918472364758252207047265960046828057526272 a128 4 174550275174852208146299544710879029030724692869120 a127 4
392253660612998004201442198016352745418923272306688 o126 1 861557198257752656874382813296139080188561582981120 o125 4
1850258728145905902376543623569264704130814184521728 a124 | 3886542135258053395114090673674123456117517615890432 a123 4
7987661772654516321593018660141053329111075616980992 a122 4 16067052808209984069984794286936271561110525378560000 a 121 +
31640302711717790579898298181140215425006882384510976 o120 4 61017399162839048701045947350015134017889440217890816 a 119 4+
115262992557991166294980320804651316469988285191290880 o118 4 213332890680004190030294479885199429139862776903237632 a 117 +
386955082328994187533778038991881095097773391930187776 o116 4 688012001085917087866233125021654316808138791874666496 115 4
1199381209778710524385595810289235889421938136251387904 o114 4 2050372120433812904071281982521306064108267482852440064 o113 +
3438004603023944363489437458793366090542451863917077504 o112 | 5655337062518394125532050685213991617706290913213622656 a 111 4
9127772572103326353866554093670920214490894688856067968 o110 4 14457646863184134235230295591290797596940992570302979968 o109 4
22476333201412361239869885107958810871852392054187918256 o108 4 34301522333641843525908102646590473582852198092858661720 107 +
51395255828070672268000508391504781152418141964253644880 o106 4 75615820500722324881277747694082305092014292267747563588 a 105 4
109254002340239670567052124696639917951843763857247186667 o104 4 155041858264717426302501587337163407589333617663875989692 o103 4+
216120643279316295622673705722645458889424680929965411774 102 4 205954468021420847004225673630813366069261855298094314224 o101 4
398178286681734016228837474614657383374765638159534280957 100 4 526373410054103429640044233142060194888242989715792041368 a?9 +
683771078553618479153507249590793961146064556816106255708 a?8 + 872894433972000768232198115471817183353246365793204565268 27 +
1095160656263009170818679770627538223971806639969411480609 26 + 1350476671849875774364223384061958719640324537453390306140 25 +
1636871821004031292621635758814025808421800462832028518102 24 4 1950217103486736120928002641097155689389257746011067050280 93 +
2284081151262790113661526096437029354822565703586820548423 092 + 2629766507206274294206652647421395209443749568288903124024 a1 +
2076555675207601518936926247804972090679155477539007683528 a20 + 3312175543572018621781746479676927593219507100239343673704 a89 +
3623463284452178446632836572483398852722592482534630279246 o838 4 3897189957767810300821683668145558118041228716326799564920 a87 +
4120973767657043055250017752275396854716231821871129118492 a6 4 4284197265985083705299545480495385960810293936500543006720 a3 +
4378835128634232583431511407633497705589541709612905014834 a4 + 4400103443628278317443056124460554580113466560185498444752 o83 4
4346857903731691588876721672319127325112473057000828467720 a2 + 4221695055777117044010805251003698182307177761142659755144 a31 4
4030744225383110190973743691343351524098121124062928650034 o830 + 3783173124671108140716854391244162085697703526829275307800 a7 +
3490462317328022593226658982560101947916446038273734275836 78 + 3165528058140518651899148326742312689670378089008109849776 a77 +
2821786281313486866106653679670254130782092558721203760846 70 + 2472251290982619851497922309353672207304937047622943402152 a75 +
2128751645370108080542659744410391391345049911116519662896 a7 + 1801325263813065036763551698620810628227952359763083045556 a73 +
1497820622531187437299857829510843022712404504847298250951 a72 + 1223775263575199676629199213442935845380402418994622959948 a71 +
982365706827969486190529923998638557381692686599559959206 a 70 + 774707336590042025644296467021479593091537347156479196752 09 +
600140763877396871933588644547941137921001532785510190241 a08 + 456640978624686395736357933093838526976946136194148558424 07 +
341236490124636204968443524552228541890280112289583321020 06 + 250405894442164410267168807235516742281093949327259851876 05 +
180421730913199909743842852554804766165161572286938680445 a4 4 127623904679230719005197492955944278425606331838374735500 a3 +
88616503245956349322923133931291919290765112776119688750 a02 + 60391223061966590325306796412049568787690343749508496744 a6 4
40387177760451381434128144059978187257564963235337371243 a0 4 26500491692161173280579500912942611625479015832519901192 a9 +
17058140240015245265593182666361277255906879078821854104 a®8 + 10769597154636183494159193384429836652109267864877116832 a®7 +
6667698004317279347421915615621081656625641435454239792 o506 4 4047393960730024087739048966899156597656564260969841408 a55 +
2408286144932631564220061259094462322718116745324678400 a4 + 1404361837313064200727401284318041909031022894801751040 a53 +
802395764306897210583333658606826046859787128282022912 %2 + 449088651684483635679960619051013960247917143410909184 a51 +
246149572391186064609040894089864530891268846361350144 o®0 + 132091108835145633070793117967307232491412506787659776 a29 +
69379863117571657973286464316004082364239827766304768 a8 4 35657432343123129683246805995909517925648684640763904 a7 +
17926193630817764671144723031608677456771705833455616 a0 - 8812616776503707878812375598469552609467963192115200 a1 +
4234968798554607951305091495618146567358864285761536 a%4 4 1988683572602901632964792920949019021558136677859328 ad3 +
912187810567769220348023988481369798320173019561984 a?2 + 408535409645037934309981589898821327125986632794112 a4l +
178573058040262175236500826467506411832335610675200 a0 4 76145875721951083935514210969990909946861558169600 a39 +
31660169743126227760869962786620085587256878825472 a38 4 12829112673093385577128313950404623004787753877504 a37 +
5063650043668554267735536179186623172288308051968 30 + 1045662968544620219193974561581984339249340612608 a35 +
727355110164527269512359803067769418307696852992 a34 + 264376018815477047319304058368751582922183540736 a33 +
93368045512764600066251659725559782274932670464 a32 + 32015458058638230698880965257368239042413461504 a1 +
10650496021756458970254695949568718067789201408 a30 + 3434541665628500012970927463173157444250501120 a29 +
1072682400059089119120714086651556916688322560 a28 + 324162799167509253781168163295260574534860800 a27 +
94689017674028350642891025506700488463089664 a26 4 26705461835090441478774596404090556771205120 a25 +
7263481292137722761154200801031669269135360 a2 + 1902696582204389961355030577241481818406912 a23 +
479357520830961518865939409315612894167040 a22 + 115969184139900275118005485495358412816384 a21 +
26895546623060499981690883645316381278208 a20 + 5968402696986771433102044841289543843840 a9 +
1264655030099963593240817552584739913728 a 18 + 255278363700759595697195424934814285824 a7 +
48961190393447588946212269319641890816 a0 + 8896234210087273470214580490614079488 a15 +

1526225093867325951913745851529297920 a4 4 246271004484852372434988352399212544 a13 +

37208783953975025532201208050089984 a2 4 5236406426606629236226799901343744 a1l +

682128098320921718632941722009600 a10 + 81634839108006596704482329886720 a? +

8893153358224938967862096166912 a® + 871752919634909283467390877696 a7 + 75762767717845860707525984256 a8 +
5724299993062850063889334272 a® 4 365951392349455629372358656 a? + 19025240308929358492336128 a® + 755015435104142789443584

a2 + 20358287928347703902208 a + 280159925619463815168)
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ddro.o =

280159925619463815168 a 167 4 20358287928347703902208 o166 4 755015435104142789443584 o165 4+ 19025240308929358492336128 o164

+ 365951392349455629372358656 o103 4 5724209993062850063889334272 o162  75762767717845860707525984256 o161

+ 871752919634909283467390877696 o160 4+ 8893153358224938967862096166912 159 4 81634839108006596704482329886720 o158 +
682128098320921718632941722009600 a157 4 5236406426606629236226799901343744 o156 4 37208783953975025532201208050089984 o155 4+
246271004484852372434988352399212544 o154 | 1526225093867325951913745851529297920 a 153 4

8896234210087273470214580490614079488 a152 4 48961190393447588946212269319641890816 151 +
255278363700759595697195424934814285824 o150 4 1264655030099963593240817552584739913728 a149 4+
5968402696986771433102044841289543843840 a 148 + 26895546623060499981690883645316381278208 a 147 +
115969184139900275118005485495358412816384 a 140 4+ 479357520830961518865939409315612894167040 a 145 +
1902696582204389961355030577241481818406912 a 144 | 7263481292137722761154200801031669269135360 a143 +
26705461835090441478774596404090556771205120 o142 4+ 94689017674028350642891025506700488463089664 o141 +
324162799167509253781168163295260574534860800 o140 4 1072682400059089119120714086651556916688322560 o139 +
3434541665628500012970927463173157444250501120 a138 4+ 10650496021756458970254695949568718067789201408 137 +
32015458058638230698880965257368239042413461504 o136 4 93368045512764600066251659725559782274932670464 a135 +
264376018815477047319304058368751582922183540736 a 134 4 727355110164527269512359803067769418307696852992 o133 4
1945662968544620219193974561581984339249340612608 a132 4+ 5063650043668554267735536179186623172288308051968 o131 4
12829112673093385577128313950404623004787753877504 o130 | 31660169743126227760869962786620085587256878825472 129 +
76145875721951083935514210969990909946861558169600 a 128 4 178573058040262175236500826467506411832335610675200 a 127 +
408535409645037934309981589898821327125986632794112 o126 4 912187810567769220348023988481369798320173019561984 0125 +
1988683572602901632964792920949019021558136677859328 o124 | 4234968798554607951305091495618146567358864285761536 a123 +
8812616776503707878812375598469552609467963192115200 a122 4+ 17926193630817764671144723031608677456771705833455616 121 +
35657432343123129683246805995909517925648684640763904 o120 4 69379863117571657973286464316004082364239827766304768 o119 +
132091108835145633070793117967307232491412506787659776 o118 4 246149572391186064609040894089864530891268846361350144 o117 4
449088651684483635679960619051013960247917143410909184 a116 4 802395764306897210583333658606826046859787128282022912 o115 4
1404361837313064200727401284318041909031022894801751040 a 114 4+ 2408286144932631564220061259094462322718116745324678400 a 113 +
4047393960730024087739048966899156597656564260969841408 o112 | 6667698004317279347421915615621081656625641435454239792 o111 4
10769597154636183494159193384429836652109267864877116832 o110 + 17058140240015245265593182666361277255906879078821854104 0109 4
26500491692161173280579500912942611625479015832519901192 o108 4 40387177760451381434128144059978187257564963235337371243 o107 4+
60391223061966590325306796412049568787690343749508496744 o106 4 88616503245956349322923133931291919290765112776119688750 a105 +
127623904679230719005197492955944278425606331838374735500 o104 4 180421730913199909743842852554804766165161572286938680445 o103 +
250405894442164410267168807235516742281093949327259851876 102 4+ 341236490124636204968443524552228541890280112289583321020 o101 +
456640978624686395736357933093838526976946136194148558424 o100 4 600140763877396871933588644547941137921001532785510190241 a99 +
774707336590042025644296467021479593091537347156479196752 a98 4 982365706827969486190529923998638557381692686599559959206 a27 +
1223775263575199676629199213442935845380402418994622959948 26 + 1497820622531187437299857829510843022712404504847298250951 25 +
1801325263813065036763551698620810628227952359763083045556 a24 + 2128751645370108080542659744410391391345049911116519662896 a93 +
2472251290982619851497922309353672207304937047622943402152 a92 + 2821786281313486866106653679670254130782092558721203760846 a9 +
3165528058140518651899148326742312689670378089008109849776 090 + 3490462317328022593226658982560101947916446038273734275836 a89 +
3783173124671108140716854391244162085697703526829275307800 a88 + 4030744225383110190973743691343351524098121124062928650034 a87 +
4221695055777117044010805251003698182307177761142659755144 o830 4 4346857903731691588876721672319127325112473057000828467720 a3 +
4400103443628278317443056124460554580113466560185498444752 o84 4 4378835128634232583431511407633497705589541709612905014834 o33 +
4284197265985083705299545480495385960810293936500543006720 aB2 + 4120973767657043055250017752275396854716231821871129118492 a1 4
3897189957767810300821683668145558118041228716326799564920 a80 4+ 3623463284452178446632836572483398852722592482534630279246 a72 +
3312175543572018621781746479676927593219507100239343673704 a8 + 2976555675207601518936926247804972090679155477539007683528 a7 +
2629766507206274294206652647421395209443749568288903124024 76 + 2284081151262790113661526096437029354822565703586820548423 a5 +
1950217103486736120928002641097155689389257746011067050280 a’4 + 1636871821004031292621635758814025808421800462832028518102 a3 +
1350476671849875774364223384061958719640324537453390306140 a2 + 1095160656263009170818679770627538223971806639969411480609 71 +
872894433972000768232198115471817183353246365793204565268 a 70 + 683771078553618479153507249590793961146064556816106255708 a09 +
526373410054103429640044233142060194888242989715792041368 a08 4 398178286681734016228837474614657383374765638159534280957 a87 +
205954468021420847004225673630813366069261855298094314224 a6 4 216120643279316295622673705722645458889424680929965411774 a05 +
155041858264717426302501587337163407589333617663875989692 a5 + 109254002340239670567052124696639917951843763857247186667 03 +
75615820500722324881277747694082305092014292267747563588 a02 + 51395255828070672268000508391504781152418141964253644880 ab1 +
34301522333641843525908102646590473582852198092858661720 ab0 + 22476333201412361239869885107958810871852392054187918256 a5 +
14457646863184134235230295591290797596940992570302979968 a58 + 9127772572103326353866554093670920214490894688856067968 a57 +
5655337062518394125532050685213991617706290913213622656 a50 + 3438004603023944363489437458793366090542451863917077504 a55 +
2050372120433812904071281982521306064108267482852440064 a54 + 1199381209778710524385595810289235889421938136251387904 a53 +
688012001085917087866233125021654316808138791874666496 a52 + 386955082328994187533778038991881095097773391930187776 a5L +
213332890680004190030294479885199429139862776903237632 a50 + 115262992557991166294980320804651316469988285191290880 a49 +
61017399162839048701045947350015134017889440217890816 a?8 4 31640302711717790579898298181140215425006882384510976 a7 +
16067052808209984069984794286936271561110525378560000 a6 1 7987661772654516321593018660141053329111075616980992 25 4
3886542135258053395114090673674123456117517615890432 a?? 4 1850258728145905902376543623569264704130814184521728 a?3 4
861557198257752656874382813296139080188561582981120 a?2 + 392253660612998004201442198016352745418923272306688 a*l +
174550275174852208146299544710879029030724692869120 a0 4 75888167918472364758252207047265960046828057526272 a39 +
32221519729844305479601968402701036471848798257152 a38 4 13354969711418710506609879243950889250461096869888 a37 +
5400801912000568046885909860822825526215680458752 a36 + 2129959561079975587665078630330285919409226645504 o35 +
818739978356557137767350823422286192497498521600 a34 + 306569446024907787603929950163822020827222638592 a33 +
111750103042441128230039074184408182442736746496 032 + 39628762008379569240082827698661414866526404608 a31 +
13661586391585606672683235703215704308229079040 030 4 4574874362806023064676039985656514601056993280 a29 +
1486880454382901929184776108403168587269799936 a28 + 468589072611085251284064615235465250730934272 a27 +
143051772442018872007662539622221458670878720 a20 4 42257746654167144253973010706458030471380992 a25 +
12064656537156800661850757036705710189051904 a2 + 3324708915641950760730682124195490858795008 a23 +
883082592160994058880850496298476158058496 a22 + 225722002056047184083194858054234281082880 a2l +
55426181513457572429317416909149021667328 a20 + 13049235320315177928542602279006754570240 a9 +
2939331377850529829300648441224460500992 a 18 + 631913443944250912236672739879298269184 a7 +
129310118163011093830933371582303698944 10 + 25109451578509119371950546683974123520 a5 +

4610503763210984080520101429889728512 a4 4 797288906689738630961506086071304192 a13 +

129244087778931657382845729631895552 a12 4 19532521370441690978932553272000512 a1 +

2734293968582820997323832663474176 a0 + 351797016251777998065262913388544 a? + 41207143850651654752196603412480 a8 +
4342545929120227838402739830784 a7 + 405544684145904623458927509504 a® + 32899595501158155314169643008 a® +
2255685866473116150609739776 a + 125578335116110763044896768 a3 + 5326525021399743593447424 a2 + 153154092671973552291840 a

+ 2241279404955710521344
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D.6 Numerator and Denominator of first order derivatives

A = a3(2359296 a®° + 71368704 0™ + 1137180672 a"® + 12559712256 a® + 107248287744 a°® + 750586183680 a°® +
4464367173632 a®* + 23133873397760 > + 106352180959232 a®2 + 439829468220928 a®' + 1654349582626816 a*° +
5709904243425792 a*° + 18216248214654720 a*® + 54045408982697280 a*” + 149882006837803264 a*°

+ 390220318507612448 a*® 4 957267139311978212 a** + 2219566201570644441 a*3 4 4876963271482244840 a*?
+10177026125091004008 a*! 4+20204718189439321480 a*° +38217110272931621564 a>° +68945320636355510696 a>® +
118722251666798593016 a7 +195236777143916215632 a>°+306698762661169543782 a>° +460269503409187581880 a4+
659802117748166863768 a>3+903237438490428884568 ¢>?+1180335928374435332364 31 4+1471649740287704462072 a0+
1749582645129725269096 a2 + 1981944123504784750412 a® + 2137627945954130731657 a2”

+ 2193178224882984915520 a5 + 2138416781149886272768 o> + 1979325582539300181920 a4

+ 1737110069763071658928 a3 + 1443588893693079745408 a?? + 1134280771228282275072 a**
+841273662570269974528 a2°4+587875200062244730624 a'° +386237663657653970944 '8 +238023215186046441472 "+
137219786180870922240 a'® + 73777707384269578240 a'® + 36866772607679135744 a'* 4 17053513270781804544 '3 +
7268753489876746240 a2 + 2839514991396847616 a'* + 1010254312350154752 '° 4 324914077762584576 a®
+93613087543787520 a®+23895380436451328 a” +5328703437406208 a®+1019364635574272 a®+163156546551808 a+
21069448609792 a® + 2070845325312 a? + 138915348480 a + 4831838208)

B = (a® + a + 2)?(1536 a®* + 17664 a®° + 113664 a®° + 540416 a*® + 2102720 a7 4 7032352 a?° + 20762016 a*® +
54942160 a* 4 131452734 a3 4 285774761 a2 + 566307250 o> + 1025534520 a° 4+ 1701280220 a*® 4 2591956698 a & +
3635797268 a7 +4705829072 a'®+5627724558 a'°+6219262853 a4 +6341878858 3 +5948373280 a1 +5107413256 o' +
3989359648 a'® + 2813033312a° + 1774369984 a® + 990233856 a” + 482329856 a® + 201459200 a® + 70420480 a* +
19875840 a® + 4276224 a* + 630784 a + 49152)>

C = a®(2359296 a®° + 71368704 a®® + 1137180672 a® + 12559712256 a®7 + 107248287744 a°® + 750586183680 a°® +
4464367173632 a®* + 23133873397760 a®® 4+ 106352180959232 a°? + 439829468220928 a°' + 1654349582626816 a°° +
5709904243425792 a* + 18216248214654720 a*® + 54045408982697280 a*” + 149882006837803264 a*6

+ 390220318507612448 a*® + 957267139311978212 a** + 2219566201570644441 a*3 + 4876963271482244840 a2
+10177026125091004008 a** +20204718189439321480 a*° +38217110272931621564 a>° 4-68945320636355510696 a* +
118722251666798593016 a7 +195236777143916215632 a6 +306698762661169543782 a>> +460269503409187581880 a>* +
659802117748166863768 a>> + 903237438490428884568 a>? + 1180335928374435332364 a>*

+ 1471649740287704462072 a°° + 1749582645129725269096 a2 + 1981944123504784750412 o2®

+ 2137627945954130731657 o7 + 2193178224882984915520 a?® + 2138416781149886272768 a2®

+ 1979325582539300181920 a®* + 1737110069763071658928 a® + 1443588893693079745408 0>
+1134280771228282275072 0! +841273662570269974528 020 +587875200062244730624 a'°+386237663657653970944 o'+
238023215186046441472 a7 +137219786180870922240 a'° + 73777707384269578240 a'® +36866772607679135744 a4 +
17053513270781804544 a*® + 7268753489876746240 a'* + 2839514991396847616 ' + 1010254312350154752 a.*°
+324914077762584576 a®+93613087543787520 a®+23895380436451328 0" +5328703437406208 a®+1019364635574272 a®+
163156546551808 a* + 21069448609792 a® + 2070845325312 a? 4 138915348480 a + 4831838208)

D = (a® + a + 2)%(1536 a®" + 17664 a*° + 113664 a®° + 540416 a®® + 2102720 a*” + 7032352 a®° + 20762016 a*® +
54942160 a®* 4 131452734 a3 4 285774761 a2 + 566307250 a®' + 1025534520 a° 4+ 1701280220 a*® 4 2591956698 a & +
3635797268 a'" 44705829072 a6 +5627724558 a'® +6219262853 a'* +6341878858 a'® 45948373280 012 +5107413256 a'' +
3989359648 ¢'® + 28130333124a° + 1774369984 a® + 990233856 a” + 482329856 a® + 201459200 a® + 70420480 a* +
19875840 a® + 4276224 a* + 630784 a + 49152)?

63



7E
L
e
qe

]

g

o] AT}

| -

7o) g A

o] ohe, ol
Foll o mele &
7t 7ke]

T

L
prs

—_— -
=

°

Rl ot thdA| o] v 73 7]

7
47]
Holelg ol

1
1—

9l e

_1:.
—

5t

A}
[e]

oF7]

o=

Paie)
o% AAHH

al

VS

cHAA oA E A

U ERES
212 Rl (Psychological Momentum)i}

=
=

]

=
1717} 7re] 34 24454 AN A 7 2he

A

o=
1 X

Ao
1

a

o] 2ol

T

=

oA ATA
2719 Aol 5

71oJuLS|H A QRE], T2 AX = A7 o|27]|7HA] B9

& (Strategic Momentum)©] th Ao A A

=

[}

B!
o
%0
T

ife]

ol
TR

Hr

al

S
&

A9 o]z
sho] o

2

34 245

2t

o

o 9
[E=E,

j -
=
<]

TolA AHgE Bl AHE

Nl

129

I O
== 7

]

a4

=
=

=EF

B

o 7

1

X

Aj] e

64



=

o] Ax

]

[e]

Z

o] oA Uut

-
-

i, el2171sel AolA v

]'71] %E} O]oﬂ’ —?‘/?j O]

<)

7

=

[e)

SHAI

o

o] %7_13

E_E ™ TrT 1_.
—_— K oR =
= W R T ﬂ% I )
Lﬁﬁﬂﬁﬂo_% = T X
T R T ) 0w %
- SN G o T o
L O Hog oo
mm_w%wm%:]v@.mwm uﬂwm%
1] ] o —_ i) ] _
ﬁm}i%MH# T o ofy O G
UA' M T ﬂwA” ~ 1jo n_._oyE 7L ,Alu_ﬂ o :.l _l_uw_
CIRCY Cl No 7 o Mo = T B X o T
V%%mryﬂo_aﬂ > o KO -
=oooa Y B d T E W =
B B <z © T = = W i
aﬁfr%am_mﬂe_a% ﬂ@&ﬁ w
= w A kL wjy ,_.._.1 o w T Wow -
N o X ﬂ of X mr = o n X
w - o al N X "o wr
= oy B o= ,M__E N ! AR m o
) T = < U T 5 H ,@ < i
i e 2 o ajo = T s o .
- T M S o W e S
& fe s R pl VR M T o X
™Y o= P o " g oaf Al w
TN R S, A 7 M g~ = =0
LT ‘_| e | ‘_._1__.o| & T T4 %o ar T
o T Bodo 2 =3
prradrie ool =
o T oo =
TEE SR IR I ®
= o T W X s ~ M,mu‘_
e B 1,m._| o Y iy
o X e N "R T ) T e
By 3 XLk T o G T g
~ . ™ T % T o min NDo=m R i -
oy oo R oo S o O ~ D o= =
BT GO ) O T
W oE T " ETT O wor e s =
wﬂwﬁmm@;W%# Eﬂokﬁ o 3
W o M oo T < W T 2 )
m A
N

65



Acknowledgement

Most of all, I would like to thank my advisor, Professor Dmitry A. Shapiro for the
patient guidance, encouragement, detailed feedback on every update of the draft, a lot
of proper pressures that kept me standing at the front line, and advice he has provided
throughout the whole process of this paper. Moreover, I really appreciate his patience
with my poor English communication skills and consideration of my circumstances dur-
ing the whole time. Beers and dinners we had together sometimes made my experience
in SNU richer than ever. Also, other committee members, Professor Yves Gueron and
Professor Yena Park are greatly appreciated for their meticulous review and helpful

feedback.

I would like to acknowledge my colleagues in the Laboratory of Liberal Studies of
Economics and HGU friends for giving me great help in many ways. Especially, I want

to say sorry for bothering you guys so often.

I wish to show my gratitude to my parents and brother for giving me a chance to
study in graduate school. Without their dedication, I would not have been able to finish
the course. Also, I am deeply grateful to my mother-in-law and my sister-in-law for

always being warm and comfortable for me.

Finally, I wish to express my deepest gratitude to my beloved wife, who has been
greatly supportive and has been considerate throughout the whole process. Most of all,
thank you for trusting me and encouraging me whenever I was stuck at the crossroads.

I owe you everything.

66



	1 Introduction
	2 Literature Review
	3 Model
	3.1 Elements of the Best-of-Five game . . . . . . . . . . . . . . . . . . . . . .
	3.2 Equilibrium in an one-stage game . . . . . . . . . . . . . . . . . . . . . . .
	3.3 Equilibrium in a two-stage game . . . . . . . . . . . . . . . . . . . . . . .

	4 Equilibrium of Best-of-Five Contest Game
	4.1 Round 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
	4.2 Round 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
	4.3 Round 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
	4.4 Round 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
	4.5 Round 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
	4.6 Comparison of winning probabilities . . . . . . . . . . . . . . . . . . . . .

	5 Theoretical Frequencies
	6 Conclusions
	7 References
	Appendix
	A Notations
	B Derivation of 3.3.1
	C Derivation of 3.3.2
	C.1 Continuation value at B node . . . . . . . . . . . . . . . . . . . . . . . . .
	C.2 Continuation value at C node . . . . . . . . . . . . . . . . . . . . . . . . .
	C.3 Difference values of �first stage . . . . . . . . . . . . . . . . . . . . . . . . .
	C.4 Simpli�cation of d1A; d2A . . . . . . . . . . . . . . . . . . . . . . . . . . .
	C.4.1 Numerator of d1A . . . . . . . . . . . . . . . . . . . . . . . . . . . .
	C.4.2 Numerator of d2A . . . . . . . . . . . . . . . . . . . . . . . . . . . .
	C.4.3 Simple expression of d1A , d2A . . . . . . . . . . . . . . . . . . . .


	D Expressions omitted in the text

	Abstract in Korean
	Acknowledgement


<startpage>4
1 Introduction 4
2 Literature Review 7
3 Model 10
 3.1 Elements of the Best-of-Five game . . . . . . . . . . . . . . . . . . . . . . 10
 3.2 Equilibrium in an one-stage game . . . . . . . . . . . . . . . . . . . . . . . 13
 3.3 Equilibrium in a two-stage game . . . . . . . . . . . . . . . . . . . . . . . 15
4 Equilibrium of Best-of-Five Contest Game 17
 4.1 Round 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
 4.2 Round 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
 4.3 Round 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
 4.4 Round 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
 4.5 Round 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
 4.6 Comparison of winning probabilities . . . . . . . . . . . . . . . . . . . . . 32
5 Theoretical Frequencies 42
6 Conclusions 45
7 References 47
Appendix 51
 A Notations 51
 B Derivation of 3.3.1 51
 C Derivation of 3.3.2 53
  C.1 Continuation value at B node . . . . . . . . . . . . . . . . . . . . . . . . . 53
  C.2 Continuation value at C node . . . . . . . . . . . . . . . . . . . . . . . . . 54
  C.3 Difference values of �first stage . . . . . . . . . . . . . . . . . . . . . . . . . 54
  C.4 Simpli�cation of d1A; d2A . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
   C.4.1 Numerator of d1A . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
   C.4.2 Numerator of d2A . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
   C.4.3 Simple expression of d1A , d2A . . . . . . . . . . . . . . . . . . . . 57
 D Expressions omitted in the text 59
Abstract in Korean (국문초록)
Acknowledgement
</body>

