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Abstract

Loss-tolerant teleportation using
hybrid entanglement of light

Seongjeon Choi
Department of Physics and Astronomy
The Graduate School

Seoul National University

The optical system is one of the promising candidates for quantum informa-
tion processing. Using quantum resources possible for the optical state, one
can gain quantum advantages in many useful applications. Quantum tele-
portation is one of the outstanding protocols using entanglement. However,
the unavoidable photon loss damages the entanglement, especially for the
optical qubit having many photons.

This dissertation discusses the usage of the hybrid entanglement be-
tween two different qubit encodings to achieve both the high teleportation
success probability and the high fidelity between the input and target qubit.
For the high success probability, I utilize the many-photon qubit encoding
such as the coherent-state qubit with large amplitude and multiphoton qubit
of polarized photons since these encodings have the nearly-deterministic
Bell-state measurement schemes. The small-photon qubit encoding, in con-

trast, shows the better behavior on the photon loss. This encoding includes



a vacuum-and-single-photon (VSP) qubit, polarized single-photon (PSP)
qubit, and coherent-state qubit with a small amplitude. I consider the hybrid
entanglement for a coherent-state qubit to a VSP qubit and a multiphoton
qubit to all small-photon qubits.

First, the analysis of the hybrid entanglement of a coherent-state qubit
shows that the success probability withstands more photon losses as the
amplitude of coherent-state qubit increases. The fidelity is affected by the
losses both on the coherent-state qubit and VSP qubit, but the loss of the
coherent-state qubit affects it more severely especially for large amplitude.
Second, the hybrid entanglement of a multiphoton qubit shows that the fi-
delity is determined by the loss of the small-photon qubit side while the
success probability depends on loss only in the multiphoton qubit side. Es-
pecially, the hybrid entanglement with the VSP qubit tolerates 10 times
more photon-loss rate than the direct transmission in high fidelity regime
(F > 90%). For the success probability, I propose the optimal photon num-
ber consisting of a multiphoton qubit. The generation methods for the re-
quired entangled states are additionally discussed.

I further investigate the quantum resources of light other than entangle-
ment: coherence and nonclassicality. I propose physically motivated coher-
ence measures from the role of coherence in the quantum Fisher information
and expectation values of quantum observables. For the latter measure, the
semidefinite programming provides an efficient method to compute the in-
volved optimization. The suggested nonclassicality measure is based on the
negativity of the Glauber-Sudarshan P function. The singular behavior of

the P function is dealt with by the filtering on the Fourier space. The nega-

ii



tivity is proven to be equivalent to the robustness of mixing with the classical

state, which gives its operational meaning.

Keywords : Teleportation, Hybrid entanglement, Quantum coherence, Non-
classicality

Student Number : 2015-20354

iii



v

.'t'FF"J:'."r

A& )8t i

SECRIL WATCLAL |IMMVERSTY



Abstract

Contents

I. Introduction . . . . . . .. .. ... .

II. Hybrid entanglement of light and teleportation of many-

photon qubit encodings . . . . . .. ... ... ... ...

2.1
2.2

23

24

2.5
2.6

Introduction . . . . . . . . ... ...

Photon-lossmodel . . . . . ... ... ... ... ...,

Teleportation using the hybrid entanglement between a VSP

qubit and a coherent-state qubit . . . . . ... ... .. ...

2.3.1
232
233

234

Loss on hybrid entanglement . . . . . . . ... ...
Output state of the teleportation . . . . . ... ...
Fidelity . . ... ... ... ... ... ... ....

Success probability . . . ... ..o

Teleportation of a multi-photon qubit using a carrier qubit . .

24.1
242
243

244

Review of multiphoton qubit . . . . . ... ... ..
Loss on hybrid entangled states . . . . . ... ...
Output states and their fidelities . . . . .. ... ..

Success probabilities . . . ... ... ... ... ..

Generation of hybrid entangled states . . . . . .. ... ..

Remarks . . . . . . . . . . . . . ...

III. Operational quantum resources beyond entanglement . . . .

15

43



3.1 Introduction . . . . . . . . . . . . . ... 43

3.2 Measuring coherence via observable quantum effects . . . . 45
3.2.1 Preliminaries . . ... .. .. ... ... ..... 45

3.2.2 Coherence and Quantum Fisher Information . . . . . 47

3.2.3 Coherence measures from quantum observables . . . 54

324 Examples . . . ... ... ... .o 63

3.3 Measuring Nonclassicality via negativity . . . . . . . . . .. 65
3.3.1 Nonclassicality filtering . . . ... ... ... ... 65

3.3.2 Negativity as a linear optical monotone . . . . . .. 70

3.3.3 Operational interpretations of the negativity . . . . . 72

3.3.4 Approximate nonclassicality monotones . . . . . . . 75

335 Examples . . . ... .. ... L. 79

34 Remarks . . . . ... oL 81

IV. Conclusion . . .. ... ... ... ... ... . ... ... 85
Bibliography . . . . ... .. ... ... .. ... ... . ... 89
AbstractinKorean. . . . . .. ... oL o000 103

vi
]



Figure 1.

Figure 2.

Figure 3.

List of Figures

Contour graph of the average fidelities of teleportation
of ¢ — s as a function of the loss rate on the coherent-
state qubit side . and the VSP qubit side 1, for |ot|> =
1,2,and 3. . . . . ... 13

Success probabilities for teleportation from a coherent-
state qubit to a single-rail qubit (¢ — s) with several
photon numbers (|a|? = 1,2,3,4) against the photon-

loss rate on the coherent-state qubit sideme. . . . . . . 14

Degrees of entanglement (negativity) against the photon-
loss rate for the multiphoton qubit 1y, = 1 —¢3, and for
the carrier qubit ¢ =1 — tg of hybrid entanglement
between (a) the multiphoton qubit and the coherent-
state qubit ppc, (b) the multiphoton qubit and the PSP
qubit pyp, and the multiphoton qubit and the VSP qubit
Pms- The number of photons N for the multiphoton
qubit is set to be N = 4. The amplitude of the coherent-

state qubit is chosentobe v =1.2. . ... ... ... 21

vii



Figure 4. Schematic of the Bell-state measurement for multiphoton-
qubit encoding using beam splitters (BSs), Half-wave
plates (HWPs), and on-off photodetectors (PDs). Two
on-off photodetectors and one polarizing beam splitter
(PBS) are used to measure the polariziation of a single
photon. The mode labels 1,2,...,N (1",2/,...,N’) rep-
resent the corresponding modes of the first (second)

multiphoton qubit. . . . ... ...

Figure 5. Average fidelities of direct transmission with N =4
(black solid) and hybrid archtectures with different car-
rier qubits: coherent state qubits (denoted by c) for
o = 1.2 (yellow dot-dashed) and oo = 1.6 (red dot-
dot-dashed), a PSP qubit (p, green dashed), and a VSP
qubit (s, blue dotted) against the photon-lose rate for
the carrier-qubit part e =1 — tg. The gray horizontal

dotted line is the classical limit F;p =2/3. . . . . . ..

Figure 6. Success probability Pgyccess Of the multiphoton Bell-
state measurement against the photon-loss rate for the
multiphoton qubit N3y = 1 — 2, for photon numbers of

N=1,2,3,and4. . .. ... ... . ... .......

Figure 7. Conceptual schematics for (a) generating hybrid en-
tangled state between a coherent-state qubit and VSP

qubit and implementing conversion gates (b) V,,_,; and



Figure 8.

Figure 9.

Figure 10.

Comparisons between the lower bounds of the super-
radiant based measure Cg(red, o), the QFI based mea-

sure CM(green, [J), and the relative entropy of coher-

ence (Cg(blue, x) for the M-qubit Dicke state with k
excitations |M, k). The plots are normalized so they
coincide at k = 10, and demonstrate qualititatively sim-

ilar behaviour across different measures. . . . . . .. 64
Comparisons among the /; norm of coherence (, (green,
solid), the relative entropy of coherence Cp(red, dash-
dotted), and the coherence measure corresponding to
magnetization measurement (s (blue, dotted). I con-

sider the single parameter, 3 qubit state p = (1+p/7)1 /8 —
p/7|w) (w|, where |w) == %(\oow +1010) + |100))
andpe[0,1] .. ... L 66
(a) Convergence of the filtered negativity(solid line)

No,w to the negativity(dotted line) N[ for the single
photon added thermal state pspar with 7 = 2. (b) The
(logged) filtered negativity log(1 + Mg ) for squeezed

VACUUIM [F) o v v v v v ot e e e e e e 80

X



2 M & et

SECRIL WATCLAL |IMMVERSTY



List of Tables

Table 1. Maximum photon-loss rates for the carrier qubit, 1¢, re-
quired to reach the fidelity of 99.9%, 99%, and 90% with
the coherent-state (CS) qubit, the PSP qubit, and the VSP
qubit. The direct transmission (DT) of the multiphoton
qubit with the photon number N = 4 is given for com-

parison under the same photon-lossrate. . . . . . .. .. 31

X1



Xii

: _-r: ;‘1 %E‘H ;E"l.].-l?—

SECRIL WATCLAL |IMMVERSTY



Chapter 1

Introduction

The revolutionary development of quantum optics in the late 20th cen-
tury allows physicists to prepare and control an individual quantum system.
Beyond passively observing quantum effects, the engineering ability on the
quantum system opens up the quantum technology that takes advantage of
the characteristics of quantum mechanics. The contemporary discoveries of
the fundamental protocols, therefore, do not seem just coincidences: C. H.
Bennett and G. Brassard invented the radically innovative secret-key sharing
protocol [1]. Shor’s algorithm [2] and Grover’s algorithm [3] became fun-
damental for the quantum algorithms. Braunstein and Caves gave the idea
of quantum metrology [4].

Quantum teleportation is one of the distinctive protocols in quantum
information processing. Discovered by C. H. Bennett, G. Brassard, and C.
Crepeau [5], teleportation indirectly transfers quantum information without
the information itself moving through physical space. This striking feature
has no imitation in the classical information theory. Although the informa-
tion is transferred only after enough amount of classical information is trans-
mitted despite its seemingly ‘non-local’ appearance, teleportation has use-
ful applications in quantum communication [6, 7] and quantum computing
(8,9, 10].

One of the main obstacles of optical quantum information is the in-



evitable decoherence due to photon loss. Especially for long-distance quan-
tum information processing, it is highly desirable to find teleportation pro-
tocols loss-tolerant under the photon loss. There has been suggested such
as purification protocol [11, 12], entanglement swapping with quantum re-
peaters [13], and error-correcting protocol [14, 15, 16, 17] in repeater nodes.
Additionally, the study on the robust qubit encodings and their hybrid has
been introduced. This dissertation particularly focuses on the hybrid ap-
proach aiming to combine the merits of different qubit encodings. This ap-
proach is believed to be possible in the near future.

For teleportation, a special kind of correlation, entanglement, must be
shared between the sender and receiver, which the classical mechanics can-
not provide. The entanglement, however, is not the only distinctive feature
in the optical system: there are other quantum characteristics of optical sys-
tem [18, 19, 20, 21]. The famous particle-wave duality of light tells that the
light is not particle nor wave: the quantum nature of light has both of them
[22]. In other words, if an optical state is solely described by the particles
or waves without superposition, the system is classical and cannot show the
quantum power. The resource theory framework provides the quantitative
understanding of the quantumness in the perspective of each characteristic.
The degree of deviation from the classical particle and wave description is
called quantum coherence and nonclassicality, respectively. The central is-
sue of the resource theory framework is to find operational measures. The
operational measure does not merely quantify, but the measured quantity
itself has a physical implication in some operational scenario.

In this dissertation, the usage of the hybrid entanglement is discussed

2



for loss-robust qubit teleportation and investigate the operational measures
that may quantify the coherence and nonclassicality. In chapter 2, I consider
the hybrid entanglement between a many-photon qubit and a small-photon
qubit. The former has merit on the Bell-state measurement, and the latter on
the loss-tolerance. In chapter 3, I introduce the resource-theoretic measures
for coherence and nonclassicality. I drive the coherence measures from the
famous quantum effects such as metrological power and expectation val-
ues of quantum observables. For the nonclassicality, I show that the famous
phase-space negativity can be a genuine measure and that it is equivalent to

the robustness of the mixing with classical states.
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Chapter 2

Hybrid entanglement of light and
teleportation of many-photon qubit

encodings

2.1 Introduction

Photonic qubits are particularly useful for quantum information trans-
fer over a long distance. There are several different ways to encode qubit
information in traveling light fields. Probably the most well-known type
uses the horizontal and vertical polarizations of a single photon (PSP), |H)
and |V) [8, 23], which is often called “dual-rail encoding.” Another method
is to utilize the vacuum and the single-photon (VSP) states, |0) and |1),
called “single-rail encoding,” with its own merit [24, 25]. Recently, Lee
et al. suggested multiphoton encoding with the horizontal and vertical po-
larizations of N photons, {|H)* = @Y, |H),,|V)*N = @Y, |V),}. Not
only restricted to the discrete qubit encoding, one can alternatively uti-
lize continuous-variable-based qubit encoding such as one with two coher-
ent states with opposite phases, |+, where o are coherent amplitudes
[26, 27]. The characteristic of the coherent-state qubit is subject to the am-
plitude a.

The aforementioned qubit encodings can be divided into two groups

5



according to the mean-photon number 7i. The first one is the small-photon
qubit encoding, which includes the PSP qubit, VSP qubit, and the coherent-
state qubit with a small o. The mean photon numbers in these encodings
are less than two. With the linear optics, only two among four Bell states
can be discriminated for the PSP qubit and VSP qubit, so the success prob-
ability of Bell measurement is generally limited to 1/2 [28, 29]. The suc-
cess probability of the coherent-state qubit is also small since it is given by
1-— O(efzo‘z) [26]. This affects the success probabilities of gate operations
for linear optics quantum computing [8] depending on the gate teleportation
scheme [10], which is an obstacle against the implementation of scalable
optical quantum computation.

The second group contains the multiphoton qubit and the coherent-
state qubit with a large a. In contrast to the first one, these qubits have the
nearly-deterministic Bell-state measurement scheme approaching the unity
as i1 — oo, However, the many-photon qubits are fragile under the photon
loss since these qubits generally form macroscopic superposition, which is
weak under loss.

These two groups have their own merits. The hybrid approach aims to
combine the advantages of qubit encodings and redeem the weaknesses. In
this chapter, I consider the hybrid entanglement of small-photon and many-
photon qubits and investigate teleportation schemes via the hybrid entan-
glement. The evaluation of this approach will be evaluated by the fidelity
between the input and output states and the success probability of quantum
teleportation under photon loss. This study may be useful for designing and

building up loss-tolerant quantum communication networks.
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2.2 Photon-loss model

In this chapter, the photon-loss environment is described by the master
equation under the Born-Markov approximation with the zero-temperature

[30]:
R N A B B
31—7; (alpai -3 ia,p—zpaiaz> 2.1)

where di(dj) represents the annihilation (creation) operator of mode i and
v is the decay constant determined by the coupling strength of the system
and the environment. This evolution is equivalently described by the beam-
splitter model where each input mode is mixed with the vacuum state at a
beam splitter with transmittance t = e Y/2 and reflectance r = /1 — 12 [31]

and in the Heisenberg picture, the beamsplitter is depicted as

a 74 t —r\ [a
=1 = NE (2.2)
b b’ rot | \b

where d(b) is the annihilation operator on system (ancillary) mode. The out-
put state is then obtained by tracing out the ancillary modes. Since the evo-

lution of a single photon state is given by |1)(1| — ¢ |1)(1| 4 *|0)(0], I call

the sqaure of the reflactance r* the photon-loss rate ).

Under the photon loss, each qubit has its noise behavior according to
its physical realization. For instance, a VSP qubit basis consists of a vacuum
state |0) and a single-photon state |1). The vacuum does not change under

loss and the single-photon decays to the vacuum. The loss on the coherent-

7



state qubit, in contrast, induces dephasing and amplitude damping. The loss
of the hybrid entangled states is shown in the mixture of both noise behav-

iors.

2.3 Teleportation using the hybrid entanglement
between a VSP qubit and a coherent-state

qubit
2.3.1 Loss on hybrid entanglement

Let me consider a hybrid entangled state of a single-rail qubit and a

coherent state qubit:

W)y = é (10t} + 1), [, ), 23)

where |+ are coherent states of amplitudes +o. Here, the subscripts s
and c stand for the VSP qubit and the coherent-state qubit, respectively, and
+o are assumed to be real without loss of generality. Note that this type of
entanglement was experimentally demonstrated [32].

The effect of the photon loss in Eq. (2.2) on the initial hybrid channel

|W),,. leads to the following evolution:

Puc (ct: 1) :§(|o>s (0] @ [ree), (ret] + { 72 1), (1] + (1 = 2) [0}, (0| }
@ =100, (~1:0] + 170D ([0} (1] @ o), (~rea] + Hee}),

2.4)



where t; and ¢, correspond to the transmittance of the beamsplitter model for
the VSP and coherent-state qubit part, respectively, which is related to the
photon-loss rate as 1 = 1 — ¢2. Here, I assume the asymmetric environment,
i.e. the photon-loss rates on the VSP qubit and coherent-state qubit can be
different. The basic scheme is to keep the coherent-state qubit from photon
loss at the cost of the loss on the VSP qubit. The justification follows in

subsequent sections.

2.3.2 Output state of the teleportation

Now, consider the case where the input qubit is a coherent state qubit

in the form of
Win) = N(altcat), +b|—t.0).), (2.5)

where A\ = {1 ek (ab* +a*b)}_1/2, and the target state is a VSP
qubit as |y;) = a|0),+b|1),. I use the notation ¢ — s for the teleportation
from coherent-state qubit to a VSP qubit.

To perform quantum teleportation, the sender needs to perform a Bell-
state measurement and the receiver should carry out single-qubit transforms
based on the outcome of the Bell-state measurement. In this case, the sender
should perform the Bell-state measurement of the coherent-state qubit en-
coding described below. To reflect feasible conditions, I assume that avail-
able resources in addition to hybrid entanglement are passive linear optical
elements and photon detection.

The Bell-state measurement for coherent state qubits can be performed

9



by using a 50:50 beam splitter and two photon-number parity measurements

[26]. The four Bell states in the dynamic coherent state basis are

’$172>cc’ :M (|ta‘>c ’ta’>c' + |—I(X>C ‘_ta’>c’) 5

|$374>cc/ :M (|ta>c ’_t(x‘>c’ + |_ta>c |t(x‘>c’) ) (26)

where N = (2:t2exp(—4120c2))_1/ > are normalization factors. The Bell

states evolve through the 50:50 beam splitter as

|$1>cc’ - NJF |€V€l’l>c |0>c/7 |$2>cc’ — 9\[7 ’0dd>c ’O>c’ )

|B3)eer = N |0) leven) o, [Ba) o = NC|O) Jodd) s (27)

where |even) = ‘\ﬁ toc> + ‘—ﬂ t0c> has nonzero photon-number probabil-
ities only for even numbers of photons and |odd) = ‘ﬂtoc> - ‘—ﬁto&>
has only for odd numbers of photons. The parity measurement projection

operators O,

O1=)_|2n) (21| ®]0),. (0],

n=1

Oy=> |2n—1),(2n—1|®|0), (0],
n=1

O3 =) _10).(0|® |2n) . (2n],

n=1

0= "10).(0|@2n— 1), (2n— 1], (2.8)

n=1

where subscript j corresponds to the j-th Bell state, can be used to dis-

10



criminate between the four states. It should be noted that there is a nonzero
probability of getting |0)_.|0), for which neither of the detectors registers
any photon. Such a case is regarded as a failure event, and the failure prob-
ability is Py = exp [—2t2a?] [26, 33]. The failure event is further discussed
in the context of the success probability of the teleportation process later in
this section.

According to the standard teleportation protocol, when |B;) .. is mea-
sured, no additional operation is required. The output state with the normal-

cc! cc! BS)cc! sc’ ; c BS

Tr{ (O1)ee (Ups)ec [ pre (@5 1) @ 1w, (W] (Tf) }

= (|lal* + (1 =)[b[?) 0) (O + 13 B 1) (1]

Pour” =

+ e 2071 (gb* 0) (1] +a*b 1) (0)), (2.9)

where Ugg represents the 50:50 beam splitter operator defined as Ugs =
exp | X (ajar — aay )] If |B,) .o is measured, the Pauli-Z operation for the
VSP qubit is required to recover the input state, which can be performed
by a m-phase shifter. When |B3) . and |By), . are measured, the Pauli-X

operation is needed to implement the bit flip,

0) <> |1), which is difficult to
realize using linear optics which reserves the photon number. However, the
quantum information, stored in two coefficients a and b, is still transmitted
and the receiver knows how the input state is changed that can be recovered

by the classical post-processing after measurements.
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2.3.3  Fidelity

The teleportation process may be evaluated by the fidelity between the
input and the output state. Since using the hybrid entanglement changes the
qubit encoding, the target state is set to be the ideal output state |y;), =

a|0), +a|l),. For the output state in Eq. (2.9), the fidelity is given by

Feoys =5 (Wil Pout” [Wi)

—faf*+ (1= 12) + 21,7207 JaP b 412 b

I average the fidelity over all possible input states. It can be found by parametriz-
ing the coefficients of the input state as a = cos[0/2]exp[i¢/2] and b =
sin[0/2]exp[—i¢/2], where 0 < 0 < wand 0 < ¢ < 2. Therefore, the an-

alytic form of the average fidelity F*'¢, is

c—S

F ave — 71 / do sin6 /2 dq) F
o — Sin N
c—S 1 T 0 o §—=C

1 2 te200(1-12)
S L L (2.10)

—— s
2 6 3
The average fidelity shows that, in the limit of the perfect loss on the
VSP qubit, z, — 0 and . = 1, the fidelity is bounded by 1/2 since the out-
put VSP qubit decay to the vacuum |0), regardless of the input. On the
other hand, when #; = 1 and #. — 0 with large o, the average fidelity is
bounded by 2/3 which is the classical limit without entanglement. Note that
the phase information, ab* and a*b, is dephased exponentially on the loss of

the coherent-state qubit, 1. = 1 —¢2, while it depends on the square root of

12



Figure 1: Contour graph of the average fidelities of teleportation of ¢ — s
as a function of the loss rate on the coherent-state qubit side 1, and the VSP
qubit side m for |a|> = 1,2, and 3.

the loss on the VSP qubit, 1, = 1 —£2.

In Fig. 1, I present the contour graph of the average fidelity in Eq. 2.10.
The graph shows the dependence on the loss rate 1. is severe for large o.
When the coherent-state qubit is in the single-photon region o ~ 1, the fi-
delity depends similarly on 1. and m;. In the many-photon qubit region,
however, 1. affects the fidelity more severely than 1;. As mentioned before,
this is due to the dephasing induced by m.. On the other hand, the depen-
dence on 1 remains nearly constant for the small ). region. This asserts that
the hybrid approach is needed for the loss-tolerant transfer of the quantum

information of the coherent-state qubit.

2.3.4 Success probability

Now, I analyze the success probability of the teleportation, P,_,;, which
is strongly related to the success probability of the Bell-state measurement.
The Bell-state measurement for coherent state qubits can identify all four

Bell states with the success probability of 1 — e~ 2% [26, 33]. I pointed out

13
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Figure 2: Success probabilities for teleportation from a coherent-state qubit
to a single-rail qubit (¢ — s) with several photon numbers (|ot|> = 1,2,3,4)
against the photon-loss rate on the coherent-state qubit side 1.

that a local single-qubit operation, the Pauli-X operation which flips |0) and
|1), cannot be effectively performed using linear optics elements. However,
this case can be seen as a success since the quantum information in the input
state is still transferred.

The success probability of the teleportation is obtained by

1— 6721520(2

— T O0; =
Pess —Z <UBSOIUBS> 1 +e_2tz%a((lb* +a*b) '

1

2.11)

The numerator comes from the normalization factor of the input state given
by the coherent-state qubit. This shows that the success probability does not
depend on the photon loss on the VSP qubit. The average success proba-
bility of the teleportation can be similarly obtained like Eq. (2.10). Figure
2 shows the average success probability obtained by the numerical integra-

tion. Note that the teleportation is nearly deterministic when the amplitude
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of the coherent-state is large. Moreover, the region that the success proba-
bility is nearly 1 also becomes broad. This shows that the hybrid with the
coherent-state qubit has merits on the teleportation success probability even

under loss.

2.4 Teleportation of a multi-photon qubit using

a carrier qubit

In this section, I investigate teleportation using a hybrid entangled state
between a multiphoton qubit and a small-photon qubit for the loss-tolerant
transfer of the quantum information in a multiphoton qubit. In what follows,
the small-photon qubit is also called the carrier qubit to stress the usage of

them for information carriers.

2.4.1 Review of multiphoton qubit

The multiphoton qubit is suggested by Lee. et al. [34, 35] mainly for
the Bell-state measurement. I first review the basic properties of the multi-
photon encoding for quantum computation. I temporally denote the multi-
photon qubit as [07) := [H)®" and [1.) := [V)®" only in this subsection.
To realize universal quantum computation, one needs to implement a set
of quantum operations, known as the universal gate set. It contains Pauli X
gate, arbitrary phase rotations, Hadamard gate, and CNOT gate.

Pauli X gate and phase rotations are easy to implement for the mulit-
photon qubit. Applying the polarization rotator: {|H),|V)} — {|V),|H)}

on each mode, we can do Pauli X gate. A phase rotation with an arbi-
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trary phase 8 can be implemented by applying a phase-shifter {|H),|V)} —
{|H),e®|V)} on one of N modes.

The implementation of the Hardamard gate and CNOT gate can be
accomplished by utilizing the teleportation. Teleportation with an entangled
state |H) o< |[0z) |+.) +|1.) |—1) and a feed-forward yields the Hardamard
gate on the input qubit. Similarly, the CNOT gate can be implemented with

an entangled state

[0202)[0.0L) + |0p12) [0L1.) + |1.02) [121.) + [1212) [1.0L) .

In these cases, the required resources are the entangled states needed for the
teleportation.

For photonic qubits, one need to consider the photon loss, which is one
of the major error sources. Here, I demonstrate the property of the multipho-
ton qubit under photon-loss environment. Suppose transmitting a multipho-
ton qubit of N photons [yi,) = a |H)* +b[V)*" over a lossy environment

directly. The output qubit of the transmission is obtained using Eq. (2.2) as

Pout(r) =lal* [ [H)(H| + (1 —12)[0)(0]] " + |b[* [ [V)(V] + (1 — ) |0)(0]] "

+ 12N [ab* (JHYV)*N +H.c.]

:tZN |Win><\|fin| —+ (] — tZN)ploss7
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where

N

P =S N Ha -2 Y (Pl e ()0
k=1 PecPerm(N, k)
+\b|21’[(|V><V|)®N*k®(|0><0\)®k]} (2.12)

is the loss term with one or more photons lost. I denote Perm (N, k) as the set
of permutations of tensor products with the number of elements (ZZ ) , which
represents the cases that photons in k modes within the total N modes are lost
and photons in N — k modes remain in the polarization state. It is straightfor-
ward to see that p'* is orthogonal to |y;,). The quality of the output state
is measured by fidelity F between the input and output states that is defined
as F (1) = (Win| Pout(?) |Win). The fidelity for the direct transmission is then

obtained as
Fdir — t2N — (1 _n)N'

This shows that the multiphoton qubit becomes more fragile when photon
number N per qubit becomes larger. Although the success probability of the
Bell-state measurement using multiphoton qubits approaches the unity as
N gets larger [34], this fragility may be a weak point of the multiphoton

encoding when it is applied to quantum information transfer.

2.4.2 Loss on hybrid entangled states

For the teleportation between two different types of qubits, the sender

and the receiver need to share a hybrid entangled state between a multipho-
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ton qubit and a carrier qubit. The entangled state is expressed as ‘qfhyb> =
%(|H>®N ICo) + [V)PM|C))), where |Co) and |C}) are the basis states for

the carrier qubit. I consider the three types of hybrid entangled states

) = =5 (11" o) + V)™ |-a)).
) = 75 (10 1)+ 1) ).
) = == (11)10)+ V) 1)), @13)

where subscripts m, ¢, p and s denote multiphoton qubit, coherent-state
qubit, PSP qubit, and VSP qubit, respectively.

I assume an asymmetric environment that the transmittance (reflectance)
of every mode of the multiphoton qubit is #j; (r37) and that of the carrier qubit

is t¢ (r¢). Using Eq. (2.2), the shared hybrid entangled states are obtained as

puc(t10) = { (DNH) & eonleca + VIV )™ @ [t e
e 2 (V)N @ lrca)—rcal +Hee] f+ (13 )pi

(2.14)

SN+([VIV])EN | [0)(0]
pmp(tleC) :tl%/IN{té |\|’mp><\l’mp‘ + ’% [(‘H><H|) ] }

+ (=13 )Py, (2.15)
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and

2N
Pms (1a1, 1) Z%{(IHXHI)@N@ 0)(O] + (IV)V )™ @ (22 [1){1] + 7 [0)(0])

+ic[(IHYV)EN @ 0)(1] + H.c.] } F(1—2V)ploss  (2.16)

where the loss terms p'°%

represent the events where one or more photons
are lost from the multiphoton qubit. Explicit expressions of the loss terms

are

N
loss 1

Pmc = EZ(Z‘I%/I)Nik(I_tI%/I)k Z

k=1 PecPerm(N k)
{2[(HHI) N @ (0)0]) ] @ coyireal

+2[([V)V )N @ (10)0) ] @ |—tco)(~tcal }

N
loss __ 1

pmp - EZ(I(/%/I)N_IC(l_t/%/I)k Z

k=1 PePerm(N k)
{?[(|H><H|)®N_k® (10)(01)**] @ (12 |H)(H| + r&10)(0])

+2[(IV)V)* @ (J0)0) ] @ (2 V)V +r%\0><0|)},

and
N

0SS 1 —
P = IS - Y

k=1 PePerm(N k)
{T[(|H><H!)®ka® (10)(0))**] @ (& [1)(1] + r&0){0])

+2[([V)(V)*¥ @ (10)(0]) ] @ [0)(0] }
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All these terms do not contain entanglement. This is attributed to the fact that
when a photon from the multiphoton qubit is lost, the resulting multiphoton
qubit effectively becomes completely dephased.

I now investigate the amount of entanglement contained in the hybrid
entangled states. Entanglement in any bipartite mixed state can be measured

by the negativity A(p) [36], which is defined as

HPTA -1
N(p) = => Ml 2.17)
Ai<0
where p74 is the partial transpose of p with respect to subsystem A, ||| is

the trace norm, and {A;} is the set of eigenvalues of p’4. The negativity is an
entanglement measure, i.e., it does not increase under any local operations
and classical communications.

Using Eq. (2.17), analytical expressions of the negativity of the hy-
brid entangled states can be obtained from Egs. (2.14), (2.15) and (2.16).
Although |fca) and | —tca) in Eq. (2.14) are not orthogonal, they are two
linear independent state vectors that can be treated in a two-dimensional
Hilbert space as done in Ref. [26]. Further, since the loss terms, pl"“ are

orthogonal to the remaining terms and contain no entanglement, I can con-

sider only the remaining terms in a 2 ® 2 dimensional Hilbert space. The
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Figure 3: Degrees of entanglement (negativity) against the photon-loss rate
for the multiphoton qubit 1y = 1 — 3, and for the carrier qubit e = 1 — té
of hybrid entanglement between (a) the multiphoton qubit and the coherent-
state qubit Py, (b) the multiphoton qubit and the PSP qubit py,p, and the
multiphoton qubit and the VSP qubit pp,s. The number of photons N for the
multiphoton qubit is set to be N = 4. The amplitude of the coherent-state
qubit is chosen to be o0 = 1.2.

degrees of negativity are then obtained as

N
Iy

4 /1 _ 674%(12

« [\/1 ) (2674%0@ o 1) e72r(2:()c2 + 874%0‘2

e 2 1} ,

N (Pme) =

N (prp) = N () = 5137

Here, the negativities of py,p and pys are same, because entanglement dis-
appears when at least one photon is definitely lost in both cases.
Figure 3 shows the dependence of the negativity on the photon loss

rates of both the sides, )y = 1 — 3, and e = 1 — té. It is generally shown
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Figure 4: Schematic of the Bell-state measurement for multiphoton-qubit
encoding using beam splitters (BSs), Half-wave plates (HWPs), and on-off
photodetectors (PDs). Two on-off photodetectors and one polarizing beam
splitter (PBS) are used to measure the polariziation of a single photon. The
mode labels 1,2,...,N (1',2',...,N’) represent the corresponding modes of
the first (second) multiphoton qubit.

that the dependence is sharper for the loss rate, 1y, of the multiphoton qubit
than that of the carrier qubit, n¢. This implies the desirable property that
entanglement in the hybrid entangled state is more robust to the photon loss

on the carrier qubit than that on the multiphoton qubit.

2.4.3 Output states and their fidelities

Let me consider quantum teleportation with the hybrid entangled states
Pme»> Pmp> and Py as the quantum channel. I employ the Bell-state measure-
ment scheme for the multiphoton qubits proposed in Ref. [34]. Its schematic

diagram is presented in Fig. 4. In the multiphoton qubit encoding, the Bell
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states are defined as

(‘H>®N |H>®N:|:|V>®N‘V>®N

| |
S-Sl -

(1) N = £ ™), @)

where =+ is chosen in the same order of the two number labels of !B{V >
in each line. Let us denote the ith photons of each party as |-); and |-);. I

pairwise measure |-);|-), by the standard 2-photon Bell-state measurement

scheme as
|H>i|H>i,=\1@<|Bl>,~,~,+|32>,~,~,>, V)V 7<|Bl> ~ Ba)i),
1), V), =é<|33>,-ﬂ FBa) V) H), = ﬁum ~Ba)).

Therefore, the Bell-state measurement of the multiphoton qubit is repre-

sented by the N Bell-state measurements of the PSP qubit as

1BY,) = (H(!Bl>u +[B2)i) iH 1B1)w \Bz>m)>7 (2.19)

1

’B 2) = N+1 (H(’B3>ii/+|B4>ii’)iH(|B3>ii’_|B4>ii’)>' (2.20)

i i

I choose that |B;) and |Bj3) is the identifiable outcomes so that the measure-

ment results can be B;, B3, or ambiguous outcome of B; or Bs. From Eq.

) and |By) while [BY)
and ’B4N > do of an odd number. For example, after N measurements, if B

occurs at least one time and the ambiguous results are odd times, I conclude
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the input is B,. Therefore, the failure event is when all measurement results
are ambiguous, which occurs with a average probability 1 —1/2" assuming
the four Bell states come with a uniform probability 1/4. This scheme only
use linear optics and on-off photodetectors.

When one or more photons are lost from the multiphoton qubit in hy-
brid entangled states, there is a chance that |BX) with K < N is detected.
However, although I accept these events as a success, the fidelity is not im-
proved. I pointed out earlier that p'°* does not contain entanglement due to
the dephasing induced by photon loss. The teleportation fidelity between the
input and output qubits cannot then exceed the classical limit, which I will
discuss further at the end of this section. I thus take only the detection of
N-photon Bell states as the successful events.

Similarly to the standard teleportation scheme, a sender jointly mea-
sures the input state of a multiphoton qubit [yi,) = a [H)*Y +5|V)* and
the multiphoton-qubit part of the hybrid entangled states on the multiphoton
Bell-state basis in Eq. (2.18). After the Bell-state measurement with out-
come i, the input state |yi,) and the hybird entangled state under photon

loss, Phyb (tm,tc), are projected to

<B§V‘ (|\|Iin><\|fin| & phyb(tM,tc)) ‘B{V>
tr[[BY)(BY| (Win @ Pryb (ta1,1¢)) |

Pouti(tm,tc) = (2.21)

With the heralded measurement outcome i, the receiver may recover the
state Pour = Pout,1 bY a proper local unitary based on the outcome i.
Before proceeding further, I point out that the output state does not de-

pend on loss My, on the multiphoton-qubit part. The hybrid entangled state
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can be represented as Pnyp (far,fc) = 12N Ohyb (c) + oS where Ghyb(c) cor-
responds to the state when no photon is lost from the multiphoton qubit. The
facter £2 indicates that this event happens with a probability of 12 = (1 —
Mu)V. Since the loss term p'°* is orthogonal to the qubit basis {|H)*" | [V )V},
only Ghyp(fc) remains after the projection on |Bj). The factor £3;' in both
the numerator and the denominator of Eq. (2.21) then cancels out. Thus,
Pout(tm, tc) is independent of 7, so that it can be represented as pout(fc).

I set the target state of the teleportation to be |y;) = a|Cy) +b|Cy). The
quantum fidelity between the output state poy: and the target state |y;) is

defined as

F(lc) = <\|ft|pout(tC)|wt> :

Now, I examine the candidates of the carrier qubit. First, I consider
quantum teleportation from a multiphoton qubit to a coherent-state qubit.
When ’B’lv > is detected, I can express the output qubits after Bell-state mea-

surement by

Pawt =M. [|af* lrcatcal + |b]* |-tcan({~tcal

+ e 27 (ab* o) (—ica + Hoc.)],

where M, = [1+ e 2 (ab* +a*b)] ! When |BY) is detected, the output
qubit undergoes a bit flip as pT. % = chg};’fXj with X, @ |ttca) — |[Fteqt).

out,3

This effect can be corrected by applying a m-phase shifter. However, when
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‘BIZV > is detected, the output qubit becomes

Pous =M-_|laf lico)(ica] + [b]* |—tca)(~ical

— 2% (ab* |tea)(—tc0 + Hee.)],

which cannot be corrected to pi T by applying a unitary operation because

of the nonorthogonality of the coherent-state qubit basis. In other words, the
required operation Z, : |+fca) — £ |+tcot) cannot be performed in a fully
deterministic way. There are, however, approximate methods to perform the
required Z. operation using the displacement operation [26, 37] or the gate
teleportation protocol [38]. I also note that the transformation of pg:n__f —

Pons can be carried out by the X, gate. Therefore, the output qubit is one

of the non-exchangable states, pgﬁf or pg{l?f I denote these two states as
Pout+- Nevertheless, the measurement outcome i heralds the transformation

of the output states. Thus, the output qubit has the quantum information of

the initial qubit.

Given the transmittance 7¢, I take the dynamical qubit basis {|tcat) , | —tcot) }

as the output qubit basis. As an analogy of the input state, I set the two target

states as
WIE) = N (alic) £b|—tca)),

where N. = {1+ (ab* + a*b) exp(—21*0?) }71/2 are the normalization con-
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stants. Then, I obtain the fidelity between pgy, ¢ and ’w}“; C> respectively:

I (icsa,b) = (Wis s W)

= M.N7[|alla£ bSP + |b*|aS+ b|* + 2¢ 2% 7¢Re [ab* (a* + b*S) (aS + b)] ],

where S = (100l —tc0) = e~ %¢% is the overlap between the output coherent-

state qubit basis states. The average fidelity is now computed over all input
states. I use a parametrization a = cos(0/2) exp(i¢/2) and b =sin(0/2) exp(—i¢/2)
with uniformly random sampling on the Bloch sphere. Note that F!"~“(tc;a,b) =
F™7(tc;a,—D), so the average fidelities of both cases are equal. Finally, I

get the following integration:

Far\rfljc(tc) :<Ff_>c(tc;a7b)>e7¢

1 T 2
=— / d®sin® / dOF" 7 (1030, 0). (2.22)
4m 0 0

The analytic expression of this integration is given in Ref. [39] but
is too lengthy to present here. I show the average fidelity varying ampli-
tude o of the coherent-state qubit in Fig. 5 (a). The plot shows that as the
mean photon number o is smaller, the average fidelity approaches the unity.
However, a small value of o makes the overlap between |+-at) large so that
its ability for quantum information processing (for example, the probability
to perform Z. gate) becomes low.

In the case of the quatum teleporatation from multiphoton qubit to PSP

qubit, I use the hybrid entangled state in Eq. (2.15). Since all single-qubit
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Figure 5: Average fidelities of direct transmission with N = 4 (black solid)
and hybrid archtectures with different carrier qubits: coherent state qubits
(denoted by c) for a0 = 1.2 (yellow dot-dashed) and o = 1.6 (red dot-dot-
dashed), a PSP qubit (p, green dashed), and a VSP qubit (s, blue dotted)
against the photon-lose rate for the carrier-qubit part ¢ =1 — t%. The gray
horizontal dotted line is the classical limit F; = 2/3.

operations can be implemented in linear optics [8, 23], I set the unique target
state: !qfin “P)=a|H)+b|V). When a Bell state ‘B’lv ) is detected, the output

state is

Pouct = 12 (|al” H)(H| + [b* [V )V | +ab™ [H)(V | +a"b|V){H]| ) + 12 |0)(0]

= 2 P+ 1210)(0).

When the other Bell states are detected, after receiving the measurement
outcome, the receiver can recover the target state by a proper single-qubit

unitary operation. The fidelity is then readily obtained as
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F™7P(10) = 12

The last case is teleportation from a multiphoton qubit to a VSP qubit
with the entangled state in Eq. (2.16). In this case of the VSP qubit, the situ-
ation is similar to the case of the coherent-state qubit. While the Z operation
is deterministic in linear optics, the X operation, X : |0) <> |1), is probabilis-
tic [25]. Therefore, I distinguish the output qubit of ‘lev > detection, denoting
Pouty» from |B’2V >, denoting pgy,.”* . The output qubit when ’B’lv > is detected

is obtained similarly as
Povcrs = (lal” + [b*r) [0)(0] + [b*2 |1){1] + (abtc [0)(1] +H.c.).
I then obtain the input-dependent fidelity as
F™(1c) = [af* +[aP|b[(1 +1c) + [b]*12.

In this case, the average fidelity has a simple analytic expression:

1 1 1
Eﬁ*@g:§%+gm+§

I need to consider the classical fidelity F¢; that is defined as the max-
imum average fidelity obtained by teleportation protocol without entangle-
ment. It is well known that F; = 2/3 for a qubit with an orthonormal basis

[40]. If T use the coherent-state qubit of |+-a) as the carrier qubit, however,
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FP—¢is

S+382—(s4=1) . _ S
FY 7 (te) = 4S3( >smh ! [m}

where S = (—tcaltca) = o2 [39]. In this case, the classical limit be-

Fm~>c

comes larger 2/3 due to the nonorthogonality S. Of course, F]

converges
to 2/3 as S — 0. In Fig. 5, the average fidelity F]'° is approximately 2/3
for the area of o0 > 1.2 and n < 0.5.

In Fig. 5, I present the average fidelities between the output qubit and
the target state against the photon-loss rate ¢ for the different types of the
carrier qubit. For the coherent-state qubit, I choose amplitudes of o0 = 1.2
and 1.6, which are approximately the minimum and optimal amplitudes,
respectively, for the fault-tolerant quantum computing using the 7-qubit
Steane code [41]. Obvious, better fidelities over the direct transmission can
be obtained using the teleportation protocol. Among the carrier qubits, the
VSP qubit is better than the PSP qubit. The reason for this can be understood
as follows. When photon loss occurs, the PSP qubit gets out of the original
qubit space because of the vacuum portion. However, the VSP qubit remains
in the original qubit space even under the photon loss.

The comparison between the coherent-state qubit and the other types of
qubits depends on amplitude o.. With small values of o, the coherent-state
qubit shows higher average fidelity than the others. I numerically obtain
that, when a0 < 1.23 (o0 < 0.78), the average fidelity of the corresponding
coherent-state qubit is higher than that of the PSP qubit (the VSP qubit)

for any rates of photon loss. However, one should note that the overlap be-
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Table 1: Maximum photon-loss rates for the carrier qubit, 1¢, required to
reach the fidelity of 99.9%, 99%, and 90% with the coherent-state (CS)
qubit, the PSP qubit, and the VSP qubit. The direct transmission (DT) of the
multiphoton qubit with the photon number N = 4 is given for comparison
under the same photon-loss rate.

CS
F DT w0 6 PSP VSP
99.9% 0.025 0.10 0.059 0.10 0.24
99% 0.25 1.1 0.59 1.0 24 (x1072)
90% 2.6 12 7.0 10 24

tween two coherent states |£a) is (0| —ot) = exp(—2a2) =~ 0.0485 (0.296)
for o = 1.23 (0.78), which could be a negative factor depending on the task
to perform.

In Table 1, I summarize the maximum photon-loss rates for the carrier
qubit, N¢, which can be tolerated while preserving the fidelity to be 99.9%,
99%, and 90% within our hybrid architectures. In this high fidelity regime,
the VSP qubit tolerates approximately 10 times larger photon loss than the

direct transmission.

2.4.4 Success probabilities

Only when the input qubits are in the logical qubit basis and the iden-
tification between |lev > and ‘313\/ > is successful, the Bell-state measurement
successes. Let us denote ¢; as the probability of the successful identifica-
tion of [BY) when |B}) is given. This g; varies according to the Bell-state
measurement scheme, and I follows the Bell-state measurement scheme of

multiphoton qubit that ¢; = 1 — 1/2¥~! for i = odd and ¢; = 1 for i = even
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Figure 6: Success probability Pyyccess Of the multiphoton Bell-state mea-
surement against the photon-loss rate for the multiphoton qubitny =1 — 11%4
for photon numbers of N =1, 2, 3, and 4.

[34]. The success probability of the teleportation with the hybrid entangled

state Ppyp 1S then given as

P= Z‘ﬁtr [ ‘B§V>ss' <Bﬂ (1Win)s (Win| ® (phyb)S’R)}, (2.23)

where S and S’ represents the sender’s modes and R does the receiver’s

mode. Note that the success probability P does not depend on #¢ since

tr [ ‘Bi'v>ss' <va‘ (IWin)s (Win| ® (phyb)S’R)}

= trsy [\Bwsy (BY| (IWin)s (Win| © (trr phyb)S’)}

and trg Pryb (far,1c) = trr (@1, @ I)(|Whyb )(Whyb|) from the trace-preserving
property of ®; where R represents the receiver’s mode and ®;,, is the quan-
tum channel of photon loss with transmittance #,.

32

2] S &)



Now, I examine the success probability for each carrier qubit. For the
case of teleportation to a coherent-state qubit with py, in Eq. (2.14), the
success probability of the teleportation, P™ ¢, is obtained using Eq. (2.23)

as

a2
P Noah) =2V | (1- L) ¢ . ab* +a'b
(tMa ,a, ) tM 2N zN (Cl +a )

The last term is from the nonorthogonality of the coherent state qubit. I also

obtain the averaged success probability P ’¢ by averaging P" (), N,
a,b) on all possible input state with the same parametrization of Eq. (2.22)

as

1
PR (13, N) :r,%f(l —2N>.

For the discrete variable qubits, I have trg (7, ®1) [Wyb )} Whyb| = Py, (1/2).

Therefore, without dependence on the carrier qubit, I obtain

1

P(ty,N) =13V (1 — 2N> . (2.24)

In Fig. 6, I plot the success probability P(fy;,N) as a function of the
photon loss rate for the multiphoton qubit, 1, by changing the photon num-
ber N of the multiphoton qubit. The success probability in Eq. (2.24) shows
an interesting feature: while the success probability of Bell-state measure-
ment increases with N for #3; = 1, if 4 is less than 1, larger N rather makes
the success probability lower. This supports the general belief that a “macro-

scopic object” is fragile under loss if I regard the larger N means the qubit
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is more “macroscopic” [42]. It is straightforward to obtain the optimal num-
ber of photons per a multiphoton qubit, Nop; = [log, (1 +1/Ms)], that max-

imizes the success probability P(ty,N).

2.5 Generation of hybrid entangled states

In this section, I discuss how to generate the hybrid entangled states

|Wse) in Eq. (2.3) and |Ypc), ‘I’mp> and |WYns) in Eq. (2.13).

First, let me discuss the hybrid entangled state between a VSP qubit
and coherent-state qubit |y ). This hybrid entangled state is experimentally
generated in Ref. [32, 43]. Here, I review the most relative scheme [32]. The

conceptual schematic is presented in Fig. 7 (a). The essential procedure of

this scheme is to implement a superposition of creation operators
ra} +ta} (2.25)
1 2 :

where |t|2 + ]r|2 = 1. A single-mode creation operator a' is implemented
using a parametric downconverter, which is heralded when a idler photon
is detected. To make two creation operators superposed, the information of
the location that the creation occurs is erased using a beamsplitter on two
idler photons. The operator in Eq. (2.25) is, then, applied on the input state

|0), |at;),. The resulting state is

1 at

W)= —7=| 1) ]0); +10); ——0), |,
V2 9o +1

(2.26)
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1+|0c,|

when they choose t =
2+

. It is known that the photon-added state is a

good approximation of a coherent stata with a large amplitude as \/“7 lo) ~

|gou) where g = 2—1—, /4 | | . The fidelity is given by F = gz‘ ||°‘|+1e o (g=1)?
Therefore, Eq. (2.26) is a superposition with o and ga. Finally, a displace-
ment operator D(—%Oc,-) is applied on the mode 2 so that they obtains the

desired hybrid state as

+ 1
Vo) = D(= =S5 [y, = 75 (I [=0r)y #1001 for)y),  2.27)

where oy = £5 1Oc, The final amplitude oy become larger with a smaller
;. However, the small o; makes the fidelity of a' |o;) ~ |got;) low. They
showed that starting with o; =2, F ~ 0.991 and oy ~ 0.21, but with o; = 1,
F ~0.946 and oy = 0.31.

Second, for the generation of |WYc), ) and |Ws), I may start with

a GHZ state of PSP qubits:
IGHZ(N)) = (|H)™" +|V)*")/v/2

It is then clear that |y ) = (|H)EN |HY +|V)*N |V))/v/2 is simply a GHZ
state with N+ 1 modes |GHZ(N + 1)). In addition to a GHZ state of N + 1
photons |GHZ(N + 1)), I need to find out methods to convert one of the po-
larization qubits in the GHZ state to the desired carrier qubit by a conversion
gate

V =I[Go)(H[+|Ci){V].

In this way, desired hybrid entangled states may be obtained.
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There are a number of proposals for the generation of the GHZ state.
A linear optical setup, called the (Type-I) fusion gate, is designed to fuse
|GHZ(N)) and |GHZ(2)) to generate |GHZ(N + 1)) with a probability of
50% [44]. In a similar method (Supplementary Material of Ref. [45]), 6 sin-
gle photons are fused by the fusion gate followed by a Bell-state projection
to generate |GHZ(3)). The Bell-state measurements on copies of |GHZ(3))
also provide a probabilistic method to generate a GHZ state with an ar-
bitrary high photon number [45, 46]. Using the Bell-state measurements,
this method is made robust to photon loss [45]. Alternatively, a method
based on a nonlinear interaction, called coherent photon conversion, was
proposed to implement a deterministic photon-doubling gate |[HH)(H |+
|[VV (V| [47]. So far, the multiphoton GHZ-type entanglement has been ex-
perimentally observed with postselection in most experiments (for example,
[48, 49, 50, 51, 52]), which cannot be used as a teleportation channel. Never-
theless, a direct generation of a three-photon GHZ state was experimentally
performed [53].

Several methods converting one single-photon polarization qubit to the
vacuum-and-single-photon qubit have been proposed [54, 55, 56]. Figure 7
(b) depicts the technique proposed in Ref. [56], where the conversion gate
Visp = |0)(H| +|1)(V| was experimentally demonstrated by bell-state mea-
surement and post-selection. They use a two-mode squeezed vacuum state
[TMSVyh),, = VI=P S0 Yy, ny) 1,2 and a polarized coherent state

2 n . .
o)y = e 1725 o‘n! |ny) as resource states where 7y is a squeezing pa-

rameter and o is an amplitude of the coherent state. Here, ny and ny denote

the photon numbers in the horizontal and vertical modes. They choose the
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amplitude o =y so that the lights in the mode 2 and 3 are combined to a sin-
gle spatial mode 2’ by a polarizing beam splitter(PBS), which reflects only

the vertical polarized photon, as

|TMSVVH>172 ‘(XV>3 o< ‘07070>17273 +Y|1V7 1H70>17273 +Y|0707 lV>1,2,3 +0<,Y2)

= Q) o< [0,0); 5 +Y[0, 1y )y o +Y[1v, 1) +0(v).

Then, the following setup jointly projects the mode 2’ and input state on
lyy) = %(|1H71\/> + |1y, 1g)). When |y, ) is measured, the second and
third terms in |2) serve, and the output state is transformed as V,_ |Win)
where Vs = Oy )(1 |+ |1y )(1v|. When [y_), the output qubit is bit-flipped.
In the ideal situation where no photon is lost, the success probability is given
by P[Vpss](7) = V(1 - \(z)e*Y2 /4 determined by the squeezing parameter of
the two-mode squeezed state. The maximum of the success probability is
P[Vys) (V") = 1.98% where ¥ = 2 — /2 ~ 0.586.

In Ref. [57], the authors suggest a method for conversion operation
Vo—se = |0)(H | 4 |—0)(V| using linear optics with single-photon detectors
that can distinguish a single photon from two. The resource state is an op-

tical (Schrodinger) cat state,

SCS(a/t)) = A(a/t)(|o/t) + |—0/t)), where
Alo) = 2+ 2e‘2°°2)_1/ 2 is the normalization factor. In Figure 7 (c), the
schematic diagram is described. The optical cat state is split into the two-
mode state [0, [B); + |~y |~B)s = |0, Ds(B)[0); + |~ Da(~B)[0)
via a beam splitter(BS) with transmittance + where B = ra/r and D(B) =
exp(Ba’ —B*a). At the same time, the input state is displaced by D4(P).

Then, through a beam splitter, the displacement in the mode 3 and 4 are
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interfered as D3(B)D4(B) — D3 (v/2B) and D3(—B)D4(B) — Dy (—V/2B).
Meanwhile, a single-photon polarization qubit |yi,) = ¢y |H) +cy [V) be-
comes equally superposed in the mode 3’ and 4° as Ugs |Win) = (|Win)y +

|Win) )/ V2. Before the measurement, the total state is then proportional to

o) (19in)3 [0}y +[V2B)3 [Win)g) + | =0t)y ([Win) 3 | — V2B) 2 +10) 3 [0in) ),

where [¢in) = D(B) |Win). The heralded transform V,_,. occurs conditioned
on the detection IT= |1y )(1y |3 @ [1g)(1x]y. WhenIT' = |15 )(1x|5 @ 1y )1y |y
occurs, the resulting qubit is bit-flipped. Assuming no photon loss, the suc-
cess probability of the conversion V,,_,. is P[V,, ] (f,0) = (IT) = A(o./1)*( tlz -
1)0(26*2(1/ 2-10 f the bit-flip is allowed, the success probability becomes
double. This scheme allows the conversion V,_,c = |a)(H| 4 [—o)(V| us-
ing an optical cat state with an amplitude slightly larger than o. Within
our knowledge, the recent record of the amplitude of the optical cat state

is o = 1.85 [58]. Therefore, I can obtain a hybrid entangled state between a

multiphoton qubit and a coherent-state qubit with & < 1.85, which is enough

to show the robustness of the teleportation scheme for qubit transmission.

2.6 Remarks

It is important to identify an efficient qubit encoding for a given quan-
tum information task. For example, the many-photon encoding enables one
to perform a nearly deterministic Bell-state measurement, which is a re-
markable advantage for quantum communication and computation. How-

ever, a many-photon qubit is vulnerable to photon loss and this is a formidable
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obstacle particularly against long-distance quantum communication. To over-
come this problem, I have suggested a teleportation scheme via hybrid en-
tanglement between a many-photon qubit and another type of small-photon
optical qubit serving as a loss-tolerant carrier. In our scheme, the loss-tolerant
carrier qubit is sent through a lossy environment. For the coherent-state
qubit case, I consider the VSP qubit, and for the multiphoton qubit, the
coherent-state qubit, the PSP qubit, and the VSP qubit are considered as the
loss tolerant carrier qubit.

In the case of the coherent-state qubit, I have found that the fidelity de-
pends on both sides of the photon losses, but the loss on the coherent-state
qubit side effects more severely than the opposite side due to the dephasing
effect. In the extreme case where the loss occurs on only one side, the fi-
delity is bounded by 1/2 from the loss on the VSP qubit side and 2/3 by the
coherent-qubit side. The success probability of the teleportation is indepen-
dent of the loss on the VSP qubit side. The dependence on the coherent-state
qubit side, however, is not severe: the region that the success probability is
maintained is widened for large amplitude. Therefore, I conclude that the
hybrid entanglement has merit mainly on the fidelity.

For the multiphoton case, I have found that the average fidelities of
the teleportation with the considered hybrid entangled states are better than
the direct transmission. The VSP qubit in hybrid entanglement serves as the
best carrier showing about 10 times better tolerance on the photon-loss rate
than the direct transmission of the multiphoton qubit for the fidelity larger
than 0.9. Our numerical analysis further shows that the coherent-state qubit

shows higher average fidelity than the others with small values of a.. When
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o < 1.23 (o < 0.78), the average fidelity of the corresponding coherent-state
qubit is higher than that of the PSP qubit (the VSP qubit) for any rates of
photon loss. These results would be useful information when choosing the
proper carrier qubit depending on the quantum tasks under consideration. I
have also investigated the average success probability of the teleportation.
It was shown that the success probability depends only on the loss of the
multiphoton-qubit part. Although the Bell-state measurement scheme of the
multiphoton qubit is nearly deterministic without loss, the photon loss limits
the maximum success probability.

It would be an interesting future work to construct a full quantum re-
peater with hybrid entanglement based on our scheme and entanglement
purification protocols. For example, Sheng er al. [13] proposed an optical
scheme for entanglement purification of hybrid entanglement that enables
one to purify the bit and phase flip errors, as well as photon losses from the
coherent states. Since Bell-state measurements and entanglement purifica-
tion are two key elements in a quantum repeater, this work may be combined
with this scheme [13] to develop a hybrid quantum repeater. Other purifica-
tion schemes for carrier qubits [59, 60, 61, 62, 63, 64, 65, 11] used in our
paper may be needed to construct a quantum repeater, which deserves fur-
ther investigations.

The following is the publication list related to this chapter:

1. S. Choi, S.-H. Lee, and H. Jeong, “Teleportation of a multiphoton
qubit using hybrid entanglement with a loss-tolerant carrier qubit,”

Phys. Rev. A 102, 012424 (2020)
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2. H. Jeong, S. Bae, S. Choi, "Quantum teleportation between a single-
rail single-photon qubit and a coherent-state qubit using hybrid entan-
glement under decoherence effects,” Quantum Information Process-

ing 15, 913 (2016)
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Chapter 3

Operational quantum resources

beyond entanglement

3.1 Introduction

Quantum information theory reveals that quantum entanglement is a
kind of resource, the requirement to achieve quantum advantages. However,
it has been pointed that the quantum theory shows striking differences from
the classical theory even for the single party where there is no room for the
entanglement [18]. Inspired by the entanglement theory, the framework of
quantum resource theory has been studied as a branch of the quantum the-
ory, which aims to quantify a particular quantum feature in a similar way
to the entanglement theory. I mainly deal with two major quantum resource
theories which have great implication on the light system for the quantum
information: resource theory of coherence [18] and resource theory of non-
classicality [20, 21].

Quantum coherence generally refers to the generalization of the quan-
tum superposition for the mixed state. The study of quantum resources has
seen another revival of interest over the last several years due to the recent
identification and characterization of a resource theory of coherence [18].

While the coherence of quantum systems has always, in some form or an-
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other, been recognized as a fundamental aspect of the field [66, 67, 68],
the newly developed resource theory now provides a framework that al-
lows for a more quantitative understanding of the subject. Since this de-
velopment, coherence has now been studied within the contexts of quan-
tum correlations [69, 70, 71], macroscopic quantumness [72, 73], nonclas-
sical light [74, 75, 76], interferometric experiments [77], quantum estima-
tion [78], and quantum algorithms [79, 80].

On the other hand, the nonclassicality comes from an idea of the most
“classical” quantum state. Given the answer, one can capture a quantum
state having genuine quantum nature. For the light system, the most com-
monly agreed answer is the coherent state. The coherent state is initially sug-
gested as a state minimizing the uncertainty of the position and momentum
operator spontaneously [81]. It also resembles the many properties of the
coherent electric field [82, 83], which make it dubbed as “coherent” state. It
is known that, in a bosonic system, every quantum state can be written by a

quasimixture of coherent states:

o= / PP (o) [a)al G.D)

where P(a) is referred as the Glauber-Sudarshan P function [82, 83]. Be-
cause the probabilistic mixing is generally regarded as a classical process,
the quantum state whose P function is a genuine probability distribution is
called classical; if not the case, the state is called nonclassical. Nonclassi-
cal states find useful applications in a wide range of tasks, such as quan-

tum metrology[84], quantum teleportation[85], quantum cryptography[86],
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quantum communication[87] and quantum information processing[88].

The resource theoretic framework, however, does not guarantee the op-
erational meaning of the resource measure. The measures without any oper-
ational meaning have limited application on the quantum information pro-
cessing: the essential requirement on the measure only provides the impossi-
bility of a certain class of transformations. Unfortunately, many mathemat-
ically suggested measures do not have the operational meaning separated
from physical effects.

In this chapter, I aim to propose the resource theoretic measure for
the coherence and nonclassicality having operational meaning. I consider
how to construct a coherence measure from observable quantum effects.
Such effects include quantum Fisher information, related to the metrolog-
ical power via Cramér-rao bound, and expectation values of observables,
usually written as Hermitian operators. I also propose a computable non-
classicality measure from the negativity of the P function. This measure has
an operational meaning of the robustness to the mixing with the classical

state.

3.2 Measuring coherence via observable quan-

tum effects

3.2.1 Preliminaries

I first briefly describe the formalism of quantum channels, which I take
here to mean the set of all Completely Positive, Trace Preserving (CPTP)

maps. There are several equivalent characterizations of quantum maps, but
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for our purposes, I will be concerned with the Kraus [89] and the Choi-
Jamiolkowski representations [90, 91]. In the Kraus representation, a quan-
tum operation is represented by a map of the form ®(p) =), KipKiT which
is completely specified by a set of operators {K;} called Kraus Operators.
The Kraus operators must satisfy the completeness relation ZiKiTKi =1in
order to qualify as a valid quantum operation. In the Choi-Jamiolkowski
representation, a quantum map & is represented by an operator J(®P) =
>, @) 4 (j]) @ [i) (j| which satisfies Tra[J(P)] = 1. The action of ®
on some state p is then recovered via the map Trp[J ()14 ® pL] = ®(pa).
A simple relationship connects both equivalent representations. For a map &
represented by Kraus operators {K; =,  k; j« | ) (k| }, the corresponding
Choi-Jamiolkowski representation is J(P) = Ziv,-vj where v; := [YLAY:
) IR).

The notion of coherence that I will employ in this paper will be the
one identified in [92, 18], where a set of axioms are identified to specify a
reasonable measure of quantum coherence. The axioms are as follows:

For a given fixed basis {|i)}, the set of incoherent states I is the set
of quantum states with diagonal density matrices with respect to this ba-
sis. Incoherent completely-positive and trace-preserving maps (ICPTP) are
quantum maps that map every incoherent state to another incoherent state.
Consider some set of ICPTP maps O. Given this, I say that C is a measure
of quantum coherence if it satisfies the following properties: (C1) (Faith-
fulness) C(p) > 0 for any quantum state p and equality holds if and only
if p € I. (C2a) (Weak monotonicity) C is non-increasing under any ICPTP
map ® € O0,1i.e.,C(p) > C(P(p)). (C2b) (Strong monotonicity) C is mono-
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tonic on average under selective outcomes, i.e. for any ICPTP map ® € O
such that @(p) = " K,pKy, C(p) >, puC(pn), Where p, = K,pK; / pn
and p, = Tr[K,pK;] for all K, with }_,K,K; = 1 and K, IK;] C 1. (C3)
(Convexity) C is convex, i.e. AC(p) + (1 —A)C(c) > C(Ap + (1 —A)o), for
any density matrix p and ¢ with 0 < A < 1.

One may check that a particular operation is incoherent if its Kraus
operators always map a diagonal density matrix to another diagonal density
matrix. One important example of such an operation is the CNOT gate. I
can also additionally distinguish between the maximal set of ICPTP maps,
which I refer to as maximally incoherent operations (MIO) [92] from the
set of ICPTP maps whose Kraus operators additionally satisfy K,IK; C
I, which I refer to as simply incoherent operations (IO) [18]. From this
definition, it is clear that IO C MIO. I highlight that both MIO and IO are
commonly used abbreviations and that other possible sets of ICPTP maps
are also actively being considered (See [93] for examples). In this chapter, I

will typically consider either MIO and IO for the set O.

3.2.2 Coherence and Quantum Fisher Information

I now consider a standard metrological scenario. One first begins with
the signal Hamiltonian, which is denoted 6Hs. The signal Hamiltonian en-
codes a signal on a probe state, which is a specially prepared quantum state p
of N particles, or more if one were to include any possible ancillary quantum

— efiHsetpeiHset and

particles. The Hamiltonian generates the dynamics p(¢)
after some time ¢t = T, a measurement is then performed on the state p(t),

the outcome of which is specifically designed in order to obtain the most
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precise estimate of the value of 0. The optimal sensitivity is known to be

S S
v (p(1),Hs)
the number of measurements performed and ¥ (p(t),Hs) is the QFI of a

given by the quantum Cramer-Rao bound [4] 66 > where Vv is

state with respect to Hg, given by
A=)
Flp(r),Hs) =2) ~5—=I—[(ilHslj)I*,
- i+

where A; and |i) are eigenvalues and eigenstates of p(t), respectively. I are
primarily interested in the sensitivity of the state p locally at the point t = 0,
so ¥ (p,Hs) will be the figure of merit I will consider.

A class of Hamiltonians of particular interest is the class of local Hamil-
tonians. These Hamiltonians are a sum of N independent Hamiltonians act-
ing on individual particles, i.c. a Hamiltonians of the form Hs = S % | h()
where A1) represents a nontrivial interaction acting only on the ith particle
that is not proportional to the identity. I will also assume that 4() does not
depend on the number N. An example of a Hamiltonian of this type is a
uniform magnetic field in the z direction acting on a collection of N spins,
wherein this case h(!) oc cﬁ"), and oﬁ") are the Pauli z operators acting on ith
particle. As coherence is a basis dependent concept, I will adopt the basis
which is naturally defined by the eigenvectors of (). This defines a set of
local bases {|al’)} for the ith particle where a = 1,...,d, and d is the di-
mension of the particle. Consequently, I will consider the coherence with
respect to this set of local bases. Local bases were also previously studied
in [69], which noted their connection with quantum correlations.

For any signal Hamiltonian of the form Hyg = Zivzl h\) and a pure
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state probe |y), let us consider the maximal QFI reachable via all possible
incoherent operations ® € ICPTP on |y), i.e. max ¥ (®(|y) (v]|),Hs).
®cICPTP

The incoherent operation here is completely general, with no constraints
otherwise. Here, I note that there is an important differentiation between N,
which captures the number of particles Hy is interacting with, and the actual
physical number of particles, which can be any arbitrary number so long as
it is reachable via an incoherent operation.

In fact, for any coherent pure state, I can always achieve Heisenberg

scaling via a suitable incoherent operation, as demonstrated by the following

Lemma:

Lemma 1. For every coherent pure state |) and locally interacting Hamil-

tonian Hg, there always exists an incoherent operation ® that achieves

F (®(|w) (y]),Hs) > 0 that scales with O(N?*). The measurement that achieves

this Heisenberg limited scaling can also be performed incoherently.

Proof Let us first consider Hs = >

=1 h). For each h\V), let ‘z,(q{[)lx> and

i

min

> be eigenvectors that corresponds to eigenvectors for the maximum
and minimum eigenvalues Apax (h(j )) and }\.min(hU )), respectively. In this 2
dimensional subspace, let us define the Pauli operator o) = z,(dgx> <z£,{l)n +
i) (it

Let |y) = 3. V/A; |i), where |i) are eigenstates of Hs which construct

the incoherent basis. Without any loss in generality, I assume that the coef-

ficients are positive real and A; > A, > .... I will also assume that |i = 1) =
(1)

Lnin

‘i,%x> and |i=2) =

> since this is just a relabelling of the basis which

can be done using an incoherent unitary. The ‘extra’ particles may be con-
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sidered ancillary particles that assist during the metrological process.

I now apply an incoherent CNOT type operation that performs the
map U : |y) — 3, v/A;|i...i) and then let the state evolve according to the
Hamiltonian Hy. Let us now consider only the the first 2 terms of U |y),

which under Hg evolves as
VAT D +Va]2...2) = VA 1. 1) + Vet |2...2)

up to an overall phase factor. I have ¢ = ZZJV: 0 where ¢; := Amax (1)) —
Ain (B,

I will choose some basis on the Hilbert space space of N particles {|a;) }

fori=1,2,... such that |a;) = %(HU +12...2)). Define the following
POVM:
N
My = (@), i) [T (=)@ (ail,
j=1
where ¢ == (ci,...,¢cn), ¢; = 0,1, and (¢) = H]jyzl(—l)”f. The quantum

operation M is then defined as M (p) = >z ;) M(zi)PM, Z&i)' This operation
is incoherent and is effectively an incoherent implementation of 2 measure-
ments: a projection onto the basis {|a;)} followed by a parity measurement
on the x axis. Suppose I perform the naive protocol where if the measure-

ment outcome is i = 1, I keep the parity measurement outcome, and assign

a value of zero otherwise. Let us call this measurement M.
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I can then verify using the error propagating formula that

AM? (VM VR) L
|oc (7)) 2 o>

Finally, I observe that ¢; > @iy :=min;¢; and ¢ > NOpin. Pmin depends
only on {h(i) }, all of which do not contain any dependence on N, and neither

(\/ﬂzx/ﬂ)z

does the coefficient , which depends only on the initial state. As

such, I have

AM? _ (VMAVR)? L T
|ac (M)~ 2 N*Omin

This proves that for every pure coherent state, Heisenberg limited scal-
ing is reachable using only incoherent operations.

|

So far, I have only considered pure states and a single metrological
experiment. However, I can also consider the case of general mixed states

where M independent measurements are performed:

Definition 1 (Distributed coherence of QFI). The distributed QFI for a pure

state ) is defined to be

G (1v)) —Mcmzf{m () (w)]. Hy}

where Héi) is the ith local Hamiltonian of the form Héi) = ZIJY:] h\d) and
hJ) are nontrivial. P(i) refers to the ith partition of particles in the state

D(|y) (y|) which is partitioned into M collections of particles that sepa-
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rately interact with the Hamiltonians Hél). The partial trace Trp(;). is to be
interpreted as tracing out every particle except the ones in P(i).
The generalization to mixed states is obtained via the convex roof con-

struction

' (p) = min_ ZPICF (Iw))

where the minimization is over all pure state decompositions of the form

p=>_;pilVi) (Vi|. (See [94] for another example of such constructions)

This definition corresponds to a scenario where a quantum state
®(|y) (y]) is prepared via an incoherent operation, partitioned into M sepa-
rate subsystems, and then distributed to M different parties each performing
an independent metrological experiment. Equivalently, it can also be inter-
preted as a single party scenario where M independent metrological experi-
ments are performed.

It turns out that C is a valid coherence measure for every M and H. éi).

Theorem 1. CI{YI is a coherence measure.

Proof I observe that if p is incoherent, then it is diagonal w.r.t. ZiH (i),
and F (p,Héi) ) = 0. Resorting to any incoherent operation & will not im-
prove the situation as it always maps a diagonal state to another diagonal
state so I must have have C¥(p) = 0. Lemma 1 then demonstrates that if p
is coherent, then C¥ (p) > 0 since p has to have at least one pure state in its
pure state decomposition that is coherent. This proves that p is incoherent
iff CM(p) = 0, so the measure is faithful.

Convexity is implied by the convex roof construction. Therefore, I only

need to prove strong monotonicity.
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To prove monotonicity, I only need to establish that the measure is
strongly monotonic over pure states (a short proof of this fact is presented in

the Appendix). I see that this is true from the following chain of inequalities:

ZP:’C’%(W;')) = ZP:’C’%(K‘ ) /\/pi)

= Er,me zmrp i(Ki ) (Wl K] /pi)). Hg' )

[of GICPTP

MCPTPZPE? (Tep e [i(K: ) (1K /i) i) L, B 1) (11}

~ e S (T [ ilv) (i) 910 ZH ®li)

&, cICPTP

< max S F{Trpge[@(w) (w))], HY}

where the inequality comes from the observation that the optimization in the
third line is a special case of the optimization over @ in the fifth line.

|

Note that it is possible to generalize the result to arbitrary signal Hamil-
tonians rather than the local Hamiltonians which is the focus of this article.
To see this, simply set N = 1 so Hg = h(!) where A(!)) is in principle any ar-
bitrary nontrivial Hamiltonian. Nonetheless, the case of local Hamiltonians
is interesting due to its connections with multipartite quantum correlations.

I also note that Thm. 1 applies for every Hs and M. In particular, for
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the case M = 1, C}(p) is just the standard Fisher information, optimized
overall incoherent operations performed on the state p. However, a closer
inspection will reveal that for small M, the measure will saturate for rela-
tively slow levels of coherence. I already see this from the fact that for M =1
a maximally coherent qubit can already be converted to a GHZ state via a
series of CNOT operations, which is sufficient to saturate the QFI and C}
forHs=), cﬁ"). As such, depending on the system being considered, larger

values of M may lead to better coherence measures.

3.2.3 Coherence measures from quantum observables

In this subsection, I will discuss how a quantum observable M may be
used to construct a coherence measure that satisfies axioms (C1)-(C3) (see
Section 3.2.1). The following Theorem introduces a quantity that satisfies
the strongly monotonic condition (C2b), which will prove useful when I

eventually construct the coherence measure.

Theorem 2. For any quantum observable M and quantum state p, the quan-
tity

max Tr(MP(p))

is strongly monotonic under incoherent operations, where O may be sub-
stituted with either the set of operations, maximally incoherent operation

(MIO) or incoherent operation (10).

Proof I first observe that any incoherent operation represented by some
set of incoherent Kraus operators {KI-IO} is, by definition, also a maximally

incoherent operation. Note that for any set of maximally incoherent opera-
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tions {QMIO| QMIO ¢ MIO}, the map Q(p) == >, QMO (K,-IOpK,-IO%) is also
maximally incoherent since it is just a concatenation of the incoherent oper-
ation represented by {K°}, followed by performing a maximally incoherent
operation Q?/HO conditioned on the measurement outcome i. Let us assume
that QMO (p;) is the optimal maximally incoherent operation maximizing
Tr(MQMO(p;)) for the state p; := KiIOpKiIOT/Tr<KiIOpKiIO%>, I then have

the following series of inequalities:

Jmax Tr(MP(p)) = Tr(MQ(p))

=Te[M Y QMO(KpK”)]

where p; = K}OpKiIOT/Tr(KiIOpKiIOT) and p; = Tr(Kl-IOpKiIOT)). I note

that the last line is simply the expression for strong monotonicity, which
proves the result for the case when O is MIO. Identical arguments apply
when considering 10, which completes the proof. ll

In the above proof, I see that the optimization over MIO yields a valid
coherence monotone within the regime of 10, so drawing a sharp distinction
between the two sets of operations is not always necessary.

I note that satisfying strong monotonicity qualifies the quantity as a co-

herence monotone, but is insufficient to fully qualify it as a coherence mea-
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sure. In order for that to happen, I need to demonstrate that maxgc o Tr(M®P(p)) =
0 iff p is an incoherent state, and maxge o Tr(MD(p))

> 0 whenever p is a coherent state. It is clear that this is only true for some
special cases of M. However, the following theorem shows that even if M
does not by itself satisfy the above conditions, it is still possible to construct

a valid coherence measure using M.

Theorem 3. Let M be some Hermitian quantum observable in a d-dimensional
. . s . Tr{M .

Hilbert space. Then there exists a basis {|i) } such that (i| (M — %]l) i) =

0 for every |i).

Furthermore, for every nontrivial quantum observable M, the quantity
Gi(p) = max Tr[(MP(p)] —Tr(M)/d

is always a valid coherence measure w.r.t. any basis {|i)} that satisfies
(i| (M — %1) |i) = 0 for every |i). Since such a basis always exists, the
coherence measure C3 also always exists. The set of quantum maps O may

be subtituted with either MIO or 10.

Proof I begin by observing that the matrix M’ = M — %M}]l is trace
zero. Since M’ is nontrivial (not proportional to the identity operator), it im-
plies that the sum of its positive eigenvalues and negative eigenvalues must
be exactly equal. Let A= (A1,-..,Aq) be the vector of eigenvalues of M’
arranged in decreasing order. I recall the Schur-Horn theorem, which states
that for every vector v = (vy,...,vy), there exists a Hermitian matrix with
the same vector of eigenvalues A, but with diagonal entries Vv = (vy,...,v4)

so long as the vectors satisfy the majorization condition vV < . It is clear that
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the zero vector V= (0,...,0) always satisfies this condition. Therefore, there
always exist a basis {|i)} for M’ where the main diagonals are all zero, such
that (il M"|i) = 0 for every |i), which proves the first part of the theorem. See
Proposition 1 for an example of such a basis using mutually unbiased bases.
Proposition 1 presents an alternative proof for the existence of such bases
but it is important to note that not every basis that satisfies the condition
(il M" |i) = O for every |i) is necessarily mutually unbiased.

Now, I proceed to prove that CJ(p) is a coherence measure of with
respect to the basis {|i) }. The strong monotonicity condition is already sat-
isfied due to Thm 2. The convexity of the measure is immediate from the
linearity of the trace operation and the definition of ] as a maximization
over MIO or IO. Therefore, I only need to establish the faithfulness property
of the measure.

In order to prove this, recall that in the basis {|i)}, the diagonal ele-
ments of M’ is all zero. Therefore, there always exists some projection onto

a 2 dimensional space M’ such that the corresponding submatrix has the

0 r
form . I can assume without loss of generality that the projection

r« 0

is onto the subspace {|0),|1)}, since at this point, the numerical labelling of
the basis is arbitary.

For some coherent quantum state p, there is at least one nonzero off-
diagonal element. Since basis permutation is an incoherent operation, I can
assume the nonzero off-diagonal element is pg;. In fact, I can assume that it
is the only nonzero off-diagonal element as I can freely project onto the sub-

space spanned by {|0),|1)} and completely dephase the rest of the Hilbert
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space via an incoherent operation, which allows us to prove the general re-

sult by only considering the 2-dimensional case. Suppose this leads to a

) . ) pP1oa . )
2-dimensional submatrix of the form where a is nonzero since
*

a p2
p is coherent.

0 r p1 a
Directly computing Tr , I get the expression r*a+
r 0 a p2
a*r = |ra|(e® + ™). This final quantity can always be made positive by
performing the incoherent unitary that performs |0) — |0) and |1) — e~ |1)
which is equivalent to making both a and r positive quantities. Since r is
strictly positive as M’ is a nontrivial matrix, this implies ar > 0 if p is a
coherent state, so there always exists at least one incoherent operation ¢
such that Tr[M'®(p)] > 0 for every coherent state p.

Finally, I just observe that M” has zero diagonal elements w.r.t. the basis
{]i)}, so Tr[M'®(p)] = 0 whenever p is incoherent and ® is MIO or IO. This
completes the proof. B

Theorem 3 above establishes several facts. First, observe that since
CY(p) is a coherence measure and nonnegative, Tr[(Mp)] — Tr(M)/d can
only be positive when p is coherent (the basis is specified by the theorem).
This establishes that every nontrivial observable M is, in fact, a witness of
some form of coherence. One just needs to subtract the constant Tr(M)/d
from the mean value (M) to verify the presence of coherence.

Second, it establishes that if M is a coherence witness, then it can be
interpreted as the lower bound of the bona fide coherence measure C. Re-

call that the measure Cj; quantifies the operational usefulness of a quantum
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state when one considers MIO or 10 type quantum operations and the task
is to maximize the mean value of a given observable M. Other examples of
coherence measures with operational interpretations in terms of MIO or 10
include the relative entropy of coherence, which quantifies the number of
maximally coherent qubits you can distill using IO [95], as well as quan-
tities considering how much entanglement and Fisher information can be
extracted via MIO or 10 [70, 96].

Third, Theorem 3 defines the preferred incoherent bases where the co-
herence is useful for optimizing (M) and shows that such bases always exist.
The following proposition states that the coherence with respect to any basis
that is mutually unbiased with respect to the eigenbasis of the observable M

will always satisfy the necessary condition in Theorem 3.

Proposition 1. Ler {|o;)} be the complete set of eigenbases of some non-
trivial quantum observable M, and let {|B;)} be any complete basis that
is mutually unbiased w.rt. {|a;)}. Then the basis {|B;)} always satisfies
(Bl (M — L) [Bi) = 0 for every |).

In other words, w.r.t. any mutually unbiased basis |B;), the diagonal

Tr{M
Ty

elements of M — is always zero.

Proof Let the dimension of the Hilbert space be d. I then have | (B;| ot;) ‘2

L. Since {|oy)} is the complete eigenbasis of M, M = >, A;|o;) (0 and

3
A S

BilM|B:) =% = "M This implies that (B;| (M — "0 1)|B;) = 0 for

every i = 1,...,d, which is the required condition. Note that this can be

considered an alternative proof of the first statement in Theorem 3. l

In Theorem 3, I established the existence of a coherence measure (7
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but the proof is not constructive in the sense that given the observable M, it
does not immediately inform us of a procedure to obtain the basis {|i)} and
corresponding measure . Proposition 1 closes this gap. Given any observ-
able M, one may obtain the eigenbasis, find another basis that is mutually
unbiased with respect to this eigenbasis, and construct Cj7. An overview of
how to construct mutually unbiased bases can be found in [97]. Note that
mutually unbiases bases are not the only kinds of bases satisfying Theo-
rem 3.

I now consider the reverse construction. Suppose instead of starting
from a given observable M and inferring the basis for the coherence mea-
sure, I wish to begin with some basis {|/)} and construct an observable M
with corresponding measure C that quantifies the coherence in the basis
{]#)}. The method to do this also follows from Theorem 3, as I can choose
any Hermitian matrix to be M so long as the leading diagonals are zero.
This is guaranteed to lead to a reasonable measure according to Theorem 3.
Such a matrix is easy to construct, as any arbitrary Hermitian matrix written
in the basis {|i) } with its leading diagonal elements replaced with zero will

suffice. This is summarized in the form of the following corollary.

Corollary 3.1. Consider any complete basis {|i)} and any arbitrary Her-
mitian matrix H which has at least one nonzero off-diagonal element. Then

using the matrix M = H =, (i| H |i) |i) (i

, the corresponding measure C

(See Theorem 3) will always be a measure of the coherence w.r.t. the basis

{I5}-

Finally, I show that for MIOs, the corresponding coherence measure
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C}}’HO can be written in the form of the semidefinite programming, a sort of
linear optimization problem. The form assures the efficiency of computing
our measure in terms of the dimension d. Many other quantities related to
coherence may be phrased as a semidefinite program. For examples, see
[98, 99, 100, 101, 102, 103].

Let us first define the matrix A := M4 @ p5 @ |1)- (1] acting on H; ®
Hg @ He. Furthermore, I will assume that dim(#) = dim(#) = d and
dim(#Hc) = 2.

I now prove the following:
Theorem 4. For any quantum observable M, the optimization problem

i, T 2(P)

is equivalent to the semidefinite program

max Tr(AX)
X>0

subjectto Trac(X |1)-(1]) =1p

Trpe(XTa @ [i)p (i @ [1)¢ (1))

d
- ZTrABC(X 174 (@105 ([ @12)¢ (1) 1) 4 (]

Vi=1,....d,

where A := M @ pL @ [1)(1].

Note that all the matrices here are assumed to be written in a basis of
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the type specified in Theorem 3.

Proof I begin by first noting that the matrix X can be written as the

matrix
X 1 *

*  Xp
The * indicates possible nonzero elements, but they do not appear in the
objective function I are trying to optimize, nor do they appear within the

linear constraints, so they can be arbitrary so long as X > 0. The matrix A

written in matrix form looks like

My®pp 0
0 0

Computing Tr(AX), I get
Tr(AX) = Trs[Trp(Xi 14 ® p5)My].

Now, the constraint Trac(X 1) (1]|) = 1p implies Try(X;) = 1p, so
X actually represents a valid quantum operation in the Choi-Jamiolkowski
representation. This implies Tr(AX) has the form Try4 [P (p)M,] for some
valid quantum operation ®.

All that remains is for us to prove that under the set of constraints

Trpe(Xa @ i) (i @[ 1) (1])

= ZTrABC(X [Da ll@1i)p (il @12)c 21) 1) a (]
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foralli=1,...,dand j=1,...,d, ® must be a maximally incoherent oper-
ation. I first note that the number Trapc(X | /)4 (| @ |i) g (i| ©12) (2]) is just
the main diagonal elements of the matrix X3, so it must be nonnegative since
X is positive and X, is a principle submatrix of X. I can therefore rewrite
the constraint as Trpc(X1a ® [i)p (i| @ [1)c (1]) = 32 ;i j[) 4 (j| where A;
is nonnegative. This necessarily means that every incoherent state |i) (i| is
mapped to a diagonal state ;A ;[;) (j| under the quantum map repre-
sented by X;, which defines maximally incoherent operations, and com-

pletes the proof. B

3.2.4 Examples

I first provide numerical examples comparing our coherence measures
C}VI with, a well-known coherence measure, the relative entropy of coher-
ence Cp [18]. (p is defined by Cp(p) = S(Pdiag) — S(p) where S(p) = —Trplogp
is the von Neumann entropy of a density matrix p and pgjag is the diagonal
part of the density matrix p. While C¥ requires optimization over all inco-
herent operations, and the optimal solution for a general quantum state is in
general unknown, any incoherent procedure will provide a lower bound for
the measure.

I consider the set of m-qubit Dicke state with k excitations. The state is

given by
1
m 75
= P(0...01...1
)= (1) S IPQ.0L 1)
P m-k k
where P refers to a particular permutation of the state and the summation
is over all possible permutations. By verifying the majorization condition
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Figure 8: Comparisons between the lower bounds of the superradiant based
measure Cs(red, o), the QFI based measure Cl{‘fl (green, [J), and the relative
entropy of coherence Cgr(blue, x) for the M-qubit Dicke state with k ex-
citations |M, k). The plots are normalized so they coincide at X = 10, and
demonstrate qualititatively similar behaviour across different measures.

[104] for two uniformly distributed pure states, I can show that there exist
incoherent operations ® which performs the map |m,n) 2, (|0) + |1))®m
where my is the largest integer satisfying 2"* < (]]Z) I will use this fact to
compute a lower bound for C¥ where M = m. For the superradiance based
measure, | will simply apply the identity operation. Fig. 8 illustrates the
similarity of the obtained lower bounds to the relative entropy of coherence.
Note that the computed values are normalized such that they coincide at the
point k = 10.

Next, I provide numerical example for Cﬁ. Let us consider for spin
systems the total magnetic moment operator. For a system of N spins I can
choose as our classical basis @, {|1);,[1),} where {|1),,]}),} is the eigen-

basis of the local spin-z operator. In order to witness the coherence between
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these basis states, a simple measurement of the magnetization in the x direc-
tion will suffice (See Theorem 3 as well as Proposition 1). The total spin-x

operator is defined as
N
Se=>» S
i=1

with local spin operators S. Choosing S, as our observable, any measure-
ment of (S,) is automatically a lower bound to the corresponding coherence
measure CS?. Note that because one can equivalently choose to measure the
total magnetization along any direction on the equatorial plane, any non
zero measurement of (S,) directly implies the presence of coherence in the
z direction. Figure 9 compares (, = Z# y ‘p,- j}, Cp and Cg:ﬂo for the state
p=(14p/7)1/8—p/7|w) (w| where |w) := %(|OOI> +010) +|100)) and
p€|0,1].

3.3 Measuring Nonclassicality via negativity

3.3.1 Nonclassicality filtering

I first introduce the characteristic function of the Glauber-Sudarshan
P-function. A common convention is to define it as the integral [ d*a.P(o)
exp[2i(Bio — Bro;)], where o, B, and o;, B; are the real and imaginary com-
ponents of o and P respectively. One observes that this is a multivariate
Fourier transformation. For our purposes, I will adopt the following conven-
tion:

1(B) = [ Par()explomi(Pio, + B,
It should be clear that this definition essentially corresponds to a change
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Figure 9: Comparisons among the /; norm of coherence (,(green, solid),
the relative entropy of coherence Cp(red, dash-dotted), and the coherence
measure corresponding to magnetization measurement (g, (blue, dotted). I
consider the single parameter, 3 qubit state p = (14 p/7)1/8 — p/7|w) (w
where |w) = %(|001> +1010) +[100)) and p € [0,1]

bl

in variables of the type B; — nf} and B, — —np), and so does not alter
the information content of the characteristic function. It also adheres more
closely to the conventional definition of the Fourier transform in the ordi-
nary frequency domain: ¥ f(y) := [ dxf(x)exp(—2mixy). The correspond-
ing inverse Fourier transform is then ¥ ~! f(y) := [ dxf(x)exp(2mixy). This
allows us to write P(ot) = Fx (o). All physical characteristic functions sat-
isfies [x(B)| < exp (B’ /2).

One major issue with the P-function is that it is frequently highly singu-
lar. This complicates our ability to analyze and quantify the nonclassicality
of quantum states via the P-function alone and necessitates the use of other
nonclassicality criteria.

I consider the filtered P-functions proposed in Ref. [105]. Filtered P-
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functions are based on the observation that P(a) is the (multivariate) Fourier
transform of the characteristic function y(3), such that P(o) = Fy/(at). This
opens up the possibility of applying a filtering function Q,,(B) prior to the
Fourier transform. The nonnegative parameter  is to be interpreted as the

width of the filter. The filtered function is then

Po(Q) = Fya.w(a)

where Yo (B) == %(B)Q(B). In general, the characteristic, P and filtered
P-functions depend on the state p. When the state p is unambiguous, the
characteristic function is denoted ¢ and y (o) is the function at the point c.
When p needs to be specified, the characteristic function is denoted x(p),
while x (o | p) is the function at o.. Similar notations will also be used for
the unfiltered and filtered P-functions. The goal is to be able to consistently
define the negativity of the P-function, even when it is highly singular. For
this purpose, I consider a carefully chosen nonclassicality filter Q,, satisfy-

ing the following properties:

(a) Q,(B) is factorizable such that Q,,(B) = QL (B)Q2(B) s.t. Qi (B) is

square integrable for i = 1,2.
(b) QL(B)e™IB*/2 is square integrable.
() Q,,(0)=1and lim,Q,(B) = 1.

(d) There exists ¢ > 0 such that Q,,(B) = Q,, |, (B)€;(B) for any |r| <1,

and some ¢t > 0.
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(e) QW(B) = ka(kB) for any k > 0.

Note that these conditions are stronger than those proposed in Ref. [105].
There, the key requirement is for QW(B)enz‘mz/ 2 to be square-integrable, in
order to ensure that its Fourier transform will also be square-integrable due
to Plancherel’s theorem. Square integrability is however not sufficient to en-
sure that Pg (o) is pointwise finite for every o. Our modified approach
closes this gap by ensuring that P ,, (o) is always finite, which allows us to

numerically determine whether there is negativity at a given point O.

Theorem 5. If Q,, satisfies properties (a) and (b), then Pq ,,(Q) contains no

singularities and is finite for every Q.

Proof Since %0, (B) = 1(B)2.(B) = x(B)2L (B (B). I can group
the terms such that xq,,(B) = [x(B)QL(B)] x Q2(B). The convolution theo-
rem then implies that Pq ., (1) = F xa.w(a) = { F[X(B)QL(B)]* FQL(B) H o).

From property (a), I already know that Q2 () and hence F Q2 (B) are
square integrable from Plancherel’s theorem. Furthermore, from property
(b), I are guaranteed that Q&V(B)e”z”3|2 is square integrable. This means that
QL (B)x(B) is also square integrable since ¥ (B) < v 1B, Applying Plancherel’s
theorem again, I know that  [x(B)Q. (B)] is also square integrable.

Irecall thatif £(f) and g(B) are both square integrable, then by Cauchy’s
inequality, it must satisfy [|£(B)g(B)] < |£(B)ll2/lg(B)]2 where |- and
||-||2 are the L; and L, norms respectively. Furthermore, since the L; norm

is just the absolute integral, I have

‘/dzﬁf(ﬁ)g(ﬁ)’ <[FB)ll2llg(B)ll2 < ee.
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This implies that the integral [ d*Bf(B)g(P) is finite.

{Fx(B)QL(B)] * FQ2,(B)}(a) is a convolution of two square inte-
grable functions. By the definition of a convolution, for every given @, it is
an integral of a product of 2 square integrable functions. From the property
described in the previous paragraph, I must have Po () = Faow(®) =
{Fx(B)QL(B)] * FQ2,(B)}(ar) < oo, so it has a finite value for every .
This means that the filtered function Pg ,, (@) is finite everywhere and con-
tains no singularities. l

Theorem 5 thus allows us to to assign definite positive or negative val-
ues at every point o of Pg,, (o). This implies that I can determine unam-

biguously the positive and negative regions of Pq ,, (o) as follows:

Definition 2 (Negativity of a P function). Let f (o) be a function that is well
defined for every 0, so that I can write (&) = f+ (o) — £~ (), where f*(a)

are pointwise nonnegative functions. Then the negativity of f is defined as

N(f) = / Pof (o).

Consider the P function of a state p. Let Q,, be some filter that satis-
fies properties (a)-(c). I can then write the filtered P-function as Pq ,,(0) =
Pg’w(oc) — P, () where Piw(oc) are the nonnegative functions.

The negativity, of p is defined to be

N(p) = lim [ d*oPg ,(at).

W—yoo

Property (c) then guarantees that the filtered function is a proper quasiprob-
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ability function such that | dzochyw(oc) = 1, and that for sufficiently large
w, FQ,(a) =~ d(a), so the original P-function is retrieved.

Given the above definitions, one still needs to find an appropriate filter
Q,,. The astute reader may have noticed that properties (d) and (e) are not
yet discussed. They will play an important role which will be described in
greater detail in a subsequent section. I first establish several properties of

the negativity.

3.3.2 Negativity as a linear optical monotone

In Ref. [74], a resource theoretical approach was proposed to quantify
nonclassicality in radiation fields. There, it was argued that nonclassicality
measures should be linear optical monotones, i.e. nonclassicality should be
measured using quantities that do not increase under linear optical maps.
Under this approach, nonclassicality may be considered as a resource that
overcomes the limitations of linear optics.

Linear optical maps are formally defined to be any quantum map that

can be written in the form

@1 (pa) := Trg[Up(pa @ o), ],

where O is a classical state and Uy, is a linear optical unitary composed of

any combination of beam splitters, phase shifters and displacement opera-

tions. Such unitary transforms will always map a N mode bosonic creation
i

operator a;; =SV wa! into a’, + @Y ,0;1; where 11,7/ are N dimensional
u

complex vectors of unit length, and 1; is the identity operator on the ith
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mode.

One may also incorporate postselection into the definition by defin-
ing selective linear optical operations via a set of Kraus operators K; for
which there exists linear optical unitary Uy, classical ancilla Gggr, and a set
of orthogonal vectors {|i) } such that Trg[U(pa @ GEEr)Ug] =3Py ®
|i) v (i], where pipl, = KipaK, and p; = Tr(KipaK, ).

Based on this definition, the following theorem shows that the nega-
tivity A’ forms a linear optical monotone that belongs to the operational

resource theory outlined in Ref. [74].

Theorem 6. The negativity N(p) is a nonclassicality measure satisfying

the following properties:

1. N(p) =0 if and only if p has a classical P-function.

2. (a) (Weak monotonicity) N(p) > N(PL(p))-
(b) (Strong monotonicity) N.(p) > 3, piN(pi) where p; :=Tr(K; Kip)
, pi= (K,-pKI-T)/p,- and ®(p) = ZiKl-pKiT is a selective linear

optical operation.

3. (Convexity), i.e. N(>_; pipi) < D_; PiN(pi) -

Proof It is apparent that if the P-function of p is classical, then A (p)
= 0 since Pq ., () — P(a) as w — oo so the negative volume must vanish.
The converse must also be true as if A[(p) =0, then [ a’zoch;W(oc) — 0 as
w — oo, which implies P57W(a) — P(at). This means that P(a.) is the limit of

a sequence of positive distributions. As the set of classical states is a closed
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convex set, and Paw((x) — P(a), this means that P(o) must be classical.
This proves Property 1.

In order to prove the weak and strong monotonicity properties, I make
use of an observation from Ref [74]. It was noted that for the special case
when the P is any regular function that does not contain any singularities,
the negative volume A((p) where p = [ d*aP(o)|or) (0| satisfies both weak
and strong monotonicity conditions.

I now extend the above result to all P functions. Let

Oy = / PoPa(0)|0) (0.

For weak monotonicity, I see that A (p,,) > N (PL(p,)). Taking the limit
w — o0, p,, — P, the inequality converges to A[(p) > N (P(p)). Identical
arguments hold for strong monotonicity. This is sufficient to generalize the
monotonicity property to all P functions, and establishes Property 2.

Similarly for convexity, I have AL(D"; pipw.i) < >_; PiN(pw,i) for ev-
ery w. Taking the limit w — o, p,,; — p; so the inequality converges to
AN (D pipi) < >, piN(pi) which is the required inequality.

|

3.3.3 Operational interpretations of the negativity

An operational measure that has been extensively studied in various
quantum resource theories is the robustness[106, 98]. It quantifies the min-
imum amount of mixing with noise that is necessary to make a given quan-

tum state classical. It turns out that the negativity exactly quantifies the ro-
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bustness of a given quantum state.
I can consider the following definition for the robustness of nonclassi-

cality.

Definition 3 (Robustness of nonclassicality). Let P be the set of all quantum
states with classical P distributions.

The robustness of nonclassicality is defined as

R(p) =min{r | r >0, ptro

P,
ceP 1+r €7}

Based on the above definition, one may show that the negativity and

the robustness are in fact equivalent.

Theorem 7. The negativity and the robustness are equivalent measures of

nonclassicality, i.e. N(p) = R (p) for every quantum state p.

Proof

First, note that I can always write Pg ,,(0t) = P;{’W((x) — Pg,,, (@) where
Péw(oc) are pointwise nonnegative functions. Let [ d20cP§,W(Oc) = r, and
lim,, ;. 1, = r. Note that by this definition, r = A(p)

I now consider some sufficiently large w and observe that r is always an

upper bound to the robustness. This is because, ﬁ (Pow(o) +Pg () =

1
14ry,

Therefore, if p,, and G,, are the quantum states corresponding to the distri-

wtrwOw

butions Pq () and Pg , (at) /1, respectively, the mixture B - always

p+ro
1+r

has a classical P-function. Taking the limit w — oo, I get is classical,

where 6 = lim,,_, G,,. Since r is just the negativity A'(p), I see that the

73

PZ . (o) which corresponds to a positive, and hence classical, P-function.



negativity is at least an upper bound to the robustness.

I now need to show that r is also a lower bound. This follows imme-
diately from the observation that Py,  (a) is the minimal function necessary
for Po (@) to be positive. It is clear that if P'(a) < Py, (o) for any a, then
Pg () + P'(a) < 0 and so is not positive at o. This shows that » must also
be a lower bound and proves the theorem.

|

Theorem 7 therefore provides a direct operational interpretation for
the negativity of the P-function. The negativities of other s-parametrized
quasiprobabilities can then be interpreted as lower bounds to the robustness.
I also point out that P;(o.) may be interpreted as the P-function after inter-
action with a thermal environment[107, 108, 109]. This means that at s < 1,
the negativity corresponds to the robustness of the state under less than ideal
environmental conditions, while at s = 1, it is the robustness under ideal
conditions.

Another possible interpretation of the negativity is the cost of simulat-
ing a nonclassical state in phase space using P function. In particular, it is
possible to show that the number of samples s(€,d) required to classically
simulate the measurement outcomes with a sampling error less than € and

success probability greater than 1 — 8 scales with[110]

s(&,8) o< [1+2((p)]*.

As N\(p) = 0 when the state is classical, the factor [1 + 2 (p)]? de-

scribes the additional overhead required to simulate a nonclassical state.
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This suggests that states with greater negativities tend to be harder to simu-

late.

3.3.4 Approximate nonclassicality monotones

The negativity is well defined in Definition 2, but does not always lead
to finite quantities. For instance, highly singular states such as squeezed
states can possess infinite negativities. This can be verified numerically by
applying an appropriate filter and computing the filtered negativities as w —
oo, From Theorem 7, I know that this is because some states require an infi-
nite amount of statistical mixing with classical states before their nonclassi-
cality is erased. Nevertheless, A’ remains a linear optical monotone, which
is able to unambiguously identify every nonclassical state.

It is natural to ask whether it is possible to avoid infinite values while
simultaneously maximizing the number of identifiable nonclassical states. |
show that this is possible via an appropriate choice of filters that satisfies the

full suite of properties (a)-(e) (see Preliminaries).

Theorem 8. Ifthe filter Q.,, satisfies properties (a)-(e), with & := N (F Qy—1),
the filtered negativity N (Pq.) is an approximate nonclassicality measure

satisfying the following properties:
1. N(Pa,w) <8 ifp is classical.

2. (Approximate monotonicity) For any linear optical map ®r, (1+28) N [Po..(p)] +
3 > N{Po,u[®L(p)]}-

3. (Convexity) N[Paw(>_; pipi)] < > PiN[Pa.w(pi)]
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Lemma 2. Suppose f and g are non-singular real-valued functions on the

complex plane C such that f d>of (o f d*og(o) = 1. Then,

N(f+g) < N(H(1+27(g)) +N(g)

Proof

Let f(a) = f*(a) — f~ (@), and g(0) = g™ (@) — g~ (0t), where f*(at)
and gi(oc) are pointwise nonnegative functions. I note that f*g = (f* —
S x(g—g ) =fTxg"+f*xg —(fTxg” +f *xg"). Asaresult,

have the following series of inequalities

o(f*g)" ()
g/d a(fTxg (o) +f xg ()
- / d>ouf* (o) / d*ag (o) + / d*of (o) / d*ag™ ()
—(1+ [ @ar (@) [ o (@)

+ [ dar @+ [ag (@)
:/cﬂocg(oc)(1+2/d20cf(06))+/d20°f(0°)»

\

where I used the identity [ d?of (o) = 1+ [ d*of~ (o) which comes from
the fact that [ d?af(a) = 1
|

Lemma 3. Suppose the filter Q,, satisfies property (a)-(c) and (e). Then for

any given linear optical map ®r, N[Pa,w(P)] > NAPaw)|r[@L(P)]} where
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the factor r depends only on ®j.

Proof
Similar to an observation from Ref. [109] and the proof of Theorem 6,

I define the map

@au(p) = [ P1FLLDEPD! ()

From this, I see that P(®Pq,,(p)) = Pow(p), so the P-function after
this map is equivalent to applying a filter €,,. This property does not require
FQ, (o) to be pointwise positive for every o.

Using the notation Dy(-) = D(a)(-)D'(w), I follow a similar argument

with the proof of Theorem 6, resulting in the following series of inequalities:

N[Pa,w(p)] = N[PrPaw(p)] (3.2)
= N[0 [ 0T () Du(p)] (33)
= [ aF 0 (o)D) 1) G4
— ‘,i:'?f 0u(11)DuL(P)] (3.5)
_ / PaF Q,)1(0) Doy (p)) (3.6)
= N(Dgu/PL(P)). (3.7)

where |r| < 1 and depends only on ®;. Which is the required expression.
Eqn. 3.6 comes from the observation that whenever the filter satisfies Q,,(B) =

Q. (kP) for any k > 0 (property (e)), then together with the scaling property
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FL£(rB)] (@) = F f(/|r])/|r|* T have
FQu(0t/[r]) = [ F Q1 ().

|

Theorem 8 suggests that given a filter that satisfies properties (a)-(e),
the filtered negativity A, (p) is an approximate linear optical monotone
when the negativity of FQ,, is small. Ideally, I would like the Fourier trans-
form of the filter to be pointwise positive and still satisfy properties (a)-
(e), which would imply that the filtered negativity is an exact linear optical
monotone that can be computed for every w > 0. It remains unclear whether
this is possible, but I demonstrate that the negativity of the filter can at least
be made arbitrarily small, such that the filtered negativity is essentially a

linear optical monotone to any required level of precision.

Proposition 2. Define Q,:(B) = exp<—|[5/w|2+€>, where w > 0 is the
width parameter, and € > 0 is the error parameter. Then, Q¢ is a filter

that satisfies properties (a)-(e). Furthermore, N.(F Qy—1¢) — 0 as € — 0.

Proof
Consider any given linear optical map ®;. By Lemma 2, for a state

®;(p), I obtain

N{Paw[®L(p)]}
< NPy [PLP) T+ 2N(F Q)]+ N(F )
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Combining the above and Lemma 3, I get the following inequalities:

N[Paw(p)] = NA{Pa,wr[PL(P)]}

L N{Pan[®(p)]) ~ N(F€)
= 1+2N(F Q)

Define d = N(F ;).

Finally, I observe that because Q,, (o) = Q,, (ka) for any k > 0, if I
setw=1and k =1¢, I get Q,—(a) = (ta) . From the scaling property
of the Fourier transform F[Q,(tB)](a) = FQ,(ct/t)/t?, 1 also have that
[d?oFQ (a/t)/1? = [d*aFQ; (a)t?/t* = N(F Q). This implies that
N(FQy=1) = N(F ) for any ¢t > 0, which completes the proof. B

3.3.5 Examples

Here, I provide some numerical examples that illustrates our results
for the negativity of the P-function A’ and the filtered negativity Ao ,, ==
N (Pq,) using several prominent nonclassical states. I will use the filter
Q¢ from Proposition 2. The error parameter € is chosen to be € = 0.21
such that 28 = 2A[(Q,—1 ¢) =~ 0.05. From Theorem 8, this means that the
resulting filtered negativity A, is a linear optical monotone up to approx-
imately a 5 percent error. Note that this choice is arbitrary, as d can be made
as small as desired by decreasing €.

For highly nonclassical states such as Fock and squeezed-vacuum states
A is infinitely large, which can be verified numerically via Definition 2. One
example of a nonclassical state with finite A is the single-photon-added

thermal (SPAT) state, defined by pspar = at e Phva‘ag /Tr (efﬁhm“#“aa'l'). Its
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Figure 10: (a) Convergence of the filtered negativity(solid line) A, to the
negativity(dotted line) A’ for the single photon added thermal state pspar
with 77 = 2. (b) The (logged) filtered negativity log(1 + Ag,,,) for squeezed
vacuum |r) .

characteristic function is yspar(B) = [1 — 7*(1 +ﬁ)\[3|2]e*“2|l3|2/ﬁ, and the
corresponding P-function is Pspar(0t) = ln% (|oc|2 — 1:’_—0 elal’/n [111]. Fig-
ure 10 (a), illustrates how the the filtered negativity N ., (Pspar) approaches
N (pspar) as w — oo, which comes directly from Definition 2. From The-
orem 6, I know that the negativity A(pspar) cannot be increased via linear
optical processes.

The negativity can be infinite in general. One example is the squeezed
vacuum state |r) = ertat’=a)2 |0). Its characteristic function is X (B =
x+iy) = exp{%2 [(s—e* x>+ (s—e 2)y?] } for r > 0. The Wigner func-
tion (s = 0) is Gaussian, so it does not show any negative value. However,
its P function (s = 1) shows extremely singular behavior, and one can nu-
merically verify that A is infinite. This can be circumvented by considering
the filtered negativity Ngq, .

Figure 10 illustrates the filtered negativities A ,, of the squeezed vac-

uum states |r) with squeezing parameter r. I see that the filtered negativ-
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ity captures the increase in nonclassicality due to the increase in squeezing
r. As the filter Q¢ has non-zero negativity, Ag,,, is only an approximate
monotone (see Theorem 8), but this error can be made arbitrarily small by
decreasing the parameter €. This may, however, require increased numerical

precision and hence incur additional computational costs.

3.4 Remarks

In the preceding sections, I have demonstrated how to construct, via
quantum Fisher information, valid measures of quantum coherence. It was
in fact already known that some form of coherence plays a crucial role in
quantum metrology. In [112], it was pointed out that unspeakable coherence
is especially relevant for metrology, and that the resource theory of asym-
metry is able to quantify the metrological usefulness of a given probe state.
Our results, in the form of Thms. 1 goes one step further, by demonstrating
that more general forms of coherence may in fact be made useful via an
appropriate incoherent operation. In contrast, an operation such as the type
considered in Lemma 1 is explicitly forbidden in theories of asymmetry.

Furthermore, I demonstrated that every nontrivial Hermitian observ-
able M corresponds to a coherence witness and a coherence measure G
for some specific incoherent bases, where the set of operations O may be
either MIO or I0. In the case of MIO, I show that the measure is always
computable via a semidefinite program, leading to an infinitely large set of
computable coherence measures. The measures also show that the task of

optimizing (M) is the same as the task of maximizing the coherence of the
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input state, up to the application of some incoherent operation (Theorem 3).
They, therefore, have the operational interpretation of the usefulness of a
given quantum state p for the purpose of optimizing the mean value of the
observable (M).

A key conclusion of our results, in particular Theorem 3, is that ev-
ery nontrivial quantum observable corresponds to a computable coherence
measure, which also implies that every such quantum observable is also a
coherence witness. This may in some cases allow coherence to be verified
in the laboratory using simpler measurements, which was discussed in Sec-
tion 3.2.4. In spin systems, for example, a magnetization measurement is
sufficient and relatively simpler to implement over a mathematically op-
timal measurement [113]. Moreover, the measurement outcomes of such
observables are always, up to a constant displacement, a lower bound to a
corresponding coherence measure C.

For the nonclassicality, I introduced a method to define the negativity
of the s-parametrized quasiprobabilities. Our method is based on a modified
version of the filtered P-function in Ref.[105]. Based on this definition, it is
possible to show that the negativity of the set of s-parametrized quasiprob-
abilities are all linear optical monotones, and form a continuous hierarchy
of increasingly weaker nonclassicality measures that all belong to the oper-
ational resource theory of nonclassicality considered in Refs. [74, 21].

In general, the negativity may have infinite values. In order to circum-
vent this, I introduce an approximate linear optical monotone that is finite
computable and able to identify nearly every nonclassical state. A key ad-

vantage of this approach is that the set of unidentifiable nonclassical states
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can be made to converge by increasing the parameter w. The error can also
be controlled via a single parameter €.

I also demonstrate in Theorem 7 that the negativity of the P-function
has a direct operational interpretation as the robustness. Since A(p) is not
always finite, this means that there are some states whose nonclassicality
cannot be erased by simple statistical mixing with classical noise. This is a
characteristic it shares with quantum coherence, where simple mixing with

an incoherent state cannot make the state classical in general [98].

The following is the publication list related to this chapter:

1. K. C. Tan, S. Choi, H. Kwon, and H. Jeong, “Coherence, quantum
Fisher information, superradiance, and entanglement as interconvert-

ible resources,” Phys. Rev. A 97, 052304 (2018).

2. K. C. Tan, S. Choi, and H. Jeong, "Optimizing nontrivial quantum

observables using coherence,” New J. Phys. 21, 023013 (2019).

3. K. C. Tan, S. Choi, and H. Jeong, "Negativity of Quasiprobability
Distributions as a Measure of Nonclassicality,” Phys. Rev. Lett. 124,

110404 (2020).] [114].
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Chapter 4

Conclusion

In optical quantum information processing, the entanglement and other
quantum resources are distinctive features of quantum optics that overcome
the classical limitation. One of the prominent protocol using the entangle-
ment is teleportation [5]. Especially, one can use teleportation to send quan-
tum information in an optical qubit robustly under the photon loss [115].
The efficiency of the teleportation, however, depends on the qubit encod-
ing. One objective of this dissertation is to analyze the hybrid entanglement
between two different encodings to combine their respective merits. Further-
more, other quantum resources that optical systems may have investigated
by the resource theoretic framework. The resource theories of coherence and
nonclassicality are such kind. In this context, I have focused on providing
operational measures about these quantum characteristics that manifest the
relations with other physical phenomena or operational tasks.

Regarding the teleportation with the hybrid entanglement, I have con-
sidered the hybrid entangled states of a many-photon qubit and a small-
photon qubit. The many-photon qubit encodings have merit on the success
probability of the Bell-state measurement, and the small-photon qubit en-
codings have on loss tolerance. First, I have analyzed the teleportation using
the hybrid entangled state between a coherent-state qubit and VSP qubit.

Here, the coherent-state qubit with large amplitude serves as a many-photon
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qubit. The success probability depends only on the coherent-state qubit and
increases as the amplitude of the coherent-state qubit is larger. Whereas,
the fidelity depends on both loss rates. It has been shown that the loss on
the coherent-state qubit more severely reduces the fidelity than on the VSP
qubit. In this case, the hybrid entanglement helps the fidelity from decreas-
ing by balancing these two loss rates.

Second, I have considered the entanglement between a multiphoton-
qubit and a small-photon qubit. The candidates for the small-photon qubit
are the coherent-state qubit with a small amplitude, the PSP qubit, and the
VSP qubit. In contrast with the previous case, the fidelity of the output state
depends only on the loss of the sent small-photon qubit of the hybrid en-
tangled state. Among the candidates, the VSP qubit shows the generally
best fidelity. However, since the VSP qubit has weakness on single-qubit
operations one should manifest the context of usage. From the fact that the
success probability is independent of the loss on the small-photon qubit, I
conclude that the multiphoton qubit compensates for the weakness of each
qubit by the hybrid approach. The generation methods of the required hybrid
entangled states have been discussed.

For the resource theoretic quantification of the quantumness of the op-
tical system, I have considered the resource theory of coherence and that of
nonclassicality. First, I have proved the coherence measures driven from the
quantum Fisher information and quantum observables are genuine measures
satisfying the conditions such as faithfulness, strong and weak monotonic-
ity, and convexity. The former measure for a pure state is defined as the

maximization of the sum of the quantum Fisher information under incoher-
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ent operations where a state is distributed over N parties and each one has
a local signal Hamiltonian whose eigenstates forms the incoherent basis.
The general mixed is constructed by the convex roof. The latter observable
coherent measure also has the optimization over the maximally incoherent
operation, but I have shown that the maximization can be computed by the
semidefinite programming.

Our nonclassicality measure is defined as the negativity of the P func-
tion. The negativity of the P function has been known as the linear optical
monotone only for states having the regular P function. In our study, how-
ever, I have used the filtering so that the negativity is well-defined (includ-
ing the positive infinity) even for the singular P function. Furthermore, have
shown that our measure captures the robustness on the mixing with classical
states, which gives its operational meaning. The definition of the measure
contains the limit on the filtering parameter, but I have proved that even
for the finite filtering, the measure still has the monotonicity on the linear
optical map.

Our work may be useful for the optical realization of long-distance
quantum information processing by exploring hybrid architectures of optical
networks. I also hope that our study may help the further understanding of

the quantumness of the optical system.
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