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Abstract

Topologiacal semimetals are novel materials that exhibit many fascinating
properties, and they are at the center of the spotlight in the condensed mat-
ter physics studies, as their electronic structure near the band touching point
gives rise to the unique quasiparticles that does not follow the Drude model of
free electrons. Furthermore, their topological nature assures that such quasi-
particles are robust against small perturbations, making them great platforms
to test various physical behaviors of those non-conventional excitations. With
that motivations, this thesis is devoted to studying the semiclassical electronic
transport and electron-mediated magnetism of Dirac materials.

First, we derive the semiclassical anisotropic multi-band Boltzmann trans-
port equation that was extensively used throughout the thesis.

Then we turn to investigating the transport properties of multi-Weyl semimet-
als and the few-layer black phosphorus in various phases using anisotropic multi-
band Boltzmann transport equation. Multi-Weyl semimetals are topological
semimetals with anisotropic band dispersion (linear on one axis; nonlinear on
the other two axes) and their chiral charge is larger than one. Black phospho-
rus is normally a semiconductor, but recent studies have shown that its band
gap can be tuned to show multiple phases (insulator phase, semi-Dirac tran-
sition point, and Dirac phase). We studied these materials using anisotropic
multi-band Boltzmann transport theory and discovered their characteristic chi-
ral charge, band dispersion, and band gap sign signature on the carrier density-
dependent and the temperature-dependent conductivity calculations.

We also examine the magnetic field effect on the semiclassical transport, as



the external magnetic field couples with the Berry curvature, it gives rise to the
anisotropy when the system is isotropic.

Finally, we look into the Ruderman—Kittel-Kasuya—Yosida (RKKY) inter-
action in three-dimensional (3D) isotropic chiral semimetals to study the power-
law effect on the charge carrier spin-mediated magnetism in 3D semimetals.
We calculated the transition temperature and temperature- and power-law-
dependent static susceptibilities, and discovered that the magnetic ordering of

dilute magnetic impurities on 3D chiral semimetals are always ferromagnetic.

Keywords: electronic conductivity, semiclassical Boltzmann transport theory,
few-layer black phosphorus, Weyl semimetals, multi-Weyl semimetals, RKKY
interaction
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Chapter 1

Introduction

We are used to studying a physical system as a simplified model. Making a
model (or an assumption) that captures the essence of the system while min-
imizing the discrepancy between the model and the reality has always been
the centerpiece of physics itself. The isotropic band dispersion assumption is
one of them; the beauty and ease of the calculation made the isotropic band
dispersion assumption into a de facto standard approach when we study any
new condensed matter systems. In most cases, the isotropic band assumption
is shown to be valid in wide range of materials near the band touching point.
A case in point: the semiconductor physics, one of the most predominant ap-
plications of the transport studies that shaped the modern civilization, mostly
uses a band-insensitive Drude formalism and garnered huge success.

However, when we have a tool that works tremendously well in some condi-
tions, we may succumb to the pitfall of overly trusting it. In this case, the pitfall
would be blindly using the isotropic formalism, even when the anisotropic band

dispersion is fundamentally governing many physical phenomena such as charge



transport or optical behaviors, i.e. the band dispersion relation is not suitable
for the isotropic effective model even at low Fermi energy.

Then when does this fundamental anisotropy prevail in the transport signa-
ture? There would be many examples, but the topological materials in general
are great examples of anisotropic band dispersion relations as they have sym-
metry conditions that add in more complexity. On top of that, the symmetry
conditions make the band crossing points robust against external perturbations,
which means that such anisotropic band structure does not break down easily.

Topological materials include topological insulators and topological crys-
talline insulators [1, 2], and topological semimetals such as Weyl and Dirac
semimetals [3, 4]. Higher-order topological insulator [5] is also recently sug-
gested topological material.

We mainly focused on the topological semimetals, whose band crossing
points are protected by various symmetry conditions. Multi-Weyl semimetals
are Weyl semimetals with higher chiral charge, and their band crossing points,
i.e. multi-Weyl points are protected by point-group symmetries [6].

We also studied the black phosphorus, which is an allotrope of phosphorus
that is in sheet-like structure, stacked layer-by-layer with Van der Waals force
[7, 8]. In few-layer black phosphorus, one of the most noticeable features is that
their band gap size is tunable with various methods [9-20] and in some cases,
even be inverted to create stable Dirac points.

Magnetic field-driven anisotropy in the semiclassical transport regime was
also examined. In topological materials where a nonvanishing Berry curvature
is present, the magnetic field couples with the Berry curvature and this coupling
makes the isotropic analysis on the transport unsuitable.

With these motivations, we delve into the extended version of semiclassilcal

Boltzmann transport theory with anisotropic, multi-band systems in mind and



demonstrate its capabilities in Dirac materials, where the band crossing point
is protected by the symmetry conditions. We then sidetrack a little bit and
study the dilute magnetic impurities in a hypothetical Dirac-like materials with
arbitrary band dispersion power-law.

This thesis is organized as follows:

In chapter 2, we will briefly review the Boltzmann transport theory and
introduce the anisotropic, multi-band extension of the relaxation time approx-
imation.

In chapter 3, we look into the DC conductivity in multi-Weyl semimetals,
which are topological semimetals with anisotropic energy dispersion relation.
We calculate the conductivity using the formulations that developed above and
show the characteristic density and temperature power-law dependence behav-
ior for their conductivity.

In chapter 4, we study the DC conductivity in a few-layer black phosphorus
with multi-band, anisotropic Boltzmann transport theory. Again, we calculate
the conductivity and examine its Fermi energy, temperature power-law depen-
dence. Additionally, we also consider how the phase of a few-layer black phos-
phorus that defined by the band-gap tuning parameter sign affects its transport
signatures.

In chapter 5, we explore the magnetic field effect in the semiclassical trans-
port equation and investigate the field-driven anisotropy. We formulate the
anisotropic Boltzmann transport theory for the magnetotransport, and argue
that the magnetic field-driven anisotropy necessitates the usage of anisotropic
transport equation even when the original system is isotropic.

In chapter 6, we investigate the Ruderman—Kittel-Kasuya—Yosida (RKKY)
interaction in magnetic impurities on a 3D chiral gas, which is a hypothetical

extension of 3D Dirac-Weyl semimetals with arbitrary power-law relations. We



found that regardless of the power-law, RKKY magnetization of the magnetic
impurities are ferromagnetic.

Finally in chapter 7, we conclude this thesis with a summary.



Chapter 2

Semiclassical Boltzmann transport
theory

2.1 Boltzmann transport theory for isotropic, single-

band non-magnetic systems

Semiclassical Boltzmann transport theory is essentially a theory of obtaining
non-equilibrium distribution function when the external field (be it electric field,
magnetic field, or thermal gradient) is applied to the system. The particles in a
phase-space volume of ArAk would be “transported” to the new phase-space
volume Ar’ Ak’ when the field is applied, but the collision between the particles
(or impurities) would change the number of particles that were supposed to
arrive at the destination in the phase space (some might be scattered out,
while others might be scattered in). The charge carrier can be scattered from
the impurities, other charge carriers, or phonons, but we mainly focus on the

impurity scattering.



The Boltzmann equation is given by

(ﬁ)wll:%fw-vrﬂk-w, (2.1)
where f is the non-equilibrium distribution function, 7 - V. f is the diffusion
term, k - Vi f is the force term, and (Z—{)COH is the collision integral term.
When there is no thermal gradient or magnetic field present, the diffusion
term vanishes. On top of that, if we assume that the total number of charge is

invariant, then the time derivative term would vanish. Equation of motion of

the Bloch electrons then can be simplified as

df > .

— =k - Vifk. (2.2)
(dt coll
If we assume that k dependence only enters fr = f,go) + 9k (9 = fx — f,go),
f,go) is the equilibrium Fermi-Dirac distribution) via energy dispersion ¢(k) and

ignoring the higher-order terms such as Vg, the right-hand side becomes

. af(o) af(o)
k-Vif~qE £ =qE. k 2.3
where we have used k = ¢E for non-magnetic systems. Collision term (%) I
is given by
df deK
ol = | = (fr — frr 24
(dt>coll / (QW)dek (k= i) 24
where d is the dimension of the system, Wip = Q%nimp]ka/\Qé(@k — egr) 1s

the transition rate from k to k' for an elastic impurity scattering (which was
calculated from Fermi’s golden rule) with the impurity potential Vi and the
impurity density nimp.

In isotropic, single-band non-magnetic systems, we can use simple relax-
ation time approximation. Relaxation time approximation suggests that the

non-equilibrium distribution function f; relaxes back to equilibrium after time



_¢(0)
Tt from the collision with the impurities, i.e. —% = —i—: = (%) X From
[¢f0)

Eq. (2.3) and Eq. (2.4), we can see that

Jdr = qE . vakS(O) ({:‘k) (2.5)
1 deK’
— = — (1 — cos O 2.
o / @n)? Wik (1 — cos O ), (2.6)
(0)

where S(©) (ex) = _angk’ and 0y is the angle between k and k. Only the cosine

term remains as the integral cancels out the k-perpendicular parts (and we
have assumed the isotropic, angle-independent energy dispersion ). The (1 —
cos Ok ) term also accounts for the forward- or backward-scattering balancing.

To calculate the conductivity, we now turn to current density equation

J= gq/ (gjf)dffk = gq/ (;lil;:dvk (f,io) +gk) ;

(2.7)

where g is the degeneracy factor. As the integral of vy, f,go) vanishes, we get

d d
J = gq ﬁnglc = g¢* dk vk, (E - vg) SO (e) 3. (2.8)
(2m)d (2m)d

From the Ohm’s law, i.e. J = o E, we can calculate the conductivity tensor o;;

as

A% )
Oij = 96]2/ (QW)dUI(;)U/(f)S(O)(ﬁk)Tk, (2.9)
where 7 is the direction of the response current, and j is the direction of the
electric field E. Note that for the DC conductivity where i = j, 0i; ~ D(eg)viTy,

which is the Einstein relation (D(e) is the density of states).

2.2 Boltzmann transport theory for anisotropic, multi-

band non-magnetic systems

In anisotropic, multi-band systems, many assumptions that made the calcula-

tions simple as seen in Section. (2.1) do not hold anymore. Instead of using



T defined from the relaxation condition, i.e. —g—: = (%) v we fall back to
Cco
making ansatz of solution g that extends upon the relaxation condition. We

assume g would take a form such as

=gq (Z EC )v,(;aTkL) s )(ska), (2.10)

where « is the band index. Note that the relaxation time 7 is now also has the
directional dependence, and if we remove the directional dependence and the
band-dependence in Eq. (2.10), we would get Eq. (2.5) and it would also satisfy
the original relaxation condition — g’; = <%)COH. The Boltzmann equation k -

Vifi = ( dt) ol then becomes

ek’ / /
0B 0105V er) = Y [ Wi (0 — o). (2.11)

where we have also extended the collision integral equation to account for multi-
band nature of the system. Expanding gj with ansatz Eq. (2.10), we finally get

the relaxation time equation as

ddk’ R
1= Z/ Wag (ngcg - e TziL) . (2.12)
v

ko

(4)

We can numerically solve Eq. (2.12) for 7., by either angle discretization
method or Fourier coefficient method. Both numerical methods would involve
making the integral equation into solving linear system (e.g. P7 = 1, where P
is a matrix, 7 and 1 are vectors), and if there are total N, of the bands, the
dimension of the solution 7 would increase N,-fold.

The conductivity tensor o;; for anisotropic, multi-band system then becomes

quZ/

vkavkaS(O)(st)T,gQ (2.13)



Chapter 3

Transport properties of
multi-Weyl semimetals

3.1 Introduction

There has been a growing interest in three-dimensional (3D) analogs of graphene
called Weyl semimetals (WSMs) where bands disperse linearly in all directions
in momentum space around a twofold point degeneracy. Most attention has
been devoted to novel response functions in elementary WSMs which exhibit
a linear dispersion; however, recently it has been realized that these are just
the simplest members of a family of multi-Weyl semimetals (m-WSMs) [6, 21,
22] which are characterized instead by double (triple) Weyl-nodes with a linear
dispersion along one symmetry direction but quadratic (cubic) dispersion along
the remaining two directions. These multi-Weyl nodes have a topologically pro-
tected charge (also referred to as chirality) larger than one, a situation that can
be stabilized by point group symmetries [6].

Noting that multilayer graphenes with certain stacking patterns support



two-dimensional (2D) gapless low energy spectra with high chiralities, these m-
WSMs can be regarded as the 3D version of multilayer graphenes. One can ex-
pect that their modified energy dispersion and spin- or pseudospin-momentum
locking textures will have important consequences for various physical prop-
erties due both to an enhanced density of states (DOS) and the anisotropy
in the energy dispersion, distinguishing m-WSMs from elementary WSMs. In
this chapter, we demonstrate that this emerges already at the level of dc con-
ductivity in the strong scattering limit described by semiclassical Boltzmann
transport theory. The transport properties of conventional linear WSMs have
recently been explored theoretically by several authors [23-32], and there have
been theoretical works on the stability of charge-neutral double-Weyl nodes
in the presence of Gaussian disorder [33-35] and the thermoelectric transport
properties in double-Weyl semimetals[36]. However, as we show below, the den-
sity and temperature dependences of the dc conductivity for m-WSMs require
an understanding of the effect of anisotropy in the nonlinear dispersion on the
scattering. We develop this theory and find that it predicts characteristic power-
law dependences of the conductivity on density and temperature that depend
on the topological charge of the Weyl node and distinguish m-WSMs from their

linear counterparts.

3.2 Model

The low-energy effective Hamiltonian for m-WSMs with chirality J near a single

Weyl point is given by [6, 21, 37]

+ hv, k0, (3.1)
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where ki = k; £ ik, 04 = %(am +i0y), o are the Pauli matrices acting in
the space of the two bands that make contact at the Weyl point, and kg and
€p are the material-dependent parameters in units of momentum and energy,
respectively. For simplicity, here we assumed an axial symmetry around the k,

axis. The eigenenergies of the Hamiltonian are given by e4 = #¢g l;:ﬁ‘] + 2k2

ZR%
where k = k/ko, INCH = \/k2 —1—1275, and ¢, = hv,kg/eg, thus the Hamiltonian
H; has a linear dispersion along the k. direction for £, = k; = 0, whereas a
nonlinear dispersion ~ k|‘|] along the in-plane direction for k, = 0. Note that the
system described by the Hamiltonian in Eq. (3.1) has a nontrivial topological
charge characterized by the chirality index J [6]. [See Sec. A.1 in the appendix
A for the eigenstates and DOS for m-WSMs.]

3.2.1 Boltzmann transport theory in anisotropic systems

We use semiclassical Boltzmann transport theory to calculate the density and
temperature dependence of the dc conductivity, which is fundamental in under-
standing the transport properties of a system. Here we focus on the longitudinal
part of the dc conductivity assuming time-reversal symmetry with vanishing
Hall conductivities. The Boltzmann transport theory is known to be valid in
the high carrier density limit, and we assume that the Fermi energy is away
from the Weyl node, as shown in experiments [38, 39]. The limitation of the
current approach will be discussed later.

For a d-dimensional isotropic system in which only a single band is involved
in the scattering, it is well known that the momentum relaxation time at a
wavevector k in the relaxation time approximation can be expressed as [40]

1 dik’
a = /WWkk/(l — COS ekk/), (32)

where Wy = Q%nimp\vkk/]%(sk — k), Nimp 1s the impurity density, and Vi

11



is the impurity potential describing a scattering from k to k’. The inverse
relaxation time is a weighted average of the collision probability in which the
forward scattering (g = 0) receives reduced weight.

For an anisotropic system, the relaxation time approximation Eq. (3.2) does
not correctly describe the effects of the anisotropy on transport. Instead, cou-
pled integral equations relating the relaxation times at different angles need
to be solved to treat the anisotropy in the nonequilibrium distribution [41,
42]. The linearized Boltzmann transport equation for the distribution function
fe = fO(e) + 6, at energy € = £}, balances acceleration on the Fermi surface

against the scattering rates

d ./
(0B w5 = [ é:)dek' (5 — ). (3.3)

where SO)(e) = —%, fO ) = [66(6_“) + 1]_1 is the Fermi distribution

function at equilibrium, and 8 = kBLT' We parametrize 6 fi, in the form:

d
dfr = (—e) (Z E(i)v,(;)Tlii)> S(U)(a), (3.4)
i=1

where E®), v,(:), and T,gi) are the electric field, velocity, and relaxation time
along the i-th direction, respectively. After matching each coefficient in E®,

we obtain an integral equation for the relaxation time,

Aok 0 U(Z;) Q)
1= / Wi <Tk — K. (3.5)
(i) 'k
(2m) v,
For the isotropic case [T,gi) = 7(e) for a given energy € = ¢g], Eq. (3.5) reduces

to Eq. (3.2). [See Sec. A.2 in Appendix. A for applications of Eq. (3.5) to m-
WSMs.] The current density J induced by an electric field E is then given
by

JO = g/ (27r)d(—e)v,(g)(5fk = O'Z‘jE(]), (3.6)

12



where g is the degeneracy factor and o;; is the conductivity tensor given by
d%k N s
2 0 i), ()
0ij = ge / (27r)dS( )(5)v,(g)v,(cj T,gj). (3.7)

For the calculation, we set ¢ = 4 and v, = vg = ;TOO.

3.3 Density dependence of dc conductivity

Consider the m-WSMs described by Eq. (3.1) with chirality J and their dc
conductivity as a function of carrier density at zero temperature. Due to the
anisotropic energy dispersion with the axial symmetry, for J > 1 the conduc-
tivity also will be anisotropic as 0., = oyy # 0.

We consider two types of impurity scattering: short-range impurities (e.g.,
lattice defects, vacancies, and dislocations) and charged impurities distributed
randomly in the background. The impurity potential for short-range scatterers
is given by a constant Vi = Vihort in momentum space (i.e., zero-range delta
function in real space), whereas for charged Coulomb impurities in 3D it is given
by Vi = ﬁ, where €(q) is the dielectric function for ¢ = k — k’. Within
the Thomas-Fermi approximation, the dielectric function can be approximated
as €(q) = K [1 + (¢Ay/ |q|2)], where k is the background dielectric constant,

qTF = 4/ %D(ap) is the Thomas-Fermi wave vector, and D(er) is the DOS

at the Fermi energy ep. The interaction strength for charged impurities can

e2

Note that

be characterized by an effective fine structure constant a@ =

qTF X y/gC.

Figure 3.1 shows the density dependence of the dc conductivity for charged

rhvg *

impurity scattering at zero temperature. Because of the chirality J, m-WSMs
have a characteristic density dependence in dc conductivity, which can be un-

derstood as follows. From Eq. (3.7), we expect oj; ~ [US)]Z /Vi, where vl(;‘i) is

13



the Fermi velocity along the ith direction and VF? is the angle-averaged squared
impurity potential at the Fermi energy f.

For m-WSMs, the in-plane component with k, = 0 and out-of-plane com-

. . . 1-1
ponent with k, = k, = 0 for the velocity at ef are given by UQD = Juorp 7

vl(f) = v, respectively, where rp = ep/gg. (See Sec. A.1 in Appendix. A.)

and

For charged impurities, in the strong screening limit (ga > 1), Vi ~ gpp ~

_2
D~ Y(ep) ~ep 7, thus we find

2(1—1) 4 2(J+1)

Oz~ 5F( ")55 ~nTIF (3.8a)
4 4

Oz ~ Ef ~nTHZ. (3.8b)

J
Here, the DOS is D(g) ~ 7, thus ep ~ n772. In the weak screening limit
(ga < 1), we expect Vg ~ e % with % < ¢ <1, because the in-plane and out-
1
of-plane components of the wavevector at ep are kg‘) = korg and kl(f) = korp/cz,

respectively. Thus, we find

2(1—-1 2(J—1)+4J¢
Oz~ 5F( J)sécwn T (3.9a)
4J¢
Oue ~ £ ~mIFE, (3.9b)

(See Sec. A.2 in Appendix. A for the analytic expressions of the dc conductivity
for short-range impurities and for charged impurities in the strong screening
limit, and a detailed discussion for charged impurities in the weak screening
limit.)

Figure 3.2 illustrates the evolution of the power-law density dependence of
the dc conductivity as a function of the screening strength characterized by
ga. Note that ¢ = % in Eq. (3.9) gives the same density exponent as in the
strong screening limit in Eq. (3.8). Thus, as « increases, the density exponent
evolves from that obtained in Eq. (3.9) with decreasing ¢ within the range

% < (¢ < 1. Here, nonmonotonic behavior in the density exponent originates

14



from the angle-dependent power law in the relaxation time, which manifests in
the weak screening limit. (See Sec. A.2 in Appendix. A for further discussion.)

Similarly, for short-ranged impurities, Vx is a constant independent of den-
sity; in this case we find

_1 2(J—1)
20-5) L0 (3.10a)

O’xm ~Y

0. ~ el ~nd (3.10b)

The anisotropy in conductivity can be characterized by 0., /0... Figure 3.3
shows 04, /0., as a function of density for m-WSMs. Thus, as the carrier density
increases, the anisotropy in conductivity increases. Interestingly, 0,,/0,, for
both short-range impurities and charged impurities in the strong screening limit
is given by

2(1—1 2(J—1)
Opa/0zz ~ EF( 7) ~n Itz . (3.11)

Note that for arbitrary screening, (s for 0., and 0., in Eq. (3.9) are actually
different, thus not cancelled in 0, /0., and the power-law deviates from that in
Eq. (3.11). (See Sec. A.2 in Appendix. A for the analytic/asymptotic expressions
of the density dependence of 0,,/0.)

We consider both the short-range and charged impurities by adding their
scattering rates according to Matthiessen’s rule assuming that each scattering
mechanism is independent. At low densities (but high enough to validate the
Boltzmann theory) the charged impurity scattering always dominates the short-
range scattering, while at high densities the short-range scattering dominates,

irrespective of the chirality J and screening strength.

3.4 Temperature dependence of dc conductivity

In 3D materials, it is not easy to change the density of charge carriers by gat-

ing, because of screening in the bulk. However, the temperature dependence

15



of dc conductivity can be used to understand the carrier dynamics of the sys-
tem. The effect of finite temperature arises from the energy averaging over the
Fermi distribution function in Eq. (3.7), and the temperature dependence of
the screening of the impurity potential for charged impurities [43, 44].

From the invariance of carrier density with respect to temperature, we ob-
tain the variation of the chemical potential x(7") as a function of temperature 7.
Then the Thomas-Fermi wavevector ¢rp(7') in 3D at finite 7' can be expressed

as qrr(T) = 47::2 gZ In the low- and high-temperature limits, the chemical

potential is given by

7\ 2
wo_)tw (7) ., T <), (3.12)
T lamren (F) T @
whereas the Thomas-Fermi wave vector is given by
2
gre(T) | 1-— 67 <7€> ) (T < T), (3.13)
w0 | Gy d) (£) e,

where Tp = ep/kp is the Fermi temperature, and I' and 1 are the gamma
function and the Dirichlet eta function [45], respectively. (See Sec. B.4 in Ap-

pendix. A for the temperature dependence of the chemical potential and Thomas-
Fermi wave vector.) In a single-band system, ¢t (T') always decreases with 7~

at high temperatures, whereas in m-WSMs, ¢rp(7") increases with T because

of the thermal excitation of carriers that participate in the screening.

Figure 3.4 shows the temperature dependence of dc conductivity for charged

16



impurities. We find

2
ow(T) )1+ Coa (TLF (T < Tr), 514
022(0) B D <T >2+4<_3 (T > T ) (3.14a)
zz \ Tp F)
2
o (T) 1+C.. (%) (T < Tvw), (3.14b)
0..(0) ’

As discussed, ¢ varies within % < ¢ <1 and approaches % in the strong screen-
ing limit (ga > 1). Here, the high-temperature coefficients D;; > 0, whereas
the low-temperature coefficients C;; change sign from negative to positive as «

increases. For short-range impurities, we find

2
hort [ T
O';m;(T) . 1+ 0% (TF) (T < TF)) (3 15&)
02(0) B h T 2(J;1) .
D:sm:ort <TF) (T > TF),
Jzz(T) 1—e /T (T < TF)7 315h
o-zz(o) - 2+J ( . )

Lo pgert (B) 7 (1> ).

Here, C5hort < 0 and D5Pr* > 0. Note that for J = 1, Eq. (3.15a) becomes
constant, and reduces to Eq. (3.15b) if next order corrections are included.
(See Sec. A.4 in Appendix. A for the analytic/asymptotic expressions of the
temperature coefficients, and the evolution of Cy; as a function of ga.)

To understand the temperature dependence, we can consider a situation
where the thermally induced charge carriers participate in transport. Then the
temperature dependence in the high-temperature limit can be obtained simply
by replacing the ep dependence with 7" in Egs. (3.8)-(3.10), which describe the
density dependence of dc conductivity. Similarly as in Fig. 3.3, 0,,(7T)/0..(T)

also increases with T' at high temperatures.
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For the charged impurities at high temperatures, and neglecting the effect of
phonons, the conductivity increases with temperature, and mimics an insulating
behavior. By contrast, for short-range impurities at high temperatures, o,,(T")
decreases with temperature and approaches 0.50,,(0), thus showing a metallic
behavior. Interestingly, 0., (7") shows contrasting behavior for J > 1 and J =1,
increasing (decreasing) with temperature for J > 1 (J = 1) showing insulating

(metallic) behavior at high temperatures.

3.5 Discussion

We find that the dc conductivities in the Boltzmann limit show characteris-
tic density and temperature dependences that depend strongly on the chirality
of the system, revealing a signature of m-WSMs in transport measurements,
which can be compared with experiments. In real materials with time reversal
symmetry, multiple Weyl points with compensating chiralities will be present.
The contributions from the individual nodes calculated by our method are addi-
tive when the Weyl points are well separated and internode scattering is weak.
Our analysis is based on the semiclassical Boltzmann transport theory with the
Thomas-Fermi approximation for screening and corrected for the anisotropy of
the Fermi surface in m-WSMs. The Boltzmann transport theory is known to
be valid in the high density limit. At low densities, inhomogeneous impurities
induce a spatially varying local chemical potential, typically giving a minimum
conductivity when the chemical potential is at the Weyl node [31] and the prob-
lem is treated within the effective medium theory. Note that the Thomas-Fermi
approximation used in this work is the long-wavelength limit of the random
phase approximation (RPA), and neglects interband contributions to the po-

larization function [31], thus deviating from the RPA result at low densities.
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Both simplifications become important in the low-density limit, which will be

considered in our future work.
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Figure 3.1 Density dependence of dc conductivity (a)-(c) o4, and (d)-(f) o, for
charged impurities with g = 1000. Here, o¢ and ng are density-independent
normalization constants in units of conductivity and density, respectively, de-
fined in Appendix. A. Red dashed lines represent analytic forms in the strong

screening limit given by Eq. (A.24) in Appendix. A.
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Figure 3.2 (a)-(c) dlogozy,/dlogn and (d)-(f) dlogo,,/dlogn as a function of
the screening strength ga for charged impurities. Red dashed and blue dashed-
dotted lines represent the density exponents obtained from { = % (or in the
strong screening limit) and ¢ = 1 in Eq. (3.9), respectively. Here, n = ny is used

for the calculation.
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Figure 3.3 0, /0. as a function of density for m-WSMs with J = 1,2, 3 for (a)
short-range impurities, (b) charged impurities with gow = 1000, and (c) charged
impurities with ga = 1. Dashed lines in (b) represent analytic forms in the

strong screening limit given by Eq. (A.24) in Appendix. A.

22



1500 150 150
(b) J =2
~
o 1
N——
1000 100 100
o
~
—
S 500 50 50
3
o
0 0 0
1500

—
S
=

S 1000
©
~—
—

Figure 3.4 Temperature dependence of dc conductivity (a)-(c) o5 and (d)-(f)
0, for charged impurities with go = 1000. The insets in each panel show the
low temperature behavior. Red dashed and blue dashed-dotted lines represent

fitting by Eq. (3.14) with ¢ = % in the high- and low- temperature limits,

respectively.

2
T/T¢

23




Chapter 4

Transport properties of few-layer
black phosphorus in various
phases

4.1 Introduction

Since the discovery of graphene [44, 46], which is a carbon allotrope of two-
dimensional (2D) honeycomb lattice, 2D materials have been one of the most
active research areas in condensed matter physics. Black phosphorus (BP) is
a 2D material with van der Waals layered structure composed of phosphorus
atoms, and it has recently attracted considerable attention [7, 8]. As a layered
semiconductor in its natural form, BP has a tunable band gap, and manipula-
tion of its band gap through various methods has been validated by multiple
theoretical and experimental reports [9]. Notable examples of the band gap tun-
ing include thickness change [10, 11], strain control [12], pressure [13], electronic
gating [14-16], and chemical doping [17]. Some of the band gap manipulation
methods [13, 17] demonstrated that the band gap can be tuned to zero, showing
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the semi-Dirac state with a combination of linear and quadratic dispersions [47],
which is also predicted in TiO2/VO3 heterostructures [48, 49]. Furthermore, the
band gap can be inverted, leading to the Dirac semimetal phase [18-20)].

Due to its anisotropic electronic band structure, BP shows many peculiar
transport properties such as large in-plane anisotropic transport [50, 51]. The
effects of temperature [14, 52, 53], the number of layers [14], and substrate [52]
on the anisotropic transport properties of BP have been studied experimen-
tally. Furthermore, the transport properties of BP have been studied theoreti-
cally [54-59], demonstrating its anisotropic nature in energy- and temperature-
dependent transport. However, there has been no systematic study on the
anisotropic transport of BP in each phase, fully considering the anisotropy
of the system and the interband scattering. In this study, we theoretically in-
vestigate the transport properties of BP in the gapped insulator phase, gapless
semi-Dirac transition point, and Dirac semimetal phase. Using the semiclassical
Boltzmann transport theory generalized to anisotropic multiband systems, we
calculate the dc conductivity as a function of the carrier density and temper-
ature for each phase. We determine that each phase shows the characteristic
density and temperature dependence, which can be used as a transport signa-
ture of BP in different phases.

The rest of this chapter is organized as follows. In Sec. 4.2, we describe our
model Hamiltonian and develop the Boltzmann transport theory in anisotropic
multiband systems. In Sec. 4.3, we present the dc conductivity of BP in each
phase as a function of density at zero temperature. In Sec. 4.4, we provide the
temperature dependence of dc conductivity at a fixed density. We conclude our
chapter in Sec. 5.5 with discussions on the dominant scattering source, the effect
of potential fluctuations at low densities, and the effect of the parabolic term

omitted in the current model.
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4.2 Methods
4.2.1 Model

By expanding the tight-binding lattice model of few-layer BP [8, 60, 61], the

corresponding low-energy effective Hamiltonian can be obtained as [62—66]

k2 €
H = <2mf + ;) oy + hvokyoy, (4.1)
where m* is the effective mass along the zigzag (x) direction, vy is the band
velocity along the armchair (y) direction, e, is the size of the band gap (which

will be used as a tuning parameter), and o, and o, are the Pauli matrices. The

2m

2
eigenenergies of the Hamiltonian are given by ¢4+ = :I:\/ (hzk*% + %g) + h%gki;
thus, the Hamiltonian H has a direct band gap for €, > 0, a semi-Dirac band
touching point at (kg, ky) = (0,0) for e, = 0, or two Dirac points at (kz, ky) =

(+ m;;g‘ ,0) for e, < 0. The characteristic energy scales along the zigzag and

.. . . n2k2 .
armchair directions are given by €9 = 5% and huvoko, respectively, where ko =

a~! and a is the lattice constant. We introduce the dimensionless parameters
A= ;ng and ¢ = %, which represent a gap tuning parameter and the ratio
of the characteristic energy scales along the zigzag and armchair directions,
respectively. Throughout the chapter, we use ¢ = 1 and the spin degeneracy
g = 2 for the calculation. We will discuss the effect of higher-order terms omitted
in Eq. (4.1) in Sec. 5.5.

Figure 4.1 shows the energy dispersion and the corresponding Fermi surface
of few-layer BP in each phase. Initially, few-layer BP without band gap tuning
is in the gapped insulator phase, as shown in Fig. 4.1(a). As the band gap &,
decreases (for example, upon applying a perpendicular electric field), eventu-

ally it vanishes and the system is described by the semi-Dirac Hamiltonian in

Eq. (4.1) with g = 0, as shown in Fig. 4.1(b). If the band gap decreases even
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Figure 4.1 (a)-(c) Energy dispersions and (d)-(f) the corresponding Fermi sur-
faces of few-layer BP for the (a), (c) insulator phase, (b), (e) semi-Dirac tran-

sition point, and (c), (f) Dirac semimetal phase.

further and becomes negative (e, < 0), band inversion occurs, which has been
achieved experimentally using surface doping [18, 19] and external pressure [20]

In the gapped insulator phase, the inherent anisotropy of the system is less
evident and the system at low densities resembles typical semiconductors with
a different effective mass in each direction. At the semi-Dirac transition point,
the energy dispersion becomes linear (quadratic) along the armchair (zigzag)
direction, as shown in Fig. 4.1(e). At the Dirac semimetal phase, the anisotropy
in the energy dispersion becomes more pronounced and the Fermi surface vastly
changes its shape depending on the value of the Fermi energy ep. For ep < £4/2,

the Fermi surface becomes two distinct lines, as shown in Fig. 4.1(f), whereas
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for ep > e4/2, the two Fermi surfaces become joined completely, forming a
closed line. At ep = £4/2, a van Hove singularity occurs in the density of states

(DOS), as explained below.
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Figure 4.2 (a)-(c) Calculated DOS and (d)-(e) the carrier density as a function
of Fermi energy for the (a), (c) insulator phase, (b), (e) semi-Dirac transition
point, and (c), (f) Dirac semimetal phase. Here, A = %go is the band gap tuning

parameter, and g = 2 and ¢ = 1 are used for calculation.

Figure 4.2 shows the DOS and the carrier density as a function of Fermi
energy for each phase. At the semi-Dirac transition point, the DOS is simply
given by D(e) ~ €/? [Fig. 4.2(a)], and the carrier density (which is an en-
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ergy integral of the DOS up to ep) is given by n ~ 5%/2 [Fig. 4.2(d)]. (See
Appendix A.1 for the detailed derivations of the DOS and the carrier density.)
In the gapped insulator phase, both DOS at ep and carrier density vanish for
er < €g/2, whereas for ep > £4/2, they follow those of the semi-Dirac transition
point as ep increases [Figs. 4.2(b) and 4.2(e)]. In the Dirac semimetal phase,
when ey is very small, the system resembles a typical 2D Dirac semimetal such
as graphene; thus, D(g) ~ e!. As e increases and approaches €g/2 near the
top of the inverted band, the band dispersion effectively becomes hyperbolic
paraboloid with a different sign in each direction in momentum space. Subse-
quently, a van Hove singularity occurs in the DOS, diverging logarithmically
with D(g) ~ —log(|A| — &)~! [67]. If e increases further, the DOS and the
carrier density follow those of the semi-Dirac transition point with a discontin-
uous energy derivative in the DOS at the van Hove singularity [Figs. 4.2(c) and
4.2(f)].

Notably, as the energy dispersion and the Fermi surface are anisotropic, and
the Fermi energy can cross multiple bands, we cannot naively use the conven-
tional Boltzmann transport theory assuming an isotropic single-band system.
Thus, the anisotropic multiband Boltzmann transport theory is necessary to

calculate the dc conductivity of such systems, as explained in Sec. 4.2.2.

4.2.2 Boltzmann transport theory in anisotropic multiband sys-

tems

We use semiclassical Boltzmann transport theory to calculate the density and
temperature dependence of the dc conductivity of few-layer BP in each phase
in the presence of impurities, assuming elastic scattering (see Sec. 5.5 for the
limitation of the current approach). In the Boltzmann transport theory, electron

states are described by the non-equilibrium distribution function f = f(r, k;t).
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Its time rate of change is balanced out by the collision term, which represents
the total scattering probability per unit time, i.e., % = (%)COH.

We assume a spatially homogeneous system without explicit time depen-
dence in the distribution function, i.e., f = fx. Thus, the time derivative of the

distribution function is given by - I~ f. %JZ“, whereas the collision term is given

by
aN W
<dt>coll —/ on)? Wik (fre — frr), (4.2)

where Wiy = %nimp]ka/\ 0(ek — exr) is the transition rate from k to k' for
an elastic scattering with the impurity potential Vix and the impurity density
Nimp- In the presence of a uniform electric field E, ik = (—e)E, and to the
leading order in F,

8fk
aek

df ~(—)E. 8f1i0)
dt hok

=(—e)E- v

(4.3)

where v, = }i%g,f and f,go) = fO(ep) = [eﬁ(ak_“) + 1]_1 is the Fermi-Dirac
distribution function at equilibrium with 8 = ﬁ and the chemical potential
B
p. Assume that, to the leading order in E, the non-equilibrium distribution
function fy, is given by fi = f(©)(e) + 6 fx at energy € = . Thus, from % =
ﬁ) btai
(dt oy Ve obtain

dk’
(—e)E - v SO (e) = / ) Wi (0fk — 0 fw), (4.4)
where S(O)(e) = —%. If the Fermi energy crosses multiple energy bands,

Eq. (4.4) is generalized to [68, 69]
ddk:’ /
(—€)E - vga S’ Z / wee 5fk 5f,3,), (4.5)

where a and o' are band indices.
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We parameterize d i in the following form [41, 42, 70]:
d
6fi = (—e) (Z E%S&niii) $O(e), (4.6)
i=1
where E(@) v,(jo)é, and Tlgz are the electric field, velocity, and relaxation time, re-
spectively, along the ith direction for each band. After matching each coefficient
in E®, we obtain the following integral equation for the relaxation time:

ddk'/ 1 U(Z;)Oé/ 1
]. — Z/ kk’ (TIEZO)C — k(l) TIE:/)O/> . (47)

Vka

This is a coupled integral equation relating the relaxation times at different
angles in different bands, which correctly considers the anisotropy and multiple
bands of the system. Note that, for an isotropic single-band system [T,gg =17(¢)
for a given energy ¢ = egol, Eq. (4.7) is reduced to the well-known expression

for the relaxation time given by [40]

1 oK
- = /(1 — cosOrrr). 4.8
- /(2 1 Wi (1 kk') (4.8)

The current density J induced by an electric field FE is thus given by
d k

)0\ 6 fo = Z oi; BV, (4.9)

where o;; is the conductivity tensor given by

ddk
= ge? Z / v,(cgév,(wzﬁ(cg (4.10)

We find that the Hall conductivity (i # j) vanishes, thus we consider only the

diagonal part of the dc conductivity (i = 7).

4.3 Density dependence of dc conductivity

Using the anisotropic multiband Boltzmann transport theory developed in Sec. 4.2.2,

we calculate the dc conductivity of few-layer BP as a function of the carrier
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density or Fermi energy at zero temperature for each phase: the semi-Dirac
transition point (A = 0), gapped insulator phase (A > 0), and Dirac semimetal
phase (A < 0), all of which can be expressed by Eq. (4.1).

As for the impurity potential, we consider two types of impurity scattering:
short-range impurities and long-range Coulomb impurities (or charged impuri-
ties). Short-range impurities originate from lattice defects, vacancies, disloca-
tions, etc., and their potential form is given by a constant in momentum space,
Vikr = Vihort, as they are approximately represented by the delta function in
real space. For charged impurities distributed randomly in the background, the
impurity potential is given by Vir = E%;riﬁ; in 2D, where €(q) is the dielectric
function for ¢ = k — k’. Within the Thomas—Fermi approximation, €(q) can
be approximated as €(q) ~ (1 + grr/|q|), where £ is the background dielec-

2TI;eQD(st) is the Thomas-Fermi wave vector, and D(ep)

tric constant, gp =
is the total DOS at the Fermi energy ey (including all the contributions from
the bands crossing ep and the spin degeneracy). The interaction strength for

charged impurities can be characterized by an effective fine structure constant

&2
rhvg

ap = . Note that grr x gag. Thus, the screening strength for Coulomb

impurities is also characterized by ag.

4.3.1 Semi-Dirac transition point

First, let us consider the semi-Dirac transition point (A = 0). Figure 4.3 shows
the Fermi energy dependence of dc conductivity at the semi-Dirac transition
point. The characteristic density or Fermi energy dependence of the dc conduc-
tivity can be understood as follows. From Eq. (4.10) with Téi) ~ D7 (ep)/ V2,
we expect o ~ D(EF)[UI(;? )]QTS) ~ [vl(j) 12/Vi2, where TS) and vl(;i) are the relax-
ation time and velocity, respectively, at the Fermi energy along the ¢th direction,

and VF2 is the angle-averaged squared impurity potential at the Fermi energy.
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At the semi-Dirac transition point, D(ep) ~ 511;/ 2, and the Fermi velocity in each
direction is given by vém) ~ 511?/ % and véy) ~ 5on from which we can deduce the
power-law behavior of the dc conductivity. (See Appendix A.1 for the detailed
derivations of the power-law dependences.)

For short-range impurities, Vf is a constant independent of density; in this

case, we obtain

Ogz ~ Ep~ N3, (4.11a)

~ % ~nb (4.11b)

For charged impurities, in the strong screening limit (gag > 1), Vi ~ gpp ~

1
D~ 1(ep) ~ ep ?; thus, we obtain

ol

~ &k ~n3, (4.12a)

Wi

(4.12D)

At general screening strength, the power-law behavior is determined by the
competition between the screening wave vector and the momentum transfer.
We present the numerically calculated power-law behavior for the semi-Dirac

transition point and for the other phases in Fig. 4.6.

4.3.2 Insulator phase

Figure 4.4 shows the Fermi energy dependence of the dc conductivity in the
insulator phase (A > 0). In the insulator phase, the power-law dependence of
the dc conductivity at low densities becomes similar to that of 2D electron gas
(2DEG) with a different effective mass in each direction. (See Appendix B.3.1
for detailed derivations.)

For short-range impurities, the power-law dependence of the dc conductivity
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at low densities is given by

Ozz ~ Ep, (4.13a)

~ ep. (4.13b)

For charged impurities, in the strong screening limit, at low densities, we obtain

Oxz ™~ €, (4.14a)
Oyy ~ Ep. (414b)

Note that, as the Fermi energy or the carrier density increases, the power-

law dependence becomes similar to that of the semi-Dirac transition point.

4.3.3 Dirac semimetal phase

Figure 4.5 shows the Fermi energy dependence of the dc conductivity in the
Dirac semimetal phase (A < 0). In the Dirac semimetal phase, the power-law
dependence of the dc conductivity at low densities becomes similar to that of
graphene but with a different Fermi velocity in each direction. (See Appendix
B.3.2 for detailed derivations.)

For short-range impurities, the power-law dependence of the dc conductivity

at low densities is given by

Owz ~ € (4.15a)

~ & (4.15b)

Ogx 5%‘, (416&)

Oy ~ &b (4.16b)
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Near the van Hove singularity, ep ~ +e4/2, the DOS diverges logarithmi-
cally [67] and it dominates the overall power-law behavior of conductivity [69].

Therefore, for short-range impurities, the conductivity becomes

Ove ~ [—log(|A] —ep)] ™, (4.17a)

oy ~ [—log(|A]—ep)] ", (4.17b)

For charged impurities, due to the dominant contribution from the diverging
Thomas—Fermi wave vector ¢grp o< D(ep), the conductivity is largely given by

the square of the DOS as follows:

Oz ~ [log(JA|—ep))?, (4.18a)

oy~ [og(|A]—ep)?. (4.18b)

As the Fermi energy or the carrier density increases further, the power-law
dependence of the dc conductivity becomes similar to that of the semi-Dirac
transition point, as in the insulator phase.

Figure 4.6 shows the evolution of the Fermi-energy power law of the dc
conductivity as a function of the screening strength «g for each phase in the
low carrier density limit. For the insulator phase and the semi-Dirac transition
point, the Fermi-energy exponent decreases, whereas for the Dirac semimetal
phase, it shows a non-monotonic behavior with a dip structure, which originates
from the interband-like scattering between two distinct Fermi surfaces shown in
Fig. 4.1(f). As the screening strength increases, all the Fermi-energy exponents

approach the corresponding power law estimated in the strong screening limit.

4.4 Temperature dependence of dc conductivity

We can apply the anisotropic multiband Boltzmann transport theory developed

in Sec. 4.2.2 to the dc conductivity at finite temperature. In Eq. (4.10), the fi-
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nite temperature affects the conductivity through the Fermi distribution and
the temperature-dependent screening for the charged impurity potential. At fi-
nite temperatures, the chemical potential of the system also deviates from the
Fermi energy ep due to the broadening of the Fermi distribution function. From
the invariance of carrier density n with respect to temperature 7', we obtain
the temperature dependence of the chemical potential (7). For charged impu-
rities, the finite temperature Thomas—Fermi screening wave vector is given by

_ 2me’ On

qrr(T) = =7 o for 2D systems. (See Appendix B.4 for the detailed derivation

of the temperature dependence of the chemical potential and Thomas—Fermi
wave vector). In this section, we calculate the dc conductivity of few-layer BP
as a function of the temperature for each phase. The detailed derivation of the

temperature-dependent conductivity is presented in Appendices B.5 and B.6.

4.4.1 Semi-Dirac transition point

From the power-law dependence of the DOS, D(g) ~ £/? at the semi-Dirac
transition point [Fig. 4.2(a)], we can obtain the asymptotic behaviors of u(T")
and ¢rr(7T) in a relatively straightforward manner. In the low- and high-temperature

limits, the chemical potential at the semi-Dirac transition point is given by

) 2
i s (Tl) % (T < Tp), o)
ONe) (TlF) (T > Tr),

whereas the Thomas—Fermi wave vector is given by

o= (1) (T < Tr)
qrr(T) 12\ Tp F),

. (4.20)
qrr(0) 2 ()T (3) (TLF) (T > Tr),

where I' is the Gamma function and 7 is the Dirichlet eta function [45]. In

a single-band system, gpp(7T) typically decreases with the temperature at high

36



temperatures, whereas at the semi-Dirac transition point, grr(7") increases with
the temperature due to the thermal excitation of carriers participating in the
screening.

Figure 4.7 shows the temperature dependence of the dc conductivity at
the semi-Dirac transition point, normalized by the zero-temperature conduc-
tivity value in each direction. For short-range impurities, we determine that

the asymptotic behavior is given by

w2 (T 2
0w(T)  J1- 1 (ﬁ) (T < Tr), (421a)
Trxr 0 B .
722(0) log 2 (T%) (T > Tp),
_ o I¥/T
op(T) _ )7 , T < Tr) (4.21b)
oyy(0) 1 1 T\ 2
For charged impurities, the asymptotic behavior is given by
2
oea(T) 14+ Chrp (TLF) (T < Tw), (4.220)
022(0) 2 )
(0) Dy (T—T;) (T > Tr),
7\ 2
ayy(T) _ L+ Cyy (TF) (T < Tr), (4.22Db)
5 .
Uyy( ) Dyy <TLF> (T > TF)7

where Cj; (Dj;) indicates the low- (high-) temperature coefficients. In the strong
screening limit, the coefficients become C,, = 0, Dy, = %2, Cyy = —%2, and
D,, = log2. As the screening strength decreases, the high-temperature coeffi-
cients D;; remain positive, whereas the low-temperature coefficients Cj; decrease
and we expect that the initially negative or vanishing C; would eventually be-
come positive in the weak screening limit. (See Appendix B.5 for the detailed
derivations of the coefficients Cj; and Dj;.)

The temperature dependence in the high-temperature limit can be easily
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understood by replacing ep with 7" in the Fermi energy dependence of dc con-
ductivity [Egs. (4.11) and (4.12)]. At high temperatures, oy, (7") for short-range
impurities decreases with the temperature, showing a metallic behavior. Oth-
erwise, the conductivities increase with the temperature, showing an insulating
behavior. Note that the high-temperature asymptotic form for charged impu-
rities is obtained by considering the effect of the energy averaging and that of
the temperature-dependent screening separately. It correctly predicts the tem-
perature power-law dependence but not the coefficients in the asymptotic form,
showing a discrepancy with the numerical result, as the effect of temperature
cannot be simply separated into the energy averaging and the temperature-

dependent screening at high temperatures.

4.4.2 Insulator phase

Figure 4.8 shows the temperature dependence of the dc conductivity in the
insulator phase with the fixed Fermi energy of ep = 1.1¢g, which corresponds
to the low-density limit. At zero temperature, the insulator phase in the low-
density limit can be effectively considered as a gapped 2DEG (with anisotropic
effective masses). Similarly, at finite temperatures, the temperature-dependent
conductivity of the insulator phase in the low-density limit resembles that of
the gapped 2DEG system (blue dash-dotted lines in Fig. 4.8), especially in the
low-temperature limit. In the high-temperature limit, the power-law behav-
ior of the temperature-dependent conductivity for the insulator phase becomes
similar to that of the semi-Dirac transition point [Egs. (4.21) and (4.22)], be-
cause thermally excited carriers above the gap contribute to the conductivity.
(See Appendix B.6 for the temperature dependence of the chemical potential,
Thomas—Fermi screening wave vector, and conductivity of the gapped 2DEG

system.)
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In the high-density limit, the temperature dependence of dc conductivity in

the insulator phase resembles that of the semi-Dirac transition point.

4.4.3 Dirac semimetal phase

Figure 4.9 shows the calculated temperature-dependent conductivity in the
Dirac semimetal phase, with the fixed Fermi energy of ep = 0.01¢g, which cor-
responds to the low-density limit. At low densities, the Dirac semimetal phase
can be effectively considered as graphene (with anisotropic velocities); thus,
we can understand its temperature-dependent conductivity behavior using the
result of graphene. (See Appendix B.6 for the temperature dependence of the
chemical potential, Thomas—Fermi screening wave vector, and conductivity of
graphene.) For graphene with short-range impurities, the asymptotic form of
the temperature-dependent conductivity becomes

M _ 1—e I¥/T . (T < Tw), (4.23)
gp(0) Ly ks <T1> (T Tp),
whereas for charged impurities in the strong screening limit, the asymptotic

form of the temperature-dependent conductivity becomes

w2 T 2
ow(T) _ 1% (TF) (T < Tp),

(4.24)
7gp(0) = (£) @)

Similar to the result of the semi-Dirac transition point, the high-temperature
asymptotic form for charged impurities correctly captures the temperature
power-law dependence (but not the exact coefficient value, as discussed in
Sec. 4.4.1).

Figure 4.10 shows the temperature dependence of the dc conductivity in

the Dirac semimetal phase immediately below the van Hove singularity point,
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exhibiting a nonmonotonic behavior with temperature. As explained earlier, the
temperature dependence of the dc conductivity is determined by the energy
averaging with S(O)(e) broadened by temperature, and by the temperature-
dependent screening for charged impurities. Thus, if the Fermi energy is near
the van Hove singularity, the distance between the Fermi energy and the van
Hove singularity sets an important energy scale for the temperature dependence,
kgTi = ||ler| — |eg]|- For charged impurities, the conductivity first increases,
showing a peak at 77, and thereafter decreases, showing a dip at T2Ch ~ 0.51%
corresponding to the minimum of ¢rr(7), mainly following the temperature
dependence of the screening wave vector grr(7) [Fig. B.3(e) in the Appendix].
For short-range impurities, the conductivity first decreases, showing a dip at
T1, and thereafter increases, showing a peak at T QSh ~ 0.25TF. These dips and
peaks are from the temperature-dependent evolution of the chemical potential
w(T) [Fig. B.3(b) in the Appendix], shifting the central point of the energy
averaging.

In the high-density limit, the temperature dependence of d¢ conductivity in

the Dirac semimetal phase resembles that of the semi-Dirac transition point.

4.5 Discussion and conclusion

When we consider both short-range and charged impurities, assuming that each
scattering mechanism is independent, the total scattering rate is obtained by
adding their scattering rates in accordance with Matthiessen’s rule. Note that
the scattering mechanism with a higher scattering rate (or equivalently a lower
conductivity) dominates the resulting conductivity. From the obtained Fermi-
energy power-law dependence of dc conductivity, we can determine the dom-

inant scattering mechanism. At the semi-Dirac transition point, we can ob-
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serve from Eq. (4.11) and Figs. 4.6(a) and (d) that, for both o, and oy, the
Fermi-energy power law for short-range impurities is always smaller than that
of charged impurities. This indicates that, at low densities, charged impurities
are dominant over short-range impurities, whereas at high densities, short-range
impurities are dominant over charged impurities. In the insulator phase, at low
densities, the system can be approximated as a 2DEG and the Fermi-energy
power laws for short-range and charged impurities are almost comparable (ex-
cept in the no-screening limit) as shown in Eq. (4.13) and Figs. 4.6(b) and
(e). At high densities, the power-law dependence follows that of the semi-Dirac
transition point; thus, short-range impurities dominate over charged impuri-
ties. In the Dirac semimetal phase, at low densities, the Fermi-energy power
law for short-range impurities is always smaller than that of charged impuri-
ties as shown in Eq. (4.15) and Figs. 4.6(c) and (f); thus, charged impurities
are dominant over short-range impurities as in the case of graphene. At high
densities, short-range impurities become dominant over charged impurities, fol-
lowing the trend of the semi-Dirac transition point. Note that, near the van
Hove singularities, charged impurities are highly screened due to the enhanced
DOS, and thus, short-range impurities are dominant over charged impurities
[69].

Our analysis is based on the semiclassical Boltzmann transport theory,
which is known to be valid in the high-density limit. At low densities, the
effect of potential fluctuations induced by spatially inhomogeneous impurities
becomes important, which is not captured by our approach assuming a spa-
tially homogeneous system. At the semi-Dirac transition point or in the Dirac
semimetal phase, the potential fluctuation is expected to result in a minimum
conductivity [31, 71, 72]. In the insulator phase, if the band gap is sufficiently

large, the effect of the potential fluctuation might be limited. The interplay
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of the impurity potential fluctuation, temperature, and band gap would be an
interesting future research direction.

Finally, we wish to mention the additional parabolic term ’y%aw omitted
in Eq. (4.1) along the armchair (y) direction beyond the lowest order [73]. This
term could affect the dc conductivity, especially at high densities above the

2m*v?

, where the effective Hamiltonian in Eq. (4.1)

crossover Fermi energy e =
is no longer valid. For example, at the semi-Dirac transition point with ep > e},
the parabolic term becomes dominant over the linear term along the armchair
direction; thus, 0., and o, will follow those of (anisotropic) 2DEG.

In summary, we calculate the dc conductivity of few-layer BP as a function of
the density and temperature using the anisotropic multiband Boltzmann trans-
port theory, which is essential when the effect of anisotropic energy dispersion or
interband scattering becomes important. We find that the dc conductivities in
the Boltzmann limit show characteristic density and temperature dependence
in each phase, which could be used as a signature of the tunable electronic

structure of BP in transport measurements.
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Figure 4.3 Calculated dc conductivities (a)-(c) 0z and (d)-(f) oyy as a func-
tion of Fermi energy at the semi-Dirac transition point (A = 0) for (a), (d)

short-range impurities, (b), (d) charged impurities with g = 1000, and (c), (f)

ge? k%c2

charged impurities with ag = 1. Here, 09 = 5 —.
imp
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Figure 4.4 Calculated dc conductivities (a)-(c) 044 and (d)-(f) oy, as a function
of Fermi energy in the insulator phase with A = 1 for (a), (d) short-range
impurities, (b), (d) charged impurities with o9 = 1000, and (c), (f) charged

impurities with a9 = 1.
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Figure 4.5 Calculated dc conductivities (a)-(c) o4, and (d)-(f) oy, as a func-
tion of Fermi energy in the Dirac semimetal phase with A = —1 for (a), (d)
short-range impurities, (b), (d) charged impurities with cg = 1000, and (c), (f)

charged impurities with oy = 1.
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Figure 4.6 (a)-(c) dlog 0., /dloger and (d)-(f) dlogoy,/dloger as a function

of o for charged impurities in each phase. The red dashed lines represent the

Fermi energy exponents obtained in the strong screening limit. Here, ep = ¢¢

for the semi-Dirac transition point, ep = 1.01¢q for the gapped insulator phase,

and ep = 0.01gqg for the Dirac phase are used for the calculation.
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Figure 4.7 Calculated dc conductivities (a)-(c) 04, and (d)-(f) oy, as a function
of the temperature at the semi-Dirac transition point (A = 0) for (a), (d)
short-range impurities, (b), (d) charged impurities with g = 1000, and (c),
(f) charged impurities with oy = 1. Here, if the temperature is normalized
by Ty = ep/kp, the result is independent of ep at the semi-Dirac transition
point. The blue dashed-dotted lines and red dashed lines represent fitting by
the corresponding asymptotic form [Egs. (4.21) and (4.22)] in the low- and

high-temperature limits, respectively.
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Figure 4.8 Calculated dc conductivities (a)-(c) o4, and (d)-(f) oy, in the low-

density limit as a function of the temperature in the insulator phase with A = 1

for (a), (d) short-range impurities, (b), (d) charged impurities with ag = 1000,

and (c), (f) charged impurities with ap = 1. Here, ep = 1.1¢¢ is used for the

calculation. The blue dashed-dotted lines represent the result for the gapped

2DEG system (see Appendix B.6), and the red dashed lines represent power-law

fitting by the asymptotic form of the semi-Dirac transition point [Eqs. (4.21)

and (4.22)] in the high-temperature limit.
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Figure 4.9 Calculated dc conductivities (a)-(c) o4, and (d)-(f) oy, in the low-
density limit as a function of the temperature in the Dirac semimetal phase
with A = —1 for (a), (d) short-range impurities, (b), (d) charged impurities
with ap = 1000, and (c), (f) charged impurities with ap = 1. Here, ep = 0.01eg
is used for the calculation. The blue dashed-dotted lines and red dashed lines
represent fitting by the corresponding asymptotic form [Eqgs. (4.23) and (4.24)]

in the low- and high-temperature limits, respectively.
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Figure 4.10 Calculated dc conductivities (a)—(c) o, and (d)-(f) oy, immedi-
ately below the van Hove singularity point as a function of the temperature in
the Dirac semimetal phase with A =1 for (a), (d) short-range impurities, (b),
(d) charged impurities with ap = 1000, and (c), (f) charged impurities with

ag = 1. Here, ep = 0.9¢¢ is used for the calculation.
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Chapter 5

Semiclassical Boltzmann
magnetotransport theory in
anisotropic systems with a
nonvanishing Berry curvature

5.1 Introduction

The magnetic field effect on the transport behavior has always been a significant
topic to study in the condensed matter physics. By adding another tuning knob
(magnetic field) to the electronic transport experiment, we can essentially gain
another dimension to our understanding on the material of interest. In this
regard, the magnetotransport measurement done on a system can be a great
tool to reveal many fascinating features that the material hides. The quantum
Hall effect [74], for example, which is one of the most important discoveries in
the last century, has been brought to light by magnetoresistance experiments.

Especially, the topological materials with nonvanishing Berry curvature such

as Weyl semimetals or topological insulators display many interesting magne-
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totransport behaviors such as negative magnetoresistance (MR). The negative
MR in Weyl semimetals [10, 16, 75-89] along with the negative MR in topo-
logical insulators [90-100] have received a great amount of attention over the
last decade. Not only the negative MR behavior, but the magnetotransport
research in general on the topological materials, e.g. Weyl semimetals, multi-
Weyl semimetals, or topological insulators, have also enjoyed a fair share of
awareness. These magnetoresistance researches mostly fall under either one of
two categories: strong magnetic field regime where the Landau level limited
quantum magnetotransport is predominant [101-108], or the weak magnetic
field regime where the charge transport can be described by the semiclassical
formalism [36, 75, 76, 109-122].

Most of the works that studied the semiclassical magnetotransport theory
utilize the simple isotropic relaxation time approximation. However, this prac-
tice can turn out to be problematic when the band dispersion of the system
is highly anisotropic and the system can no longer be approximated to be an
isotropic system. Furthermore, in a magnetotransport context, this isotropic
approximation can induce another trouble of not being able to account for
the anisotropy that arises from the coupling between the magnetic field and
the Berry curvature. Fundamentally, we are faced with two different sources
of anisotropy that can affect the electronic transport: the band dispersion-
originated anisotropy and the magnetic field-driven anisotropy. We believe that
laying foundations on how to properly study these anisotropies of the system is
one of the mainstays in the semiclassical magnetotransport theory, be it from
the band dispersion anisotropy or the field-driven anisotropy that arises from
the Berry curvature coupling with the magnetic field.

With these motivations, we formulate the fully anisotropic Boltzmann mag-

netotransport equation that incorporates the energy dispersion-originated anisotropy
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as well as the magnetic field-driven anisotropy. Although there has been some
studies that considered field-dependent anisotropic relaxation time [16, 123],
our approach utilizes more generally applicable form in calculating the relax-
ation time itself. We expanded the relaxation time into anisotropic, direction-
dependent formalism and built the transport theory with minimum amount
of assumptions. We solve the Boltzmann equation and calculate the nonequi-
librium distribution function by introducing an ansatz that encompasses the
electric field, the magnetic field, and the Berry curvature effect coherently. Our
method can be applied to any configuration of magnetic field, not just parallel
or perpendicular to the electric field direction, as long as the field strength is
weak enough that the semiclassical approximation is valid. We calculate the
anisotropic relaxation time that is defined by the impurity scattering, and sug-
gest the method to obtain the magnetoconductivity with the anisotropic relax-
ation time.

This chapter is organized as follows. We summarize the isotropic Boltzmann
magnetotransport equation for the systems without the Berry curvature and
demonstrate the relaxation time equation in the electron gas system in Sec. 5.2.
Then in Sec. 5.3, we present our main result, which is the Boltzmann transport
equation that can be applied in the systems with the intrinsic anisotropy as well
as the magnetic field-driven anisotropy. We follow that up with the conductivity
equations in Sec. 5.4, and finally, we conclude our chapter in Sec. 5.5 with

discussions.
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5.2 Magnetotransport equation in electron gas sys-

tems

First, we recapitulate the magnetotransport relaxation time equation for an
isotropic electron gas without the Berry curvature [124]. In this case, the equa-

tion of motion takes a simple form [40]:

o= v (5.1)

Wk = qE+ Lo, x B, (5.2)
C

where 7 is the three-dimensional (3D) position vector, k is the crystal momen-
tum, ¢ is the electric charge, F is the electric field, B is the magnetic field,
v = %Vkék, Er = e —my, - B, g = % is the electronic band dispersion
relation of an electron gas, m is the effective mass of an electron, and my, is the
orbital magnetic moment, which vanishes for a single-band electron gas with

no Berry curvature [109, 125-128].

The Boltzmann transport equation can be written as

a _ (df
% - <dt>coll, (53)

where f is the nonequilibrium distribution function, and % is the equation of

motion given by

d 0 . :
Y U b Vst Vi, (5.4)

with f = ,E:O) + gk ( f,go) is the equilibrium Fermi-Dirac distribution function
and g, is the part where the field-dependent terms are contained), and (%)
C

oll
is the collision integral term which is given by

df _ ddk‘/
(%)=~ s o
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where d = 3 is the dimension of the system, Wy, = %’rnimka/kPé(sk/ — &) is
the transition rate given by the Fermi’s golden rule, with the impurity potential
Viek, the impurity density nimp and 6(eg) is the Dirac delta function.

Now, we assume that f is spatially homogeneous (in this case, no tem-
perature gradient or nonuniform electric field) and there is no explicit time

dependence. Then the Eq. (5.3) becomes

af . df

—_ = k . = _ . .

dt V! ( dt ) coll (56)
Noting that f’go) = f©)(g), the nonequilibrium distribution function fj, and

its k gradient can be written as

(0)

0
Vifek = ka,ﬁo) + Vigr = hog éffk + Vi g, (5.7)

Then the equation of motion becomes

—hk - ka(O)(z—:) + k- Vigk

= —qE -v,80(e) + %(Uk x B) - Vigr, (5.8)

(0)
where S©) (e) = —88f§k , and we neglected the higher-order electric field terms.

Then the Boltzmann equation becomes
4B 087 (€) — 5 (v x B) - Vigi
dk!
== 7W / - 7). .

How would we define and calculate the additional term g is the main con-
cern in solving the Boltzmann equation. When there is no magnetic field present,
we often utilize the simple relaxation time equation, i.e. —i—" = (Z—JZ), where we

k

assume the system relaxes back to the equilibrium from the impurity scattering
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with the relaxation time 7. We extend the relaxation time equation to incorpo-
rate the additional contribution from the magnetic field so the additional term

gk, is given by

g = qE . ’UkaS(O)(é) + %Tk(vkgk X B) * Uk

= vk Gy, (5.10)

where G, = ¢E,5 () + L71,(Vigr ¥ B). Then Gy, can be written as

he
Gr =G + ‘? (Vogk X B), (5.11)

where GECO) = qEm,59(¢), and po = L% is the mobility of an electron gas
system. Using an assumption that G is independent of vg, V,gr = Gg. Then
we have

Gy =G + Gy x B). (5.12)

c
Taking the vector product of £2 B to each side of Eq. (5.12),
2
e xB - G“ B+N—§(Gk><B)><B

ZOG() B+ (G .B)B - Y p2q,, (5.13)

and taking the inner product of “—COB to each side of Eq. (5.12),
0

“OG B = CG(O) B+M (5.14)

Then we can obtain a closed form of Gy, as [124]

G\ + (@ x B) + 4G -B)B
Gy = — , (5.15)
1+ 54 B2

which, in turn, gives the expression for g as
g = v Gg (5.16)
2
E+"(ExB)+%(E-B)B
3 .
+ 5 B2

= QTkS(O)’Uk

56



Putting g back in Eq. (5.9), we get

C— 1 (0) q
ik’ S (€)+hc

= Vg - Gk, (5.17)

(Vigr x B) - vy,

and finally, equating with the collision integral terms, we get

(Y Gk (5.18)

deK
= / ka'kﬂc (v -G —vp - G),

where we have used Vigr = g,qu. If we assume that 7 in pg = % is invariant
under the electric field change, so that the equality Eq. (5.17) holds for all G,

we would get

1 dk’
o / K D Wik (1 — cos6) (5.19)
Th (2m)d

where 6 is an angle between k and k. Eq. (5.19) takes the exactly the same

form as the nonmagnetic cases [40].

5.3 Magnetotransport equation in anisotropic systems

with a nonvanishing Berry curvature

Up until this point, we have only considered the isotropic, single-band system
without Berry curvature, namely an isotropic electron gas. Removing this re-
striction, we can account for the anisotropy from the electronic band structure,
as well as the anisotropy that arises from the external magnetic field coupled
with the Berry curvature of the system.

The semiclassical equation of motion for a Bloch electron in a system with

nonvanishing Berry curvature is given by [129]

o= v —kxQ (5.20)

he = qE+%¢ x B, (5.21)
C
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where 2 is the Berry curvature. Solving the recursive equation, we get

. q q
Dir = — —FE xQ — — -Q)B 5.22
kT = Vg h X ddg hc(vk k) ( )
: q 7
hDpk = qF 4+ v X B — hf(E . B)Qk, (5.23)
C C

where Dy = 1 — £(Qy - B). The magnetic field and the Berry curvature also
modifies the density of states, and the volume element AVy — AVy/ Dy, [109-
111]. Therefore, any integral over a Brillouin zone must get an additional Dy
to account for this change.

Writing the equation of motion of an arbitrary system with Eq. (5.23), we
get

ﬁ = —hk- ’UkS(O)(a?) + k- Vigk

dt
0 72
= E B - —(E-B)XQ);
Dy 1 +M hc( )
1

— Y xB
+th (vk X B) - Vigr

080 (e)

q (v X B) - Vigy
he Dk
%(U}f"d x B) - Vigk, (5.24)

= —qE - o450 (e) 4
= —qFE - o500 () +

where 'v;c“"d = [vk — (- 'vk)B] /Dy is the modified velocity. Then the

Boltzmann equation becomes

4B - op'50(e) — <L (v x B) - Vig
oK’
= Dy Wi — Qi 2
/(%) Wik (96 — gr') 5 (5.25)

which takes a similar form as the Eq. (5.9), but the velocity vy was swapped
out for the modified velocity 'vad and the collision integral got an additional

Dy from the modified volume element.
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Similar to Eq. (5.10) in the previous section, we introduce an ansatz for the

gk that extends upon the Eq. (5.10). The modified ansatz for the g, is given by

g = (ZE i ’) SO (e)

q (), mod(i) 09k (k)
+ hC”Z.kEUka Vg, 8k(j)B

d
Z U;;nod(z)Tlil) el (5.26)

(4)

where €;;; is a Levi-Civita symbol, 7,7 is the relaxation time, and

0
GO — ¢pg© 4 L Z%kakg(’; . (5.27)

Introducing inverse mass tensor IM [130], where

~ 1 v rnod( )
By = ak , (5.28)
then Eq. (5.27) becomes
i q N agk
GO = ZewklMﬂ o d(l)BU“) (5.29)

where G(()i) = ¢E® SO Introducing the relaxation time tensor T, where

w0 0
T=|0 Ty 01, (5.30)
o 0 7

and the field strength tensor ' (whose action onto a vector is equivalent to

taking a cross product, i.e. a x B = Fa, a is an arbitrary three-dimensional

vector),
0 B* —BY
F=e¢;B"=|_B 0 B |, (5.31)
BY —-B* 0
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then Eq. (5.27) can be further simplified as

gk

G(l) - G(()) c []FlMa,Umod
k

] =G+ [IF%GL, (5.32)

7

where p;; = q Zl 1 zﬂI‘l] is the mobility tensor. Here, we have assumed that

G is independent of ’UmOd which holds for low magnetic field, i.e. 6fggd =
k
Zf 1 T(l)G(l) (from Eq. (5.26)). Then Eq. (5.32) becomes
G = Gy +F%G
-1
- (]1 - IF%) Gy = NGy, (5.33)

where 1 is a 3 x 3 identity matrix, and IN = (]l — ]F%)_l. Now we can express
gk as
Z mod (i) z)G ) Z mod (i) (z)INZ]Gé]) (534)
i,7=1

We now re-arrange the equation of motion E-Vy f with the quantities defined

above. Using Vigr = guG, we would get

d _
d{; = gE -v150) () + % <]MTG X B) - pned
= |¢s©@)E + FE G} mod

o aantel (5.35)

Putting g back to the collision integral equation, we now write down the Boltz-

mann equation as

Z mod(d) (i) (5.36)

d
ddkl ? 7 mod(2 7 i
_Z/ Dk’Wk:’k: < od(i) ()G() — Uy, d( )TIE:/)G( )) 7
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where we have assumed that G only depends on k through (k) for the elastic
scattering, which gives G = G'. Using that G = NGy = ¢S(ONE, we can
group Eq. (5.35) into the linear equation for G.

ddk, d d d
[/ (2 v Wi (v;glo T — vl T’) i ] G =0

(5.37)

and as Eq. (5.37) must hold for all E, the terms inside the bracket must be

zero. Then we obtain

'K’ d d d
/WDlek/k <’U;;:no r]P - 'U]ICI}O T/) — 'U,rcno 5 (538)
or alternatively,
dK o _ %
/ WDk/Wk/k T — m0d(3) TEr = 1, (539)
Uk

which is a coupled integral equation for T,gi).

Notice that Eq. (5.39) has exactly the same form as the nonmagnetic anisotropic

relaxation time equation [70, 131], except the velocity gets modified, i.e. v,(f) —

mod (i)

U, and the integral gets an extra Dy, term.

5.4 Magnetoconductivity

The current density J is given by

d%k .
J ZQQ/WDkak

dk q q
X (f,go) + gk) . (5.40)
where g is the spin degeneracy factor. Working out each term, we get (note that

Vg, f,go) vanishes after the integral)

J = JIME | gAHE 4 gOME 4 gext (5.41)
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where

2 dk
JWAHE _ 99 ExQ 42
is the intrinsic anomalous Hall effect (AHE) term,
2 d'k
ghe — 91 ExQ 43
is the AHE term,
2 d
_g9q° [ dk
JOME = - @i vk, - Q) BfY, (5.44)

is the intrinsic CME current term, and

ext ddk mod
JT = gq WDIW 9k, (5.45)

is the extrinsic current term. Ignoring the intrinsic terms and the higher-order

terms, we are only left with the J*. Writing down the Ohm’s law, we get

ex ex ddk mod (%
i = o E; =gq/ (%)duk" @D g, (5.46)

where afj’-‘t is the conductivity tensor as a response to the extrinsic field.
If we were to consider the isotropic system with magnetic field, then g will

be given by Eq. (5.16). By matching coefficients of E, we get

mod (%)

d%%k DS
ot = gq° / ko Tk (5.47)
@2m)? 14 8B

2
mod(j B mo K mo j
X [”k W (R 4% B)) + o (vk 1. B)BY

If we consider the anisotropic system with magnetic field, then gi will be
given by Eq. (5.34). Again, by matching coefficients of E for each row of o®*- E,

we get

ex ddk mod(¢ mo
0= /(27r)d Vot (ppedTIN)

dik e mo
_gq2z/ R D SO, 0 mod® (5.48)

62



For anisotropic, multi-band systems, Eq. (5.48) would become

ex ddk mod(¢ mo
’ _QQQZ/ Svg Prad Qv v PodTIN) () (5.49)
ddk mod (¢ [) mod(!l
S S [ o Duas Ol
a =1
If we consider the system without the magnetic field, N = 1, vad = vg,
and Dy = 1.
dk
eXt =gq / (2 ) S’(‘:)),U,(c),U,(c]),r’g])7 (550)

or for multi-band systems,

d k:
SOv v (551)

ext =gq

which are anisotropic, or anisotropic multi-band conductivity equation that are

consistent with the nonmagnetic cases [70, 131].

5.5 Discussion

We derive the semiclassical magnetotransport equations, as well as the relax-
ation time equation, with the least possible amount of assumptions imposed to
obtain the compact closed form of the nonequilibrium distribution function. We
calculated the field-dependent, anisotropic relaxation time T,gi) as a solution to
the nonequilibrium distribution function fi = f,go) + g&, and studied how the
impurity scattering and the magnetic field affect the transport behavior.

We developed the extended Boltzmann transport theory that can not only
be applied when the system is inherently anisotropic, i.e. the band dispersion is
anisotropic, but can also be utilized when the system is made to be anisotropic

with its Berry curvature and the magnetic field coupling. Even when the band

dispersion of the system is isotropic, we suggest that the magnetic field and
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the Berry curvature makes the distribution of the electrons anisotropic so that
their movement can no longer be described in an isotropic formalism, as the
band velocity vy gets the additional magnetic field-originate terms when there
is a nonvanishing Berry curvature present. Using our formalism, any anisotropy
of the system can be properly assessed regardless of its origin.

For the scattering mechanisms, we only considered the elastic scattering
sources that conserve energy. When the scattering becomes inelastic, e.g. electron-
phonon scattering, it can be shown that the modified detailed balance equation
Wkk/f(9)(1 — f,go)) = Wik ,io)(l — f,g(,))) [132, 133] would apply and the final

expression of T,S:Z) would become

dK’ o @) (1= h
DpWirg | 7" — T =1.
| Gy (k pred )\ 740

(5.52)
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Chapter 6

Diluted magnetic Dirac-Weyl
materials: Susceptibility and
ferromagnetism in
three-dimensional chiral gapless
semimetals

6.1 Introduction

In recent years, there has been substantial interest in three-dimensional (3D)
Weyl/Dirac semimetals, which have relativistic linear energy dispersion [4, 23,
24,107, 134-136]. These systems are effectively 3D versions of graphene which
is the quintessential 2D Dirac system. The magnetic properties of Dirac-Weyl
semimetals have been studied theoretically, demonstrating the possibility of
magnetic ordering of the dopant magnetic impurities at zero temperature with
and without spin-orbit coupling [137-139]. Mechanisms for various magnetic
ordering in topological materials have been investigated, demonstrating that

magnetically doped semiconductors with the strong spin-orbit interaction can

65



have ferromagnetic ordering through the mechanism of van Vleck paramag-
netism [140, 141]. The spin susceptibilities in Weyl and Dirac semimetals have
been calculated, investigating the effect of the magnetic texture and associated
physical properties [142-145].

The indirect exchange interactions between magnetic impurities through
carriers of a host material (i.e., Ruderman-Kittel-Kasuya-Yosida (RKKY) in-
teraction [146-149]) in semimetal systems has become an interesting issue. Since
the low energy dispersion in condensed matter systems can be nonlinear as in
2D multilayer graphene [150, 151] and 3D multi-Weyl semimetals [6], it is also
interesting to find the effects of arbitrary band dispersion and finite tempera-
ture on the magnetic properties of 3D gapless systems in the presence of random
magnetic impurities (i.e. in addition to the expected linear gapless chiral disper-
sion of Dirac systems). Moreover, the nonlinear energy dispersions of itinerant
carriers result in an interesting behavior of the RKKY interaction between mag-
netic spins, which provides a more complete picture of the qualitative nature
of magnetic properties in gapless semimetals with arbitrary band dispersion.
In particular, it is useful to know whether 3D Dirac-Weyl gapless semimetals
could magnetically order at finite temperatures through the RKKY coupling,
and how the resultant magnetic transition temperature depends on the band
carrier energy dispersion.

In this chapter, we study the magnetic properties of 3D gapless electron-
hole systems at finite temperatures with arbitrary band dispersion, focusing on
the possibility of long-range ordering in the magnetic moments that are em-
bedded in the system. To study the carrier-mediated indirect RKKY exchange
interaction among the random magnetic impurities with the itinerant carriers
mediating the magnetic interaction between the impurities, we calculate the

temperature-dependent response functions and the corresponding long-range
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magnetic coupling between dilute random magnetic impurities. We mainly fo-
cus on the dilute impurity limit, which is different from the strong disorder
limit in which strong enough disorder may induce a phase transition to a metal-
lic state [27, 152-154]. The effects of finite temperature, disorder, and carrier
mean-free path on the RKKY interaction are also considered systematically in
our current work, but we do not consider the topic of disorder-induced quan-
tum phase transition since our focus is on magnetic properties and not disorder
physics. Especially, we study the role of the ultraviolet momentum cutoff, which
is necessary in gapless semimetals, demonstrating that it fundamentally modi-
fies the characteristic power-law behavior of the RKKY interaction. Inclusion of
the mean-free path in the theory allows us to make a specific prediction about
the dependence of the magnetic behavior of the system on the carrier trans-
port properties [155]. A smooth interpolation between long-range and short-
range magnetic interactions is possible by varying the cutoff parameter R in
the range of the RKKY interaction, which is related to the localization length
of the carriers in semimetals [156-158].

By considering all these effects together within one comprehensive mean-
field theory, we calculate the ferromagnetic transition temperature in the frame-
work of a finite-temperature self-consistent field approximation [156] for the fer-
romagnetism in 3D gapless semimetals. We find that in 3D gapless semimetals,
the ferromagnetic ordering between magnetic impurities induced by the RKKY
exchange interaction is favored with enhanced magnetic coupling, as the en-
ergy dispersion has a higher power-law. Our results indicate that within the
experimentally accessible range of parameters, ferromagnetic ordering between
magnetic impurities is possible in gapless 3D semimetals. Ferromagnetism in
3D semimetals, as predicted in our theory, can be utilized in spintronics ap-

plications if our predictions are validated experimentally. We predict that it
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should be possible to experimentally induce long-range finite-temperature fer-
romagnetic ordering in 3D Dirac-Weyl materials by magnetically doping the
system.

This chapter is organized as follows. In Sec. 6.2, we describe our model and
calculate the finite-temperature static susceptibilities. In Sec. 6.3, we provide
the calculated results of the effective magnetic coupling through RKKY inter-
action in 3D chiral gapless semimetals. The conclusions are provided in Sec. 6.4

with a discussion on the momentum-cutoff effect on long-range oscillations.

6.2 Model

To describe the 3D chiral gapless semimetals, including Weyl/Dirac semimetals,
we introduce the following Hamiltonian with an isotropic energy dispersion

characterized by a positive integer N [37]:

N
H =¢ (’k’> ko, (6.1)
ko

where o represents the Pauli matrices acting in the space of the two bands
near the band touching point, and ¢y and kg are materials dependent constants
with dimensions of energy and wave vector, respectively. We note that the in-
troduced Hamiltonian describes a gapless electron-hole system with arbitrary
energy-band dispersion. Even though the real systems with the Hamiltonian
except a linear dispersion (N = 1) may not be available currently in 3D, it is
interesting to obtain the magnetic properties for both linear and nonlinear en-
ergy dispersions to develop intuition about the dispersion dependence of RKKY
interactions. Also, rapid development in the materials science may lead to such
materials with nonlinear dispersion in the future, making our theory for the
nonlinear dispersion of experimental relevance. Here, for simplicity, we assume

that the Pauli matrices describe the pseudospin degrees of freedom rather than

68



real spin degrees of freedom, focusing on the effect of the arbitrary energy dis-
persion. We will discuss the effect of the real spin texture in the Discussion
and Conclusion section. The energy dispersion of the Hamiltonian is given by
Exk = AEQ ( Ik |) where A = £1 is the band index for the conduction (valence)
band. Note that the Hamiltonian with N = 1 corresponds to Weyl semimetals
with linear energy dispersion. We assume that the system is intrinsic with the
Fermi energy at the band touching point, which we take to be the zero of en-
ergy. We are thus considering undoped intrinsic Dirac-Weyl systems with the
chemical potential pinned at the Dirac-Weyl point.

Carrier-mediated RKKY indirect exchange interaction between local mo-
ments is proportional to the static carrier susceptibility. At finite temperatures,
the static susceptibility is given by

=g Z/ d k f)\ — f)\/ il F)\,)\’(k7 k,)a (62)

%Y 5)\k_5)\/k’

where g is the total (e.g., spin, valley, etc.) degeneracy factor, f) x = [egkvk/kBT + 1] -

is the finite-temperature Fermi-Dirac distribution function for the A-band and
wave vector k, the chiral factor F v (k, k') is the square of the wavefunction
overlap between |\, k) and |N, k') states, and k' = k + g. For the 3D chiral
gapless system described by Eq. (6.1), Fy v (k, k') = % (1 + AN cos O ) for all
N, where 0y, is the angle between k and k. Note that F arises entirely from
the chirality of the system.

Dividing the sum in Eq. (6.2) into interband (A # )\’) and intraband (A =
X') contributions, the static susceptibility can be decomposed into x(q,7T) =
xt(q,T) + x(q,T), where x* denote the interband (+) and intraband (—)
contributions, respectively. With the density of states (DOS) at T'= 0, Dy(q) =
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3— NkN

ggﬂ'ziNeo the normalized susceptibility xy* can be rewritten as
X (q, N 22 / 1 F cosp)
= = d «9d9
Dn (g / v, SO N N

. [tanh(q/o)j:t p (/R (63)

oT/T, Ty |
where 6 is the angle between k and g, and 1) is the angle between k and k' = k+
q.-In Eq. (6.3), x =k/q, 2’ =K' /g =1+ 2xcosf + 22, costp = (z +cos ) /z’,

and Ty = eo/kp. Note that for N = 1, a finite (ultraviolet) momentum cutoff is
required for the convergence of the integral. For the calculation, we set g = 4
and ko = a~', where a is the lattice constant of the system.

At zero temperature (T = 0), due to the phase-space restriction, the in-
traband part xy~ vanishes and only the interband part x* contributes to the
total susceptibility. In the long wavelength limit (¢ — 0), the susceptibility
approaches the DOS and x*(¢,T = 0) ox ¢> %, which diverges for N > 4 as
q — 0. At finite temperatures (T' # 0), we obtain x(q,T) o ¢*/T for ¢ — 0.
Thus, the ¢ = 0 singularity of x™(q,T = 0) for N > 4 disappears. In addition,
due to the thermal excitation of electrons and holes, x~ also contributes to the
susceptibility at finite temperatures even for the undoped system under con-
sideration. Thus, for T' # 0, the total susceptibility at ¢ = 0 becomes finite for
all N. Specifically, we find that x~ (¢ — 0,7) < T ¥, which shows the same
power-law dependence as the DOS, Dy (e) 5% with energy € replaced by T’
Therefore, as temperature increases, the total susceptibility at ¢ = 0 increases
for N = 1,2, remains constant for N = 3, and decreases for N > 4. These
analytical findings are helpful in understanding our detailed numerical results
presented in the rest of this chapter.

Figure 6.1 shows the calculated static susceptibility as a function of the wave
vector for several temperatures. For N = 1,2, the susceptibility increases with

temperature, whereas for N > 4, it decreases with temperature, as expected.
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Interestingly, for N > 3, the finite-temperature result in the 7' — 0 limit is
different from the zero-temperature value, i.e., x(0,7 = 0) # x(0,7 — 0). Note
that for N = 3, the DOS Dy (q) becomes constant and x(0,7 — 0) approaches
the constant DOS, whereas x(0,7" = 0) can be obtained from Eq. (6.3). For
N = 3, we find that x(0,T = 0)/x(0,T — 0) ~ 0.8229. This T = 0 non-
analyticity in the N = 3 susceptibility follows from the fact that the DOS has
a ‘kink’ structure at N = 3 with Dy (¢) increasing (decreasing) as a function of

increasing energy for N < 3 (N > 3).

6.3 RKKY interaction and effective magnetic coupling

To study the effective magnetic coupling between random magnetic impurities
(which are treated as quenched classical magnetic moments), we consider the
carrier-mediated RKKY indirect exchange interaction. The indirect exchange
interaction between magnetic impurities can be accounted for by the interaction
between a localized (classical) spin S; of a magnetic impurity located at r; and
an itinerant electron spin s located at r. It is given by V(1) = JxS; - sé(r; — 1),
where Jex is the local exchange coupling between the quenched impurity and the
itinerant carriers. (Jex, which depends on the nature of the magnetic impurities,
is an unknown parameter in our theory providing the overall magnitude of
the magnetic coupling in the system.) Then, the effective Hamiltonian that
describes the magnetic interactions between the classical Heisenberg spins S;

and S; located at r; and r;, respectively, is given by

H=— Z JRKKY("“@' — ’I"j)Si . Sj, (6.4)
4,J
where
Jexa3 2
Jrrxy (r,T) = [ 1 ] x(r,T). (6.5)
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The RKKY range function x(7,7T") is defined by the Fourier transform of the

static susceptibility x(g,7"). For an isotropic system in 3D, it is given by

1) = o [ ddnilari(a. 1), (6.

where jo(z) is the spherical Bessel function of the first kind. Since the large
momentum cutoff ¢. is natural for a continuum theory, we set g. = a~' in the
numerical calculation of the range function in Eq. (6.6).

Figure 6.2 shows the range functions for N = 1,2,3,4 and for different
temperatures. For N = 1,2, the magnitude of the oscillating range functions
increases with temperature, whereas for N > 4, it decreases with temperature.
For N = 3, the range function is almost independent of temperature. These
behaviors for different N follow from the temperature dependence of the sus-
ceptibility, which is shown in Fig. 6.1. At large distances (r/a > 1), we find
that the range function decays as cos(gcr)/r? for N < 3, producing long-range
oscillations with a periodicity of 27/¢. in the spin density. (See Appendix D.1
for the detailed derivations.) We will discuss the implications of the cutoff ¢. in
the Discussion and Conclusion section (see Sec. 6.4).

The temperature-dependent effective coupling is given by the spatial average

of the RKKY interaction Jrkky,

JQH(T) = /d3T‘JRKKy(T‘,T), (67)

Qunit
where Qupit is the volume of a unit cell. In the dimensionless form, Eq. (6.7)

can be rewritten as

Jeff(T) _ 1
ST = Do [ arir. ) (6.8)

where Je(?f) = 4n[Jexa®]?Do(a™1) /4Qunit and Dy = Di(a™')/a®. Note that the
normalization factors J ég) and Dy are defined to be independent of both index

N and temperature T
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In the presence of non-magnetic impurity scattering arising from uninten-
tional background disorder causing momentum relaxation, the RKKY interac-
tion should be cut off at distances larger than a characteristic disorder length
scale (i.e., the transport mean-free path), which is determined by the impurity
scattering. We include the disorder effect phenomenologically by including an
exponential damping at distances larger than the cutoff R in the range of the

RKKY interaction. Then, the effective coupling is modified as

Qulnit fd?’TJRKKy(’I") (T < R),

Jef‘f T) =
( ) 1 3 _r=R
Qunit fd T.JRKKY(T)G R (T > R)

(6.9)

(See Appendix D.2 for the detailed expression of the effective RKKY coupling
with exponential cutoff.) In this calculation, we use R = 100a, and our calcu-
lated results do not depend on the choice of R qualitatively. One should think
of R as a disorder-induced phenomenological effective carrier mean-free path
parameter, which provides a cutoff for the RKKY interaction range. R should
in general be smaller (larger) depending on the system being more (less) disor-
dered. As a matter of principle, R cannot really be very large since the magnetic
ordering phenomenon being studied here necessitates the presence of magnetic
impurities, which, in addition to providing the quenched magnetic moments for
ordering, also serve as momentum scatterers.

Figure 6.3 shows the calculated effective coupling as a function of temper-
ature for different values of N. The effective coupling decreases monotonically
with increasing temperature and increases with increasing N at a fixed tem-
perature. Since the effective coupling Jeg(7T') is positive, the magnetic moments
are expected to be ferromagnetically aligned.

From the temperature dependent effective coupling in Eq. (6.9), we calculate

the magnetic transition temperature of the intrinsic chiral 3D semimetals. For
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the Heisenberg classical spins, the mean-field transition temperature 7. is given

by [159, 160]
S(S+1)

kT, = 3

T Jeft (6.10)

where S and =z = nimpa3 are the spin and concentration of the local magnetic
moments, respectively, and niyp is the effective magnetic impurity density. Since
the calculated Jog is a function of temperature, we calculate T, self-consistently
from Eq. (6.10). In Fig. 6.3, the intersections between the dashed line [i.e.,
3kgT'/[S(S 4 1)z]] and solid lines [i.e., Jog(T)] determine the transition tem-
perature for each V.

Figure 6.4 shows the self-consistently calculated transition temperature for
different values of N as a function of the exchange coupling Jey, the magnetic
impurity concentration x, and the degeneracy factor g. The ferromagnetic tran-
sition temperature increases monotonically with increasing Jex, «, and g for all
N. In particular, for N = 1, T; increases quadratically with Joy, and linearly
with both z and g, as expected [159, 160]. However, for N > 1, the calculated T
shows non-trivial dependence on the parameters arising from self-consistency
even for small values of the parameters, due to the non-trivial behavior of the

temperature-dependent effective coupling shown in Fig. 6.3.

6.4 Discussion and conclusion

We studied theoretically the effective magnetic coupling between magnetic im-
purities and the consequent ferromagnetic transition temperature in 3D chiral
gapless semimetals with arbitrary energy dispersion. To calculate the RKKY
magnetic coupling range function, we introduced the momentum cutoff g,
which is natural for the effective continuum model used in this work. We use the

inverse lattice constant as the natural ultraviolet momentum cutoff in the the-
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ory. As shown in Fig. 6.2, we find that for N < 3, the envelope of the oscillatory
RKKY range function decays as r~2 and the period of the oscillation is 27 /qe.
This decaying pattern arises from the finite ultraviolet cutoff g. used in the
range function. If we set the cutoff to be infinite, then the range function loses
its oscillatory characteristics and monotonically decays as 75T~ which gives
the typical 7—° decay for N = 1 [137, 138]. However, in the presence of a finite
qc, the overall behavior of the range function is determined by the competition
between the oscillatory 7~2 term and the non-oscillatory »~5*" term. We find
that for N < 3, the oscillatory 7—2 decay dominates over the non-oscillatory
r~6+N term, but for N > 3 it is vice versa (see Appendix D.1 for the detailed
derivations). We note that the cutoff dependence of the effective coupling and
the corresponding transition temperature is insensitive to the precise quantita-
tive choice of gc. If the Pauli matrices in Eq. (6.1) refer to real spin degrees of
freedom, in addition to the Heisenberg-type spin-spin interaction term, there
appears the Ising-type spin-spin interaction term [137, 138]. The systematic
evaluation of the transition temperature in that situation is beyond the scope
of the current chapter, but we expect that the same power-law dependence
which is fundamentally affected by presence of the cutoff will appear in this
case. The study of the RKKY physics in the presence of both Heisenberg and
Ising couplings remains an interesting theoretical problem for the future.

In summary, we investigate the temperature dependent susceptibility, RKKY
interaction, and effective magnetic ordering for 3D chiral gapless semimetals
with arbitrary energy dispersion in the presence of dilute random magnetic
impurities. We find that in 3D chiral gapless semimetals, the ferromagnetic
ordering between magnetic impurities is favored with enhanced magnetic cou-
pling as the energy dispersion has a higher power-law. Our results indicate that

ferromagnetic ordering between magnetic impurities is possible in 3D gapless
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semimetals, arising entirely from the carrier-mediated indirect RKKY interac-
tion in the dilute impurity limit. This predicted ferromagnetic ordering between
magnetic impurities should be experimentally accessible with suitable magnetic
doping. Our theory is valid when quantum fluctuations and direct exchange cou-
pling between the impurity moments are negligible, which should be justified
for large impurity spins and dilute impurity concentrations. In this chapter,
we consider only the case of zero Fermi energy, and the effect of finite Fermi
energy would be an interesting future research direction. Our finding that even
the intrinsic undoped semimetallic system could be converted to a ferromagnet
by dilute magnetic doping has obvious experimental implications, which should

be explored in the laboratory.
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Figure 6.1 The calculated finite-temperature static susceptibility x(q,7") as a
function of wave vector for various temperatures 7' = 0,0.02,0.04, 0.06, 0.08,
and 0.1 Ty, and for different values of N (a) N =1, (b) N =2, (¢) N =3, and
(d) N = 4. Here, Ty = eo/kp, Di(a™!) = 5%, and a = 0.343 nm (lattice

2m2eqa?’

constant of TaAs). For N = 1, the finite momentum cutoff a~! is used for the

convergence of the integral.
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Figure 6.2 The range function x(r,7T") as a function of distance for different
values of N (a) N =1, (b) N =2, (¢) N =3, and (d) N = 4. In each figure,
the curves with different colors represent different temperatures 7' = 0, 0.1, 0.2,
0.3, 0.4, and 0.5 Ty. Here, Do = D1(a~')/a3. In this calculation, the ultraviolet

1

momentum cutoff g. = a™" is used.
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Figure 6.3 The calculated effective coupling (solid lines) as a function of tem-
perature for different values of N = 1, 2, 3, 4. In this calculation, the ultraviolet
cutoff ¢. = a~! and exponential cutoff R = 100a are used. Here, the nor-
malization factor Je(g) = 4n[Jexa?]?D1(a™1) /4Quuit is independent of N and
temperature T'. The dashed line represents 3kgT/[S(S + 1)x], and the intersec-
tions with Jeg(7') indicate the transition temperatures solved self-consistently.

Here, Jox = 0.1 eV , 2 =0.05 and S = 5/2.
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Figure 6.4 The calculated transition temperature T, as a function of (a) the
exchange coupling Jex , (b) the magnetic impurity concentration x = nimpa?’,
and (c) the degeneracy factor g for different values of N = 1,2,3,4. Here, for
fixed parameters, we used Jox = 0.1 eV, x = 0.05 and g = 4.
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Chapter 7

Conclusion

During my doctoral research period, I have mainly focused on developing semi-
classical Boltzmann transport theory that can be applied to multi-band, anisotropic
systems. We applied this theory on various systems such as multi-Weyl semimet-
als (m-WSMs), which are extension of Weyl semimetals with higher chiral
charge, and band-gap tunable few-layer black phosphorus. We have also studied
the transport behaviors from the magnetic field-driven anisotropy. We investi-
gated charge carrier spin mediated magnetization of magnetic impurities as
well, as known as Ruderman—Kittel-Kasuya—Yosida (RKKY) interaction on 3-
dimensional (3D) chiral gas toy model. We summerize our findings down below.

For multi-Weyl semimetals, we developed the anisotropic Boltzmann trans-
port equation that can be applied in the materials with different power-law
dependences along its symmetry axes. Using this anisotropic transport equa-
tion, we calculated characteristic charge density, and temperature power-law
dependence of m-WSM in its conductivity along each direction.

We have also studied the Boltzmann transport theory on few-layer black
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phosphorus in various phases, extending our previous study on anisotropic sys-
tems to account for its multi-banded nature as well as its band anisotropy. We
showed that its tunable band-gap gives rise to many interesting features in the
electronic conductivity.

On top of that, we investigated the magnetic field-driven anisotropy and
its effect on magnetotransport in systems where the Berry curvature effect is
significant, e.g. Weyl semimetals. We argued that the external magnetic field
(coupled with the Berry curvature of the system) makes the distribution of
charged particles anisotropic, making the utilization of an anisotropic formula-
tion a necessity.

Finally, we considered the dilute magnetic impurities embedded on the 3D
chiral gas systems with arbitrary power-law dependence, where the impurities
are sparse enough so that the direct magnetization is ignored and only the
charge carrier spin-mediated indirect interaction is present. We found that the
magnetic alignment in such condition, the system becomes ferromagnetic re-

gardless of the dispersion relation power-law.
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Appendix A

Semiclassical Boltzmann transport
theory for multi-Weyl semimetals

A.1 Eigenstates and density of states for multi-Weyl
semimetals

Let us consider the eigenstates and density of states (DOS) for the low-energy
effective Hamiltonian of m-WSMs described by Eq. (3.1) in the main text:

ek, k7
€0 _ ~ N (Al)
k;_{ —ck,

where k = k/ky and ¢, = hv,kg/eg. To avoid difficulties associated with

anisotropic dispersions, we consider the following coordinate transformation

[37]

=

ky — ko (rsin®)7 cos ¢,

<=

ky — ko (rsinf)7 sin ¢, (A.2)

ko
k, — —rcosb,
Cz
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which transforms the Hamiltonian into the following form:

cosf sin fe /¢
H = ¢eor ' . (A.3)
sin fet/¢ —cosf

In the transformed coordinates, the energy dispersion is given by e (r) = £eor

and the corresponding eigenstate is given by

cos g
+) = , (A.da)
sin ze’J¢
— sing
|—-) = . (A.4b)
cos 261‘]¢

The Jacobian J corresponding to this transformation is given by

Oky Oky Ok
ar 00 ¢

k3 2 . 2
| ok, ok, ok, | _ MO 2 2.1,
J T B B g s 0=J(r0). (A.5)
Ok, 0Ok. Ok
o 90 00

Note that for the + band, the band velocity v,(f) = % lék can be expressed

as
v,(f) = Juer'~ 7 sin2"7 fcos o, (A.6a)
v,(cy) = Jur'™7 sin?"7 fsin 0, (A.6D)
v,(cz) = cyvpcosb, (A.6¢)

where vy = {TOO

The DOS at energy € > 0 can be obtained as

3
D) = g (;“;ﬂ k)

= /dr/ d@/%mp

9B (3. 7) k§ <€0>7 (A7)

dm2e,J €

( —eor)
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where ¢ is the number of degenerate Weyl nodes. Here, we used the relation

fﬂ/Q df cos™ Osin™ = 1B("H, ";1), where B(m,n) = % is the beta
function and I'(z) = [;°dtt*~'e™" is the gamma function [45]. Note that the

Thomas-Fermi wavevector is determined by the DOS at the Fermi energy ep

1
471'62 gaB , er \ 7
qTF = \/ D(er) = koy| ——242 7) (F> , (A.8)
mCyJ €0
[&

2 . .
where oo = oo 18 the effective fine structure constant.

given by

The carrier density is then given by

EFdD gB(Q’J) EF %+1 A9
n—/o e (6)_n0‘W(%) ; (A.9)

J 2
where ng = k3. Note that ep ~ n7+2 and D(ep) ~ n7+2.
0

A.2 Density dependence of dc conductivity in multi-

Weyl semimetals at zero temperature

In this section, we derive the dc conductivity at zero temperature for 3D
anisotropic systems with an anisotropic energy dispersion which has an axial
symmetry around the k,-axis (i.e. independent of ¢), as in the m-WSMs de-
scribed by Eq. (3.1) in the main text. To take into account the anisotropy of the
energy dispersion, we express the anisotropic Boltzmann equation in Eq. (4.7)

in the main text using the transformed coordinates in Eq. (A.5) assuming an
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axial symmetry around the k,-axis:

21 / (4) .
| = / dr/ da’/ dqﬁ’jr 7) Wkk,<<>_“fg’) ‘f’)
27 2
- / dr/ d9’/ de¢’ kOTJSan |:;nimp’ka’FFkk’é(EOT_EOT,)
( Ig) dkk’ k’)

2m k(?J)TJ ! / 2 pni-1
= imp——————— d 0'(1 — 0):
7 2m)2e, Jeg /1 cos§(1 — cos™6)7

X

2n d 7 i 7
/0 §|ka'|2Fkk' (T,g) - d,(c,)c/T,i,)) ) (A.10)

where dkk, = vk,)/v and Fyp = 3 [1 4 cos6cost + sinfsin 6’ cos J(¢ — ¢')]

is the square of the wavefunction overlap between k and k' states in the same
3

band. Let us define pg = #

T)2c.e0’

Vo = kg, and nimpVOQpO. Then with

7'0(’!’)

1 = cos @, we have

2 1 27 /

d .

1= % /(1 — /)71 / ¢ o Vi 2 Fra (~(> déliﬁ(,)) (A.11)
0

where f/k:k’ = ka//‘/b and ’7~'(Z) = T,E,i)/TO-
0 _ -

Assuming 7, 7 (1) from the axial symmetry,

1= a7 ) — [ a9 )7 ), (A.12)
~1
where
2z 2 g1
~ (3 rJ 1_ d
W) = [ -y /0 O Vi P, (A130)
r 2,1 Ty - (i)
@) = a-p [ Vi PRl (A13b)
0 T
Now let us discretize 6 or equivalently p = cosf to u, (n = 1,2,--- ,N)

with an interval Ay = 2/N. Then for 7 = 70 (tn), we have

1=PWzH _ an (A.14)
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where PV = () (i) is an N-vector and Pflg, = @09 (o, pn)Ap is an N x N
matrix which relate the -dependent relaxation times. Note that Eq. (B.16) has
a similar structure for the multiband scattering [68] in which the relaxation
time can be obtained by solving coupled equations, which relate the relaxation
times for different energy bands involved in the scattering.

Then the dc conductivity at zero temperature is given by

A3k i
o = 962/(27T) 5(5k—sp)v,(c)v,(j)7',g)

2 3
= ge / dr/ d@/ d¢k TJ sinJ 5(€0T_€F)U’(Cz)vl(€)7£j)

o0 2 14 27 d¢
- T /0 drr /1 an (1 a 'LL2) ) /0 27 o(r = TF)U’(“)U’(“J)T’E’ )’
(A.15)

where og = ge?pgviTy, ¥ = €F /€0, and 15,(;) = v,(:)/vo. Thus, from Eq. (A.6), we

have
T Jrz 1 (z
= = 2F/ dp (1 — ) 79 (), (A.16a)
0o -1
2

Ozz Cgrj ! L1 o (;

= EE [ au ) ), (A.16b)
(o) J -1

Note that 9, vg, po and o( are the density independent normalization constants
in units of time, velocity, DOS, and conductivity, respectively. In addition, from
the axial symmetry around the k.-axis, 0., = 0yy.

For the short- range impurities, Vig is independent of density. Thus from
2

Eq. (B.14), @9 (u) ~ 5 and 79 () ~ ep 7 at the Fermi energy ep. Note that

L
ep ~ nJ+2. Therefore we have

2_% 2(J—1)
Oz ~ €p  ~n JF2 (A.17a)
0. ~ ed~nb (A.17b)
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For charged impurities in the strong screening limit, Vig: ~ gpg ~ D™ (ep) ~

_2 : 2_4 : 2
ep”, thus @9 () ~ ef 7 and 7 (u) ~ &/ at ep. Therefore we have
942 2(J+1)
Opx ™~ €F+J ~nTIRE (A.18a)
4 4
J

O ~ Ef

For charged impurities in the weak screening limit, from Vi ~ |k — k'| 72

and Eq. (A.2), we expect the potential average on the Fermi surface as Vg ~

, 2_
55% with - < ¢ <1 (assuming no logarithmic correction), thus @O () ~ ef *
. _2
and 7 () ~ E4F< 7 at ep. Therefore, we have
_2 2(J=1)+4J¢
Oz~ 5?_4( Tt TR (A.19a)
4J¢
Ony ™~ EFC ~ nJ+e, (A.19b)

Here, (s in 0., and o,, do not need to be the same, as explained later in this
section. Note that ( = % gives the same density exponent corresponding to the
strong screening limit.

For the short-range impurities, it turns out that the relaxation time is in-
dependent of polar angles #. Assuming 7 (;) = 7 from the beginning, for

short-range impurity potential Vig = Vinort, Eq. (B.12) reduces to

2
1 rJ -~ 1 901 21 d¢/ .
) = 7‘/5%0“ / . du’<1 — M’ )J 1/0 ngk’ (1 — dé,i,) s (A20)

where Vinort = Vahort /Vo. Then we find that the relaxation time 7@ (€) at at

energy € = reg is

1 7 o 11 o,
— V2 Bl=.=)=—61—V A.21
(z) (6) 9] ' short (27 J) o1 3 Vshorts ( a)

1 "7 - 11
oF = 5VS%MB (2, S+ 1) : (A.21b)
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From Eq. (B.18), finally we obtain

2Jr2
= T ), (A.22a)
Oz czréB (3 ].> ~(z)( ) JCE (A 22b)
= -, = | T EF) = = . .
g0 J 2 J ‘/s%lort
- - 4
Note that oea/o0 = Ve, 27675 by Vi for 7 = 12,3, respec
2’3

tively, and the obtained analytic expressions are consistent with the density4de—

3
pendence in Eq. (A.17). From Eq. (A.22), we find 04,/0.. = %, ;:—CFQ, B(%TiFl)ﬁ
z z 5:3)Cz

for J = 1, 2,3, respectively, and the anisotropy between o, and o, increases

as the Fermi energy or the carrier density increases.

For charged impurities in the strong screening limit, the impurity potential

t 2 .
becomes Vig ~ Viereore = :q’r—;, having the same feature of the short-range
TF

impurity potential. Thus, the relaxation time is also independent of polar angles

and similar analytic expressions can be obtained by replacing Vinort by Veens
in Egs. (A.21) and (A.22), where yStrong Vssctrreoerﬁg/% = 4rak?/g¢3p. Then the

relaxation time is given by

1 8mictJ 2 —4 4ric? ,
@E - £B(D) (%’%)TJTF — o1 357 TR, (A.23a)
1 16mc? _4
=) = 67T262J1 T T%TF 7, (A.23b)
72)(e) (J+2)9°B (3, 7)
thus, in the strong screening limit, we obtain
- 2Jrd _
f; = STFT(x) (er), (A.24a)
2
o c2rd 31 ¢*B%(3,%) 1
2z _ ZFEp(2 2) x4 =2 2,7 A.24b
0 J <2’ J) TOEr) = TG (4.24b)

2 2 QQB(lvl) § 3
Note that 0., /00 = “LmrE, —Lmrd 2303 for J = 1,2, 3, respectivel
za/ 00 w12 "F 12732 F T12ni2 TF )4y 9, p Y

and the obtained analytic expressions are consistent with the density depen-
dence in Eq. (A.18). Also note that 0,,/0,, has the same form with that ob-

tained for short-range impurities.
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For charged impurities at arbitrary screening, the relaxation time in general
depends on polar angles for J > 1. In addition, as seen in Fig. 3.2 in the main
text, the density exponent shows non-monotonic behavior as a function of ga.
From Eq. (B.11), for a given wavevector k = (k¢ (7 sin 9)% ,0, ICLS’I“F cosf) at
the Fermi energy, the average of the squared Coulomb potential on the Fermi

surface is given by

) 1 1 9 L 2w d(b/ )
(V (0)>F = 2/ dcost (1 —cos®8')7~ / 2—|ka/] : (A.25)
—1 0 7T
Then assuming <V2(9)>F ~ TF_4C(0), we can obtain the angle dependent ex-

ponent ¢(f) with & < ((6) < 1. Figure A.1 shows ((6) for several values of
0 = 0,7/6,7/2. This angle-dependent power-law gives rise to a significant non-
monotonic behavior of 7, and o,, in ga, which originates from the competition
between two inverse length scales, gTp ~ TF% and k(FZ) ~ rr. Note that the in-

)

1
plane component of the wavevector k:%” ~ r¢ at the Fermi energy has the same
Fermi energy dependence with ¢rp, showing a monotonic-like behavior of 7,
and o, in ga. As ga increases, ((6) eventually approaches 1/.J irrespective of

0, obtained in the strong screening limit.

A.3 Temperature dependence of chemical potential
and Thomas-Fermi wavevector in multi-Weyl semimet-

als

In this section, we derive the temperature dependent chemical potential and
Thomas-Fermi wavevector in a general gapless electron-hole system, and apply
the results to m-WSMs. Suppose that a gapless electron-hole system has a
DOS given by D(g) = Cqle|*~1O(¢), where C, is a constant and O(¢) is a step

function. For a d-dimensional electron gas with an isotropic energy dispersion
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e ~ k7, a = d/J, whereas for m-WSMs, D(g) o 7 from Eq. (A.7), thus

When the temperature is finite, the chemical potential u deviates from
the Fermi energy cp due to the broadening of the Fermi distribution function
fO e, p) = [65(5_“) + 1]_1 where § = k]%T' Since the charge carrier density n

does not vary under the temperature change, we have

n= [ @D O = [ EDE [106n + 1O-ew] = [ D)

e ’ 7 (A.26)
Then the carrier density measured from the charge neutral point, An = n| u
n| u—0- 18 given by

An = /OOO deD(e) [f(o)(e,u) — fOe, —,u,)} = /OEF deD(e). (A.27)

Here, we used f(—e,u) =1— f(e,—p).

Before proceeding further, let us consider the following integral:

00 xafl o) xaflzefx oo e
/ de = / dl’i_w = —/ dl’l’a_l E (—Z)"e_m
0 z e +1 0 1+ ze 0 ot

B
g
| Pu— |
o\
8
QL
~
~
3
L
|
-
—_
\
3|
el
3
| I
I
=
2
o
&
)
0
S~—

where I'(a) = [;° dt t* e " is the gamma function and Fi(z) = — Y07, (_ni)n.
Note that I'(o) = (o — 1)I'(a — 1) with I'(1) = 1 and T'(1/2) = /7, and
Fu(z) = Z%Fa+1(2).

Using the above result, we obtain

An = Ca(kpT)°T(@) [Fa(z) — Fa(="Y)] = %gg, (A.29)

where z = e®#, which is called the fugacity. Thus, finally we have

Folz) — Folz1) = r((ﬁ;i)j)' (A.30)
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By solving the above equation with respect to z for a given T', we can obtain
the chemical potential g = kT In z.

At low temperatures, Su — oo thus z — 0o. Note that from the Sommerfeld
expansion [40]

00 B
fm [ dr— 2@ / deH(z) +
0

N 7 9H (Bp)
z—00 g 2 ler +1

A31

where H(z) is a function which diverges no more rapidly than a polynomial as

x — 0o. Then for H(z) = 2~ and using Eq. (A.28), Eq. (A.31) becomes

. (Bu)™ ™ afa—1)
lim F, ~ ——— |1+ ———5- A.32
S ieE T e (432
whereas F,(z7!) = 27! — ZQ;; + -+ vanishes as z — oo. Thus, we can obtain
the low-temperature correction as
2 2
I s T
—~l-—((a-1) (=], A.33
L=y () (A.33)

where Ty = ep/kp is the Fermi temperature.
At high temperatures, S — 0 due to the finite carrier densities, thus z — 1.

From z ~ 1+ B+ 3(Bup)? for |Bu| < 1,

lim Fo(2) & (0) +nla — DBt onlo—2) (6w, (A34)

where n(a) = F,(1) is the Dirichlet eta function [45]. Thus, we have F,(z) —

F,(z71) ~ 2n(a — 1) Bu, and obtain the following high-temperature asymptotic

nwo 1 Tr a—1
er 2n(a— DT (a+1) (T) ' (A.35)

For m-WSMs, a = % + 1 and we obtain

form:

(1)
Eo W T aw
s () (7> T
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Next, consider the temperature dependent Thomas-Fermi wavevector g (T).

K

Note that in 3D, g3y (0) = “2£ D(ep) and at finite T, g3 (T) = 4252 Thus

we have
a1 (T) _ Oep _ I'(a)
¢3p(0)  Op  (Bep)r?

For a given T, the chemical potential (or equivalently fugacity z) is calculated

[Fact(2) + Fasr(z"1] . (A7)

using the density invariance in Eq. (B.52), and then ¢rp(T) is obtained from

the above relation.

At low temperatures, (7" is given by Eq. (A.33), thus

@e(0)  (Ber)® | T(@) 6 2o 1

Ge(0) T [, wa-Da-2)Y) (1 =23
[ (1 6 (on) )*

LNy R (1Y
~ + : er)? ~1 G (a—1) ™) (A.38)
At high temperatures, u(T') is given by Eq. (A.35), thus
a1p(T) N ['(a) B - 2
o) ™ (et (20— D= 3) (3]
a—1
~ 2n(a—1)1(a) (;;) | (A.39)
For m-WSMs, we find
) 2
ee(®) _ 1= (%) )
e (0) Va3 ra+3) () @),

where ¢rr(0) = ¢rr is given by Eq. (A.8).
Figure A.2 shows the temperature dependence of the chemical potential and

Thomas-Fermi wavevector in m-WSMs.
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A.4 Temperature dependence of dc conductivity in

multi-Weyl semimetals

From Eq. (4.10) in the main text, we can easily generalize the conductiv-

ity tensor at zero temperature to that at finite temperature. For f(o) (e) =

- ) (e 2—1eBe
[P 1] 77, 5O () = ~ 958 = 87O (e) (1 - FO(e)) = ZrE 7. Then

the conductivity tensor at finite temperature is given by

d3k IfOer)\ o o) G
_ 2 (@), () ()
oi;(T) = ge /(27r)3 (— 9 v, Uk] Tkj
21 3 1 —1_Beor
_ ko”st 0 pze @), (4)..(7)
= ge / dr/ d@/ do (- TePeor £ 1)2 5 Vg vk Ty

2 —1_Beor )
g 2 23— dp Beoz""e (D) 5(7) ~(9)
- J/O d’“’""/_ld“(l“)“’ /0 2 (1P F Ik R

(A.41)

Thus from Eq. (A.6), we have

B J [ ) BE()Z_leﬁaor 1 2 ~(z)
0z(T) = 002/0 drr 1P 1 172 /_ld,u(l,u)T (1), (A.42a)

2 [ 9 6802’716650T 1 I,
_ z = o ~(z)
0..(T) = aoJ/O drrJ<z_leﬂ€0T+1)2 /_1du(1 w?) T P ().
(A.42b)

To derive the asymptotic behaviors of ¢;(T")/0(0) at low and high tem-
peratures, let us rewrite Eq. (4.10) in the main text, in the following energy

integral form:

oo (0) . .
O'M(T) = 9621/0 de (—a(](l({%:"(t:ﬁ))l)(g’f)['U(Z)(5)]27‘(1)(5’T)7 (A43)

where [ is a factor from the angular integration. Note that the factor I will be

canceled by 04;(0) later. Assuming that 7(9 (¢, T) can be decomposed as

(e, T) = 70(e)g® <TF) (A.44)
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where ¢g(® (TLF) is the energy-independent correction term from the screening
effect with g (0) = 1, we can separate the contributions from the energy
averaging over the Fermi distribution and the temperature dependent screening.

Suppose D(e) o e, v (g) o £, and 7 () o £7. Then we can express oy; (T

00 (0) ,
O'm(T) _ C/O de <_8f8€(5)> 804—1-1-21/—|-’yg(z) <1€>

— C(ksT)’T(5 + 1)F3(2)g <T> , (A.45)

as

T
where C' is a constant and § = v — 1 4 2v + . Note that Eq. (A.45) reduces to

0ii(0) =C 66F at zero temperature. Therefore, after eliminating C, we have

oil(T) _T(6+1)Fs(2) oy (T
0i(0)  (Ber)? <TF> ' (A.46)

For short-range impurities, (" (T%) = 1. For charged impurities at low temper-

atures, from the form of the low-temperature correction for the Thomas-Fermi

wavevector in Eq. (A.38), we expect

(T (T2
Of—)~1-A0 [ —) . A4
g (TF> <TF) (A.47)

Note that A() depends on the screening strength, and in the strong screening
limit, from Eq. (A.40) we have A®) = % At high temperatures, however,
7 (e, T) cannot be simply decomposed as Eq. (A.44). The energy averaging

typically dominates over the screening contribution [155], and the screening

correction g (%) only gives a constant factor without changing the temperature

power. Assuming ¢(9) (TLF) ~ 1 at high temperatures, then in the low and high

temperature limits, we have

cu(l) _ 1+ [%2(5 — )6 — A@} (T%)z (T < Tr), (A.48)
7:i(0) T'(8 + 1)n(8) (T%)(S (T"> T).
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Now, consider m-WSM with o = %—i—l. For short-range impurities, g(i) (TLF

1, and from the energy dependence of the relaxation time in Eq. (A.21), v = —

Thus, we find

g‘\[\g N———

2
14 ™ (d=1) (=4 (L (T < Ty),
#5459 (£)° o
r@-2me-3) (& (T > Ty),
1— e T¥/T (T < Tr),
_2ts (A.49b)
1 1 T
g () T > T

For charged impurities in the strong screening limit, from Eq. (A.23), 7()(g) ~

£~ 7 thus v = —% at low temperatures, whereas at high temperatures 7% (€) ~

4
e~ 7+ because thermally induced charge carriers participate in transport giv-

ing v = % Combining the temperature dependent screening correction with

Al = % at low temperatures, we find

() () e
r@+3me+3) (%) @> ),

12 (TLF)Q ) (T < Tr), Asob)
P+ ) (F)7 (T > Tv).

For charged impurities at arbitrary screening, from the Fermi energy depen-

dence of the relaxation time discussed in Sec. A.2, v = 4¢ —% with % <(<1lat

high temperatures. Thus, we can express the low and high temperature asymp-
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totic forms as

7e0) : yeac_2 (A'51a)
- PE+ac-3)c@+a-3) (&) @>1m),
2
O'ZZ(T) N 1 + sz (7%) (T < TF),

T(1 + 4¢)n(4¢) (TlF)LK (T > Tp).

As explained in Sec. A.2, (s in 0, and 0., do not need to be the same. Note that
¢ = % in Eq. (A.51) gives the same high-temperature exponent corresponding
to the strong screening limit in Eq. (A.50), and the temperature dependent
conductivity has the high-temperature asymptotic form given by Eq. (A.51)
with ¢ which varies within % < ¢ <1 and approaches % in the strong screening
limit.

Figure A.3 shows the evolution of the low-temperature coefficients C,, and
C.. in Eq. (A.51) for charged impurities as a function of the screening strength
ga. Above a critical ga, C,, and C,, become negative, thus the conductivity
decreases with temperature, showing a metallic behavior. As ga increases fur-
ther, the low-temperature coefficients eventually approach C, = %2 (%)
and C, = —%, as obtained in Eq. (A.50). The non-monotonic behavior in
the low-temperature coefficients C,, as a function of ga for J > 1 originates

from the angle-dependent power-law in the relaxation time, similarly as shown

in Fig. 3.2 in the main text.
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Figure A.1 Angle dependent exponent ((6) for (a)-(c) J = 2 and (d)-(f) J = 3 as

a function of the screening strength ga at = 0,7/6, 7/2. Blue dashed-dotted,

black solid, and red dashed lines represent n = 0.1ng, ng, 10ng, respectively.
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Figure A.2 Temperature dependence of (a)-(c) chemical potential and (d)-(f)
Thomas-Fermi wavevector for m-WSMs with J = 1,2, 3. Red dashed and blue
dashed-dotted lines represent the asymptotic forms in Eqgs. (A.36) and (A.40).
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Figure A.3 Low-temperature coefficients (a)-(c¢) Cyp and (d)-(f) C,. as a func-
tion of the screening strength ga for charged impurities. Red dashed lines rep-
resent the low-temperature coefficients in the strong screening limit given by

Eq. (A.50). Here, n = ng is used for calculation.
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Appendix B

Semiclassical Boltzmann transport
theory of few-layer black
phosphorus in various phases

B.1 Eigenstates and density of states

In this section, we provide a detailed explanation on the model Hamiltonian of
few-layer black phosphorus (BP), and its various properties including density of
states (DOS). In the model Hamiltonian given by Eq. (4.1) in the main text, the
exact values of m* and vy depend on the number of layers and the gap tuning
21.2
parameter. We introduce the normalization constants kg = o' and e = %;
thus, the Hamiltonian becomes
0 k2 —ick, + A
H = 60 ~2 ~ v Y 9 (Bl)
kz +ick, + A 0

where k = k /ko, ¢ = huvoko/co, and A = 2% To avoid difficulties associated

with anisotropic dispersion, we consider the following coordinate transformation
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with

=

ky — akg (rcos¢ — A)2
koo | (B.2)

ky — —rsin ¢,

c
where a = +£1 represents each half of the Fermi surfaces. This Fermi surface
splitting is especially useful for the A < 0 case where there are two distinct
Fermi surfaces (see Fig. 4.1(f) in the main text), accounting for the “interband”
scattering between these two surfaces. The maximum value of ¢ is thus given
by
A
arccos (2) (A #0and |A| <7),

(bmax(T) i (B3)

(A <0and |A] >71),

(otherwise),

R

where ¢ € [—@max(r), Pmax(r)]. This coordinate transformation changes the

Hamiltonian into the following form:

(B.4)

In the transformed coordinates, the energy dispersion is given by e (r) = £eor

and the corresponding eigenstates are given by

1
+ = — , B.5a
= sl (B.52)
o= = (B.5b)
V2 s '
The Jacobian J corresponding to this transformation is given by
Lakz %]f;” k2r

T 0 —
= = = , ). B.6
J aaky 88125 2cy/Tcosp — A J(r,¢) (B-6)

T
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Note that, for the + band, the band velocity v,(;) = %6&“’“ can be expressed as

Ok;
v,(f) = 2augcos py/Tcosp — A, (B.7a)
v,(cy) = wpcsin g, (B.7b)

where vy = hETOO
The DOS at the semi-Dirac transition point (A = 0) at the energy € > 0

can be obtained analytically as
d’k
- = 5(e—
D(E) g/ (271')2 (8 €+,k)
[ J(r9)
= 29/ d?”/ dd) 5(6 - 507“)
0 _x o (2m)?

_ 2kVIK(1/2) <>

7T2C€0 €0

(B.8)

where g is the spin degeneracy, and the factor 2 originates from the dupli-
cate parts of the Fermi surfaces parameterized by o = +1. Here, K(k) =
S0 o [(2n — 1)1/(2n)!1)? k>* is the complete elliptic integral of the first kind
with K (1/2) ~ 1.854 [45]. Note that the Thomas—Fermi wave vector is deter-

mined by the DOS at the Fermi energy er given by

ome? dgaokov2K (1/2) 2
me « EF \ 2
g1r = 22 Der) = 2020k (=) (B.9)
K e €0
where o = H%io is the effective fine structure constant.
The carrier density is thus given by
3
e 492K (1/2 2
n = / ng(g) = nog\[i;/) <€F> , (B.lO)
0 3mec €0

where ng = k:g. Note that ep ~ ns and D(ep) ~ ns.
Figure 4.2 in the main text shows the calculated DOS and the carrier density

for each phase.
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B.2 Density dependence of dc conductivity in black
phosphorus

In this section, we derive the dc conductivity at zero temperature for 2D multi-
band systems with anisotropic energy dispersion. To consider the anisotropy of
the energy dispersion, we express the multiband anisotropic Boltzmann equa-

tion in Eq. (4.7) using the transformed coordinates in Eq. (B.6) as follows:

¢max j d)/) () U(Z) .
_ / i) _ Yo (i)
1 = Z/ dr/ d (2n)? Wkk/ (Tka 0 Thot o

¢1n 1x ko

- Z/ / ;ifIQZC rfosgb’

2m i ad (i) (i
X { 7 Nimp | Vil | kk’ d(eor — 507"/)] (T;ﬁi - dkk’( )Tl£'33¢'>

2r .k ¢/ r 0o’ (i) (i)
- T3 im / d ’ PV B
T DY %:/ o 2W| i PR ( ko — %kk Tk a)
(B.11)

where o = £1 represents each half of the Fermi surfaces, dzz‘, @) — v,(;,)a, / v,(:;,
and Foo' = 2 [1+cos(¢ — ¢/)] is the square of the wave function overlap be-
tween k and k' states in the same conduction (or valence) band. Let us define

k2 _ 2 2
po = ﬁ, Vo = k:2’ and (T) = T nimp Vi po, then we have

/
21 2/rcosd — A
Vi P (R - 7). (B.12)

where Vkojco,/(i) = Vkojco,/(i) /Vo and 711&2 = T,gg /7To. Here, frl d¢’ represents an inte-

gration over —@max(r) < ¢ < Pmax(r). Thus, Eq. (B.12) becomes

=3 a0 @00 - [ Lileaie)]. B
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where

~ (1) _ /déﬁl; aa’ |2 paa’
waa’(¢) - /Tj o 2\/m|vkk/ ’ Fk:k/7
(B.14a)
(6,:0) = 5o Vi PFGE .
(B.14b)
Since Eq. (B.13) holds for both a = %1, we can rewrite it as
i) (i d¢’ .
1= a7 (6) - / 42 (6,078 (B.152)
i (i d¢’
+ 00100 - [ 20,607,
i (i dg¢’
1= 0% @0 - [ Sralle.0)H ) (B.15)

i (i d¢’ _ ()
+ 19,0700 - [ 20,07 ),

Now, let us discretize ¢ to ¢, (n = 1,2,--- ,N) with an interval A¢p =
2¢max(r)/N. Thus, for 0 = 0 (¢n), we have

1 = PORFY ZP’)%%S1
+ pi Y ZP@ 70 (B.16a)
1 = PWnF Zp(z
+ PO_p 7 ZP o’ 1%(3 y (B.16b)
where PO, = ﬁ)( ) )/ (¢n) is an N-vector and PO, = N(Z o (Ony G ) A¢ is an

N x N matrix, which correlates the different ¢-dependent relaxation times for a
given («, o) combination. Note that Eq. (B.16) shares the basic structure with
the multiband scattering formula [68, 69] (which accounts for the scattering

between each half of the Fermi surface) and the anisotropic scattering formula

105



[70] (which accounts for the scattering between different ¢ and ¢’ points). Fur-
thermore, Eq. (B.16) is a 2N x 2N matrix equation with two independent
basis indices (a, ¢,,), i.e., index « for each half of the Fermi surfaces and the
¢-discretization index n.

Thus, the dc conductivity at zero temperature is given by

d2
~ 0 [ (s el
_ 622/ /d¢ko?“5 ST — F)VpaVinTin
—J 2(2m)2¢y/rcosd — A

dd) ro(r T‘F)UI(C)UI(CJ)TE)
= a Fo ka B.17
UOZ/ / Vrecosg — A ( )

where o9 = 962,001}87'0, rp = ep/eo and ﬁ,(w)l = vka/vo Thus, from Eq. (B.7), we

have

/
e =2y / 211 cos? oo/ con g — A7 (9)

0o

(B.18a)
Oyy 2 TFsm2¢> ~()
oo Z/ 27r2\/rpcos¢ A (4)- (B.18b)

Note that g, vg, po, and og are the density-independent normalization constants

in units of time, velocity, DOS, and conductivity, respectively.

B.3 Low-density approximate models for the insulator

phase and Dirac semimetal phase

In this section, we derive the dc conductivity of low-density approximate mod-
els for the insulator phase and Dirac semimetal phase. Note that the only
anisotropy considered in these models is the anisotropy in the effective mass or

velocity with the same power-law dependence in momentum.
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B.3.1 Insulator phase at low densities

For the insulator phase, as well as the Dirac semimetal phase discussed later, the
DOS and carrier density do not follow the simple power-law behavior. There-
fore, we utilize approximate models to understand the asymptotic behavior of
dc conductivity at low densities. When |er| > |eg| but the carrier density is suf-
ficiently small, the system can be approximated as a two-dimensional electron

gas (2DEG). From the series expansion at the minimum point of the conduction

p )2 coc® [k 2
(k) €0<k0> RN <k0>
h2k§+h2k:§

2my,  2my’

band, we have

(B.19)

fLQk(Z)
2e0

AR? k%
c2eg °

where m, = and my =
For comparison, we first consider a 2DEG with an isotropic energy disper-
sion given by

e(k) = 722:; (B.20)

As the system is isotropic, we can readily calculate the conductivity of each

case using the Einstein relation

Oiso = €D (ep)D, (B.21)

2
where D = “E is the diffusion constant and D(g) = 327 is the DOS for the

isotropic 2DEG. The relaxation time at the Fermi energy 7y is given by

1 2T Nim A2k
Lo P/(2W)2|ka,|25(s—sF)(1—cos¢')

2 Nimp M e

— V’21— /
h  2wh? ), (27r)‘ w1 = cosé)

2T Nimp M 9
h 27Th2 i2DEG>»

(B.22)
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where Vi is the angle-dependent potential on the Fermi surface and Vi%DEG =
I 2m d¢ |V¢/\ (1 — cos¢’) is the angle-averaged square of the impurity potential.

Therefore, the dc conductivity of the isotropic 2DEG is given by

2 ( gm > v h 2mh?
Oiso = =
50 2mh? 2 2T Nimyp mV2DEG

B ge’h h? k%
a 2mnimp Visppa \ 2m?

2
B ge“hep (B.23)
27mimpmV2DEG
;2k2
where vp = % and ep = ;mg.

Subsequently, let us consider the Fermi energy dependence of the dc con-
ductivity using the Einstein relation in Eq. (B.21). For short-range impurities,

VigDEG is a constant independent of ep; thus, we have

o~ e (B.24)

Here, we used v% ~ k:% ~ ¢ep. For charged impurities in the strong screening

limit, Vi2ppg ~ qﬁ% ~ D72(gp) is also a constant; thus,

For the anisotropic 2DEG with different effective masses in each direction,

we introduce the following coordinate transformation [(ks, k) — (k, ¢)]:

ky — 1/%k005¢,

mn (B.26)
ky = | —Zksin ¢,

m

which gives the Jacobian dk,dk, = Y™™ kdkdg. The band velocity v}, = 192

can be expressed as
(zy Dk

mmg

cos ¢,
(B.27)

v,(cy): ik sin ¢.
Ny

108



Subsequently, the energy dispersion becomes isotropic in the transformed
coordinates; thus, the DOS is given by

G/ TNy

D(e) = 2mh?2

(B.28)

The relaxation time of the anisotropic 2DEG for k at the Fermi energy can
be obtained by solving the coupled integral equation [Eq. (4.7) in the main
text]. For short-range impurities or charged impurities in the strong screening

limit, the scattering potential Vi = Vj is independent of the angle, thus it can

be shown that T,gi) = 5(,? = 7). Then the coupled equation can be simplified
as
1 2mnimp [ &K 5 v,(;/)
T T h /(2@2|ka/| 0(ek —ew) | 1 - o)
2T Nimp /MaMy —
= i . S “VipEG (B.29)

_ ) ()
where Vg = 02” %]VO\Q (1 - > = |Vp|? is the angle-averaged square of

Uk/
ol
the impurity potential for the anisotropic 2DEG. Note that 7( is independent

of the direction 3.

Therefore, the conductivity of the anisotropic 2DEG is given by

2
o = geZ/ ¢’k 8(ep — e(k))vDop) ()

(2m)?
2 27
ges/mym do .
= o Y e ; —2WU§)U§J), (B.30)

where 7y is the relaxation time at the Fermi energy. When the electric field and
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the current density are along the z-direction, the conductivity o,, becomes

9 Mty (2™ dg [ (]2
o =g, 2w
ge’/mamy,  h 27 h?

2rh? 2 Nimp /My ViapEa
- /27T @kl%cos?gb
mmyg Jo 27

ge’hep m

- - . (B.31)
2 NimpVaappG™M Ma

Similarly, when the electric field and the current density are along the y-

direction, the conductivity o,, becomes

o 962\/mzmy7 °n d¢ {v(y)} 2
wo 27h? ¥ o 2mLF

_ ge2_hap m (B.32)

27rnimpva22DEGm my’ .

Therefore, the dc conductivities for the anisotropic case are modified as

Ogx = O'isoﬁa (B33a)
my
m
— Oiso——- B.33b
oo = (B.33b)

Thus, for short-range impurities or charged-impurities in the strong screening
limit, the Fermi energy dependence of the dc conductivities for the anisotropic
2DEG follows that of the isotropic 2DEG given by Egs. (B.24) and (B.25).
Note that, as the Fermi energy or the carrier density increases, the insulator
phase can no longer be approximated by a 2DEG model, and the energy disper-
sion follows that of the semi-Dirac transition point. Therefore, the power-law

dependence eventually follows that of the semi-Dirac transition point.
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B.3.2 Dirac semimetal phase at low densities

For the Dirac semimetal phase (A < 0), the series expansion at one of the band

touching points gives

H(k) = %0 (2vV=Bkeo + chyor ) (B.34)
0
= h(vikeop +vykyoy),
where v, = 27%(?60 and v, = %.

For comparison, we first consider an isotropic 2D Dirac semimetal with the

Hamiltonian given by
H(k) = hv (kyoy + kyoy) . (B.35)

The DOS is thus given by

gk ge
D(e) = = . B.
() 2mhv  2mwh2v2? (B.36)

The relaxation time at the Fermi energy 7w is given by

1 2MNim d*k'
E = 7 P / (277)2 ‘ka/‘szk/(S(E — EF)(l — COS ¢/)
27Tnimp k‘F 2m dqb/

- h 277711)/0 §|V¢"2F(¢/)(1—COSQ§/)

2mMNimp kP oo
- h 27Thvvigp’ (B-37)

where F(¢/) = 1(1 + cos¢') is the square of the wave function overlap and
‘_/izp = f027r ‘éi;r/ |V [2F(¢')(1—cos ¢') is the angle-averaged square of the impurity
potential. Therefore, the dc conductivity of the isotropic Dirac semimetal is

9 < gkp ) v? h  2rhv
Oiso = € - =
2mhv 2 27rnimp kF Vlgp

given by

25,2
ge“hv
== W. (B-38)
Mimp Yigp
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Subsequently, let us consider the Fermi energy dependence of the dc con-
ductivity using the Einstein relation in Eq. (B.21). For short-range impurities,

Vigp is a constant independent of ep; thus, we have

o~ &f, (B.39)

. L. . . .. =92 )
whereas for charged impurities in the strong screening limit, Vigp ~ a1F ~

D72(ep) ~ ep?; thus,
o~ &b (B.40)

Note that, even in the weak screening limit, \71; ~ kg 2o 51;2, and in general,

P
o~ 5% for charged impurities.
For the anisotropic Dirac semimetals with different velocities in each direc-

tion, we introduce the following coordinate transformation [(ks, k) — (k, ¢)]:

ky — Ek cos ¢,

o (B.41)
ky — —ksin ¢,
Uy
which gives the Jacobian dk,dk, = ;“—kdkdg. The band velocity vy = + 5
can be expressed as
(z)
v, | = Uy COS @,
* (B.42)
v,(cy) = vy sin ¢.

Subsequently, the energy dispersion becomes isotropic in the transformed

coordinates; thus, the DOS is given by

gk ge

D(e) =

= = . B.43
2mrhugvy  2mh2ugvy ( )

Similarly, using the same assumptions which were used in Eq. (B.29), for short-

range impurities or charged impurities in the strong screening limit, we can

112



calculate the relaxation time of the anisotropic Dirac semimetals given by

(@)
1 27Tn1mp/ d2k/ Uk/
_ = 5\ View |* For 6 (er — enr) | 1 — =5
70) o) (2n)2 N
2MNimp gk o
= V. B.44
h 2mwhugu, 8P (B4
L)
where V2 = 2” d¢ ’V()\QF( ') < ’(cz,)> = IVZ‘Q
Uk

of the impurity potentlal for the anisotropic graphene. Note that 7@ for the
anisotropic Dirac semimetal is also independent of the direction .

Therefore, the conductivity of the anisotropic Dirac semimetal is given by
o2 [ PR @00 6) BAS
n = o [ yeder — (k)7 (B.45)
ge2vk /2” do (z
L S
0

v .
2mhvzvy 27r F

When the electric field and the current density are along the z-direction, the

conductivity o, becomes

_ ge%k: 7_ /27Td¢) [U(I)]Q
2mhvzvy ¥ o 2m LT

ge’vk h 2mhvgv, 2/27rdgb 9

Ozx

27Uy 2T Nimp UkVa2gp “Jo 27 €08
__ge’m? v (B.46)
47mimpVa2gp V2

Similarly, when the electric field and the current density are along the y-

direction, the conductivity o,, becomes

o _ 9621),14: - / 7(;5 |: (y)}Q

v 2mhvzvy ¥ 0o 2w F
_ oy (B.47)
N 4Wnimpva%gp v?’ .

Therefore, the dc conductivities for the anisotropic case are modified as

v
Ozx — 0150077 (B48&)
2
oy = il (B.48b)
yy iso’ 2 .
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Thus, for short-range impurities or charged-impurities in the strong screening
limit, the Fermi energy dependence of the dc conductivities for the anisotropic
graphene follows that of the isotropic graphene given by Eqgs. (B.39) and (B.40).

Near the van Hove singularities, where the energy dispersion can be ex-

-~ C2~2
panded as e(k)/so ~ |A] — k2 + L

STAT the DOS diverges logarithmically [67],

dominating the overall power-law behavior of the conductivity. Therefore, for

short-range impurities, the conductivity becomes

Ope ~ [=log(|A] —ep)]7?, (B.49a)

oy~ [—log(|A| —er)] . (B.49b)

For the charged impurities near the van Hove singularities, the conductivity

becomes

0ew ~ [log(|A] - ep)]?, (B.50a)

oy~ [log(|A] —ep)]. (B.50b)

Note that, as the Fermi energy or the carrier density increases, the power-
law dependence of the dc conductivity follows that of the semi-Dirac transition

point, as in the gapped insulator case.

B.4 Temperature dependence of chemical potential and

Thomas—Fermi wave vector in black phosphorus

In this section, we derive the temperature-dependent chemical potential and
Thomas—Fermi wave vector of few-layer BP. When the temperature is finite, the
chemical potential p deviates from the Fermi energy er due to the broadening
of the Fermi distribution function f(© (e,p) = [65(5*”) + 1]_1 where § = kBLT.

As the charge carrier density n does not vary under the temperature change,
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we have

n= " 4eD(E)fO e, p)

—0o0

— /OO deD(¢) {f(o)(s,u) + O (=¢, )
0
/EF d=D(e). (B.51)

Thus, the carrier density measured from the charge neutral point, An = n| u

n| u—0- 1S given by

ano— [ " deD(E) [£O () - 1O e —p)
/ " =D, (B.52)
0

where the first and second lines represent the carrier density evaluated at the fi-
nite and zero temperatures, respectively. Here, we used f(—¢e,u) = 1— f(e, —p).
By solving this equality in terms of u, we can calculate the chemical potential
of the system for a given temperature T'. See the Supplemental Material in [70]
for the simplified cases.

Subsequently, consider the temperature-dependent Thomas—Fermi wave vec-

tor grr(T). Note that, in 3D, ¢pp(0) = %D(EF) and at finite T, qrp(T) =

2me? %. Thus, we have
K Ou

qrr(T) B /°°
= deD(e B.53

are(0) ~ 2DG) Jy TP (B.53)

1 1
X + .
LJrcoshﬁ(s,u) 1+ cosh (e + p)

For a given T', the chemical potential is calculated using the density invariance
in Eq. (B.52), and subsequently, ¢rr(T") is obtained from the above relation.
When the DOS is given by a simple power law with respect to energy, we

can analytically obtain the temperature dependence of the chemical potential
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and Thomas—Fermi wave vector, and their asymptotic behaviors at low and
high temperatures.

Consider a gapless electron-hole system with a DOS given by D(e) =
Cqle|*1O(e), where C,, is a constant and O(¢) is a step function. Using the
results from the Supplemental Materials in Ref. [70], we can obtain

AR 16 ) (T < Tv),
A P (B.54)

EF 1 7\ @1
e (F) (0> 1)
where Ty = ep/kp is the Fermi temperature, 7 is the Dirichlet eta function, and
I is the gamma function [45]. For the temperature-dependent Thomas—Fermi

wave vector grr(7T), we obtain

qre(T) L - %2(0‘ -1) (Tlp)z (T < Ty),

a_ (B.55)
qrr(0) 2m(a — DT(a) (T%) ' (T > Tr),

For few-layer BP at the semi-Dirac transition point, the DOS is given by

D(e) x 5%; thus, a = % Thus, we have

wo_ R cem (13.56)
T g () >,
and
ar(@) _ J1-% (%)2 o I <Tr), (B.57)
O @) (F) @),

where grr(0) = grr is given by Eq. (A.8).
Figure B.1, Figure B.2, and Figure B.3 show the calculated temperature
dependence of the chemical potential p(7) and Thomas—Fermi wave vector

qrr(T) in various phases of BP using Eqs. (B.52) and (B.53), respectively.
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0 1 3 4 0 1 3 4

T/ZTF T/2 Iy
Figure B.1 Calculated temperature dependence of (a) chemical potential and (b)
Thomas—Fermi wave vector for the semi-Dirac transition point (A = 0). Here,
the black solid lines represent the numerical result, and the red/blue dashed
lines represent the high-/low-temperature asymptotic forms in Egs. (B.56) and
(B.57). If the chemical potential and temperature are normalized by ep and TF,

respectively, the result is independent of e at the semi-Dirac transition point.

B.5 Temperature dependence of dc conductivity at

the semi-Dirac transition point

Using Eq. (4.10) in the main text, we can generalize the conductivity tensor at
zero temperature to that at finite temperature. For f(0)(¢) = [z71ef + 1] -

where z = e* is the fugacity, S (¢) = —% = BfO(e) [1 - f(o)(s)] =

Bz"Lefe

[Caramyet Thus, the conductivity at finite temperature is given by
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&k [ 9fO(ex)
i) = oty [ 2k (_ Dlek) ) o000

> ! —1,B¢eor NP
2 o” pz""e @) ()_()
- Z/ dT/ dngC\/?m (z—leﬂﬁo'l‘ 4 1)2vkavka7_ka

Beoz P i) (5)-0)
UOZ/ / 27T2\/7m(z 1@5807"_|_1)2 Vka kaTka

(B.58)
Thus, from Eq. (B.7), we have
(1) = 2 Z/OO dr PeozlePeor / —r P/1 cos p — ATy
Oz = 209 > ), 1P 1) cos® ¢/ cos Ta
(B.59a)
& Begz~Lefeor / d¢ rsin?¢
T) = ¢ d (v)
7yy(T) €0 za:/o " (z271ePeor +1)2 | 27 2\/rcos @ — 2rcosg—A @ 7(9).
(B.59b)

To derive the asymptotic behaviors of o0;;(7) at low and high tempera-
tures, assume that the relaxation time can be decomposed into energy- and
temperature-dependent parts as 7 (e, T) = 7()(g)g® <TT—F) where ¢ <Tlp>
is the energy-independent correction term from the temperature-dependent
screening effect with ¢()(0) = 1. For short-range impurities, g <T1F> = 1. For
charged Coulomb impurities, we expect g (T1F> ~1—AO <T1F>2 at low temper-
atures, whereas at high temperatures, the energy averaging typically dominates
over the screening contribution and we can assume g (%) ~ 1. Suppose the
following power-law dependence: D(g) ~ £*~ 1, v () ~ ¥, and 7 () ~ &7,
Subsequently, by rewriting Eq. (B.58) as an energy-integral form, we obtain the

asymptotic power-law behavior of the temperature-dependent conductivity at
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low and high temperatures as

o4 (T) 1+ [ 56— )5 — A0 (%)2 (T < Tp),

06+ n(6) (£)' (7> Tr),
(B.60)

where § = a — 1 + 2v + . (See the Supplemental Material of Ref. [70] for the

detailed derivation of the power-law analysis of the temperature-dependent dc

conductivity.) For the semi-Dirac transition point (A =0), o = %

For short-range impurities, g (TLF) =1 and from the energy dependence of

the relaxation time, v = —%. Thus, from Eq. (B.59), the asymptotic behavior

is given by
G2 (T) 1- 3 (%)2 (T < Tr),
0 = " (B.61a)
Tua log 2 (%) (T > Tr),
o(T) 1—e TF/T (T <« Tr),
owll) (B.61b)
oyy(0)

e (B) @,

Here, the extra terms in oy,(T")/0y,(0) were obtained through the next-order
expansion of the temperature corrections.

il
6

For charged impurities in the strong screening limit, A® = which is two

times the low-temperature coefficient % in Eq. (B.57), and v = % Thus, we

obtain

1 T < Tr),
0”((5)) - , ( F) (B.62a)
Orx 72

= (£) @ >,

2
2 T

o(T) _ 177 (ﬁ) (T < Tr), (B.62b)
4y(0) log 2 <T1F> (T > Tr)
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As the screening strength decreases, the low-temperature coefficient in Eq. (B.60)
increases, because the screening coefficient A% decreases whereas the other part

remains positive.

B.6 Temperature dependence of dc conductivity in
the low-density approximate models for the in-

sulator phase and Dirac semimetal phase

In this section, we present the temperature dependence of the chemical poten-
tial, Thomas—Fermi wave vector, and conductivity of the low-density approxi-
mate models for the insulator phase and Dirac semimetal phase, which are the

gapped 2DEG and graphene, respectively.

B.6.1 Insulator phase

We introduce the gapped 2DEG model system with the energy dispersion given
by e(k) = +eg [A + (k/ko)?] with A > 0, to account for the thermal excitation
behavior involving the band gap between the valence and conduction bands,
similar to the insulator phase. Note that the effects of the difference between
the effective mass of each direction are canceled out by zero-temperature nor-
malization.

Figure B.4 shows the calculated dc conductivities as a function of the tem-
perature for the gapped 2DEG system in the low-density limit with ep = 1.1¢g
along with the result of the insulator phase with the same Fermi energy (see
also Fig. 4.8 in the main text). At low temperatures, the calculated results
of temperature-dependent conductivity in the insulator phase show a similar
behavior as that of the low-density approximate model. However, as the tem-

perature increases, the discrepancy between the two results increases, and in
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the high-temperature limit, the conductivity becomes similar to that of the

semi-Dirac transition point.

B.6.2 Dirac semimetal Phase

For graphene (which is an approximate model for the Dirac semimetal phase
in the low-density limit) from Eqgs. (B.54) and (B.55) with o = 2, the low— and

high—temperature asymptotic behaviors for chemical potential are given by

2 (1)?
po_ Pow () @<t .
o e (&) (T>T),
whereas those for the Thomas—Fermi wave vector are given by
9 2
m@ _ -5 (F) @<, 560
arr (0) 2log2 (%) (T > Tf).

As shown in Figs. B.3(a) and B.3(d), the result of the low-density approximate
model and the numerically calculated result of the Dirac semimetal phase in
the low-density limit are consistent with each other. For short-range impuri-
ties, the asymptotic form of the temperature-dependent conductivity becomes
[Eq. (B.61) with v = 0]

op(T)  J1-e T (T < T),

(B.65)
ogp(0) 1 1 7\ 2
&P 3T 16log 2 (TT:) (T > Tr),

whereas for charged impurities in the strong screening limit, [Eq. (B.61) with

v =2

(B.66)
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Figure B.2 Calculated temperature dependence of (a)-(c) chemical potential
and (d)-(f) Thomas—Fermi wave vector for the gapped insulator phase with

A =1 at (a), (d) ep = 1.01eq, (b), (e) er = 1.1ep, and (c), (f) er = 1.5¢p.
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Figure B.3 Calculated temperature dependence of (a)-(c¢) chemical potential
and (d)-(f) Thomas—Fermi wave vector for the Dirac semimetal phase with

A =—1at (a), (d) ep = 0.01ep, (b), (e) er = 0.9¢0, and (c), (f) er = 1.1ep.

123



30 , , , . 120 , , , 400

(a) Short range . (b) ap = 1000 / 250l (€) g =1 /|
T 100t ]

80+

60+

40+

20

3 4

3 4 0 1

0 1

2 2
T/Ty T/Tx
Figure B.4 Calculated dc conductivities as a function of the temperature for the
gapped 2DEG system in the low-density limit with A = 1 for (a) short-range
impurities, (b) charged impurities with ap = 1000, and (c) charged impurities
with ag = 1. Here, ep = 1.1¢q is used for the calculation. The red dashed lines
and blue dashed-dotted lines represent the conductivity of the insulator phase

ms a‘1,1(1 O.IHS

(with the same Fermi energy) ops e

respectively.
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Appendix C

Magneto-thermoelectric transport
equation in anisotropic systems

When we take the thermal gradient into account, on top of E and B, the

equation of motion (%) would be modified as

d . .
l :k'kakr“‘r'vrfkr

dt
o Of Of Of

~ hk - vy Der +k- Vg + 7 | Viep o + V., T aT

= [—hk Cvp 1 (vm + E’“T_ HVTT” SO (e)

+i€ - Vigk, (Cl)

where T is the temperature, and p is the chemical potential. As the thermal gra-
dient makes the system inhomogeneous, we can see that the position-dependent

terms such as V. fr, were recovered.
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Expanding the equation of motion Eq. (C.1), we get

d . — :
di; = [—hk-vk +7 - (VTMJF ng MV,I)} SO (&) + k- Vigr

S(O) 2
= Dk |: qE ’Uk-l- e (E B)(Qk 'Uk)

q q Ek — [

+ <’Uk; — ﬁE X Qk — %(’Uk . Qk>B) . (Vru + T VTT>:|
_I_g(vk X B) - Vg

he Dk

S(0) q
= Dy [ q€ - vk—i-h (&- B)(kak)—ﬁ(Eka)-V,«u
+€’“T_’”‘ " VT—%Ek KB x Q) -V, T

q ek —p q (g X B) - Vigy

(0) _

:i)k ['vk- <—q5—|—€k “v,w) —%(Exﬂk)- <vm+€’“ advi T)

q2

qer—p q (vp X B) - Vigi
oo (o ) (B VTT)} + Dy (C.2)
. -V, T q (vk X B) - Vigr
— _q0) _ 4
Sy <q8 + (ex — 1) T ) + he Di

-V, T
= -850y, <q8 + (e — 1) T > + ;L]c(r x B) - Vi,

where &€ = E — V,u/q, and we have further ignored the higher-order electric
field terms for k - Vi gg.

Using the modified ansatz for g,

g = Z[qg(”Té’)Jr(é‘k—u)Tr T (Z)} iSO (e)
=1
+ Z (00 99_pw) C.3)
e €ijk T rk FTAG) , (C.

(N

(%)

where 7,7 and 7, T6)

, are the magneto-thermoelectric transport relaxation times.
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It turns out that these relaxation times are equivalent for elastic scattering, i.e.
(1) _ T()

T =T - Then we can write
ge=> imaw, (C.4)
where
(i - z' q 8gk
G Z zgkak(j 7 (05)

where Géi) =q [S(i) + (e — p)t] SO (e), and t = _qva. Introducing the modi-

fied version of an inverse mass tensor IM, where

197
YR ok (0
then Eq. (5.27) becomes
¢ =g+ 2 Zewkmﬂ%f;@ (C.7)
7.k Vg

Again, we solve the Eq. (C.7) recursively (using an assumption that G is

independent of 7) to get
d

gk = Zrk Tkl)G Z r,(c)T,S)]N”G(]) (C.8)

i,7=1
where IN = (]1 — IF%)_ with its elements changed accordingly, from the defini-
tion in the main text.

Rewriting the equation of motion Eq. (C.2) in terms of g, we get

d
k- Vifrk + 7 Vifrr= > 1 NG, (C.9)
ij=1
Finally, we arrive at the Boltzmann equaion (assuming G = G')
d
d i ;
@ _ S i NGy (C.10)

dt “
3,j=1

dk!
—Z / D Wi, (17— #r ) W, C).
t,j=1
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Since we are only considering the terms that are linear in E, we ignore the
terms in 7 and IN that depends on E. Then » — v}cn‘)d. Carrying out the rest

of the equation, we get

Aok’ ; UH}Od(i) ;
/ﬂ_Dk’Wk’k (T,E:) — WTI&) = 1, (Cll)
k

which is the same form as Eq. (5.38) in the main text.
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Appendix D

Diluted magnetic Dirac-Weyl
materials: Susceptibility and
ferromagnetism in
three-dimensional chiral gapless
semimetals

D.1 Cutoff dependence of the range function

To derive the asymptotic behavior of Eq. (6.6) at zero temperature, we use the
fact that the zero-temperature intrinsic polarization function x(q,7" = 0) is

proportional to the DOS, which is given by
X(q, T =0) o g™ ", (D.1)

where d is the dimension of the system. Then, the range function x(r) =

x(r,T = 0) becomes

x(r) =C /0 " da? N ), (D.:2)
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where C' is a momentum- and position-independent constant. Here, fy(qr) is

defined by
Jo(gr) (d=2),

fa(qr) = (D.3)
jolgr) (d=3),
where Jy(z) and jo(z) = #2Z are the Bessel and spherical Bessel functions of

the first kind, respectively.
First, consider the 3D case. Using the following integral (see Eq. (3.761) in
Ref. [161])

1
/ dzz ! sin(az) = 2—Z [M(p, pp+1,ia) —c.c], (D.4)
0 H
where a > 0, Re(u) > —1, p # 0, and M (a,b, z) = 1Fi(a;b; z) is the Kummer’s
confluent hypergeometric function, we obtain x(7) as

_ C _Z.(QCT)57N
~r6=N 2(5—N)

x(r) [M(5— N,6— N,ig.r)—c.c.].

(D.5)

The asymptotic behavior of M(a,b,z) at a large z is given by (see p. 508 in
Ref. [40])

~ e? 700 (=2)°
M(a,b,z) =~ T'(b) T(a) + I'(b—a)

(D.6)

Therefore, at large distances (g.r > 1), x(7) in 3D can be expressed as follows:

_ Acos(qer) B
~ r2 - F6—N

x(r) (D.7)

where A and B are constants. When 6 — N < 2,i.e., N > 4, the second term in
Eq. (D.7) dominates over the first term. Since the magnitude of the oscillating
term is smaller than that of the monotonic decaying term, the oscillation of
the range function mostly occurs at positive values. In contrast, for N < 3, the
oscillating first term dominates. Therefore, the range function oscillates with a

period 27/q., and its amplitude decays as 1/r2.
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Similarly, for 2D, we find that when 4 — N < %, i.e., N =3,4,---, the range
function decays as 1/74~V, while for N = 1,2, it oscillates with a period 27 /ge,
and its amplitude decays as 1/ r2. This result is consistent with Min et al. [158]

for 2D gapless semimetals.

D.2 Effective RKKY coupling with the exponential

disorder cutoff

From Eq. (6.9) in the main text, the normalized effective RKKY coupling with

exponential damping is given by

R/a
0

70
oo R/a R
+ /O—/O P2dix(r,T)e” & (D.8)

eff
R/a r—
= / 72 dix(r,T) <1 - e_TR> + F(T),
0

where 7 =r/a, x(r,T) = x(r,T) /Dy, and

F(T) = /OOO P2dix(r,T)e &, (D.9)

which can be rewritten as (see Eq. (6.623) in Ref. [161])

R

F(T) = /OOO Pdix(r,T)e” & (D.10)

_ /%“ Pdi 2e(29)2T(2)
0 2/2¢m3 Ry (1/R2 + ¢2)
/‘k“ ¢*dq eR*%(q,T)

2 ~ \2’
o 7 <1+(12R2>

sx(q,T)

where § = qa, R = R/a, X(q,T) = x(q,T)/Di(a"), and T is the gamma

function.
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