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ABSTRACT: By applying the recently proposed (3D rank-0 N'=4 SCFT)/(non-unitary
TQFTs) correspondence to S-fold SCEFTs, we construct an exotic class of non-unitary
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subgroup of T[SU(2)] theory with Chern-Simons level k. We give the explicit expression
for modular data, S and T matrices, of the TQFTs. When k = 4m? + 4m + 3 with an
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Haagerup-Izumi modular data. Thus, we give a physical realization of the exotic non-unitary
modular data as well as its generalization using an exotic class of SCFTs.
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1 Introduction

Recently, there has been growing interest in classifying conformal field theories (CFTs)
and topological field theories (TQFTS) in various space-time dimensions. They describe
universal macroscopic behaviors of many-body quantum or statistical systems, ranging from
critical Ising model, fractional quantum hall systems to quantum gravity via holography
principle. Exact results in TQFTs and supersymmetric CFTs (SCFTs) have triggered the
currently ongoing explosion in the area of physical mathematics, see [1] for a recent nice
review on the subject.

In this paper, we focus on two corners of the big classification program, classification
of 3D N = 4 rank-0 SCFTs and 3D non-unitary TQFTs, and their intricate interplay.
Being rank-0 means absence of Coulomb and Higgs branches. Despite its simplicity, these
rank-0 theories have been overlooked in the classification program until quite recently.
One reason is that most classification schemes of SCFTs with 8 supercharges rely on the
existence of the vacuum moduli spaces and its geometric structures, which are absent in
the rank-0 theories. Another reason is that most rank-0 SCFTs do not allow microscopic
Lagrangian description with manifest 8 supercharges. They are constructed through a
non-trivial SUSY enhancement mechanism. Recently, the rank-0 SCFT turns out to
contain a pair of non-unitary (semi-simple) TQFTs, say TFT4 in a Coulomb/Higgs branch
limit [2].! The (rank-0 SCFT)/(non-unitary TQFTs) correspondence provides a novel
classification scheme of rank-0 SCFTs by studying its associated non-unitary TQFTs. Using
the correspondence, for example, one can derive a lower bound on F' (round 3-sphere
free-energy) for N/ = 4 rank-0 SCFTs [2]. In this paper, we use the correspondence in
the opposite direction and construct a new class of exotic non-unitary TQFTs from a
known class of rank-0 SCFTs called ‘S-fold SCFTs’. The theory is obtained by gauging

LGenerally, one can consider a pair of non-unitary TQFTs associated to any N = 4 SCFTs via topological
twisting using SU(2)z or SU(2)r subgroup of the SO(4) ~ SU(2);, x SU(2)r R-symmetry. For non-zero
rank case, the resulting non-unitary TQFTs are non-semisimple and thus are not genuine TQFTs satisfying
Atiyah’s axioms. Understanding mathematical structures of the generalized notion of TQFTs and its relation
to 3D SCFTs are currently active research area [3-5].



the diagonal SU(N) subgroup of the T[SU(N)] theory with Chern-Simons level k. Various
interesting aspects of the S-fold theory has been uncovered recently. For example, they
appear naturally in the context of 3D-3D correspondence [6], enjoy SUSY enhancement [7-9],
have non-geometrical holographic dual [8] and have exactly marginal deformation preserving
N = 2 superconformal algebra [10]. We focus on the case when N = 2 and the S-fold
SCFTs will be denoted by Si. Based on the exact computations of BPS partition functions
combined with basic dictionaries of the correspondence and consistency conditions, we
propose the explicit expression for modular data, S and T matrices, of the non-unitary
TQFT, TFT[S] for all k > 3. The modular data is given in (2.18). When k = 4m? +4m+3
with m € N, interestingly, the modular data is identical to a non-unitary Haagerup-Izumi
modular data [11-15] modulo a decoupled U(1)2 or U(1)_2. The modular data draws much
attention since it contains exotic fusion algebra (i.e. generalized symmetry) which can not
be constructed in the conventional approaches based on finite group or affine Lie algebra.
We give a physical realization of the exotic modular data from a Coulomb or Higgs branch
limit of the exotic (rank-0) 3D SCFTs? and generalizes it to arbitrary k > 3.

2 Non-unitary TQFTs from S-fold SCFTs

We review a field theoretic construction of S-fold SCFTs and its various supersymmetric
partition functions. From the computation, we extract the partial information on the
modular data of the non-unitary TQFTs appearing in the Coulomb/Higgs branch limit. By
imposing universal properties of modular data on the top of the partial information, we can
determine the full modular data given in (2.18).

2.1 3D S-fold SCFTs and its BPS partition functions

The T[SU(2)] theory is a 3D N = 4 U(1) gauge theory with 2 fundamental hypermulti-
plets [18]. The theory has UV SU(2)y x U(1)¢ flavor symmetry which is enhanced to
SU(2)g x SU(2)¢ in IR. The theory has vacuum moduli space H x C where both of
Coulomb branch C and Higgs branch H are C?/Zy. The Coulomb branch (resp. Higgs
branch) is parametrized by scalar fields charged under SU(2)¢ (resp. SU(2)y). By gauging
the diagonal SU(2)%#& subgroup of the SU(2)y x SU(2)¢ with a non-zero Chern-Simons
level k, all the vacuum moduli are lifted. Generally gauging with non-zero CS level k breaks
N = 4 supersymmetries to A/ = 3. But thanks to the nilpotency property of the momenta
maps, pg and pc, of the SU(2)y x SU(2)¢ symmetry, the gauging does not break any
SUSY. When |k| < 2, the gauge theory has a mass gap and flows to a unitary topological
field theory (TQFT) in IR. For |k| = 2, there is a decoupled free hypermultiplet. For
|k| > 3, the theory flows to a rank-0 N' =4 SCFT called ‘S-fold SCFT".

T[SU(2)]

S-fold SCFT: S;. =

(2.1)

2Recently, a lattice model realization of a 2D CFT with Haagerup fusion algebra are studied [16, 17].
The Haagerup-Izumi modular data is a generalization of quantum double of the Haagerup fusion category.



The (rank-0 SCFT)/(non-unitary TQFTs) correspondence predicts there is a pair of non-
unitary TQFTs, TFT4[Sk], associated with SCFTs. Due to the self-mirror property of the
T[SU(2)] theory, the two topological field theories are identical and will be denoted simply
by TFT[Sk]. To extract the modular data of the TQFT, we compute the BPS partition

3
functions using localization. First, the squashed 3-sphere partition function Zg: (m,v)
is [19-22]

Sy 1 [dXdZ
ZS: (m’ l/) - 5 21h Iﬁ(X’ Z; W)‘W:m-i-u(iﬂ-f—g) ’ where
2miX X2+ 2X — 22+ W2 — (ir + YW
Ty(X, Z;W) = 4sinh(X) sinh ( mi ) exp ( + 2 )2; (im+ )
W+ h/2 A
X ( IT s (61Z+62X++”;+/>) (3 (—W+i7r+ 2) .
€1,e2==%1

(2.2)

Here 15, is the non-compact quantum dilogarithm (Q.D.L) function and A = 27ib? where
b is the squashing parameter. We follow the notation as in [23]. The S-fold theory has
N = 4 superconformal symmetry which includes SO(4) ~ SU(2), x SU(2)g R-symmetry.
In terms of the NV = 2 subalgebra on which the localization formula is based, the two
Cartans of SO(4) R-symmetry correspond to the superconformal U(1)g symmetry and a
flavor symmetry U(1)4 called ‘axial symmetry’. The charges, R and A, of the U(1)g and
U(1)4 are

R=Jk+ gk —— A=Jl-Jk (2.3)

Here J& € 7,/2 and JF € Z/2 are the Cartan of SU(2)* and SU(2)% respectively. In the
localization computation, one needs to choose a U(1) R symmetry, which is not necessarily
identical to the superconformal R-symmetry. The general choice of U(1) symmetry is given
by a linear combination of the U(1)r and U(1)4 symmetry parametrized by a mixing
parameter v € R, whose charge is given as

R, =R+ VvA. (2.4)

v = ( corresponds to the superconformal R-symmetry while R,—; = 2,{{4 and R,—_1 = 2J§2.
m in the above is the real mass for the U(1)4 symmetry.

By expanding the integrand in the asymptotic limit 7 — 0, one obtains quantum
twisted superpotential

h 1
log Z4(X, Z; W = m + w(im + 3)) =0, FWo(X, Zym,v) + Wi(X, Zim,v) + O(R).
(2.5)
For computation, use the following asymptotic expansion of the Q.D.L.
1 1
log ¥y (Z2) —=2% #Lia(e ™) = S log(1 — ™) +-O(h). (2.6)



From the first two terms {WWp, W1} in the expansion, one can obtain Bethe-vacua (zq4,%q) €
Sp.g. and their handle-gluing H,, and fibering F,, as follows [23-26]

Spe.(m,v) = {(z,2) : (exp(dzWs),exp(dxW0)) | Z-1og 2, X sloga = (1,1), @? # 1}/Z3
= {(ch xa)}g_:%) )

Hao(m, v) = exp(—2Wi) det 0;0;Wo (we define 0y := 0z, 02 := 0x),
i,

| Z—log za, X —log xq

Fulm, v) = exp (_W@ — 271'mclY . (Z,X))

27

Z—log zo,X —log xq

(2.7)

In the computation of the fibering operator, the integer-valued vector i, = (nZ,n)’) is
defined by

0;(Wo — 21l - (Z, X))| 2108 20, X —logze =0, 1=1,2. (2.8)

The Z;Neyl symmetry act as

1
Zy x e = (2.9)
x
and we need to discard the Bethe-vacuum invariant under the symmetry, i.e. 22 = 1. Using
them, we can compute the twisted partition function ZMs» (m,v)

2ZMar(m,v) = Z He(m, v)9  Fo(m,v)P. (2.10)

a€Sp.E.(m,v)

The M, , denotes the degree p bundle over genus-g Riemann surface ¥,. To preserve
some supercharges, we turned on a background magnetic monopole flux coupled to the
U(1)g, symmetry.

Using the above expressions, one can compute the H, and F, for the S theory. There
are (2k 4 2) Bethe-vacua and their handle-gluing/fibering operator at v = +1 and m = 0 are

{Ha(m = 0,0 = )} = {(ag?)®2, (a;2)®09), (az2) 50D, (a52)52}

A 2%+1
{Falm =0, = +1)}2k1! = {627”6 exp(27riha)} . with
a=
E+2 A2 B? k+2
{ha}ik:-t)l = {07 * ’ s 71 o) ) iv 0}
4 Ak =2)lgy g3 HE+2)Ipoy kg 4
(2.11)

0 is a rational number which is sensitive to local counter-terms. Here ag 123 are

(ao, a1, a2, a3)

_< Lo 1 1 11 ) (2.12)
A8k —2)  VBE+2) V2k-2)V2k+2) BKk-2) Bk+2))




2.2 Modular data of TFT[Sk>3]

As a main dictionary of the (rank-0 SCFT)/(non-unitary TQFTS) correspondence, it is
proposed that

Zol (m = 0,v = 1) = Z8 . (2.13)

Here Z;\/P[ﬁf’[’sk] is partition function of the non-unitary topological field theory TFT|[Sy]
on M, ,. For general bosonic topological field theories, on the other hand, the partition
function can be given in terms of the modular data, S and T matrices, as follows

r—1

Zopr =3 (S00)207 (Tua )P - (2.14)
a=0
Here r is the rank, i.e. the dimension of Hilbert-space on two-torus, of topological field
theory. Generally, the S matrix is symmetric and unitary while the 7" matrix is diagonal
and unitary. By combining BPS partition function results in (2.10) and (2.11) with (2.13)
and (2.14), we can extract some parts of modular data of TFT[Sk] as follows

{IS0a(of TETISDIZEY = {a§?, o "™, a5 a5} |
(2.15)
(Top of TET[Sk]) = 0a,pexp(2mihy), where hq is given in (2.11).

A remaining non-trivial task is to find the full S-matrix satisfying following SL(2,Z)

relations®

S2—C, (ST) =exp (2”180261) c, (2.16)

where C is a permutation matrix called charge conjugation and cyq € Q is so-called 2d chiral
central charge defined only modulo 8. A priori, there is no reason to expect that the partial
modular data obtained from the handle gluing/fibering operators of a supersymmetric gauge
theory can be completed into unitary S and T matrices forming a SL(2,Z) representation.
To be completed to full SL(2,Z), for example, the handle-gluing/fibering operators should
satisfy following non-trivial conditions

Fal=1, > H'=1,
“ 1 (2.17)
a=0 -

and 3 a Bethe-vacuum « = 0 satsifying | ZH;lfa| =H
[0

These conditions are not satisfied for generic N’ = 2 or N' = 4 theories. The first condition
implies that the diagonal T-matrix is unitary, 2nd means (5%)gp = 1 and the last one
implies that [(STS)oo| = [(T~1S7'T1)g|. All the conditions above are satisfied for
the handle-gluing/fibering operators in (2.11). The (rank-0 SCFT)/(non-unitary TQFTs)
correspondence further predicts that for 3D N = 4 rank-0 SCFTSs the full SL(2, Z) completion
is always possible and it can be embedded into a non-unitary modular tensor category.

3Conventionally, the T matrix is defined as T = a5 €Xp (2772'( o — C2—‘i)) and satisfies (ST)® = C where

24 |
hq is topological spin. Our T is different from the conventional T' by an overall phase factor exp (2”;#).



As a main result of this paper, we propose following modular data of the non-unitary
TQFT TFT[S]:

(S of TET[S])

ag aop ay ay aip --- ai —a —az2 —ag - - —az as as

ao (=D Fay |—ay a1 —ay - (=1)*3a1| aa —as az--- (=1)"*2as| (—=1)*az a3
al —al —al al
al al ai ai
ar —a 2a1 cos 12‘7_7; 0 —a1

. . 1<i,j<k—3

_ aq (—1)k73a1 (—l)kfgal aq
—an a9 —a a9 ’
—a9 —a9 a2 a2
—az az 0 2a2 cos % —az az
k+2)

: : 1<i,j<k+1 : :
—as (—1)k+2a2 (—1)k+1a2 as
az (=D *az |—ay a1 —ay - (—1)*3a1| —agas —as - (=1)*lay | (—=1)*agap
az as ay ap ap --- ax az az az --- az ag Qo

(T of TFT[Sy))

ding [e (2 .{0 k+2 A2 B? k+2 0})]
=di xp | 2mis 0, ——, —— YRR ; ) :
4 Ak —=2)lay g3 HE+2)Ipoy gy 4

(2.18)

Here {a;}?_, are given in (2.12). There are 2 + (k —3) + (k + 1) + 2 = 2(k + 1) simple
objects which will be denoted as

{11}, {LYD), {J3E and {V,V}. (2.19)

One can check that the modular matrices satisfy the SL(2,Z) relations in (2.16) with
C = (identity) and coq = 1. The fusion coefficients Ngﬁ can be computed using the Verlinde
formula

SuoSps S
N, = § :7”" 2.2
af Soo ( O)

g

and the non-trivial fusion coefficients are

For even k,
V][] =[], [V]x[L]=[lk-—2-], [1]x[Ji]=[Tpsa-i],
] x[V]=[VT], []x[V]=[V],

VIx L=+ > (LI+15])+ { ;

Jii+j=even



VIx [ ==[Jl+ > (L+[5)+ {

jii+j=even

V]+[V'], i=even

V% [L] = Tp—a—i] + Y ([Ij]+[JjD+{ :

frik—ven 0, i=odd
V]+[V'], i=even

VI x [Ji] = —[Jryai] + Mj:even([fj] +[J5]) + {é 7] t[: (])dd

VIx[V]=[V]x[V]=[1]+[V]+[V]+ AZ (L] + [Ji])

VIx [V]=[1]+[V T+ > (I ;]

i:even

(73] % [1] = 0y (U + V]) + 0 jpea (VT + V) + >0 ([ +[A))

l:i+j+l=even
[V]+[V'], i +j = even
0, i+j=odd

+ Z (1] + {
(mod 2k—4)

l:|j—l|=t or j+l==%1i
[1i] % [J5] = 03 ([1] = [V]) + Sijra (T = VD) + >0 ([ + [
l:i+j+l=even
[V]+[V'], i+ j = even
0, i+j=odd

— > 7] + {

l:|j—1|=t or j+l==i(mod 2k+4)

[V]+[V'], i+ j = even
0, i+j=odd

Ll x [Ll= Y. ([W+[A)+ {

l:i+j+l=even

For odd k,
V] x [1]=[], [X]x[L]=[Tr—2-], []x[L]=[Teso-i],
] x[V]=[VT], []Tx[V]=[V],

VIix L=+ > (Ll+ )+ {

jii+j=even

VIx [h] = =T+ > ([Ij]+[Jj])+{ . ,

J:i+j=even

V] % [L] = Tp—2—il + ) ([%’H[%‘]H{

jii+j=odd
, ' ‘ [V'], i=even
V] x [Ji] = =[Jrto-i ]+31+]Z:odd([lj] + i) + {[V}, —odd
VIx [V]=[V]x [V]=[]+[V]+ > (L] +[J

i:even

(2.21)



VIx V)= [1]+[V]+ Y (L] + )
i:odd

(1] % [I;] = 6 ([1) + V]) + Gipgr—a(VT+ [V + > ([ +[A))
l:i+j+l=even

V], 14+ j = even
+ > (1] + {[ 1 o

Lj—l|=i or j+i==i(mod 2k—4) V], i+j=odd

[T < [J5) = 00 ([1] = VD) + SV = VD) + D> (L + )
l:i+j+l=even

V], i+ j =even
- > [J1] + {[ 1 o
Lj—1|=i or j4i=+i(mod 2k+4) V'], i+ j=odd

V], i+ j =even

(2.22)
V'], i+j=odd

L] x [ = Y. (L+ )+ {

l :i+j+l=even

Note that all the fusion coefficients are non-negative integers.
For lower k (3 < k <5), the modular data of TFT[Sk] can be identified with that of
following known non-unitary TQFTs.

TFT[Sk=3] = (Lee-Yang TQFT) ® (Lee-Yang TQFT) ® U(1)s,
(a Galois conjugate of SU(2)19 ) ® SU(2)2
Zgiag

TFT[Sk=5] = (a Galois conjugate of (G2)s ) ® U(1)_2.

TFT[Sy_a] = (2.23)

9

Z2 1-form symmetry and its gauging. The TFT[S] has 1-form Zy symmetry orig-
inated form the center Zs of the SU(2) gauge symmetry in S;. The 1-form symmetry is
generated by the anyon I’ with topological spin ho=ir1 = k%.

For odd k, the 1-form symmetry is anomalous [27] and its ‘t Hooft anomaly is the same
as in U(1)2 or U(1)_3 theory. Actually, the theory has a decoupled U(1)12 factor which

give the anomalous 1-form symmetry:

TFTo[Sk] ® U(1)2, kedZ -1
TFT[S;] = (2.24)
TFTo[Sk] @ U(1) 2, ke€4Z+1.

The modular data of the non-unitary bosonic TQFT TFT[Sk] is

ap as a -+ ai —az - —a2
(1/3 ao al DI al (1/2 DI a2
ay aj
. dijm
© 1 |2aq cos 32 0
Do -2
(S of TFTo[Sk]) ke2z41 = V2 1<i j<ks? ,
a1 ai
—a2 a2
0 2a5 cos 2T
k2|
1SZJST
—ag a




A2 B?
T of TFT =di 2mi — .
(T o 0[Sk])[ke2z+1 = diag {exp ( u {0,0, (k—2) A:1,...,%’ (k+2) ‘Bl’m’k;l })}

(2.25)

When k = 4n? + 4n + 3 with n € N, the modular data is identical to a non-unitary
Haagerup-Izumi modular data [11-15].
In the case k = 4n? + 4n + 3 = (2n + 1)? + 2, the topological spin for n anyons

corresponding to A =i(2n+1), i =1,--- ,nis 0 mod 1. Thus, if we rearrange indices so
that 7" matrix becomes diag[1,1;1,1,---,1,---], S-matrix becomes
—_———
n
ap as —ag -+ —a
a1loxn a112><n(2n+1)
az agp as -+ as
/
a1lyx2 a12pxn D Onxm
S=v2| ailyoninyxa| D7 £ 05(2n+1)xm (2.26)
—a2 a2
aii
Omxn 0m><n(2n+1) 2as cos k::]»g
1<i j< L
—as as

for some appropriate matrices D', E', and m = 2n? 4+ 2n + 2. We can see that it is identical
to (6.24) of [15], and is a Galois conjugate of (3.3) in [14] with w = 2. The specific form of
Galois conjugation [28, 29] is given by

(S of D*Hey,,y, in [14]) = TP TPSTP S,
) (2.27)
(T of D*Hg,,,,; in [14]) = TP

up to permutations, for p = 2 and p = E2-3
) 2 .
As a representation of SL(2,Z) = (s,t : s* = 1, (st)> = s2), the modular data is

equivalent to a direct sum of two irreducible representations pr—1 @ prt+s where
2 2

1‘\@ ...... V2
1 V2

S) = — ..
Pl = 7501 |+ |2c08 fiim
V2 1<i,j<d—1 (2.28)
2

A
pa(t) = diag [exp <2m' {0, — })] :
2d = 1lay g1

In [30], they study conditions for a direct sum of irreducible SL(2,7Z) representations to be

a modular data after an appropriate unitary similar transformation. The above modular
data satisfies the conditions.

For even k, the 1-form symmetry is non-anomalous and we consider the theory
TFT[Sk]/Zs after gauging the 1-form symmetry. For k € 4Z, the 1-form symmetry is



fermionic, i.e. ho_[) = %(mod 1), and thus we expect the resulting TQFT are fermionic.
The fermionic TQFT with k£ = 8 has the same modular data as one of newly found rank 10
TQFTs in [31]. For k € 47 + 2, the 1-form symmetry is bosonic and thus TFT[S;]/Zs is a
bosonic non-unitary TQFT and we can consider its modular data. The modular data after
the Zs gauging is [27, 32, 33]

(S of TFT[Sk/Z2)|keazt2 =

2&0 20,3 2a1 e 2a1 al al — 2@2 s — 2&2 —a —as
2@3 20,0 2a1 e 2@1 al al 2&2 s 2@2 as ag
2(11 2(11
4(11 COS % 2a1Jn,1 20,1\,]]”,1 0 0
1<i,j<n—1
2a1 2aq =hI=
T "
aiai 201754 bi+ b1 0 2v2 V2
T _an " )
aj ay 2(11Jn_1 b17_ b17+ 23 22
—2as 2a9
0 0 4ay cos ;fl 202, 202,
1<i,5<n
—2a9 2a9 =h
/L‘TL o Z"VL T
—a2 a2 0 22 2v2 2a2J;, ba+ Do
—ag az — 22\/5 21\/5 2a2];, bo—  bay

(T of TFT[Sk]/Z2)|keazr2 =

n®2 B2 n 4182
At & A+ gL, 4 ’

A2
diag [exp <27T2' {0, 0, (an)

(2.29)

where

n=——, JZZ (_1717_17"' ’(_1)71)’

bis=(—1)"ay + ——, and byt = (—1)"lay + .
1+ =(—1)"a o an 24+ = (—1)"""ay Wi

3 Discussion and future directions

In the paper, we find a novel class of exotic non-unitary TQFTs arising in a Coulomb or
Higgs limit of S-fold SCFTs with SU(2) type. There are many interesting generalizations
and future applications.

Generalization to T[G]/ G‘,:iag for general G = A, D, E and holographic dual.
By generalizing the work to more general S-fold SCFTs based on A, D, E Lie algebra, one
can consider exotic non-unitary TQFTs labeled by gauge group G = A, D, E and CS level k.
The gravity dual of the S-fold SCFT for G = Ay_; is studied in [8]. It would be interesting
to see the exotic fusion algebra from the holographic dual.

~10 -



Class R construction and its generalizations. The S-fold SCFTs have natural real-
ization in 3D-3D correspondence [6, 34, 35]. They correspond to a 3-manifold, mapping torus
whose fiber is once-punctured torus [6, 36]. By generalizing the 3-manifolds to more general
mapping torus and more general type of puncture, we expect interesting rank-0 SCFTs
and their associated exotic non-unitary TQFTs can be constructed. The modular data of
these non-unitary TQFTs can be obtained from topological invariants of the 3-manifolds as
studied in [37].

2D non-unitary RCFTs at the edge. From the bulk-edge correspondence, we expect
there is exotic class of non-unitary 2D rational conformal field theories associated to the
3D non-unitary TQFTs TEFT[Sk]. It would be interesting to bootstrap the exotic RCFTs
using the modular data proposed in this paper as an input.
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