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ABSTRACT

DESIGN OF DISTRIBUTED ALGORITHMS
VIA DISCRETE-TIME BLENDED DYNAMICS THEOREM

BY

JEONG W00 KiMm

DEPARTMENT OF ELECTRICAL AND COMPUTER ENGINEERING
COLLEGE OF ENGINEERING

SEOUL NATIONAL UNIVERSITY

FEBRUARY 2023

In this thesis, a discrete-time version of the blended dynamics theorem is de-
veloped for the use of designing distributed computation algorithms. The blended
dynamics theorem enables to predict the behavior of heterogeneous multi-agent
systems. Therefore, once we get a blended dynamics for a particular computa-
tional task, design idea of node dynamics for individual heterogeneous agents can
easily occur. In the continuous-time case, prediction by blended dynamics was en-
abled by high coupling gain among neighboring agents. In the discrete-time case,
we propose an equivalent action, which we call multi-step coupling in this thesis.
The discrete-time approach maintains the advantages of the continuous-time case,
such as the plug-and-play operation, and that the individual node dynamics need
not be stable as long as the blended dynamics is stable.

Compared to the continuous-time case, the discrete-time blended dynam-

ics can have more variety depending on the coupling matrix. This benefit is



demonstrated with applications including distributed PageRank estimation prob-
lem where each node estimates its relative importance in a network which is pos-
sibly agent-wise different. In particular, the proposed algorithm does not require
an initialization process, while most of other distributed PageRank algorithms
have assumed.

Furthermore, the previous result of the discrete-time version of the blended
dynamics theorem is extended to a heterogeneous multi-agent system under the
limited exchange of state information (we call this as rank-deficient coupling). To
achieve this, a coordinate change which separates the system into vanishing and
non-vanishing dynamics as each agent repeats the coupling dynamics for multiple
times is presented. Based on the non-vanishing part, the blended dynamics for
the rank-deficient coupling is derived, which could predict the behavior of the
heterogeneous network.

Again to emphasize the practical utility of the blended dynamics, the extended
result is applied to a distributed state estimation problem where numerous sensors
monitor a target plant with partial measurements. The distributed state observer
is designed such that the local observer of each agent estimates the plant state on
its detectable part while compensating the lacking information on undetectable
space through the network communication. Even though the previous blended
dynamics results only guarantee the approximate convergence, it is shown that

the proposed observer guarantees the asymptotic performance.

Keywords: discrete-time heterogeneous multi-agent system, multi-step coupling,
blended dynamics, multi-time scale, open multi-agent system

Student Number: 2015-22779
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Symbols and Acronyms

N field of natural numbers

Y/ field of integers

R field of real numbers

C field of complex numbers

R"” Euclidean space of dimension n

Rmxn space of m X n matrices with real entries

R<p set of positive real numbers

R>o set of non-negative real numbers

Re (s) real part of a complex number s

Im (s) imaginary part of a complex number s

1, n X 1 column vector of all ones

I, n X n identity matrix

0, n x 1 column vector having all elements equal to 0
Omxn m X n matrix having all elements equal to 0

At inverse of the nonsingular matrix A

AT transpose of the matrix A

diag(a, .. .,ax) diagonal matrix whose i-th diagonal is a;

diag(Aq, ..., Ag) block diagonal matrix whose i-th block diagonal is A;

. 1 X ]
X1 “—E.IJI



column vector whose i-th entry is q;

block column matrix whose i-th column block is A;

Kronecker product of matrices A and B

summation of the sequence z;; i.e., Ty + Tyma1 + -+ - + Ty if

m<n, Ty, if m=mn,and 0if m >n

interval of real numbers a and b; i.e., {x €
cardinal number of the set X

maximum value among ai, ao, ..., Gy,
minimum value among ai, as, ..., ay
Absolute value of the scalar £ € R
Euclidean norm of the vector x € R
maximum norm of the vector z € R"

induced 2-norm of the matrix A € R™*"

R:a<z<b}

induced maximum norm of the matrix A € R™*"

image space of the matrix A € R™*™
kernel of the matrix A € R™*"™

the eigenvalue of A with the minimum rea

1 value

the eigenvalue of A with the maximum real value

spectral radius of A

spectrum of A

symmetric matrix A is positive definite (positive semi-

defnite)
f is a function on the set A into the set B

i-th times continuously differentiable
defined as

implies

xii



v for all
% end of theorems, lemmas, propositions, assumptions, re-
marks, and so on
O end of proof
e For notational convenience, we use convention Ag, := A ® I, for any size
of matrix A.
e A square matrix A is said to be Hurwitz (matrix) if every eigenvalue A of
A has strictly negative real parts, i.e., Re(\) < 0.
e For any state variable x(¢), its initial condition will be denoted by x(0).
e In order to avoid messy notation, the time symbol t or %k is omitted when
there in no confusion.
e For simplicity, we often use I, 0,, and O,,x, without subscripts if their
dimensions are obvious.
Acronyms
MAS multi-agent system
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Chapter 1

Introduction

1.1 Research Background

For a multi-agent system or networked system where multiple agents are inter-
connected through the network, a centralized algorithm to control the overall net-
work or solve a specific computation problem which requires a global information
might cause many problems including heavy load in the computation and commu-
nication of the centralized unit and difficulties in maintenance. Moreover, since
the network has been expanded for various subjects with a recent advances in
communication technologies, these problems become critical issue as the com-
plexity and dimension of the network increases.

To overcome this issue, a distributed algorithm has been proposed, which has

the following benefits:

e Computational burden of one node is lessened as the burden is distributed

over many nodes in the network.

e Reliability against faults is improved as a fault on one node can be compen-

sated by redundancy of many other nodes.

e Privacy of each node is preserved as the private information need not be

transferred to a central node for computation.

Based on these benefits, many distributed algorithms have been actively stud-
ied with a wide range of application over the last decades. One of the major ap-

plications of the distributed algorithms are about synchronization where the state
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or output information of every agent in a network is synchronized through the
exchange of the information among neighboring agents. For example, the appli-
cation of synchronization includes formation control [OPA15| [Sak17], distributed
state estimation [KLS19, MS18| [MS16], and so on (further details on the synchro-
nization can be found on [Wiel(, RBAOQ5]). Other examples of the distributed
algorithms are distributed optimization [NOQ9, [NLI8| and distributed computa-
tion of PageRank [IT10, ITB12|.

Nevertheless, constructive design methods for general distributed algorithms
are not well developed yet, except the distributed optimization. In the distributed
optimization, each agent minimizes a global cost function which is given by a sum
of local cost functions. Initially, [NO09| combines a synchronization algorithm
with the classical gradient descent method and this work was diversely extended
with such as the fixed step size or gradient tracking method [SLWY15, [YLY16l,
QL17]. Recently, the above studies were unified by [Jak18|, [AS20] which proposed
a common framework to analyze different variations of the distributed algorithm
and improved by utilizing an accelerated methods in [QLI9]. However, most of
the distributed optimization algorithms commonly require the convexity of each

local cost function or a specific initialization.

One potential approach towards the constructive design is the blended dynam-
ics approach [LS20], which is motivated by |[KYST16, [PL17]. In the approach,

the following multi-agent system is considered

)'(i:fi(t,xl')—{—/i Z(xj—xi), iEN, (111)

JEN:
where N := {1,---, N} is the set of node indices, N; is the index set of nodes
that send information to node 4, and f;(t,x;) represents the heterogeneity of each
agent. Under the assumption that the communication graph is undirected and

connected, if the blended dynamics is incrementally stable, then every agent in
(1.1.1)) behaves like the blended dynamics defined as
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Homogeneous Linear/Nonlinear | Leaderless Constraints on MAS
/Heterogeneous

Y. Yan et al,,

TCNS, 2020 Heterogeneous Linear Simultaneous stabilizable
D. Zhang et al, : :
1C, 2018 Heterogeneous Linear X
A el Heterogeneous Linear (0} Common internal model
TAC, 2017 9
S. Lietal, . .
1C, 2015 Heterogeneous Linear O Common internal model

Figure 1.1: Literature survey on synchronization of heterogeneous multi-
agent system in discrete-time domain

for a sufficiently large coupling gain x. More precisely, for any € > 0, there exists

K™ such that, if kK > k™0,

lim sup |x;(t) —s(t)| <, VieN. (1.1.3)

t—o0

Further details on the blended dynamics approach will be reviewed in Chapter

As seen in , the blended dynamics approach provides a way to analyze
the synchronized behavior of the heterogeneous multi-agent system. In fact, initial
studies on the synchronization consider a homogeneous multi-agent system due
to its simplicity, but the attention has soon shifted to the heterogeneous multi-
agent system which could handle uncertainty, disturbance, noise, and agent-wise
different input. Compared to the homogeneous case, achieving an asymptotic
synchronization in the heterogeneous network is challenging unless every agent
embeds a common internal model [KSS11,[WSATI|. This difficulty naturally leads
to studies on a practical synchronization (or approximate synchronization) as an
alternative and one of the solution is suggested by the above blended dynamics

approach.

In parallel to the studies in the continuous-time domain, discrete-time syn-
chronization in a heterogeneous multi-agent system has also attracted attention
due to the practical utility. For instance, the leader-following synchronization of a
heterogeneous network is studied in [ZLF18| and an output synchronization prob-
lem of the heterogeneous system is addressed with uncertainty and disturbance

LELG15| or switching network and time delay |[XLE17| under the common in-

5 4 &

e

=
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4 Chap. 1. Introduction

ternal model assumption. Similarly, an autonomous synchronization is proposed
for a heterogeneous network of simultaneous stabilizable agents in [YCM20)], such
that the heterogeneity among the agent dynamics vanishes. However, all of the
discrete-time studies mentioned so far handles only a linear system. Furthermore,
most of the previous results on the synchronization of leaderless multi-agent sys-
tem commonly assume a common internal model or simultaneous stabilizability

as shown in Figure [L.1]

It should be emphasized that the blended dynamics is a simple average of the
heterogeneous function of each agent. This could be usefully utilized as a design
tool for many distributed algorithms, i.e., the designer firstly designs a desired
algorithm as the blended dynamics , and then, splits it into f; of .
Indeed, this philosophy has been successfully employed in many applications such
as distributed economic power dispatch problem [YSA19|, distributed state esti-
mator |[KLS19], secure estimation by distributed median computation [LKS20],
distributed least square solver [LS19], distributed optimization without convexity
of each node [LS22], and decentralized controller design [KLS20]. See |[LS21] for

more comprehensive summary of these applications.

On the contrary, since all the above results are in the continuous-time domain,
it is necessary to implement the designed algorithm in the discrete-time domain so
that it could operate on digital devices in practice. Recalling that the arbitrarily
small error in x; and s in can be guaranteed by increasing the coupling
gain k (i.e., strong coupling), this however prohibits using common discretization
methods such as forward difference. This is because increasing x unboundedly
yields instability of the overall system unless its sampling time is decreased with
the same ratio. As a result, this inspire the development of the discrete-time

version of the blended dynamics approach which is main result of this dissertation.

1.2 Outline and Contributions of Dissertation

The following overview provides the outline of this thesis and briefly summa-
rizes its contributions.

.__:rxﬁ-! _'-..-I_ '|_-l| '_.ﬂ!_ T_III
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Chapter Preliminaries

In this chapter, we review basic definitions of graph theory and related results.
We also classify a non-negative matrix into special classes and present useful
properties of each class. Based on these, by associating a non-negative matrix to
the concept of directed graph, we characterize the matrix properties in the graph
theoretical viewpoint. Finally, a definition of Kronecker product operation and
its properties are provided which will be used in the dissertation. This chapter

summarizes the followings:

e We review preliminary results from algebraic graph theory and matrix anal-

ysis which will be used in the dissertation.

e We provide a technical tool to handle more various communication protocols

including the static diffusive type coupling for general directed graph.

Chapter Behavior of Continuous-time Heterogeneous Multi-agent
System under Strong Coupling

In this chapter, we review an initial studies on practical synchronization of
heterogeneous multi-agent system by strong coupling. We define a virtual dynam-
ics called blended dynamics whose solution could approximate an overall behav-
ior of the system when the coupling gain among agents is sufficiently large. The
contents of this chapter are contained on [KYS™16, [KLLS22] and we provide the

followings in this chapter:

e We recall an analysis tool for the synchronized behavior of the heterogeneous

network under the strong coupling.

e We review that the practical synchronization is achieved even unstable
agents are included in the network as long as the blended dynamics is as-

sumed to be stable.

o We demonstrate the utility of the blended dynamics approach in the sense
that the blended dynamics has been widely employed in designing various

distributed algorithms.
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e We explain that the implementation of the designed algorithms in the discrete-

time domain is required to operate on digital devices in practice, but not
trivial because the high-gain concept in the strong coupling causes an in-

stability of the overall system.

Chapter Behavior of Discrete-time Heterogeneous Multi-agent Sys-
tem under Multi-step Coupling

In this chapter, we develop a discrete-time version of the blended dynamics
approach as a counter part of the results in the previous chapter. In particular,
we propose a multi-step coupling concept where each agent repeats a weighted
averaging action among its neighbors for many times before progressing through
the heterogeneous individual node dynamics. The contents of this work are based

in [KLLS22| and the main contributions of this work are listed as follows:

e We propose the multi-step coupling concept which corresponds to the strong

coupling in the continuous-time blended dynamics approach.

e We define the discrete-time blended dynamics in a way the behavior of the

multi-agent system can be predicted by its solution.

e We maintain the advantages of the continuous-time case including the plug-
and-play operation and stability assumption of the blended dynamics, not

individual node dynamics, in the discrete-time case.

e We demonstrate that the discrete-time approach can handle more diverse
communication protocols comparing to the continuous-time case by provid-

ing three applications.

Chapter Application to Initialization-free Distributed PageRank
Estimation for Network of Web-pages

In this chapter, we apply the main result in the previous chapter to a dis-
tributed PageRank estimation problem. PageRank score represents the relative
importance of each node in a network so that it has widely utilized in diverse

areas. The contribution of this chapter is as follows:
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e We show the benefit of the discrete-time approach that can have more va-
riety than synchronization by proposing a distributed algorithm for each
node to estimate its relative importance so that overall network is not syn-

chronized.

e We propose an initialization-free distributed algorithm, while most of other
distributed PageRank algorithms require the initialization process which is

hard to be achieved in a distributed manner.

e The initialization-free benefit allows the algorithm to adopt plug-and-play
feature, i.e., some nodes and their associate link can join or leave the network

during the operation of the algorithm.

e We verify the advantage of the proposed scheme by simulation for real web-

data of large scale.

Chapter@ Behavior of Discrete-time Heterogeneous Multi-agent Sys-
tem under Rank-deficient Coupling

In this chapter, the result of Chapter [4 has been extended for rank-deficient
coupling where only a partial information of communication affects the update of

every agent. The main contributions of this work are:

e We derive a coordinate transformation to separate the system into vanish-
ing and non-vanishing dynamics with respect to the repeating number of

coupling dynamics.

e We introduce the blended dynamics based on the derived coordinate trans-
formation, which approximates the overall behavior of the network under

rank-deficient coupling.

Chapterﬂ Application to Distributed State Estimation

In order to emphasize the practical utility of the result in Chapter [0 we pro-
pose a distributed state estimation algorithm based on the rank-deficient multi-
step coupling framework. The distributed state estimation problem considers a

3 by Y
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8 Chap. 1. Introduction

discrete-time linear time-invariant plant whose partial measurements are mon-
itored by numerous sensors. It is supposed that no sensor can recover whole
state information so that each sensor should compensate the lacking information

through the network communication. The contribution of this work is:

e We formulate the distributed state estimation problem into multi-step cou-

pling framework under rank-deficient coupling.

o We show that the proposed observer guarantees the asymptotic performance
even though the result in the previous chapter only guarantees the approx-

imate convergence.



Chapter 2

Preliminaries

2.1 Graph Theory

Graph theory has been widely utilized for modeling the interaction among
agents in the network. In general, each agent corresponds to a node and the
information flow from one agent to another agent is represented by an edge in the
graph theory. In this section, we introduce the basic definitions and useful results
in the graph theory, which will be used throughout the dissertation. For more
details, refer to [GRO1l, Bull9].

2.1.1 Basic Definitions in Graph Theory

In this part, we introduce the weighted directed graph and other related con-

cepts.

Definition 2.1.1. A weighted directed graph G := (N, £) consisting of a nonempty

finite set of nodes N := {1,..., N}, an edge set of ordered pairs of nodes & C
N x N, and a weighted adjacency matrix A € RY*N whose element «j; is positive
if an edge (j,1) is contained in £ and «a;; = 0 otherwise. We exclude the multiple

edges, but consider the self-loop in the graph. O

Using the previous definition, the interconnection between agents is repre-
sented as a graph as the following convention: if the j-th agent sends information

to the i-th agent or equivalently the i-th agent receives information from the j-th
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agent, then the information flow is modeled as an edge (j,7) € €. From this, the

following special classes of graphs can be derived.
Definition 2.1.2. We define the following special graphs.

1. A graph G is unweighted if o;; € {0,1} for all 4,5 € N. In this case, its

adjacency matrix is denoted as binary adjacency matriz A € RNV,

2. A graph G is undirected if (j,i) € € implies (i,7) € €. O

2.1.2 Connectivity and Periodicity of the Graph

The concepts of connectivity and periodicity of a graph are presented in this
part. Before introducing them, we first define two types of neighbors for each

node as follows.
Definition 2.1.3. Consider a directed graph G = (N, ).

1. In-neighbors of the i-th node is a set defined as N; := {j € N'| (4,1) € £}
and out-neighbors of the i-th node is a set defined as NP := {j € N |

(i,4) € €}

2. In-degree and out-degree of the i-th node is defined as d; := |N;| and d?"* :=
|N2ut| | respectively. O

From the convention of the previous part, every agent which sends information
to the i-th agent is included in N; and every agent which receives information
from the i-th agent is included in NP"*. Thus, d; and d;-m represent the number
of agents which sends information to the i-th agent and the number of agents
which receives information from the i-th agent, respectively. The sequence of

neighboring pair of nodes yields the concept of the directed path.

Definition 2.1.4. A directed path from the i-th node to the j-th node is a

sequence (ig,41,...,4r) such that ig = i, i, = j, (i;,5141) € &€ for any | €
{0,...,L — 1}, and every i is distinct. Here, the length of the directed path
is L. O
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Through the directed path from the i-th node to the j-th node, an information
of the i-th agent can be propagated to the j-th agent.
Now, we can define the connectivity of the graph using the definition of the

directed path as follows.

Definition 2.1.5. A directed graph G = (N, &, A) is said to be strongly con-
nected if there exists a direct path from any node to any other node. When G is

undirected, we simply say connected. O

Meanwhile, we introduce a special directed path which starts and ends at the

same node as follows.

Definition 2.1.6. A cycle is a directed path that starts and ends at the same

node and any node does not appear more than once in it. O

Based on the definition of the directed path, a cycle of length L can be represented
by (ig,%1,...,i5—1,19) for some node ig.
From the concept of the cycle, the following special class of the strongly con-

nected graph is of interest.

Definition 2.1.7. A strongly connected directed graph is said to be periodic if
there exists P > 1, called the period, that divides the length of every cycle in the
graph, otherwise the graph is said to be aperiodic. O

If a strongly connected directed graph includes at least one self-loop, i.e., there
exist ¢ € NV such that (¢,7) € £, then the graph is aperiodic because any self-loop

is the cycle whose length is one.
2.1.3 Laplacian Matrix and Its Properties
The Laplacian matrix of a directed graph is defined as follows.
Definition 2.1.8. Given a directed graph G = (N, &€, A), the Laplacian matrix

L := [l;;] € RV*N is defined as

— g, i # 7,
lij = N O
2= Xigy 1=
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By its definition, every row-sum of the Laplacian matrix Lis 0, i.e., L1y = Oy,
so that the Laplacian matrix has a zero eigenvalue with corresponding eigenvector
of 1. Let \;(£) for i € N be the eigenvalues of the Laplacian matrix £, then it

is well-known that all the eigenvalues of £ has negative real part as stated below.

Lemma 2.1.1. All the eigenvalues of the Laplacian matrix £ lie on the closed

right-half complex plane, i.e., Re (A\;(£)) > 0 for all i € N. O

Proof. Proof directly follows by applying Gersgorin disc theorem [HJ19, Theo-
rem 6.1.1]. O

The strong connectivity of a directed graph can be characterized by the fol-

lowing lemma [MRC15, Lemma 2.1].

Lemma 2.1.2. Let G be a strongly connected directed graph with N nodes and

L be the associated Laplacian matrix. Then, the following statements hold.

1. The Laplacian matrix £ has a simple zero eigenvalue and all other eigenval-

ues have positive real parts.

2. There exists a positive vector © = [O1,---,0n]", i.e.,, ©; > 0 for all i =
1,..., N such that ¥ ©; =1 and ©7£ = 0 hold. O

2.2 Matrix Analysis

This section presents special classes of matrix as well as their useful properties.
Based on this, we associate a matrix to weighted directed graph and characterize
the matrix properties with the graph’s connectivity and related concepts through

the sufficient and necessary conditions. More details can be found in [Bull9).

2.2.1 Stochastic Matrix

In this part, we are interested in the special classes of a non-negative square

matrix, i.e., every component of the matrix is non-negative.

Definition 2.2.1. Consider a non-negative square matrix M € RV*V,
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1. M is row-stochastic if M1y = 1y.
2. M is column-stochastic if M1y = 1x.

3. M is doubly-stochastic if it is row-stochastic and column-stochastic. O

By its construction, a row-stochastic matrix M € R¥*N has an eigenvalue of
1 with a right eigenvector of 1. Similarly, if M is a column-stochastic matrix, it
has an eigenvalue of 1 with a left eigenvector of 1 and, for the doubly-stochastic
matrix, 1y is both right and left eigenvector for the eigenvalue 1. It is well
known that the spectrum and the spectral radius of any stochastic matrix hold

the following lemma by adopting the Lemma 2.9 of [Bull9].

Lemma 2.2.1. Consider any stochastic matrix M € RV*V,

1. The spectrum of M is contained in the unit disk centered at the origin in

the complex plane, i.e., spec(M) C {z € C : ||z]| < 1}.

2. The spectral radius of M is 1, i.e., p(M) = 1. O

2.2.2 Irreducible and Primitive Matrix
In this part, we have interest in two groups of non-negative matrices as follows.
Definition 2.2.2. Consider a non-negative matrix M € RV*V,
1. M is irreducible if ZNN;OI M™ is positive matrix, i.e., every component of
Zg:_ol M™ is positive.
2. M is primitive if there exist n € N such that M™ is positive matrix. O

From the definitions, it is clear that any primitive matrix is irreducible.

The following result, which is well known as Perron-Frobenius theorem, char-
acterizes the properties of the spectral radius and its corresponding eigenvectors
of a non-negative matrix based on the aforementioned classification. The proof

can be found in [Bull9, Theorem 2.12].

Lemma 2.2.2. For a non-negative matrix M € RV*V the following statements

hold.

2] &-t]] 8
i ] 1
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1. There exist a real eigenvalue A > |o| > 0 for any other eigenvalue o of M,
2. The right and left eigenvectors of A can be selected non-negative.
If M is irreducible, the following statements hold.
1. The eigenvalue A is strictly positive and simple,
2. The right and left eigenvectors of A are positive.
If M is primitive, the following statement holds.

1. The eigenvalue X satisfies A > |o| for any other eigenvalue o of M. O

Here, the eigenvalue X\ of M is denoted as Perron-Frobenius eigenvalue, dominant

etgenvalue, or simply Perron root.

2.2.3 Graph Theoretical Characterization

In this part, we introduce some results which relate the aforementioned classes
of a non-negative matrix with the graph theoretical characterizations.
A directed graph can be associated from a non-negative square matrix as

stated below.

Definition 2.2.3. Given a non-negative square matrix M = [m;;] € RV*V,
the associated graph Gjs of M is defined as the weighted directed graph whose
adjacency matrix is M, i.e., Gy = (Nar, Enr, Apr) such that Ny = {1,--- , N},
Ay = M, and (j,7) € Epq if myj > 0. O

Using this concept, the irreducible or primitive property of a non-negative
square matrix can be verified by the following results [Bull9, Theorem 4.3, The-

orem 4.7].

Lemma 2.2.3. Given a non-negative square matrix M and its associated weighted

graph Gy, the following statements are equivalent:
1. M is irreducible.

2. Gy is strongly connected. O



2.3. Kronecker Product 15

Lemma 2.2.4. Given a non-negative square matrix M and its associated weighted

graph Gy, the following statements are equivalent:
1. M is primitive.

2. Gy is strongly connected and aperiodic. O

2.3 Kronecker Product

Kronecker product is a useful tool for representing an overall networked sys-
tem. In this section, the basic definition of the Kronecker product and useful
properties are discussed in this section.

Basic definition of the Kronecker product is introduced as follows.

Definition 2.3.1. For A = [a;;] € R™*" and B = [b;j] € RP*?, the Kronecker
product A ® B is defined as

auB e alnB
amiB - amnB
Through the dissertation, the following properties of the Kronecker product

will be used. More general properties for the Kronecker product can be found in

[Ber09].

Proposition 2.3.1. Consider real matrices A, B, C' and D of appropriate dimen-

sions for each item.
1. (A®B)(C®D)=(AC)® (BD)
2. [[A® Bl = [|A]/|B]

3. Let A1(A), ..., A\n(A) be the eigenvalues of A € R™™" and A1 (B), ..., Am(B)
be the eigenvalues of B € R™*™ then the eigenvalues of A®B are \;(A)\;(B)

fori=1,...,nand j=1,...,m. O
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Chapter 3

Behavior of Continuous-time
Heterogeneous Multi-agent System
under Strong Coupling

3.1 Problem Formulation

In this chapter, an initial study on synchronization of heterogeneous multi-
agent systems is introduced. Unlike homogeneous multi-agent systems, achieving
an asymptotic synchronization in the heterogeneous multi-agent systems is diffi-
cult unless a common internal model is embedded in each heterogeneous agent
[WSAT1l [KSS11]. This challenge naturally lead to studies on a practical synchro-
nization (or approximate synchronization) as an alternative.

One potential approach to achieve the practical synchronization is utilizing
a strong coupling such as |[KYST16]. This paper considers a continuous-time

heterogeneous multi-agent system whose individual dynamics is given as
)’(Z-:fi(t,xi)+ui, 1eN = {1,,N} (311)

where x; € R is the state, u; € R is the input, t is the continuous-time index, N
is the number of agents in the network, and f; : [0,00) X R — R is continuously
differentiable with respect to x;, globally Lipschitz with respect to x; uniformly in
t, and uniformly bounded in t. Note that the heterogeneous vector field f; could

include parametric variations or uncertainties such as disturbances and noises as

T~
17 -':lx'i "';"'1.!. L
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well as an external inputs which are possibly agent-wise different. Suppose that

all agents are interconnected by static diffusive-type coupling

u; =K Z Qi (X — %) (3.1.2)
JEN;
where & represents the coupling gain, N; is the in-neighbors of the i-th agent, and
o is the (4, j)-th entry of the adjacency matrix of the given network.
In the paper, the blended dynamics is proposed in order to handle the hetero-
geneity of the network, whose dynamics is an average of the vector fields of all

agents as follows:

(2]
—~
+
N—
I
=1
Sh
—~
ur—f
(%]
—
+
~—
N—
I
—hl

(t,s(t)). (3.1.3)

It will be reviewed in Section [3.2] that, as long as the blended dynamics (3.1.3)) is

stable, every solution x;(t) satisfies

lim sup |x;(t) — s(t)| < 8 (1> . VE>EM Ve N (3.1.4)
t—o0 K
where k™" is a threshold and 3 is a class K functiorﬂ It should be emphasized
that the stability of the blended dynamics does not necessarily implies the sta-
bility of each agents. Rather it allows unstable agents if their instabilities are
compensated by other stable agents so that overall average is stable.

Recently, this blended dynamics approach is extended to the multi-agent sys-
tems whose coupling matrices are possibly all different and singular [L.S20]. For

the related discussion, we refer to Chapter [0}

3.2 Synchronization of Multi-agent System due to Strong
Coupling

In this section, we assume the following for heterogeneous function f;.

' A continuous function 8 : [0,b) — [0, 00) for some positive constant b is class IC function if
it is strictly increasing and $(0) = 0 [Kha02].
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Assumption 3.2.1. There exist a constant L > 0 and a non-decreasing contin-
uous function M : R>g — R>¢ such that, Vx; € R,t > 0,7 € N,

of;

o (&%) <L, [fi(t %) < M([xq). O

In addition, we assume the network connectivity as follows.

Assumption 3.2.2. The communication network induced by the adjacency ele-

ment «;; is undirected and connected. O

Now, the stability of the blended dynamics (3.1.3) is assumed in the following

way.

Assumption 3.2.3. There exists a constant p > 0 such that, for all s € R and
t>0,

of 1 XL o
&(tas)zﬁzaixi(ns)é_p‘ <>

i=1

From the stability of the blended dynamics, the ultimate boundedness of its so-

lution s(t) can be shown as the following lemma.

Lemma 3.2.1. [KYST16, Lemma 1] For a scalar system $ = F(t,s) with ¢!
function F satisfying (9F)/(0s) < —p < 0 for all s and t > 0,

li F
hm sup |S(t)| S 1m Supt%oo ‘ (t7 O)| . <>

t—oo p

Let x := col (x1,- -+ ,xx), then the dynamics of the overall system (3.1.1) and
(3.1.2)) is written by

x = —rLx + f(t,x)

where £ is the Laplacian matrix and f(t,x) := col (f1(t,x1), -+, fx(t,xn)). Since
the Laplacian £ is symmetric, all the eigenvalues are real and the zero eigenvalue
of £ is simple by Lemma Thus, without loss of generality, let A\;(L) for
i € N be the eigenvalues of £ such that 0 = A\ (£) < X2(L) < ... < An(L).

] 2- 1_l|
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Now, the following proposition shows that the strong coupling among agents
makes the trajectories of all the agents remain in an arbitrarily small neighborhood

of the trajectory of the blended dynamics.

Proposition 3.2.2. [KYS'16, Theorem 1] Under Assumptions and
3.2.3] there exists a class K function I' such that the solutions of the overall

system, composed of (3.1.1)) and ([3.1.2]), with arbitrary initial conditions, and the
solution s(t) to the blended dynamics (3.1.3) with s(0) = S-N | x;(0)/N satisfy

lim sup |Xl(t) — S(t)| < r (,LME)-L) y VK > K}min (321)

t—o0

foralli=1,..., N, where

s L
pPA2(L)  Aa(L)

min
K

In particular, the function I is defined on [0, p/(3L?)) and given by

() = M ('V'éo)> VA (3.2.2)

in which

0, if y =0
= 4X 1 4P
F(X) P*3L2X’ lf 0 < X S p2+20|_2 <>
(P28L2)x2 . 4p P
(3597 I prgoorz < X < 3=

Remark 3.2.1. |[KYST16, Remark 2| It should be noted that the function I" and
the value of k™ are affected by the number N. The former is obvious due to
the appearance of v/N in , but the latter is indirect through the value of
A2(L). The second smallest eigenvalue A2(L) of the Laplacian matrix is called
the algebraic connectivity (or, density) of a graph G, which indicates how well
connected the graph is. It depends both on the topology of the graph and the
number N of the nodes. For the all- to-all network (with unit weights), \2(L)

is the same as the number N, but for the ring network, increasing N decreases

2] -] 8} 3
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A2(L) (because A2(L) = 2(1 — cos(2m/N))). We refer to [Fie73| for more details

on their relation. O

Remark 3.2.2. |[KYST16, Remark 3] Remark implies that, in order to
maintain the same level of error while the number N increases, the coupling

strength x may need to be increased. In fact, the ultimate error bound is given

in (3.2.1) and it can be seen that
1 _ 2
() =0 (VN7 “2“))

when & is large enough (so that x is small enough). Therefore, for the ring network

where Ao (L) = 2(1 — cos(27/N)), we have

" (m=t) -0 (V7).

and for the same level of error, x should be increased when N is increased. On

the other hand, for the all-to-all network, the error bound is given by

" () o (V)

since \o(L) = N. O

3.3 Utility of the Blended Dynamics Theory

Since the blended dynamics is a simple average of individual node dynamics,
it has been utilized as a design tool for many distributed algorithms; that is, one
designs a desired algorithm as the blended dynamics first, and then, splits
it into different node dynamics with the diffusive coupling .

This philosophy has been successfully employed in many applications such
as distributed economic power dispatch problem [YSA19], distributed state esti-
mator [KLS19], secure estimation by distributed median computation [LKS20],

distributed least square solver [LS19], distributed optimization without convexity

2For real valued function f and g, f(z) = O(g(x)) if there exists a positive real number M
and a real number z such that |f(z)| < Mg(z) for all x > x¢ [Bla0§].
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of each node [LS22|, and decentralized controller design [KLS20]. See |[LS21] for

more comprehensive summary of these applications.

The distributed algorithms designed by the blended dynamics theorem does
not require each node dynamics to be stable, as long as their average (i.e., the
blended dynamics) is Contractiveﬂ, which yields flexibility of the design. Moreover,
as long as the blended dynamics remains contractive, a new node can join the
network or an existing node can leave the network during the operation, which
is called as a plug-and-play feature. This is because the designed distributed

algorithms are initialization-free [L.S20)].

3.4 Necessity of Discrete-time Blended Dynamics The-

ory

While all the above results are in the continuous-time domain, it is however
required to implement the designed algorithm in the discrete-time domain so
that it operates on digital devices in practice. A naive idea is to use simple

discretization methods such as forward difference. For example, a discretized
model of the overall dynamics composed of (3.1.1)) and (3.1.2)) becomes

xi(t+ Ap) = xi(t) + Aefi(t,xi(1) + kAL Y (x5(1) = xi(1), (3.4.1)
JEN;

where Ay is the sampling time.

In the continuous-time case, we recall that arbitrarily small error between x;
and s in can be obtained by increasing the coupling gain s, so that an
emergent behavior of the multi-agent system arises with strong coupling. How-
ever, in the discrete-time case of , increasing x unboundedly yields insta-

bility of the network unless A; is decreased with the same ratio. One can verify

it with the following example.

3A system & = f(t,x) is contractive if there exist a positive definite matrix H, and a positive
constant A. such that H.(0f/8z)(t,z) + (f/0x) " (t,2)He < —XH. for all z € R™ and t > 0
[PWNO3].

2] &-t]] 8
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Let the heterogeneous function f;(t,x;) = —x;, then (3.4.1) is rewritten as
X(t + At) = {(1 - At)_[ — HAtﬁ} X(t)

where x = col (xy,--- ,xy) and L is the Laplacian matrix of a connected graph.
With x sufficiently large, some eigenvalues of the system matrix lie outside of
the unit circle unless kAt remains small. Therefore, the discrete-time algorithm

(3.4.1) cannot be a discrete-time version of the blended dynamics approach.
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Chapter 4

Behavior of Discrete-time
Heterogeneous Multi-agent System
under Multi-step Coupling

4.1 Problem Formulation

This chapter proposes a new form of a multi-agent system, which is given by
in Section We note that the meaning of using a large coupling gain x
in the continuous-time case of is that synchronization is taken more care
of than the progress through the node dynamics. Based on the observation, and
motivated by [WLMA19], the proposed form repeats a weighted averaging action
many times before progressing through the node dynamics, which we call ‘multi-
step coupling.’

This approach maintains the advantages of the continuous-time case, such as
the plug-and-play operation, and that the individual node dynamics need not be
stable as long as the blended dynamics is stable, which we do not repeat in this
paper but refer the reader to |[KYS™16, [L.S20l [KLS20].

Moreover, while the continuous-time approach predicted collective synchro-
nization behavior of the multi-agent system in |[KYS™16, [LS20], this discrete-
time approach estimates not only emergent but also individually scaled behavior,
i.e., each agent behaves similarly to the solution of the blended dynamics with
an agent-wise scaling factor. For example, in Chapter 5, we will introduce an

application example where each node estimates its relative importance which is

25 A 21 s
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possibly agent-wise different so that overall nodes are not synchronized in the
network.

This chapter is organized as follows. In Section the behavior of discrete-
time heterogeneous multi-agent system under the multi-step coupling is studied.
Section [£-3] is devoted to demonstrate the utility of the proposed approach. In
particular, we specifies some special couplings which are frequently utilized in
other studies, analyzes a behavior of each multi-step coupling system using the

results in Section and introduces practical examples of application.

4.2 Prediction on Emergent Behavior under Multi-step

Coupling

For a discrete-time version of the blended dynamics theorem, we propose the

following discrete-time algorithm: for each agent i € N,

filte, z3[te]), if k=0, (4.2.1a)
Tiltpta] = > wyailt, ifk=1,... K -1, (4.2.1b)
JEN;U{i}

where x; € R" is the state, the function f; : Z x R™ — R" is continuously differen-
tiable and represents the time-varying heterogeneous node dynamics , and
the coefficient w;;, called coupling weight, determines the behavior of the coupling
dynamics (4.2.1b)). Here, t; is the symbol defined by

k
— 4 — 422
e =t+ 2, (4.2.2)

where K € N, and we call ¢t by fractional discrete-time index. In particular, we
call t € Z as integer count and k € N as fraction count. The fraction count k varies
from 0 to K — 1. Keeping in mind that tx =t+ K/K = (t+1)+0/K = (t+1)o,
we see that the fractional discrete-time ¢ advances as 0g, 01, -+ ,0x_1, 19,11,
The time ty will often be written as ¢ for convenience. The fractional discrete-time
has nothing to do with real time, and can be implemented in practice just as a
sequential order in an algorithm.

We will choose K sufficiently large, which determines how many times the

2] &-t]] 8
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coupling dynamics (4.2.1b]) is executed before the next node dynamics (4.2.1al)

is executed. It will be shown that, in this way, the effect of strong coupling x
in the continuous-time blended dynamics theorem can be similarly reflected in
discrete-time. To emphasize the difference, we call this type of coupling in
by multi-step coupling.
The coupling weights w;; in have the property:
>0, jeNUf{il,

Wi (4.2.3)
=0, otherwise.

Now, we assume that the matrix W := [w;;] € RY*Y | which we call a weight

matriz, satisfies the following.

Assumption 4.2.1. The spectral radius of W is 1. O

Note that the communication protocols in many discrete-time multi-agent
systems in the literature have the form of linear combination like in and
their weight matrices satisfy Assumption . Examples include [IT10, TTB12)
LC14, [OSFMO07, RBO05], in which the weight matrices are given by stochastic
matrices whose spectral radius is 1.

Meanwhile, the communication network under consideration is represented
by the directed graph G, which does not have self-connection at any node by

definition, and we assume the following.

Assumption 4.2.2. The network G is strongly connected. O

Then, under Assumptions and the following is well-known (but we

put its proof for readers’ convenience).

Lemma 4.2.1. Let \;(W), i € N, be the eigenvalues of W such that |\ (W)| >

[A2(W)| > ... > |An(W)|. Under Assumptions and Ar=1, (W) >
|Aj(W)] for all j =2,..., N, and there exist positive vectors p,q € RY such that

Wp=p, ¢ W=q', ¢p=1 (4.2.4)
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Proof. From , the associated graph of W not only contains all edges of G
but also has a self-connection for every node because all diagonal entries of W are
positive. Thus, the associated graph is aperiodic as well as strongly connected.
This implies that W is primitive by Lemma and, by Assumption and
Lemma W has the simple Perron-Frobenius eigenvalue 1, i.e., \y(W) = 1
and Ay (W) > |\j(W)|forall j =2,..., N, with positive right and left eigenvectors
p and ¢, respectively. Scaling p and ¢ yields that ¢ p = 1. O

With p and ¢ from Lemma [£.2.1] at hand, we now introduce discrete-time

blended dynamics, which is defined as a weighted average of node dynamics:

N
slt+11 = aifi(t,pislt]) = fs(t,s[t]) €R" (4.2.5)
i=1

where ¢ is the integer count of the fractional time (i.e., t = ). In particular, we

assume the blended dynamics is stable in the sense of [LS98, [TRK18] as follows.

Assumption 4.2.3. The blended dynamics (4.2.5)) is contractive; i.e., there exist
a (symmetric) positive definite matrix H € R™*" and a positive constant v < 1

such that
Ofs
0s

(t, S)TH2%(25, s) <yH?, VscR"tcZ.

Remark 4.2.1. Assumption does not ask each node dynamics z;[t + 1] =
fi(t, z;[t]) to be stable. Rather it allows unstable node dynamics whose instability
can be compensated by other node dynamics so that the blended dynamics be-
comes stable in the sense of Assumption [£.2.3] For example, when there are four
agents with fi(t,z) = fao(t,z) = 0.1z and f3(t,x) = f4(t,x) = 1.5z, the agents 1
and 2 have stable node dynamics while the agents 3 and 4 have unstable ones. If
the weight matrix has the vectors p = 14 and ¢ = 14/4, then Assumption m
holds because fs(s) = 0.8s. O

We will see that the blended dynamics (4.2.5)) allows to predict the behavior
of (4.2.1) when K is large. To make the prediction effective from any initial

conditions globally in the state-space, we impose the following assumption.

2] -] 8} 3
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Assumption 4.2.4. The function f;(¢, x) is uniformly bounded in ¢ and globally
Lipschitz with respect to x uniformly in ¢: i.e., 3 a non-decreasing continuous
function My : R — R and a constant L; > 0 such that, Vz,y € R", t € Z, and
1e€N,

1fi(t, 2)|| < My ([|]])
1fi(t, ) = filt, y)|| < Lylle = yl|. %

Theorem 4.2.2. Under Assumptions [£.2.1] f.2.2] [£.2.3] and [4.2.4], for any € > 0,
there exists K™ such that, for all K > K™ the solution z; of (4.2.1) and the
solution s of (4.2.5)) with arbitrary initial conditions satisfy

limsup ||z;[t] — pislt]|| <€, VieN. (4.2.6)

t—o00

In addition, for each k € {1,2,..., K — 1} and i € NV,

€ 1
) el sl < (14— L ) 427
138:3pr6 [tx] — pis[t + ]H 92 < + ])\N(W)’K_k> ( <§

Theorem states that, with sufficiently large number of steps for the
coupling , the behavior of node dynamics , which is represented by
the state x; at the integer count ¢, can be approximately predicted by the solution
s of the blended dynamics with the scaling factor p;, and the approximation error
can be made arbitrarily small by increasing K. Moreover, the behavior of z; over

the fraction counts is also bounded with respect to the scaled trajectory of s.

Remark 4.2.2. Selection of the eigenvectors p and ¢ as is not unique,
but the result of Theorem [£.:2.2] remains the same. To see this, we note that
different selection of p’ and ¢’ from p and ¢, respectively, should satisfy p’ = cp
and ¢’ = (1/¢)q for some ¢ > 0 because of the Perron-Frobenius theorem (Lemma
. In addition, we note that the new blended dynamics becomes s'[t + 1] =
(1/¢) SN qifit, epis'[t]) =: fo(t, s'[t]). Comparing it with ([@.2.5)), it is seen that
s'[t] = (1/c)s[t], and thus, we have ||z;[t] — pis'[t]]| = ||zi[t] — epi(1/c)s[t]|| =
|z:[t] — pis[t]||. Finally, it is also seen that the new blended dynamics satisfies
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Assumption because (0fy /0s')(t,s") = (0fs/0s)(t,s) with s = ¢s’. O

Remark 4.2.3. In ([£.2.7)), the state z;[tx] is compared not with s[t] but with
s[t + 1]. One may find this is natural considering the behavior of the overall
system. At each integer time t = %y, each x; obeys the heterogeneous node
dynamics (4.2.1a), which potentially updates z;[t1] in different directions from
the updated p;s[t+ 1] (even if z;[to] is close to p;s[t]). Instead, repeated execution
of drives x;[tx] to pis[t + 1], which is well reflected in (4.2.7)). O

We now present intuitive explanations for Theorem before providing a
rigorous proof. For simplicity, define Z := col (z1,--- ,2zx) € R™. Then, (4.2.1)

is simply written as

fi(to, z1[to])
zty] = WE,! : = WELF(to, Z[to)), (4.2.8)

I (to, znto))

fork=1,...,K—1andt € Z, where Wg,, = W ® I, and, since tx = (t+1)o =
t 4+ 1, we have
zlt+1] = WELF(t, z[t). (4.2.9)

Similar to (4.2.9)), the blended dynamics (4.2.5) is written as
N
it + 11 = 3 aifalt, pislt]) = ad, (8, panslt]). (4:2.10)
i=1

By Lemma there exist P,Q € RN*(N=1) guch that

1 0f|q"
w=[p P| “ 1, (4.2.11)
0 Al QT
Q'P=Iy_1, and Q'p=PTqg=0xn_1, (4.2.12)
where A € RIN=DX(N=1) i 5 matrix whose eigenvalues are Ao(W), ..., An(W).
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With them, we consider the coordinate transformation

_ & q‘g"]i« 4213
‘ H [an 219

whose inverse is
T = p®n§1 + P®n§-

The overall dynamics (4.2.9)) at each integer time ¢ becomes

&ilt + 1] = g2, WE VP (¢, panti [t] + Panlt))
= qonF(t, Penéi[t] + Penklt]),
£t +1] = QL WE TP (t, ponéit] + Penflt])
= (M 'QN)an F(t, panéi[t] + Panlt]).

(4.2.14)

Define the error variable e := &1 — s. Then the above dynamics is rewritten by

et +1] = qin F (¢, pon(elt] + s[t]) + Pantlt])
— g P (t, panslt]),

Elt+1] = (A*'QT)anF (¢, pan(elt] + s[t])
+ Pgné[t]).

Since the spectral radius p(A) = [A2(W)| < 1, it may be inferred that ||| gets
small if K is sufficiently large. On the other hand, if £ happens to be identically
zero, then e[t] converges to zero as ¢ tends to infinity, which follows from the

following lemma.

Lemma 4.2.3. Under Assumption

[H{fs(t, s2) = fs(t, 1)} < VAl H(s2 — 1)

for all £ € Z and s1, 59 € R". O

Proof. Before proving Lemma[4.2.3] we first claim that, for each ¢ € Z and s1, 52 €
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R"™, there exists s € R™ in the line connecting s; and s9 such that

{fs(ta 52) - fs(tv Sl)}THQ{fS(ta 52) - fs(tv 81)}

(4.2.15)
T%ZS %’;S (t,5)(52 — s1).

< (s2 —51) (t,5) " H?

It can be proved by the mean-value theorem with a trick. Let the left-hand side
of the equality (4.2.15) as A(t, s1,s2) for convenience. With a variable ¢ € R,
define

gt,51,52(0) = {fs(t,82) — fS(tasl)}THQ{fS(tvCSQ + (1 —=c¢)s1) — fs(t, s1)}-

Since the function g; s, s, : R — R is continuously differentiable, by the mean-
value theorem, there exists ¢ € [0, 1] such that g; s, s, (1) =9t,51,5,(0) = g5, 5, (€) (1—

0), which is equivalent to

af.

855 (t7 §)(32 — 31) (4.2.16)

A(tv 31732) = {fS(tv 32) - fs(tvsl)}THz

where § = ¢sg + (1 — ¢)s1. Using this, we have

A(t, s1,82) = | H{fs(t, 52) — fo(t, s1)}H]?

< NH{fs(t, s2) — fs(t,sl)}HHHafs

Os

(t,8)(s2 — s1)

Y

which in turn implies | H{ fs(t, s2)— fs(t, s1) }| < ||H(Ofs/0s)(t,5)(s2—s1)||. From
this, the claim (4.2.15)) is justified. Finally, it follows from Assumption that

IH{fs(t, 52) = fs(t, s} = A(t, 51, 52)

T0fs of,

< (s2—s1) 9 (t,5)" H? a; (t,5)(s2 — s1)
< y(s2— 1) H(s2 — s1)
= y[|H (s2 — s1)|1%,
which proves Lemma O
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In fact, if £ = O, (v—1), then,

[Helt + 1]|| = [|H{agnF (t, pen(elt] + s[t])) — donF (8, pens[t]) }]
= [[H{fs(t, e[t] + s[t]) = fs(t, s[tD)} ]
< V7l Heft]]-

This implies that £; and s tend to get closer as time goes on. When this happens,
T = penél + P@mg tends to pgy s, which motivates Theorem m

However, §~ does not become identically zero in general, and the above argu-
ments need rigorous analysis with a Lyapunov function as follows. Before provid-
ing the proof of Theorem we first claim that the solution s[t] of the blended
dynamics is bounded by Assumptions and as follows.

Lemma 4.2.4. Under Assumption the solutions of the blended dynamics
([.2.5)), initiated at time ¢t = t°, are bounded as

sup,>¢o || H fs(7, On)||

0
Hs[t]|| < A" || Hs[t]|| + 4.2.17)
IHs[t]| < v~ [[Hs[t"]] =y (
Additionally, with Assumption we have
N H=Y||H||M¢(0
t—o00 1- ﬁ <>
Proof. We prove (4.2.17) by showing that
|Hs[t]|| < w[t], Vt>1° (4.2.19)
where w € R is the solution of
wlt + 1] = ywlt] + [|H fs(,00)],  w[t’] = [[Hs[t"]|]. (4.2.20)

Indeed, since || Hs[t’]|| < w[t’], let us suppose ||Hs[7]|| < w[r] for some integer
7 > tY. Then,

[Hs[r + ]| = [H{fs(7, s[7]) = fs(7,0n) + fs(7,0n) }]
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< [H{fs(7,8[7]) = fo(7, 0n) }]
+ [[H fs(7,0,)]]

< VA Hs[T A+ [1H f5(7, 0n) |

< Vwlr] + [|H fs(7,00) |

=w(r + 1],

where the second inequality comes from Lemma m This justifies (4.2.19)).
Meanwhile, the solution w of (4.2.20]) is given by

t—1
wit] = VA wlt®) + S VAT £i(7,00)],

T=t0

which yields (4.2.17)).
Now, with Assumption it follows from (4.2.17) that

limsup [[s[]]| < [[H || limsup || Hs[¢]|
t—o00 t—o00

Sup, >0 |G F' (£, pon0y) |

< HY ] s
< HHfl” HH” an\/NMf(O)
< 1= A Nl
which completes the proof. O

Based on the aforementioned observations, now we can prove Theorem [4.2.2

in the following way.

Proof. We analyze the behavior of (4.2.14) with (4.2.10f), which describes the
evolution of the overall system at every integer time ¢. For this, we introduce a

Lyapunov function

V=|H& —s)| +nlé]

where 1) > Ly|lql[[[ P H[|//5- Then,

V[t +1] = [H(&lt + 1] = sft + 1) +nll€[t + 1]

= || H{abn F (t, ponéi[t]) — donF(t, penslt])
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+ G F (t, ponéi[t] + Ponélt]) — aonF (t, panéi[t])}|
+0l| (AT Q) @n {F (¢, pans(t])
+ F(t, pgnéilt]) — F(t, ponslt])
+ F(t, pgnéi[t] + Panflt]) — F(t, pon&a[t]) }|
< |H{ggnF(t, pana[t]) — donF (t, pens(t]) }]
+ || Hagn {F(t, ponéi [t] + Panflt]) — F(t, ponéi [t}
+ |)\2(W)]K*177{HQ®”{F(7§ penéilt]) = F(t, pens(t])}|
+ [|Qan {F (8, ponti[t] + Ponklt]) — F(t, panta[t])}
+ QL F (¢, panslt) .

The above inequality can be simplified by the following properties:

e by Lemma [£:273

1H {ggn F (t, Ponéalt]) — dgnF (8, penslt])}
= [[H{fs(t,&1[t]) = f5(t; s[e]) }]
< VAIH &t = st

e by Assumption
1F(t, penéa[t] + Panélt]) — F(t, ponti(t])]

1/2
(Z I1£i(t, pia[t] + (P @ L)EJt)) — fi(t»pié:l[t])Hz)

1/2
(ZL (P ® I,) !!2>
= Ly Penflt]|l < LflIPIIIE]),

where P; is the i-th row of P, and similarly

1E(t, peonéa[t]) — F(t, peonst])|
< Lyllpl[lI&1[t] — s[21l

ﬂ h1” ]—.
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= Ly|pll|H H(&[t] — slt)]|
< Lyl HH I H (€[] - s[D])-

Using the above three inequalities, we have that

VIt + 1] < Ayl H (L] — sEDI+ [ H gl Ly | P
+ (W)l QUL llpllIIH || H (&1l6] — s[e)
+ P (W)l QIL I PIIEL
+ e E ] QIIF (E, ponslt])l
< VAV A+ DWW L |QIIML V1]
+ Pe(W)[E Il QUIIF (E, panslt])l,

where M, := max{|[pl[| "], |P]|/n}.

For the given €, let K™ be a positive integer such that

min 1 — ’7
(W) E ™ gLy 0 Q) < (4.2.21)
|)\2(W)‘Kmi“ QUMle(lf\P||\]\/4§)\/N\|Q|| < % (4'2.22)
— VY

Then, for all K > K™,

Vit 1= VI < ~ S D 4 o) QU penst)]. (4.2:23)

By Assumption 4.2.4] and by Lemma [4.2.4

i s (0, psED| < VMgl T s )
—00

t—o00

< VNM; (|lp] M)

Using this and (4.2.23]), the ultimate bound of V is obtained as

imsp V1) < o)< ZALLY N (1) (12.21)
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Therefore, for each agent i € A" and K > K™,

limsup la:[1] ~ pis{f] | = limsup [pi(&rlt] = s{t) + (P © L)éH|
< max {11, P20} tmsup v

2
< D) 2Ll

<e

where we used Z = pgné1 + Pgné. This completes the proof for (4.2.6) of Theo-
rem [4.2.2

Now, in order to inspect the behavior of the system over the fractional time, let
us apply the transformation of (4.2.13)) to (4.2.8)), which yields, for k =1,--- | K —
L,

E1ltr] = 4 Wi F (to, Z[to])
= G F (t0, Z[t0]) = an[(t + 1)o] (4.2.25)
=& [(t+ 1))

in which, the third equality can also be seen from (4.2.9). Similarly, for k£ =
1, K—1,

£lte) = Qi W, F (to, Z[to))
= (A*'QN)@n F(to, Tlto))
= ALK (ASTIQ ) enF(to, Zlto])
= A5 Qen Wy ' F(to, Z[to])
= (AHE et + 1)o).

Hence,

; €[t + o]

foreach k=1,--- | K — 1.
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On the other hand, by (4.2.24)) and (4.2.22), we have

liﬁgpmax{\lﬂ(&[t] — st 0l < liﬁgp V]
< €
- 2M; .

Therefore, for each k=1,--- | K — 1,

lim sup||z;[te] — pis[t + 1]||

t—o00

= limsup [|p; (&1 [tx] — s[t + 1)) + (P; @ I)E[te] |

t—o00
< lim sup IpIHEHH (€[] — sl + 1])]]

+ Bygge

< lim sup I H (&t + 1) = st + 1)
—00

1Pl nli€lt + 1]
n o An(W)[EF

IpllllH e | IPI/7 €
M1 2 M1 2’)\N(W)|K7k

+

IN

€

g2<1+W1)|“>,

which completes the proof. O

Remark 4.2.4. From (4.2.21)) and ([4.2.22)), K™ can be explicitly defined as the

smallest integer such that

. 11—~ 1 €
Krmn 2 log —— FF  IMax I
Ao (W)] <2n||Q||M1 {Lf 2Mf(”PHMs)\/N}>

_1 i _|_1 i ¢
= 108, (W) 2 QM 08| xo(w)| | ax Ly 20, (M VN | )

This yields a reasonable interpretation that K™ increases as the second largest

eigenvalue Ao (W) of the weight matrix W approaches to 1, the performance index
€ decreases, or the Lipschitz constant L; and the network size N get larger, while

it decreases as the degree of stability (1 — ,/¥) of the blended dynamics gets

2] -] 8} 3

'Iu
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larger. O

In Theorem the approximation of x;[t] by p;s[t] is stated in an asymp-
totic format, i.e., using lim sup. If one questions when the approximation becomes
effective, the following corollary assures that it can be very early if K is sufficiently
large. In particular, if the initial conditions of z; are in a known compact set,

then K™ can be computed.

Corollary 4.2.5. Under Assumptions|4.2.1], [4.2.2] [4.2.3] and 4.2.4] for any ¢ > 0
and compact set C C R”, there exists K™ > 0 such that, for all K > K™
the solution z; of with 2;[0] € C, and the solution s of with
s[1] = SN | 4: £(0, 2;[0]) satisfy

|2lt] — pislt]|| <€, VE>1,i€N. (4.2.27)

In addition, for all k € {1,2,..., K —1},ie N,and t > 1,

€ 1
||iltr] — pislt +1]|| < 3 <1 + W) . (4.2.2&2

Proof. In this proof, we show that, after K — 1 times execution of (4.2.1b|), the
solution of the overall system from the initial condition enters a positively invari-
ant set, in which (4.2.27)) holds. For this, let us first construct a few sets as

C5 = {q,F(0,2) : z; € C,i € N} C R",
f—l—l = {q;;an(@p@nS) 1S e Cf} CR" Vt>1,

oo
cs=Jcrcry,
t=1

in which, C} is the set of all possible s[t] for each ¢ > 1, which is bounded. The
set C5, is also bounded by Lemma Now, for the overall state Z, consider

two more sets:

C'=A{z:||H(& — s)l| < e0,s € C%, €]l < syuCY C R,
C={(z,5) € C' x C, : |H(E — 8)| < o, €]l < 8} € R™Y x R,
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where CV is N-ary Cartesian power of C, i.e., CN =C x C x --- x C and

N-times

€
 2max{|pll|Z . [1PII}

: 1-r }
0= mln{l, €0-
Lyllglll PN HIl

€0

Now, pick K™ such that

Do (WK™ Q) sup [F(t,2)| <6, ¥t 0.
zeC’

We claim that the set C is positively invariant for any K > K™ To see this,
suppose that, for any 7 > 1, s[r] € C2 C C%,, Hé[T]H <4, and ||H (&[] —s[))| <
€0, so that (Z[r], s[r]) € C. Then, it follows that

sfr+1] € G4y € C%
€r + 11l < PeW)EQUIEC 2]

<9,
and

1H (& [r + 1] = s[r + )| < [|H{&lr + 1] = 4o F (7, penéa [T)} ]
+ | H{agnF (T, penéi 7)) — sl + 1)}
< Lyllqlll[ P H6 + | HL{ fs(r, &al7]) = fo(r, s[TD

< Lyllgl[l[PINH NS + Al H (&[] = sl
< e

in which, we used

&[T + 1) = gen F (7, Pontalr]) |
= |90 {F (7, penéi[7] + Panflr]) = F(7, penéa[r)}
< LyllalllPIIEI < LyllallllPls.
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On the other hand, the set C' is reached within K — 1 executions of (4.2.1b)) from

the initial time 0g. Indeed,

s[1] = ¢gn F(0,2[0]) € O € O,
€]l = 1(AKT'QT)en (0, Z[0])]
< Pe(M)IF QI F (0, 2[0])
<46
1 (&[] = s = 1 {gen W F (0, 2[0]) — a2, F(0, Z[0]) |
=0.

Therefore, (Z[t], s[t]) remains in C for all ¢ > 1.

Finally, it is seen that, in the set C,

[[ift] = pis[t]]| = [Ipi(€a[t] = s[t]) + (Ps @ Ln)E[H]|
< max {Ip[[[|E 71 1PN} (1 Ealt] = sEeDI] -+ 1T
<,

which completes the proof of (4.2.27]).
To show (4.2.28]), we note that (4.2.25) and (4.2.26|) still hold. Therefore, for
alk=1,--- ,K—1,ieN,and t > 1,

llzsft] — pislt + 11| = lpi(&alte] — st + 1)) + (P @ L)E[t] |
< max {||pll|1H I, I1PII} (1H (&ltr] — sft + 1)1+ 1€]Ex]1)
< max { |[pll[|[H ]I, | P||}
 (H (&t +1] = slt + 1) + 1€+ 1[I/ v (W)

_ 0
< max {||p[l[[H ", |IP]} (60 + |>\N(VV)|K_k>
< E 1+ ;
T2 AN (W)= )
which completes the proof of (4.2.28)). O

Remark 4.2.5. In Corollary the solution s[t] of the blended dynamics is

A L)) &
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initiated not at ¢ = 0 but at t = 1. One may find this is natural because the state

s'[1] = £5(0,5/([0)) with s'[0] = 3230, i [0], iee, s'[1] = 07 i fi(0.ps 201 qiwil0)]),

can be very different from the considered state s[1] = Zfil ¢i fi(0,x;[0]). In fact,
the states 2;{01], j € NV, may be very different from each other, but they converge
with sufficiently large K towards S | giz;[01] with the scaling factor p;, which
is s[1] (not s'[1]). O

4.3 Network Synthesis with Examples

As mentioned before, the proposed approach is useful as a design method for
distributed algorithms by first designing a suitable blended dynamics such that
it behaves as desired and then synthesizing each heterogeneity of the multi-agent
system such that it has the pre-designed blended dynamics. Moreover, comparing
with the continuous-time approach, the discrete-time version handles more general
protocols as long as the spectral radius of its weight matrix is 1. In fact, many
studies on discrete-time multi-agent system including PageRank [IT10, ITTB12
L.C14] or synchronization [OSFMO07, [RB05| have used the communication protocol
which can be represented as a linear combination of agents’ state information like
(4.2.1b)) with the weight matrix of unit spectral radius. Thus, in this section, some
of the protocols are chosen to be considered as the coupling dynamics
and the behaviors of corresponding multi-step coupling systems are illustrated
using the results in previous section. Based on this, the design process for each

application example is also provided.

4.3.1 Distributed Estimation of the Number of Agents in Network

In this subsection, we assume that the network is undirected and connected,

and consider the following Metropolis-Hastings coupling weight w%\J/-IH in [SHM14]:

Lot o
m’ (j,1) € € and i # j,
1y Y]
wi = {0, (ji) ¢ € and i # ], (43.1)
1_Zwi\l/[H’ 22])
I£i
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where pMH ¢ (0,1). Note that w%H depends on both d; and d;, so that each agent
should additionally exchange its degree information with neighbors to update its
coupling weights online, and this will enable the plug-and-play operation to the

multi-step coupling framework.

It can be easily seen that w%[H satisfies (4.2.3) and Assumption holds
for WMH .= [w%\;{H] because it is doubly-stochastic. Hence, we can choose p = 1x
and ¢ = (1/N)1y from Lemma4.2.1, Then, the blended dynamics is obtained as

a simple average of f;s as follows:

1 N
sft+1] = — D filt. slt). (4.3.2)
=1

Since all p;s are chosen evenly as 1, by Theorem or Corollary the
behavior of every trajectory z;[t] is approximately synchronized to the solution
s of the blended dynamics . It should be emphasized that this collective
synchronized behavior comes from p = 15 and this choice of p is always possible
for any row-stochastic (not necessarily to be doubly-stochastic) weight matrices.
In Section [4:3:3] we will consider the row-stochastic weight matrix whose column-

sums are not 1.

As an application example for the Metropolis-Hastings coupling, we can design
a distributed algorithm for network size estimation as follows. In fact, many
distributed algorithms such as [ITB12, INOQ9| are often assumed to know the
network size N. The insight of the proposed algorithm is to make its blended
dynamics converge to IN. For example, if the blended dynamics is designed as the

following scalar dynamics
1
slt+1] = (1 - N> st] + 1, (4.3.3)

such that it has the stable equilibrium point at N, then each state x;[t] will also
approach to N under the Metropolis-Hastings coupling. Thus, by increasing K

until the synchronization error € in (4.2.6) or (4.2.27) gets smaller than 0.5, each

agent can find the exact network size through the round-off to the nearest integer.

One idea to design the heterogeneous dynamics f;s whose average becomes

A L)) &

L



44 Chap. 4. Discrete-time Heterogeneous MAS under Multi-step Coupling

(4.3.3) comes from

i]{@ + <§;(s[ﬂ 4 1)>} _ <1 _ ;V) S + 1,

this is, one agent has f; = 1 and all others have f;j(s) = s+ 1. For this, we
intentionally add one specific node which does not leave the network during the
operation of the algorithm. Without loss of generality, let an index of this node

be 1 and it runs the following dynamics:

L, if k=0,
nltin] = - . (4.3.4)
ZjeNlu{l} Wy Ty [tr], otherwise.

On the other hand, all the other nodes of i = 2, ..., N run the following dynamics:

ziltr] + 1, if k=0,
Tiltin] = (4.3.5)
Zje/\&u{i} w%[H%' [tr], otherwise.

Note that, even though the individual dynamics of (N —1) nodes for i =2,..., N
are (marginally) unstable, the overall networked system becomes stable and the
trajectories of individual agent approach close to N (less than the distance of 0.5
with sufficiently large K). In addition, this distributed algorithm can be applied
even when some agents might join or leave the network during the process of the
algorithm, because it does not rely on the initial condition of agents. This idea is
motivated by [LLKSI8| which proposed continuous-time distributed network size

estimation algorithm.

Example 4.3.1. To verify the performance of the proposed algorithm and
, we consider a network where the number of the agents varies during the
process of the algorithm as shown in Figure Initially, there are 5 agents in
the network, but, after an advance of 50 integer count ¢, the agent 2 leaves the

network so that the number of agents, N, changes to 4.

The simulation result of the proposed algorithm (4.3.4)) and (4.3.5) is given
in Figure Here, we use a parameter pM" = 0.1 in the Metropolis-Hastings

A L)) &

L
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Figure 4.1: Time-varying network considered in Example

coupling weight . Moreover, the coupling dynamics is repeated for 5 times
for each integer count (i.e., K = 6) in the algorithm so that the synchronization
error (which is denoted as € in Theorem is less than 0.5. From this, each
agent can estimate the exact network size N through the round-off to the closest
integer. Moreover, even though all agents are arbitrarily initialized with 0 in the
simulation, the algorithm could eventually estimate the network size NV regardless
of the initial conditions and the network change. This result confirms the plug-

and-play feature of the proposed algorithm. O

4.3.2 Initialization-free Distributed PageRank Estimation for Strongly

Connected Network

Now, we turn our attention to a different type of the weight matrix whose
column-sums are all one. In this subsection, we consider the multi-step coupling

framework whose coupling dynamics is the following iterative power method of

PageRank [BP9S|:

wiltier] = OPRagft] + (1 — 7R) 3 Ll (43.6)

out
JEN: U
where x; € R is the state, "% € (0,1) is the constant parameter, N; is the
in-neighbors of node 4, and d;’“t is the out-degree of node j. In fact, PageRank
score provides an information on relative importance of each node in the network,
so it has been widely utilized in diverse areas such as informatics [CXMRO7],
bibliometrics [LBNVAS05|, and biology [ZBE12].
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— 1|
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N and estimations
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D 1 1 1 1 1 1 L L 1
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Integer count ¢

Figure 4.2: Simulation result for distributed network size estimation: Dashed
line and solid lines represent the network size N and the estimate
of each agent, respectively.

Then, the coupling weight wZPjR is given by

R 0, =7,

Wy = Qij .,
(1 - HPR)d(;]ltv ? 7& Js
J

where a;; is the ij-th element of the binary adjacency matrix A. It can be easily

seen that winR satisfies (£.2.3)) and its weight matrix WFR .= [winR] is obtained

as
WPR = PRI + (1 - 6" AD L,
where Dy, is a diagonal matrix whose diagonal components are d§*t, .-, d3" in

sequence. Since WFR is column-stochastic, it has the spectral radius of 1 with the

left eigenvector ¢ = 1y. By Lemma[4.2.1] there exists a positive right eigenvector

SRk

1

I

U
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p € RV for the eigenvalue 1 such that
WPRp=p, 1lp=1.

Here, each element p; of p is called as PageRank score of node ¢ in the strongly
connected network and it represents the relative importance of each node in the

network [BP9§|. From this, the blended dynamics under PageRank coupling

(4.3.6)) is written as, with s € R,

N

s[4+ 1] = LLF (tpslt]) = S fi (t.pislt]) (4.3.7)
=1

By Theorem the i-th agent’s trajectory over the integer count ¢ is ap-
proximated by p;s[t], i.e., PageRank-scaled solution s of the blended dynamics
(4.3.7). Therefore, if one is interested in solving the PageRank score of each

node, then the blended dynamics can be designed to have a stable equilibrium of

1.

In fact, when the network has a large number of agents, these PageRank
scores are not easy to be computed in a centralized manner. Thus, the distributed
PageRank algorithms have been proposed in [IT10, ITB12, L.LC14]. Unfortunately,
most of them commonly assume an initialization. However, when nodes are added
to or removed from the network during the process of the algorithm, the whole
algorithm must be re-initialized whenever a change occurs in the network, and

this is not easy to be achieved in a distributed manner.

On the contrary, we can design an initialization-free distributed PageRank
estimation algorithm by employing the proposed multi-step coupling framework.
It can be easily inferred that, if the solution of the blended dynamics simply
converges to 1, then every sampled state x;[t] will approach to its PageRank score
p; under the multi-step coupling of . Thus, we first design the blended

dynamics which has a stable equilibrium point at 1 as

sit+ 1] =ws[t] + (1 —v), (4.3.8)

A L)) &
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where v € (0,1) is a design parameter. Since

vslt]+ (1 —v) Z{I/pl +(1-v)/N},

we can divide (4.3.8]) to each node by proposing the following algorithm

1—v
Ti[tpy1] = N
GPR:C[ ] 1 79PR Z dout ’
JjeN; J

vailte] +

if k=0,
(4.3.9)

otherwise.

Indeed, the proposed algorithm has the blended dynamics of . As stated in
Theorem [4.2.2]or Corollary [£.2.5] the proposed distributed algorithm does not rely
on a particular initialization. The algorithm uses a global information of IV,
but it can be distributively estimated by the result in Section[4.3.1} Note that the
proposed algorithm could estimate the PageRank scores in the strongly
connected network as Assumption [£:2:2] If the connectivity of the network is
not guaranteed such as in a hyperlinked network of web-pages, then we need
a new definition of the PageRank scores and modified algorithm, which will be

introduced in Chapter

4.3.3 Distributed Estimation of Degree Sequence of Network

Average consensus protocol has been widely utilized in many discrete-time
synchronization problems including [OSEMOT7, [RB05]. Thus, in this subsection,
we consider a multi-step coupling framework whose coupling dynamics is
the following average consensus protocol

1 — g

Tt 1] = 0% 8x;[ty] + wi[tx],

NIl

where 62V8 € (0, 1) is a parameter which represents weight between its own state

and the average of the neighbors.
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Then, the coupling weight w?}’g is obtained as

gve i=j
avg 9 )
W5~ = Qij .
(1 —0*&)—=, otherwise,
i
and the weight matrix W28 .= [w?}’g] is given by

W8 = g™ 4 (1 - 6™8)D ! A,

where D is the diagonal matrix whose diagonal components are di,...,dy se-
quentially. Note that w?}’g satisfies (4.2.3) and Assumption holds because
W?ave is row-stochastic matrix. Thus, we can choose p = 1y and find a positive

vector ¢ by Lemma [£.2.1] such that

qTWavg _ qT? quN -1,
Now, the blended dynamics is given by

N
st+1) = S aifilt, ). (4.3.10)
=1

Meanwhile, if the network under consideration is undirected, q is easily obtained as
¢ = (1/dsum)d for p = 1y where dgum = Y )y dj and d = col (dy, -+ ,dy) € RY
because d'D71A = 1[A = [dS%,...,d3"] = [d1,...,dN] = d'. From this, the
blended dynamics is rewritten as

N

y > difilt, s[t). (4.3.11)
SUm =1

slt+1] =

Similarly with Section the overall trajectories of z;[t] are approximately
synchronized to the solution of blended dynamics (4.3.10) (or (4.3.11))) for suffi-

ciently large K. The difference between the doubly-stochastic and row-stochastic
weight matrix is that the former has the blended dynamics as the simple average
of f;s like (4.3.2)), while the latter has the blended dynamics as the weighted av-
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erage like (4.3.10) whose weights ¢;s are uneven in general.

For undirected graphs, a non-increasing sequence of all degrees is called as
degree sequence |[Diel7|. Since the degree sequence does not uniquely identify a
graph, there has been much attention to obtain information of the graph struc-
ture from the given degree sequence. For example, [VLO05| realized the given de-
gree sequence by a simple graph (realization problem) and [HP14] estimated the
number of graphs with the given degree sequence (graph enumeration). If each
agent can predict possible structures of the network with the degree sequence,
it could obtain global information such as the algebraic connectivity. To achieve
this, a distributed algorithm to estimate the degree sequence is required, and we

proposed one implementation by employing the proposed framework as follows.

In the proposed algorithm, we additionally assume that each agent knows the
network size N and has its unique id. Again, N can be distributively estimated
using the application example in Section Moreover, the assumption on the
unique id for each agent is quite natural in the sense that, in practice, every
communication device has its own identifier such as mac address. Let X; € Z be

the id of the agent 7 and suppose 1 < X; for all i € N' without loss of generality.

Under the above assumptions, an arbitrary i-th agent runs the following dy-

namics

(1 —1/d;) mi[ty] + N%, if k=0,
ZjGMU{i} w?}’ng [tr], otherwise,

where z; € R is the state. From (4.3.11]), the blended dynamics is obtained as

N N
st +1] = d:lm {Z;d,» (1 - ;) sl + 2@%}

:(1— N >s[t]+ ! idiNXi-

dsum dsurn —
=1

For any connected network, dg,;, > N, and this guarantees the contraction sta-

bility of the above blended dynamics. In addition, its equilibrium point s* is

2] &-t]] 8
i ] 1
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obtained as
1 N
* ATX;
st = N E 1 d; N
1=

N
= Z diNXi_l.
=1

Meanwhile, it is easily seen that d; < N for all i € N because the network
has no self-connection. Thus, the number s* can be regarded as a representation

of the numeral system with the base N:

[S*L\,:[(S(B—l) O-2) "+ 01 o (4.3.12)

where B = max;en &; and 6y, represents the (b4 1)-th right-most digit such that
0p =d; if b=AX; — 1 and &, = 0 otherwise.

As a result, since every state at each integer count, z;[t], is approximately
synchronized to s* of , every agent can estimate the degree sequence by
removing zero digits in the N-base numeral representation of its state and ordering
the rest digits in a non-increasing order. Here, we suppose that K is properly
chosen such that the synchronization error € < 1 because this guarantees that the

error does not affect even in the right-most digit dg.
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Chapter 5

Application to Initialization-free
Distributed PageRank Estimation for
Network of Web-pages

5.1 Problem Formulation

PageRank is an algorithm used in the Google’s search engine to rank numer-
ous web-pages [BP98§]|. It assigns numerous values, called PageRank scores, to all
web-pages in a hyperlinked network, which represents the relative importance or
popularity of each web-pages. This concept of the PageRank has attracted a lot
of attention in diverse areas where there are multiple objects and their intercon-
nections. For example, the PageRank algorithm has widely utilized in informatics
[CXMRO7], bibliometrics [LBNVAS05], biology [ZBE12], sports [Rad1l]| and other
fields [Glel5].

The PageRank score is designed such that it has larger value as it receives
more citations from other web-pages and as the citing pages have larger PageRank
scores. To compute the scores, a challenge is that it requires significant compu-
tational loads due to the large dimension of the network. To overcome this prob-
lem, there have been extensive studies regarding distributed PageRank algorithms
which operate only by local information for each page. Distributed randomized
algorithms are proposed, for example, in [[T10, ITB12, [LCI4]| where each page
builds its distributed hyperlink matrix using only its outgoing information and

computes the PageRank score through a time average or a stochastic approxi-

53 H 2-1tlH
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mation. Recently, [SI19] extended this randomization approach to a determinis-
tic update algorithm for multiple pages. In [LZDI17], an optimization based dis-
tributed algorithm where the sum of the state values of all pages remains constant

was proposed.

However, most of prior studies are commonly assume an initialization. A
necessity of this initialization limits the algorithm’s utility only for the time-
invariant network. In other words, as pages or their hyperlinks are added or
removed in the network during the operation of the algorithm (we call this plug-
and-play operation), the algorithm must be re-initialized for each change in the

network and this is hard to be achieved in a distributed manner.

In addition, many algorithms are designed assuming that every page knows
the total number of pages IV in the network. For example, the number of N is
utilized as a parameter or the dimension of state variables. Not only the network
size is a global information, but also using the number of N in the algorithm
leads to challenge for plug-and-play operation. Although there has been various
studies on distributed estimation of the network size in a multi-agent system
ILLKS18, ISCHJ12, BAMJI11], most of them cannot be applied for the PageRank
problem. This is because the network in PageRank problem is different from other
networks in the sense that the network of web-pages is not connected digraph in

general.

To overcome this issue, [YTQIL6| reformulated the PageRank problem as Least
Square problem to distributively compute PageRank scores without specific ini-
tialization and the information of N. Nonetheless, the algorithm assumes that
the time-varying network is strongly connected with the constant network size
and there exists a global index for each page. Furthermore, to design of a random
process for determining which pages are selected, a bidirectional communication

is required in the directed graph structure.

In this chapter, we propose a distribute PageRank algorithm which does not
require both the initialization and the information of the network size N. By
forgetting an effect of initial conditions, the proposed algorithm enables the plug-
and-play operation without any connectivity condition in the network or regard-
less of the network size. The trade-off of not employing N in the algorithm is

T !
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that each page estimates scaled PageRank scores which are rescaled by the net-
work size N. However, since the relative ranking is not affected by the positive
rescaling, an important information about PageRank scores is still retained. In
addition, it is possible for each page to find the exact PageRank score if N is
known.

This chapter is organized as follows. Section [5.2| introduces the basic defini-
tions of PageRank and the iterative method to compute PageRank scores. In Sec-
tion [5.3] the initialization-free distributed PageRank algorithm is proposed with
the rigorous proof. In order to confirm aforementioned advantages of the pro-
posed algorithm, Section provides simulation results for a large dimensional

real data on web-pages composed of more than 30,000 links and 3,700 pages.

5.2 Basic Definitions of PageRank for Teleportation Model

For a directed network G with IV pages, the PageRank score p; > 0 for a page
i is defined by

N
pi = dzﬂt and Y pi=1 (5.2.1)
JEN; I i=1

where N; is the index set of the pages that have outgoing link to page i (i.e., the
in-neighbors of the node i) and d;?m is the number of outgoing links from page j
(i.e., the out-degree of the node j).

By stacking all the scores in a column vector p := col(py,---,pn) € RY
(we call this as PageRank vector), the definition of the PageRank can be

rewritten as

[an /ds™ app/dS™ - agn/dt]
aQI/dout a22/d0ut .. CLQN/dout
p= ) ! .2 . . N p:ADo_ultp and 1]TVp:1,
_aNl/d‘l’ut ano/d3" - aNN/d?\}‘t_

where A is the binary adjacency matrix of the network G and Dgy € RY*V ig

a diagonal matrix whose diagonal components are d™, ..., d3"". Since d?ut =



56 Chap. 5. Initialization-free Distributed PageRank Estimation

ZZ]\L | @ij, it should be emphasized that the matrix AD,; is column-stochastic so
that 1} is a left eigenvector of AD} corresponding to the eigenvalue 1. This
implies that the PageRank vector p can be considered as a scaled right eigenvector

of AD_ L corresponding to the eigenvalue 1.

If the network G is strongly connected and aperiodic, then we can guarantee
that AD_ L has a unique p by Lemma and Lemma m Based on this

observation, we already proposed an initialization-free distributed estimation al-

gorithm for PageRank scores for the strongly connected network in Chapter [1.3.2]

However, asking the network of web-pages to be strongly connected is not re-
alistic because there can be the pages that are isolated or have only outgoing/in-
coming hyperlinks. Therefore, we adopt a modified definition of the PageRank
vector p as the solution to the following teleportation model [IT14]:

m

p= [(1 - m)AD(?ult + N

1N1;] p=:Mp, 1lp=1. (5.2.2)

where m € (0,1) is a parameter whose typical value is 0.15 [BP98|. More details
related to this teleportation model can be found in [IT14]. It is clear that the
associated graph of M is now strongly connected because each node is connected
to every other node in the graph. Since M is a convex combination of two column-
stochastic matrices, it is also column-stochastic matrix and p(M) = 1. Moreover,
it can be easily seen that M is primitive for any graph topology of the network
G by Lemma [2:2.4] because its associated graph is a complete digraph with a
self-loop for each node. Using Lemma this guarantees the uniqueness of
the PageRank vector p as the scaled right eigenvector of M corresponding to the

eigenvalue 1.

On the other hand, solving the linear equation ([5.2.2) consumes significant
computational power when the dimension of the network is large. One idea to
overcome this problem is using a power method to iterate the following PageRank

dynamics:
z[k+1] = Mz[k], 1}z[0] = 1. (5.2.3)

where z = col (z1,--- , zx) € RY is the state which estimates the PageRank vector

A L)) &
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p. The state z asymptotically converges to the PageRank vector p because M is

primitive.

Indeed, by Lemma [2.2.2] the matrix M has a simple eigenvalue 1 which is
strictly larger than the absolute value of any other eigenvalues. Without loss of
generality, we can denote the eigenvalues of M as \;(M) for i € N such that
1= X (M)>|Xo(M)| > - > [An(M)|. Moreover, there exist R, Z € RV*(N-1)

such that
1 0
M= [p R] [o A

ZTR=1In_1,and R"1y = ZTp = Oy_1, where A € RV-Dx(N-1) ig 5 matrix

whose eigenvalues are \o(M), ..., An(M). Therefore, we have

1y

paiE (5.2.4)

lim z[k] = M"z[0]

k—o0
1 ol |1}
— lim [p R] N o] (5.2.5)
k—o00 0 Ak ZT

where the last equality follows from le\il zi[0] = 1. Thus, this initialization is

essential for each state z; to converge to its PageRank score p;.

When the network is time-invariant, the sum of all the states is kept as 1
as long as the iterative method is initialized because 1\ z[k] = 1 MF*z[0] =
15,x[0] = 1 for all k > 0. However, whenever some pages join or leave the network
during the iteration of , the sum might vary from 1 by the amount of the
joining/leaving state so that the convergence to the PageRank vector p in
is not guaranteed in general. This implies the power method requires the
re-initialization process for each plug-and-play operation, which is difficult to be

achieved in a distributed manner.

2] -] 8} 3
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5.3 Distributed PageRank Estimation without Initial-

ization

In this section, we propose an initialization-free distributed PageRank algo-
rithm, where each page estimates a scaled PageRank score Np; (rather than p;).
There are several reasons why we aim to estimate N-times scaled PageRank scores
instead of exact PageRank scores. Firstly, this positive rescaling does not affect
the relative ranking among all pages. Next, this enables the algorithm not to
contain a global information such as N so that its implementation becomes fully
distributed. Finally, even if the network varies over time, each pages can estimate

the exact PageRank score in the proposed algorithm only if N is known, while

the power method ([5.2.3)) cannot.

In the proposed algorithm, an individual dynamics of an arbitrary page i is

given by adopting the multi-step coupling framework (4.2.1]) as follows:

vailte] + (1 —v) = f7 (g, wilty]), if k=0, (5.3.1a)
. — -t
Ziltk1] = 9 (1 = ) 3 xéq[u’z +m, ifk=1,...,K -1, (5.3.1b)
JjeN; J

where x; € R is the state, v € (0,1) is constant as a design parameter, and ¢ is
the fractional time-index in (4.2.2]).

The underlying insight behind the proposed algorithm is motivated by the
(discrete-time) blended dynamics approach in Chapter However, unlike the
coupling dynamics where each state is updated by a weighted average of
neighbors’ state, i.e., a linear combination of agents’ state information, (5.3.1h)
in the proposed algorithm cannot be represented as the linear combination form

due to a constant term m.

So, it is required to modify the previous discrete-time blended dynamics (4.2.5)
to predict the behavior of (5.3.1) and we insist that the discrete-time blended

2] &-t]] 8
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dynamics for ([5.3.1) can be defined as follows:

sit+1]= (1 KlZf (t,pis[t]) + N(1 — (1 —m)K~1)

=(1-m {VZPZ ]+ N 1—y)}+N(1—(1—m)K1) (5:3.2)

= (1 —m)EY(s[t] - N) + N,

where ¢ is the integer count and p = [py,--- ,pn] ' is the PageRank vector defined
in . It should be emphasized that has a unique stable equilibrium
point at N and its convergence rate v(1 — m)&~1
increasing K. Then, we can infer from Theorem that, if the new blended

dynamics (5.3.2) is stable, then, for any initial conditions x;[0] and s[0], every

can be arbitrarily small by

solution x; at each integer count t can be approximately predicted by the p;-
times scaled solution s, i.e., Np; for all i € N.

Indeed, the following main result of this chapter states that the proposed
algorithm approximately estimates each scaled PageRank score for any initial
condition. In particular, the proposed algorithm does not rely on initial conditions
so that it enables the plug-and-play operation and the precision of the algorithm

gets higher as K increases.

Theorem 5.3.1. For any € > 0, there exists K™ such that, for each K >
K™ the solution x; of (5.3.1]) and the solution s of (5.3.2) with arbitrary initial

conditions satisfy

hmsup‘azZ Npl-|§e, Vi e N. O
t—o0
Proof. For convenience, let Z := col (Z1,--- ,Zx) and define

H(Z) = (1—-m)AD L% + mly,
H*(zZ)=Ho - o H(Z),

k times

F(z)=vz+ (1 -v)ly.
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Then, the evolution of the proposed algorithm ([5.3.1) at each integer count ¢ is

rewritten as

Z[t + 1] = HE L (F(z[t)). (5.3.3)

Based on the decomposition of M in ([5.2.4]), we consider the following coor-

dinate transformation

‘= G 15
¢l Lz7
whose inverse is
7 = pl1 + RC.

Along the overall dynamics (5.3.3)), the dynamics of (; at each integer count
t is given by

Gt +1] = LLH T (F(pGi[t] + RC[H))
K—-2
= (1—=m)* "L F(pGi[t] + RCTE) + Nm Y (1 —m)!
=0

=(1-m) MG+ NOI-v)}+ N{1—-(1-m)""1}
=1 -m)* (Gt - N)+ N,

where we used l]TVp =1 and l}R = 0. This implies that (;[t] converges to N as

t goes to oo from any initial condition.

On the other hand, the ¢ dynamics at each integer count ¢ is obtained as

Clt+1) = 2T HE " (F(p¢a[t] + RC[H))
=77 (1 —=m)AD; )"
=27 (1 = m)ADG8) " {u(pcilt) + BEH) + (1 — )1y — Np},

because, for any vector v € CV,

ZTH@w) =27 {(M - %1N1}) v+ mlN}
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= AZT(v— Np) — %ZTlNleV(U — Np)

— 77 (M - %1N1}) (v — Np),

where we use Z'M = AZT, ZTp = Oy_; and 1Lp = 1 for the second equality,

and

H(v) -

< ——1N1}>v+mlN Np
m
M(v—Np) = 1n1y(v — Np)

(M — NlNlJE) (v — Np),

where the second equality comes from Mp = p and 1}, yP =1, so that, for example,

ZTH*(v) = Z" (M — (m/N)1n1y)(H (v) — Np)
= Z"(M — (m/N)1x1))*(v — Np).

As a result, by letting e := (; — N, the system ([5.3.3)) is transformed into

e[t +1] = (1 —m)Xtvelt],
Gt 1) = 27 (1 - m)AD,
X {ype[t] +vR([t + (1 —v)(Iy — Np)} :

(5.3.4)

out

)K—l

Now, we define a Lyapunov function V = |e| + ||C||. Then, its time difference

along (5.3.4)) is

V[t +1] — V[t
= Jeft + 11| + 1]t + 1)) — [elt)] — ICTA)]
—(1— (1= m) " W)lefd)] - 1A (5.3.5)
+1127 (1 - m)ADGL)
x {wpelt] + vRC[H] + (1 — v)(1y — Np)}|
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Since p((1 —m)ADZ ) =1-m

out

127 ((1 - m)AD L)

x {vpelt] + vR([t] + (1 - v)(1n — Np)}|
< (L=m)* " W|Z]|(|pelt]]| + IR
+ (1 =m)" 1 - )|Z]|[1x — Np|
< (L =m)* )| Z||(lelt] + | RINICIAN)
+2(1-m)" 7 (1 - )N 2],

(5.3.6)

where the last inequality comes from ||p|| <1 and |1y — Np|| < |[1n]| + N|p|| <
2N.

Substituting (5.3.6) into (5.3.5)), it is obtained

V[t+1] = V[t] < =1 = (1 =m)" " w)left)] — IIC[1]]
+ (L= m) || Z||(elt]] + | RIICTI)
+2(1=m)* (1 - v)N|Z|

P (5.3.7)
—(1 =1 =m)" ")V
+ (1 =m)* || Z| max {1, | B[} V]{]
+2(1 —m)E1 1 —v)N|Z].
For given ¢, let K™ be a positive integer such that
min 1

(1=m) v {1+ [ 2] max{1, | RI}} < 5 (5.3.8)
4(1 = m)X™™ (1 = v)Nmax {1, |R||} |Z|| < e (5.3.9)

Then, it follows from (5.3.7) by (5.3.8) that, for every K > K™

1
VIE+1] =Vt < =5V +2(1 - m)5~Y1 - v)N| Z|.
From this, the ultimate bound of V is obtained as

limsup V[t] < 4(1 —m)5~11 - v)N||Z||.

t—o00
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Therefore, for each agent i € A" and K > K™,

lim sup |x;[t] — Np;| < limsup |p;(1[t] + Rif[t] — Np;
t—o0

t—o00

< lim sup{p;/elt]| + RIS
< max {1, ||R| } limsup V] (5.3.10)
t—o0

< max {1, || BR[|} 4(1 — m)* (1 — v)N||Z]|

S

where R; is the ith row of R and the last inequality comes from ([5.3.9). This
completes the proof. O

5.4 Simulation Results

For simulation, we use real data on web-pages of Lincoln university in New
Zealand, as in [IT14]. This web consists of 31,718 links and 3,756 pages including
two pages without any incoming link. Since the two pages do not play any role
in PageRank, they were removed in the data. Most of the rest pages do not
have an outgoing link, which are called as dangling node. In order to make the
matrix AD;}t stochastic, for all dangling node 4, an outgoing link (7, j) was added
whenever (j,1) is an incoming link. As a result, the resulting network has 3,764
pages with 40,646 links. More details on the data can be found in [IT14].

In order to confirm the performance of the proposed algorithm for the plug-
and-play feature, the network is supposed to be varying twice during the opera-
tion of the proposed algorithm. In particular, two pages whose indices are 2308
and 2310, respectively, and all their associated incoming and outgoing links are
removed at t = 3. Again, other two pages whose indices are 323 and 2306, respec-
tively, and all their links are removed at ¢ = 6. The varying distributions of the
PageRank scores in the network are depicted in Figure[5.1] After two changes in
the network, the two largest PageRank scores around 500 and 2500 are notably

increased, while others are slightly altered.

The proposed algorithm is simulated for two different parameters K = 20

] 2- 1_l|
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Figure 5.1: Distributions of PageRank scores for the original network (top)
and changed networks (middle, bottom).

and K = 40 with the same initial condition. The initial conditions are set to be
arbitrary for every agent. The parameters v and m in (6) are set to be 0.1 and
0.15, respectively. Simulation results are represented in Figure [5.2] Trajectories
of estimated PageRank scores in the proposed algorithm are depicted as colored
solid curves, and true PageRank scores are given as black dashed lines.

The simulation result shows that the proposed algorithm estimates the true
scaled PageRank scores for arbitrary initial condition, even for the plug-and-play
operation. In addition, by comparing two results of K = 20 and K = 40, it can

be seen that the level of error gets smaller by increasing K.
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Figure 5.2: Estimated PageRank scores of the proposed algorithm with dif-

ferent parameters K = 20 (top) and K = 40 (bottom): Col-
ored solid curves represent the estimation of each algorithm while
black dashed lines represent true PageRank scores.
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Chapter 6

Behavior of Discrete-time
Heterogeneous Multi-agent System
under Rank-deficient Coupling

6.1 Problem Formulation

This chapter studies the behavior of a discrete-time heterogeneous multi-agent
system whose individual agent dynamics is given by

filte, @ilte)), if k=0, (6.1.1a)

xi[tk’-i-l] =\ (I, — Bz)$l[tk] + B; Z wijmj[tk], ifk=1,..., K —1, (6.1.1b)

JEN;U{i}

where x; € R" is the state, t; is the fractional disrete-time index defined by
[#2.2), and f; : Z x R — R™ is continuously differentiable function representing
the time-varying heterogeneous node dynamics . The coefficient w;; is the
coupling weight which satisfies the property . We assume the followings for
the weight matrix W := [w;;].

Assumption 6.1.1. The weight matrix W is a stochastic matrix. O

Note that many studies on a discrete-time multi-agent system used a communica-
tion protocol whose weight matrix is a stochastic matrix such as in [IT10, ITTB12,

LC14, IOSFMO07, RB05|. In particular, if the weight matrix W is a row-stochastic

67 -':I'-\._i = ::' 1..5



68  Chap. 6. Discrete-time Heterogeneous MAS under Rank-deficient Coupling

matrix, then the system (6.1.1) can be rewritten as

filtes iltr]), if k=0, (6.1.2a)
Ziltk] = § z[ti] + Bi > wij(ajlte] — wilte]), ifk=1,...,K -1 (6.1.2b)
JEN;

so that the agents in the network are interconnected by the diffusive-type coupling
[Hal97]. This type of the communication protocol has been frequently utilized in

many synchronization problems [OSEMO07, RB05, [YSA19, [LS22].

Here, B; is supposed to be a symmetric positive semi-definite matrix so that
only a partial information of the communication affects the update of x;. Thus,
we call this by rank-deficient coupling. Moreover, it is supposed that the spectral

radius of every B; is not larger than 1, i.e., p(B;) < 1 for all i € NV.

In fact, this work is closely related to [LS20] which extends the continuous-
time blended dynamics approach, introduced in Chapter [3] to the systems whose
coupling matrices are possibly all different and singular. In particular, this pa-
per considers the heterogeneous multi-agent system whose individual dynamics is

given by

% =Fi(t,x) + KBy Y aijxj — %), (6.1.3)

JEN;
where x; € R" is the state,  is the coupling gain, a;; is the ij-th element of the
adjacency matrix A, and f; : R x R® — R" is twice continuously differentiable
with respect to their arguments, locally Lipschitz with respect to x; uniformly in
t, and f;(t,0) is bounded. In this problem, it is also supposed that every B; is
positive semi-definite so that only a part of the integration of x; is affected by

other agents for all i € N.

Compared with B; of (6.1.3)), B; is supposed to be not only a positive-semi
definite matrix but also a stable matrix in the discrete-time sense (i.e., p(B;) <
1,Vi € N). To see the difference between the continuous-time rank-deficient

coupling and the discrete-time rank-deficient coupling, let Z := col(x1,...,zN).

2] &-t]] 8
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Figure 6.1: Possible locations of an eigenvalue of diag(B;)(W — In)gn (top)
and I,y + diag(B;)(W — In)gn (bottom): The colored area rep-
resents the possible location of all eigenvalues of the correspond-
ing matrices and the dotted area represents the unit circle in the
complex plane.

Then the overall system (6.1.1]) at each integer count ¢ is given by

fi(t 1 [t])

K-1

#lt +1] = ({Luy - diag(B,)} + ding(B)(W @ 1)) '

In(t znl(t])

fi(t, z[t]) (6.1.4)

K-1

- (InN + diag(B){(W — In) ® In}) :
In(t zNlt])

- K-1
= (L + BOV = IN)en)  F(t,311).

In order to guarantee the stability of the overall system (/6.1.4]), it is necessarily

2] &-t]] 8
i ] 1



70  Chap. 6. Discrete-time Heterogeneous MAS under Rank-deficient Coupling

required that the spectral radius of I,y + diag(B;)(W — In)gn is not larger
than 1, ie., p(L,n + diag(B;)(W — IN)gn) < 1. Equivalently, all eigenvalues of
diag(B;)(W — IN)gn should be contained in the unit circle whose center is located
at (—1,0) in the complex plane. It is easily known that every eigenvalue of B;
is real because B; is symmetric for all ¢ € N. In addition, every eigenvalue of
(W — IN)gn is located in the unit circle whose center is located at (—1,0) on the
complex plane because W is a stochastic matrix. If some eigenvalues of B; are
larger than 1 or negative, then some eigenvalues of I, y+diag(B;)(W —In )&y, could
be located in the outside of the unit circle in the complex plane (see Figure [6.1]).
This observation justifies p(B;) < 1 for all i € N.

In this chapter, our interest is to analyze the behavior of the multi-agent
system under rank-deficient coupling when K is sufficiently large. To
achieve this, similarly with Chapter 4l we introduce the discrete-time blended
dynamics for rank-deficient coupling, which enables to predict the behavior of
(6.1.1).

This chapter is organized as follows. Section [6.2] proposes the coordinate
change for the multi-agent system under rank-deficient coupling, . In par-
ticular, by the proposed coordinate change, the system is separated into non-
vanishing and vanishing dynamics with respect to the parameter K. Based on
the observations, the blended dynamics for the rank-deficient coupling is intro-
duced and this allows to predict an emergent behavior of the heterogeneous multi-

agent system in Section [6.3

6.2 Coordinate Change

Recalling (4.2.13]) and (4.2.14)) in Chapter we propose the coordinate change

which enables to separate the system into non-vanishing and vanishing parts as
K gets larger. This allows to construct the blended dynamics which predicts the
behavior of overall system for large K. Likewise, in this section, we introduce a
linear coordinate change for to separate the non-vanishing and vanishing
dynamics with respect to the parameter K. In fact, a similar work is demonstrated

in |[LS20] for an undirected connected network in continuous-time domain. This

A L)) &

L
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section introduces the coordinate change for a strongly connected directed network
in discrete-time domain and this work is achieved with the aid of Jin Gyu Lee,

lead author of [L.S20].

The main result of this chapter is stated under the following assumptions.

Assumption 6.2.1. The function f;(¢, z) is uniformly bounded in ¢ and globally

Lipschitz with respect to z uniformly in ¢.

Assumption 6.2.2. The communication network G is strongly connected. O

Under Assumption [6.2.2] by using Lemma there exist positive eigenvec-
tors p,q € RY such that

Wp=p, ¢ W=q', ¢'p=1 (6.2.1)

Since W is a stochastic matrix, either p or ¢ can be chosen as 1y.
Before changing the coordinates of the system, a few matrices which consist

of the transformation are introduced as follows:

1. For every positive semi-definite matrix B; in (6.1.1]), there exist R; € R™*"i
Z; € R(n=1i) and a positive definite matrix A; € R**%, where r; is the
rank of B;, such that {Ri ZZ} is orthonormal matrix and

RT

)

A

)

AZ 0

Bi:[RZ» ZZ} L

It should be noted that the spectral radius of A; is not greater than 1, i.e.,
p(A;) < 1 because p(B;) <1 foralli € N. Let us define each block diagonal

matrix of R;, Z;, and A; for future use as follows:

o

R:= dia‘g(R17 U 7RN)
Z = diag(Zy,- -+ , Zn)
A = diag(Ay, -+, An).
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2. With 1 := Zfil r;, there exists V' € R™ such that the columns of V are

orthonormal vectors which satisfies
(W = In)enRAZV = Oy (6.2.2)

where o be the nullity of (W — IN)®n}o%/O\E and

= =diag(Zy,- -+ ,Z2n) = diag (1 /pilri> € R™¥T,
q;

Let V; € R*** for 4 € N such that V = col(Vq, -+, Vn).

3. There exists V € RT™(T10) guch that [V V} is an orthonormal matrix.

Based on aforementioned matrices, the following proposition can be shown.

Proposition 6.2.1.

W = IN)enRAZ™V = Opnsry (6.2.3)

Proof. Since ker(W — Iy) = im(p), it follows

ker((W — In)gnRAZ) = {v € R* : RAZv € im(p ® I,,)}

- RIAE RNANE
:{CC’l(Ulw-,vN)eRr:llm:...:NNN”N}
pl pN
;. A RNA
:{COI(Ul,---,UN)ERr: 1 1U1:...:NNUN}
VP VPNIN

where the last equality comes from =; = \/p;/q;l;, for all i € N. This implies
that, for any col(vi, -+ ,vy) € ker((W — In)gnRAZ), there exists w € R™ such
that

R;Av; = igiw, 1€ N. (6.2.4)
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Meanwhile, by letting v = col(v, - -+, vn) € ker(W — In)gnRAZ), it follows

@
P R1A1U1
RAE 1y =

N
v BnANuN

q1w

= : €im(g® I,),

gNw

where the last equality comes from (6.2.4)).

Since ker(W T — Iy) = im(q), we finally have
(WT — IN)enRAE'V = Opnsrs
which completes the proof.

Now, we consider the following coordinate transformation

2 ZT
r e VTE—IA—léT j = T—
7 STIVTEAIRT(W — In)on

where z € R™™V=T r ¢ R, 7 e R'0 and

S:=VTEART(W — In)enRAEV € RO10)x(F—r0),

With (6.2.5]), we claim that
T7'=|Z2-RASL RAZV RA=V

where

L:=VS'WIEART(W — In)enZ.

(6.2.5)

(6.2.6)

(6.2.7)

Indeed, this claim can be easily proved by 77! = I,y using Z ' R=0, 27 Z =
1, RTR= ILVIV=ILVV=IadV'V=0 (here, we omit the dimension of
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identity matrices or the zero matrices for convenience). In particular, the (3, 1)-th

block component of 77 ! is obtained by

STWTETATIRT(W — In)en x (Z — RAZL)
= STWIETATIRT(W — In)en”Z
— STIVTETATIRT(W = IN)gnRAZV ST'WWIEART (W — In)anZ

=S

— 0,
and, the (3,2)-th block component is obtained from (6.2.2)) as

STIWTETATTRT(W — In)enRAZV = O.

Before applying coordinate transformation (6.2.5)) for the system (6.1.4]), we

first confirm that

Al (InN +BW - IN)®n> =7
vTE1A1RT (InN +BW - IN)@W) —vTE1A1RT
+VTEART(W = In)on

=VIz-IAIRT

where we use, foralli € N, Z,' B; = 0, R] B; = A?R;, and (WT—IN)®HZO%1°XE*1V =
O from Proposition [6.2.1], and

STWTETATIRT(W — In)gn (InN + BV — IN)®")

=5 WTETATIRT(W

+ STWIETART (W

= S5TWTETATIRT(W

+ 85 VTETART (W
=S

= (I+8S)STWTEART(W = In)en

—IN)en

— IN)anRAZE(VVT + VVDETART(W = In)en
—IN)on

— IN)enRAZV VTETTART (W — In)an
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where the first equality comes from

B=RAR"
— RAZE'ART
= RAZ(VVT + VVE'ART.

Using above equalities, by the coordinate change ([6.2.5)), the system (6.1.4) is

transformed into

2t +1) = ZTF(t, Zz]t] — RAELz[t] + RAZVr[t] + RAZVF[1]),
rlt+1) = VT2 AT RT F(t, Z2[t] — RAELz[t] + RAZVr[t] + RAZVF[t])

N

=D VIEIAIRE
=1
X fi(ZiZi [t] + RiAiEiLZ[t] + RzA@EZ‘/;T[t] + RlAlEl\Zf[t]),
Ft+1)= I+ 8K WTET A RT(W — In)on
x F(t, Z2[t] — RAZLz[t] + RAZVr[t] + RAZVF)).
(6.2.8)

If the spectral radius of (I + S) is less than 1 (i.e., p(I +5) < 1), it is clear
that 7 becomes almost zero for sufficiently large K. Indeed, the following results

show that the spectral radius of (I +.5) is less than 1 for a row-stochastic matrix
(Proposition [6.2.2)) and a column-stochastic matrix (Corollary [6.2.4]).

Proposition 6.2.2. For a row-stochastic matrix W and positive vector ¢ € R

satisfying W'q = q and 1;¢ = 1, let 119 = diag(¢;) € R" and
Gi:=V'ER'TY,REV.
Then,

AG:=T+8)"Gi(I+8)—-Gi<0. (6.2.9)
O

It should be noted that (6.2.9) implies that the asymptotic stability of a linear
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system w(t+1] = (I4+.S)w[t] can be shown by the discrete-time Lyapunov function
w' Gw, which is equivalent to p(I +S) < 1.

Before proving Proposition[6.2.2] we first introduce the following lemma which
will be used for the proof.

Lemma 6.2.3. [WLMA19, Lemma 1] Consider a row-stochastic matrix W.
1. LW =17 — W II?W is positive semi-definite and L1y = Ox.

2. If every Wj; > 0 for all i € AV, then the kernel of L" is one-dimensional. ¢

Now, the proof of Proposition [6.2.2] can be shown as follows.

Proof. From ([6.2.6)), I + S can be rewritten as

I+58= If_ro + VTE'ART(W — In)enRAZV

(6.2.10)
= VT2 YL+ ART(W — In)enRA}EV.

Substituting (6.2.10)) into (6.2.9), it is obtained

AGy = (VTE{L+ART(WT — In)enRAYET'V) (VT ZR T, REV)
x (VTE"Y L+ ART(W — In)en RA}EV)
~ V=R, REV
=VE{L+ ART(WT — IN)enRAYEY (I — VVT)ER T, RE
X (I = VVEY L+ ART(W — IN)e, RA}EV — VTERTTIL R

(1]
<

where we use VV'T = I; — VVT. Then, we have

AG, =V (L - VV)ERIY, RE(L — VV TV
+ V(L —=VVERIY,, RE(I; — VV)E'ART(W — In)en RAZV
+VTEART(WT — IN)gn RAZ™Y (I — VVT)ERTTI,, RE(; — VV )V
+VTEART(WT — In)gnRAZ™ Y (I; — VVT)ERTTIY , RE
x (It = VVE'ART(W — In)enRAEV
— V=R, REV
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=V'ER"Y, REV
+VTERTIY, RE(L; — VV)E'ART(W — In)en RAZV
+VTEART(WT — In)en RAZ™Y(I; — VVT)ZRT I, REV
+VTEART(WT — IN)gnRAZY(I; — VVT)ZRTTL, R=E
X (I = VVDETART(W — IN)enRAZV
— V=R, REV

where we use V'V = O in the last equality.

The above equality can be simplified by the following properties:
e From Proposition [6.2.],

WT —IN)enRAZ'VVT =0,
or VVTETTAR(W — In)gn = O.

e Since both I, and RART are block diagonal matrices with corresponding

diagonal blocks of the same dimension, they commute. This yields

.
R, RART = RTRAR'TIS,
-
— ARTTIY,

where the second inequality comes from RTR=1I Similarly,

RAR'IIL R=T2% RAR'R
=%, RA.
e Since II9 is positive semi-definite, there exists vII¢ € RN*N guch that

1% = v/119v/114. Moreover, v/119 also commutes with RART. From this, it
follows that

RARTIY RART — (RART )Ty Mg (RART)
VTl (RAET)(RART )T,

2] -] 8} 3
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= Vg, RAAR VI4g,,
< Vg, RRT VT4,
<v Hq®n \% Hq@n = Hg@m

where the first and the second inequalities come from p(A;) < 1 and R;R;
is an orthogonal projection matrix so that RiRiT < I, for all i € N, respec-

tively.

Using above properties, we have

AGy < VTE{AR™IL, (W — In)gnRA + ART(WT — In)g,I1%, RA
+ART(WT — InN)gnll%, (W — In)gnRAYEV
= —VTEART{Y, — W, 1%, W, } RAZV
= —VTEARTLY RAZV

From this, it is enough to show that VTEARTL(%YHJ%AEV is positive definite to
complete the proof.
Since LY, is positive semi-definite from Lemma so is VTEAETL%Y”]%AEV.
To show VTEIQ\]S{TL%/”]O%/O\EV is positive definite, consider ¢ = col((i,...,(n) €
R such that
¢TVTEARTLY RAZV(¢ = 0.

It can be easily shown that, if CTVTEARTL&]O%JOXEVC = 0, then ngné/ia’/g =
0. Since the kernel of LW is same with the kernel of (W — Iy) as im(1y) by
Lemma [6.2.3] it follows that

(W — IN)enRAEVC = O,

Note that the columns of V spans the kernel of (W — I N)®n10%/o\E. Thus, we have
V¢ € im(V) which implies ¢ = Oz, . O

If W is a column-stochastic matrix, then it can be easily shown that p(I+5) <
1 by the following corollary.

#;rﬁ'! _CIJI_ 1—l| -_.fJ]_ T_III-
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Corollary 6.2.4. For a column-stochastic matrix W and positive vector p € RY

satisfying Wp = p and 1p = 1, let II? = diag(p;) € R" and
Go:=V'E'RTIE, RET'V.
Then,

AGy = (I+8")TGo(I+ST) -Gy <0. (6.2.11)
9

Similarly with Proposition [6.2:2] Corollary guarantees the asymptotic sta-
bility of w[t + 1] = (I + ST)w[t] using the Lyapunov function w'Gow, i.e.,
p(I+ST) < 1. Since p(I +ST) = p((I +9)") = p(I + S), Corollary
shows p(I +5) < 1 for any column-stochastic matrix W.

The key idea of the proof for Corollary[6.2.4]is to replace the column-stochastic
matrix W to the row-stochastic matrix W' in the proof of Proposition . The

detail of the proof is as follows.
Proof. Since I + 8" can be written as

I+S" =L .+ VTEART(WT — IN)gnRAZ™'V
VIE{L+ARTWT — In)gnRAYETV,

with the similar procedure in the proof of Proposition [6.2.2] we have

AGy < VTETHARTIE, (W' — In)enRA
+ART(W — In)gnIl%, RA
+ART(W — IN)enIl%,(WT — IN)gn RAYETIV
= VTETART{I, — We, 1%, Wl JRAZV
— —VTEARTLY RAZT'V

where LW = TI? — WIIPW .
By applying Lemma to W T which is row-stochastic, I isa positive

semi-definite matrix. So VTE_ljiéTngnT RAZ1V is also positive semi-definite.

] 2 1_-_” LT
¥ el I o
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To show VTElliRTLgnT}?AEIV is positive definite, let ¢ = col((y,...,(n) €
RI~*0 such that

CTVTEARTLY RAZ'V(¢ = 0.
It follows that Lg/nT RAZ-'V(¢ =0. By Lemma the kernel of LW is im(1y)

because every diagonal entry of W is positive. This yields
(W — IN)enRAEV ¢ = 0.

Since the columns of V' are basis of the kernel of (W — In)gnRAZ, it follows that
V¢ € im(V). From the orthogonality of V and V', we have ¢ = 0 and this implies
that VTEljo\ZO%TLgnT}?AElv is positive definite. g

6.3 Prediction on Emergent Behavior under Rank-deficient

Coupling

In the previous section, it is proved that the spectral radius of I + S for any
stochastic matrix W is less than 1. By recalling the transformed system ([6.2.8)),

the 7 dynamics vanishes as K gets larger. Based on this observation, we introduce
the blended dynamics for (6.1.1]) as

Zi [t + 1] = Zl—l—fl(t, Zi%Z [t] — R,LAZE,LL,Lf[t] + RlAZElVﬁ[t]) c RnN_f,
N
Alt+11=> V;'E AR (6.3.1)

=1

X fi(t, Ziﬁ’i [t] — RZAZEZLZZA’M + RZAZEZ‘/Z’f’[t]) c Rro,

where 2 € R™™~T and # € R™, for all i € \.

Now, we can state the main result of this chapter where the system state x;|t]
at integer count t can be approximated by the solution of the blended dynamics
for sufficiently large number of steps for the rank-deficient coupling in
(6.1.1)).

Theorem 6.3.1. Under assumptions [6.1.1], [6.2.1], and [6.2.2] assume the blended

A -Etf &3
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dynamics (6.3.1)) is contractiveﬂ then, for any € > 0, there exists K™ such that,
for all K > K™ the solution z; of (6.1.1) and the solution of (6.3.1) with

arbitrary initial conditions satisfy

limsup ||2;[t] — (Zi&[t] — RiMiZiLi2[t] + RiNEVirt])|| <e, Vie N. (6.3.2)

t—o00 <>

Proof. For convenience, let £ := col(z1,...,zn,r) and € := 7. Then, the system

(6.2.8) can be written as

E[t + 1] = h(t, £[t], €[t])

i ) (6.3.3)
e +1] = (I +9)g(t,£[1], €[1])

where £ € R™, §~ € R™W=m and h and g are defined by , which are contin-
uously differentiable with £ and é , globally Lipschitz with respect to & and é , and
uniformly bounded in ¢. In other words, there exist a non-decreasing continuous
function My, : R — R, My : R — R and a constant Ly, ¢, th, Lyg, Lg,g > 0 such
that, V&,& € R™, &,& e RN t € Z, and i € N,

[h(t, €,€)| < Mp(]lcol(&, €)]]),
lg(t, £, )|l < My(||col(€,E)])),

||h(t,§1,~é> - h(t,52,~£>|| < Lh,gusf - §2||, (630
Ih(t,€,61) = h(t, &, &) < Ly, gllér — &,
lg(t,€1,€) — g(t, &2, )| < Lygellér — &ll,
lg(t, €, &) — g(t,€, &)l < L, £llér — &l

'The system z[t + 1] = f(t,z[t]) € R™, where f is continuously differentiable, is said to be
contractive [LS98|, [TRKIS] if there exist a positive definite matrix H € R™*™ and a positive
constant v < 1 such that

of of

a—w(t,x)THQa—w(t, z) <~yH?, VreR"tecl.
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Meanwhile, the blended dynamics[6.3.1] can be written as

where £ € R™. Since the blended dynamics (6.3.1)) is contractive, there exist a

symmetric) positive definite matrix H € R"*" and a positive constant v < 1
y 1% p v

such that

Oh £ T rr2
— _ H
Os (t7§7 OnN m)

oh

- (t,€,0nn_m) < yH?, VécR™ e

Note that, since the blended dynamics ([6.3.1)) is contractive, by Lemma the
following inequality holds

[EH{A(t, &, Onn—m) — h(t, 2, 0nn—m)}| < VAIIH (&2 — &) (6.3.6)

for all t € Z and 51,52 e R™.
Before proving Theorem [6.3.1], we claim the solution of the blended dynamics
(6.3.1)) is bounded. In particular, the boundedness of the solution of the blended

dynamics can be shown by
|HEMI] < welt], vt>0 (6.3.7)
where we € R is the solution of
welt +1] = ywelt] + [ HA(E, O, Onyv—m) |, wel0] = |HEO].  (6.3.8)

It is clear that |[HE[7]|| < we[r] for 7 = 0. Let us suppose ||HE[7]|| < we[r] for

some integer 7 > 0, then

IHE[r + 1] = [|H{7(7, &[7], 0nn—m) = 17, Oy O —m) + 1T, O, Oy ) |
< |[H{A(7, £[7), 0N —-m) — (7,0, Onrv—m) }|
+ [|H (7,0, Oy —m) |
< VAIHE | + [ HA(T, 0, O )|
< Awelr] + [|[Hh (7,0, 0nry —m) |
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= we[r +1],
where the second inequality comes from (6.3.6). By mathematical induction, this
proves (|6.3.7]).
Meanwhile, the solution we of (6.3.8) is obtained as
t—1
welt] = \/’7“’6[0] + Z VAl _T_1||Hh(7'v O, Onv—m) |-

7=0

From the uniformly bounded assumption of & in (6.3.4)), i.e., |A(t, &, )| < My (||col(€,€)]))
, it follows that

lim sup |€[#][| < |[H || lim sup || HE[]|
t—o00 t—o00

SHHHHgfup{¢7HHﬁmH+
stprog 1107, O Our—)|
1=\

_ M3 (0)
<|H IHHHH?ﬁ =: Mj,

Supr>o [ HA(T, O, O —m) | }
11—y

< | HH|1H]|

(6.3.9)

which justifies the claim.

Now, the behavior of the network under the rank-deficient couphng , Or
equivalently (6.2.8 -, is studied with the blended dynamics (|6 , or equivalently
(6.3.1]), which describes the evolution of the overall system at every integer time

t. For this, we introduce a Lyapunov function

V= |H(E - &) +n|€|

where n > L, ¢||H||/\/7. Then, we have

/\

V[t +1] = [[H(Et + 1] — €[t + 1)) + nl|€[t + 1]
= [[H {h(t, €[t], Onn—m) = h(t, €[t], Opry—m)
+ h(t, €[], €[¢]) — h(t,€[t], Onn—m)}|
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+ )| (7 + $)% gL, €[t], Onv—m)
+ 9(t, €01),Onrv-m) — (¢, €[], Onrv—n)
+9(¢,€[1),€[1]) — (¢, €[1), Onrv—m) } |

< [ B €[], Oun—m) = Bt (8], Oun—m)} |

|| EE{RC €[] €D — Bt €[] Onn—m)}|

+ oI+ )5 n{ g (t,€[t], 0nn—m) — 9(¢, €[t], 0 )

+ llg(#, €[t €12]) — 9(t, £[t], Onn—m) |
+ 119t E[1), Our—m) }.

The above inequality can be simplified by the following properties:

« by (30,

o by 1),

(. €161, €[t]) — At €[], Onn—m)|| < Ly, lIELA]
lg(t. 161 €18)) — g(t, €[], Oun—m)| < L, £lIEEAII

and similarly

19(t, €[], Onn—m) — g(t, E[t], Onv—m) || < Lg.el|€[] — €[]
< Lge|[H™ 1\\HH{f[t1 —Eqt|

A2t sk
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Using the above inequalities, it is obtained that

VIE+1] < VA H(E = €D + Ly ¢l ][ IE[A]
+p(I+ 9% nngHH A € - £l
+p(I+8)K L, &[]

+ oI+ 8) 5 nllg(t, &[], Onn—m) |

< VAV A+ p(I + S)E My V]

+ oI+ 8) M llg(t, &[], 0nn—m) I,

(6.3.10)

where M := max{LngH_lﬂ, Lg,g/n}'

For the given €, let K™ be a positive integer such that

min 1 —
p(I+8)5X"" by < T\ﬁ (6.3.11)

—1 -1 1 2n X
T Hmax{HH H,n}l_\ﬁMg(Mh)Se (6.3.12)

Then the following inequality is obtained by substituting (6.3.11)) into (6.3.10)),

G
Vit+1] - V[ < SV 613

+p(I+ 8) g (t, 1), On—m) |

for all K > K™, By (6.3.4) and (6.3.9),

limsup ||g(t, €[], Opn—m)|| < My (limsup [|£[¢])

t—o00 t—o00

< M, (Mh)

Using this and ([6.3.13]), the ultimate bound of V is obtained as

. _ 2n
h?i)sogp Vit] < p(I +8)% 11 — ﬁMg(M;L). (6.3.14)
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Therefore, for each agent i € A" and K > K™,

lim sup [l [f] = (Zizilt] — RidiZiLiclt) + RAEVirlH])
£[t]] e [ €[t ] ‘
g[t] Oanm

[sm] _[ €[] ]
g[t] OnN—m

< |7 | sup{ | |17 (1) - €D + 1€l

7-71

= lim sup
t—o00

< HTfl H lim sup
t—o0

< |7 ) 3 } v

_ _ iy 1 2n
< p(I+ ST 1HmaX{HH ! ’n} 1_\ﬁj\@,(Mﬁ)

<e

—

where the last inequality comes from (6.3.12)). This completes the proof for (6.3.2))
of Theorem [6.3.1] O

6.3.1 Approximation by Blended Dynamics for Simplified Cases

6.3.1.1 Case 1: Every B; is non-identical and positive definite

If every B; is positive definite (but not necessarily to be identical), then r; = n
so that B; = RiA?RlT, and Z; and L become null for all ¢ € N. In addition,

V € R™™W*" because rg = n. Without loss of generality, we can define R; = I,
and A; = v/B; and it follows

ker (W — In)enRAZ) = ker (W — In)gndiag(y/B;)E)
= {v e R™V : diag(/B;)Zv € im(p ® I,,)}

== {COI(U]_ ’UN) ER”N : @ R — \/m}
’ ’ D1 PN
= {Col(m < L UN) ER”N:\/E“:...:\/M}

3 D +11 &=
&l -'|-1—-l| T
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where the last equality comes from Z; = +/p;/qil,. This implies that there
exists a square matrix Vy € R™™ such that, for V = col(Vy,---,Vy) € R™V,
Vi = 1/pl-qi\/Bi_lvo for all 7 € N. Since every column of V is orthonormal, we

have

N
vViv=> V'V
=1

= ZPZQZVO \/Ez Vo

By letting V) = (Efil Bi_l)—l, we define a new variable § = Vp7 so the
blended dynamics (6.3.1)) is transformed into

i+ 1] = %Zm\/aﬁw@‘l@‘l
(o \fmff )

N

- (X8 Zqu filt, pidlt)-
i=1
With sufficiently large K, we can approximate x;[t] from (6.2.7) by

RiNE Vit = | %\/pz'%‘\/ B;v/ Bz‘ilvbﬂt]

= p;s[t].

6.3.1.2 Case 2: Every B; is identical and positive semi-definite

If every B; is identical to some positive semi-definite matrix By for all ¢ € N/,
then Ri = ... =Ry =Ry, Z1=...=Zny =: Zyg,and Ay = ... = Ay =: Ap.
This yields B=1Iy ® By, R=1Iy ® Ry, B=Iy® Zy, and A=1In ® Ag. From
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these,

L=VS'WTEART(W — IN)gnZ
STWTEUIN @ Ag)(In @ Ro) T (W — In)en(In ® Zo)

Syt {(W —-1Iy)® R(—)FZO} = Orx(nN-1)

1
< <

(11

where the last equality comes from R(—)r Zy = Ofx(n N—1)-

In addition, it is obtained that

(W — IN)enRAEV = (W — In)an(In @ Bo)(In ® Ag)EV
={(W — Iy) ® (RoAo)}EV.

Then, we can define V' € RVN0X10 gych that its columns are orthonormal basis of

ker (W — In)enRAE) = ker (W — Iy) ® (RoAo)E)
= {U (S RT : (IN & (RQA()))E’U c im(p & In)}

F A= An=
_{COl(Ula'”aUN)ERr:Room_...—ROONUN}
p1 PN
- RoA RoA
:{COI(UL'”aUN)eRr:OOUI:---:OO,U]V}'
vaaun VPNAIN

This implies that V' can be choosen as V' = col(y/p1q1, - - - , /PNGN )@V € RNT0XT0
for any square matrix 7 € R*** guch that the columns of V' are orthonormal.

This yields V'V = SN pigiVo Vo = Vo ' Vo = Iy, which also implies VoV | = I

Based on the aforementioned observations, with a coordinate change § :=

AoVo7, the blended dynamics (6.3.1]) can be rewritten as

Zilt+1) = Z4 fi(t, Zoz[t] + Roslt]) € R,

N (6.3.15)
S[t+1] =Ry fi (t, Zoilt] + piRos[t]) € R™,
=1

because both Z; and Ag is block diagonal matrices so that they commute and

VoV =7 = pigiVoVo 2!

2] -] 8} 3

'Iu
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= VDG % 4| %VOVOT
1
= Qilroa
RoAZ Vit = , / %ROAO X /P Vol
(3

= p;Ro5.

As a result, the system state x;[t] at each integer count ¢ can be approximated
by

Zozi[t] + piRo3[t].

6.3.1.3 Case 3: Every B; is identical and positive definite

If every B; is identical to some positive definite matrix By, then Zy becomes
null and Rg = I, so that the blended dynamics (6.3.15)) can be rewritten by

N
lt+1]1 = aifi (t,pislt]) € R™. (6.3.16)
=1

From this, the behavior of each agent, z;[t], at each integer count ¢ can be esti-
mated by p;s[t]. This is exactly corresponds to the result of [KLLS22|, which is
introduced in Chapter [
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Chapter 7

Application to Distributed State
Estimation

7.1 Problem Formulation

In this chapter, a distributed state estimation algorithm is proposed based
on the blended dynamics approach for the rank-deficient coupling, which is intro-
duced in Chapter 6] The proposed algorithm allows every agent to estimate the
full state information of the target plant using only its partial output informa-
tion. Comparing to the classic state estimation problem, the proposed algorithm
overcomes the limitations through the inter-agent communication.

We consider a discrete-time linear time-invariant system

x[t+1] = Ax[t] € R”,
y[t] = Cx[t] € R™,

(7.1.1)

where y is the state and y is the output. Here, we assume that (C, A) pair is
detectable so that there exists an asymptotic observer [TSH12|. It is supposed
that the output y of the system is monitored by a network of N agents (or
sensors) such that an arbitrary agent ¢ can measure the partial output information

yi € R™ which is given by
yi=Cix eR™, €N, (7.1.2)

where C' = col(Cy,---,Cn) € R™, with Zfil m; = m. It should be emphasized

3 ey 211
91 .-':lx_i ""|-.I'.I I| !
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that each (Cj, A) is not necessarily detectable, while (C, A) pair is detectable.
In order to utilize the entire output information in the network, we assume the

connectivity of the communication network as the following way.

Assumption 7.1.1. The communication network G is strongly connected. O

Our goal is to design a distributed observer for the system (7.1.1)) and (7.1.2)

with the communication network G composed of N agents, such that the state
estimation x;[t] of each i-th local observer converges to the plant state x[t], i.e.,

lim ||xi[t] — x[t]|| =0, ieN. (7.1.3)

t—o00

In particular, the proposed local observer in the every agent is designed to satisfy

the following properties:

e distributed operation: each local observer communicates with only its neigh-

bors

e local measurement: each local observer utilizes only its local measurement

Yi

This chapter is organized as follows. Section [7.2]is composed of the follow-
ing two subsections. Subsection [7.2.1] introduces the detectability decomposition
which is an extension of the Kalman decomposition. Based on this decomposition,
a distributed state observer is proposed and its asymptotic performance is shown
in Subsection [7.2.2] To verify the performance of the proposed observer, a toy

example and its simulation results are illustrated in Section [7.3]

7.2 Distributed Observer for State Estimation

7.2.1 Detectability Decomposition

Recall that each (Cj, A) pair is not necessarily detectable, while (C, A) pair is
detectable. Let us denote U; as the undetectable subspace of (C;, A) pair. From
this, the following lemma introduces the detectability decomposition, which is an
extension of the Kalman decomposition.

.__:rxﬁ-! _'-..-I_ '|_-l| '_.ﬂ!_ T_III
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Lemma 7.2.1. [KLSI9| Denote r; be the dimension of U;, the undetectable sub-
space of (Cj, A) and let U; € R™*" and D; € R™*(n=1i) gych that the columns of
U; are orthonormal vectors which are bases of U; and 7; := [ D; UZ} € R™™ ™ be
an orthonormal matrix. Then, 7; satisfies that

7 aT = | 9

O = [Cl-d o} , (7.2.1)
where Ajq € ROCTX(x) | Ay g REX0r) | Ay, € RO, and Cig € R0,

Moreover, the pair (Cjq, A;q) is detectable and the matrix A;, is unstable, i.e.,
p(Azu) > 1. O

It can be shown that there exists H;q € RM™ X% guch that A;q — H;qCiq is
stable in the discrete-time sense, i.e., p(A;q — H;qCiq) < 1 because (Ciq, Aiq) is
detectable.

In addition, the following lemma states that the undetectable subspace of
(col(Cq,- -+ ,Cn), A) pair can be described by U;, the undetectable subspace of
(Ci, A), for i e N.

Lemma 7.2.2. [KLS19] The undetectable subspace of (col(Cy,---,Cn),A) is
NN U;. Thus, the (C, A) pair is detectable if and only if NY,u; = {0}. O

7.2.2 Distributed Observer Design

From the previous section, the plant state is decomposed into the detectable
part and the undetectable part. Since each agent could solely estimate the in-
formation on the detectable part at most, the information on the undetectable
part should be obtained from other agents via the network communication. To
maximally utilize the communication information on the undetectable subspace,
we adopt the multi-step coupling framework in Chapter [6] i.e., every agent ex-
changes the information with its neighbors for each fraction count k, while the

system updates its state and output at the integer count t.

Let us propose a distributed state observer for the system (7.1.1) and (7.1.2))

] 2- 1_l|
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whose arbitrary i-th local observer is given by

A)A(l[tk] + Hl(yz[t] — CZ)%’L[tk])v if k=0, (7.2.2&)
Xi[tk""l] = )A(z[tk] + UZUZT Z wij(Xj [tk] — Xi[tk])7 if k= 1,..., K -1, (7.2.2b)
JEN;

where x; € R" is the estimation for x of the i-th local observer, w;; is the coupling

weight, and H; € R™*" ig the injection gain matrix which is designed by

Hiq
0 b

where H;q is the stabilizing gain for (Ciq, A;q) pair, i.e., p(Ajq—H;qCiq) < 1. Here,

H; = [Di Uz‘]

(7.2.2a)) is a typical state observer composed of the system copy term and the error

correction term. Moreover, the coupling dynamics ([7.2.2b)) can be rewritten as

Xiltwia] = Kalte] + UUT Y~ wig(Glt] = xalte])

JEN;
= (I = Po)Xalte] +Pi Y wijx;[tal,
JEN;
where P; = UiUiT is the projection matrix into U;, the undetectable space of

(Ci, A) pair. This implies that the coupling dynamics ([7.2.2b|) makes each local
observer compensates the lacking information on the undetectable part through
the network communication while retaining the state estimation on detectable

part.

The coupling weight w;; is chosen such that the weight matrix W = [w;;] is
a row-stochastic matrix to synchronize all agents. For example, the Metropolis-
Hastings coupling weight wi-\]/-[H in Section or the average coupling weight
w%‘-’g for the average consensus protocol in Section can be adopted for the
coupling weight w;; of . Indeed, [WLMAT9| proposed a two-time scaled
distributed observer for a discrete-time linear system using the average coupling

weigh wy®

Let the estimation error variable x; := x; — x; of the i-th observer. Then, the
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error dynamics of x; is written by
(A - HZC,)xz[tk], if k= O7

wilte] + ViU Y~ wi(aslte] — wilte]), fk=1,... K~ 1.
JEN;

Ti[th1] =

(7.2.3)

It should be emphasized that has the form of multi-step coupling frame-
work under rank-deficient coupling, i.e., . In particular, the rank-deficient
coupling matrix B; becomes UZ-UiT in the problem of the distributed observer so
that R; = U;, Z; = D;, and A; = I for all i € N.

In order to predict the behavior of the network of , the blended dy-
namics can be useful tool. First, let us consider V' whose columns are the
orthonormal bases for the kernel of (W — In)@nUZ, where U = diag(U;) and
== diag(qi_l/QIri) with r; = rank(U;U;"). Since ker (W — In)gn) = im(1y ® I,,)

for row-stochastic W, it follows

ker (W — In)enUZ)
={veR :UZveim(ly®I,)}
= {col(vy, -+ ,vn) ER": qfl/QUlvl =...= q;,l/QUNUN}

={veR : UZv = 1y ® ¢ for some ¢ € NN,im(U;)},

where T = Zf\il r;. From this, the dimension of ker ((W — IN)@m]f?E) (i.e., rp) is
given by

rg = dim ker (W — IN)@MﬁE)
= dim N, im(U;)

=0

where the last equality comes from Lemma m i.e., NY,im(U;) = 0 because
(C, A) pair is detectable. This implies that V is null, and thus, V' can be chosen

as the identity matrix.

Based on the aforementioned observations, the blended dynamics for ((7.2.3)

A Lt &
1 ™ ] =&fd—
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is given by, with the state 7 being null,

%[t + 1] = D' (A — H;C;)(D;[t] — UiZiLizt))

-7 [or 0]

X (Dzﬁ’z[t] — UZE.ZLZZA:[t])
= (Ajq — HiqCiq)%it],

Agq O
Air Aiu

for all i € N. The last equality comes from D, U; = O. It should be em-
phasized that 2; asymptotic converges to O because L;q is chosen such that
p(Aiq — HigCiq) < 1.

Now, by applying Theorem [6.3.1] in the previous chapter, the performance of
the proposed observer ([7.2.2)) is given as follows.

Corollary 7.2.3. For any € > 0, there exists a K™ such that for all K > K™,
limsup || Xi[t] — x[t]|| <€, VieN. O
t—o0

Corollary guarantees the performance of the proposed observer by the arbi-
trary e error level by choosing sufficiently large K. However, it does not guaran-

tees the asymptotic performance of the proposed observer as ([7.1.3)).

Nevertheless, we can guarantee the asymptotic performance of the proposed

observer in the following theorem.

Theorem 7.2.4. For any € > 0, there exists a K™ such that for all K > K™

lim || ¢[t] — x[t]]| =0, VieN. O

t—o00

Proof. In the distributed state observer problem, recall that V is null so that V'
can be chosen as the identity matrix, R; = U;, Z; = D;, and A; = I for alli € N.

2] -] 8} 3

'Iu
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From this, the coordinate change proposed in Section [6.2] is written by

z DT )
= . x
F STIE-IUT(W — IN)an

:

where z € R™V -7 7 ¢ R”, D := diag(D;), U := diag(U;), and

(7.2.4)
7= [f) _U=L sz}

S=2"'UT(W — In)enlUZ,
L=S"'20T(W — In)gnD.

Similarly with (6.2.8]), by the coordinate change (7.2.4)), the error dynamics
of x;, (7.2.3), is transformed into

-7 [ w){ e o 07

x (D;zilt] — UE; Liz[t] + UiEiF(t]) (7.2.5)
= (Ajq — HiaCia)zit],
Fit+1) = (I+8)K 1S 1=l UT(W — In)en
x (A — HC)(Dz[t] — USLz[t] + UEF]1]),

Aaq O
Air Aiu

H;

where A := diag(A4;), H := diag(H;), and C := diag(C;). It should be emphasized
that 7 term does not appear in the z; dynamics in because DZT U; = 0.
This yields that z; converges to 0 and we can adjust the convergence rate of z; by
choosing appropriate injection gain H; (or H;q). Moreover, the convergence rate of
7 could be arbitrarily chosen by getting sufficiently large K because p(I +S) < 1
by Lemma [7.2.1] and [7.2.2l This implies that, if we choose K such that the

convergence rate of 7 is faster than the convergence rate of z, then the error state
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@ 0 (0
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K K

V1 VI Y

Figure 7.1: Three-inertia system considered in Section

x; given by
x; = Diz; — UiEiLiz + U;E; Vi,

also converges to 0 with the convergence rate dominated by the convergence rate
of (Ajq — H;aCiq), for i € N. In other wors, this allows

tim || [ — x[4]| = .

t—00

which complete the proof of Theorem [7.2.4] O

7.3 Simulation Results

For simulation, we consider a three-inertia system in Figure[7.I] which is mon-
itored by three sensors. Each load has same inertia of J and they are connected
by flexible connectors whose stiffness coefficient is K. In particular, by denoting
the angles of the three inertia as ¢, 0, and 1, respectively, the sensors measure
the outputs y1 = ¢ — 0, yo = 6, and y3 = 0 — . In addition, we assume that each
sensor (or agent) is inter-connected by the structure of network which is shown
in Figure [7.2] Note that the network is strongly connected by the ring network

structure.
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Figure 7.2: Communication network considered in Section

Let x = |¢ qS 0 0 P ’lpi|, then the system dynamics is given by

X:A0X7
y=CYx,
where
0 1 0 0 0 O
K K
K0 K 0 0 o0
0 O 0 1 0 O
Ag = K o9 _2k g K
J R J
0 0 0 0 0 1
K K
L0 0 3 0 =5 0]
1 1 0 -1 0 0 O
C=1Cyl=100 1 0 0 0
Cs OO0 1 0 -1 0

This system can be discretized with the forward difference method as follows:

X[t +1]

(I + ApAo)xli]
=: Ax[t],

where A; is the sampling time.

It should be emphasized that any pair of (C;, A) is not detectable, but the

pair of (C, A) is detectable. In addition, each U; whose columns are bases of the

.-':lx—i = 1_' . i i

-
=]
1

L
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undetectable subspace U; for i € N can be obtained as

[1 0] 1 0]

0 1 0 1

S 1 07 g L 0 0
V3o 1 V2o o

10 -1 0

0 1] 0 —1]

From these, we can take Dy, Dy, and Ds such that [Di Ui], 1 € N is an
orthonormal matrix which satisfies (7.2.1]) as follows:

[ 1/V2 1/V6 0 0 |
0 0 1/vV2  1/V6
D — Du ~1/v/2 1/V6 0 0
e 0 0 —1/v2 1/v6 |’
0 —2//6 0 0
0 0 0 —2/V/6]
0 0 1/vV2 0 |
00 0 1/V2
Dy — 10 0 0
01 0 0
00 1/vV2 0
00 0 1/v2

In addition, the submatrices of the undetectable part, i.e., A;, for i € N, are

given by
1 A
Alu = A3u = )
0 1
1 Ay
AQu =
-AK/J 1

With K=1,J =1, and A; = 0.1, we choose the design parameter K as 2 in

2] -] 8} 3

'Iu
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the simulation. In addition, the injection gains L;, Lo, and Ls are chosen such
that, with L; = D;L;q, the eigenvalues of A;q — L;qC;q are 0.85, 0.8, 0.75, and
0.7 for all : € N/. The simulation results are shown in Figure It shows that
the estimation of every agent (or local observer) asymptotically converges to the

plant state.
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Estimation by Agent 1
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Figure 7.3: State estimation by the local observer ([7.2.2]) of each agent for

the three-inertia system (|7.1.1)): Black dashed curves represent

the true states of the plant and colored solid curve ep.y__sent 1
i{ L ] ':j '|]|r

their estimations.



Chapter 8

Conclusions and Further Issues

8.1 Conclusions

The main objective of this dissertation is to provide a distributed design
methodology by utilizing the discrete-time blended dynamics which predicts the
behavior of a discrete-time heterogeneous multi-agent system under the multi-step

coupling. The details are listed as follows.

i) In Chapter we have reviewed an initial studies on synchronization of hetero-
geneous multi-agent system. Strong coupling can be considered as an alter-
native to achieve practical synchronization among the heterogeneous multi-
agent system. Based on this observation, the continuous-time blended dy-
namics is proposed, which allows to predict an overall behavior of the net-
work. In the sense that this blended dynamics approach only requires the
stability of the blended dynamics, unstable agents are allowed as long as their
instability is compensated by other agents’ stability. In particular, since the
blended dynamics is a simple average of individual node dynamics, it has
been successfully employed as a design tool for many distributed algorithms
by designing a desired algorithm as the blended dynamics first, and then,
splitting it into different node dynamics with the diffusive coupling. How-
ever, while all the results are in the continuous-time domain, it is required
to implement the designed algorithm in the discrete-time domain so that it

operates on digital devices in practice. A naive idea such as using simple dis-
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ii)

iii)

Chap. 8. Conclusions and Further Issues

cretization methods (e.g., forward difference) cannot be employed for the im-
plementation of the blended dynamics approach because increasing coupling
gain yields instability of the network unless the sampling time is decreased.
This motivates the development of the discrete-time version of the blended

dynamics approach which is introduced in the next chapter.

In Chapter , we have considered a discrete-time heterogeneous multi-agent
system where a weighted averaging action is repeated for many times before
progressing through the heterogeneous individual node dynamics (i.e., multi-
step coupling). This multi-step coupling concept corresponds to the strong
coupling in the sense that the synchronization is taken more care of than the
progress through the node dynamics. Moreover, by proposing the discrete-
time blended dynamics, we have illustrated the behavior of the multi-agent
system can be approximated by the the solution of the blended dynamics.
This approach maintains the advantages of the continuous-time case, such
as the plug-and-play operation, and that the individual node dynamics need
not be stable as long as the blended dynamics is stable. Moreover, while the
continuous-time approach predicted collective synchronization behavior of
the multi-agent system, this discrete-time approach estimates not only emer-
gent but also individually scaled behavior, i.e., each agent behaves similarly

to the solution of the blended dynamics with an agent-wise scaling factor.

In Chapter |5 to emphasize the benefit of the discrete-time blended dynamics
approach where the blended dynamics can have more variety depending on
the coupling matrix, we have proposed a distributed algorithm for estimation
of PageRank scores by employing the multi-step coupling framework intro-
duced in Chapter [l In the proposed algorithm, each node estimates its rel-
ative importance which is possibly agent-wise different so that overall nodes
are not synchronized in the network. Moreover, the proposed algorithm has
an initialization-free benefit while most of distributed PageRank algorithms
have assumed the initialization process. This also allows the algorithm to
adopt plug-and-play feature, i.e., some nodes and their associate link can
join or leave the network during the operation of the algorithm. Finally, we
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have verified the aforementioned advantages of the proposed algorithm by

simulation for a real data with large scale.

iv) In Chapter[6] the result of Chapter [ has been extended. We have considered
a heterogeneous multi-agent system under rank-deficient multi-step coupling
and stated that its behavior can be approximated by the solution obtained
from the proposed blended dynamics for the rank-deficient coupling. In par-
ticular, based on the analysis in Chapter[4], various properties of the proposed
approach are also discussed. In addition, we have illustrated the blended dy-

namics for simple cases in the formulation of the problem.

v) In Chapter (7} in order to emphasize the practical utility of the proposed ap-
proach in Chapter [6] we have proposed a distributed state estimation algo-
rithm for a linear time-invariant discrete-time plant whose partial measure-
ments are monitored by sensors based on the rank-deficient multi-step cou-
pling framework. We have designed the local observer for each agent such
that it estimates the plant state on its detectable part while compensating
the lacking information on undetectable space by network communication.
Even though the result in Chapter [f] only guarantees the practical conver-
gence among all agents in the network, it has been shown that the proposed
observer guarantees the asymptotic performance. Finally, the performance

of the proposed observer has been verified by the simulation of toy example.

8.2 Further Issues

So far we have proposed the discrete-time version of the blended dynamics as
a design method for distributed algorithms as well as its numerous applications.
However, the results of this dissertation might open up many questions for future

research.

8.2.1 Extension to Asynchronous Communication

A distributed algorithm should operate in a distributed manner, i.e., each
agent utilizes its local measurement only, and communicates with its neighboring

2] &-t]] 8
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Figure 8.1: Comparison between synchronous operation and asynchronous
operation for the multi-step coupling framework

agents. In addition, the design process of the algorithm should be decentralized
in a way that the parameters of the algorithm are computed using the local
knowledge accessible by each agent. This might yields an asynchronous operation
of the communication protocol in the distributed algorithm because each agent
could not be synchronized to a common clock shared by all other agents. For
example, [FAQ5| studies a synchronization problem for the asynchronous multi-
agent system where the order in which states of agents are updated is not fixed
and the selection of previous values of the states used in the updates is also not
fixed.

Recall that a weighted averaging coupling action (or communication) is re-
peated for multiple times for each progress of the node dynamics in the multi-step
coupling framework. In the asynchronous setting, the communication failure or
delay among agents could occur in the network, which is depicted as middle figure
in Figure 8] Furthermore, an asynchronous update of the node dynamics for
each agent is possible, i.e., some agents progress their node dynamics while other
agents progress their coupling dynamics at the same fraction discrete-time index
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tr (shown in bottom of Figure [8.1)).

Compared to results of the synchronous synchronization, [FA05| claims that,
under bounded communication delay and an infinitely often updated agent, the
overall network still achieves asymptotic synchronization while the communica-
tion delay or stochastic update progress varies where the agent converges. This
makes challenging to predict the behavior of each agent by iterating asynchronous
coupling dynamics. Moreover, the asynchronous update of the node dynamics and
the coupling dynamics makes difficult to approximate the behavior of the network
by the discrete-time blended dynamics so that it might require a modified blended

dynamics.

8.2.2 Generalization of Multi-step Approach

In the continuous-time blended dynamics approach, [LS20] transformed a
strongly coupled heterogeneous multi-agent system into the standard singularly
perturbed form [Kha02]. The slow dynamics is a reduced-order multi-agent sys-
tem consisting of a weighted average of the vector fields of all agents and some
sub-dynamics of agents, which is defined as the blended dynamics.

Meanwhile, the multi-step coupled multi-agent system is proposed in this
dissertation as a counterpart of the strongly coupled multi-agent system. In the
sense that the strong coupling implies the communication by the synchronization
protocol is much more taken care than the progress of node dynamics, the key
idea to implement the strong coupling in the discreet-time domain is repeating
the coupling progress for the multiple times for each progress of node dynamics.
Indeed, by utilizing a similar multi-time scale approach, [WLMA19| proposed
a discrete-time distributed state observer which is motivated by a continuous-
time distributed observer designed through the continuous-time blended dynamics
approach in [KLST9).

This observation might pave a road to develop a discrete-time approach for the
singular perturbation theory. In particular, by adopting the fractional discrete-
time index t; in the multi-step coupling, it is expected that both fast and slow
dynamics can be handled as the former and the latter proceed with the time-index

based on the fraction count k and the integer count ¢, respectively.
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Since the high-gain observer is a representative application example of the
singular perturbation theory, the multi-step approach can be adopted to imple-
ment the high-gain observer in the discrete-time domain. For example, consider

the following continuous-time plant

T = a9 € R,
T9 = —x1 — 220 + ax%xQ + bsin2t € R, (8.2.1)
Yy =,

where z1 and xo are states of the plant, a and b are uncertain parameters, and y
is output. It is well-known that the high-gain observer which robustly estimates

the plant state can be designed as follows [Khal5]:

: 2
=22+ —(y—31) €R,

A

L2

" 1
—&1 — 209 + a@3d9 + bsin 2t + Sy—1)

PO 1 R
fit.3) + Sy~ &) €R,

where 1 and 2 are estimations, a and b are nominal values for a and b, and

€ < 1 is a design parameter.

We claim that the multi-step approach can be utilized to implement the
discrete-time observer which robustly estimates the plant state. In specific, by
assuming that e is chosen as such that K. := 1/e is an integer, the observer can

be designed as follows:

il[tk] + Atig[tk}, if £k =0,
1tra] = § T1[te] + 20 (y[t] — #1[tx]), if mod(k, K.) = 0,
Z1[tx], otherwise, (8.2.2)
Bolte] + Aef(tr, 2[te]),  if k=0,
Zoltr] + Ae(y[t] — Z1[tk]), otherwise.

Zoltpy1] =

where A; is the sampling time which is chosen as sufficiently small and the frac-
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Figure 8.2: State estimation by the proposed observer (8.2.2)) for the uncer-
tain plant (8.2.1)): Black dashed curve represents the true states
of the plant and colored solid curves represent the estimations.

tional discrete-time index t;, is defined as

k
tp=t+———
b K211
with the fraction count k varying from 0 to K2, e.g., t advances Og, 01, ..., Ofc2,
1g, 11, .... Note that plant updates its state and output for each integer count ¢

so that they are fixed for the fraction count k =1,2,..., KZ2.

The simulation results for the proposed observer is shown in Figure 8:2] The
proposed observer is designed for two distinct K. = 10 and K. = 100. The results
show that, as K, increases, an estimation speed gets faster while its transient
behavior exhibits a larger peak (“peaking phenomenon”).

The proposed observer has benefit in a way that it could operate with low
power by repeating an error correction into the multiple steps. While [AMI5,
[AMT16] also proposed the low power high-gain observer in the continuous-time

Rk R
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domain, the proposed observer is designed in the discrete-time so that it could
be useful to be implemented in practice. However, this work has a limitation
of which, as K, increases, reducing the sampling time A; with the same ratio is

required in the proposed observer.

8.2.3 Extension to Nonlinear Coupling

In the multi-step coupling framework, a weighted averaging action is repeated
before the progress by an individual node dynamics. In the sense that this disser-
tation only handles a linear coupling, it seems that nonlinear couplings including
Kuramoto model [ABV 05| might be a natural next step. One possible approach
to extend the discrete-time blended dynamics theorems to the nonlinear couplings
might come from |[LS17] which studies a practical synchronization of the network
under a nonlinear coupling called “funnel coupling”. In particular, it could be
useful material in the sense that it contains comparison between the result of the

funnel coupling and the strong diffusive coupling.
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