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Abstract

The “design phase” refers to a stage in observational studies, during which a re-
searcher constructs a subsample that achieves a better balance in covariate distribu-
tions between the treated and untreated, in order to conduct more robust and credible
inference for the parameter of interest. This article studies the role of this preliminary
phase in the context of linear regression, and provides justification for its utility. To
this end, we first formalize the design phase as a process of selecting a subsample,
where a researcher adjusts the estimand of her regression. Then, we justify covariate
balance as a valid criterion for this selection process, in that it informs for a given sub-
sample the maximum degree of misspecification that can be allowed for the regression
model, when we aim to restrict the distance between our estimand and the parameter
of interest within a target level of precision. Consequently, the pursuit of a subsample
with improved covariate balance is interpreted as identifying an estimand that is less
susceptible to bias in the face of possible misspecification of her regression model.

Keywords: covariate balance, conditional estimand, design phase, linear regres-

sion
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1 Introduction

In their influential book, Imbens and Rubin (2015, Chapter 15) define the term “design
phase,” which refers to a process of constructing a subsample on which “the treatment and
control samples are more balanced (in their covariate distributions) than in the original full
sample” so that “within this selected subsample, inferences are most robust and credible.”

This article validates these authors’ claim about the design phase, specifically in the
context of linear regression with binary treatment. For that, the design phase is first concep-
tualized as a process of subsample selection, wherein a researcher fine-tunes her estimand.
Covariate balance is then established as a legitimate criterion for this selection process, in
that for a given subsample, it quantifies the maximum degree of misspecification that we
may allow for our regression model, when pursuing a target closeness between our estimand
and the parameter of interest. As such, constructing a subsample with improved balance in
covariate distributions can be understood as finding an estimand that is less prone to bias,
i.e., “credible,” despite possible misspecification of our regression model, i.e., “robust.”

To fix ideas, let S be a sample given to a researcher. Suppose that she uses least squares
estimator BS derived from the sample S to estimate the parameter of interest, which we
denote by 7s. In general, because of misspecification of her regression model, the estimand
[Bs that Bg identifies is different from 75. Thus, valid inference for 75 based on Bg is not
feasible. Nevertheless, there may exist a “subsample” of S, which we denote by &*, on which
Bs+ and 7s« are close to each other. If so, we may perform valid inference for 75+ based on
the least squares estimator Bg* derived from S*.

This is our formalization of the design phase; it is a process of selecting the subsample
S* whose s+ and 7s+ are close enough that we can conduct inference for 75+ using BS*. The
problem is, how one knows beforehand whether the two, which depend on the population, are
close enough based on a finite sample. In the design phase, a researcher explores subsamples,
compares their covariate balance, and selects the one that exhibits better covariate balance.

Given our formalization, this can be justified only if covariate balance of a subsample informs
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us of their closeness, i.e., fs+ — 75+, which we refer to as the bias of a linear regression.

In this article, we formally show that this is indeed the case. That is, covariate balance
of a subsample does contain information on the closeness of the two population quantities.
For that, in Section 3, we first derive a general representation of their difference, i.e., § — 7,
for arbitrary population. Specifically, we show that it is an inner product of two functions,
each of which results from model misspecification of a regression and covariate imbalance.
Using this result, in Section 4, we bound the bias by the multiplication of two quantities,
which we denote by m and ¢, each of which captures the overall degree of misspecification
and covariate imbalance.

These results, which also apply to finite samples, are then employed in Section 5 when
formalizing the aim of assessing covariate balance of subsamples during the design phase.
Since the bias of a subsample §*, i.e., fs« — 75+, is bounded by mg« times cg«, the balance
in covariate distributions, 1/cs+, which can directly be calculated from S*, determines the
order of misspecification mg+ that a researcher may compromise, when she aims to restrict
the bias within a desired range; for instance, below a pre-specified tolerance ¢ > 0. That is,
if she wants to be confident of 75+ at the precision of €, mg: can be allowed for up to €/cg-.
In this regard, constructing a subsample with improved covariate balance is equivalent to
searching for an estimand, with which a researcher can be assured of less bias resulting from

misspecification of her regression model.

1.1 Related literature

This article is related to the conditional estimand literature, given that s« is the conditional
linear projection of the outcome given the in-subsample empirical distribution of the treat-
ment and covariates. We extend the full-sample results of Abadie et al. (2014) to arbitrary
subsamples in Section 5, where we establish the asymptotic properties of ,5’3* — Bs«. In fact,
our formalization of the design phase can provide another motivation for conditional esti-

mands. They allow a researcher to assess their population properties based on finite sample

3 o i
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statistics.

The importance of covariate balance has been extensively emphasized in the literature.
(Crump et al., 2009; Imbens, 2015; Imbens and Rubin, 2015; Abadie and Spiess, 2022, among
others.) The literature has proposed various schemes for improving covariate balance, that
is, systematic procedures for selecting S*; for example, matching or trimming. In this article,
we do not restrict ourselves to a specific balancing method. Our results do not restrict the
functional form of S*. The focus of this article is rather on formalizing and justifying the use

of a general balancing process in the design phase, especially when we use linear regression.

2 Framework

We observe a random sample S = {1, ..., N} consisting of N units. Each unit i is character-
ized by a scalar outcome Y; € R, a binary treatment D; € {0, 1}, and p-dimensional control

variables X; € RP. The parameter of our interest is

r=E[Y|D=1] - E[E[Y|X,D = 0]|D = 1], (1)

where we omit the subscript ¢ in the variables for the sake of conciseness. 7 simplifies into
the average treatment effect on the treated, once we assume the conditional independence
between Y (0) and D given X, where Y (0) denotes the potential outcome when untreated.

A popular estimation method for 7 is matching (Abadie and Imbens, 2012), wherein the
outcome values of treated units are compared to the averaged ones of the untreated units
with similar values of control variables. In this article, however, our discussion is restricted
to linear regression. Our focus is on understanding the mechanism whereby the design phase
improves the ability of a linear regression to estimate 7.

Let X4 C R? denote the support of the conditional distribution £ X|p=d of X given D = d,

which we denote by G?. Assume that each G? is dominated by a common measure y, which



can be either a counting measure or a Lebesgue measure. Then, we can rewrite 7 as
/(me — 2D = 1]~ E[Y|X = 2,D = 0]) Pr[X = 2|D = 1]u(dz), ()

where Pr[X = z|D = d] = (dG?/du)(x) denotes the Radon-Nikodym derivative of G¢ with
respect to u. This representation is immediate but yields a pivotal observation. Note that, in
the current setting, (i) the joint distribution between X and D, which we denote by G, and
(ii) the conditional distribution Ly|x p of Y given (X, D), which we denote by F', provide
a complete description of the population. Thus, equation (2) reveals how each component
of the population (G, F') interacts with 7. In this regard, henceforth, whenever there is a
need to explicitly indicate the dependence on G or F', we incorporate a relevant subscript to
signify that specific relationship; for example, 7¢ r, Prg, or Ef.

Now, consider a linear regression model:
Yi=a+ 8D+ s(Xy)'y + B, (3)

where E; denotes a regression error and s(-) is a function that maps X; to a vector, resulting
in a vector s(X;) of covariates.

The starting point of this article is to establish a general relationship between 8 and 7.
Specifically, we derive a useful representation of their difference, 5 — 7, whose absolute value
is called the “bias” of a linear regression. In the appendix, we explore an extended regression

model that incorporates interaction terms between D; and s(Xj;).

Example 1 To provide a concrete illustration of our discussion, we consider a toy example

in which Y; is generated as

Yi=Di+ DX, + X; + U, (4)



where D; and X; are binary variables such that Pr[D; = d, X; = z| = (1/2 — p)1{d =
x} + pl{d # x} for some p € (0,1/2) and U; is any random variable that has a finite first
moment and is independent from (D;, X;). Since X; is binary conditional on D;, p = &g + &3
is a counting measure, where 9, denotes a Dirac measure defined by 6,(B) = 1{z € B}
for any borel set B, and G' and G° are both Bernoulli distributions, where Pr[X = 1|D =
1] =(1/2 -p)/(1/2) and Pr[X = 1|D = 0] = p/(1/2). p is a parameter that represents the
dependence between D; and X;; the more it deviates from 1/4, the more dependent the two
variables become. Note also that, in this setting, 7 = E[Y'|D = 1] — E[E[Y|X,D = 0]|D =
1]=01042(1-2p)) —(1—2p)=2-—2p.

We assume that the two following specifications are considered for the regression model:
Specification A: Y, = as + f4D; + E; and
Specification B: Y, = ap + 8gD; + v X; + E;.
Both of the models are “misspecified” in the sense that their functional forms are different
from that of the conditional expectation, which additionally includes the interaction term

between D; and X;. We will utilize this setting to illustrate the implication of our results.

3 Representation of the bias of a linear regression

In this section, we provide a novel representation of the bias of a linear regression, which will
be used in formalizing the role of covariate balance in Section 4. Our result shows that the
bias of a linear regression is an inner product of two functions, each of which results from
the deviation from the ideal scenarios where the regression model is correctly specified or
the treatment is randomly assigned.
To begin, we anchor the interpretation of § by imposing a set of regularity conditions.

Assumption 1. Let Z = (1,D,s(X)’) denote a vector of regressors in model (3). Then,
E[||Z||?] and E[||ZE||] are finite, E[ZZ'] is positive definite, and E[ZE] = 0.

Let 6 = («, 5,7) be a vector of the coefficients of regression model (3). Under Assumption

3 y 1 |
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1, 0 is identified by (E[ZZ'])"' E[ZY], which is a vector of linear projection coefficients in

cases where the second moment of Y exists. In particular,

where D denotes the population residual from a linear projection of D on (1,s(X)").

We tighten our previous notations. Let Y = f(X, D)+ U, where E[U|X, D] = 0. That is,
f(x,d) denotes the conditional expectation of Y given (X, D) = (z,d). Denote by g%(z) =
Pr[X = z|D = d] the conditional density of X given D = d. Let I(z,d) = a + fd + s(z)'y
be the population regression function.

We now state our result:

Proposition 1. Suppose that Assumption 1 holds. Then,

covariate imbalance
7\

p-r= [ (.0 - 10.0) @) - @) (o) (©)

vV
model misspecification

Proposition 1 shows that the bias of a linear regression is an inner product of two basic
functions. The first one is f(-,0) —I(-,0), which results from model (3) being misspecified. If
it were correctly specified, zero becomes a version of f(X, D) —1I(X, D), and thus (6) implies
B = 7. The second one is ¢'(-) — ¢"() right next to it. Its value depends on the degree of
overlap in covariate distributions between the treated and untreated, i.e., G* and G°. When
using observational data, this term will generally be non-zero. If D and X were independent,

gt — ¢° = 0 p-almost surely, and thus 8 = 7.

Example 1 (cont’) We illustrate how equation (6) operates in our toy example. Let 4
and [p denote the population regression functions for each specification. Then, it can be

shown that [4(z,d) = 2p + (3 — 6p)d and lg(z,d) = —p + (3/2)z + (3/2)d. Hence, for

IThis particular result has been shown by Imbens and Rubin (2015, Chapter 7).

e
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Specification A, equation (6) holds in the form of

L—dp=pF—7r= > (f(x,0) = la(2,0)(¢" (x) — ¢°(x))

ze{0,1}

=(1-2p)(1=2p) —2p) + (0—2p)(2p — (1 = 2p)) =1 — 4p,

and for Specification B, it takes the form of

“1242=F-71= ) (f(2.0)~1la(z,0)(g"(z) - g"(x))

ze{0,1}

= (1= (=p+3/2))(1=2p) —2p) + (0 — (=p))(2p — (1 = 2p)) = —1/2 + 2p.

Let F? denote the conditional distribution Ly|x,p=q of Y given X and D = d. We refer
to the “support” of a conditional distribution as the support of the conditioning variable.

For instance, the support of F is X°.
Assumption 2. X' is contained in the support of F°.

Assumption 2 is not strictly required for our discussion. However, it facilitates a natural

interpretation of 7.

4 Role of covariate balance in a linear regression

In this section, we formalize the role of covariate balance in regression, which serves as a
basis for the formalization of that of the design phase in Section 5. Before starting, we note
that the term “covariate balance” here denotes the population dependence between X and
D, which is not a common usage in the literature. Nevertheless, given that our results for
the population balance will be employed when justifying the use of the finite-sample balance
during the design phase, we abuse the language for a moment.

In the first subsection, we justify the conventional notion that better covariate balance

] © 11 =
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makes regression more robust to model misspecification. For that, we show that the bias of
a regression is bounded by the product of model misspecification and covariate imbalance.
Suppose that a researcher aims to know 7 by  within a desired tolerance. Then, this result
implies that the extent of misspecification to which she may compromise is proportional to
the inverse of imbalance, that is, the balance in covariate distributions, which accords with
our previous notion. In the second subsection, we use this bound analysis in demonstrating

how inference is robustified against misspecification with better covariate balance.

4.1 Bounds for the bias of a linear regression

Proposition 1 yields useful bounds for the bias of a linear regression, all of which possess the
structure of the multiplication between two quantities, m and ¢, which respectively capture

the degree of misspecification of the regression model and covariate imbalance, that is,

|8 — 7| < me. (7)

This common structure of the bounds implies that misspecification of a regression model
can be allowed for on the order of 1/¢; if a researcher wants to be confident of her g for T at
the precision of €, she may not worry much about misspecification of her regression model
up to €/c. In the extreme case where ¢ = 0, the specification of a regression model becomes
irrelevant to the identification of 7.2

Another crucial observation from equation (7) is that ¢ depends solely on the joint dis-
tribution of X and D, i.e., G, which plays an important role in formalizing the role of the
design phase in Section 5.

In this subsection, we provide three forms of equation (7) that differ in how we define

misspecification and covariate imbalance, i.e., m and c¢. They provide different descriptions

2We note that even when ¢ = 0, the specification of a regression model can be important in terms of the
“estimation”. In some cases, we can attain higher efficiency. See Freedman (2008a,b), Lin (2013), and Negi
and Wooldridge (2021) for relevant discussion.

73 3 Y
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on the robustness of a regression.

4.1.1 Total variation bound

The bound of the first form is called the “total variation bound,” since the total variance

distance is used as a measure of covariate imbalance. Define

m™ = | f(x,0) = U(z, O)HL"O(M) and (8)

(Y = / 19'(x) — ¢°(@)\ald), (9)

TV is the essential supremum of f(-,0) — I(-,0) with respect to u, and ¢V is the

where m
total variation distance between G* and G°. m™ = 0 if and only if f(-,0) = I(-,0) p-almost

surely, and ¢V = 0 if and only if D and X are independent.

Corollary 1. Suppose that the conditions of Proposition 1 are satisfied. Then,
1B —7] <m™VetV. (10)

Example 1 (Cont’) We illustrate the result of Corollary 1 using our toy example. Here, we
calculate m™V for each specification and show the specific form of equation (10) for each case.
First, note that ¢ = [, |g" () — g°(2)|u(dz) = |g"(1) — ¢°(1)] +|g"(0) = g°(0)] = 21— 4p].
In terms of Specification A, m%" = || f(-,0) — La(-, 0) || ey = || - =2p|| 1o () = 20 V (1 — 2p),

and thus equation (10) holds in the form of

11 —dp| = |Bs — 7| <mL VY (2pv(1—2p))><2|1—4p|,

>1/2

B & . T
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where the bounds are tight at p = 1/4. For Specification B, mg¥ = || f(-,0) —l5(-, 0)|| 1o () =
|- —=(=p+ (3/2) )L =pV (1/2 — p), and thus equation (10) takes the form of

(1/2)]1 = 4p| = [Bp — 7| <mp'c™ = (pV (1/2 — p)) x2[1 — 4p|.

. 4

~
>1/4

4.1.2 Kolmogorov-Smirnov bound

The bound of the second form is called the “Kolmogorov-Smirnov bound,” since it uses the

Kolmogorov-Smirnov distance to assess the degree of covariate imbalance. To streamline the

discussion, here we assume that X is one-dimensional, that is, p = 1.

Assumption 3. E[Y|X =z, D = 0] is continuous and bounded on the support of F°.
Continuity and boundedness are required for our result. Let H be the class of all con-

tinuous and bounded extensions i on R such that h(-) = f(-,0) — I(-,0) on X°, which is

non-empty by Assumption 3. Then, define

KS _ : 00
m-> = }}Ielil Voo (h) and (11)
& = sup |G (z) — GO(x)], (12)
T€R

where V>_(+) is the total variation of the argument on R. mXS captures the total variation

of f(-,0) —1(-,0) on X°, and %5 is the Kolmogorov-Smirnov distance between G* and G°.

Corollary 2. Suppose that the conditions of Proposition 1 are satisfied. Also, suppose that

Assumption 2-3 holds. Then,

g — 7] < mES kS, (13)

Example 1 (Cont’) We show how equation (13) works in our toy example. Since X° =
{0,1}, & = |G1(0) — G°(0)| = |1 — 4p|. For Specification A, m%5 = |(f(1,0) — 14(1,0)) —
(f(0,0) —14(0,0))| = |(1 — 2p) — (0 — 2p)| = 1, and similarly for Specification B, m%° =

A0 "
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(1= (—p+3/2)) —(0—(—p))| = 1/2. Then, equation (13) becomes equality in the form of

|1 —4p| = |Ba — 7| = mY cKS—1><|1—4p| and

(1/2)]1 — 4p| = |8 — 7| = mESS = (1/2) x |1 — 4p).
We note that the equality is specific to this particular example.

4.1.3 Density ratio bound

mTV and m"® may be overly stringent measures for assessing misspecification, as they ba-
sically pick up only the most extreme discrepancy between f(-,0) and [(-,0) irrespective of
how likely it can occur. For instance, suppose that p is close to zero, and consider the case of
Specification A in our example. Then, since G°({0}) is close to one, it could be argued that
la(z,0) = 2p is close enough to f(z,0) = z, that is, the regression model of Specification
A is “almost” correctly specified. Nevertheless, this aspect cannot be reflected in m1Y, for
example, given that m%Y > 1/2. The bound now we provide uses an alternative measure for
misspecification, which circumvents this issue.

The bound of the third form is called the “density ratio bound,” as it uses the moments

of g'/g° to assess the overlap in covariate distributions. Define

mDR = Hf(x,O) - l(‘rJO)HLQ(GO) and

PR = (g (2)/9" () = Ll 2(co)-

(14)

mPR = 0 if the regression model is correctly specified, but the reverse is not necessarily true.

mPR is a more flexible measure of misspecification compared to m™V. In the previous setting
where p is close to zero, it can be shown that mi® = E[(X —2p)?|D = 0]'/2 = (2p(1 —2p))"/?
is close to zero, according with our intuition that [4(z,0) = 2p and f(x,0) = x are virtually

the same. ¢P® = 0 if and only if X and D are independent. mP® and ¢P® are finite in cases

where Y has a second moment and the propensity scores are bounded away from one.

] O 1
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Corollary 3. Suppose that the conditions of Proposition 1 are satisfied. Then,

I8 —7] < mPRPR, (15)

Example 1 (Cont’) We revisit the previous example to illustrate the result of Corollary
3. First, note that ¢P® = |1 — 4p|/(2p(1 — 2p))}/2, which equals zero if and only if p = 1/4.

For Specification A and B, equation (15) holds as an equality in the form of

1 —dp| = |Ba — 7| = m3"eP™ = (2p(1 — 2p))"/2 x |1 — 4p|/(2p(1 — 2p))"/* and

(1/2)|1 = 4p| = |Bp — 7| = mBReP™ = (p(1/2 — p))'/* x |1 — 4p|/(2p(1 - 2p))"/*.
The equality here is also specific to our example setup.

4.1.4 Comparison of the bounds

The three forms of bound do not subsume one another in the sense that the orders of m’s and

¢’s can be reversed, that is, mP® < m™ < mX5 and &5 < ¢V < ¢PR. There is no general

order among the products of m’s and ¢’s. In our example, mX5cKS = |1 — 4p| = mPRPR,
while m%Vc™Y > |1 — 4p|.

4.2 Robust inference to misspecification

The bound analyses in the previous subsection can be used for defining the role of covariate
balance when conducting inference with regression. We show that covariate balance extends
the range of possible misspecification under which a researcher can maintain her statistical
decision. Here, we focus on the t-test.

Suppose that we perform inference for 7 using a t-statistic

j=5-m (16)
ses(B)



where B is an estimator for [, 365(3) denotes the standard error of B , and 7y is the value of
7 set at the null. The subscript 5 on se indicates that the formula for the standard error of
3 can vary depending on the estimand, i.e., (.

In general, § is different from 7 due to misspecification, and thus the size of the t-test
converges to one as the sample size increases. Hence, to have a more meaningful discussion

about the size distortion of a t-test, we employ local asymptotics.
Assumption 4. mc=v/\/'N for some v > 0.

The constant v captures the overall deviation from the ideal scenario that is free of either
model misspecification or covariate imbalance.

The assumption below is a high-level condition, which ensures the existence of the limiting

distribution of B .
Assumption 5. (3 —f3)/ses(f) converges in distribution to the standard normal. Also, the
probability limit og of /Nseg(f3) exists.

We then have the following result:

Corollary 4. Suppose that the conditions of either Corollary 1, 2, or 8 are satisfied. Also,

suppose that Assumptions 45 hold. Then, under the null Hy : T = 19,

O(z —wv/og) < li]\rfn inf Pr[t < z] <limsupPr[t < z] < ®(z +v/0p), (17)
—00

N—oo

where ®(+) denotes the cumulative distribution function of the standard normal and z € R.

The asymptotic size distortion of a t-test is a decreasing function of v, and thus mec. This
implies that to make a valid inference for 7, it is not necessary for both m and ¢ to be small.
For instance, when analyzing experimental data, misspecification could be allowed for to a

great extent, considering that ¢ would likely be very small.
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5 Role of the design phase in a linear regression

The role of covariate balance studied in the previous section has been based on the “popula-
tion.” In practice, however, it is infeasible to select or manipulate the population to possess
better covariate balance. Instead, researchers typically construct a subsample whose empir-
ical distribution mimics the ideal situation where X and D are independent; they select the
one with better overlap in covariate distributions between the treated and untreated units.
Imbens and Rubin (2015, Section 12.5) specifically refer to this prior stage as the “design
phase,” a concept encompassing any groundwork to construct a subsample that is “more
suitable for estimating causal estimands, in the sense of being better balanced in terms of
covariate distributions.”

In this section, we provide a formal justification for this viewpoint, using our results in
Section 4. Our justification unfolds in two steps, each corresponding to a separate subsection.
In the first subsection, we characterize the design phase as a process of subsample selection,
through which a researcher adjusts the estimand of her regression. In the second subsection,
we then establish the validity of covariate balance as a criterion for the selection process.
Specifically, we show that for a given sample, covariate balance informs the upper bound of
misspecification that a researcher using the subsample can compromise, when she wants her
estimand [ to be close to 7 within a target tolerance. In the last subsection, we address how

we conduct inference for the adjusted estimand.

5.1 Estimand adjustment

In this subsection, we demonstrate that the design phase is basically a process of adjusting the
estimand of a regression, i.e., 3, via selecting a subsample. Our result applies to any methods
for constructing subsamples, such as matching or trimming, as long as they implement a pre-
specified rule where the units are selected based on X = (X;)¥, and D = (D;)Y,.

Let $* C S be a constructed subsample in the design phase. Let 0 = (&, B*, 4*) be the
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least squares estimator

V= (|§*| 2% z) (|8* ZEZS*”) (18)

obtained by regressing Y; on Z; in the subsample §*, where |S*| denotes its cardinality.

We adopt a more compact notation. Let (é F ) be a population, and define
Oc.r = (BglZ2Z'])) E¢|ZER[Y]X, D), (19)

where 04 5 = = (a, 6 ,7) equals the linear projection coefficient obtained by regressing Y on
Z in that population. Let G* and F* denote the empirical joint distribution of (X, D) and
the empirical conditional distribution of Y given (X, D), respectively, in the subsample S*.
Then, for instance, we can replace 6% with g+ 7+, where the dependence on each component
of the relevant population becomes more apparent.
Now we make the following assumptions.
Assumption 6. S* is a function of X and D.
Assumption 7. Let \pin(M) denote the smallest eigenvalue of a square matriz M. There

exists a random wvariable \* such that
AInin(:E(G* [ZZ/]) mln ( |S* Z Z; Z) > )‘* (20)
IES*

where \* —, A for some positive constant A > 0 as |S*| tends to infinity.
Assumption 8. For d € {0,1}, Ex[|ZU||*|X = =, D = d] is uniformly bounded on X<.

Proposition 2. Under Assumptions 6-8, as |S*| tends to infinity?,

0 — O p — 0. (21)

3Formally, this can be stated as “if plimy_,  [S*(X,D)| = oo, as N tends to infinity.”
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Proposition 2 is related to Theorem 1 of Abadie et al. (2014), where the authors show
equation (21) in the case where S* = S.* Tt extends their full-sample result to arbitrary
subsamples, which provides us with a useful interpretation of subsample construction. Based
on this result, selecting another subsample with different G* can be considered as adjusting
the estimand, i.e., Bg+ F, of a regression, possibly expecting the adjusted one to be much

closer to the parameter of our interest, i.e., 7g+ , which may be given a causal interpretation.

5.2 Estimand assessment via covariate balance

In the design phase, researchers compare subsamples based on their balances in covariate
distributions. That is, covariate balance is utilized as a criterion for selecting the subsample
on which they run regressions. Given our previous formalization of the design phase, this use
of covariate balance is justifiable if it reveals desirable attributes of the adjusted estimand. In
this subsection, we demonstrate that covariate balance informs the robustness of an estimand
to possible misspecification of the regression model.

Suppose that [S*|71 > Z;Z; is positive definite. Then, if the conditions of Corollary

ies*
1-3 are satisfied for the population (G, F'), they are satisfied almost surely for the population

(G*, F) as well, and thus

\5@*,F — TG*,F’ < mg~ rcg+ holds almost surely, (22)

where the right-hand side could be either the Kolmogorov-Smirnov bound, total variation
bound, or density ratio bound. The crucial part of equation (22) is that c¢g« depends solely
on G* and can be directly calculated from a subsample. In other words, covariate balance is a
feasible criterion a researcher can employ when assessing the estimand g+ 7 of a subsample.
Indeed, 1/cg~ is the order of the maximum misspecification up to which a researcher can

compromise when aiming to control the bias within a pre-specified tolerance.

4However, it should be noted that their result was not confined to linear regression.
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Example 2 We illustrate our point using a simple setup. Let Y; = X; + U;, where X;
is conditionally normal given D such that Lxp—¢ = N(0,1) and Lxp=1 = N(1,1), and
U; is any random variable that has a finite first moment and is independent of D; and X;.
Suppose that we are given a sample S with 24 observations, where the half of them, T1, ...,
T12, are treated and the other half, Ul, ..., Ul2, are not. Let the empirical conditional

distribution, G¢, of X given D = d be given as in Table 1.

U1l U2 T1 T2 T3 T4 U3 U4 U5 U6 U7 U8

G! -0.95 -0.90 -0.29 -0.23
GY -1.26 -1.00 -0.07 0.21 031 0.35 0.39 0.39

TS T6 uv9 U100 T7 TS U1l T9 Ti0 Ti1 Ti2 Ul2

G' 048 0.59 0.87 1.46 1.78 2.03 2.07 231
G° 0.60 0.79 1.48 2.89

Table 1: Empirical conditional distributions, £x|p—4.

Suppose that we run the regression Y; = a+ 8D; + E;, where the least squares estimator
is then the difference in means of Y; between the treated and untreated.

Suppose that we use the full sample to estimate 7, which in this setting is zero. Since
E[Y;| X, D;] = X;, we can calculate from the table that the full sample estimand is g r =
0.34 and thus the bias is | 8¢ r — 76, r| = 0.34. The Kolmogorov-Smirnov distance between G*
and G° is ¢&5 = 0.3, which shows that if we want to be confident of 7g r at the precision of
0.5, for example, the degree of misspecification, i.e., mgg #» should be less than 5/3,% which
may be too stringent considering the variation of X; in this sample.

Now, suppose we construct a subsample S* consisting of U2 and T1, T4 and U3, T6 and
U9, U10 and T7, and T8 and U11l. Then, fg+ r = —0.01, and the bias is |fg* p—7¢* | = 0.01.

KS

Since cg,? = 0.2, for the same precision, the upper limit of misspecification, i.e., mg?, now

becomes 5/2, which is larger than 5/3 before.

®Indeed, in this case, since fr(x,0) —lg r(z,0) = 2 —ag r =  —0.676, m¥S = | —4.51 —0.676] +[3.98 —
0.676|, which is definitely bigger than 2.
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In practice, however, researchers usually use summary statistics when assessing balance
of subsamples; for instance, the difference in the covariates means (Imbens and Rubin, 2015,
Chapter 14). In our framework, for the formal justification of this convention, those statistics

should has to do with cg+ of the subsample. We provide the assumption for this requirement.

Assumption 9. There exists a signed measure J* on RP that depends on 1(G**,G*°), where
v is a functional that maps (G**,G*°), a pair of the empirical conditional distributions in a

subsample 8*, to a vector, such that as |S*| tends to infinity,

/(f(l",o) —lg=,r(2,0))(G™ = G*)(dz) — /(f(%()) — g p(2,0))J"(dr) =, 0. (23)

Example 2 (Cont’) The averages of X; among the treated and untreated units in the sub-
sample §* are 0.35 and 0.36, respectively. We may consider J*(dz) = (0¢.35(dz) — do.36(dx)),
which is a signed measure that depends on the first moments of G*' and G*. Then, since

f(x,0) =z and lg- p(z,0) = ag+ g, for each d € {0,1}, [(f(z,0)—lg #(x,0)) G*(dz) equals
EG*d[X] — CJ!((;,*7F = f(EG*d[X], 0) — lG*,F(EG*d[X]7 0) = /(f(l’, 0) — l@ﬁp(iB, 0))5EG*d[X](dx)-
Thus, the left-hand side of equation (23) is zero, and

5@*7};‘ — TG*,F = /(f(ZE, 0) — l(gﬁp(ﬂf, O))((SEGH[X} — §EG*0[X])(d‘T) hOldS.

cgg  based on (SEG*1[X] - 5EG*0[X] is |0.35 — 0.36] = 0.01. This is smaller than that based on
G*' —G*°, which was 0.2. Thus, for the precision of 0.5, the degree of misspecification, i.e.,
KS

mg¢ , could have been in fact up to 0.5 /0.01, which is the case where we may not be much

concerned about the specification of our regression model.

This example demonstrates the case in which using summary statistics, here, the means,
is not only valid, but also improves the maximum misspecification that we can allow for our

model. In fact, summary statistics can be useful especially when covariates are continuous.

1] O 1]
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Since the supports of G'* and G* do not intersect with each other in a finite sample, c&Y and

ceR almost surely equals one, which is uninformative. Here, as alternatives, we may use ck>

or coarsen X to make i) and ¢t usable. However, mgg 7 could overstate misspecification,
and coarsening could affect the interpretation of 7. If a researcher is concerned about these
issues while dealing with continuous X, comparing summary statistics between the treated
and untreated could be better.

One problem of using them could be that we in general do not know the form of J* and

thus it is difficult to quantify the exact maximum misspecification allowed for us.

5.3 Inference for the adjusted estimand

In the previous subsections, the construction of a subsample in the design phase is charac-
terized as an estimand adjustment through subsample selection. We further justified the use
of covariate balance during this selection process, demonstrating that it gauges the robust-
ness of an estimand to possible misspecification. However, an estimand is still a population
quantity that is observed with sampling error. Hence, to make use of the adjusted estimand,
we need to quantify the associated uncertainty as well.

In this subsection, we establish the asymptotic normality of o — g+ r, and propose an
estimator for its asymptotic variance.

We make the following assumptions.
Assumption 10. Eg:[ZZ'] = |S*| 7' Y, c5- ZiZ] =, T, as |S*| tends to infinity, where I'*
s a positive definite matriz.
Assumption 11. Ford € {0,1}, Ep[|ZU||**°|X = z, D = d] is uniformly bounded on X¢,
where § > 0.

Assumption 12. Eg- p[Z2'U% = |S*|7' > ,cs- ZiZI EIU?| X, D;] —, A*, as |S*| tends to

1ES*

infinity, where A* is a positive semi-definite matriz.
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Proposition 3. Under Assumptions 6 and 10-12, as |S*| tends to infinity,
VIS*(0" = b= ) —a N(0, (T%) P AT ), (24)

where N (11, X) denotes a multivariate normal distribution with mean p and covariance .

Proposition 3 extends the previous full-sample result by Abadie et al. (2014, Theorem 2)
to arbitrary subsamples.

As is addressed in Abadie et al. (2014), the conditional variance of U, i.e., E[U?|X, D]
complicates the estimation of the asymptotic variance, especially in case where X is con-
tinuous. Hence, they propose alternative estimators, which do not involve the estimation of
the conditional variance. Here, we show that one of their estimators is also valid when using

subsamples.

Assumption 13. For some constant 6%, as |S*| tends to infinity, O~ p —, 0.
Assumption 14. For d € {0,1}, X is compact with respect to a metric p.

Assumption 15. For d € {0,1}, E[Z}Z(Y — Z'6*)77™|X = x, D = d] is Lipschitz on
X4 with respect to the metric p, where Z;; and Zy,; denote the j™ and k™ components of Z;,

respectively, and r; and ry are non-negative integers that are no larger than 2.

Assumption 13 does not require g+ p to converge to 0g+ r for some G* under which X
and D are independent, which is the case explored in Abadie and Spiess (2022).

Now, for each i € §*, define
Ixp(i) = arg min (X, Di) — (X5, D)l (25)
to be the index of the closest unit in S* to i, where ||(z;,d;) — (x5, d;)|| = p(z;, x;) +w|d; — d;|
for some w > 0. Let £ = Y; — Z/0*. Then, our proposed estimator for A* is

A= ’S*| Z(ZzEz o ZleD(i)Elx,D(i)xZiEi - ZlX,D(i)ElX,D(i)y'

i€S*

1] O 1
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Proposition 4. Under Assumptions 10, 12, and 15-15, as |S*| tends to infinity,

(D) THAX(T) =, (P) AT (26)

6 Simulation

In this section, we conduct a simulation exercise that concretizes our discussion thus far; we
demonstrate that the design phase adjusts the estimand of a regression, making it more ro-
bust to possible misspecification of the regression model, which ultimately leads to a reduced
bias.

We adopt the simulation setup of Abadie and Imbens (2012, Section 6.1), who use the
Boston U.S. Home Mortgage Disclosure Act (HMDA) dataset. This expanded version of the
1990 HMDA dataset, enriched by the Federal Reserve Bank of Boston, includes an additional
38 variables tied to minority status and critical to the mortgage lending decision, such as
credit histories. It has been utilized in the literature to investigate racial discrimination in
the mortgage market (Munnell et al., 1996).

Following the authors, the sample is restricted to male applicants purchasing single-family
residences, who are either black or white, not self-employed, and were approved for private
mortgage insurance. Furthermore, they must have no public record of default. This results
in a sample of 148 black and 1336 white applicants.

For each unit ¢ in this sample, let Y; be the indicator that takes value 1 if i’'s mortgage
application is denied, and 0 if approved. In addition, let D; be the indicator that takes value
1 if 7 is black, and 0 if white. For simplicity, we use consumer credit history as a sole control
variable, denoted as X;, which takes on 6 values; each value indicates the frequency of prior
delinquencies.

Our simulations proceed as follows. First, we run the logistic regression of Y; on (X, D;)

and use the estimated model as the population conditional distribution of Y given (X, D),
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which we denote by F. Second, we construct a simulation sample consisting of /N; blacks,
i.e., D = 1, for whom the X values are generated from the empirical conditional distribution
of X; given D; = 1, and Ny(> N;) whites, i.e., D = 0, for whom the X values are generated
from that given D; = 0. For reference, we denote by G the empirical joint distribution of X
and D in this simulation sample. Then, third, based on G and F', we compute the full-sample
quantities, i.e., g r, Te,r, Mg,r, and cg. Fourth, we apply nearest-neighbor matching to
the constructed simulation sample, where each of the N; black applicants is matched to a
single white applicant with similar X; the remaining Ny — N; whites are discarded. This
step corresponds to the design phase in observational studies, though in practice researchers
can employ alternative balancing techniques such as propensity score matching or trimming.
We denote by G* the empirical joint distribution of X and D in this matched subsample.
Fifth, based on G* and F', we compute the subsample quantities, i.e., Sg* r, T6* F, Mmc* F,
and cg+. Finally, we repeat steps 2 to 5 for R times.

We consider the following three regression models:
Specification A: Y, = as + 64D; + E;,
Specification B: Y, = ag + fgD; + vp1{X; > 4} + E;, and
Specification C: Y, = a¢c + BcD; + 7 X; + E;.
To underscore the utility of the design phase, even in cases where there are relatively few
untreated units, we examine three scenarios (Ny, Ny) € {(50,75), (50, 100), (50, 125)}. How-
ever, only the second scenario is presented in the main text for conciseness. We set R = 500.

Figure 1 displays the pairs of the pre- and post-matching estimands, i.e., g r and Bg+ p,
showing how nearest-neighbor matching adjusts the estimands of the regressions. It decreases
the estimands for Specification A, while it generally results in an increase for Specifications
B and C.

Figure 2 plots the pairs of the absolute sizes of the pre- and post-matching biases, i.e.,
|Be.r — Te.r| and |Bg* r — T+ p|. It illustrates that the estimand adjustment overall reduces
the biases of the regressions. In light of our justification of the design phase, this reduction
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Figure 1: Pre- and Post-estimands (N7 = 50, Ny = 100)

should be driven by the extended range of the degree of misspecification that is allowed for

the regression models. The next figures confirm that this is indeed the case.
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Figure 2: Pre- and Post-biases (N; = 50, Ny = 100)

The points in Figure 3-5 denote the pairs of the values of model misspecification and
covariate imbalance for the bounds provided in Section 4. The green ones are based on full
samples, while the red ones are based on the subsamples constructed by nearest-neighbor
matching. The curves denote the target levels of precision; if a point is situated within the
curve labeled 0.005, it indicates that the multiplication of m and ¢, and therefore the bias,
is of less than 0.005.

An immediate observation we can make is that the design phase generates subsamples
that demonstrate better covariate balance when compared to the full sample; the distribution

of the red points are shifted towards the left in comparison to the green points. This results

” s A 21| &

o

n’



in more red points being located inside each curve, which explains the overall reduction in

bias after the design phase.

7 Conclusion

In this article, we investigate the role of the design phase in the context of running linear
regression, offering a formal justification for its implementation. Our justification is twofold.
First, we conceptualize the design phase as a subsample selection process, where a researcher
adjusts the estimand of her regression. Then, we demonstrate that covariate balance is a valid
criterion for this selection process, in that it quantifies the maximum misspecification that
can be compromised for each subsample. As a result, the design phase can be understood as
a means to identify a “better” estimand that is more robust to bias due to misspecification

of the regression model.
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A Proofs

A.1 Proof of Proposition 1

We use the following observation for our result.

Lemma 1. Suppose that Assumption 1 holds. Then,
E[Y|D =d] = a+ 8d+ E[s(X)'v|D = d|. (27)
Proof. Since the right-hand side of
Y —s(X)y=a+BD+E (28)
is saturated-in-D, E[E] = E[DE] = 0, and E[ZZ’] is positive definite,
E[Y — s(X)"y|D] = a+ 8D, (29)

where the left-hand side is well-defined since Y and s(X) have their first moments. Then,

expanding the left-hand side yields the desired result. [

Now, we have

7 =E[Y|D=1] - E[E[Y|X,D =0]|D = 1]
—E[Y|D=1] - (/me =xz,D = 0]G°(dx) + /E[Y|X =x,D =0)(G' - GO)(dx))
= B+ (E[s(X)'7|D = 1] = E[s(X)"7|D = 0]) — /E[YIX =, D =0](G" — G°)(dx)
=5~ [(BIYIX =0,D =0 - s(2)2)(G" - G*)(d)

—p- / BIY|X = 2,D = 0] — (a+ 5(2)"7))(C" — G*)(dx),

where Lemma 1 is used in the third equality.
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A.2 Proof of Corollary 1

Using the Jensen’s inequality,

] [ 7.0 = 1,006 0) = Pt
< / 1£(2,0) — U(z,0)lg" () — ¢°(2)|u(d)
< (. 0) — 1(z,0) o / 19M(2) — (@) dz).

A.3 Proof of Corollary 2

By Assumption 3, f(-,0) — I(-,0) is continuous and bounded on X°, which is closed by
definition. By the Tietze extension theorem, there exists a continuous and bounded extension

on R. Thus, H is non-empty. Take any h € H. Then,

/[ | (,0) ~ 1,0 () = / (f(2.0) — I(z,0))G*(dx)

[a,b]NX0

- L,b]rwo )G (dr) = / ()G (de),

[a,b]

where Assumption 2 is used in the first and last equalities when d = 1. Since h is continuous
and G is nondecreasing, Riemann-Stieltjes integral f: h(x)dG4(x) exists and coincides with

f[a,b] h(z)G%(dz). (Kolmogorov and Fomin, 1975, p.368) Integrating by parts,

/ h(2) G (dx) = / h(2)dG () = h(B)GU(B) — h(a)G(a) — / G () dh(z).
[a,b] a a

(Protter and Morrey, 1991, p.320) Combining the previous two observations, we have

/ (.0 1 0)(G — )fde) = HH(G" = G)) ~ ha)(T ")) - / (G! — G¥)(x)dh(z).
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The third term of the right-hand side is bounded by

< sup |G ) — CO@) VAR € sup |G ) — GOa) VIS ().

z€[a,b € [—00,00]

b
/ (G* — G%)(z)dh(x)

Taking a,b — +o0, by the dominated convergence theorem, and since lim, o, h(b)(G* —

GY)(b) = lim,,_o h(a)(G* — G°)(a) = 0, where we use the boundedness of h,

lim
a,b—=+o00

/ (G — G)(z)dh(x)

— ‘/{_ ](f(x,O) —1(z,0))(G" — G%)(dx)|.

This term does not depend on h, and thus we have

< sup |GY(z)— GO=)| inf V> (h).

z€[—00,00] heH

' 0.0~ 1,06 - @y

A.4 Proof of Corollary 3

In cases where either mP® or ¢P® is infinity, the inequality trivially holds. Thus, we assume

that both are finite. Then, by the Cauchy-Schwartz inequality,

mPRE > [1(7(2,0) — 1(2.0))(g' ) (2) — DIG(da) (30)
= [1060) = 106" @)/g@) = g @l (31)
> ) [0~ 16,006 (2) — Pt (32)

A.5 Proof of Corollary 4

It follows from Corollary 1, 2, or 3 that |3 — 79| < me. Note that

~

B—B  mc B-m _B-B B-m  B=B mc

= — <1{= — = — + = - ~
ses(B)  sep(B) ses(B)  ses(B)  ses(B) — ses(B)  ses(B)

?

;
¥ [
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where the left- and right-hand sides converge in distribution to N'(—v/og,1) and N'(v/os,1)

by Assumption 5 and the Slutsky theorem. Thus, as N tends to infinity,

Pr[tﬁz]ZPr[ﬁ_? + Sz} — ®(z —v/op) and
seg(B)  ses(P)

b-p  me
Pr[t < 2] < Pr[seﬁ(ﬁ) o) < z] — O(z+v/0op).

A.6 Proof of Proposition 2

We first show that Eg«[Z(Er[Y|X, D] — Ep<[Y'| X, D])] converges to zero in probability. For

any joint distribution G of D and X,

EqlZ(Ep[Y[X, D] — Ep-[Y|X, D])]

1{X; = X, D; = D}
— Eg v Ep[Y|X,D] - ZZ» 1{X-:XD':D}Y;)}
icS* LajeS* J '

iES* JES* 1{X]:X7D]:D}

(
=Eg Z(EF V| X, D] — ZZ HX; =X, D; = D}
(-3

Il

=
oY

N

1ES* JES*

1{X,=X,D;, =D} 1
=— E-|Z U,.
Z G[ Zjes*l{Xj:XaDj:D}

Since

14X, =X.D, =D 1{X; = X,.D, = D
Eg- {Z { } } g 3 Zk { k K}
Yjess UWX; =X, Dj=D}] |57 keS* > jess UXj = Xy, Dj = Di}

Z 1{X, = X4, D; = Dy}

(Er[Yi|Xi, Di] + Uz‘))}

1

kES*

~
=1 if j=k and =0 otherwise
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Yies HXj = Xy, Dj = Dy}
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we then have

>z

1€ES*

Eo [Z(Er[Y|X, D] - B [VIX, D)) = 1

Note that

N

XID)} Var[|§|21{i68*}ZiUi X,ID)}

Var[|8|ZZU

i€S*

|S*|2 ZCOV 1{i e S*} Z,U;,1{j € S*} Z;U;|X, D]

|S*|2 Zl{l € §*11{j € §*} Cov|Z,U;, Z;U;|X, D]

> Var[ZUi|X, D]

1ES*

> E[ZU(Z:U3) | Xi, D,

1€S*

||2

|S |
where the second and third to the last equation hold by

Cov|[Z,U;, Z;U;|X, D] = E[Z,Z/U;U;|X, D] — E[ZU;|X, D] E[Z;U;|X, D]’

= 7,7, B[UU;|X, D] — Z:Z, E[U;|X, D] E[U;|X, D] = 0

and Assumption 6, respectively. Thus, by Assumption 8, it follows that

M
HVar{ > ZU; XDH‘ 2ZE||ZU|| |1 Xi, D] < ——. (33)

5% = R et |5*]

for some M > 0. Since
1
Var{ { Z;U; XD” :Var{—— ZiE[Ui|XZ-,DZ-]] =0,
S \,; |5*|iez; —

:l_=-| 'H.I.- ] i
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by the law of total variance and equation (33), we have

as N tends to infinity. The inequality holds, because 1/S* is bounded by one and converges

Var{ & ZZU}

1ES*

s o]

i€S*

=l

to zero in probability.

Now, if A* > A/2 > 0,

I(Ee-(Z22') " Ee-[Z(Ep[Y]X, D] - Ep-[Y | X, D])]|
< |(Be-[Z2Z') ||| Ee+[Z(Er[Y|X, D] - Ep-[Y]X, D))

S | Ee[Z(Ep[Y[X, D] — Ep-[Y|X, D])]|.
Thus, by Assumption 7, for n > 0,

Pr(|[(Ee+[22']) ™ Bg:[Z(Ep[Y]X, D] — Ep[Y]X, D])]|| > 1)

< Pr[A" < A/2] + Pr[|| Eg-[Z(Ep[Y|X, D] — Ep-[Y'|X, D)]|| > n] =, 0.

A.7 Proof of Proposition 3

We first show that (1/4/|S*[) > ,ce ZiUi =a N(0,A%).
Fix A € R. Let & = (1/4/]S8*])1{i € §*}Z;U; so that

N
&= Ui
e sk

Consider the filtration F = (D1, ..., Dy, X1, ..., XN, {U; bies+ 1<i<k), where o(-) denotes

the o-field generated by the arguments. Then, Zle &\ is a martingale with respect to Fy,

—i-l -TH -"‘Ji
35 METY



because (i) Fr—1 C Fy, (ii) U(Zle &N C Fg, (iii) by Assumption 11,

]g(iEm@H )1l < (Z 12017 )l <. (31)

i=1 i=1

and (iv)

k SN+ ZuB[U|Xi, DA = S0 if ke S
B [Z € ‘ fk_l] _
=1

E[YV ENF] =0 e if k ¢ S*.

Note that by Assumptions 6 and 12,

> ZZE U2|XZ,D])/\ —, NA*A,

iES*

> BlEF) = X Y BleelE =¥

and for each € > 0, by Assumption 11,

N N 1
! / / §
S B > o] < 3Bl
/\2+6 N
< LS mje o+

i=1

||/\|2+6 N
[ZE &1, D]}

=1
||)\|2+5

1
B[t 3 BV, D)

- § 1+6/2
o Pl &

1
240 @
< SINBPE| s o,
where ¢ is some constant. Then, by the Lindeberg-Feller martingale central limit theorem
(Billingsley, 2011, Theorem 35.12), " | &IA —4 N(0, N A*)), and the assertion follows from

the Cramér-Wold device.
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Now, by Slutsky’s lemma and Assumption 10, we have

N[ N - (|;*| S 2z ) (

i€ES*

ZZU) —q N0, (T*) LA (T") 1),

1€S*

VISt

A.8 Proof of Proposition 4

Lemma 4 is required for our result, and for that, we show Lemma 2-3. The proofs of Lemma
2-4 closely follow those of Abadie and Imbens (2008, Lemma 1) and Abadie et al. (2014,
Lemma A.2, Lemma A.3), respectively.

Lemma 2. Let Wy, ..., Wy be random variables whose support VW C RP is bounded with re-
spect to a metric ||||. Let S* be a function of W = (W;)X,. Define ly/ (i) = arg minjecss ;4 |[W;—
W;|| to be the index of the closest unit in S* to i. Then, if plimy_, o [S*(W)| = o0, as N

tends to infinity,

DW= Wil =, 0 (35)

i€S*

!5*\

Proof. Let € > 0 be given. Suppose that there are M i’s such that ||W; =W, ;|| > 2¢. Define
B.(w) ={w' € W: ||w' —w|| < €}. By the definition of Iy (z), then B.(W;) N B(W;) =0
for all j € §* such that j # 1.

Since W is bounded, there exists a closed ball C with radius no larger than diam(W)
such that W C C, where diam()V) denotes the diameter of W. Then,

P/2¢p

ZES*”Wz_WlW(z)”>2€
= Vol{ U BG(WZ-)]
ies*:HWi*WlW(i)H>25
/2 (diam(W)(1 + €))?
r'E+1) ’

< Vol[C] =

where C¢ denotes e-enlargement of C. Hence, M < diam(W)P((1 + €)/e)?. Assuming |S*| >

—i-l -TH -"‘Ji -
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M, we then have

DW= Wil <

|S*| |

: (M diam(W) + 2¢(|S*| — M))
()"

+ 2¢ < diam(W)P ™ + 2.

W)L M
|5%|
Now, let € = 1/|S*|'/®*+1)_ Then, the last equation converges to zero in probability, because

e =, 0 and for any n > 0,

1+e¢

p p
Pr {diam(W)pH% > 77} < Pr[(l i 6) > ys*\} = Pr[|S*|7V/PH) > 1] — 0.

€

Combining results, for any n > 0,

Pr| g 3 IW = Wiyl > 1

1ES*

<Pr[M>|3*|]+Pr[|s*|>M |S*|Z||W Wi |y>n}

i€S*

14+e\p
< Pr{(l i 6) z |8*|] + Pr {diam(W)pH(&*? + 2¢ > 771 — 0.
€

]

Lemma 3. Suppose that (Vi,W1),...,(VN,Wy) are i.i.d., where V; is scalar and the support

of Wy, which we denote by W, is compact. Let S* C {1,..., N} be a function of W = (W)X,
Assume that p,.(w) = B[V |W,; = w] is Lipschitz in w with a constant L, wherer = 1,...  R.

Then, for all nonnegative integers k and m such that kv m < R/2, as |S*| tends to infinity,

k k m
|3* ZV w() |8|ZEV‘W V |I/Vi]_>p0- (36>
1ES* 1ES*
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Proof. We first show that

EL;*|ZV'“W;@ |S*|ZEV’“|W] [V"ﬂW]} =o(1). (37)

1€S* 1€S*

Note that V; and V},, ;) is independent conditional on W. Hence,

Bl 2 VIV o] =3 [|8* ]

> v

i€S*

_E |ZEV’“IW BV o W]
1€S*
=E |$* Z,Uk ] [IS* > 11k (W) (W 3y) = i (W) |

1ES* 1ES*

The second term in the last equation is bounded by

‘ & Zuk ) (b Wiy (1)) — Nm(VVi))”

1€S*
LS* D Wl (W i) — Mm(VVi)’:|
1ES*
< G E{m D W) — WiH} +Lin = o(1),
1ES*

where ¢; = sup,,eyy fu(w), which is finite by the compactness of YW and (Lipschitz) continuity
of . The second inequality follows from y,.(-) being Lipschitz, and the last equality holds as
S5 Y s

Next, we show that

Wi i) — Wil is bounded and o,(1) by Lemma 3. Equation (37) then follows.

EK|§*|ZV’“W;@ |S*|ZEVk|W] [Vm|W]ﬂ:o(1). (38)

1€S* i€S*
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We expand the left-hand side of equation (38):

7| (1 i) |+

> E[VHW] [VWIW])Q]

1ES* 1ES* ,
—A =B
1
—ZEK - Zv;kv )( . ZEV’“|W] [V"ﬂW])]
St Rt
EC

We start by investigating the term C'. Note that

Krs | 2 BIVIWIE Vm’W“]ﬂ

1ES*

1E€ES*

o S EAwEvw )|

1€S*

where the second term is bounded by

1
E i
el >V 5y

> E[V}WE meWi]} ‘ - CxCm = 0(1)

1ES*

where we use equation (37) in the last equality. Thus, we obtain C' = B + o(1).

Then, we argue that A = B + o(1). The first term in the right-hand side of

[(w* 2 Vi )] [\S*IQ

is o(1), because

Z V%Vi%)} LS*P Z Z Vk Vkvm

1ES* 1ES* j#i

1 2%k [ 1 2k r2m
E[|S*|2 ZV Vlw(%} E E|:|S*|QZV; Vlw()
I€S™ L i€S*
~ B| 15 2 BIVA W Wiy
- IES*
<p| L — (1)
>~ ‘S*’ C2kCom — O s




where 2k,2m < R. Thus, we focus on the second term.

It can be decomposed into two terms:

Bl g 2 > VAV Vi)

1€S™ jilw (7)Zi,lw (1) Zdlw (1) Alw (3)

1
+ELS*|QZ Z Vzk Vk lW(]}

1€8* j#ily (j)=i or Ly (i)=7 or lw (§)=lw (¢)

Note that for each i € S*, [{j € §* : lw(j) = i}| < K(p), where K(p) denotes the “kissing
number,” i.e., the maximum number of times that each unit can be used as a match in

p-dimensions. Since {7 € S* :lw (i) =4} =1, {j #i:lw(j) =iorly(i) =jorly(j) =
w(i)}| < 2K(p) + 1. Then, the second term of equation (39) is bounded by

1 k k
‘ELS*P Z Z V Vlw( V Ww(] ”

i€8* j#ilw (§)=i or lw (i)=j7 or lw (§)=lw (%)

Dy > BV VWl S B| 5] = o)

1€S* ]#le(])zz or lw(z):] or lw(]):lw(z)

where the inequality results from

Z ‘E[‘/ikwg(i)‘/jkwc;(j)ywﬂ < (2K (p) + 1) (G V ChrmCitm V Comcy).

J#idw (§)=i or lw ()=5 or lw (j)=lw (?)

Hence, it suffices to show that the first term of equation (39) converges to B.

This is done by three steps. First, note that

|
E {W > > ViVie o ViVie )

i€5* jilw (§)Filw (1) 5w (5) #lw (i)

1 m m
-FE L > VA BIV Wi BV BV )
1€8* jily () Filw (§)#5,lw (5)#lw (4)
1

1€S* jAu:lw (5)Zilw (1) #7,lw () Alw (4)
X([lmAW%f][W&MW%@J—EMWWHEW?Mﬂﬂ

A1 ] _. T} ¢



1
<B[gm> ) B{VA W BIVFW]
i€8* jilw (5)#ilw (D) #5lw (5)#lw (1)
BV o Way 0] + BV W .
e BV W] — ELV WD)

1
B g > B[V W] BIVA W)
1€8* j#ilw (§)#ilw () #lw (5)#lw (1)
EV" Wiy + EV™W;
[ lW(J)| lW(J2)] [ J ‘ ]](E[ lx(i)’mw(i)] _ E[V;m’VVJ]):|

We bound each term in the last equation. The first term is bounded by

‘EL 51*|2 3 S B[V} W] E[V} W]

1€S* j#ulw () Zi,lw (8)Z5,lw () Alw (4)
E[V;" o [Wiy )] + E[V" W] -
wl W (E[Vi™ | W] — B[V W)

2

< E[ﬁz 3 BV W EVE W)

i€S5* jAilw (§)#lw ()75 lw (7)#lw (2)

B o Wil + [ BV W) .
BV W] - B30 |
1
= E{W D> L Wiy — lel} = cicmLmELS* > Wiy WjH} =o(1),
i€S* jES* jES*

where we use Lemma 2 in the last equation. Likewise, the second term can be bounded by

o(1). Next,

s > B[V W BV Wi BV} W] BV W)

|5 i€8* jFulw (1) 7#Iw (1) #5,Iw (§)#lw (4)
- o L L BB i B B |

1E€ES* j#i
1 m m
:E{WZ )3 | EVAW BV W ELVAW) BV ;)
1ES* J#ulw (5)=t or ly (i)=j or lw (j)=lw (3) RE

2 .2
<cien,
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Lastly, combining the previous two results,

1
‘B_E|:|S*|2 Z Z Vk lw (4) Vk%w(]”

i€5™ jilw (§)#blw (D)5 lw (5) #lw (i)

<[5 B| g X S EIVAWI B W BN RN W+ o)
&2

~ B[ g SEVAIEN W < g o] <o)

i€S*
Now, A+ B—2C = (B+o(1))+ B —2(B +o0(1)) = o(1).
L]
Lemma 4. Suppose that (V{,W1), ..., (V§, W) are i.i.d. where V; = (Vi ..., Vamvi) 1S a

vector and the support of W; is compact. Moreover, assume that, for any 7,k =1,...,dimV,

E[VTJ VT’“|W w] is Lipschitz with a constant L, ,,, where 0 < 11,79 < 2. Define:

V= *ZV Viw @) (Vi = Vi) (40)
2’5; |z€$*
Then, as |S*| tends to infinity,
V—ﬁZVarV\W] (41)
1€S*

Proof. Let V. be the (j, k)™ element of V. Then,

zES*

1
= E V:iVies —E Vi Vi N — E V..:Vi E Vl
2|8*’ P i Vi + 2|8*| P Jdw () Vi lw (3) <2|S* 35t Vi Iw (i 2‘8*| le k )

1ES* 1ES*

By applying Lemma 3 to V;;V},; with (k,m) = (1,0) and (k,m) = (0,1), we have

ZV}ZV;“—|S*|ZEV],%Z|W]—>Oand (42)

i€eS* 1€S*

IS*

43 .-w,.E -|_|' 1_-]i ."‘.ll_ T'I.



> Vit Vitw ) |3*| STEV Vi Wil - (43)

|S*| IES* IES*
Note that
1
ViiView ( b (8) Visi
7 2 Vi 3 o
’S*|ZVN+V’“)(V3M@)+VMW(1 |S* ZV“ Jlw (1) |S* ZV’“V’”W
1€S* 1€S* 1€S*
Lemma 3 applied to V;; + Vi, Vi, and Vi, with (k,m) = (1, 1) yields
5 |Z Vi + Vi) Vidw ) + Vitw ) |Z Vi + Vid Wi)> =, 0, (44)
IES* IES*
|S*|Z 5. Viw @) — |8*]Z V},|W —p 0, and (45)
1€S* 1€S*
|8* ZVkalW (1) — |8*] Z Vk2|W 0- (46)
1€S* 1€S*

Combining results,

T~ (7 BT + g 3 BIVViu 0

1ES* 1ES*

1
- * (E[V1+VkZ|W * z * V}”|W]) ))
(i P+ "~ gy S CBIAAF - g 30
=V — |S*|Z [V3,iViei| Wil = E[V ;Wi E[Vi:[Wi]) —, 0.
1€S*

]

Let W= (X' x {1})U(X°x {0}) CRP x {0,1}. First, we show that W is (sequentially)
compact with respect to the metric [|||. Let (z,,d,) be a sequence in W. Without loss of
generality, we assume that {r € N : d, = 1} is infinite. Then, consider the subsequence
(y,d.)g,=1 of (z,,d,). Since (z,)4,—1 is a sequence in X', which is (sequentially) compact

by Assumption 14, there exists a subsequence (;)gq—=1 of (x,)4,—1 such that p(x;,z*) =

44 a1 -,_I- 1_l| '.-‘1]_



| (1, d;) — (x*,1)]| — 0 for some xz* € X'. Thus, (z,,d,) has a convergent subsequence in W.
Let V; = Zi(Y; — Zj0*) and W; = (X, D;). First, by Assumptions 14-15, E[V;/ V% [W; =
w] is Lipschitz with respect to ||||. Then, by the compactness of W, Lemma 4 yield

13*\ > i —Viww) — ‘S*’ > Var[Vi|Wi] =, 0. (47)

1€S* i€S*

Now, let V;(0) = Z,(Y; — Z!0). Since V;(0) — V; = Z,Z/(0* — 0),

5 L ST (VE) — Vi () (Vi(8) — Vi (0)) — 5 S (V= Vi) (Vi = Vi)
zGS* IES*
|S*| Z Z Z/ ZlW( lw(i))(e* - 6)(‘/; - Vlw(i))/
1ES*
’S*| Z V VlW Q)I(ZZZ; - le(i)Zl/W(i))/
1€S*
’ y Z (ZiZ} = Zyy iy Zloy i) (07 = 0)(0° = 0) (2,20 — Zuy iy Z1oy (1))
1€S*

The first two terms are bounded by

!\9*—9H, |ZHZZ' Zi )21y ) Vi = Vil
IES*
< 16" =01 (1 S VAZINVAN + 50 32 Wi Ziy o IV
IES* 1ES*

+ g7 SN2 Mol + 55 3 o Zhwiolliwo)
1€ES* 1ES*

<|l6* - 9“(<|3* Z;HVHQ) +<|3* > Wi ”2) )

1ES*
(s ZHZZ’\F) + (7 Z 1o uol?) ) =l = oo,
i€S* 1€S*

where we use Lemma 3 in the last inequality. Likewise, the third term is bounded by

16" =61 =7 D N ZiZi = Ziw o Ziy o)1

ieS*

\5*!
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A AR

iES*

> 12w 2, I Z:Z]|

1€S*

<||6* -0 2(
=00 > 5

s |Z 1Z:Zi1| Zuy i) Ziyy ) H+| |Z||le( Vi (o 11 21w ) 2y z>H) = 116" —

1ES* 1ES*

Hence,

A~

S 0) = Vi ENVGE) = Vi 0 = 17 2 = Vi) (Vi = Vi)

i€S* 1€S*

=iz

< 6" = 67110,(1) = 0,(1),

where in the last equation we use §* — 0* = (6* — Og ) + (0g+ r — 6*) = 0,(1), which holds

by Proposition 2 and Assumption 13. Combined with equation (47), we then have

> Var[Vi|Wi] —, 0.

1ES*

> Viw () (0) (Vi(07) = Vi (07)) — ,5*‘

1ES*

\5*!

Because Var|V;|W;| = Z; Var|Y; — Z!0*|X;, D;|Z! = Z;Z! E|U?| X;, Dy], it follows that

(512 > 2 ) DAL <e*>><v<é*>—wW@-)(é*))'(ﬁZZiZg)1

ieS* i€S*

—1 -1

_ (%Zz,z;) < SN ZZE U2|X“D](Sl ZZiZZ)
8% &2 [S* | = R e
—2
<| sz az| | 5*\ S (V0) = Vi 0D VD) ~ Vi)
ZES* 1€S*
|S* ZZZ’ [U2X;, Di]|| = 0,(1)0,(1)
1€S*

where we use Assumption 10 in the last equation.
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B Supplementary materials

B.1 Extension of Proposition 1

Let L be a class of functions with arguments (z,d), where x € R? and d € {0,1}.

Assumption 16. There exists | € L such that (X, D) has a finite first moment. Further-
more, there exists a random variable E with a finite first moment such that E{DE] =0 and
Y =1(X,D)+ E. Finally, Pr[D =1] € (0,1).

For notational convenience, let Al(X,-) = I(X,1) — [(X,0) and AE[[(X,0)|D = -] =
E[l(X,0)|D = 1] — E[I(X,0)|D = 0].

Proposition 5. Suppose that Assumption 16 holds. Then,
E[AI(X,)|D =1] -7 = /(f(g;,()) —U(z,0))(¢' (z) — ¢°(x))p(dz). (48)
Consider an extension of (3)

Y =a+ D+ s(X)'y + D(s(X) - E[s(X)|D = 1)) + E, (49)

I(X.D)

which additionally includes the interaction terms between D and s(X). Note that Al(X,-) =

B+ (s(X) — E[s(X)|D = 1]), and thus E[AI(X,-)|D = 1] = .

B.1.1 Proof of Proposition 5

Lemma 5. Suppose that Assumption 16 holds. Then,
E[Y|D] = E[l(X,0)|D = 0] + (E[Al(X,-)|D = 1]+ AE[I(X,0)|D = -])D. (50)

Proof. Let a = E[l(X,D)|D = 0] and b = E[I(X, D)|D = 1] — E[I(X, D)|D = 0], both of
which exist and finite. Define £ = I(X, D) — (a + bD). Then, E[DE] = E[DI(X, D)] — (a +

47 Ao LY 2



b) Pr[D = 1] = 0. Thus, E[[(X, D)|D] = a + bD. Also, since E[DE]| =0, E[E|D] = 0.

Combining results,

E[Y|D] = E[I(X, D)|D] + E[E|D]

— E[I(X,D)|D = 0] + (E[I(X, D)|D = 1] — E[I(X, D)|D = 0])D,

and by telescoping E[I(X,0)|D = 1] in the coefficient of D, we obtain the desired result. [

Now,

r=E[Y|D=1] - /E[Y|X =z,D = 0]G*(dx)
=E[Y|D=1]-E[Y|D=0] — /E[Y|X =x,D = 0)(G' — G°)(dx)
= E[AI(X,)|D =1+ AE[I(X,0)|D =] — /E[Y|X =, D = 0)(G' — G°)(dw)

= E[AI(X,)|D =1] - /(E[Y\X =z,D =0] —(z,0))(G' — G°)(dz),
where we use Lemma 5 in the third equality.

B.2 Proofs of selected equations

B.2.1 Proof of equation (5)

Let (a,b) = argmin ;5 E[(D — (@+s(X)'b))?] be the linear projection coefficient of (1, s(X)’)
obtained by regressing D on (1,s(X)) in the population. Define D=D—(a+ s(X)'b). We

reformulate the linear regression model as

Y=a+pD+s(X)y+E (51)
=a+B(a+s(X)b+D)+s(X)y+E (52)
= 6D +(a+ Ba) + s(X)'(Bb+7) + E. (53)
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Suppose that E[D?] = 0. Then, D = a 4 s(X)'b almost surely, and thus

1 10
1
Z=| D |=1la ¥V almost surely. (54)
s(X)
s(X) 0 I
M

Here, the rank of M is dim 6 — 1. Hence, the rank of E[ZZ'] cannot be larger than dim 6 — 1,

which violates Assumption 1. From contraposition, E[D?] > 0 then follows.

Furthermore,
. . a+ Ba
E[DE] = BE[D(1 s(X))] + B(—a,1 - V)E[ZE] = 0. (55)
——
=0 by the definition of linear projection Bb + =0 by Assumption 1

Combining results, (E[D?))~' E[DY] = § + (E[D?)"' E[DE] = 6.

B.2.2 Proof of equation (22)

By Assumption 1, Eg ¢[|| ZY ||| < E[||Z)|2)0]|+Ec.r[|| ZE||] < co. Thus, Ex[ZY|X, D] is fi-

nite almost surely (a.s.), and sois |S*|7' Y, . Ep[ZY|X = X;, D = D;| = Eg+[Ep[ZY | X, D]].

Then, since Eg+[ZZ'] = |S*|7' Y. s+ Z:iZ] is positive definite, g~ p is finite a.s.
Let B, =Y, — Z{0g+ p. We show that Z and E satisfy Assumption 1 for the population
ZIP) = |87 Yies-

(G*, F) a.s. First, since §* is finite, so is Eg+| Zi||*. Second,

Ec-r[|ZE]] < EG*[EF[”ZY'HX D] + Eg- [ 2]l

S EAIZYIIX = %0 = D]+ (5

1€S*

> Iz ||2) 10 £

|8*| 5 £

is finite a.s., by combining previous results. Third, Eg«[ZZ'] is positive definite by assump-
tion. Lastly, Eg- p[ZE]| = Eg+ p[2Y] — Eg-[ZZ'|(Eg+[ZZ')) ' Eg+ ¢[ZY] = 0 a.s.

By Assumption 2, the support of G, which is a subset of X!, is contained in that of

- - : 5
¥ [ -1l = —
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F°. Assumption 3 is automatically satisfied for (G*, F').

B.3 Omitted simulation results

In this subsection, we present the simulation results for the omitted cases where (N1, Ny) €

{(50,75), (50,125)}. These results demonstrate that an increase in the ratio Ny/N; leads to

improved covariate balance, consequently reducing the bias of regressions.
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