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Detection of Interleaved OFDMA Uplink Signals
in the Presence of Residual Frequency Offset

Using the SAGE Algorithm

Jong-Ho Lee and Seong-Cheol Kim, Member, IEEE

Abstract—In this paper, we propose an iterative detection scheme
in the presence of residual frequency offsets (RFOs) using the space-
alternating generalized expectation–maximization algorithm for an
orthogonal-frequency-division-multiple-access uplink system. In the pro-
posed scheme, the expectation step intends to remove intercarrier interfer-
ence (ICI) due to the RFOs of simultaneous users in the received signals.
Then, the maximization step is utilized to estimate the required parameters
for each user (i.e., RFO, data symbols, and channel state information)
employing the ICI-cancelled signals. Simulation results show that the
proposed scheme achieves almost ideal bit-error-rate performance as long
as the magnitude of the normalized RFO value is within 0.2.

Index Terms—Orthogonal frequency-division multiple access
(OFDMA), residual frequency offset (RFO), space-alternating generalized
expectation–maximization (SAGE).

I. INTRODUCTION

Orthogonal frequency-division multiple access (OFDMA) is a mul-
tiplexing scheme where each user employs a different set of orthogonal
subcarriers to transmit data symbols simultaneously. The different
orthogonal subcarrier sets for different users in the OFDMA sys-
tem make it possible to avoid multiple access interference (MAI).
Therefore, it has become an attractive solution for various wireless
communication systems [1]–[3].

It is known that, in the OFDMA uplink system, carrier-frequency-
synchronization issues become even more crucial [3]. In case of
imperfect carrier frequency synchronization, intercarrier interference
(ICI) is generated due to the loss of subcarrier orthogonality, which
induces both cochannel and interchannel interferences. Moreover,
carrier frequency synchronization in the OFDMA uplink is more
difficult since the frequency recovery for one user may result in the
misalignment of other synchronized users.

Timing and frequency synchronization schemes for OFDMA uplink
system have been studied in [2]–[7]. Through downlink control chan-
nels, the estimated offsets in the base station (BS) were returned to
each user’s terminal, where timing and frequency offsets are actually
adjusted. In [2], user separation is performed by the grouping of
adjacent subcarriers, which divides the available spectrum into several
subbands. Then, each user is allocated in one of the subbands, and the
BS obtains the user-separated signals in the time domain through
the subband filters. Then, the synchronization scheme in [2] estimates
the timing and frequency offsets by repetition of the cyclic prefix (CP)
[8]. The CP-based estimator does not need any reference signals and
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is relatively simple. However, in the subband-based OFDMA uplink,
deep fading due to the frequency-selective characteristic in multipath-
fading channels may lie in several adjacent subcarriers, so that full
channel diversity is not guaranteed.

In order to utilize channel diversity for all users, the interleaved
subcarrier set can be assigned to each user [3]–[6]. Then, the user-
separated signals are available only in the frequency domain. In
particular, for the interleaved OFDMA uplink, Morelli [3] proposed
a time and frequency synchronization scheme that considers the
correlation properties of the frequency-domain received signals. It
is known that the synchronization scheme in [3] achieves sufficient
accuracy of the timing and frequency-offset estimates and is applicable
to the generalized OFDMA uplink, while it needs several preamble
symbols.

In this paper, we consider the situation where carrier frequency syn-
chronization in the preamble is imperfect, so that residual frequency
offsets (RFOs) are induced in the interleaved OFDMA uplink. The
RFOs of all simultaneous users cause MAI and significantly degrade
the transmission performance [9]–[11]. In particular, for the RFO
estimation in single-user OFDM, Lui and Tureli [10], and Attallah [11]
employ virtual subcarriers that are not actually modulated, considering
the orthogonality between subcarriers. However, it is seen that these
schemes are not directly applicable to multiuser OFDM systems
because the virtual subcarriers suffer from the different RFOs of
different active users in the given system. In [4], the inherent signal
structure of an equally spaced subcarrier set is utilized to estimate
the RFOs in the interleaved OFDMA uplink, while it requires a
MUltiple SIgnal Classification-like search. Moreover, this scheme is
available when the number of active users is less than the total number
of interleaved subcarrier sets or extra CP is appended to guarantee
reliable performance. The RFO correction scheme is also proposed in
[5] based on the least square (LS) and minimum-mean-square-error
criteria, assuming that the RFOs are known to the BS. Here, we focus
on a joint RFO, channel-estimation, and data-detection scheme, which
is applicable to any subcarrier assignment strategy.

The proposed RFO compensation scheme is based on the
results of [12] and employs the space-alternating generalized
expectation–maximization (SAGE) algorithm [13], [14]. The expec-
tation step in the proposed scheme intends to cancel the ICI due to
the RFOs of all users in the received signals. Then, the maximization
step is employed to estimate the required parameters for each user
[i.e., RFO, channel state information (CSI), and data symbols]. The
rest of this paper is organized as follows. Section II describes the
OFDMA uplink system model considered in this paper. In Section III,
we propose an iterative RFO compensation scheme based on the
SAGE algorithm. Section IV shows the performance of the proposed
algorithm that is accessed by computer simulations, and Section V
presents the concluding remarks.

II. SYSTEM MODEL

Let N and K be the number of subcarriers and the number of users,
respectively. The number of subcarriers that is assigned to each user
can be given as M = N/K. Then, the data symbol vector of the kth
user sk = [sk(1) sk(2) · · · sk(M)]T modulates the subcarriers that
are assigned to the kth user, which can be indexed by the subcarrier
index vector ck = [ck(1) ck(2) · · · ck(M)]T , with 1 ≤ ck(m) ≤ N .
Note that we do not regulate any specific manner of the interleaved
subcarrier assignment.

At first, we assume that the timing synchronization is perfect, while
carrier frequency synchronization is inaccurate in the preamble. Then,

0018-9545/$25.00 © 2007 IEEE



1456 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 56, NO. 3, MAY 2007

the time-domain received signal vector y = [y(1) y(2) · · · y(N)]T

with frequency synchronization errors can be expressed as

y =

K∑
k=1

Γ(υk)FSkHk + w (1)

where the normalized RFO υk for the kth user is presented in the
diagonal matrix Γ(υk) that is given by

Γ(υk) = diag
{

ej
2πυk

N
(n−1), 1 ≤ n ≤ N

}
(2)

and the inverse discrete Fourier transform matrix is given by

[F]n,p =
1√
N

ej
2π(p−1)

N
(n−1), 1 ≤ n; p ≤ N. (3)

The diagonal data symbol matrix Sk in (1) can be defined as

[Sk]p,p =
{

sk(m), if p = ck(m)
0, otherwise.

(4)

The channel frequency response for the kth user can be given as
Hk = Dhk, where hk = [hk(1) hk(2) · · · hk(L)]T denotes the
channel impulse response (CIR) with L multipaths for the kth user
and [D]p,l = e−j(2π(p−1)/N)(l−1), l = 1, 2, . . . , L. Moreover, w =
[w(1) w(2) · · · w(N)]T in (1) presents the additive white Gaussian
noise vector with the covariance matrix of σ2I.

Here, we assume that all users are ideally time synchronized.
Note that ideal timing synchronization for all users is not possible
in practical situations. In order to avoid intersymbol interference due
to timing-synchronization errors, it is assumed that the length of the
guard interval is selected to cope with the maximum channel delay
spread and the maximum timing error [4]. Then, the timing errors
induce only the phase rotation [15].

III. DETECTION OF OFDMA UPLINK SIGNAL

A. Proposed Scheme

The frequency-domain received signal vector can be written as

Y =FHy

=

K∑
k=1

εkSkDhk +

K∑
k=1

RkSkDhk + v (5)

where (.)H denotes the conjugated transpose, and v = FHw. In (5),
εk is a common RFO error [12] for the kth user, which is defined as

εk =
1

N

N−1∑
n=0

ej
2πυk

N
n

=
1

N

1 − ej2πυk

1 − e
j2πυk

N

. (6)

Assuming that υk has a sufficiently small value and εk is given,
Taylor’s series expansion (ej(2πυ/N) ≈ 1 + j(2πυ/N)) is applied to
the denominator in (6). Then, we can obtain υk, which is approxi-
mately given as

υk ≈ Im{εk}
π|εk|2 . (7)

Moreover, the N × N matrix Rk in (5) induces the ICI due to RFO
υk, which is defined as

Rk = FHΓ(υk)F− εkIN (8)

where IN denotes an N × N identity matrix. Then, the diagonal
entries of Rk are equal to zero, and the off-diagonal entries are
given by

[Rk]p,q =
1

N

N−1∑
n=0

ej
2π(q−p+υk)

N
n

=
1

N

1 − ej2π(q−p+υk)

1 − ej
2π(q−p+υk)

N

(9)

where 1 ≤ p and q ≤ N .
In the proposed scheme based on the SAGE algorithm, the

frequency-domain received signal Y in (5) is divided into the desired
signal

YD =

K∑
k=1

εkSkDhk + βDv (10)

and the interference signal

YI =

K∑
k=1

RkSkDhk + βIv (11)

where the nonnegative parameters βD and βI satisfy β2
D + β2

I = 1
[16], [17]. Then, we try to estimate εk, sk, and hk for all users using
the desired signal YD in (10) [12]. Note that, as shown in (10) and
(11), the two kinds of RFO effects in the frequency-domain received
signals are the common RFO error and the ICI [12]. In particular, the
loss of the desired signal power 10 log10(|εk|2) is more than 0.5 dB
when the normalized RFO value is above 0.2.

In the expectation step at the ith iteration, the following expectations
are evaluated:

Y
(i)
D =E

[
YD|ε(i), s(i),h(i)

]

=

K∑
k=1

ε
(i)
k S

(i)
k Dh

(i)
k

+ β2
D

(
Y−

K∑
k=1

ε
(i)
k S

(i)
k Dh

(i)
k −

K∑
k=1

R
(i)
k S

(i)
k Dh

(i)
k

)
(12)

Y
(i)
I =E

[
YI |ε(i), s(i),h(i)

]

=

K∑
k=1

R
(i)
k S

(i)
k Dh

(i)
k

+ β2
I

(
Y−

K∑
k=1

ε
(i)
k S

(i)
k Dh

(i)
k −

K∑
k=1

R
(i)
k S

(i)
k Dh

(i)
k

)
(13)

where ε(i), s(i), and h(i) denote the ith estimates of ε =
[ε1 ε2 · · · εK ]T , s = [sT

1 sT
2 · · · sT

K ]T , and h = [hT
1 hT

2 · · · hT
K ]T ,

respectively. Moreover, in (12) and (13), R(i)
k = FHΓ

υ
(i)
k

F− ε
(i)
k IN ,

where υ
(i)
k ≈ (Im{ε(i)

k }/π|ε(i)
k |2). It is seen that the expectation step
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of the proposed algorithm is equivalent to the interference cancellation
in the received signals [12].

The maximization step of the ith iteration using the desired signal
Y

(i)
D in (12) evaluates the following equations:

ε(i+1) = arg max
ε

Λ
(
ε̃, s(i),h(i)|Y(i)

D

)
(14)

υ
(i+1)
k ≈

Im
{

ε
(i+1)
k

}
π
∣∣∣ε(i+1)

k

∣∣∣2 , k = 1, 2, . . . ,K (15)

s(i+1) = arg max
s

Λ
(
ε(i+1), s̃,h(i+1)|Y(i)

D

)
(16)

h(i+1) = arg max
h

Λ
(
ε(i+1), s(i+1), h̃|Y(i)

D

)
(17)

where the log-likelihood function Λ(ε, s,h|zD), assuming constant
envelope modulation schemes, can be given as

Λ(ε, s,h|YD)

=
1

β2
Dσ2

v

[
2Re

{
YH

D

K∑
k=1

εkSkDhk

}
−

K∑
k=1

M |εk|2hH
k hk

]
. (18)

Note that (SkD)HSkD = M · IL and IL is an L × L identity matrix.
Then, the solution of (14) can be evaluated as

ε
(i+1)
k =

1

M

∣∣∣h(i)
k

∣∣∣2
(
S

(i)
k Dh

(i)
k

)H

Y
(i)
D . (19)

Moreover, applying the LS solution to (17) yields

h
(i+1)
k =

(
ε
(i+1)
k

)∗

M
∣∣∣ε(i+1)

k

∣∣∣2
(
S

(i+1)
k D

)H

Y
(i)
D . (20)

B. Initialization

The initial CSI estimate h(0) can be obtained by the channel
estimate in the previous OFDM symbol, assuming that the channel
variation between adjacent OFDM symbols is negligible. In order
to obtain the initial estimates of ε(0) and s(0), it is assumed that
each user has pilot subcarriers. Note that the initial estimates of ε(0)

and s(0) should be evaluated by the received signal including ICI
because the interference cancellation cannot be operated without the
information of s.

In order to obtain ε
(0)
k , we use pilot subcarriers that are embedded

in the orthogonal subcarrier set of each user given as

ε
(0)
k =

1∣∣∣Spilot
k Dpilot

k h
(0)
k

∣∣∣2
(
Spilot

k Dpilot
k h

(0)
k

)H

Ypilot
k (21)

where Ypilot
k , Spilot

k , and Dpilot
k denote the received signal vec-

tor at the pilot subcarriers, the diagonal pilot symbol matrix, and
the DFT matrix that is composed of only pilot subcarriers for the
kth user, respectively. Moreover, given ε

(0)
k , we can obtain υ

(0)
k , as

Fig. 1. Average SINR with different RFO values (SNR = 15 dB).

shown in (7). For s(0), we evaluate the following equation using ε(0)

and h(0):

s(0) = arg max
s

Λ
(
ε(0), s,h(0)|Y

)
. (22)

IV. SIMULATION RESULT

A summary of the system parameters for our simulation is
provided here.

• The total number of subcarriers is N = 256.
• The power delay profile of CIR is given as E|hk(l)|2 ∝

e−(l−1)/4, 1 ≤ l ≤ 6, and each multipath varies according to
Rayleigh distribution [20].

• The total number of users is K = 8.
• Each user has uniformly spaced subcarriers from each other,

which indicates that the subcarrier index for the kth user is given
by ck(m) = k + (m − 1)K, 1 ≤ m ≤ M .

• Three pilot subcarriers are embedded in the subcarrier set that is
assigned to each user.

• One OFDMA packet is composed of 50 OFDM symbols, and the
first symbol of each packet is set to be a preamble symbol.

• The subcarriers are modulated by quadrature phase-shift
keying.

• For time-varying channels (TVCs), the carrier frequency and
vehicle speed are set to be 5 GHz and 60 km/h, respectively.

We considered two channel conditions, namely: 1) the static channel
(SC) and 2) the TVC. The SC indicates that the channel is constant
over a packet and the CSI is available at the receiver. Then, there is
no need to include the process for CSI in (17). For the TVC, which
presents that the channel variation should be tracked at each OFDM
symbol, the proposed algorithm should include the CSI process in
(17). It is assumed that the RFOs are constant in each packet and the
process for RFO estimator in (14) and (15) is performed only at the first
OFDM data symbol after the preamble symbols. The final estimate
of the RFO is utilized to detect the following OFDM data symbols
in the packet. Moreover, the initial channel estimate at the first data
symbol is obtained at the synchronization stage using the preamble
symbols.

For illustration purposes, we set the RFOs of all users to the same
value. At first, we analyze performance degradation due to RFOs in
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Fig. 2. Convergence properties of the proposed algorithm (υ = 0.1). (a) MSE
performance of RFO estimator. (b) BER performance.

terms of the signal-to-interference-and-noise ratio (SINR). From (5),
the ICI at the pth subcarrier that is assigned to the kth user can be
given as

∑K

m=1

∑M

q=1
|[Rm]ck(p),cm(q)|2. Then, the average SINR is

defined as

SINR =

1
K

K∑
k=1

|εk|2

1
N

K∑
k=1

M∑
p=1

K∑
m=1

M∑
q=1

∣∣[Rm]ck(p),cm(q)

∣∣2 + σ2

. (23)

Fig. 1 shows the average SINR as a function of RFO. It is observed
that the SINR rapidly decreases and the SINR loss is more than 5 dB
as the normalized RFO value increases above 0.1.

Fig. 2 shows the convergence properties of the proposed iterative
scheme. It is seen that the mean square error (MSE) of the RFO esti-
mator and the bit error rate (BER) performance are almost converged
after two iterations. Therefore, we fix the number of iterations to two
for the proposed scheme in the following results.

In Figs. 3 and 4, we compare the MSE performance of the proposed
algorithm with the Cramer–Rao bounds (CRBs) for RFO and channel

Fig. 3. Comparison of the MSE performance for an RFO estimator with
different values of RFO υ. (a) SNR = 10 dB. (b) SNR = 25 dB.

estimation according to the different values of RFO. In Fig. 3, the
minimum, maximum, and average CRBs that are given in [7] are
evaluated by 105 simulation runs. It is seen that the RFO and channel
estimators of the proposed algorithm show comparable MSE perfor-
mance with the CRBs. Note that the MSE performance of the proposed
scheme in Figs. 3 and 4 is gradually degraded as the normalized
RFO value increases because of the desired signal power loss and the
approximation using Taylor’s series expansion in (7).

Fig. 5 shows the BER performance of the proposed scheme as a
function of the normalized RFO, compared with the ideal performance
in perfect frequency synchronization and that without RFO compen-
sation for known CSI. As shown in Fig. 5, the proposed scheme
remarkably compensates performance degradation due to the RFOs. In
Fig. 5(a), it is seen that the performance without RFO compensation
for known CSI is better than that of the proposed scheme in TVC
since the performance degradation due to the channel estimation error
is more dominant than that due to RFO at low signal-to-noise ratio
(SNR) with small RFO value.

In order to investigate the performance of the proposed algorithm
with the different RFO values of different users, we only fix user 1’s
RFO υ1, and the others (υk, k = 2, . . . ,K) were randomly chosen
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Fig. 4. Comparison of the MSE performance for a channel estimator with
different values of RFO υ.

Fig. 5. Comparison of the BER performance according to different values of
RFO υ. (a) SNR = 10 dB. (b) SNR = 25 dB.

Fig. 6. MSE performance versus SNR compared with CRBs (υ1 = 0.1).
(a) MSE performance of RFO estimation. (b) MSE performance of CIR
estimation.

between −0.2 and 0.2 in the following simulation results. Fig. 6 shows
the MSE performance versus SNR for the RFO and CIR estimators of
the proposed scheme. In Fig. 6(a), the performance of the conventional
scheme in [4] is evaluated, assuming that only six users are active in the
system at K = 8. It can be observed that the MSE for RFO estimation
in the proposed scheme lies between the maximum and minimum
CRBs in all ranges of SNR. In SCs, the MSE of the proposed RFO
estimator is close to the average CRB, while it shows a floor at high
SNR in TVCs. Moreover, the proposed RFO estimator outperforms
the conventional scheme [4] in all ranges of SNR. In Fig. 6(b),
the MSE of the CIR estimator also approaches the CRB [7] as the
SNR increases.

The BER performance of the proposed scheme is presented as a
function of SNR with υ1 = 0.2 in Fig. 7. The BER performance
of [18] is also evaluated and compared with that of the proposed
scheme. The conventional scheme in [18] is based on interference
cancellation and RFO correction using circular convolution. In order to
detect data symbols, [18] employs three circular convolutions with one
iteration, while the proposed scheme performs two expectation steps
with two iterations. Note that both the circular convolution in [18] and
the expectation step in the proposed scheme need the computational
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Fig. 7. Comparison of BER performance versus SNR (υ1 = 0.2).

complexity of O(N2). However, in order to reduce complexity, some
elements in the operation of circular convolution are set to zero in [18],
assuming that the normalized RFO is very small. Moreover, it employs
the frequency-offset estimator for a single-user OFDM system [19] to
obtain the RFO estimates for all users. As the number of users and
the RFO value of each user increase, the RFO estimates become quite
inaccurate due to the MAI, so that the RFO correction in [18] may
not be effective. Note that, in our simulations, the performance of the
conventional RFO correction scheme is evaluated with one iteration
and known CSI, as given in [18].

As shown in Fig. 7, the BER performance of [18] with ideal RFO
values is comparable to that of the proposed scheme, while an error
floor exists at high SNR in the conventional scheme with estimated
RFO values using [19]. Moreover, it is obvious that the proposed
scheme outperforms the conventional RFO correction scheme in all
ranges of SNR and significantly compensates the degraded perfor-
mance due to the RFOs of simultaneous users.

V. CONCLUSION

In this paper, we proposed an iterative detection scheme using the
SAGE algorithm in the presence of RFOs for an interleaved OFDMA
uplink system. The expectation step in the proposed scheme extracts
the desired terms from the received signals. Then, the maximization
step is utilized to estimate the RFO, data symbols, and CSI using
the desired signals for each user. Simulation results show that the
proposed scheme needs two iterations to obtain converged estimates
and significantly compensates the performance degradation due to the
RFOs of simultaneous users. Moreover, it outperforms the conven-
tional schemes and also achieves almost ideal BER performance, while
the normalized RFO value is within 0.2.
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