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Channel Estimation for OFDM-Based WLANs in the Presence of
Wiener Phase Noise and Residual Frequency Oﬀset
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SUMMARY
In orthogonal frequency-division multiplexing (OFDM)based wireless local area networks (WLANs), phase noise (PHN) and residual frequency oﬀset (RFO) can cause the common phase error (CPE) and
the inter-carrier interferences (ICI), which seriously degrade the performance of systems. In this letter, we propose a combined pilot symbol assisted and decision-directed channel estimation scheme based on the leastsquares (LS) and the maximum-likelihood (ML) algorithms. Simulation
results present that the proposed scheme significantly improves the performance of OFDM-based WLANs.
key words: orthogonal frequency-division multiplexing (OFDM), channel
estimation, phase noise (PHN), residual frequency oﬀset (RFO), wireless
local area networks (WLANs)

1.

Introduction

Orthogonal frequency-division multiplexing (OFDM) has
recently received considerable attention for its robustness
against frequency selective channels. It has been adopted by
the IEEE 802.11a standard as the transmission technique for
high-rate wireless local area networks (WLANs) [1]. Moreover, the OFDM system is very sensitive to phase noise
(PHN) [2]–[5] and residual frequency oﬀset (RFO) due to
imperfect synchronization [5], [6]. PHN and RFO cause
both the common phase error (CPE) and the inter-carrier interferences (ICI), both of which impair the accurate channel
estimation. Modeling PHN as a random process, two approaches are investigated in the literature. One can be obtained by measuring a real tuner with a phase-locked loop
(PLL) [2]. The other does the typical PHN model of a freerunning oscillator [2]–[5]. We choose the latter model. In
this letter, assuming that one packet is composed of one
long training symbol and OFDM data symbols, we propose
a channel estimation scheme based on the LS and the ML algorithms. Since it is hard to obtain the joint ML estimation
of the CPE and the channel, we treat the CPE estimation and
the channel estimation problems separately.
2.

System Model

We consider an OFDM system with N sub-carriers composed of a data sub-carrier set S D with ND sub-carriers, a
pilot sub-carrier set S P with NP sub-carriers and a null subManuscript received October 6, 2005.
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carrier set S N with NN sub-carriers [1]. The time-domain
OFDM symbol is generated by N-point IDFT and a cyclic
prefix (CP) of length NCP is appended at the beginning of
each time-domain OFDM symbol.
Then, the received signal vector rm at the mth OFDM
symbol over frequency selective fading channel, after CP
removal, can be expressed as
rm = Fφm FX m Hm + wm

(1)

where m = 0, 1, · · · , N packet − 1 is the OFDM symbol index
are represented by the
and both PHN φmPHN and RFO φRFO
m
matrix Fφm given as
 PHN
RFO
Fφm = diag e j(φm (0)+φm (0)) ,

PHN
RFO
· · · , e j(φm (N−1)+φm (N−1)) .
(2)
φmPHN in (2) can be modeledas a discrete Wiener proPHN
(N −1)+ nt=−NCP u[m(N + NCP ) + t]
cess by φmPHN (n) = φm−1
n
PHN
u(t) in the expression
where φ0 (n) =
t=−NCP u(t).
for φmPHN denotes a mutually independent Gaussian random variable with zero mean and variance σ2u = 2πβT /N
where T is the OFDM symbol period and β represents
in (2) can be modthe phase noise linewidth [4]. φRFO
m
eled as an additional rotation due to the normalized RFO
RFO
υ by φRFO
m (n) = φm−1 (N − 1) + 2πυ(NCP + n)/N where
RFO
φ0 (n) = 2πυ(NCP + n)/N. In (1), X m = diag {Xm (k)}
for k ∈ S D ∪ S P denotes a diagonal
 transmitted symbol
k
does the IDFT matrix
matrix and [F]n,k = √1N exp j 2πn
N
where k ∈ S D ∪ S P . Assuming ideal timing synchronization and suﬃcient CP, the channel frequency response can
be given as Hm = Dhm where hm = [hm (0) · · · hm (L − 1)]T
denotes the channel impulse
(CIR) with L mul response

l
for
k
∈ S D ∪ S P and
tipaths and [ D]k,l = exp − j 2πk
N
0 ≤ l < L. Moreover, the additive white Gaussian noise
vector wm = [wm (0) · · · wm (N − 1)]T has the covariance matrix of σ2w I N where I N denotes an N × N identity matrix.
The frequency-domain received signal vector can be
given as
Rm = FH rm = εm X m Dhm + nICIm + W m

(3)

where (.) and W m = F wm denote the conjugated transpose and the frequency response of AWGN, respectively. It
is seen that the CPE εm in (3) aﬀects all sub-carriers constantly, which is defined by
H

εm =

H

N−1
1  j(φmPHN (n)+φRFO
m (n)) .
e
N n=0
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The ICI vector nICIm in (3) implies the ICI due to both PHN
and RFO defined by nICIm = (FH Fφm F − εm I ND +NP )X m Dhm .
The autocorrelation of the CPE between adjacent
OFDM symbols Φε can be defined as
Φε = E[ε∗m εm+1 ]
N−1 N−1
 PHN

1   j(φRFO (q)−φRFO
PHN
(p))
m (p)) E e j(φm+1 (q)−φm
= 2
e m+1
.
N p=0 q=0
(5)
Since PHN is a discrete Wiener process, the diﬀerence
PHN
(q) − φmPHN (p) in (5) is a zero-mean Gaussian random
φm+1
variable with variance equal to σ2u |N + NCP + q − p|. After
some algebraic manipulations, (5) can be given by
2
e( j2πυ/N−σu /2)(N+NCP )
Φε =
N2
⎧ N
⎫
⎪
⎪



⎪
⎪
⎨ 
⎬
2
×⎪
i cosh (N − i) j2πυ/N − σu 2 − N ⎪
2
.
⎪
⎪
⎩
⎭

(6)

i=1

The εm manifests mainly as a phase rotation θεm = ∠ (εm )
for slow PHN and RFO processes [5]. Therefore, it can be
(res)
(res)
expressed as εm = εm
εm−1 where εm
is the multiplication factor to imply a residual CPE term, which defines the
relation between adjacent OFDM symbols.
The transmitted symbol Xm (k) is assumed as a random
variable with zero mean and variance σ2x = E[|X(k)|2 ]. Furthermore, without any loss of generality, the channel frequency response can be assumed to satisfy E[|Hm (k)|2 ] =
1. The ICI vector nICIm in (3) can be approximated as
a zero-mean Gaussian vector of the covariance matrix of
σ2ICI I ND +NP [3], [6]. Here, we define the ICI-plus-noise vector as V m = nICIm + W m and assume that V m is a zero mean
Gaussian vector with the covariance matrix of σ2V I ND +NP =
(σ2ICI + σ2w )I ND +NP .
3.

Channel Estimation

By defining a new eﬀective CIR vector heﬀ
m = εm hm , (3) is
rewritten by
eﬀ
Rm = Xm Dheﬀ
m + V m = Xm Hm + V m

(7)

eﬀ
where Heﬀ
m = Dhm is the eﬀective channel frequency response vector. When the variation of the CIR between adjacent OFDM symbols is negligible compared with Φε , the
eﬀective channel frequency response can be approximated
as

Heﬀ
m

≈

(res) eﬀ
εm
Hm−1 .

(8)

Under the assumption that the eﬀective CIR vector heﬀ
m
is a deterministic but unknown vector, the proposed channel
estimation scheme is implemented by the following steps.
Step 1) Exploiting a BPSK modulated long training symbol
eﬀ
X 0 , estimate the eﬀective CIR ĥ0 by [7]

eﬀ

ĥ0 = ( DH D)−1 DH X−1
0 R0
eﬀ
H
−1 H −1

= heﬀ
0 + ( D D) D X 0 V 0 = h0 + V 0

(9)

Gaussian
where V  0 = ( DH D)−1 DH X−1
0 V 0 is a zero-mean

H
noise with the covariance matrix of CV  = σ2V ( DH D)−1 .
Note that the CIR length L should be known in order to construct (DH D)−1 DH in (9). Here, we simply assume that
the estimate of L is equal to the CIR length [8]. Then,
eﬀ
eﬀ
Ĥ0 = D ĥ0 . Increase m by 1.
(res)
Step 2) Estimate the
 phase of εm using
 (8) by the LS
eﬀ

= ∠ (Xm,P Ĥm−1,P )H Rm,P where Rm,P , Xm,P
method as θ̂ε(res)
m
eﬀ

and Ĥm−1,P denote the received signal vector at the pilot
sub-carriers, the diagonal pilot symbol matrix and the effective channel frequency response estimate vector comeﬀ
posed of only pilot sub-carriers, respectively. Then, Ĥm =
eﬀ
exp( jθ̂ε(res)
) Ĥm−1 .
m
Step 3) Demodulate the OFDM symbol using the current
eﬀ
Ĥm and make the tentative symbol matrix X̃m .
Step 4) Given X̃ m , which is assumed to be the same as the
transmitted symbol matrix Xm , the normalized received vector R̄m from (7) can be defined by
−1
R̄m = ( X̃ m )−1 Rm = Dheﬀ
m + ( X̃ m ) V m .

(10)

The normalized received vector R̄m is Gaussian with mean
−1 2
2
Dheﬀ
m and covariance matrix CR̄m = σV E[|X m | ]. Thus, the
ML based eﬀective CIR estimate is given by [7]
eﬀ

D)−1 DH C−1
R̄
ĥm = ( DH C−1
R̄m
R̄m m
−1 H −1
= ( DH C−1
X −1 D) D C X −1 R̄m .

(11)

2
where C X −1 = E[|X −1
m | ] is the diagonal matrix consists of
2
E[|1/Xm (k)| ] for k ∈ S D and 1.0 for k ∈ S P . When the average symbol energy σ2x is normalized to unity, E[|1/X(k)|2 ]
can be shown to have values of 1.0 for PSK signaling,
1.8889 for 16-QAM signaling and 2.6854 for 64-QAM sigeﬀ
eﬀ
naling. Then, Ĥm = D ĥm .
Step 5) Re-estimate the transmitted symbol matrix X̂m using
eﬀ
the current Ĥm .
Step 6) Go to Step 2) with m ← m + 1.
−1 H −1
Assuming that (DH C−1
X −1 D) D C X −1 in (11) is precomputed, complexity reduction can be obtained by using
FFT pruning or transform decomposition [9].

4.

Simulation Results

In this section, we present simulation results in the uncoded
OFDM system with PHN and RFO. Part of simulation parameters is based on the IEEE 802.11a standard [1], which
is summarized as follows.
• The DFT size N is 64, the number of data sub-carriers
ND is 48, the number of pilot sub-carriers NP is 4, and
the number of null sub-carriers NN is 12.
• The CP length NCP is 16.
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Fig. 1 MSE performance of the eﬀective channel frequency response
estimators at N packet =21 in static channels.

Fig. 2

SER performance versus SNR at N packet =21 in static channels.

• Each BPSK modulated pilot sub-carrier is located at
k = −21, −7, 7 and 21.
• The OFDM data sub-carriers are modulated using 16QAM.
• The OFDM symbol period T is 4.0 µs.
We consider frequency-selective Rayleigh fading channels with exponential power delay profile given by
L−1 −l/4
e
where 0 ≤ l < L and L=4. We
E[|h(l)|2 ] = e−l/4 l=0
use PHN with 2πβT =0.01 and the normalized RFO υ=0.01.
In the simulation, the average signal-to-noise ratio (SNR) is
defined as 52σ2x 64σ2w . The ZF represents the zero-forcing
equalization (one-tap equalization) exploiting the long training symbol in the packet preamble [6]. In this case, the channel can be estimated as Ĥ = X −1 R.
At first, we consider static channels which indicate that
the CIR is constant over a packet but varies independently
from one packet to the next. Regarding the accuracy of
the eﬀective channel frequency response estimator, we define the mean square error (MSE) at the OFDM symbol as
eﬀ
2
MSE = E[| Ĥm − Heﬀ
m | ]. Figure 1 shows the MSE performance of the eﬀective channel frequency response estimators. The MSE with perfect tentative symbol matrix X̃m can
−1 H H
be analytically calculated as σ2V T r{D(( DH C−1
X −1 D) ) D }
where T r{·} indicates the trace of a matrix. It is seen that
the proposed scheme outperforms the ZF with the phase
noise suppression (PNS) scheme [3] in all ranges of SNR.
In Fig. 1, the MSE performance of the proposed scheme
is close to the simulated MSE with perfect tentative decisions. More explicitly, at low SNR values the achievable
performance is degraded by the associated decision-error
propagation, however tentative decisions become reliable
for SNRs in excess of 20 dB. In Fig. 2, we present the SER
performance versus SNR. The performance of the proposed
scheme is also compared with the ideal performance without PHN and RFO, the performance with the ideal eﬀective
CIR, the performance of the PNS scheme with the ideal CIR,
and that of the ZF with the PNS scheme. It can be concluded
that it achieves almost the performance of the PNS scheme

Fig. 3 SER performance with the packet size of N packet in slowly
time-varying channels.

with the ideal CIR and is found to prevent remarkably the
performance degradation due to PHN, RFO and channel estimation errors.
Figure 3 shows the SER degradation due to the packet
length of N packet in slowly time-varying channels. In our
simulation, it is assumed that slowly time-varying channels
follow the Jakes’ model [10], the carrier frequency is set to
be 5.8 GHz, and the user terminal is moving at speed 3 m/s.
Since the ZF with the PNS scheme uses the channel information estimated at the head of the packet, when the packet
length of N packet increases, the SER degradation of the ZF
with the PNS scheme increases due to channel estimation
errors. In the proposed scheme, the residual CPE estimate
is obtained using the pilot symbols in each OFDM symbol
and the eﬀective CIR is estimated in the decision-directed
manner. Therefore, both the time-varying CPE and a timevarying channel can be tracked using the proposed scheme
and the proposed scheme over slowly time-varying channels
is robust with the increase of the packet length N packet .
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5.

Conclusion
[3]

In this letter, we proposed a channel estimation scheme for
OFDM-based WLANs. The proposed scheme significantly
compensates the performance degradation due to channel
estimation errors, PHN and RFO. Moreover, the proposed
scheme is robust in static or slowly time-varying channels
compared with other scheme.
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