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Carrier Frequency Synchronization for OFDM Systems
in the Presence of Phase Noise
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SUMMARY
A carrier frequency synchronization scheme is proposed
for orthogonal frequency-division multiplexing (OFDM) systems in the
presence of phase noise (PHN). In the proposed scheme, carrier frequency
synchronization is performed based on the maximum-likelihood (ML) algorithm using an OFDM preamble symbol. The proposed scheme is compared with conventional methods. Simulation results are presented to illustrate the eﬀectiveness of the proposed scheme in the presence of PHN.
key words: orthogonal frequency-division multiplexing (OFDM), carrier
frequency oﬀset (CFO), channel estimation, phase noise (PHN)

1.

Introduction

Orthogonal frequency-division multiplexing (OFDM) has
recently received considerable attention for its robustness
against frequency selective channels. It is known that the
drawback of the OFDM system is the sensitivity of the receiver to oscillator instabilities, such as carrier frequency
oﬀset (CFO) and phase noise (PHN). Moreover, the coherent detection of OFDM signals requires channel estimation
to mitigate amplitude and phase distortions in a fading channel.
A number of channel impulse response (CIR) estimation algorithms [1], [2] and CFO estimation algorithms [3]–
[5] have been proposed in the literature. The CIR is estimated assuming zero CFO or CFO is estimated assuming
perfect channel estimation. Joint frequency oﬀset and CIR
estimation issue is also highlighted in the papers [6]–[8]. In
[6], an adaptive approach (i.e. steepest descent algorithm)
was employed to avoid the complexity of joint maximumlikelihood (ML) estimation.
However, PHN impairs the joint CFO and CIR estimation. Two approaches to modeling PHN as a random process
have been investigated in the literature. One can be obtained
by measuring a real tuner with a phase-locked loop (PLL)
[9]–[11], [15]. The other does the Wiener PHN model of
a free-running oscillator [10], [12]. We choose the former
model. A PLL is basically an oscillator whose frequency
is locked onto some frequency component of the reference
signal. This is done with a feedback control loop as shown
in Fig. 1. The phase of a local voltage-controlled oscillator (VCO) is compared with the phase of a low-noise reference signal. The diﬀerence of the two phases is low-pass
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Fig. 1

Basic PLL block diagram.

filtered by loop filter and applied to the controlling node of
the VCO.
In this letter, we introduce a system model with CFO,
PHN and unknown but deterministic CIR. Considering this
model, we propose a carrier frequency synchronization
scheme based on the ML algorithm employing an OFDM
preamble symbol to perform the fine frequency synchronization. In the proposed scheme, the least-square (LS)
channel estimate results, which is based on the cyclic-prefix
(CP)-based CFO estimation and compensation, are used to
obtain the fine CFO estimate.
2.

System Model

Let N be the number of sub-carriers, NCP be the number
of CP and P + 1 be the number of modulated sub-carriers.
Note that N − P − 1 sub-carriers at the edges of the spectrum (i.e. virtual sub-carriers) are not used and the modulated sub-carriers can be indexed by the numbers from −P/2
to P/2. The time-domain OFDM symbol is generated by Npoint IDFT and CP is appended at the beginning of each
time-domain OFDM symbol.
The time-domain received signal vector r = [r (0) r (1)
· · · r (N − 1)]T over a frequency selective fading channel, after CP removal, can be expressed as
r = Ωυ Fφ F AH + w

(1)

where A = diag {a (−P/2) , · · · , a(0), · · · , a (P/2)} denotes
a diagonal transmitted
symbol
matrix in the preamble and


n
where
0 ≤ n < N and |p| ≤ P/2.
[F]n,p = √1N exp j 2πp
N
Phase noise (PHN) and a carrier frequency oﬀset (CFO) υ
are presented in the matrix Fφ and Ωυ , respectively, given
by


Fφ = diag exp ( jφ0 ) , exp ( jφ1 ) , · · · , exp ( jφN−1 ) (2)
(3)
Ωυ = diag {Ωυ (0) , Ωυ (1) , · · · , Ωυ (N − 1)}
and




2πυ
n
Ωυ (n) = exp j
N
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(4)
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where φn is the sample of the PHN process φ(t) generated by the receiver oscillator with a PLL. Assuming
ideal timing synchronization and suﬃcient CP, the channel frequency response H can be given as Dh where h
re-
= [h (0) h (1) · · · h (L − 1)]T denotes the channel impulse

sponse (CIR) with L multi-paths and [ D] p,l = exp − j 2πp
N l
where 0 ≤ l < L. Moreover, the additive white Gaussian
noise vector w = [w (0) w (1) · · · w (N − 1)]T has the covariance matrix of σ2w I N where I N denotes an N × N identity
matrix.
We consider a PHN process model as a zero-mean, stationary and finite-power random process, which can be obtained by measuring a real tuner with a PLL [9]–[11], [15].
The output of the VCO with PHN can be represented as xc (t)
= e j(2π fc t+φ(t)) where fc is the desired frequency of the reference signal. The autocorrelation function of xc (t) can be
calculated as
R xc (t, τ) = E[xc (t)x∗c (t + τ)]
= e− j2π fc τ E[e− j(φ(t+τ)−φ(t)) ].

(5)

Since the PHN process φ(t) is asymptotically a zero mean
Gaussian process [15], the diﬀerence φ(t +τ)−φ(t) in (5) is a
zero-mean Gaussian process with variance equal to σ2φ (t, τ)
= E[|φ(t + τ) − φ(t)|2 ]. Thus,
R xc (t, τ) = e− j2π fc τ e−(1/2)σφ (t,τ) .
2

(6)

Since φ(t) is modeled as a stationary random process [15],
σ2φ (t, τ) = σ2φ (τ) can be calculated as
σ2φ (τ) = 2Rφ (0) − 2Rφ (τ)

(7)

where Rφ (τ) = E[φ(t)φ(t + τ)] is an autocorrelation function
of φ(t). Since Rφ (τ) is suﬃciently small to approximated by
eRφ (τ) ≈ 1 + Rφ (τ) [11], [15], (6) can be approximated as


R xc (t, τ) ≈ e− j2π fc τ e−Rφ (0) 1 + Rφ (τ) .
(8)
The Fourier transform of (8), which is the power spectral
density (PSD) of the output, is given by


(9)
S xc ( f ) = e−Rφ (0) δ( f + fc ) + S φ ( f + fc )
where δ(·) is the Dirac delta function and S φ ( f ) is the PSD
of φ(t). The PSD of the PLL output may be calculated as
the specifications of the PLL [11], [15] or be directly measured by a spectrum analyzer [9], [11], [15]. Using (8), (9)
and the PSD of the PLL output, S φ ( f ) and Rφ (τ) can be obtained. The sampled PHN process ϕ = [φ0 φ1 · · · φN−1 ]T can
be modeled as a zero mean Gaussian vector of the covariance matrix Φ, which is given by

T
[Φ]i, j = Rφ |i − j|
(10)
N
where T is the OFDM symbol period.
Assuming that PHN is suﬃciently small to approximate exp ( jφn ) ≈ 1 + jφn by Taylor series expansion [11],
(1) can be expressed as

r ≈ Ωυ F A Dh + diag { jΩυ F A Dh} φ + w.

(11)

Here, we define the PHN-plus-noise as V = diag{ jΩυ
F A Dh}φ + w.
Since ϕ and w are independent
and zero mean Gaussian distributed, V is also zero
mean Gaussian with the covariance matrix Σ h,υ =
diag {Ωυ F A Dh} Φdiag {Ωυ F A Dh}H + σ2w I N .
3.

Carrier Frequency Synchronization

The coarse CFO estimate υc can be obtained using the redundancy generated by the CP [3]. Using the coarse CFO
υc , the LS CIR estimate ĥ can be obtained by

−1
ĥ = SH S SH ΩυHc r
(12)
where S = F A D and (·)H denotes conjugated transpose.
Note that the CIR length L should be known in order to construct S in (12). So the additional algorithm for the CIR
length estimation is needed. However, we find that the estimator is robust to the overestimated CIR length. So the CIR
length L can be simply replaced by NCP under the suﬃcient
CP. Here, we assume that the PHN covariance matrix Φ is
known. Furthermore, using the LS CIR ĥ, the PHN covariance matrix Φ and the coarse CFO υc , the covariance matrix
Σ h,υ can be approximated as Σ h,υ ≈ Σ ĥ,υc .
The likelihood function of (11) can be given by
1



(π) det Σ ĥ,υc

H 

−1 
× exp − r−Ωυe Ωυc S ĥ Σ ĥ,υc
r−Ωυe Ωυc S ĥ

Λ (r; υc , υe ) =

N

(13)

where υe denotes the frequency oﬀset estimation error υ−υc .
Then, the frequency oﬀset error estimate υ̂e can be obtained
by
H 


−1
υ̂e = min r−Ωυe Ωυc S ĥ Σ ĥ,υc
r−Ωυe Ωυc S ĥ . (14)
υe

T

Using B̂ = S ĥ = B̂ (0) B̂ (1) · · · B̂ (N − 1) , (14) can be calculated as

−1
υ̂e = arg min − rH Σ ĥ,υc Ωυe Ωυc B̂
υe

H 

−1 
1
+ Ωυe Ωυc B̂ Σ ĥ,υc
Ωυe Ωυc B̂
2

(15)

where  (x) is the real value of complex variable x. However, it is too complicate to obtain an exact solution of υ̂e in
(15) [13]. Therefore, we assume
that υe is suﬃciently small

2πυe n
to approximate exp j N by Taylor series expansion to
the second order term;


2

2πυe n 1 2πυe n
2πυe n
≈1+ j
−
.
(16)
exp j
N
N
2
N
Then, (15) can be given in the quadratic form of υe shown
as
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υ̂e ≈ arg min Aυ2e + Bυe + C
υe

(17)

and the estimate υ̂e is obtained by
υ̂e = −

B
.
2A

(18)

In (17) and (18), A and B are defined as follows:
A=

N−1 N−1

2π2    2  ∗
n  r (l) Σ−1
l,n Ωυc (n) B̂ (n)
2
N l=0 n=0

N−1 N−1

π2   
∗
(n − l)2 Ωυc (n) Ω∗υc (l) Σ−1
− 2
(19)
l,n B̂ (l) B̂ (n)
N l=0 n=0
N−1 N−1

2π     ∗
n r (l) Σ−1
B=
l,n Ωυc (n) B̂ (n)
N l=0 n=0

+j

N−1 N−1

π 
∗
(n − l) Ωυc (n) Ω∗υc (l) Σ−1
l,n B̂ (l) B̂ (n)
N l=0 n=0

Fig. 2 Comparisons of MSE performance for CFO estimator with PHN
standard deviation φRMS = 2 degree and CFO υ = 0.3.

(20)

where  (x) is the imaginary value of complex variable x

−1
is
the
lth
row
and
the
nth
column
of
Σ
.
and Σ−1
ĥ,υ
l,n
c
Assuming that PHN is negligible, the likelihood function of (11) can be given by

2
1
1 
Λ (r; υc , υe ) = 
exp
− 2  r − Ωυe Ωυc B̂

N
σw
πσ2w
(21)
where x2 = xH x. Using (16) and (21), the negligible-PHN
CFO estimate (NPCE) υ̂eNPCE is obtained by
N−1


υ̂eNPCE = −



n r∗ (n) B̂ (n) Ωυc (n)

N
n=0
·
.
N−1
2π 


n2  r∗ (n) B̂ (n) Ωυc (n)

(22)

n=0

This NPCE algorithm, which ignores PHN, is easier to implement, as it does not require any knowledge of SNR.
4.

Simulation Results

In our simulations, the DFT size, the CP size, the number of modulated sub-carriers and total system bandwidth
are given as N=64, NCP =16, P=52 and BW=20 MHz,
respectively. We consider a frequency selective fading
channel whose sampled impulse response is given by


h = 0.77 + 0.38 j, 0, 0, 0, 0, 0, 0, 0, 0.58 j, −0.58 − 0.67 j T
with L=10 [13]. Moreover, one frame is composed of
NF OFDM symbols, the first symbol of each frame is set
to be a preamble and the data sub-carriers are modulated
by quadrature phase shift keying (QPSK). The PLL (phase
locked loop) frequency synthesizer is considered for the
PHN model [14]. The PHN has a standard deviation of
φRMS . It is generated using a single pole Butterworth filter of 3 dB bandwidth 100 kHz. It is assumed that the CFO

Fig. 3 Comparisons of MSE performance for CFO estimator according
to the diﬀerent values of PHN standard deviation at CFO υ = 0.3.

is constant in each frame. The estimation performance is
evaluated by the mean square error (MSE) and the bit error
rate (BER) performance. The MSE of the CFO estimator is
defined as E[|υ̂e − υe |2 ].
In Fig. 2, we consider the MSE performance of the
CFO estimator with the PHN standard deviation φRMS = 2
degree and CFO υ=0.3. For SNR ≥ 15 dB, the MSE of the
proposed CFO estimator is of the order of 10−4 or less. We
can observe that the proposed scheme outperforms the CP
based estimator [3] in all ranges of SNR and has a better
performance compared with the NPCE scheme. It is because the proposed scheme uses the PHN covariance matrix
Φ and SNR to obtain the CFO estimate. However, PHN and
frequency oﬀset estimation error cause an error floor of the
proposed scheme. Figure 3 shows the MSE performance of
the CFO estimator according to the diﬀerent values of the
PHN standard deviation φRMS at CFO υ=0.3. It is seen that,
for various PHN standard deviation conditions, the performance of the proposed scheme always outperforms the CPbased scheme. Furthermore, the proposed scheme gives the
better performance with positive gain than the MSE performance of the NPCE scheme at high SNR.
In Fig. 4, we present the BER performance of the CFO
estimator with the PHN standard deviation φRMS = 0.5 de-
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the CP based scheme with the LS CIR estimation. It can
be seen that the BER performance of the proposed scheme
outperforms the BER performance of the CP based scheme
with the LS CIR estimates. Moreover, the proposed scheme
improves the BER performance for the SNR larger than
20 dB comparing with the NPCE scheme.
5.

Conclusion

In this letter, we proposed a carrier frequency synchronization scheme for OFDM systems in the presence of PHN.
The proposed scheme obtains performance improvement using CP-based CFO estimate, the LS channel estimate and
the PHN covariance matrix. Simulation results have been
shown that the proposed scheme has much better performance than the CP-based CFO estimation scheme. The proposed scheme presents better performance than the NPCE
one for high SNR.
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