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LETTER

Joint Channel Estimation and Phase Noise Suppression for OFDM
Systems

Yong-Hwa KIM†, Nonmember and Seong-Cheol KIM††a), Member

SUMMARY Phase noise (PHN) can cause the common phase error
(CPE) and the inter-carrier interference (ICI), both of which impair the
accurate channel estimation in orthogonal frequency division multiplex-
ing (OFDM) systems. In this letter, we build a new signal model param-
eterized by the channel impulse response, the CPE and the ICI. Based on
this model, we derive the maximum likelihood estimator (MLE) and the
minimum mean square error estimator (MMSEE). Simulation results show
that the proposed schemes significantly improve the performance of OFDM
systems in the presence of PHN.
key words: maximum-likelihood, minimum mean square error, orthogonal
frequency-division multiplexing (OFDM), phase noise (PHN)

1. Introduction

Orthogonal frequency-division multiplexing (OFDM) is an
attractive technique to support high rate data transmission
over frequency selective fading channels. However, it is
known to be very sensitive to frequency synchronization and
imperfect channel estimation [1].

The phase noise (PHN) induced by oscillator instabil-
ity can cause the common phase error (CPE) and the inter-
carrier interference (ICI), which may result in significant
performance degradation [2], [3]. Under the assumption that
the channel estimation is perfect, several PHN mitigation
schemes for OFDM systems are reported in [3], [4]. How-
ever, the perfect channel estimation assumption may not be
valid in the practical systems [1].

In this letter, we propose a new parametric model for
OFDM systems in the presence of PHN. Based on this
model, we propose two pilot symbol aided decision directed
(PADD) approaches. One is a maximum likelihood estima-
tor (MLE) and the other is a minimum mean square error
estimator (MMSEE). Along with the estimation techniques,
we also examine the detection method and the issue of a pi-
lot sub-carrier placement.

The following notations are used throughout this let-
ter: diag(A0, · · · , Ak−1) represents a block diagonal matrix
whose diagonal blocks are A0, · · · , Ak−1. [A]p,q denotes the
(p, q)th element of A. It stands for a t-by-t identity ma-
trix, [a]p is the (p)th entry of vector a and ((·))N denotes a
modulo-N operation.
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2. System Model

We consider an OFDM system with N sub-carriers being
composed of a data sub-carrier set S D with ND sub-carriers
and a pilot sub-carrier set S P with NP sub-carriers. The
time-domain OFDM signal is generated by the IDFT and
a cyclic prefix (CP) of length NCP is appended at the begin-
ning of each time-domain OFDM signal. After CP removal
and taking the DFT, the N-dimensional frequency-domain
received signal vector of the mth OFDM symbol over fre-
quency selective fading channels can be expressed as

Rm = GmHmxm +Wm (1)

where xm is the N-dimensional transmitted symbol vec-
tor with [xm]k = Xm(k), Wm is an N-dimensional AWGN
vector with the covariance matrix σ2

W IN and Hm is
the frequency-domain channel matrix defined as Hm =

diag(Hm(0), · · · ,Hm(N − 1)). In (1), the N-by-N ma-
trix Gm is the frequency-domain PHN matrix given as
Gm = FHϕmF where F is the N-point IDFT matrix
with [F]n,k = (1/

√
N)e j(2π/N)nk and PHN φm(n) is repre-

sented by the time-domain PHN matrix ϕm given as ϕm =

diag
(
e jϕm(0), · · · , e jϕm(N−1)

)
. Here, Gm is split in N matrices

as follows:

Gm = gm,0I0 + gm,1I1 + · · · + gm,N−1IN−1 (2)

where gm,k = (1/N)
∑N−1

n=0 e− j(2π/N)nk+ jϕm(n) and Ik is an N-
by-N matrix given by [Ik]p,q = 1 if ((q − p))N equals to k
and [Ik]p,q = 0 otherwise. It is seen that gm,0 denotes the
common phase error (CPE) and

∑N−1
k=1 gm,kIk Hmxm implies

the ICI due to PHN. Moreover, φm(n) can be modeled as
a discrete Wiener process by φm (n) =

∑m(N+NCP)+NCP+n
i=0 u(i)

where u(i) is a mutually independent zero mean Gaussian
random variable [4]. The variance of u(i) is given by σ2

u =

2πβTs/N where Ts is the symbol period and β denotes the
two-sided 3-dB linewidth. The correlation function of e jφm(n)

is shown to be [4]

E
[
e jφm(p)e− jφm(q)

]
= e−πβTs |p−q|/N . (3)

Assuming ideal timing synchronization and sufficient CP,
the channel frequency matrix Hm can be given as Hm =

diag{Dhm}where hm is a L-dimensional channel impulse re-
sponse (CIR) vector and D is the N-by-L DFT matrix with
[D]k,l = e− j(2π/N)kl.

By defining a new effective CIR vector ηm,k = gm,k hm,
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(1) can be rewritten as

Rm = XmDηm +Wm (4)

where Xm = [Xm,0 · · · Xm,N−1] with Xm,k = Ikdiag{xm}, D
is a N2-by-NL matrix given by D = diag(D, · · · , D) and
ηm = [ηT

m,0 · · ·ηT
m,N−1]T . Assuming that the CIR vector hm

is a zero mean complex Gaussian random variable with the
covariance matrix Ch [6], ηm can be modeled as a zero mean
Gaussian vector with the covariance matrix Cη. The NL-
by-NL matrix Cη is partitioned into L-by-L blocks and the
(p, q)th block is denoted by Cη (p, q). Since Gm and ηm are
independent, Cη (p, q) is given by

Cη (p, q) = E
[
ηm,pη

H
m,q

]
= σ2

g (p, q) Ch (5)

where σ2
g(p, q) = E[gm,pg

∗
m,q] can be obtained by [3]

σ2
g (p, q)=

1
N2

N−1∑

n1=0

N−1∑

n2=0

e−πβTs |n1−n2|/Ne− j2π(n1p−n2q)/N . (6)

3. Joint Channel Estimation and Phase Noise Suppres-
sion

In the proposed PADD approaches, the initial effective CIRs
are estimated using pilot sub-carriers, the tentative data sym-
bol can be obtained using the estimates of effective CIRs and
the effective CIRs are re-estimated in the decision-directed
(DD) manner. Even when the DD approach is used, we have
available only N values for the effective CIRs of NL param-
eters. To reduce the number of parameters needed for the
effective CIRs estimation, the effective CIRs which signifi-
cantly affect Rm in (4) are used.

The frequency-domain received signal vector at the pi-
lot sub-carrier set S P = {p(0), · · · , p(NP − 1)} can be given
by

RP
m =

⎛⎜⎜⎜⎜⎜⎜⎝
N−1∑

k=0

gm,kIP
k

⎞⎟⎟⎟⎟⎟⎟⎠HP
mxP

m + VP
m +WP

m (7)

where the NP-by−NP matrix HP
m is the channel fre-

quency matrix at the pilot sub-carriers, xP
m denotes the

NP-dimensional pilot symbol vector, WP
m is the the NP-

dimensional AWGN at the pilot sub-carriers, VP
m is the NP-

dimensional vector with
[
VP

m

]
i
=
∑N−1

k=0
∑

q∈S D
gm,k [Ik]p(i),q

Hm(q)Xm(q) and IP
k is an NP-by−NP matrix given by

[IP
k ]i, j = 1 if ((p( j) − p(i)))N equals to k and [IP

k ]i, j = 0
otherwise.

Since most energy of the frequency responses of PHN
is concentrated in the neighborhood of the CPE gm,0 [3],
we try to estimate the initial effective CIR vector ηm,P(i) =

gm,P(i)hm with the index set P = {P(0), · · · ,P(2P)} where P
= {P(i); 0 ≤ P(i) ≤ P or N − P ≤ P(i) < N} and P is the
order of the estimation for the initial effective CIRs. For ex-
ample, we estimate ηm,0 = gm,0hm using pilot symbols when
P = 0. When P = 1, we estimate ηm,0 = gm,0hm, ηm,1 =

gm,1hm and ηm,N−1 = gm,N−1hm using pilot symbols.
Considering the (2P + 1)L-dimensional vector ηP

m =

[ηT
m,P(0) · · ·ηT

m,P(2P)]
T , (7) can be expressed as

RP
m = XP

mDPηP
m +VP

m (8)

where XPm =
[
XP

m,P(0) · · · XP
m,P(2P)

]
with XP

m,P(i) = IP
P(i)diag{

xP
m

}
,DP is a (2P + 1)NP-by-(2P + 1)L matrix given byDP

= diag(DP, · · · , DP), DP is the DFT matrix of only pilot
sub-carriers andVP

m =
∑

k�P gm,kIP
k HP

mxP
m + VP

m +WP
m.

Assuming independent and identically distributed
(i.i.d.) data symbols, VP

m can be approximated as a zero-
mean Gaussian vector of the covariance matrix of σ2

VP INP

[2]. Using (8), the MLE for ηP
m can be obtained by [5]

η̂P
m,MLE =

(
BPH

m BP
m

)−1 BPH
m RP

m (9)

where BP
m = XP

mDP.
Assuming that ηP

m is uncorrelated with VP
m, the MM-

SEE can be given by [5]

η̂P
m,MMS EE =

(
BPH

m BP
m + σ

2
VP C−1

ηP

)−1 BPH

m RP
m (10)

where CηP is the covariance matrix of ηP
m. As shown in (10),

the MMSEE needs CηP and σ2
VP . In a practical system, the

phase noise linewidth β is known and the AWGN noise vari-
anceσ2

W can be determined from the receiver bandwidth and
noise figure [4]. Then, CηP can be obtained using (5) and
σ2
VP can be calculated as σ2

VP =
∑

k�P σ
2
g (k, k) + σ2

W .
Using the estimate of effective CIRs η̂P

m = [η̂T
m,P(0) · · ·

η̂T
m,P(2P)]

T from (9) or (10), we can rewrite (1) as

Rm = Hmxm +

N−1∑

k=0,k�P

gm,kIk Hmxm +Wm (11)

where Hm =
∑

k∈PHm,k with Hm,k = Ikdiag
{
Dη̂m,k

}
. Then,

we can obtain the tentative data using x̂m = H−1
m Rm. When

P = 0,Hm = Hm,0 is a diagonal matrix so the tentative data
can be easily obtained. However, when P � 0, the inversion
of the N-by-N matrix Hm requires a computational com-
plexity of O(N3). To reduce the computational complexity,
we estimate the data symbol vector x̃musing x̃m = H−1

m,0Rm

and the tentative data symbol vector x̂m can be obtained by

x̂m = H−1
m,0

⎛⎜⎜⎜⎜⎜⎜⎝Rm −
∑

k∈P,k�0

Hm,k x̃m

⎞⎟⎟⎟⎟⎟⎟⎠ . (12)

After obtaining x̂m, we try to estimate the effective
CIR vector ηm,M(i) = gm,M(i)hm with the index set M =
{M(0), · · · ,M(2M)} where M = {M(i); 0 ≤ M(i) ≤ M
or N − P ≤ M(i) < N} and M is the order of the decision-
directed estimation for the effective CIRs. Given x̂m, which
is assumed to be the same as the transmitted symbol vector
xm, (1) can be expressed as

Rm = X̄mD̄η̄m +Vm (13)
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where X̄m = [Xm,M(0) · · · Xm,M(2M)], D̄ is a (2M + 1)N-by-
(2M + 1)L matrix given by D̄ = diag(D, · · · , D), η̄m =

[ηT
m,M(0) · · ·ηT

m,M(2M)]
T and Vm =

∑
k�M gm,kIk Hmxm +Wm

is the ICI-plus-noise vector. When M = 0, we estimate ηm,0
= gm,0hm using tentative data symbols. When M = 1, we es-
timate ηm,0 = gm,0hm, ηm,1 = gm,1hm and ηm,N−1 = gm,N−1hm

using tentative data symbols. Similarly to VP
m, Vm can be

approximated as a zero-mean Gaussian vector of the covari-
ance matrix of σ2

VIN =
(∑

k�M σ
2
g(k, k) + σ2

W

)
IN [2]. Using

(13), the MLE for η̄m can be obtained by

ˆ̄ηm,MLE =
(
BH

mBm

)−1 BH
m Rm (14)

where Bm = X̄mD̄. Assuming that η̄m is uncorrelated with
Vm, the MMSEE can be given by

ˆ̄ηm,MMS EE =
(
BH

mBm + σ
2
VC−1
η̄

)−1 BH
m Rm (15)

where Cη̄ is the covariance matrix of η̄m. Using the estimate
of effective CIRs ˆ̄ηm =

[
η̂T

m,M(0) · · · η̂T
m,M(2M)

]
from (14) or

(15), we estimate the final data symbol vector x̄m can be
obtained by

x̄m = Ĥ−1
m,0

⎛⎜⎜⎜⎜⎜⎜⎝Rm −
∑

k∈M,k�0

Ĥm,k ˆ̄xm

⎞⎟⎟⎟⎟⎟⎟⎠ (16)

where Ĥm,k = Ikdiag
{
Dη̂m,k

}
and ˆ̄xm = Ĥ−1

m,0Rm.
In frequency-selective fading channels without PHN,

placing the pilot sub-carriers equispaced on the DFT grid
is the optimal scheme [7]. However, to estimate the initial
effective CIRs with P ≥ 1 in the presence of PHN, pilot sub-
carriers should be grouped together. Moreover, pilot sub-
carriers are partitioned into equispaced groups for frequency
selective fading channels. The impact of the placement of
pilot sub-carriers is addressed in the following section.

4. Simulation Results

In our simulations, the DFT size N is 256, the number of
data sub-carriers ND is 192, the number of pilot sub-carriers
NP is 64 and the CP length NCP is 32. The total system
bandwidth is 20 MHz and the symbol period Ts is 12.8 μs.
We consider frequency-selective fading channels with Ch =

diag(σ2
h0
, · · · , σ2

hL−1
) and σ2

hl
= e−l/4/

∑L−1
l=0 e−l/4. Here, we

considered two delay spread conditions, 1) L=4 and 2) L=8.
In L=4 delay condition, the mean excess delay and rms de-
lay spread are 0.0596 μs and 0.0545 μs, respectively [9]. In
L=8 case, the mean excess delay is 0.1134 μs and rms de-
lay spread is 0.104 μs. Each multipath is modeled as a zero
mean complex Gaussian random variable so that it varies
according to Rayleigh distribution in mobile environments
[6]. It is assumed that the carrier frequency and vehicle
speed are set to be 5 GHz and 60 km/h, respectively. More-
over, the pilot sub-carriers are modulated by BPSK, the data
sub-carriers are modulated by 16 QAM and one packet is
composed of 20 OFDM symbols.

Note that the CIR length L should be known in order

(a)

(b)

Fig. 1 SER performance of the MMSEE for the initial estimation with β
= 103 Hz. (a) L = 4 (b) L = 8.

to construct the MLE or the MMSEE. Here, we simply as-
sume that the estimate of L is equal to the CIR length [8].
Moreover, if (2P + 1)L ≤ NP and (2M + 1)L ≤ N, we can
obtain the MLE or the MMSEE. In a practical system, N is
sufficiently larger than 3L. Therefore, when 3L > NP, both
the MLE and the MMSEE with P = 0 and M = 1 can be
used and have good SER performances compared to both
the MLE and the MMSEE with P = M = 0. The argument
of these approaches is confirmed by our simulations which
are not illustrated here due to the limit of space.

For the comparison purposes, we consider two pilot
sets. The pilot sub-carriers in the pilot set “A” are placed
equispaced on the DFT grid where the pilot set “A” denotes
S P = {4k + 1; 0 ≤ k < NP}. The pilot sub-carriers in the pi-
lot set “B” are placed into 16 groups of 4 pilot sub-carriers
where the pilot set “B” is defined by S P = {16k + i + 6;
0 ≤ k < 16, 0 ≤ i < 4}.

Figure 1 shows the SER performance versus the SNR
for the MMSEE in (1) with β = 103. Here, the MMSEE
with no PHN and P = 0 is equivalent to the MMSEE in [5].
For the MMSEE with no PHN and P = 0, the SER perfor-
mances with the pilot set “A” and “B” are comparable. Since
the ICI effects from ηm,1 = gm,1hm and ηm,N−1 = gm,N−1hm

are deleted, the MMSEE with P = 1 and pilot set “B” has
a better performance compared to the MMSEE with P =
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(a)

(b)

Fig. 2 SER performance versus SNR with the pilot set “B” and β =
103 Hz. (a) L = 4 (b) L = 8.

0 and pilot set “B.” In the proposed method, the larger the
fading frequency selectivity is the smaller the channel corre-
lation between sub-carriers and then the channel estimation
error becomes large and the performance is degraded due to
the low complexity decision directed estimation by Eq. (12).
Therefore, as shown in Figs. 1(a) and (b), it is seen that the
performance of the MMSEE with P = 1, pilot set “B” and L
= 4 is better than that of the MMSEE with P = 1, pilot set
“B” and L = 8.

In Fig. 2, the SER performances for both the MLE and
the MMSEE using the pilot set “B” are presented. When
P = M = 0, we estimate ηm,0 = gm,0hm using pilot sym-
bols and tentative data symbols. In the case of the proposed
schemes with P = M = 1, ηm,0 = gm,0hm, ηm,1 = gm,1hm and
ηm,N−1 = gm,N−1hm are estimated using pilot symbols and
tentative data symbols. Since the proposed schemes with
P = M = 1 eliminate the effects of ηm,1 = gm,1hm and ηm,N−1
= gm,N−1hm, the proposed schemes with P = M = 1 outper-
form the MLE with P = M = 0. When P = M = 0, the SER
performance for the MLE is almost the same as the SER per-
formance for the MMSEE. For all the range of SNRs, when
P = M = 1, the MLE and the MMSEE have comparable
performance.

Figure 3 shows the SER performance versus the SNR
for the MMSEE with the pilot set “B” and β = 103. When
P = M=2 case, we estimate ηm,0 = gm,0hm, ηm,1 = gm,1hm,

Fig. 3 SER performance versus SNR with the pilot set “B” and β =
103 Hz.

ηm,2 = gm,2hm, ηm,N−1 = gm,N−1hm and ηm,N−2 = gm,N−2hm

using pilot symbols and tentative data symbols. In both L
= 4 and L = 8 cases, the MMSEE with P = M = 2 has a
negligible improvement compared to the MMSEE with P =
M = 1. Considering the complexity of the algorithm, we
select P = 1 and M = 1 for the proposed scheme.

5. Conclusion

In this letter, we propose joint channel estimation and PHN
suppression schemes for OFDM systems based on the MLE
and the MMSEE. It relies on a new parametric model that
takes the CIR, the CPE and the ICI into account. With the
obtained estimates, the low complexity detection method
was proposed and the issue of pilot sub-carrier placement
was examined. Simulation results show that the proposed
schemes significantly compensate the performance degra-
dation due to PHN.
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