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Design of Multiple MMSE Subequalizers for
Faster-Than-Nyquist-Rate Transmission

Jae-Hyok Lee and Yong-Hwan Lee, Member, IEEE

Abstract—We consider an equalization problem when the trans-
mitted symbol rate is higher than the available channel bandwidth.
This situation can happen in the uplink of the voiceband pulse-code
modulation (PCM) modems whose transmit signal bandwidth is
larger than the available channel bandwidth. Although the use of
a minimum mean-squared error (MMSE) pre-equalizer is consid-
ered in the International Telecommunications Union (ITU)-T V.92
Recommendation, it may not provide an acceptable performance
unless the channel condition is mild. As another approach to this
problem, we consider the use of a bank of subequalizers, each of
which compensates the part of the channel distortion, enabling the
PCM-mode transmission over the channel where the V.92 scheme
may fail. In this paper, a multiple subequalizer scheme is optimally
designed in the MMSE sense, and its performance is compared
with the MMSE pre-equalizer of V.92 in terms of the bit-rate-nor-
malized signal-to-noise ratio.

Index Terms—Equalizer, faster-than-Nyquist signaling, min-
imum mean-squared error (MMSE).

I. INTRODUCTION

HE pulse-code modulation (PCM) modem of the Interna-

tional Telecommunications Union (ITU)-T V.90 recom-
mendation [1] assumes that one end of the modem access has
digital connection to the phone network, which is already used
by internet service providers (ISPs) and corporations for remote
access. The data bits sent by the ISP modem are converted into
appropriate PCM symbols for digital-to-analog (D/A) conver-
sion in the local central office (CO) at a rate of 8 kHz [2], re-
sulting in a maximum data throughput of 64 kb/s. However,
due to the use of the least significant bit (LSB) for other sig-
naling purposes, the maximum transmission rate is limited to
56 kb/s in the V.90-mode modem. The PCM symbols from the
codec, which are valid channel-symbol alphabets, are then sam-
pled and properly processed by the user modem to recover the
information. The main idea behind this technique is to avoid
the effect of quantization distortion of the codec by using the
quantization levels of digital-to analog converter (DAC) as the
channel-symbol alphabets.

While the PCM mode is employed for the downlink con-
nection in the V.90 modem, it cannot be employed for the up-
link connection, mainly because of the bandwidth problem. The
local loop channel has a spectral null at direct current (dc) due
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to the use of isolation transformers, and the transmit signal from
the user modem is strictly bandlimited by low-pass filters in the
CO [3]. The effective channel bandwidth is less than 3500 Hz,
while the transmission of the PCM signal requires a bandwidth
of at least 4 kHz. The PCM-mode transmission in the downlink
of V.90 employs a dc-free coding scheme combined with the
use of equalization in the receiver. However, it is not possible to
directly employ the PCM mode in the uplink of V.90, since the
analog-to-digital (A/D) converted samples at the local CO must
have a value corresponding to a valid PCM quantization level.
This problem was resolved in the ITU-T V.92 Recommendation
[4], where two infinite-impulse response (IIR) filters are used in
the transmitter to pre-equalize the channel distortion over the 4
kHz channel bandwidth, enabling the PCM mode transmission
in the uplink. The use of the V.92 mode modem can provide a
maximum transmission rate of 48 kb/s in the uplink.

The pre-equalization scheme of the V.92 modem uses a
general MMSE equalization technique that can precompensate
the channel distortion of up to 4-kHz bandwidth of the transmit
PCM signal. An IIR-type structure is employed to equalize
sharp dc spectral null, which can be possible with the use of a
finite-impulse response (FIR) filter with an unacceptably large
tap length. The maximum tap length of the IIR filter is limited
to 320 taps by the V.92 Recommendation. However, it may
not be possible to compensate the channel distortion enough
for transmission of the PCM signal under certain channel
conditions. In this case, the V.92 modem switches back to the
V.34 quadrature amplitude modulation (QAM) signaling mode
[5] that can provide a maximum transmission rate of 33.6 kb/s.

As an alternative to the pre-equalization method, the use of
a multiple subequalizer structure was proposed in [6]. Instead
of using the channel bandwidth of up to 4 kHz, as in the V.92
scheme, this equalizer scheme considers the overall system as a
faster-than-Nyquist signaling case [7], [8], corresponding to the
case when the transmit signal bandwidth exceeds the available
channel bandwidth. It is well known that the channel bandwidth
W should be larger than or equal to f,/2 to transmit the data
at a symbol rate of f, [9]. However, when f, > 2W, it is still
possible to transmit the user data by making the actual transmis-
sion rate less than 2W symbols/s [10]. A simple way to generate
such a signal is to permit only M symbols out of N consecu-
tive symbols to be independently chosen, while the remaining
(N — M) symbols are determined so as to satisfy the bandwidth
restriction. In an ideal bandlimited channel, such signals can be
generated by using M different pulse signals for the M user
data symbols, while no user data is transmitted during the rest
of the (N — M) symbols time interval [7], [8]. However, this
method may not be applicable to an arbitrary-shaped channel,
since the pulse signals should be redesigned according to the
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Fig. 1. Equalizer scheme for faster-than-Nyquist signaling.
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Fig. 2. Equivalent system model for the mnth subequalizer with T = NT3,.

channel shape. This problem can be solved by using /V transmit
symbol sequences comprised of the M user data and (N — M)
zeros with the use of multiple equalizers in the receiver, where
M and N (> M) are integers such that M /N < 2W/ f, [6], [8],
[11]. This scheme makes the overall response of the equalizer
and channel have the same effect as the signal generated for an
ideal bandlimited channel in [7] and [8].

We consider a transmission scheme that employs multiple
subequalizers and special formats for the transmit sequence [6].
Although this transmission scheme does not comply with the
V.92 Recommendation, it has some advantages over the V.92
pre-equalization scheme. When the channel condition is not
mild, the V.92 mode may fail to work, but the proposed scheme
works well. However, the maximum transmission rate of the
proposed scheme can be lower than that of the V.92 scheme,
because the proposed scheme does not use the full 4-kHz band-
width for transmission of the user information, unlike the V.92
mode. The uniqueness of such a multiple subequalizer scheme
was shown using a generalized zero-forcing (ZF) criterion,
while a least mean-square (LMS)-type adaptation scheme was
applied to the implementation [6]. However, no analytic result
has been reported for the performance and properties of the
proposed equalizer scheme in the MMSE sense. In this paper,
the optimum MMSE coefficient of the multiple subequalizer is
analytically designed, and the performance is compared with
that of a general MMSE pre-equalizer in the V.92 mode by
computer simulation.

Section II describes the transceiver model for the proposed
multiple subequalizer scheme. The optimum MMSE coeffi-
cient of the multiple subequalizer is analytically derived in
Section III. The performance of the proposed equalizer scheme
is compared with that of the V.92 pre-equalizer scheme in
Section IV. Finally, conclusions are summarized in Section V.
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II. SYSTEM MODEL

For ease of description, consider the PCM mode transmission
in a V.92-class modem [4]. Fig. 1 depicts the structure of the
multiple subequalizers proposed in [6], where h(t) represents the
impulse response of the channel, and ¢,,, (¢),m = 0,1,..., (M —
1) denotes the impulse response of the rnth subequalizer, A is
the sampling-time offset in the receiver, 73 is the PCM symbol
rate equal to 1/8000 s, and T' = NT;,. To accommodate the
available channel bandwidth, every N transmit PCM symbols
is comprised of the M user data and (N — M) consecutive
zeros as [6]

@0 n1n M —1,n0 - 000 nt101,n+1
e ap 1100

where a,, ,, denotes the user data at time ¢t = (nN + m)Ty.

In the receiver, each subequalizer is used to detect every Nth
transmit symbols. That is, the mth subequalizer recovers only
the mth symbol a,, , in a block of the N received symbols. As
shown in Fig. 1, although the received symbols are input to all
the subequalizers, each subequalizer generates the output and
updates its coefficients only once per every N received PCM
symbols. For example, when N = 8, the subequalizer cgt)
would be adapted based on the difference between its N7} sam-
pled output and the desired sequence

T AT T T LT L L A1 LT LT L LT A0 g2 T - -

[Tt

where “z” represents the “don’t care” symbol. As shown in
Fig. 2, the coefficient ¢,,(t) of the mth subequalizer is updated
once for each N-symbol time, using the error signal corre-
sponding to the symbols - - - @y, pn, Amont1, Gmont2 - -
Although the equalization scheme in Fig. 1 can be employed
in the receiver for the downlink PCM mode communications, it
may be desirable to be placed in the transmitter for the uplink
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Fig. 3.  Pre-equalization scheme for the uplink.

PCM mode connection, so that the output of the A/D converter
in the CO can be free from intersymbol interference (ISI). The
corresponding equalizer scheme in the transmitter for the uplink
is depicted in Fig. 3. Because the channel follows the equalizer
in the uplink, it is not possible to get the error signal for updating
the equalizer coefficient. Thus, the adaptation of the equalizer
in the uplink should be different from that in the downlink. As
in the precoder case [12], the coefficient of the pre-equalizer
is trained in the receiver during the initialization process, and
then it is sent to the transmitter to set up the coefficient of the
pre-equalizer. This coefficient is used during the normal data
transmission.

As an example, the pre-equalizer cy(¢) can be trained using
the transmit signal generated by a pseudorandom sequence

20, 0000022 a0,+100000xxagne20---.

It is necessary to make the equalizer output at the time of symbol
“zero” such that the other transmitters (i.e., other pre-equal-
izers) can send out their own data without any ISI. At the time
of don’t-care symbol “z,” no coefficient is adjusted, and each
pre-equalizer uses these “z” symbol times for pulse shaping of
the transmit symbol whose rate is faster than Nyquist signaling.

In the next section, we analytically design the optimum equal-
izer for both the downlink and the uplink in the MMSE sense.
Note that the MMSE coefficients can be used for fast initializa-

tion of the equalizer.

III. MMSE EQUALIZATION

The uniqueness of the proposed equalizer was shown by using
a generalized ZF criterion [6]. It is well known that the per-
formance of the MMSE equalizer is better than that of the ZF
equalizer, which suffers from the noise-enhancement problem.
We consider the MMSE solution of the subequalizer scheme and
compare the performance with that of the MMSE equalizer in
the V.92 mode.

A. Multiple Subequalizer in the Downlink

Consider the equalizer scheme in the downlink, as depicted
in Fig. 1. An equivalent receiver model of the mth subequalizer
¢m(t) in an additive white Gaussian noise (AWGN) channel is
depicted in Fig. 2, where the channel h(¢) includes the transmit

N A A A A
o s Qs 5 Apg g o X5 X Qo s Gy s

and receive filters, as well as the local loop. Define the overall
impulse response w,, (t)

by
wo(t) = /h(t—T)cm(T)dT. )
Since the transmit sequences are sent in the form of

oAl AN —1,n0 - 000 ny101 nt1
Ay 14100
the output y,, (¢) of the mth subequalizer can be expressed as
oo M-1

Ym(t) = Z Z W, (8 — T + 0T}) + v, (1),

n=—oo (=0

m=0,1,2,--- . M—1 (2)

where v, (¢) is the noise term of the mth subequalizer output,
defined by

Um(t) = /n(t — T)em(T)dT. 3)

Here, n(t) is zero-mean AWGN with a two-sided power spectral
density of Ny/2.

Define the mean-squared error (MSE) of the mth subequal-
izer output at time ¢t = k7" as

em = B{lym(k7) = amul’ | @

where E{-} denotes the expectation process. Since {a, , } can
be assumed statistically independent and identically distributed
(i.i.d.) with the same power, (4) can be rewritten as [13]

oo

%://[ > Mz_lh(nT—ﬁTb—t)h(nT—fTb—T)

n=—o0o0 (=0

+ o26(t — T)] Cm () em (T)dtdT

) / h(mTy — t)em(B)dt + 1 )

where P, is the power of {a,, ,,} and 0> = Ny/P,. The min-
imum MSE is found by making the first variation of (5) with
respect to ¢, (t) equal to zero. This results in

M-—1

/[ i > h(nT =T, —t)h(nT — T, —7) +028(t—7)

n=—oo (=0

Xem (T)dT = h(mTy —t). (6)
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It can be easily shown that the coefficients of the mth sube-
qualizer minimizing the MSE ¢,,, are given by

oo M-1
1
m(t) = h(mTy, —t) m(nT — T,
on(t) = 27 | BTy —8) = 3, D, wm(nT —{T3)
X h(nT — 0Ty, — t)
= > am()s(D)h(T; — t) @)
where
[17’!1)77\»2(1"1—'!7)]7 i:m,m:0,17---,M—1
am(i) =40, (())y=12,---,N-M (8
—%, otherwise
.~ Jo, for((¢))y=1,2,---,N—-M
s(i) = { 1, otherwise. ©)
Here ((-))n denotes the modulo-N operation. Thus, ¢,,(t) is

determined by a weighted sum of the matched-filter output with
(N — M) zeros in every N symbols. The coefficient c,, ()
can be obtained by substituting (7) into (5) as a function of the
channel correlation and noise characteristics. It can be shown
that (refer to Appendix)

N-1

Y Ralf) [Palf) ® A ()] +
n=0

o*Po(f) ® Am(f) = 7271 (10)
where ® denotes the convolution process and
An(f) = ) am(i)e >/
form=0,1,....M —1
Ru(f)= > ri(Nk—mn)e i~/ (Nk=mT,
k=—oc0
forn=0,1,...,.N —1
1 & o g
Paf) =gy 3 pa(e e
forn=0,1,...,N — 1. (1

Here, 7, (N k — ©) is the channel correlation function defined by

(Vi) = [ WKL, - 70, = e

forn=0,1,...,N—1 (12)
and p,,(7) is the impulse train defined by
pn(i) = s(i)s(i —n) forn=0,1,...,N — 1. (13)

Note that A,,(f) cannot be expressed in a closed form, due
to the involved convolution process. However, note that dis-
crete samples of A,,,(f) are required to calculate the coefficient
am (%) in digital implementation.

In general, the span of the impulse response of the local loop
in the telephone network can be longer than 1287;,. However, in
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practice, the use of 128 sample points is enough to represent the
channel impulse response without any substantial performance
degradation. Thus, it might be sufficient to use 256 autocorrela-
tion samples of the channel impulse response. Letting L be the
number of discrete sample points, (10) can be expressed as

N-1
S Rulh) [Palk)
n=0

j2mfkm

Am ()] +0? Po(k)@ Am (k) = e~ 1,

k=0,1,...,L—1 (14)

where R,,(k), Ap(E), P, (k), and e=727Fkm/L are obtained by
sampling R,,(f), Am(f), Pu(f), and e=727/™mTs at frequency
f = k/(LTy), respectively. Letting

Z R ) + 0% Po(j) (15)
(14) can be represented in a matrix form as
KA, =¢e (16)

where K is an L x I matrix whose (%, j)th elementis K (i,7—7),
0 <47 <L-1,and A, and e are L-dimensional vectors

whose ith element is A,, (i) and e =927/ j = 0,1,2,..., L—
1, respectively. Therefore, A, (k) can be obtained by
A, =K te. (17)

The computational burden to solve (17) can be significantly
reduced by noting that A,,(k) is conjugate symmetric, and
P, (k) is nonzero only at N positions among the L discrete
frequency bins. Therefore, if L = uN, where p is an even
integer, it is possible to break an (I x ) matrix of (16) into 41/2
matrices of size (N x N), where the factor 2 comes from the
conjugate symmetry of A4,, (k). Note that each of these reduced
matrices of size (N X N) has a rank of M, since the transmitted
sequence has only M independent data symbols among every
N symbols. Thus, these linear equations can be solved by
setting the (N — M) unknowns to arbitrary constants. The
frequency-domain MMSE coefficient of the mth subequalizer
can be obtained by using A,,, (k) of (17) in (7) as

Cm(k) =[Po(k) ® A (K)]H*(K), m=0,1,...,M —1
(18)

where the superscript * denotes the complex conjugate. Finally,

the coefficient c¢,,(7) is obtained by taking the inverse discrete

Fourier transform (DFT) of C,, (k).

B. Multiple Subequalizer in the Uplink

In the uplink, it is required to make the composite impulse re-
sponse ¢,, () ® h(i) have a zero magnitude at all the sampling
times, except at every N'th sample position corresponding to the
output of the mth subequalizer and at don’t-care sample posi-
tions. For example, the transmit data sequence for training the
subequalizer ¢ (%) is

+001,,0000220a1,,410000xx0ay,420---

The error signal generated from the subequalizer ¢y (t) and the
above training sequence are used to update the equalizer coef-
ficient. The equalizer coefficient is not updated at the time of
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@,

don’t-care sample “z.” In this case, the output y,, (¢) of the mth
subequalizer can be expressed as

Ym(t) = Z U Wi (t — 0T + mTp) + v (8),

form=20,1,2,..., M —1. (19)

The MSE of the mth subequalizer output at time ¢ = kT is
defined as

M—1
em =B lym(KT) —ampl’+ D yo (RT+({L=m)T})
€=0,0£m
(20)
It can be shown that the coefficient ¢,, (¢) of the mth subequal-
izer is expressed as

1 oo M-1
em(t) = 3 [PmT}, — 1) = > > wn(nT - 1Ty)
n=—oo (=0
X h(nT — £Ty, — t)
= > am()s(D)h(T; — t) (21)

where «,, () is defined as

DG =, m=0,1,...,M — 1
am(i) =< 0, . (Ny=1,2,....N-M
—% otherwise.

(22)
Note that (21) is exactly the same as (7), except for the factor
M in the noise power. Letting

Kid)= 3 Ra)Puli) + MOPo(G)  (23)

the resulting matrix equation can be represented as

KA, =e 24)

where K is an L x L matrix whose (, j)th elementis K (i,7i—7),
0<14,7<L-—1,A,and e are L-dimensional vectors whose
ith element is A,,(i) and e=727"/L j = 0,1,2,...,L — 1,
respectively. It can be seen from (24) that the MMSE coeffi-
cient of the uplink equalizer is exactly the same as the downlink
equalizer, except for the factor M in the noise term.

C. MMSE

It is of interest to note the relationship between the overall
channel H (f) and the MSE at the receiver output. Substituting
(6) into (5), we have

Em

Em _q_ / h(mTy — e (t)dt.

P, (25)

Without the loss of generality, it may suffice to consider only
the case when m = 0. If m = 0, (25) becomes

Do / h(=t)co(t)dt = 1 — /H(f)Co(f)df- (26)

a
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Fig. 4. Frequency response of the subequalizer.

Sampling (26) at f = k/(LT,) and using (18), we have

27)

where 1 is a unit vector of size (L x 1). Note that the MSE
depends only on the channel and noise characteristics, since K
is a function of the channel and noise.

IV. PERFORMANCE COMPARISON

Fig. 4 depicts the magnitude response of the ANSI loop-3
channel, general MMSE equalizer, and subequalizer Co(k)
proposed in this paper when the PCM-formatted signal of
fo = 8 kHz is transmitted with N = 8, M = 6, and L = 256,
at an SNR of 45 dB. Although the transmit signal has spectrum
components of up to 4 kHz, each subequalizer does not need to
compensate all the channel distortion, unlike a general MMSE
equalizer that enhances the signal components attenuated by
the channel. Since the mth subequalizer needs to recover only
the mth nonzero symbols from every N transmit symbol, it
does not have to recover the signal component in the stopband.
This process can easily be explained in the time domain. As
can be seen in Fig. 5, the overall impulse response of the
channel and subequalizer co(t) has a value of one at index
zero, and has zero magnitude elsewhere except when zeros
are transmitted, and thus, the data {ag x} can be transmitted
without any interference.

The performance of the two equalizer schemes is compared
in terms of the bit-error rate (BER) when applied to the PCM
modem in several ANSI-loop models using a 64-PCM constel-
lation mode. The 64-PCM constellation is selected from the
code-level values of 46-78 and 175-206, having a minimum
distance of 16 [2]. Note that, although the same signal constella-
tion is applied to both equalizer schemes, the transmission rates
are different, since the multiple-equalizer scheme sends only six
symbols in every eight transmit symbol times. This results in a
maximum transmission rate of 48 kb/s for the V.92 equalizer,
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Fig. 6. BER performance of the proposed scheme.

and 36 kb/s for the proposed subequalizer scheme. Thus, we
compare the performance with respect to the rate-normalized
SNR [14].

Fig. 6 depicts the BER performance in terms of the rate-nor-
malized SNR. It can be seen that the V.92 equalizer performs
better than the proposed subequalizer scheme by approximately
3 dB in loops 1 and 3. This is due to the difference of the trans-
mission rates of the two schemes. However, when the channel
condition becomes poor, the performance of the V.92 equal-
izer deteriorates rapidly. As can be seen in Fig. 6, unlike the
proposed subequalizer scheme, the V.92 equalizer even cannot
receive the 64-PCM format signal, and it can barely receive
the 32-PCM signal with poor performance in loop 4. This per-
formance degradation is mainly due to the tap length of the
pre-equalizers not being long enough to compensate the channel
distortion. As the number of taps for the IIR filter increases, it
can be expected that the performance can be improved.

Fig. 7 examines the performance of the V.92 equalizer in
loops 4 and 5. It can be seen that the V.92 equalizer can barely
receive 32-PCM signal using a large tap size in loop 4, but it
cannot in loop 5. Since the channel condition deteriorates as the
loop number increases, it is expected that V.92 equalizer can not
receive the signal in loops 5, 6, and 7. This result indicates that
the V.92 equalizer can not properly work on the loops 4-7, and
thus, the V.92 modem should switch to the V.34 mode on these
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TABLE 1
COMPUTATIONAL LOAD FOR GENERATING A SINGLE PCM SYMBOL

Required Memory | Multiplication | Addition
V.92 1920 1280 1280
Proposed 1536 96 96

channels. Fig. 8 shows that, unlike the V.92 equalizer, the pro-
posed subequalizer scheme is working well, even with the use
of 128-PCM signal in ill-conditioned channels as in loops 5-7,
which yields a transmission throughput of 42 kb/s.

As another measure, the computational complexity is com-
pared for normal data transmission in the uplink. We assume
the use of the two 320-tap IIR filters of the direct form II [15] in
the V.92 scheme, and the use of the six 128-tap FIR-type sube-
qualizers. As summarized in Table I, the proposed subequalizer
scheme requires less memory and computational complexity
than the V.92 pre-equalization scheme. Note that each sube-
qualizer in the multiple subequalizer scheme needs to operate
only once in every IN-symbol time. This operation can be
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further reduced by noting that there are periodic zeros in the
tap-delay line of the equalizer. The reduction of computational
complexity makes the proposed subequalizer scheme quite at-
tractive for DSP implementation.

V. CONCLUSION

In this paper, we have considered the use of multiple sube-
qualizer scheme that can be applicable to the V.92 modem in
lieu of the IIR-type equalizer scheme. The coefficient of the pro-
posed subequalizer is optimally designed in the MMSE sense.
Numerical results show that the proposed subequalizer scheme
can provide performance quite robust to the channel condition,
while the V.92 equalizer scheme works when the channel condi-
tion is mild. Moreover, the complexity of the proposed scheme
is less than that of the V.92 equalizer scheme.

APPENDIX
DERIVATION OF (10)

By definition of w,,(t) in (1), the sample of the equalized
pulse at time t = nTj is

W (nTy) = /h(nTb —t)c(t)dt (AD)
so that we can rewrite (6) as
co M-1
Z Z Wi (NT — £Ty)h(nT — €Ty, — 7) + o2 ¢ ()
n=—o00 (=0
= h(mT, —t). (A2)

The coefficient ¢,,(t) of the mth subequalizer is given by
solving for ¢,,(t) in (A2), as shown in (7). Since ., (7) in (7)
involves f,,(iTy) which is a function of ¢,,(t) itself, ¢, (%)
cannot be expressed in an explicit form. The MMSE equalizer
¢m(t), or equivalently, the coefficient ¢,, () can be obtained as
a function of the channel correlation and noise characteristics
in the frequency domain.

Substituting ¢, (t) of (7) into (6) and with the definition of
(12), we have

s

Y i=—o0

M-1

[ i Z h(nT — Ty, — t)h(nT — 4T, — 7)

n=-—oo (=0

+ 028(t — 7) | @ (1)s(3)h(iTy — T)dT
0o co M-1
=Y > r(Nk—i— O)h(NKT, — ¢T, — t)
i=—o00 Lk=—00 (=0
+ ?h(iTy — t) | am(i)s(4)
— h(mT, — t). (A3)

Taking the Fourier transform of (A3), we have

oo oo M-—1

S Y m(Nk—imf)am(i)s(i)e > V=T
k=—o00i=—o00 (=0

oo
+0'2 Z am(i)s(i)efj%rfin — efj27rfme

1=—00

(A4)
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where we assume that H (f) # 0 for all f. The first term on the
left-hand side of (A4) can be rewritten by splitting the exponen-
tial as

(AS5)
Expanding (AS5) with respect to /, we have

(e} oo

Z Z Th (Nk — ’L')eij""f(Nka*in)

k=—oc0 Li=—o0

X iy, (1)5(1)

+ Z ro(Nk—1— 1)e—j27rf(Nka_in_Tb)

o—i2m f(NKT, —(T;)

i=—o0
x am(i)s(i)e—jZﬂ'f(Nka—lTb)
oo
+ Z T}L(Nk _ 'L _ 2)e—j277f(Nka—’i,Tb—2Tb)
X Om, (’L)S(’L)e_]Qﬂ—f(Nka —[Tb)
oo
+ Z Th(Nk _ 'L _ 3)67j27rf(Nka7in73Tb)
1=—00

> am(i)s(i)eijﬂFf(NkaflTb)

+ i rn(Nk—i— (M — 1))

—j2r f(NkT,—iTy,—5T})

X e
X Oty () 5(i)e 12T (NRTo—LT) | (A6)
Noting that
i i (Nk—i)e™i2mf(NKTo=iTh) i rn(Nk—(Nj+i))
k=—o00 k=—o00

—j2n f[INkT, —(Nj+i)T}]
)

xe n=0,1,...,N—1

and that s(i) has (N — M) zeros in every N positions, (A6)
can be rewritten by collecting the terms with r,(Nk — n) for
n=20,2...,(N—1)as

Z T}L(N]{I _ 0)e—j27rf(Nka—nTb)

k=—oc0
oo

X Z (1) po (1) e =327 1Th

1=—00

+ rh,(Nk — 1)e_j27rf(Nka—nTb)

oo

X Y am(i)po(i)e” >

1=—00

+ rh(Nk — 2>e_j27"f(Nka—nTb)

oo

X > am(i)po(i)e 92T

1=—00
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Fig.9. Sequence p, (i) forn =0,1,2,...,

+7’h(Nk—(

N —
X ap(i)po(i)e A

i=—

co N-—

1))efj27rf(Nka7nTb)

8

—_

T'h(Nk' _ n)e—jQWf(Nka—nTb)
=0

3

k=—oc0
X am(i)pa(i)e 2T (AT)

1=—00
where p,,(7) is a periodic sequence of ones defined as
n=0,1,...,N - 1.

pn(i) = s(i)s(i — n), (A8)

As an example, Fig. 9 depicts p,,(7) when N = 8.
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Using the fact that po(7) = s(i)s(i — 0) = s(4), and substi-
tuting (A7) into (A4), we have
co N-1

Z Z rh(Nk_n)e—ijf(Nka—nTb)

k=—o0c n=0
[eS)

X Y am(i)pa(i)e T2

i=—00

+0% > am(i)po(i)e PP = 32T mT (A9

This can be rewritten as (10) with the definition of (11).
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