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In testing the life cycle theory of saving, the question
whether the bequest motive is a significant determinant of sav-
ing has become a controversial issue. Someone argue that if the
wealth of the retired consumers declines at a slow rate, it is an
indication of existence of a significant bequest motive or it is
because of uncertainty of expected life span. In this paper,
optimal consumption path is calculated, and some simulated re-
sults are presented on the time path of wealth for retired con-
sumers. [t is shown that if wealth is measured in nominal
values, the wealth curve can take increasing and decreasing
shapes depending upon the expected life span, the rate of in-
terest, and the growth rate of consumption, irrespective of sig-
nificance of the bequest motive. Thus, the rate of decumulation
of nominal wealth alone cannot be used as evidence for signifi-
cance or insignificance of the bequest motive.

I. Introduction

The life cycle theory of saving maintains that a consumer accumu-
lates savings during the work life, and the accumulated savings will
be used to support the retirement life. Thus the wealth should de-
cline with age to zero at the time of death if the date of death is
certain and if there is no bequest motive. In effect, the major motive
for saving is to finance the retirement life, and the bequest motive
should be a minor factor in saving deciston (Modigliani and Brum-
berg 1954; Ando and Modigliani 1963).

Controversy occurs on the empirical significance of the bequest
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motive in the determination of personal saving. There are two
empirical approaches. In the first approach, if the bequest motive is
not significant, the savings of the retired consumer should be close
to zero at the time of death except for the precautionary savings
balances. In the second approach, if the bequest motive is not signi-
ficant, the inherited wealth should be very small in the share of
intergenerational transfer of total accumulated wealth.

As for the empirical results of the first approach, some studies
have found rapidly declining wealth suggesting an insignificant be-
quest motive (King and Dicks-Mireaux 1982; Hamermesh 1984;
Hurd 1987). However, some other studies have found increasing
wealth or slow rates of decumulation of wealth for the retired con-
sumers (Mirer 1979; Davies 1981; Blinder-Gordon-Wise 1983).
Those who have found increasing wealth, or slow rates of decumula-
tion of wealth argue that such phenomena must be explained in
terms of a significant bequest motive and/or uncertainty on the date
of death.!

As for the second approach, some argue that the inherited wealth
(intergenerational transfer of wealth) ranged from 45-80% of total
accumulated wealth, and that such large shares of intergenerational
transfer of wealth must imply existence of a significant bequest
motive (Kotlikoff and Summers 1981; Kotlikoff-Spivak-Summers
1982; Kotlikoff 1988). Modigliani (1986, 1988) argues that such
large shares are resulted from different definitions of inherited
wealth. For instance, in Kotlikoff and Summers, educational expend-
itures are included in the inherited wealth, and the income from
inherited wealth is regarded as a bequest. Eliminating such
amounts, Modigliani estimates that the share of the inherited wealth
is about 20% of the total wealth in the U.S.

The above controversies suggest existence of the following prob-
lems: First, there is the need for the clarification of the definitions
of a bequest motive and saving. For instance, should educational
expenditures for children be regarded as saving, and the motive to
educate children be regarded as a bequest motive? The answer may
depend upon the intended use of the theory (Shin 1978). If the
theory of saving is to explain the determination of national income
in the framework of the Keynesian model, saving should be defined

'If the retirement life span 1s expected to increase, a retired consumer must further
reduce annual consumption, if the initial wealth is given. Other factors that may contri-
bute to the slow rate of wealth decumulation may include uncertainty on the future cost
of living and uncertainty on health condition and medical cost.
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as a leakage from the expenditure stream, and thus educational ex-
penditures should not be regarded as saving since it is a current
expenditure and not a leakage. Thus, the motive to educate children
should not be regarded as a bequest motive.

On the other hand, if the theory intends to explain different types
of expenditures, it is clear that expenditures on education and dur-
able goods are different from expenditures on food, clothing, and
services. Such classification may be useful for industrial demand
analysis, and in some cases to explain productivity growth in the
economy. In such cases, educational expenditures and child rearing
costs may be regarded as saving and investment expenditures. Since
the life cycle model is intended mainly for the Keynesian model of
income determination, expenditures on education and durable goods
should be regarded as consumption expenditures rather than saving.
For instance, when a retired consumer purchases durable goods,
they may be bequeathed later to an heir, but such expenditures
should be regarded as consumption expenditures rather than saving.

Second, there is the question of scope of a bequest. In most
studies, no explicit distinction was made between personal and pub-
lic bequests, and planned and unplanned bequests. A personal be-
quest is the bequest to his personal heirs, relatives, and friends,
and a public bequest is the bequest to public or private organiza-
tions such as church, school, and other social and political organiza-
tions. Also, Kessler and Masson (1989) argue that saving motives
are not necessarily limited to life cycle saving, and personal and
public bequest saving. They argue that additional motives are pow-
er, entrepreneurship, and social prestige. A question is whether all
of the above types of savings or bequests should be regarded as
savings from the bequest motive.

The problem is that the bequest motive is invisible, and it can be
inferred only from the effects or results. Furthermore, an effect or
a result can be either an intentional or unintentional one, or a plan-
ned or unplanned one. If it is possible to make such a distinction,
only planned private bequest should be regarded as savings from the
bequest motive. Public bequest should be excluded since most public
bequests are made from the wealth already accumulated, and the
cause of wealth accumulation was not the bequest motive, but the
bequest was an effect of wealth accumulation. Thus, most public
bequest and wealth left over after death without an heir specified
should not be included in the savings resulted from the bequest
motive. In effect, only the private planned bequest should be counted
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as the savings resulted from the bequest motive.

A third problem is concerned with the methodology of testing the
significance of the bequest motive. A possible method may be to use
multiple regression analysis in which dependent variable is the con-
sumption expenditures of retired consumers and independent vari-
ables should include all relevant variables such as wealth, age, ex-
pected life span, health conditions, education, taste, marital status,
amount and types of wealth, and detailed attributes of the heir
(number of heirs, dependent and independent; age and income), etc.
In such a model, if the heir variables are significant, we could infer
that the bequest motive is significant in consumption and saving
behavior.

However, the conventional methodology is to observe the time
path of wealth of retired consumers using cross section and longitu-
dinal panel data using only very few controlled variables. As state‘erd
before, in such studies, a slow rate of wealth decumulation is taken
as an evidence for the existence of a significant bequest motive.
However, as will be shown in this paper, when wealth is observed in
nominal values, the wealth curve can take various shapes such as
slowly decreasing and increasing time paths. Thus, Hurd (1987)
observed changes in wealth in real values rather than in nominal
values, and found no significant differences in the consumption pat-~
terns between the retired consumers with or without children, and
concluded that there exists no significant bequest motive.

Using Canadian data, Burbidge and Robb (1985) found a concave
wealth curve for blue collar workers. The peak wealth was around
age 60. However, for white collar workers, the wealth curve reached
a plateau at age 60, but started to rise from age 65 on. From the
above results, one cannot conclude that blue collars workers have no
bequest motive, while white collar workers have a bequest motive.
They argue that these results are due to early retirement for blue
collar workers and late retirement for white collar workers. They
cite the following factors for the differences in the shape of the
wealth curve: health, expected life span, expectations on in-
tergenerational transfers, and differences in retirement income.

This paper is mainly concerned with theoretical reasons for exist-
ence of various shapes of wealth time path. There are two major
objectives in this paper. First, it is to present the life cycle model
in terms of a two-phase life cycle theory. The two-phase life cycle
model is needed to show that consumers face different utility func-
tions, choice problems and constraints during the work life and the
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retirement life. In terms of the two-phase life cycle model, it is
simple and easy to show the determination of optimal consumption
level for retired consumers.

The second objective is to show some simulated time paths of the
wealth of the consumer who follows the optimal level of consump-
tion. It is shown that for the utility maximizing retired consumer,
the annual real consumption expenditures should be constant during
the retirement life, when the initial wealth and the rate of interest
are given, and that the wealth curve can take-various shapes of time
path under such conditions.

In section II, the Modigliani-Brumberg life cycle theory is repre-
sented in terms of a two-phase life cycle theory. In section III, some
simulation results are presented, and a summary and conclusions are
provided in the final section IV. Some mathematical proofs are pro-
vided in the appendix notes.

I1. Two-Phase Life Cycle Model

In the Modigliani-Brumberg life cycle model of consumption and
saving (1954), the consumer is to maximize total utility over his life
time. In our model, the life cycle is divided into two phases: In
phase 1, the objective is to maximize his aggregate utility during his
work life by allocating his income on consumption and saving, and
his time on work and leisure. In phase 2, the objective is to maxi-
mize his aggregate utility during his retirement life span by approp-
riately allocating his given amount of wealth on annual consumption
and the final bequest. In this phase 2, the retired consumer has no
choice problem between work and leisure since his entire time con-
sists of leisure by definition of retirement.

This scenario of the two-phase life cycle model is depicted in
Figure 1. In phase 1, the Y,Y; is the income path over his work life,
and CoC; is the consumption path over his work life. At age A, the
worker retires with accumulated wealth W, and phase 2 begins, and
ends at age A,. The wealth decreases to zero at the time of death
along WyA,. The wealth may monotonically fall to zero at A,, or it
may reach a peak at W; and then decline to zero at A, when
bequest motive is absent. The consumption path C;C; or C;C5 is an
example of many possible consumption paths of the retired consumer
over the retirement life. A, is the expected age of death. But, it is
possible that the consumer’s retirement life can suddenly end at
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FIGURE 1
Two-PHASE LIFE CYCLE MODEL

somewhere between A1A4,, and the wealth remaining at the time of
sudden death is regarded as the bequest.

In Figure 1, the retirement consumption path starts at C;, which
is equal to the peak consumption level at the end of his work life.
However, the retirement consumption need not start at C;. The
initial retirement consumption can be higher or lower than C;. The
initial amount of consumption would depend upon various factors.
Indeed, the determination of the initial optimal consumption level
and its subsequent time path is the major objective of this paper.

In the conventional model, wealth is supposed to decrease monoto-
nically along WyA, path, if the bequest motive is zero. However, in
this paper, it will be shown that even in the absence of a bequest
motive, initial wealth W can first increase to the peak Wy, and then
fall to zero along WyW,A, path. Thus, it is possible that empirical
observation reveals the upward sloping phase of WyW,, or the
downward sloping phase of W;W,, depending upon the observation
period.

The above two-phase cycle model can be represented in terms of
equations. The objective functions and the constraints for consum-
ers in each phase are restated below in terms of equations:

First, in phase 1, the objective of a consumer is to maximize
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u= E;Hﬁ ulcy, L)+ (T-{-la—)r ur(cr, Ly, Wp) (1)
subject to ¢, = c{y, W, e1) 2)
S=Yr— & 3)

Ye=yWy Ly Wy, i, €3) )

W, = W[s1, 52, S350 Wh, I, €4) (5)

where u, = aggregate utility from consumptions during the work
life at time ¢
1/(1 + @) = time preference factor
¢ = annual real consumption
w = real wage rate
W = real wealth

W, = inherited real wealth

y = annual real income

s = annual real saving

L = labor supply

i = real interest rate

e = other omitted variables

t = year

T = work life, i.e., the final year of work life

All variables are measured in real values. The utility function is
assumed to be time separable and concave.

For a working consumer, the objective is to maximize his aggre-
gate utility which is a function of annual consumption, labor supply
and the accumulated wealth in the final year T (1). Equation (2) is a
consumption function which depends upon income and wealth. Equa-
tion (3) is the definition of saving. Equation (4) states that income
depends upon wage rate, labor supply, wealth, and interest rate. In
the final equation (5), the wealth depends upon annual savings, in-
herited wealth, and interest rate. e, is the error term that includes
all other omitted variables including a luck for lottery fortune.

There are two implications of the model of phase 1. First, the
consumer decides the optimal annual consumption and labor supply
subject to budget constraint. Second, the consumer decides the time
to retire. In the above model, a consumer will decide to retire when
he has accumulated a sufficient amount of wealth that can support
the retirement life and possibly meet the planned amount of bequest.
There are also some involuntary reasons for early retirement. They
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include poor health conditions, legal age of retirement, and unem-
ployment. However, the question when to retire, and other consumer
problems in phase 1 are not the main concern of this paper.?

Next, in phase 2, which is the main subject of this paper, the
retired consumer is to maximize his aggregate utility which is a
function of annual consumptions and the amount of planned bequest
at the end of retirement life. The choice of leisure and work time is
no longer a determinant of his utility since his entire retirement life
consists of leisure, as stated before. The problem the retired con-
sumer faces at the beginning of retirement life is the determination
of annual optimal consumption expenditures. If his annual consump-
tions are too high in the early retirement years, there is the risk of
low or zero consumption in the later years, and the risk of zero
bequest. If the annual consumption expenditures are too small, he
will leave an unplanned bequest at the time of death, and thus his
aggregate utility will not be maximized.

To show the determination of the optimal consumption path, we
assume that the objective of the retired consumer is to maximize his
utility from his annual consumption expenditures over his retire-
ment life, and the final amount of bequest at the time of death
subject to the wealth constraint:

max U=3 LUl o Usew by (6)

’=°(1+;3 14+ gy

subject to W, = =§O[c,/(1 + )]+ by A+DY @)

where U = total utility over the retirement life span
1/(1 4+ B)" = time preference factor
¢, = annual real consumption in year ¢
W, = initial present value of wealth at the time of retire-
ment
i = real interest rate, i.e., the real discount rate for future
consumption to obtain the present value
by = the planned real amount of bequest at the time of

death

2For the above type of models and solutions, see McCafferty (1990). Burtless and
Munnell (1990) has the following utility function: U = U(C, R), where C = identical
annual real consumption, R = age of retirement. The income constraint is given by Y =
RE, where E = identical annual income, Y = lifetime income. The optimal age of retire-
ment is determined where the indifference curve is tangent to the income constraint.
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N = retirement life, i.e., the final year of retirement life.

All variables are expressed in terms of real values. The utility
function is assumed te be time separable and concave.

Equation (6) states that the consumer is to maximize his aggre-
gate utility which is a function of annual consumptions and the
amount of bequest at the time of death. Equation (7) is the income
constraint that the present value of the initial wealth must equal the
sum of present values of future consumptions and the present value
of the future bequest.

To solve it by the method of Lagrange multipliers, the augmented
Lagrange function is:

N—1 1 1
V=3 — U = Upen, by) — AWy —

2 gy VOt g gy e AT
a c2 N by | 8)
T+i a+9 a4+’ a+t

The first order conditions are:

oV _ sU .

300-300 A=0

sV __ 18U _ A __g

scaa 14+ B8 da A+

ov_ 1 eU _ 2 _

dcz (14 B dcz (143
...... )

3V= 1 sU A _

dev 14 BN dev a4

eV _ 1 eU A _

sby a4 BN by A+

sV _ ., . a e

5 A = Wy —c¢o iF: ,(1+i)2

CN bN

T a4y a+ay
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where ) = the Lagrange multiplier.

Dividing the first equation by the successive equations, and re-
arranging the terms, the above system of equations can be express-
ed by the following equilibrium condition of utility maximization:

oU _sU 1+ 8 _ 8U A+ 87 _
dco oc 14i ~ sc A4

(10)

sU A+ 8 _ sU (14 )N
denv (140N obn A+

In the above equations, 1/(1 + B) and 1/(1 + i)' are the time pre-
ference and the real interest rate factors respectively. Since the
social time preference can be represented in terms of the interest
rate, it can be reasonably assumed that i = £. Then, Equation (10),
except for the last term, states that the marginal utilities derived
from annual real consumptions should be the same every year.

A question is, under what conditions, will the marginal utilities
from the real consumption expenditures be the same each year? The
answer is, under the law of diminishing marginal utility or the law
of diminishing marginal rate of substitution, the marginal utilities
should be the same only when the total real consumption expendi-
tures are the same every year! For instance, if the total real con-
sumption expenditure in year 1 is greater than in year 2, the mar-
ginal utility in year 1 should be smaller than in year 2. If the total
real consumption expenditure in year 1 is smaller than in year 2, the
marginal utility in year 1 should be greater than in year 2. The
equilibrium is reached anly when the total real consumption expend-
itures are the same each year.

3This result is of course an elementary law of equimarginal utilities on goods and
services applied to the case of intertemporal annual consumption expenditures. The law
of equimarginal utilities on goods and services is a first order condition for the utility
maximization when consumption expenditures are made on different goods and services:

MU,/Py, =MUy/Py=MU3/P3= - = MUN/Py (N1)

where MU, = marginal utility of good : and P, = price of good i. Equation (N1) states
that the marginal utility of good 1 per dollar should be equal to the marginal utility of
good 2 per dollar, etc. When it is applied to the intertemporal consumption expenditures,
we have

MU, = MU, = MUy = - = MU, (N2)

where MU, = marginal utility from real consumption expenditures in year £. The implicit
assumption is that annual real consumption expenditures are made every year on the same
goods and services:
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Equation (11) states that annual real consumption expenditures
should be the same every year. However, it does not imply that the
total amount of bequest should be the same as the annual real con-
sumption expenditures. The bequest and the real consumption ex-
penditures are two different types of “goods and services”. In such
a case, the marginal utilities will not necessarily be the same when
real consumption expenditures and the real amount of bequest are
equal.

In effect, Equation (10) suggests that the economic problem of
finding an optimal consumption path to maximize the aggregate util-
ity of the consumer is reduced to a mathematical problem of finding
the initial optimal consumption expenditures that meet the given
conditions:

Find the optimal consumption time path:

Cy, Cy, Cs,..., Cy 11
1

subject to Wo=Co+ =3 1 + l) a4+ R

(12)
CN by
+ a+yv + a+
Equation (12) may be expressed in terms of the current values:*
Wom Cod 4
0T o (1+g) T ater
(13)
Cy By
+ +
QA+ a4+
oU/8co= 38U/ dcr=08U/8¢cy=38U/8cz="~
= oU/ 8cn=0U/8by (N3)

Equation (N3) states that marginal utilities should be the same in terms of real values.
4Equation {12) can be expressed in terms of current values by multiplying each term
with (14 p)/(1 +p)':

a1+ p) ol + p)?
Wo =
o=Cot +p)1+D T 1+ pAQ + 02
en(l +p)V Bl + pY

a+pra+iy 1+ p™1 4+
Since real consumption is constant every year, ¢/l + p) = Co(1 + p), and (1 + p)1 + i)
= (1 + g), where g = nominal interest rate, or the nominal discount rate, which is equal
to the growth rate of nominal wealth.
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where g = nominal interest rate, or the nominal growth rate of
wealth, (1 +p)1+i)=Q1+2g)
B = the amount of bequest in current values
By = bp(l + P)N
C, = consumption in current values
C, is the consumption in present value, so it is the same as the
real consumption. Since the annual consumption in the current value
is ¢(1 + pY, and the annual real consumption should be constant, the
current consumption can be expressed as C, = Co(l + p). Thus,
Equation (13) can be rewritten as

1+4p +P)2
Wo = Co[l + 5 1+g + 1+ g7 + -
(14)
N B
+ d+p) N +'"J

1+ 1+g"

Letting k = (1 4 p)/(1 4+ g), the geometric series of the expression

in the brackets can be simplified, and Equation (14) be can rewritten

a55

1— kNt! By
Wo=Co—5—4 + R (15)
1—k By 1—k

1— kN+1 (1 +g)N 1 — kn+1
5 (16)
N 1-k
a +g)”] 1 — KN+

In the above model, the only unknown variable for the consumer is
the initial real consumption level Cy. The subsequent consumption
expenditures are determined once the initial real consumption ex-
penditure C, is found since inflation rate is assumed to be constant.
The amount of intended bequest By is predetermined. It should be
either positive or zero.® All other variables such as Wy, g, p, and N
are given parameters for the retired consumer.

= [W, —

SEquation (14) is solved using the present value of annuity formula: Letting k = (1 4
p)/(1 4 g), the geometric series in the brackets is equal to

A+k+E+E+ k) =010—k+)/1—k)

Another derivation is given in Appendix A.
5In reality, it can be even negative, that 1s, some people die leaving debt.
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The meaning of the above equations can be restated in the follow-
ing equations:
Find the optimal consumption time path:

Co, Cy, Cy,..., Cy a7

subject to B, = (W, — C) (18)
By = (Wy —Cp) (19)

C, = Co(1 + p) (20)
W,=B1(1+8) =W — Ca)1 + ) (21)

W,C >0if t<N (22)

The retired consumer starts with the initial wealth W,. In (18),
annual consumption C, is subtracted from the wealth at the begin-
ning of each year, and the balance is an unplanned bequest B,, if the
death occurs before the planned date. If the death occurs at the end
of the retirement life, i.e., in year N, the actual bequest is equal to
the planned bequest By (Equation 19). Annual consumption expendi-
tures in current values are expected to increase at the inflation rate
p (Equation 20). The current value of wealth is equal to the pre-
vious year’s wealth balance plus current year’s growth in wealth
(Equation 21), where g = the growth rate of wealth, i.e., interest
rate i = g. Finally, wealth and annual consumptions should be posi-
tive during the retirement life (Equation 22).

III. Optimal Consumption and Wealth

The question is to find the initial optimal real consumption and
the subsequent annual consumption path for the retired consumer.
The solution depends upon assumptions concerning the amount of
planned bequest. The solutions are derived from Equation (16), and
they are summarized below for three different amounts of the plan-
ned bequest (see Appendix A and B):

Case 1. The planned bequest is zero, i.e., Wy — Cy =By =10
Wo(l — k)/Q — kMY, if &k # 1.0 (23)
Wo/(N + 1), if k=1.0 (24)

where k= (1+p)/A+i)=Q14+p)/(1+g), so k=10 if p=g.
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Case 2. The planned bequest is positive, i.e.,, Wy — Cy= By > 0

o [[W0 — By1 4 ™M — k)/(Q — KN, if b+ 1.0 (25)

[Wo — By + M /(N + 1), if k=10 (26)

Case 3. The planned bequest is a positive number including the final
year's interest, i.e., (Wy — Cy)/(1 4+ g) = By > 0,

{[W0 — Bl + VM — k) /(1 — ENTY, if k= 1.0(27)

[Wo — BNl + g™V ]/(N+ 1), if k=1.0(28)

.

0=

To try some simulations, we assume that initial wealth holding at
the beginning of retirement at age 65 is equal to Wy = $100,000.”
The growth rate of asset, i.e., the rate of return on wealth is g =
0.10. Further assume that the cost of living rises annually at the
inflation rate p = 0.05. The objective is to find the optimal initial
consumption and the time paths of wealth and consumption. As we
have seen before, the equilibrium condition (10) requires that the
initial real consumption must be maintained constant over his entire
retirement life. The retirement life span is assumed to be N = 20.
That is, we assume that he retires at age 65 and dies at age 85
(21st year). Further assume that consumption expenditures are made
at the beginning of the year, and the balance of the wealth is rein-
vested each year at the rate of return g. The wealth is divisible and
liquid (like a savings account), and transaction cost of wealth is
zero.

Substituting the initial conditions in equation (23), we obtain the
initial optimal consumption expenditure $7,289.85.° In Table 1, the

“We assume that age 65 1s the retirement age 1. When life span (N) is, for instance, 20
years, we assume that he dies anytime during the 21st year, spending the full amount of
the annual consumption expenditures.

8A house is usually illiquid and indivisible. A reverse mortgage plan is available under
which the mortgage bank provides monthly payments to the home owner such that home
equity value is reduced to zero at the time of death. However, the plan is not popular
among the retired consumers. Diamond and Hausman (1984) examined the National Longi-
tudinal Survey of Mature Men (1966), and reported that in 1966, 7.6% of men aged 45-59
had negative wealth, and 12.1% had net wealth below $1,000. A large fraction of the
population held wealth primarily in home ownership. Excluding the home equity, 30% of
the population had no wealth, 39% had wealth below $490, and 50% had wealth below
$1,500.

If the transaction cost 1s not zero, it can be deducted from the growth rate of wealth,
or from the annual consumption expenditures.

9 k=14 p)/1+g =1+ 005/ 4 1.10) = 0.954545
Co = 100,000(1 — 0.954545)/(1 — 0.9545457°F") = 7289.85
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time paths of nominal and real consumption, nominal and real wealth,
and their rates of change are presented. It should be noted that the
nominal wealth increases from $100,000 to $108,009.01 at age 71
and then monotonically declines to zero at the final age of 85. The
time paths of wealth and consumption are shown in Figure 1. The
nominal wealth rises up to age 71, and then falls, and in the final
year, the remaining wealth balance is equal to the amount of final
consumption at age 85.'°

In Figure 1, what is to be emphasized is that even when the date
of death is certain and the planned bequest is zero, the nominal
wealth level first increases, and reaches a peak, and then falls. The
nominal wealth increases at the average annual rate 1.11% during
ages 66-72, and decreases at 11.27% during ages 73-85. The overall
average annual rate of nominal wealth decumulation is 11.27%. The
real wealth, on the other hand, falls monotonically at the average
annual rate of 11.37%. However, the annual rate of real wealth
decumulation is 4.32% during the first 10 years, i.e., ages 66-75.1!

The initial increases in nominal wealth in the early years are due
to the fact that the retirement life span is so long that the wealth
has to be stretched to cover the cost of living over the long retire-
ment years. In the early years, the growth rate of wealth is higher
than the growth rate of consumption, but consumption level in-
creases at a compound rate, but wealth increases at a simple rate
because annual consumption is subtracted from the wealth at the
beginning of each year. As a result, at a certain point of time,
annual consumption expenditure becomes to exceed the annual in-
crease in wealth, and so the nominal wealth starts to fall.!?

The effects of increasing and decreasing retirement life span are
shown in Figures 3 and 4. Figure 3 is based on the following
assumptions: p = 0.10, g = 0.05, and the age of death is increased

'*The above simulation results are quite realistic. According to the US Census Bureau
report (1991), the median net worth in 1988 increased with age, but began to decline
among households over 70 years old. See Appendix C.

""Hurd (1987) estimated that for couples with initial positive real wealth, the wealth
decreased by 2.9% when housing wealth is included, and 16.9% when housing wealth is not
included during 1969-79. For singles, the initial wealth decreased by 25.2% when housing
is included, and by 39.8% when housing is not included.

2The age at which the nominal wealth reaches a peak is given by

fmax = [In(ln G/In P)]/In(P/G) + N + 1

where I, = retirement age at which the nominal wealth reaches a peak, G=1+4g, P
=1+ p, N = retirement life span. See Appendix B for the derivation.
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to 100 years. The initial optimal consumption is found to be
$5,593.44. The peak of wealth is reached at age 86.61. Figure 4 is
based on the following assumptions: p = 0.05, g = 0.10, and the age
of death is reduced to 75 years. The initial optimal consumption is
found to be $11,348.41.1% In Figure 4, the wealth decreases monoto-
nically without a peak (See Appendix B and Table B1).!*

Figure 5 is the case of unplanned bequest due to an unanticipated
early sudden death at age 85, though the retired consumer planned
to live until age 100. The other assumptions are: g = 0.05, and p =
0.10. So the initial optimal consumption expenditure is $5,593.45. In
Figure 5, the wealth increases monotonically until the time the con-
sumer dies at age 85.!°

The general shape of the wealth curve is the same even when the
planned bequest is positive. If the planned bequest is $50,000 at the
beginning of age 85 without including that year’s interest, the initial
optimal consumption is $6,748.06. If the amount of bequest $50,000
includes interest income in the final year, the initial consumption is

$6,797.31.16

13

k = (1+ 0.05)/(1 + 1.10) = 0.954545
Co = 100,000(1 — 0.95454545)/(1 — 0.954545°5+!) = 5593.44
Co = 100,000(1 — 0.95454545)/(1 — 0.954545'0+1) = 11,348.41

"The first order condition for existence of the peak of the nominal wealth is that the
retirement life span must be sufficiently large such that

N > [In(ln P/In G)] /In(P/G) — 1
If p =0.05, and g = 0.1, the retirement life span should be greater than 13.39 years:
N > [In(In 1.05/1n 1.10)/In(1.05/1.1) — 1]

=14.39 — 1 =13.39
See Appendix B.

15
Co = Wo(1 — k)/(1 — kMY

= 100,000(1 — 1.05/1.10)/[1 — (1.05/1.10)***+!] = 5,553.45
15When bequest includes interest:
Co = [100,000 — 50,000(1 + 0.10)2°] (1 — 0.954545)/(1 — 0.95454521)
= 6,748.06
When bequest does not include interest:
Cy = [100,000 — 50,000(1 4+ 0.10)2'] (1 — 0.954545)/(1 — 0.954545%21)
= 6.797.31
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IV. Summary and Conclusions

In the two-phase life cycle model, a consumer has quite different
sets of determinants of utility, and constraints in the two phases of
a life cycle. In phase 1, his utility depends upon consumption, and
leisure as well as the accumulated wealth. In phase 1, some consum-
ers may make retirement planning and bequest planning by trying to
increase the target wealth as much as possible. However, the target
wealth may not necessarily be attainable by the time of retirement
because of illness, unemployment, marriage, divorce, children to
rear, low wage rate, and other causes.

When the consumer moves into phase 2, i.e., the stage of retire-
ment, he may have to set up an entirely new consumption and be-
quest planning over the retirement life. His utility now depends
upon annual consumption expenditures and a planned bequest. His
annual consumption plan is determined by the given wealth, life
span, interest rate, inflation rate, and the amount of planned be-
quest. It is quite possible that his desire to bequeath may be quite
strong, but he cannot plan any bequest if the accumulated wealth is
very small and he can barely cover the subsistence of living. It is
also possible that he may have no desire to bequeath, and yet he
may have to leave a large bequest if his wealth is very large and he
is unable to spend it due to poor health or changes in taste and in
the philosophy of life. In any case, we have shown that to maximize
his aggregate utility over the retirement life, the annual real con-
sumption expenditures must remain constant, and the wealth path
can take various shapes depending upon the initial wealth, interest
rate, inflation rate, and the life span, irrespective of the bequest
motive.

A controversial empirical issue in the life cycle model is whether
the bequest motive is significant in determining consumption and
saving. In the strict life cycle theory, bequest does not affect his
utility, and the bequest motive drops out of the utility function. In
the modified life cycle theory, bequest is a significant determinant
of his utility, and the bequest motive is a significant motive for
saving.

In our two-phase life cycle model, bequest is not explicitly in-
cluded as an independent variable in the utility function of phase 1,
though it may be included implicitly in the wealth variable. The
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consumer tries to maximize his utility by increasing his terminal
wealth as much as possible to support his retirement life and poss-
ibly to meet his planned bequest. In the utility function of phase 2,
the bequest motive or the planned bequest may become more impor-
tant and may enter his utility function ds an explicit determinant.
The retired consumer must rebuild his consumption plan based on
the given wealth and economic conditions such as inflation, interest
rate, life span, and the economic conditions of heirs and personal
relationships with them.

In the previous studies of significance of the bequest motive, they
examined mainly the time path of wealth of retired consumers.
Those who have found increasing wealth and slow rates of de-
cumulation of wealth argued that such phenomena must be explained
in terms of a significant bequest motive and/or uncertain date of
death. In this paper, we have shown that the nominal wealth of the
retired consumer can increase in the early years of retirement, and
then falls in the later years even under the conditions of certainty
on the date of death and no bequest motive.

In the early years of retirement, if the consumption expenditure
is less than the return from the wealth, the nominal wealth in-
creases. However, the annual consumption expenditures increase at
a compound rate, while the wealth increases at a simple rate due to
the fact that consumption expenditures are subtracted from the
wealth every year. As a result, the annual level of consumption
expenditures becomes to exceed the annual increase in wealth, and
ultimately wealth starts to decline. The shape of the wealth function
depends upon mainly the initial wealth, life span, interest rate, in-
flation rate, and the initial level of consumption, and the amount of
planned bequest is a secondary factor. Thus, by the rate of capital
decumulation alone, or by the shape of wealth curve alone, we will
be unable to tell the significance of the bequest motive. A better
method may be to test real consumption functions for retired con-
sumers and working consumers using multivariate analysis.!?

7"The two-phase life cycle model assumes that the two groups of consumers have
different utility functions and constraints. To support such an approach, empirical real
consumption functions should be different for the two groups.
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Appendix A

Derivation of Equations (23)-(28)
Case 1. Bequest By =0,
Let p=(1+p), and G=(1+4g)
Then W,= (W, — C.1)G
C, = CyP'
Thus, W,= WG — CP'G
W, = WoG — CoP°G
W, = WoG? — CoP°G? — CyP'G
W; = WoG? — CoP'G® — CoP'G?® — CoP*G
W, = W,oG* — C,P°G* — C,P'G?
— GoP*G* — CyP’G

WN = W()GN - C()POGN - C'()PIGN-1

43

(A1)

— GoP?’GN2 — .. — CoPVIG
If the planned bequest is zero in the final year N, Wy — Cy =
BN = O
Thus,
CoP" = WoGN — Co[P°GN + P'GN7! + PPGM?
+ -+ PVIG)
or,

Co = WoG"/ [PV + (P°GY + P'GN 4 P?GM?
+ -+ PVG)]
= Wo/[1 4+ (P/G) + (P/G)* + - + (P/G)"]

Since 1 +x+ x>+ x>+ -4+ x"=1 — x"t1)/(1 — x), assume k

=1+4+p)/1+4+g

Then. we have
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el =R/ — KN+Y, if k o+ 1.0 (A2)
Wy/(N + 1), if k=1.0 (A3)
Case 2. Bequest (excluding final year’s interest) By > 0

If the planned bequest at the time of certain death is positive, ie.,
Wy — Cy = By > 0, then Equation (A1) can be rewritten as

WoGY — Co[P°GN — P'GN — P*GN?

— e — PMIG] — GoPY = By, (Ad)
Co = (WoGN — By)/ [PV + (P°GN + PGV + P°G™*
+ -+ PYG)]
— (Wo — By/GM)/[1 4+ (P/G) 4+ (P/G)* + -
+ (P/GM]
o (Wo — BNG ™M1 — k)/(1 — kN, if k# 1.0 (A5)
* T liw, = B\G™M/(N + 1), f k=10  (A6)

Note : In the above case, if the bequest is 50,000, and interest rate
is 0.10, then the beneficiary will get 50,000 plus accrued interest
earnings, 5,000.

Case 3. Bequest (including final year’s interest) By > 0

If the planned bequest is to include the final year’s interest, i.e.,
(Wy — Cn)/(1 + g) = By, then Equation (A4) can be rewritten as

WoGN — Co[P°GN — P'GN' — PPGN™?
— o — PMIG] — GoPY = B\G (A7)
And Equations (A5) and (A6) can be rewritten as
C'y = (WoGN — ByG)/ [PV + (P°GN + P'GM + P°GN?

+ -+ PMG)]
— (W, — BNG/GM/[1 + (P/G) + (P/G)?
+ -+ (P/G]
O ((Wo— BAGTVI — k(1 — KN i k= 1.0 (A8)
°T (Wo — BN\GVY/ (N4 1), if k=10 (A9)

Note : In the above case, if the bequest is 50,000 including interest,
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the retired consumer should leave 45,454.54, which will generate
interest income 4,545.46 by the end of the year, and the total be-

quest will add up to 50,000.

Appendix B

Existence of Maximum Wealth Age

This note shows the first order conditions under which the wealth
has a maximum value, and the age at which the wealth is a maximum.

Case 1. p+ g
Given W, = W,G' — Co[P°G' + P'G"! + P’G"*
+ -+ P7G)]
= (WoG' — CoG'[1 + (P/G) + (P/G)
+ -+ (P/G)]
= G' Wy — Co[(1 — K)/(1 — K]}
where k=1 +p)/Q1+g)
= G'|Wo — Wo[(1 — k)/(1 — kM)
X [1— &)1 — K]
= WoG'[1 — (1 — k)/(1 — kN*t1)]
= WoG'[(k' — kN1/(1 — kNTY)
The maximum of W, occurs at
0 = dW,/dt = Wot(In G)G'[(kK' — kN +1)/(1 — KN+
+ G'(In k)K'/(1 — KN+
(In G)k' — kM1 + (In k) =0
(In G + In kK = (In G)KN+!
k'=(In G/In PkN+!
Thus, tmax = [In(ln G/In P)}/In k+N+1
= [In(ln G/In P)]/In(P/G)+ N + 1

(B1)

(B2)

(B3)

(B4)

(B5)

The first order condition for the existence of a maximum is lp.x >
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0. Thus,
[In(ln G/In P)]/In(P/G)+ N+1>0 (B8)
or,
N > [In(ln P/In G)]/In(P/G) — 1 (B9)
Case 2. p=g
W, = WoG' — CoG'[1 + (P/G) + - + (P/G)Y ]
= WoG' — [Wo/(N + 1)] G
= WoG'[1 — /(N + 1)] (B10)
To find the maximum wealth age, the first order condition is
0 = dW,/dt = Wy(ln G)G'[1 —t/(N + 1)]
+ WoG' [—1/(N + 1)] (B11)
=InG—@¢Iln GY/N+1)—1/(N+1)
Thus,
_ [InG—-1/(N+1)]

fmax n G)/(NF 1)

(B12)
=N+1—1/(In G)
The existence condition is fy.x > 0. So
N4+1—-1/n G)>0
Thus, N>1/(n G)—1 (B13)
Case 3. When G and P values are interchanged.
Since In(ln G/In P) _ —In(ln G/In P)
¢ n(P/G) _  —In(P/G)
(B14)
__In(In P/In G)
- In(G/P)
Equation (B5) can be rewritten as
tmax = [In{ln P/In G)]/(In G/P)4+ N +1 (B15)

Equations (B5) and (B15) suggest that ¢, remains the same when P
and G values are interchanged.
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In the final note, we have assumed that when the retirement life
span is N, the retirement ends in the (N -+ 1)th year. If we assume
that retirement life ends in the Nth year, in the above formulas, the
constant N should be replaced with (N — 1). For instance, when N
is replaced with (N — 1), Equations (A2) and (A3) will be changed to

Wo(l — k)/(1 — kM), if k + 1.0 (A2)
Wo/N, if k=1.0 (A3Y

0::

Numerical Examples :

Let p= 0.05, g = 0.10, then G =(1 +0.10)=1.1, and P = (1 +
0.05) = 1.05; and N = 20 years. Then In G/In P = 1.95347, k = (1
+ 0.05)/(1 4+ 1.10) = 0.954545, and In & = In 0.954545 = —
0.04652. Substituting these numbers in (B5), we get

foax = In 1.95347/In 0.954545 + 20 + 1
— 0.669623/(—0.04652) + 20 +1
= —14.39429 + 21 = 6.6057

When p and g values are interchanged such that p = 0.10, and g =
0.05, In P/In G = In 1.1/In 1.05 = 0.0953/0.04879 = 1.95347, and
k=014 g)/1+ p)=1.05/1.10 = 0.954545, and In(0.9545) = —
0.04652.

tmax = In 1.95347/1n 0.954545 4- 20 41
= 0.669623/(—0.04652) + 20 + 1
= —14.39429 4 21 = 6.6057

However, when p and g values are interchanged, the initial optimal
consumption changes: Assuming p = 0.05, g = 0.10, N = 20, and
bequest = 0, from Equation (A2), we get

Co = Wo(1 — k)/(1 — KN+
= 100,000(1 — 1.05/1.10)/[1 — (1.05/1.10)%°+1]
= 7,289.86

If p =0.10, g = 0.05, and N = 20, the initial optimal consumption
is

Co = 100,000(1 — 1.10/1.05)/[1 — (1.10/1.05)%°+1]
= 2.875.09
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TABLE B1
AGE AT WHICH THE NOMINAL WEALTH IS A MAXIMUM

Retirement life span (N) 10 15 20 25 30
Maximum wealth age —3.39 1.61 6.61 11.61 16.61
(after retirement)

Maximum wealth age ne 66.61 71.61 76.61 81.61
(total personal age)

Expected age of death 75 80 85 90 95
Initial consumption 11,348.42 8,658.96 7,289.86 6,478.15 5,952.87

35
21.61

86.61

100
5,593.45

Note: p = 0.05, and g = 0.10
n = a maximum does not exist during the retirement life span.

Since the age at which the nominal wealth reaches a peak depends
upon the retirement life span as well as p and g values, we have
tried various values of the retirement life span N, and have
obtained the following results. As stated above, the maximum wealth
ages are the same either for the case when p = 0.05, and g = 0.10,
or for the case p = 0.10, and g = 0.05. However, the initial optimal
consumption changes, if p and g values are reversed:

The above table shows that, for a retired consumer with retirement
life span 20 years, for instance, if the inflation rate is 5%, and the
interest rate on wealth i1s 10%, the nominal maximum wealth is
reached at age 71.61 years (i.e., 6.61 years after the retirement),
and the initial optimal consumption expenditure should be $7,289.86.
If the expected life span is 100 years, then the nominal wealth
reaches a peak at age 86.61 years (i.e., 21.61 years after retire-
ment), and the initial optimal consumption expenditure should be
$5,593.45. (A computer software is available from the authors. It
calculates the initial optimal consumption, time paths of annual con-
sumption and wealth, and the maximum age at which the wealth
reaches a peak.)

Appendix C

1988 Census Bureau Survey

According to the 1988 Census Bureau report, “the median net
worth was $35,752 in 1988 compared with $37,012 in 1984. The net
worth was $62,390 for the typical married white couple, and
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$17,640 for the typical married black couple. The wealthiest 3% of
all households hold 27% of the approximately $8.4 trillion of net
worth. Those whose heads are between 35 and 44 years old in 1988
had median net worth of $40,264, while those between 55 and 64
years old had median net worth of $83,750. Median net worth begins
to decline among households over 70.” “Net worth included savings,
securities, real estate, autos, mortgage, but excluded jewelry, pen-
sion plans, insurance policies, furniture, "art, and antiques. About
43% of all net worth is tied up in equity in homes” (reported in the
Wall Street Journal, January 11, 1991, p. A3).
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