Capital and Unemployment in a Two-
Class Growth Model

Wei-Bin Zhang*

The paper proposes a simple dynamic one-sector and two-class
growth model with endogenous unemployment and government
intervention. The model explains dynamics of capital owned by the
two classes and the market structure with labor unemployment.
The dynamic properties of the model and effects of changes in some
parameters are investigated. (JEL Classification: E24)

1. Introduction

Four schools or modeling frameworks in theoretical (mathematical)
economics have been proposed to explain varioys aspects of the com-
plexity of economic systems. The first is the Arrow-Debreu equilibrium
theory which mainly deals with equilibrium of demand and supply
under perfectly competitive environment (e.g., Arrow and Hahn 1971).
In this approach, monetary variables such as prices and wages are
determined by interdependence of demand and supply. The second
theory which is called disequilibrium or Keynesian economics accept
prices and wages not equal to their perfectly competitive marginal val-
ues (e.g., Leijonhufvud 1968; Malinvaud 1977; Hahn 1978; Green and
Laffont 1981; Negishi 1985). When an economic activity is attempted at
the sticky price, it is the adjustment of the quantity that leads to a
temporary equilibrium. The works in the field of disequilibrium analy-
sis have increased our understanding of the functioning of the econom-
ic system when transactions take place at certain fixed prices. This
approach may explain the existence of unemployment, for instance, by
taking account of fixed wage rates due to the government, the labor
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union or other economic or institutional factors.

The third theory is the so-called neoclassical growth theory (e.g.,
Burmeister and Dobell 1970). The standard model is the Solow-Swan
one-sector growth model. This approach emphasizes long-run aspects
of economic dynamics. How capital is accumulated over time and what
kinds of effects capital stocks may have on economic structure are two
of the main concerns in this approach. Monetary variables are treated
as fast variables in comparison to real variables in the dynamic system.
At each point of time, monetary variables are determined at their
marginal values and real variables evolve over time. That is, in modern
nonlinear dynamic terms, monetary variables are “enslaved” by dynam-
ics of real variables such as population and capital dynamics in this
approach. The fourth approach is initiated by Kaldor and Passinetti on
distribution of wealth between the workers and capitalists, explaining
Marx’s economic system (e.g., Pasinetti 1974; Kaldor 1966; Sato 1966;
Marglin 1984). In this approach, behavior of individuals is conditioned
by their class. It is the relationship among long-run growth, profit and
the savings propensities of the two social classes that this approach is
mainly concerned with.

Indeed, the boundaries among these schools are not clearly cut as we
just described. Ideas of each school have affected the development of
the other schools in some way or another. There are a large amount of
published papers in the literature of each of these schools. Although
the study will not examine similarity and difference among these
schools in details, this study attempts to propose a dynamic model on
the basis of the main ideas in those schools. This paper attempts to
propose a dynamic one-sector growth model with capital accumulation,
wealth and income between two classes and possible unemployment of
one class on the basis of these traditional approaches. The paper is
concerned with an one-sector and two-class economy with possible
unemployment of one class.

The remainder of the study is organized as follows. Section II defines
the model. Section III represents the economic structure and dynamics
in terms of two-dimensional differential equations of the two classes’
capital accumulation. Section IV examines the dynamic properties of
the economic system when the two classes have an identical preference
structure. Section V analyzes effects of changes in some parameters on
the long-run behavior of the system. Section VI concludes the study.
Appendix A proves some of the results in section IV. Appendix B dis-
cusses the dynamics of the system in the case that the two classes
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have different preferences.

I1. The Model

This study is concerned with an economic system similar to the
Solow-Swan one-sector growth model (e.g., Burmeister and Dobell
1970). Only one commodity is produced and the commodity is com-
posed of homogeneous qualities and is either invested or consumed.
Similarly to the multi-group models by, for instance, Pasinetti (1974),
Sato (1966), the population is classified into two classes, working class
and knowledge class. The classification is similar to that of skilled and
unskilled labor force in the literature (e.g., Bhagwati and Hamada
1974; Rodriguez 1975; Miyagiwa 1989). Let the population of the work-
ing class and knowledge class be denoted by L and N, respectively,
where L and N are fixed. The population and the population structure
are assumed to be invariant.

Each member of the two classes may be employed by the industrial
sector. Various reasons have been suggested to explain the existence of
unemployment with fixed monetary variables such as commodity
prices and wage rates in the literature of neo-Keynesian economics (e.
g., Balsko 1982; Barro and Grossman 1971; Bohm 1978; Silvestre
1982). This study follows the neo-Keynesian tradition. It is assumed
that each member of the working class has identical knowledge utiliza-
tion efficiency, irrespective of whether he is employed or not. The total
qualified labor force, Q*, and the total capital stock, K(f), of the system
are defined by

Q*:Iv,+1<I,K=K1+K2, (1)

where L and N are the qualified labor force of the working class and
knowledge class, respectively, and K; is capital stocks owned by class j,
where j = 1 and j = 2, respectively, represent the working class and
knowledge class.

In order to describe the relationship between the number and quali-
fied labor force of each class, the concept of human capital difference,
z, is introduced to distinguish difference in productivity of the two
classes. With the working class’ human capital as basis of measure-
ment, one introduces the following relationship

L=L, N=2zN. (2)
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It is assumed z > 1. This simply implies that the knowledge class accu-
mulates more human capital than the working class (in the term of
productivity). Here, possible effects of education, training and other
costly learning efforts on L and N are neglected. It should be remarked
that it is possible to introduce endogenous human capital accumula-
tion into our model (e.g., Romer 1986, 1990; Lucas 1988; Zhang 1991).

Let Ldt) and Lu(t) denote, respectively, the labor force of the working
class employed by the industrial sector and unemployed. One has

Ldt) + Lu(t) = L. (3)

The total qualified labor force, Q(t), employed by the industrial sector is
defined by

Q=L+ 2zN. (4)
The production function of the economy is specified as follows
Ft)=Ke@Q8, a+ B=1, e, >0, (5)

where Flt) is the total output at time t. The commodity is selected to
serve as numeraire. The marginal conditions are given by

r = oIF/K, w = BTF/Q, W = pzIF/Q, (6)

where r is interest rate, w and W are wage rates of the working and
knowledge classes, respectively, and T is defined by T = 1 - tax rate.
By (6), the ratio of the wage rates is given by: W/w = z. The ratio of the
wage rates is determined by the difference in the human capital bet-
ween the two classes.

To guarantee the existence of unemployment of the working class, it
is assumed that the wage rate of the working class be exogenously
fixed at w (see, e.g., Eckalbar 1981; Picard 1983). How the wage rate of
the working class is determined may depend on many factors such as
power of labor union and actual economic conditions of the working
class. It should be remarked that in this study the knowledge class is
assumed to be fully employed. In certain circumstances of economic
reality, the actual labor market may different from this study in that
the knowledge class may be paid at a fixed wage rate.

Let each unemployed people be paid wu amount of money by the gov-
ernment. It is assumed that wu is at least not higher than the wage
rate of the employed people from the same class, i.e., 0 < wu < w. The
existence of unemployment makes it difficult to discuss the issue of
wealth distribution and capital accumulation. For convenience of anal-
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ysis, it is assumed that any member of working class has identical
income from wage and interest rate, irrespective of whether they are
employed or unemployed. To satisfy this requirement, it is assumed
that the time of unemployment is equally “shared” among all the mem-
bers of the working class at any point of time. This implies that wage
income of each member of the working class is actually equal to (wLi +
wulu)/L. This is obviously a strict assumption, but it makes it possible
to write down the capital accumulation equation of the working class.
According to the definitions, the net incomes of the two classes at any
point of time are given by

Y, = wLi + wuLu + 1Ky, Y, = WN + 1K, (7)

Let Si(t) denote the savings made by class j at time t. It is assumed
that utility level of class j is dependent on the temporary consumption
level, Cft) and the total wealth at time t, Kf{t) + Sf{t) — &K, where &, is
the fixed depreciation rate of capital, in the following way

i
U, (t)=CY (K, - 8,K,+S,/Y, {,. ,>0, j=12. (8)
Maximizing U subject to the budget constraint, C; + Sy = Y], yields

Sy ={AY) - (1 - &IGKY/ (G + A,

9)
G =+ (1 -&K}/(§+ A

The equality of savings and investment yields the following capital
accumulation of class j, dK;j/dt = S; — §,K. Substituting S;j in (9) into the
two equations yields:

where sj = A4/(§+ A and & = (1 - §)§/(§ + A) + &,.

It is assumed that the government has only one income source, tax-
ing the industrial sector. The government’s budget constraint is given
by

wulu = (1 - T)F. (11)

Adding Y, and Y, in (7) yields: Y; + Y, = wLt + wulu + WN + rK.
Substituting (11) and (6) into the above equation yields

F=Y, +Y, =wLt + wulu + WN + K. (12)

The total income of the two classes is equal to the total product of the
society at any point of time.
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As this study is mainly concerned with possible impact of the govern-
ment intervention in an economy with unemployment, it is necessary
to fix the wage rates such that unemployment exists. Let w;(t) denote
the wage rate of the working class at which the class is fully employed
for a given value of K. To guarantee the existence of unemployment, it
is necessary to require w > w,(t); otherwise all the members of the
working class will be employed by the industrial sector. It can be seen
that w,(t) is given by

w,(t) = fF/Q, @=L + 2N, (13)

with T=1 and L« = 0.

On the other hand, if the wage rate, w, is fixed too high, the industri-
al sector will employ no one from the working class. For instance, if w
is determined at a level higher than the marginal value of the working
class when no member of the working class is employed, the industrial
sector prefers paying tax to employing any people from the working
class. For any given level of K(t), when no member of the working class
is employed by the industrial sector, the marginal value of the working
class is determined by

wy(t) = BT,F/Q, Q@ =2N, (1 -T,)F = wid, (14)

where 1 - T, is the tax rate at which all the members of the working
class are paid by the government at the fixed rate, wu.

Assumption 1

For any given level of K(t) at any point of time, it is assumed that the
wage rate, w, and unemployment payment rate, wu, of the working
class are fixed by the government in the following way: wy(t) > w >
wy(t), w > wu.

The assumption means that the government fixes the wage rate of
the working class in a level that is not lower than the market wage rate
at which the working class is fully employed by the industrial sector
and not higher than the wage rate at which no member of the working
class will be employed by the industrial sector.

It should be noted that it is not difficult to introduce certain time-
dependent policy, w(t), such that the above assumption is satisfied. For
instance, for any given K(t), one may specify w(t) by w(t) = hw,(t) + (1 ~
h)w,(t), where h is a constant, O < h < 1. The value of the parameter, h,
is determined, for instance, by the power of the labor union. This wage
policy satisfies the above assumption.
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The assumption about the wage policy can be relaxed in different
ways. For instance, there are a large amount of the literature in labor
economics about how the wage rates of various groups of labor are
endogenously determined under various policies (e.g., Stockey 1980;
Spence 1976; Samuelson 1985; Bulow and Summers 1985; Pissarides
1986). It is conceptually not difficult to further extend our approach on
the basis of the literature. As shown below, even our simple model is
analytically very complicated, we deal with the simple case at this ini-
tial stage.

The model has been constructed. The system has 17 endogenous
variables, K, Y5, G, S, U (j =1, 2), K, Q, F, Li, Lu, T, and r. It also con-
tains the same number of independent equations.

III. The Dynamics in Terms of K1 and K2

The dynamics consist of two dimensional differential equations for K,
and K,. In order to analyze the dynamic properties, it is necessary to
express the dynamics in terms of the two variables. From (10), one sees
that it is sufficient to express Y, and Y, in terms of K, and K, at any
point of time.

From w = BIF/Q, one has: TF = w@/f. Substituting this equation
and Lu = L - Li into the government’s budget constraint yields

GlL) =F-w@/f-wul + wuli =0, (15)

where Q = Li + zN. It is direct to check that at Li = L, i.e., Lu = O, one
has

G(L) = (BF/Q - w)@/ B = (w, - w}Q/B <0, (16)
where Assumption 1 is used. At L+ = 0, one gets

GO)=F-w@/f-wul =T\F-w@Q/f+ (1 -T)F~wdd

=(w, -~w)Q/B>0, (17

where (1 - T))F = wul and Assumption 1 are used. As G(0) > 0 and G(L)
< 0, the equation, G(L) = 0, 0 < Li < L, has at least one solution. It is
direct to check that the second derivative of G with respect to L: is neg-
ative, i.e., d2G/d2?L: < 0. As G(0} and G(L) have the opposite signs and
d2G/d2Lt < 0 holds for Li for any O < Li < L, G(L) = 0 has a unique solu-
tion in the interval (0, L). Let the unique relationship between Li and K
be denoted by: Lit) = A(K(t)), where the functional form of A is deter-
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mined by (15). From (15), one obtains
(w/B- PF/Q - wuldA/dK = oF /K. (18)

As (w/f - BF/Q - wu) may be either positive or negative, an increase in
the total capital may either increase or decrease the unemployment
rate, 1 - A/L, at any point of time. From Li(t) = A(K(t)), all the other vari-
ables are determined as functions of K,(t} and K,(t) at any point of time
in the following way:

Lu=L-A— @* by (1) and Q by (4) = F by (5) = T by (11) — r by (6)
—Y,j=1,2, by(7) =S and G by (9) — U by (8).

From this procedure, one can analyze effects of changes in K, and K,
at any point of time.

Substituting r = owQ/pK and W = zw into Y, in (7) and using Y, = F -
Y,. the dynamics (10) can be rewritten as follows:

dKl /dt = SI(F - sz_ angz/ﬁK) - 51K1,

dK,/dt = ws,(zN + oK,/ PK) - 8,K,, (19)

where Q = A(K) + zN. At each point of time, the equations, (19), deter-
mine the capital stocks owned by the two classes. All the other vari-
ables at any point of time are given by the procedure just described.
The remainder of this study examines the behavior of the dynamic
system. The next two sections examine the behavior of the system
when the two classes have an identical preference structure. As it is
not easy to get explicit conclusions when the two classes have different
preferences, the analytical results are provided in the appendix.

IV. The Dynamics with the Identical Preference

This section examines dynamic behavior of the system when the two
classes have an identical preference structure, i.e., {; = {, and 4, = 4,
(and thus s, = s, and §, = §,). The case that the two classes have differ-
ent preferences is analyzed in the appendix.

Adding the two equations (19) yields

dK/dt = sFIK) —- K. (20)

The two-dimensional dynamics are thus reduced to a one-dimensional
system. An equilibrium is given by

F=K%Q" = 6K, (21)
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where 0 = §/s. As (15) is also held, one has F = w@/f + wulu = we@Q +
wu@*, where w, = w/f - wu > 0. From this equation and (21}, one has

Q = (6K — wu@*)/ w,. (22)
From (21), (22) and @ = zN + L, one gets
K = wu@*/(0 - wy6'/8), Li= 618K -~ zN. (23)

As this paper is mainly concerned with the case that the system has an
equilibrium with a positive unemployment rate, it is necessary to re-
quire K > 0 and L > Li > 0. From (23), the requirements are satisfied if

K> 0 if 6-9/8 - wy > 0;
L>Liif 62/8- w/B = 6-9/8—wy-wu>0, (24)
Li> 0 if wu/(6-/8 — we) > 2N/ Q*,

are held. One sees that L > L: implies K > 0. If the wage rate of the
working class is not fixed higher than pg* f, and if the ratio of the
knowledge class’ qualified labor force to the total qualified labor force is
not very high, the probiem has a unique equilibrium with a positive
unemployment rate. For instance, in the case of 8=1/3, 0= =1/2, w
=1/7, wu = 1/20 and zN/Q* = 1/2, the system has a unique meaning-
ful equilibrium.

The stability is given by taking the derivative of sF(K) - 6K with
respect to K evaluated at the equilibrium. Using F = Ke@8, Q = zN + L,
Q* = Q + Ly, (21) and (18), the derivative is given as follows:

d(sF - 6K) w@ spF wQ
o e s F-== w02 (== - fF-w,Q
dK S e AF-w.Q)
_spw,Q*F Bw,L, aw

KQ Q9 B

If d(sF(K) - 6K)/dK is negative (positive), the system is stable (unstable).
By (25), the sign of d(sFK) - 6K)/dK is the same as that of the term,
Pwulu/Q ~- ow/P + wu. It can be seen that the system may be either
stable or unstable. The system is unstable, for instance, in the case of
a/B=0.5 and w = 1.9 wu > 0. The system is stable, for instance, in the
case of L/zN < 1 and w/wu > max{l, (1 + B)B/a}. To further explain the
stability condition, by (23), Lu = @* - Q, — ow/f + wu = w - w,, and w, =
w/ B - wu, one obtains

(25)

+w, )

)BwuLu __a__ui_'_w - qu*(ﬁe_a/ﬂ _wO)

N (26)
Q B Qe P _w,)

)
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where 626 — w, > 0. The sign of d(sF(K) — K)/dK is the same as that of
the term, $6-2/8 — wy,

Summarizing the above discussion, one has the following proposi-
tion.

Proposition 1

It is assumed that the government fixes the wage rate of the working
class and unemployment payment rate in the following way: 6%/ - w,
> wu and wu/(6-¢/f - wy) > zN/Q*. Then, the system has a unique equi-
librium with a positive unemployment rate. If 6-2/8 — w, < 0 (> 0), the
system is stable (unstable).

V. Parameters and the Long-Run Behavior

This section examines the effects of changes in some parameters on
the long-run behavior of the system. It is assumed that the conditions
that the system has a unique equilibrium with positive unemployment
rate are satisfied.

As 8= 48/s = {/A + & where { and A are, respectively, marginal utility
values of consumption and wealth, one may interpret an increase in 6
as a decrease in the propensity to accumulate wealth. Taking deriva-
tives of K and L: in (23) with respect to 8 yields

dK __ K(B-6%""w,)
a6 6B1-0"Pw,)’ 27)

& _ aKel/ﬂ S

do ~ B~ 6*Pw,)
An increase in the propensity to accumulate wealth reduces the
employment rate. If the system is stable (unstable), i.e., f - 6-*Pw, <
(> 0), an increase in the propensity reduces (increases) the total capital
stocks. As a change in the preference affects the consumption compo-
nents, the employment structure and production, the conclusion is not
surprising. It should be noted that to explain how the new equilibrium
is achieved one has to examine how all the equations in the system are
affected through a shift in the parameter.

The impact on F is given by

dF  a8*Pw,K (28)
—_— e >
de  B(-0%Pw,)
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A reduction in the propensity to accumulate wealth increases output.
From (11), one gets the impact on the tax rate as follows:

F dT dL, L, dF
— =Ly 50
w,dd dé F do

(29}

As tax rate is equal to 1 — T, a decrease in the propensity to accumulate
wealth reduces the tax rate. From (6) and (21), one has r = oIF/K =
afT. Taking derivatives of this equation with respect to 8 yields

dr/d6 = oT + a6dT/d8 > 0. (30)

An increase in 8 increases the interest rate. From (7) and Y; = 6K), one
has:

RK, = {(w - wu)Lt + wul, RK, = WN, (31)
where R = 0-r > 0. One thus has

RdK,/d6 = (w — wu)dL,/d8 - (1 — dr/d6)K,,

32
RdK,/df = - (1 — dr/d6)K,. (32)

If 1 < dr/d®6, the two classes’ capital stocks are increased. But if dr/d@
> 1, the knowledge class’ capital is reduced. The working class may
have more or less capital, depending on how the employment rate is
affected. From dY;/dé = Kj + 6dK;/d6, one sees that each class’ capital
stocks tends is increased if the interest rate is not strongly affected by
changes in the propensity. The effects on the ratios of incomes and
capital stocks of the two classes are given by

d(Y,/Y,)/d0 = d(K,/Ky)/df = {(w - ws)/ WN)dL/dB>0.  (33)

A decrease in the propensity increases the working class’ wealth and
income in comparison to the knowledge class’ ones. From (9}, the
effects on consumption are given as follows

(& + ANdCy/dO = CA2/ { + Ky + 0+ 1 — 8)dK)/d6 ,

d(C,/C,)/d8 = dI{Y, + (1 — 8K}/ (Y, + (1 - §)K,})/d6> 0. (34)

The effects on C; may be positive or negative, but C,/C, is certainly
increased.

Proposition 2 (The impact of changes in {/A)

Let the conditions that the system has a unique equilibrium with a
positive unemployment rate be satisfied and the two classes have an
identical preference structure. Then, a decrease in the propensity to
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accumulate wealth, {7/, has the following impact on the system:

1) if the system is stable (unstable), the total capital is increased
(decreased);

2) the total output and the interest rate are increased, and the tax rate
and the unemployment rate are reduced;

3) the income and consumption level of each class and the capital
stocks owned by each class may be either increased or decreased; and
4) the ratios of the incomes, capitals stocks and consumption between
the working class and the knowledge classes are increased.

Similarly to Proposition 2, one may directly get the effects of changes
in other parameters. The wage rate of the working class, w, the unem-
ployment payment rate, wu, and the human capital of the knowledge
class, z, on the long-run values of the variables. The following proposi-
tions summarize the effects of changes in the wage rate, w, of the
working class and human capital, z, of the knowledge class.

Proposition 3 (the impact of changes in w)
An increase in w has the following impact on the system:

1) the total capital is increased;

2) the total output and the interest rate are increased, and the tax rate
and the unemployment rate are reduced;

3) the income and consumption level of each class and the capital
stocks owned by each class are increased; and

4) the ratios of the incomes, capital stocks and consumption between
the working class and the knowledge classes may be either increased
or reduced.

Proposition 4 (the impact of changes in z)
An increase in 2z has the following effects:

1) the total capital and output are increased;

2) the interest rate and tax rate are not affected, and the unemploy-
ment rate is increased;

3) the income and consumption level of and the capital stocks owned
by the knowledge (working) class are increased (decreased); and

4) the living conditions of the working class in comparison to the
knowledge class decline.

The above two propositions are checked in the appendix. It should be
remarked that all the conclusions are held under the requirement that
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the system has a unique equilibrium with a positive unemployment
rate.

VI. Concluding Remarks

This study proposed a dynamic one-sector and two-class growth
model with endogenous unemployment and government intervention
on the basis of equilibrium theory, neo-classical growth theory, the
Kaldor-Passinetti two-class growth model, and Keynesian economics.
The model explains the dynamics of capital owned by the two classes,
income distribution and market structure with unemployment. The
dynamic properties of the model were examined. The effects of changes
in some parameters were also provided.

It should be remarked that although the model is claimed to be much
inspirited by the four schools mentioned above, this does not mean
that the model can explain all important aspects of those schools. For
instance, in order to explain Keynesian features (about inflation, unem-
ployment and relations of savings and investment) within the frame-
work proposed in this study, it is necessary to explicitly introduce
dynamics of money and relax the “neoclassical” assumption of savings
being automatically equal to investment. This will cause further com-
plications of modeling (e.g., Picard 1983; Zhang 1991).

The study may be extended in various ways. For instance, it is
important but perhaps analytically difficult to introduce processes of
class transformation. The population may be further classified into
more classes. It is significant to extend the one-sector framework to a
multi-sector one within which dynamic interdependence among pro-
duction, employment and knowledge structures may be analyzed in a
more satisfactory way.

Appendix A: Proving Propositions 3-4

To check Propositions 3 and 4, the following relationships will be
used:

K = wu@*/(60 - we0'/8), Li= 6'/FK — zN, F = 6K,
wulu = (1 - TIF, r= ofF/K = afT, Yj = 6Kj,
RK, = (w - wu)Li + wul, RK, = WN,
Y,/Y, = K,/K; = {(w - wu)Lt + wul}/ WN.
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Each proposition can be checked merely by taking derivatives of the
above equations with respect to the parameter under consideration.

Proposition 3 (The impact of w)

dK/dw = K88/ {6 — wy6'/8) > 0, dLi/dw = 6/dK/dw > 0,
dF/dw = 6dK/dw > 0, FdT/dw = (1 - T)YdF/dw + wudLi/dw > 0,
dr/dw = a6dT/dw > 0,

RdK,/dw = Lt + (w - wu)dLi/dw + K,dr/dw > 0,
RdK,/dw = zN + K,dr/dw > 0, dY;/dw = 6dKj/dw > 0,
d(Y1/Yz)/dw = d(K1/Kz)/dw = (dL/dw - wyL,/w)/ WN.

Proposition 4 (The impact of z)

dK/dz = NK/@* > 0, dF/dz = 8dK/dz > O,
dLi/dz = (Q/Q* - 1)N <0, dT/dz = dr/dz = 0,
dY,/dz = 6dK,/dz < 0, dY,/dz = 6dK,/dz > 0,

RdK,/dz = (w - wu)dLi/dz < 0, RdK,/dz = wN > 0,
d(Y,/Y,)/dz = d(K,/Kp)/dz < 0.

Appendix B: The Behavior When the Classes have Different
Preferences

Appendix B examines the dynamic behavior of the system in the case
that the two classes have different preferences.
An equilibrium of (19} is given by

F - zwN - aw@K,/BK = §,K,/s,, zwN + aw@K,/BK = 6,K,/s,. (Al)
From the above two equations, one has
F=6K,/s, + &Ky/s,. (A2)
Substituting F into (15) yields
Q =(8,K,/s; + 8,K;/ 5, — wu@*)/ 1wy, (A3)

where Li = Q - zN and w, = w/f — wu > 0 are used. Substituting (A2)
and (A3) into (15), one gets

K, = (A + K;)K;/(zPwoN + 4,Ky), (A4}

08,/8, — SoWq/ WSy, Ay = cwu@* — zPw,N,
= (wo/w — A)éy/s,.

i

where Ay

&)
I
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From (A4), one gets K and F as functions of K, as follows:

K = owuQ* + s*K,)K,/(zfwgN + A,K,),
F(K,) = 6,K,/s, + 8,K;/5, = (8,835 + 655,2fw,N (A5)
+ wos*s;8,K,/ w)K,/ s:85(zfweN + 1, Ky),

in which s* = §,/s, - §,/s,. As
s* = 51/31 - 62/32 = Cl/z’l - CZ/}"‘Z'

we may interpret s* > 0 (< 0) as that the working class is less (more)
patient than the knowledge class. In other words, s* > 0 (< 0) means
that the working class’ savings propensity is lower (higher) than that of
the knowledge class.

From (A2) and (A3), one has: @ = (F - wu@*)/w,. Substituting this
equation and (A2) into the first equation in (A1) yields

(6K, /s, + 8K,/ 85)K - owK,/ Bug) + cowwu@Q*K,/ wop

= (6,K,/s, + zwN)K. (46)
Substituting (A4) and (A5) into (A6) yields
D(K,) = K;@,(K)) + o5;5,{Py(K;,) — O3(K,)} = 0, (A7)
where @,(K,;) = (85,45 + 8:5,2BWoN + wes*s, 5,K,/ wi(Ay + A5K,)
+ (w — wu(zfweN + A,K,)/ we, (A8)

®,(K,) = wwu@*(zfweN + 4,K;)2/ wof,
Dy(K,) = (wu@* + s*K)N8,4,K, /5, + 8,A,K5/s, + zBwwyzN
+ zwA,NK,),

where 1 - ow/wyf = (w - wu)/wy is used. An equilibrium value of K, is
given as a solution of ®(K,) = 0 for K, > 0. From the above equations,
one sees that for any meaningful solution of ®(K,) = 0, the other vari-
ables are uniquely determined. Unfortunately, it is difficult to generally
guarantee the existence of solutions of the equation.

From (15) one has

Li = (F(K,) — wzN/ B - wul}/ wy, (A9)

where FIK,) is a given function of K, by (A5). The requirement, 0 <L« <L,
is given by

wzN/B + wul < FIK,) < w@*/p. (A10)

From (A5) and (A10), one can explicitly determine the positive
domain, (K', K’), to which K, belongs. It can be seen that within this
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domain, K, > 0 and K, > 0. Similarly to the case of the identical prefer-
ence, one may provide conditions for the existence of solutions of ®(K,)
= 0 for K' < K, < K". As the expressions of the conditions too compli-
cated to be explicitly interpreted, further examination of the conditions
for ®(K,) = 0 to have meaningful solutions is omitted. It should be
remarked that it is quite possible that ®(K,} = 0 has multiple solutions
when the two classes have different preferences. From (18) and (19),
one may directly calculate the eigenvalues of each equilibrium and
thus provide stability conditions.
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